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Introduction

Knot theory has always been an object of research interest among mathematicians, the sub-

ject having many connections to other mathematical theories, such as the theory of 3- and

4-manifolds [31], quantum group theory [40] and graph theory [16]. It has also interesting con-

nections with chemistry, physics and biology [50]. The aim of the thesis is to study relations

between knots, links and 3-manifolds, analyzing also the algorithmic part of certain solutions

that we produce.

A classical result by Brunn and Alexander states that any oriented link in ℝ3 is isotopic to

the standard closure of a braid; moreover a theorem by Markov establishes a bijection between

isotopy classes of oriented links and equivalence classes of braids under a fixed set of moves,

called Markov moves. By considering mixed link diagrams [43], the extension of the same result

is achieved for links in 3-manifolds described by Dehn surgery [42].

Another representation of links that uses braids is the plat closure of braids with an even

number of strands, that goes back to the work of Birman [13], who proved in 1976 that any

link in ℝ3 could be represented as the plat closure of a braid and described a set of moves

that connects braids having isotopic plat closures. It is also important to mention that all

rational knots can be represented, via plat closure, by braids with four strands, leaving the last

strand as the identity one [8]. In [13], Birman also proved an equivalence theorem for braids

with isotopic plat closures. Since her initial article, a lot of work has been done using the plat

representation for links. For instance, in [11] Bigelow studied the possibility of computing the

Jones polynomial of a link in terms of the action of a braid, having the link as plat closure,

over a homological pairing defined on a covering of the configuration space of 𝑛 points into
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the 2𝑛-punctured disc. This result was analyzed in recent years also from a computational

point of view [39, 30] and in order to compute further link invariants, such as the Conway

potential function [62] and other polynomial invariants [29]. By using Heegaard surfaces, in

[23] Doll introduced the notion of (𝑔, 𝑏)-decomposition or generalized bridge decomposition for

links in a closed, connected and orientable 3-manifold, opening the way to the study of links

in 3-manifolds via surface braid groups and their plat closure [10, 17]. The study of links in

handlebodies and closed, connected and orientable 3-manifolds is now a fertile soil of research,

with many researchers at work in generalizing the results obtained in ℝ3 to the more general

setting of 3-manifolds (see [59, 6, 54]).

In particular, in [17] Cattabriga and Gabrovšek studied the equivalence of links in 3-manifolds,

obtaining a Markov-like theorem: the bijection between isotopy classes of oriented links and

equivalence classes of braids is now obtained under braid isotopy moves, 𝑀-moves, plat slide

moves and dual plat slide moves. Given a handle decomposition of a 3-manifold and a link in

it, the slide moves can be described as isotopy moves that pass a small arc of the link around

a handle in the handle decomposition of the 3-manifold. If we pass around a 2-handle (resp 1-

handle) we obtain the plat (resp. dual plat) slide move. Since the description of a 3-manifold

via handle decomposition can be very challenging, obtaining an algorithmic way of representing

these plat slide moves is an important step forward in understanding the equivalence between

links in 3-manifolds. A representation is indeed obtained by describing the attaching curve

of the involved handle (which is a knot on the Heegaard surface) as the plat closure of an

element of the braid group of the Heegaard surface. In the cited paper the authors give a nice

presentation of the braid isotopy moves and the 𝑀-moves, which depend only on the number

of strands of the braids and the Heegaard genus of the 3-manifold. At the same time, they

provide a general construction of the plat and dual plat slide moves, and give a formula for

constructing the words in the braid group of the Heegaard surface associated to the plat and

dual plat slide moves in the case of genus one 3-manifolds, that is 𝑆2 × 𝑆1 and lens spaces.

In this thesis, the result will be generalized to the case of (i) genus two 3-manifolds and (ii)

Dunwoody and Takahashi manifolds, two infinite classes of arbitrary large Heegaard genus

manifolds.
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Figure 1: An example of a braid closed via plat closure (on the left) and standard closure (on
the right). Note that, usually, the two obtained links are not isotopic.

A further problem addressed in the thesis is that of passing from the representation of a link

in a 3-manifold through plat closure of a braid to representation through standard closure (see

Fig. 1). We solve it in the case of ℝ3, handlebodies and thickened surfaces.

All results will be accompanied by C++ programs, implementing the algorithmic solutions of

the described problems.

Chapter 1 contains a description of the representation of 3-manifolds by Heegaard diagrams

and Dehn surgery. We will also give some basic definitions and notions of graph theory which

will be necessary in Chapter 2 to make use of the representation theory of PL manifolds by

crystallizations. We recall that a crystallization of a 3-manifold is a particular 4-regular edge

colored graph dual to a triangulation of the manifold. Moreover, each crystallization gives rise

to three Heegaard splittings of the manifold (see Section 1.3.1 for a more complete dissertation).

In particular, a 3-manifolds of Heegaard genus two can always be represented by a crystallization

whose combinatorial structure is encoded by a 6-tuple of integers satisfying particular conditions

(see [16]).

In Chapter 2 we will introduce the representations of knots and links via standard and plat

closure of braids in the four settings of ℝ3, handlebodies, thickened surfaces and, more generally,

3-manifolds.

Chapter 3 contains the first original part of the thesis, concerning the problem of finding
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equivalence between braids representing links in 3-manifolds. More precisely, the algorithmic

result allows us to explicitly describe plat slide moves in the case of genus two 3-manifolds:

Theorem 0.0.1. Let 𝑓 be a 6-tuple representing a crystallization of a genus two 3-manifold.

There exists an algorithm depending only on 𝑓 that computes the 𝑝𝑠𝑙-slide moves corresponding

to the Heegaard splitting associated to 𝑓.

In Chapter 4 we will consider the case of Dunwoody and Takahashi manifolds, giving a detailed

description of the plat slide moves also for these two classes of manifolds.

In Chapter 5 we will address the problem of finding the braid representatives of a link via plat

and standard closure, and we will give an algorithmic procedure which describes, given a link

in ℝ3, a handlebody or a thickened surface, how to pass from one representation to the other:

Theorem 0.0.2. Let 𝑋 be ℝ3 (or 𝑆3), a handlebody 𝐻𝑔 of genus 𝑔 or a thickened closed,

connected and orientable surface 𝑁(Σ𝑔). Given a link 𝐿 in 𝑋 represented by a braid 𝐵 with

plat closure, it is algorithmically possible to generate a braid 𝐵′ which represents an equivalent

link in 𝑋 but with standard closure. The algorithm has a computational complexity of 𝑂(𝑁′)

where 𝑁′ is the sum of the number of crossings, 𝑎𝑖 and 𝑏𝑖 type generators present in the braid

𝐵.
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Chapter 1

Preliminaries on 3-manifolds

In this chapter we will give the theoretical background necessary to have a deeper understanding

of our work on links in 3-manifolds.

In what follows, if not otherwise specified, we will suppose that all manifolds are closed, con-

nected and oriented. Diffeomorphisms between oriented manifolds will be assumed to be orien-

tation preserving. In order to identify a manifold 𝑀 with the opposite orientation we will use the

notation 𝑀. Furthermore, 𝐷𝑛 and 𝑆𝑛 will denote an 𝑛-dimensional ball and an 𝑛-dimensional

sphere respectively. Finally, as in Peano definition of ℕ, zero is considered a natural number.

1.1 Heegaard decompositions and Heegaard diagrams

We recall some basic definitions concerning handles and handle decompositions of manifolds,

in order to define the Heegaard diagram of a 3-manifold. For further details, we refer to [31].

Definition 1.1.1. Let 𝑋1, 𝑋2 be compact, oriented, smooth 𝑛-dimensional manifolds, and let

𝑍𝑖 be a compact submanifolds of the boundaries of 𝑋𝑖, 𝑖 = 1, 2. Let 𝜙 ∶ 𝑍1 → 𝑍2 be an

orientation reversing diffeomorphism. By identifying 𝑍1 with 𝑍2 via 𝜙 we get a new oriented

manifold, denoted by 𝑋1 ∪𝜙 𝑋2 or by 𝑋1 ∪𝑍 𝑋2, if 𝑍 = 𝑍1 = 𝑍2 and 𝜙 = 𝑖𝑑𝑍.

Two special cases of this definition are:
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1.1. Heegaard decompositions and Heegaard diagrams 3

• when both 𝑍1 and 𝑍2 are (𝑛 − 1)-dimensional balls then the result is the boundary sum

of 𝑋1 and 𝑋2;

• when 𝑋𝑖 = 𝑀𝑖 − int(𝐷𝑛
𝑖 ) and 𝑍𝑖 = 𝜕𝐷𝑛

𝑖 , 𝑖 = 1, 2, where 𝑀𝑖 is a oriented, smooth

𝑛-dimensional manifold, the result is the connected sum of 𝑀1 and 𝑀2.

We denote by # the connected sum operator.

Definition 1.1.2. Given two integers 0 ≤ 𝑘 ≤ 𝑛, an 𝑛-dimensional 𝑘-handle (or handle of

index 𝑘) 𝐻𝑘 is a copy of 𝐷𝑘 × 𝐷𝑛−𝑘 attached to the boundary of a smooth 𝑛-manifold 𝑋 along

𝜕𝐷𝑘 × 𝐷𝑛−𝑘 via an embedding

𝜙 ∶ 𝜕𝐷𝑘 × 𝐷𝑛−𝑘 → 𝜕𝑋

that is called attaching map.

We will call the discs 𝐷𝑘 × {0} and {0} × 𝐷𝑛−𝑘 respectively the core and cocore of the handle.

Their boundaries will be called respectively the attaching sphere and the belt sphere. For

Figure 1.1: A 3-dimensional 1-handle.

example, in dimension three, a 1-handle on 𝑋 is a copy of 𝐷1 × 𝐷2 attached along 𝜕𝐷1 × 𝐷2

(see Fig.1.1), while a 2-handle on 𝑋 is a copy of 𝐷2 × 𝐷1 attached along 𝜕𝐷2 × 𝐷1. Here we

will call handlebody of genus 𝑔 the union of 𝐷3 with 𝑔 1-handles.

Definition 1.1.3. Let 𝑋 be a compact, oriented, smooth 𝑛-manifold with boundary 𝜕𝑋 de-

composed as a disjoint union 𝜕+𝑋 ∐ 𝜕−𝑋 of two compact submanifolds (either of which may
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be empty). Orient 𝜕±𝑋 so that 𝜕𝑋 = 𝜕+𝑋 ∐ 𝜕−𝑋 is the boundary orientation. A handle

decomposition of 𝑋 (relative to 𝜕−𝑋) is an identification of 𝑋 with a manifold obtained from

𝐼 × 𝜕−𝑋 by attaching handles, such that 𝜕−𝑋 corresponds to {0} × 𝜕−𝑋 in the obvious way.

We will say that two handle decompositions (𝑋, 𝜕−𝑋) and (𝑋, 𝜕′
−𝑋) of the same 𝑛-manifold

𝑋 are equivalent if there exists an automorphism of 𝑋 that transforms one decomposition into

the other.

It is shown in [47] that every smooth, compact manifold pair (𝑋, 𝜕−𝑋) as above admits a

handle decomposition.

It is important to note that we can always create a cancelling pair of handles with indices

𝑘 − 1 and 𝑘, for 1 ≤ 𝑘 ≤ 𝑛. Write 𝜕𝐷𝑘 as 𝑆𝑘−1 = 𝐷𝑘−1
+ ∪𝜕 𝐷𝑘−1

− , glued along their common

boundary 𝜕 = 𝜕𝐷𝑘−1
+ = 𝜕𝐷𝑘−1

− . If we form the boundary sum of 𝑋 with 𝐷𝑛 = 𝐷𝑘 × 𝐷𝑛−𝑘 by

gluing along 𝐷𝑘−1
− × 𝐷𝑛−𝑘, the diffeomorphism type of 𝑋 is not changed. Now, considering a

slightly smaller 𝐷𝑘
0 contained in 𝐷𝑘 such that:

𝐷𝑘 = 𝐷𝑘
0 ∪𝐷𝑘−1

+
(𝐷𝑘−1

+ × 𝐷1)

Then we can slice a neighbourhood of 𝐷𝑘−1
+ off 𝐷𝑘, and 𝐷𝑘−1

+ × (𝐷1 × 𝐷𝑛−𝑘) is the (𝑘 − 1)-

handle attached to 𝜕𝑋, and 𝐷𝑘
0 × 𝐷𝑛−𝑘 is the cancelling 𝑘-handle. This procedure is also

reversible, provided that the attaching sphere of the 𝑘-handle intersects the belt sphere of the

𝑘 − 1-handle in a single point. For examples in dimension 2 and 3, see Fig. 1.2.

There is also another move that can help us to obtain an handle decomposition with the smallest

number of handles:

Definition 1.1.4. Given two 𝑘-handles 𝐻𝑘
1 and 𝐻𝑘

2 (0 < 𝑘 < 𝑛), attached to 𝜕𝑋, a handle

slide of 𝐻𝑘
1 over 𝐻𝑘

2 is given by taking the attaching sphere 𝐴 of 𝐻𝑘
1 and pushing it through

the belt sphere 𝐵 of 𝐻𝑘
2 (see Fig.1.3).

A result of [20] ensures that handle sliding and elimination of cancelling pairs of handles form

a complete set of moves for determining equivalent handle decompositions.
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Figure 1.2: An example of handle creation in dimension 2 and 3, reproduced from [31].

Figure 1.3: Example of handle slide, reproduced from [31].

Let us consider a handle decomposition of a closed oriented 3-manifold 𝑀. By [31] we know

that 𝑀 admits a handle decomposition with only one 0-handle and one 3-handle.

The union of the 0-handle with the 𝑔 1-handles of the decomposition is diffeomorphic to a genus

𝑔 handlebody 𝐻1. Once we specify the attaching circles of the 2-handles we have completely

determined the resulting 3-manifold 𝑀 since there is only one way to attach the 3-handle [31].

By turning the decomposition upside down, we notice that the union of the 𝑘 2-handles with the

3-handle is again diffeomorphic to a genus 𝑘 handlebody 𝐻2. Since {0−handle}∪{1−handles}

and {3 − handle} ∪ {2 − handles} must have the same boundary, we have 𝑔 = 𝑘. We have

obtained a decomposition of 𝑀 into two handlebodies 𝐻1, 𝐻2 of the same genus, glued together

along their boundary. This kind of decomposition given by the triple (Σ𝑔, 𝐻1, 𝐻2) is called a

Heegaard splitting of 𝑀, the common surface Σ𝑔 = 𝐻1 ∩ 𝐻2 is called Heegaard surface and

𝑔 is the genus of the splitting. Two Heegaard splittings (Σ𝑔, 𝐻1, 𝐻2), (Σ𝑔′, 𝐻1′, 𝐻2′) of a 3-

manifold 𝑀 are equivalent if there exists an automorphism of 𝑀 that transforms Σ𝑔 into Σ𝑔′

and 𝐻𝑖 into 𝐻𝑖′, 𝑖 = 1, 2.
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The Heegaard genus of 𝑀 is the minimum 𝑔 such that 𝑀 admits a Heegaard splitting of genus

𝑔. It is proven that each 3-manifold admits at least one Heegaard splitting [35]. In general,

a manifold may admit non isotopic Heegaard surfaces of the same genus (see for example the

case of small Seifert manifolds in [14]).

If we add a cancelling pair to 𝑀, we obtain a new pair of 1-handle and 2-handle to add to

the correspondent handlebodies 𝐻1 and 𝐻2. In this way we increase their genus by one, and

consequently also the genus of their common surface and the one of the Heegaard splitting.

We call this procedure stabilization. The opposite action is called destabilization, and it can

be done if and only if there are two properly embedded discs 𝐷𝑖 ⊂ 𝐻𝑖, 𝑖 = 1, 2 so that 𝜕𝐷1

and 𝜕𝐷2 intersect in only one point [58]. These two operations lead to the following result by

Reidemeister and Singer:

Theorem 1.1.1 ([58]). Given two Heegaard splittings of a closed 3-manifold there is a sequence

of stabilizations and destabilizations that transforms the first into the second and vice versa.

We say that 𝑀 is prime if the equation 𝑀 = 𝑀1#𝑀2 implies that 𝑀1 or 𝑀2 is homeomorphic

to 𝑆3. A 3-manifold 𝑀 is called irreducible if every 2-sphere in 𝑀 bounds a 3-ball. Irreducibility

implies primeness. However, 𝑆2 × 𝑆1 is prime, but not irreducible: this is the only closed

orientable 3-manifold with this property.

We recall that a set of meridians of a handlebody 𝐻𝑔 of genus 𝑔 is a collection of simple

closed curves 𝑢 = {𝑢1, … , 𝑢𝑔} bounding properly embedded disjoint discs 𝐷1, … , 𝐷𝑔 such that

𝐻𝑔\{𝐷1, … , 𝐷𝑔} is a 3-ball. We can then give the definition of a Heegaard diagram for 𝑀,

a much more graphic way to encode the information of a Heegaard splitting for a closed 3-

manifold:

Definition 1.1.5. A genus 𝑔 (closed) Heegaard diagram for a Heegaard splitting (Σ𝑔, 𝐻1, 𝐻2)

of a 3-manifold 𝑀 is a triple (Σ𝑔, 𝛼, 𝛽), where 𝛼 and 𝛽 are sets of meridians for 𝐻1 and 𝐻2

respectively.

Given a closed Heegaard diagram (Σ𝑔, 𝛼, 𝛽), by cutting the surface Σ𝑔 along one of the sets of

meridians, say 𝛼, we obtain a 2-dimensional disc with 2𝑔 holes, say 𝐷1, … , 𝐷2𝑔, distinct and
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paired, each pair corresponding to a certain 𝛼𝑖. Therefore, the meridians 𝛽𝑖 will be naturally

cut into arcs joining the holes in various ways, yielding a graph on the sphere with 2𝑔 holes

called an open Heegaard diagram of (Σ𝑔, 𝛼, 𝛽).

Every Heegaard diagram produces a single Heegaard splitting, while every Heegaard splitting

gives rise to infinitely many distinct Heegaard diagrams [37]. These are related to each other

by the following result:

Theorem 1.1.2 ([31]). Two Heegaard diagrams (Σ𝑔, 𝛼, 𝛽) and (Σ𝑔, 𝛼′, 𝛽′) determine the equiv-

alent splittings if and only if there is at least one sequence of handle slides that transforms 𝛼

to 𝛼′ and 𝛽 to 𝛽′.

Moreover, if we have a surface Σ𝑔 and two sets of mutually disjoint simple closed curves 𝛼 =

{𝛼1, … , 𝛼𝑔} and 𝛽 = {𝛽1, … , 𝛽𝑔} on it, a necessary and sufficient condition for the triple

(Σ𝑔, 𝛼, 𝛽) to represent a 3-manifold is that neither the 𝛼’s nor the 𝛽’s split the surface (in other

words, both Σ𝑔 − 𝛼 and Σ𝑔 − 𝛽 are connected).

1.1.1 The cases of genus one and two

Clearly, from the definition of Heegaard genus, we can say that the 3-sphere 𝑆3 has genus

zero, moreover, it can be proved that no other 3-manifold has genus zero [4]. Analogously, a

3-manifold has Heegaard genus one if and only if it can be obtained by gluing together two solid

tori by some homeomorphism of their boundaries, and cannot be obtained by gluing together

two balls in any way.

Following the procedure described in [46], it can be proven that only 𝑆2 × 𝑆1 and lens spaces

have Heegaard genus one. For example, following [57], if we take two copies of the solid torus

𝐷2 × 𝑆1 and glue them on their boundary 𝑆1 × 𝑆1 using the identity map, we obtain 𝑆2 × 𝑆1.

On the other hand, if we glue the two solid tori in such a way that the two copies of 𝑆1

are interchanged, then we obtain 𝑆3; this is the Heegaard decomposition of genus one of the

3-sphere.

We recall the definition of lens space:



8 Chapter 1. Preliminaries on 3-manifolds

Figure 1.4: An example of construction of lens space, reproduced from [26].

Definition 1.1.6. Let 𝑝 > 𝑞 > 0, 𝑝 ≥ 3 be a pair of coprime integers. In ℝ3 consider the

bipyramid made by the union of two cones over a regular 𝑝 sided polygon. Denote the vertices

of this polygon with 𝐴0, 𝐴1, … , 𝐴𝑝−1 and the vertices of the two cones by 𝑆+, 𝑆− (see Fig. 1.4).

For each 𝑖 ∈ 0, … , 𝑝 − 1 we glue the face 𝐴𝑖𝑆+𝐴𝑖+1 with the face 𝐴𝑖+𝑞𝑆−𝐴𝑖+𝑞+1 (where the

indices are taken modulo 𝑝, and the vertices are glued in the order in which they are written).

The closed 3-manifold obtained is the lens space 𝐿𝑝,𝑞.

We could formally set 𝑆3 = 𝐿(1, 0), 𝑆2 × 𝑆1 = 𝐿(0, 1) and ℝ𝑃 3 = 𝐿(2, 1), but since regular

bigons, 1- and 0-gons are not well defined, it is not straightforward to describe these manifolds

by using Definition 1.1.6. For this reason, we will usually omit these cases when considering

lens spaces, unless otherwise stated. It is well known that lens spaces 𝐿𝑝,𝑞 and 𝐿𝑝′,𝑞′ are

homeomorphic if and only if 𝑝 = 𝑝′ and 𝑞 ≡ ±𝑞′±1 mod 𝑝 (see for example [37]). We also

recall another construction for lens spaces [46]: let 𝐷2 ×𝑆1 be a solid torus, and on its boundary

choose a simple closed (𝑞, 𝑝) type curve1 𝑙. Glue a handle of index 2 to the torus along 𝑙, to

obtain a 3-dimensional manifold with boundary. Gluing a ball to the boundary sphere gives us
1Given a pair meridian-longitude on the boundary torus 𝑆1 × 𝑆1, we recall that, for 𝑝 and 𝑞 coprime, a

simple closed curve (𝑞, 𝑝) on a torus is a curve obtained going 𝑞 times along the meridian 𝑆1 × {∗} and 𝑝 times
along the longitude {∗} × 𝑆1 of the torus, see Fig. 1.5.
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Figure 1.5: The Heegaard diagram for the lens space 𝐿(5, 2).

the lens space 𝐿𝑝,𝑞.

This proves that lens spaces admit a genus one Heegaard decomposition. The fact that only

𝑆3 has Heegaard genus 0 prove that any lens space has genus exactly 1. Moreover, from the

previous construction, we can easily obtain a Heegaard diagram for the lens space 𝐿𝑝,𝑞. Take

𝛼1 as a meridian on the torus 𝑇 2 and 𝛽1 as a (𝑞, 𝑝) curve on 𝑇 2. Then the triple (𝑇 2, 𝛼1, 𝛽1)

is a Heegaard diagram for the lens space 𝐿𝑝,𝑞 (see Fig. 1.5 for 𝐿5,2).

Let us now focus on the problem of genus two Heegaard manifolds. In literature there is no

classification of genus two 3-manifolds, anyway there is a good result concerning their possible

Heegaard diagrams, described in [46]. First, we need to give the definition of 𝛼-wave.

Definition 1.1.7. Let (Σ𝑔, 𝛼, 𝛽) be a closed Heegaard diagram such that 𝛼∩𝛽 does not create

bigons (polygons with two vertices and two sides) on Σ𝑔. Then a simple curve 𝑙 ⊂ Σ𝑔 is an

𝛼-wave if (see Fig.1.6 for an example):

• the end-points of 𝑙 lie on one of the meridians 𝛼𝑖 and 𝑙 has no points in common with

any other curve of 𝛼 or 𝛽;

• the end-points belong to different arcs into which the meridians 𝛽 divide 𝛼𝑖, but 𝑙 ap-

proaches these two arcs from the same side in Σ𝑔.

The notion of 𝛼-waves is very useful in the theory of Heegaard diagrams because it pro-

vides an equivalence move called wave transformation that is defined as follows. Let 𝛼 =
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Figure 1.6: An example of 𝛼-wave, reproduced and relabeled from [26].

{𝛼1, … , 𝛼𝑖, … , 𝛼𝑔}, be a set of meridians and let 𝛼𝑖′ be the union of a 𝛼-wave 𝑙 and one of

the parts of the meridian 𝛼𝑖 into which 𝛼𝑖 is split by the ends of the arc 𝑙. The new triple

(Σ𝑔, 𝛼′, 𝛽), with 𝛼′ = {𝛼1, … , 𝛼𝑖′, … , 𝛼𝑔}, is equivalent to the initial Heegaard diagram.

Now we are ready to state the result:

Theorem 1.1.3 ([26]). A genus two open Heegaard diagram (Σ2, 𝛼, 𝛽) such that 𝛼 ∩ 𝛽 does

not create bigons on Σ2 can always be depicted as the diagrams in Fig.1.7, where an arc with

label 𝑘 denotes 𝑘 parallel arcs.

A diagram of type III will always present an 𝛼-wave [46]. Moreover, any diagram of type II

will admit a wave under the condition that either 𝑎 = 0 or 𝑑 = 0. If 𝑐 = 𝑑 = 0, then a

diagram of type I also contains a wave. In diagrams of type I and II, when we have 𝑏 = 𝑑 = 0,

𝑎 = 𝑏 = 0 or 𝑎 = 𝑐 = 0, we do not get anything new since 𝑎 can be replaced by 𝑑 and 𝑏 by 𝑐

by a transposition of the first and second holes or the third and fourth holes. Provided we are

interested only in manifolds and not in their diagrams, we can disregard diagrams with waves,

because they can be simplified by wave transformations.
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Figure 1.7: The three possible types of genus two Heegaard diagrams. Here the identification
that produces the closed Heegaard diagram is between discs 1 − 3 and 2 − 4.

1.1.2 A genus 𝑛 example: Dunwoody manifolds

In this section we will describe briefly the construction of the Dunwoody manifolds introduced

in [24] and recall some of their properties.

Let 𝑎, 𝑏, 𝑐, 𝑛 ∈ ℕ, with 𝑛 > 0 and 𝑎 + 𝑏 + 𝑐 > 0. Let Γ = Γ(𝑎, 𝑏, 𝑐, 𝑛) be the regular, trivalent,

planar graph depicted in figure Fig. 1.8, where, an arc with label 𝑘 represents 𝑘 parallel arcs.

The graph contains 𝑛 top and 𝑛 bottom circles, each one having 𝑑 = 2𝑎 + 𝑏 + 𝑐 vertices. We

denote them with 𝐶𝑢
1 , … , 𝐶𝑢

𝑛 and 𝐶𝑑
1 , … , 𝐶𝑑

𝑛 respectively. All indexes will be considered mod

𝑛.

For each 𝑖 = 1, … , 𝑛, we have 𝑎 parallel arcs connecting 𝐶𝑢
𝑖 (resp. 𝐶𝑑

𝑖 ) with 𝐶𝑢
𝑖+1 (resp 𝐶𝑑

𝑖+1),

𝑏 parallel arcs connecting 𝐶𝑢
𝑖 to 𝐶𝑑

𝑖+1 and 𝑐 parallel arcs connecting 𝐶𝑢
𝑖 to 𝐶𝑑

𝑖 . From now on

we will set C𝑢 = {𝐶𝑢
1 , … , 𝐶𝑢

𝑛}, C𝑑 = {𝐶𝑑
1 , … , 𝐶𝑑

𝑛}.

The one-point compactification of the plane brings Γ onto 𝑆2. The diagram Γ is invariant

under a rotation 𝜌𝑛 of the sphere by 2𝜋
𝑛 radians around an axis passing through the center of

the sphere and non intersecting Γ. Obviously 𝜌𝑛 sends 𝐶𝑢
𝑖 to 𝐶𝑢

𝑖+1 and 𝐶𝑑
𝑖 to 𝐶𝑑

𝑖+1.

Now, let 𝑟, 𝑠 be two given integers. We give a clockwise (resp. counterclockwise) orientation to

the 𝐶𝑢
𝑖 ’s (resp. 𝐶𝑑

𝑖 ’s), and we enumerate the vertices as in figure Fig. 1.9. All numbers are to

be considered mod 𝑑.

For 𝑖 = 1, … , 𝑛 we cut off from 𝑆2 the interiors of the 2𝑛 discs bounded by the 𝐶𝑢
𝑖 ’s and 𝐶𝑑

𝑖 ’s,
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which don’t contain any arc of Γ, and glue the circle 𝐶𝑢
𝑖 with 𝐶𝑑

𝑖−𝑠 so that vertices having the

same labelling correspond. In this way we obtain a regular graph of degree four on an orientable

surface Σ𝑛 of genus 𝑛. Of course, by construction, we can always consider 𝑟 mod 𝑑 and 𝑠 mod

𝑛.

By the identification, the 𝑛𝑑 arcs of Γ connect via their end-points creating 𝑚 closed curves,

𝑒1, … , 𝑒𝑚. Now, denote by 𝑐𝑖 the closed curve coming from the identification of 𝐶𝑢
𝑖 and 𝐶𝑑

𝑖−𝑠

and set (C = {𝑐1, … , 𝑐𝑛}, ℰ = {𝑒1, … , 𝑒𝑚}).

Clearly, if we cut Σ𝑛 along C we don’t disconnect the surface. If 𝑚 = 𝑛 and even cutting Σ𝑛

along ℰ has the result of not disconnecting the surface, then the triple (Σ𝑛, C, ℰ) is a Heegaard

diagram of genus 𝑛 of a 3-manifold, completely determined by the 6-tuple (𝑎, 𝑏, 𝑐, 𝑛, 𝑟, 𝑠). Such

manifold is called a Dunwoody manifold.

We will denote by 𝑆 the set of 6-tuples (𝑎, 𝑏, 𝑐, 𝑛, 𝑠, 𝑟) ∈ ℤ6 with 𝑛 > 0, 𝑎, 𝑏, 𝑐 ≥ 0 that are

admissible, which means that:

• the set ℰ contains exactly 𝑛 closed curves;

• the surface Σ𝑛 is not disconnected by cutting along the curves of ℰ.

Given an admissible 6-tuple 𝜎 ∈ 𝑆, we denote the open Heegaard diagram and the 3-manifold

associated to 𝜎 by 𝐻(𝜎) and 𝑀(𝜎), respectively.

1.2 Dehn surgery on a manifold along a link

Before giving the definition of Dehn surgery on a 3-manifold 𝑀 along a link 𝐿, we first need

to recall the definition of link: we call a 𝑘-component link in ℝ3 (resp. 𝑆3 or a 3-manifold

𝑀) the embedding of a collection of disjoint circles into ℝ3 (resp. 𝑆3 or 𝑀). Usually we will

refer to links in ℝ3 and 𝑆3 indifferently, seeing 𝑆3 as the 1-point compactification of ℝ3. We

recall that two links 𝐿1, 𝐿2 ⊂ 𝑋 = ℝ3, 𝑆3 or a 3-manifold 𝑀 are equivalent if there exists an

ambient isotopy of the space that transforms one into the other, i.e. if there exists an isotopy
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Figure 1.8: The graph Γ(𝑎, 𝑏, 𝑐, 𝑛, 𝑠, 𝑟).

Figure 1.9: The labelling of vertices of Γ(𝑎, 𝑏, 𝑐, 𝑛, 𝑠, 𝑟).
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ℎ ∶ 𝑋 × [0, 1] → 𝑋 such that ℎ(𝑡, 0) is the identity and ℎ(𝐿1, 1) = 𝐿2. We call knot a 1-

component link. Remember also that a trivial knot is one ambient isotopic to a geometrically

round circle, in other terms, the unknot.

Now, suppose that we are given a 3-manifold 𝑀 and a link 𝐿 = 𝐿1 ∪ 𝐿2 ∪ ⋯ ∪ 𝐿𝑛 in 𝑀.

Let 𝑁 = 𝑁1 ∪ 𝑁2 ∪ ⋯ ∪ 𝑁𝑛 be a set of disjoint closed tubular neighbourhoods 𝑁𝑖 of 𝐿𝑖 s.t.

𝑁𝑖 ⊂ int(𝑀), 𝑖 = 1, … , 𝑛. Let also 𝐽 = 𝐽1 ∪ 𝐽2 ∪ ⋯ ∪ 𝐽𝑛 be a set of specified simple closed

curves 𝐽𝑖 ⊂ 𝜕𝑁𝑖.

The Dehn surgery on 𝑀 along 𝐿 is the 3-manifold:

𝑀′ = (𝑀 \ int(𝑁)) ⋃
ℎ

𝑁

where ℎ is a collection of homeomorphisms ℎ𝑖 ∶ 𝜕𝑁𝑖 → 𝜕𝑁𝑖, each of which takes a meridian

curve 𝜇𝑖 of 𝑁𝑖 onto the specified 𝐽𝑖.

Therefore, we have two steps: the drilling part, which depends only on the link, and the filling

part. Each component 𝐿𝑖 of 𝐿 has a preferred framing for the tubular neighbourhood 𝑁𝑖: the

longitude 𝜆𝑖 is oriented coherently with 𝐿𝑖 and the meridian 𝜇𝑖 has linking number = +1 with

𝐿𝑖. Then we may write the homology class of 𝐽𝑖 in terms of this basis:

[𝐽𝑖] = 𝑎𝑖𝜆𝑖 + 𝑏𝑖𝜇𝑖

If we take the ratio 𝑟𝑖 = 𝑏𝑖/𝑎𝑖 we will obtain the surgery coefficient associated with the

component 𝐿𝑖. If for each 𝑖 = 1, … , 𝑛 we have 𝑟𝑖 ∈ ℤ then the surgery will be called integral.

For example, Figure 1.10 shows two possible representations of the Poincaré sphere as Dehn

surgery on 𝑆3 along two different links.

Dehn surgery on 𝑆3 provides a useful representation of 3-manifolds according to the following

result:

Theorem 1.2.1 ([44]). Every closed, orientable, connected 3-manifold may be obtained by

surgery on 𝑆3 along a link. Moreover, one may always find such a surgery presentation where

the surgery coefficients are all ±1 and each component of the link is unknotted.
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Figure 1.10: Two possible Dehn surgeries on 𝑆3 resulting in the Poincaré sphere, reproduced
from [57].

Figure 1.11: The action of a Dehn twist in the annulus of 𝐿.

We point out that the proof of this theorem, by Likorish, contains a construction of a Dehn

surgery representation of a 3-manifold starting from a given Heegaard splitting.

Therefore, for the purpose of our research, it is really useful to give a brief sketch of the proof,

after giving a couple more clarifications.

Definition 1.2.1. A Dehn twist along a simple closed curve 𝐿 in a 2-manifold is a map which

is the identity outside an annular neighbourhood of 𝐿 and acts like in Fig. 1.11 inside the

neighbourhood.

It was proven, by Lickorish, that it is possible to determine every possible orientation preserving

homeomorphism of a 2-manifold in terms of Dehn twists over a specific set of curves in the

surface:

Theorem 1.2.2 ([44]). Let Σ𝑔 be a closed orientable 2-manifold of genus 𝑔. Then every

orientation-preserving homeomorphism of Σ𝑔 is isotopic to a product of Dehn twists along the

3𝑔 − 1 curves depicted in Fig. 1.12.
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Figure 1.12: The family of curves used by Theorem 1.2.2, reproduced from [55].

Now we can give a quick sketch of the proof of Theorem 1.2.1.

Let (𝑀, 𝐻1, 𝐻2) be a Heegaard splitting of a 3-manifold 𝑀. We have:

𝑀 = 𝐻1 ∪ℎ 𝐻2

with ℎ, a diffeomorphism, mapping 𝜕𝐻1 to 𝜕𝐻2. Since 𝐻1 and 𝐻2 are two equal genus

handlebodies, there exists a diffeomorphism 𝜙 ∶ 𝜕𝐻1 → 𝜕𝐻2 such that 𝑆3 = 𝐻1 ∪𝜙 𝐻2.

Theorem 1.2.2 guarantees that there exist 𝜓, a product of Dehn twists on 𝜕𝐻1, and 𝑚, a

diffeomorphism of the surface that is isotopic to the identity, such that ℎ ∘ 𝑚 ∘ 𝜓 = 𝜙.

Now we can perform an operation on 𝐻1 translating a Dehn twist along a closed curve 𝐶 in

𝜕𝐻1: following Fig. 1.13 we can cut open the surface along 𝐶, carving then a solid torus out

of int(𝐻1), twisting by 2𝜋 and gluing back the surface 𝜕𝐻1. We have performed a Dehn twist

over 𝜕𝐻1 at the only expense of cutting a solid torus out of the interior of 𝐻1, and having to

sew it back differently (with a ±1 twist). We can repeat this operation for all the twist needed

to generate 𝜓, arranging the toral holes in such a way that they are all disjoint and all included

in int(𝐻1).

Since 𝜕𝐻1 is not affected by the carving in 𝑖𝑛𝑡(𝐻1), there exists a diffeomorphism ℎ of 𝐻1 to

itself, such that ℎ restricted to 𝜕𝐻1 is 𝑚−1. Now we can apply the previous operations on ℎ𝐻1

in order to perform 𝜓−1 on 𝜕𝐻1, and then glue this newly modified ℎ𝐻1 onto 𝐻2 to obtain 𝑀.

Now, any point 𝑃 ∈ 𝜕𝐻1 is identified with the point ℎ ∘ 𝑚 ∘ 𝜓(𝑃) ∈ 𝜕𝐻2. Thus 𝑃 is identified

with 𝜙(𝑃). But 𝜙 is the map such that 𝐻1 ∪𝜙 𝐻2 = 𝑆3, so 𝑀 is diffeomorphic to 𝑆3 from

which disjoint solid tori have been carved, twisted and sewn back.
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Figure 1.13: The cut-twist-glue operation in 𝐻1, reproduced and relabeled from [44].

1.2.1 Another genus 𝑛 example: Takahashi manifolds

Takahashi manifolds are closed orientable 3-manifolds introduced in [60] and obtained by Dehn

surgery with rational coefficients on S3, along the 2𝑛-component link 𝐿𝑛 of Fig.1.14, which is

a closed chain of 2𝑛 unknotted components. These manifolds have been intensively studied in

[41, 48, 56, 61].

A Takahashi manifold is said to be periodic when the surgery coefficients have the same cyclic

symmetry of order 𝑛 of the link 𝐿𝑛, i.e. the coefficients are 𝑝𝑘/𝑞𝑘 = 𝑝/𝑞 and 𝑟𝑘/𝑠𝑘 = 𝑟/𝑠

alternately, for 𝑘 = 1, … , 𝑛. Several important classes of 3-manifolds, such as (fractional)

Fibonacci manifolds [36, 61] and Sieradski manifolds [19], represent notable examples of periodic

Takahashi manifolds.

In this section, following the work of [49], we define a family of manifolds which generalizes

Takahashi manifolds. For any pair of positive integers 𝑚 and 𝑛, we consider the link 𝐿𝑛,𝑚 ⊂ 𝑆3

with 2𝑚𝑛 components presented in Fig. 1.15. All its components 𝑐𝑖,𝑗, 1 ≤ 𝑖 ≤ 2𝑛, 1 ≤ 𝑗 ≤ 𝑚,

are unknotted circles and they form 2𝑛 subfamilies of 𝑚 unlinked circles 𝑐𝑖,𝑗, 1 ≤ 𝑗 ≤ 𝑚, with

a common center. We observe that 𝐿𝑛,1 is the link 𝐿𝑛 discussed above. The link 𝐿𝑛,𝑚 has a

cyclic symmetry of order 𝑛 which permutes these 2𝑛 subfamilies of circles.

Let us consider the manifold obtained by Dehn surgery on 𝑆3, along the link 𝐿𝑛,𝑚, such that

the surgery coefficients 𝑝𝑘,𝑗/𝑞𝑘,𝑗 correspond to the components 𝑐2𝑘−1,𝑗 and 𝑟𝑘,𝑗/𝑠𝑘,𝑗 correspond

to the components 𝑐2𝑘,𝑗, where 1 ≤ 𝑘 ≤ 𝑛 and 1 ≤ 𝑗 ≤ 𝑚 (see Fig. 1.15). Without loss of

generality, we can always suppose gcd(𝑝𝑘,𝑗, 𝑞𝑘,𝑗) = 1, gcd(𝑟𝑘,𝑗, 𝑠𝑘,𝑗) = 1 and 𝑝𝑘,𝑗, 𝑟𝑘,𝑗 ≥ 0.
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Figure 1.14: Presentation via Dehn surgery for standard Takahashi manifolds, reproduced from
[48].

Figure 1.15: Presentation via Dehn surgery for generalized Takahashi manifolds, reproduced
from [21].

We will denote the resulting 3-manifold by 𝑇𝑛,𝑚(𝑝𝑘,𝑗/𝑞𝑘,𝑗; 𝑟𝑘,𝑗/𝑠𝑘,𝑗), 𝑗 = 1, … , 𝑛. This manifold

will be referred to as a generalized Takahashi manifold, since for 𝑚 = 1 we get the Takahashi

manifolds introduced in [60].

In [21, Proposition 7] a description of a Heegaard diagram for a periodic generalized Takahashi

manifold is given. The diagram, depending on the parameters 𝑝, 𝑞, 𝑟, 𝑠, is shown in Fig. 1.16.

Here the identifications are 𝐶𝑖 with 𝐶𝑖′ and 𝐷𝑖 with 𝐷𝑖′, for 𝑖 = 1, … , 𝑛.

If we deform the sphere where the open Heegaard diagram is embedded, we can redraw the

diagrams in Fig. 1.16 as in Fig. 1.17.

1.3 Graph theory and crystallizations

In this section we give the basic definitions and some results about colored graphs and crys-

tallizations. We will always consider a graph Γ, with vertices 𝑉 (Γ) and edges 𝐸(Γ), where we
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(a) 𝑝 > 𝑞, 𝑟 > 𝑠. (b) 𝑝 < 𝑞, 𝑟 < 𝑠.

(c) 𝑝 > 𝑞, 𝑟 < 𝑠. (d) 𝑝 < 𝑞, 𝑟 > 𝑠.

Figure 1.16: Four open Heegaard diagrams describing, depending on the parameters 𝑝, 𝑞, 𝑟, 𝑠,
the general periodic Takahashi manifold 𝑇𝑛,𝑚(𝑝, 𝑞, 𝑟, 𝑠), reproduced from [21].
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(a) 𝑝 > 𝑞, 𝑟 > 𝑠. (b) 𝑝 < 𝑞, 𝑟 < 𝑠.

(c) 𝑝 > 𝑞, 𝑟 < 𝑠. (d) 𝑝 < 𝑞, 𝑟 > 𝑠.

Figure 1.17: The diagrams of Fig. 1.16 redrawn in order to have only one row of handles.

can have multiple edges having the same end-points but no loops.

Definition 1.3.1. Given a set 𝒞 = {1, 2, … , 𝑛} of colors, we call edge coloring of a graph Γ a

map 𝛾 ∶ 𝐸(Γ) → 𝒞 such that 𝛾(𝑒) ≠ 𝛾(𝑓) for all 𝑒, 𝑓 that are adjacent. Two vertices are said

to be c-adjacent (with 𝑐 ∈ 𝒞) if they are the end-points of a 𝑐-colored edge.

The pair (Γ, 𝛾) is called an h-colored graph (without boundary) if Γ is regular of degree ℎ ≥ 2

and if 𝛾 is an edge coloring of Γ with |𝒞| = ℎ. From now on, we will often identify (Γ, 𝛾) with

Γ.

Let Γ be an ℎ-colored graph and ℬ a subset of 𝒞 with cardinality 𝑘. We call ℬ-residue (or

𝑘-residue) every connected component of the (ℎ−𝑘)-colored graph obtained from Γ by deleting

edges whose colors are not in ℬ and we denote by 𝜌ℬ the number of ℬ-residues of Γ. Note that

if ℬ = {𝑖1, 𝑖2} then 𝜌𝑖1𝑖2
is the number of cycles whose edges are alternatively colored by 𝑖1, 𝑖2.

Given 𝑐 ∈ 𝒞 we denote by ̂𝑐 the set 𝒞\{𝑐}.

We recall that 𝐾, a finite collection of closed PL balls whose union is denoted by |𝐾|, is a

pseudocomplex if and only if:
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• |𝐾| is the disjoint union of the interiors of the balls in 𝐾;

• if 𝐴, 𝐵 ∈ 𝐾, then 𝐴 ∩ 𝐵 is a union of balls of 𝐾;

• for any 𝑛-ball 𝐴 ∈ 𝐾 there exists a bijection preserving inclusions among faces, between

the set {𝐵 ∈ 𝐾|𝐵 ⊆ 𝐴} and the simplicial complex Σ𝑛 consisting of the standard 𝑛-

simplex and all its faces.

Given an (𝑛 + 1)-colored graph, we can construct an 𝑛-colored pseudocomplex 𝐾(Γ) in the

following way:

1. we associate every vertex 𝑣 ∈ 𝑉 (Γ) to a 𝑛-simplex 𝜎(𝑣) and label the vertices of 𝜎(𝑣)

with colors {0, 1, … , 𝑛};

2. for every pair 𝑣, 𝑤 of 𝑐-adjacent vertices in Γ, we glue the correspondent 𝑛-simplices,

𝜎(𝑣), 𝜎(𝑤), along the (𝑛 − 1)-faces opposite to vertices labelled 𝑐, identifying vertices

labelled with the same color.

In [25] it is proven that every (𝑛 + 1)-coloured graph Γ gives rise to an 𝑛-dimensional pseudo-

manifold2 |𝐾(Γ)|. Moreover, |𝐾(Γ)| is orientable if and only if Γ is bipartite. Now we can give

the definition of crystallization:

Definition 1.3.2. A crystallization Γ is an (𝑛 + 1)-coloured graph such that Γ ̂𝑐 is connected,

for every 𝑐 ∈ Δ𝑛+1, and 𝑀(Γ) = |𝐾(Γ)| is an 𝑛-manifold.

Every 𝑛-manifold admits a crystallization [51], in particular we can represent every 3-manifold

with a 4-colored crystallization.

2A pseudomanifold without boundary (respectively with boundary) is the support of a connected simplicial
complex where every simplex is face of at least one 𝑛-simplex, every (𝑛 − 1)-dimensional simplex is face of
exactly (resp. at most) two 𝑛-dimensional simplices and every two 𝑛-simplexes can be connected by means of
a series of alternating 𝑛- and (𝑛 − 1)-simplexes, each of which is incident with its successor.
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1.3.1 From crystallizations to Heegaard diagrams

Given a crystallization of a 3-manifold, it is possible to recover from it the Heegaard diagrams

of the manifold. Let Γ be a 4-coloured graph, and let 𝑐, 𝑑 be distinct colors of {0, 1, 2, 3}. Set

{𝑐′, 𝑑′} = {0, 1, 2, 3} − {𝑐, 𝑑}.

Remark 1 ([28]). If Γ is a crystallization of a 3-manifold then 𝜌𝑐𝑑 = 𝜌𝑐′𝑑′.

In [28] the following result is proven:

Theorem 1.3.1 ([28]). If Γ is a crystallization of a 3-manifold 𝑀, for any choice of a couple

of colors 𝑐, 𝑑, there exists an embedding i of Γ into a surface 𝐹𝑐𝑑 of genus 𝜌𝑐𝑑 − 1 that is a

Heegaard surface for 𝑀.

More precisely, the procedure to obtain a Heegaard diagram from a crystallization Γ of 𝑀 is

the following.

Let 𝜉0, … , 𝜉𝑛 be the components of Γ𝑐,𝑑 and 𝜉0′, … , 𝜉𝑛′ the ones of Γ𝑐′,𝑑′. Set 𝑥𝑖 = i(𝜉𝑖)

and 𝑦𝑖 = i(𝜉𝑖′) for 𝑖 = 0, … , 𝑛 and consider the sets x = {𝑥0, … , 𝑥𝑛}, y = {𝑦0, … , 𝑦𝑛};

furthermore, let us define x( ̂𝑗) = x\{𝑥𝑗}, y( ̂𝑗) = y\{𝑦𝑗}. Then, for each 𝑗 = 0, … , 𝑛 the triple

(𝐹𝑐,𝑑, x( ̂𝑗), y( ̂𝑗)) is a Heegaard diagram for the 3-manifold 𝑀.

In Fig. 1.18 we can see an example of a crystallization representing the Poincaré sphere (see

[7]).

1.3.2 6-tuples of integers and 4-colored graphs

In [16, 32] it is described a way of representing all 3-manifolds of genus 𝑔 ≤ 2 via crystallizations

defined by 6-tuples of integers.

Let ℱ be the set of the 6-tuples 𝑓 = (ℎ0, ℎ1, ℎ2, 𝑞0, 𝑞1, 𝑞2) of integers satisfying the following

conditions (index 𝑖 is considered mod2):

1. ℎ𝑖 + ℎ𝑖+1 = 2𝑙𝑖+1 (i.e. an even integer) for 𝑖 = 0, 1, 2;
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Figure 1.18: A crystallization representing the Poincaré sphere.

2. 0 ≤ 𝑞𝑖 < 2𝑙𝑖, for 𝑖 = 0, 1, 2;

3. all 𝑞𝑖’s have the same parity;

4. ℎ𝑖 + 𝑞𝑖 is odd for 𝑖 = 0, 1, 2;

5. there exists at most one 𝑗 such that ℎ𝑗 = 0.

The parameter 𝑞𝑖 will be considered mod 2𝑙𝑖 for 𝑖 = 0, 1, 2.

Let 𝒢 = {Γ(𝑓)|𝑓 ∈ ℱ} be the class of 4-coloured graphs Γ(𝑓) whose vertices are the elements

of the set

𝑉 (𝑓) = ⋃
𝑖=0,1,2

{𝑖} × ℤ2𝑙𝑖
,

and such that there exists a 𝑐-edge, with 𝑐 = 0, 1, 2, 3, connecting the vertices (𝑖, 𝑗) and (𝑖′, 𝑗′)

if and only if (𝑖′, 𝑗′) = 𝜏𝑐(𝑖, 𝑗) where 𝜏𝑐 is the fixed-point-free involution defined as follows:

𝜏0(𝑖, 𝑗) = (𝑖, 𝑗 + (−1)𝑗)

𝜏1(𝑖, 𝑗) = (𝑖, 𝑗 − (−1)𝑗)

𝜏2(𝑖, 𝑗) =
⎧{
⎨{⎩

(𝑖 + 1, 2𝑙𝑖+1 − 𝑗 − 1) if 𝑗 = 0, … , ℎ𝑖 − 1

(𝑖 − 1, 2𝑙𝑖 − 𝑗 − 1) if 𝑗 = ℎ𝑖, … , 2𝑙𝑖 − 1
,

𝜏3(𝑖, 𝑗) = 𝜌𝜏2𝜌−1(𝑖, 𝑗)

(1.1)
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and 𝜌 ∶ 𝑉 (𝑓) → 𝑉 (𝑓) is the bijection defined by 𝜌(𝑖, 𝑗) = (𝑖, 𝑗 + 𝑞𝑖).

Clearly, Γ(𝑓) is regular and is also bipartite because of condition 3, so that the polyhedron

triangulated by the associated pseudocomplex is indeed a closed orientable 3-pseudomanifold.

Moreover, note that Γ(𝑓) has exactly three {0, 1}-residues, that is 𝜌01 = 3. We denote them

by 𝐶0, 𝐶1, 𝐶2, where 𝐶𝑖 has as vertices the elements with 𝑖 as first coordinate.

In [16], it is proven that Γ(𝑓) ∈ 𝒢 is a crystallization of a 3-manifold if and only if 𝜌23 = 3.

We call admissible a 6-tuple belonging to ℱ and satisfying this last condition, and we denote

by 𝐷0, 𝐷1 and 𝐷2 the three {2,3}-residues of Γ(𝑓) and by 𝑀𝑓 the 3-manifold associated to 𝑓.

As recalled before, the manifold 𝑀𝑓 has genus 𝜌01 − 1 = 3 − 1 = 2.

Figure 1.19: The residues Γ(𝑓)3̂, Γ(𝑓)2̂. All 𝐶𝑖’s have a counterclockwise orientation.

Let us give an example to understand better the actual construction. Let 𝑓 = (4, 6, 10, 1, 1, 1)

be the 6-tuple representing the Poincaré sphere [7]. Start considering the planar representation

of the two 3-residues Γ(𝑓)3̂ and Γ(𝑓)2̂. Referring to Fig.1.19, denote by 𝐶+
0 , 𝐶+

1 , 𝐶+
2 (resp.

𝐶−
0 , 𝐶−

1 , 𝐶−
2 ) the copy of 𝐶0, 𝐶1, 𝐶2 belonging to Γ(𝑓)3̂ (resp. Γ(𝑓)2̂). Following Fig.1.20 we

can embed Γ(𝑓)3̂ and Γ(𝑓)2̂ in a genus two surface, that is 𝐹01, so that:

• 𝐶0, 𝐶1, 𝐶2 are the curves belonging to the intersection with the horizontal plane of sym-

metry of the surface

• Γ(𝑓)3̂ is embedded in the front part of the surface (and represented by using violet arcs)
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• Γ(𝑓)2̂ is embedded in the back part (and represented by using green arcs)

Figure 1.20: A genus two embedding of 𝑓 = (4, 6, 10, 1, 1, 1).

So, as recalled in Section 1.3.1, the choice of a couple of curves 𝐶𝑖’s and a couple of curves

𝐷𝑖’s gives a closed Heegaard diagram for 𝑀𝑓. We call rich Heegaard diagram, and denote it

by 𝑅𝑓, the colored graph obtained by removing the cycle 𝐶2, cutting the genus two surface

along 𝐶0 and 𝐶1 and coloring with the same color the arcs belonging to the same 𝐷𝑖. See

Fig.1.21 for an example with the 6-tuple (4, 6, 10, 1, 1, 1). The name is due to the fact that, if

we remove the arcs of any of the three 𝐷𝑖’s we get an open Heegaard diagram for 𝑀𝑓 (in all

figures an arc with label 𝑘 denotes 𝑘 parallel arcs). Therefore, it is possible to obtain from a

rich Heegaard diagram three open Heegaard diagrams of the same manifold all coming from

one crystallization.
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Figure 1.21: The rich Heegaard diagram obtained from (4, 6, 10, 1, 1, 1).



Chapter 2

Preliminaries on braids and links

We have already given the definition of link in the previous chapter. Now we will focus mainly

on the algebraic approach to knots and links, starting from the definition of the braid group.

2.1 Links as the standard closure of braids

2.1.1 The Artin’s braid group and the (standard) closure in ℝ3

Following the construction in [52], consider 2𝑛 points in ℝ3: 𝐴𝑖 = (𝑖, 0, 1), 𝐵𝑖 = (𝑖, 0, 0), 𝑖 =

1, … , 𝑛. A braid in 𝑛 strands is a set of pairwise non-intersecting descending polygonal lines

joining points 𝐴1, … , 𝐴𝑛 to the points 𝐵1, … , 𝐵𝑛 in any order. The equivalence between braids

is defined by using the Δ-move, represented in Fig. 2.1: we can substitute a piece of braid

[𝑎, 𝑏] with the two pieces [𝑎, 𝑐] and [𝑐, 𝑏] if we have no other strands in the triangle 𝑎𝑏𝑐. If,

equivalently, we consider braids composed by smooth strands, Δ-equivalence corresponds to

ambient isotopy [15, Theorem 1.10]. In the following we will use the word “braid” to refer to

the equivalence class of a braid.

To the set of braids in 𝑛 strands a group structure naturally can be given. By defining the

product as the concatenation of braids and the unit element as the braid consisting of 𝑛 parallel

strands we obtain what is called by Artin the braid group. We denote it with ℬ𝑛.

27
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Using the results by Reidemeister [53], Artin proved [5] that the braid group is isomorphic to

the abstract group generated by 𝜎1, … , 𝜎𝑛−1 (𝜎𝑖 being the elementary exchange of the strands

𝑖 and 𝑖 + 1, see Fig.2.2) with the “braid relations”:

𝜎𝑖𝜎𝑖+1𝜎𝑖 = 𝜎𝑖+1𝜎𝑖𝜎𝑖+1, 𝑖 ≤ 𝑛 − 2

𝜎𝑖𝜎𝑗 = 𝜎𝑗𝜎𝑖 |𝑖 − 𝑗| ≥ 2
(2.1)

Figure 2.1: An example of Δ-move.

The relationship between braids and links arises from the closure operation. It can be done in

multiple ways, but in this section we will deal with the so called standard closure of braids.

The standard closure of a braid 𝑏 ∈ ℬ𝑛 is the link 𝛽(𝑏) obtained joining the points 𝐴𝑖 to the

𝐵𝑖’s, as in Fig. 2.3. The obtained link inherits the orientation from the one we gave to the

braid (going from the top to the bottom of the braid): the closure arcs are oriented upward

and the overall orientation is still coherent.

Figure 2.2: The generator 𝜎𝑗 and its inverse.
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Figure 2.3: An example of standard closure of a braid.

A classic theorem by Alexander [3] states that this closure map is surjective, i.e., any link is the

(standard) closure of some braid. The proof is analogue to the one sketched in Section 2.1.2

for 𝑔 = 0. Discussing how different braids can have isotopic closures, we have as a first result

the following one by Markov:

Theorem 2.1.1 ([45]). The closures of two braids are isotopic if and only if one differs from

the other by braid relations and a finite sequence of the following two moves (see Fig. 2.4)

1. First Markov move (conjugation): 𝑏 ↔ 𝑎𝑏𝑎−1, where 𝑎, 𝑏 ∈ ℬ𝑛;

2. Second Markov move (stabilization): 𝑏 ↔ 𝑏𝜎±1
𝑛 , where 𝑏 ∈ ℬ𝑛;

Note that the rightmost braid in the figure is a braid in ℬ𝑛+1.

Figure 2.4: The two Markov moves; from the center to the right there is the first one, on the
left the second one.

In [42] Lambropoulou and Rourke proved an analogous result but only by using a single equiv-

alence move, the “𝐿-move”. The 𝐿–move consists in cutting a strand of the braid at a point,
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Figure 2.5: The 𝐿-moves, reproduced from [43].

then pulling the two ends of the cut, the upper downward and the lower upward, both running

entirely over the braid or entirely under it, and keeping them aligned so as to obtain a new

pair of corresponding braid strands.

Following the definition there are two types of 𝐿–moves, an “under” 𝐿–move, or 𝐿𝑢–move, and

an “over” 𝐿–move, or 𝐿𝑜–move (see Fig. 2.5).

Fig.2.5 shows the local effects of the two moves.

Theorem 2.1.2 ([42]). Two oriented links in ℝ3 are isotopic if and only if any two corresponding

braids differ by braid relations and 𝐿-moves.

2.1.2 The mixed braid group and links in handlebodies and 3-manifolds

Now, consider a handlebody 𝐻𝑔 of genus 𝑔: it can be represented as

𝐻𝑔 = 𝑆3 \ open tubular neighbourhood of 𝐼𝑔

where 𝐼𝑔 denotes the identity braid on 𝑔 indefinitely extended strands, all meeting at the point

at infinity. A link 𝐿 in 𝐻𝑔 will wind around these 𝑔 holes, like the one represented in Fig. 2.6.

We can braid 𝐿 as follows. Orient the link, then take any up-arc:

• cut the arc at any point;
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Figure 2.6: A link in a handlebody, by courtesy of Prof. Sophia Lambropoulou.

Figure 2.7: The standard braiding operation for the case of an over-arc, reproduced from [42].

• pull the two open ends upward and downward (see Fig. 2.7), keeping them aligned,

obtaining a pair of corresponding braid strands, both running entirely over the previously

constructed tangle1 or entirely under it (depending if and how the up-arc goes through

crossings, see [42] for details).

The tangle which we obtain is isotopic to the original one, but with one less up-arc. Applying

this operation to all up-arcs, we will obtain a new braid in 𝑛 strings, winding around 𝐼𝑔, the

identity braid representing the holes of the handlebody.

Following the construction of [34] we can perform a parting operation to our braid. Parting a

mixed braid means to separate its end-points into two different sets, so that the resulting braids

have isotopic closures (see Fig.2.8). The operation has to be done bringing all the strands of the
1Here we will use the term tangle to refer to a link with some braided open strands, but still not completely

braided.
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second set on the right, passing on top of the strands of the first set. We will call the resulting

braid a parted mixed braid. In our case, we can redraw our braid as one in ℬ𝑔+𝑛 having our

first 𝑔 strands as the identity braid, the fixed part of the braid (the first set of end-points), and

the other 𝑛 strands representing the moving part of the braid (the second set of end-points).

Figure 2.8: The mixed braid after the parting operation in the case of handlebodies.

We define ℬ𝑔,𝑛 the mixed braid group as the set of all elements of ℬ𝑔+𝑛 for which, if we remove

the last 𝑛 strands, we are left with the identity braid on 𝑔 strands.

Following the construction in [34], we are led to the presentation of ℬ𝑔,𝑛 as:

with the 𝑎𝑖 and 𝜎𝑖 generators defined as in Fig.2.9.

Using also in this handlebody setting the same approach as in ℝ3, Lambropoulou obtained an

analogous result for mixed braids:
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Figure 2.9: The generators of ℬ𝑔,𝑛.

Figure 2.10: The mixed braid after the parting and combing operation in the case of 3-manifolds.

Theorem 2.1.3 ([34]). The closures of two mixed braids 𝐵1, 𝐵2 ∈ ℬ𝑔,𝑛 are equivalent if and

only if they are related by braid isotopy and 𝐿-moves that do not affect the common fixed part.

Finally, let us consider a 3-manifold 𝑀 represented via Dehn surgery on a link 𝐿∗ in ℝ3. The

way of representing a link 𝐿 in 𝑀 as the closure of a mixed braid uses in a similar way the

previous braiding algorithm with the only difference being that it should be applied also to 𝐿∗.

In this way 𝐿∗ is represented as the closure of a braid 𝐵∗ ∈ ℬ𝑚, while our link 𝐿 is represented

as the closure of a braid 𝐵 ∈ ℬ𝑛.

These two braids wind around each other, so the resulting braid will belong to ℬ𝑛+𝑚, with 𝐵∗

being the fixed part of our mixed braid. After performing a parting and combing2 operation

[43] (see Fig. 2.10), we will obtain a braid in which the top part is an element from the mixed

braid group, while the bottom part contains 𝐵∗ on the left and 𝐼𝑛 on the right. We will call

this kind of element a combed mixed braid.

Before stating the equivalence theorem for links in 3-manifolds, we need the definition of link
2Combing a parted mixed braid means to separate the fixed sub-braid from the moving part, using mixed

braid isotopy.
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Figure 2.11: An example of link band sum, by courtesy of Prof. Boštjan Gabrovšek.

band sum:

Definition 2.1.1. Let 𝐿1 and 𝐿2 be two disjoint links in 𝑀 and let 𝑏 = 𝐼 × 𝐼 be an embedded

band in 𝑀, such that 𝑏 ∩ 𝐿1 = 𝑒1 = 𝐼 × 0 and 𝑏 ∩ 𝐿2 = 𝑒2 = 𝐼 × 1. The band connected sum

𝐿1#𝐿2 of 𝐿1 and 𝐿2 along 𝑏 is the link

(𝐿1 − 𝑒1) ∪ (𝐿2 − 𝑒2) ∪ (𝜕𝑏 − 𝑒1 − 𝑒2).

An example can be seen in Fig.2.11. It can be shown that the link band sum does not depend

on the choice of the band 𝑏 when 𝐿2 is an unknot contained inside a 3-ball, that is disjoint

from 𝐿1, and 𝑏 does not intersect the open disk which 𝐿2 bounds [17].

Now, consider a manifold 𝑀 represented via Dehn surgery of a link 𝐿∗ in ℝ3. Let 𝐿1 ∪ 𝐿∗

and 𝐿2 ∪ 𝐿∗ be two mixed links in 𝑀, and give an orientation to 𝐿1, 𝐿2 and 𝐿∗. We want to

chose 𝐿1 and 𝐿2 so that the second is the link band sum over a band 𝑏 of a component 𝑐 of

𝐿1 and the specified (from the surgery coefficient) longitude of a surgery component of 𝐿∗, in

such a way that the orientation of the link band sum is coherent with the orientation of the

surgery component of 𝐿∗. This is not an isotopy between the mixed links in ℝ3 but it reflects

isotopy between the two links 𝐿1 and 𝐿2 in 𝑀 and we call it band move between the two mixed

links (throughout literature, the band move is often referred to also as the slide move). Since

𝑐 and 𝐿∗ are oriented, there are two types of band moves according to the orientation of the

arcs replacing the little band edges, see Figure 2.12 for an example with integral surgery 𝑝. A

braid band move is a move between mixed braids that upon closure is a band move between

the exploited mixed links.

The extension of the Theorem 2.1.3 to the case of 3-manifolds is the following:
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Figure 2.12: The two possible band moves.

Theorem 2.1.4 ([43]). Let 𝐿1, 𝐿2 be two links in a 3-manifold 𝑀, and let 𝐵1 ∪ 𝐵∗, 𝐵2 ∪ 𝐵∗

be the two corresponding mixed braids in ℝ3. Then 𝐿1 is isotopic to 𝐿2 if and only if 𝐵1 ∪ 𝐵∗

is equivalent to 𝐵2 ∪ 𝐵∗ in ℝ3 by a finite sequence of braid isotopies, braid band moves and

𝐿-moves that do not affect 𝐵∗.

2.2 Links as the plat closure of braids

There is another way of closing the free edges of a braid in order to obtain a link. Let 𝐵 ∈ ℬ2𝑛

be a braid with an even number of strands. We can close it using small arcs connecting at the

top and at the bottom of the braid the free edges of strands 2𝑖 − 1 and 2𝑖, 𝑖 = 1, … , 𝑛 (see

Fig. 2.13). Birman extensively studied this different plat closure of braids [13], proving that

every link in ℝ3 can be represented by the plat closure of a braid in ℬ2𝑛.

Let us now remember how to obtain a representation of a given link as the plat closure

of a braid. The setting of Birman is the following. Let ℝ3
+ denote the subset of ℝ3 de-

fined by {(𝑥, 𝑦, 𝑧) ∣ 𝑧 ≥ 0}, and let 𝐴 = 𝐴1 ∪ ⋯ ∪ 𝐴𝑛 denote the union of the set of

𝑛 line segments [(𝑖 − 0.25, 0, 0), (𝑖 − 0.25, 0, 1)], [(𝑖 + 0.25, 0, 0), (𝑖 + 0.25, 0, 1)] and the half

circles {(𝑥, 0, 𝑧) ∣ (𝑥 − 𝑖)2 + (𝑧 − 1)2 = (0.25)2, 𝑧 ≥ 1} (see Fig.2.14). Let ℝ3
− denote
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Figure 2.13: An example of plat closure of a braid.

the lower half-space (with 𝑧 ≤ 0), and let 𝐴′ = 𝐴1′ ∪ ⋯ ∪ 𝐴𝑛′ denote the half circles

{(𝑥, 0, 𝑧) ∣ (𝑥 − 𝑖)2 + 𝑧2 = (0.25)2, 𝑧 ≤ 0}. Let 𝜌 ∶ ℝ3
+ → ℝ3

− ∶ 𝜌(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦, −𝑧).

The group of isotopy classes Φ = [𝜙] of orientation-preserving homeomorphisms 𝜙 ∶ (𝜕ℝ3
+, 𝜕𝐴) →

Figure 2.14: An example of the setting for 𝑛 = 3, reproduced from [13].

(𝜕ℝ3
+, 𝜕𝐴) is the classical braid group ℬ2𝑛 [12, Corollary 1.1].

By these definitions, 𝐿 = 𝐴 ∪𝜌𝜙 𝐴′ is a link in ℝ3 (in plat closure), and every link 𝐿 in ℝ3 can

be represented in this way [13]. Assume 𝐿 to be polygonal and contained in the subset of ℝ3



2.2. Links as the plat closure of braids 37

represented by the inequalities 0.25 ≤ 𝑧 ≤ 0.75. We can also consider that no edge lies in a

plane parallel to the 𝑥𝑦 plane and also that for any three consecutive vertices 𝑏𝑗−1, 𝑏𝑗, 𝑏𝑗+1 of

𝐿 the line parallel to the 𝑧 axis through 𝑏𝑗 has a neighbourhood which meets the link only in

the edges [𝑏𝑗−1, 𝑏𝑗] and [𝑏𝑗, 𝑏𝑗+1].

Now, starting from a vertex of 𝐿, let us consider three consecutive vertices 𝑏𝑘−1, 𝑏𝑘, 𝑏𝑘+1. The

two segments [𝑏𝑘−1, 𝑏𝑘], [𝑏𝑘, 𝑏𝑘+1] may form a local maxima or minima. Consider a vertical

neighbourhood of 𝑏𝑘, which intersects only in two points 𝑏𝑘′ and 𝑏𝑘″, one in the first segment

and the other in the second. Now, in the local maxima (resp. local minima) case let 𝑏∗
𝑘

the vertical projection of 𝑏𝑘 on the plane 𝑧 = 1 (resp 𝑧 = 0). We substitute the two arcs

[𝑏𝑘′, 𝑏𝑘], [𝑏𝑘, 𝑏𝑘″] with the arcs [𝑏𝑘′, 𝑏∗
𝑘] and [𝑏∗

𝑘, 𝑏𝑘″] (see Fig. 2.15). Now the link intersects the

planes 𝑧 = 0, 𝑧 = 1 in the same number of points, say 𝑛, and the planes 𝑧 = 𝑖) with 𝑖 ∈ (0, 1)

in exactly 2𝑛 points. Points on planes 𝑧 = 0, 𝑧 = 1 will be called boundary points, while points

on planes 𝑧 = 𝑖) with 𝑖 ∈ (0, 1) will be called interior points.

What we obtain is the representation of the link in plat closure.

Figure 2.15: An example of braiding move, reproduced from [13].

After showing this braiding algorithm, Birman [13] proves the equivalence theorem starting

from geometric moves and then passing to the algebraic setting. The two main moves are the

spike move and the stabilization move (see also [17] for the definition in the 3-manifold setting):

• Spike move: let 𝑐′, 𝑟, 𝑐″ be consecutive vertices of our link in polygonal form, with 𝑟 a
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boundary point. Let 𝑠 ≠ 𝑟 be a second boundary point, on the same boundary component

as 𝑟, and let 𝑑′, 𝑑″ be interior points like in Fig.2.16. We define the spike move as

retracting the spike at 𝑟 to the base 𝑐′, 𝑐″, shooting out a new spike at 𝑠 with new base

𝑑′, 𝑑″. In other words, we substitute [𝑐′, 𝑟], [𝑟, 𝑐″] with [𝑐′, 𝑑′], [𝑑′, 𝑠], [𝑠, 𝑑″], [𝑑″, 𝑐″].

• Stabilization move: let 𝑎, 𝑏, 𝑐 be consecutive vertices of our link in polygonal form. Let

𝑏′, 𝑏″ be the projections of 𝑏 onto the planes 𝑧 = 0, 𝑧 = 1, and 𝑏1, 𝑏2 the intersection of

a small neighbourhood of 𝑏 with the segments [𝑎, 𝑏] and [𝑏, 𝑐]. The stabilization is the

substitution of [𝑎, 𝑏] and [𝑏, 𝑐] with the segments [𝑎, 𝑏1], [𝑏1, 𝑏′], [𝑏′, 𝑏″], [𝑏″, 𝑏2] and [𝑏2, 𝑐],

see Fig. 2.17.

Figure 2.16: An example of spike move, reproduced and relabeled from [13].

Figure 2.17: An example of stabilization move, reproduced and relabeled from [13].
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In order to describe the algebraic equivalence of links represented by plat closure of braids, we

need to define the subgroup 𝐾2𝑛 of ℬ2𝑛. It is defined to be the set of those mapping classes

Φ ∈ ℬ2𝑛 which have a representative 𝜙 ∶ (𝜕ℝ3
+, 𝜕𝐴) → (𝜕ℝ3

+, 𝜕𝐴) which extends to a map

̂𝜙 ∶ (ℝ3
+, 𝐴) → (ℝ3

+, 𝐴). Hilden found the generators of this subgroup:

Theorem 2.2.1 ([38]). The group 𝐾2𝑛 is generated by {𝜎1, 𝜎2𝜎2
1𝜎2, and 𝜎2𝑖𝜎2𝑖−1𝜎2𝑖+1𝜎2𝑖, 1 ≤

𝑖 ≤ 𝑛 − 1}.

Now we are ready to state the result for links in ℝ3:

Theorem 2.2.2 ([13]). Let 𝐿1, 𝐿2 be two links represented by 𝑏1 ∈ ℬ2𝑛1
and 𝑏2 ∈ ℬ2𝑛2

respectively as plat closures. Then the two links are equivalent if and only if there exists an

integer 𝑡 ≥ 𝑚𝑎𝑥{𝑛1, 𝑛2} such that, ∀𝑛 ≥ 𝑡 the elements:

𝑏𝑖′ = 𝑏𝑖𝜎2𝑛𝑖
𝜎2𝑛𝑖+2 … 𝜎2𝑛−2 ∈ ℬ2𝑛, 𝑖 = 1, 2

are in the same double coset of ℬ2𝑛 modulo 𝐾2𝑛.

Before going into the case of links in 3-manifolds, let us recall the definition of generalized

bridge position for links in 3-manifolds [23]. First, we define:

Definition 2.2.1. Let 𝐻𝑔 be a handlebody of genus 𝑔. A set of 𝑛 properly embedded disjoint

arcs {𝐴1, … , 𝐴𝑛} in 𝐻𝑔 is a trivial system of arcs if there exist 𝑛 mutually disjoint embedded

discs, called trivializing discs, 𝐷1, … , 𝐷𝑛 properly embedded in 𝐻𝑔 such that 𝐴𝑖 ∩ 𝐷𝑖 = 𝐴𝑖 ∩

𝜕𝐷𝑖 = 𝐴𝑖, 𝐴𝑖 ∩ 𝐷𝑗 = ∅ and 𝜕𝐷𝑖 − 𝐴𝑖 ⊂ 𝜕𝐻𝑔 for all 𝑖, 𝑗 = 1, … , 𝑛 and 𝑖 ≠ 𝑗.

In this case, we say that the arc 𝐴𝑖 projects onto the arc 𝜕𝐷𝑖 − int(𝐴𝑖) ⊂ 𝜕𝐻𝑔 via 𝐷𝑖.

Let Σ𝑔 be a Heegaard surface of genus 𝑔 for 𝑀. We say that a link 𝐿 in 𝑀 is in bridge position

with respect to Σ𝑔 if:

1. 𝐿 intersects Σ𝑔 transversally and
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2. the intersection of 𝐿 with both handlebodies, obtained by splitting 𝑀 along Σ𝑔, is a

trivial system of arcs.

The decomposition for 𝐿 into these two trivial systems of arcs is called a (𝑔, 𝑛)-decomposition

or 𝑛-bridge decomposition of genus 𝑔 of 𝐿, where 𝑔 is the genus of Σ𝑔 and 𝑛 is the cardinality

of the trivial systems.

The minimal 𝑛 such that 𝐿 admits a (𝑔, 𝑛)-decomposition is called the genus 𝑔 bridge number

of 𝐿. If 𝑔 = 0, the manifold 𝑀 is the 3-sphere and we get the usual notion of bridge decom-

position and bridge number of links in the 3-sphere (or in ℝ3). Following [17] we describe a

way to represent links in 3-manifolds via braids closed in a plat way. Let 𝒫2𝑛 = {𝑃1, … , 𝑃2𝑛}

be a set of 2𝑛 distinct points on Σ𝑔 and let us denote by ℬΣ𝑔,2𝑛, the surface braid group on

2𝑛-strands of Σ𝑔, i.e, the fundamental group of the configuration space of the 2𝑛 points in Σ𝑔.

Bellingeri studied this group, obtaining in [9] the presentation of ℬΣ𝑔,𝑛; given the generators

(see Fig.2.18):

• 𝜎𝑖, which exchanges points 𝑃𝑖 and 𝑃𝑖+1, and keeps fixed all other points, for 𝑖 = 1, … , 𝑛−

1;

• 𝑎𝑖, which keeps fixed all points but 𝑃1, which goes around the longitude of the 𝑖-th hole,

for 𝑖 = 1, … , 𝑔;

• 𝑏𝑖, which keeps fixed all points but 𝑃1, which goes around the meridian of the 𝑖-th hole,

for 𝑖 = 1, … , 𝑔.

The relations are the following:

• Braid relations:

– 𝜎𝑖𝜎𝑖+1𝜎𝑖 = 𝜎𝑖+1𝜎𝑖𝜎𝑖+1, 𝑖 = 1, … , 2𝑛 − 2

– 𝜎𝑖𝜎𝑗 = 𝜎𝑗𝜎𝑖, 𝑖, 𝑗 = 1, … , 2𝑛 − 1, |𝑖 − 𝑗| ≥ 2
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• Mixed relations:

– 𝑎𝑟𝜎𝑖 = 𝜎𝑖𝑎𝑟, 1 ≤ 𝑟 ≤ 𝑔, 𝑖 ≠ 1

– 𝑏𝑟𝜎𝑖 = 𝜎𝑖𝑏𝑟, 1 ≤ 𝑟 ≤ 𝑔, 𝑖 ≠ 1

– 𝜎−1
1 𝑎𝑟𝜎−1

1 𝑎𝑟 = 𝑎𝑟𝜎−1
1 𝑎𝑟𝜎−1

1 , 1 ≤ 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑏𝑟𝜎−1

1 𝑏𝑟 = 𝑏𝑟𝜎−1
1 𝑏𝑟𝜎−1

1 , 1 ≤ 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑎𝑠𝜎1𝑎𝑟 = 𝑎𝑟𝜎−1

1 𝑎𝑠𝜎1, 1 ≤ 𝑠 < 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑏𝑠𝜎1𝑏𝑟 = 𝑏𝑟𝜎−1

1 𝑏𝑠𝜎1, 1 ≤ 𝑠 < 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑎𝑠𝜎1𝑏𝑟 = 𝑏𝑟𝜎−1

1 𝑎𝑠𝜎1, 1 ≤ 𝑠 < 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑏𝑠𝜎1𝑎𝑟 = 𝑎𝑟𝜎−1

1 𝑏𝑠𝜎1, 1 ≤ 𝑠 < 𝑟 ≤ 𝑔

– 𝜎−1
1 𝑎𝑟𝜎−1

1 𝑏𝑟 = 𝑏𝑟𝜎−1
1 𝑎𝑟𝜎1, 1 ≤ 𝑠 < 𝑟 ≤ 𝑔

– [𝑎1, 𝑏−1
1 ] … [𝑎𝑔, 𝑏−1

𝑔 ] = 𝜎1𝜎2 … 𝜎2
2𝑛−1 … 𝜎2𝜎1

where [𝑎, 𝑏−1] = 𝑎𝑏−1𝑎−1𝑏.

Now we will describe how to represent a link 𝐿 in 𝑀 with an element of this group in our

setting. Fix a set of 𝑛 arcs 𝛾1, … , 𝛾𝑛 embedded into Σ𝑔, with Σ𝑔 being a genus 𝑔 Heegaard

surface for 𝑀, such that 𝛾𝑖 ∩ 𝛾𝑗 = ∅ if 𝑖 ≠ 𝑗 and 𝜕𝛾𝑖 = {𝑃2𝑖−1, 𝑃2𝑖}, for 𝑖, 𝑗 = 1, … , 𝑛. Given

an element 𝛽 ∈ ℬ𝑔,2𝑛, realize it as a geometric braid, that is, as a set of 2𝑛 disjoint paths in

Σ𝑔 ×[0, 1] connecting 𝒫2𝑛 ×{0} to 𝒫2𝑛 ×{1}. The plat closure ̂𝛽 ⊆ 𝑀 of 𝛽 is the link obtained

“closing” 𝛽 by connecting 𝑃2𝑖−1 × {0} with 𝑃2𝑖 × {0} through 𝛾𝑖 × {0} and 𝑃2𝑖−1 × {1} with

𝑃2𝑖 × {1} through 𝛾𝑖 × {1}, for 𝑖 = 1, … , 𝑛. Clearly, ̂𝛽 is in bridge position with respect to Σ𝑔

and so it has genus 𝑔 bridge number at most 𝑛. For each link 𝐿 in a 3-manifold 𝑀, there exists

a braid 𝛽 ∈ ∪𝑛∈ℕℬ𝑔,2𝑛 such that ̂𝛽 is isotopic to 𝐿 [17].

It is possible to prove an Alexander representation theorem:

Theorem 2.2.3 ([10]). Every link 𝐿 in a 3-manifold 𝑀 having Heegaard genus at most 𝑔, may

be braided to a geometric braid in ℬ𝑔,2𝑛, the plat closure of which is equivalent to 𝐿.
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Figure 2.18: The generators of ℬ𝑔,2𝑛 on Σ𝑔, reproduced from [17].

Figure 2.19: The generators of ℬ𝑔,2𝑛 represented in braid form.

Moreover, as proved in [17], two braids 𝛽1, 𝛽2 ∈ ⋃𝑛∈ℕ ℬ𝑔,2𝑛 have isotopic plat closure if and

only if 𝛽1 and 𝛽2 differ by braid isotopy, a finite sequence of the following moves (see Fig.2.20):

(𝑀1) 𝜎1𝛽 ⟷ 𝛽 ⟷ 𝛽𝜎1

(𝑀2) 𝜎2𝑖𝜎2𝑖+1𝜎2𝑖−1𝜎2𝑖𝛽 ⟷ 𝛽 ⟷ 𝛽𝜎2𝑖𝜎2𝑖+1𝜎2𝑖−1𝜎2𝑖

(𝑀3) 𝜎2𝜎2
1𝜎2𝛽 ⟷ 𝛽 ⟷ 𝛽𝜎2𝜎2

1𝜎2

(𝑀4) 𝑎𝑗𝜎−1
1 𝑎𝑗𝜎−1

1 𝛽 ⟷ 𝛽 ⟷ 𝛽𝑎𝑗𝜎−1
1 𝑎𝑗𝜎−1

1 for 𝑗 = 1, … , 𝑔

(𝑀5) 𝑏𝑗𝜎−1
1 𝑏𝑗𝜎−1

1 𝛽 ⟷ 𝛽 ⟷ 𝛽𝑏𝑗𝜎−1
1 𝑏𝑗𝜎−1

1 for 𝑗 = 1, … , 𝑔

(𝑀6) 𝛽 ⟷ 𝑇𝑘(𝛽)𝜎2𝑘

where 𝑇𝑘 ∶ ℬ𝑔,2𝑛 → ℬ𝑔,2𝑛+2 is defined by 𝑇𝑘(𝑎𝑖) = 𝑎𝑖, 𝑇𝑘(𝑏𝑖) = 𝑏𝑖 and

𝑇𝑘(𝜎𝑖) =

⎧
{{
⎨
{{
⎩

𝜎𝑖 if 𝑖 < 2𝑘

𝜎2𝑘𝜎2𝑘+1𝜎2𝑘+2𝜎−1
2𝑘+1𝜎−1

2𝑘 if 𝑖 = 2𝑘

𝜎𝑖+2 if 𝑖 > 2𝑘

.

and two sets of moves called plat slide moves and dual plat slide moves that depend on the

Heegaard decomposition of 𝑀. If (Σ𝑔, c, c∗) is a Heegaard diagram for 𝑀, we define these two

moves as the band connected sum between the link and the curves 𝑐𝑖 and 𝑐∗
𝑖 respectively.
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Figure 2.20: The five 𝑀-moves (𝑀1) − (𝑀5), reproduced from [17]. Note that (𝑀6) is indeed
the stabilization move.



44 Chapter 2. Preliminaries on braids and links

Figure 2.21: The standard decomposition of a genus 𝑔 handlebody.

Since all 𝑐𝑖 and 𝑐∗
𝑖 bound meridian disks in 𝑀 and thus are trivial knots in 𝑀, they can

be represented in ℬ𝑔,2 [17]. We can then describe the plat connected sum in braid form: if

𝛽 ∈ ℬ𝑔,2𝑛 is a braid representative of 𝐿 and ̄𝑐𝑖, ̄𝑐∗
𝑖 are braid representatives of 𝑐𝑖, 𝑐∗

𝑖 then

𝑝𝑠𝑙𝑖 ∶ 𝛽 ⟶ ̄𝑐𝑖#𝛽 ∈ ℬ𝑔,2𝑛, 𝑖 = 1, … , 𝑔

𝑝𝑠𝑙∗𝑖 ∶ 𝛽 ⟶ 𝛽# ̄𝑐∗
𝑖 ∈ ℬ𝑔,2𝑛, 𝑖 = 1, … , 𝑔

which are called the i-th plat slide and i-th dual plat slide move. We recall that we denote with

𝐿1#𝐿2 the band sum between 𝐿1 and 𝐿2. If we assume that c∗ is the system corresponding

to the standard decomposition of a genus 𝑔 handlebody (see Fig. 2.21), then we have 𝑐∗
𝑖 = 𝑏𝑖

and so the dual plat slide move 𝑝𝑠𝑙∗𝑖 is

𝑝𝑠𝑙∗𝑖 ∶ 𝛽 ⟶ 𝛽#𝑏𝑖 = 𝛽𝑏𝑖

In [17] an explicit formula for plat slide moves in lens spaces 𝐿(𝑝, 𝑞) (i.e., the case of genus one)

can be found as:

𝑝𝑠𝑙𝑝,𝑞 ∶ 𝛽 ⟶ 𝛼𝑝,𝑞#𝛽 = 𝛼𝑝,𝑞 𝛽,

where

𝛼𝑝,𝑞 =
𝑟

∏
𝑖=1

𝑏−1
1 𝑎⌈ 𝑝

𝑞 ⌉
1 ⋅

𝑞−𝑟

∏
𝑖=1

𝑏−1
1 𝑎⌊ 𝑝

𝑞 ⌋
1 ∈ ℬ1,2.

An example of this result can be seen in Fig.2.22 for 𝐿(5, 2).
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Figure 2.22: The example for 𝐿(5, 2), reproduced from [17].



Chapter 3

An algorithmic method to compute

plat-like Markov moves for genus two

3-manifolds

As seen in Section 2.2, the equivalence of links in 3-manifolds, under isotopy, has been described

in terms of (𝑔, 𝑏)-decomposition: we reported a finite set of moves that connect braids in ℬ𝑔,2𝑛

having isotopic plat closures. In the result, some moves are explicitly described as elements

in ℬ𝑔,2𝑛, while others, called plat slide moves, depend on a Heegaard surface of the manifold

and are explicitly described only for the case of Heegaard genus at most 1, that is for 𝑆3,

lens spaces and 𝑆2 × 𝑆1. The goal of this chapter is to determine plat slide moves for links

in 3-manifolds of genus 2. Our approach uses the representation described in Section 1.3.2

connected with crystallization theory. To sum up, every 3-manifold of Heegaard genus 2 can be

represented using a 4-colored graph depending on a 6-tuple of integer numbers that determines

some of its Heegaard splittings. Starting from the 6-tuple, we will construct an algorithm (also

implemented on the computer) that allows to describe the plat slide moves associated to the

Heegaard surface of a particular Heegaard splitting in terms of elements in ℬ2,2𝑛 and so to

determine explicitly the moves realizing the equivalence of links in plat form in the associated

3-manifold.

46
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Let us take an admissible 6-tuple 𝑓 = (ℎ0, ℎ1, ℎ2, 𝑞0, 𝑞1, 𝑞2). Our goal is to precisely draw the

open Heegaard diagram representing the 3-manifold encoded by 𝑓 relying only on the values of

the 6-tuple. Let Γ be a crystallization of a 3-manifold, let 𝐶0, 𝐶1, 𝐶2, 𝐷0, 𝐷1, 𝐷2 and Σ2 the two

sets of bicolored cycles and the genus two surface from the construction of Theorem 1.3.1; we

recall from Section 1.3.2 the definition of rich Heegaard diagram as the colored graph obtained

by removing the cycle 𝐶2, cutting the Σ2 along 𝐶0 and 𝐶1 and coloring with the same color

the arcs belonging to the same 𝐷𝑖.

Here we will use edges with labels in order to describe blocks; for example in Fig. 3.1a there

are 𝑎 parallel edges from 𝐶+
1 to 𝐶+

0 , and we denote them with a single edge with label 𝑎.

We are ready to prove the first theorem of this chapter.

Theorem 3.0.1. Let 𝑓 = (ℎ0, ℎ1, ℎ2, 𝑞0, 𝑞1, 𝑞2) be an admissible 6-tuple.

1. If 𝑞2 < ℎ1, ℎ2 then the rich Heegaard diagram 𝑅𝑓 is the one depicted in Fig. 3.1a, with

𝑎 = ℎ0, 𝑏 = 𝑞2, 𝑐 = ℎ2 − 𝑞2, 𝑑 = ℎ1 − 𝑞2;

2. If ℎ2 ≤ 𝑞2 ≤ ℎ1 then the rich Heegaard diagram 𝑅𝑓 is the one depicted in Fig. 3.1b, with

𝑎 = ℎ0, 𝑏 = ℎ2, 𝑐 = 𝑞2 − ℎ2, 𝑑 = ℎ1 − 𝑞2;

3. If ℎ1 < 𝑞2 < ℎ2 then the rich Heegaard diagram 𝑅𝑓 is the one depicted in Fig. 3.1c, with

𝑎 = ℎ0, 𝑏 = ℎ1, 𝑐 = 𝑞2 − ℎ1, 𝑑 = ℎ2 − 𝑞2;

4. If 𝑞2 > ℎ1, ℎ2 then the rich Heegaard diagram 𝑅𝑓 is the one depicted in Fig. 3.1d, with

𝑎 = ℎ0, 𝑏 = ℎ1 + ℎ2 − 𝑞2, 𝑐 = 𝑞2 − ℎ1, 𝑑 = 𝑞2 − ℎ2;

and vertices are labeled as in Fig. 3.3.

Proof. Following the construction in Section 1.3.2, let Γ be a 4-colored crystallization and

consider Γ3̂ and Γ2̂, with 𝐶±
𝑖 as in Fig. 1.19. Now we “flip horizontally” Γ2̂, then we glue

together 𝐶+
2 with 𝐶−

2 and “cut it open” as follows: by cutting the genus 2 surface 𝐹{0,1} along

𝐶0 and 𝐶1 we get a diagram on the sphere with four holes with 𝐶2 as the equator and the

two halves of 𝐶1 and 𝐶0 on opposite emispheres (see Fig. 3.2). For 𝑖 = 0, 1 we give a standard

clockwise orientation to 𝐶−
𝑖 , a standard counterclockwise orientation to 𝐶+

𝑖 , and an orientation
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(a) Case 1.
(b) Case 2.

(c) Case 3.
(d) Case 4.

Figure 3.1: The four possible cases.

from right to left to 𝐶2.

According to the definition of the involutions 𝜏𝑐, for 𝑐 = 0, 1, 2, 3, the labelling of the vertices

of 𝐶±
0 , 𝐶±

1 is as follows (see Fig. 3.3). First, check the orientation of 𝐶±
𝑖 . In 𝐶+

0 (resp. 𝐶−
0 ),

the first vertex adjacent to a vertex of 𝐶+
1 (resp. 𝐶−

1 ) with respect to the orientation is labelled

‘0’ (resp. ‘𝑞0’). This vertex is connected to the vertex of 𝐶+
1 (resp. 𝐶−

1 ) labelled ‘ℎ0 + ℎ1 − 1’

(resp. ‘𝑞1 − 1’).

We can then label all the vertices of 𝐶+
0 and 𝐶+

1 according to the orientation.

It is important to note that in case 4, where we have a different orientation, the labeling is the
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Figure 3.2: The standard orientation.

same.

From now on, 𝐶2 will only be useful in term of the construction of the {2, 3}-residues via 𝜏𝑐.

Figure 3.3: The labelling of 𝐶±
0 , 𝐶±

1 .

Following the definition of 𝜏2 and 𝜏3, we observe that (see Fig. 3.4a):

• exactly ℎ0 arcs go from 𝐶±
0 to 𝐶±

1 and so 𝑎 = ℎ0;

• exactly ℎ2 arcs go from 𝐶±
0 to 𝐶2;

• exactly ℎ1 arcs go from 𝐶±
1 to 𝐶2.



50 Chapter 3. Algorithmic plat slide moves for genus two 3-manifolds

The involution 𝜏3 on the vertices of 𝐶2 differs from 𝜏2 by a “circular shifting” of 𝑞2 steps that

connects 𝐶2 to 𝐶−
0 and 𝐶−

1 . The shifting is exactly 𝑞2 in the positive direction according to

the fixed orientation (as depicted in Fig. 3.4b).

When we remove 𝐶2 in order to obtain the open rich Heegaard diagram, all we have to do is

to merge the connecting arcs, obtaining:

• an arc from 𝐶+
0 to 𝐶−

0 if both arcs come from the ℎ2 arcs;

• an arc from 𝐶+
1 to 𝐶−

1 if both arcs come from the ℎ1 arcs;

• an arc from 𝐶+
1 to 𝐶−

0 if the upper arc comes from the ℎ1 arcs and the lower one comes

from the ℎ2 arcs;

• an arc from 𝐶+
0 to 𝐶−

1 if the upper arc comes from the ℎ2 arcs and the lower one comes

from the ℎ1 arcs;

The two last kind of arcs are in the same quantity: indeed, when we shift an ℎ2 lower arc so

that it is connected to an upper ℎ1 one, we obtain an arc from 𝐶+
1 to 𝐶−

0 and at the same time

an ℎ1 lower arc is connected to an upper ℎ2 one.

Now, depending on the values of ℎ1, ℎ2 and 𝑞2 we can have four different cases:

1. If 𝑞2 < ℎ1, ℎ2, we are in the situation depicted in Fig. 3.4b: here 𝑞2 arcs of the ℎ1 lower

ones are moved to the right. So we obtain a graph like the one in Fig. 3.1a. We have

exactly 𝑞2 arcs from upper ℎ1 to lower ℎ2, so 𝑏 = 𝑞2. Since the remaining lower arcs from

ℎ2 go into upper ℎ2 ones, we have 𝑐 = ℎ2 − 𝑞2. Lastly, in order to balance the accounts

for the lower ℎ1 arcs, we get 𝑑 = ℎ1 − 𝑞2.

2. If ℎ2 ≤ 𝑞2 ≤ ℎ1, we are in the situation depicted in Fig. 3.4c: as before, all the ℎ2 lower

arcs go into upper ℎ1 ones and 𝑞2 arcs of the ℎ1 lower ones are moved to the right. So

we obtain a graph like the one in Fig. 3.5a. We have all the lower ℎ2 arcs going to upper

ℎ1 ones, so 𝑏 = ℎ2. To determine 𝑐 and 𝑑 we need to count how many arcs are there on

the right and on the left. Keeping track of 𝑞2 and of the hypothesis ℎ2 ≤ 𝑞2 ≤ ℎ1, on the
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(a)

(b) (c)

(d) (e)

Figure 3.4: The starting position and the four possible arcs positions.

right there are 𝑞2 − ℎ2 = 𝑐 arcs while on the left there are ℎ1 − 𝑞2 = 𝑑 arcs.

Using a homeomorphism of the sphere invariant on the set of vertices, we can transform

the diagram of Fig. 3.5a into the one of Fig. 3.1b, passing the right 𝑏 arcs onto the left.

3. If ℎ1 < 𝑞2 < ℎ2, we are in the situation depicted in Fig. 3.4d: here all the ℎ1 lower arcs

and 𝑞2 − ℎ1 lower ℎ2 arcs are moved to the right. So, we obtain a graph like the one in

Fig. 3.5b. We have all the ℎ1 lower arcs going to upper ℎ2 ones, so 𝑏 = ℎ1. As before,

to determine 𝑐 and 𝑑 we need to count how many arcs are there on the right and on the

left. Keeping track of 𝑞2 and of the hypothesis ℎ1 < 𝑞2 < ℎ2, on the right there are

𝑞2 − ℎ1 = 𝑐 arcs while on the left there are ℎ2 − 𝑞2 = 𝑑 arcs.

Using a homeomorphism of the sphere invariant on the set of vertices, we can transform

the diagram of Fig. 3.5b into the one of Fig. 3.1c, passing the right 𝑑 arcs onto the left

and flipping the diagram horizontally and vertically.
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(a)

(b) (c)

Figure 3.5: The three unrefined configurations.

4. If 𝑞2 > ℎ1, ℎ2, we are in the situation depicted in Fig. 3.4e: as before, all ℎ1 lower arcs

and 𝑞2 − ℎ1 lower ℎ2 arcs are moved to the right. So, we obtain a graph like the one in

Fig. 3.5c, where 𝑏 = ℎ1 + ℎ2 − 𝑞2, 𝑑 = ℎ1 − (ℎ1 + ℎ2 − 𝑞2) = 𝑞2 − ℎ2 and 𝑐 = 𝑞2 − ℎ1.

Using a homeomorphism of the sphere invariant on the set of vertices, we can transform

the diagram of Fig. 3.5c into the one of Fig. 3.6a, passing the right 𝑐 arcs onto the left.

Then, following the red arrows, we can shift both 𝐶+
0 and 𝐶−

0 on the left of 𝐶±
1 (see

Fig. 3.6b). The diagram of Fig. 3.1d is obtained flipping it horizontally.

This ends the proof.

In Fig. 1.21 it is depicted the rich Heegaard diagram obtained from the 6-tuple 𝑓 = (4, 6, 10, 1, 1, 1);

the manifold 𝑀𝑓 is the Poincaré sphere.

Remark 2. The normalization of the diagrams that we apply by using homeomorphisms of the
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(a)

(b)

Figure 3.6: Dealing with the fourth case.

sphere in all cases different from the first one are not essential, but they are done in order to

obtain a normalized diagram in the sense of Section 1.1.1. As we saw before, there are three

possible classes of genus 2 open Heegaard diagrams. Since we are interested only in manifolds

(and not in their splittings), the class III is not necessary (for the certain presence of 𝛼-waves).

Indeed, the diagrams that we obtain in the previous result belong to the classes I and II.

3.1 The algorithmic construction of plat moves

In this section, starting from the 6-tuple 𝑓, we construct an algorithm that allows to describe,

in terms of elements in ℬ2,2𝑛, the plat slide moves in 𝑀𝑓 associated to the Heegaard diagram

obtained from 𝑅𝑓.

First of all, we need to fix some notation on the genus 2 surface. Referring to Fig. 3.7, we
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denote with 𝑏𝑙, 𝑏𝑟, 𝑎𝑙, 𝑎𝑟, 𝜎 the standard generators of ℬ2,2, where “𝑙” and “𝑟” stand for left

and right. Moreover, we identify the boundary circles of the 4-holed sphere containing 𝑅𝑓 with

the meridians 𝐶𝑇 𝑟, 𝐶𝑇 𝑙, 𝐶𝐵𝑟, 𝐶𝐵𝑙, where “𝑇” stands for top and “𝐵” for bottom, so that 𝐶𝑇 𝑙

is identified with 𝐶+
1 in case 1, 2, 4 of Proposition 3.0.1 (corresponding to pictures 3.1a, 3.1b,

3.1d respectively) and with 𝐶−
0 in case 3 (corresponding to picture 3.1c). The four meridians

are oriented as depicted in the figure in cases 1, 2, 3, while we take the opposite orientation for

all of them in case 4.

Figure 3.7: The genus 2 surface.

We represent in red the arcs of 𝑅𝑓 on this surface (see Fig. 3.8a for an example). Clearly,

according to these identifications, some (or part of) arcs, as well as some vertices, are contained

in the “back part” of the surface (and so are dashed in figures) while some others are in the

“front one” (and are not dashed in figures); more precisely:

• all the labelled 𝑏 arcs of figure 3.1 connecting 𝐶𝑇 𝑟 and 𝐶𝐵𝑙 are as depicted in Fig. 3.11h,

that is, their end-points are in the back part;

• the labelled 𝑐 arcs of figure 3.1 connecting 𝐶𝑇 𝑙 and 𝐶𝐵𝑙 are as depicted in Fig. 3.11j, that

is, their end-points on 𝐶𝑇 𝑙 are in the front while those on 𝐶𝐵𝑙 are in the back;

All the remaining vertices and arcs are in the front part.
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(a) (3, 3, 3, 2, 2, 2) only red arcs.

(b) Two ways to connect the arcs of the (3, 3, 3, 2, 2, 2).

Figure 3.8: The (3, 3, 3, 2, 2, 2) case.

On the surface we have also arcs, represented in blue, arising from the identification of 𝐶+
𝑖 with

𝐶−
𝑖 , 𝑖 = 0, 1. Clearly, those arcs are contained in the two handles bounded by 𝐶𝑇 𝑙 and 𝐶𝐵𝑙

on the left and 𝐶𝑇 𝑟 and 𝐶𝐵𝑟 on the right, and connect the couple of vertices with the same

label in the corresponding top and bottom circles, eventually winding around the handle (see

an example in Fig. 3.8b).

To avoid ambiguity we describe precisely how the connections are realized. Following their

orientation, denote by 𝑋 (resp. 𝑌) the first (resp. last) vertex in the front part of both 𝐶𝐵𝑙 and

𝐶𝑇 𝑟, as well as the corresponding vertices in 𝐶𝑇 𝑙 and 𝐶𝐵𝑟. Now denote by 𝐿:

• the first (resp. last) vertex of 𝐶𝑇 𝑙 connected a bottom circle;

• the last (resp. first) vertex of 𝐶𝐵𝑟 connected to a left circle in the first three cases (resp.

in case 4) of Proposition 3.0.1, as well as the corresponding vertices in 𝐶𝐵𝑙 and 𝐶𝑇 𝑟;

Moreover, given two vertices 𝐴, 𝐵 on one circle, we denote with
⌢

𝐴𝐵 the oriented arc from 𝐴 to

𝐵 (end-points included). Now we focus on the first three cases of Proposition 3.0.1. If 𝐿 ∈
⌢

𝑋𝑌,

connect:
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• each vertex in
⌢

𝐿𝑋 ⊂ 𝐶𝑇 𝑖, with the exception of 𝑋, with the corresponding vertex in 𝐶𝐵𝑖

winding once along the handle in the direction of 𝑏𝑖, with 𝑖 = 𝑙, 𝑟;

• all the other vertices without winding.

Otherwise, that is if 𝐿 ∉
⌢

𝑋𝑌, connect:

• all vertices in
⌢

𝑋𝑌 without winding;

• the vertices in the internal part of
⌢

𝑌 𝐿 ⊂ 𝐶𝑇 𝑖 winding once along the handle in the

direction opposite to 𝑏𝑖;

• the remaining vertices of 𝐶𝑇 𝑖 winding once in the direction of 𝑏𝑖, with 𝑖 = 𝑙, 𝑟.

In case 4, we do the following changes with respect to the previous construction: if 𝐿 ∈
⌢

𝑋𝑌,

the vertices labelled 𝐿 in both circles are connected without winding and, in both cases, all the

connections are done winding in the opposite directions.

In this way we obtain three closed curves on the surface each corresponding to one of the three

colors of 𝑅𝑓. Note that along each curve the blue and red arcs alternate. We denote this curves

with 𝑥0
𝑓, 𝑥1

𝑓, 𝑥2
𝑓. See the Fig. 3.9 for the three curves corresponding to 𝑅𝑓 = (4, 6, 10, 1, 1, 1).

Figure 3.9: The curves 𝑥0
𝑓, 𝑥1

𝑓 and 𝑥2
𝑓 of (4, 6, 10, 1, 1, 1).

As we have seen, any choice of a couple of curves among 𝑥0
𝑓, 𝑥1

𝑓, 𝑥2
𝑓 is a meridian system for

a Heegaard splitting of 𝑀𝑓 (being the other the standard one); so, in order to determine the

𝑝𝑠𝑙-moves associated to such a splitting it is enough to find words 𝜒𝑖
𝑓 ∈ ℬ2,2, such that 𝜒𝑖

𝑓 = 𝑥𝑖
𝑓,
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for 𝑖 = 0, 1, 2, and the move takes the form:

𝑝𝑠𝑙𝑖 ∶ 𝛽 → 𝜒𝑖
𝑓#𝛽 = 𝜒𝑖

𝑓𝛽

Theorem 3.1.1. Let 𝑓 be an admissible 6-tuple. There exists an algorithm depending only on

𝑓 that computes the 𝑝𝑠𝑙-slide moves corresponding to the Heegaard splitting associated to the

rich Heegaard diagram 𝑅𝑓.

Proof. It is clear, using the previous construction, that we can determine, starting from 𝑓

and in an algorithmic way, the curves 𝑥0
𝑓, 𝑥1

𝑓 and 𝑥2
𝑓. To prove the statement we have only

to describe, starting from 𝑥𝑖
𝑓, how to compute the words 𝜒𝑖

𝑓 ∈ ℬ2,2, 𝑖 = 0, 1, 2. Clearly, the

procedure is the same for each curve.

First of all, we orient 𝑥𝑖
𝑓 as follows. In case 1, 2, 3 (resp. 4) (see Fig. 3.1) we orient the curve

so that a red arc exits from the last (resp. first) vertex on 𝐶𝐵𝑟. If the curve has no intersection

with 𝐶𝐵𝑟 then we orient the curve so that a red arc exits from the last (resp. first) vertex on

𝐶𝐵𝑙. In fact, at least two of three curves must intersect each 𝐶𝑖 otherwise it would not be a

proper Heegaard diagram [27]. In Fig. 3.10a and Fig. 3.11 we depict all the unwound different

cases emerging from considering, along 𝑥𝑖
𝑓, a couple of consecutive red and blue arcs: clearly in

each case a possible winding of the blue arc in both the directions may appear (see Fig. 3.10b

and Fig. 3.10c). We associate to each of the previous cases a closed loop by connecting the arc

to a based point in a standard way through the violet or green arc (see Fig. 3.10d, 3.10e, 3.10f

and Fig. 3.12). Now we interpret each loop as an element of ℬ2,2 and call them “elementary

words”. All possible cases are depicted in Fig. 3.11.

We start with the first case, see Fig. 3.10a and Fig. 3.10d: clearly the word associated is 𝑎𝑙.

The cases in Fig. 3.10b (resp. 3.10c) differ from the previous one for an outer (resp. inner)

winding: we obtain 𝑎𝑙𝑏𝑙 (resp. 𝑎𝑙𝑏−1
𝑙 ) with the isotopy realized along the dashed disk as in

Fig. 3.10e (resp. Fig. 3.10f). Note that the winding part affects the latter part of the word.

In general the same happens in the other cases, except for the last four where the situation

needs to be studied carefully. The words that we obtain, without winding, are the following

(see Fig. 3.12 for the related cases):



58 Chapter 3. Algorithmic plat slide moves for genus two 3-manifolds

(a) 𝑎𝑟;

(b) 𝑎−1
𝑟 ;

(c) 𝑎−1
𝑙 ;

(d) the green one is 𝑎−1
𝑟 , the violet one 𝑎𝑙;

(e) the green one is 𝑎𝑟, the violet one 𝑎−1
𝑙 ;

(f) the green one is 𝑎𝑙, the violet one 𝑎−1
𝑟 ;

(g) the green one is 𝑎−1
𝑙 , the violet one 𝑎𝑟.

Now we discuss the last four cases that are affected differently by the winding:

(h) In this case (see Fig. 3.13) the word depends on the blue arc of the previous couple, so

different cases arise due to this feature. More precisely, we have 𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟 if the blue

arc is of type 𝑏−1
𝑟 and previous blue arc is of type 𝑏−1

𝑙 ; otherwise we delete the first 𝑏𝑙 or

the last 𝑏𝑟;

(i) analogously to the previous case, we have 𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 if the blue arc is of type 𝑏𝑙 and

the previous blue arc is of type 𝑏𝑟; otherwise we delete the first 𝑏−1
𝑟 or the last 𝑏−1

𝑙 ;

(j) 𝑏𝑟𝑎−1
𝑙 𝑏1

𝑙 if the blue arc is of type 𝑏𝑙; otherwise we delete the last 𝑏−1
𝑙 ;

(k) 𝑏𝑙𝑏−1
𝑟 𝑎𝑙 if the previous blue arc is of type 𝑏−1

𝑙 ; otherwise we delete the first 𝑏𝑙.

Traveling along 𝑥𝑖
𝑓 and chaining the elementary words we obtaing the word representing 𝜒𝑖

𝑓 ∈

ℬ2,2, 𝑖 = 0, 1, 2.

3.2 Program and examples

In this last section, we describe the algorithm implemented in C++ which realizes the procedure

described in the previous sections. The source code can be found on GitHub [2]. Moreover, we

report the results of the computation for a family of examples taken from [7].

https://github.com/Paolo-Cavicchioli/6_tuple_representation
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(a) (b) (c)

(d) (e) (f)

Figure 3.10: The first case with all the possible windings.

The implementation is straightforward. After identifying among the different cases the one

our 6-tuple belongs to, all the variables are initialized by using Proposition 3.0.1. Then, after

computing all the connections and identifications, the software firstly keeps track of the words

related to the single arcs then finds the three 𝑥𝑖
𝑓. The words 𝜒𝑖

𝑓 are then computed following

each 𝑥𝑖
𝑓. If during the construction phase exactly three 𝑥𝑖

𝑓’s are not found, it means that 𝑓 ∉ ℱ

and the program exits with an error.

We used the program to compute the plat-slide moves associated to the 6-tuples described in

[7] together with the associated orientable manifold. In this article it is shown that there exist

exactly 78 non-homeomorphic, closed, orientable, prime 3-manifolds with Heegaard genus two,

admitting a coloured triangulation with at most 42 tetrahedra, each manifold being identified

by a 6-tuple. In [7] the census is also extended (by means of a computer program) also to the

non-orientable case.

Our goal is to find, for each one of the different 6-tuples in the orientable case, the three words

associated to the curves of the Heegaard diagrams encoded by the 6-tuples.

The results are collected in the following tables, where we used the following notation:

• 𝑆3/𝐺 is the quotient space of 𝑆3 by the action of the group 𝐺; the involved groups are:

– 𝑄4𝑛 = < 𝑥, 𝑦 | 𝑥2 = (𝑥𝑦)2 = 𝑦𝑛 >
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Figure 3.11: The remaining cases without winding.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Figure 3.12: All the possible closings of the previous cases.
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(a) With a 𝑏𝑙. (b) With a 𝑏−1
𝑙 .

(c) (d)

(e) (f)

(g) Ending situation: there is still the 𝑏𝑙. (h) Ending situation: there is no 𝑏−1
𝑙 .

Figure 3.13: The case (h).
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– 𝐷2𝑘(2𝑛+1) = < 𝑥, 𝑦 | 𝑥2𝑘 = 1, 𝑦2𝑛+1 = 1, 𝑥𝑦𝑥−1 = 𝑦−1 >, with 𝑘 ≥ 3, 𝑛 ≥ 1

– 𝑃24 = < 𝑥, 𝑦 | 𝑥2 = (𝑥𝑦)3 = 𝑦3, 𝑥4 = 1 >

– 𝑃48 = < 𝑥, 𝑦 | 𝑥2 = (𝑥𝑦)3 = 𝑦4, 𝑥4 = 1 >

– 𝑃120 = < 𝑥, 𝑦 | 𝑥2 = (𝑥𝑦)3 = 𝑦5, 𝑥4 = 1 >

– 𝑃′3𝑘8 = < 𝑥, 𝑦, 𝑧 | 𝑥2 = (𝑥𝑦)2 = 𝑦2, 𝑧𝑥𝑧−1 = 𝑦, 𝑧𝑦𝑧−1 = 𝑥𝑦, 𝑧3𝑘 = 1 >, with 𝑘 ≥ 2

– ℤ𝑛, the cyclic group over 𝑛 elements,

or direct products of these groups.

• 𝐸3/𝐺 is the quotient space of 𝐸3 by the action of the group 𝐺, which is described by

using the International Tables for Crystallography [33].

• (𝑆, (𝛼1, 𝛽1), … , (𝛼𝑛, 𝛽𝑛)) is the Seifert fibered space whose orbit space is the surface 𝑆

and having 𝑛 exceptional fibers (with non-normalized parameters 𝛼𝑖, 𝛽𝑖).

• 𝑇 𝐵(𝐴), with 𝐴 ∈ 𝐺𝐿(2; ℤ), is the torus bundle over 𝑆1 with monodromy induced by 𝐴.

• 𝐻1 ∪𝐴 𝐻2 is the graph manifold obtained by gluing two Seifert manifolds 𝐻1, 𝐻2, with

𝜕𝐻𝑖 = 𝑇 , 𝑖 = 1, 2, along their boundary tori by means of the attaching map associated

to matrix 𝐴.

• 𝑄𝑖(𝑝, 𝑞) denotes the closed manifold obtained as the (𝑝, 𝑞) Dehn filling of the compact

manifold 𝑄𝑖, whose interior is one of the 11 hyperbolic manifolds of finite volume with a

single cusp and complexity at most 3 (see [46]).

The source files of the program can be found in the GitHub repository at [2].

6-tuple 3-manifold Words

(3, 3, 3, 2, 2, 2) 𝑆3/𝑄8

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;



64 Chapter 3. Algorithmic plat slide moves for genus two 3-manifolds

Table 3.1 continued from previous page

6-tuple 3-manifold Words

(3, 3, 5, 2, 2, 4) 𝑆3/𝑄12

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(4, 4, 4, 1, 1, 1) 𝑆3/𝑄8

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 4, 1, 1, 5) 𝑆3/𝐷24

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 ;

(4, 4, 4, 3, 3, 3) 𝑆3/𝑃24

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

(3, 3, 7, 2, 2, 6) 𝑆3/𝑄16

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙

𝑏𝑙𝑎−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(4, 4, 6, 1, 1, 1) 𝑆3/𝐷48

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 6, 1, 1, 7) 𝑆3/𝑃 ′72

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 ;

(4, 4, 6, 1, 5, 1) 𝑆3/𝑄16

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;
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6-tuple 3-manifold Words

(4, 4, 6, 3, 3, 5) 𝑆3/𝑃48

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(3, 3, 9, 2, 2, 8) 𝑆3/𝑄20

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙

𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙;

(5, 5, 5, 2, 2, 2) 𝐸3/𝑃212121

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

(5, 5, 5, 4, 4, 4) 𝑆3/𝑃120

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

(4, 4, 8, 1, 1, 1) 𝑆3/𝑄16

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 8, 1, 1, 9) 𝑆3/𝑃48 × ℤ5

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;

(4, 4, 8, 1, 5, 1) 𝑆3/𝐷80

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;

(4, 6, 6, 1, 1, 1) 𝑆3/𝑃24 × ℤ7

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟;
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6-tuple 3-manifold Words

(4, 6, 6, 1, 1, 9) 𝑇 𝐵 ⎛⎜⎜
⎝

−1 1

−1 0
⎞⎟⎟
⎠

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 ;

(4, 6, 6, 1, 7, 1) 𝑆3/𝑃48 × ℤ7

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 6, 6, 5, 5, 3) 𝐸3/𝑃41

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

(3, 3, 11, 2, 2, 4) 𝑆3/𝐷40

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(3, 3, 11, 2, 2, 10) 𝑆3/𝑄24

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(3, 7, 7, 2, 2, 2) 𝑆3/𝑃24 × ℤ5

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(5, 5, 7, 2, 4, 2) (ℝℙ2, (2, 1), (2, 1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

(5, 5, 7, 2, 6, 6) 𝐸3/𝑃31

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(5, 5, 7, 4, 4, 6) 𝐸3/𝑃61

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;
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(4, 4, 10, 1, 1, 1) 𝑆3/𝐷40 × ℤ3

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 10, 1, 1, 7) 𝑆3/𝑄12 × ℤ5

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 ;

(4, 4, 10, 1, 1, 11) 𝑆3/𝑃120 × ℤ11

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 ;

(4, 4, 10, 1, 5, 1) 𝑆3/𝑄24 × ℤ5

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 10, 1, 5, 7) 𝑆3/𝑄20 × ℤ3

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(4, 4, 10, 3, 3, 3) 𝑆3/𝑃120 × ℤ7

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

(4, 6, 8, 1, 1, 1) 𝑆3/𝑃48 × ℤ13

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟;

(4, 6, 8, 1, 1, 11) (𝑆2, (3, 1), (3, 2), (4, −3))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;

(4, 6, 8, 1, 7, 1) 𝑆3/𝑃120 × ℤ19

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;
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(4, 6, 8, 3, 9, 13) (𝑆2, (2, 1), (4, 1), (4, −1))

𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

( 4, 6, 8, 5, 5, 11) (𝑆2, (2, 1), (4, 1), (5, −4))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(6, 6, 6, 1, 1, 1) (𝑆2, (3, 1), (3, 1), (3, 1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟;

(6, 6, 6, 1, 1, 9) (𝑆2, (3, 1), (3, 1), (4, −1))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 ;

(6, 6, 6, 1, 7, 7) 𝑇 𝐵⎛⎜⎜
⎝

−1 0

−1 −1
⎞⎟⎟
⎠

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎𝑙𝑏𝑙𝑎𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

(6, 6, 6, 5, 5, 5) 𝑇 𝐵⎛⎜⎜
⎝

1 0

1 1
⎞⎟⎟
⎠

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

(3, 3, 13, 2, 2, 12) 𝑆3/𝑄28

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙

𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(5, 5, 9, 2, 2, 2) (ℝℙ2, (2, 1), (3, −1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;
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(5, 5, 9, 4, 4, 8) (𝑆2, (2, 1), (3, 1), (7, −6))

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(5, 7, 7, 4, 6, 12) (𝑆2, (3, 1), (3, 1), (4, −3))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(4, 4, 12, 1, 1, 1) 𝑆3/𝑄24 × ℤ7

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟

𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 4, 12, 1, 1, 5) 𝑆3/𝑄8 × ℤ5

𝑎𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑙 𝑎−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙

𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 ;

(4, 4, 12, 1, 1, 13) (𝑆2, (2, 1), (3, 2), (6, −5))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;

(4, 4, 12, 1, 5, 1) 𝑆3/𝐷56 × ℤ3

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙

𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟

𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 6, 10, 1, 1, 1) 𝑆3/𝑃120 × ℤ31

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟;
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6-tuple 3-manifold Words

(4, 6, 10, 1, 1, 13) (𝑆2, (3, 1), (3, 2), (5, −4))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 ;

(4, 6, 10, 1, 7, 1) (𝑆2, (2, 1), (3, 1), (6, −1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙

𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 6, 10, 3, 5, 3) (𝑆2, (2, 1), (4, 1), (5, −3))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

(4, 6, 10, 3, 9, 15) (𝑆2, (2, 1), (4, 3), (5, −4))

𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(4, 6, 10, 5, 1, 1) 𝑆3/𝑃48 × ℤ11

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

(4, 6, 10, 5, 5, 13) (𝑆2, (2, 1), (4, 1), (6, −5))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(4, 6, 10, 5, 9, 3) (𝑆2, (3, 1), (3, 2), (3, −1))

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

(4, 6, 10, 7, 1, 1) 𝑆3/𝑃 ′216

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;
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(4, 6, 10, 7, 3, 15) 𝑆3/𝑃120 × ℤ13

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙

𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑎𝑟𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(4, 8, 8, 1, 1, 1) (𝑆2, (2, 1), (4, 1), (4, 1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(4, 8, 8, 1, 1, 13) (𝑆2, (3, 2), (4, 1), (4, −3))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;

(4, 8, 8, 1, 9, 1) (𝑆2, (2, 1), (4, 1), (5, −1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙

𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙

𝑏−1
𝑙 𝑎−1

𝑟 𝑏𝑟;

(4, 8, 8, 5, 5, 13) (𝑆2, (2, 1), (5, 1), (5, −4))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(6, 6, 8, 1, 1, 1) (𝑆2, (3, 1), (3, 1), (4, 1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟;

(6, 6, 8, 1, 1, 11) (𝑆2, (3, 1), (4, 1), (4, −1))

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 ;
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(6, 6, 8, 1, 9, 1) (𝑆2), (3, 1), (3, 1), (5, −1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑏𝑟;

(6, 6, 8, 5, 5, 7) 𝑇 𝐵 ⎛⎜⎜
⎝

0 1

−1 3
⎞⎟⎟
⎠

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 𝑎−1

𝑙 𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(6, 6, 8, 5, 11, 7) 𝑇 𝐵 ⎛⎜⎜
⎝

0 1

−1 −3
⎞⎟⎟
⎠

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙

𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

(3, 3, 15, 2, 2, 6) 𝑆3/𝐷56

𝑎𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟 𝑎𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(3, 3, 15, 2, 2, 14) 𝑆3/𝑄32

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏−1

𝑟 ;

𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑟𝑎−1

𝑙 𝑏𝑙𝑎−1
𝑟 ;

(3, 7, 11, 4, 2, 2) 𝑆3/𝑃120 × ℤ17

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙

𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

(5, 5, 11, 2, 4, 2) (ℝℙ2, (2, 1), (3, 1))

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙

𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑟 𝑏𝑟

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;
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Table 3.1 continued from previous page

6-tuple 3-manifold Words

(5, 5, 11, 4, 4, 10) (𝑆2, (2, 1), (3, 1), (8, −7))

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎𝑟𝑎𝑙𝑏−1
𝑙

𝑏−1
𝑟 𝑎−1

𝑟 𝑏−1
𝑟 ;

𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑏−1
𝑙 𝑎𝑟𝑎𝑙𝑏−1

𝑙 𝑏−1
𝑟

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎𝑙𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(5, 5, 11, 4, 8, 4) (𝑆2, (2, 1), (3, 1), (7, −5))

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑟𝑎𝑙𝑏−1
𝑙 𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎𝑟𝑏−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏𝑙𝑎−1

𝑟 ;

(5, 7, 9, 2, 4, 4)
(𝔻, (2, 1), (2, −3)) ∪(0 1

1 0)

(𝔻, (2, 1), (3, −2))

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙

𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

(5, 7, 9, 4, 6, 14) (𝑆2, (3, 1), (3, 1), (5, −4))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑎−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑟 𝑎𝑙𝑏𝑙𝑏−1
𝑟 𝑎−1

𝑟 𝑏𝑟;

(7, 7, 7, 2, 2, 2) 𝑄1(2, −3)

𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑙 𝑎−1
𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 𝑏𝑟𝑎−1
𝑙 𝑎−1

𝑟 ;

𝑎−1
𝑟 𝑏𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑏−1

𝑟 𝑎𝑙𝑎𝑟𝑏−1
𝑟 𝑎𝑙𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

(7, 7, 7, 2, 6, 10)
(𝔻, (2, 1), (2, 1)) ∪(0 1

1 0)

(𝔻, (2, 1), (3, 1))

𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎𝑙𝑏𝑙𝑎𝑟𝑎𝑙𝑎𝑙𝑏𝑙𝑎𝑙𝑏𝑙𝑎𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎𝑙𝑏𝑙𝑎𝑟𝑎𝑙𝑏𝑙𝑏−1

𝑟 𝑎−1
𝑟 𝑏𝑟;

𝑎−1
𝑙 𝑏−1

𝑙 𝑎𝑟𝑎𝑟𝑎𝑟𝑏𝑟𝑏𝑟𝑎−1
𝑙 𝑏−1

𝑙 𝑎−1
𝑟 𝑎−1

𝑙 𝑏−1
𝑙 𝑎−1

𝑙 𝑎−1
𝑟 ;

Table 3.1: Table containing all the words produced by the algorithm.



Chapter 4

Plat slide moves in Dunwoody and

Takahashi manifolds

In this chapter we will solve the problem of finding plat slide moves also in the two settings of

Dunwoody and Takahashi manifolds, since the idea behind the algorithm solving the problem

for 3-manifolds of Heegaard genus 2 can be used for these two families of 3-manifolds of higher

Heegaard genus.

4.1 Computing psl-moves

Following the construction in Chapter 3, we can use the presentation of Dunwoody and Taka-

hashi manifolds by an open Heegaard diagram to compute plat slide moves for links in manifolds

of these manifolds described as plat closure of a braid.

In this case, the attaching circles of the 2-handles of the handle decomposition of the manifold

will be still represented by one of the two set of curves of the open Heegaard diagram. Moreover,

as in Section 3.1, we can think these curves as composed by red and blue arcs: the red ones

come from the arcs depicted in the open Heegaard diagram while the blue ones come from the

circle attaching operations, as in Figure 4.1, where an example for the Dunwoody manifold

74
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Figure 4.1: An example of the construction on 𝑀(1, 1, 1, 3, 2, 1).

𝐻(1, 1, 1, 3, 2, 1) is depicted. This manifold represents 𝑆1 × 𝑆1 × 𝑆1 [18].

According to the proof of Theorem 3.1.1, we need to define a base point on the Heegaard

surface and give a standard orientation to the attaching curves, then divide them into couples

of one red and one blue arc. Finally, we compute all possible words that can arise from such

a subdivision, and collect them into a dictionary. This dictionary will depend only on the

parameters of the manifold. Once the dictionary is ready, we can simply follow the path of the

curves, as we did before in the proof of Theorem 3.1.1, substituting any blue-red couple of arcs

with the associated word of the dictionary, thus obtaining the word representing the plat slide

move one piece at a time.

The construction is analogous for both Dunwoody and Takahashi manifolds, the resulting

dictionary being the only difference.

4.1.1 The case of Dunwoody manifolds

For the construction of the dictionary in the setting of Dunwoody manifolds, we refer to the

Heegaard diagram of Figure 1.8. Let 𝑀(𝑎, 𝑏, 𝑐, 𝑛, 𝑠, 𝑟) be an admissible Dunwoody manifold.
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With generators 𝑎𝑖, 𝑏𝑖 depicted in Figure 4.2 and following Figures 4.3, 4.4, 4.5 down below,

we can describe the words associated to the possible arcs as:

• arc 𝑎; we have four possible cases, depending on the orientation of the arc, left or right,

and the position, connecting lower or upper 𝐶𝑖’s:

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑈 = 𝑏−1
𝑖+1𝑎𝑖+1

⃖⃖⃖ ⃖⃖ ⃖⃖ ⃖⃖𝑎𝑈 = 𝑏𝑖+1𝑎𝑖

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝐿 = 𝑎−1
𝑖+1

⃖⃖⃖ ⃖⃖ ⃖⃖ ⃖⃖𝑎𝐿 = 𝑎−1
𝑖 .

• arc 𝑐; in this case it is important to note that, if we go past the base point of the Heegaard

surface, we have to completely turn round the surface in order to represent the arc. When

addressing this case, we define a quantity 𝑤 as:

𝑤 =
𝑖−𝑠+1

∏
𝑗=1

𝑏𝑗, 𝑗 ∈ ℤ𝑛.

In this way, following Figure 4.4, we obtain:

↓ 𝑐𝑠
𝑖 = 𝑤𝑎−1

𝑖−𝑠, 𝑖 = 1, … , 𝑛

↑ 𝑐𝑠
𝑖 = 𝑤−1𝑎𝑖, 𝑖 = 1, … , 𝑛.

• arc 𝑏; following the construction in Figure 4.5, it is quite straightforward to see that a

𝑏-move has the same representation as a 𝑐-move but with a different shifting:

↓ 𝑏𝑠
𝑖 =↓ 𝑐𝑠+1

𝑖

↑ 𝑏𝑠
𝑖 =↑ 𝑐𝑠+1

𝑖 .

Once we got the dictionary, it is sufficient to follow the attaching curves whose associated plat
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Figure 4.2: The two possible types of generators for the Dunwoody and Takahashi manifold.

Figure 4.3: The four possible 𝑎-moves.

Figure 4.4: An example of ↓ 𝑐-move - in this case ↓ 𝑐3
1 = 𝑏1𝑏3𝑎−1

2 .
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Figure 4.5: The equivalence between the 𝑐-move in the example with 𝑠 = 0 and the 𝑏-move in
the example with 𝑠 = 1. On the left 𝐶𝑢

𝑖 is glued to 𝐶𝑑
𝑖 , while on the right it is glued to 𝐶𝑑

𝑖+1.

slide moves we want to calculate to get the word associated to the plat braid representative of

such curves. Substituting every couple of red and blue arc with the correspondent entry of the

dictionary and paying attention to the twists of the blue arcs around the handles, we get the

final word.

4.1.2 The case of Takahashi manifolds

For the construction of the dictionary in the setting of Takahashi manifolds, we refer to the

Heegaard diagram of Figure 1.17, with the labels of Figure 4.6. Let 𝑇𝑛,𝑚(𝑝𝑘,𝑗/𝑞𝑘,𝑗; 𝑟𝑘,𝑗/𝑠𝑘,𝑗)

be a Takahashi manifold. For the generators 𝑎𝑖’s and 𝑏𝑖’s, the graphic representation is the

same as in Figure 4.2, since the construction of the Heegaard surface is really similar. Following

Figure 4.7 down below, we can describe the words connected to the possible arcs as:

• arc 𝑎; since the 𝑎-arc of the Dunwoody case is exactly the same as the 𝑎-arc of the

Takahashi case, the results are the same (see Fig. 4.3):

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑈 = 𝑏−1
𝑖+1𝑎𝑖+1

⃖⃖⃖ ⃖⃖ ⃖⃖ ⃖⃖𝑎𝑈 = 𝑏𝑖+1𝑎𝑖

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝐿 = 𝑎−1
𝑖+1

⃖⃖⃖ ⃖⃖ ⃖⃖ ⃖⃖𝑎𝐿 = 𝑎−1
𝑖 .
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• arc 𝑏; since the 𝑐-arc of the Dunwoody case with 𝑠 = 0 is exactly the same as the 𝑏-arc

of the Takahashi case, the results are:

↓ 𝑏 = 𝑎−1
𝑖

↑ 𝑏 = 𝑎𝑖.

• arc 𝑐; after closing the red and blue arcs, we obtain the situation depicted in Figure 4.7.

In order to achieve the correct word we need to decompose the original loop into three

elements, see Figure 4.8. Following these three elementary pieces we obtain:

⃗𝑐 = [𝑎𝑖+1, 𝑏𝑖+1]𝑏−1
𝑖+2𝑎𝑖+2 = 𝑎−1

𝑖+1𝑏−1
𝑖+1𝑎𝑖+1𝑏𝑖+1𝑏−1

𝑖+2𝑎𝑖+2

⃖𝑐 = 𝑏𝑖+2[𝑏𝑖+1, 𝑎𝑖+1]𝑎𝑖 = 𝑏𝑖+2𝑏−1
𝑖+1𝑎−1

𝑖+1𝑏𝑖+1𝑎𝑖+1𝑎𝑖

where [𝑎, 𝑏] = 𝑎−1𝑏−1𝑎𝑏.

• arc 𝑑, 𝑒, 𝑓 and 𝑔; for all these kinds of arcs the procedure is quite similar, obtaining the

following sequence of moves:

⃗𝑑 = 𝑏−1
𝑖+1𝑏−1

𝑖+2𝑎𝑖+2

⃖𝑑 = 𝑏𝑖+2𝑏𝑖+1𝑎𝑖

⃗𝑒 = 𝑏−1
𝑖+1𝑎−1

𝑖+2

⃖𝑒 = 𝑏−1
𝑖+1𝑎−1

𝑖

⃗𝑓 = 𝑎−1
𝑖+2

⃖𝑓 = 𝑎−1
𝑖

⃗𝑔 = 𝑎−1
𝑖+1

⃖𝑔 = 𝑎𝑖.

As in the case of Dunwoody manifolds, once we got the dictionary, it is sufficient to follow the

attaching curves whose plat slide moves we want to calculate to get the word associated to

the plat braid representative of each curve. Substituting every couple of red and blue arc with
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Figure 4.6: All the possible arcs in the Takahashi case.

the correspondent entry in the dictionary and paying attention to the twists of the blue arcs

around the handles, we get the final word.
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Figure 4.7: From top to bottom, the two possible 𝑏-moves, 𝑐-moves, 𝑑-moves, 𝑒-moves, 𝑓-moves
and 𝑔-moves.
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Figure 4.8: The partitioning of case ⃗𝑐.



Chapter 5

An algorithm for passing from plat to

standard closure of braids and vice

versa

In the preliminaries we saw how links could be represented using closures of braids, both with

the standard procedure and the plat one. The goal of this chapter is to give an algorithmic

way to pass from one representation to the other, in the three cases of ℝ3, handlebodies and

thickened surfaces. We will also produce a C++ program that reproduces the construction and

has linear computational complexity on the number of crossings. In this chapter we will usually

employ capital letters for braids in plat form and small greek letters for braids with standard

closure.

Theorem 5.0.1. Let 𝑋 be ℝ3 (or 𝑆3), a handlebody 𝐻𝑔 of genus 𝑔 or a thickened closed, oriented

and orientable (from now on c.c.o.) surface 𝑁(Σ𝑔). Given a link 𝐿 in 𝑋 represented by a braid

𝐵 with plat closure, it is algorithmically possible to generate a braid 𝐵′ which represents an

equivalent link in 𝑋 but with standard closure. The algorithm has a computational complexity

of 𝑂(𝑁′) where 𝑁′ is the sum of the number of crossings, 𝑎𝑖 and 𝑏𝑖 type generators present in

the braid 𝐵.

In what follows we will prove Theorem 5.0.1 separately for each kind of 𝑋.

83
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It is straightforward to produce, for a given link represented by a braid with standard closure,

a braid in plat form representing the same isotopy class of the link. It is more elaborate to find

the opposite one, passing from plat to standard closure of a braid. In the subsections below we

start from the easy way round, then, defining some useful constructions, we obtain the results

for the three settings of ℝ3, handlebodies and thickened surfaces in Sections 5.1.2, 5.2 and 5.3

respectively.

5.1 The ℝ3 case

5.1.1 From standard closure to plat closure of braids

Let 𝐿 be a link in ℝ3 and 𝐵′ ∈ ℬ𝑚 be a braid which represents 𝐿 via standard closure. We

want to produce a new braid 𝐵 ∈ ℬ2𝑛 which represents the same link but via the plat closure.

In fact, it is easy to produce 𝐵 given 𝐵′: in facts, it can be done taking the 𝑖-th closure strand

and let it pass behind on the right of the 𝑖-th strand, becoming the (2𝑖−1)-th and 2𝑖-th strands

in the other representation. Fig. 5.1 is an example of the transformation. Note that, given the

standard orientation of a classical braid, all the new strands that we have are oriented upward

(the red arcs in Fig. 5.1).

In algebraic terms, it is possible to obtain the transformation replacing each 𝜎𝑘
𝑖 by:

𝜎𝑘
𝑖 → 𝜎−1

2𝑖−1𝜎𝑘
2𝑖𝜎2𝑖−1, 𝑘 = ±1. (5.1)

We shall now define a useful notion:

Definition 5.1.1. We will say that a braid 𝐵 representing a link via plat closure is in canonical

plat form if each corresponding pair of even numbered endpoints are joined by a simple arc

running entirely underneath the rest of the plat diagram, like in Fig. 5.1.

We can now state the following:

Lemma 5.1.1. Every link is isotopic to a closed braid in canonical plat form.
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Figure 5.1: Passing from standard closure to the canonical plat form.

This is easily proven by assigning an orientation to each link component and using the Alexander

theorem. Then we apply the isotopy illustrated in Fig. 5.1 and Definition 5.1.1. Note that, in

this case we can orient the braid such that the strands connecting the even numbered endpoints

are oriented upward. In fact, it follows from above that we can always orient a plat in canonical

form in this way.

Furthermore, we have:

Lemma 5.1.2. A braid 𝐵 in canonical plat form is equivalent to a braid 𝐵′ in plat form with

some corresponding pairs of even numbered endpoints joined with simple arcs running entirely

above (and not below) the rest of the braid.

Since 𝐵 is in canonical plat form, Lemma 5.1.2 is clear, as illustrated in Fig. 5.2.

5.1.2 From plat closure to standard closure of braids

Let 𝐿 be a link and 𝐵 ∈ ℬ2𝑛 a braid representing 𝐿 via plat closure. Our aim is to prove the

following:

Theorem 5.1.1. Given a link 𝐿 represented by a braid 𝐵 ∈ ℬ2𝑛 with plat closure, it is possible

algorithmically to generate a braid 𝛽 which represents an equivalent link but with standard
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Figure 5.2: Passing one under arc into an over arc.

closure and vice versa. The algorithm has a computational complexity of 𝑂(𝑁2) where 𝑁 is the

number of crossings.

Our strategy for proving Theorem 5.1.1 is to generate from 𝐵 a plat 𝐵′ in canonical plat form

with isotopic plat closure. Before proving the theorem, we shall give some useful constructions.

First, we give an orientation to the braid. As a standard procedure, we give downward ori-

entation to the leftmost strand of 𝐵. Then we orient subsequent strands by following this

orientation also in the plat closures. If any strand of 𝐵 lacks orientation (in the case of 𝐵

representing a link with at least 2 components) then we take the first strand from the left with

no orientation (it will be an odd strand) and give it a downward orientation.

Then we focus on the crossings. We divide them in four categories as illustrated in Fig. 5.3,

where in the region of the red dot there is an over or an under crossing. We want to create a

braid with all crossing of type 𝑎. For this reason, we shall to apply 𝑆-moves (see next section)

to every crossing of type 𝑏, 𝑐, 𝑑.

The 𝑆-move

As we recall in Section 2.2, Birman introduced the stabilization move as a move between braids

in plat form with isotopic plat closure, see Fig. 2.17. Here we use an “open-ended” version of
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Figure 5.3: The four possible crossings.

a special case of the stabilization move; this shall be called 𝑆-move, more precisely:

Definition 5.1.2 (𝑆-move). The 𝑆-move is an adaptation of the stabilization move in the case

of oriented plats, with the following features:

• it is applied on up-arcs;

• the two isotopy spikes take place both entirely underneath or entirely above the rest of

the diagram according to whether it is an under or over up-arc;

• it eliminates the up-arc and produces two open-ended down-arcs which make a pair of

corresponding braid strands.

Take, for example, a 𝑏, 𝑐 or 𝑑 type of crossing and consider a small piece of the up going strand

(in case 𝑑 we do the operation for both strands one after the other). Fig. 5.4 illustrates the

case of a type 𝑏 crossing where the up-arc is an “under” arc. The 𝑆-move starts with an isotopy

which carries this arc across a small sliding triangle so that the arc is replaced by the horizontal

and vertical sides of the triangle. Then a stabilization move is applied to the vertical side of

the triangle, so the two isotopy spikes take place both entirely underneath or entirely above

the rest of the diagram. In Fig. 5.4 this is depicted by the addition of two blue and one red

arcs. The 𝑆-move is completed by omitting the red arc from the representation. In Fig. 5.5 are

represented the three possible cases of crossings. In both figures, as well in subsequent figures,

we have indicated with dust-grey lines the arcs that may appear in the plat closure. Notice

that there could be instances where there are no closure arcs (when the left hand side strand

is an even numbered one).
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Figure 5.4: The 𝑆-move.

Figure 5.5: The three possible outcomes of a 𝑆-move.
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Remark 3. The elimination of the up-arc in Definition 5.1.2 is really crucial so that the appli-

cation of an 𝑆-move will not create other 𝑏, 𝑐 or 𝑑-type crossings.

Managing crossings on the same column

If we have different 𝑆-moves applied on the same column, we do them in such a way that blue

arcs coming from the same type of crossings never intersect each other. An example can be

seen in Fig. 5.7: the red arcs coming from the 𝑐-type crossings are all on the left, one after

the other, while the blue arcs coming from the 𝑏-type crossings are all on the right in a similar

manner. 𝑑-type crossings generate one left and one right string. It is important to note that,

once we have the sequence of all the crossing (with labelled type), we can reconstruct all the

generated crossings.

Suppose now that we have, in the column 𝑖, a total number of 𝐻 type 𝑐 and 𝑑 crossings and 𝐾

type 𝑏 and 𝑑 crossings. After an 𝑎, 𝑏, 𝑐 or 𝑑 type crossing, say ̄𝜎𝑖, we will have a situation like in

Fig. 5.8. Here, we can see how all different cases present different outcomes for the starting and

ending strand. The resulting sequence of crossings can be described in these explicit formulas:

𝐶𝑎( ̄𝜎𝑖) =(𝜎𝛿𝑖
𝑖 𝜎𝛿𝑖+1

𝑖+1 … 𝜎𝛿𝑖+𝐻−1
𝑖+𝐻−1)(𝜎𝛿𝑖+𝐻+𝐾

𝑖+𝐻+𝐾𝜎𝛿𝑖+𝐻+𝐾−1
𝑖+𝐻+𝐾−1 … 𝜎𝛿𝑖+𝐻+1

𝑖+𝐻+1)𝜎̄𝑖+𝐻 (5.2)

(𝜎−𝛿𝑖+𝐻−1
𝑖+𝐻−1 𝜎−𝛿𝑖+𝐻−2

𝑖+𝐻−2 … 𝜎−𝛿𝑖
𝑖 )(𝜎−𝛿𝑖+𝐻+1

𝑖+𝐻+1 𝜎−𝛿𝑖+𝐻+2
𝑖+𝐻+2 … 𝜎−𝛿𝑖+𝐻+𝐾

𝑖+𝐻+𝐾 )

𝐶𝑏( ̄𝜎𝑖) =(𝜎𝛿𝑖
𝑖 𝜎𝛿𝑖+1

𝑖+1 … 𝜎𝛿𝑖+𝐻−1
𝑖+𝐻−1)(𝜎𝛿𝑖+𝐻

𝑖+𝐻 𝜎𝛿𝑖+𝐻+1
𝑖+𝐻+1 … 𝜎𝛿𝑖+𝐻+𝐾−1

𝑖+𝐻+𝐾−1)(𝜎𝛿𝑖−1
𝑖−1 𝜎𝛿𝑖

𝑖 … 𝜎𝛿𝑖+𝐻−2
𝑖+𝐻−2) (5.3)

𝐶𝑐( ̄𝜎𝑖) =(𝜎𝛿𝑖+𝐻+𝐾
𝑖+𝐻+𝐾𝜎𝛿𝑖+𝐻+𝐾−1

𝑖+𝐻+𝐾−1 … 𝜎𝛿𝑖+𝐻+1
𝑖+𝐻+1)(𝜎𝛿𝑖+𝐻

𝑖+𝐻 𝜎𝛿𝑖+𝐻−1
𝑖+𝐻−1 … 𝜎𝛿𝑖+1

𝑖+1 )(𝜎𝛿𝑖+𝐻+𝐾+1
𝑖+𝐻+𝐾+1𝜎𝛿𝑖+𝐻+𝐾

𝑖+𝐻+𝐾 … 𝜎𝛿𝑖+𝐻+2
𝑖+𝐻+2)

(5.4)

𝐶𝑑( ̄𝜎𝑖) =(𝜎𝛿𝑖
𝑖 𝜎𝛿𝑖+1

𝑖+1 … 𝜎𝛿𝑖+𝐻−1
𝑖+𝐻−1)(𝜎𝛿𝑖+𝐻+𝐾

𝑖+𝐻+𝐾𝜎𝛿𝑖+𝐻+𝐾−1
𝑖+𝐻+𝐾−1 … 𝜎𝛿𝑖+𝐻+1

𝑖+𝐻+1)𝜎̄−1
𝑖+𝐻 (5.5)

With 𝛿𝑖−1, 𝛿𝑖, 𝛿𝑖+1, … , 𝛿𝑖+𝐻+𝐾 ∈ {+1, −1} depending on the 𝑆-moves: if the relative 𝑆-move is

over or under then the signs will be positive or negative.

When dealing with this transformation is easy to check that we actually create some local
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minima or maxima along our braid. Checking all possibilities of subsequent 𝑎, 𝑏, 𝑐 and 𝑑 type

crossings, according to the orientation of the strands, the situation can be brought to a standard

braid with a local isotopy move or a Reidemeister I move. In Fig. 5.9 there are some interesting

cases. Note that, in fact, these are the only cases where Reidemeister I will appear, indeed

when we consider braids with multiple columns, the process will eliminate all up arcs in the

boundary of the columns with the process we describe. If we have a Reidemeister I move it is

important to note that we have to eliminate the related crossing, following this scheme:

• two 𝑑-type crossings one after the other on the same column: remove 𝜎𝛿𝑖
𝑖 and 𝜎𝛿𝑖+𝐻+𝐾

𝑖+𝐻+𝐾

from the first 𝐶𝑑;

• a 𝑏-type crossing followed by a 𝑐-type crossing on the same column: remove 𝜎𝛿𝑖−1
𝑖−1 from

𝐶𝑏;

• a 𝑐-type crossing followed by a 𝑏-type crossing on the same column: remove 𝜎𝛿𝑖+𝐻+2
𝑖+𝐻+2 from

𝐶𝑐;

Figure 5.6: The 𝑆-move applied on different crossings on the same column, which creates only
left or right new strands.

Top part and bottom part management

Now that we have dealt with all the possibilities in the braid, we have to address the problem

of the intersections of the new strands with the plat closure arcs of the braid. In fact, the new
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Figure 5.7: The 𝑆-move applied on different crossings on the same column.

(a) 𝑎-type. (b) 𝑏-type.

(c) 𝑐-type. (d) 𝑑-type.

Figure 5.8: The four possible outcomes after all the 𝑆-moves in a column.
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Figure 5.9: Some cases where the Reidemeister I move is needed to bring the braid into standard
position.

strands and these intersections are formed with applications of 𝑆-moves, since the new strands

extend higher than the top plat closure and lower than the bottom plat closure.

For this reason, we have some possibilities occurring, depending on the orientation of the top

(resp. bottom) plat closure arc and the possible crossings present right below (resp. above) it.

Let us consider the top part first. Observing that only the odd labelled columns contain the

plat closure arcs, we will only focus on these, because we will not add crossings in the top part

while performing the 𝑆-move along the even columns. We will address the odd column that we

are working on with label 𝑖. We have two possible orientations for the plat closure arc, from

left to right and from right to left, and we will analyze them separately.

With orientation from right to left, it is easy to see that, if there are crossings in columns 𝑖 or

𝑖 + 1, the first that joins the up arc of the closure arc one needs to agree to the orientation:

type 𝑏 or 𝑑 in column 𝑖, type 𝑐 or 𝑑 in column 𝑖 + 1.

Of course, in the first case, we will need to perform a 𝑆-move on the crossing, obtaining the

situation depicted in Fig. 5.10a. Considering the number of type 𝑐 and 𝑑 crossings as before, it

is straightforward to check that in this case the new crossings form the word:

𝑇𝐿,𝑖 = 𝜎𝑖+𝐻+𝐾−2𝜎𝑖+𝐻+𝐾−3 … 𝜎𝑖+1𝜎𝑖 (5.6)

with signs depending on the 𝑆-moves. It is important to note that, as we saw in the previous
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paragraph, we can apply a Reidemeister I move in the top right part to get the braid into a

standard position: we would have also a 𝜎𝑖+𝐻+𝐾−1 but we have removed it.

In the same way, for the 𝑖 + 1 case we get the construction in Fig. 5.10b and obtain the

expression:

𝑇𝐿,𝑖+1 = 𝜎𝑖+𝐻+𝐾−1𝜎𝑖+𝐻+𝐾−2 … 𝜎𝑖+1𝜎𝑖 (5.7)

with signs depending on the 𝑆-moves, and no Reidemeister moves.

With orientation from left to right, in the same way as before, we can see that if there are

crossings in columns 𝑖 or 𝑖 − 1, the first one joining the up-arc of the closure arc needs to agree

to the orientation: type 𝑏 or 𝑑 in column 𝑖 − 1, type 𝑐 or 𝑑 in column 𝑖. Analogously, following

the construction in Fig. 5.10c-5.10d, we obtain the two expressions:

𝑇𝑅,𝑖−1 = 𝜎𝑖𝜎𝑖+1 … 𝜎𝑖+𝐻+𝐾−2𝜎𝑖+𝐻+𝐾−1 (5.8)

𝑇𝑅,𝑖 = 𝜎𝑖𝜎𝑖+1 … 𝜎𝑖+𝐻+𝐾−1𝜎𝑖+𝐻+𝐾−2 (5.9)

with signs depending on the 𝑆-moves and a Reidemeister I move in the second case, which

changes the number of the strings and leads to the final expression.

Now we consider the bottom part. Following the same process, we have the two possible

orientations and four possible cases in total for the crossings: Right to left, crossing of type 𝑐

or 𝑑 in column 𝑖 − 1, Fig. 5.11a; we can check how in column 𝑖 − 1 nothing changes from the

standard 𝑐 or 𝑑 case, but in column 𝑖 we have

𝐵𝐿,𝑖−1 = 𝜎𝑖+𝐻+𝐾−1𝜎𝑖+𝐻+𝐾−2 … 𝜎𝑖 (5.10)

Right to left, crossing of type 𝑏 or 𝑑 in column 𝑖, Fig. 5.11b; following the picture, we can perform

the Reidemeister II move on the left side (since all the crossings are coupled) eliminating the
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crossings on the left part and then the Reidemeister I move, thus obtaining

𝐵𝐿,𝑖 = 𝜎𝑖+𝐻𝜎𝑖+𝐻+1 … 𝜎𝑖+𝐻+𝐾−2 (5.11)

with again signs depending on the 𝑆-moves.

Left to right, crossing of type 𝑐 or 𝑑 in column 𝑖, Fig. 5.11c; as before, we perform the Reide-

meister II move but on the right side and then the Reidemeister I move, thus obtaining

𝐵𝑅,𝑖 = 𝜎𝑖𝜎𝑖+1 … 𝜎𝑖+𝐻−2 (5.12)

with signs depending on the 𝑆-moves.

Left to right, crossing of type 𝑏 or 𝑑 in column 𝑖 + 1, Fig. 5.11d; as before, in column 𝑖 + 1

nothing changes from the standard 𝑏 or 𝑑 case, adding in column 𝑖

𝐵𝑅,𝑖+1 = 𝜎𝑖𝜎𝑖+1 … 𝜎𝑖+𝐻+𝐾−1 (5.13)

with signs depending on the 𝑆-moves.

Remark 4. Until now we always considered the case of a column with at least one crossing. If we

have no crossings in two subsequent columns, then we will have between them a strand which

goes straight from top to bottom. If it has an upward orientation then it can be considered as

one of the closures in the standard closure, putting it aside.

Moreover, if we have three consecutive empty columns, the first one of which is odd labeled,

then we will have an extra trivial component to our link.

Proof of Theorem 5.1.1

We are ready to prove the main theorem of this section:

Proof. Following the procedure of last section, give an orientation to the braid and label each

crossing following Fig. 5.3. We now perform the 𝑆-move on every 𝑏, 𝑐, 𝑑-type crossing, obtaining
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(a) Top part with orientation right to left, first case.

(b) Top part with orientation right to left, second case.

(c) Top part with orientation left to right, first case.

(d) Top part with orientation left to right, second case.

Figure 5.10: Management of the top plat closure arcs.
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(a) Bottom part with orientation right to left, first case.

(b) Bottom part with orientation right to left, second case.

(c) Bottom part with orientation left to right, first case.

(d) Bottom part with orientation left to right, second case.

Figure 5.11: Management of the bottom plat closure arcs.
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∼

Figure 5.12: Standard handlebody.

only 𝑎-type crossings. If we have a total of 𝑛𝑎, 𝑛𝑏, 𝑛𝑐 and 𝑛𝑑 crossings of 𝑎, 𝑏, 𝑐, 𝑑-type, then

performing all the 𝑆-moves on the crossings of 𝑏, 𝑐, 𝑑-type, we add a total of 𝑛𝑏 + 𝑛𝑐 + 2 ⋅ 𝑛𝑑

new strands. If there are trivial cases, where there are no crossings in a column, then move one

of the free strands above the braid.

Now all the new strands and the ones coming from the trivial cases lay entirely above or

underneath the braid.

Using the result from Lemma 5.1.2, we have as a result that the link represented by the newly

generated braid with classical closure is equivalent to L.

Since the operations made are all substitutions on the crossings and are done at most once

every crossing, and since we need to check all other crossings on the same column in order to

keep track of the type of crossing affected by the 𝑆-moves (if the changed arc was an over or

under arc), in the worst case scenario the number of controls needed is 𝑁 × (𝑁 − 1), where 𝑁

is the number of crossings. We can deduce that the computational complexity of the algorithm

is quadratic in the number of the crossings.

5.2 The handlebody case

Let 𝐻𝑔 be the standard handlebody of genus 𝑔. As seen in the preliminaries and in Section

2.1.2, 𝐻𝑔 may be viewed in ℝ3 as the complement of the identity braid 𝐼𝑔 on 𝑔 indefinitely

extended strands. For viewing 𝐻𝑔 in 𝑆3 we consider all strands of 𝐼𝑔 meeting at the point at

infinity. See Fig. 5.12.

Let now 𝐿 be a link in 𝐻𝑔. Then, using the above representation and fixing 𝐼𝑔 point-wise, 𝐿



98Chapter 5. An algorithm for passing from plat to standard closure of braids and vice versa

Figure 5.13: Representing 𝐻𝑔 in 𝑆3, links in 𝐻𝑔, braids in 𝐻𝑔 and elements of ℬ𝑔,𝑛.

may be unambiguously represented by 𝐼𝑔 ∪ 𝐿, see Fig. 5.13 for an element of ℬ𝑔,𝑛.

As shown in Section 2.1.2, closing in the standard way the moving part of the braid gives us

an oriented mixed link. Note that, in the case of knots and links in 𝐻𝑔, the closing arcs may

run entirely over or entirely under the rest of the mixed braid diagram, and different choices

are expected to result in different knots or links.

Let 𝐵 ∈ ℬ𝑔,2𝑛, 𝛽 ∈ ℬ𝑔,𝑚 be two braids representing 𝐿 via plat closure and standard closure.

While it is shown in [34] the braiding algorithm for links represented via standard closure of

braids in handlebodies, for the plat closure case we have to adapt the braiding algorithm of

[13, 17] for our setting.

Theorem 5.2.1. Every link 𝐿 in a genus 𝑔 handlebody 𝐻𝑔 may be braided to a geometric braid

in ℬ𝑔,2𝑛, whose plat closure is equivalent to 𝐿.

Proof. Let 𝐿 be a link in 𝐻𝑔 as in the premise, and Σ be a plane cutting 𝐻𝑔 and having

intersection with all strands of 𝐼𝑔. It is always possible to consider 𝐿 ⊂ 𝑁(Σ), a neighbourhood

of Σ. Let ⃗⃗⃗ ⃗⃗Σ be the unit vector orthogonal to Σ. Now we choose a parametrization 𝑁(Σ) =

Σ × [0, 1], such that 𝐿 ⊂ Σ × [0.25, 0.75]. Consider a polygonal representation of 𝐿, with

vertices {𝑏0, 𝑏1, … , 𝑏𝑛} and no edges parallel to Σ. Following [13, Lemma 2], we have that for

any 3 consecutive vertices 𝑏𝑗−1, 𝑏𝑗, 𝑏𝑗+1 of 𝐿 the line 𝑙𝑗 orthogonal to Σ through 𝑏𝑗 admits a

neighborhood 𝑁𝑗 which meets the link only in the edges [𝑏𝑗−1, 𝑏𝑗] and [𝑏𝑗, 𝑏𝑗+𝑖] (see Fig. 5.14).

Then, starting from 𝑏0, for every three points 𝑏𝑗−1, 𝑏𝑗, 𝑏𝑗+1 with

([𝑏𝑗−1, 𝑏𝑗] ⋅ ⃗⃗⃗ ⃗⃗Σ) ⋅ ([𝑏𝑗, 𝑏𝑗+1] ⋅ ⃗⃗⃗ ⃗⃗Σ) < 0
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Figure 5.14: The braiding process, reproduced and relabeled from [17].

consider the intersections [𝑏𝑗−1, 𝑏𝑗] ∩ 𝑁𝑗 = 𝑏′
𝑗−1, [𝑏𝑗, 𝑏′

𝑗+1] ∩ 𝑁𝑗 = 𝑏′
𝑗+1. If [𝑏𝑗−1, 𝑏𝑗] ⋅ ⃗⃗⃗ ⃗⃗Σ > 0 (resp.

< 0) let 𝑏′
𝑗 = 𝑙𝑗 ∩ Σ × {1} (resp 𝑏′

𝑗 = 𝑙𝑗 ∩ Σ × {0}). If we replace the edge sequence 𝑏𝑗−1, 𝑏𝑗, 𝑏𝑗+1

with 𝑏𝑗−1, 𝑏′
𝑗−1, 𝑏′

𝑗, 𝑏′
𝑗+1, 𝑏𝑗+1 the isotopy class of the link does not change, while now the link

intersects once Σ × {0, 1}.

Repeating this operation for every three points satisfying the above condition, we will obtain

an equivalent link meeting the planes Σ×{0} and Σ×{1} in exactly, say, 𝑛 points, while every

other plane Σ × {𝑡}, 𝑡 ∈ (0, 1) in exactly 2𝑛 points.

It follows from Artin [5] that such a link determines a well-defined element of 𝐵 ∈ ℬ2𝑛, which

represents back the link via plat closure on Σ × {0, 1}.

Now, since we have 𝐼𝑔 as the point-wise fixed identity braid on 𝑔 strands representing the

handlebody, if we consider 𝐵∪𝐼𝑔, we get an element of ℬ𝑔+2𝑛. Still, it does not belong to ℬ𝑔,2𝑛

because it is not parted (as in [43]). In order to do so, we recall the spike move [13] as follows

(see Fig. 5.15): let 𝑏𝑖, 𝑏𝑖+1, 𝑏𝑖+2 be three consecutive points of 𝐿 such that 𝑏𝑖+1 is a boundary

point and such that the triangle [𝑏𝑖, 𝑏𝑖+1, 𝑏𝑖+2] intersects 𝐿 only on its sides [𝑏𝑖, 𝑏𝑖+1], [𝑏𝑖+1, 𝑏𝑖+2],

and let 𝑏′
𝑖+1 be a new boundary point on the same boundary component of 𝑏𝑖+1; let 𝑏′

𝑖, 𝑏′
𝑖+2 be

interior points satisfying the conditions [𝑏𝑖+2, 𝑏′
𝑖+2, 𝑏′

𝑖] ∩ 𝐿 = {𝑏′
𝑖+2}, [𝑏𝑖, 𝑏′

𝑖+2, 𝑏′
𝑖] ∩ 𝐿 = {𝑏′

𝑖} and

[𝑏𝑖, 𝑏′
𝑖+1, 𝑏′

𝑖+2] ∩ 𝐿 = ∅; replacing the edge sequence 𝑏𝑖, 𝑏𝑖+1, 𝑏𝑖+2 with 𝑏𝑖, 𝑏′
𝑖, 𝑏′

𝑖+1, 𝑏′
𝑖+2, 𝑏𝑖+2 the

isotopy class of the link does not change.
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Figure 5.15: An example of spike move.

Figure 5.16: The process of parting the braid.

Applying this move to all boundary edges which are on the left of some strings of 𝐼𝑔, we can

part the braid letting all the spike braids on the right of all 𝐼𝑔 strings being careful to pass

these new strands over the strands of 𝐼𝑔 (see Fig. 5.16), thus obtaining an element of ℬ𝑔,2𝑛.

The operation that let us obtain a representative of the link in both closures, knowing one of

the two, is quite similar to the one described in the previous sections, after taking care of the

𝑎𝑖 generators of the braids.

We have 𝑎𝑖, 𝜎𝑖 type generators in both representations, via plat or standard closure. For the sake

of completeness, it has to be said that the definitions of 𝑎𝑖 generators in [17] and [43] are slightly

different, see Fig. 5.17 (see also [22], where the transition between the two representations of

the mixed braid group is discussed for the case of Heegaard genus 𝑔 = 1). It is still possible
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Figure 5.17: The two different definitions of 𝑎𝑖: the case of standard closure on the left [43]
and the case of plat closure on the right [17].

Figure 5.18: Transformation from the 𝛼𝑖 to the 𝑎𝑖 generator.

to obtain one representation from the other, since there is a equivalence between the first one,

say 𝑎𝑖, and the second one, say 𝛼𝑖:

𝛼𝑘
𝑖 ⟺ 𝑎−1

𝑔 𝑎−1
𝑔−1 … 𝑎−1

𝑖+1𝑎−𝑘
𝑖 𝑎𝑖+1 … 𝑎𝑔−1𝑎𝑔, 𝑘 = ±1

A geometric interpretation of this equivalence is depicted in Fig. 5.18. From now on, without

loss of generality, we will only use 𝑎𝑖 to refer to this kind of generators.

The procedure to adopt in both cases (going from standard closure and vice versa) is quite

similar to the one that we have already described. For the first one, from standard closure

to plat closure of a braid, we follow the same construction of Section 5.1.1: we take the 𝑖-th

closure arc and we let it pass behind on the right of the 𝑖-th strand, becoming the (2𝑖 − 1)-th

and 2𝑖-th strands in the other representation. Since the moving braid can be considered on
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the right part of the handlebody, this is always possible without interfering with the fixed part

of the braid (representing the holes of the handlebody). The algebraic transformation is still

Equation 5.1.

The vice versa needs more details. Recall that in this setting the moving braid can be considered

on the right part of the handlebody. After giving an orientation to our braid, the situation is

very similar to the one that we have in Section 5.1.2, but with a difference: now we can have

also an upward or downward oriented 𝑎𝑖 generator.

In the braid with standard closure that we will obtain, all 𝑎𝑖 generators will be oriented down-

wards. For this reason, in the braid with plat closure, we have to perform a twist on the 𝑎𝑖’s

which are oriented upwards, following the construction depicted in Fig. 5.19. Note that after

the twist, 𝑎𝑖 changes its sign and a 𝑑-type crossing is generated into the “0”-th column.

The last thing to do is to perform an 𝑆-move for every twist done in this way, say 𝑘 twists and

𝑆-moves in total. When we focus on the result on the “0”-th column, we have: (see Fig. 5.20)

• any not twisted 𝑎𝑖 becomes 𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎−1
𝑘 𝜎−1

𝑘−1 … 𝜎−1
1 𝑎𝑖𝜎1𝜎2 … 𝜎𝑘𝜎−1

𝑘+1𝜎−1
𝑘+2 … 𝜎−1

2𝑘

• any twisted 𝑎𝑖 becomes 𝑎−1
𝑖 𝜎1𝜎2 … 𝜎𝑘−1𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎𝑘

Of course, if we have two 𝑆-moves one after the other, without any 𝜎1 in the middle, we will

have to perform a Reidemeister I move in order to bring the braid into standard position, as

shown in Fig. 5.20.

At this point we can apply, in the remaining part of the braid, the algorithm of Theorem 5.1.1.

Note that, since all the substitutions made depend on the number of 𝜎𝑖, 𝑎𝑖 generators and on

the type of crossings affected by the 𝑆-moves (i.e. the changed arc was an over or under arc),

the computational complexity is quadratic, depending on the number of these two generators.

Therefore, the above construction proves the following:

Theorem 5.2.2. Let 𝐻𝑔 be a handlebody of genus 𝑔. Given a link 𝐿 ⊂ 𝐻𝑔 represented by a

braid 𝐵 ∈ ℬ𝑔,2𝑛 via plat closure, it is possible to generate algorithmically a braid 𝛽 ∈ ℬ𝑔,𝑚
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Figure 5.19: Twisting an 𝑎±
𝑖 oriented upward reverses the sign of the exponent and generates a

𝑑-type crossing.

Figure 5.20: The result after all the twists and 𝑆-moves performed on the “0”-th column.

which represents, via standard closure, a link equivalent to 𝐿 and vice versa. The algorithm

has a computational complexity of 𝑂(𝑀2) where 𝑀 is the number of crossings and 𝑎𝑖 type

generators present in the braid 𝐵.

5.3 The thickened surface case

Let now Σ𝑔 be a c.c.o. genus 𝑔 surface, and consider the surface braid group ℬΣ𝑔,𝑛 as in Section

2.2.

In this case, we will still represent braids belonging to ℬΣ𝑔,𝑛 by a braid in ℬ𝑔+𝑛 with the first

𝑔 strings fixed as in the identity braid, and the last 𝑛 strands moving. The fixed braid now

represents geometrically the holes of Σ𝑔.

The braiding algorithm for links in thickened surfaces represented via plat closure of braids

having an even number of strands is shown in [17]. For standard closure we can prove the
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Figure 5.21: An example of braid in a thickened surface of genus one, reproduced from [17].

analogous theorem after showing the existence of a transformation from plat to standard closure.

It is important to note that, given a braid 𝐵 ∈ ℬΣ𝑔,2𝑛, it is always possible to consider the

points in 𝒫 in a small disc 𝐴 ⊂ Σ𝑔 such that all the 𝜎𝑖 generators of the braid 𝐵 are contained

in the intersection between the cylinder 𝐴×𝐼 and the braid 𝐵. This enables us to use the same

definition of 𝑆-move as before, since in this case the move is done locally in the cylinder.

For the transformation that, given a braid representing a certain link via plat closure, produces

an equivalent one via standard closure, we need to follow the same algorithm as in Section 5.2.

After giving an orientation to the braid in plat form, some of the 𝑎𝑖’s and 𝑏𝑖’s generators could

be in upward going strands. If this is the case, as shown previously, we will twist the piece

containing the generators as in Figures 5.19 and 5.23. In this way, the generator will change

its sign, and a type 𝑑-crossing will appear in the “0”-th column. After performing a 𝑆-moves

for each of these twists, say 𝑘 twists in total, we will have:

• any not twisted 𝑎𝑖 becomes 𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎−1
𝑘 𝜎−1

𝑘−1 … 𝜎−1
1 𝑎𝑖𝜎1𝜎2 … 𝜎𝑘𝜎−1

𝑘+1𝜎−1
𝑘+2 … 𝜎−1

2𝑘

• any twisted 𝑎𝑖 becomes 𝑎−1
𝑖 𝜎1𝜎2 … 𝜎𝑘−1𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎𝑘

• any not twisted 𝑏𝑖 becomes 𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎−1
𝑘 𝜎−1

𝑘−1 … 𝜎−1
1 𝑏𝑖𝜎1𝜎2 … 𝜎𝑘𝜎−1

𝑘+1𝜎−1
𝑘+2 … 𝜎−1

2𝑘

• any twisted 𝑏𝑖 becomes 𝑏−1
𝑖 𝜎1𝜎2 … 𝜎𝑘−1𝜎2𝑘𝜎2𝑘−1 … 𝜎𝑘+1𝜎𝑘
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Figure 5.22: An example of thickened Σ𝑔.

In the same way as before, if we have two 𝑆-moves one after the other, without any 𝜎1 in

between, we will have to perform a Reidemeister I move in order to bring the braid into

standard position, as shown in Figures 5.24 and 5.20.

In the remaining part of the braid we can apply the algorithm of Theorem 5.1.1. Since all the

𝑆-moves are done locally in the cylinder 𝐴 × 𝐼, it is possible to perform the transformation

shown in Fig. 5.1 (and also the one depicted in Fig. 5.2), thus obtaining the braid with standard

closure from the one with plat closure. Again, note that, since all the substitutions made depend

only on the number of 𝜎𝑖, 𝑎𝑖 and 𝑏𝑖 generators and on the type of the crossings affected by the

𝑆-moves on the same column (i.e. the changed arc was an over or under arc), the computational

complexity remains quadratic, but depends on the number of these three types of generators

instead.

The previous construction proves the following:

Theorem 5.3.1. Let Σ𝑔 be a c.c.o. surface of genus 𝑔. Given a link 𝐿 in a tubular neigh-

bourhood 𝑁(Σ𝑔) of Σ𝑔, represented by a braid 𝐵 ∈ ℬΣ𝑔,2𝑛 via plat closure, it is algorithmically

possible to generate a braid 𝛽 ∈ ℬΣ𝑔,𝑚 which represents, via standard closure, an equivalent

link to 𝐿. The algorithm has a computational complexity of 𝑂(𝑀2) where 𝑀 is the number of

crossings and 𝑎𝑖 and 𝑏𝑖 type generators present in the braid 𝐵.

Then, as a corollary, we have proven the Alexander theorem for standard closure of braids:

Corollary 1. Let Σ𝑔 be a genus 𝑔 surface. Every link 𝐿 ⊂ 𝑁(Σ𝑔) may be braided to a geometric

braid in ℬΣ𝑔,𝑛, whose standard closure is equivalent to 𝐿.

In order to pass from standard closure to plat closure of a braid, we follow the same construction
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Figure 5.23: Twisting a 𝑏±
𝑖 belonging to an oriented upward strand changes sign and generates

a 𝑑-type crossing. The black arrow marks the orientation of the strand, while the red one marks
the direction of the 𝑏𝑖 generator.

Figure 5.24: The result after all the twists and 𝑆-moves performed on the “0”-th column over
the 𝑏𝑖 generators. Note that the red arrow mark only the direction of the 𝑏𝑖 generators.
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of Section 5.1.1. Since the moving braid can be considered on the right part of the fixed braid

after the parting operation, it is always possible to pass the closure strands past the moving

strands without interfering with 𝑎𝑖 and 𝑏𝑖 generators. The algebraic transformation is still

Equation 5.1.

5.4 The C++ Algorithm

In this last section, we describe the algorithm implemented in C++ which realizes the proce-

dures described in the previous sections. The source code can be found on GitHub [1]. The

algorithm takes, as input, the word associated to a link described by a braid in plat (resp.

standard) closure, then it computes the word associated to an equivalent link represented by a

braid via standard (resp. plat) closure.

If the algorithm is asked to compute the plat representation, then it just substitutes each

crossing according to Equation 5.1. On the other hand, if the algorithm is asked to compute

the standard representation, it gives first an orientation to the plat braid. The pseudo-code

implementation is the following:

Algorithm 1 Giving an orientation to the crossings
while 𝑖 ≠ 1 do

First cycle 𝑖 ← 1
for generators ∈ word from left do

if generator is 𝜎𝑖 or 𝜎𝑖−1 then
𝑖 follows the strand
Add counter to the generator

end if
end for
Change strand once arrived at the bottom closure
for generators ∈ word from right do

if generator is 𝜎𝑖 or 𝜎𝑖−1 then
𝑖 follows the strand

end if
end for
Change strand once arrived at the top closure

end while

The variables are all initialized during the orientation part of the program. Then the main

https://github.com/Paolo-Cavicchioli/plat_standard_representation


108Chapter 5. An algorithm for passing from plat to standard closure of braids and vice versa

part starts. First of all, if we are not in the case of ℝ3, we deal with column zero. Every 𝑎𝑖 or

𝑏𝑖 generator is substituted with the relative word, with respect to its orientation (see Sections

5.2 and 5.3 for details). For every 𝑎𝑖 or 𝑏𝑖, we need to check the signs of the other 𝑎𝑖’s and

𝑏𝑖’s of the same column, in order to compute the right signs for the newly generated 𝜎𝑖’s. For

this reason, the computational cost of the algorithm is quadratic in the number of 𝑎𝑖’s and 𝑏𝑖’s

generators.

Then, cycling over every column, the number of type A, B, C and D crossings (see Fig. 5.3)

is computed, and their type (over or under crossing) is memorized. Every crossing is then

substituted by the appropriate 𝐶𝑎, 𝐶𝑏, 𝐶𝑑 or 𝐶𝑑 formula, checking for each crossing the signs of

the other crossings of the same column, in order to use the right signs for the newly generated

𝜎𝑖’s. For this reason, the computational cost of the algorithm is quadratic in the number of the

𝜎𝑖 generators, too. In this part we also keep track of possible Reidemeister I move necessities.

In this eventuality, we will eliminate the extra crossing, obtaining a well-defined braid.

Now, for every odd labeled column the top and bottom part are dealt with, following the rules

in Section 5.1.2 and checking which one of the cases depicted in Figures 5.10a, 5.10b, 5.10c,

5.10d and 5.11a, 5.11b, 5.11c, 5.11d occours.

Finally, the algorithm gives as an output the new word associated to the resulting braid, and

since every old generator was substituted in some way, the new word pieces are written following

the old sequence of generators.

The source files of the program can be found in the GitHub repository at [1].
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