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1.1 Quantum technologies

When we talk about "Quantum technologies" we refer to a broad spec-

trum of instruments, techniques, and theoretical concepts that use the

principles of quantum mechanics to create new applications. Among

them, quantum information science (QIS)[1] studies the information carried

by quantum systems, exploiting fundamental quantum phenomena, such

as quantum entanglement, evolution of coherences, and the creation of

quantum phases for applications in communication, computation, and

sensing [2], while, at the same time, deepening our understanding of

reality [3].

The concept of quantum information was born in the early days of

information theory and quantum mechanics. Only a couple of decades

after the description of classical information theory by Shannon[4], it

was recognized that quantum mechanics cannot be described by classical

statistics, as demonstrated by Bell’s inequalities [5, 6]. The mathematical

description of QIS is due to Ingarden [1]. The resulting background is very

solid, but its extremely counterintuitive nature hindered its exploitation.

In this Chapter, the basic unit of information in QIS, the quantum bit,

will be presented, as well as some molecular systems and fundamental

phenomena that could be exploited in the fabrication of qubits.

1.2 Qubits

A quantum bit (qubit) is the quantum analog of the classical two-state

bit. A qubit can be prepared in two states, |0⟩ and |1⟩, the analogs of the

0 and 1 states of a classical bit.However, in contrast to classical bit, any

(normalized) linear combination of the two basis states is a valid state for

the qubit: ��𝜓〉
= 𝛼 |0⟩ + 𝛽 |1⟩ (1.1)

where 𝛼 and 𝛽 are complex numbers. The outcome of a measurement on

the qubit will be either 0 with probability |𝛼|2 or 1 with probability

��𝛽��2.

Accordingly, after the measurement, the qubit will collapse into either |0⟩
or |1⟩. The state of a qubit can be pictorially represented using the Bloch

sphere, as illustrated in Figure 1.1. Any single-qubit useful operation can

be defined as a unitary rotation, and so the Bloch sphere is a useful tool

to intuitively understand the basics of QIS.

The operators 𝑆̂ that manipulate the quantum states of a single qubit are

2X2 unitary matrices with trace equal to zero. These operators are called

quantum gates. The most important single qubit gates are the three Pauli

Matrices:

𝑋 ≡
[

0 1

1 0

]
; 𝑌 ≡

[
0 −𝑖
𝑖 0

]
; 𝑍 ≡

[
1 0

0 −1

]
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Figure 1.1: Bloch sphere representation

of a qubit state. The computational basis

correspond to the position |0⟩ = (0, 0, 1)
and |1⟩ = (0, 0,−1). Each valid state can

be represented using

��𝜓〉
= 𝑐𝑜𝑠 𝜃

2
|0⟩ +

𝑒 𝑖𝜙𝑠𝑖𝑛 𝜃
2
|1⟩

The Hadamard gate, which is the simplest gate capable of creating

superposition states:

𝐻 =
1√
2

[
1 1

1 −1

]
and the arbitrary phase gate:

𝑅(𝜙) =
[
1 0

0 exp(𝑖𝜙)

]
A final important gate is the rotation around an arbitrary axis ®𝑛 in the

Bloch sphere representation, which is:

𝑅®𝑛(𝜃) = 𝑐𝑜𝑠(𝜃/2)𝐼 − 𝑖𝑠𝑖𝑛(𝜃/2)(𝑥𝑥𝑋̂ + 𝑛𝑦𝑌̂ + 𝑛𝑧 𝑍̂)

The most intuitive (even if theoretical) realization of a qubit is an electron

in a magnetic field, whose spin can be controlled by magnetic pulses,

as done in EPR measurements. Any rotation around an axis ®𝑛 can be

achieved by arbitrary duration EPR pulses along the three directions

®𝑥, ®𝑦, ®𝑧.

Computation cannot be done with a single bit, and so to make use of

useful QM algorithms, we need to build a processor made of multiple

qubits. The Hilbert space resulting from the coupling of 𝑛 qubits is the

tensor product of the Hilbert spaces of each individual qubit. For example,

a system made of two qubits can be described as a linear combination of
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four basis states:��𝜓〉
= 𝛼 |0𝐴0𝐵⟩ + 𝛽 |0𝐴1𝐵⟩ + 𝛾 |1𝐴0𝐵⟩ + 𝛿 |1𝐴1𝐵⟩ (1.2)

The possibilities of creating superposition states in quantum systems

become interesting when we take entanglement into consideration. For

example, consider the famous Bell states.

|Ψ±⟩ =
|00⟩ ± |11⟩√

2

(1.3)

|Φ±⟩ =
|01⟩ ± |10⟩√

2

(1.4)

If we measure one of the bits of |Ψ+⟩, we can obtain 0 or 1 with equal

probability. However, if we measure 0 on the first bit, we know with 100%

certainty that the second bit is in the 0 state.

To execute operations on two (multiple) qubit systems, we need two-qubit

(multiple-qubit) gates. Of course, each qubit responds to its own single-

qubit gate, but a way to execute different operations while checking

the overall state of the ensemble is needed. The two most important

two-qubit gates are the controlled gates, where a specific operation on a

qubit is executed depending on the state of the other qubit.

In general, any multiple-qubit gate can be composed by combinations of

single- and double-qubit quantum gates [7]. A set of gates that allows

the construction of any possible quantum algorithm is called universal.

Quantum computers are not trivial substitutes for classical computers,

they are qualitatively different systems. Indeed, some operations that

are trivially executed by classical computers cannot be done by quantum

algorithms. For example, qubit states cannot be copied [8]. But quantum

computers can be exploited in several ways, for example, to devise

algorithms that are polynomially faster than classical algorithms [9], spy-

proof communication [10], search algorithms employing the diffusion

of coherence [11], superdense coding[12] or the development of exotic

phenomena like quantum teleportation [13].

1.3 Physical realization of qubits

Theoretically, any two-state quantum system can be used as a qubit. How-

ever, from a practical perspective, to make use of quantum computing,

any experimental setup on which the quantum computer is built must

meet at least five conditions, called the DiVincenzo criteria [14]:

▶ It must be a scalable physical system with two well-characterized

states

▶ It must be possible to initialize its state to a simple fiducial state, a

state with a well-defined nature

▶ The qubit states must have long coherence times

▶ A “universal” set of quantum gates.

▶ A qubit-specific measurement capability.

In addition, to allow for quantum communication (and hence for the

transmission of information), we must also have:
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▶ The ability to interconvert stationary and flying qubits

▶ The ability to faithfully transmit flying qubits between specified

locations.

These requirements are highly non-trivial. For example, if we consider

molecular systems, it is difficult to obtain long coherence times while

maintaining the possibility to address the qubit with external stimuli

when required. Moreover, these criteria hide other complications: as for

quantum gates, they must be reliable and should not produce noise,

but operations mediated by a classical system cannot be error-proof.

To mitigate the noise created by specific sources, effort is spent in the

development of quantum-error correction algorithms [15] that can protect

logical qubits from being corrupted by transferring the noise to ancilla

qubits. Error correction is far from being an accessory procedure to be

applied in naive cases; rather, it represents the only practicable way to

exploit quantum computing. Several quantum error correction algorithms

are known, developed to solve specific sources of noise [15], all of them

relying on aggregating several qubits into virtual logical qubits that are

more resistant to noise.

Nowadays the most studied qubits are based on Josephson junctions on

superconductive devices [16–19], Rydberg atoms[20–22], trapped ions

[23, 24], photons[19, 25–27], and magnetically active molecules [28–31]

among others[32–35].

While QCs based on superconducting qubits are the most studied and

at present represent the only commercially available qubits, molecular

qubits, the focus of this thesis, offer a very interesting alternative. As

chemical objects, they can be carefully designed to obtain the desired

properties. Molecules are inherently small, few nanometers at most, and

so chips of thousands of qubits can in principle be packed in few microm-

eters. The coherence time of molecular qubits can reach milliseconds,

and the interaction time is usually in the order of nanoseconds, allowing

millions of operations in one go. Finally, molecular systems may possess

more than two addressable states. An example of this type of molecule is

reported in Figure 1.2. Systems with more than 2 addressable states are

called qudits and offer interesting characteristics, such as the possibility to

embed quantum-error correction algorithms without the need to collapse

the information on multi-qubits structures [30, 36, 37].

Figure 1.2: Left: the VOTPP metal com-

plex. Right: the energy level of the sys-

tem under the Zeeman splitting imposed

by a magnetic field. The unpaired elec-

tron of the molecule is coupled with

the 8 energy level of the spin
7

2
vana-

dium.Reproduced from [36]. Published

by the Royal Society of Chemistry. Li-

censed under CC BY-NC 4.0.

Nowadays, organic radicals and diradicals are among the most studied

molecules for QIS applications [38–44]. Organic open-shell systems

can be engineered to have long spin coherence times. Their electronic

structure can be tailored via molecular design to achieve well-isolated
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spin states, controllable exchange interactions, and predictable coupling

to the environment. Moreover, organic frameworks are synthetically

versatile and compatible with scalable, lightweight, and potentially low-

cost materials, making them promising complements or alternatives to

the extensively studied metallorganic qubits.

1.4 Summary of the work

Inspired by the growing interest in the field, after Chapter 2 that presents

a brief introduction to the models and computational approaches adopted

in this work, Chapter 3 is dedicated to the study of a class of promising

radicals, triangulenes, and diradicals bridged by triangulene inverted

singlet–triplet energy-gap systems. These systems are promising for QIS

applications in terms of the tunability of their photophysical properties,

favorable energy gaps for population selectivity at room temperature,

and applications in the Optically-Detected Magnetic Resonance (ODMR)

mechanism. In the same chapter, preliminary results on the tetrathia-

fulvalene–perchlorotriphenylmethyl (TTF-PTM) donor–acceptor radical

dimer are shown. Previous experimental studies demonstrated that the

molecule is a switchable unit[45–48]. Accordingly, it is an interesting

molecular unit to be used as a coupling switch between two molecular

qubits. We tried to extrapolate the TTF-PTM behavior in an isolated

environment.

Along with innovative qubit designs, the phenomenon of Chirality-

Induced Spin Selectivity (CISS) is very promising for a wide range of

new applications in QIS [49–52]. CISS is an umbrella term indicating

that the passage of an electron through a chiral medium is influenced by

its spin state. Opposite enantiomers cause opposite effects on electrons

with opposite spins. One of the most intriguing possibilities is to use

chirality-driven spin selection to polarize the spin of an electron that

undergoes charge transfer between two linked molecular moieties. The

induced polarization could also inhibit electron recombination, thus

increasing the lifetime of the excitation. Experimental evidences for CISS

has emerged in a variety of different measurements [2, 53, 54]. However,

despite the large number of experiments, modeling CISS is far from

trivial. Specifically, the large CISS responses observed experimentally are

difficult to simulate in organic systems characterized by weak spin-orbit

coupling. In Chapter 4, a novel approach to simulate CISS in transport

experiments is proposed.

Finally, Chapter 5 is devoted to the study of a molecular crystal using a

multiscale modeling approach that, starting from ab initio calculations on

crystal fragments, leads to a reliable parametrization of a Frenkel-Holstein

excitonic model. Along this line, a good understanding of absorption

and fluorescence spectra of two polymorphs of quinacridone is obtained,

highlighting the role of intermolecular interactions in the definition of

the photophysics of crystalline materials. Molecular materials are in-

creasingly explored as platforms where excitons—delocalized electronic

excitations—play a central role in energy transport, quantum sensing,

and photophysical mechanisms relevant for qubit initialization or read-

out [55–59]. Moreover, understanding the effect of the environment on
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the photophysical properties of molecules can help to design functional

devices.
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This chapter briefly summarizes the techniques adopted in this work.

The first part addresses ab initio computational approaches, focusing

mainly on post-Hartree–Fock approaches. I was introduced to these

techniques during my research stay in the group of Prof. Yoann Olivier,

with significant guidance from Dr. Danillo Valverde and Dr. Gaetano

Ricci. This collaboration was crucial to the development of this work. DFT

and TD-DFT are also briefly summarized, as they offer computationally

efficient approaches, either to add correlation to a multiconfigurational

wavefunction or as stand-alone methods.

In the second part of the chapter, the semi-empirical models adopted

to simulate specific systems are presented. Although ab initio methods

are powerful and general, the use of models to understand the specific

physics of paradigmatic systems remains relevant. The focus of the

chapter will be on the Hubbard model, the Pariser–Parr–Pople (PPP)

model, and the exciton model.

2.1 Post Hartree-Fock methods

In the Hartree-Fock (HF) approximation, the ground state of a closed-shell

molecule is obtained as a Slater determinant of one-electron orbitals. This

solution is the result of a mean-field approximation, implying that each

electron does not interact instantaneously with the complex many-body

system but rather experiences the average electronic density generated

by the other electrons. The energy difference between the “true” energy

of the many-body system and the mean-field Hartree-Fock solution is

defined as the correlation energy 𝐸𝑐𝑜𝑟𝑟 . To recover 𝐸𝑐𝑜𝑟𝑟 , various methods

are available. Here, we address the CAS, RAS, and Multi-Configurational

PT2 approaches, which are widely employed to study strongly correlated

molecular systems.

In the following, where relevant, we make use of Configuration State

Functions (CSF), defined as eigenfunctions of the total spin operator. CSFs

can be obtained by diagonalizing the 𝑆̂2
operator written in the Slater

Determinant (SD) basis, but they are most often obtained by exploiting

the Graphical Unitary Group Approach (GUGA) [60, 61]. Since CSFs are

eigenvectors of 𝑆̂2
and the Hamiltonian (provided spin-orbit coupling is

neglected) is spin-independent, it is convenient to define spin-averaged

excitation operators:

𝐸̂𝑝𝑞 =
∑
𝜎

𝑎̂†𝑝𝜎 𝑎̂𝑞𝜎 (2.1)

with 𝑎̂†𝑝𝜎 and 𝑎̂𝑝𝜎 being the fermionic operators that create/destroy an

electron with spin 𝜎 on orbital 𝑝. Consequently, the relation [𝐸̂𝑝𝑞 , 𝐸̂𝑟𝑠] =
𝛿𝑞𝑟 𝐸̂𝑝𝑠 − 𝛿𝑝𝑠 𝐸̂𝑞𝑟 holds true. As a recurrent combination of two-electron

operators, we define:

𝑒𝑎𝑏𝑐𝑑 = 𝐸̂𝑎𝑏𝐸̂𝑐𝑑 − 𝛿𝑏𝑐𝐸̂𝑎𝑑 (2.2)



8 2 Methods

Finally, we adopt the chemistry notation for monoelectronic and bielec-

tronic integrals, with:

ℎ𝑝𝑞 =
〈
𝜙𝑝(𝒓)

�� ℎ̂ ��𝜙𝑞(𝒓)〉 =

∫
∇𝜙∗𝑝(𝒓)∇𝜙𝑞(𝒓)𝑑𝒓+

∑
𝐴

∫
𝑍𝐴𝜙∗𝑝(𝒓1)𝜙𝑞(𝒓1)
|𝒓1 − 𝑹𝐴|

𝑑𝒓

(2.3)

(𝑝𝑞|𝑟𝑠) =
〈
𝜙𝑝(𝑟1)𝜙𝑟(𝑟2)

�� 1

|𝒓1 − 𝒓2|
��𝜙𝑞(𝑟1)𝜙𝑠(𝑟2)〉 =

∫ 𝜙∗𝑝(𝒓1)𝜙𝑞(𝒓1)𝜙∗𝑟(𝒓2)𝜙𝑠(𝒓2)
|𝒓1 − 𝒓2|

𝑑𝒓1𝑑𝒓2

(2.4)

where 𝑹𝐴 is the position of nucleus 𝐴 with charge 𝑍𝐴.

With this notation, the non-relativistic many-body electronic Hamiltonian

in the Born-Oppenheimer approximation reads:

𝐻̂ =
∑
𝑝𝑞

ℎ𝑝𝑞𝐸̂𝑝𝑞 +
1

2

∑
𝑝𝑞𝑟𝑠

(𝑝𝑞|𝑟𝑠)𝑒𝑝𝑞𝑟𝑠 (2.5)

Starting from the Hartree-Fock solution, CAS and RAS approaches di-

agonalize the Hamiltonian in the Hilbert space defined by locating the

electrons within a selected subset of molecular orbitals. PT techniques, in-

stead, add perturbative corrections to the energies and wavefunctions.

To ensure computational feasibility, an efficient method is required

to calculate Hamiltonian matrix elements between different CSFs. The

Slater-Condon rules provide this framework. Specifically, the Hamiltonian

matrix elements 𝐻𝐷𝑖𝐷𝑗 between two CSF (𝐷𝑖 and 𝐷𝑗) vanish except in

three cases:

▶
��𝐷𝑗

〉
= |𝐷𝑖⟩. In this case:

𝐻𝐷𝑖𝐷𝑖 =
∑
𝑘

ℎ𝑘𝑘 ⟨𝐷𝑖 | 𝑛̂𝑘 |𝐷𝑖⟩ +
∑
𝑘𝑙

[(𝑘𝑘| 𝑙𝑙) − (𝑘𝑙| 𝑙𝑘)] ⟨𝐷𝑖 | 𝑛̂𝑘 𝑛̂𝑙 |𝐷𝑖⟩

where 𝑛̂𝑘 = 𝐸̂𝑘𝑘 = 𝑎̂†
𝑘
𝑎̂𝑘 counts the number of electrons in the 𝑘-th

MO.

▶
��𝐷𝑗

〉
= 𝐸̂𝑝𝑞 |𝐷𝑖⟩, i.e. the two SDs differ by the occupation of a single

pair of orbitals. In this case:

𝐻𝐷𝑖𝐷𝑗 = ℎ𝑝𝑞 +
∑
𝑘

[(𝑝𝑞|𝑘𝑘) − (𝑝𝑘|𝑘𝑞)] ⟨𝐷𝑖 | 𝑛̂𝑘
��𝐷𝑗

〉
▶

��𝐷𝑗

〉
= 𝐸̂𝑟𝑠 𝐸̂𝑝𝑞 |𝐷𝑖⟩, i.e. the two SDs differ by the occupation of two

pairs of orbitals. In this case:

𝐻𝐷𝑖𝐷𝑗 = (𝑝𝑞|𝑟𝑠) − (𝑝𝑠|𝑞𝑟)

2.1.1 Complete Active Space

The Complete Active Space (CAS) is a family of post-HF techniques

relying on a configuration interaction (CI) expansion [62], and is one

of the most widely used approaches to address metal-organic clusters,

organic molecules, dimers, and aggregates. In CI methods, the correlation

energy is recovered by expanding the wavefunctions as a sum of CSFs,

writing the wavefunction as a linear combination of CSFs:

|Ψ⟩ =
∑
𝐼

𝐶𝐼 |𝐷𝑖⟩ (2.6)
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with |𝐷𝑖⟩ being the CSFs and 𝐶𝐼 their coefficients. The vector 𝑪Ψ, con-

taining the 𝐶𝑖 coefficients, is called the configuration interaction (CI) vector
for the state Ψ.

In the CAS-CI approach, an active space of orbitals is defined, and a

full-CI calculation is performed within this space while maintaining the

occupation of all the remaining orbitals fixed (equal to 2 for occupied

orbitals and equal to 0 for virtual orbitals). See Figure 2.1 panel a) for

a schematic view. The idea is that the properties of a specific state

Figure 2.1: Scheme of the different flavors

of CI MR methods. a) Complete active

space CI (CASSCI). An active space is

selected in which a full-CI calculation

is done. All the other occupations re-

main fixed. b) Restricted Active Space CI

(RASCI). Three spaces are selected: RAS2

is used for an internal full-CI. RAS1 is al-

lowed to create 𝑛 holes in RAS2. RAS3 is

allowed to create 𝑚 particles from RAS2.

c) Generalized Active Space CI (GASCI).

Custom spaces with different excitation

rules are allowed.

can be reasonably well understood by accounting for the CI obtained

by distributing the electrons in a subset of most relevant orbitals. The

dimension of the active space is typically represented by writing the

number of electrons and orbitals entering the active space in parentheses.

For example, a CASCI calculation with 8 electrons in an active space of

10 orbitals is indicated as “CASCI(8,10)” or “CASCI(8e,10o)”.

The selection of relevant MOs is critical: while it is often stated that the

choice of the active space relies on “chemical intuition”, identifying the

orbitals that best describe a state without prior knowledge is non-trivial.

Usually, several calculations with different active spaces must be tested

to reach a satisfying result. A good rule of thumb is to perform MP2

calculations, analyze the occupation numbers of the resulting Natural

Orbitals (NO), and include all NOs with occupation numbers between

0.05 and 1.95 [63]. However, 1) the number of these orbitals is usually

much larger than what is computationally feasible; 2) MP2 fails for

radicals or open-shell singlets where the single-reference HF solution

poorly describes the ground state; and 3) MP2 is poorly applicable to

excited states.

Several variants of the original CAS-CI are available. In the Restricted

Active Space CI (RASCI) [64], three different spaces are selected: (a)

RAS2, a space in which a complete active space calculation is executed;

(b) RAS1, a space from which single electron excitations are considered

towards RAS2; and (c) RAS3, a space to which single electron excitations

are considered from RAS2 (see Figure 2.1b). This method is useful when

active spaces must be considered that are beyond the capability of CAS-

CI. Several variants of RASCI are also available: single hole/excitations

between different spaces in the RASCI(h,p) approach; the creation of

multiple holes and particles, up to 𝑛 holes and 𝑚 particles, in the

RASCI(𝑛h,𝑚p) method; mixing different types of excitations such as

RASCI(h,p,2h,2p,3h,5p...); and finally, the creation of hole-particle pairs
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from RAS1 to RAS3 in the RASCI(hp) flavor. Other Generalized Active

Space (GAS) methods have also been developed [65], in which custom

spaces with custom rules can be created.

To further improve the quality of the result, in CASSCF and RASSCF, not

only are the coefficients of the CI expansion optimized, but the orbitals

are also self-consistently optimized. Specifically, the molecular orbitals

𝜓𝑖(𝒓) entering each CSF are expressed as linear combinations of basis

functions |𝜒𝜈⟩: ��𝜓𝑖

〉
=

∑
𝜈

𝑘𝜈 |𝜒𝜈⟩ (2.7)

In CASSCF and RASSCF, the CI coefficients are optimized simultaneously

with the 𝑘𝜈 coefficients. This optimization is achieved by exploiting

carefully designed algorithms, such as the Super CI [66] or Newton-

Raphson [62]. This optimization is computationally expensive, and it is

possible to selectively optimize a subset of orbitals. Typically, the MO

space is divided into 5 different subspaces: frozen orbitals, which are

always doubly occupied and are not optimized; inactive orbitals, which

are always doubly occupied and are optimized; active orbitals, which

constitute the active space and are optimized; virtual orbitals, which are

always unoccupied and are optimized; and deleted orbitals, which are

removed from the Hilbert space. Although frozen/deleted orbitals are

very low/high in energy and usually play a marginal role, the selection of

the orbitals pertaining to each space is delicate and can affect the quality

of the result.

Orbital relaxation recovers some correlation energy and may alleviate

some of the issues related to the choice of the active space. At the same

time, several convergence issues may arise. An additional problem is

the need to predefine the quantity of interest for the optimization. One

can choose to optimize the energy of a specific state, as in State-Specific

CASSCF (SS-CASSCF). However, this may result in a poor description of

other states. Furthermore, two SS-CASSCF calculations on different states

can only be compared by looking at the optimized energies, as they are

solutions of different Hamiltonians. To overcome some of these problems,

State-Averaged CASSCF calculations (SA-CASSCF) were introduced,

where the optimization parameter is an average quantity over a set of

states. Naturally, this introduces the number (and nature) of the states to

be averaged as an additional degree of freedom, as well as the weights

employed in the averaging procedure. Generally, including more states

allows faster convergence but lower accuracy, while accounting for a small

number of states leads to more accurate results, though convergence

may become difficult, especially if states of different nature are averaged

together.

To sum up, CASSCF is not a “black box” technique, and several issues must

be carefully considered to obtain meaningful results. Several tutorials

with suggestions and best practices can be found [63]. A good procedure

to follow is summarized below.

▶ Read the literature. Every system has its own challenges. For

example, for PES scans, CASCI calculations are usually suggested,

and if charge transfer states are present, a careful selection of the

active space to include a balanced set of orbitals from the donor

and the acceptor fragments is required. Before planning a general

calculation, study previous work.
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▶ Prepare the orbitals. Start from orbitals that already contain some

correlation energy. For singlet states, MP2 Natural Orbitals are

suggested. In the case of radicals and correlated molecules, Quasi-

Restricted DFT orbitals (QRO) [67] from unrestricted DFT calcula-

tions generally lead to better results. For diradicals, Restricted-Open

Kohn-Sham (ROKS) orbitals or MOs obtained by a CASSCF calcu-

lation on a minimal active space are suggested.

▶ Analyze the states. It is important to have an initial guess regarding

the nature of the states of interest. Analyze experimental spectra

and/or rely on TD-DFT with benchmark functionals.

▶ Start from simple calculations. Perform calculations on minimal

active spaces, averaging over a large number of states. Analyze tran-

sition properties to verify if the states of interest are present. Aim

for a good qualitative result before seeking quantitative accuracy.

▶ Optimize the parameters. Begin to increase the size of the active

space and decrease the number of states to be averaged. Track

changes in transition energies, total energy, and transition proper-

ties until convergence is reached.

CAS- or RAS-based approaches work with a limited set of orbitals and

do not lead to exact solutions. Some missing correlation energy can

be retrieved by exploiting Perturbation Theory approaches, which are

briefly addressed in the next section.

2.1.2 Perturbation theory

Perturbation Theory (PT) corrects the energies and wavefunctions by

adding small corrections. The correlation energy introduced thereby is

called “dynamic correlation”, and it can be recovered by considering the

correction to the wavefunction due to the CSFs not introduced into the

Active Space.

PT starts with a reference Hamiltonian 𝐻̂0 and its eigenfunctions. The

complete problem involves the solution of a Hamiltonian 𝐻̂ that is the

reference Hamiltonian plus a small perturbation 𝑉̂ :

𝐻̂ = 𝐻̂0 + 𝑉̂ (2.8)

The first- and second-order corrections to the energy of a state are then:

𝐸
(1)
Ψ

= ⟨Ψ| 𝑉̂ |Ψ⟩ (2.9)

𝐸
(2)
Ψ

=
∑
𝑙≠𝑘

��⟨𝑙| 𝑉̂ |Ψ⟩��2
𝐸
(0)
𝑙
− 𝐸(0)

Ψ

(2.10)

The corrections to the wavefunction read:��Ψ(1)〉 =
∑
𝑙≠𝑘

| 𝑙⟩ ⟨𝑙| 𝑉̂ |Ψ⟩
𝐸
(0)
𝑙
− 𝐸(0)

Ψ

(2.11)

��Ψ(2)〉 =
∑
𝑙≠Ψ

∑
𝑚≠Ψ

| 𝑙⟩ ⟨𝑙| 𝑉̂ |𝑚⟩ ⟨𝑚| 𝑉̂ |Ψ⟩
(𝐸(0)

𝑙
− 𝐸(0)

Ψ
)(𝐸(0)𝑚 − 𝐸(0)Ψ )

(2.12)

−
∑
𝑙≠Ψ

| 𝑙⟩ ⟨𝑙| 𝑉̂ |Ψ⟩ ⟨Ψ| 𝑉̂ |Ψ⟩
(𝐸(0)

𝑙
− 𝐸(0)

Ψ
)2

(2.13)
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Being interested in specific states |Ψ⟩, we do not need to build the entire

Hilbert space; rather, only the states reached upon the application of

single and double excitation operators on the reference state are needed.

This smaller Hilbert space is called the First-Order interacting space.

The different variants of PT approaches differ in the choice of the refer-

ence Hamiltonian and in the approximations adopted to speed up the

calculation. We used two PT models: the standard Multi-Configurational

PT2 applied to CAS wavefunctions (CASPT2) and the n-electron valence

PT2 (NEVPT2). CASPT2 starts from CAS wavefunctions and applies

Eq. 2.10 directly. The reference Hamiltonian is the generalized Fock

Hamiltonian:

𝐹̂(Ψ) =
∑
𝑝𝑞

{
ℎ𝑝𝑞 +

∑
𝑟𝑠

[(𝑝𝑞|𝑟𝑠) − 1

2

(𝑝𝑟|𝑞𝑠)] ⟨Ψ| 𝐸̂𝑟𝑠 |Ψ⟩
}
𝐸̂𝑝𝑞 (2.14)

Note that the generalized Fock operator is state-specific, as the reduced

one-particle density matrix of the state Ψ enters into the definition of the

operator. The generalized Fock operator is diagonal in the MO space, but

not in the CAS space. To solve this problem, the Hamiltonian is projected

into the reference and perturbation spaces, as discussed in more detail in

Appendix 2.A.

In CASPT2, the perturbative Hamiltonian reads:

𝑉̂ =
∑
𝑝𝑞𝑟𝑠

𝑒𝑝𝑞𝑟𝑠(𝑝𝑞|𝑟𝑠) − 𝐸̂𝑝𝑞
∑
𝑟𝑠

⟨Ψ| 𝐸̂𝑟𝑠 |Ψ⟩ [(𝑝𝑞|𝑟𝑠) −
1

2

(𝑝𝑟|𝑟𝑠)] (2.15)

This perturbation term is constructed to cancel the mean-field term in

the generalized Fock operator (the second term in Equation 2.14) while

adding real electron-electron correlation back, ensuring that the energy

calculated as the sum of the Fock energy plus the second-order correction

due to 𝑉̂ is equal to the energy calculated by the CASSCF calculation.

More details are reported in Appendix 2.B.

The most common artifact in CASPT2 is due to intruder states, i.e., states

that are quasi-degenerate with the reference state and cause diverg-

ing perturbative corrections. To solve these issues, several techniques

were developed [68–70]. The most widely adopted strategy relies on

an imaginary shift [71, 72], a value that is added to the denominator

𝐸
(0)
𝑖
− 𝐸(0)

𝑗
−→ 𝐸

(0)
𝑖
− 𝐸(0)

𝑗
+ 𝑖𝜖. The denominators assume the following

convergence properties (with Δ = 𝐸
(0)
𝑖
− 𝐸(0)

𝑗
)[72]:

1

Δ
→

Δ
(
Δ2 + 2𝜖2

)
(Δ2 + 𝜖2)2

≈
{

Δ

𝜖2
− 3Δ3

𝜖4
Δ≪ 1

1

Δ
− 𝜖4

Δ5
Δ≫ 1

(2.16)

This ensures that the denominator does not vanish in cases of degeneracy

and is weakly dependent on the parameter otherwise. Generally, a shift

of ≈ 0.3 Hartree is considered acceptable.

CASPT2 is expensive, shift-dependent, and suffers from the intruder state

problem. To address these issues, the n-electron valence state perturbation

theory at second order (NEVPT2) was developed. The main difference

from CASPT2 is the selection of the reference Hamiltonian, which is not

the generalized Fock Hamiltonian but the Dyall Hamiltonian[69], which



2.1 Post Hartree-Fock methods 13

is diagonal in the CAS space. The Dyall Hamiltonian is:

𝐷̂𝐷𝑦𝑎𝑙𝑙 = 𝐻̂𝑖𝑣 + 𝐻̂𝑎𝑐𝑡 (2.17)

with

𝐻̂𝑖𝑣 =
∑
𝑖 𝑗

𝑓𝑖 𝑗𝐸̂𝑖 𝑗 +
∑
𝑎𝑏

𝑓𝑎𝑏𝐸̂𝑎𝑏 + 𝐶 (2.18)

𝑓𝑖 𝑗 = − ⟨Ψ| 𝑎̂†𝑖 𝐻̂ 𝑎̂ 𝑗 |Ψ⟩ + 𝛿𝑖 𝑗𝐸Ψ (2.19)

𝑓𝑎𝑏 = ⟨Ψ| 𝑎̂†𝑎𝐻̂ 𝑎̂𝑏 |Ψ⟩ − 𝛿𝑎𝑏𝐸Ψ (2.20)

𝐶 = 2

∑
𝑖

ℎ𝑖𝑖 +
∑
𝑖 𝑗

[2(𝑖𝑖| 𝑗 𝑗) − (𝑖 𝑗| 𝑗𝑖)] − 2

𝑓 𝑟𝑜𝑧𝑒𝑛∑
𝑘

𝜖𝑘 (2.21)

where 𝐻̂ is the Hamiltonian of Eq. 2.5. 𝑓𝑖 𝑗 are elements of a generalized

Fock operator, as in CASPT2. 𝐻̂𝑖𝑣 is a diagonal one-electron Hamiltonian

containing the energies of inactive and virtual orbitals. The active part is

defined as:

𝐻̂𝑎𝑐𝑡 =
∑
𝑡𝑢

[ℎ𝑡𝑢 +
∑
𝑖

2(𝑡𝑢| 𝑖𝑖) − (𝑡𝑖|𝑢𝑖)]𝐸̂𝑡𝑢 +
1

2

∑
𝑡𝑢𝑣𝑥

𝑒𝑡𝑢𝑣𝑥 (2.22)

The first two terms introduce the field of the inactive electrons into the

active part of the Hamiltonian, and with the definition of the constant

𝐶, the Dyall Hamiltonian is equivalent to the CAS Hamiltonian of Eq.

2.5 in the CAS space, thus ensuring that NEVPT2 is size-consistent. The

perturbation operator 𝑉̂ is simply defined as the difference between the

total Hamiltonian of 2.5 and 𝐻̂𝐷
, i.e., 𝑉̂ = 𝐻̂ − 𝐻̂𝐷

.

Another key point in NEVPT2 is the generation of the perturbation

contribution, which, instead of adopting a projector technique as in

CASPT2, exploits the so-called perturbers, states generated by solving the

equations:

𝑃̂
{𝑘}
𝐿
𝐻̂𝐷 𝑃̂

{𝑘}
𝐿

���Ψ{𝑘}𝐿𝜇 〉
= 𝐸

{𝑘}
𝐿𝜇

���Ψ{𝑘}𝐿𝜇 〉
(2.23)

where 𝑃̂
{𝑘}
𝐿

are the projectors to one of the 8 spaces of 2.B, and 𝜇 labels

the different states obtained after diagonalization of the Hamiltonian in

the projected space. Different classes of perturbers are generated and

diagonalized separately, neglecting the coupling between elements of

different classes. This procedure is called Partially-Contracted NEVPT2

(PC-NEVPT2) and significantly speeds up the calculation.The calculation

can be further simplified by considering a single perturber for each

class: ���Ψ{𝑘}𝐿 〉
= 𝑃̂

{𝑘}
𝐿
𝐻̂𝐷 |Ψ⟩ (2.24)

𝐸
{𝑘}
𝐿

=

〈
Ψ
{𝑘}
𝐿

��� 𝐻̂𝐷
���Ψ{𝑘}𝐿 〉

(2.25)

This approach is called Strongly-Contracted NEVPT2 (SC-NEVPT2), and

while extremely approximated, it yields similar results to PC-NEVPT2,

being orders of magnitude cheaper [73]. NEVPT2 is useful not only

because it is size-consistent and faster than CASPT2, but also because it

is immune to the intruder state issue.However, the Dyall Hamiltonian

contains double excitations (while the generalized Fock operator does not),

and is therefore more expensive to diagonalize. Moreover, NEVPT2 leads
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to less accurate results compared with the (non-level shifted) CASPT2.

Yet, the effectiveness of the method is impressive, and SC-NEVPT2 may

allow for calculations that are too expensive for CASPT2.

In situations in which degenerate states are present at the CAS level,

artifacts in the zero-order description of the energy can appear. A Quasi-

Degenerate formulation of NEVPT2 is available [74], applying perturba-

tion theory for degenerate states. This formulation is much more reliable

than classic NEVPT2 for problematic systems and only marginally in-

creases the computational cost. We adopted this method for diradicals,

where degeneracies in the reference Hamiltonian are found between

ground state singlets and triplets.

2.2 DFT, TD-DFT and related approaches

The molecular Hamiltonian is the sum of the kinetic energy term 𝑇̂ (a

one-electron term), a one-electron potential collecting the nuclei-electron

interaction 𝑉̂ , and the electron-electron interaction term 𝑊̂ :

𝐻̂ = 𝑇̂ + 𝑉̂ + 𝑊̂ =
∑
𝑖

−
∇2

𝑖

2

+
∑
𝑖

𝑣(𝒓𝒊) +
1

2

∑
𝑖≠𝑗

𝑤(
��𝒓𝒊 − 𝒓𝒋

��)
DFT, based on the Hohenberg-Kohn theorem, is formulated in terms of

the ground-state one-electron density matrix 𝑛0(𝒓):

𝑛0(𝒓) = 𝑁
∑
𝜎

∫
𝑑𝒓2

∑
𝜎2

𝑑𝒓3
∑
𝜎3

· · · 𝑑𝒓𝑵
∑
𝜎𝑁

|Ψ0(𝒓𝜎𝒓2𝜎2𝒓3𝜎3...𝒓𝑵𝜎𝑁 )|2

The theorem states that for a finite system with 𝑁 interacting electrons,

a one-to-one correspondence exists between the potential 𝑣(𝒓) and the

density of the ground-state 𝑛0(𝒓). In other words, the potential is a unique

functional of the ground-state density, 𝑣[𝑛0], up to an arbitrary additive

constant. Since 𝑇̂ and 𝑊̂ only depend on the number of electrons in

the system, the Hamiltonian is a direct functional of the ground-state

electron density, and similarly, its eigenstates (not only the ground state)

are functionals of the ground-state electron density. As a consequence, the

energy associated with a specific external potential 𝐸𝑣0
[𝑛] = ⟨Ψ[𝑛]| 𝑇̂ +

𝑊̂+𝑉̂0 |Ψ[𝑛]⟩ has a minimum𝐸0 at the true ground-state electron density

𝑛(𝒓) = 𝑛0(𝒓).

The energy minimization can be conceptually carried out in two different

steps. Instead of directly searching for the density that minimizes the

energy, one searches for a wavefunction that leads to a specific density 𝑛.

Then the energy is minimized with respect to the density:

𝐸0 = min

𝑛

{
min

Ψ−→𝑛
⟨Ψ| 𝑇̂ + 𝑊̂ + 𝑉̂0 |Ψ⟩

}
(2.26)

Finally, the energy functional is identified as the term in parentheses.

𝐸𝑣0
[𝑛] = min

Ψ−→𝑛
⟨Ψ| 𝑇̂ + 𝑊̂ + 𝑉̂0 |Ψ⟩
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The energy functional can be written as:

𝐸𝑣0
[𝑛] = 𝑇[𝑛] +𝑊[𝑛] +

∫
𝑑𝒓𝑛(𝒓)𝑣0(𝒓) = 𝐹[𝑛] +

∫
𝑑𝒓𝑛(𝒓)𝑣0(𝒓)

where 𝑇 and 𝑊 are grouped together as they constitute a universal

functional 𝐹[𝑛], i.e., a functional that does not depend on the external

potential but only on the electron density. Indeed, the explicit form of

𝐹[𝑛] is unknown; therefore, it must be approximated.

To overcome the difficulty of approximating the kinetic energy 𝑇[𝑛]
directly, Kohn and Sham proposed introducing an auxiliary system of

non-interacting electrons that yields the same ground-state density as

the real interacting system [75]. The kinetic energy of this non-interacting

system, 𝑇𝑠[𝑛], is known exactly in terms of the single-particle orbitals.

Consequently, one can rearrange the total energy functional 𝐸𝑣0
[𝑛] of the

interacting system by partitioning it as follows:

𝐸𝑣0
[𝑛] = 𝑇𝑠[𝑛] +

∫
𝑑𝒓𝑛(𝒓)𝑣0(𝒓) + 𝐸𝐻[𝑛] + 𝐸𝑥𝑐[𝑛]

Here, 𝐸𝐻[𝑛] is the classical Hartree Coulomb energy:

𝐸𝐻[𝑛] =
1

2

∫
𝑑𝒓

∫
𝑑𝒓′

𝑛(𝒓)𝑛(𝒓′)
|𝒓 − 𝒓′|

and 𝐸𝑥𝑐[𝑛] is the exchange-correlation functional. This term is formally

defined to contain all many-body effects not included in the previous

terms, namely the difference between the true and the non-interacting

kinetic energy (𝑇[𝑛] − 𝑇𝑠[𝑛]), and the non-classical electron-electron

interaction.

By applying the variational principle and minimizing the energy with

respect to the density one obtains the Euler-Lagrange equation for the

interacting system. Comparing this with the Euler-Lagrange equation

of the non-interacting system reveals that the two systems yield the

exact same density if the non-interacting electrons move in an effective

potential 𝑣𝑠(𝒓) defined as:

𝑣𝑠[𝑛](𝒓) = 𝑣0(𝒓) +
∫

𝑑𝒓′
𝑛(𝒓′)
|𝒓 − 𝒓′| + 𝑣𝑥𝑐[𝑛](𝒓)

where the exchange-correlation potential is given by the functional

derivative 𝑣𝑥𝑐(𝒓) = 𝛿𝐸𝑥𝑐 [𝑛]
𝛿𝑛(𝒓) . Finally, the orbitals that minimize the energy

of this non-interacting system are obtained by solving the single-particle

Schrödinger equation (the Kohn-Sham equation):(
− ∇

2

2

+ 𝑣𝑠(𝒓)
)
𝜓𝑖(𝒓) = 𝜀𝑖𝜓𝑖(𝒓) (2.27)

The ground state density is then constructed as the sum of the squared

moduli of the lowest 𝑁 occupied Kohn-Sham orbitals:

𝑛(𝒓) =
𝑁∑
𝑖=1

��𝜓𝑖(𝒓)
��2

(2.28)

The Kohn-Sham orbitals are not true molecular orbitals, as the manipula-
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tions were used specifically to obtain the electron density. On the other

hand, it has been shown that in most cases they behave similarly to the

true orbitals of the system. Finding a suitable form for the functional is a

fundamental (and open) problem in DFT. Extensive work has been done

in the development of functionals, exploring different parameterizations

to reproduce experimental data or to satisfy the mathematical properties

of the true DFT functionals. A wide range of functionals is available, and

their success in reproducing relevant properties depends on the specific

molecular system.

DFT was extensively used in this work, mostly to optimize molecular

geometries or to obtain KS orbitals with some correlation embedded to

speed up CASSCF calculations. Moreover, techniques are available that

are variants of DFT. Here, Constrained DFT (cDFT), Multi-Configuration

Pair-Density Functional Theory (MC-PDFT), and RAS-short range DFT

(RAS-sr-DFT) will be briefly addressed.

cDFT is a conceptually simple technique where specific constraints are

introduced by means of Lagrange multipliers, such that the functional

of the density behaves as desired. If, for example, we want to constrain

𝑁 ′ electrons in a volume Ω inside a molecular system, we can add a

Lagrange multiplier 𝑉 to the energy functional so that the equation

becomes:

𝐸[𝑛]𝑁 ′|Ω = max

𝑉

[
𝐸[𝑛] +𝑉

( ∫
Ω

𝑑𝒓𝑛(𝒓) − 𝑁 ′
)]

Other constraints can be implemented on the spin state, on the charges

on molecular fragments, on magnetic properties, etc. [76].

A follow-up to this approach consists of calculating related DFT ground

states, for example, by constraining electrons on different parts of the

molecule to obtain a totally neutral and a zwitterionic ground state, and

diabatizing the unconstrained DFT ground state on the chosen basis to

obtain an effective Hamiltonian with diabatic interactions between the

constrained diabatic states. This approach is called cDFT configuration

interaction (cDFT-CI) [77].

MC-PDFT [61] belongs to a family of techniques devoted to the application

of DFT to multiconfiguration wavefunctions. There are situations where

correcting a MC post-HF wavefunction with DFT could help to regain

some correlation energy at a computational cost much lower than PT2.

MC-PDFT is conceptually simple and avoids by construction some

problems that can arise when applying DFT to MC wavefunctions, such

as the double counting of electron correlation. The key quantity used in

PDFT is not only the electron density but also the on-top pair density Π,

defined as:

Π(𝒓) =
(
𝑁

2

) ∑
𝜎

∑
𝜎2

∫
𝑑𝒓3

∑
𝜎3

· · · 𝑑𝒓𝑵
∑
𝜎𝑁

|Ψ(𝒓𝜎𝒓2𝜎2...𝒓𝑵𝜎𝑁 )| 𝒓=𝒓2

(2.29)

Essentially, Π is the diagonal part of the two-electron density. The energy

of a multiconfigurational state Ψ is modified so that another term, which

is a functional of both the density and the on-top electron density, is

added, and at the same time, the electron-electron correlation is not



2.2 DFT, TD-DFT and related approaches 17

double counted by both the wavefunction energy and the DFT energy:

𝐸Ψ = ⟨Ψ| 𝑇̂ + 𝑉̂𝑛𝑒 |Ψ⟩ +𝑉𝐶[𝑛(𝒓)] + 𝐸𝑜𝑡[𝜌,Π]

where 𝑉𝐶 is the Coulomb energy and 𝐸𝑜𝑡 is the on-top electronic density

functional. Again, this functional is unknown. As a first approximation,

a standard DFT exchange-correlation functional is adopted. Because

it is transformed such that it acquires an explicit dependence on the

on-top pair density, that functional is usually labeled as translated (with

a ’t’ as prefix). To summarize the procedure, a standard DFT exchange-

correlation functional depends only on the total electron density 𝑛(𝒓),
the magnetization 𝑚(𝒓) = 𝑛↑(𝒓) − 𝑛↓(𝒓), and the absolute value of their

gradients 𝑛′(𝒓) = |∇𝑛(𝒓)| , 𝑚′(𝒓) = |∇𝑚(𝒓)| . For a single-determinant

wavefunction, the following relation holds:

𝑚(𝒓) = 𝑛(𝒓)
√

1 − 𝑅(𝒓)

with 𝑅 =
4Π(𝒓)
𝑛(𝒓) . 𝑅 must be strictly lower than 1, a requirement not

ensured for a multiconfigurational wavefunction. A minor adaptation

must be done, and so the translated 𝐸𝑜𝑡 functional starting from the DFT

exchange-correlation functional 𝐸𝑥𝑐 is defined as:

𝐸ot[𝑛(r),Π(r)] =

𝐸xc

(
𝑛(r),

{
𝑛(r)(1 − 𝑅)1/2 , if 𝑅 ≤ 1

0, if 𝑅 > 1

, 𝑛′(r),
{
𝑛′(r)(1 − 𝑅)1/2 , if 𝑅 ≤ 1

0, if 𝑅 > 1

)
By performing this mathematical manipulation, we can recover most of

the correlation using DFT, which is cheaper than PT2 techniques.

Finally, RAS-sr-DFT adopts a strategy analogous to MC-PDFT. A param-

eter 𝜇 is introduced to define the length scale at which RAS and DFT

contribute most effectively. The idea is that the short-range part of the

electron–electron interaction is handled entirely by the DFT component,

while the long-range part is described by the RAS method. In practice,

the expression for the energy becomes:

𝐸𝑅𝐴𝑆−𝑠𝑟𝐷𝐹𝑇 = min

Ψ𝜇

{
⟨Ψ𝜇| 𝑇̂ + 𝑉̂𝑛𝑒 + 𝑉̂ 𝑙𝑟 ,𝜇

𝑒𝑒 |Ψ𝜇⟩ + 𝐸𝑠𝑟,𝜇
𝐻
[𝜌] + 𝐸𝑙𝑟 ,𝜇𝑥𝑐 [𝜌]

}
The 𝜇-dependence is chosen so that for 𝜇 = 0 the energy converges

to the DFT energy, while in the limit 𝜇 −→ ∞ the energy corresponds

to the RASCI theory. The transition between the two limits is smooth.

Note that, because of the dependence on the electron density, the energy

is state-specific. To efficiently implement the method, a state-averaged

generalization was derived [78].

Up to now only ground state properties have been addressed; to address

excited states, Time-Dependent Density Functional Theory (TD-DFT)

was developed [79–81]. TD-DFT relies on the Runge-Gross theorem

[82] which, in analogy with the Hohenberg-Kohn theorem, ensures the

existence of a one-to-one mapping between the time-dependent ground-

state electron density 𝑛0(𝒓 , 𝑡) and the external potential in which an
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𝑁-interacting electron system evolves in time, or:

𝑛0(𝒓 , 𝑡) = 𝑛0[𝑣](𝒓 , 𝑡)
𝑣(𝒓 , 𝑡) = 𝑣[𝑛0](𝒓 , 𝑡)

(2.30)

The Runge-Gross theorem does not provide a mapping between an

interacting and a non-interacting 𝑁-electron system as in the Kohn-Sham

cases. The mapping relies on the Van Leeuwen theorem [83], which

proves that given an 𝑁-electron interacting system with electron density

𝑛(𝒓 , 𝑡), it is possible to define a non-interacting system 𝑠 with electron

density 𝑛𝑠(𝒓 , 𝑡) = 𝑛(𝒓 , 𝑡) so that:

𝑛𝑠(𝒓 , 𝑡) =
∑
𝑗

��𝜓 𝑗(𝒓 , 𝑡)
��2

(2.31)

where 𝜓 𝑗(𝒓 , 𝑡) are the single-particle spin orbitals, solutions of the time-

dependent Kohn-Sham equation:

𝑖
𝜕𝜓 𝑗

𝜕𝑡
(𝒓 , 𝑡) =

(
−∇

2

2

+ 𝑣𝑒𝑥𝑡(𝒓 , 𝑡) + 𝑣𝐻[𝑛](𝒓 , 𝑡) + 𝑣𝑥𝑐[𝑛](𝒓 , 𝑡)
)
𝜓 𝑗(𝒓 , 𝑡)

(2.32)

where 𝑣𝑒𝑥𝑡(𝒓 , 𝑡), 𝑣𝐻[𝑛](𝒓 , 𝑡) =
∫
𝑑3𝑟′ 𝑛(𝒓

′,𝑡)
|𝒓−𝒓′| , and 𝑣𝑥𝑐 =

𝛿𝐴𝑥𝑐 [𝑛]
𝛿𝑛(𝒓 ,𝑡) are the

time-dependent external, Hartree, and exchange-correlation potentials,

in analogy with the static DFT case. The 𝐴𝑥𝑐[𝑛] term is the unknown

exchange-correlation action functional, often referred to as the xc ker-
nel, and must be approximated. One of the most common TD-DFT

approaches is the Adiabatic Local Density Approximation (ALDA), based on

the assumption that the density varies slowly with time, so that the same

exchange-correlation functionals can be used as in time-independent DFT.

In Equation 2.32, only the external potential terms explicitly depend on

time, while the xc kernel is treated as static in the ALDA approximation,

and the Hartree term depends on the time-dependent electron density

(and thus depends on time only in an implicit way). The Hamiltonian

can be seen as a static term plus a time-dependent perturbative term. If

the perturbation is weak, it is possible to apply standard linear response

theory. Suppose that the perturbation Hamiltonian 𝑉̂(𝑡) can be written

as an external scalar potential coupled to the electron density switched

on at time 𝑡0:

𝑉̂(𝑡) =
∫

𝑑𝒓𝑣𝑒𝑥𝑡(𝒓 , 𝑡)𝑛0(𝒓) (2.33)

The linear response of the density is given by:

𝑛1(𝒓 , 𝑡) =
∫ ∞

−∞
𝑑𝑡′

∫
𝑑𝒓′𝜒𝑛𝑛(𝒓 , 𝒓′)𝑣𝑒𝑥𝑡(𝒓′, 𝑡′) (2.34)

where 𝜒𝑛𝑛(𝒓 , 𝒓′, 𝑡) is the density-density response function that does not

depend on the external potential. By defining its Fourier Transform and

after some algebra [81], it is possible to obtain the excitation energies

and transition densities as eigenvalues and eigenvectors of the following

equation, first derived by Casida [84]:[
𝑨 𝑩
𝑩† 𝑨

] [
𝑿
𝒀

]
= 𝜔

[
1 0

0 −1

] [
𝑿
𝒀

]
(2.35)
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with:

𝐴𝑖𝑎,𝑏 𝑗 = 𝛿𝑖 𝑗𝛿𝑎𝑏(𝜖𝑎 − 𝜖𝑖) + (𝑖𝑎| 𝑗𝑏) + (𝑖𝑎| 𝑓𝑥𝑐 | 𝑗𝑏)
𝐵𝑖𝑎,𝑏 𝑗 = (𝑖𝑎|𝑏 𝑗) + (𝑖𝑎| 𝑓𝑥𝑐 |𝑏 𝑗)

(2.36)

and where the indices 𝑖 , 𝑗 refer to occupied KS spin-orbitals, and 𝑎, 𝑏

refer to KS virtual orbitals. The first term 𝑨 is the energy difference

of orbitals 𝑎 and 𝑖, the second and the first terms of 𝑨 and B are the

two-electron integrals deriving from the Coulomb and the exchange

operator, and the last term of both equations corresponds to the linear

response of the xc potential to the perturbation. To simplify Equation 2.35,

the Tamm-Dancoff approximation (TDA) is introduced, which neglects

the 𝑩 matrix, leading to the Hermitian eigenvalue equation:

𝑨𝑿 = Ω𝑿 (2.37)

analogous to the Configuration Interaction Singles (CIS) method in the

Hartree-Fock approach. Equation 2.37 is also called the TDA-Casida

equation [84], and the vector Ω is the vector of the CIS excitation energies

from the Ground-State wavefunction Ψ0(𝒓1 , ..., 𝒓𝑁 ) to each CIS excited

Kohn-Sham state Ψ𝐸𝑖 (𝒓1 , ..., 𝒓𝑁 ).
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2.3 Models

Despite the increasing popularity of ab initio approaches, research in

QIS still relies on semi-empirical models. Models are simple, highly

tunable, and allow for the simulation of physical phenomena still not

encoded in computational software, especially when the focus is on the

simulation of novel or exotic physics. Below, the two models adopted

in this work will be shortly introduced: the Hubbard model (and the

related Pariser–Parr–Pople (PPP) model) and the exciton model.

2.3.1 Hubbard and Pariser-Parr-Pople (PPP) models

The Hubbard model is widely adopted in the physics community to

investigate strongly correlated electron systems[85]. In the original and

simplest version, the Hubbard model only accounts for nearest neighbor

electron hopping, 𝑡, and for the repulsion between two electrons residing

on the same site, 𝑈 . The model was extended to account for intersite

electron-electron interactions 𝑉𝑖 𝑗 , in the so-called extended Hubbard

model[85]. Indeed, the extended Hubbard model is essentially the same

as the PPP model developed (much earlier) in the chemistry community

and carefully parametrized to simulate the properties of 𝜋-conjugated

molecules and polymers[86–88].

In the Hubbard model, electrons can occupy site-orbitals, with each site-

orbital representing an effective orbital residing on an atom, a portion of

a molecule, or even a molecule. The overlap between orbitals residing

on different sites is neglected, and only the repulsion between electrons

residing on the same site is accounted for. The Hubbard Hamiltonian

reads:

𝐻̂𝐻𝑢𝑏𝑏𝑎𝑟𝑑 =
∑
𝜇

𝜀𝜇𝑛̂𝜇 −
∑

𝜇𝜈,𝜈>𝜇

∑
𝜎

𝑡𝜇𝜈

(
𝑎̂†𝜇𝜎 𝑎̂𝜈𝜎 + 𝑎̂†𝜈𝜎 𝑎̂𝜇𝜎

)
+

∑
𝜇

𝑈𝜇𝑛̂𝜇𝛼 𝑛̂𝜇𝛽

where 𝑎̂𝜇,𝜎 and 𝑎̂†𝜇,𝜎 destroy and create, respectively, an electron with spin

𝜎 = 𝛼, 𝛽 on site 𝜇; 𝑛̂𝜇 =
∑

𝜎 𝑎̂
†
𝜇𝜎 𝑎̂𝜇𝜎 counts the total number of electrons

on site 𝜇; 𝜀𝜇 is the on-site energy; 𝑡𝜇𝜈 is the hopping integral between

atomic sites 𝜇 and 𝜈; and𝑈𝜇 is the repulsion between two electrons on

the same site. If all 𝑈𝜇 are set to 0, the Hubbard model reduces to the

tight-binding (Hückel) model.

In the extended Hubbard model, repulsion between electrons on different

sites is included, in the so-called zero differential overlap (ZDO) approxi-

mation. In this approximation, the bielectronic terms where mixed charge

distribution appears are neglected, so that the Hamiltonian reads:

𝐻̂𝑃𝑃𝑃 = 𝐻̂𝐻𝑢𝑏𝑏𝑎𝑟𝑑 +
∑

𝜇𝜈,𝜈>𝜇

𝑉𝜇𝜈
(
𝑍𝜇 − 𝑛̂𝜇

)
(𝑍𝜈 − 𝑛̂𝜈) (2.38)

𝑉𝜇𝜈 denotes the repulsion between electrons on different atoms, while 𝑍𝜇

is the core charge on site 𝜇. As stated above, the extended Hubbard model

is equivalent to the PPP model, but the PPP has been parametrized for

and successfully applied to 𝜋-conjugated molecules and polymers[87].

The Hubbard and PPP models describe correlated electrons, and their

Hamiltonian can be diagonalized adopting the same techniques discussed
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above. However, the dimension of the relevant basis is often small enough

to allow for numerically exact solutions (Full-CI). In this case, rather than

proceeding through the HF diagonalization followed by the CI expansion,

it is convenient to work on the so-called real-space (RS) basis, which leads

to very sparse matrices. The RS basis is constructed by locating relevant

electrons in the site-orbitals. To easily account for the fermionic nature of

the electrons, it is convenient to work in second quantization.

The real-space vectors are eigenvectors of the 𝑆̂𝑧 =
∑

𝜈(𝑛̂𝜈↑− 𝑛̂𝜈↓) operator,

but not of 𝑆̂2
. For spin-independent Hamiltonians, it is then convenient

to work in the subspaces with fixed ⟨𝑆̂𝑧⟩. States with different ⟨𝑆̂2⟩ can

be identified by searching for degeneracies among wavefunctions in

different spin subspaces. For example, doublet states can be identified

by diagonalizing the PPP Hamiltonian in both 𝑆𝑧 = 0.5 and 𝑆𝑧 = 1.5

subspaces, then looking for states that do not have a counterpart in the

𝑆𝑧 = 0.5 subspace. Conversely, quartet states correspond to eigenstates

that are present in both spin subspaces. This procedure grants a reduction

of the computational cost compared with the diagonalization of the full

RS basis. As 𝑁 grows, the size of the RS basis expands exponentially,

leading to Hamiltonian matrices that are very large yet sparse. The sparse

nature of the matrices in the RS basis allows for "full-CI” diagonalization

in cases where the dense matrices obtained in the HF-CI approach would

be prohibitive. Specifically, when the Hamiltonian becomes too large to be

fully diagonalized, the first few eigenstates and eigenvalues are obtained

using the implicitly restarted Lanczos algorithm as implemented in the

ARPACK package [89].

To facilitate a direct comparison with current quantum chemical tech-

niques, when needed, we will solve the PPP Hamiltonian in the HF

approach. Specifically, in the Hartree-Fock (HF) approximation, the PPP

Hamiltonian in Eq. 2.38 reduces to the one-electron Fock operator:

F̂𝑃𝑃𝑃 =
∑
𝜇

(
𝜀𝜇 + 𝐽𝜇𝜇 − 𝐾𝜇𝜇

)
𝑛̂𝜇+

∑
𝜇𝜈,𝜇≠𝜈

(−𝑡𝜇𝜈−𝐾𝜇𝜈)
∑
𝜎

(
𝑎̂†𝜇𝜎 𝑎̂𝜈𝜎 + 𝑎̂†𝜈𝜎 𝑎̂𝜇𝜎

)
(2.39)

The ZDO approximation leads to a diagonal form of the Coulomb

operator:

𝐽𝜇𝜇 =

𝑁∑
𝜆=1

(𝑃𝜆𝜆 − 𝑍𝜆)𝑉𝜆𝜇 (2.40)

while the exchange operator reads:

𝐾𝜇𝜈 =
(
𝑃𝜇𝜈/2 − 𝑍𝜈𝛿𝜇𝜈

)
𝑉𝜇𝜈 (2.41)

In Eqs.2.40 and 2.41 the density matrix elements are defined as:

𝑃𝜇𝜈 =
𝑜𝑐𝑐∑
𝑘=1

𝑛𝑘𝑐𝑘𝜇𝑐𝑘𝜈 (2.42)

where 𝑘 runs over the doubly occupied MOs in the ground state config-

uration, 𝑐𝑘𝜇 are the expansion coefficients of the 𝑘-th MO on the AOs,

and 𝑛𝑘 is the occupation of the orbital; thus, 𝑛𝑘 = 2 for doubly occupied

MOs and 𝑛𝑘 = 1 for SOMOs. The Fock operator above is addressed

self-consistently through the variational principle.
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2.3.2 Exciton Model

The exciton model is widely adopted to study molecular aggregates and

crystals [90–92]. An exciton is an excitation with a collective nature, which

can be described as a delocalized bound state of an interacting electron

and hole pair. Among the different types of excitons, the so-called Frenkel

excitons are relevant to molecular materials. In these systems, the distance

between the electron and the hole is not larger than the dimension of the

molecule (or more generally, the site). A Frenkel exciton can be seen as a

molecular excited state, i.e., a strongly bound intramolecular electron-

hole pair that is, however, delocalized over different molecular units.

Models based on Frenkel excitons are widely employed in physics and

chemistry to understand the optical properties of solids and aggregates

[92–94], but also in the field of quantum computers made by trapped

ions or Rydberg atoms [21], as the relevant physics can also be described

using a similar Hamiltonian.

In the exciton model, electrons are localized on each molecular unit, and

intermolecular charge-transfer interactions are not accounted for, the

only intermolecular interactions being represented by electrostatic terms.

The ground state of the system is described as the product of the ground

states of the different basic units (chromophores). Excited states are

obtained by exciting one (or more) chromophores in the aggregate. The

Heitler-London approximation [95, 96] applies when the energy required

to excite a chromophore is larger than the interchromophore interaction

energy, so that the interactions among states bearing a different number

of excitations can be neglected. In this approximation, the problem can

be diagonalized in different subspaces, each relevant to a fixed number

of excitons. We are typically interested in states bearing a single exciton

state, as they are the only ones relevant to (linear) optical spectroscopy.

With these approximations, the relevant states can be described by

adopting a basis of states where a single excitation is located on differ-

ent molecular sites. Considering a one-dimensional array of identical

molecules, the exciton Hamiltonian is:

𝐻̂𝑒𝑥𝑐 =
∑
𝑖

𝐸𝑐†𝑖 𝑐𝑖 +
1

2

∑
𝑖≠𝑗

𝐽𝑖 𝑗(𝑐†𝑖 𝑐 𝑗 + 𝑐†𝑗 𝑐𝑖) (2.43)

where 𝐸 is the energy of the excited state and 𝐽𝑖 𝑗 are the excitonic

coupling interactions between different sites that measure the electrostatic

interaction between the transition dipole moments located on molecules

𝑖 and 𝑗.

If we take the simplest possible system as reference, a monodimensional

chain of equivalent sites with nearest neighbor interaction 𝐽𝑖 𝑗 = 𝐽𝛿𝑖 , 𝑗±1,

periodic boundary conditions, and 𝑁 sites, we can diagonalize the

Hamiltonian analytically, obtaining as eigenvalues and eigenvectors:

𝐸𝑘 = 𝐸 + 2𝐽𝑐𝑜𝑠(𝑘𝑟)

|𝑘⟩ = 1√
𝑁

∑
𝑗

𝑒 𝑖𝑘𝑟 𝑗
��𝑗〉

where 𝑘 = ± 𝑛𝜋
2𝑁𝑟 is the wavevector with 𝑛 = 0, 1, 2..., 𝑁 , 𝑟 is the intersite

distance, and

��𝑗〉 is the state with an excited molecule on site 𝑗, so that
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��𝑗〉 = 𝑐†
𝑗
|⟩. If the interactions are attractive (𝐽 < 0), the band has a

minimum at 𝑘 = 0, in the center of the Brillouin zone, while it has a

minimum at 𝑘 = 𝜋𝑟 if the interaction between states is repulsive (𝐽 > 0).

The dispersion of the band depends on the magnitude of 𝐽 and not on

its sign. The position of the minimum impacts the photophysics of the

aggregate, since both emission and absorption take place from the center

of the Brillouin zone. Emission is constrained by the Kasha rule [95] to

occur at the minimum of the excited state band. This creates two different

types of aggregates: J-aggregates, with 𝐽 < 0, where both the absorption

and emission spectra are redshifted with respect to the monomer and

emission is bright; and H-aggregates, with 𝐽 > 0, which instead have a

blue-shifted absorption and a strongly suppressed emission. Indeed, a

weak fluorescence can be seen in H-aggregates as a result of vibronic

coupling. This residual fluorescence is, however, very weak and is located

much to the red with respect to absorption, so that very large Stokes

shifts are observed. A schematic view of these properties is depicted in

Figure 2.2.

Figure 2.2: The excitonic band in two dif-

ferent monodimensional molecular crys-

tals, characterized by 15 total molecules,

a nearest neighbor 𝐽 interaction, periodic

boundary conditions, and intermolec-

ular spacing 𝑟 [97]. On the left, a J-

aggregate is shown, with both the ab-

sorption and the emission optically al-

lowed. On the right, an H-aggregate is

shown, with the absorption allowed and

the emission optically forbidden.

Before closing, we mention that a very similar model is extensively

applied to describe Rydberg atom qubits [21, 22].
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Appendix

2.A Creation of the reference Hamiltonian by
projection

In PT calculations, wave functions are typically not eigenfunctions of the

reference Hamiltonian 𝐻̂0. Just as an example, in CASPT2 the generalized

Fock operator is not diagonal in the CAS space. Moreover, typically

the complementary space needed to apply perturbative correction to

the reference space is not known. To solve these issues, a projection

operator approach is developed. The identity can be expressed as a sum

of projection operators:

1 = |Ψ⟩ ⟨Ψ| + 𝑃̂𝐾 + 𝑃̂𝑆𝐷 + 𝑃̂𝑇𝑄 ... (2.A.1)

with |Ψ⟩ the reference state to be corrected, and the various 𝑃̂𝑋 =∑
𝑖∈𝑋 |Ψ𝑖⟩ ⟨Ψ𝑖 | projectors on the space 𝑋. We consider all states or-

thonormal in their space. In this notation, 𝐾 projects on all the other

wavefunctions of the CAS space not considered in the reference space, 𝑆𝐷

is the space of single and double replacements obtained by 𝐸̂𝑝𝑞𝐸̂𝑟𝑠 |Ψ⟩.
The reference Hamiltonian 𝐻̂0 generated from the Hamiltonian 𝐻̂ is

created as:

𝐻̂0 = |Ψ⟩ ⟨Ψ| 𝐻̂ |Ψ⟩ ⟨Ψ| + 𝑃̂𝐾𝐻̂𝑃̂𝐾 + 𝑃̂𝑆𝐷𝐻̂𝑃̂𝑆𝐷 + ...

In this way, the reference Hamiltonian is block-diagonal. In the process, it

is possible that the produced states that span the auxiliary spaces are not

orthogonal, nor linearly independent (in the case of the SD subspace, for

example); it is then necessary to orthonormalize and eliminate redundant

states in each space independently. While the procedure is feasible for

𝑃̂𝐾 , even the SD space is too big to be stored explicitly. So, the equations

are solved iteratively, with all elements generated on the fly [98].

2.B NEVPT2: mathematical details

The states that span the first interaction space of the reference state are

obtained by operating with the excitation operators on the reference

state:

𝐸̂𝑎𝑏𝐸̂𝑐𝑑 |Ψ⟩

The resulting CSF states can be distributed in 8 different subspaces. They

are labeled by counting the number of electrons that are added/removed

from the active space with the letter 𝑘 (so that 𝑘 > 0 means that electrons

are excited from the space of occupied orbitals to the AS, and 𝑘 < 0

indicates that electrons are removed from the AS and excited to the

space of virtual orbitals). To discriminate the space in which the electrons

move:

▶ 𝑖 , 𝑗 indicate inactive orbitals;

▶ 𝑎, 𝑏 indicate virtual orbitals;

▶ 𝑡 , 𝑢, 𝑣 indicate active orbital
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The eight spaces are:

internal

{
𝑉𝐴 , 𝑘 = 1 : 𝐸̂𝑡𝑖𝐸̂𝑢𝑣

𝑉𝐵 , 𝑘 = 2 : 𝐸̂𝑡𝑖𝐸̂𝑢𝑗

semi-internal


𝑉𝐶 , 𝑘 = −1 : 𝐸̂𝑎𝑡 𝐸̂𝑢𝑣

𝑉𝐷 , 𝑘 = 0 : 𝐸̂𝑎𝑖𝐸̂𝑡𝑢 , 𝐸̂𝑡𝑖𝐸̂𝑎𝑢

𝑉𝐸 , 𝑘 = 1 : 𝐸̂𝑡𝑖𝐸̂𝑎 𝑗

external


𝑉𝐹 , 𝑘 = −2 : 𝐸̂𝑎𝑡 𝐸̂𝑏𝑢

𝑉𝐺 , 𝑘 = −1 : 𝐸̂𝑎𝑖𝐸̂𝑏𝑡

𝑉𝐻 , 𝑘 = 0 : 𝐸̂𝑎𝑖𝐸̂𝑏 𝑗 ,

Internal, semi-internal, and external simply indicate that the number

of virtual orbitals implied in the excitation is 0, 1, or 2. For example,

consider the space 𝑉𝐴. It collects all the states created by exciting one

electron from the inactive space to the AS (𝐸̂𝑡𝑖) and an electron from a

different MO in the AS (𝐸̂𝑢𝑣). The space 𝑉𝐸, despite having the same 𝑘

label, indicates the very different situation in which two electrons are

excited from the inactive space, one to the AS (𝐸̂𝑡𝑖) and the other to

the virtual orbital space (𝐸̂𝑎 𝑗). These spaces are generally used both in

CASPT2 and in NEVPT2, although the huge advantage in using these

spaces is gained when one employs contracted-NEVPT2 methods.

The functions generated by each of these operators span a different

subspace. However, neither the Dyall nor the total Hamiltonian are

block-diagonal in these subspaces. In particular, each reference CSF can

be written as the antisymmetrized product between the 𝑐 inactive orbitals

and the 𝜈 active orbitals:

|Ψ⟩ = |Φ𝑐Ψ
𝜈⟩

And the application of an excitation operator causes the perturbers to have

the form

���Φ𝑐−𝑘Ψ𝜈+𝑘
𝜇

〉
. This CSF can be written as a linear combination

of all the CSFs with the same core electron part and all the possible

distributions of the 𝜈 + 𝑘 electrons in the CASCI space. The CSFs so

built are required not to interact via 𝐻̂𝐷𝑦𝑎𝑙𝑙 , and so in the UNEVPT2 it is

necessary to orthogonalize them via the set of linear equations:∑
Ψ+𝑘
𝐽

〈
Φ−𝑘𝐼 Ψ+𝑘𝐼

�� 𝐻̂𝐷
���Φ−𝑘𝐼 Ψ+𝑘𝐽

〉
𝐶 𝑗 +

〈
Φ−𝑘𝐼 Ψ+𝑘𝐼

�� 𝑉̂ |Ψ⟩ = 𝐸Ψ𝐶𝐼
While a smaller space than the CASPT2, the number of equations that

need to be solved is huge, and the Dyall Hamiltonian is considerably

more expensive to calculate than the generalized Fock operator. For this

reason, PC-NEVPT2 and SC-NEVPT2 were developed.

Typically, the density matrix elements required to calculate the Dyall

Hamiltonian (we are referring to the ⟨Ψ| 𝐸̂𝑎𝑏𝐸̂𝑐𝑑 ... |Ψ′⟩ terms) are not

calculated exactly but approximated up to some order, usually using

cumulant expansion [99, 100]. While this approach is generally employed

any time the explicit electron-electron correlation is calculated, it causes

the CAS wavefunction to not be an eigenvector of the Dyall Hamiltonian

anymore. In rare cases, this causes the results to suffer from the false
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intruder state problem, where a reference state is overstabilized by a

perturbative correction that diverges due to quasi-degenerate energies

calculated by error. If NEVPT2 results present such a problem, an analysis

of all the approximations in play must be done.
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In this chapter, several molecules with possible applications in Quantum

Information Science (QIS) are presented. The electronic structure of the

molecules of interest was investigated by applying a combination of

semi-empirical models, for which we developed in-house codes, and

ab initio approaches, exploiting commercial software. In the first part

of the chapter, organic radicals based on triangulene organic molecules

are presented. In the second part, we design diradical organic molecules

using an Inverted Singlet-Triplet (INVEST) energy gap organic molecule

as a bridge. In the final part, a discussion concerning a Charge-Transfer

radical molecule is presented, and the possibility of exploiting such

molecules in quantum gates on a nanometric scale is analyzed.
‗

3.1 Triangulene-based radicals

Triangulene molecules are small conjugated organic molecules consisting

of a core of three condensed benzene rings sharing a central carbon

atom (see Figure 1). Formed by an odd number of carbon atoms, these

radicalic species are studied as possible emitters for application in

organic light-emitting diodes (OLEDs). To date, OLEDs have mainly used

closed-shell luminescent molecules, exploiting either fluorescence or

phosphorescence[101]. In fluorescent OLEDs, electrogenerated excitons

are statistically distributed in 25% singlets and 75% triplets and, since

triplet are non-emissive, the maximum internal efficiency of fluorescent

OLEDs is fairly poor. Phosphorescent OLEDs introduce heavy atoms

(typically Pt or Ir) in the molecular structure, to allow for efficient

intersystem crossing (ISC) and phosphorescence, bringing the theoretical

maximum internal efficiency to 100%. [102, 103]. However phosphorescent

OLEDs have a few limitations, related to the use of heavy metals and

to the lack of blue phosphorescent emitters. Another strategy involves

emitters that exhibit thermally activated delayed fluorescence (TADF)

[38, 101, 104–110], as well as a combination of TADF and fluorescent

systems used in hyperfluorescence OLEDs [111–123].

‗
This Chapter summarizes results obtained in different experiments. Dubbini, M.; Bonvini,

F.; Savi, L.; Di Maiolo, F. Turning on Organic Radical Emitters. J. Phys. Chem. C 2024, 128
(43), 18158–18169. I performed all ab-initio calculations in support of the model, and so only

those mentioned here are reported with the minimum context to understand the reason

of the work. Savi, L.; Barreca, M. T.; Bedogni, M.; Di Maiolo, F. Organic Diradicals Bridged

by Inverted Singlet–Triplet Units for Optical–Spin Interfaces. J. Chem. Theory Comput. 2025
DOI:10.1021/acs.jctc.5c01571. I executed some of the ab-initio calculations and contributed

to introduce SOC in the PPP model. The last part of the Chapter consists of a preliminary

study on a molecule I carried on under the supervision of Prof. Yoann Olivier, Dr. Gaetano

Ricci, and Dr. Danillo Valverde. The work is still ongoing and unpublished.
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Figure 1: Molecular structures of three

prototypical triangular organic radi-

cals, namely phenalenyl (PLY), tri-

azaphenalenyl (PLY-3N), and hexaaza-

phenalenyl (PLY-6N).

More recently, organic radicals were proposed as innovative emitters

for OLED applications [124–133]. Organic radicals, characterized by

an open-shell nature with one unpaired electron, open the door to a

new mechanism for light emission in OLEDs. Notably, organic radicals

bypass the issue of non-emissive triplet states, emitting light through

transitions from a low-energy spin-doublet excited state to a doublet

ground state. This spin-allowed process potentially results in higher

quantum efficiencies, since all recombination processes can contribute to

light emission without substantial non-radiative losses. Furthermore, as

magnetically active molecules, they can be explored as organic quantum

qubits and, in this respect, diradicals are also very important.

The strong electron correlation in organic radicals makes the calcula-

tion of their excited state properties complex,and quantum chemistry

approaches that can effectively handle the multiconfigurational nature of

these electronic states are needed. Among them, we mention the multi-

configurational self-consistent field (MCSCF) [134], complete active space

self-consistent field (CASSCF) [127, 135, 136] together with second-order

perturbation theory (either CASPT2 [137] or NEVPT2 [133]), state-specific

multireference perturbation theory (SSMRPT) [138], configuration in-

teraction singles and doubles (CISD) [134], coupled cluster [139, 140],

spin-flip restricted active space configuration interaction (SF-RASCI)

[141–151], and complete active space configuration interaction density

functional theory (CASCI-DFT) [152]. However, these computationally

expensive methods can only be applied to fairly small molecular sys-

tems. Conventional ground-state DFT and excited-state time-dependent

DFT (TDDFT) methods therefore remain attractive for studying organic

radicals [124–130, 132, 153–159]. Due to possible spin-contamination

issues in the unrestricted version of TDDFT for open-shell molecules,

spin-adapted TDDFT (X-TDDFT) is typically employed. Spin-polarized

DFT calculations that incorporate many-body perturbative corrections at

the 𝐺0𝑊0 level have also been proposed [160].

We adopt an alternative approach relying on a comprehensive study of

various phenalenyl radicals using the Pariser-Parr-Pople (PPP) model

Hamiltonian to account for electron correlation in𝜋-conjugated molecules.

Developed in the 1950s [86, 161, 162], this model has proven successful in

describing the properties of the ground and excited states of various small

organic molecules [87, 88, 161, 163–170]. The PPP model has recently been

exploited to address singlet-triplet (ST) inversion in some OLED emitters

[116, 118, 171], and doublet emission in planar and non-planar organic

radicals [172, 173]. Although the PPP model was originally designed for𝜋-

conjugated hydrocarbons, it can be adapted to accommodate non-planar

systems by incorporating additional terms that account for deviations
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from planarity [170, 173–177]. Moreover, the model can be extended to

systems containing heteroatoms by adjusting the relevant parameters

[116, 178–182]. These adaptations significantly broaden the applicability

of the PPP model [124–133].

An important symmetry inherent to the PPP model, but only approxi-

mately followed by more advanced (all-electron) Hamiltonians, is the

so-called particle-hole (ph) or alternancy symmetry. Alternant hydro-

carbons provide a real molecular framework in which this symmetry

is closely approximated [172, 183–195]. In these systems, carbon atoms

can be divided into two distinct sets that contain every other carbon

atom, ensuring that no two carbons belonging to the same set share

a covalent bond. Rings composed of an even number of atoms satisfy

this condition, while rings with an odd number of atoms do not. The

PPP particle-hole symmetry in alternant hydrocarbons is reflected in the

unique arrangement of the orbital energy levels and the specific structure

of the MOs. In alternant systems, MOs come in pairs with equal and

opposite energies. If the alternant system has an even number of atoms,

the negative energy levels are fully occupied in the ground state, while

the positive levels remain empty; thus, bonding and antibonding MOs

appear as occupied-virtual pairs. Alternant hydrocarbons with an odd

number of atoms have an additional feature, namely a singly occupied

non-bonding orbital at zero energy. The particle-hole symmetry holds

only in the absence of heteroatoms.

In this section, we validate the use of the PPP model to investigate

particle-hole symmetry breaking and its effect on doublet emission in

several phenalenyl radicals variously decorated with nitrogen atoms. The

PPP results are compared against results from state-of-the-art CASSCF

results.

PPP does not provide quantitatively accurate results for individual

molecules [118, 196], but is serves as a robust and simple method that,

when applied to various molecular structures, reveals qualitative trends

regarding the effects of electron correlation in 𝜋-conjugated molecules.

The new insights obtained from this approach will help to establish

general and reliable guidelines for the rational design of novel organic

radicals with potentially emissive doublet states.

3.1.1 Methods

The PPP model is used, employing the Hamiltonian in Eq. 2.38 of

Chapter 2. We investigate the first few excited states. The real-space basis

states are eigenstates of the 𝑧-component of the total spin operator 𝑆̂𝑧 .

Accordingly, doublet states can be identified by diagonalizing the PPP

Hamiltonian in the 𝑆𝑧 = 0.5 and 𝑆𝑧 = 1.5 subspaces, searching for states

that appear exclusively in the 𝑆𝑧 = 0.5 subspace. Conversely, quartet

states correspond to eigenstates present in both spin subspaces. As 𝑁

grows, the size of the real space basis expands exponentially, reaching

2,944,656 states in the 𝑆𝑧 = 0.5 subspace for the phenalenyl radicals in

Figure 1, leading to very large but sparse Hamiltonian matrices. The first

few eigenstates and eigenvalues are derived using the implicitly restarted

Lanczos algorithm as implemented in the ARPACK package [89]. The

diagonalization yields full-CI results.
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To address optical spectra, an explicit expression of the electric dipole

moment operator is needed. For planar molecules it reads:

®̂𝜇 = 𝜇̂𝑥®𝑖 + 𝜇̂𝑦®𝑗 =
∑
𝜇

(𝑍𝜇 − 𝑛̂𝜇)(𝑥𝜇®𝑖 + 𝑦𝜇®𝑗) (1)

where 𝑥𝜇 , 𝑦𝜇 are the Cartesian coordinates of site 𝜇.

Transition energies and transition dipole moments enter the oscillator

strength of the | 𝑓 ⟩ ← |𝑔⟩ transition:[197]

𝑓 𝑓 𝑔 =
2

3

𝑚𝑒

ℏ𝑒2

𝜔 𝑓 𝑔 |𝜇 𝑓 𝑔 |2 (2)

where𝑚𝑒 is the electron mass and 𝑒 the electron charge. Results presented

in this study were obtained using an in-house PPP code in Fortran. This

code extends the capabilities of the version introduced in Ref.[116] to

handle open-shell systems.

3.1.2 Results & Discussion

We begin by focusing on the three phenalenyl radicals depicted in Figure

1. Phenalenyl (PLY), an odd-alternant hydrocarbon with 𝐷3ℎ symmetry,

has been extensively studied in its ground state using magnetic resonance

techniques [198–202]. In contrast, optical spectroscopy data are scarce.

In Refs. [203, 204], a weak absorption maximum at ∼2 eV is reported

for PLY in a MeTHF-ethanol mixture (7:1 v/v). Azaphenalenyls must be

stabilized by bulky groups [205–209], and experimental data are even

scarcer. In Ref. [207], an absorption peak slightly below 2 eV is reported

for the perchloro-2,5,8-triazaphenalenyl radical.

PPP parameters for carbon atoms are well-defined and transferable across

various𝜋-conjugated molecules [161, 164, 167, 210, 211]. Specifically, we set

the carbon on-site energy to zero, use a standard on-site electron-electron

interaction value of𝑈𝐶 = 11.26 eV, and a nearest-neighbor C-C hopping

value of 𝑡 = −2.4 eV. The situation is different for nitrogen atoms, as there

is no universally accepted set of PPP parameters for them [163–167, 210,

212–218]. In this section, unless otherwise stated , we use the aza nitrogen

PPP parameters identified by Bedogni et al. [116] for 2T triangulenes,

setting the on-site electron-electron repulsion to𝑈𝑁 = 15.5 eV and the

site energy 𝜀𝑁 to -5 eV. The hopping integrals for C-N bonds were set

equal as for C-C bonds, a choice that has minimal impact on the results

[219]. For molecular geometry, we set all bond angles to 120° and all bond

lengths to 1.4 Å. Results obtained using DFT-optimized geometries show

marginal differences. The onsite charges were set to one for either carbon

or aza nitrogen atoms. The intersite potential is defined following Ohno

[164, 167, 220]:

𝑉𝜇𝜈 =
𝑒2

4𝜋𝜀0

/√
𝑟2

𝜇𝜈 +
(

𝜀𝑟 𝑒2

4𝜋𝜀0(𝑈𝜇 +𝑈𝜈)

)
2

(3)

where the relative dielectric constant 𝜀𝑟 is set to 2, a typical value for

organic media.[167].
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As discussed above, PPP allows for full-CI calculations in not too large

molecules and is therefore particularly well-suited to examine the accu-

racy of traditional post-HF approaches to correlated molecular systems.

Towards this aim, we undertook post-HF analysis of the radicals. When

extending pure spin excited state theories from closed-shell systems to

radicals, the definition of excitation levels needs to be re-evaluated. Specif-

ically, besides single excitations, double excitations must be included,

which involve the simultaneous promotion of an 𝛼 electron from the

SOMO to virtual MOs and the promotion of a 𝛽 electron from occupied

MOs to the SOMO [221]. This leads to the spin-pure extended CIS (XCIS)

theory for the excited states of radicals [173, 221]. The extension to higher

order excitations leads to XCISD, XCISDT, etc. In the following, we will

always use the extended version of the corresponding CIs to preserve

spin purity. After several scans on model parameters and convergence

studies, we decided to adopt the PPP-XCISDT calculation, as the inclu-

sion of triplet excitations accounts for most of the correlation energy,

as already found for 2T triangulenes [116]. Results are shown in Figure

2. The transition energies shown in Figure 2a, b, and c demonstrate

Figure 2: Excitation energies of the first

few electronic states of PLY (panel a),

PLY-3N (panel b), and PLY-6N (panel

c) at various theoretical levels, together

with the relative contributions of singly

(S), doubly (D), triply (T), and quadru-

ply (Q) excited configurations for the

first eight doublet and quadruplet eigen-

states of PLY (panel d), PLY-3N (panel

e), and PLY-6N (panel f) calculated at

the PPP-XCISDT level. Model parame-

ters are specified in the main text.

that truncating the expansion at the XCISD level stabilizes the ground

state, but the stabilization of the excited states due to triple excitations is

lacking. Consequently, XCISD overestimates transition energies, an error

that is corrected when triply excited configurations are included [116].

Panels d, e, and f reveal the relative contributions of single (S), double (D),

triple (T), and quadruple (Q) excitations in the lowest eight eigenstates of

PLY, PLY-3N, and PLY-6N. Singly and triply excited configurations have

a negligible impact on the ground state of the three molecules. In line

with the Brillouin’s theorem, single and triple CIs do not directly mix

with the ground state configuration, and their contribution is limited to

indirect interactions with doubly excited configurations. In the first few

excited states, the three molecules show double and triple excitations

contributing similarly, around 10%. This finding aligns with our results

for 2T triangulenes in Ref. [116] and indicates that a reliable approach to

the excited states of these molecules should include not only doubly, but

also triply excited configurations.
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To validate the model, ab initio SA-CASSCF calculations are performed

on PLY, PLY-3N, and PLY-6N, using two sets of molecular geometries. The

first set adopts the idealized geometry, with all angles fixed at 120° and all

bond lengths set to 1.4 Å, while the second set adopts the DFT-optimized

geometries (B3LYP/def2-SVP). Results are reported in Table 1.

The CASSCF calculations employed two active spaces, (7,7) and (11,11), us-

ing the def2-SVP basis set. The Resolution of Identity (RI) approximation

was adopted with the auxiliary basis set def2/JK. The first five doublet

roots were calculated, with results for the first three doublet excited states

shown in Table 1. The (7,7) active space used 7 frontier molecular orbitals

and 7 electrons, while the (11,11) active space used 11 MOs and 11 elec-

trons. For the (7,7) active space, additional calculations were performed

using the def2-TZVP basis set. The resulting CASSCF(7,7)/def2-TZVP

optimized MOs, shown in Figure 3a, do not significantly differ from those

obtained with CASSCF(7,7)/def2-SVP and CASSCF(11,11)/def2-SVP cal-

culations, which are not shown. Instead, they are compared with the

PPP-HF MOs in Figure 3b. Second-order perturbation theory, specifically

the Full Internal Contracted PT2 correction (FIC_PT2), was applied to

the CASSCF energies, obtaining vertical excitation energies and relevant

oscillator strengths in Table 2. Large PT2 corrections were observed

for the (7,7) active space, reaching 1.61 eV for the
2𝐴′′

2
state in PLY

𝑜𝑝𝑡
.

Smaller corrections were found for the (11,11) active space. DFT geometry

optimizations, CASSCF, and CASPT2 calculations were performed using

the Orca package (version 4.2.1) [222]. For PLY-6N, we used the improved

memory management in Orca version 5.0.3 to perform the SC-NEVPT2

calculations with an expanded active space of (13,13). Relevant results

are reported in Table 3. For comparison, Table 1 and Table 2 also include

PPP-XCISDT transition energies and oscillator strengths for both the

idealized and DFT-optimized geometries.

The agreement between PPP and CASPT2 results for PLY
𝑖𝑑𝑒𝑎𝑙

and PLY
𝑜𝑝𝑡

,

albeit not perfect, is acceptable for a semiempirical approach. For PLY-3N

in the idealized geometry, ab initio results deviate from PPP, with the
2𝐴′′

2

state consistently below the
2𝐸′′ state. We ascribe this discrepancy to the

idealized geometry that is too constrained for the ab initio treatment of

PLY-3N. Better agreement with the PPP model is achieved using the DFT-

optimized PLY-3N geometry, where the
2𝐸′′ state is consistently lower in

energy than the
2𝐴′′

2
state. The comparison between PPP and CASPT2

becomes less favorable for PLY-6N, with
2𝐸′′ lower than

2𝐴′′
2

for either the

ideal or the DFT-optimized geometry. However, it is important to note

that uncertainties as large as 0.27 eV have been estimated for CASPT2

without IPEA shift[223], as used here. Consequently, the order of
2𝐸′′ and

2𝐴′′
2

states obtained with CASPT2/def2-SVP and CASPT2/def2-TZVP

remains uncertain.

The calculated oscillator strengths show good agreement between PPP

and CASPT2 results. Both methods indicate that the intensity of the

2𝐸′′←2 𝐴′′
1

transition increases when progressing from PLY to PLY-3N

to PLY-6N.
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(a)

(b)

Figure 3: Comparison between PPP-HF

and CASSCF(7,7) orbitals. (a)Frontier

molecular orbitals of PLY, PLY-3N, and

PLY-6N optimized at the CASSCF(7,7)

level with the def2-TZVP basis set.

Calculations performed on the DFT-

optimized geometries (B3LYP/def2-SVP

theory level) shown at the top of the fig-

ure. (b)Energy levels calculated at the

PPP-HF theory level for PLY, PLY-3N,

and PLY-6N, respectively, together with

the relevant HF-MOs. Doubly (singly)

occupied MOs are marked by two (one)

black dots.
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Table 1: Vertical excitation energies (in eV) and corresponding oscillator strengths (in parentheses) of the first three doublet excited states

of PLY, PLY-3N, and PLY-6N calculated using CASSCF theory level. Results are shown for different active spaces and basis sets. Entries

labeled PLY
𝑖𝑑𝑒𝑎𝑙

, PLY-3N
𝑖𝑑𝑒𝑎𝑙

, and PLY-6N
𝑖𝑑𝑒𝑎𝑙

were computed using idealized molecular geometries as described in the main text (all

angles set to 120° and all bond lengths to 1.4Å). Entries labeled PLY
𝑜𝑝𝑡

, PLY-3N
𝑜𝑝𝑡

, and PLY-6N
𝑜𝑝𝑡

were computed using DFT-optimized

geometries (B3LYP/def2-SVP theory level).

CASSCF(7,7) CASSCF(11,11) CASSCF(7,7) PPP-XCISDT

def2-SVP def2-SVP def2-TZVP

PLY𝑖𝑑𝑒𝑎𝑙
𝐷1 3.59 (3.6 × 10

−4
) 2.80 (2.7 × 10

−4
) 3.55 (5.0 × 10

−4
) 2.25 (0.0)

𝐷2 3.59 (3.6 × 10
−4

) 2.81 (3.5 × 10
−4

) 3.55 (5.1 × 10
−4

) 2.25 (0.0)

𝐷3 3.75 (0.0) 3.45 (10
−5

) 3.60 (0.0) 2.69 (0.0)

PLY𝑜𝑝𝑡
𝐷1 3.21 (3.4 × 10

−4
) 2.74 (2.8 × 10

−4
) 3.19 (5.2 × 10

−4
) 2.24 (0.0)

𝐷2 3.21 (3.4 × 10
−4

) 2.77 (2.7 × 10
−4

) 3.19 (5.2 × 10
−4

) 2.24 (0.0)

𝐷3 4.08 (0.0) 3.47 (3.4 × 10
−4

) 3.99 (0.0) 2.69 (0.0)

PLY-3N𝑖𝑑𝑒𝑎𝑙

𝐷1 3.28 (0.0) 2.67 (2.7 × 10
−3

) 3.13 (0.0) 2.11 (2.7 × 10
−2

)

𝐷2 3.47 (1.1 × 10
−2

) 2.69 (2.4 × 10
−3

) 3.44 (1.3 × 10
−2

) 2.11 (2.7 × 10
−2

)

𝐷3 3.47 (1.1 × 10
−2

) 3.25 (0.0) 3.44 (1.3 × 10
−2

) 2.19 (0.0)

PLY-3N𝑜𝑝𝑡

𝐷1 3.55 (0.0) 2.71 (2.5 × 10
−3

) 3.02 (1.7 × 10
−2

) 2.11 (2.9 × 10
−2

)

𝐷2 3.64 (3.1 × 10
−2

) 2.76 (3.9 × 10
−3

) 3.15 (1.1 × 10
−2

) 2.11 (2.9 × 10
−2

)

𝐷3 3.64 (3.1 × 10
−2

) 3.95 (10
−5

) 3.45 (3.5 × 10
−4

) 2.16 (0.0)

PLY-6N𝑖𝑑𝑒𝑎𝑙

𝐷1 3.12 (0.0) 2.53 (1.6 × 10
−2

) 2.89 (0.0) 1.55 (0.0)

𝐷2 3.43 (6.6 × 10
−2

) 2.54 (1.6 × 10
−2

) 3.35 (7.4 × 10
−2

) 1.86 (5.7 × 10
−2

)

𝐷3 3.43 (6.6 × 10
−2

) 3.29 (2 × 10
−5

) 3.35 (7.4 × 10
−2

) 1.86 (5.7 × 10
−2

)

PLY-6N𝑜𝑝𝑡

𝐷1 2.73 (0.0) 2.82 (3.5 × 10
−2

) 2.35 (0.0) 1.46 (0.0)

𝐷2 3.30 (6.6 × 10
−2

) 2.84 (3.6 × 10
−2

) 3.20 (7.9 × 10
−2

) 1.85 (5.9 × 10
−2

)

𝐷3 3.31 (6.6 × 10
−2

) 3.27 (3 × 10
−5

) 3.20 (7.9 × 10
−2

) 1.85 (5.9 × 10
−2

)

Table 3: Vertical excitation energies

(in eV) and corresponding oscillator

strengths (in parentheses) of the first

three doublet excited states of PLY-

6N calculated using NEVPT2 theory

level. Results obtained using DFT-

optimized geometry (B3LYP/def2-SVP

theory level).

NEVPT2(13,13)

def2-SVP

𝐷1 2.10 (0.0)

𝐷2 2.69 (2.5 × 10
−2

)

𝐷3 2.69 (2.5 × 10
−2

)

Overall, we demonstrated that triply excited configurations are important

to accurately address excited states of three prototypical phenalenyl

radicals, namely PLY, PLY-3N, and PLY-6N. In PLY, the lowest optical

transition is allowed by point group symmetry, but it is forbidden

by particle-hole symmetry, thus making this molecule non-fluorescent

and of little interest for OLED applications. Upon decorating the rim

with nitrogen atoms, the particle-hole symmetry is broken, and the

2𝐸′′←2 𝐴′′
1

transition becomes bright as in PLY-3N and PLY-6N. However,

the aza nitrogens on the molecular edge also stabilize the
2𝐴′′

2
dark

state. In the case of PLY-6N, the dark state energy stabilization is so

strong that it ends up below the doubly degenerate state, making the

molecule non-fluorescent. The results were validated against state-of-the-

art CASPT2 calculations, showing agreement between the model and ab

initio calculations.

Figure 2 reveals additional details. In panel a, the lowest excited state of
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Table 2: Vertical excitation energies (in eV) and corresponding oscillator strengths (in parentheses) of the first three doublet excited states

of PLY, PLY-3N, and PLY-6N calculated using CASPT2 theory level. Results are shown for different active spaces and basis sets. Entries

labeled PLY
𝑖𝑑𝑒𝑎𝑙

, PLY-3N
𝑖𝑑𝑒𝑎𝑙

, and PLY-6N
𝑖𝑑𝑒𝑎𝑙

were computed using idealized molecular geometries as described in the main text (all

angles set to 120° and all bond lengths to 1.4Å). Entries labeled PLY
𝑜𝑝𝑡

, PLY-3N
𝑜𝑝𝑡

, and PLY-6N
𝑜𝑝𝑡

were computed using DFT-optimized

geometries (B3LYP/def2-SVP theory level).

CASPT2(7,7) CASPT2(11,11) CASPT2(7,7) PPP-XCISDT

def2-SVP def2-SVP def2-TZVP

PLY𝑖𝑑𝑒𝑎𝑙
𝐷1 2.18 (2.2 × 10

−4
) 2.35 (2.9 × 10

−4
) 2.05 (2.9 × 10

−4
) 2.25 (0.0)

𝐷2 2.18 (2.2 × 10
−4

) 2.37 (2.3 × 10
−4

) 2.06 (3.0 × 10
−4

) 2.25 (0.0)

𝐷3 2.51 (0.0) 3.77 (10
−5

) 2.31 (0.0) 2.69 (0.0)

PLY𝑜𝑝𝑡
𝐷1 2.27 (3.4 × 10

−4
) 2.31 (2.4 × 10

−4
) 2.15 (3.5 × 10

−4
) 2.24 (0.0)

𝐷2 2.28 (3.4 × 10
−4

) 2.32 (2.3 × 10
−4

) 2.15 (3.5 × 10
−4

) 2.24 (0.0)

𝐷3 2.61 (0.0) 3.11 (3 × 10
−4

) 2.38 (0.0) 2.69 (0.0)

PLY-3N𝑖𝑑𝑒𝑎𝑙

𝐷1 2.14 (0.0) 1.40 (0.0) 1.88 (0.0) 2.11 (2.7 × 10
−2

)

𝐷2 2.76 (8.5 × 10
−3

) 2.27 (2.1 × 10
−3

) 2.31 (8.5 × 10
−3

) 2.11 (2.7 × 10
−2

)

𝐷3 2.81 (8.7 × 10
−3

) 2.28 (2.3 × 10
−3

) 2.31 (8.6 × 10
−3

) 2.19 (0.0)

PLY-3N𝑜𝑝𝑡

𝐷1 2.27 (1.9 × 10
−2

) 2.31 (2.1 × 10
−3

) 2.18 (1.2 × 10
−2

) 2.11 (2.9 × 10
−2

)

𝐷2 2.28 (1.9 × 10
−2

) 2.34 (3.3 × 10
−3

) 2.18 (0.8 × 10
−3

) 2.11 (2.9 × 10
−2

)

𝐷3 2.75 (0.0) 4.13 (1.9 × 10
−2

) 2.72 (2.7 × 10
−4

) 2.16 (0.0)

PLY-6N𝑖𝑑𝑒𝑎𝑙

𝐷1 2.08 (4.0 × 10
−2

) 2.14 (1.4 × 10
−2

) 1.95 (4.3 × 10
−2

) 1.55 (0.0)

𝐷2 2.08 (4.0 × 10
−2

) 2.15 (1.3 × 10
−2

) 1.95 (4.3 × 10
−2

) 1.86 (5.7 × 10
−2

)

𝐷3 2.61 (0.0) 2.94 (2 × 10
−5

) 2.38 (0.0) 1.86 (5.7 × 10
−2

)

PLY-6N𝑜𝑝𝑡

𝐷1 2.35 (4.7 × 10
−2

) 2.36 (3 × 10
−2

) 2.22 (5.5 × 10
−2

) 1.46 (0.0)

𝐷2 2.35 (4.7 × 10
−2

) 2.36 (2.9 × 10
−2

) 2.22 (5.5 × 10
−2

) 1.85 (5.9 × 10
−2

)

𝐷3 2.43 (0.0) 3.62 (3 × 10
−5

) 2.32 (0.0) 1.85 (5.9 × 10
−2

)

PLY is
2𝐸′′, and since its ground state transforms as

2𝐴′′
1
, the

2𝐸′′← 2𝐴′′
1

transition is allowed by spatial symmetry. However, it is forbidden by

particle-hole symmetry, so that the calculated transition dipole moment

vanishes (see below). The weak absorption observed experimentally for

PLY at approximately 2 eV [203, 204] can be reproduced by incorporat-

ing inductive effects in the PPP model. Indeed, the PPP particle-hole

symmetry can be relaxed by inductive effects [224]. The second excited

doublet state of PLY is dark by point group symmetry, transforming as

2𝐴′′
2
, and no effect of particle-hole symmetry breaking is expected. In

panel b, the three aza nitrogens on the molecular rim stabilize the
2𝐴′′

2

dark state by ∼0.5 eV with respect to PLY. This effect is not observed for

the
2𝐸′′ doublet, which, however, gains oscillator strength due to partial

particle-hole symmetry breaking induced by doping with three nitrogen

atoms on the molecular rim (as discussed below). In panel c, the six

nitrogens stabilize the
2𝐴′′

2
dark state so significantly that it ends up below

the doubly degenerate state, which remains at nearly the same energy

as in PLY and PLY-3N. In both PLY-3N and PLY-6N, the nitrogen atoms

located on the rim play a more significant role in breaking particle-hole

symmetry compared to the minor PPP on-site energy variations induced

by inductive effects. Finally, in all three cases, the first excited quartet

state
4𝐴′

1
is always well above both

2𝐸′′ and
2𝐴′′

2
doublet excited states,

being not appreciably affected by the increasing number of aza nitrogen

atoms on the molecular rim.
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To better quantify particle-hole symmetry breaking, a differential operator

𝐷[219] was introduced measuring the difference between the original

PPP Hamiltonian in Eq. 2.38 and the PPP Hamiltonian transformed by

particle-hole symmetry:

𝐷̂ =
∑
𝜇

[
𝑈𝜇 + 2𝜀𝜇

] (
𝑛̂𝜇 − 1

)
(4)

where the term in the square bracket is constant if there are no heteroatoms

in the system. The absolute value of the ground state expectation value

|⟨𝐷̂⟩| = |⟨𝑔|𝐷̂| 𝑔⟩| is a direct measure of how much the particle-hole

symmetry is broken, which in turn impacts the intensity of optical

transition. In the following, we will see how |⟨𝐷̂⟩| changes as a function

of the aza nitrogen PPP on-site energy in both PLY-3N and PLY-6N. The

behavior observed for |⟨𝐷̂⟩| will be compared with the oscillator strength

of the
2𝐸′′← 2𝐴′′

1
transition, as it is the lowest energy transition allowed

by point group symmetry but forbidden by particle-hole symmetry.

3.1.3 Breaking the Symmetry: The Effect of Nitrogen
Doping

The molecules discussed so far belong to the D3ℎ point group and have a

low-energy dark doublet (
2𝐴′′

2
) state that gets stabilized by an increasing

number of aza nitrogens on the molecular rim. In order to further

investigate the role of the rim in phenalenyl radicals, we decorated the

external edge of PLY with an increasing number of aza nitrogen atoms, as

shown in Figure 4. All spectral features shift to the red as the number of N

atoms on the external rim increases (see Figure 4 panel a). The first dark

(
2𝐴′′

2
) doublet state shifts from ∼2.2 eV in PLY-3N to ∼1.5 eV in PLY-6N.

When the molecular symmetry deviates from 𝐷3ℎ , the doublet dark state

gains oscillator strength. A second, weaker absorption peak appears at

∼2.6 eV in PLY-1N and gradually red-shifts when increasing the number

of aza N atoms on the rim. Accordingly, in PLY-2N, PLY-4N, and PLY-5N,

the two absorption peaks observed in PLY-1N collapse into a single peak

that moves to lower energies with increasing the number of aza N atoms.

Quite interestingly, in PLY-1N, a single aza nitrogen is already able to

break the particle-hole symmetry, as also shown by a |⟨𝐷̂⟩| value of

∼1.4 eV (panel c). By adding a second nitrogen atom as in PLY-2N, |⟨𝐷̂⟩|
increases to ∼2.8 eV. By inspection of panel c, we see that each nitrogen

atom contributes ∼1.4 eV to the |⟨𝐷̂⟩| value. Similar behavior is shown by

the oscillator strength, with each aza N atom contributing ∼0.02 (panel

b).
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Figure 4: Decorating the rim of the

phenalenyl radical with an increasing

number of aza nitrogens. Calculated

absorption spectra (panel a), oscillator

strength integrated over the 0 eV - 3 eV

spectral range (panel b), and absolute

value of the ground state expectation

value of the difference operator (panel c)

for six different phenalenyls decorated

with an increasing number of aza nitro-

gen atoms on the rim. In panel a, colored

crosses mark the position of PLY-3N and

PLY-6N first dark doublet state. In panel

a, spectra are normalized to the max-

imum absorbance of the most intense

spectrum. In panels b and c, a black dot

is used for PLY results. Other parame-

ters are defined in the main text. Cal-

culations performed at the PPP-XCISDT

theory level.

The results discussed so far demonstrate the utility of the PPP model and

|⟨𝐷̂⟩| in investigating the physics of radicals with significantly broken

particle-hole symmetry.All-electron Hamiltonians do not strictly obey

particle-hole symmetry that is instead built-in in PPP models for alternant

hydrocarbons.The degree to which this symmetry is preserved in all-

electron Hamiltonians depends on how closely the assumptions of the

PPP model align with the specific system being studied.

Looking back at the difference operator expression in Eq. 4, it relies

on the on-site electron density, weighted by the repulsion between two

electrons on the same atom (𝑈𝜇), plus twice the on-site energy (𝜀𝜇). This

calculation is then summed over the entire molecule. Therefore, we can

consider whether |⟨𝐷̂⟩| can be determined using the total molecular

energies obtained from quantum chemistry methods. Indeed, an effective

molecular electron-electron repulsion energy𝑈𝑒 𝑓 𝑓 can be estimated as

the difference between the ionization potential and the electron affinity of

the PLY radical [225, 226],𝑈𝑒 𝑓 𝑓 = 𝐸(𝑃𝐿𝑌−)+𝐸(𝑃𝐿𝑌+)−2𝐸(𝑃𝐿𝑌), where

𝐸 is the DFT ground state radical total energy in the different oxidation

states. Similarly, the effective on-site energy 𝜀𝑒 𝑓 𝑓 can be obtained from the

radical ionization potential as 𝜀𝑒 𝑓 𝑓 = 𝐸(𝑃𝐿𝑌) −𝐸(𝑃𝐿𝑌+), thus leading to

the effective |𝐷| 𝑒 𝑓 𝑓 = 𝑈𝑒 𝑓 𝑓 + 2𝜀𝑒 𝑓 𝑓 . Of course, similar reasoning applies

to other radicals as well. In Figure 5, we compare |⟨𝐷̂⟩| calculated with

respect to the PPP-XCISDT ground state and the DFT ground state. While

the quantitative agreement is far from perfect, the qualitative trend is

well reproduced, with |⟨𝐷̂⟩| increasing as the number of aza nitrogen

atoms on the edge grows.

Figure 5: Particle-hole symmetry break-

ing in DFT and PPP. Ground state |⟨𝐷̂⟩|
calculated for several phenalenyl radicals

at DFT and PPP-XCISDT theory levels.

PPP model parameters specified in the

main text. ROKS DFT calculations per-

formed using B3LYP functional with 6-

31G(d,p) basis set as implemented in the

Gaussian16 package,[227] and same reg-

ular geometry used for PPP calculations.

DFT results were rescaled with respect

to the value of |⟨𝐷̂⟩| relative to PLY, 6.77

eV.
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3.2 INVEST, radicals and diradicals

Having understood the importance of radical triangulene molecules, we

asked ourselves if it is possible to exploit the photophysics of triangulenes

to realize molecules of more direct application in Quantum Information

Science (QIS). Efforts to realize optically addressable electron spins have

driven major advances in QIS, where the ability to initialize and read

out spin states through optical transitions underpins optically detected

magnetic resonance (ODMR) techniques. Current ODMR frameworks

mainly rely on optically active spin defects in diamond, particularly

nitrogen-vacancy (NV) centers, which offer exceptional spin coherence

and robust photon–spin interfaces [228–231]. However, these defect-

based color centers face inherent limitations: they require post-synthetic

incorporation with limited spatial control, constraining their scalability,

reproducibility, and chemical tunability. Molecular spin systems offer a

compelling alternative, with advantages such as atomic-scale precision,

modularity, and design-driven functionality that are difficult to achieve

in solid-state platforms.

Among these, organic diradicals have emerged as promising candidates

for spin-active units [170, 232–239]. Their magnetic properties arise from

the interplay of spin–spin interactions, frontier orbital topology, and

excited-state dynamics, all of which can be systematically tailored through

molecular design. We propose an innovative molecular design strategy

for a novel optical-spin interface that enables light-induced switching

of spin-spin interactions in diradicals, where the two radical units are

connected by a triangulene-based dye with an inverted singlet–triplet

(InveST) energy gap (see Figure 6a).

In InveST systems, the highest occupied molecular orbital (HOMO)

and lowest unoccupied molecular orbital (LUMO) are localized on

complementary atomic sites with minimal spatial overlap [240, 241]. As

a result, the lowest excited state predominantly exhibits a multi-resonant

charge-transfer (MRCT) character, with the electron density shifting

from the HOMO to the LUMO. Under these conditions, the exchange

integral, which governs the singlet-triplet (ST) splitting, is very small,

and the typically minor spin polarization correction can become large

enough to invert the ST energy gap [242–246]. This ST inversion has

been experimentally observed in heptazine derivatives [112, 113] and in

1,3,4,6,9b-pentaazaphenalene (5AP) [123], both featuring HOMO and

LUMO localized on distinct and complementary atomic sites (see Figure

6b). Moreover, some of us have recently shown [116, 171] that this HOMO-

LUMO complementarity is a general feature of polyenes with alternating

electron-donor (D) and electron-acceptor (A) groups, with 1,3-diazete

representing the smallest molecular motif that exhibits this behavior

(see Figure 6b), as already noted in Section 3.1. A hallmark feature of

alternant radicals is that their singly occupied molecular orbital (SOMO)

is non-bonding and localized exclusively on one of the two sublattices,

specifically the one containing more atoms (see Figure 6c).

By covalently linking the non-SOMO-bearing sites of each alternant

hydrocarbon radical to the LUMO-localized positions of the InveST dye,

spin-spin interactions can be systematically suppressed in the ground

state, resulting in diradicals with an intrinsic disjoint character (see Figure

6d). Upon photoexcitation of the InveST bridge via a HOMO→LUMO
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Figure 6: (a) Schematic representation of

the InveST-bridged diradical design. The

simplified Jablonski diagram shows the

InveST-localized HOMO→LUMO tran-

sition that induces spin–spin locking

in the excited state, and its subsequent

spin-preserving relaxation to the triplet

ground state. (b) Molecular structures of

two prototypical InveST bridges, namely

1,3,4,6,9b-pentaazaphenalene (5AP) and

1,3-diazete, together with their frontier

PPP Hartree-Fock MOs. (c) Molecular

structures of two prototypical alternant

radicals, namely allyl and trityl radicals,

together with their SOMO. (d) Molecu-

lar structures of the three prototypical

InveST-bridged diradicals discussed in

this work.

transition, the LUMO becomes occupied and mediates interaction be-

tween the radicals, effectively switching on exchange interactions in

the excited state. Using a combined theoretical approach based on the

PPP model [86, 116, 118, 161, 162, 167–170, 247] and high-level multirefer-

ence ab initio calculations, we show that InveST-bridged diradicals are

promising molecular alternatives to NV centers for quantum information

applications.

3.2.1 Electronic Structure Characterization

We used the PPP model, following the same procedure as in Section

3.1 but relying on a PPP-RASCI approach, rather than the PPP-XCISDT

approach. Moreover, the PPP model was extended to account for the

torsional flexibility around the bonds connecting the InveST core to the

radical units that plays a key role in modulating electronic communication

between the molecular fragments.

While the PPP model was originally developed for planar 𝜋-conjugated

hydrocarbons, it can be extended to describe non-planar geometries

by incorporating torsional effects into the electronic hopping term [170,

173–177]. In particular, the hopping integral 𝑡𝜇𝜈 between the InveST

bridge and the radical moieties is modeled to vary as a cosine function of

the torsional angle 𝜃, where both dihedral angles (on either side of the

bridge) are rotated by the same amount, regardless of whether they rotate

in the same or opposite directions. The hopping reaches its maximum

value when the molecule adopts a fully planar conformation, i.e., at

𝜃 = 0
◦

or 180
◦
. Torsional strain is introduced through a steric potential

modeled as a squared sine function, 𝑉steric(𝜃) = sin
2 𝜃, assumed to be

identical in both the ground and excited electronic states. Finally, the

PPP Hamiltonian is solved by exact diagonalization using the RASCI

framework introduced in Ref. [171], as it allows for the inclusion of
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more configurations compared to the CI framework used in the previous

section. The torsional angles for each molecule are highlighted in Figure

7.

Figure 7: 5AP-(allyl
•
)2, C2N2-(trityl

•
)2,

and 5AP-(trityl
•
)2 with the torsional an-

gle that modulates the spin-orbit cou-

plings in the model.

In our case, we used a RAS2 space containing 4 electrons in 6 MOs for

5AP-(allyl
•
)2, 5 MOs for C2N2-(trityl

•
)2, and 4 MOs for 5AP-(trityl

•
)2.

The specific PPP-HF MOs included in RAS2 are shown in Figure 8..

Figure 8: Frontier MOs calculated at

the PPP-HF level and included in the

RAS2 subspace for 5AP-(allyl
•
)2, C2N2-

(trityl
•
)2, and 5AP-(trityl

•
)2, shown

alongside their corresponding energy

levels. Orbitals are marked with one or

two red dots to indicate single or double

occupancy, respectively.

We adopted a parametrization similar to that of the previous section,

with a carbon on-site energy set to zero, a Hubbard 𝑈𝐶 of 11.26 eV,

and a nearest-neighbor C-C hopping integral of 𝑡 = −2.4 eV. The best

agreement with QD-NEVPT2 results (see later) for 5AP-(allyl
•
)2 diradicals

is achieved setting𝑈 = 15 eV for the pyrrolic nitrogen and 15.5 eV for the

aza nitrogen, as proposed in Ref. [116]. The on-site energy for pyrrole

nitrogen is set to –13 eV, while aza nitrogen site energies are taken as

–3.5 eV in 5AP-(allyl
•
)2 and –4 eV in 5AP-(trityl

•
)2. For the C2N2-bridged

diradical, which features two aza nitrogens and no pyrrolic nitrogen

atoms, the parametrization was based on the PPP values for aza nitrogens

in porphines reported in Ref. [166]. Specifically, the Hubbard𝑈 was taken

directly from that work (12.34 eV), while the site energy was slightly

adjusted to –3.5 eV. Hopping integrals for C–N bonds were set equal to

the C–C values. For computational simplicity, the molecular geometry

was simplified by setting all bond angles to 120° and all bond lengths

to 1.4 Å. For the trityl radical units, DFT-optimized geometries showed

a propeller-like structure, with dihedral angles of approximately 32°

between the central carbon and each of the three phenyl rings. As a

result, the hopping integrals between the central carbon and its phenyl

substituents were scaled by cos (32
◦). The torsional degrees of freedom

around the InveST–radical connecting bonds modulate the electronic

coupling between fragments. The hopping integral 𝑡𝜇𝜈 connecting the
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radical sites to the InveST core was modeled with a cosine dependence

on the torsional angle 𝜃, with the two dihedrals rotated by the same

amount, regardless of whether the twisting occurs in the same or opposite

directions.

The ODMR mechanism requires intersystem crossing (ISC), which in

turn depends on the coupling between the singlet and triplet excited state

manifolds. This mixing is governed by Spin-Orbit Coupling (SOC). SOC

in InveST-bridged diradicals is enabled by thermal torsional fluctuations

around the bonds linking the InveST core to the radical units. These

out-of-plane distortions disrupt the planarity of the conjugated 𝜋 system,

triggering SOC. Notably, SOC is highly localized at the connection points

between the bridge and radicals due to the sharp 1/𝑟3
dependence of SOC

on interatomic separation. As a result, the primary SOC contributions

arise from the immediate vicinity of the InveST–radical linkages, where

structural flexibility is most significant. Within the PPP framework, the

SOC operator takes the form [170, 248–251]:

𝐻̂𝑆𝑂𝐶 = 𝐴
∑
𝜇𝜈

(
𝑎̂†𝜇↑𝑎̂𝜈↓ − 𝑎̂

†
𝜈↑𝑎̂𝜇↓

)
(5)

where 𝐴 = −𝑖(3.94 × 10
−4) sin𝜃 is the purely imaginary SOC matrix

element in eV between neighboring carbon atom 2𝑝𝑧 orbitals. Accordingly,

in the PPP model, SOC is introduced as an additional spin-flipping

hopping term with a purely imaginary amplitude 𝐴 between atomic

sites 𝜇 and 𝜈, where these sites correspond to the junctions between the

InveST bridge and the two radical units. The effect of this SOC operator

is to generate couplings between singlets and triplets with 𝑀𝑆 = ±1.

The magnitude of 𝐴 depends on the local torsional angle, capturing

the conformational sensitivity of SOC activation. SOC is introduced in

the calculation perturbatively, a good approximation since SOC matrix

elements are four orders of magnitude smaller than the typical hopping

terms in the PPP Hamiltonian. Thus, the Hamiltonian is solved without

the SOC contribution, and then SOC corrections are evaluated at first

order by considering the overlap between the spin-pure states and the

SOC Hamiltonian.

3.2.2 Calculation set-up and ab-initio results

Geometry optimizations for the InveST-bridged diradicals depicted in

Figure 6d were carried out at the DFT level using the UBHandHLYP

functional and the 6-31++G(d,p) basis set in the gas phase. All structures

were optimized in their triplet ground states. To explore the confor-

mational landscape, potential energy surface scans were performed by

rigidly rotating the torsional angle 𝜃 around the two bonds linking the

InveST core to the radical units, using 2° increments. The resulting energy

profiles were then fitted to the steric potential function 𝑉steric(𝜃). For

all investigated systems, the equilibrium torsional angle was found to

be 𝜃eq = 0
◦

for all the states taken into consideration. This result was

confirmed by excited-state geometry optimizations performed at the

TD-DFT level (CAM-B3LYP/def2-SVP) for both S1 and T1, although the

optimized geometries are not shown here. All geometry optimizations

were carried out using the Gaussian16 software package [227].
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CASSCF calculations were carried out on the UBHandHLYP-optimized

triplet ground-state geometries. To incorporate dynamic electron cor-

relation, the CASSCF state energies were further refined using the van

Vleck quasi-degenerate (QD) extension to SC-NEVPT2 [170, 252]. All the

CASSCF/QD-NEVPT2 calculations were done with the Orca package

(version 5.0.3) [222].

CASSCF calculations were performed using two different active spaces,

(4,4) and (6,6), and for two representative 𝜃 values, 0° and 30°. All

calculations employed the def2-SVP basis set, along with the Resolution

of Identity (RI) approximation using the def2/JK auxiliary basis set.

The first two triplet and the first two singlet roots were computed in

each case. The (4,4) active space included four electrons in four frontier

MOs, while the (6,6) space comprised six electrons in six MOs. Upon

enlarging the active space, the key frontier orbitals (HOMO, SOMO, and

LUMO) remain largely unchanged for the 5AP-(allyl
•
)2, C2N2-(trityl

•
)2,

and 5AP-(trityl
•
)2 systems (see Figure 9, Figure 10, and Figure 11).

Figure 9: CASSCF frontier molecular or-

bitals of 5AP-(allyl
•
)2 calculated with

(4,4) and (6,6) active spaces using the

def2-SVP basis set at 𝜃 = 0° and 𝜃 = 30°

torsional angles.

Figure 10: CASSCF frontier molecular or-

bitals of C2N2-(trityl
•
)2 calculated with

(4,4) and (6,6) active spaces using the

def2-SVP basis set at 𝜃 = 0° and 𝜃 = 30°

torsional angles.
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Figure 11: CASSCF frontier molecular

orbitals of 5AP-(trityl
•
)2 calculated with

(4,4) and (6,6) active spaces using the

def2-SVP basis set at 𝜃 = 0° and 𝜃 = 30°

torsional angles.

Second-order perturbative corrections were generally modest across all

systems for both (4,4) and (6,6) active spaces. For 5AP-(allyl
•
)2, corrections

ranged from approximately 0.6 eV for T1 to 0.8 eV for S1. In contrast,

significantly smaller corrections were observed for C2N2-(trityl
•
)2 (∼ 0.1

eV for both S1 and T1) and 5AP-(trityl
•
)2 (∼ 0.07 eV for both states). S0

and T0 remain degenerate, and T1 consistently lies below S1. For the

5AP-(allyl
•
)2 system at 𝜃 = 0°, the S1-T1 energy gap slightly increases

from 25 meV with (4,4) to 42 meV with (6,6). At 𝜃 = 30°, however, both

active spaces yield nearly identical results. For 5AP-(trityl
•
)2, the gap

is still present, but it decreases to a small value of 5 meV at 30°. These

results show that the smaller (4,4) active space provides an adequate

description of the electronic structure for both systems, with the larger

(6,6) active space confirming the reliability of our main findings. All

energies can be seen in Table 4, Table 5, and Table 6.

Table 4: Total energies in atomic units of the 𝑆0, 𝑇0, 𝑇1, and 𝑆1 states of 5AP-(allyl
•
)2 for planar (𝜃 = 0°) and twisted (𝜃 = 30°) geometries

at the QD-NEVPT2 theory level.

QD-NEVPT2(4,4) QD-NEVPT2(6,6) QD-NEVPT2(4,4) QD-NEVPT2(6,6)

𝜽 = 0◦ 𝜽 = 30◦
𝐸(𝑆0) -810.675922 -810.678782 -810.673568 -810.677085

𝐸(𝑇0) -810.675935 -810.678649 -810.673605 -810.676885

𝐸(𝑇1) -810.612415 -810.613130 -810.608965 -810.605813

𝐸(𝑆1) -810.611506 -810.611599 -810.608621 -810.605831

Table 5: Total energies in atomic units of the 𝑆0, 𝑇0, 𝑇1, and 𝑆1 states of C2N2-(trityl
•
)2 for planar (𝜃 = 0°) and twisted (𝜃 = 30°)

geometries at the QD-NEVPT2 theory level. Results are shown for two different active spaces.

QD-NEVPT2(4,4) QD-NEVPT2(6,6) QD-NEVPT2(4,4) QD-NEVPT2(6,6)

𝜽 = 0◦ 𝜽 = 30◦
𝐸(𝑆0) -1644.065430 -1644.045811 -1644.059929 -1644.040222

𝐸(𝑇0) -1644.065446 -1644.045783 -1644.059936 -1644.040206

𝐸(𝑇1) -1643.995663 -1643.978743 -1643.988494 -1643.972841

𝐸(𝑆1) -1643.993669 -1643.976775 -1643.986834 -1643.971281
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Table 6: Total energies in atomic units of the 𝑆0, 𝑇0, 𝑇1, and 𝑆1 states of 5AP-(trityl
•
)2 for planar (𝜃 = 0°) and twisted (𝜃 = 30°) geometries

at the QD-NEVPT2 theory level. Results are shown for two different active spaces.

QD-NEVPT2(4,4) QD-NEVPT2(6,6) QD-NEVPT2(4,4) QD-NEVPT2(6,6)

𝜽 = 0◦ 𝜽 = 30◦
𝐸(𝑆0) -2037.414432 -2037.412602 -2037.411533 -2037.417212

𝐸(𝑇0) -2037.414443 -2037.412421 -2037.411546 -2037.417112

𝐸(𝑇1) -2037.308775 -2037.312054 -2037.306158 -2037.321103

𝐸(𝑆1) -2037.308582 -2037.311809 -2037.305967 -2037.320838

3.2.3 PPP results and comparison with ab initio
calculations

We start our discussion with the electronic structure of the 5AP-bridged

diradical system (see Figure 12a) at the PPP level, comparing it with

high-level multireference CASSCF(4,4)/QD-NEVPT2 calculations. The

resulting CASSCF molecular orbitals (MOs) are also reported in panel

b, and show a doubly degenerate SOMO, each localized on one of the

two radical units and labeled SOMO1 and SOMO2 throughout the text.

The HOMO and LUMO are centered on the InveST bridge. This orbital

pattern is preserved over the range of torsional angles 𝜃 explored in this

work.

The potential energy curves as a function of the torsional angle 𝜃 com-

puted at the PPP level (panel c) show that both ground and excited state

manifolds adopt a planar equilibrium geometry (𝜃𝑒𝑞 = 0°). However,

they exhibit markedly different spin behavior. The singlet and triplet

ground states (S0 and T0) remain degenerate across the entire torsional

range, consistent with the expected absence of spin-spin interactions

in the ground state. In contrast, the excited state manifold exhibits dis-

tinctly different behavior. Upon photoexcitation, population of the InveST

LUMO enables interaction between the radicals, effectively switching on

an exchange interaction in the excited state. This activation of inter-radical

communication opens an energy gap between the first excited triplet

(T1) and singlet (S1) states, with T1 stabilized below S1 over the range of

𝜃 values thermally accessible at room temperature (see the Boltzmann

distribution calculated for the ground state in panel c). The magnitude of

this ST splitting serves as a direct indicator of the light-induced radical-

radical interaction, reaching a maximum at 𝜃 = 0
◦

(panel d, black curve).

Scanning through the torsional angle 𝜃, the S1 and T1 states retain their

diradical character, with the two unpaired electrons remaining spatially

separated on distinct radical units, rather than forming an intramolecular

SOMO-to-SOMO charge-transfer (CT) state.

These PPP predictions are in good agreement with high-level CASSCF/QD-

NEVPT2 calculations (panel f), which reproduce the same qualitative

behavior, namely degenerate singlet and triplet ground states and a

positive, albeit slightly smaller, ST energy gap in the excited state (panel

g, black curve).

Figure 12d (red curve) shows the absolute value of the SOC matrix

element between the S1 state and the 𝑀𝑆 = ±1 sublevels of the T1 state,

as calculated at the PPP level. No coupling is found between S1 and the

𝑀𝑆 = 0 component of T1, in agreement with spin selection rules [250]. As

expected, the SOC vanishes exactly at 𝜃 = 0
◦
, where the system is fully
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planar. However, even slight deviations from planarity lead to nonzero

SOC values, confirming that minimal torsional distortions are sufficient

to activate ISC. The SOC magnitude increases steadily with the torsional

angle, reaching approximately 0.01 cm
−1

at 𝜃 = ±30°. These values are

in line with SOC strengths observed in other organic molecules known

to undergo efficient ISC [101, 253], indicating that thermally accessible

twisting at the InveST–radical bonds provides a possible pathway for spin-

state transitions in this system. Calculations at the CASSCF/QD-NEVPT2

level (panel g, red curve) show good agreement with the PPP results,

supporting the reliability of the model in capturing SOC behavior in this

diradical architecture. Notably, a similar dependence of the SOC matrix

element on the torsional angle was previously reported by Casanova et

al. for the tetramethyleneethane molecule using the ab initio RAS-Spin

Flip theory level [254].

The oscillator strengths for the S0 → S1 and T0 →T1 transitions, presented

in panel e, show only minor variation as a function of the torsional angle

𝜃. While the PPP model systematically underestimates these values by

two orders of magnitude compared to CASSCF/QD-NEVPT2 results

(panel h), it reproduces the general trend of weak angular dependence.

This limited sensitivity to torsion arises from the dominant localization

of the S1 and T1 excited states on the InveST core, where the main optical

transition occurs, with minor involvement of the radical units. As a

result, torsional fluctuations at the bridge–radical connections exert little

influence on the transition probabilities.

The electronic structure of the 5AP-(allyl
•
)2 system supports a clear

ODMR mechanism. Upon optical excitation, both S1 and T1 excited states

are populated, with T1 lying energetically below S1. Thermal torsional

fluctuations activate SOC between these states, enabling ISC from S1

to specific sublevels of T1 (sublevels 𝑀𝑆 = ±1). This process leads to a

non-uniform population of triplet sublevels. As the excited states relax

back to the degenerate S0/T0 ground state manifold via radiative or

non-radiative pathways, the sublevel-selective population is retained,

resulting in ground state triplet spin polarization.

Figure 12: Electronic structure and photo-

physical properties of the 5AP-(allyl
•
)2.

(a) Molecular structure with torsional

coordinate 𝜃 around the bridge-radical

connecting bonds. (b) CASSCF(4,4) fron-

tier MOs at 𝜃 = 0° and 30°. (c) PPP

potential energy curves for S0, T0, S1, T1

states and ground state Boltzmann distri-

bution at room temperature. (d) Singlet-

triplet energy gap (black) and spin-orbit

coupling magnitude (red) vs 𝜃. (e) Os-

cillator strengths for S0 → S1 (black)

and T0 → T1 (green) transitions. (f-h)

CASSCF(4,4)/QD-NEVPT2 results cor-

responding to panels (c-e). PPP calcula-

tions used the RASCI(h,p,hp) approach.

PPP model parameters: 𝑡 = −2.4 eV,

𝜀𝐶 = 0, 𝑈𝐶 = 11.26 eV, 𝜀𝑎𝑧𝑎
𝑁

= −3.5 eV,

𝑈 𝑎𝑧𝑎
𝑁

= 15.5 eV, 𝜀
𝑝𝑦

𝑁
= −13 eV,𝑈

𝑝𝑦

𝑁
= 15

eV.

The C2N2-bridged diradical system shown in Figure 13a presents elec-

tronic and photophysical properties closely resembling those of 5AP-
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(allyl
•
)2. As shown in panel b, the CASSCF(4,4) frontier MOs retain the

same characteristic pattern: the HOMO and LUMO are localized on the

InveST bridge, while the doubly degenerate SOMO remains confined on

the radical units. PPP calculations again predict degenerate S0 and T0

states throughout the full range of torsional angles, along with a finite

ST gap between S1 and T1, with T1 stabilized below S1 (panel c). These

PPP potential energy curves show good overall agreement with the ab

initio CASSCF(4,4)/QD-NEVPT2 results (panel f). The torsional depen-

dence and magnitude of the ST energy gap are well reproduced (see

black curve in panels d and g), although the vertical excitation energies

are slightly underestimated at the PPP level by ∼ 0.45 eV compared to

QD-NEVPT2.

Figure 13: Electronic structure and photo-

physical properties of C2N2-(trityl
•
)2. (a)

Molecular structure showing the trityl-

based C2N2-diradical system with tor-

sional angle 𝜃 around the bridge-radical

bonds. (b) CASSCF(4,4) frontier molec-

ular orbitals at planar (𝜃 = 0°) and

twisted (𝜃 = 30°) geometries. (c) PPP

potential energy surfaces and ground

state thermal distribution at room tem-

perature. (d) Torsional dependence of

the S1-T1 energy gap (black) and spin-

orbit coupling strength (red). (e) Oscil-

lator strengths for S0 → S1 (black) and

T0 → T1 (green). (f-h) CASSCF(4,4)/QD-

NEVPT2 relevant results. PPP calcula-

tions used the RASCI(h,p,hp) approach

(see SI Section S1.2). PPP model parame-

ters: 𝑡 = −2.4 eV, 𝜀𝐶 = 0, 𝑈𝐶 = 11.26

eV, 𝜀𝑎𝑧𝑎
𝑁

= −3.5 eV, 𝑈 𝑎𝑧𝑎
𝑁

= 12.34 eV,

𝜀
𝑝𝑦

𝑁
= −13 eV,𝑈

𝑝𝑦

𝑁
= 15 eV.

Differences arise in the SOC behavior. The absolute value of the SOC

between S1 and T1 is smaller in this system compared to 5AP-(allyl
•
)2.

While the PPP model predicts vanishing SOC at the planar geometry

(𝜃 = 0
◦
, red curve in panel d), CASSCF(4,4)/QD-NEVPT2 calculations

show a small but finite SOC at equilibrium (red curve in panel g). This

residual coupling results from a slight deviation from perfect planarity

in the DFT-optimized geometry, specifically a dihedral angle of ∼ 0.5◦

between the InveST bridge and each trityl unit. The ab initio SOC reaches

its maximum around 𝜃 =10°-20° and shows a minimum near 𝜃 = ±39
◦
,

in contrast to the PPP SOC which places the maximum at 𝜃 = ±39°.

Despite these differences in angular dependence, both methods yield

SOC values of comparable magnitude.

A key feature of the C2N2-(trityl
•
)2 system lies in its optical behavior: the

lowest excited states (S1 and T1) are optically dark due to the symmetric

character of the C2N2 bridge (panels e and h). As a result, photoexcitation

must proceed through higher-lying excited states, which subsequently

relax via internal conversion to the S1 and T1 manifolds. SOC between

S1 and T1 then enables ISC from S1 to specific T1 sublevels (𝑀𝑆 = ±1),

followed by non-radiative internal conversion (dashed red arrow in

panels c and f) that can lead to triplet spin polarization in the ground

state.

Turning to the 5AP-(trityl
•
)2 diradical in Figure 14, the system retains

the characteristic degeneracy of S0 and T0 observed in the previously
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discussed cases. However, although an energy gap still opens between

S1 and T1, with T1 lying below S1, the magnitude of this gap is sub-

stantially reduced compared to the two smaller diradical analogs. At

𝜃 = 0
◦
, the S1-T1 splitting reaches only 17 meV at the PPP level and 5

meV in CASSCF(4,4)/QD-NEVPT2 calculations. This already small gap

decreases further at non-zero torsional angles. The SOC properties are

similarly weakened: the maximum absolute value of the SOC matrix

element between S1 and the 𝑀𝑆 = ±1 sublevels of T1 is 4.5 × 10
−4

cm
−1

at the PPP level and 10
−3

cm
−1

at the CASSCF(4,4)/QD-NEVPT2 level.

This represents a reduction of nearly two orders of magnitude compared

to the 5AP-(allyl
•
)2 system (Figure 12d and g). The combination of a

minimal S1-T1 energy gap and extremely weak SOC makes 5AP-(trityl
•
)2

unsuitable for efficient ODMR operation.

Figure 14: Electronic structure of the

trityl-based 5AP-diradical system at

the PPP-RASCI(h,p,hp) theory level. (a)

PPP frontier molecular orbitals entering

RAS2 subspace at planar (𝜃 = 0
◦
) ge-

ometry. (b) PPP potential energy curves

and ground state thermal distribution.

(c) Torsional dependence of the S1-T1 en-

ergy gap (black) and spin-orbit coupling

strength (red).

3.2.4 The ODMR mechanism for InveST-bridged
diradicals

The ODMR mechanism in InveST-bridged diradicals emerges from a

sequence of spin-dependent photophysical processes that originate in

the thermally populated conformational ensemble of the ground state.

At room temperature, the degenerate S0-T0 ground state spans a distri-

bution of torsional geometries, with appreciable population of twisted

conformations around the bonds connecting the InveST core to the rad-

ical units. This conformational flexibility plays a key role in activating

the SOC pathways that drive the subsequent photophysical dynam-

ics. Upon photoexcitation, the behavior of the system depends on the

specific diradical structure and the oscillator strengths of its low-lying

electronic transitions. In the case of 5AP-(allyl
•
)2, direct excitation can

populate the S1 and T1 states. By contrast, C2N2-(trityl
•
)2 exhibits van-

ishing oscillator strengths for both S0 → S1 and T0 → T1 transitions,

necessitating excitation to higher-lying states. Nonetheless, Kasha’s rule

ensures rapid, spin-preserving internal conversion from these higher

excited states down to S1 and T1, effectively funneling excitation into the

same manifold regardless of the initial excitation pathway.

Once the S1 and T1 states are populated, they serve as the key players

in the ODMR mechanism. Thermal fluctuations in the torsional angles

dynamically modulate the SOC strength, creating pathways for ISC

between S1 and the 𝑀𝑆 = ±1 sublevels of T1. The efficiency of ISC
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depends on two key factors: (i) the magnitude of SOC, which depends

on the instantaneous molecular conformation, and (ii) the S1-T1 energy

gap, with ISC rates decaying exponentially as this gap widens. This

mechanism is most effective when S1 and T1 are nearly degenerate, as

small energy gaps enhance the probability of ISC. However, this same

condition also increases the likelihood of reverse intersystem crossing

(RISC), especially at room temperature. The interplay between ISC and

RISC determines the distribution of excited state population. When ISC

dominates over RISC, the singlet population is preferentially shelved

in the triplet state, leading to spin polarization within the excited state

manifold.

The final step in achieving ground-state spin polarization relies on

preserving the spin-selective character of the decay pathways from the

excited states. Whether relaxation occurs via radiative emission or internal

conversion, the transition back to the S0/T0 manifold must preserve the

spin polarization established in the excited state. Critically, the absence

of SOC between S0 and T0, a consequence of the nodal structure of the

HOMO and SOMO in InveST-bridged diradicals, prevents spin mixing

during de-excitation. As a result, the spin polarization generated in the

excited state can be efficiently transferred and maintained in the ground

state population.

To validate this mechanism, we calculate the rates for ISC, RISC, and

emission as functions of molecular conformation, following a strategy

proposed in ref. [255]. This begins with constructing a diabatic model by

diabatizing the potential energy curves associated with S0, T0, S1, and T1.

The model includes four diabatic states: two singlets, corresponding to a

neutral state |1𝑁⟩ and a multi-resonant charge-transfer state |1𝑀𝑅𝐶𝑇⟩,
and two corresponding triplets, |3𝑁⟩ and |3𝑀𝑅𝐶𝑇⟩. The neutral states

|1𝑁⟩ and |3𝑁⟩ define the reference energy (set to zero). The diabatic

energy of |1𝑀𝑅𝐶𝑇⟩ is set to 2𝑧 and that of |3𝑀𝑅𝐶𝑇⟩ is set to 2𝑠. The

singlet states are coupled by a torsion-dependent matrix element −𝜏(𝜃),
while the triplet coupling is given by −𝛽(𝜃). Following the El-Sayed

rule, we set SOC between |1𝑁⟩ and |3𝑀𝑅𝐶𝑇⟩, and between |3𝑁⟩ and

|1𝑀𝑅𝐶𝑇⟩, both through a constant matrix element denoted as𝑉𝑆𝑂𝐶 . The

diabatic Hamiltonian reads:

𝐻 =

©­­­«
0 0 −𝜏(𝜃) 𝑉𝑆𝑂𝐶
0 0 𝑉𝑆𝑂𝐶 −𝛽(𝜃)
−𝜏(𝜃) 𝑉𝑆𝑂𝐶 2𝑧 0

𝑉𝑆𝑂𝐶 −𝛽(𝜃) 0 2𝑠

ª®®®¬ +
ℏ𝜔𝑡

2

(𝜃2 + 𝑝2

𝜃) + 𝑎𝜃4

(6)

where the basis states are ordered as {|1𝑁⟩, |3𝑁⟩, |1𝑀𝑅𝐶𝑇⟩, |3𝑀𝑅𝐶𝑇⟩},
𝜔𝑡 is the frequency associated with the conformational coordinate, and

𝑝𝜃 is the conjugate momentum. The torsional dependence of the off-

diagonal couplings is modeled as −𝜏(𝜃) = −𝜏0 cos(2𝜃) sin(2𝜃) for the

singlet manifold and−𝛽(𝜃) = −𝛽0 cos(2𝜃) sin(2𝜃) for the triplet manifold.

A quartic (anharmonic) restoring potential is employed to mimic the

potential energy curves of the ground and excited states vs 𝜃.

To obtain the parameters of the model, a fitting procedure was carried out.

The model parameters—𝜏0, 𝛽0, 𝜔𝑡 , 𝑎, 2𝑧, and 2𝑠—were optimized to re-

produce the adiabatic potential energy curves as a function of 𝜃 obtained

from either PPP-RASCI or QD-NEVPT2 calculations. Since these two
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methods yield slightly different potential energy curves, independent

diabatization procedures were performed for each dataset. During this

fitting process, the SOC term 𝑉𝑆𝑂𝐶 was set to zero. This approximation

is justified by the small magnitude of SOC in these systems, which has a

negligible effect on the shape of the adiabatic curves. Consequently, the

diabatization was carried out independently for the singlet (S0/S1) and

triplet (T0/T1) manifolds. For each manifold, the diabatic parameters

were tuned so that the eigenvalues of the model closely matched the corre-

sponding adiabatic curves across the entire range of 𝜃. After completing

the parameter fitting, the spin–orbit coupling term 𝑉𝑆𝑂𝐶—initially omit-

ted—was reintroduced into the model. In the diabatic picture, 𝑉𝑆𝑂𝐶 is

assumed to be independent of 𝜃 and is treated as a constant. Its value was

chosen so that the matrix element |⟨𝑆1|𝑉𝑆𝑂𝐶 |𝑇1⟩| , computed using the

eigenstates of the diabatic Hamiltonian, matches the 𝜃-dependent SOC

profile obtained from either the PPP-RASCI or QD-NEVPT2 calculations,

depending on which dataset was used in the original fit.

Figure 15: A schematic representation

of the vibronic calculation of ISC rates

and RISC rates for 5AP-(allyl
•
)2 (panel

a) and C2N2-(trityl
•
)2 (panel c) starting

from the CASSCF(4,4)/QD-NEVPT2 re-

sults shown in Figure 12 and Figure 13.

In both panels, gray and blue lines show

the energy of the vibronic triplet and sin-

glet eigenstates, respectively. The global

ISC rate is calculated summing all the

rates of the S1 to T1 processes, averag-

ing on the thermal population of sin-

glet states (graphically represented by

the blue shaded area). RISC rates are

evaluated from the ISC rate by impos-

ing the microscopic reversibility condi-

tion. ISC and RISC rates calculated for

different values of the relaxation time

𝜏 are reported in panels b and d. Pa-

rameters for 5AP-(allyl
•
)2: 𝜏0 = 0.17 eV,

𝛽0 = 0.24 eV, 2𝑧 = 1.76 eV, 2𝑠 = 1.74

eV, ℏ𝜔𝑡 = 8.7 × 10
−4

eV, 𝑎 = −0.15 eV,

𝑉𝑆𝑂𝐶 = −0.09 eV. Parameters for C2N2-

(trityl
•
)2: 𝜏0 = 0.21 eV, 𝛽0 = 0.22 eV, 2𝑧 =

1.96 eV, 2𝑠 = 1.91 eV, ℏ𝜔𝑡 = 6.2 × 10
−4

eV, 𝑎 = −0.08 eV, 𝑉𝑆𝑂𝐶 = −0.05 eV.

ISC and RISC processes are driven by tiny SOC interactions that can be

treated perturbatively [256]. To compute the relevant transition rates, we

first diagonalize the Hamiltonian in Eq. 6 with 𝑉𝑆𝑂𝐶 set to zero. Under

this approximation, the singlet and triplet manifolds become decoupled,

allowing them to be treated separately. The resulting vibronic energy

levels in the T1 and S1 manifolds are shown as gray and blue lines,

respectively, in Figure 15a and c. Since internal conversion is extremely

rapid (typically on the order of tens of femtoseconds), we assume that

ISC occurs from a thermally equilibrated population of S1 vibronic

states. This thermal distribution is shown by the blue shaded area in

Figure 15a and c. Transition rates between singlet and triplet states are

calculated using the Fermi Golden Rule 𝑘
𝑖→𝑗

𝐼𝑆𝐶
= |⟨𝑖|𝑉𝑆𝑂𝐶 | 𝑗⟩|2𝑆𝑖 𝑗2𝜋/ℏ,

where 𝑆𝑖 𝑗 measures the overlap between states | 𝑖⟩ and | 𝑗⟩[255]. Each

state is modeled with a Gaussian lineshape, with width 𝜎 related to

the inverse of the relaxation time 𝜏 as 𝜎 = (2𝜋𝜏
√

2 log 2)−1
. RISC rates

are obtained from the corresponding ISC rates using detailed balance.
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Panels b and d report ISC and RISC rates for different values of 𝜏. For

the 5AP-(allyl
•
)2 system, ISC rates are on the order of 10

5
s
−1

, while RISC

rates reach 10
4

s
−1

, with minimal dependence on the 𝜏 value because

of the small S1-T1 gap. In contrast, the C2N2-(trityl
•
)2 system exhibits

lower rates, down to 10
3

s
−1

for both ISC and RISC, due to its smaller

SOC and the larger S1–T1 energy gap with respect to the 5AP-(allyl
•
)2.

For the C2N2-(trityl
•
)2 system, the calculated ISC and RISC rates tend

to converge as the relaxation time 𝜏 increases. In particular, at 𝜏 = 60 fs,

the two processes exhibit nearly identical rate constants. This behavior

arises from the combined effect of the narrower Gaussian lineshape (i.e.,

smaller 𝜎) associated with each vibronic state at longer 𝜏 and the larger

energy gap between the S1 and T1 states compared to 5AP-(allyl
•
)2, thus

reducing overlapping vibronic levels and leading to comparable ISC and

RISC efficiencies.

The radiative rate is calculated as 𝑘 𝑓 𝑖 = (𝜔3

𝑓 𝑖
𝜇2

𝑓 𝑖
)/(3𝜋𝜀0ℏ𝑐

3), where 𝜔 𝑓 𝑖 is

the transition frequency and 𝜇 𝑓 𝑖 is the transition dipole moment between

the initial and final states [257]. This rate is calculated as a function of the

conformational coordinate 𝜃, yielding a 𝜃-dependent emission rate. We

then perform a thermal average over this distribution, weighting each

contribution by the energy of the corresponding fluorescent state at that

𝜃 value. For 5AP-(allyl
•
)2, the resulting thermally averaged radiative

rate is 3.5 × 10
7

s
−1

, whereas for C2N2-(trityl
•
)2 it is essentially zero, as

already observed when discussing the calculated oscillator strength as a

function of 𝜃.

In summary, among the systems investigated, 5AP-(allyl
•
)2 emerges as

the most promising candidate for realizing optically addressable spin

states. This molecule combines a sizable radiative decay rate, a finite

ISC rate, and a comparatively slower RISC rate, thus satisfying the key

requirements for effective spin polarization via an ODMR mechanism.

While the rates for the C2N2-bridged diradical align with those obtained

from the ab initio-based model, the ISC rates for 5AP-(allyl
•
)2 are slightly

smaller due to the larger S1–T1 gap predicted at the PPP level. This

highlights the critical role of carefully tuning both the excited-state

singlet–triplet energy gap and the SOC strength to engineer optimal

optical–spin interfaces in organic diradicals. For completeness, we also

evaluated the lowest quintet states at the PPP–RASCI level, finding them

higher in energy (1.79 eV for 5AP-(allyl
•
)2, 1.61 eV for C2N2-(trityl

•
)2,

and 2.00 eV for 5AP-(trityl
•
)2) than the T1 and S1 levels, confirming that

the photophysics is governed by singlet and triplet excitations, with

negligible quintet contribution.

3.3 CT radicals

Apart from molecular qubits, another missing piece of hardware for the

physical realization of molecular quantum computers is the molecular

switch. Qubits are useless if not linked together in working circuits, with

controlled methods to make them interact on command. To allow useful

quantum computation, a molecule is needed that can change its magnetic

state with nearly 100% efficiency and quickly (at least 10
3

times faster

than the gate-application time). Taking inspiration from previous work
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on switchable systems [45, 258, 259], we selected the tetrathiafulvalene-

ethylene-perchlorotriphenylmethyl (TTF-PTM) donor-acceptor radical

molecule, shown in Figure 16 as a candidate for a molecular switch.

Figure 16: Kekulè structure of

the tetrathiafulvalene-ethylen-

perchlorotriphenylmethyl (TTF-PTM)

radical

The TTF moiety is a strong donor molecule, widely studied as a building

block in organic conductors and semiconductors [260–262]. PTM, on

the other hand, is a stable radical acceptor, with the unpaired electron

shielded by the 15 chlorines that surround the triphenyl group. The

molecule of interest in Figure 16 is a donor-acceptor (DA) molecule,

with the TTF fragment being the donor and the PTM the acceptor.It is

well documented that a change in the solvent of TTF-PTM, specifically

an increase in polarity, switches the molecule for a neutral (DA) to a

zwitterionic state (D
+

A
−

) where the radical resides on the TTF unit. The

tendency of TTF radicals to dimerize is very well known and indeed in

polar solvent dimers of TTF-PTM are formed [45, 48, 258, 263, 264], a

situation that can be reversed by another change in the polarity of the

environment or by temperature. If the solvent polarity can drive the

neutral to zwitterionic switch, it is likely that an applied field can produce

a similar effect. In order to demonstrate the capabilities of TTF-PTM as a

working molecular switch, we created an essential-state model inspired

by previous work on the molecule[48, 263, 264] and attempted to validate

and parametrize it against ab initio results. Here we present preliminary

results.

3.3.1 Preliminary DFT calculation

We ran preliminary DFT ground state optimization under an electric

field oriented along the molecular axis. The calculations were run using

the UB3LYP functional and def2-tzvp basis set in QChem 6.0.2 [265]. To

define the amount of charge transfer from the D to the A fragments, after

optimization, we summed up the Mulliken charges and spin populations

on the atoms residing on the three fragments: the TTF unit, the PTM

unit, and the ethylene bridge. Results relevant to the spin-distributions

are shown in Figure 17.For an electric field ∼ 0.004 a.u. the unpaired

electron, originally residing on the PTM unit, crosses over to the TTF

unit. We mention that this electric field corresponds to ∼ 1 · 10
9

V/cm, in

the range of electric fields that can be generated using a tip.
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Figure 17: Mulliken spin population pro-

jected on the subunits of TTF-ethilen-

PTM. Blue line: TTF fragment, green line:

PTM fragment, orange line: ethylene frag-

ment.

3.3.2 Essential state model and rate calculation

In line with previous work on the simulation of spectroscopic properties

of DA dyes [256, 266] and TTF-PTM [45, 46], we developed an essen-

tial state model that contains the essential ingredients to simulate the

properties of a switchable molecule. We use a minimal description of

two diabatic electronic states, a neutral state |𝑁⟩ and a zwitterionic state

|𝑍⟩, representing the diabatic states D−A and D
+−A

−
. A semiclassical

vibrational mode is added, characterized by a displacement from the

equilibrium position 𝑄 (in energy units) and a relaxation energy 𝜀. The

switching is possible due to the coupling between the dipole moment

of the molecule 𝝁̂ and the electric field 𝑬. For a molecule oriented along

the 𝑧 axis, only the 𝑧 component of the electric field and of the dipole

moment are relevant, so in the following we neglect the indices (𝐸 = 𝐸𝑧 ,

𝜇̂ = 𝜇̂𝑧). In line with the Mulliken approach, the dipole moment operator

is 𝜇̂ = 𝜇0𝜌̂, with 𝜇0 being the value of the dipole moment of the zwitteri-

onic state and 𝜌̂ = |𝑍⟩ ⟨𝑍| the ionicity operator [267, 268]. The adiabatic

Hamiltonian reads:

𝐻̂ = (2𝑧0 −𝑄 − 𝐸𝜇0)𝜌̂ − 𝜏𝜎̂ + 1

4𝜀
𝑄2𝐼 (7)

Where 𝜎̂ = |𝑁⟩ ⟨𝑍| + |𝑍⟩ ⟨𝑁 | , 2𝑧0 is the diabatic energy of the 𝑍 state

taking the energy of the neutral state 𝑁 as zero, 𝜏 is the diabatic coupling,

and 𝐼 is the identity matrix. The eigenvectors of the Hamiltonian are adia-

batic𝑄-dependent electronic states |𝐺(𝑄)⟩ and |𝐸(𝑄)⟩. The assumptions

for the validity of the model are:

▶ The two states must be the only states that have a relevant weight

in the physics of the switching;

▶ the vibrational mode must be slow compared to the motion of the

electron

▶ as we are dealing with a semiclassical mode, the switch of the

electron must be fast and coherent. As we are dealing with a short-

range CT in response to a sudden change of an external electrical

field we expect this is the case.
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Figure 18: Ionicity of the minimum of the

adiabatic states of the minimal model in

Eq.7 against the applied external electric

field . z=0, 𝜏=1, 𝜇0 and 𝐸 in arbitrary

units of 𝜏. 𝜀 is varied and reported on the

top of the figure.Solid lines indicate the

ground state, the dashed lines indicate

the excited states. Where the line is not

surjective, the zone indicates a double

minimum for the state.

The properties of the model are analyzed in Figure 18 by varying 𝜀 and 𝜏.

Varying 𝑧 only has the effect of rigidly translating the curves along the 𝑥

axis. Upon increasing 𝜀, the dependence of the ground state ionicity on

the field becomes steeper, while the evolution of the excited state ionicity

becomes smoother. Quite interestingly, the ground state becomes bistable

for 𝜀 > 2𝜏. This can create a very favorable situation for an applied field

in the bistability region; small oscillations around it can cause a rapid

change in the position of the electron.

Once the parameters are estimated, it is necessary to simulate the charge-

transfer rate. We aim to do that by calculating the non-radiative electron-

transfer mechanism using classical Marcus theory [269]:

𝑘𝑀𝑛𝑟 =
2𝜋
ℏ

𝜏2

√
𝜋𝜆𝑇𝑘𝐵

𝑒
− 1

2

(Δ𝐸𝑁𝑍+𝜆)2

𝜆2 𝑘2
𝐵
𝑇2

(8)

where 𝜆 is the diabatic reorganization energy, so that Δ𝐸𝑁𝑍 + 𝜆 is the

energy barrier between the two states. As a first guess, we estimate

this energy in terms of the relaxation energy of the ab initio adiabatic

vibrational modes, so the convention 𝜀 = 𝜆 is taken.

3.3.3 Parametrization

The parametrization of the model Hamiltonian is a delicate issue that can

dramatically change the calculated results. In the past, to reproduce the

correct photophysics, a parametrization based on experimental spectra

led to the use of electronic parameters 2𝑧0 = 0.45 eV and 𝜏 = 0.1 eV [48].

This parametrization allowed for the reproduction of the low-intensity

CT band that can be seen in Figure 19 around 900 nm in DCM, as well as

the photophysical behavior of the molecule in different solvents [48, 258].

The same band was used in this Chapter as a reference for the ab initio

results.

A first brute-force way to parametrize the system is based on unrestricted

TDDFT calculations. Under the hypothesis that only the two diabatic
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Figure 19: Experimental absorption spec-

tra of TTF-PTM in DCM (0.1 mM) at 375

(red line), 365, 355, 350, 345, 340, 330,

320, and 300 K (blue line). As seen in the

zoomed images in the upper right corner,

at 900 nm (1.37 eV) a weak absorption

signal appears at higher temperatures,

where the system is not dimerized. This is

the intramolecular CT transition of inter-

est. Adapted with permission from Ref.

[48]. Copyright (2013) American Chemi-

cal Society.

states𝑁 and 𝑍 are mixed to generate the first adiabatic TDDFT transition,

it is possible to extract from adiabatic results important parameters as:

𝜌𝐺 =
1

2

(1 −
√

1 − 4𝑅) (9)

𝜏 =
√
𝜌(1 − 𝜌)Δ𝐸𝐸𝐺 (10)

𝑧0 =

√
Δ𝐸2

𝐸𝐺

4

− 𝜏2
(11)

with 𝑅 =
𝛽2

4𝛽2+1

, 𝛽 =
𝜇𝐸𝐺
Δ𝜇 , 𝜇𝐸𝐺 being the TDDFT transition dipole moment

between the ground state and the CT state, Δ𝜇 = ⟨𝐸| 𝜇̂ |𝐸⟩ − ⟨𝐺| 𝜇̂ |𝐺⟩
being the mesomeric dipole moment, and 𝜌𝐺 = ⟨𝐺| 𝜌̂ |𝐺⟩.

Another approach relies on the direct diabatization of DFT, TDDFT, or

post-HF results, by constraining specific expectation values of the density

matrix, such as constrained-DFT-CI or the Boys algorithm. The latter

defines the diabatic states {𝑖} that maximize the function:

𝑓𝐹𝐵 =
∑
𝑖 𝑗

��⟨𝑖| 𝜇̂ | 𝑖⟩ − 〈
𝑗
�� 𝜇̂ | 𝑖⟩��2 (12)

Note that the diabatic basis so obtained is not diagonal in the dipole

operator unless we are taking exactly 2 states and all the matrix elements

of the dipole moment operator are oriented along the same axis. For these

reasons, it is extremely improbable to obtain a basis in which the dipole

moment operator is diagonal, and so post-diagonalization procedures

are needed.

As for the vibrational parameters 𝜀, unfortunately the only viable ab

initio possibility is to rely on TDDFT results.
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3.3.4 Results

The molecule was optimized using the QChem 6.0.2 Software at the

B3LYP/def2-SVP level of theory. Then calculations were executed at the

B3LYP/def2-TZVP level of theory. The results for the TTF-PTM dimer

with different functionals are shown in Table 7.

Table 7: TDDFT results for the CT state of TTF-PTM at different functionals using def2-svp, RĲK with Automatic generated auxiliary

basis set.

Δ𝐸𝑇𝐷𝐷𝐹𝑇
��Δ𝜇�� ��𝜇𝐸𝐺�� 𝜌 𝜏 2𝑧0

〈
𝑆̂2

〉
CAM-B3LYP 2.151 17.8825 1.7385 0.009 0.205 2.111 2.217

B3LYP 0.918 49.0288 4.3851 0.008 0.081 0.904 2.589

B2PLYP 1.591 37.7369 3.8758 0.010 0.160 1.558 1.288

M062X 2.095 29.7116 2.3806 0.006 0.166 2.069 1.693

𝜔B97X 2.416 8.3611 0.7207 0.007 0.205 2.381 2.630

As can be seen, the calculated transitions are offset from the experimental

measurement by at least 0.5 eV, a large number even considering the

possible redshift caused by the solvent. Moreover, the states are not

pure.

Before setting up post-HF calculations, we tried to extrapolate some

results using cDFT and cDFT-CI [76]. The calculations were executed by

building up a neutral "diabatic" state where the electron is completely

confined on the PTM subunits by imposing the projected charges on the

PTM units to be zero, and the projected spin multiplicity to be 2; and a

zwitterionic state where the transfer of one electron from TTF to PTM

gives the molecule a lone pair on the PTM units and an unpaired electron

on the TTF units. The calculations were done using QChem 6.0.2 software

[265], various different functionals, and the def2-SVP basis set; selected

results are shown in Table 8. The method allows us to build diabatic states

directly, and so 𝜏 and 2𝑧0 are obtained without mathematical derivation.

As can be seen, there is great variability on the results, with the 𝜔B97V

functional, apparently being best in line with experimental data.

Functionals 𝜏 (eV) 2𝑧0 (eV)

��Δ𝜇�� (a.u.)

��𝜇𝑍𝑁 ��
(a.u.)

B3LYP 1.28 2.30 45.11 6.67

CAM-B3LYP -1.03 2.79 45.78 2.81

𝜔B97V -0.22 1.53 33.13 5.93

Table 8: cDFT-CI diabatic results for TTF-

PTM at different functionals using def2-

svp, RĲK with Automatic generated aux-

iliary basis set on Qchem 6.0. 1. Notice

that the diabatic dipole operator has not

null coupling elements even in the dia-

batic basis.

We also attempted a parametrization relying on post-HF approaches. First

of all, we calculated the orbitals of TTF-PTM at the geometry optimized

at the B3LYP/def2-SVP level of theory and the ROHF calculation with

the cc-pvdz basis set and RI approximation using an auxiliary basis

set generated on the fly using the RICD method. All calculations were

executed using Molcas 8 software [270]. Frontier orbitals are shown in

Figure 20.
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Figure 20: ccpvdz ROHF molcas orbitals

obtained with Molcas progroam. Visual-

ization. isovalues: 0.04 A. HOMO: 234.

SOMO:235. LUMO:236.

Simulating charge-transfer transitions is a tough task. Ideally, it is nec-

essary to include the fewest possible orbitals that can reproduce the

character of the donor and the acceptor, while ensuring an active space

large enough to regain static correlation. We started from a minimal

description of HOMO and SOMO, and tried to include relevant orbitals

as well (localized HOMO-𝑛 orbitals and LUMO, LUMO+𝑚 orbitals). We

started with a CASSCF(3,3) calculation, and the energy was corrected

using MC-PDFT with tPBE as a functional and CASPT2 with 0.25 IPEA

shift and 0.3 imaginary shift, cutting a different number of orbitals to

understand the effect, as for bigger AS not all orbitals can be considered

when employing CASPT2. Results are reported in Table 9. All results

show a low 𝐷0 to 𝐷1 transition energy, with a lowest value of 1.4 eV for

the MC-PDFT method, comparable with the CASPT2 results of 1.8 eV

without deleting virtual orbitals. On the other hand, other PT2 corrections

lead to larger values.

The NTO analysis confirms that this is the CT transition we are looking

for, as seen in Figure 21, where the hole is located entirely on the donor

TTF units while the particle resides on the PTM.
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Table 9: Results for CASSCF(3,3)/MCPDFT and CASSCF(3,3)/CASPT2 calculations on TTF-PTM, RICD approximation and cc-pvdz

basis set. Various deletion of high-lying virtual orbitals were done to evaluate the changes.

CASSCF MCPDFT T:PBE

Eh Tr.En. (eV) Eh Δ E (H) Tr.En. (eV)

-9048.301 0.000 -9062.598 -14.297 0.000

-9048.198 2.788 -9062.546 -14.348 1.400

-9048.158 3.857 -9062.523 -14.364 2.037

-9048.117 4.983 -9062.506 -14.390 2.477

-9048.086 5.805 -9062.426 -14.339 4.669

CASPT2 DEL.400 CASPT2 DEL.200 CASPT2 DEL.0

Eh Δ E (H) Tr.En. (eV) Eh Δ E (H) Tr.En. (eV) Eh Δ E (H) Tr.En. (eV)

-9049.646 -1.345 0.000 -9052.894 -4.593 0.000 -9054.313 -6.013 0.000

-9049.565 -1.367 2.182 -9052.818 -4.621 2.042 -9054.246 -6.048 1.835

-9049.523 -1.365 3.314 -9052.778 -4.620 3.146 -9054.204 -6.046 2.956

-9049.512 -1.395 3.624 -9052.771 -4.654 3.327 -9054.200 -6.083 3.088

-9049.478 -1.392 4.541 -9052.740 -4.653 4.179 -9054.162 -6.075 4.119

Figure 21: NTO for the CASSCF(3,3) cal-

culations of ttf-ptm. Left: hole. Right par-

ticles. eigenvalue, 0.75, with a relative

weight of 99%.

The states were diabatized using the Boys algorithm using the density

matrix calculated at the CASSCF level of theory, while for the energy we

used the CASSCF, MC-PDFT, and CASPT2 energies. The results reported

in Table 10 show that the MC-PDFT diabatization seems to best reproduce

the energy of the CT band in the experimental spectra.

CASSCF MCPDFT CASPT2 DEL.0

2𝑧0 (eV) 2.754 1.383 1.812

𝜏 (eV) 0.217 0.109 0.143

Δ
��𝜇�� 35.38 33.67 33.67��𝜇𝑍𝑁 ��

2.15 3.75 3.75

Table 10: Results of the diabatization for

three of the cases reported in Table 9. The

diabatic parameters are obtained using

the Boys algorithm as implemented in

molcas.

The results do not improve as we increase the active space. Indeed,

upon extending the active space, several mixed CT/localized transitions

can be found. Results for the calculations on the (5,5) and (7,7) AS are

listed in Table 11 and Table 12. The lowest transition energy is located

at too high energies (1.89 eV for CAS(5,5)/MC-PDFT and 2.64 eV for
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CAS(7,7)/MC-PDFT).

Table 11: Results for CASSCF(5,5)/MCPDFT and CASSCF(5,5)/CASPT2 calculations on TTF-PTM, RICD approximation and cc-pvdz

basis set.

CASSCF MCPDFT CASPT2 DEL.0

Eh Tr.En. (eV) Eh Δ E (H) Tr.En. (eV) Eh Δ E (H) Tr.En. (eV)

-9048.344 0.000 -9062.601 -14.258 0.000 -9054.314 -5.970 0.000

-9048.235 2.934 -9062.532 -14.296 1.894 -9054.232 -5.997 2.219

-9048.215 3.499 -9062.486 -14.272 3.122 -9054.198 -5.983 3.155

-9048.169 4.729 -9062.518 -14.349 2.264 -9054.210 -6.041 2.813

-9048.147 5.319 -9062.495 -14.347 2.894 -9054.187 -6.040 3.433

-9048.122 6.014 -9062.488 -14.367 3.065 -9054.206 -6.084 2.926

Table 12: Results for CASSCF(7,7)/MC-PDFT and CASSCF(5,5)/CASPT2 calculations on TTF-PTM, RICD approximation and cc-pvdz

basis set.

CASSCF MCPDFT CASPT2 DEL.100

Eh Tr.En. (eV) Eh Δ E (H) Tr.En. (eV) Eh Δ E (H) Tr.En. (eV)

-9048.366 0.000 -9062.593 -14.227 0.000 -9053.755 -5.389 0.000

-9048.238 3.466 -9062.496 -14.257 2.638 -9053.656 -5.418 2.687

-9048.237 3.511 -9062.480 -14.243 3.069 -9053.640 -5.403 3.128

-9048.203 4.418 -9062.475 -14.272 3.196 -9053.631 -5.427 3.377

-9048.185 4.899 -9062.486 -14.301 2.885 -9053.661 -5.476 2.549

-9048.174 5.201 -9062.443 -14.268 4.063 -9053.589 -5.415 4.500

-9048.154 5.746 -9062.429 -14.276 4.415 -9053.581 -5.427 4.727

-9048.145 6.001 -9062.488 -14.343 2.842 -9053.610 -5.465 3.930

-9048.142 6.093 -9062.479 -14.338 3.074 -9053.605 -5.463 4.088

-9048.130 6.396 -9062.463 -14.333 3.506 -9053.604 -5.474 4.098

-9048.109 6.971 -9062.424 -14.315 4.585 -9053.555 -5.446 5.416

-9048.108 7.014 -9062.462 -14.354 3.544 -9053.570 -5.462 5.025

-9048.102 7.160 -9062.475 -14.373 3.196 -9053.579 -5.477 4.777

-9048.091 7.452 -9062.391 -14.299 5.477 -9053.563 -5.471 5.224

-9048.088 7.558 -9062.452 -14.365 3.812 -9053.558 -5.471 5.344

-9048.085 7.611 -9062.448 -14.363 3.914 -9053.569 -5.483 5.053

To set up the model and calculate the radiation-less rates, it is still nec-

essary to calculate the diabatic relaxation energy 𝜀. In this early stage

of the work, we show preliminary results obtained by calculating the

adiabatic vibrational modes at the DFT B3LYP level of theory using the

Orca software, with the D3BJ dispersion correction and the RĲCOSX ap-

proximation with the def2/J auxiliary basis set. The estimated relaxation

energy amounts to 0.117 eV. An effective vibrational mode is introduced

that accounts for the whole relaxation energy of the system. We show

here the results of a couple of calculations, adopting for the electronic

parameters the TDDFT B3LYP results in Table 7, the cDFT-CI/𝜔B97X

values in Table 8, and the CAS(3,3)/MC-PDFT results in Table 10. To

visualize the switch, the ionicity of the ground and excited state against

an electric field parallel to the axis of the molecule is shown in Figure

22. Bistability is not observed for any parametrization, and apart from a

different crossing point, all curves display the switch around 8·10
6

V/cm,

within the experimentally accessible range.
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Figure 22: Ionicity of the ground

states (solid lines) and excited states

(dashed lines) for TDDFT/B3LYP (blue),

CAS(3,3)/MC-PDFT with T:PBE (green)

and cDFT-CI/𝜔B97X (red) using the

semiclassical model in Eq. 7 and the val-

ues in the preceding tables.

Using the classical Marcus equation, we calculated the rates of the charge-

transfer processes as a function of the electric field. We are interested

in having a switch that can interconvert fast from one state to another

without the inverse process being competitive. Results in Figure 23 show

that a range of electric field values can always be found such that the rate

of one process is ultrafast (in the range of fs
−1

) with the inverse process

at least 3 orders of magnitude slower. However, the inverse process (ps

timescale) is still too fast for applications in experiments that, typically

relying on magnetic techniques, have much longer timescales (𝜇s). The

window improve at a low temperature, as in Figure 24.

Figure 23: Charge-transfer rates for

the 𝑁 −→ 𝑍 processes (solid lines)

and for the inverse process (dashed

lines) for TDDFT/B3LYP (blue),

CAS(3,3)/MCPDFT with T:PBE(green)

and cDFT-CI/𝜔B97X (red) using the

semiclassical model in 7, the Marcus

rate equation in 8 at Room temperature

(300 K) and the values in the precedent

tables.
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Figure 24: Charge-transfer rates for

the 𝑁 −→ 𝑍 processes (solid lines)

and for the inverse process (dashed

lines) for TDDFT/B3LYP (blue),

CAS(3,3)/MCPDFT with T:PBE(green)

and cDFT-CI/𝜔B97X (red) using the

semiclassical model in 7, the Marcus rate

equation in 8 at Low temperature (30 K)

and the values in the precedent tables.

In conclusion, while this project is still ongoing, the preliminary results

indicate that the TTF–PTM molecule shows the essential features to

function as a molecular switch. The coexistence of two well-defined

magnetic states, whose population can be selectively controlled through

the application of an external electric field, highlights the potential of

this system for molecular-scale information processing. These findings

suggest that the interplay between charge transfer, spin localization, and

field-induced stabilization could be exploited to achieve reproducible

and reversible switching on ultrafast timescales.

Nevertheless, further work is required to consolidate these observations.

In particular, additional electronic-structure calculations aimed at de-

riving reliable model parameters will be crucial to refine the picture.

Equally important is the development of an experimental setup capable

of validating the predicted switching behavior under realistic conditions.

These steps represent mandatory milestones before proposing TTF–PTM

as an operational molecular switch. Despite the remaining challenges, the

encouraging preliminary evidence strongly supports the continuation of

this research direction.



3.A PPP approximation schemes 61

Appendix

3.A PPP approximation schemes

PPP-CI with PPP-HF-MOs

The operators 𝑏
(†)
𝑘𝜎 that annihilate (create) an electron with spin 𝜎 in the

𝑘-th molecular orbital (MO) can be written as linear combination of the

𝑎̂
(†)
𝜇𝜎 (on-site) operators:

𝑏𝑘𝜎 =
∑
𝜇

𝑐𝜇,𝑘 𝑎̂𝜇𝜎 (3.A.1)

𝑏†
𝑘𝜎 =

∑
𝜇

𝑐𝜇,𝑘 𝑎̂
†
𝜇𝜎 (3.A.2)

where the expansion coefficients are obtained upon diagonalization of

the Fock operator in Eq. 3, main text. With this transformation, the PPP

model Hamiltonian is rewritten on the MO basis as:[165]

𝐻̂𝐶𝐼
𝑃𝑃𝑃 =

∑
𝑖 𝑗

∑
𝜎

(∑
𝜇

𝜀𝜇𝑐𝜇,𝑖𝑐𝜇, 𝑗

)
𝑏†𝑖𝜎𝑏 𝑗𝜎

− 𝑡
∑
𝑖 𝑗

∑
𝜎

[ ∑
𝜇𝜈,𝜇≠𝜈

(
𝑐𝜇,𝑖𝑐𝜈, 𝑗 + 𝑐𝜈,𝑖𝑐𝜇, 𝑗

) ]
𝑏†𝑖𝜎𝑏 𝑗𝜎

+
∑
𝑖 𝑗𝑘𝑙

(∑
𝜇

𝑈𝜇𝑐𝜇,𝑖𝑐𝜇, 𝑗𝑐𝜇,𝑘𝑐𝜇,𝑙

)
𝑏†
𝑖↑𝑏 𝑗↑𝑏

†
𝑘↓𝑏𝑙↓

+
∑
𝑖 𝑗𝑘𝑙

∑
𝜎𝜎′

( ∑
𝜇,𝜈,𝜇≠𝜈

𝑉𝜇𝜈

2

𝑐𝜇,𝑖𝑐𝜇, 𝑗𝑐𝜈,𝑘𝑐𝜈,𝑙

)
𝑏†𝑖𝜎𝑏 𝑗𝜎𝑏

†
𝑘𝜎′𝑏𝑙𝜎′

−
∑
𝑖 𝑗

∑
𝜎

[ ∑
𝜇,𝜈,𝜇≠𝜈

𝑉𝜇𝜈

2

(
𝑍𝜈𝑐𝜇,𝑖𝑐𝜇, 𝑗 + 𝑍𝜇𝑐𝜈,𝑖𝑐𝜈, 𝑗

) ]
𝑏†𝑖𝜎𝑏 𝑗𝜎(3.A.3)

where 𝑖 , 𝑗 , 𝑘 and 𝑙 run on the MOs, while 𝜇 and 𝜈 run on the AOs,

and all the other symbols are defined in the main text, Section 2. The

above Hamiltonian is written on the basis defined by the ground state

configuration and the configurations obtained by accounting for a single

electron moved from the occupied MO to the virtual MO (i.e., single

CI case) or also accounting for double, triple, etc. excitations. Exact

diagonalization[89] of the Hamiltonian in the selected basis returns the

correlated eigenstates.

PPP-RASCI

To briefly describe it, in PPP-RASCI scheme the HF-MOs obtained from

the PPP Hamiltonian are divided into three subspaces: RAS1, RAS2,

and RAS3, ordered by increasing energy, and exactly as in the canonical

RASCI approaches[149, 150], RAS1 includes occupied orbitals, RAS2

comprises a mix of occupied and low-lying virtual MOs, and RAS3 is

composed of higher-energy virtual orbitals. This is extended through the

hole-particle approximation, which allows a fixed number of excitations
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out of RAS1 (holes) and a fixed number of electrons (particles) in RAS3.

This increases the correlation effects captured in the RASCI solution.

The PPP SOMO-LUMO exchange integral

The SOMO1-LUMO (equivalently SOMO2-LUMO) exchange integral

reads:

𝐾𝑆𝑂𝑀𝑂1−𝐿𝑈𝑀𝑂 =
𝑒2

4𝜋𝜀0

〈
𝜓𝑆𝑂𝑀𝑂1

(1)𝜓𝐿𝑈𝑀𝑂(2)
���� 1

𝑟12

����𝜓𝐿𝑈𝑀𝑂(1)𝜓𝑆𝑂𝑀𝑂1
(2)

〉
(3.A.4)

By expanding the MOs on the 2𝑝𝑧 basis and adopting the zero differential

overlap approximation, Eq. 3.A.4 becomes:

𝐾𝑆𝑂𝑀𝑂1−𝐿𝑈𝑀𝑂 =
∑
𝜇𝜈

𝑐𝑆𝑂𝑀𝑂1 ,𝜈𝑐𝐿𝑈𝑀𝑂,𝜈𝑐𝐿𝑈𝑀𝑂,𝜇𝑐𝑆𝑂𝑀𝑂1 ,𝜇𝑉𝜈𝜇 (3.A.5)

where the double sum runs over the atomic orbitals, 𝑐𝑆𝑂𝑀𝑂1 ,𝜈 is the

coefficient of 𝜈 atomic orbital on the SOMO1 (𝑐𝐿𝑈𝑀𝑂,𝜈 is the same for

LUMO) and𝑉𝜈𝜇 is the electrostatic repulsion between electrons on sites 𝜇
and 𝜈, as introduced in Eq. 3. Looking at Eq. 3.A.4, the exchange energy

becomes zero when SOMO and LUMO orbitals are disjoint, though it

can remain small even when some overlap is present.

Quantum Treatment of the Torsional Degree of Freedom 𝜃

With the diabatic model fully parametrized, we proceeded to compute

the ISC (and RISC) rates. Due to the extremely small S1–T1 energy

gap typical of InveST-bridged diradicals, an adiabatic treatment of the

torsional coordinate is inadequate for accurately describing ISC dynamics.

Instead, a fully quantum mechanical treatment of 𝜃 was adopted. To this

end, the diabatic Hamiltonian was written on the basis obtained as the

direct product of the four electronic diabatic states times the eigenstates

of the harmonic oscillator associated with the 𝜃-dependent torsional

potential. The dimensionless conformational coordinate can be written

as:

𝜃 = (𝑎† + 𝑎)/
√

2 (3.A.6)

where 𝑎†(𝑎) is the bosonic creation (annihilation) operator. The infinite

harmonic oscillator basis must be truncated to a large enough number of

states to ensure convergence of the calculated quantities. Due to the very

low frequency associated with the conformational mode, a large basis is

required. In our case, 280 vibrational states were retained, resulting in a

total Hamiltonian dimension of 560. Moreover, we used a polynomial

expansion of cos 2𝜃 sin 2𝜃, and, consistently with the quartic expansion

of the potential, we truncated it at the third order:

cos 2𝜃 sin 2𝜃 ≃ 2𝜃 − 8

3

𝜃3

(3.A.7)

Diagonalizing the resulting vibronic Hamiltonian with 𝑉𝑆𝑂𝐶 = 0 pro-

vides the singlet and triplet vibronic eigenstates used for rate calculations.
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Once these eigenstates are obtained, ISC and RISC rates are evaluated

using Fermi Golden Rule.

Figure 3.A.1: A schematic representation

of the vibronic calculation of ISC rates

and RISC rates for 5AP-(allyl
•
)2 (panel

a) and C2N2-(trityl
•
)2 (panel c) starting

from the PPP results shown in Figs. 2

and 3, main text. In both panels, gray

and blue lines show the energy of the

vibronic triplet and singlet eigenstates,

respectively. The global ISC rate is cal-

culated summing all the rates of the S1

to T1 processes, averaging on the ther-

mal population of singlet states (graph-

ically represented by the blue shaded

area). RISC rates are evaluated from the

ISC rate by imposing the microscopic re-

versibility condition. ISC and RISC rates

calculated for different values of the re-

laxation time 𝜏 are reported in panels

b and d. Parameters for 5AP-(allyl
•
)2:

𝜏0 = 0.18 eV, 𝛽0 = 0.21 eV, 2𝑧 = 1.71

eV, 2𝑠 = 1.67 eV, ℏ𝜔𝑡 = 1.3 × 10
−3

eV,

𝑎 = −0.15 eV, 𝑉𝑆𝑂𝐶 = −0.09 eV. Param-

eters for C2N2-(trityl
•
)2: 𝜏0 = 0.20 eV,

𝛽0 = 0.22 eV, 2𝑧 = 1.49 eV, 2𝑠 = 1.45

eV, ℏ𝜔𝑡 = 6.9 × 10
−4

eV, 𝑎 = −0.23 eV,

𝑉𝑆𝑂𝐶 = −0.04 eV.

The vibronic energy levels within the T1 and S1 manifolds, obtained by

diagonalizing the vibronic Hamiltonian based on parameters fitted to the

PPP-derived adiabatic potential energy curves, are shown as gray and

blue lines in Figure 3.A.1, panels a and c, respectively. The corresponding

ISC and RISC rates, computed for various relaxation times 𝜏, are displayed

in panels b and d. To complement the ISC and RISC analysis, we also

evaluated the radiative decay rates from the S1 and T1 states using PPP-

derived transition energies and transition dipole moments. As observed

in the main text when discussing the oscillator strength of 5AP-(allyl
•
)2 as

a function of the torsional angle 𝜃 (cf. Fig. 2e, main text), the PPP model

underestimates transition dipole moments compared to multireference

ab initio methods (CASSCF/QD-NEVPT2). This discrepancy is reflected

in the computed radiative rate, which amounts to 2.2× 10
4

s
−1

at the PPP

level, in contrast to 3.5×10
7

s
−1

from CASSCF/QD-NEVPT2 calculations.

For the C2N2-(trityl
•
)2 system, both S1 and T1 remain optically dark

due to the symmetric nature of the InveST core, leading to vanishing

transition dipole moments and, consequently, negligible radiative rates

even at the PPP level.





Chirality-Induced Spin
Selectivity 4

4.1 A minimal model through
the understanding of
CISS . . . . . . . . . . . . . 65

4.1.1 Introduction . . . . . . . . 65
4.1.2 The toy model . . . . . . . 67
4.1.3 Results . . . . . . . . . . . . 71
4.1.4 Conclusions . . . . . . . . 81
4.2 CISS in photoinduced

electron transfers: ab-
initio parametrization of a
modified Hubbard model 82

4.A The gauge transforma-
tion for the Hubbard
Hamiltonian with nearest-
neighbor hopping . . . . . 87

4.B Introducing Holstein
phonons . . . . . . . . . . . 88

4.C Introducing Peierls
phonons . . . . . . . . . . . 90

4.D CD spectra . . . . . . . . . 91

CISS is an intriguing yet poorly understood phenomenon observed when

electrons travel through a chiral medium or molecule. In the first part

of this chapter, we propose a current-constrained approach to drive

a current through a linear Hubbard chain of twisted 𝑝 orbitals, thus

simulating electron motion through a chiral molecular system. CISS

can be addressed in systems with correlated electrons coupled to non-

adiabatic molecular vibrations. Sizable CISS responses are obtained in

some parameter space, with a clear amplification of CISS in non half-filled

systems. Peierls vibrations play a special role: CISS cannot be observed

in a Hubbard chain in the lack of next nearest neighbor interactions, but

an out-of-equilibrium stretching mode can lead to finite polarization

even in these systems. In the second part of the chapter, we present a

protocol to extrapolate Hubbard model parameters from ab initio results.

A particular emphasis is given to the ab initio calculation that supports

the validity of the protocol.
‗

4.1 A minimal model through the
understanding of CISS

4.1.1 Introduction

Chirality, the property of systems not superimposable to their specular

image, is intrinsically connected to symmetry[271]: chiral systems do not

have roto-reflection axes of any order, including reflection planes and

inversion centers. This requirement has a profound link with the nature

of electric and magnetic fields that, corresponding to polar and axial

vectors, respectively, may only mutually interact in chiral systems. The

differential emission of left and right circularly polarized light (CPL) is a

very hot topic these days, mainly in view of its applicative potential.[272–

274] Molecular systems, due to their small size compared with the

wavelength of light, typically have extremely small dissymmetry factors,

orders of magnitude smaller than required for useful applications.[275]

Efforts to amplify the CPL response exploit liquid crystals, plasmonic

and/or supramolecular structures.[92]. Enantioselective interactions, the

preferential interaction between enantiomeric species, are well-known

in chemistry, providing the basis for asymmetric synthesis. [276–281].

The electron spin itself is non-chiral, but a moving electron carrying

a spin is chiral[271] and therefore can specifically interact with chiral

‗
The first part of this chapter is based on work published in collaboration with the group

of Prof. Stefano Carretta: Savi, L.; Celada, L.; Phan Huu, D. K. A.; Chiesa, A.; Carretta, S.;

Painelli, A. Chirality-Induced Spin Selectivity: A Minimal Model. J. Phys. Chem. Lett. 2025,

9107–9115. The work is presented in its entirety. The second part of the chapter consists of

calculations performed to validate aspects of a model developed by collaborators in the

Chemistry and Phyisics deparment: Phan Huu, D. K. A.; Cantarella, A.; Bonfà, P.; Savi, L.;

Chiesa, A.; Painelli, A.; Carretta, S. ab initio Parametrization of a Generalized Hubbard

Model in a Molecule Displaying Chirality-Induced Spin Selectivity. Commun Mater 2025, 6
(1), 107. The results are reported here with the minimum context necessary to understand

the rationale of the work.
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molecules. This is the heart of the phenomenon dubbed chirality induced
spin selectivity (CISS), that describes the differential transmission of spin

up and spin down electrons traveling through a chiral medium.[282] CISS

was observed when photoemitted electrons travel through layers of chiral

molecules,[283] when a current is driven through chiral self-assembled

monolayers[284] or through single chiral molecules,[285] and, more

recently, when an electron travels through a molecule via photoinduced

electron-transfer.[286–288] The issue here is not the observation of CISS,

that is predictable in terms of symmetry considerations, the astonishing

and so far not fully understood observation is the amount of CISS, leading

to spin polarization well beyond 50%.

CISS requires the breaking of time-reversal symmetry, as guaranteed by

traveling electrons, as well as the breaking of the spin degeneracy, as made

possible by spin-orbit coupling (SOC).[289] In organic molecules, SOC

is tiny,[282, 290] and several strategies for its amplification, as needed

to explain the large spin polarizations observed experimentally, have

been proposed, relying on electron-electron interactions,[289, 291, 292]

electron-vibration coupling,[293, 294] quantum interference,[295] pola-

ronic effects,[296–298] geometrical curvature in helical atomic chains,[299,

300] the close proximity to conical intersections,[301–303] and dephasing

phenomena,[289, 304] to name just a few examples.

Modeling CISS is nontrivial not only because of the tiny and somewhat

elusive nature of SOC but also because it requires addressing traveling

electrons. To observe CISS, approaches must be devised to drive electrons

through the system, either driving an electric current or via photoexcita-

tion. Of course, the outcome of the simulation will vary depending on

the way the system is prepared, giving rise to a large number of different

approaches with sometimes contrasting results. Here, we propose forcing

electron motion through the system exploiting a strategy that, to the best

of our knowledge, has not been applied to CISS yet. Specifically, we rely on

a current-constrained (CC) approach, which imposes a current through

a system via the mathematical trick of Lagrange multipliers,[305–307]

offering an easy and flexible way to mimic the electron motion through a

molecule. Unlike conventional non-equilibrium Green’s function meth-

ods [308, 309] that impose open boundary conditions through reservoir

self-energies and often employ Büttiker probes to simulate dephasing

and spin-flip scattering on an energy- and bias-resolved basis,[310] the

CC formalism retains a closed-circuit, many-body perspective by en-

forcing a prescribed steady-state current through Lagrange multiplier

constraints on bond-current operators. This choice obviates the need to

specify chemical potentials or Fermi distributions for explicit leads and

probes, embedding the non-equilibrium within the variational ground

state of the augmented Hamiltonian. As a result, the CC formalism

requires only the explicit form of the system Hamiltonian to compute the

steady-state current, obviating the need to derive reservoir self-energies

for each interaction, allowing one to explore regimes of strong interac-

tion, such as photo-driven currents or persistent loop currents within a

unified computational framework. Although non-equilibrium Green’s

function approaches offer direct control over bias voltage, temperature,

and dephasing strength through adjustable self-energies and probe cou-

plings,[311] the CC method trades this flexibility for a direct handle

on the current magnitude, with the effective voltage drop inferred via
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phenomenological relaxation parameters. CC provides complementary

insights into correlation-driven spin polarization phenomena without

recourse to explicit reservoirs and is therefore particularly well suited for

the theoretical investigation of correlated transport in chiral systems.

4.1.2 The toy model

We consider the simplest model for correlated electrons, a linear Hubbard

chain composed of 𝑁 (typically 4) sites along the 𝑧 axis. Structurally,

the system is non-chiral, but electronic chirality, or electrohelicity,[312,

313] is introduced by accounting for a single 𝑝-type orbital on each site.

The orbital is perpendicular to 𝑧, but twisted along the chain so that the

orbital residing on site 𝑖 + 1 is rotated in the 𝑥𝑦 plane by an angle 𝜃𝑖 vs

the orbital on site 𝑖, as shown in Figure 1a.

Figure 1: (a) Schematic front and side

views of two adjacent 𝑝 orbitals. (b) red:

illustration of the constraint on the cur-

rents through site 3 to avoid charge accu-

mulation; blue: illustration of the con-

straint on the potential drop. (c) and

(d) The current dependent polarization

for a four-site chain with 𝑈 = 5, 𝜖1 =

−𝜖4 = 2.5, 𝑡12 = 𝑡23 = 1, 𝑡13 = 0.01 and

𝜒 = 0.01. The insets show the relevant

connectivity with black lines marking

the electron-hopping channels, and the

red helix marking the bond where SOC is

introduced. The two structures depicted

in panel (c) lead to the same result. The

structure in panel (d) leads to vanishing

polarization.

As explained in Chapter 2, Section 2.3.1, the Hubbard Hamiltonian

reads:

𝐻𝐻𝑢 =

𝑁∑
𝑖=1

𝜖𝑖 𝑛̂𝑖 −
∑
𝑖< 𝑗

𝑡𝑖 𝑗𝑏𝑖 𝑗 +
𝑁∑
𝑖=1

𝑈𝑖 𝑛̂𝑖𝛼 𝑛̂𝑖𝛽

In the above equation, 𝑛̂𝑖 = 𝑛̂𝑖𝛼+ 𝑛̂𝑖 ,𝛽 counts the total number of electrons

on site 𝑖, 𝑛̂𝑖𝜎 = 𝑎†
𝑖𝜎𝑎𝑖𝜎 counts the electrons with spin 𝜎 on the same site,

and 𝑎†
𝑖𝜎 (𝑎𝑖𝜎) creates (annihilates) an electron with spin 𝜎 = 𝛼, 𝛽 on site

𝑖. The operator 𝑏𝑖 𝑗 = 𝑏𝑖 𝑗𝛼 + 𝑏𝑖 𝑗𝛽 with 𝑏𝑖 𝑗 ,𝜎 =
(
𝑎†
𝑖𝜎𝑎 𝑗𝜎 + 𝐻.𝑐.

)
, measures

the bond-order between sites 𝑖 and 𝑗. The on-site energy is 𝜖𝑖 ,𝑈𝑖 is the

repulsion between two electrons on the same site, 𝑡𝑖 𝑗 is the hopping

between site 𝑖 and 𝑗.

We introduce SOC interactions accounting for the one-electron term of

the Breit-Pauli Hamiltonian:[314]

H𝑆𝑂𝐶 =
1

2𝑚2

𝑒 𝑐
2

∑
𝑟

∑
𝑖

1

𝑟3

𝑟𝑖

𝒍𝑟𝑖 · 𝒔𝑟 (1)
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where 𝒔𝒓 is the spin angular momentum of electron 𝑟, 𝒍𝑟𝑖 is its angular

momentum with respect to the nucleus on site 𝑖 and 𝑟𝑟𝑖 is the distance of

the 𝑟 electron from the 𝑖 nucleus. The cubic distance in the denominator

suggests that the dominant terms describe the interaction of an electron

residing at site 𝑖 with the 𝑖-th nucleus, so longer distance contributions

are neglected. The 𝑝 orbital on site 𝑖 can be written as a linear combination

of the 𝑝 orbitals with 𝑙𝑧 = ±1:��𝜓𝑖

〉
=

1√
2

(
𝑝 𝑖−1

𝑒 i𝜃𝑖 − 𝑝 𝑖
1
𝑒−i𝜃𝑖 )

(2)

where i is the imaginary unit. The one-electron matrix elements of the

𝒍𝑟𝑖 · 𝒔𝑟 operator reads:〈
𝜓𝑘(𝑟)𝜎′(𝑟)

�� 𝒍𝑟𝑖 · 𝒔𝑟 ��𝜓𝑖(𝑟)𝜎(𝑟)
〉
=

〈
𝜓𝑘(𝑟)

�� 𝑙𝑧,𝑟𝑖 ��𝜓𝑖(𝑟)
〉
⟨𝜎(𝑟)| 𝑠𝑧 |𝜎(𝑟)⟩ 𝛿𝜎,𝜎′

(3)

𝜎(𝑟) is the spin function associated with the electron located in 𝑟. Since

the angular momentum of the electron is parallel to the 𝑧 axis, the 𝑧

component of the spin is conserved. Finally, in line with the choice made

for the hopping integrals, the electronic matrix element is set proportional

to the overlap between relevant orbitals, getting:〈
𝜓𝑘(𝑟)𝜎′(𝑟)

�� 𝒍𝑟𝑖 · 𝒔𝑟 ��𝜓𝑖(𝑟)𝜎(𝑟)
〉
∝ cos𝜃 sin𝜃 ⟨𝜎(𝑟)| 𝑠𝑧 |𝜎(𝑟)⟩ 𝛿𝜎,𝜎′𝛿𝑘,𝑖±1

(4)

Finally, the SOC Hamiltonian reduces to:

𝐻𝑆𝑂𝐶 = i

∑
𝑖< 𝑗

𝜒𝑖 𝑗
(
𝑣̂𝑖 𝑗 ,𝛼 − 𝑣̂𝑖 𝑗 ,𝛽

)
(5)

where 𝜒𝑖 𝑗 measures the strength of the SOC interaction between electrons

residing on sites 𝑖 and 𝑗 and

𝑣̂𝑖 𝑗 ,𝜎 = 𝑎̂†𝑖 ,𝜎 𝑎̂ 𝑗 ,𝜎 − 𝐻.𝑐. (6)

is the velocity dipole operator. In the adopted model, the electron orbital

momentum is aligned along the chain and the SOC interaction necessarily

preserves the 𝑧 component of the total spin, 𝑆̂𝑧 , so that spin-flips are not

accounted for. This is an inherent feature of the proposed model, but

investigating the role of spin flips in CISS would definitely be interesting,

particularly in view of the contrasting opinions in recent literature. [289,

315]

A real-space basis will be adopted, with each basis state corresponding

to a configuration obtained by assigning each electron to a specific site

spin-orbital. A bit-representation is adopted to store each configuration

as a single integer number. Specifically, each site orbital is represented

by a bit, whose value is either 0 or 1 to represent a void or an occupied

site orbital. Since in the adopted model [𝑆̂𝑧 , 𝐻̂] = 0, states with different

⟨𝑆̂𝑧⟩ stay unmixed, limiting attention to systems with an even number

of electrons, we work in the 𝑆𝑧 = 0 subspace. Table 1 shows the 36 basis

states in the 𝑆𝑧 = 0 subspace for a half-filled 4-site chain.
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Integer representative number bit representation site representation

15 00 00 11 11 0 0 X X

27 00 01 10 11 0 𝛽 𝛼 X

30 00 01 11 10 0 𝛽 X 𝛼
39 00 10 01 11 0 𝛼 𝛽 X

45 00 10 11 01 0 𝛼 X 𝛽
51 00 11 00 11 0 X 0 X

54 00 11 01 10 0 X 𝛽 𝛼
57 00 11 10 01 0 X 𝛼 𝛽
60 00 11 11 00 0 X X 0

75 01 00 10 11 𝛽 0 𝛼 X

78 01 00 11 10 𝛽 0 X 𝛼
90 01 01 10 10 𝛽 𝛽 𝛼 𝛼
99 01 10 00 11 𝛽 𝛼 0 X

102 01 10 01 10 𝛽 𝛼 𝛽 𝛼
105 01 10 10 01 𝛽 𝛼 𝛼 𝛽
108 01 10 11 00 𝛽 𝛼 X 0

114 01 11 00 10 𝛽 X 0 𝛼
120 01 11 10 00 𝛽 X 𝛼 0

135 10 00 01 11 𝛼 0 𝛽 X

141 10 00 11 01 𝛼 0 X 𝛽
147 10 01 00 11 𝛼 𝛽 0 X

150 10 01 01 10 𝛼 𝛽 𝛽 𝛼
153 10 01 10 01 𝛼 𝛽 𝛼 𝛽
156 10 01 11 00 𝛼 𝛽 X 0

165 10 10 01 01 𝛼 𝛼 𝛽 𝛽
177 10 11 00 01 𝛼 X 0 𝛽
180 10 11 01 00 𝛼 X 𝛽 0

195 11 00 00 11 X 0 0 X

198 11 00 01 10 X 0 𝛽 𝛼
201 11 00 10 01 X 0 𝛼 𝛽
204 11 00 11 00 X 0 X 0

210 11 01 00 10 X 𝛽 0 𝛼
216 11 01 10 00 X 𝛽 𝛼 0

225 11 10 00 01 X 𝛼 0 𝛽
228 11 10 01 00 X 𝛼 𝛽 0

240 11 11 00 00 X X 0 0

Table 1: The real-space basis set for a 4-
site, 4-electron system in the 𝑆𝑧 = 0 sub-
space.Left column: The integer number

representing each state. Central column:

bit representation of the state. The spin-

orbital on each site is represented by a bit

in the order 1𝛼, 1𝛽, 2𝛼, 2𝛽, 3𝛼, 3𝛽, 4𝛼, 4𝛽.

0 and 1 correspond to a void or occupied

spin-orbital, respectively. Right column:

site representation where X stands for

doubly occupied sites, 0 for a void site

and 𝛼, 𝛽 indicate the spin of the electron

in a single occupied site.

To describe electrons moving across the Hubbard chain, we rely on the CC

approach. [305–307, 316–319] Specifically, to enforce a current 𝐽 through

the system, a set of Lagrange multipliers, 𝜆𝑙𝑚 , enters the Hamiltonian, as

follows:

𝐻(𝐽) = 𝐻 −
1,𝑁−1∑
𝑙

𝑙+1,𝑁∑
𝑚

𝜆𝑙𝑚 𝑗
𝑚
𝑙

(7)

where 𝑗𝑚
𝑙

is the operator that measures the current flowing from site 𝑙

to site 𝑚. The Lagrange multipliers are optimized so that in the ground

state of the current carrying system, |𝐺({𝜆})⟩, the incoming flux through

the first site and the outcoming flux through the last site are equal to the

current imposed through the system, 𝐽:

𝐽 =
𝑁∑
𝑖=2

⟨𝐺({𝜆})| 𝑗 𝑖
1
|𝐺({𝜆})⟩ =

𝑁−1∑
𝑖=1

⟨𝐺({𝜆})| 𝑗𝑁𝑖 |𝐺({𝜆})⟩ (8)
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while ensuring a balanced incoming and outcoming flux on all other

sites, and hence enforcing a steady-state current without charge accumu-

lation:

𝑘−1∑
𝑙=1

⟨𝐺({𝜆})| 𝑗𝑘
𝑙
|𝐺({𝜆})⟩ −

𝑁∑
𝑙=𝑘+1

⟨𝐺({𝜆})| 𝑗 𝑙
𝑘
|𝐺({𝜆})⟩ = 0 (9)

The constraints in Eqs 8 and 9 fully define the Lagrange multipliers

in a system with only nearest-neighbor (nn) hopping and SOC, but,

in the presence of long-range hopping and/or SOC, other constraints

are needed to ensure that the potential drop between two nodes is the

same for different paths (cf. Figure 1b). This brings us to the delicate

issue of the relationship between the Lagrange multipliers and the

potential drop. As discussed in Ref. [307], the relation can be drawn

by calculating the power spent on the system to maintain the current.

Since the current is an off-diagonal operator on the eigenstates of the

unperturbed Hamiltonian, the power spent on the system is governed

by the relaxation of the off-diagonal elements of the density matrix,

the coherences. In the simplifying hypothesis of a system with large

inhomogeneous broadening, where the same relaxation time, 1/Γ, can

be applied to all coherences, the potential drop in each bond is simply

proportional to the relevant Lagrange multiplier, 𝑉𝑖 𝑗 = Γ𝜆𝑖 𝑗 . Although

this approximation can be relaxed, we will adopt it to keep the model

as simple as possible. Accordingly, the Lagrange multipliers on next-

nearest-neighbor (nnn) bonds are set as the sum of the two relevant nn

Lagrange multipliers: 𝜆𝑖 ,𝑖+2 = 𝜆𝑖 ,𝑖+1 + 𝜆𝑖+1,𝑖+2.

The standard definition of the current operator, in terms of the velocity

dipole,[320, 321] 𝑗
𝑗

𝑖
∝ 𝑣̂𝑖 𝑗 = 𝑣̂𝑖 𝑗𝛼 + 𝑣̂𝑖 𝑗 ,𝛽 , leads to unphysical results: at zero

external potential, opposite fluxes of 𝛼 and 𝛽 electrons are generated,

as illustrated in Figure 2. A correct definition of the current operator

must properly account for SOC. Specifically, the flux of electrons through

site 𝑘, calculated as the time derivative of 𝑛̂𝑘 , is the sum of incoming

currents from all sites connected to 𝑘 from the left side minus the sum of

all currents exiting site 𝑘 toward all connected sites to the right of 𝑘, as

sketched in Figure 1b . Accordingly:

¤̂𝑛𝑘 = 𝑖[𝐻, 𝑛̂𝑘] =
1,𝑘−1∑
𝑖

𝑗𝑘𝑖 −
𝑘+1,𝑁∑
𝑖

𝑗 𝑖
𝑘

(10)

where we use units with ℏ = 1 and

𝑗𝑚
𝑙
= 𝑖𝑡𝑙𝑚(𝑣̂𝑙𝑚𝛼 + 𝑣̂𝑙𝑚𝛽) − 𝜒𝑙𝑚(𝑏𝑙𝑚𝛼 − 𝑏𝑙𝑚𝛽) (11)

Then SOC explicitly enters the definition of the current operator, with a

contribution that has opposite sign for 𝛼 and 𝛽 electrons.
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Figure 2: The two site Hubbard model

with 𝑡 = 1, 𝜒 = 0.01, 𝑈=0, 𝜖1 = −Δ/2,

𝜖2 = Δ/2. Left: 𝛼- and 𝛽-spin current

and the total current calculated setting

the current operator proportional to the

velocity operator, without accounting for

the SOC contribution to the current op-

erator. Right panel, the same quantities

are calculated adopting the correct def-

inition of the current, as defined by Eq.

11. Finite 𝛼 and 𝛽 currents calculated at

zero potential in the left panel signal the

incorrect definition of the current opera-

tor.

Having a model to drive electrons through a chiral Hubbard chain, we

can address spin-selective behavior. We impose that charges do not

accumulate in the current-carrying system, however, if the mobility of

electrons depends on the spin, spin density can accumulate on the sites.

The on-site spin-density is defined as: 𝜌𝑖 = ⟨𝑛̂𝑖𝛼 − 𝑛̂𝑖𝛽⟩ and the spin

polarization across the system reads:

𝑃 =
𝜌𝑁 − 𝜌1

2

(12)

A second approach to address CISS mimics transport experiments, where

a magnetized electrode is used to inject spin polarized electrons in a

junction. To simulate this experiment, we use the same trick of the

Lagrange multiplier to impose a current of electrons with 𝛼 spin:

𝐻(𝐽𝛼) = 𝐻 −
∑
𝑖

𝜆𝑖 ,𝛼 𝑗𝑖 ,𝛼 (13)

Then we do the same for 𝛽 electrons. Of course, due to CISS, different

potentials are needed to sustain the 𝛼 or 𝛽-polarized current, or, in other

terms, different spin-currents are calculated for the same potential drop.

Accordingly, for each value of the total potential drop, we estimate the

CISS efficiency as: 𝐺 = (𝐽𝛼 − 𝐽𝛽)/(𝐽𝛼 + 𝐽𝛽). In the literature, this quantity

is typically referred to as spin-polarization. Here,to avoid confusion with

the spin polarization defined in Eq. 12, we dub it as current anisotropy. It

is important to stress that addressing the current anisotropy along these

lines may only work in models where SOC does not flip the spins. In these

conditions, the steady-state flux of spin-polarized electrons imposes a

continuity relation on the spin current, a condition that would be broken

in the presence of spin-flip events.

4.1.3 Results

The electronic system

It is well known that spin polarization cannot be supported in a lin-

ear chain featuring only nn interactions [322]. In Section 4.A of the

Appendices of this chapter, we demonstrate that this result also holds

true for current-carrying systems. Often, to allow for finite polarization,
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next-nearest-neighbor (nnn) SOC interactions are introduced [291, 292],

following an original suggestion by Kane and Mele for graphene-based

systems [323, 324]. However, spin polarization can be observed in a linear

chain without introducing nnn SOC, but by accounting for nnn hopping,

as illustrated in Figure 1-c,d and in Figure 3.

Figure 3: Illustrative examples of the

role of the connectivity of a 4-site chain.

(a) panel: a schematic view of the four

site chain, where each black line refers

to a hopping interaction and each red

helix marks the SOC interaction. (b)

panel: the spin polarization as a func-

tion of current calculated for the differ-

ent configurations displayed in the left

panel, setting 𝑡23 = 1 as the energy unit,

𝑡12 = 𝑡34 = 0.05 and the nnn hopping

𝑡′ =0.01. Moreover 𝜒 = 0.01,𝑈 = 2Δ = 5.

The two systems marked as B lead to

equivalent results.

(a) (b)

Quite interestingly, a single nn SOC interaction in the current-carrying

chain is enough to enable spin polarization, provided that it operates

inside a loop generated by the electron hopping interactions, in a situation

strongly reminiscent of the persistent spin currents induced by SOC in

mesoscopic rings[325]. In the following, we will discuss results obtained

introducing a tiny nnn hopping (typically two orders of magnitude

smaller than the nn hopping); results obtained introducing nnn SOC are

marginally different. To support a net spin polarization, non-equivalent

sites must be present in the chain. Therefore, we will present results

relevant to systems where the energy of the last and first sites differ by

Δ = 𝜖𝑁 − 𝜖1, while setting all other on-site energies to zero. Of course, a

system with Δ = 0 supports finite on-site spin densities and may sustain

finite current anisotropy, as shown in Figure 4.

Before proceeding, it is important to illustrate how the relevant dimen-

sionless quantities, current and potential drop, in the figures translate into

dimensional quantities. The dimensionless current should be multiplied

by 𝑒𝑡/ℏ to get dimensional values. Then, setting e.g. 𝑡 ∼ 0.1 eV, a dimen-

sionless current 𝐽 = 1 would correspond to ∼ 20𝜇A. The voltage drop

should in turn be multiplied by ℏΓ/𝑒. Setting 1/Γ ∼ 100 fs as a typical

lifetime of electronic states, 𝜆 = 1 would correspond to a potential drop

∼ 6 mV. For comparison, in a recent single molecule experiment,[285]

current of the order of ∼ 1𝜇A are obtained for potential drops of the

order of 1 V.

Figure 9a shows results for a half-filled Hubbard chain with the nn

hopping set to 1 as the energy unit, nnn hopping and nn SOC set to 0.01,

𝑈 = 5 and variable Δ. In this system, a finite polarization is observed,

which, however, remains very small, the largest value being reached for

𝑈 ∼ Δ, where the current anisotropy also reaches its maximum value.

Different calculations for variable𝑈 and Δ where done. In Figure 4, scans

of different 𝑈 with Δ = 0 reveal a complex behavior. In the left panel,

the spin accumulated on site 1 is shown (with Δ = 0 the hole-particle
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symmetry imposing vanishing polarization). The spin accumulation

increases with𝑈 . In the right panel, the current anisotropy has a more

complex behavior with a change of sign and a slight increase with𝑈 .

Figure 4: The 4-site Hubbard model with

nn 𝑡 = 1, and 𝜒 = 0.01, the nnn 𝑡′ = 0.01,

𝜖𝑖 = 0. The results are shown for different

𝑈 , as per the legend. Left panel: the spin

density on the first site (equal to the spin

density on the last site) as a function

of the current; right panel: the current

anisotropy vs the applied potential.

In Figure 5, Figure 6, and Figure 7, different results obtained for differentΔ

and𝑈 are shown, revealing a complex behavior for the current anisotropy,

with a non-obvious relation between the measured maximum and the

Δ/𝑈 ratio, while the polarization is always maximized for 2Δ = 𝑈 .

Figure 5: The 4-site Hubbard model with

nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ = 0.01,

𝑈=0. Results are shown for different Δ,

as per the legend. Left panel: the polar-

ization as a function of the current; right

panel: the current anisotropy vs the ap-

plied potential.

Figure 6: The 4-site Hubbard model with

nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ = 0.01,

𝑈=4. Results are shown fo different Δ,

as per the legend. Left panel: the polar-

ization as a function of the current; right

panel: the current anisotropy vs the ap-

plied potential.



74 4 Chirality-Induced Spin Selectivity

Figure 7: The 4-site Hubbard model with

nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ = 0.01,

𝑈=50. Results are shown fo different Δ,

as per the legend. Left panel: the polar-

ization as a function of the current; right

panel: the current anisotropy vs the ap-

plied potential.

In any case, the polarization amplitudes and current anisotropies cal-

culated so far are orders of magnitude smaller than those reported by

experimentalists. Increasing the nnn hopping helps to increase the polar-

ization and the current asymmetry (see Figure 8), but again, estimated

values are far too small if compared with experiments.

Figure 8: The 4-site Hubbard model with

nn 𝑡 = 1 and 𝜒 = 0.01, 𝑈=10, 2Δ =

5. Results are shown for different nnn

𝑡′ =, as per the legend. Left panel: the

polarization as a function of the current;

right panel: the current anisotropy vs the

applied potential.

Moving away from half-filling is an interesting possibility towards am-

plified responses. Figure 9b shows a clear amplification of the responses

for the same system as in Figure 9a for 2Δ = 𝑈 = 5 when the number of

electrons is either decreased from 4 to 2 or increased to 6. The first obser-

vation is that either non-nearest neighbor interactions or inequivalent

on-site energies break electron-hole symmetry, so that results obtained

for 4 or 6 electrons are not equivalent. To better picture this symmetry-

breaking, in Figure 10 we show the difference between the absolute value

of polarization obtained at 3/4 and 1/4 fillings for a range of parameters,

clearly indicating that it does not get to zero.
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Figure 9: All panels: the 4 sites Hubbard

chain with 𝑈 = 5. Left: polarization vs

current; Right: current anisotropy vs the

voltage. (a) results are shown for nn hop-

pings 𝑡 = 1 and SOC 𝜒 = 0.01, nnn hop-

pings 𝑡′ = 0.01, and variableΔ. (b) results

for 2Δ = 5, nn 𝑡 = 1 and and 𝜒 = 0.01,

nnn 𝑡′ = 0.01. The blue curve refers to

the half-filled case, the green and the red

curves refer to a system with 2 and 6 elec-

trons, respectively. (c) results for 2Δ = 5,

nn hoppings: 𝑡23 = 1,𝑡12 = 𝑡34 = 0.01,

nnn 𝑡′ = 0.01 and nn 𝜒 = 0.01. The blue

curve refers to the half-filled case, the

green and the red curves refer to a sys-

tem with 2 and 6 electrons, respectively.
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Figure 10: The 4-site Hubbard chain with

nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ = 0.01.

Both panels display the difference in spin

polarization between the 6-electron case

and the 2-electron case, normalized for

the maximum of the 6-electron case. Left:

𝑈=5, Δ varies as per the legend.Right:

Δ=2.5,𝑈 varies as per the legend.

We also reproduced results for different values of model parameters,

reported in Figure 11 and Figure 12. Figure 11 shows results for a non-

correlated chain with all equivalent sites. Since the polarization vanishes

under these conditions, the left panel shows the spin imbalance on site

1 (equal to that on site 4, causing the polarization to vanish). The effect

of the electron number on the spin imbalance is marginal, while the

current anisotropy increases by two orders of magnitude when going

from 4 to either 2 or 6 electrons. Figure 12 shows results for a correlated

system with nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ = 0.01, 𝑈 = 2Δ=10. In this

case, both the spin polarization and the current anisotropy display a

two-order-of-magnitude amplification with respect to the half-filled case.

These examples hint that investigating situations away from half-filling

could help in modeling CISS quantitatively.

Figure 11: The 4-site Hubbard chain with

𝜖𝑖 = 𝑈 = 0, nn 𝑡 = 1 and 𝜒 = 0.01, nnn

𝑡′ = 0.01. Blue lines: half-filled systems.

Green and red lines refer to the system

with 2 and 6 electrons,respectively. Left

panel: the spin imbalance on site 1 as

a function of the current; right panel:

the current anisotropy vs the applied

potential.

Figure 12: The 4-site half-filled Hubbard

chain with 𝑈 = 2Δ = 10, nn 𝑡 = 1 and

𝜒 = 0.01, nnn 𝑡′ = 0.01. Blue lines: half-

filled chain. Green and red lines: 2 and

6 electrons, respectively. Left panel: the

polarization as a function of the current;

right panel: the current anisotropy vs the

applied potential.
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Introducing weak bonds also helps. Specifically, if we consider highly

distorted bonds with 𝜃 ∼ 𝜋/2, the relevant hopping integral decreases,

reaching values of the same order of magnitude as 𝜒. In Figure 9b the

blue line shows results for a chain with 𝑈 = Δ = 5, and where the

lateral bonds are highly distorted as to set the relevant 𝜒 = 𝑡 = 0.01.

Here the polarization reaches values up to 1%. Bringing together the two

amplification strategies finally leads to the results in Figure 9c, where

the spin polarization and current anisotropy reach values up to a few

percent and to 10%, respectively. The observed amplification is much

larger in this case for the 3/4 filled system than for the 1/2 filled chain.

Less satisfying, yet qualitatively similar results are shown in Figure 13,

for a system where the central bond is weak.

Figure 13: The 4-site half-filled Hubbard

chain with 2Δ = 𝑈 = 5, 𝑡12 = 𝑡34 = 1,

𝑡23 = 0.01, nn 𝜒 = 0.01 and nnn 𝑡′ = 0.01.

Blu lines: half filled chain. Green and

red lines: 2 and 6 electrons, respectively.

Left panel: the polarization as a function

of the current; right panel: the current

anisotropy vs the applied potential.

Reaching a few percent of polarization or of current anisotropy is certainly

encouraging. However, this result does not solve the CISS conundrum.

Finding sizable polarization in a special parameter range does not fully

explain CISS, a phenomenon that is observed in a very wide range of

materials governed by qualitatively different physics. More robust results

are needed, which apparently are hardly recovered in simple models

for correlated electrons, a result that, in a different context, has been

recently underlined.[326] On the positive side, results in Figure 9c could

explain the large current anisotropies measured in transport experiments:

the number of electrons inside the molecular junction depends on the

circuit details,[327] and it is likely that in the steady-state regime the

junction bears a number of electrons different from the isolated molecule.

We notice that the spin polarization has a smooth evolution with the

current, while the current anisotropy shows anomalies around 𝑉 = 0.

This anomaly is intrinsic to a quantity whose denominator vanishes

at 𝑉 = 0. Strong non-linearities of 𝐺 around 𝑉 = 0 have indeed been

experimentally observed.[328–331]

Introducing vibrational coupling

Vibrations are often discussed as a possible source of spin polariza-

tion.[297, 332–334] In the CC approach, we can address non-adiabatic

vibrations in a correlated electron model. A unitary transformation allows

embedding the Holstein vibrations, modulating on-site energies, into

the Hubbard Hamiltonian via a renormalization of model parameters

(see Appendices, section 4.B). Accordingly, spin polarization cannot be
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switched on by Holstein coupling when electrons travel in systems with

only nn hopping and SOC terms. More generally, introducing Holstein

modes in models with nnn hopping has marginal effects on the polariza-

tion, basically amounting to a renormalization of the on-site energies, 𝜖𝑖
and𝑈𝑖 .

The unitary transformation does not work for Peierls vibrations, leading

to more interesting results. A Peierls mode modulating the coupling

between sites 𝑙 and 𝑚 adds a vibronic term to the electronic Hamiltonian

as follows:

𝐻̂𝑣𝑖𝑏 = ℏ𝜔𝜈(𝑎̂†𝜈 𝑎̂𝜈 +
1

2

) + 𝑔𝜈(𝑎̂†𝜈 + 𝑎̂𝜈)𝑏𝑙𝑚 (14)

where 𝑎̂†𝜈 , 𝑎̂𝜈 are boson creation and annihilation operators, respectively,

relevant to a mode with frequency 𝜔𝜈. The vibrational mode modulates

the 𝑙 − 𝑚 hopping with a coupling constant 𝑔𝜈, the corresponding

relaxation energy being 𝜖𝜈 = 𝑔2

𝜈/𝜔. The same vibration could also

modulate the SOC, but the effect of SOC modulation is marginal. It must

be recognized that if Peierls coupling is introduced, the current operator

must be modified accordingly. In line with Eq.11 the current operator

becomes:

𝑗𝑚
𝑙
= 𝑖

[
𝑡𝑙𝑚 − 𝑔𝜈(𝑎̂†𝜈 + 𝑎̂𝜈)

]
(𝑣̂𝑙𝑚𝛼 + 𝑣̂𝑙𝑚𝛽) − 𝜒𝑙𝑚(𝑏𝑙𝑚𝛼 − 𝑏𝑙𝑚𝛽) (15)

The vibronic Hamiltonian (including electron-electron interactions) is

written on the basis obtained as the direct product of the real-space elec-

tronic basis times the eigenstates of the harmonic oscillator(s), truncating

the vibrational basis up to a large enough number of vibrational quanta

to obtain converged results. Direct numerical diagonalization leads to

numerically exact non-adiabatic results for the current-carrying system. If

several vibrational modes are introduced, the base grows rapidly, making

the calculation computationally intensive. In the following, we will only

address systems where a single mode is considered. Quite interestingly,

we present for the first time results relevant to a system where electron-

electron and non-adiabatic Peierls vibrations are accounted for at the

same time.

Figure 14 shows results for a four-site Hubbard chain with nn 𝑡=1

and 𝜒 = 0.01, nnn 𝑡′=0.01, and 𝑈 = 2Δ = 5. A Peierls mode with

frequency 𝜔 =0.1 modulates the central hopping integral, with relaxation

energy increasing from 0 to 0.1. The results are disappointing: both the

polarization and the current anisotropy monotonously decrease upon

increasing the strength of Peierls coupling. Similar results are obtained

accounting for a vibrational mode that modulates either symmetrically

or antisymmetrically the two lateral bonds (see in the appendices, Figure

4.C.1, Figure 4.C.2, Figure 4.C.3 and Figure 4.C.4).



4.1 A minimal model through the understanding of CISS 79

Figure 14: The half-filled 4-site Hubbard

chain with nn hopping 𝑡 = 1, nnn hop-

ping 𝑡′ = 0.01, 𝜒 = 0.01, 𝑈 = 2Δ = 5.

A Peierls mode modulates the hopping

integral between the two central sites

with 𝜔 = 0.1. The spin polarization vs

the current and the current anisotropy

vs the potential drop calculated for dif-

ferent values of 𝜖𝑣 .

The calculation can be extended to finite temperatures by calculating all

expectation values accounting for the Boltzmann population of the states.

Figure 15 and Figure 16 show results for two different systems—one

with regular bond strength and the other with two weaker terminal

bonds—against different temperature values. Temperature has marginal

effects as long as it stays lower than the singlet-triplet gap (0.7 for Figure

15, 0.002 for Figure 16), but both polarization and current anisotropy are

suppressed at higher temperatures.

Figure 15: The half-filled 4-site Hubbard

chain with nn hopping 𝑡 = 1, nnn hop-

ping 𝑡′ = 0.01, 𝜒 = 0.01, 𝑈 = 2Δ = 5. A

Peierls mode modulates the hopping in-

tegral between the two central sites with

𝜔 = 0.1,𝜖𝑣 = 0.01. The spin polarization

vs the current and the current anisotropy

vs the potential drop calculated for dif-

ferent temperatures.

Figure 16: The 4-site Hubbard model

with 𝑡23 = 1,𝑡12 = 𝑡23 = 0.05 and

𝜒 = 0.01, nnn 𝑡′ = 0.01, 𝑈 = 2Δ = 5„

a vibrational mode is coupled to bond

between sitew 1 and 2 and sites 3 and 4

in an anti-symmetric way is with 𝜔 = 0.1
and 𝜖𝑣 = 0.01. Results are shwon for dif-

ferent temperatures, as per the legend.

Peierls vibrations apparently do not lead to major effects, and, noteworthy,

they do not relax the strict requirement of nnn interactions to observe

CISS. Indeed, we checked explicitly that driving a current in systems with

either Holstein or Peierls coupling always leads to vanishing polarization,

as long as nnn interactions are disregarded. This result contrasts sharply

with several reports showing CISS, and often quite substantial spin
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polarization effects, in two-site systems (where nnn are obviously missing)

or in systems with only nn hopping and SOC but in the presence of

Peierls coupling.[293, 326, 334–337]

In the CC approach, the steady-state current is driven through a system

where vibrations are always maintained in equilibrium. This represents

a qualitative difference vs other approaches. To demonstrate this point,

we consider the simplest system, a two-site Hubbard model, with Peierls

coupling. As stated above, if the current operator is properly defined and

the CC approach is adopted with equilibrated vibrations, CISS responses

exactly vanish. However, a different picture emerges if, in the same spirit

as in ref. [293], we adopt a mean-field approach to vibrations, basically

blocking the coordinate to its equilibrium value in the system without

current 𝑄0 = ⟨ 𝑎̂† + 𝑎̂⟩0. This approach could be applied to vibrational

modes that are slow enough not to be able to readjust during the current

flow.

Technically, to fix the vibrational coordinate to 𝑄0 we introduce an

additional Lagrange multiplier in the Hamiltonian, as follows:

𝐻(𝐽 , 𝛼) = 𝐻𝑣𝑖𝑏 −
1,𝑁−1∑
𝑙

𝑙+1,𝑁∑
𝑚

𝜆𝑙𝑚 𝑗
𝑚
𝑙
− 𝛼

(
⟨ 𝑎̂† + 𝑎̂⟩ −𝑄0

)
(16)

Figure 17a collects results for a two-site Hubbard chain with 𝑡 = 1 as the

energy unit, 𝜒 = 0.01, 𝑈 = 2Δ = 5, 𝜖𝑣 = 0.1 and increasing frequency

(or coupling constant). The right panel shows how the equilibrium value

of the vibrational coordinate ⟨ 𝑎̂† + 𝑎̂⟩ varies with the current in the

fully equilibrated approach. In these conditions, the calculated spin

polarization exactly vanishes for any value of the current (black line

in the left panel of Figure 17a). In the left panel of Figure 17a, colored

lines show instead the polarization calculated as a function imposing

that, regardless of the current, the expectation value of the vibrational

coordinate is fixed to 𝑄0. In this case, the spin polarization is finite and

increases with the current and with the strength of the coupling.

Although the spin polarization remains small, the qualitative effect of out-

of-equilibrium vibrational modes in allowing for finite spin-polarization

even in the absence of nnn interactions is interesting, as it points to a major

role of vibrations in CISS. Results in Figure 17 refer to a two-site Hubbard

chain, a structurally non-chiral system, where chirality is enforced by

the orbital twist. In this system, the stretching mode modulates the

hopping integral and hence is not directly coupled to the spin degrees

of freedom. Quite interestingly, the stretching mode, which by itself is

clearly non-chiral, acquires a chiral nature due to the coupling to the

electronic system, as demonstrated in Figure 17b that shows circular

dichroism spectra calculated for the same systems as in Figure 17a in the

absence of current (see Section 4.D for computational details).

Circular dichroism, measuring the differential absorption of left and

right circularly polarized light,[275] is a clear signature of chirality.

In the region of the electronic transitions (right panel of Figure 17b)

Peierls coupling shows up, as expected, with the appearance of vibronic

bands: besides the 0-0 band, the 0-1, 0-2 etc become progressively more

intense upon increasing the strength of the coupling. More interesting

is the region of vibrational transitions, where a signature appears in

the circular dichroism spectrum whose intensity, while staying a few
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orders of magnitude smaller than for the electronic transition, increases

with the coupling strength, while the relevant transition energy slightly

decreases. In chiral molecules, the chiral responses of vibrational states

are well known and widely investigated;[338, 339] our results suggest

that vibrational modes in chiral molecules may play a major role in

CISS.

Figure 17: (a)The half-filled 2-site Hub-

bard model with 𝑡 = 1, 𝜒 = 0.01 and

𝑈 = 2Δ = 5. A Peierls mode with fre-

quency 𝜔 = 0.1 modulates the hopping

integral between the two sites with differ-

ent 𝜀𝑣 as per the legend in panel (b). The

left panel shows the polarization against

the current calculated with the phonon

coordinate constrained to its equilibrium

value in the absence of current. The right

panel the equilibrium value of the coor-

dinate vs the current. (b) Circular dichro-

ism spectra (arbitrary units) for the same

systems as in (a) without current. The

two refer to the spectral region of vibra-

tional (left) and electronic (right) transi-

tions. The intensity of the spectra on the

left panel are multiplied by a factor 10
3

for clarity.

4.1.4 Conclusions

We have presented an original discussion of CISS-related phenomena,

where a CC approach is adopted to force electron motion through a chiral

Hubbard chain. The approach is simple and allows us to explore large

regions of parameter space. As expected, as long as only electronic degrees

of freedom are considered, CISS is supported by electrons traveling along

a simple Hubbard chain only if nnn hopping or SOC interactions are

introduced. Spin polarization is in general small, for acceptable SOC

values, but is amplified in non-half-filled systems and/or in the presence

of weak bonds, leading in specific cases to spin polarization up to ∼10%.

However, since sizable CISS effects are observed in several systems of

a very different nature, we conclude that electron correlations in the

simple Hubbard chain hardly explain CISS. In the process, we learned an

important lesson: when SOC enters the model, the standard definition of

the current operator in terms of the velocity dipole is no longer adequate,

since SOC itself enters the current operator.

The proposed approach lends itself quite naturally to address the role of

non-adiabatic vibrational modes in correlated electron systems. Molecular

vibrations modulating on-site energies, the Holstein modes, have no

major effects. Peierls modes, modulating the hopping integrals, lead

instead to more interesting physics. In the first place, Peierls modes,

together with SOC, enter the definition of the current operator. As long

as the current-carrying system is fully equilibrated in terms of both
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electronic and vibrational degrees of freedom, vibrational coupling only

marginally affects CISS. However, if the vibrational coordinate is kept

out of equilibrium in the current-carrying system, a very interesting

result is obtained in terms of a finite spin polarization in the two-site

Hubbard chain. In other terms, if vibrational modes are maintained out of

equilibrium, nnn interactions are not needed to observe spin-polarization.

This impressive result, in line with recent theoretical work,[326, 334]

suggests that the chiral nature acquired by the ubiquitous vibrational

degrees of freedom in chiral molecules can be the key to unravel the CISS

physics.

4.2 CISS in photoinduced electron transfers:
ab-initio parametrization of a modified
Hubbard model

Transport experiments are the most widely adopted experimental ap-

proach to CISS, but in these experiments it is difficult to disentangle the

role of electrodes, with their large SOC, from the intrinsic properties

of the chiral system. In this respect, the recent observation of CISS in

a photoinduced electron transfer (PET) experiment sheds new light on

the phenomenon.[286] In this novel experimental configuration, chiral

molecules are composed of a donor, a chiral bridge, and acceptor moieties

covalently linked in a specific architecture. These molecular triads are

carefully designed to ensure that: (i) the photoexcitation of the system

selectively populates the lowest excited state of the donor unit; (ii) after

excitation, two fast electron transfer processes drive an electron across the

bridge to the acceptor unit; and (iii) the resulting charge-separated (zwit-

terionic) state exhibits a long lifetime, extending into the microsecond

regime.

In the initial study, the molecule peri-xanthenoxanthene-bis(naphthalene-

1,8-dicarboximides)-naphthalene-1,8:4,5-bis(dicarboximide) (PXX-NMI2-

NDI, see Figure 18) was dissolved in a nematic liquid crystal, allowing

the molecular axis to be aligned either parallel or perpendicular to an

external magnetic field. Subsequently, the resulting spin polarization

was characterized using time-resolved electron paramagnetic resonance

(TREPR). The TREPR signals for both R and S enantiomers were found to

be compatible with a spin polarization of 50%, a value supported by first-

principles simulations. In contrast, spin polarization was not detected

when an achiral reference molecule was employed. More recently, the

CISS effect was investigated using a similar methodology in randomly

oriented molecules in frozen glassy solvent. [287]

To simulate CISS in this peculiar setup, in line with recent advances in

the field,[292] we adopt a modified Hubbard model to describe the basic

physics of system, focusing attention on the bridge, constituted by a pair

of twisted NMI units (Figure 18). Our aim is to reliably parametrize the

Hubbard model for the bridge against ab initio results.

The proposed modified Hubbard model for the bridge takes into account

two sites (corresponding to the two NMI units) accounting on each site for
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Figure 18: Kekule structure and frag-

ments subdivision studied in the PET

experiment by Wasielewski et al. [2]

two orbitals, namely the HOMO and LUMO. The Hamiltonian reads:

H=
∑
𝐼 ,𝑖,𝜎

𝜀𝑖 𝑛̂𝐼 ,𝑖,𝜎 −
∑
𝐼 ,𝑖, 𝑗 ,𝜎

𝑡𝑖 𝑗𝑐
†
𝐼𝑖𝜎𝑐𝐼 𝑗𝜎+

+ 1

2

∑
𝐼 ,𝑖, 𝑗 ,𝜎

𝑈𝑖 𝑗 𝑛̂𝐼𝑖𝜎 𝑛̂𝐼 𝑗𝜎̄ +
1

2

∑
𝐼 ,𝑖≠𝑗 ,𝜎

(
𝑈𝑖 𝑗 − 𝐽𝑖 𝑗

)
𝑛̂𝐼𝑖𝜎 𝑛̂𝐼 𝑗𝜎+

+ 1

2

∑
𝐼 ,𝑖≠𝑗 ,𝜎

𝐽𝑖 𝑗𝑐
†
𝐼𝑖𝜎𝑐
†
𝐼 𝑗𝜎̄𝑐𝐼𝑖𝜎̄𝑐𝐼 𝑗𝜎+ (17)

+ 1

2

∑
𝐼 ,𝑖, 𝑗 ,𝜎,𝜎′

𝑉𝑖 𝑗 𝑛̂𝐼𝑖𝜎 𝑛̂𝐼 𝑗𝜎′+

+
∑

𝐼 ,𝑖≠𝑗 ,𝜎,𝜎′
𝐽(𝑒𝑥𝑐)𝑐†𝐼 ,𝑖,𝜎𝑐𝐼 ,𝑖,𝜎𝑐

†
𝐼 , 𝑗,𝜎′

𝑐𝐼 , 𝑗,𝜎′

where uppercase indices run on the two sites, lowercase indices run on

site orbitals, and 𝜎 is the spin label, so that 𝑐†
𝐼𝑖𝜎, 𝑐𝐼𝑖𝜎 and 𝑛̂𝐼𝑖𝜎 are the

creation, annihilation, and number operators for the 𝜎-spin electron in

the 𝑖-th spatial orbital of the 𝐼-th site. Barred indices indicate the other

possible value for the site, orbital, or spin. The first line in Equation 17

collects the one-electron terms of the Hamiltonian, where 𝜖𝑖 is the energy

for the 𝑖-th site orbital (equal on both fragments), and 𝑡𝑖 𝑗 is the hopping

integral between the 𝑖-th and 𝑗-th orbitals (on different fragments, on-site

hopping integrals vanish). The second and third lines of Equation 17

collect the on-site two-electron terms, with𝑈𝑖 𝑗 measuring the repulsion

between two electrons residing on the same site in the same or in different

orbitals, and 𝐽𝑖 𝑗 is the on-site exchange coupling. The fourth line of Eq.

17 describes inter-site electrostatic interactions. The fifth line in Eq. 17

introduces exciton coupling, a two-electron term that describes (in the

point-dipole approximation) the interaction between on-site transition

dipole moments, parameterized by the exciton coupling energy 𝐽(𝑒𝑥𝑐).
This term does not appear in standard versions of the Hubbard model

but should be accounted for when several orbitals are present on each

site.

For the parametrization of the Hubbard Hamiltonian, we rely on the

CASCI approach. CASCI offers several advantages, such as size insensitiv-

ity and comparatively well-behaved potential energy surfaces. Moreover,

it was successfully adopted to describe electronic excitations in dimers,

a problem somewhat relevant to our aim [340]. Specifically, we adopt

CAS-sr-DFT, a variant of CASCI, to effectively account for dynamic

correlation by incorporating short-range electron-electron interactions

in a DFT framework [78]. The basis set for the CASCI and CAS-sr-DFT

approaches are the electronic configurations, i.e., the states obtained by

populating the active orbitals with the proper number of electrons. The
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CASCI or CAS-sr-DFT eigenstates are obtained upon diagonalization

of the relevant Hamiltonian matrix, which explicitly accounts for one-

and two-electron terms. Specifically, in CAS-sr-DFT, a range separation

parameter is defined (we set it to 0.2 to best fit the experimental excitation

energy of NMI) on the electron-electron distance, so that two-electron

terms are calculated using DFT in the short range and wavefunction

theory in the long range, as explained in Chapter 2.

Before applying CAS-sr-DFT to our case, we calculated relevant transition

energies with NEVPT2. The calculations were executed using the 6-31G*

basis set and RI-JK approximation with the def2/JK auxiliary basis set,

when applicable. The calculations were executed in ORCA 5.0.2 [222].

Hartree-Fock orbitals for the single NMI unit are reported in Figure 19. To

model the Hamiltonian, two orbitals per site must be selected. As can be

seen in Table 2, while the CASSCF transition energy displays a significant

change from the (2,2) active space to the (10,10), the NEVPT2 energy is

much more stable. Therefore, a (2,2) active space can be a good starting

point to parametrize the effective Hamiltonian, provided a strategy is

devised to recover the correlation energy.

Figure 19: Hartree-Fockmolecularr

orbitals of NMI used in the CAS-

CI/NEVPT2 calculation. Different

groupings refer to different active

spaces.

Table 2: Transition energies for the lowest

excited singlet, S1, and triplet, T1 of NMI.

All values in eV. The active spaces for

each calculation are displayed in Figure

19.

T1 S1

CAS NEVPT2 CAS NEVPT2

CAS(2,2) 3.613 2.555 5.606 3.366

CAS(4,4) 3.810 2.504 5.391 3.640

CAS(10,10)* 3.134 2.646 4.907 3.675

We adopt CAS(2,2)-sr-DFT calculations to describe each NMI fragment,

i.e., including two orbitals, the HOMO and LUMO, and two electrons

in the active space. Analogously, NMI2 is described in CAS(4,4)-sr-DFT,

accounting for 4 orbitals (HOMO-1, HOMO, LUMO, and LUMO+1) and

4 electrons. As a first step, we ran a HF calculation on the isolated NMI

fragment and on an NMI · · · NMI system, corresponding to two NMI

fragments set at a large distance (≈20 Å). This procedure allowed us

to verify that the pair-degenerate canonical orbitals of NMI · · · NMI

coincide with the canonical orbitals of the isolated NMI, so that all intersite

interactions can be safely neglected in the NMI · · · NMI pair. The energy

of the configurations 𝐸𝑖 (the basis state of the CAS-CI calculation) can be

obtained by rotating the eigenvalues of a CAS(4,4)-sr-DFT calculation

on NMI · · · NMI onto the configuration basis. Once the energies of

the configurations are known, the on-site parameters (𝑈𝑖 𝑗 , 𝑡𝑖 𝑗 , 𝐽𝑖 𝑗) can
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be easily obtained. Inter-site model parameters (𝑡𝑖 𝑗 , 𝑉𝑖 𝑗 , 𝐽
(𝑒𝑥𝑐)

) rely on

CAS(4,4)-sr-DFT calculations on NMI2 and are extracted by adjusting

the inter-site model parameters of the Hamiltonian to best fit the ab

initio transition energies, while maintaining the on-site parameters fixed

to the values obtained from NMI · · · NMI results. Results are listed

in Table 3. Good agreement is obtained in terms of energy (RMSE of

0.045 eV). Results in the table show that the inclusion of the exciton

coupling term in our Hamiltonian marginally affects the global quality

of the fit, while it definitely improves the description of the lowest-lying

excited states (i.e., the pair of local triplet states and the pair of local

singlet states), suggesting that exciton coupling is required for a reliable

description of the low-energy excited states. Moreover, accounting for

exciton coupling does not significantly affect inter-site parameters, with

the only exception of 𝑡22, which goes from 80 meV if exciton coupling is

disregarded, to 30 meV if it is accounted for. Overall, Hubbard eigenstates

are a good approximation of CAS-sr-DFT eigenstates. Minor deviations

can be ascribed to two main sources: (1) the MOs of NMI2 that enter

the active space in the CAS(4,4)-sr-DFT calculation are not exactly linear

combinations of the same on-site orbitals that enter the CAS(2,2)-sr-

DFT calculation on the NMI dimer, and (2) some two-electron integrals

that enter the CASCI calculations are not included in the neglect of

differential overlap approximation adopted in the Hubbard model [341,

342]. The parameters obtained here show relatively high 𝑈 values of

Generalized Hubbard parameters

𝐽12 0.22 0.22

𝑈12 3.42 3.42

𝑈11 3.54 3.54

𝑈22 3.41 3.41

Δ𝐸12 3.40 3.40

𝑡11 -0.16 -0.16

𝑡12 -0.14 -0.14

𝑡22 -0.03 -0.08

𝑉11 2.06 2.06

𝑉22 2.21 2.22

𝑉12 2.09 2.10

𝐽(𝑒𝑥𝑐) 0.03 -

RMSE 0.05 0.05

RMSE’ 0.02 0.04

Table 3: Hubbard parameters (eV) ex-

tracted by ab initio calculation. Parame-

ters in the first column are obtained using

the full Hamiltonian in eq.17, parameters

in the second column are obtained ne-

glecting exciton coupling. The last two

lines show the root mean squared error

calculated accounting for all transition

energies (RMSE) and for the four lowest

excited states (RMSE’).

about 3.4 eV, which was revealed to be important in simulating CISS

in PET experiments [292].Furthermore, the introduction of vibrations

caused the setup to acquire non-negligible spin polarization.

In conclusion, we introduced a generalized Hubbard model to describe

the chiral bridge involved in the electron transfer process, i.e., the NMI2

fragment. Reliable model parameters are obtained through an original

procedure that exploits complete active space methods, where dynamic

correlations are effectively taken into account by treating short-range

electron-electron interactions with DFT. The derivation of on-site param-

eters is exact, while intersite parameters are obtained via an eigenvalue

fitting procedure, yielding good agreement between the Hubbard model

and CAS-CI eigenstates. This approach could be extended to other homo-

and hetero-dimers or larger molecular aggregates. The Hubbard model,
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along with its PPP generalization, provides a powerful framework for ad-

dressing important problems in materials science, energy conversion, and

quantum information. Understanding the interactions between localized,

excitonic, and charge resonance states with different spin multiplicities

is crucial for determining the photophysics of the system. Regarding

CISS, SOC is predicted to be small in the NMI2 bridge, as expected for

𝜋-conjugated systems. However, strong correlations are found, with U

values in the range of 3.4 eV. Despite this, the large HOMO-LUMO gap

of NMI leads to a single channel for electron transfer, and thus leads to

very small spin polarizations.
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Appendix

4.A The gauge transformation for the Hubbard
Hamiltonian with nearest-neighbor
hopping

If nnn interactions are neglected, the current-carrying Hamiltonian

reads:

𝐻(𝜆) =

𝑁∑
𝑖=1

𝜖𝑖 𝑛̂𝑖 +
𝑁∑
𝑖=1

𝑈𝑖 𝑛̂𝑖𝛼 𝑛̂𝑖𝛽

+
𝑁−1∑
𝑖=1

[
−𝑡𝑖𝑏𝑖 𝑗 + 𝑖𝜒𝑖(𝑣̂𝑖 ,𝑖+1,𝛼 − 𝑣̂𝑖 ,𝑖+1,𝛽) − 𝜆𝑖 𝑗 𝑖+1

𝑖

]
(4.A.1)

where, for the sake of simplicity, we have neglected the term accounting

for intersite electrostatic interactions, which, however, does not affect

the discussion below. The last line in the above Hamiltonian describes

all hopping terms. Focusing on just one of these terms, we rewrite it as

follows:

−𝑡𝑖(1 + 𝑖𝜆𝑖)12×2 + 𝜒𝑖(𝑖 − 𝜆)𝜎𝑧 = 𝐴𝑖 · 12×2 + 𝐵𝑖 · 𝜎𝑧 (4.A.2)

where the unit and the 𝜎𝑧 matrices are defined on the two dimensional

spin subspace. The following transformation is defined on each site as

follows:

𝑈̂ 𝑗 = 𝑒 𝑖 𝑗𝜙 𝑗𝜎𝑧 (4.A.3)

since the transformation operators are unitary,

𝑈̂†𝑗 𝑈̂ 𝑗 = 𝑈̂ 𝑗𝑈̂
†
𝑗 = 12×2

we insert the identity in the Hamiltonian in Eq. 4.A.1:

𝑯̃ =

𝑁∑
𝑗=1

∑
𝜎

𝜖 𝑗𝑐
†
𝑗 ,𝜎𝑈̂ 𝑗𝑈̂

†
𝑗 𝑐 𝑗 ,𝜎 +

𝑁∑
𝑗=1

𝑈 𝑗𝑐
†
𝑗 ,𝛼𝑈̂ 𝑗𝑈̂

†
𝑗 𝑐 𝑗 ,𝛼𝑐

†
𝑗 ,𝛽𝑈̂ 𝑗𝑈̂

†
𝑗 𝑐 𝑗 ,𝛽

+
𝑁−1∑
𝑗=1

∑
𝜎

𝑐†𝑗 ,𝜎𝑈̂ 𝑗𝑈̂
†
𝑗

[
−𝑡 𝑗(1 + 𝑖𝜆 𝑗) + 𝜒𝑗(𝑖 − 𝜆 𝑗)𝜎𝑧

]
𝑈̂ 𝑗+1𝑈̂

†
𝑗+1

𝑐 𝑗+1,𝜎h.c.

=

𝑁∑
𝑗=1

∑
𝜎

𝜖 𝑗𝑑
†
𝑗 ,𝜎𝑑 𝑗 ,𝜎 +

𝑁∑
𝑗=1

𝑈 𝑗𝑑
†
𝑗 ,𝛼𝑑 𝑗 ,𝛼𝑑

†
𝑗 ,𝛽𝑑 𝑗 ,𝛽

+
𝑁−1∑
𝑗=1

∑
𝜎

𝑑†𝑗 ,𝜎𝑈̂
†
𝑗

[
−𝑡 𝑗(1 + 𝑖𝜆 𝑗) + 𝜒𝑗(𝑖 − 𝜆 𝑗)𝜎𝑧

]
𝑈̂ 𝑗+1 𝑑2,𝜎 + h.c.

Where:

𝑑 𝑗 ,𝜎 = 𝑈†𝑗 𝑐 𝑗 ,𝜎 𝑑†𝑗 ,𝜎 = 𝑐†𝑗 ,𝜎𝑈 𝑗 (4.A.4)

We set:

𝑈̂†𝑗
[
−𝑡 𝑗(1 + 𝑖𝜆 𝑗) + 𝜒𝑗(𝑖 − 𝜆 𝑗)𝜎𝑧

]
𝑈̂ 𝑗+1 =[

𝐴 𝑗 cos

(
𝜙 𝑗

)
+ 𝑖𝐵 𝑗 sin

(
𝜙 𝑗

) ]
12×2 +

[
𝐵 𝑗 cos

(
𝜙 𝑗

)
+ 𝑖𝐴 𝑗 sin

(
𝜙 𝑗

) ]
𝜎𝑧



88 4 Chirality-Induced Spin Selectivity

To gauge the SOC term we impose:

𝜙 𝑗 = arctan

(
𝜒𝑗

𝑡 𝑗

)
while:

𝐴 𝑗 cos

(
𝜙 𝑗

)
+ 𝑖𝐵 𝑗 sin

(
𝜙 𝑗

)
= −

√
𝑡2
𝑗
+ 𝜒2

𝑗
− 𝑖𝜆 𝑗

𝑡2
𝑗
− 𝜒2

𝑗√
𝑡2
𝑗
+ 𝜒2

𝑗

So the final hamiltonian is:

𝑯̃ =

2∑
𝑗=1

∑
𝜎=↑,↓

𝜖 𝑗𝑑
†
𝑗 ,𝜎𝑑 𝑗 ,𝜎 +

2∑
𝑗=1

𝑈 𝑗𝑑
†
𝑗 ,𝛼𝑑 𝑗 ,𝛼𝑑

†
𝑗 ,𝛽𝑑 𝑗 ,𝛽

−
[√
𝑡2 + 𝜒2 + 𝑖𝜆 𝑡2 − 𝜒2√

𝑡2 + 𝜒2

] ∑
𝜎=↑,↓

𝑑†
1,𝜎𝑑2,𝜎 + h.c.

(4.A.5)

The term SOC is completely gauged away setting

𝑈̂ 𝑗 = 𝑒
𝑖 𝑗 arctan

(
𝜒𝑗
𝑡 𝑗

)
𝜎𝑧

(4.A.6)

Interestingly, the Lagrange multiplier does not appear in the transfor-

mation that holds true in the presence and in the absence of a running

current. The Hamiltonian is no longer spin-dependent along 𝑧̂ and

therefore we cannot have any polarization along 𝑧̂. Of course, the SOC

cannot be gauged out if either nnn hopping or nnn SOC interactions are

accounted for.

4.B Introducing Holstein phonons

A Holstein vibration is introduced on each site, which modulates the

on-site energy, so that the nn Hamiltonian in Eq. 4.A.1 reads:

𝐻(𝜆) =
𝑁∑
𝑗=1

∑
𝜎

𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎
[
𝜖 𝑗 + 𝑔𝑗(𝑎†𝑗 + 𝑎 𝑗)

]
+

𝑁∑
𝑗=1

𝑈 𝑗𝑐
†
𝑗 ,𝛼𝑐 𝑗 ,𝛼𝑐

†
𝑗 ,𝛽𝑐 𝑗 ,𝛽

+
𝑁∑
𝑗=1

ℏ𝜔 𝑗

(
𝑎†𝑗 𝑎 𝑗 +

1

2

)
+

∑
𝜎

𝑐†
1,𝜎 [−𝑡 + 𝑖𝜒𝜎𝑧] 𝑐2,𝜎 + h.c.

− 𝜆
[
𝑖𝑡

( ∑
𝜎=↑,↓

𝑐†
1,𝜎𝑐2,𝜎 + h.c.

)
− 𝜒

( ∑
𝜎=↑,↓

𝑐†
1,𝜎𝜎𝑧𝑐2,𝜎 + h.c.

)] (4.B.1)

We apply the Lang-Firsov transformation with the following ansatz:

𝑺𝒋 =
∑
𝜎

𝑔𝑗

ℏ𝜔 𝑗
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

(
𝑎†𝑗 − 𝑎 𝑗

)
(4.B.2)

From 𝑺†𝒋 = −𝑺𝒋 , it follows 𝑒𝑺𝒋 =
(
𝑒−𝑺𝑗

)†
. Applying the unitary transfor-
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mation 𝑯̃ = 𝑒𝑺𝒋𝑯 𝑒−𝑺𝒋
, the transformed operators on site 𝑗 read:

𝑎̃ 𝑗 = 𝑎 𝑗 −
∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔0, 𝑗
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎 𝑎̃†𝑗 = 𝑎 𝑗 −

∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔0, 𝑗
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎 (4.B.3)

𝑐 𝑗 ,𝜎 = 𝑐 𝑗 ,𝜎 𝑒
−

𝑔𝑗

ℏ𝜔
0, 𝑗
(𝑎†
𝑗
−𝑎 𝑗 )

𝑐†𝑗 ,𝜎 = 𝑐†𝑗 ,𝜎𝑒
+

𝑔𝑗

ℏ𝜔
0, 𝑗
(𝑎†
𝑗
−𝑎 𝑗 )

(4.B.4)

while, for site 𝑖 ≠ 𝑗 the operators stay unchanged:

𝑐𝑖 ,𝜎′ = 𝑐𝑖 ,𝜎′

𝑎̃𝑖 = 𝑎𝑖

Repeating the transformation on each site, we end up with the trans-

formed operator:

𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎 = 𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

𝑐†𝑗 ,𝜎𝑐 𝑗′,𝜎 = 𝑐†𝑗 ,𝜎𝑐 𝑗′,𝜎 exp

{
𝑔𝑗

ℏ𝜔0, 𝑗
(𝑎†𝑗 − 𝑎 𝑗) −

𝑔𝑗′

ℏ𝜔0, 𝑗′
(𝑎†𝑗′ − 𝑎 𝑗′)

}
= 𝑐†𝑗 ,𝜎𝑐 𝑗′,𝜎Λ𝑗 , 𝑗′

𝑎̃†𝑗 + 𝑎̃ 𝑗 = 𝑎†𝑗 + 𝑎 𝑗 − 2

2∑
𝑗=1

∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔0

𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

𝑎̃†𝑗 𝑎̃ 𝑗+
1

2

= 𝑎†𝑗 𝑎 𝑗+
1

2

−
2∑
𝑗=1

∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔 𝑗
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎(𝑎†𝑗+𝑎 𝑗)+

[
2∑
𝑗=1

∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔0

𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

]
2

First we evaluate:

2∑
𝑗=1

∑
𝜎=↑,↓

𝜖 𝑗 𝑐
†
𝑗 ,𝜎𝑐 𝑗 ,𝜎 +

2∑
𝑗=1

ℏ𝜔 𝑗

(
𝑎 𝑗
†𝑎 𝑗 +

1

2

)
+

2∑
𝑗=1

∑
𝜎=↑,↓

𝑔𝑗

ℏ𝜔 𝑗
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

(
𝑎̃†𝑗 + 𝑎̃ 𝑗

)
=

2∑
𝑗=1

∑
𝜎=↑,↓

𝜖 𝑗 𝑐
†
𝑗 ,𝜎𝑐 𝑗 ,𝜎 +

2∑
𝑗=1

ℏ𝜔 𝑗

(
𝑎†𝑗 𝑎 𝑗 +

1

2

)
−

2∑
𝑗=1

∑
𝜎=↑,↓

𝑔2

𝑗

ℏ𝜔 𝑗
𝑛 𝑗 ,𝜎 − 2

2∑
𝑗=1

𝑔2

𝑗

ℏ𝜔 𝑗
𝑛 𝑗 ,↑𝑛 𝑗 ,↓

So in the end we get:

Finally, the trasformed Hamiltonain is:

𝑯̃ =

𝑁∑
𝑗=1

∑
𝜎

[
𝜖 𝑗 −

𝑔2

𝑗

ℏ𝜔 𝑗

]
𝑐†𝑗 ,𝜎𝑐 𝑗 ,𝜎

+
𝑁∑
𝑗=1

ℏ𝜔 𝑗

(
𝑎†𝑗 𝑎 𝑗 +

1

2

)
+

2∑
𝑗=1

(
𝑈 𝑗 −

2𝑔2

𝑗

ℏ𝜔 𝑗

)
𝑐†𝑗 ,𝛼𝑐 𝑗 ,𝛼𝑐

†
𝑗 ,𝛽𝑐 𝑗 ,𝛽

+
𝑁−1∑
𝑗=1

∑
𝜎

[
−𝑡 𝑗(1 + 𝑖𝜆) + 𝜒𝑗(𝑖 − 𝜆)𝜎𝑧

]
𝑐†𝑗 ,𝜎𝑐𝑖+1,𝜎Λ𝑖 ,𝑖+1 + h.c.

(4.B.5)

Apart from a renormalization of the on-site energies and of the on-

site electron-electron repulsion, the electronic part of the Hamiltonian

has the same form as the purely electronic Hamiltonian in Eq. 4.A.1.

Accordingly, as long as only nn interactions are accounted for, the same

gauge transformation can be applied as discussed in Section 4.A, proving
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that Holstein phonons cannot lead to spin polarization in a system with

only nn hopping terms.

4.C Introducing Peierls phonons

Figure 4.C.1: The 4-site Hubbard chain

with nn 𝑡 = 1 and 𝜒 = 0.01, nnn 𝑡′ =
0.01, 𝑈 = 2Δ = 5, a vibrational mode

is coupled in an anti-symmetric way to

the bond between site 1 and 2 and sites

3 and 4 with interaction term: 𝑔𝜈(𝑎̂†𝜈 +
𝑎̂𝜈)(𝑏12 − 𝑏34)with 𝜔 = 0.1 and different

𝜖𝑣 , as per the legend.

Figure 4.C.2: The same as Figure 4.C.1

but for symmetric coupling: 𝑔𝜈(𝑎̂†𝜈 +
𝑎̂𝜈)(𝑏12 + 𝑏34).

Figure 4.C.3: The same as Figure 4.C.1

but for𝑈=0.
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Figure 4.C.4: The same as Figure 4.C.2

but for𝑈=0.

4.D CD spectra

The calculation of CD spectra in isotropic samples requires the calculation

of the rotational strength 𝑅(𝜔):

𝑅(𝜔) ∝
∑
𝑓

𝐼𝑚{ ®𝜇𝑔 𝑓 · ®𝑚 𝑓 𝑔}
𝜔 − 𝜔 𝑓 𝑔

(4.D.1)

where the sum runs over the excited states, ®𝜇𝑔 𝑓 and ®𝑚 𝑓 𝑔 are the transition

dipole moment and the magnetic dipole moment between the ground

𝑔 and the 𝑓 state (the expression holds in the hypothesis that only the

ground state is populated, extending the expression to finite temperature

is trivial). In the adopted model, the electric and magnetic dipole moments

are collinear and are directed along the 𝑧 axis. Specifically, in the real

space basis the dipole moment operator is diagonal and reads:

𝜇̂𝑧 =
∑
𝑗

(𝑍 𝑗 − 𝑛̂ 𝑗)𝑗 (4.D.2)

In the same basis, the magnetic dipole moment is:

𝑚̂𝑧 ∝ 𝑖[𝑟, 𝐻̂] = 𝑖
∑
𝑗<𝑘,𝜎

𝑡 𝑗𝑘𝑐
†
𝑗𝜎𝑐𝑘𝜎 + ℎ.𝑐. (4.D.3)

After having diagonalized the Hamiltonian, relevant transition elements

are calculated, and the CD spectra are then plotted.
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The evolution of the optical properties of a molecule from solution to

a crystalline phase is nontrivial, as it results from a complex interplay

of several interactions, including electrostatic and charge-transfer in-

termolecular interactions and the coupling with molecular vibrations.

In order to address the crystallochromism observed in quinacridone

(QA), a hybrid modeling strategy is presented that successfully describes

the optical properties (absorption and emission) of the 𝛽QA and 𝛾QA

crystalline phases. The proposed protocol relies on the parameterization

of the Frenkel-Holstein Hamiltonian against quantum chemical calcula-

tions. Periodic Density Functional Theory (DFT) is adopted to optimize

the crystallographic geometry and to extract effective atomic charges.

TD-DFT results on the isolated molecule are exploited to parametrize the

Holstein coupling, while TD-DFT on the embedded molecules and on

embedded clusters of increasing size are finally exploited to extract the

exciton model parameters. For safe validation, missing optical spectra

of the two polymorphs were measured. The approach is general and

paves the way for a rationalization of crystallochromism of molecular

condensed phases.

5.1 Introduction

The control and interpretation of the optical properties of functional

molecular materials is a fundamental research topic in material science,

with a wide range of applications in the color industry, [343] optoelec-

tronic devices, [344, 345] fluorescent sensing,[346] and bio-imaging.[347]

The precisely engineered energy fluxes driven by intermolecular interac-

tions in molecular assemblies are crucial to the photosynthetic processes

and, if properly designed, can be exploited for quantum computing.[55,

56] A recent challenge in the field is the design of molecular luminophores

for light generation and amplification.[348] Luminescence, the radiative

relaxation from excited states (fluorescence or phosphorescence), is rare

in the solid state due to dominant non-radiative decay pathways.[349].

The introduction of aggregation-induced emission (AIE) in 2001 [344,

350] pushed new possibilities for material design, fabrication, and device

applications, particularly in achieving multi-color and white-light emis-

sion [351]. Along these lines, several luminescence-related properties of

condensed phases were discovered, including thermochromism, [352]

mechanochromism, [353, 354] and piezochromism.[355] At a more fun-

damental level, crystallochromism describes the property of a crystalline

material to show different colors in the solid state. As with other complex

phenomena, crystallochromism relies on a subtle interplay of different

interactions.

Here we will focus on a specific form of crystallochromism, sometimes

dubbed color polymorphism,[356] that applies to systems showing dif-

ferent colors in different polymorphs. In these systems, the presence

of specific interactions (such as hydrogen bonds, charge transfer, or
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𝜋 · · ·𝜋 interactions) can give rise to new electronic transitions or even

suppress transitions present at the molecular level. In this direction,

crystal engineering is a helpful strategy to govern intermolecular in-

teractions towards specific properties.[357] In a broader perspective,

crystallochromism sometimes refers to crystals where different optical

spectra are due to different molecular configurations inside the crystal,

as due to the presence of different conformers or rotamers building up

the crystal.

Crystallochromism finds several technological applications in tempera-

ture sensing,[358–360] optoelectronic devices and multiplexing capabili-

ties.[361] Among the most studied examples of crystallochromic molecu-

lar systems we mention 𝑁-(4-methyl-2-nitrophenyl)acetamide [362], the

ROY pigment [363], 𝑁-picryl-𝑝-toluidine[364] and quinacridone[365] -

which is the system tested in this work.

Quinacridone (QA) (5,12-Dihydroquinolino[2,3-b]acridine-7,14-dione)

belongs to a well known class of organic dye and crystallochromic system

composed of 3 benzenes and 2 pyridin-4-one rings arranged alternately.

The molecule belongs to the C2ℎ point group. QA, commonly known as

"Pigment Violet 19", has an intense violet colour. The QA scaffold can

be easily functionalized to tune its properties. Several QA derivatives

are known, displaying different colours. For these reasons, QA and its

derivatives are widely used in industry as organic pigments [366–368].

QA is used in inks as the main product, but also in the sectors of digital

printing, paints and coatings, plastics industry, textiles industry, and

others[369]. With its highly conjugated scaffold, QA has semiconducting

properties: QA and its derivatives are extensively used for organic light-

emitting devices (OLED) [370], organic field-effect transistors (OFET)

[371], organic solar cells (OSC) [372] and other organic electronic devices.

While its electronic structure and transport properties have been deeply

investigated [373–376], less comprehensive studies deal with its optical

properties.

The accurate prediction and simulation of optical properties of molec-

ular crystals remains a challenging theoretical and computational task.

Excited states in molecular condensed phases are typically described as

Frenkel excitons (FEs), to account for the delocalization of the molecular

excitation as a result of electrostatic intermolecular interactions.[377].

Intermolecular charge-transfer (CT) excitations may also be involved,

leading to a considerably more complex picture.[94, 378–380] Moreover,

molecular vibrations have a large impact on spectral line shapes and

therefore must be taken into account to properly simulate the color of

the crystal[91, 96, 381].

Model Hamiltonians have proved useful to describe low-energy excited

states in supramolecular systems, including molecular aggregates and

crystals. Excited states and FEs can be described by means of a Frenkel-

Holstein Hamiltonian accounting for electrostatic interactions among

states with one excitation per molecular site and for electron-vibration

coupling in the linear approximation[90, 96, 382]. Essential-state models

[383–385] have been widely employed to describe charge-transfer tran-

sitions in donor-acceptor molecular systems, including aggregates [94,

379, 386–392]. Essential-state Hamiltonians can be parametrized against

experimental data[384, 385] and/or against results of quantum chemical

calculations.[389, 393]
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At the electronic level, density functional theory (DFT) and its time-

dependent implementation (TD-DFT) [79] have been largely and suc-

cessfully applied to describe the excited states of isolated molecular

systems, provided a proper functional is selected. Some critical aspects of

DFT when dealing with organic conjugated systems, [394] have recently

been mitigated by a number of improvements, with double hybrid[395]

and long-range corrected functionals.[394, 396] However, the simulation

of spectral properties in a crystalline environment hardly remains ap-

proachable with first-principle electronic structure calculations. With

few exceptions, [397] the simulation of emission with periodic ab initio

methods is not available in any electronic structure codes and, therefore,

is hardly applied in systematic approaches. More generally, addressing

optical properties of molecular crystals requires several approximations,

such as multi-methods, such as for spectral warping [398] or approx-

imated Becke’s virial exciton model to entirely bypass conventional

excited-state methods [399]. A strategy that combines DFT with classical

embedding (QM:MM), has been proposed by Adamo et al.[400, 401], and

applied to model luminescence of various molecular crystals. Finally, the

Crespo-Otero group has proposed a cluster-based QM:QM’ protocol for

electrostatic embedding, useful not only for optical properties but also

for excited-state dynamics and photochemistry.[402]. Lately, they have

been benchmarking several approaches for embedding [403].

To step in a different direction and overcome some of the limitations

of DFT, we propose here a hybrid modeling strategy that combines

first-principle calculations and model Hamiltonians. Specifically, we

run TD-DFT calculations on isolated molecules (monomers) and on

molecular clusters derived from the crystal structure. These small crys-

tal fragments are electrostatically embedded in a large portion of the

crystal, following the charge distribution evaluated with periodic DFT.

Relevant results are then exploited to parametrize a periodic model

Hamiltonian that describes FE in the presence of electron-vibration cou-

pling (Frenkel-Holstein), fully accounting for the excitonic dispersion in

different directions.

In the FE model, the proper definition of the exciton coupling 𝐽 is crucial.

It measures the electrostatic interaction between electronic excitations

on different molecules, and several strategies have been proposed for its

estimate. The simplest approach relies on the point dipole approximation.

More sophisticated strategies have been developed, including (cube)

transition densities [404] and approaches based on dimer adiabatic ex-

cited states[405], successfully employed by some of us to describe triplet

exciton couplings.[406] Time-Dependent tight-binding-based Density

Functional Theory was also attempted to go beyond the point-dipole ap-

proximation. [407] In this work, we propose an original strategy inspired

by the reverse eigenvalue problem. Specifically, the exciton couplings

relevant to a crystal fragment are adjusted to reproduce the excitation

energies and oscillator strengths obtained from TD-DFT calculations on

molecular clusters of increasing size. The proposed general workflow

has a modular structure, applicable to different molecular crystals. The

method is validated against absorption and fluorescence spectra of two

QA polymorphs. Reliable fluorescence data are available on films,[408]

but information on absorption spectra is very limited.[368] To fill this

gap, we collected experimental absorption and fluorescence spectra of
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the two polymorphs.

In the next section, we introduce the general theoretical methodological

workflow and provide details about computational and experimental

techniques. In the Results and Discussion section, the approach is ap-

plied to the QA polymorphs and calculated spectra are compared with

experimental data.

5.2 Methods

To model the optical properties of QA,we employ a hybrid modeling

approach with a modular structure, as illustrated in Figure 1. First-

principle calculations are exploited to evaluate the parameters to be

plugged into an effective Frenkel-Holstein Hamiltonian that accounts for

exciton delocalization and for vibrational degrees of freedom in a linear

coupling approach.

Figure 1: A schematic representation of

the hybrid computational methodology.
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5.2.1 Model Selection

The structure of 𝛽QA and 𝛾QA is taken from literature.[365] In 𝛽QA

[365] each molecule is bonded to the two nearest neighbor molecules via

two hydrogen bonds each, forming alternate chains that are not parallel.

Half of the chains run in the [110] direction and the other half run in the

[11̄0] direction. All chains are equivalent by symmetry. The molecules

form stacks through 𝜋 · · ·𝜋 interactions in the 𝑏 direction, in 2D layers

parallel to the [001] direction that are held together by Van der Waals

interactions. To sum up, the three-dimensional crystal can be described as

set of non-interacting 2D sheets, held together by independent hydrogen

bonds and 𝜋 stacking interactions.

In 𝛾QA [365], each molecule is connected through a single hydrogen

bond to the four nearest neighbor molecules, forming a criss-cross pattern.

The hydrogen-bond network develops along a unique direction roughly

parallel to the [001] direction. Alongside the hydrogen bonds network,

the molecules form stacks through 𝜋 · · ·𝜋 interactions in the 𝑏 direction.

The crystal can be described as non-interacting 2D sheets parallel to the

[100] direction, held together by hydrogen bonds and 𝜋 stacking, but

at variance with 𝛽QA, the interactions are not independent and each

molecule that belongs to a sheet is part of the unique hydrogen-bond
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network of that sheet. Both phases can be seen in Figure 2, panels a) and

c).

As can be seen, quasi-independent 2D layers are found in both the phases.

Figure 2 panels b) and d) offer a schematic representation of the structures

and of the main intermolecular interactions.

(a) (b)

(c) (d)

(a) 𝛽QA viewed from the 𝑎𝑏 plane. (b) Schematic representation of

relevant interactions in 𝛽QA. (c-d): 𝛾QA crystal structure. (c) 𝛾QA

viewed from the 𝑏𝑐 plane. (d) Schematic representation of relevant

interactions in 𝛾QA. In panels (b) and (d) the gray box shows the unit

cell, green lines mark 𝜋-𝜋 stacking interactions, red lines mark the

hydrogen-bond interactions, blue arrows are aligned with the molecular

transition dipole moment. Figure 2: (a-b): 𝛽QA crystal structure.

5.2.2 Electronic structure calculation: pDFT and TDDFT

Periodic DFT (pDFT) calculations were performed using Quantum

Espresso (QE) v 6.8 with vdw-df-cx functional [409] to accurately estab-

lish the atomic positions and the electrostatic landscape (electron density),

fully accounting for periodicity. GBRV ultrasoft PBE pseudopotentials

are employed with fixed electronic occupation for the wavefunction

with a 5×10×2=100 K-point grid. Kinetic-energy cutoffs of 60 Ry for the

wavefunction and of 600 Ry for charge density were chosen. Default QE

options were adopted, but with a tighter threshold for SCF convergence

(10
−8

a.u.). Initial coordinates from experimental CCDC structures 𝛽QA:

QNACRD07 (# 620258) and 𝛾QA: QNACRD07 (# 620259) were relaxed

according to the BFGS algorithm with variable cell.

Starting from the optimized periodic structures, crystalline fragments

(monomer, dimer and 1D molecular clusters) were selected across pref-

erential interaction directions, e.g. along the 𝜋 stacking direction or the

hydrogen-bond direction. TD-DFT calculations with a QM/MM embed-

ding (vide infra) were run to estimate transition energies and dipole

moments on the embedded crystalline fragments. The 𝜔B97X-D3BJ [410]

functional with the def2-TZVP basis set[411] was selected. As available in

Orca[412] 5, it is actually corresponding to the 10-parameters 𝜔B97X-V
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[413] functional with dispersion corrections (D3BJ version). The choice

of the functional for the DFT part of our workflow is motivated by the

good balance between accuracy and computational cost achieved by

range-separated DFT functionals. Their performance was confirmed by

recent benchmark studies [414–416].

For these Gaussian-based DFT calculations, we employed the Orca

5.0.2 package [412], (by default) taking advantage of the resolution of

identity approximation and of the Tamm-Dancoff approximation, TDA

(for TD-DFT)[417]. TDA was adopted to achieve convergence and good

stability of excited state solutions as well as to reduce the computational

burden for large clusters. The analysis of the nature of excited states was

performed using the TheoDORE 3.0 package.[418–421] Of special interest

is the calculation of the electron-hole correlation Ω matrix defined over a

set of fragments, where each Ω(𝐴, 𝐵) element quantifies the degree of

electronic transfer associated with a given electronic transition when the

hole is restricted to a fragment A of the system and the electron to fragment

B. In other words, Ω matrices map the transfer of electronic population

between the occupied 𝐴 (𝑥-axis) and virtual states 𝐵 (𝑦-axis) according

to the predefined partition into fragments. [421] Upon subdividing

the system of interest into fragments, electron-hole correlation plots

are reported in terms of such Ω matrices. From this analysis, reliable

information is retrieved on the nature of excited states, including their

CT character and the exciton delocalization.

5.2.3 Electrostatic embedding

The QA molecule or QA clusters defined above were inserted into a large

grid of point charges, to effectively create a QM/MM-like crystalline

embedding (in house code). Specifically, atomic point charges obtained

via a Löwdin analysis from the pDFT calculations were located at the

atomic positions.Figure 3 illustrates the impact of embedding a monomer

in successive layers of charges (for the central monomer, one layer

corresponds to 3
3 − 1 = 26 molecules of point charge arrays, two layers

correspond to 5
3 − 1 = 124, etc.). Acceptable convergence is reached at 3

layers, i.e. introducing 26 unit cells with point-charges around the DFT

unit cell.

Figure 3: 𝛽QA monomer in gas phase,

one, two and three shells of molecular

charges. In blue the transition energy; in

red the oscillator strength. 𝜔B97X func-

tional, def2-TZVP basis set.
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5.2.4 Exciton model parameters

To estimate the exciton coupling strength, we adopt an inverse-eigenvalue

problem approach. Specifically, we focus on embedded 1D clusters of 𝑁

molecules, as extracted from the relaxed crystalline structure. Following

Section 2.3.2, the exciton Hamiltonian in the tight-binding approximation

reads:

𝐻̂𝑒𝑥𝑐 = 𝜖
𝑁∑
𝑖

| 𝑖⟩ ⟨𝑖| + 𝐽
𝑁−1∑
𝑖

(| 𝑖 + 1⟩ ⟨𝑖| + | 𝑖⟩ ⟨𝑖 + 1|) (1)

where 𝑖 runs on the 𝑁 molecular sites, | 𝑖⟩ defines the state where the

exciton resides on site 𝑖, 𝜖 is the excitation energy and 𝐽 is the site-

independent exciton interaction energy. We adopted the open-boundary

condition to better reproduce the finite-size effects.

For each embedded hexamer, the TD-DFT (𝜔B97X, def2-TZVP basis

set—see above) transition energies of the first excitonic manifold (a set of

six excited states) are fitted by tuning the coupling and the diagonal ener-

gies of the exciton model, the sign of 𝐽 being defined by the distribution of

the TD-DFT oscillator strength. Notably, while not fitted, the distribution

of oscillator strengths of the different eigenstates is well reproduced by

the model. The electron-hole correlation analysis described above was

used to confirm the excitonic character of TD-DFT states and, in one

case, spurious excitations caused by finite-size effects were removed. As

seen in Figure 4, the calculation converges rapidly. Hexamers are then se-

lected, offering a good compromise between accuracy and computational

feasibility.

Figure 4: TD-DFT results 𝛽QA embed-

ded 𝜋-stacked aggregates with increas-

ing dimension. While this case is pre-

sented here as an example, similar trends

were analyzed for all the four linear ag-

gregates.

For each hexamer aggregate, electron-hole correlation analysis was

performed. We derfined four different aggregates, two for each phase,

namely 𝛾QA𝐻 ,𝛾QA𝜋, 𝛽QA𝐻 and 𝛽QA𝜋. These aggregates are defined

by either H-bond or 𝜋-𝜋 stacking interactions, and they can be indi-

viduated following the green and red scattered lines in Figure 2. In

the case of 𝛾QA𝐻 ,𝛾QA𝜋 and 𝛽QA𝜋, the first N= 6 excited states are

essentially purely excitonic and were safely selected to build the exciton

model. For 𝛽QA𝐻 (see Figure 5), the two lowest-energy states are not

pure exciton states, as they include sizable CT contributions and are

somewhat localized on the two molecules at the ends of the linear cluster
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suggesting important finite-size effects. We solved the issue by selecting

the remaining (N-2) states corresponding to excitonic states delocalized

on the (N-2) inner molecules. Summarizing, we selected the first six

states of 𝛾QA𝐻 ,𝛾QA𝜋 and 𝛽QA𝜋 embedded hexamers against TDDFT

results, and the third to the sixth states of the 𝛽QA𝐻 embedded hexamers.

The other useful analysis can be found in the Appendix of this Chapter,

Figure 5: 𝛽QA embedded dimer electron-

hole correlation analysis represented

as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.12.

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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section 5.A. All of them showed a remarkable excitonic character for the

first N states of the N-mer.

Once the relevant states are properly selected, we employed an in-house

code to fit the TD-DFT energies to find the best exciton model parameters

(𝜖 and 𝐽) for each aggregate. The fitting was performed using the leastsq

least-square algorithm from SciPy Python [422]. Indeed, as discussed

below, to get rid of the uncertainties in the TD-DFT estimates of the

absolute transition energies, we will rely on experimental data for the

estimate of 𝜖, so that the fitting procedure is actually exploited only to

estimate the excitonic couplings 𝐽 (Table 2).

We note that the oscillator strengths are not fitted, but their relative

magnitude is naturally obtained by the eigenvectors of the fitting Hamil-

tonian. Indeed, the sign of 𝐽 is fixed by the clustering of the oscillator

strength at the bottom or top of the exciton band. Of course, in the exciton

model we only get the relative oscillator strengths, and for the sake of

comparison in Figure 6, we have normalized them to the value of the

brightest transition.
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Figure 6: Results of the fitting using

the model exciton Hamiltonian (circles)

against TDDFT results (squares) for the

embedded hexamers. On the left: fitted

transition energies. On the right: result-

ing oscillator strength, rescaled to match

the brightest transition. Following the

oscillator strength trends, 𝛾QA𝜋,𝛽QA𝜋
are H-aggregates, while 𝛽QA𝐻 ,𝛾QA𝐻

are J-aggregates. RMS Errors (in meV):

𝛾𝐻=36.6, 𝛾𝜋=6.3, 𝛽𝐻=10.1,𝛽𝜋=5.2

The analysis is performed on 1D clusters developing along different

directions, getting information on exciton interactions arising in the

different clusters. The exciton interaction energies obtained from the

analysis of TD-DFT results account for the presence of fixed atomic

charges in the surrounding crystal, but not for the polarizability of the

crystal. To partially correct for this, the 𝐽 values extracted from the

analysis of TD-DFT results are divided by the squared refractive index of

the crystal to obtain the effective 𝐽𝐻,𝜋 to be inserted in the exciton model

(Eqns 4,5). The refractive index of the two polymorphs is 𝜂 =2.04 for

𝛾QA and 𝜂 =2.02 for 𝛽QA.[423]

In principle, the fit of TD-DFT data with the Hamiltonian in Eq. 1

would also lead to an estimate of the on-site energies, 𝜖. However, as

a common practice, TD-DFT calculated spectra are rigidly shifted to

improve the agreement with experiment. Here, we prefer a different

strategy. QA, a symmetric non-polar dye, is marginally solvatochromic

and the position of the maximum of its absorption band in solution

offers a good estimate of 𝜖0, the transition energy of an isolated QA in

a polarizable environment. The absorption spectrum of QA in dioxane

[424] has a maximum at 𝜖0=2.43 eV. A TD-DFT calculation (𝜔B97X-D3BJ

functional and def2-TZVP basis set, using the Adiabatic Hessian After a

Step technique as available on ORCA package) quite accurately simulates

the experimental spectrum if the calculated spectrum is rigidly redshifted

by Δ = 0.92 eV. Since the on-site energies entering Eq. 1 must also account

for the shift of the transition energies of the molecule caused by the

presence of the surrounding crystal, we set 𝜖 = 𝜖0 + Δ.

5.2.5 DFT-based vibrational and vibronic properties

Vibrational frequencies, 𝜔𝑖 , and Huang-Rhys factors, 𝑆𝑖 , are obtained

from TD-DFT calculation on a single isolated monomer using the Orca

package, employing the Adiabatic Hessian After a Step (AHAS) approx-

imation, where a single optimization step is done in the excited-state

geometry and then the Hessian is recalculated in that geometry [425].

The results are shown in Table 1 As can be seen in Figure 7, the calculated

vibronic absorption spectrum can be approximated using a single effec-

tive mode. With this information, a single effective coupled vibrational
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Figure 7: Top: spectra simulated with the

AHAS (Adiabatic Hessian After a Step)

technique. Harmonic mode calculated

on the optimized structure at the 𝜔B97X-

D3BJ/def2-TZVP level of theory as in

Table 1. Yellow: the raw spectrum ob-

tained from Orca. Blue: the same spectra

broadened by convolution with a sum

of Gaussian functions with 𝜎 = 0.05eV.

Both spectra were redshifted by 0.92 eV

to maximize the overlap with the exper-

imental spectrum, corresponding to an

𝜖0 value of 2.43 eV. Bottom: experimental

spectrum of QA in dioxane [424].

mode is defined with a frequency that is the weighted average of the

vibrational frequencies:[426, 427]

𝜔𝑒 𝑓 𝑓 =

∑
𝑖 𝑆𝑖𝜔𝑖∑
𝑖 𝑆𝑖

(2)

and a relaxation energy that is the sum of all relaxation energies,𝜆 =
∑
𝑖 𝜆𝑖

(with 𝜆𝑖 = 𝑆𝑖𝜔𝑖). Accordingly, the coupling constant of the effective

coupled mode is:

𝑔 =

√
𝜔𝑒 𝑓 𝑓𝜆 (3)

In this approach, the (typically minor) effect of the crystalline environment

on intramolecular vibrational modes is neglected.

5.2.6 Frenkel-Holstein model Hamiltonian

We employed a classical Frenkel-Holstein (see Results and eq 8), parametrized

according to the protocol described above. It is convenient to exploit

the translational symmetry and rewrite the 2D periodic Hamiltonian in

the reciprocal space. For the 𝛽QA phase with a single molecule per unit

cell, the 𝜋-stacking interaction develops along the b axis, while H-bonds

develop along the a + b direction and the Hamiltonian in the reciprocal

space reads:

𝐻̂𝛽 =
∑
𝒌

[𝜖0 + 𝐷 + 2𝐽
𝛽
𝜋𝑐𝑜𝑠(𝒌𝒃) + 2𝐽

𝛽
𝐻
𝑐𝑜𝑠(𝒌(𝒂 + 𝒃))]𝑏†𝒌𝑏𝒌+

+ℎ𝜔𝑒 𝑓 𝑓

∑
𝒒
(𝑎̃†𝒒 𝑎̃𝒒 +

1

2

) + 𝑔
√
𝑁

∑
𝒌 ,𝒒

[
𝑎̃†𝒒𝑏
†
𝒌𝑏𝒌+𝒒 + 𝑎̃

†
−𝒒𝑏
†
𝒌𝑏𝒌+𝒒

] (4)

where 𝒌 and 𝒒 are the electronic and vibrational wavevectors, respectively,

while 𝑎†𝒊 and 𝑎𝒊 are the vibrational creation and annihilation operators

for the effective vibrational mode on the 𝑖-th molecule, 𝑏†𝒊 and 𝑏𝒊 as the

creation and annihilation operators for the electronic excitation, 𝑔 is the

vibronic coupling constant, 2𝐽
𝛽
𝐻

and 𝐽
𝛽
𝜋 define the two excitonic couplings

between nearest neighbors.

For 𝛾QA the transformed Hamiltonian is more complex, due to the
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Table 1: Vibrational modes, Huang-Rhys

factors, frequency in eV, coupling rel-

ative to the vibronic spectrum for the

first transition of QA. Harmonic mode

calculated on the optimized 𝜔B97X-

D3BJ/def2-TZVP structure in vacuum

with the 𝜔B97X-D3BJ/def2-TZVP level

of theory; vibronic progression calcu-

lated with the AHAS (Adiabatic Hessian

After a Step) method and the 𝜔B97X-

D3BJ/def2-tzvp level of theory.

presence of two molecules per unit cell.

𝐻̂𝛾 =
∑
𝒌

{
{𝜖0 + 𝐷 + 2𝐽

𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃)+

+ 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] + 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
1,𝒌𝑏1,𝒌+

+{𝜖0 + 𝐷 + 2𝐽
𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃)+

− 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] − 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
2,𝒌𝑏2,𝒌

}
+

+ℎ𝜔
∑
𝑸

(𝑎†
1,𝑸 𝑎1,𝑸 + 𝑎†

2,𝑸 𝑎2,𝑸)+

+ 𝑔
√

2𝑁

∑
𝒌 ,𝑸

{
𝑎†

1,𝑸𝑏
†
1,𝒌𝑏1,𝒌+𝑸 + 𝑎†

1,𝑸𝑏
†
2,𝒌𝑏2,𝒌+𝑸+

+ 𝑎†
2,𝑸𝑏

†
1,𝒌𝑏2,𝒌+𝑸 + 𝑎†

2,𝑸𝑏
†
2,𝒌𝑏1,𝒌+𝑸 + ℎ.𝑐.

}

(5)

where notation equivalent to that in Eq. 4 is employed. Further details on

the derivation of the Hamiltonians are in the Appendices, Section 5.B.

The Frenkel-Holstein Hamiltonian is diagonalized at the specific points

of the Brillouin zone as relevant to spectroscopy (see Results). Absorption

and emission spectra are calculated by assigning a Gaussian lineshape to

each transition:

𝐼𝑎𝑏𝑠(𝜔) ∝
ℏ𝜔
𝜎

∑
𝑓 >𝑖

��〈 𝑓 �� 𝜇̂ | 𝑖⟩��2𝑒− ℏ2

2𝜎2
(𝜔 𝑓 𝑖−𝜔)2

(6)

𝐼𝑒𝑚𝑖(𝜔) ∝
(ℏ𝜔)3
𝜎

∑
𝑓 <𝑖

��〈 𝑓 �� 𝜇̂ | 𝑖⟩��2𝑒− ℏ2

2𝜎2
(𝜔 𝑓 𝑖−𝜔)2

(7)

where I is the intensity of the spectra at frequency 𝜔, 𝜎 is the Gaussian

width, ℏ𝜔𝑖 𝑓 is the energy of the transition between states 𝑖 and 𝑓 . In

absorption (emission) experiments, 𝑓 runs on all states with energy
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higher (lower) than the ground (Kasha) state. For an easier comparison

with experiments, all spectra are normalized.

Color as RGB-tuple is finally calculated starting from the absorption

spectra by in-house code. These RGBs define the simulated corresponding

colors except for an arbitrary extinction coefficient (or a color depth,

equivalently).

Absorption and fluorescence measurements. UV-Vis absorption spec-

tra were recorded with a PerkinElmer Lambda650 spectrophotometer.

Fluorescence measurements were performed on a FLS1000 Edinburgh

Fluorometer. For each sample, a small quantity of the solid dispersed

in nujol oil was ground in a mortar, and a thin layer of the material

was then applied on a quartz plate. Absorption spectra were collected

in transmission, with the light beam perpendicular to the sample. A

quartz plate was used as a reference. Emission spectra were acquired by

exciting at 450 nm the same thin layers used for absorption. The sample

was slightly off 45
𝑜

with respect to the excitation beam to minimize the

interference from reflected light. To remove artifacts due to scattering

and stray light, appropriate longpass filters were inserted in the emission

path.

The spectra were plotted with the absorption spectrum of quinacridone

in dioxane solution as reported by Mizuguchi [424] in Figure 8.

Figure 8: Experimental absorption (con-

tinuous lines) and emission (dashed

lines) spectra of 𝛽QA (green), 𝛾QA (blue)

(obtained in this work). Pink lines show

the absorption spectrum of QA in diox-

ane solution from literature.[424]

5.3 Results

We first investigated the properties of the QA monomer. TD-DFT results

(Figure 9a(i)) demonstrate that the lowest energy excited state of QA is

well separated from higher excited states and has a sizable transition

dipole moment. In order to discriminate the role of different functional

groups and identify the nature of low-lying excited states, the QA

molecule was first partitioned into 6 fragments, as shown in Figure 9b(i).

The Ω matrix in the top panel of Figure 9c(i) safely ascribes the lowest

transition to a delocalized 𝜋 → 𝜋∗ excitation. Higher energy excited

states, with a localized 𝑛 → 𝜋∗ nature involving the carbonyl units (see

bottom of Figure 9c(i) and Figure 5.A.1 in the Appendices of this chapter),

are optically dark, as expected. When embedding the monomer in the
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Figure 9: Understanding the exciton

model for QA from monomer to 𝛽QA

hexamer. a) Transition energy diagrams:

blue bars representing the TD-DFT

excitation energies of the embedded

monomer (i), dimer (ii), and hexamer

(iii). The color intensity of the red square

represents the transition dipole moment

according to the scale in panel a(i). The

blue and orange dotted frames in panels

i-iii mark the states represented in pan-

els c i)-iii). b) The molecular structure of

the monomer (i), the dimer (ii) and the

hexamer (iii) and their fragment subdi-

vision for this analysis. M1 and M2 are

shown for the dimers to help interpret-

ing molecular vs. fragment information.

c) Electron-hole correlation analysis of

selected transition for the monomer (i),

dimer (ii) and hexamer (iii), as carried

out by TheoDORE version 3.0 (Ωmatrices).

Colorbar on the right represent the de-

gree of transferred electronic population.

electrostatic field generated by the atomic charges of the surrounding

medium, the lowest energy transition is stabilized by ∼ 0.2 eV, while its

nature is not affected.

For a specific cluster obtained from the 𝛽QA structure along axis 𝑏, Figure

9 shows the evolution of the excited states from the monomer, to a dimer

and an hexamer. In the dimer, the same partitioning of the molecular units

as performed in the monomer is adopted, while the hexamer is partitioned

into molecular units. Accordingly, in the electron-hole correlation analysis,

excited states with (delocalized intermolecular) excitonic nature would

generate block-diagonal (dimer, Figure 9c(ii)) or diagonal (hexamer,

Figure 9c(iii)) elements in the Ω matrix. Intermolecular CT states are

signaled by non-vanishing elements off-diagonal or in off-diagonal

blocks.

In the dimer (Figure 9a(ii)), in line with the Kasha’s exciton model for

H-aggregates, the two low-lying monomer excitations recombine into

two states of different energy, with all oscillator strength collapsed into

the highest energy state. At higher energy, two dark transitions appear

with a dominant CT character (see Figure 9c(ii)). A similar behavior is

observed for the hexamer, where, of course, each manifold contains 6
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Table 2: Model parameters. All the val-

ues are in eV. 𝐽𝜋 and 𝐽𝐻 corresponds to

the two possible excitonic interactions -

see text.

phase 𝛽QA 𝛾QA

𝜖0 2.43 2.43

Δ 0.160 0.145

𝐽𝐻 -0.011 -0.008

𝐽𝜋 0.009 0.019

𝜔 0.168 0.168

𝑔 0.120 0.120

states. The same analysis is performed on other clusters: the clusters

obtained from 𝛾QA along the 𝑏 direction shows H-aggregate behavior;

the 𝛽QA cluster along the 𝑎 + 𝑏 direction and the 𝛾QA cluster along

1

2
[𝑎+𝑏] and

1

2
[𝑎−𝑏] directions all show J-aggregate behavior (see Section

5.A, Hexamers subsection).

In general, both Frenkel and CT excitons can play a role in optical spectra

for molecular crystals and aggregates. [94, 379, 381, 428–431] CT excitons

typically have negligible oscillator strengths, but they can interact with

nearby excited states leading to important spectroscopic effects.[381] In

the case of acene crystals, for example, their role has been discussed in

the literature and considered from a computational perspective [378, 432,

433] In line with previous work,[368, 408] our results confirm that CT

states do not play a major role in the low-energy optical properties of QA.

(Figure 9). Accordingly, we will not discuss CT states any further and

will focus on the low-energy excited state manifold, with a well-defined

exciton nature.

Following the strategy described in the Methods section, from the analysis

of TD-DFT results on embedded clusters we obtain a reliable estimate of

J-couplings between nearest-neighbor molecules. Relevant results for the

two crystals are reported in Table 2. In the same table we also show the

other parameters of the Frenkel-Holstein model, obtained following the

approaches detailed in Methods section.

Vibrational degrees of freedom enter the model in terms of molecular

vibrations modulating on-site energies, in the classical Frenkel-Holstein

model. Accounting for a single effective molecular vibration on each site

with frequency 𝜔𝑒 𝑓 𝑓 the Hamiltonian reads:

𝐻̂ =
∑
𝒊

{[
𝜖0+𝐷−𝑔(𝑎̂†𝒊 + 𝑎̂𝒊)

]
𝑏†𝒊 𝑏𝒊+ℏ𝜔𝑒 𝑓 𝑓 (𝑎̂†𝒊 𝑎̂𝒊+

1

2

)+
∑
𝒋

𝐽𝒊𝒋(𝑏†𝒊 𝑏𝒋+𝑏†𝒋 𝑏𝒊)
}

(8)

𝑎†𝒊 and 𝑎𝒊 are the vibrational creation and annihilation operators for the

effective vibrational mode on the 𝑖-th molecule, 𝑏†𝒊 and 𝑏𝒊 are the creation

and annihilation operators for the electronic excitation, 𝑔 is the vibronic

coupling constant, 𝐽𝒊𝒋 measures the coupling between the molecules on

the site 𝒊 and 𝒋.

As detailed above, we only account for excitonic interactions between

nearest-neighbors sites linked by either hydrogen-bonds or 𝜋 stacking

acting in the two dimensional crystallographic planes of interest for

the two crystals. The single-mode approximation is often adopted in

the framework of the Frenkel-Holstein model[381]. To further validate

this approximation, Figure 10 shows the vibronic coupling strength

partitioned in the different contributions. It is clear that the coupling

strength clusters around the frequency of the effective mode. The 2D



5.3 Results 107

periodic Hamiltonian written in the reciprocal space, is fully reported in

the Method section Eq. 4 and 5.

Figure 10: 𝑔𝑖 at each corresponding 𝜔𝑖
in meV for the vibrational modes ana-

lyzed in Table 1. Bars: 𝑔 values as shown

in the table. Blue line: convolution of

the bars with a Gaussian lineshape with

𝜎 = 0.01𝑒𝑉 to simulate a frequency dis-

tribution. Red line and red cross: cou-

pling mode at the average effective mode

frequency 𝜔.

To start with, we consider the electronic problem, setting 𝑔 = 0. In these

conditions, only the electronic wavevector is of relevance. For the 𝛽QA

phase with a single molecule per unit cell, the first line in Eq. 4 defines

the energy of the exciton in the momentum space. Results are plotted in

Figure 11. In the 𝛾QA phase, the presence of two molecules per unit cell

leads to a slightly more complex problem, with the first two lines in Eq.

5 defining a two-dimensional Hamiltonian in each point of the Brillouin

zone. The diagonalization of the two dimensional matrix leads to two

exciton bands, as plotted in Figure 11. The ground state in the electronic

model is a single point at 𝑲 = 𝒌 = 0, and the selection rule of optical

spectroscopy, Δ𝑲 = 0, allows us to immediately recognize the states that

can be reached upon photoexcitation, marked with a black star in the

right-hand side panels of Figure 11. In the 𝛾QA phase, the two states

reached upon photoexcitation have very similar energies and transition

dipole moments. After photoexcitation, according to the Kasha rule[434],

the system typically relaxes very quickly to the lowest energy state in the

lowest exciton surface (marked as a white star in the right-hand panels

of Figure 11a-b). In both polymorphs, the Kasha state is located at the

border of the Brillouin zone so that emission is forbidden. However, this

result is strictly valid only in the absence of vibrational coupling.

When vibrational coupling is switched on, the wavevector is the sum

of the electronic and vibrational wavevectors, 𝑲 = 𝒌 + 𝒒. In the low

temperature limit, vibrational states are not thermally populated and the

ground state is located at 𝑲 = 𝒌 = 0. States reached upon absorption

can have population on the vibrational levels, but the optical selection

rules impose that 𝑲 = 𝒌 + 𝒒 = 0 or 𝒌 = −𝒒 = −∑
𝜈 𝑛𝜈𝒒𝜈, where 𝒒𝜈 are

the occupation numbers for the vibrational wavevectors 𝒒𝜈. Emission

occurs from the Kasha state, the lowest energy state in the excited state

manifold, characterized by a total wavevector 𝑲𝐾𝑎𝑠ℎ𝑎 . Upon emission, the

optical selection rule imposes that a state is reached in the ground state

manifold with the same total wavevector, 𝑲𝐾𝑎𝑠ℎ𝑎 . Accordingly, since the
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electronic ground state has 𝒌 = 0, the relevant state in the ground state

manifold has

∑
𝜈 𝑛𝜈𝒒𝜈 = 𝑲𝐾𝑎𝑠ℎ𝑎 . To calculate spectra, we considered 2D

aggregates comprising 4×4 unit cells (16 and 32 molecules for 𝛽QA and

𝛾QA, respectively) limiting the total number of vibrational quanta to

3 (we explicitly checked the quasi-convergence of calculated spectra).

Temperature effects were tested, accounting for a Boltzmann energy

distribution, but only marginal broadening effects were detected.

Focusing on absorption, vibronic coupling gives rise to a manifold of

vibronic states on each exciton surface and is therefore responsible for

the appearance of a vibronic structure. The role of molecular vibrations

is even more important in emission. Specifically, the ground state is itself

dressed by vibrational modes, so that states are present in the ground

state manifold at the border of the Brillouin zone, making emission

possible. Emission originates from the lowest energy states in the excited

state manifold and it ends up in states with finite vibrational population

on the ground state manifold. The emission band edge is therefore

red-shifted with respect to absorption.

Figure 11: Electronic energy surfaces for

the band of 𝛽QA (a) and 𝛾QA (b). On

the left side: 3D representation, on the

right: 2D colormap representation. The

colorscale is displayed on the right. The

black arrow (left) and the black stars

(right) represent the center zone, the sole

point in which the absorption takes place.

The red arrow (left) and white star (right)

represent the point of the emission.

(a)

(b)

Figure 12 compares experimental and simulated spectra. For both poly-

morphs, absorption and emission band shapes agree very well with

experiment. The agreement is particularly striking since there are no

adjustable parameters in the adopted model. In fact, all model parameters

are extracted from ab initio simulations, with the only exception of 𝜖0,

the exciton energy, which is extracted from experimental data relevant

to QA in solution. This choice is motivated by the well-known problem

of TD-DFT in the calculation of accurate absolute transition energies,

as already discussed for QA[435]. Our results overestimate transition

energies by roughly 0.9 eV (see Figure 7 and Table 5.A.1-Table 5.A.16).
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To reproduce experimental spectra, a fairly large width is assigned to the

Gaussian bands associated to each transition. This effectively accounts

for inhomogeneous broadening phenomena that are not included in the

FE model. Specifically, low-frequency vibrational modes are responsible

for broadening, as well as disorder and structural defects that are absent

in the adopted perfect crystalline model.

The major discrepancy between calculated and experimental spectra is

seen in emission, with the experimental band showing a broad component

to the red that is missing in the simulation. This is ascribed to the presence

of defects and trap states in the sample that may contribute to the actual

emission and are not accounted for in our model for the perfect crystal. In

any case, the overall quality of the simulated spectra is very satisfactory

and validates the proposed approach.

Figure 12: Calculated absorption and

emission spectra of 𝛽QA (top) and

𝛾QA (bottom) compared with experi-

mental measurements (this work). The

experimental spectra are indicated in

black thick lines, while the calculated

ones are filled in dark purple(𝛽QA,

RGB: 204,109,249) and magenta(𝛾QA,

RGB:231,85,243), i.e. the colors calculated

using the corresponding simulated ab-

sorption spectra. Areas under the emis-

sion spectra are filled with a variant of the

corresponding absorption colors with ar-

bitrary transparency. Solid lines are used

for absorption spectra and dashed lines

for emission spectra. In the insets on the

right-top side we show photographs of

the crystal powders taken for the two

phases.

Looking at Figure 12, we notice the prominent role of vibrational states

in determining the optical signatures of QA in absorption and emission.

This suggests that quantum treatment of coupled excitonic-vibrational

states, as suggested in our hybrid approach, is a fundamental step towards

reliable spectra simulation. Conversely, electronic methods based on QM

or QM/MM methods would fail to capture these features even though

they offer an accurate description of the embedding.

Based on the simulated absorption spectra it is possible to simulate the

corresponding color. These colors are reported in Figure 12 as a filled

area under the absorption spectra. Unfortunately, reversely re-obtaining

quantitative components in color space from the experimental spectra

is not straightforward due to the scattering artifacts on the high-energy

side of the bands. In addition to this, the effective color appearance

perceived by human eyes for the two polymorphs is not necessarily easy

to quantify nor can be accurately reproduced on the reading format

(paper or screen). However, we are able to capture the amount of blue vs.

red hue dominance in 𝛽QA vs. 𝛾QA, respectively.

5.4 Discussion and conclusions

The evolution of the optical properties of a molecule from solution to a

crystalline phase is highly nontrivial, being dominated by intermolecular
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interactions with the appearance of collective excitations or, in other

terms, of delocalized excited states. Molecular vibrations add a layer of

complexity in this scenario and, as discussed above, profoundly alter the

spectral properties in terms of bandshapes and/or emissive properties.

Here we introduced a comparatively simple and computationally acces-

sible hybrid modeling protocol, relying on the parameterization of the

Frenkel-Holstein Hamiltonian against quantum chemical calculations.

Specifically, periodic DFT was adopted to optimize the crystallographic

geometry and to extract effective atomic charges. TD-DFT results on the

isolated molecule are exploited to parametrize the Holstein coupling.

TD-DFT calculations on the embedded molecule and clusters of increas-

ing size are finally exploited to extract the exciton model parameters. The

only phenomenological inputs are the refractive index of the crystal and

𝜖0, the absorption frequency of the molecule in solution that enters to

recalibrate the TD-DFT absolute energies. Specifically, the squared re-

fractive index enters into the renormalization of the exciton couplings as

extracted from TD-DFT, in line with recent theoretical discussions [436].

Indeed, simulated spectra calculated without accounting for dielectric

screening poorly agree with experiment, as seen in Figure 13. For 𝜖0, we

prefer to refer to the experimental transition energy of QA in solution

rather than introduce an arbitrarily rigid shift of the TD-DFT energies.

Exciton couplings are often estimated in the point dipole approximation.

In this approximation the estimated 𝐽 (in Table 3) are much larger than in

our current approach, leading to a poor agreement between calculated

and experimental spectra, in Figure 14.

Table 3: Excitonic couplings calculated following different methods for 𝛽QA and 𝛾QA. Up: fitting with TDDFT and dividing by the

squared refractive index as discussed in the main text. Middle: point-dipole approximation (again accounting for the refractive index

correction). Bottom: as the top line but without accounting for the refractive index correction.

𝛽QA 𝛾QA

𝐽𝐻 𝐽𝜋 𝐽𝐻 𝐽𝜋
This work -0.013 0.008 -0.008 0.020

Dipole approximation -0.012 0.036 -0.016 0.011

This work (no refractive index correction) -0.052 0.033 -0.031 0.078

Figure 13: Calculated absorption and

emission spectra of QA 𝛽 (top) and 𝛾QA

(bottom) using directly the fitted 𝐽 (with-

out correction for the squared refrac-

tive index), compared with experimen-

tal measurements (red lines). Calculated

spectra are shown in green(𝛽QA) and

blue (𝛾QA). Solid lines are used for exper-

imental absorption spectra and dashed

lines for experimental emission spectra.

The approach is validated against the interesting case of QA, a molecular

system featuring two polymorphs with distinctly different optical spectra

(and colors). In the process, we collected a set of new experimental

absorption and emission spectra for the 𝛽 and 𝛾 phases of QA, in
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Figure 14: Calculated absorption and

emission spectra of QA 𝛽 (top) and 𝛾QA

(bottom) using the 𝐽 calculated with

the dipole moment approximation, com-

pared with experimental measurements

(red lines). Calculated spectra are shown

in green(𝛽QA) and blue (𝛾QA). Solid

lines are used for experimental absorp-

tion spectra and dashed lines for experi-

mental emission spectra.

order to fill a gap in the available literature data for these crystals.

The agreement between simulated and experimental spectra is very

good, demonstrating the validity of the proposed method. The proposed

multiscale approach applies to molecular crystals where CT transitions

are marginally involved in low-energy excited states. In principle, it could

be automated once a dictionary of symmetries is established. Finally,

having access to experimental absorption spectra in solution may help to

fine tune 𝜖0.

Recently, Giannini et al. have addressed the spectral properties of a non-

fullerene acceptor labeled Y6.[380] Their model includes FEs, CTs and

vibrational states, and it is based on a similar hybrid strategy of a model

Frenkel-Holstein Hamiltonian supplemented by ab initio calculations.

They were able to describe the spectral evolution from the solution to

the thin film and the crystal. For Y6 it was shown that CTs and FEs can

strongly mix due to a favorable energy alignment. By accounting for their

combined mixing with vibronic states, the authors accurately reproduced

the absorption in the visible and infrared. Although emission spectra

were not addressed, their strategy proved to be successful in explaining

the photophysics of Y6 and interpreting additional features observed in

the experiments.

Multiscale flavors were also suggested in a conceptual workflow proposed

by Bondarenko et al. [437], with the aim to simulate optical properties

of a large supramolecular aggregate of dyes. Their iterative multiscale

approach combines molecular dynamics and quantum mechanical ex-

citon modeling. However, vibrational states were not included in their

model, which was limited to the case of J-aggregates with large excitonic

coupling. A multiscale bottom-up scheme has also been suggested to

compute non-linear properties of molecular crystal [438].

Our work is aligned with this promising direction of multiscale ap-

proaches. An important novelty is the actual simulation of emission

spectra. In the case of QA, we observe that emission is only permitted as a

consequence of mixing with vibronic states. Our robust parametrization,

combined with the proper building of a model Hamiltonian, well explains

the different absorption and emissions measured for the polymorphs of

QA, hence paving the way to a rationalization of crystallochromism of

molecular condensed phases.
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Appendix

5.A TD-DFT excitations and analysis

TD-DFT calculations were performed with Orca 5 at 𝜔B97X-D3BJ (equiv-

alently 𝜔B97X for TDDFT transitions) with def2-TZVP basis set. See

Methods for all details. For both 𝛽QA and 𝛾QA we present additional

figures and tables for:

▶ monomers in-vacuum (include frequency and vibronic coupling

calculations) and embedded (including evaluation of embedding)

▶ dimers (H-Bond and 𝜋-stacked), both in-vacuum (tables only) and

embedded

▶ hexamers (H-Bond and 𝜋-stacked), both in-vacuum (tables only)

and embedded

5.A.1 Monomer

Table 5.A.1: Results for the 𝛽QA in-vacuum (a) and embedded (b) monomer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set.

The calculation for the embedded monomer employs 3 layers of point-charges that simulate the 𝛽QA environment around the molecule.

Rows marked in green correspond to the selected electronic states possessing excitonic features.

a) State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.44791 359.6 0.194233 -1.251360 0.785020 0.342590

2 3.82177 324.4 0.000000 -0.000070 0.000040 0.000030

3 3.85967 321.3 0.000313 -0.029600 0.029150 0.039840

4 4.29990 288.4 0.000000 0.000000 0.000000 0.000020

5 4.40580 281.4 0.085870 0.251170 -0.214530 -0.828540

6 5.22019 237.5 0.000000 -0.000010 0.000090 0.000560

b) State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.28738 377.2 0.199489 -1.292640 0.810850 0.386070

2 4.08836 303.3 0.000001 -0.002320 0.002410 0.001910

3 4.12371 300.7 0.000146 -0.021360 0.020670 0.023750

4 4.17931 296.7 0.000007 0.004410 -0.003160 -0.006430

5 4.30406 288.1 0.071344 0.250540 -0.203780 -0.756610

6 5.07989 244.1 0.001754 0.000460 0.011330 0.118150

Figure 5.A.1: 𝛽QA embedded monomer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE at 𝜔B97X with def2-TZVP ba-

sis set. Excited states (1A, 2A, etc.) or-

dered from top left by rows. The col-

orscale is reported in the last box. [421].

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Table 5.A.2: Results for the 𝛾QA in-vacuum (a) and embedded (b) monomer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set.

The calculation for the embedded monomer employs 3 layers of point-charges that simulate the 𝛾QA environment around the molecule.

Rows marked in green correspond to the selected electronic states possessing excitonic features.

a) State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.43745 360.7 0.194425 0.537130 -0.362980 -1.374240

2 3.80076 326.2 0.000000 0.000290 -0.000170 -0.000290

3 3.83411 323.4 0.000154 -0.030600 0.025860 0.006180

4 4.29182 288.9 0.000000 -0.000630 -0.000070 0.000130

5 4.39957 281.8 0.084573 -0.775020 0.404400 0.143110

6 5.20749 238.1 0.000005 -0.004790 0.002210 -0.002930

b) State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.29241 376.8 0.202047 -0.563280 0.378990 1.433510

2 4.12187 300.8 0.000000 0.000210 -0.000180 0.000320

3 4.15014 298.8 0.000075 0.020920 -0.016080 0.006440

4 4.16512 297.7 0.000000 0.000390 -0.000500 -0.000270

5 4.28967 289 0.048471 -0.572430 0.301510 0.206540

6 5.06301 244.9 0.000003 -0.000020 -0.000260 -0.005110

Figure 5.A.2: 𝛾QA embedded monomer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE at 𝜔B97X with def2-TZVP ba-

sis set. Excited states (1A, 2A, etc.) or-

dered from top left by rows. The col-

orscale is reported in the last box. [421].
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5.A.2 Dimers

Table 5.A.3: Results for the 𝛽QA gas-phase dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.25838 380.5 0.475739246 2.02869 -1.27746 -0.46045

2 3.32478 372.9 0.000000031 -0.00052 0.00032 0.00011

3 3.81206 325.2 0.000198540 -0.01978 0.02533 0.03306

4 3.81209 325.2 0.000000971 -0.00135 0.00177 0.00233

5 4.16212 297.9 0.000000000 -0.00001 0.00001 0.00003

6 4.22884 293.2 0.000149094 -0.02498 0.01993 0.02044

7 4.22911 293.2 0.000000006 0.00016 -0.00019 0.00000

8 4.24318 292.2 0.011718787 -0.18620 0.08474 -0.26623

9 4.3323 286.2 0.000001039 -0.00123 0.00094 0.00272

10 4.33543 286.0 0.099420779 0.39206 -0.29582 -0.83355

11 4.57182 271.2 0.004930381 -0.16728 0.10935 0.06386

12 4.57281 271.1 0.000000223 0.00111 -0.00075 -0.00044

Table 5.A.4: Results for the 𝛽QA embedded dimer obtained with TDDFT at 𝜔B97X with def2-tzvp basis set and employing 3 layers of

point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.125 396.8 0.471923692 2.06597 -1.29728 -0.46140

2 3.2014 387.3 0.001620569 0.11992 -0.07513 -0.02521

3 4.06316 305.1 0.000055956 -0.00314 0.00304 0.02330

4 4.14344 299.2 0.045359596 0.00972 -0.02581 -0.66789

5 4.15483 298.4 0.000615543 0.01764 -0.00942 0.07515

6 4.16045 298.0 0.000309917 0.01948 -0.01027 0.05055

7 4.23139 293.0 0.003202061 0.05909 -0.05110 -0.15743

8 4.23809 292.5 0.006853556 0.09168 -0.07512 -0.22795

9 4.23934 292.5 0.025663848 -0.18434 0.13973 0.43999

10 4.24379 292.2 0.045006957 -0.25053 0.18808 0.57857

11 4.60888 269.0 0.000191800 0.03235 -0.02081 -0.01481

12 4.62418 268.1 0.000148597 0.02717 -0.01781 -0.01601
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Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Figure 5.A.3: 𝛽QA gas phase dimer

electron-hole correlation analysis repre-

sented asΩmatrices as obtained through

TheoDORE[421] with def2-TZVP basis set

and employing 3 layers of point-charges

around the molecule. Excited states (1A,

2A, etc.) ordered from top left by rows.

The colorscale is reported in the last box.

Table 5.A.5: Results for the 𝛽QA gas-phase dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.39819 364.9 0.000000006 -0.00021 0.00014 0.00006

2 3.50325 353.9 0.294780438 -1.46607 1.05865 0.40553

3 3.82699 324.0 0.000000000 -0.00000 0.00006 0.00004

4 3.82871 323.8 0.000014054 -0.00401 -0.00668 -0.00944

5 3.86906 320.5 0.000583918 -0.05525 0.04867 0.02720

6 3.87101 320.3 0.000000011 0.00023 -0.00021 -0.00013

7 4.0655 305.0 0.000000002 0.00009 -0.00006 0.00012

8 4.07093 304.6 0.005719503 -0.17569 0.11679 -0.11331

9 4.26933 290.4 0.002935783 0.01425 0.03180 0.16387

10 4.33146 286.2 0.000000000 0.00000 -0.00000 0.00001

11 4.42026 280.5 0.000000025 -0.00014 0.00014 0.00043

12 4.42982 279.9 0.090254278 -0.34519 0.30097 0.78860

Table 5.A.6: Results for the 𝛽QA embedded dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers of

point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.20991 386.3 0.000001079 0.00265 -0.00191 -0.00176

2 3.31774 373.7 0.303420197 -1.52191 1.09838 0.45853

3 3.84988 322.0 0.000922684 0.07979 -0.05536 0.01873

4 3.86386 320.9 0.009288988 -0.24989 0.17699 -0.06603

5 4.0921 303.0 0.000041995 -0.00521 0.01213 0.01564

6 4.09789 302.6 0.000064844 0.00485 -0.01380 -0.02078

7 4.12985 300.2 0.004356302 0.01657 0.02606 0.20519

8 4.14175 299.4 0.000385288 -0.02254 0.02443 0.05189

9 4.14447 299.2 0.000247708 -0.01933 0.01977 0.04093

10 4.19876 295.3 0.000004378 0.00265 -0.00245 -0.00544

11 4.29941 288.4 0.000007729 0.00213 -0.00262 -0.00787

12 4.31398 287.4 0.075798414 0.35439 -0.29897 -0.70866
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Figure 5.A.4: 𝛽QA embedded dimer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.6.

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Table 5.A.7: Results for the 𝛽QA gas-phase dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.32872 372.5 0.443340057 0.79344 0.04895 -2.19189

2 3.39125 365.6 0.023808317 0.00370 -0.51731 0.13761

3 3.78501 327.6 0.000078057 0.02079 0.01991 -0.00365

4 3.83644 323.2 0.000006829 0.00485 -0.00681 0.00166

5 3.87599 319.9 0.000128342 -0.02871 0.02287 0.00204

6 4.06124 305.3 0.000979200 -0.00163 0.02233 -0.09664

7 4.21854 293.9 0.004468782 0.06028 0.12187 -0.15733

8 4.22712 293.3 0.000909010 0.02918 0.05871 -0.06692

9 4.26165 290.9 0.006901507 0.17274 -0.09876 0.16281

10 4.35646 284.6 0.087717747 -0.76077 0.47538 0.13078

11 4.38247 282.9 0.040947969 0.49873 0.27528 -0.23847

12 4.98476 248.7 0.479448401 0.90736 -1.53775 0.85903

Table 5.A.8: Results for the 𝛾QA embedded dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers of

point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.21911 385.2 0.461103949 -0.81007 -0.05235 2.27765

2 3.28817 377.1 0.024222186 -0.00899 0.53343 -0.12669

3 4.12292 300.7 0.003545342 -0.01283 -0.10811 0.15247

4 4.13769 299.6 0.000244743 -0.03529 -0.03088 0.01468

5 4.14998 298.8 0.000286338 -0.02226 0.02519 -0.04106

6 4.1731 297.1 0.004007037 -0.16282 0.02982 -0.10859

7 4.18497 296.3 0.000250206 -0.04106 0.01405 -0.02360

8 4.26126 291.0 0.000398715 0.00724 0.03269 -0.05194

9 4.27993 289.7 0.044747757 -0.52607 0.32831 0.20548

10 4.29156 288.9 0.034916802 0.43397 0.25545 -0.28020

11 4.39446 282.1 0.000717994 0.00396 -0.02825 0.07652

12 4.98742 248.6 0.000944376 0.03284 -0.02627 0.07720
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Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Figure 5.A.5: 𝛾QA embedded dimer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.8

Table 5.A.9: Results for the 𝛾QA gas-phase dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.346 370.5 0.000000036 0.00015 -0.00021 -0.00061

2 3.50375 353.9 0.254968727 0.54637 -0.41563 -1.58083

3 3.7894 327.2 0.000113258 0.02168 -0.02106 -0.01750

4 3.78966 327.2 0.000000004 -0.00009 0.00004 0.00019

5 3.84359 322.6 0.000181713 0.03213 -0.02935 0.00599

6 3.84382 322.6 0.000001415 0.00280 -0.00262 0.00057

7 3.95411 313.6 0.016357749 0.33673 -0.15055 -0.18112

8 3.96065 313.0 0.000064464 0.02109 -0.00946 -0.01141

9 4.25217 291.6 0.004736467 -0.17461 0.12209 0.00852

10 4.33573 286.0 0.000000067 0.00074 0.00012 -0.00027

11 4.39095 282.4 0.000000047 0.00054 -0.00034 -0.00019

12 4.41682 280.7 0.083800787 -0.70492 0.46740 0.24303

Table 5.A.10: Results for the 𝛾QA embedded dimer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers of

point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.16156 392.2 0.000000056 -0.00023 0.00020 0.00080

2 3.32858 372.5 0.262155584 -0.58488 0.44320 1.63591

3 3.73429 332.0 0.003851017 -0.12748 0.06611 0.14653

4 3.74246 331.3 0.015695600 -0.25950 0.13411 0.29302

5 4.10743 301.9 0.002596576 -0.12251 0.10303 0.01335

6 4.11611 301.2 0.000010705 0.00852 -0.00567 -0.00121

7 4.11803 301.1 0.000285130 0.04526 -0.02731 -0.00565

8 4.14684 299.0 0.000151783 -0.03010 0.01914 -0.01489

9 4.14737 298.9 0.000024220 -0.01234 0.00768 -0.00520

10 4.20577 294.8 0.000000069 -0.00042 0.00066 0.00025

11 4.27877 289.8 0.000002870 0.00391 -0.00297 -0.00180

12 4.29706 288.5 0.052487490 -0.52116 0.37291 0.29648
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Figure 5.A.6: 𝛾QA embedded dimer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.10.

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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5.A.3 Hexamers

Table 5.A.11: Results for the 𝛽QA gas-phase hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.12036 397.3 1.700501399 3.96180 -2.49057 -0.58764

2 3.183 389.5 0.000000000 0.00002 -0.00001 0.00001

3 3.23101 383.7 0.117669412 -1.01497 0.63909 0.21888

4 3.26323 379.9 0.000000000 -0.00003 0.00002 0.00003

5 3.29274 376.5 0.105529747 0.94328 -0.59507 -0.25353

6 3.29397 376.4 0.000007856 0.00814 -0.00514 -0.00216

7 3.80542 325.8 0.000097612 -0.01347 0.01803 0.02325

8 3.80543 325.8 0.000090460 -0.01293 0.01736 0.02240

9 4.03302 307.4 0.000000002 0.00011 -0.00005 0.00001

10 4.07182 304.5 0.001423097 0.08147 -0.04200 0.07658

11 4.12091 300.9 0.000000000 -0.00001 -0.00000 -0.00002

12 4.16816 297.5 0.002651132 0.09937 -0.04810 0.11736

13 4.20052 295.2 0.000006795 0.00656 -0.00447 0.00173

14 4.20055 295.2 0.000144517 0.03025 -0.02061 0.00803

15 4.21483 294.2 0.000000037 -0.00041 0.00019 -0.00040

16 4.21815 293.9 0.005596338 0.14456 -0.07047 0.16820

17 4.21871 293.9 0.000030967 -0.01033 0.00492 -0.01299

18 4.22204 293.7 0.002159156 0.05417 -0.01636 0.13294
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Table 5.A.12: Results for the 𝛽QA embedded hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers

of point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 2.98084 415.9 0.739952469 2.66074 -1.67610 -0.49339

2 2.99371 414.2 0.240360110 -1.51382 0.95348 0.27637

3 3.09924 400.0 0.769191155 -2.67648 1.69046 0.33034

4 3.13439 395.6 0.001106024 0.10103 -0.06382 -0.01108

5 3.19802 387.7 0.042911214 -0.62354 0.39216 0.07139

6 3.25357 381.1 0.000000204 -0.00135 0.00084 0.00017

7 3.98838 310.9 0.006912707 -0.03744 0.03512 0.26098

8 3.99483 310.4 0.053242517 -0.10038 0.09455 0.72456

9 4.0256 308.0 0.001104622 -0.00281 0.00755 0.10552

10 4.02842 307.8 0.002283174 0.00098 -0.00906 -0.15183

11 4.04176 306.8 0.000010998 -0.00140 0.00156 0.01033

12 4.07065 304.6 0.012965191 -0.01360 0.01847 0.35983

13 4.10386 302.1 0.000596476 -0.00380 -0.00948 -0.07634

14 4.10828 301.8 0.000647490 -0.00540 -0.00977 -0.07943

15 4.11643 301.2 0.000014260 -0.00033 -0.00073 -0.01186

16 4.16481 297.7 0.049032992 0.08585 -0.09865 -0.68077

17 4.17032 297.3 0.026196665 -0.07485 0.07849 0.49461

18 4.17301 297.1 0.016550912 -0.03549 0.04981 0.39768

Table 5.A.13: Results for the 𝛽QA gas-phase hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers

of point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.36786 368.1 0.000000002 -0.00012 0.00007 0.00004

2 3.3891 365.8 0.018094111 0.38549 -0.24351 -0.10010

3 3.42519 362.0 0.000000001 0.00008 -0.00005 -0.00003

4 3.47 357.3 0.075186365 0.75244 -0.52543 -0.20535

5 3.51342 352.9 0.000000005 0.00017 -0.00017 -0.00003

6 3.54315 349.9 0.672298506 2.02169 -1.84124 -0.51721

7 3.82486 324.2 0.000000000 0.00003 0.00000 0.00003

8 3.82571 324.1 0.000000397 -0.00157 0.00103 0.00084

9 3.82677 324.0 0.000000000 -0.00002 -0.00000 -0.00005

10 3.82774 323.9 0.000004282 0.00219 0.00491 0.00409

11 3.82847 323.8 0.000000001 -0.00002 0.00003 -0.00008

12 3.8287 323.8 0.000004196 0.00298 0.00398 0.00447

13 3.86006 321.2 0.001124744 0.06905 -0.08226 -0.01893

14 3.86124 321.1 0.000000000 -0.00003 0.00000 -0.00005

15 3.86264 321.0 0.000119527 0.02425 -0.02485 -0.00760

16 3.86382 320.9 0.000000000 -0.00002 0.00004 -0.00002

17 3.86988 320.4 0.000499862 0.04538 -0.05004 -0.02664

18 3.86998 320.4 0.000001556 -0.00255 0.00285 0.00133
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Table 5.A.14: Results for the 𝛽QA embedded hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers

of point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.15303 393.2 0.000000005 0.00005 -0.00007 -0.00023

2 3.1813 389.7 0.004460019 -0.20823 0.10608 0.05109

3 3.22315 384.7 0.000000296 0.00135 -0.00107 -0.00088

4 3.2704 379.1 0.030941792 0.52273 -0.29877 -0.15384

5 3.31129 374.4 0.000000502 0.00210 -0.00130 -0.00030

6 3.33315 372.0 0.752660546 -2.21086 1.98301 0.62991

7 3.83107 323.6 0.000314230 0.04502 -0.02873 0.02227

8 3.8336 323.4 0.001429573 -0.09437 0.06342 -0.04788

9 3.84644 322.3 0.000300603 -0.03348 0.01760 -0.04195

10 3.84772 322.2 0.000062713 0.01542 -0.00766 0.01921

11 3.86695 320.6 0.000089670 0.02239 -0.02044 0.00524

12 3.8707 320.3 0.003275203 -0.13880 0.11830 -0.03574

13 3.88466 319.2 0.000083607 0.01361 -0.00106 -0.02631

14 3.89094 318.7 0.000010001 -0.00571 0.00746 -0.00408

15 3.89914 318.0 0.000002289 -0.00165 0.00426 -0.00175

16 3.90902 317.2 0.029900360 0.35682 -0.41832 0.09953

17 4.08551 303.5 0.000320744 -0.00210 -0.00964 -0.05574

18 4.10571 302.0 0.000001143 -0.00041 0.00076 0.00326

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Figure 5.A.7: 𝛽QA embedded hexamer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.14.
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Table 5.A.15: Results for the 𝛽QA gas-phase hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.2097 386.3 1.494468804 1.29117 0.01849 -4.16383

2 3.26595 379.6 0.000114830 -0.02900 -0.01738 0.01710

3 3.30954 374.6 0.112566966 -0.39381 -0.01910 1.11034

4 3.33977 371.2 0.008390210 -0.03094 -0.31826 0.01727

5 3.36525 368.4 0.078934804 0.33325 -0.38485 -0.83561

6 3.36883 368.0 0.072909711 0.17926 0.71430 -0.58397

7 3.77042 328.8 0.000075317 0.02034 0.01980 -0.00309

8 3.80533 325.8 0.000083095 0.02262 -0.01923 -0.00312

9 3.81376 325.1 0.000075667 0.02126 0.01859 -0.00351

10 3.8147 325.0 0.000077673 -0.02166 0.01856 0.00418

11 3.82278 324.3 0.000075324 -0.02135 -0.01814 0.00441

12 3.84145 322.8 0.000004785 0.00150 -0.00690 0.00097

13 3.87986 319.6 0.000129829 -0.02983 0.02179 0.00107

14 4.12994 300.2 0.025342656 0.10659 0.02549 -0.48832

15 4.15486 298.4 0.000868888 0.06850 0.01814 0.05929

16 4.18179 296.5 0.002262748 0.04981 0.04817 -0.13147

17 4.20263 295.0 0.003685260 -0.05684 -0.17588 -0.04036

18 4.25018 291.7 0.000254292 0.02128 -0.02900 0.03389

Table 5.A.16: Results for the 𝛾QA embedded hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers

of point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.13411 395.6 1.573583859 1.32995 0.02244 -4.32717

2 3.18658 389.1 0.000149768 -0.03491 0.02611 -0.00421

3 3.22893 384.0 0.107125721 -0.39349 -0.02707 1.09482

4 3.25919 380.4 0.000125414 -0.03353 -0.01126 -0.01788

5 3.27784 378.3 0.046436573 -0.26488 0.14944 0.69696

6 3.28362 377.6 0.066068288 0.04637 0.88006 -0.21122

7 4.0708 304.6 0.020619950 -0.03270 -0.03234 0.45237

8 4.09396 302.8 0.001813854 0.11548 0.00877 0.06836

9 4.12133 300.8 0.001200576 -0.00723 -0.05977 0.09091

10 4.13021 300.2 0.000176600 0.03597 0.02041 -0.00589

11 4.14506 299.1 0.002268234 0.12319 0.01917 0.08242

12 4.15228 298.6 0.000019633 0.00567 -0.01262 0.00126

13 4.15313 298.5 0.000249215 0.01832 -0.02046 0.04117

14 4.15603 298.3 0.000278394 0.04886 -0.00171 0.01854

15 4.1587 298.1 0.000308816 0.04043 0.01303 0.03503

16 4.16059 298.0 0.000201343 0.03946 0.01947 0.00626

17 4.16567 297.6 0.000658401 0.02566 -0.07282 0.02214

18 4.16944 297.4 0.001924279 0.09359 -0.08152 0.05861
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Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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Figure 5.A.8: 𝛾QA embedded hexamer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.12.

Table 5.A.17: Results for the 𝛾QA gas-phase hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set. Rows marked in green

correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.28733 377.2 0.000000005 -0.00007 0.00009 0.00022

2 3.32086 373.4 0.008049508 0.11557 -0.08142 -0.28098

3 3.37362 367.5 0.000000010 -0.00005 0.00012 0.00032

4 3.4381 360.6 0.040592013 -0.23996 0.17063 0.62866

5 3.50038 354.2 0.000000126 -0.00025 0.00036 0.00113

6 3.54411 349.8 0.466558632 -0.65044 0.61750 2.13751

7 3.77955 328.0 0.000000232 -0.00027 -0.00139 -0.00071

8 3.77978 328.0 0.000000002 0.00001 0.00003 0.00014

9 3.78013 328.0 0.000002087 0.00114 -0.00292 -0.00356

10 3.78045 328.0 0.000000010 0.00002 -0.00009 -0.00031

11 3.78925 327.2 0.000083754 -0.01694 0.01885 0.01612

12 3.78926 327.2 0.000077192 -0.01626 0.01806 0.01553

13 3.81251 325.2 0.000590076 -0.05529 0.05708 0.00164

14 3.81256 325.2 0.000000582 -0.00174 0.00178 0.00007

15 3.81271 325.2 0.000014596 -0.00830 0.00934 0.00012

16 3.8128 325.2 0.000000691 0.00186 -0.00198 -0.00008

17 3.84472 322.5 0.000100863 0.02209 -0.02213 0.00967

18 3.84473 322.5 0.000045547 -0.01442 0.01487 -0.00737



124 5 Addressing crystallochromism: a hybrid model for Quinacridone polymorphs

Table 5.A.18: Results for the 𝛾QA embedded hexamer obtained with TDDFT at 𝜔B97X with def2-TZVP basis set and employing 3 layers

of point-charges around the molecule. Rows marked in green correspond to the selected electronic states possessing excitonic features.

State Energy (eV) Wavelength (nm) Oscillator Strength 𝜇𝑥(au) 𝜇𝑦(au) 𝜇𝑧(au)

1 3.08224 402.3 0.000000003 0.00005 -0.00005 -0.00017

2 3.12082 397.3 0.004877294 0.09179 -0.05986 -0.22756

3 3.17983 389.9 0.000000017 0.00010 -0.00011 -0.00045

4 3.25015 381.5 0.031135518 -0.22131 0.14573 0.56640

5 3.31617 373.9 0.000000899 0.00083 -0.00091 -0.00309

6 3.35948 369.1 0.492767625 -0.73502 0.68768 2.23022

7 3.696 335.5 0.003806643 -0.12080 0.07134 0.14952

8 3.70169 334.9 0.002439649 0.09822 -0.05672 -0.11848

9 3.71998 333.3 0.000980486 0.06423 -0.03826 -0.07190

10 3.72944 332.4 0.000115760 -0.01974 0.01494 0.02557

11 3.73466 332.0 0.000968397 -0.05864 0.04182 0.07346

12 3.74163 331.4 0.003058747 -0.10721 0.07418 0.12795

13 3.7536 330.3 0.000922476 0.05909 -0.04129 -0.06953

14 3.76073 329.7 0.045584402 0.41578 -0.29363 -0.48545

15 3.77136 328.8 0.008837951 0.18774 -0.11777 -0.21573

16 3.77809 328.2 0.011867586 0.21870 -0.13832 -0.24749

17 4.07396 304.3 0.000224846 0.03771 -0.02874 -0.00223

18 4.09114 303.1 0.000000146 -0.00034 0.00088 -0.00075

Figure 5.A.9: 𝛽QA embedded hexamer

electron-hole correlation analysis repre-

sented as Ω matrices as obtained from

TheoDORE[421] with TDDFT at 𝜔B97X

with def2-TZVP basis set. Excited states

(1A, 2A, etc.) ordered from top left by

rows. The colorscale is defined in the last

box. Corresponding transition energies

and dipole moments are listed in Table

5.A.18

Electron-hole	correlation	plots	of	the	Omega	matrices	for	the	individual
states.
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5.B Model Hamiltonians

5.B.1 𝛽QA

𝛽QA can be modeled using a 2D lattice with a single molecule per unit

cell. This type of crystal was already employed by Anzola at al. [96,

392], with the only difference that the directions of interaction are not

perpendicular to the unit-cell axis. Following a similar analysis, the

Hamiltonian in the reciprocal space reads:

𝐻̂𝛽 =
∑
𝒌

[𝜖0 + 𝐷 + 2𝐽
𝛽
𝜋𝑐𝑜𝑠(𝒌𝒃) + 2𝐽

𝛽
𝐻
𝑐𝑜𝑠(𝒌(𝒂 + 𝒃))]𝑏†𝒌𝑏𝒌+

+ℎ𝜔𝑒 𝑓 𝑓

∑
𝒒
(𝑎̃†𝒒 𝑎̃𝒒 +

1

2

) + 𝑔
√
𝑁

∑
𝒌 ,𝒒

𝑎̃†𝒒𝑏
†
𝒌𝑏𝒌+𝒒 + 𝑎̃

†
−𝒒𝑏
†
𝒌𝑏𝒌+𝒒

(5.B.1)

and the dipole moment operator:

𝝁̂ = 𝝁0 ·
√
𝑁(𝑏†𝑲=0 + 𝑏𝑲=0) (5.B.2)

5.B.2 𝛾QA

While the dipole moment operator retains the same formula used for

𝛽QA, 𝛾QA possesses two molecules per unit cell, and the treatment

is more complex. Following Agranovich [439] creation (annihilation)

operators in reciprocal space can be defined. Definining 𝛼 and 𝛽 the two

molecules in the unit cell and 1 and 2 the two resulting branches, the

creation (annihilation) operator for the excitation on the 𝛼/𝛽 molecule

in the 𝒏 unit cell are written in terms of the operators in the reciprocal

space as follows:

𝑏†𝒏𝛼 =

√
2

2

√
𝑁

∑
𝒌

𝑒 𝑖𝒌(𝒏+𝒓𝛼)(𝑏†
1,𝒌 + 𝑏

†
2,𝒌) (5.B.3)

𝑏†𝒏𝛽 =

√
2

2

√
𝑁

∑
𝒌

𝑒 𝑖𝒌(𝒏+𝒓𝛽)(𝑏†
1,𝒌 − 𝑏

†
2,𝒌) (5.B.4)

where 𝑏†
1,𝒌 , 𝑏

†
2,𝒌 create an exciton on the first and the second branches,

respectively. Since all molecules are equivalent by symmetry, the on-site

energies for the 𝛼 and 𝛽 sites are the same and the Hamiltonian in the

real space is:

𝐻̂ =
∑
𝒊𝜎

{[
𝜖0 + 𝐷 − 𝑔(𝑎̂†𝒊 + 𝑎̂𝒊)

]
𝑏†𝒊𝜎𝑏𝒊𝜎 + ℏ𝜔𝑒 𝑓 𝑓 (𝑎̂†𝒊 𝑎̂𝒊 +

1

2

)

+
∑
𝒋

∑
𝑖𝑛𝑡

𝐽𝒊𝜎,𝒋𝜎′,𝑖𝑛𝑡(𝑏†𝒊𝜎𝑏𝒋𝜎′ + 𝑏†𝒋𝜎′𝑏𝒊𝜎)
}

(5.B.5)

Going to the reciprocal space the diagonal term simply remains diago-

nal:. ∑
𝒏𝜎
𝑏†𝒏𝜎𝑏𝒏𝜎 =

∑
𝒌

𝑏†
1,𝒌𝑏1,𝒌 + 𝑏†

2,𝒌𝑏2,𝒌 (5.B.6)

More delicate are the off-diagonal terms:∑
𝒏 ,𝒎

∑
𝜎,𝜎′

𝐽𝒏𝜎,𝒎𝜎′𝑏
†
𝒏𝜎𝑏𝒎𝜎′ (5.B.7)
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where 𝒏 ,𝒎 run over the cells and 𝜎, 𝜎′ run on the two molecules inside

the unit cells. For the 𝛾 phase of quinacridone, using the vector 𝒃 = (𝑏, 0)
and 𝒂 = (0, 𝑎) as the unit cell vectors, and recalling that there are two

molecules per unit cell (𝜎 = 𝛼, 𝛽) the following interactions are defined:

𝐽𝒏𝜎,𝒎𝜎′



𝜎 = 𝛼 :



𝒎 = 𝒏 ± 𝒃, 𝜎′ = 𝛼
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝜋

𝒎 = 𝒏 , 𝜎′ = 𝛽
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 − 𝒃, 𝜎′ = 𝛽
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 − 𝒂 , 𝜎′ = 𝛽
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 − (𝒂 + 𝒃), 𝜎′ = 𝛽
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝜎 = 𝛽 :



𝒎 = 𝒏 ± 𝒃, 𝜎′ = 𝛽
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝜋

𝒎 = 𝒏 , 𝜎′ = 𝛼
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 + 𝒃, 𝜎′ = 𝛼
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 + 𝒂 , 𝜎′ = 𝛼
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

𝒎 = 𝒏 + (𝒂 + 𝒃), 𝜎′ = 𝛼
𝐽𝒏𝜎,𝒎𝜎′−−−−−→ 𝐽

𝛾
𝐻

(5.B.8)

Looking at the interaction 𝐽𝑃 that links two molecules of types 𝜎, 𝜎′

located in the unit cells, 𝒏 ,𝒎 = 𝒏 + 𝒔 we can use Eq 5.B.4 and generalize

the interactions in Eq. 5.B.8 as:∑
𝒎 ,𝒏

𝐽𝑃𝑏
†
𝒏 ,𝜎𝑏𝒎 ,𝜎′ ==

𝐽𝑃

2

∑
𝒌𝒔

𝑒 𝑖(𝒓𝜎−𝒓𝜎′−𝒔)𝒌(𝑏†
1,𝒌 ±𝜎 𝑏

†
2,𝒌)(𝑏1,𝒌 ±𝜎′ 𝑏2,𝒌)

(5.B.9)

where with ±𝜎 I have indicated that the sign follows from the type of the

molecule as in 5.B.4.

𝛾 phase:𝐽𝛾𝜋 terms
We apply 5.B.9 to the case in which 𝜎 = 𝜎′ = 𝛼, as in 5.B.8.

𝐽
𝛾
𝜋

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏+𝒃,𝛼 + 𝑏†𝒏 ,𝛼𝑏𝒏−𝒃,𝛼 =

𝐽
𝛾
𝜋

2

[
∑
𝒌

𝑒−𝑖𝒃𝒌(𝑏†
1,𝒌 + 𝑏

†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)

+
∑
𝒌

𝑒 𝑖𝒃𝒌(𝑏†
1,𝒌 + 𝑏

†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)]

(5.B.10)

Doing the same with 𝜎 = 𝜎′ = 𝛽 takes to:

𝐽
𝛾
𝜋

2

∑
𝒏
𝑏†𝒏 ,𝛽𝑏𝒏+𝒃,𝛽 + 𝑏†𝒏 ,𝛽𝑏𝒏−𝒃,𝛽 =

𝐽
𝛾
𝜋

2

[
∑
𝒌

𝑒−𝑖𝒃𝒌(𝑏†
1,𝒌 − 𝑏

†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)

+
∑
𝒌

𝑒 𝑖𝒃𝒌(𝑏†
1,𝒌 − 𝑏

†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)]

(5.B.11)

Finally, if we sum together these two results we obtain:

𝐽
𝛾
𝜋

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏+𝒃,𝛼 + 𝑏†𝒏 ,𝛼𝑏𝒏−𝒃,𝛼 + 𝑏†𝒏 ,𝛽𝑏𝒏+𝒃,𝛽 + 𝑏†𝒏 ,𝛽𝑏𝒏−𝒃,𝛽 =

= 2𝐽
𝛾
𝜋

∑
𝒌

𝑐𝑜𝑠(𝒌𝒃)(𝑏†
1,𝒌𝑏1,𝒌 + 𝑏†

2,𝒌𝑏2,𝒌)
(5.B.12)



5.B Model Hamiltonians 127

All the cross terms cancel out and only the diagonal terms remain.

𝛾 phase:𝐽𝛾
𝐻

terms
All terms have 𝜎 ≠ 𝜎′ and the phase exponentials do not expire. We then

have 8 different terms:

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏 ,𝛽 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒 𝑖(𝒓𝛽−𝒓𝛼−𝒃−𝒂)𝒌(𝑏†
1,𝒌 − 𝑏

†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌) (5.B.13)

We expanded the relations in 5.B.8 using 5.B.9 The first thing to note is

that, for the 𝛾 phase of QA, 𝒓𝛽−𝒓𝛼 = 𝒂+𝒃
2

. So we can transform everything

as:

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏 ,𝛽 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌) (5.B.14)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏−𝒃,𝛽 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌) (5.B.15)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏−𝒂 ,𝛽 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
−𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌) (5.B.16)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛼𝑏𝒏−𝒂−𝒃,𝛽 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
−𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌) (5.B.17)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛽𝑏𝒏 ,𝛼 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒 𝑖(
𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌) (5.B.18)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛽𝑏𝒏+𝒃,𝛼 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒 𝑖(
𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌) (5.B.19)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛽𝑏𝒏+𝒂 ,𝛼 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒 𝑖(
−𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌) (5.B.20)

𝐽
𝛾
𝐻

∑
𝒏
𝑏†𝒏 ,𝛽𝑏𝒏+𝒃+𝒂 ,𝛼 =

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒 𝑖(
−𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌) (5.B.21)

we can now group the terms in couples:

𝒔 = 0 :

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)

+𝑒 𝑖( 𝒂+𝒃2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)

𝒔 = ±𝒃 :

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)

+𝑒 𝑖( 𝒂−𝒃2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)

𝒔 = ±𝒂 :

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
−𝒂+𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)

+𝑒 𝑖( −𝒂+𝒃2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)

𝒔 = ±(𝒂 + 𝒃) :

𝐽
𝛾
𝐻

2

∑
𝒌

𝑒−𝑖(
−𝒂−𝒃

2
)𝒌(𝑏†

1,𝒌 + 𝑏
†
2,𝒌)(𝑏1,𝒌 − 𝑏2,𝒌)

+𝑒 𝑖( −𝒂−𝒃2
)𝒌(𝑏†

1,𝒌 − 𝑏
†
2,𝒌)(𝑏1,𝒌 + 𝑏2,𝒌)
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expanding the products and the exponentials with the Euler formula

and summing everything takes to:

𝐽
𝛾
𝐻

2

∑
𝒌

{
2𝑐𝑜𝑠

[
𝒌
(𝒂 + 𝒃)

2

(
𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌) − 2𝑖𝑠𝑖𝑛

[
𝒌
(𝒂 + 𝒃)

2

]
(𝑏†

1,𝒌𝑏2,𝒌 − 𝑏†
2,𝒌𝑏1,𝒌)+

+2𝑐𝑜𝑠
[
𝒌
(𝒂 − 𝒃)

2

]
(𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌) − 2𝑖𝑠𝑖𝑛

[
𝒌
(𝒂 − 𝒃)

2

]
(𝑏†

1,𝒌𝑏2,𝒌 − 𝑏†
2,𝒌𝑏1,𝒌)+

+2𝑐𝑜𝑠
[
𝒌
(−𝒂 + 𝒃)

2

]
(𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌) − 2𝑖𝑠𝑖𝑛

[
𝒌
(−𝒂 + 𝒃)

2

]
(𝑏†

1,𝒌𝑏2,𝒌 − 𝑏†
2,𝒌𝑏1,𝒌)+

+2𝑐𝑜𝑠
[
𝒌
(−𝒂 − 𝒃)

2

]
(𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌) − 2𝑖𝑠𝑖𝑛

[
𝒌
(−𝒂 − 𝒃)

2

]
(𝑏†

1,𝒌𝑏2,𝒌 − 𝑏†
2,𝒌𝑏1,𝒌)

}
Finally, we use the fact that the sine is an odd function while the cosine

is odd. The cosine terms with opposite signs do sum up, while the sine

terms cancel each other, so that:

2𝐽
𝛾
𝐻

∑
𝒌

{
𝑐𝑜𝑠

[
𝒌
(𝒂 + 𝒃)

2

]
(𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌) + 𝑐𝑜𝑠

[
𝒌
(𝒂 − 𝒃)

2

]
(𝑏†

1,𝒌𝑏1,𝒌 − 𝑏†
2,𝒌𝑏2,𝒌)

}
Finally, the complete electronic exciton Hamiltonian in the reciprocal

space reads:

𝐻̂𝑒𝑙 =
∑
𝒌

{
{𝜖0 + 𝐷 + 2𝐽

𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃) + 2𝐽

𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] + 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
1,𝒌𝑏1,𝒌+

+{𝜖0 + 𝐷 + 2𝐽
𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃) − 2𝐽

𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] − 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
2,𝒌𝑏2,𝒌

}
(5.B.22)

Vibrations
A similar procedure is adopted to deal with vibrations.

𝑎†𝒏𝛼 =
1√
2𝑁

∑
𝑸

𝑒 𝑖𝑸(𝒏+𝒓𝛼)(𝑎†
1,𝑸 + 𝑎†2,𝑸) (5.B.23)

𝑎†𝒏𝛽 =
1√
2𝑁

∑
𝑸

𝑒 𝑖𝑸(𝒏+𝒓𝛽)(𝑎†
1,𝑸 − 𝑎†2,𝑸) (5.B.24)

Exactly as the electronic Hamiltonian, the diagonal term of the vibrations

remains diagonal:∑
𝒏 ,𝜎

𝑎†𝒏 ,𝜎𝑎𝒏 ,𝜎 =
∑
𝑸

𝑎†
1,𝑸 𝑎1,𝑸 + 𝑎†

2,𝑸 𝑎2,𝑸
(5.B.25)

We can then work out the vibronic coupling term:

𝑔
∑
𝒏 ,𝜎
(𝑎†𝒏 ,𝜎 + 𝑎𝒏 ,𝜎)𝑏†𝒏 ,𝜎𝑏𝒏 ,𝜎 =

+ 𝑔
√

2𝑁

∑
𝒌 ,𝑸

{
𝑎†

1,𝑸𝑏
†
1,𝒌𝑏1,𝒌+𝑸 + 𝑎†

1,𝑸𝑏
†
2,𝒌𝑏2,𝒌+𝑸 + 𝑎†

2,𝑸𝑏
†
1,𝒌𝑏2,𝒌+𝑸 + 𝑎†

2,𝑸𝑏
†
2,𝒌𝑏1,𝒌+𝑸 + ℎ.𝑐.

}
(5.B.26)
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Only the terms with an even number of creation/annihilation operators

concerning the second branches survive. The final Hamiltonian reads:

𝐻̂ =
∑
𝒌

{
{𝜖0 + 𝐷 + 2𝐽

𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃) + 2𝐽

𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] + 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
1,𝒌𝑏1,𝒌+

+{𝜖0 + 𝐷 + 2𝐽
𝛾
𝜋 𝑐𝑜𝑠(𝒌𝒃) − 2𝐽

𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 + 𝒃

2

)] − 2𝐽
𝛾
𝐻
𝑐𝑜𝑠[𝒌(𝒂 − 𝒃

2

)]}𝑏†
2,𝒌𝑏2,𝒌

}
+

+ℎ𝜔
∑
𝑸

(𝑎†
1,𝑸 𝑎1,𝑸 + 𝑎†

2,𝑸 𝑎2,𝑸)+

+ 𝑔
√

2𝑁

∑
𝒌 ,𝑸

{
𝑎†

1,𝑸𝑏
†
1,𝒌𝑏1,𝒌+𝑸 + 𝑎†

1,𝑸𝑏
†
2,𝒌𝑏2,𝒌+𝑸

+𝑎†
2,𝑸𝑏

†
1,𝒌𝑏2,𝒌+𝑸 + 𝑎†

2,𝑸𝑏
†
2,𝒌𝑏1,𝒌+𝑸 + ℎ.𝑐.

}
(5.B.27)

where 𝐽
𝛾
𝜋 , 𝐽

𝛾
𝐻

are the 𝜋/hydrogen bond interactions, 𝒂 , 𝒃 are the unit

cell vector, 𝑏†
𝑖 ,𝒌/𝑏𝑖 ,𝒌 creates/annihilates an exciton on the 𝑖 branch at

wavevector 𝒌, 𝑎†
𝑖 ,𝑸/𝑎𝑖 ,𝑸 crates/annihilates a phonon on the 𝑖 branch at

wavevector 𝑸.

Dipole moment operator

𝝁̂ =
∑
𝒏𝜎

𝝁𝒏𝜎(𝑏†𝒏𝜎 + 𝑏𝒏𝜎) =
∑
𝒏

𝝁𝛼(𝑏†𝒏𝛼 + 𝑏𝒏𝛼) + 𝝁𝛽(𝑏†𝒏𝛽 + 𝑏𝒏𝛽) =

=
√
𝑁[(𝝁𝛼 + 𝝁𝛽)(𝑏†

1,𝒌=0
+ 𝑏

1,𝒌=0
) + (𝝁𝛼 − 𝝁𝛽)(𝑏†

2,𝒌=0
+ 𝑏

2,𝒌=0
)]

(5.B.28)





Conclusion and Future
Perspectives 6

The aim of the work summarized in this thesis is to build a bridge

across the critical interface between chemistry and quantum technology,

demonstrating that molecular systems offer a versatile and highly tun-

able toolkit to engineer the next generation of quantum hardware. The

work progresses from the rigorous calibration of theoretical methods

to the ab initio design of isolated molecular qubits, the investigation of

spin-selective transport phenomena, and finally, the simulation of com-

plex exciton behavior in crystalline environments. By bridging the gap

between microscopic Hamiltonian models and macroscopic observables,

we have highlighted how the specific chemical structure and connectivity,

electronic correlation and vibrations in organic media can be manipulated

to possibly satisfy the DiVincenzo criteria for quantum computation.

We began by establishing robust computational protocols, validating

the computationally efficient Pariser-Parr-Pople (PPP) model for the

radical species. Quite interestingly, we went beyond HF, augmenting the

standard PPP solution to include CASCI-based extensions. This hybrid

approach proved essential to address organic radicals, characterized by

strong electron correlations. Investigating molecular qubits, we demon-

strated that triangulene-based radicals have a tunable electronic structure,

suitable for qubit operations. Furthermore, the design of InveST-bridged

diradicals highlighted a specific pathway to create optically addressable

molecular spin qubits (optical-spin interfaces), satisfying a critical re-

quirement for quantum networking. The study of new organic diradicals

will be a natural continuation of this work. On a parallel track, further

studies are needed to propose realistic models for decoherence effects due

to the environment surrounding the diradicals, to be dealt with, possibly,

by exploiting an effective embedding as demonstrated in Chapter 5.

Another hot topic in the field of quantum technologies is Chirality-

Induced Spin Selectivity (CISS). A minimal Hubbard model, where

chirality is due to orbital twisting, offers an interesting and compara-

tively simple playground to address this intriguing topic. By driving a

current flux through the Hubbard chain, adopting a current-constrained

approach, we studied how the connectivity affects CISS. Moreover, inves-

tigating a wide range of model parameters, we were able to observe large

CISS responses in a very specific and tiny parameter range. The inclusion

of electron-vibration coupling leads to particularly insightful findings.

As long as the nuclear geometry is maintained in equilibrium with the

current flux, vibrational coupling has marginal effects of CISS responses.

However, non-equilibrium vibrational modes serve as a crucial amplifier

of the CISS effect. Our results suggest that the chiral character acquired

by ubiquitous vibrational degrees of freedom may be the key to unravel-

ing the physics of CISS; consequently, elucidating the roles of thermal

populations and out-of-equilibrium vibrations emerges as a necessary

further step. As the mechanism underpinning CISS remains not fully un-

derstood, insights derived from novel methodological approaches could

drive significant advancements in the field. In the future, the introduction

of full spin-orbit coupling terms, including two-electron contributions,
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could be useful for gaining deeper insights. To this end, Hubbard-like

models represent a robust starting point, offering an optimal balance

between a realistic representation of electron correlation and computa-

tional cost. Crucially, two-electron SOC terms can be explicitly accounted

for in these models without the need for mean-field approximations,

which, although ubiquitous in standard quantum chemistry packages,

are hardly adequate for strongly correlated systems.

Finally, moving from isolated molecules to the solid state, our study on

quinacridone crystallochromism provided a comprehensive framework

for understanding exciton behavior in crystalline environments. By

combining periodic DFT for electrostatic embedding with a Frenkel-

Holstein model parametrized via TD-DFT, we successfully rationalized

the crystallochromism of the 𝛽 and 𝛾 polymorphs. This work bridges the

gap between single-molecule quantum properties and the macroscopic

matrices required to host and protect them, emphasizing the role of

intermolecular coupling and vibronic interactions in defining the optical

landscape.

In conclusion, this work reinforces that organic molecules are not merely

passive elements but active, tunable platforms with a strong poten-

tial to meet fundamental criteria of quantum information technology:

initialization, manipulation, and readout.
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