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Introduction

Automated-Guided Vehicles (AGVs) are used to move items between different lo-
cations in a warehouse. They perform the same tasks assigned to operators driving
forklifts with precision, flexibility and autonomy. Within logistics and production
plants, AGVs make the management of goods movements efficient and completely
automatic, guaranteeing perfect traceability at every stage of the process, and also
allowing the overall safety of line operators to be improved. However, the coordination
of a fleet of AGVs is a very complex problem, in which there are many variables
to consider. This activity is entrusted to a so-called Traffic Manager (TM), i.e., a
software tool which has to assign tasks to each AGV ensuring maximum efficiency of
movements. Each task involves the assignment of a target position in the warehouse,
which the AGV must reach to carry out a pick up or delivery operation. When an AGV
receives a task, it chooses the path to reach the target independently from the routes of
others AGVs. AGVs move along a set of virtual paths, commonly called roadmaps. A
roadmap is nothing more than an abstraction of a directed graph, made up of segments
(edges) and points (nodes). The segment is therefore defined as a connecting line
between two points, and by appropriately joining contiguous segments we obtain the
paths.

During the work of this thesis we collaborated on the MAF (Macchine Autonome
e Flessibili) project with OCME packaging company S.r.l., based in Parma, Italy. This
company develops internal handling and logistics solutions with the help of AGVs.
MAF project aims at implementing a new Traffic Manager software based on newly
developed approaches and algorithms to be applied to a fleet of AGVs. The objective is



2 Introduction

primarily the development of a path planner for a fleet of AGVs. Indeed, the new TM
must be able to plan the routes of all AGVs, with the aim of preventing and avoiding
"deadlock" situations. A deadlock situation is a scenario in which a group of vehicles
are mutually blocked along the route assigned to them, so that they are unable to reach
their target position.

Main objective. The objective of this thesis is to study the algorithm for the path
planner of the new Traffic Manager. As already mentioned, AGVs follow predefined
paths, that connect the locations in which items are stored or processed. Therefore, we
associate the layout of the paths (i.e., the roadmap) to a directed graph. In particular,
we deal with strongly connected digraphs, directed graphs in which it is possible
to reach any node starting from any other node. From now on, we consider a set of
agents (or pebbles) on a graph G = (V,E), with vertex (or node) set V and edge (or
arc) set E. Each agent represents an AGV, occupies a different node and may move
to unoccupied positions. The nodes represent positions in which items are picked
up and delivered, together with additional locations used for routing. The directed
arcs represent the precomputed paths that connect these locations. Obviously this is a
simplification, as each AGV has a volume and takes up space around the node. In the
first two chapters we will consider point-like agents, while in the third chapter we will
introduce constraints to avoid collisions due to the real size of the agents.

From a mathematical point of view, the problem that must be solved by the path
planner is the Multi-Agent Path Finding (MAPF) problem [1], which consists in
computing a sequence of movements (called moves) that reposition all agents to as-
signed target nodes, avoiding collisions. Since we are primarily interested in avoiding
deadlock situations, we will focus on the important task of finding a feasible solution
to MAPF, even in crowded configurations. Once we find a feasible solution, we also
study how to improve it, bringing it as close as possible to the optimal one. By optimal
solution we mean the sequence of movements for each agent, which allows all targets
to be reached in the shortest possible time.
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Outline of the thesis and main contributions

The thesis is divided into four chapters, which deal with different problems associated
with path planning for one or more agents on a graph.

In Chapter 1 we focus on the problem of finding the fastest path of a single AGV.
In particular, we introduce a variant of the Shortest Path Problem (SPP), in which we
impose additional constraints on the acceleration over the arcs, and call it Bounded
Acceleration SPP (BASP). This variant is inspired by the industrial application: each
AGV has to satisfy some speed and acceleration constraints depending on the vehicle
position along the currently traveled path. We characterize the complexity of BASP,
proving its NP-hardness. We also show that, under additional hypotheses on problem
data, the problem admits a pseudo-polynomial time-complexity algorithm. Moreover,
we present an approximation algorithm with polynomial time-complexity with respect
to the data of the original problem and the inverse of the approximation factor ε .
Furthermore, we present a solution algorithm (adaptive A∗) for k-BASP, a subclass of
BASP. Roughly speaking, a BASP instance is a k-BASP, with k ∈ N, if the maximum
number of nodes of a path that can be traveled with a speed profile of maximum
acceleration, followed by one of maximum deceleration, starting and ending with
null speed, without violating the maximum speed constraint, is smaller than k. We
prove that k-BASP has polynomial time-complexity with respect to the graph size.
The adaptive A∗ algorithm computes the optimal trajectory between a pair of nodes
and adaptively determines the value of k. Finally, we present some computational
experiments to evaluate the performance of the proposed algorithms.

Main contributions. To sum up, the main contributions of this Chapter are the
introduction of a new problem (BASP) for the literature, the study of its complexity,
and the proposal of two different polynomial algorithms that solve, respectively, the
discretized version of BASP and a subclass of BASP (k-BASP). The topics of this
Chapter were dealt with in the published papers [2, 3, 4].

In Chapter 2 we focus on the problem of finding a feasible solution for the Multi-
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Agent Path Finding (MAPF) problem. Since our aim is to detect feasible solutions,
here we impose that agents move one at a time, as also done, e.g., in [5, 6, 7, 8]. Of
course, once we have found a feasible solution where agents move one at a time, it may
be possible to find a shorter solution by allowing simultaneous moves. For instance,
we can search in a neighborhood of the feasible solution, as in Chapter 4. Moreover,
we assume that the edges of the graph have the same length. Indeed, if the agents can
move one at a time then the length of the edges is not relevant when searching for a
feasible solution.

In the first subsection, we focus on the special case of a MAPF on a tree. This
variant, called pebble motion on trees (PMT) problem, has been widely studied because,
in many cases, the more general Multi-Agent path finding (MAPF) problem on graphs
can be reduced to PMT. One of the most important results about PMT is provided
by Kornhauser [8], who describes a procedure, very difficult to implement, that finds
solution of length O(n3). Other papers present algorithms easier to implement but with
worse length complexity. In the second subsection we focus on the MAPF problem on
strongly connected digraphs, which is the main problem for the purpose of this thesis.
A directed graph G = (V,E) is strongly connected if for all v,w ∈ V there is a path
from v to w. This is the type of graph most suitable for representing any warehouse,
in which some segments can only be traversed in one direction, but there is always a
path to go from one position to another. In literature, suboptimal algorithms exist for
undirected and strongly biconnected directed graphs.

Main contributions. Our main contributions are as follows. We propose a simple
and easy to implement procedure, which finds solutions of PMT of length O(knc+n2),
where n is the number of nodes, k is the number of pebbles, and c the maximum length
of corridors in the tree. This complexity result is more detailed than the current best
known result O(n3), which is equal to our result in the worst case, but does not capture
the dependency on c and k. Moreover, we discuss a variant of MAPF, the Motion
Planning problem (MP in what follows), which consists in finding a plan such that
a single marked agent reaches a desired target vertex, avoiding collisions. That is,
in MP all non-marked agents are obstacles that need to be moved out of the way to
re-position the marked one. These topics are discussed in the paper [9] submitted
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to Journal of Artificial Intelligence with the collaboration of Bernhard Nebel. As
regards the MAPF, our main contribution is to generalize the algorithms for undi-
rected and strongly biconnected directed graphs to the more general case of strongly
connected directed graphs. In particular, we describe a procedure that checks the
problem feasibility in linear time with respect to the number of vertices n, and we
find a necessary and sufficient condition for feasibility of any MAPF instance. More-
over, we present an algorithm (diSC) that provides a feasible and suboptimal solution
with length O(kn2c), where c is the maximum length of the corridors of the graph.
Some of these contributions have already been presented at the 61st Conference on De-
cision and Control with the paper [10], while others will be part of a future publication.

In Chapter 3 we discuss C -MP and C -MAPF, generalizations of the classical
Motion Planning (MP) and Multi-Agent Path Finding (MAPF) problems on a directed
graph G. The motivation for these generalizations is linked to the industrial application
of MP and MAPF. Indeed, until now we have considered AGVs as point-like bodies
without volume. In fact, if the center of an agent is located on a node, its body may
occupy the space around that node. Therefore, to avoid collisions between AGVs, new
constraints that allow maintaining a safety distance between agents must be introduced.
In C -MP and C -MAPF, we enforce an upper bound on the number of agents that
occupy each member of a family of vertex subsets.

Main contributions. In addition to presenting these two problems, new to liter-
ature, we prove that finding a feasible solution of C -MP and C -MAPF is NP-hard.
Also, we propose a method to convert these problems to standard MP and MAPF
by strengthening the constraints. The method consists in finding a subset of vertices
W and a reduced graph GW , such that a feasible solution of MP and MAPF on GW

provides, in polynomial time, a feasible solution of C -MP and C -MAPF on G. How-
ever, since the conversion into standard MP and MAPF is obtained by strengthening
constraints, feasible solutions of C -MP and C -MAPF on G may exist even if MP and
MAPF on GW do not admit any feasible solution. We also study the problem of finding
W of maximum cardinality. First, we show that such problem is strongly NP-hard.
Then, we propose a heuristic approach for its solution. The topics of this Chapter are
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dealt with in the paper [11] submitted to Automatica.

In Chapter 4 we introduce an iterative local search procedure in MAPF. While
in the previous chapters we study algorithms to find a feasible suboptimal solution,
that satisfies constraints related to the size of the agents, in the last Chapter we focus
on how to improve this solution. diSC algorithm presented in Chapter 2 is complete,
since it allows finding a feasible solution that brings each agent to its target. However,
generally, it provides solutions that are much longer than the optimal one. The objective
of this Chapter is to improve these solutions. We start from a feasible suboptimal
solution, and we perform a local search in a neighborhood of this solution, to find a
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Main contributions. The main contribution of this Chapter is the introduction of
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explored states grows exponentially with the number of agents. As we will see, the
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problem in a time that grows only polynomially with respect to the number of agents.
The topics of this Chapter will be presented at the 62st Conference on Decision and
Control with the accepted paper [12] .

Notation

A directed graph is a pair G = (V,E) where V = {α1, . . . ,αN} is a set of nodes and
E ⊂ {(αi,α j) ∈V 2 | αi ̸= α j} is a set of directed arcs. For each i ∈ {1, . . . ,N}, node
αi represents an operating point Ri ∈ R2. In fact, the restriction Ri ∈ R2 is not strictly
necessary but we imposed it since it holds in the AGV application, which is the main
motivation of this work. Each arc θ = (αi,α j) ∈ E represents a fixed directed path
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between two operating points and is associated to an arc-length parameterized path γθ

of length ℓ(θ), such that γθ (0) = Ri and γθ (ℓ(θ)) = R j.

A path π on G is a sequence of adjacent nodes of V , i.e., π = σ1 σ2 · · ·σm−1 σm (or,
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denotes the set of the prefixes of w (including ε).
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path π of G is a word in V ∗. Given s, t ∈ Σ∗, the word obtained by writing t after s is
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the set of all paths starting from nodes in O and ending in nodes in D. Given a path
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m−1
i=1 ℓ(σi,σi+1).

For x ∈ R, ⌈x⌉ = min{i ∈ Z | i ≥ x} is the ceiling of x. For a,b ∈ R, we set
a∧b = min{a,b} and a∨b = max{a,b}, as the minimum and maximum operations,
respectively. Finally, given an interval I ⊆ R, we recall that W 1,∞(I) is the Sobolev
space of functions in L∞(I) with weak derivative of order 1 with finite L∞-norm. For
f ,g∈W 1,∞(I), we denote with f ∧g and f ∨g the point-wise minimum and maximum
of f and g, respectively.
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Chapter 1

The Bounded Acceleration Shortest
Path Problem

The combinatorial problem of detecting the best path from a source to a destination
node over an oriented graph with constant costs associated to its arcs, also known as
Shortest Path Problem (SPP in what follows), is well known and can be efficiently
solved, e.g., by Dijkstra algorithm (in case of nonnegative costs). The continuous
problem of minimum-time speed planning over a fixed path under given speed and
acceleration constraints, also depending on the position along the path, is also widely
studied and very efficient algorithms for its solution exist. But the combination of these
two problems, called in what follows Bounded Acceleration Shortest Path Problem
(BASP), turns out to be more challenging than the two problems considered separately.
More precisely, in terms of complexity theory, it is possible to prove that BASP is NP-
hard, while the two problems considered separately are both polynomially solvable. In
BASP we still have the combinatorial search for a best path as in SPP but, differently
from SPP, the cost of an arc (more precisely, the time to traverse it) is not a constant
value but depends on the speed planning along the arc itself which, in turn, depends
on the speed and acceleration constraints not only over the same arc but also over
those preceding and following it in the selected path. Figure 1.1a presents a simple
scenario that allows to illustrate BASP and its difference with SPP; it shows two fixed
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Abstract—The purpose of this work is to introduce and
characterize the Bounded Acceleration Shortest Path (BASP)
problem, a generalization of the Shortest Path (SP) problem. This
problem is associated to a graph: nodes represent positions of a
mobile vehicle and arcs are associated to pre-assigned geometric
paths that connect these positions. BASP consists in finding the
minimum-time path between two nodes. Differently from SP,
the vehicle has to satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on the
currently traveled arc. We show that BASP is NP-hard and define
a solution algorithm that achieves polynomial time-complexity
under some additional hypotheses on problem data.

I. INTRODUCTION

The purpose of this work is to introduce and characterize
the Bounded Acceleration Shortest Path (BASP) problem, a
generalization of the Shortest Path (SP) problem. We consider
a graph associated to a path and speed planning problem for
a mobile vehicle. The graph nodes represent vehicle positions
and the arcs are associated to pre-assigned geometric paths that
connect these positions. BASP consists in selecting, among a
set of possible paths, the minimum-time one that connects
a pair of given nodes. Differently from SP, BASP requires
that the vehicle satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on
the currently traveled arc. Figure 1 presents a simple scenario
that allows to illustrate BASP and its difference with SP; it
shows two fixed paths p1 and p2 connecting positions s and f .
The vehicle starts from s with 0 speed and must reach f with 0
speed. The solution of the SP problem corresponds to path p1,
which is the one of shortest length. BASP consists in finding
the shortest-time path under acceleration and speed constraints.
In this case, we assume that the vehicle acceleration and
deceleration are bounded by a common constant and that its
speed is bounded only along arcs of circles of small radius
in order to avoid excessive lateral acceleration, which may
cause sideslip. If the bound on acceleration and deceleration
is sufficiently high, the solution of BASP corresponds to path
p2. Indeed, even if the latter path is longer, it can be travelled
with a greater mean speed due to the absence of speed bounds.
Figure 2 represents the fastest speed profile on p1. The x-axis
corresponds to the arc-length position on path p1 and the y-axis
represents the squared speed. In this representation, arc-length
intervals of constant acceleration or deceleration correspond
to straight lines. Note that speed has to be reduced before
entering into narrow curves in order to respect speed bounds.
Figure 3 represents the fastest speed profile on p2. Due to the
presence of two narrow curves not in the middle of the path
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but at the beginning and at the end of it, the vehicle is able to
accelerate till the midpoint of the path and then to decelerate
to the end node f . Even if path p2 is longer than p1, it can
be travelled in less time.
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or

1

The Bounded Acceleration Shortest Path problem: complexity and
solution algorithms

Stefano Ardizzoni, Luca Consolini, Mattia Laurini and Marco Locatelli

Abstract—The purpose of this work is to introduce and
characterize the Bounded Acceleration Shortest Path (BASP)
problem, a generalization of the Shortest Path (SP) problem. This
problem is associated to a graph: nodes represent positions of a
mobile vehicle and arcs are associated to pre-assigned geometric
paths that connect these positions. BASP consists in finding the
minimum-time path between two nodes. Differently from SP,
the vehicle has to satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on the
currently traveled arc. We show that BASP is NP-hard and define
a solution algorithm that achieves polynomial time-complexity
under some additional hypotheses on problem data.

I. INTRODUCTION

The purpose of this work is to introduce and characterize
the Bounded Acceleration Shortest Path (BASP) problem, a
generalization of the Shortest Path (SP) problem. We consider
a graph associated to a path and speed planning problem for
a mobile vehicle. The graph nodes represent vehicle positions
and the arcs are associated to pre-assigned geometric paths that
connect these positions. BASP consists in selecting, among a
set of possible paths, the minimum-time one that connects
a pair of given nodes. Differently from SP, BASP requires
that the vehicle satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on
the currently traveled arc. Figure 1 presents a simple scenario
that allows to illustrate BASP and its difference with SP; it
shows two fixed paths p1 and p2 connecting positions s and f .
The vehicle starts from s with 0 speed and must reach f with 0
speed. The solution of the SP problem corresponds to path p1,
which is the one of shortest length. BASP consists in finding
the shortest-time path under acceleration and speed constraints.
In this case, we assume that the vehicle acceleration and
deceleration are bounded by a common constant and that its
speed is bounded only along arcs of circles of small radius
in order to avoid excessive lateral acceleration, which may
cause sideslip. If the bound on acceleration and deceleration
is sufficiently high, the solution of BASP corresponds to path
p2. Indeed, even if the latter path is longer, it can be travelled
with a greater mean speed due to the absence of speed bounds.
Figure 2 represents the fastest speed profile on p1. The x-axis
corresponds to the arc-length position on path p1 and the y-axis
represents the squared speed. In this representation, arc-length
intervals of constant acceleration or deceleration correspond
to straight lines. Note that speed has to be reduced before
entering into narrow curves in order to respect speed bounds.
Figure 3 represents the fastest speed profile on p2. Due to the
presence of two narrow curves not in the middle of the path

All authors are with the Dipartimento di Ingegneria e Architettura,
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or
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cause sideslip. If the bound on acceleration and deceleration
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.
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of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or
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maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
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Abstract—The purpose of this work is to introduce and
characterize the Bounded Acceleration Shortest Path (BASP)
problem, a generalization of the Shortest Path (SP) problem. This
problem is associated to a graph: nodes represent positions of a
mobile vehicle and arcs are associated to pre-assigned geometric
paths that connect these positions. BASP consists in finding the
minimum-time path between two nodes. Differently from SP,
the vehicle has to satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on the
currently traveled arc. We show that BASP is NP-hard and define
a solution algorithm that achieves polynomial time-complexity
under some additional hypotheses on problem data.

I. INTRODUCTION

The purpose of this work is to introduce and characterize
the Bounded Acceleration Shortest Path (BASP) problem, a
generalization of the Shortest Path (SP) problem. We consider
a graph associated to a path and speed planning problem for
a mobile vehicle. The graph nodes represent vehicle positions
and the arcs are associated to pre-assigned geometric paths that
connect these positions. BASP consists in selecting, among a
set of possible paths, the minimum-time one that connects
a pair of given nodes. Differently from SP, BASP requires
that the vehicle satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on
the currently traveled arc. Figure 1 presents a simple scenario
that allows to illustrate BASP and its difference with SP; it
shows two fixed paths p1 and p2 connecting positions s and f .
The vehicle starts from s with 0 speed and must reach f with 0
speed. The solution of the SP problem corresponds to path p1,
which is the one of shortest length. BASP consists in finding
the shortest-time path under acceleration and speed constraints.
In this case, we assume that the vehicle acceleration and
deceleration are bounded by a common constant and that its
speed is bounded only along arcs of circles of small radius
in order to avoid excessive lateral acceleration, which may
cause sideslip. If the bound on acceleration and deceleration
is sufficiently high, the solution of BASP corresponds to path
p2. Indeed, even if the latter path is longer, it can be travelled
with a greater mean speed due to the absence of speed bounds.
Figure 2 represents the fastest speed profile on p1. The x-axis
corresponds to the arc-length position on path p1 and the y-axis
represents the squared speed. In this representation, arc-length
intervals of constant acceleration or deceleration correspond
to straight lines. Note that speed has to be reduced before
entering into narrow curves in order to respect speed bounds.
Figure 3 represents the fastest speed profile on p2. Due to the
presence of two narrow curves not in the middle of the path

All authors are with the Dipartimento di Ingegneria e Architettura,
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but at the beginning and at the end of it, the vehicle is able to
accelerate till the midpoint of the path and then to decelerate
to the end node f . Even if path p2 is longer than p1, it can
be travelled in less time.

A B C D

BASP solution

SP solution

Figure 1: Comparison of BASP and SP solutions.

Arc-length

squared 
speed

A B C D

Speed bound on BC

Figure 2: Optimal speed pro-
file on p1.

Arc-length

squared 
speed

A D

Figure 3: Optimal speed pro-
file on p2.

BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or
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we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or
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Abstract—The purpose of this work is to introduce and
characterize the Bounded Acceleration Shortest Path (BASP)
problem, a generalization of the Shortest Path (SP) problem. This
problem is associated to a graph: nodes represent positions of a
mobile vehicle and arcs are associated to pre-assigned geometric
paths that connect these positions. BASP consists in finding the
minimum-time path between two nodes. Differently from SP,
the vehicle has to satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on the
currently traveled arc. We show that BASP is NP-hard and define
a solution algorithm that achieves polynomial time-complexity
under some additional hypotheses on problem data.

I. INTRODUCTION

The purpose of this work is to introduce and characterize
the Bounded Acceleration Shortest Path (BASP) problem, a
generalization of the Shortest Path (SP) problem. We consider
a graph associated to a path and speed planning problem for
a mobile vehicle. The graph nodes represent vehicle positions
and the arcs are associated to pre-assigned geometric paths that
connect these positions. BASP consists in selecting, among a
set of possible paths, the minimum-time one that connects
a pair of given nodes. Differently from SP, BASP requires
that the vehicle satisfy bounds on maximum and minimum
acceleration and speed, that depend on the vehicle position on
the currently traveled arc. Figure 1 presents a simple scenario
that allows to illustrate BASP and its difference with SP; it
shows two fixed paths p1 and p2 connecting positions s and f .
The vehicle starts from s with 0 speed and must reach f with 0
speed. The solution of the SP problem corresponds to path p1,
which is the one of shortest length. BASP consists in finding
the shortest-time path under acceleration and speed constraints.
In this case, we assume that the vehicle acceleration and
deceleration are bounded by a common constant and that its
speed is bounded only along arcs of circles of small radius
in order to avoid excessive lateral acceleration, which may
cause sideslip. If the bound on acceleration and deceleration
is sufficiently high, the solution of BASP corresponds to path
p2. Indeed, even if the latter path is longer, it can be travelled
with a greater mean speed due to the absence of speed bounds.
Figure 2 represents the fastest speed profile on p1. The x-axis
corresponds to the arc-length position on path p1 and the y-axis
represents the squared speed. In this representation, arc-length
intervals of constant acceleration or deceleration correspond
to straight lines. Note that speed has to be reduced before
entering into narrow curves in order to respect speed bounds.
Figure 3 represents the fastest speed profile on p2. Due to the
presence of two narrow curves not in the middle of the path
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but at the beginning and at the end of it, the vehicle is able to
accelerate till the midpoint of the path and then to decelerate
to the end node f . Even if path p2 is longer than p1, it can
be travelled in less time.
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Figure 1: Comparison of BASP and SP solutions.
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BASP is a generalization of SP. Indeed, if we remove the
maximum and minimum acceleration bounds, BASP reduces
to SP, in which the cost of each arc is the time needed to
travel the path associated to the arc at maximum speed. In
the general case, BASP is more complex than SP. Indeed, in
Proposition III.4, we show that BASP is NP-hard. However, if
we make some additional assumptions on problem parameters,
we obtain a subclass of BASP, that we call k-BASP, that can be
solved with polynomial time-complexity. Roughly speaking, a
BASP instance belongs to k-BASP if the problem data are such
that no more than k�2 arcs can be travelled with a speed pro-
file starting from 0 speed and of maximum acceleration, then
followed by one of maximum deceleration and ending with 0
speed, without violating the maximum speed constraint. We
also present Algorithm V.5, which adaptively finds constant k.

A relevant application of this work is the optimization
of automated guided vehicles (AGVs) motion in automated
warehouses. In order to guarantee the correct functioning of
these systems, one has to coordinate AGV fleets at different
levels of control: task allocation, localization, path planning,
motion planning and vehicle management (see [1] for a more
in depth discussion). In automated warehouses, usually AGVs
move between fixed operating points. These points may be
associated to shelves locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up
final products, and to additional intermediate locations, used
for routing. In those scenarios in which AGVs are allowed to
move freely within their environment and no predetermined
circuits are available, one needs to employ environmental
representations such as cell decomposition methods [2] or
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Figure 1.1: Comparison of BASP and SP solutions.

paths π1 and π2 connecting positions s and f . The vehicle starts from s with null speed
and must reach f with null speed. The solution of SPP corresponds to path π1, which
is the one of shortest length. BASP consists in finding the shortest-time path under
acceleration and speed constraints. In this case, we assume that the vehicle acceleration
and deceleration are bounded by a common constant and that its speed is bounded
only on the central, high-curvature section of π1, in order to avoid excessive lateral
acceleration, which may cause sideslip. If the bound on acceleration and deceleration
is sufficiently high, the solution of BASP corresponds to path π2. Indeed, even if
the latter path is longer, it can be traveled with a greater mean speed. Figure 1.1b
represents the fastest speed profile on π1. The x-axis corresponds to the arc-length
position on path π1 and the y-axis represents the squared speed. In this representation,
arc-length intervals of constant acceleration or deceleration correspond to straight
lines. Figure 1.1c represents the fastest speed profile on π2. Even if path π2 is longer
than π1, it can be traveled in less time. In fact, the vehicle is able to accelerate till the
midpoint and then to decelerate to the end position f .

The interest for BASP comes from the industrial application on the optimization of
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automated guided vehicles (AGVs) motion in automated warehouses. The AGVs may
be either free to move within a facility or be only allowed to move along predetermined
paths. In the first case, one needs to employ environmental representations such as cell
decomposition methods [13] or trajectory maps [14]. In particular, [15] presents an
algorithm based on a modification of Dijkstra’s algorithm in which edge weights are
history-dependent. Our work is related to the second approach. As mentioned in the
Introduction, we assume that AGVs cannot move freely within their environment and
are instead required to move along predetermined paths that connect fixed operating
points. These may be associated to shelf locations, where packages are stored or
retrieved, to the end of production lines, where AGVs pick up final products, and
to additional intermediate locations, used for routing. All these points are formally
represented as nodes of a graph, whose arcs represent connecting paths. If AGVs are
not subject to acceleration and speed constraints, the minimum-time planning problem
is equivalent to SPP and can be solved by Dijkstra algorithm or its variants: see, for
instance, [16, 17, 18], or other algorithms such as A∗ [19], Lifelong planning A∗ [20],
D∗ [21], and D∗ Lite [22]. However, since the motion of AGVs must satisfy constraints
on maximum speed and tangential and transversal accelerations, that depend on the
vehicle position on the path, these approaches cannot be applied to solve BASP.

Instead, various works consider the minimum-time speed planning problem with
acceleration and speed constraint on an assigned path. For instance, one can use the
methods presented in [23, 24], or path-following techniques such as [25, 26].

As said, despite the fact that a large literature exists on SPP and on the minimum-
time speed planning on an assigned path, to the authors’ knowledge, BASP has never
been specifically addressed in the literature. Formally, BASP can be framed as an
optimal control problem for a switching system, in which switchings are associated
to passages from arc to arc and each discrete state is associated with a specific set of
constraints.

The results presented in this Chapter exploit the very specific structure of BASP
and cannot be applied to generic switching systems. Anyway, Algorithm 1.6.2 could
still apply to other switching systems satisfying an analogous of Proposition 1.6.3 and
identifying a class of such systems could be the topic of future research.
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This Chapter is structured as follows. In Section 1.1 we recall the definition of shortest
path problem and list some variants already known in the literature. In Section 1.2 we
describe and motivate the BASP.

In Section 1.3 we discuss how to compute optimal speed profiles along a single
arc (with given initial and final speeds), and along a fixed path.

In Section 1.4 we present two novel complexity results. More precisely, in Sec-
tion 1.4.1 we prove that BASP is NP-hard, while in Section 1.4.2 we prove that, under
the assumption of integer data, BASP admits a pseudo-polynomial time algorithm. In
Section 1.5 we present an ε-approximation algorithm, based on the discretization of
the admissible speeds at the nodes of the graph.

In Section 1.6 we consider a subclass of BASP, called k-BASP, that can be solved
with polynomial time-complexity for fixed values of k. Roughly speaking, a BASP
instance is a k-BASP, with k ∈ N, if the maximum number of nodes of a path that
can be traveled with a speed profile of maximum acceleration, followed by one of
maximum deceleration, starting and ending with null speed, without violating the
maximum speed constraint, is smaller than k. k-BASP has some similarities with the
problem discussed in [15]. Indeed, in both problems, the incremental for adding an
edge to a path does not depend on the complete path, but only on the k last visited
nodes. However, the problem addressed by [15] is different from BASP. Indeed, the
goal of the problem in [15] is to obtain a feasible path taking into account the vehicle
maximum curvature radius. On the other hand, in our work, we focus on selecting the
optimal path among a set of possible paths which are already known to be feasible,
while, at the same time, obtaining the optimal speed profile. Moreover, we do not
assume that the incremental cost depends only on the last k visited node, but present
conditions on problem data under which this property holds. Since constant k is
problem-dependent and is not known in advance, in Section 1.6.1 we present an
adaptive A∗ algorithm to find k, which computes the optimal trajectory between a pair
of nodes and adaptively determines the value of k.

Finally, in Sections 1.7 we present some computational experiments, comparing
the ε-approximation algorithm with the adaptive A∗ algorithm.
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1.1 The Shortest Path Problem

The Shortest Path Problem (SPP in what follows) is one of the best known problems
within the field of combinatorial optimization. Let G = (V,E) be a directed graph and
ci j be the cost of an arc (i, j) ∈ E. Let n = |V | and m = |E|. Let o,d ∈ V , o ̸= d, be
an origin and a destination node, respectively, and let Pod be the set of all directed
paths in G from o to d. Each π ∈Pod is a subset of E made up of adjacent arcs, the
first one starting at o and the last one ending at d. In the SPP the minimum cost path
between o and d is searched for, that is, formally:

min
π∈Pod

∑
(i, j)∈p

ci j .

It is well known that SPP is solvable in polynomial time for nonnegative costs, in
particular with O(m+n log(n)) operations by the Fibonacci heap implementation of
Dijkstra’s algorithm, and also if no negative cycle exists, for instance by the Bellman-
Ford algorithm. In both these cases, one can restrict the search of optimal solutions to
elementary paths (paths with no node repetitions). If negative cycles are present, then
the problem has been proved to be NP-hard.

After the introduction of SPP, many variants have been proposed, together with
the related complexity results and solution approaches. In what follows, we discuss
some of these variants, warning the reader that the literature about such variants is so
vast that the list is certainly incomplete.

Some variants do not add further input data with respect to those of SPP, but change the
objective function. Many of these variants are reviewed in [27]. These include bottle-
neck SPP, where the objective function is the largest cost of an arc along the path, that is,
max(i, j)∈π ci j, balanced SPP, where the objective function is the difference between the
largest and smallest costs of arcs along the path, that is, max(i, j)∈π ci j−min(i, j)∈π ci j,
minimum deviation SPP, where the objective function is the sum of the difference
between the largest cost among all arcs of the path and the cost of each arc along the
path, that is, ∑(h,k)∈π [max(i, j)∈π ci j− chk], k-sum SPP, where the objective function
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is the sum of the k largest costs along the path. While some of these problems are
solvable in polynomial time, such as bottleneck SP (see [28, 29]), some others are
NP-hard, such as some variants of k-sum SPP (see [30]). In [31], the SPP with for-
bidden paths is addressed, where the shortest path is searched for with the additional
constraint that some sub-paths cannot be part of feasible solutions. In k-SPP not only
the shortest path is searched for, but also all paths from the second shortest up to the
k-th shortest one (see, for instance, [32] and references therein).

Other variants add additional input values to the description of the problem. For
instance, in resource constrained SPPs, given resources k ∈ {1, . . . ,K}, each with a
limited availability γk and a consumption value rk

i j along each arc, we search for a
minimum cost path π which satisfies all the resource constraints

(∀k ∈ {1, . . . ,K}) ∑
(i, j)∈π

rk
i j ≤ γk.

Resource constrained SPPs have been proved to be NP-hard (see, for instance, [33, 34]).
A detailed discussion of these problems and the related solution approaches can be
found in [35].

Another interesting variant of SPP, is time-dependent SPP. Here, the cost associ-
ated to an arc is the time needed to traverse the arc, and such time depends on the
departure time along the arc. Such variant is particularly important for road networks,
where the time needed to traverse an arc varies according to traffic conditions. In this
case, given a time horizon T , the cost associated to an arc is not a fixed value but
is a function ci j : [0,T ]→ R+, where ci j(t) is the time needed to traverse arc (i, j)
when departing from i at time t. In these problems the first-in first-out (FIFO) property
is usually assumed. This states that along any arc (i, j) an earlier arrival at node j
can never be attained by a later departure at node i (that is, for t ′ > t it always holds
that t ′+ ci j(t ′)> t + ci j(t)). Many variants of this problem are presented, for instance,
in [16]. In [36], it is shown that a variant where there is a constraint on the waiting
time at each node is NP-hard. Further variants are discussed in [17]. In these variants
a penalty or a limit is imposed on the total waiting time spent at a given subset of the
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nodes. It is proved that some variants are polynomially solvable, while some others
are NP-hard depending on the subset of nodes, on the fact that a penalization or a
limit is imposed, and on the magnitude of the penalty parameter or of the waiting limit
parameter.

Another interesting variant is SPP with time windows. In this case we associate
to each node i ∈ V an interval [ai,bi], and to each arc (i, j) a time ti j to traverse it.
Only paths in Pod where each node of the path is visited within the allowed time
window are feasible. The case where only elementary paths are feasible has been
proven to be strongly NP-hard in [37]. The problem is still NP-hard if we remove such
restriction and, thus, if we allow multiple visits to the same node. However, in such
case pseudo-polynomial time algorithms have been proposed (see, for instance, [38]).
A variant with additional costs associated to the departure times at the different nodes
of the path is studied in [18]. In fact, a polynomial time algorithm exists if the FIFO
property holds (see [39]). Moreover, if waiting is allowed at a node, then each instance
for which the FIFO property does not hold can be transformed into an equivalent one
for which the property holds, thus making the problem solvable in polynomial time
(see [40]).

1.2 Problem description and motivation

In this section, we describe a new variant of SPP. The following values are associated
to each arc (i, j) ∈ E:

• the length ℓi j;

• the maximum speed vmax
i j which can be reached along the arc, and the associated

maximum squared speed wmax
i j := (vmax

i j )2;

• the minimum acceleration (or maximum deceleration) amin
i j < 0 and maximum

acceleration amax
i j > 0 along the arc.
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We denote with α−, α+ and µ+ the acceleration and speed constraints on graph
G = (V,E), defined as follows

α
−((i, j)) = amin

i j , α
+((i, j)) = amax

i j µ
+((i, j)) = wmax

i j . (1.1)

These functions belong to E = {ϕ : E → R}. In general, if ϕ ∈ E , θ ∈ E, ϕ(θ)

denotes the value of ϕ on edge θ . Given a path π = i1 → ··· → im, we associate
to each ϕ ∈ E a function ϕπ : [0, ℓ(π)]→ R in the following way. Define functions
Θ : [0, ℓ(π)]→ N, Λ : [0, ℓ(π)]→ R such that Θ(λ ) = max{k ∈ N | ℓ(i1 · · · ik) ≤ λ}
and Λ(λ ) = ℓ(i1 · · · iΘ(λ )). In this way, Θ(λ ) is such that θ(λ ) = (iΘ(λ ), iΘ(λ )+1) is the
edge that contains the position at arc-length λ along π and Λ(λ ) is the sum of the
lengths of all arcs up to node iΘ(λ ) in π . Then, we define ϕπ(λ ) = ϕ(θ(λ )).

Moreover, a zero initial speed is assigned to node o and a zero final speed is
assigned to node d. We would like to select a path π ∈Pod minimizing the time
needed to run along the path by fulfilling the maximum speed, the maximum and
minimum acceleration constraints along the arcs, and the boundary zero conditions on
o and d. Note that SPP is a special case of this problem. Indeed, SPP turns out to be
equivalent to the case amax

i j =+∞ and amin
i j =−∞ for all arcs (i, j) ∈ E. In this case,

the speed can be changed instantaneously, so that the running time along an arc is
minimized by traversing it at the maximum allowed speed along the arc. Therefore, the
minimum time to traverse arc (i, j) is ci j =

ℓi j
vmax

i j
and the problem becomes a standard

SPP with such costs ci j associated to the arcs. Since SPP corresponds to the case of
unbounded acceleration limits, the proposed variant of SPP is also called Bounded
Acceleration SP (BASP in what follows). In the search for an optimal solution of
BASP, we should not only search for an optimal path in Pod , but we should also
define the speed profile along such path. As we will see later on in Section 1.3, the
minimum-time speed profile along an arc (i, j) is fully determined by the initial speed
vi at node i and by the final speed v j at node j. Thus, the speed vi at each node i
traversed by a path Pod is also part of the decision process. Such speeds must fulfill a
continuity constraint, that is, if arc (i, j) is followed by arc ( j,k) along the path, the
final speed along arc (i, j) must be equal to the initial speed along arc ( j,k). Note that
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the speeds at the origin node o and at the destination node d are fixed in advance.

Before proceeding, we further motivate the interest for the BASP variant of SPP.
As previously mentioned, the interest comes from an industrial application. In auto-
mated warehouses, an AGV is required to pick some good up at some point of the
warehouse and deliver it at some other point. The AGV moves along predefined paths
and is allowed to choose among different routes at some exchange points. Formally,
the exchange points as well as the points where goods are picked up and delivered
represent the nodes of the graph, while the predefined routes correspond to the arcs
of the graph (see, for instance, Figures 3.14 and 1.17). Speed and acceleration limits
differ across the different routes. For instance, if a route is a straight line, its maximum
speed is higher than the maximum speed allowed along a curved route. Moreover,
different speed limits may also be imposed at different points of the warehouse. For
instance, if a route lies in a part of the warehouse where also human operators are
working, then, for safety reasons, a lower speed limit along this route is imposed with
respect to another route lying in a part of the warehouse where human operators are not
allowed to work. Due to various reasons, also acceleration bounds may differ from arc
to arc. For instance, in the same warehouse, flooring materials can vary from location
to location. To avoid wheel slipping, we need to set maximum acceleration bounds
depending on the floor frictional force, that varies according to the flooring material.
Moreover, the presence of ramps along some arcs implies different acceleration and
deceleration bounds. Finally, to reduce lateral oscillations, we should impose lower
acceleration bounds along high-curvature connecting paths.

Remark 1.2.1. In the problem description we imposed a constant speed limit vmax
i j

along each arc (i, j). In a more realistic setting the speed limit should be a function of
the position along a given route:

vmax
i j : [0, ℓi j]→ R+.

For each s ∈ [0, ℓi j], vmax
i j (s) is the maximum allowed speed at position s along the

route represented by arc (i, j). In particular, along a curve the speed limit varies with
the curvature ray at each position along the curve. For ease of exposition, we only
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discuss the case of a constant speed limit along an arc (although different from arc to
arc). However, at the cost of some additional technicalities, the following discussion
can be extended also to the more realistic case of variable speed limits along each arc.

Remark 1.2.2. In a real industrial scenario, the AGV may encounter moving obstacles,
such as human operators and/or other AGVs. For safety, an AGV typically halts or
slows down if it perceives the presence of a human operator. When the obstacle is no
longer sensed, the AGV can compute a new motion by solving a new instance of BASP,
starting from its current location.

In order to better appreciate the difference between SPP and BASP we can also
consider the example illustrated in Figure 1.2. While path o→ i1→ i2→ i3→ i4→
i5→ d is shorter than path o→ j1→ j2→ d, the latter is faster in view of the lower
number of curves along the path.

•o

•i1

•
i2 •

i3

•i4

•i5

• d

• j2

•
j1

Figure 1.2: Two distinct paths from node o to node d: the shorter path is not the faster
one.

1.3 Minimum traveling time along arcs and paths

As previously pointed out, for a given arc (i, j), we are able to compute the maximum
speed at which we can traverse the arc and, consequently, the minimum time needed
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to traverse it, as soon as we know the initial and final speeds vi and v j. Indeed, the
maximum squared speed at each position s ∈ [0, ℓi j] along the arc is given by the
following piecewise-linear function:

wi j(s;wi,w j) = min
{

wmax
i j ,wi +2amax

i j s,w j +2amin
i j (s− ℓi j)

}
, (1.2)

where, as defined above, w denotes the squared speed (so wi = v2
i , w j = v2

j , and so
on). The result is illustrated in Figure 1.3a. Starting at node i with squared speed
wi, the speed is increased with the maximum possible acceleration amax

i j , until the
maximum allowed squared speed wmax

i j along the arc is reached. Such maximum speed
is maintained as long as possible (null acceleration) and, finally, the speed is decreased
with the maximum deceleration amin

i j in order to reach squared speed w j at node j.
Note that it might be possible that the maximum speed along the arc is not reachable.
In such case, first the speed is increased with maximum acceleration amax

i j and then
decreased with maximum deceleration amin

i j to reach the final squared speed w j (no
constant speed portion is present in the maximum speed profile). Consequently, the
minimum time to traverse arc (i, j) is the following function of the two (squared)
speeds wi and w j

ci j(wi,w j) =
∫ ℓi j

s=0

ds√
wi j(s;wi,w j)

, (1.3)

whose solution can be derived in closed form. It is worthwhile to remark that wi and
w j cannot be arbitrary values. Indeed, besides the obvious constraints wi,w j ≤ wmax

i j ,
it must also hold that

wi +2amax
i j ℓi j ≥ w j, w j−2amin

i j ℓi j ≥ wi. (1.4)

If, for instance, the first inequality is not fulfilled, then it is not possible to reach
the squared speed w j at node j by starting with squared speed wi at node i even by
accelerating as much as possible (acceleration amax

i j ). This is illustrated in Figure 1.3b.
In this case we set ci j(wi,w j) = +∞. While we reported above the formula for the
minimum time needed to traverse an arc (i, j), given the initial and final squared
speeds wi and w j, we further point out that a slightly more complicated formula can
be derived to compute the minimum time to traverse a full path in Pod . In particular,



20 Chapter 1. The Bounded Acceleration Shortest Path Problem

s

w

ℓi j

w j

wi

wmax
i j

(a) Maximum (squared) speed profile along arc
(i, j) with initial and final squared speed equal
to wi and w j, respectively.

s

w

ℓi j

w j wi +amax
i j ℓi j

wi

wmax
i j

(b) A case where the squared speeds wi and w j

are not feasible.

Figure 1.3: Squared speed profiles along an arc.

let i0 = o→ i1→ . . .→ ip−1→ ip = d be a path of length p in Pod . Let s0 = 0 and
sh = ∑

h
r=1 ℓir−1ir be the overall length of the first h arcs of the path, h ∈ {1, . . . , p}.

Next, let us define recursively a function F as follows

(∀s ∈ [s0,s1]) F(s) = min
{

wmax
i0i1 ,2amax

i0i1 s
}
,

(∀h ∈ {1, . . . , p−1}) (∀s ∈ [sh,sh+1]) F(s) = min
{

wmax
ihih+1

,F(sh)+2amax
ihih+1

(s− sh)
}
,

(1.5)
and a further function B as follows

(∀s ∈ [sp−1,sp]) B(s) = min
{

wmax
ip−1ip

,2amin
ip−1ip

(s− sp)
}
,

(∀h ∈ {1, . . . , p−1}) (∀s ∈ [sh−1,sh]) B(s) = min
{

wmax
ih−1ih ,B(sh)+2amin

ih−1ih(s− sh)
}
.

(1.6)
Then, it can be proved (see, for instance, [41] for a proof under more general assump-
tions) that the optimal (squared) speed profile is

(∀s ∈ [s0,sp]) W (s) = min{F(s),B(s)}, (1.7)
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so that the minimum time to travel along the given path is

∫ sp

s=0

ds√
W (s)

.

The result is illustrated in Figures 1.4a–1.4c. In Figure 1.4a we notice that F0 (function
F over the interval [s0,s1]) is obtained by starting at node o with zero speed and
increasing the speed with maximum acceleration amax

i j until the maximum squared
speed wmax

i j is reached, and then keeping this speed until the end of the arc (as it is
the case in the figure) or, alternatively, until the end of the arc is reached (in which
case the maximum squared speed wmax

i j is not reached). Next, F1 (function F over the
interval [s1,s2]) is obtained similarly but with initial speed F(s1), while F2 (function
F over the interval [s2,s3]) is constant and equal to the maximum squared speed wmax

kh

since F(s2) > wmax
kh . In Figure 1.4b we notice that B3 (function B over the interval

[s2,s3]) is obtained in a way completely similar to F0. Moving backward, we start from
the final node d ≡ h with squared speed wh = 0, and we increase the speed with the
maximum deceleration value amin

kh until either we reach the maximum allowed squared
speed wmax

kh along the arc, in which case we keep such speed until the beginning of
the arc at node k, or we reach the beginning of the arc without reaching the maximum
speed along the arc (in the figure we are in the first situation). Function B2 (function B
over the interval [s1,s2]) is obtained similarly but with initial speed at node k equal
to B(s2). Finally, B1 (function B over the interval [s0,s1]) is constant and equal to
the maximum squared speed wmax

i j since B(s1)> wmax
i j . The optimal (squared) speed

profile is illustrated in Figure 1.4c and is obtained as the point-wise minimum of the
functions F and B. While Figures 1.3a–1.3b and Figures 1.4a–1.4c give an intuitive
illustration of the optimal speed profiles both for the case of a single arc (i, j) and for
the case of a full path from o to d, we point out that these results can be derived as
special cases of a more general result presented in [41] for problems with upper speed
limits depending on the position along the arcs, as discussed in Remark 1.2.1.
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s

w

wmax
i j

wmax
jk

wmax
kh

s1 s2 s3

F0 F1 F2

(a) Function F along the path i→ j→ k→ h.

s

w

wmax
i j

wmax
jk

wmax
kh

s1 s2 s3

B1 B2 B3

(b) Function B along the path i→ j→ k→ h.

s

w

wmax
i j

wmax
jk

wmax
kh

s1 s2 s3

(c) Maximum (squared) speed profile along the path i→ j→ k→ h.

Figure 1.4: Construction of a maximum (squared) speed profile along a path.
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We also make the following remark which states two properties of the optimal
speed profile and will be useful later on.

Remark 1.3.1. Let W (s) be the optimal squared speed profile along a given path
i0 = o→ i1→ . . .→ ip−1→ ip = d in Pod , and let wih be the optimal squared speed
at some node ih of the path, ih ̸= o,d. Moreover, let

w̄ih = min
{

min
(ih, j)∈E

{wmax
ih j ,−amin

ih j ℓih j}, min
(k,ih)∈E

{wmax
kih ,amax

kih ℓkih}
}
. (1.8)

Then,

1. for each s ∈ [sh,sh+1], W (s)≥min{wih ,wih+1};

2. wih ≥ w̄ih .

According to the previous discussion, the optimal speed profile along a path π

from o to d with |π|+ 1 nodes (here and in what follows |π| denotes the length of
path π) is identified once the speeds at nodes of the path are known. Indeed, along
any edge (i, j) with given initial and final squared speeds wi and w j, the optimal speed
profile function is equal to (1.2) and the traveling time is equal to (1.3).

Given µ+,α+,α− ∈ E the speed and acceleration constraints defined as in (1.1),
let B = (µ+,α−,α+). Given path π ∈P , if we denote by π(i) ∈ V the node at
position i along π , we define

TB(π) = min
w∈R|π|+1

|π|
∑
i=1

cπ(i)π(i+1)(wi,wi+1)

0≤ wi ≤min{wmax
π(i−1),π(i),w

max
π(i),π(i+1)}, i ∈ {2, . . . , |π|},

w1 = 0, w|π|+1 = 0,

(1.9)

which represents the fastest time for traversing π . In this way, TB(π) is the
minimum-time required to traverse path π , respecting the speed and acceleration
constraints defined in B. We denote by w∗(π) the optimal solution of this problem and
in Appendix A.2 we will describe a recursive procedure to find it, similar to the one
employed to define the optimal speed profile function W . According to the discussion
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above, the problem of finding the speed law which guarantees to traverse a fixed path
from o to d at a minimum time, under speed and acceleration constraints, is easily
solvable even in closed form. But our aim is to compute the minimum time to move
from o to d by searching within all paths in Pod . This is the BASP problem:

π
∗ = arg min

π∈Pod
TB(π). (1.10)

As we will see in Section 1.4, this problem turns out to be NP-hard.

The following properties are a direct consequence of the definition of TB(π).

Proposition 1.3.1. The following properties hold:

1. Let π1,π2 ∈P , π1π2 ∈P ⇒ TB(π1π2)≥ TB(π1)+TB(π2).

2. If B = (µ+,α−,α+), B̂ = (µ̂+, α̂−, α̂+) are such that (∀θ ∈ E) µ+(θ) ≤
µ̂+(θ) and [α−(θ),α+(θ)]⊂ [α̂−(θ), α̂+(θ)], then (∀π ∈P) TB(π)≥ TB̂(π).

In particular, the first property states that the minimum time for traveling the
composite path π1π2 is greater or equal to the sum of the times needed for traveling π1

and π2 separately. In fact, in the first case, the speed must be continuous when passing
from π1 to π2 (due to the acceleration bounds), but this constraint does not need to be
satisfied when the speed profiles for π1 and π2 are computed separately.

1.4 Complexity results

In this section we provide two complexity results for BASP. The first result proves NP-
hardness of BASP, while the second proves that BASP admits a pseudo-polynomial
time algorithm.

1.4.1 NP-hardness

In this section we prove that, differently from SPP, the BASP variant is NP-hard.
We show this by a polynomial reduction of the NP-complete Partition problem to
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BASP. In the Partition problem, given a set N = {1, . . . ,n} of positive integer values
β1, . . . ,βn, we would like to establish whether N can be partitioned into two subsets N1

and N2 such that ∑i∈N1 βi = ∑i∈N2 βi =
W
2 . Given an instance of the Partition problem

we polynomially reduce it to an instance of BASP as follows. Let G = (V,E) be such
that:

V =N∪{0,n+1,n+2} , E = {(i, j) | i, j∈V \{n+2}∧i< j}∪{(n+1,n+2)}.

We set the following lengths for the arcs:

ℓi j =

0 i = 0

βi i ∈ {1, . . . ,n},

while ℓn+1,n+2 =W 2. For what concerns the maximum speed values, we set (∀(i, j) ∈
E) vmax

i j =
√

W , while we set the maximum acceleration amax
i j = 1 and the minimum

acceleration amin
i j = −1 for all arcs except (n+ 1,n+ 2), while we set amax

n+1,n+2 = 0
and amin

n+1,n+2 =− 1
2W . Note that, according to the imposed restrictions, amax

n+1,n+2 should
be strictly larger than 0. However, the result proved with null maximum acceleration
can be extended, by continuity, to any sufficiently small and positive maximum
acceleration. The origin node o is node 0, with zero speed, while the destination node
d is n+2, with zero speed. An example of BASP instance derived from the Partition
problem with n = 3 is illustrated in Figure 1.5. We prove the following.

Proposition 1.4.1. The optimal value of the BASP instance introduced above is equal
to
√

W +2W
3
2 if and only if the partition problem admits a solution and is otherwise

larger than such value.

The proof of Proposition 1.4.1 is presented in Appendix A.1.

Remark 1.4.1. The complexity result given above shows that BASP is NP-hard even
in case all arcs except one share the same acceleration and deceleration bounds. It
is still an open question whether NP-hardness still holds if all arcs have the same
bound. However, in Section 1.5.1 we will show that optimal solutions for this case
are elementary paths (paths with no node repetition). This allows to derive sharper
approximation results.
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0 1 2 3 4 5
0

0

0

0

β1

β1

β1

β2

β2

β3 W 2

Figure 1.5: An instance of BASP derived from the Partition problem for n = 3. Along
each arc the maximum allowed speed is

√
W (W = β1 +β2 +β3), amax is equal to 1

and amin is equal to -1 along all arcs except (4,5) where amax
45 = 0 and amin

45 = − 1
2W .

Finally, v0 = v5 = 0.

1.4.2 Pseudo-polynomial algorithm

Although BASP is NP-complete, the following proposition shows it admits a pseudo-
polynomial algorithm under the assumption of integer data.

Proposition 1.4.2. Let us assume that all problem data, ℓi j, vmax
i j , amax

i j , and amin
i j for

all (i, j) ∈ E are integer values. Then, BASP admits a pseudo-polynomial algorithm.

Proof. First, we observe that at optimal solutions there is a finite number of speeds
which can be reached at each node and the squares of such speeds are integer values.
Indeed, the squared speed at some node i is:

• either equal to wmax
i j , for some j such that (i, j) ∈ E, which is an integer value

by assumption;

• or equal to wmax
ki , for some k such that (k, i) ∈ E, which is again an integer value

by assumption;
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• or i is the end point of a sub-path j0→ j1→ ··· jk−1→ jk = i, with squared
speed at node j1 equal to wmax

j0, j1 and squared speed at node i

wi = wmax
j0, j1 +2

k−1

∑
h=1

amax
jh, jh+1

ℓ jh, jh+1 ,

which is an integer value due to integrality of all the data (see Figure 1.6). Note
that j1 may be the starting node o, in which case w j1 = 0 ( j0 is not included in
this case);

• or i is the starting point of a path j0 = i→ j1 → ··· jk−1 → jk, with squared
speed at node jk−1 equal to wmax

jk−1, jk and squared speed at node i

wi = wmax
jk−1, jk −2

k−2

∑
h=0

amin
jh, jh+1

ℓ jh, jh+1 ,

which is, again, an integer value due to integrality of all the data (see Figure 1.7).
Note that node jk−1 may be the destination node d, in which case w jk−1 = 0 ( jk
is not included in this case).
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s

w

j0 j1 j2 j3 j4 = i

wmax
j0 , j1

Figure 1.6: Optimal (squared) speed profile from node j0 up to node i (continuous line)
when node i is reached by accelerating as much as possible along all arcs between j1
and i. The dashed lines represent the maximum squared speeds along the arcs.
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s

w

j0 = i j1 j2 j3 j4

wmax
j3 , j4

Figure 1.7: Optimal (squared) speed profile from node i up to node j4 (continuous line)
when node j4 is reached by decelerating as much as possible along all arcs between i
and j4. The dashed lines represent the maximum squared speeds along the arcs.

Thus, the set W of different possible squared speeds can be taken equal to the set
of all integers between 0 and W̄ = max(i, j)∈A wmax

i j . Now we create a new graph with
node set V ×W , that is, each node is a pair made up by a node in V and one of
the possible squared speeds in W . Thus, the number of nodes is W̄ |V |. For what
concerns the arc set, in this graph an arc between node (i,wi) and node ( j,w j) exists
if there exists an arc (i, j) ∈ E and, moreover, ci j(wi,w j)<+∞, that is, there exists a
feasible speed profile along arc (i, j) with initial squared speed wi and final squared
speed w j. Then, the number of arcs is limited from above by W̄ 2|E|. The distance
associated to this arc is the minimum time for a path from i to j with the boundary
conditions wi and w j, which can be easily computed through (1.3), as discussed in
Section 1.3 (recall that, in case wi and w j are not feasible, as illustrated in Figure 1.3b,
then the arc is removed). Then we can solve our problem by applying, for instance,
Dijkstra algorithm to this graph. Dijkstra’s complexity is O(m+n log(n)) and is, thus,
polynomial with respect to the size and the data of the original problem, which proves
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pseudo-polynomiality.

Remark 1.4.2. While Proposition 1.4.2 has been proved under the assumption of
integer data, it can also be extended to rational data. In such case the squared speeds
which can be reached by optimal solutions are not integer values but are multiple
of a rational number 1

t , where t depends on the problem data. Of course, the size of
the extended graph increases with t. The approximation algorithm discussed in the
following Section 1.5 is motivated by the need to consider a discretization step larger
than 1

t in order to have a graph of manageable size.

1.5 Approximation algorithm

In this section we present an approximation algorithm for BASP with a complexity
that is polynomial with respect to the size and the data of the original problem and
the inverse of the approximation factor. The idea is to discretize the squared speeds in
order to obtain a finite set of possible squared speeds at each node of the graph. In
this way, imposing that the initial and final squared speeds along each arc belong to
the discretized set of squared speeds, the set of possible speed profiles over each arc
becomes finite. Hence, we can define an extended graph that enables us to solve this
discretized version of the problem by means of Dijkstra’s algorithm. Differently from
Proposition 1.4.2, here arc lengths, accelerations and speed bounds need not be integer
values (actually, the approach could also be extended to the case of non-constant speed
bounds along arcs as discussed in Remark 1.2.1). In this case, we just discretize the
squared speeds and impose the additional constraint that the squared speeds at the
beginning and at the end of each arc belong to the set of discretized squared speeds.
Let

Ωh = {ω ∈ [0,W̄ ] | (∃k ∈ N) ω = kh},

with W̄ = max(i, j)∈A wmax
i j , be the set of discretized squared speeds with discretization

step h. Then, |Ωh| = ⌈W̄/h⌉. The discretized problem is defined over a graph that
extends graph G of the original problem. Namely, the extended graph G′ = (V ′,E ′) is
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defined as follows:

V ′ =
{
(i,ω) | i ∈V ∧ ω ∈Ωh ∧ ω ≤max

{
max

j |(i, j)∈E
wmax

i j , max
k |(k,i)∈E

wmax
ki

}}
,

where we notice that we bound from above the possible squared speeds at node i by
the maximum squared speeds along the incoming and outgoing arcs of node i, while

E ′ = {((i,ωi),( j,ω j)) ∈V ′×V ′ | (i, j) ∈ E ∧ ωi,ω j ≤ wmax
i j ∧ ci j(ωi,ω j)<+∞},

where we recall that ci j(ωi,ω j) = +∞ means that no feasible profile is able to travel
from i to j with initial and final squared speeds equal to ωi and ω j, respectively, while
ci j(ωi,ω j)<+∞, as defined in (1.3), is the optimal travel time along arc (i, j) with
the given initial and final squared speeds.

Remark 1.5.1. The cost for constructing the extended graph G′ is O(|E| · |Ωh|2).
Indeed, the number of arcs of the extended graph |E ′| is bounded from above by
|E| · |Ωh|2 and the cost for checking whether an arc exists or not in the extended graph,
that is the cost for checking conditions (1.4), is constant.

Once the extended graph has been defined, the proposed approximation algorithm
is nothing but the application of Dijkstra’s algorithm to solve the discretized problem.
More precisely, we search for the shortest path connecting nodes (o,0),(d,0) ∈
V ′ over graph G′, where the cost of arc ((i,ωi),( j,ω j)) ∈ E ′ is equal to the value
ci j(ωi,ω j)<+∞ defined in (1.3). Then, we have the following complexity result for
the approximation algorithm.

Proposition 1.5.1. The complexity of the approximation algorithm is

O

(
m
(

W̄
h

)2

+
nW̄
h

log
(

nW̄
h

))
.

Proof. The approximation algorithm is Dijkstra’s algorithm applied on the extended
graph G′, so that its complexity is O(|E ′|+ |V ′| log |V ′|). Then, the result immedi-
ately follows by observing that |V ′| ≤ |V ||Ωh| = n⌈W̄/h⌉ and |E ′| ≤ |E||Ωh|2 ≤
m(⌈W̄/h⌉)2.
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As a next step, we want to obtain an estimate of the absolute error in terms of
travel time of the discretized solution returned by the approximation algorithm with
respect to the continuous solution of the original BASP problem. To this end, let us
consider the optimal path π∗ ∈Pod

o→ i1→ i2→ ·· · → d,

of the original BASP problem, with the corresponding squared speeds at each node
{wo = 0,wi1 ,wi2 , . . . ,wd = 0}. Our aim is to build a feasible solution of the discretized
problem traversing the same arcs as path π∗ and whose speed profile is not above the
optimal speed profile of the original BASP problem but is as close as possible to it.
Building such solution requires some care. It is tempting to proceed as follows: for
each node i in the optimal path π∗, with squared speed wi in the optimal speed profile
of BASP, replace wi with

ωi = max{kh | kh≤ wi, k ∈ N}, (1.11)

that is, with the largest discretized speed bounding from below wi. Unfortunately, this
does not work. Indeed, let us consider some arc (i, j) ∈ π∗ with the related optimal
squared speeds wi and w j, and let ωi and ω j be chosen as in (1.11). Unfortunately,
in the extended graph, arc ((i,ωi),( j,ω j)) may not exist, since a situation like the
one displayed in Figure 1.3b may occur. Formally, according to (1.4), it may happen
that either ωi +2amax

i j ℓi j < ω j or ω j−2amin
i j ℓi j < ωi. Therefore, we need to proceed

differently to build a solution of the discretized problem starting from the optimal
solution of BASP. For x,h ∈ R, h > 0, we denote by ⟨x⟩ = max{i ∈ Z | ih ≤ x} the
maximum multiple of h lower than or equal to x. First, we reformulate the discretized
problem as follows. Let B= (µ+,α−,α+) be the speed and acceleration constraints
defined as in (1.1) and π be an assigned path from o to d. The minimum time T h

B (π)
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to traverse π in the discretized problem is:

T h
B (π) = min

w∈R|π|+1

|π|
∑
i=1

cπ(i)π(i+1)(wi,wi+1)

0≤ wi ≤min{wmax
π(i−1),π(i),w

max
π(i),π(i+1)}, i ∈ {2, . . . , |π|},

w1 = 0, w|π|+1 = 0 ,

⟨wi⟩= wi , i ∈ {1, . . . , |π|+1}.

(1.12)

For simplicity of notation, from now on we can denote TB simply as T . Problem (1.12)
is obtained by adding to Problem (1.9) the last constraint, imposing that the coordinates
of w have to be multiples of h. We call wh(π) ∈ R|π|+1 a vector that corresponds to
the solution of (1.12). Note that Problem (1.12) always admits at least one feasible
solution with finite objective function value, for instance the solution wi = 0 for all
i ∈ {1, . . . , |π|+1}. The solution of discretized BASP corresponds to path

π
h = arg min

π∈Pod
T h
B (π). (1.13)

Recall that this problem can be solved by the application of Dijkstra’s algorithm to the
extended graph described above. The following lemma compares the optimal values
and solutions of Problems (1.9) and (1.12).

Lemma 1.5.1. For any path π and any h > 0,
i) T h

B (π)≥ TB(π),
ii) wh(π)≤ w∗(π) (vector inequalities are intended component-wise).

Proof. Statement i) is a consequence of the fact that Problem (1.12) is obtained by
adding a constraint to Problem (1.9). For Statement ii), first note that, if w1,w2 ∈
R|π|+1 are feasible values for w in Problem (1.9), then also their component-wise
maximum w = max{w1,w2} is feasible (see, for instance, [41]). By contradiction, if
wh(π)≰ w∗(P) then w = max{wh(π),w∗(π)} is feasible for Problem (1.9). Note that
the objective function f (w) = ∑

|π|
i=1 cπ(i)π(i+1)(wi,wi+1) of Problem (1.9) is strictly

decreasing, that is, if w1 ≥ w2 and w1 ̸= w2, then f (w1)< f (w2). Since w≥ w∗(π)
and w ̸= w∗(π), it follows that f (w) < f (w∗(π)), contradicting the optimality of
w∗(π).
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Next, the following lemma, whose proof is given in Appendix A.2, gives an upper
bound on the components of the difference vector w∗(π)−wh(π). Note that such
components are nonnegative in view of part ii) of Lemma 1.5.1.

Lemma 1.5.2. The following holds for all i ∈ {1, . . . , |π|+1}:

w∗(π)i−wh(π)i ≤ h|π|.

In order to use Lemma 1.5.2, we need to find an upper bound on |π∗|, the number
of arcs of the optimal path. This can be done as follows.

Lemma 1.5.3. An upper bound for the number of arcs |π∗| of the optimal path π∗ is
given by

|π∗| ≤
(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)√
W̄

ℓmin
, (1.14)

where:

• πSPP is the shortest path connecting o to d over the original graph, when the
cost of each arc (i, j) ∈ E is equal to ℓi j;

• amin = min(i, j)∈E min{amax
i j ,−amin

i j }> 0;

• w̄ = mini∈V\{o,d} w̄i, where w̄i > 0 is defined in (1.8);

• W̄ = max(i, j)∈E wmax
i j ;

• ℓmin = min(i, j)∈E ℓi j.

Proof. A feasible solution for BASP is obtained by the arcs of path πSPP, along which,
starting from null speed at node o, we first accelerate with acceleration amin until
we reach speed w̄, then we keep the speed constant and, finally, we decelerate with
deceleration amin until we reach the final null speed at node d. The time tSPP to travel
along path πSPP with the given speed profile, is an upper bound for the travel time of
the optimal path π∗. We have that

tSPP ≤
√

w̄
amin

+
ℓ(πSPP)√

w̄
+

√
w̄

amin
.
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Next we need a lower bound for the time needed to travel along any arc (i, j) ∈ E. We
denote this time with tmin and a lower bound for it is ℓmin/

√
W̄ . Then, the ratio of tSPP

to tmin is an upper bound for the number of arcs |π∗| in the optimal path, that is,

|π∗| ≤ tSPP

tmin
≤
(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)√
W̄

ℓmin
.

In the following, we estimate the difference T h(πh)− T (π∗) ≥ 0 between the
optimal values of the discretized BASP (1.13) and BASP (1.10) (nonnegativity follows
form part i) of Lemma 1.5.1). Path πh, corresponding to the solution of the discretized
BASP, can be different from π∗ and T h(πh) ≤ T h(π∗). Hence, T h(πh)− T (π∗) ≤
T h(π∗)−T (π∗). Quantities T (π∗) and T h(π∗) correspond to the optimal values of
Problems (1.9) and (1.12) on the same path π∗. In order to bound the difference
T h(π∗)−T (π∗), we need a further lemma, giving, for some arc (i, j), an upper bound
for the difference ci j(w,z)− ci j(ŵ, ẑ) (that is, the time difference between the times
needed to travel arc (i, j) with boundary speeds w,z and ŵ, ẑ, respectively, with w≤ ŵ
and z≤ ẑ). The lemma will be proved in Appendix A.3.

Lemma 1.5.4. For any arc (i, j) and any w,z, ŵ, ẑ ∈ R, with 0 ≤ w,z, ŵ, ẑ ≤ wmax
i j ,

w≤ ŵ, z≤ ẑ, and ci j(w,z),ci j(ŵ, ẑ)<+∞, the following bound holds:

∣∣ci j(w,z)− ci j(ŵ, ẑ)
∣∣≤ 4max{|w− ŵ|, |z− ẑ|}

amin
√

w̄
,

where amin and w̄ are defined in the statement of Lemma 1.5.3.

Then, we can provide an estimate on T h(π∗)−T (π∗) (which also bounds T h(πh)−
T (π∗)) by summing up the contributions of all arcs of π∗.

Proposition 1.5.2. The following bound holds:

T h(πh)−T (π∗)≤
(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)2 4W̄
ℓ2

minamin
√

w̄
h,

where πSPP is the shortest path connecting node o to node d.
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Proof. First observe that, for any arc e = (π∗(i),π∗(i+1)) , it holds that∣∣ce(wh
i (π
∗),wh

i+1(π
∗))− ce(w∗i (π

∗),w∗i+1(π
∗))
∣∣≤

≤ 4max{|wh
i (π
∗)−w∗i (π

∗)|, |wh
i+1(π

∗)−w∗i+1(π
∗)|}

amin
√

w̄
≤ 4|π∗|h

amin
√

w̄
,

(1.15)

as a consequence of Lemma 1.5.4 (first inequality) and of Lemma 1.5.2 (second
inequality). Then, it follows that

T h(πh)−T ∗(π∗)≤ T h(π∗)−T ∗(π∗)≤
|π∗|
∑
k=1

4|π∗|h
amin
√

w̄
=

=
4|π∗|2h
amin
√

w̄
≤
(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)2 4W̄
ℓ2

minamin
√

w̄
h,

where the first inequality derives from (1.15), whilst the second one follows from
Lemma 1.5.3.

We can also provide an estimate of the relative error.

Proposition 1.5.3. Given ε ∈ (0,1), the relative error of the approximated problem
with h =Cε , where C is a constant that depends on the problem data, is 1+ ε , that is,
T h(πh)
T (π∗) ≤ 1+ ε .

Proof. Let tmin be the travel time of the arc of shortest length ℓmin assuming that the
squared speed along it is constantly equal to W̄ (this is a lower bound for the travel
time along any arc). Then, by Proposition 1.5.2, we have the following estimate over
the relative error:

T h(πh)

T (π∗)
≤ 1+

T (π∗)−T h(πh)

T (π∗)
≤ 1+

T (π∗)−T h(πh)

tmin
= 1+(T (π∗)−T h(πh))

√
W̄

ℓmin
≤

≤ 1+
(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)2 3W̄
3
2

ℓ3
minamin

√
w̄

h = 1+ ε,

with

h =Cε, C =

[(
ℓ(πSPP)√

w̄
+2
√

w̄
amin

)2 3W̄
3
2

ℓ3
minamin

√
w̄

]−1

. (1.16)



1.5. Approximation algorithm 37

The following theorem states a time-complexity and an error estimate result for
the approximated problem.

Theorem 1.5.1. Given ε ∈ (0,1), let h=Cε with C defined as in (1.16). Then, T h(πh)
T (π∗) ≤

1+ ε , that is the solution returned by the approximation algorithm has relative error
at most ε , and the approximation algorithm has time-complexity

O

((
W̄
Cε

)2

m+
W̄n
Cε

log
(

W̄n
Cε

))
.

Proof. The thesis directly follows from Propositions 1.5.1 and 1.5.3.

1.5.1 The case of uniform acceleration bounds

As previously mentioned in Remark 1.4.1, it is still unclear whether the case where all
arcs share the same acceleration and deceleration bounds, denoted with amax and amin,
respectively, is NP-hard or not. However, we can prove the following result.

Proposition 1.5.4. If

(∀(i, j) ∈ E) amax
i j = amax ∧ amin

i j = amin,

that is, all arcs have the same acceleration and deceleration bounds, then the optimal
solution of BASP is an elementary path (a path that does not contain loops).

Proof. Let us consider two distinct paths π and π ′ from node o to node d such that π

is elementary and π ⊂ π ′. Since π ′ contains the entire path π , it must contain a cycle
C, as shown in Figure 1.8.

C

•o

• •

• •
j−1

•
j

•
j+1

• •
d

Figure 1.8: Two distinct paths from node o to node d: π and π ′ =C∪π .
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We will show that the time needed to traverse π is lower than the time needed to
traverse π ′, so that we can restrict the attention to elementary paths. Let j be the first
node of cycle C in π ′ as indicated in Figure 1.8. Let v j be the initial speed at node
j along path π . Along cycle C we can speed up. If, after traveling cycle C, the new
speed at node j is vC > v j , then there is a time gain t̃ in traveling the final sub-path
j→ d, since the new initial speed at j is higher. However, there is also a loss of time
t̄ to travel along cycle C, We prove that the latter is always greater than the former.
Indeed, a lower bound t̄min for the time needed to travel along cycle C is obtained by
assuming that the maximum acceleration amax can be kept along the cycle without
hitting maximum speed bounds:

t̄min =
vC− v j

amax .

Now, let ℓ be the length of the sub-path j→ d. An upper bound ∆tmax on the time
difference between the time to travel along the sub-path j→ d with starting speed v j

and the time to travel along the same sub-path with starting speed vC is obtained by
assuming that we can keep the maximum acceleration along the sub-path:

∆tmax =

√
v2

j + ℓamax− v j

amax −

√
v2

C + ℓamax− vC

amax

It follows that

t̄min > ∆tmax⇐⇒
√

v2
C + ℓamax >

√
v2

j + ℓamax,

which holds true in view of vC > v j.
The same reasoning applies to maximum deceleration amin. Indeed, suppose that

along path π the agent has to decelerate before j to reach the speed v j. In this case,
along cycle C we could speed down, allowing to maintain a higher speed along the
sub-path o→ j. However, it is possible to prove that the lost time t̄ to travel along
cycle C is always larger than the time gain t̃ in traveling the initial sub-path o→ j
with a higher final speed, and so π is faster than π ′ in any case.

This result is important because it allows us to state that in this sub-case the upper
bound for the number of arcs of the optimal path π∗ depends only on the number of
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nodes n. In particular

|π∗| ≤ n−1.

Therefore, we can use this bound rather than the one derived in Lemma 1.5.3 in
all subsequent results. So, for instance, the upper bound in Proposition 1.5.2 can be
set equal to 4n2h

amin
√

w̄
.

1.6 The k-BASP

As we will see in Remark 1.6.1, SPP can be viewed as a special case of BASP, namely
a BASP with unbounded acceleration limits. In fact, also BASP can be viewed as an
SPP but defined on a different graph with respect to the original one. More precisely,
here we introduce some restrictions on parameters B that allow reducing BASP to a
standard SPP that can be solved by Dijkstra’s algorithm on an extended graph. Let
π ∈P , define
ℓ+(π) = min{{λ ∈ [0, ℓ(π)] | ∫ λ

0 α+
π (q)dq = µ+

p (λ )},+∞},
ℓ−(π) = max{{λ ∈ [0, ℓ(π)] | −∫ ℓ(π)

λ
α−π (q)dq = µ+

p (λ )},−∞}.
In this way, ℓ+(π) is the smallest value of λ ∈ [0, ℓ(π)] for which function F

defined in (1.5) starting from initial condition F(0) = 0, reaches the squared speed
upper bound µ+(λ ). Note that ℓ+(π) =∞ if no such value of λ exists. Similarly, ℓ−(π)
is the largest value of λ ∈ [0, ℓ(π)] for which function B defined in (1.6) starting from
initial condition B(ℓ(π)) = 0, reaches µ+(λ ). Again, ℓ−(π) =−∞ if no such value
of λ exists. Note that if π, t,πt ∈P , ℓ+(πt)≤ ℓ+(π) and ℓ−(πt)≥ ℓ−(π) (actually,
equalities hold if the values are all finite). Finally, we define

K(B) = min{k ∈ N | (∀p ∈Ps) |π| ≥ k⇒ ℓ+(π)≤ ℓ−(π)}. (1.17)

We call k-BASP any instance of BASP problem that satisfies K(B) ≤ k. For in-
stance, consider the following chain graph G = (V = {s,1,2, f}, E = {(s,1),(1,2),
(2, f )}). Here (∀θ ∈ E) α−(θ) = −1, α+(θ) = 1, ℓ(θ) = 1, and µ+((s,1)) = 1,
µ+((1,2)) = 2

3 , µ+((2, f )) = 1. In this case, Ps = {s,s1,s12,s12 f}. Moreover,
K(B)> 2, since ℓ+(s1)= 1> 0= ℓ−(s1), as reported in Figure 1.9. Further, ℓ+(s12)<
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λ0 = ℓ−(s1) 0.5 1 = ℓ+(s1)

w
∫

λ

0 α
+
s1(q)dq−∫ ℓ(s1)

λ
α
−
s1(q)dq

µ
+
s1(λ )

Figure 1.9: Computation of ℓ+(s1) = 1, ℓ−(s1) = 0.

λ0 ℓ+(s12) = 1 4
3 = ℓ−(s12)

w
∫

λ

0 α
+
s12(q)dq −∫ ℓ(s12)

λ
α
−
s12(q)dq

µ
+
s12(λ )

Figure 1.10: Computation of ℓ+(s12) = 1, ℓ−(s12) = 4
3 .

ℓ−(s12) and ℓ+(12 f ) < ℓ−(12 f ) and s12,12 f are the only paths of length 3. Fig-
ure 1.10 shows the computation of ℓ+(s12) and ℓ−(s12); the computation of ℓ+(12 f )
and ℓ−(12 f ) is analogous. Hence, in this example, K(B) = 3.

Note that K(B)−1 represents the maximum number of nodes of a path that can be
traveled with a speed profile of maximum acceleration, followed by one of maximum
deceleration, starting and ending with null speed, without violating the maximum
speed constraint. The following expression provides a simple upper bound on K(B):

K(B)≤ 1+

⌈
2max

θ∈E

µ
+(θ)(

α
+(θ)∧|α−(θ)|

)
ℓ(θ)

⌉
. (1.18)

Note that K(B) = 1 only if α− =−∞ and α+ =+∞, that is, if we do not consider
acceleration bounds. We will present an algorithm that solves k-BASP in polynomial
time complexity with respect to |V | and |E|. However, note that the complexity is
exponential with respect to k, so that a correct estimation of K(B) is critical. In general,
bound (1.18) overestimates K(B). In Section 1.6.1 we will present a simple method
for correctly estimating K(B).

We recall that Vk represents the subset of language V ∗ composed of strings with
maximum length k, including the empty string ε . Define Suffk : P →Vk such that, if
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|π| ≤ k, Suffk(π) = π and if |π|> k, Suffk(π) is the suffix of π of length k. Function
Suffk allows to introduce a partially defined transition function Γ : Vk×V → Vk by
setting Γ(r,σ) = Suffk(rσ) if rσ ∈P , otherwise, if rσ /∈P , Γ(r,σ) is not defined.
Define the incremental cost function η : Ps×V → R+ such that, for p ∈Ps and
σ ∈ V , if pσ ∈Ps, η(p,σ) = TB(pσ)−TB(π), otherwise η(π,σ) = +∞. In other
words, η(π,σ) is the difference between the minimum-time required for traversing
πσ and the minimum-time required for traversing π . For simplicity of notation, from
now on we will denote TB simply as T . The following proposition shows that the
incremental cost is always strictly positive.

Proposition 1.6.1. η(π,σ)≥ T (σ).

Proof. By 1) of Proposition 1.3.1, T (πσ)≥ T (π)+T (σ).

The following property, whose proof is presented in the Appendix ??, plays a key
role in the solution algorithm.

Proposition 1.6.2. Let π1,π2, t ∈P , if π1t,π2t ∈P and ℓ+(t)≤ ℓ−(t), then (∀σ ∈
V ) T (π1tσ)−T (π1t) = T (π2tσ)−T (π2t).

The following is a direct consequence of Proposition 1.6.2. It states that, given
π ∈P and σ ∈ V , the incremental cost η(π,σ) does not depend on the complete
path π , but only on Suffk(π) (its last k symbols).

Proposition 1.6.3. If K(B) ≤ k and π,π ′ ∈P are such that Suffk(π) = Suffk(π
′),

then (∀σ ∈V ) η(π,σ) = η(π ′,σ).

Define function η̂ : Vk×V → R+, such that η̂(r,σ) = η(π,σ) where π ∈P is
any path such that r = Suffk(π). We set η̂(r,σ) = +∞ if such path does not exist.
Note that function η̂ is well-defined by Proposition 1.6.3, being η(π,σ) identical
among all paths π such that r = Suffk(π). In particular, Proposition 1.6.3 holds for
π ′ = Suffk(π) = r, so that we can compute η̂ as η̂(r,σ) = η(r,σ). In the following,
since η̂ is the restriction of η on Vk×V , we denote η̂ simply by η .

The value k can be viewed as the amount of memory required to solve the problem:
once a node is reached, the optimal path from such node to the target one depends on
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the last k visited nodes. If k = 1, it only depends on the current node (i.e., no memory
is required). This is the situation with the classical SPP. More generally, k > 1, so
that the optimal way to complete the path does not only depend on the current node,
but also on the sequence of k− 1 nodes visited before reaching it. Define function
V : Vk→ R as

V (r) = min
π∈Ps|Suffk π=r

TB(π). (1.19)

Note that the solution of BASP corresponds to minr∈Vk |⃗r∈F V (r) (we recall that r⃗ is the
last node of r). For r ∈Vk, define the set of predecessors of r as Prec(r) = {r̄ ∈Vk |
r = Γ(r̄,⃗r)}. The following proposition presents an expression for V (r) that holds if
ℓ+(r′)≤ ℓ−(r′) for all predecessors r′ of r.

Proposition 1.6.4. Let r ∈Vk, if (∀r′ ∈ Prec(r)) ℓ+(r′)≤ ℓ−(r′), then

V (r) = min
r′∈Prec(r)

{V (r′)+η(r′ ,⃗r)}. (1.20)

Proof. Let Sr = {q ∈Ps | Suffk q⃗r = r}.
V (r) = minp∈Ps|Suffk p=r T (p) = minq∈Sr{T (q⃗r)− T (q) + T (q)} = minq∈Sr{T (q) +
T ((Suffk q)⃗r)− T (Suffk q)} = minq∈Sr{T (q)+η(Suffk q,⃗r)} = minr′∈Prec(r), q∈Sr′

{T (q)+η(r′ ,⃗r)}=minr′∈Prec(r){V (r′)+η(r′ ,⃗r)}, where we used the facts that T (qσ)−
T (q) = T (Suffk qσ)−T (Suffk q), by Proposition 1.6.2, and that q ∈Ps is such that
Suffk q⃗r = r⇔ Suffk q ∈ Prec(r).

As a consequence of Proposition 1.6.4, if (∀r ∈ Vk) ℓ
+(r) ≤ ℓ−(r), V (r) corre-

sponds to the length of the shortest path from s to r on the extended directed graph
G̃ = (Ṽ , Ẽ), where Ṽ =Vk and (r1,r2) ∈ Ẽ if r2 = Γ(r1, r⃗2) is defined, in this case its
length is η(r1, r⃗2). The left part of Figure 1.11 shows a graph consisting of 3 nodes.
Node s = 1 is the source (indicated by the entering arrow) and the double border shows
the final node F = {3}. The right part of Figure 1.11 represents the corresponding
extended graph, obtained for k = 2, consisting of 13 nodes (the cardinality of V2). Note
that some of the nodes are unreachable from the initial state, these are represented
with dotted borders.

Solving k-BASP corresponds to finding a minimum-length path on G̃ that connects
node s ∈Vk to F̃ = {r ∈Vk | f⃗ ∈ F}. Note that the set of final states F̃ for the extended
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Figure 1.11: A graph and its corresponding extension for k = 2.

graph G̃ contains all paths π ∈Vk that end in an element of F . In the extended graph
reported in Figure 1.11, this corresponds to finding a minimum-length path from
starting node 1 to one of the final nodes 3, 13, 23, 33. Note that the unreachable nodes
play no role in this procedure. We can find a minimum-length path by Dijkstra’s
algorithm applied to G̃, leading to the following complexity result.

Proposition 1.6.5. k-BASP can be solved with complexity O(|V |k−1|E|+(|V |k log |V |k)).

Proof. Dijkstra’s algorithm has time complexity O(|E|+ |V | log |V |), where |E| and
|V | are the cardinalities of the edge and vertex sets, respectively. In our case, |V |=
|Ṽ |= |Vk|= ∑

k
i=0 |V |i = O(|V |k), |E|= |Ẽ| ≤ |Vk−1E|= O(|V |k−1|E|).

The following remark establishes that SPP can be viewed as a special case of
BASP without acceleration bounds.

Remark 1.6.1. If (∀θ ∈E) α−(θ) =−∞, α+(θ) =+∞, then K(B) = 1. The resulting
1-BASP reduces to a standard SP on graph G and can be solved with time complexity
O(|E|+ |V | log |V |).

1.6.1 Adaptive A∗ algorithm for k-BASP

The computation method based on Dijkstra’s algorithm on the extended graph G̃,
presented in the previous section, has two main disadvantages. First, G̃ has ∑

k
j=0 |V | j

nodes, so that the time required by Dijkstra’s algorithm grows exponentially with k.
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We will show that it is possible to mitigate this problem and reduce the number of
visited nodes by using A∗ algorithm with a suitable heuristic. Second, the estimation
of k = K(B) from its definition is not an easy task. We will show that it is quite easy to
adaptively find the correct value of k by starting from k = 2 and increasing k if needed.

A∗ algorithm is a heuristic method that allows to compute the optimal path, if it
exists (see [42]), by exploring the graph beginning from the starting node along the
most promising directions according to a heuristic function that estimates the cost
from the current position to the target node. Hence, to implement the A∗ algorithm,
we need to define a heuristic function h : Vk→ R, such that, for r ∈Vk, h(r) is a lower
bound on minπ∈Pr⃗,F̃

T (π), that is, the minimum time needed for traveling from r⃗ to
a final state in F̃ . In general, we can compute lower bounds for BASP by relaxing
the acceleration constraints α−, α+. Namely, let B̂ be a parameter set obtained by
relaxing acceleration constraints in B. Then, if K(B̂)< K(B), by Proposition 1.6.5,
the solution of BASP for parameters B̂ can be computed with a lower computational
time than the solution with parameters B. In particular, we obtain a very simple lower
bound by removing acceleration bounds altogether, that is, by setting α− =−∞ and
α+ =+∞. In this way, the vehicle is allowed to travel at maximum speed everywhere
along the path and the incremental cost function η(π,σ) is given by the time needed
to travel γσ at maximum speed, that is: η(π,σ) =

∫ ℓ(⃗πσ)
0

1√
µ+((⃗π,σ),λ )

dλ . Define the

heuristic h : Vk→ R+ as

h(r) = min
π∈Pr⃗,F̃

TB̂(π). (1.21)

Note that, if α− = −∞ and α+ = +∞, h corresponds to the solution of 1-BASP
and all values of h can be efficiently pre-computed by Dijkstra’s algorithm (see
Remark 1.6.1). The following proposition shows that h is admissible and consistent,
so that A∗ algorithm, with heuristic h, provides the optimal solution of k-BASP and
its time-complexity is no worse than Dijkstra’s algorithm (see Theorems 2.9, 2.10
of [43]).

Proposition 1.6.6. Heuristic h satisfies these two properties:
1) admissibility: (∀r ∈Vk) h(r)≤minq∈P⃗r, f TB(q).
2) consistency: (∀r ∈Vk)(∀σ ∈V )h(r)≤ η(r,σ)+h(Γ(r,σ)).
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Proof. 1) h(r) = minp∈P⃗r, f TB̂(p)≤minq∈P⃗r, f TB(q), since B̂ is a relaxation of B.
2) h(r) = minp∈P⃗r, f TB̂(p) ≤ TB̂(σ)+minp∈Pσ , f TB̂(p) ≤ TB(σ)+minp∈Pσ , f TB̂(p) ≤
η(r,σ) + minp∈Pσ , f TB̂(p) = η(r,σ) + h(Γ(r,σ)), where TB̂(σ) ≤ TB(σ) by 2) of
Proposition 1.3.1 and TB(σ)≤ η(r,σ) by Proposition 1.6.1.

Since heuristic h is admissible and consistent, A∗ is equivalent to Dijkstra’s
algorithm, with the only difference that the incremental cost function η(r,σ) is
replaced by modified cost

η̃(r,σ) = η(r,σ)+h(Γ(r,σ))−h(r) (1.22)

(see Lemma 2.3 of [43] for a complete discussion). A description of A∗ algorithm
can be found in literature (for instance, see Algorithm 2.13 of [43]). We define a
priority queue Q that contains open nodes, that is, nodes that have already been
generated but have not yet been visited. Namely, Q is an ordered set of pairs (r, t) ∈
Vk ×R+, in which r ∈ Vk and t is a lower bound for the time associated to the
best completion of r to a path arriving at a final state. We need to perform the
following operations on Q: operation Insert(Q,(r, t)) inserts couple (r, t) into Q;
operation (r, t) = DeleteMin(Q) returns the first couple of Q, that is, the couple
(r, t) with the minimum time t, and removes this couple from Q; and, operation
DecreaseKey(Q,(r, t)) assumes that Q already contains a couple (r, t ′) with t ′ > t
and substitutes this couple with (r, t). Further, we consider three partially defined
maps value : Vk→ R, parent : Vk→Vk, closed : Vk→{0,1}, such that, for r ∈Vk,
value(r) is the current best upper estimate of V (r), parent(r) is the parent node of
r and closed(r) = 1 if node r has already been visited. Maps value, parent, and
closed can be implemented as hash tables.

Algorithm 1.6.1 (A∗ algorithm for k-BASP).
1) [initialization] Set Q = {(s,h(s))}, value(s) = 0.
2) [expansion] Set (r, t) = DeleteMin(Q) and set closed(r) = 1. If r⃗ ∈ F̃ , then t is
the optimal solution and the algorithm terminates, returning maps value, parent.
Otherwise, for each σ ∈V for which Γ(r,σ) is defined, set r′= Γ(r,σ), t ′= t+ η̃(r,σ).
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If closed(r′) = 1, go to 3). Else, if value(r′) is undefined Insert(Q,(r′, t ′)). Other-
wise, if t ′< value(r′), set value(r′)= t ′, parent(r′)= r and do DecreaseKey(Q,(r′, t ′)).
3) [loop] If Q ̸=∅ go back to 2), otherwise no solution exists.

Proposition 1.6.7. Algorithm 1.6.1 terminates and returns the optimal solution (if it
exists), with a time-complexity not higher than Dijkstra’s algorithm on the extended
graph G̃.

Proof. It is a consequence of the fact that heuristic h is admissible and consistent (see
Theorems 2.9, 2.10 of [43]).

Note that, at the end of Algorithm 1.6.1, value( f ) is the optimal value of k-BASP
and the optimal path from s to set F can be reconstructed from map parent.

One possible limitation of Algorithm 1.6.1 is that estimating K(B) from its defini-
tion can be difficult. A correct estimation of K(B) is critical for the efficiency of the
algorithm. Indeed, if K(B) is overestimated, the time-complexity of the algorithm is
higher than it would be with a correct estimate. On the other hand, if K(B) is underes-
timated, Algorithm 1.6.1 is not correct since Proposition 1.6.4 does not hold. Here we
propose an algorithm that adaptively finds a suitable value for k in Algorithm 1.6.1,
such that k≤ K(B), but, in any case, allows to find the optimal solution of BASP. First,
we define the modified cost function W : Vk→ R as W (r) =V (r)+h(r), where V is
given by (1.19) and h is the heuristic given by (1.21). If (∀r ∈Vk) ℓ

+(r)≤ ℓ−(r), then
W is the solution of W (r) = minr′∈Prec(r){W (r′)+ η̃(r′ ,⃗r)}

W (s) = h(s).
(1.23)

Indeed, following the same steps of the proof of Proposition 1.6.4, W (r) = V (r)+
h(r) = minr′∈Prec(r){V (r′) + η(r′ ,⃗r) + h(r) + h(r′)− h(r′)} = minr′∈Prec(r){W (r′) +
η̃(r′ ,⃗r)}. Hence, W (r) corresponds to the length of the shortest path from s to r on G̃,
with arc-length given according to η̃ . If condition ℓ+(r)≤ ℓ−(r) is not satisfied for
all r ∈Vk, equation (1.23) does not hold for all r ∈Vk and W does not represent the
solution of an SP. However, the following proposition shows that we can still find a
lower bound Ŵ of W that does correspond to the solution of an SP.
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Proposition 1.6.8. Let Ŵ : Vk→ R be the solution ofŴ (r) = minr′∈Prec(r){Ŵ (r′)+ η̂(r′ ,⃗r)}
Ŵ (s) = 0,

(1.24)

where, if ℓ+(r′) ≤ ℓ−(r′) or |r′| < k, η̂(r′ ,⃗r) = η̃(r′ ,⃗r), otherwise η̂(r′ ,⃗r) = h(r)−
h(r′). Then, (∀r ∈Vk)

1) Ŵ (r)≤W (r).
2) (∀r̄ ∈Vk | Ŵ (r̄)≤ Ŵ (r)) ℓ+(r̄)≤ ℓ−(r̄)⇒ Ŵ (r) =W (r).

Proof. 1) For r ∈ Vk, let p ∈Ps be such that Suffk p ∈ Prec(r). If ℓ+(Suffk p) ≤
ℓ−(Suffk p), in view of Proposition 1.6.2, T (p⃗r) = T (p)+η(Suffk p,⃗r), otherwise, ob-
viously, T (p⃗r)≥ T (p). Hence, in both cases, by the definition of η̃ in (1.22), T (p⃗r)+
h(r)≥ T (p)+h(Suffk p)+ η̂(Suffk p,⃗r). By contradiction, assume (∃A⊂Vk) A ̸=∅
such that (∀r ∈A) Ŵ (r)>W (r). Let r̄ = argminr̂∈AW (r̂) and Sr̄ = {q∈Ps | Suffk q∈
Prec(r̄)}, then, W (r̄) =V (r̄)+h(r̄) =minp∈Ps|Suffk p=r̄ T (p)+h(r̄) =minq∈Sr̄ T (q⃗r)+
h(r̄)≥minq∈Sr̄{T (q)+h(Suffk(q))+η̂(Suffk q,⃗ r̄)}=minr′∈Prec(r̄){Ŵ (r′)+η̂(r′ ,⃗ r̄)}=
Ŵ (r̄), where we used the fact that W (r′) = Ŵ (r′), that follows from the definition of
r̄, since the value of r′ that attains the minimum is such that W (r′)<W (r̄). Then, the
obtained inequality contradicts the fact that Ŵ (r̄)>W (r̄).

2) Let A ⊂ V be the set of values of r ∈ V for which ii) does not hold and, by
contradiction, assume that A ̸=∅ and let r̂ = argminr∈AŴ (r). Then, by definition of
r̂, it satisfies the following two properties: (∀r̄ ∈ Vk | Ŵ (r̄) ≤ Ŵ (r̂))ℓ+(r̄) ≤ ℓ−(r̄),
moreover Ŵ (r̂) ̸= W (r̂). Note that, from the definitions of Ŵ , W (s) = Ŵ (s). Then,
W (r̂) = minp∈Ps|Suffk p=r̂ T (p) + h(r̂) = minq∈Ps|Suffk q∈Prec(r̂){T (q⃗r̂) + h(Suffk q)−
h(Suffk q) + h(r̂)} = minr′∈Prec(r̂){Ŵ (r′) + η̂(r′ ,⃗ r̂)} = Ŵ (r̂), which contradicts the
definition of r̂. Here, we used (1.22) and the fact that, since Ŵ (r′)< Ŵ (r̂) and by the
definition of r̂, Ŵ (r′) =W (r′).

Proposition 1.6.8 implies that Ŵ (r) is a lower bound of W (r) and that it corre-
sponds to the length of the shortest path from s to r on the extended directed graph
G̃, with arc-length given in accordance to (1.24), namely by the value of function
η̂ . Hence, Ŵ ( f ) can be computed by Dijkstra’s algorithm (which is equivalent to
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compute V with A∗ algorithm, with heuristic h). The algorithm that we are going
to present is based on the following basic observation. If A∗ algorithm computes
f ∗ = argmin f∈F̃ Ŵ ( f ) by visiting only nodes for which ℓ+(r) ≤ ℓ−(r), then 2) of
Proposition 1.6.8 is satisfied for r = f ∗ and Ŵ ( f ∗) =W ( f ∗) is the optimal value of
k-BASP. If this is not the case, we increase k by 1 and re-run the A∗ algorithm. Note
that the algorithm starts with k = 2, since, according to its definition, K(B) equals 1
only if no acceleration bounds are present and, in this case, BASP is equivalent to a
standard SP and can be solved by Dijkstra’s algorithm.

Algorithm 1.6.2 (Adaptive A∗ algorithm for k-BASP).
1) Set k = 2.
2) Execute A∗ algorithm and, at every visit of a new node r, if none of the two
conditions ℓ+(r)≤ ℓ−(r) and |r|< k holds, set k = k+1 and repeat step 2).

Note that the algorithm does not compute the exact value K(B). Rather, it under-
estimates it. More precisely, it stops with the smallest k value needed to solve BASP
between the given source and destination nodes. That is, the smallest k that satisfies
the k-BASP definition over the explored subgraph.

Proposition 1.6.9. Algorithm 1.6.2 terminates with k ≤ K(B) and returns an optimal
solution.

Proof. By Definition (1.17) of K(B), if k = K(B) condition ℓ+(r)≤ ℓ−(r) is satisfied
for all r. Hence, there exists k ≤ K(B) for which the algorithm terminates. Let r ∈Vk,
with r⃗ ∈ F be the last-visited node before the termination of the algorithm. By 2)
of Proposition 1.6.8, we have that Ŵ (r) = W (r) = V (r) (since h(r) = 0), but, by
definition, V (r) is the shortest time for reaching a node in F .

1.7 Computational experiments

In this section we test the approximation algorithm introduced in Section 1.5 and the
adaptive A∗ algorithm for k-BASP presented in Section 1.6.1. We consider two real-life
industrial scenarios of warehouses. The problem data have been provided by packaging
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company Ocme S.r.l., based in Parma, Italy. The simulations have been performed on a
2.7 GHz Intel Core i5 dual-core with 8GB of RAM. The acceleration and deceleration
bounds on both scenarios are given by α+ = 0.28 ms−2 and α− = −0.18 ms−2,
for arcs with mean curvature smaller than or equal to 0.25. Whilst on arcs whose
mean curvature is larger than this value, the bounds are given by α+ = 0.14 ms−2

and α− = −0.09 ms−2. The first scenario is modeled as a graph G = (V,A) with
368 nodes and 679 edges and is depicted in Figure 3.14. The speed bounds on both

Figure 1.12: First real-life industrial scenario.

scenarios are constant for each arc but vary from arc to arc, according to the associated
paths curvatures. For the first scenario they take values in interval [0.136,1.7] ms−1,
whilst the arc-lengths take values between 0.628 m and 10.87 m and have an average
value of 2.863 m.

In what follows, we compare the approximation algorithm of Section 1.5 with the
adaptive A∗ algorithm for k-BASP presented in Section 1.6.1. Note that the adaptive
algorithm solves a k-BASP instance in polynomial time complexity with respect to the
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number of edges and vertices of the associated graph, but its complexity is exponential
with respect to k. In the following, the adaptive A∗ algorithm for k-BASP is initialized
with k = 3.

Given the graphs associated to the considered automated warehouses, we generated
the extended graphs associated to them for different values of the discretization step h
of the squared speeds. For the first scenario, step h takes values in a set H of thirty log-
arithmically spaced values between 0.005 and 0.5 m2 s−2, hence, we considered thirty
different sets of discretized squared speeds Ωh and extended graphs G′h = (V ′h,E

′
h).

We generated 1000 random pairs of source-target nodes {(si, ti)}i∈{1,...,1000} in V ×V .
Then, for each of the previous pairs of source-target nodes, we considered the cor-
responding pair (sh

i , t
h
i ) = ((si,0),(ti,0)) ∈ V ′h ×V ′h on extended graph G′h and ran

Dijkstra’s algorithm on G′h in order to obtain a trajectory starting at node si with
null speed and ending at node ti with null speed, for h ∈ H. Figure 1.13 shows the
box-and-whisker plot of the computational times of Dijkstra’s algorithm for different
values of the discretization step h for solving the 1000 randomly generated instances
and compares them with those of the adaptive A∗ algorithm for k-BASP on the same
set of instances. Note that, as the discretization step h increases, the number of dis-

Figure 1.13: Approximation algorithm computational times for different values of h
on the first scenario.

cretized squared speeds decreases, hence, the number of nodes and edges in graph
G′h decreases as well making Dijkstra’s algorithm explore a smaller graph and run
faster. Also, observe that, for values of h greater than 0.015159 m2 s−2, the mean
computational times of Dijkstra’s algorithm on extended graphs G′h (represented by a
green line with circles) are better than that of the adaptive A∗ algorithm for k-BASP



1.7. Computational experiments 51

(represented by a dashed line). On the other hand, as the discretization step h increases,
so does the relative error on the travel time, which, for values of h≥ 0.19283 m2 s−2,
is larger than 10−1. Figure 1.14 represents the box-and-whisker plot of the relative
error. Note that we set a tolerance on the relative error of the trajectories obtained
with the approximation algorithm, relative errors smaller than 10−4 are not considered.
This roughly corresponds to an absolute error of the order of 10−2 s. A good compro-

Figure 1.14: Approximation algorithm relative error for different values of h on the
first scenario.

mise for this scenario could be h = 0.063448 m2 s−2 which is associated to a mean
computational time that is 5.76 times faster than that of the adaptive A∗ algorithm
for k-BASP, while at the same time maintaining a mean relative error of the order
of 2 · 10−2. We could also exploit the approximation algorithm just for obtaining a
path and then compute the optimal speed profile along such a path by the procedure
described in Section 1.3. In this way we could employ a bigger discretization step
h for achieving small computational times while maintaining high precision. The
speed planning algorithm described in Section 1.3 has linear-time computational
complexity with respect to the number of nodes of the path. Figure 1.15 shows the
box-and-whisker plot of the computational times of the approximation algorithm,
as in Figure 1.13, summed with those of the speed planning algorithm applied on
the obtained paths for the 1000 randomly generated instances on the first scenario.
Figure 1.16 shows the box-and-whisker plot of the relative error on the travel time of
the trajectories obtained coupling the approximation algorithm of Section 1.5 with
the speed planning one. Again, we set a tolerance on relative errors of 10−4. In this
case the mean relative errors are on average two orders of magnitude smaller than
those presented in Figure 1.14 and the percentage of solutions with a relative error
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Figure 1.15: Approximation algorithm and speed planning algorithm computational
times for different values of h on the first scenario.

smaller than 10−4 ranges from 93.1% with h = 0.5 m2 s−2 to 100% for h = 0.005
m2 s−2. For this scenario, if we fix h = 0.5 m2 s−2, we get a mean computational time

Figure 1.16: Approximation algorithm and speed planning algorithm relative error for
different values of h on the first scenario.

that is 46.35 times faster than that of the adaptive A∗ algorithm for k-BASP, while
obtaining a solution with a mean relative error of 4 ·10−3, which is one order of magni-
tude smaller than that of the approximation algorithm alone with h= 0.063448 m2 s−2.

It is worthwhile to remark that there always exists a sufficiently small value h such
that the optimal path of the discretized problem coincides with the optimal path of
the continuous problem. Indeed, if h is chosen in such a way that the absolute error of
the approximation algorithm, bounded from above as discussed in Proposition 1.5.2,
is lower than the difference between the traveling times of the best and second-best
path, then the approximation algorithm returns the best path (that is, according to the
notation introduced in Section 1.5, πh is equal to π∗). However, the difference is not
known in advance and even in case it were known, the choice of h based on the upper
bound stated in Proposition 1.5.2 may lead to an excessively small value.
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The second scenario is modeled as a graph with 2419 nodes and 4255 edges and
is depicted in Figure 1.17. For this scenario the speed bounds take values in interval

Figure 1.17: Second real-life industrial scenario.

[0.1,1.7] ms−1, whilst the arc-lengths take values between 0.2 m and 18.15 m and
have an average value of 4.24 m. For the first scenario, step h takes values in a set H
of ten logarithmically spaced values between 0.03 and 1 m2 s−2, hence, we considered
ten different sets of discretized squared speeds Ωh and extended graphs G′h = (V ′h,E

′
h).

As for the previous scenario, we generated 1000 random pairs of source-target nodes
{(si, ti)}i∈{1,...,1000} in V ×V and tested the approximation algorithm on such pairs.
Figure 1.18 shows the box-and-whisker plot of the computational times of Dijkstra’s
algorithm for different values of the discretization step h for solving the 1000 randomly
generated instances and compares them with those of the adaptive A∗ algorithm for
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k-BASP on the same set of instances. Observe that, for all values of h, the mean

Figure 1.18: Approximation algorithm computational times for different values of h
on the second scenario.

computational times of Dijkstra’s algorithm on extended graphs G′h (represented by a
green line with circles) are better than that of the adaptive A∗ algorithm for k-BASP
(represented by a dashed line). However, note that the median computational time
of the latter is almost the same as that of the approximation algorithm with h = 0.03
m2 s−2 (both represented as horizontal red lines within their corresponding blue boxes).
This is due to the fact that the adaptive A∗ algorithm for k-BASP presents a small
group of outliers with very high computational times compared to its median. On
the other hand, as the discretization step h increases, so does the relative error on the
travel time, which, for values of h≥ 0.45876 m2 s−2, is larger than 10−1. Figure 1.19
represents the box-and-whisker plot of the relative error for which we set a tolerance
of 10−4. A good compromise for this scenario could be h = 0.21046 m2 s−2 which

Figure 1.19: Approximation algorithm relative error for different values of h on the
second scenario.

is associated to a mean computational time that is 107.3 times faster than that of
the adaptive A∗ algorithm for k-BASP, while at the same time maintaining a mean
relative error of the order of 3 ·10−2. Figure 1.20 shows the box-and-whisker plot of
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the computational times of the approximation algorithm, as in Figure 1.18, summed
with those of the speed planning algorithm described in Section 1.3 applied on the
obtained paths for the 1000 randomly generated instances on the first scenario. Fig-

Figure 1.20: Approximation algorithm and speed planning algorithm computational
times for different values of h on the second scenario.

ure 1.21 shows the box-and-whisker plot of the relative error on the travel time of
the trajectories obtained coupling the approximation algorithm of Section 1.5 with
the speed planning one. Again, we set a tolerance on relative errors of 10−4. In this
case the mean relative errors are on average two orders of magnitude smaller than
those presented in Figure 1.19. For this scenario, if we fix h = 0.21046 m2 s−2, we

Figure 1.21: Approximation algorithm and speed planning algorithm absolute error
for different values of h on the second scenario.

get a mean computational time that is 99.24 times faster than that of the adaptive A∗

algorithm for k-BASP, while obtaining the exact solution up to a tolerance of 10−4 on
the relative error in 97.6% of the cases.

Observe that the construction of the extended graphs can be a time-consuming
operation. One could alternatively run a dynamic programming approach by generating
arcs only when (and if) needed. However, the construction has to be performed only
once and the extended graphs can be stored for future use. The memory occupancy of
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the extended graphs of the scenarios we considered varies from 36 KB for G′h with
h = 0.5 m2 s−2 to 258 MB for G′h with h = 0.005 m2 s−2 for the first scenario, and
from 78 KB for G′h with h = 1 m2 s−2 to 56.1 MB for G′h with h = 0.03 m2 s−2 for the
second scenario.
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Figure 1.22: Comparison on a generic arc between the optimal speed profile starting
from ŵ and ending at ẑ and the one starting from w and ending at z.

Data availability

The data and code that support the findings of this study are available at: OSF. May
23. osf.io/6jupx S. Ardizzoni, L. Consolini, M. Laurini, and M. Locatelli. 2022.
“Bounded Acceleration Shortest Path Problem”.
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Chapter 2

Multi Agent Path Finding Problem

Multi-Agent Path-Finding (MAPF), also called pebble motion on graphs, or coopera-
tive path-finding, is the problem of finding a collision-free movement plan for a set
of agents (or pebbles) moving on a graph. This problem has been widely discussed,
together with its many variants [1], on various types of graphs. For most graph classes,
finding an optimal solution of MAPF (that is, a solution with a minimum number
of moves) is NP-hard [44]. Instead, the complexity of checking MAPF feasibility
depends on the specific graph class. For instance, it is polynomial on undirected
graphs [8] and on strongly biconnected directed graphs [6]. Instead, it is NP-hard in
the general case of directed graphs [45]. Optimal and suboptimal algorithms have
been proposed in the last forty years [46, 47, 5, 48, 6, 7, 8, 49].

Various works address the problem of finding the optimal solution of MAPF (i.e.,
the solution with the minimum number of moves). For instance, Conflict Based Search
(CBS) is a two-level algorithm which uses a search tree, based on conflicts between
individual agents (see [49]).

Search-based suboptimal solvers aim to provide a high quality solution, but are
not complete (i.e., they are not always able to return a solution). A prominent example
is Hierarchical Cooperative A∗ (HCA∗) [50], in which agents are planned one at a
time according to some predefined order.

Instead, rule-based approaches include specific movement rules for different
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scenarios. They favor completeness at low computational cost over solution quality.
Since their aim is to detect feasible solutions, agents are supposed to move one at
a time [5, 6, 7, 8]. Of course, once we have found a feasible solution with one of
these algorithms, we can find a shorter solution by allowing simultaneous moves. For
instance, we can search in a neighborhood of the feasible solution, as we show in
Chapter 4.

Many of the rule-based algorithms deal with the special case of trees. In this
case the problem is called pebble motion on a tree (PMT). In literature, there exist
many complete sub-optimal algorithms for solving PMT. In particular, Kornhauser
and coauthors [8] present a procedure which solves it in O(n3) moves. However, the
approach is not described algorithmically, but must be derived from a number of proofs
in the paper [51]. This requires significant effort, and, to the best of our knowledge,
Kornhauser’s results have never been fully implemented. Auletta and coauthors [5]
present an algorithm for deciding the feasibility of PMT, from which a solution can be
derived requiring O(k2(n− k)) moves. However, the paper does not explicitly explain
how to find such a solution. Korshid and coauthors [52] present an algorithm for PMT
(called TASS) that is easy to understand and implement. However, solutions provided
by TASS require O(n4) moves. Therefore, after Kornhauser and coauthors in 1984, no
one has proposed a clear and detailed algorithm with length-complexity O(n3). The
result of Kornhauser is a fundamental step in the study of PMT complexity. However,
under a more practical point of view, the implementation of a simple and efficient
algorithm for solving PMT with length-complexity at least O(n3) remains an open
problem. The aim of this Chapter is to address this problem by proposing an efficient,
clear, and simple PMT solver, with a more detailed complexity result with respect to
Kornhauser’s.

Although PMT is one of the simplest versions of MAPF, it is quite relevant.
Indeed, various algorithms that solve MAPF on more general graphs are based on a
reformulation of MAPF as a PMT with trans-shipment vertices (ts-PMT), a variant
of the PMT problem. Trans-shipment [53, 54] is a particular type of vertex that
cannot host pebbles. This variant can be solved as the classical PMT with some minor
modifications and it is useful since any MAPF instance on an undirected graph can be
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reduced to an instance of this problem on a tree. For example, reference [54] presents a
method that converts the graph into a tree with trans-shipment vertices (as in [53]), and
solves the resulting problem with TASS. Another important rule-based algorithm for
MAPF on undirected graphs is Push and Rotate [7] [47], which solves every MAPF
instance on graphs that contains at least two holes (i.e., unoccupied vertices). One of
the best rule-based algorithms for MAPF in terms of length complexity is presented
by Kornhauser. Indeed, in his P.h.D. thesis [8] he describes a procedure that finds
solutions with O(n3) moves. However, this approach is very difficult to implement
[51].

The literature cited so far concerns exclusively undirected graphs, where motion
is permitted in both directions along graph edges. Fewer results are related to directed
graphs. Nebel [45] proves that finding a feasible solution of MAPF on a general
directed graph (digraph) is NP-hard. However, in some special cases this problem can
be solved in polynomial time. One relevant reference is [6], which solves MAPF on
the specific class of biconnected digraphs, i.e., strongly connected digraphs where the
undirected graphs obtained by ignoring the edge orientations have no cutting vertices.
The proposed algorithm has polynomial complexity with respect to the number of
nodes.

In this Chapter, we also deal with two variants of MAPF: the motion planning prob-
lem and the unlabeled MAPF. The Motion Planning problem (MP in what follows),
consists in finding a plan such that a single marked agent reaches a desired target
vertex, avoiding collisions ([55, 56, 57, 58]). That is, in MP all non-marked agents
are obstacles that need to be moved out of the way to re-position the marked one.
Reference [55] proves that finding an optimal solution for an MP instance is NP-hard.
Instead, [56] shows that the feasibility of MP on an acyclic digraph G = (V,E) can be
decided in polynomial time O(|V ||E|). Reference [57] generalizes this result, showing
that, on general digraphs, feasibility can be decided in polynomial time O(|V |2|E|).

The unlabeled MAPF (also known as U-GRAPH-RP [59, 60] or anonymous
MAPF [61]), pebbles are not labeled (i.e., there is a set of target positions D, and each
pebble has to reach a vertex in D, not specified in advance).
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This Chapter is structured as follows. In Section 2.1 we give the formal definition of
all the problems addressed in the chapter: MAPF, MP, PMT, unlabeled PMT. For each
of these definitions we consider the condition that the agents can move one at a time.
This is because in this Chapter we are only interested in finding a feasible solution to
each problem, not necessarily an optimal one.

In Section 2.2 we focus on the pebble motion on a tree (PMT) [5, 58, 53, 52, 54],
which is defined as follows. Let T = (V,E) be a tree with n vertices and k < n distinct
pebbles, numbered 1, . . . ,k, placed on distinct vertices. A move consists in transferring
a pebble from its current position to an adjacent unoccupied vertex. The PMT consists
in finding a sequence of moves that repositions all pebbles to assigned target vertices.
In particular, as already mentioned, we focus on the problem of finding a feasible
solution, not necessarily optimal. In this Section, we present three main contributions:

1. In Section 2.2.2, we propose the sub-optimal CATERPILLAR algorithm to solve
the motion planning problem on a tree. It provides solutions with O(nc) moves,
where c is the maximum length of the corridors (i.e., paths whose internal nodes
all have degree two, and whose end nodes have degree different from two).
We are able to guarantee this complexity since, when we move the marked
pebble p to its target, we only move the obstacles that are along the path of p,
sliding them section by section from one subset of vertices to another, avoiding
unnecessary motions.

2. In Section 2.2.3, we propose a sub-optimal algorithm for PMT (called Leaves
procedure for PMT). The idea of the Leaves procedure for PMT is to use the
CATERPILLAR algorithm to move the pebbles to the leaves of the tree, used as
intermediate targets. At the end, we solve an unlabeled PMT instance, which
brings the pebbles to the original targets. This procedure is simpler and easier to
implement than the one proposed by Kornhauser and coauthors [8]. In addition,
we prove a more detailed complexity result than the one provided by Kornhauser
and coauthors. Indeed, our algorithm finds solutions with a number of moves
O(knc+n2), which in the worst case is O(n3). Therefore, the number of moves
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of these solutions depends on the tree structure and the number of pebbles.

3. In Section 2.2.4, we discuss the PMT with trans-shipment vertices (ts-PMT).
This variant is relevant since a MAPF instance on a generic graph can be reduced
to an instance of this problem. ts-PMT can be solved with the Leaves procedure
for PMT with some minor modifications. This permits us to provide an upper
bound for the solution length of MAPF on graphs.

In Section 2.3 we consider MAPF on strongly connected digraphs, a class that is
more general than biconnected digraphs, already addressed in [6]. We present three
main contributions:

1. In Section 2.3.3 we present a procedure, based on [53], that checks the problem
feasibility in linear time with respect to the number of nodes (see Theorem
2.3.5). This approach can also be used to solve MAPF, but it leads to very
redundant solutions.

2. In Section 2.3.4 we provide a necessary and sufficient condition for feasibility
of any MAPF on a strongly connected digraph, adapted from [8] and Section
2.2.

3. In Section 2.3.5 we present diSC (digraph Strongly Connected) algorithm that
finds a solution for all admissible problems with at least two holes, extending
the method in [54] (see Section 2.3.1). The details of diSC are described in
Appendix B. Moreover, in Section 2.3.6 we prove that the length complexity of
this algorithm is O(kn2c).

In Section 2.4 we perform three sets of experiments to test the CATERPILLAR
algorithm, the Leaves Procedure and the diSC algorithm. We test these algorithms
on random scenarios generating by varying the parameters n, k and c, with the aim
of verifying the theoretical results on their length complexity. Finally, we run diSC
algorithm on a graph with 397 nodes representing the layout of a real warehouse,
varying the number of agents from 2 to 10.
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2.1 Problem definition

We consider the general case of a graph G = (V,E), with vertex set V and edge set
E. We are also given a set P of pebbles and a set H of holes, and each vertex of G
is occupied either by a pebble or by a hole, so that |V |= |P|+ |H|. A configuration
is a function A : P∪H→V that assigns to each pebble or hole the vertex occupied
by it. A configuration is valid if it is one-to-one (i.e., each vertex is occupied by one
and only one pebble or hole). The collection χ ⊂ {P∪H → V} contains all valid
configurations.

Given a configuration A and u,v ∈ V , we denote by A [u,v] the configuration
obtained from A by exchanging the pebbles (or holes) placed at u and v:

A [u,v](q) :=

{ v, if A (q) = u;
u, if A (q) = v;
A (q), otherwise .

(2.1)

As mentioned in the Introduction, a move is the movement of a pebble along an
edge. For each edge (u,v) ∈ E we can define one or two possible moves, depending on
the type of graph. If G is a directed graph, u→ v is the only possible move, else if G is
an undirected graph or a tree, the two ordered pairs u→ v and v→ u are two possible
moves. We indicate with Ê the set of all the moves on G. Function ρ : χ× Ê→ χ is a
partially defined transition function such that ρ(A ,u→ v) is defined if and only if
v is empty (i.e., occupied by a hole). In this case ρ(A ,u→ v) is the configuration
obtained by exchanging the pebble or the hole in u with the hole in v. Notation
ρ(A ,u→ v)! means that the function is defined. In other words ρ(A ,u→ v)! if and
only if (u,v) ∈ E and A −1(v) ∈ H. If ρ(A ,u→ v)!, then ρ(A ,u→ v) = A [u,v].
Note that the hole in v moves along v→ u, while the pebble or hole on u moves on v.

We represent a plan as an ordered sequence of moves. It is convenient to view the
elements of Ê as the symbols of a language. We denote by E∗ the Kleene star of Ê,
that is the set of ordered sequences of elements of Ê with arbitrary length, together
with the empty string ε:

E∗ =
∞⋃

i=1

Ê i∪{ε}.
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We extend the function ρ : χ × Ê → χ to ρ : χ ×E∗ → χ , by setting (∀A ∈
χ)ρ(A,ε)! and ρ(A ,ε) = A . Moreover, (∀s ∈ E∗,e ∈ Ê,A ∈ C ) ρ(A ,se)! if and
only if ρ(A ,s)! and ρ(ρ(A ,s),e)! and, if ρ(A se)!, then ρ(A se) = ρ(ρ(A s),e).
Note that ε is the trivial plan that keeps all pebbles and holes on their positions. We
denote by | f | the length of a plan f (i.e., the number of moves of f ). We define an
equivalence relation ∼ on E∗, by setting, for s, t ∈ E∗, s∼ t↔ (∀A ∈ C )ρ(A ,s) =
ρ(A , t). In other words, two plans are equivalent if they reconfigure pebbles and holes
in the same way. Given a configuration A and a plan f such that ρ(A , f )!, a plan
f−1 is a reverse of f if A = ρ(ρ(A , f ), f−1) (i.e., f−1 moves each pebble and hole
back to their initial positions). We can also write f f−1 ∼ ε , so that f−1 behaves like a
right-inverse.

For undirected graphs and trees, the following result holds.

Proposition 2.1.1. For any configuration A ∈ χ and any plan f ∈ E∗, such that
ρ(A , f )!, there exists a reverse plan f−1 such that | f |= | f−1|.

Proof. The thesis can be proved by induction as follows. If f ∈ Ê, then there exist
u,v ∈V such that f = u→ v and f−1 = v→ u. Now, suppose that for any f ∈ E∗ such
that | f | = n > 1 there exists a reverse f−1 such that | f | = | f−1|. We prove that the
thesis is verified also for each plan of length n+1. Indeed, if | f |= n+1 then f = ge
with |g|= n and e ∈ Ê. Therefore, there exist g−1 and e−1 the corresponding reverse
plans such that |g−1|= |g| and |e−1|= |e|, and we can define f−1 := e−1g−1 which is
a reverse plan of f :

f f−1 = gee−1g−1 ∼ gg−1 ∼ ε.

Moreover, | f−1|= |g−1|+ |e−1|= n+1.

In Proposition 2.3.1 of Section 2.3.3 we will state that also in the case of a strongly
connected digraph, each plan has a reverse plan.

2.1.1 Definitions of MAPF, MP and PMT

Our main problem is the Multi-Agent Path Finding (MAPF), which consists in finding
a plan that re-positions all pebbles to assigned target vertices, avoiding collisions.
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For this problem, and the ones we will present later, the position of the holes is not
relevant. Therefore, we introduce an equivalence relation ∼̇ between configurations

A 1∼̇A 2 ⇐⇒ ∀ p ∈ P A 1(p) = A 2(p),

and we indicate with ˜A 1 the equivalence class of A 1.

Definition 2.1.1. (MAPF problem). Let G = (V,E) be a graph, P be a pebble set,
˜A s an initial valid configuration, ˜A t a final valid configuration. The MAPF instance

< G, ˜A s, ˜A t > consists in finding a plan f such that ˜A t = ρ( ˜A s, f ).

A variant of MAPF is the motion planning problem, which consists in finding
a plan such that a single marked pebble reaches a desired target vertex, avoiding
collisions with other pebbles, that are movable obstacles [55, 57, 56, 58]. We recall its
definition.

Definition 2.1.2. Motion Planning (MP) problem . Let G = (V,E) be a graph, P a set
of pebbles. Given a pebble p ∈ P, an initial configuration ˜A s, and t ∈V , the motion
planning problem (MP) consists in finding a plan f such that t = ρ( ˜A s, f )(p). We
indicate such a plan with notation ˜A (p)⇒ v. Moreover, we indicate a MP instance
with < G,s, t,O >, where s = ˜A s(p) is the initial position of p and O = ˜A s(P\{p})
is the set of initial positions of the dynamic obstacles, i.e., of all the other pebbles.

The only difference between MP and MAPF is the following one. In MP only one
pebble is assigned a target while the others are only movable obstacles. Instead, in
MAPF each pebble is assigned a final destination.

Reference [56] discusses the feasibility of the motion planning problem on a
strongly connected digraphs and proves the following:

Theorem 2.1.1. (Theorem 14 of [56]) Let D be a strongly connected digraph, P a set
of pebbles and H a set of holes. Then any motion planning problem on D is feasible if
and only if |H| ≥ 1.
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If G is a tree, this problem is called pebble motion on trees (PMT). A variant of
PMT problem is pebble motion on trees with trans-shipment vertices (ts-PMT). This
problem is a PMT on a tree in which the vertex set V is partitioned in trans-shipment
and regular vertices.

Definition 2.1.3. (PMT problem). Given a tree T , a pebble set P, an initial valid
configuration ˜A s, and a final valid configuration ˜A t , find a plan f such that ˜A t =

ρ( ˜A s, f ).

We also focus on a relaxation of the PMT problem: the unlabeled PMT problem.
This problem consists in finding a plan such that each pebble reaches any vertex
belonging to the set of targets.

Definition 2.1.4. (Unlabeled PMT problem). Let T = (V,E) be a tree, P a set of
pebbles, and ˜A s an initial valid configuration. Given D ⊂ V , a set of destinations
such that |D|= |P|, find a plan f such that D = ρ( ˜A s, f )(P).

2.2 Pebble Motion on trees

Notation

Let T = (V,E) be a tree with n nodes and let u ∈V . We denote by F(u) the connected
components of the forest obtained from T by deleting u. For some v ∈ V \ {u},
T (F(u),v) is the connected component containing v, while C(F(u),v) is the set of
remaining connected components of F(u) excluding T (F(u),v).

Given two nodes a,b ∈V , we denote by πab the set of vertices of the unique path
in T from a to b, and with d(a,b) the length of this path. In particular, πab is a corridor
if a and b have degree different from two, while the internal nodes of the path all have
exactly degree two. Moreover, πab \ {a} is the set of all vertices of πab, except for
a. We denote by C(T ) the set of all corridors of T , and by c1 the maximum corridor
length:

c1(T ) = max{d(a,b) : πab ∈C(T )}.
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Let J ⊂V be the set of junctions (i.e., nodes with degree greater than two). We
define the subclass of corridors C̄(T )⊂C(T ) that have only junctions as endpoints,
and we denote by c2(T ) the maximum length of this subclass of corridors. Obviously,
c2(T ) ≤ c1(T ). Note that corridors in C(T ) \ C̄(T ) are those for which at least one
endpoint is a leaf of the tree.

Let us define the distance between a node s and a subset of nodes W ⊂V as

d(s,W ) = min
a∈W

d(s,a).

Furthermore, we define the distance of W1 from W2 as

d(W1,W2) = ∑
a∈W1

d(a,W2).

Then, a subset of V of cardinality q closest to W1 is a set W such that

W ∈ arg min
W∈P(V )

|W |=|q|

d(W,W1),

where P(V ) denotes the power set of V (i.e., the set of all its subsets).

Assumptions

In all the problems we focus on, we assume that the following assumption holds:

|H| ≥ c(T ), (2.2)

where c(T ) ∈ N is a constant depending on the structure of the tree T . In particular,
if T is a path graph (i.e., a tree with two nodes of degree 1, and the remaining n−2
nodes of degree 2) c(T ) := c1(T ). Otherwise, in all other cases, c(T ) is defined as
follows:

c(T ) := max{c1(T )+1, c2(T )+2}. (2.3)

From now on, when we write c1, c2 and c without the indication of a tree within the
parenthesis, it is given as understood that the three parameters refer to the tree T
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on which we are solving the PMT problem, while for other trees we will explicitly
indicate them within parenthesis .

Kornhauser and coauthors [8] showed that Assumption (2.2) is a necessary and
sufficient condition for the feasibility of PMT on trees. Obviously, it follows that this
condition is also sufficient for the feasibility of any instance of the unlabeled PMT
problem, and of the motion planning problem.

Basic plans

Let T be a tree and A a configuration on it. Given a path πvw = vu2 · · · un−1 un ≡ w,
we define the following plans:

1. If w ∈A (H), BRING HOLE FROM w TO v is defined as

αvw = (un−1→ w, . . . ,v→ u2). (2.4)

In other words, for each j from n−1 to 1, if there is a pebble on u j, we move it
on u j+1. For instance, see the example of Figure 2.1.

2. If v ∈A (P) and πvw \{v} ⊂A (H), MOVE PEBBLE FROM v TO w is defined
as

βvw = (v→ u2, . . . ,un−1→ w). (2.5)

For instance, see the example of Figure 2.2.

2.2.1 Unlabeled PMT problem

Let P be a set of unlabeled pebbles on a tree T = (V,E). Let A s be the initial
configuration and D be the set of destinations. We denote by S = A s(P) the set of
pebbles initial positions. The goal of the unlabeled pebble motion on trees is to move
each pebble from its initial position to any position of D. In the following, we introduce
an algorithm presented by Kornhauser and coauthors [8].

1. If V is empty: terminate the procedure.



68 Chapter 2. Multi Agent Path Finding Problem

• •
w≡ u5

•

u4

•
u3

•

• •
u2 v≡ u1

(1) (2) (3) (4)

(a) Initial configuration. The red edges rep-
resent plan αvw = (u4 → w,u3 → u4,u2 →
u3,v→ u2).

• •
w≡ u5

•

u4

•
u3

•

• •
u2 v≡ u1

(b) Final configuration after bringing the hole
from w to v.

Figure 2.1: Example of BRING HOLE FROM w TO v. Green squares represent pebbles,
blue circles represent holes.

2. Select any leaf v of T .

• If v ∈ S∩D or v ̸∈ S∪D, then "prune" v from T , i.e., V =V \{v}, and set
S = S\{v}. Go to Step 1.

• If v ∈ D\S, select a pebble p on a vertex w such that

w ∈ argmin
v′∈S

d(v′,v).
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• •
w≡ u5

•

u4

•
u3

•

• •
u2 v≡ u1

(4) (3) (2) (1)

(a) Initial configuration. The red edges rep-
resent plan βvw = (v → u2,u2 → u3,u3 →
u4,u4→ w).

• •
w≡ u5

•

u4

•
u3

•

• •
u2 v≡ u1

(b) Final configuration after moving the pebble
from v to w.

Figure 2.2: Example of MOVE PEBBLE FROM v TO w. Green squares represent
pebbles, blue circles represent holes.

Let p be the pebble on w. By definition of w, path πwv contains only pebble
p. Therefore, move p to v and update S = S\{w}. Then, "prune" v from
T , i.e., V =V \{v}. Go to Step 1.

• if v ∈ S \D. Find an unoccupied vertex u which is at minimum distance
from v on T :
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u ∈ arg min
v′∈V\S

d(v′,v).

Then, path πvu has pebbles on each vertex except u. Move each pebble
on the path πvu towards u with plan αvu as defined in (2.4). This makes v
unoccupied and u occupied. Then, set S = (S\{v})∪{u}, "prune" v from
T , i.e., V =V \{v}, and go to Step 1.

Since at most n moves are made at each execution of Step 2, and Step 2 is executed n
times (at each iteration the cardinality of V is decreased by one), the total number of
required moves is at most n2. Therefore, the complexity of this algorithm is O(n2).

Gather holes problem

In this subsection, we focus on a particular case of the unlabeled PMT problem: the
gather holes problem. Let T = (V,E) be a tree with n nodes, P a set of pebbles, and H
the set of holes. Let T̄ = (V̄ , Ē) be a subtree with q = |V̄ | ≤ |H|. Then, gather holes
in T̄ consists in bringing q holes of the tree to the nodes of T̄ .

Definition 2.2.1. (Gather holes problem). Let T be a tree and T̄ = (V̄ , Ē) be a subtree.
Let P be a set of pebbles, and ˜A s an initial valid configuration. Find a plan f such
that V̄ ∩ρ( ˜A s, f )(P) = /0.

Even if gather-holes can be solved by the previous algorithm, we present a specific
procedure that allows finding a feasible solution with a lower time-complexity. The
solution plan removes pebbles from vertices of T̄ , and replaces them with holes. To
search for a short plan, it is convenient to bring holes that are already close to V̄ .
Therefore, we choose the holes in a set M such that

M ∈ arg min
W⊂A s(H): |W |=q

d(W,V̄ ), (2.6)

i.e., M is a subset of vertices with cardinality q closest to V̄ and containing only holes
of the initial configuration. Denote by H̃ the set of holes on M (A s(H̃) = M). Then,
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we want to find a plan f such that V̄ = ρ(A s, f )(H̃). Moreover, let H̄ = {h ∈ H̃ :
A s(h) /∈ V̄}.

Denoting by V̄P = A s(P)∩ V̄ the initial set of occupied vertices of T̄ , we can
proceed as follows:

1. If V̄P is empty: terminate the procedure;

2. Select h ∈ H̄, let v = A s(h) and u ∈ V̄P be a closest node of V̄P to v:

u ∈ arg min
v′∈V̄P

d(v′,v). (2.7)

Denote by p the pebble on u. If πuv∩V̄ = {u}, then move each pebble on the
path πuv towards v with plan αuv defined in (2.4), and update A s = ρ(A s,αuv).
Otherwise, let w be the closest node to v of πuv ∩ V̄ : move p from u to w
with plan βuw defined in (2.11) (note that πuw \{u} contains only unoccupied
vertices); then, move each pebble on path πwv towards v with plan αwv. Finally,
update A s = ρ(A s,βuwαwv). This makes u unoccupied.

3. Update H̄ = H̄ \{h} and V̄P = V̄P \{u}. Go to Step 1.

Since at most n moves (with n = |V |) are made at each execution of Step 2, and
Step 2 is executed at most q times (with q= |V̄ |), (since the cardinality of V̄P is reduced
by one at each iteration), we have the following complexity result.

Proposition 2.2.1. The length complexity of the solution provided by the gather holes
procedure is O(nq).

Figure 2.3 presents an example of the execution of the procedure just described.
The blue circles represent the holes, and H̄ = {c,d,g} is a subset of holes closest to
subtree T̄ (Figure 2.3a). Another possible choice for H̄ is, for example, H̄ = {c,e,g}.
Figure 2.3b shows the final configuration, in which the holes of H̄ have been moved
to the subtree.
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• •
a

•
b

•

• c

• • •

•
e

•

•

•
g

••
d

•

• •
f

T̄

H̄

(a) Initial configuration. We choose H̄ = {c,d,g} the subset of holes closest
to subtree T̄ .

•
a

•

b
•

•

•

• • •
c d g

•

•

•

•

•• •

• •
e f

T̄

H̄

(b) Final configuration after moving holes c, d and g to T̄ .

Figure 2.3: Example of Gather hole problem. We want to move three closest holes to
the subtree T̄ .

2.2.2 Motion planning on trees

Let T = (V,E) be a tree, P a set of pebbles and H a set of holes. We assume that
condition (2.2) of Section 2.2 holds. Recall that

c :=

{
c1, if T is a path graph,
max{c1 +1, c2 +2}, otherwise,

(2.8)

where c1 is the maximum length of all the corridors and c2 is the maximum length of
the corridors with endpoints that are junctions. Let A s be an initial valid configuration.
Given a pebble p̄ on r = A s(p̄), and a target node t ∈V , we show how to find a plan
f such that t = ρ(A s, f )(p̄). To do that, we analyze two cases:
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A. |A s(H)∩T (F(r), t)| ≥ c, i.e., T (F(r), t) contains at least c holes.

B. |A s(H)∩T (F(r), t)|< c, i.e., T (F(r), t) contains less than c holes.

For each of the two cases we present a solution procedure (Procedure A and
Procedure B). The union of these procedures constitutes an algorithm to solve any
instance of motion planning on trees, called the CATERPILLAR algorithm.

Case A. T (F(r), t) contains at least c holes.

The main idea of the algorithm is to clear, piece by piece, the path that goes from
r to t, allowing the pebble to reach the target. We identify intermediate junctions on
πrt (denoted by ik), and "parking" positions (denoted by ℓk) which are neighbor nodes
of ik, but do not belong to πrt . The pebble moves from one parking position to the
next one, until it reaches the target. When the pebble is on ℓk, we move out of the
way all the obstacles that are on πikik+1 , so that we can freely move the pebble from
ℓk to ℓk+1. We identify a sequence of subsets of vertices on which the movement of
the pebble from ℓk to ℓk+1 will be defined: each of them will contain the path from ik
to ik+1 combined with the parking positions ℓk and ℓk+1. These subsets (S0, . . . ,Sm),
called caterpillar sets, are such that:

• the restriction of T to Sk is a connected subtree for all k = 0, . . . ,m;

• |Sk|= c+1 for all k = 0, . . . ,m−1, and |Sm| ≤ c+1;

• s ∈ S0 and t ∈ Sm;

• |Sk ∩Sk+1| ≥ 2 for all k = 0, . . . ,m−1, i.e., two consecutive sets have at least
two nodes in common.

• Sk∩Sk+1∩ J ̸= /0 for all k = 0, . . . ,m−1, i.e., two consecutive sets have at least
one junction in common.
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These properties guarantee that there are enough holes to clear the path and move
the pebble from one parking position to the next one.

Construction of caterpillar sets

Along path πrt we select the node triple (ik, jk, ℓk): ik and jk represent the ends of a
caterpillar set, while ℓk is a parking position. We proceed as follows:

1. Let ℓ0 = r, i0 be the neighbor of r that belongs to πrt , and:

• if d(i0, t)≤ c−1, set j0 = t, m = 0 and stop;

• otherwise, let j0 be the node on πrt such that d(i0, j0) = c−2. Set k = 0,
j−1 = i0 and go to Step 2.

2. let ik+1 be the closest junction to jk on π jk−1 jk \{ jk−1}, and ℓk+1 be one of the
neighbors of ik+1 not belonging to πrt :

• if d(ik+1, t)≤ c−1, set jk+1 = t, m = k+1 and stop;

• otherwise, let jk+1 be the node on πik+1t such that d(ik+1, jk+1) = c− 2.
Set k = k+1 and repeat Step 2.

• •

•

•r
ℓ0

i0

i1

•ℓ1

• •
j0

•

•ℓ2

j1 = i2
•

•

• •
t = j2

S0 S1 S2

Figure 2.4: We consider the motion planning problem with source vertex r and target
vertex t on a tree with c = 5. S0, S1 and S2 are the caterpillar sets along path πrt .

Remark 2.2.1. Note that ik+1 is always well defined. Indeed, d(ik, jk) = c−2≥ c2

guarantees that there exists a junction on πik jk \ {ik} (ik+1 ∈ πik jk \ {ik}). Since, by
definition, ik is the closest junction to jk−1 on π jk−2 jk−1 \ { jk−2}, then ik+1 ̸∈ πik jk−1 .
Therefore, there exists ik+1 ∈ π jk−1 jk \{ jk−1} which is the closest junction to jk.
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Observation 2.2.1. Since d(ik, jk) = c−2, it follows that

d(ik, ik+2) = d(ik, jk)+d( jk, ik+2)≥ c−1.

Now, let us find a lower bound for

d(i0, im) =
m−1

∑
k=0

d(ik, ik+1).

If m is even,

m−1

∑
k=0

d(ik, ik+1) =

m
2−1

∑
k=0

[d(i2k, i2k+1)+d(i2k+1, i2k+2)] =

=

m
2−1

∑
k=0

d(i2k, i2k+2)≥
m
2
· (c−1).

Otherwise, if m is odd,

m−1

∑
k=0

d(ik, ik+1) =

(
m−2

∑
k=0

d(ik, ik+1)

)
+d(im−1, im)

≥ m−1
2
· (c−1).

Therefore,

m≤ 2 · d(i0, im)
c−1

+1≤ 2 · δ

c−1
+1,

where δ is the diameter of the tree. If c≥ 2, it follows that m = O( δ

c ). Note that
c = 1 only holds for the trivial case of the tree with 2 edges.

Nodes (ik, jk, ℓk) are used to delimit the borders of the caterpillar sets (see Figure
2.4), which are defined as follows:

Sk = πik jk ∪{ℓk}∪{ℓk+1}, ∀k = 0, . . . ,m−1,
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Sm = πim jm ∪{ℓm}.

We can easily note that the union of all caterpillar sets is a caterpillar tree (i.e., a
tree in which all the vertices are within distance 1 from a central path). Moreover, all
the properties of the caterpillar sets are verified:

• Sk is a connected component of T , and so it is a subtree;

• |Sk|= |πik jk |+2 = c+1 for all k = 0, . . . ,m−1 and |Sm|= |πim jm |+2≤ c+1;

• {ik+1, lk+1} ⊂ Sk ∩Sk+1 and ik+1 ∈ J, so |Sk ∩Sk+1| ≥ 2 and Sk ∩Sk+1∩ J ̸= /0
for k = 0, . . . ,m−1.

Moreover, it holds that

|Sk+1∪Sk|= |Sk+1|+ |Sk|− |Sk+1∩Sk| ≤

≤ (2c+2)−2 = 2c.

We are now ready to describe the procedure for solving the motion planning
problem in case A.

Procedure A

1. Gather holes in S0 \{ℓ0} : O(nc) moves in view of Proposition 2.2.1.

2. Move pebble from ℓ0 to ℓ1: c moves.

3. For all k = 0, ..,m− 1 moves the holes from Sk \ {ℓk+1} to Sk+1 \ {ℓk+1} and
move pebble p from ℓk+1 to t or ℓk+2 (see Figure 2.5). The former operation
consists in sliding the obstacles from Sk+1 \Sk to Sk \Sk+1: this is equivalent to
gather holes in Sk+1 in the subtree obtained by the restriction of T to Sk+1∪Sk,
and so it requires at most (|Sk+1 ∪ Sk| · c) = O(c2) moves. The last operation
requires at most c moves. Overall the for cycle has length complexity O(mc2).
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Sk
Sk+1

• •
ik

•

•
jk ≡ ik+1

•

•

•

•

ℓk+1ℓk ℓk+2

jk+1

(1) slide obstacles

(2) move pebble

(a) Initial configuration. First we have slide the obstacles from Sk+1 \Sk to
Sk \Sk+1, then we move the pebble from ℓk+1 to ℓk+2.

Sk
Sk+1

• •
ik

•

•
jk ≡ ik+1

•

•

•

•

ℓk+1ℓk ℓk+2

jk+1

(b) Final configuration.

Figure 2.5: Example of execution of an iteration of the for cycle of Step 3 of
Procedure A. Blue circles are holes, green squares are obstacles and the red square is
the marked pebble.

Note that the operations just described in Procedure A are all feasible because the
properties of caterpillar sets hold.

Then, we proved the following result.

Proposition 2.2.2. The length complexity of the solution provided by Procedure A is
O(nc).
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Proof. The solution provided by Procedure A requires

O(nc)+O(mc2)

moves. Equivalently, the length complexity of the solution is

O(nc)+O(δc) = O(nc),

recalling that m = O
(

δ

c

)
.

Case B. T (F(s), t) contains less than c holes.

Suppose that q holes are missing to get to c. In this case, we create a neighborhood
of s made up of q holes in C(F(s), t), and then we move the pebble p to a node v
such that T (F(v), t) contains at least c holes. Let z1, . . . ,zk the neighbors of s which
are not in T (F(s), t). For all j = 1, . . . ,k, we consider Tj := T (F(s),z j), the subtree
containing z j, and Vj the corresponding set of nodes. In this case the motion planning
problem is solved through the following procedure.

Procedure B

1. Set j = 1;

2. Let q j = |A s(H)∩Vj| be the number of holes in Tj:

• if q j ≤ q, gather all the holes of Tj in H j, which is a subset of Vj of
cardinality q j closest to the subset {s}:

H j ∈ arg min
W∈P(Vj)

|W |=q j

d(W,{s});

Set j = j+1, q = q−q j and go back to Step 2;
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• otherwise, gather q holes of Tj in H j which, in this case, is defined as a
subset of Vj of cardinality q closest to s.

3. choose v ∈ H j which has the maximum distance from s and move pebble p on
v;

4. reinitialize s with node v and apply Procedure A.

Note that Step 4 is feasible because in T (F(v), t) there are certainly at least c
holes.

• •

•

•

•

•
z2 •s •

•

•

•

•

•
z3• •

• •z1

t

H2

H1

(a) Initial configuration.

• •

•

•
v

•

•
z2

•s •

•

•

•

•

•
z3

• •

• •
z1

t

H2

H1

(b) Final configuration after Procedure B.

Figure 2.6: Example of situation of Case B with q = 4 missing holes.
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Let n j be the number of nodes of Tj. Then, recalling the length complexity of
the gather holes procedure, Procedure B (without the final application of Procedure
A) requires at most

(
∑

k
j=1 n jq j

)
moves to bring the holes in the neighborhood of s,

and at most n moves to bring pebble p on v. Therefore, the length complexity of
this procedure is O(nq) which, in the worst case, is O(nc). The final application of
Procedure A does not modify the complexity result. Thus, we proved the following
result.

Proposition 2.2.3. The complexity of Procedure B is O(nc).

2.2.3 Pebble motion on trees

Now we are ready to provide a procedure for the solution of PMT. We are given a
tree T = (V,E), a pebble set P, an initial valid configuration A s, and a final valid
configuration A t . As already mentioned, the PMT problem consists in generating a
plan f such that A t(p) = ρ(A s, f )(p) ∀ p ∈ P. We will use the following strategy.
First, we solve an unlabeled PMT on T to bring the pebbles to an ordered set of
intermediate targets, t̄1, . . . , t̄|P|. Later, we will discuss the choice of these targets. We
call g the corresponding plan. Note that we do not apply this plan, but will apply
the inverse plan g−1 at the end of the procedure. Then, we solve a set of |P| motion
planning problems on a sequence Tk of subtrees of T . Over each subtree, we use the
CATERPILLAR algorithm to move each pebble p ∈ P to one intermediate target tk
(that occupies a leaf of Tk). After the execution of the corresponding plan, we remove
target v from tree Tk, obtaining tree Tk+1, and remove p from the set of pebbles. Finally,
we apply the inverse plan g−1 on T .

We choose the intermediate targets such that trees Tk satisfies the following
properties, for k = 1, . . . , |P|−1:

• Tk contains t̄k, t̄k+1, . . . , t̄|P| but does not contain t̄1, . . . , t̄k−1;

• c(Tk)≥ c(Tk+1).
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Let L(Tk) be the set of all the leaves of the tree Tk. We denote by V1 = {t̄k :
k ∈ {1, . . . , |P|}} the set of intermediate targets. We define them by the following
procedure:

1. Set k = 1.

2. If k > |P|, stop.

3. Select v ∈ L(Tk) such that, given the tree T v
k obtained by removing v from Tk, it

holds that c(T v
k )≤ c(Tk).

4. Define t̄k = v and Tk+1 = T v
k . Set k = k+1 and to go Step 2.

The following proposition shows that Step 3 of the above procedure is well defined,
i.e., it is always possible to find a leaf v of Tk such that c(T v

k )≤ c(Tk). Note that the
result is valid for general trees and not only for the subtrees Tk generated by the above
procedure.

Proposition 2.2.4. For all k∈ {1, . . . , |P|−1}, there exists v∈ L(Tk) such that c(T v
k )≤

c(Tk), where T v
k is the tree obtained by removing v from Tk.

Proof. For each w ∈ L(Tk) we denote by nw the unique neighbor of w, and by deg(nw)

its degree. We define three subsets of leaves: L2(Tk) := {w ∈ L(Tk) : deg(nw) = 2},
L3(Tk) := {w∈ L(Tk) : deg(nw) = 3}, L4(Tk) = {w∈ L(Tk) : deg(nw)> 3}. Note that
L2(Tk)∪L3(Tk)∪L4(Tk) = L(Tk). We choose v as follows (see also Figure 2.7):

• if L4(Tk) ̸= /0, we choose v ∈ L4(Tk): in this case c(T v
k ) = c(Tk), since by remov-

ing v, we just remove a corridor of length 1 (see Figure 2.7a);

• else, if L2(Tk) ̸= /0, we choose v ∈ L2(Tk): in this case c1(T v
k )≤ c1(Tk) and then

c(T v
k )≤ c(Tk), since by removing v, we are reducing by one the length of one

corridor in C(Tk)\C̄(Tk) (see Figure 2.7b);

• otherwise, all corridors in C(Tk)\C̄(Tk) have length one. We choose v ∈ L3(Tk).
Two cases are possible:
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1. C̄(Tk) = /0, so that Tk is a star graph with a central node and three neigh-
boring leaves. It holds that c(Tk) = 2. Removing one leaf v, T v

k is a path
graph of length 2, therefore c(T v

k ) = 2 = c(Tk) (see Figure 2.7d).

2. C̄(Tk) ̸= /0: then, it holds that c1(Tk) = c2(Tk) and, consequently, c(Tk) =

c2(Tk) + 2. Moreover, there exists at least one corridor in C̄(Tk) such
that one of its endpoints is a junction connected to exactly two leaves,
since L2(Tk) = L4(Tk) = /0. We choose v between one of the two leaves
(see Figure 2.7c). In this case, c1(T v

k )≤ c2(Tk)+1 and c2(T v
k )≤ c2(Tk),

therefore

c(T v
k ) = max{c1(T v

k )+1,c2(T v
k )+2} ≤

≤max{(c2(Tk)+1)+1,c2(Tk)+2}= c(Tk).

•v •
nv •

•

•• •

•

(a) Case v ∈ L4(Tk).

• •

•v

•• •

•nv

(b) Case v ∈ L2(Tk).

•nv •v

•• •

•

(c) Case v ∈ L3(Tk),
C̄(Tk) ̸= /0.

•

•
nv• •v

(d) Case v ∈ L3(Tk),
C̄(Tk) = /0.

Figure 2.7: The four cases of Proposition 2.2.4.

We propose the following Leaves procedure for PMT, which breaks down the
PMT problem into an unlabeled problem and a series of motion planning problems,
and find plan f for any PMT instance.

Leaves procedure for PMT

1. Let V1 be the set of intermediate targets found with the previous procedure. Find
a plan g which solves the unlabeled PMT problem from the final configuration



2.2. Pebble Motion on trees 83

A t to V1, i.e., such that
V1 = ρ(A t ,g)(P),

and let A t̄ := ρ(A t ,g) be the intermediate configuration. Note that for all
k ∈ {1, . . . , |P|}, g would move a pebble from tik to the intermediate target t̄k.

2. Set k = 1 and perform the following procedure:

(a) if k > |P|, stop;

(b) using CATERPILLAR algorithm, solve the motion planning for pebble
pik from A s(pik) to t̄k, i.e., find a plan fk, over the tree Tk obtained from
T by removing nodes t̄1, . . . , t̄k−1, such that t̄k = ρ(A s, fk)(pik);

(c) update A s = ρ(A s, fk);

(d) set k = k+1 and go back to Step a).

3. Apply g−1, the inverse plan of g, which, for all k ∈ {1, . . . , |P|}, moves pebble
pik from t̄k to tik .

Therefore, plan f which solves a given PMT instance is

f = f1 f2 · · · f|P| g−1. (2.9)

The complexity of the proposed procedure is stated in the following theorem.

Theorem 2.2.1. The length complexity of the proposed procedure for the solution of
the PMT problem is O(|P|nc+n2).

Proof. Note that fk requires at most O(nc) moves for all k = 1, · · · , |P|. Indeed, each
fk is the solution of a motion planning problem, which, in view of Propositions 2.2.2
and 2.2.3, is solved in O(nc) moves. Moreover, g−1 requires at most n2 moves. Indeed,
g is the solution of an unlabeled PMT, which requires O(n2) moves, as seen in Section
2.2.1. Since g−1 is obtained from g by reversing its moves, it has the same length (see
Observation 2.3.1). Then, the total number of moves is

O(|P|nc)+O(n2).
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Figure 2.22 provides an example of application of the Leaves procedure for a PMT
instance with three pebbles.

An interesting property of the Leaves procedure for PMT concerns the number of
times each vertex is traversed by pebbles. As we further discuss in Section 2.2.4, the
pebble motion problem on general graphs can be solved after converting it on a variant
of PMT over trees. The bound on the number of times each vertex is crossed by the
pebbles in the PMT problem over trees provided by the following proposition, allows
deriving a complexity result also for the pebble motion problem over general graphs.
Such complexity result will be used in the next Section.

Proposition 2.2.5. In any solution provided by the proposed procedure, each vertex is
crossed O(|P|c) times by the pebbles.

Proof. Let us count how many times each vertex is crossed in the solutions of each
problem:

1. Basic plans.

• BRING HOLE FROM w TO v (αvw): each pebble along path πvw moves
forward one position, therefore each vertex is crossed at most once.

• MOVE PEBBLE FROM v TO w (βvw): one pebble moves on the path πvw,
therefore each vertex is crossed at most once.

2. Unlabeled PMT problem. In the solution of the unlabeled problem proposed in
Section 2.2.1, each vertex is crossed at most once by each pebble for a total of
O(|P|) times in the overall procedure.

3. Gather c holes. In each iteration of Step 2 of the procedure described in Section
2.2.1, each vertex is crossed at most once because it performs αuv or βuwαwv.
Since Step 2 is executed at most c times, each vertex is crossed O(c) times.

4. CATERPILLAR algorithm. Each vertex is crossed O(c) times, indeed:
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• •
t

•

•

•

•t • •

•

•t• •

•

(a) Initial configuration.

• •
t

•

•

•

•t • • t2

• t1

•t• • t3

•

(b) Define intermediate targets t1, t2, t3.

• •
t

•

•

•

•t • • t2

• t1

•t• • t3

•

(c) Move green pebble to intermediate target.

• •
t

•

•

•

•t • • t2

•t• • t3

•

(d) Remove t1.

• •
t

•

•

•

•t • • t2

•t• • t3

•

(e) Move blue pebble to intermediate target.

• •
t

•

•

•

•t •

•t• • t3

•

(f) Remove t2.

• •
t

•

•

•

•t •

•t• • t3

•

(g) Move red pebble to intermediate target.

• •
t

•

•

•

•t •

•t•

•

(h) Remove t3

• •
t

•

•

•

•t • • t2

• t1

•t• • t3

•

(i) Intermediate configuration.

• •
t

•

•

•

•t • • t2

• t1

•t• • t3

•

(j) Move green pebble to final target.

• •
t

•

•

•

•
t

• • t2

• t1

•t• • t3

•

(k) Move blue pebble to final target.

• •
t

•

•

•

•
t

• • t2

• t1

•
t

• • t3

•

(l) Move red pebble to final target.

Figure 2.8: Example of application of the Leaves procedure.
.
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(a) Procedure A. In Step 1 we solve a gather hole problem, therefore by point
(2) each vertex is crossed O(c) times. In Step 3 each vertex that belongs to
a caterpillar set Sk is traversed once time by the pebble and once time by at
most c obstacles that arrived from Sk+1 and then moved to Sk−1. Therefore,
in Procedure A each vertex is crossed O(c) times.

(b) Procedure B. In Step 2 we solve a gather hole problem with q j holes,
therefore each vertex is crossed O(q j) times. Since ∑

k
j=1 q j = q≤ c, each

vertex is crossed at most O(c) times.

5. Leaves Procedure. A solution of PMT given by this procedure is f = f1 f2 · · · f|P| g−1

(see (2.9)). For each k ∈ {1, . . . , |P|}, fk is the solution of a motion planning
problem provided by the CATERPILLAR algorithm, therefore each vertex is
crossed O(c) times. Moreover, g−1 is the inverse of the solution of an unlabeled
problem: therefore each vertex is crossed O(|P|) times. We can conclude that in
the solution plan of PMT each vertex is crossed

|P|O(c)+O(|P|) = O(|P|c)

times.

2.2.4 PMT with Trans-shipment vertices

The more general MAPF problem can always be reduced to a variant of the PMT
(called ts-PMT), both in the case of undirected graphs [53, 54] and of directed graphs
[?]. Given a graph G, it is possible to convert it into a tree (called biconnected
component tree), adding a new type of vertex called trans-shipment [53, 54]. In
particular, each biconnected component of the graph is converted into a star subgraph,
whose internal vertex is a trans-shipment (see Figure 2.9). This way, the original
problem on graph G is converted into a problem over a tree with trans-shipment
vertices. Once a solution of the problem over the tree is obtained, this can be converted
back into a solution for the original problem.
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(a) Biconnected component. (b) Star subgraph with a trans-
shipment internal vertex (diamond
shape).

Figure 2.9: Conversion of a biconnected component of a graph into a star subgraph.

For this reason, we need to study a variant of the PMT problem, the pebble motion
on trees with trans-shipment vertices (ts-PMT), which is a PMT problem on a tree
such that the vertex set is partitioned in trans-shipment and regular vertices.

Definition 2.2.2. A trans-shipment vertex is a vertex with degree greater than one
that cannot host a pebble: pebbles can cross this node, but cannot stop there. More
formally, given a trans-shipment vertex s,

1. deg(s)≥ 2;

2. ρ(A ,(u→ s)(w→ v))! if and only if w = s, (u,s),(s,v) ∈ E, and A −1(v) ∈H.
If ρ(A ,(u→ s)(s→ v))!, then ρ(A ,(u→ s)(s→ v)) = A [u,v].

The second property means that, if a pebble is moved to a trans-shipment vertex,
then it must be immediately moved to another node.

We denote by VT the set of all the trans-shipment vertices and VR =V \VT the set
of regular vertices. We require that VT satisfies the following property

∀ v,w ∈VT d(v,w)> 1. (2.10)

This assumption is motivated by the fact that trans-shipment vertices are the
internal vertices of the stars, so they cannot be adjacent to each other.

Now we can formally define the PMT problem with trans-shipment vertices as
follows.
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Definition 2.2.3. (PMT problem with trans-shipment vertices). Let T = (V,E) be a
tree with V =VR∪VT , where the set of trans-shipment vertices VT is such that (2.10)
holds. Given a pebble set P, initial and final valid configurations ˜A s, ˜A t such that

˜A s(P), ˜A t(P)⊂VR, find a plan f such that ˜A t = ρ( ˜A s, f ).

This problem can be solved with the same procedure described in Section 2.2.3.
However, some changes need to be made to ensure that the second property of
Definition 2.2.2 is fulfilled. In the next subsections we show the changes we need
to introduce into the previous procedures to address the presence of trans-shipment
vertices.

Basic plans

We generalize the definition of the plan BRING HOLE FROM w TO v to the case
in which there is a trans-shipment vertex on the path πvw. For instance, if πvw =

vu2 · · ·ui · · · un−1 un ≡ w such that ui ∈VT , then αvw is defined as follows

(un−1→ w, . . . ,ui−1→ ui,ui→ ui+1, . . . ,v→ u2). (2.11)

In other words, the only difference from the previous definition is that if a pebble
move on ui, then it immediately moves to ui+1. For instance, see the example of Figure
2.10, where node u3 is a trans-shipment vertex.

Observation 2.2.2. Note that αvw can be defined only if w∈A (H)∩VR, which means
that it is not allowed to bring hole from a trans-shipment vertex. Indeed, this could
imply that in the final configuration a pebble lands on w. For the same reason plan
MOVE PEBBLE FROM v TO w (i.e., βvw), which in this case does not change, can be
defined only if w ∈A (H)∩VR.

Assumption

Observation 2.2.2 implies that the main difference of the new algorithm is that the
holes on the trans-shipment vertices cannot be used in bring hole and gather hole
operations, which are the basis for all the procedures that constitute the algorithm
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• •
w≡ u5

•

u4 u3

•

• •
u2 v≡ u1

(1) (3) (2) (4)

(a) Initial configuration. The red edges rep-
resent plan αvw = (u4 → w,u2 → u3,u3 →
u4,v→ u2). Node u3 (identified by the diamond
shape) is a trans-shipment vertex

• •
w≡ u5

•

u4 u3

•

• •
u2 v≡ u1

(b) Final configuration after bringing the hole
from w to v.

Figure 2.10: Example of BRING HOLE FROM w TO v. Vertex u3 is a trans-shipment.
Green squares represent pebbles, blue circles represent holes.

to solve PMT. For this reason, we define a new distance d̃ which does not take into
account trans-shipment vertices. Given a path πuv, d̃(u,v) counts how many regular
vertices belong to the path:

d̃(u,v) := |πuv∩VR|.
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Consequently, we also define c̃1 and c̃2 which count corridor lengths according to
the new definition of distance:

c̃1 := max{d̃(a,b) : πab ∈C(T )},

c̃2 := max{d̃(a,b) : πab ∈ C̄(T )}.

Moreover, we define c̃ := c̃1 in the case of a path graph, c̃ := max{c̃1 + 1, c̃2 + 2}
otherwise. We note that on a tree with VT = /0, it holds that d(u,v) = d̃(u,v)−1 and
c = c̃−1. Thus, to ensure the feasibility of any ts-PMT instance, at least c̃−1 holes
on regular vertices and |VT | holes for all trans-shipment vertices are needed. Therefore,
Assumption (2.2) becomes

|H| ≥ |VT |+ c̃−1. (2.12)

Unlabeled PMT with trans-shipment vertices

To solve this problem, we use the same procedure described in Section 2.2.1 to solve
the classical Unlabeled PMT. The only difference is in Step 2 in the case vertex v is a
source but not a target (v ∈ S\D). Here, we need an unoccupied vertex u in order to
move each pebble on the path πvu towards it with plan αvu. In this case u must be a
regular vertex, so that we need to replace (2.7) with:

u ∈ arg min
v′∈VR\S

d(v′,v).

Gather holes problem with trans-shipment vertices

We use the same procedure described in Section 2.2.1. However, the choice of set M
defined in (2.6) needs to be replaced by:

M ∈ arg min
W⊂A s(H)∩VR: |W |=q

d(W,V̄ ),

to guarantee that the holes in M are at regular vertices.
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Motion planning problem with trans-shipment vertices

We must take into account the fact that trans-shipment vertices cannot host the marked
pebble or the obstacles. Therefore, to ensure that the obstacle moves are feasible,
we cannot only consider the cardinality of caterpillar sets, but the number of regular
vertices they contain. To ensure this, we have to introduce the following modifications
in the construction of the caterpillar sets:

1. replace d and c with d̃ and c̃;

2. the request on the size of the caterpillar sets concerns only the regular nodes:
|Sk∩VR|= c̃ for all k = 0, . . . ,m−1, and |Sm∩VR| ≤ c̃;

3. parking positions ℓk cannot be trans-shipment vertices. At each step k, if the
neighbors of ik not belonging to πrt are all trans-shipment vertices, then let ℓk

be one of the 2-hop neighbors of ik, which certainly exist in view of the first
property of Definition 2.2.2 and are regular vertices because of assumption
(2.10). Therefore, we can generalize the definition of caterpillar sets as follows:

Sk = πik jk ∪πikℓk ∪πik+1ℓk+1 , ∀k = 0, . . . ,m−1,

Sm = πim jm ∪πimℓm .

For instance, see Figure 2.11.

To solve the motion planning problem, we use Procedure A and Procedure B with
some small tweaks:

1. In Procedure A: when we slide the obstacles, we move them from (Sk+1 \
Sk)∩VR to (Sk \Sk+1)∩VR. Indeed, we cannot bring holes from trans-shipment
vertices.

2. In Procedure B: at each iteration we gather the holes that are on Vj ∩VR in H j,
which is a subset of Vj ∩VR of cardinality q j closest to s:
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H j ∈ arg min
W∈P(Vj∩VR)

|W |=q j

d(W,{s}),

where q j = |A s(H)∩Vj ∩VR|.

•

•

•r
ℓ0

i0

i1

•

• ℓ1

• •
j0

•ℓ2

j1 = i2
•

•

• •
t = j2

S0 S1 S2

Figure 2.11: We consider the motion planning problem with source vertex r and target
vertex t on a tree with c̃ = 5. Diamond shapes represent trans-shipment vertices. S0,
S1 and S2 are the caterpillar sets along path πrt .

2.3 MAPF on graphs

2.3.1 Solving MAPF on undirected graphs

In this section, we recall the planning method for a connected undirected graph
presented in [54]. The main idea is to trasform the graph G = (V,E) into a biconnected
component tree T := T (G), and the MAPF problem into a ts-PMT problem. It
is possible to prove that the MAPF problem is solvable on G if and only if the
corresponding ts-PMT problem is solvable on T [53]. Moreover, the solution of
MAPF can be obtained from the solution of the corresponding ts-PMT [54].
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Convert MAPF into ts-PMT

Given a connected graph G = (V,E), we construct the biconnected component tree
T (G) = (VT ,ET ) as follows. We initialize VT = V , ET = E, and we convert each
maximal non-trivial (i.e., with at least three vertices) biconnected component S =

(VS,ES) ⊂ G into a star subgraph. The nodes in VS are the leaves of the star. The
internal node of the star is a newly added trans-shipment vertex.

The conversion of S into a star involves the following steps:

1. add a trans-shipment vertex s,

2. remove every edge e ∈ ES,

3. add the edges {(u,s)|u ∈VT}.

Note that VT = V ∪V t , where V t is the set of all trans-shipment vertices and V
represents the set of regular vertices of tree T . Note that trans-shipment vertices of the
biconnected component tree has the following properties:

• |V t |= K, where K is the number of non-trivial biconnected component of G;

• ∀ v ∈V t deg(v)≥ 3;

• ∀ v,w ∈V t d(v,w)> 1, where d(v,w) is the edge-distance between v and w.

Note that the latter property, which means that two trans-shipment vertices cannot be
adjacent, is considered an assumption in the definition of ts-PMT (see Section 2.2.4).

Note that G and T (G) have a similar structure. Biconnected components of G
correspond to star subgraphs in T (G), with trans-shipment vertices as internal nodes.
Figure 2.12 shows an undirected graph and its corresponding biconnected component
tree. Building T (G) from G takes a linear time with respect to |E| [62].

G and T (G) have the same number of pebbles but a different number of holes.
Denoting with HT the set of holes of the tree, it holds that HT = H∪Ht , where Ht is a
new set of holes added for trans-shipment vertices (|HT |= |VT |).

Let A : P∪H → V be a configuration on G. We associate it to a configura-
tion on T (G), AT : P∪HT → VT such that (∀q ∈ P∪H)AT (q) = A (q) ⊂ V and
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Figure 2.12: Undirected graph and corresponding biconnected component tree. A, B,
and C are the trans-shipment vertices.

AT (Ht) = VT . Note that ˜AT |P∪H = ˜A , since pebbles are on the same vertices. In
this way, we associate every MAPF instance < G, ˜A s, ˜A t > to a ts-PMT instance
< T (G), ˜A s

T ,
˜A t
T >. Reference [53] proves the following important result.

Lemma 2.3.1. [53] Let G = (V,E) be a connected undirected graph, which is not
a cycle, and let T (G) be the corresponding biconnected component tree. Let A be
an initial configuration on G and AT the corresponding configuration on T (G). Let
a,b ∈ V . Then, if |H| ≥ 2, there is a plan fab such that A [a,b] = ρ(A , fab) if and
only if there is a plan f ′a′b′ such that AT [a′,b′] = ρ(AT , f ′a′b′).

As a consequence of this Lemma, it follows that:

Theorem 2.3.1. [53] Let G be a connected undirected graph which is not a cycle,
with at least two holes. Then, MAPF on graph G is feasible if and only if ts-PMT on
tree T (G) is feasible.

Since feasibility of PMT on a tree T = (VT ,ET ) is decidable in O(|VT |) time
(see [5]), it follows that also MAPF on an undirected graph, which is not a cycle and
with at least two holes, is decidable in linear time.

Actually, MAPF is decidable in linear time on undirected graphs in the general
case, even on cycles and on graphs with only one hole.

Indeed, in a cycle, a MAPF instance is feasible if and only if in the final configura-
tion the pebbles are in the same order as in the initial one.

In the case of graphs with only one hole, pebbles cannot move between different
biconnected components (see [53]). Therefore, a MAPF problem on a graph with one
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hole is feasible only if the final position of each pebble is in the same biconnected
component as the initial position. Moreover, the feasibility on a biconnected graph
with one hole is decidable in linear time (see Remark 8.8 of [53]).

In conclusion, for any undirected graph G = (VG,EG) it holds that:

Theorem 2.3.2. [53] The feasibility of a MAPF instance on G is decidable in O(|VG|)
time.

Summary of algorithm presented in [54] to solve MAPF on graphs

The algorithm presented in [54] to solve MAPF problem on a graph has the following
structure:

1. Convert G into the biconnected component tree T (G) and convert MAPF into
ts-PMT;

2. Solve ts-PMT problem on T (G);

3. Convert the solution of ts-PMT on T (G) into solutions of MAPF on G.

In particular, [54] presents a function CONVERT-PATH that converts the solutions of
ts-PMT on T (G) into solutions of MAPF on G. When a pebble moves from v to u
via a trans-shipment vertex s, this function first checks if there is a pebble-free path
between v and u on G. If there is, this movement can be achieved. Otherwise, a more
complex process is implied by the feasibility algorithm for graphs, presented more in
detail in [52].

The algorithm that we will present in Section 2.3.5 to solve MAPF problem on
strongly connected digraphs has the same structure as the one just described for undi-
rect graphs. The only difference consists in the CONVERT-PATH function: while the
one presented in [54] converts a plan on a tree into a plan on the undirect graph, we
will study a function that provides a plan on the strongly connected digraph.
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2.3.2 Strongly connected digraphs

As said, we consider MAPF for strongly connected digraphs. In this section we define
this type of directed graph and we go into the detail of their structure. This will be
useful to present an algorithm to solve MAPF.

Definition 2.3.1. A digraph D = (V,E) is strongly connected if for each v,w ∈ V ,
v ̸= w, there exist a directed path from v to w, and a directed path from w to v in D.

Given a digraph D, we indicate with G (D) its underlying graph, that is the
undirected graph obtained by ignoring the orientations of the edges, and T (G (D))

the corresponding biconnected component tree. Note that D is strongly connected only
if G (D) is connected (see Figures 2.12 and 2.13).
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Figure 2.13: Example of strongly connected digraph: the corresponding underlying
graph and biconnected component tree are shown in Figure 2.12.

An important property of strongly connected digraphs is that they can be decom-
posed in strongly biconnected components.

Definition 2.3.2. A digraph D is said to be strongly biconnected if D is strongly
connected and G (D) is biconnected.

We recall that an undirected graph G is biconnected if it is connected and there are
no cut vertices, i.e., the graph remains connected after removing any single vertex. The
partially-bidirectional cycle is a simple example of a strongly biconnected digraph:

Definition 2.3.3. A digraph is a partially-bidirectional cycle if it consists of a simple
cycle C, plus zero or more edges of the type (u,v), where (v,u)∈C (i.e., edges obtained
by swapping the direction of an edge from C).

Reference [56] shows that strongly biconnected (respectively, strongly connected)
digraphs have an open (respectively, closed) ear decompositions.We recall the def-
initions of open and closed ear decompositions. Given a graph D = (VD,ED) and a
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sub-digraph M = (VM,EM), a path π in D is a M-path if it is such that its startpoint
and its endpoint are in VM, no internal vertex is in VM, and no edge of the path is in
EM. Moreover, a cycle C in D is a M-cycle if there is exactly one vertex of C in VM.

Definition 2.3.4. Let D = (VD,ED) be a digraph and L = [L0,L1, . . . ,Lr] an ordered
sequence of sub-digraphs of D, where Li = (VLi ,ELi). We say that L is:

1. a closed ear decomposition, if:

• L0 is a cycle,

• for all 0 < i≤ r, Li is a Di-path or a Di-cycle, where Di = (VDi ,EDi) with
VDi =

⋃
0≤ j<iVL j and EDi =

⋃
0≤ j<i EL j ,

• VD =
⋃

0≤ j≤r VL j , ED =
⋃

0≤ j≤r EL j

2. an open ear decomposition (oed), if it is a closed ear decomposition such that
for all 0 < i≤ r, Li is a Di-path, (i.e., it is not a Di-cycle).

In Definition 2.3.4, each Li is called an ear. In particular, L0 is the basic cycle and
the other ears are derived ears. An ear is trivial if it has only one edge.

Definition 2.3.5. We say that an open ear decomposition of a strongly biconnected
digraph is regular (r-oed) if the basic cycle L0 has three or more vertices, and there
exists a non-trivial derived ear with both ends attached to the basic cycle.

1 2

3

4

5

6

7

8

9

10

L0

L1L2

Figure 2.14: Digraph with an open ear decomposition.

Observation 2.3.1. Let D = (V,E) be a digraph with an oed L = [L0,L1, . . . ,Ln]. For
each pair v,w ∈V , there exists a sequence of cycles C = [C1, . . . ,Cn] such that:

• v ∈VC1 and w ∈VCn;
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• for all j = 1, . . . ,n−1, ∃a j,b j ∈VC j ∩VC j+1 such that (a j,b j) ∈ E.

Figure 2.14 shows a digraph with an oed [L0,L1,L2]. The sequence of cycles
associated to pair v = 2, w = 10 is C = [C0,C2], where C0 = L0 and C2 is the sub-
graph induced by {1,8,9,10,7,4,5}. Note that (4,5) ∈C0∩C2. The sequence asso-
ciate to pair v = 1, w = 6 is simply C = [C1], where C1 is the subgraph induced by
{1,2,3,6,7,4,5}. In fact, nodes 1 and 6 belong to the same cycle.

Proof. Let π = u1 = v,u2, . . . ,un−1,un = w be a shortest path from v to w. Let Li be
an ear such that v,u2 ∈VLi . Let n1 and m1 be the startpoint and endpoint of Li. Then,
there exists a path π1 from m1 to n1 and C1 = π1∪Li is the first cycle of the sequence.
We initialize C = [C1] and we set k = 1. Now, if n > 2, for j = 3, . . . ,n:

• if u j ∈VCk we go to next iteration;

• otherwise, let π j−1 be a path from u j to u j−2, Ck+1 = (VCk+1 ,ECk+1) = π j−1 ∪
(u j−2,u j−1)∪ (u j−1,u j) (note that u j−2,u j−1 ∈VCk ∩VCk+1); we add Ck to C and
set k = k+1, then we go to the next iteration.

We recall the following results, that characterize strongly biconnected and strongly
connected digraphs:

Theorem 2.3.3. Let D be a non-trivial digraph.

• D is strongly biconnected if and only if D has an oed. Any cycle can be the
starting point of an oed [63].

• D is strongly biconnected if and only if exactly one of the following holds [6]:

1. D is a partially-bidirectional cycle;

2. D has a r-oed.

Theorem 2.3.4. [64] Let D be a non-trivial digraph. D is strongly connected if and
only if D has a closed ear decomposition.



2.3. MAPF on graphs 99

Observation 2.3.2. Roughly speaking, this last result means that a strongly connected
digraph is composed of non-trivial strongly biconnected components connected by
corridors, or articulation points. A corridor on a digraph D = (V,E) is a sequence of
adjacent vertices u1, . . . ,un such that

• (ui,ui+1),(ui+1,ui) ∈ E for each i = 1, . . . ,n−1;

• all the vertices of the sequence except u1 and un (called endpoints) have exactly
two neighbors.

For example, in Fig. 2.13 the subgraph induced by nodes 3,5 and 6 is a corridor.
We indicate with C (D) the set of all corridors of D. Vertex v ∈ V is an articulation
point if its removal increases the number of connected components of the underlying
graph G (D). In Fig. 2.13 nodes 3, 6 and 11 are articulation points. We define the
subclass of corridors C̄ (D)⊂ C (D) that have only articulation points as endpoints.

Note that each star subgraph of T (G (D)) represents a biconnected component
of G (D), which corresponds to a strongly biconnected component of D. Indeed,
Theorem 9 of [56] defines a one-to-one correspondence between strongly biconnected
components of D and biconnected components of G (D).

Finally, we recall the following definition about strongly biconnected digraphs
adapted from [53], that will be useful in Section 2.3.5:

Definition 2.3.6. Let B = (V,E) be a strongly biconnected digraph and v ̸∈V be an
external node. We consider a digraph G = (V ∪{v}, Ē) with E ⊂ Ē. We say that G is:

• a strongly biconnected digraph with an entry-attached edge, if there exists z ∈V
such that Ē = {(v,z)}∪E ;

• a strongly biconnected digraph with an attached edge, if there exists z ∈V such
that Ē = {(v,z),(z,v)}∪E.
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2.3.3 Feasibility of MAPF on strongly connected digraphs

In this section, we focus on feasibility of MAPF problem on strongly connected
digraphs.

As shown in Proposition 13 of [56], in strongly connected digraphs each move is
reversible. From this, a more general result follows:

Proposition 2.3.1. In a strongly connected digraph each plan has a reverse plan.

Proposition 2.3.1 leads to the following result about the feasibility of MAPF on
digraphs:

Theorem 2.3.5. Let D = (VD,ED) be a strongly connected digraph. Then,

1. any MAPF instance on D is feasible if and only if it is feasible on the underlying
graph G = G (D);

2. feasibility of any MAPF instance on D is decidable in linear time with respect
to |VD|.

Proof. 1. The necessity is obvious. To prove sufficiency, let f ′ be a plan which
solves a MAPF instance on G (D). Then we can define a plan f on D in the
following way. For each pebble move u→ v in f ′, if (u,v) ∈ ED, we perform
move u→ v on D. Otherwise, since (v,u) ∈ ED, we execute a reverse plan for
v→ u, (v→ u)−1, that exists by Proposition 2.3.1.

2. It follows from Theorem 2.3.2.

A direct consequence of Theorem 2.3.5 and Theorem 2.3.1 is the following
important result:

Corollary 2.3.1. Let D be a strongly connected digraph with at least two holes and
such that the corresponding underlying graph G (D) is not a cycle. Then, MAPF on D
is feasible if and only if ts-PMT on tree T (G (D)) (i.e., the biconnected component
tree of G (D)) is feasible.
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The proof of Theorem 2.3.5 leverages the reversibility of each pebble motion in
strongly connected digraphs. It presents a simple algorithm that reduces MAPF for
strongly connected digraphs to the case of undirected graphs. However, this approach
leads to redundant solutions, since it does not exploit the directed graph structure. This
fact is illustrated in Fig. 2.15, that shows a digraph D and its associated underlying
graph G (D).
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1 2

3

4
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G (D)

Figure 2.15: A digraph D and its underlying graph G (D).

Example 2.3.1. A pebble p is placed at node 2, while all other nodes are free. We want
to move p to 5. Plan f ′=(2→ 1)(1→ 5) is a solution of the corresponding problem on
G (D). We convert this to a plan on D by applying the method in Theorem 2.3.5. Since
(2,1) ̸∈ ED, move (2→ 1) is converted into plan (2,3)(3,4)(4,5)(5,1). Similarly,
move (1→ 5) is converted into (1,2)(2,3)(3,4)(4,5). This solution is redundant,
since the shorter plan f = (2→ 3)(3→ 4)(4→ 5) solves the overall problem.

Definition 2.3.7. We say that a MAPF solution algorithm has length complexity O(nk)

if there exists a positive real constant γ ∈ R such that, for any MAPF instance on
a graph with n nodes, the algorithm is able to provide a solution plan f of length
| f | ≤ γ ·nk.

Given a strongly directed graph D = (V,E), and denoting by C (D) the set of all
the cycles contained in D, we define

N = max
e∈E

min{|C| : C ∈ C (D), e ∈ EC}. (2.13)

Proposition 2.3.2. The length complexity of the algorithm described in Theorem 2.3.5
is O(n3N2).

Proof. On undirected graphs, Kornhauser ([8]) proposes a MAPF algorithm that
computes solutions of length γn3, where γ ∈ R is a positive real constant. In the worst
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case, each pebble move u→ v on the undirected graph must be converted into a reverse
plan (as in Example 3.2b). A reverse plan consists of a complete rotation of a cycle,
which takes O(n2

c) moves, where nc is the number of nodes of the cycle that contains
arc u→ v. Each edge ei ∈ E, crossed by the pebbles in the solution, belongs to a
collection of cycles {C j

i } j of the graph, among which we can choose the one with
minimum length ni ≤ N, denoted with Ci = argmin{|C| : C ∈ C (D), ei ∈ EC}. Let
[C1,C2, ...,Cm] be the sequence of cycles of minimum length, chosen for each edge,
and (n1,n2, ...,nm) the corresponding number of nodes. Then, the overall solution
length is bounded by

γ n3 ·
m

∑
i=1

O(n2
i )≤ γ n3N2.

2.3.4 Necessary and Sufficient condition for feasibility

Let us consider a strongly connected digraph D = (V,E) and the corresponding
biconnected component tree T = (VT ,ET ) with VT =V ∪V t . In this section we want
to derive a necessary ans sufficient condition (n.s.c.) for feasibility of MAPF on D
from the n.s.c. of the ts-PMT on the corresponding tree T .

First of all, we remind that the n.s.c (2.12) for the feasibility of any ts-PMT
provided in Section 2.2.4 is

|H| ≥ |V t |+ c̃T ,

where c̃T := max{c̃1
T , c̃2

T +1} with

c̃1
T := max{d̃T (a,b) : πab ∈ C (T )},

c̃2
T := max{d̃T (a,b) : πab ∈ C̄ (T )},

and d̃T (a,b) is the number of regular vertices belonging to the shortest path from a to
b. In the same way we can define d̃D, c̃1

D, c̃2
D and c̃D on the digraph D.

Since establishing feasibility of MAPF on a digraph is equivalent to establishing
the feasibility on the corresponding biconnected component tree (see Corollary 2.3.1),
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we can easily deduce that (2.12) is the n.s.c. for solvability of MAPF on a strongly
connected digraph which is not a partially-bidirectional cycle and which has at least
two holes. Anyway, we want to translate (2.12) into a condition directly verifiable on
the digraph.

To do that, we have to find the relation between c̃T and c̃D.

We consider a corridor u1,u2 . . . ,un−1,un on the tree.

u1 u2 u3 u4

There are three possibilities:

1. u1,un ̸∈ V t : the corresponding corridor on D is exactly the same. Note that
d̃T (u1,un) = d̃D(u1,un).

u1 u2 u3 u4

2. u1 ∈V t ,un ̸∈V t (or vice versa): the corresponding corridor on D is u2 . . . ,un−1,un.
Note that d̃T (u1,un) = d̃D(u2,un).

u2 u3 u4

3. u1,un ∈V t : the corresponding corridor on D is u2, . . . ,un−1. Note that d̃T (u1,un)=

d̃D(u2,un−1).

u2 u3
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Since the vertex-length of the corridors on the digraph is equal to the vertex-
length of the corresponding corridors on the tree, it follows that c̃1

D = c̃1
T , c̃2

D = c̃2
T and

c̃D = c̃T . Since the number of trans-shipment vertices is equal to the number of non
trivial biconnected components (i.e., |V t |= K) condition (2.12) is equivalent to

|H| ≥ K + c̃D. (2.14)

2.3.5 A path planner for strongly connected digraph: diSC Algorithm

The first possible approach to solve MAPF on strongly connected digraphs is described
in Theorem 2.3.5. This algorithm solves MAPF on the corresponding underlying graph
and then converts the solution into a solution on the original digraph. However, as just
widely discussed in Section 2.3.3, in some cases solutions found with this procedure
may be too long.

To find shorter solutions in polynomial time, we present diSC algorithm, that
better exploits the structure of the directed graph. In particular, we will exploit the
fact that strongly connected digraphs can be decomposed in strongly biconnected
components (see Observation 2.3.2).

In Section 2.3.3 we proved that MAPF on D is feasible if and only if ts-PMT
on T (G (D)) is feasible. Therefore, as in the case of undirected graphs (see Section
2.3.1), we can reduce MAPF to ts-PMT, solve it, and then convert the solution on the
tree into a solution on the original directed graph.

Thus, diSC strategy is the same presented in Section 2.3.1 to solve MAPF on
undirected graphs. The main steps are the following ones:

1. Convert the digraph D into a tree T =T (G (D)) and consider the corresponding
ts-PMT problem.

2. Solve the ts-PMT problem on tree T .

3. Convert the solution plan on T into a plan on D by a suitable algorithm
CONVERT-PATH.
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The novelty in diSC algorithm lies in the definition of algorithm CONVERT-PATH,
which allows converting a plan f ′, that solves the ts-PMT, into a plan f , that solves
the MAPF on the digraph. In Theorem 3.4.1, we will describe in detail algorithm
CONVERT-PATH.

Basic plans for CONVERT-PATH algorithm

Algorithm CONVERT-PATH uses a number of basic plans, that perform simple tasks:

1. k-CYCLE ROTATION: this plan rotates all pebbles on a cycle, moving each
one by k positions. In particular, if k = 1 each pebble moves forward by one
position. If k = n (where n is the cycle length) it peforms a complete rotation,
so that each agent returns to its initial position. We denote this plan with rC

k .

w

vp1

p2

p3 p4

p5

(a) Initial configuration.

p4

p5

w p1

p2

v p3

(b) Final configuration.

Figure 2.16: Example of 3-CYCLE ROTATION.

2. BRING HOLE FROM v TO w: holes are needed to execute any move or plan.
For example, a k-CYCLE ROTATION is not possible unless there is at least one
hole in the cycle. For this reason, it is useful to define this plan, which allows
moving a hole from one position of the graph to another. Plan BRING BACK

HOLE FROM w TO v is a reverse of BRING HOLE FROM v TO w. Hence, it
returns the hole to its initial position, and moves back all agents to their initial
positions. We denote these plans with hv,w and h−1

v,w.

We formally define the plans just described in the Appendix.
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(a) Initial configuration.

p1

p2

w p3

p4

v p5

(b) Final configuration.

Figure 2.17: Example of BRING HOLE FROM v TO w.

Observation 2.3.3. Let A be an initial configuration, hv,w a plan BRING HOLE FROM

v TO w, and ¯A = ρ(A ,hv,w) the corresponding final configuration. Given a,b ∈ V
with b ̸= v, p = A −1(a) and q = A −1(b) are the pebbles or holes that occupy a, b.
Then, ¯A [ ¯A (p), ¯A (q)] = A [a,b]. That is, the configuration obtained performing hv,w

on A [a,b] is equal to the one obtained by exchanging ¯A (p) and ¯A (q) on ¯A .

Plans for movements through biconnected components

As said, CONVERT-PATH algorithm converts a PMT solution into a MAPF solution.
The most complex subtask is the conversion of a movement in a ’star’ into a sequence
of movements within the associated biconnected component. In particular, each pebble
motion to a different spike of the same star requires crossing the star transshipment
vertex. We need to convert this motion into a plan on the digraph that allows moving
the pebble to the same final position, without altering the positions of all other pebbles.

Observation 2.3.4. In Observation 2.3.2 we noted that a strongly connected digraph
D = (V,E) is composed of non-trivial biconnected components and corridors. Follow-
ing the classification presented in [53] for undirected graphs, in strongly connected
directed graphs we defined three different motion tasks. Following [53], for each task
we present one or more Lemmas, that describe a possible plan:

1. a pebble moves within the same strongly biconnected component: Stay in Lemma
2.3.5;
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2. a pebble moves from a corridor to a strongly biconnected component (or vicev-
ersa): Entry Lemma 2.3.2, Go out Lemma 2.3.3, Attached-Edge Lemma 2.3.4;

3. a pebble moves from a strongly biconnected component to another one, con-
nected by an articulation point: Two Biconnected Components Lemma 2.3.6.

All these Lemmas define plans that require two holes, with the following roles:

• the destination hole h1 is in the final position of pebble p. In the final configura-
tion, h1 and p will be exchanged;

• the transport hole h2 is used to move p to the position of h1. Indeed, each pebble
motion requires the presence of an hole. Each plan, at the end, brings back h2 to
its initial position, together with all pebbles with the exception of p.

Lemma 2.3.2. Entry. Let P be a set of pebbles and H, with |H| ≥ 2, a set of holes on
D = (V ∪{v}, Ē), where D is a strongly biconnected digraph with an entry-attached
edge (v,y) (see Definition 2.3.6). Let A be a configuration, p ∈ P such that A (p) = v,
and w ∈A (H). Let A [v,w] be the configuration defined in (4.1). Then, there exists
a plan fvw such that A [v,w] = ρ(A , fvw), i.e., that moves p from v to w, without
altering the locations of the other pebbles.

Figure 2.18 shows an example of this situation.

v y

a2

b2 a1

b1 w h1

u h2

C3 C2 C1p

Figure 2.18: An example of situation of Entry Lemma 2.3.2. Pebble p has to move on w
without altering the final location of the other pebbles. h1 and h2 are, respectively, the
destination and transport holes. The solution plan is fvw = rC1

2 rC2
3 rC3

2 (v→ y)rC3
3 rC2

2 rC1
2 .

Lemma 2.3.3. Go out. Let P be a set of pebbles and H, with |H| ≥ 2, a set of holes on
D = (V ∪{w}, Ē), where D is a strongly biconnected digraph with an attached edge
(y,w) (see Definition 2.3.6). Let A be a configuration, p ∈ P such that A (p) = v ∈V ,
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and w ∈A (H). Let A [v,w] be the configuration defined in (4.1). Then, there exists
a plan fvw such that A [v,w] = ρ(A , fvw), i.e., that moves p from v to w, without
altering the locations of the other pebbles.

Lemma 2.3.4. Attached-Edge. Let P be a set of pebbles and H a set of holes on
D = (V ∪{v}, Ē), a strongly biconnected digraph with an attached edge such that
|H| ≥ 2. Let A be a configuration, p ∈ P such that A (p) = u, and w ∈A (H). Let
A [u,w] be a final configuration defined as in (4.1), then there exists a plan fuw such
that A [u,w] = ρ(A , fuw). Figure 2.19 shows an example of this situation.

w

y

u

v

pp1

p2

p3

p4

(a) Initial positions.

w

y

u

v

p1p2

p3 p4

p

(b) rd(u,y).

w

y

u

v

p3p4

p1 p2

p

(c) (y→ v) rk.

w

y

u

v

p

p1

p2

p3

p4

(d) (v→ y) rd(y,w).

Figure 2.19: An example of situation of Attached-edge Lemma 2.3.4. Pebble p has to
move on w without altering the final location of the other pebbles. The solution plan is
fvw = rd(u,y) (y→ v)rk (v→ y)rd(y,w).

Lemma 2.3.5. Stay in. Let P be a set of pebbles and H, with |H| ≥ 2, be a set of holes
on D = (V,E), a strongly biconnected digraph with a r-oed. Let A be a configuration,
p ∈ P such that A (p) = v, and w ∈A (H). Let A [v,w] be a configuration defined as
in (4.1), then there exists a plan fvw such that A [v,w] = ρ(A , fvw).

Figure 2.20 shows an example of this situation.
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Figure 2.20: An example of situation of Stay in Lemma 2.3.5. Pebble p has to move on
w without altering the final location of the other pebbles. h1 and h2 are, respectively, the
destination and transport holes. The solution plan is fvw = rC3

2 rC2
2 rC1

2 (x→ a2)r
C1
3 rC2

3 rC3
3 .
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The next lemma deals with the case of two biconnected components joined by an
articulation point (e.g., like {6,7,8,9,10,11} and {11,12,13} in Figure 2.13, where
the articulation point is node 11).

Lemma 2.3.6. Two Biconnected Components. Let P be a set of pebbles and H, with
|H| ≥ 2, a set of holes on D = (V,E), a strongly connected digraph, composed of two
biconnected components joined by an articulation point. Let A be a configuration,
p ∈ P be such that A (p) = a, and b ∈ A (H). Let A [a,b] be a final configuration
defined as in (4.1). Then, there exists a plan fab such that A [a,b] = ρ(A , fab).

CONVERT-PATH algorithm

The following theorem shows that each plan on the biconnected components tree
can be converted into a plan on the original digraph. The proof (which can be found
in the Appendix) uses the Lemmas defined above to explicitly show how to convert
a plan f ′ on the tree into a plan f on the digraph. This allows explicitly defining
CONVERT-PATH algorithm.

Theorem 2.3.6. Let P be a set of pebbles and H a set of holes on a strongly connected
digraph D = (V,E), which is not a partially-bidirectional cycle, and let T = (VT ,ET )

be the corresponding biconnected component tree. Let A be an initial configuration
on D and ˜A the corresponding configuration on T . Let a,b∈V and p∈ P be a pebble
on a. Then, if |H| ≥ 2, there is a plan fab on D such that A [a,b] = ρ(A , fab) if and
only if there is a plan f ′ab on T such that AT [a,b] = ρ(AT , f ′a′b′).

2.3.6 Upper bound for solutions length and time complexity

In this section, we provide an upper bound for the length of MAPF solutions found
by diSC Algorithm. For a MAPF instance on a graph G composed by K non-trivial
biconnected components, this length depends on:

A. the solution length of the ts-PMT problem on the associated biconnected com-
ponents tree,
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B. the number of trans-shipment vertex crossings in the ts-PMT solution,

C. the length complexity of the conversion of a movement through a trans-shipment
vertex on the tree into a plan on the digraph,

D. the length complexity of plan BRING HOLE FROM v TO w and the number of
times this plan is used.

We can bound these quantities as follows.
A. The best upper bound for PMT solutions is O(|P|nc+n2), provided by Theo-

rem 2.2.1.
B. In the Leaves Procedure described in the previous Section, any vertex is crossed

at most O(|P|c) times by the pebbles in the overall solution (see Proposition 2.2.5).
C. To calculate the cost of the conversion, first we have to compute the length of

a k-CYCLE ROTATION. Let Ci a cycle with ni nodes and k ≤ ni. Then a 1-CYCLE

ROTATION takes O(ni), while a k-CYCLE ROTATION takes O(k · ni) which, in the
worst case, is O(n2

i ). If C = [C1, ...,Cm] is an ordered sequence of cycles with n
nodes, and k = (k1, . . . ,km) ∈ Nm, the length complexity of the plan RC

k , obtained by
concatenating a k1-CYCLE ROTATION over C1, a k2-CYCLE ROTATION over C2, and
analogous rotations over the remaining cycles of C, is given by

O

(
m

∑
i=1

ki ·ni

)

Therefore, the complexity of a complete k-CYCLE ROTATION of C is O(n2). Note
that also the plan BRING HOLE FROM v TO w has quadratic length, since it is a
k-CYCLE ROTATION.

The plans described in Stay in Lemma 2.3.5, Entry Lemma 2.3.2, Go out Lemma
2.3.3, Attached-Edge Lemma 2.3.4 and Two Biconnected Components Lemma 2.3.6 are
all combination of plans of the type k-CYCLE ROTATION and BRING HOLE FROM v
TO w. Therefore, on a biconnected component with n j nodes, they have O(n2

j) length.
D. To calculate the total cost of the function CONVERT-PATH, in addition to the

cost of the plans presented in the lemmas, we must also consider how many times
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we use function BRING HOLE FROM v TO w. Indeed, in the Proof of Theorem 3.4.1,
when a pebble has to move within a biconnected component but there are not enough
holes to perform this movement, we use BRING HOLE FROM v TO w to add a hole.
In the worst case, BRING HOLE FROM v TO w is used once for each traversal of
a trans-shipment vertex. Since the complexity of this plan is O(n2) and from point
B. we know that each vertex is crossed O(|P|c) times, we conclude that the overall
complexity due to BRING HOLE FROM v TO w is O(|P|n2c).

If graph G is composed by K non-trivial biconnected components, the cost of the
conversion performed by function CONVERT-PATH (see the proof of Theorem 3.4.1
in the Appendix) is

O(|P|n2c)︸ ︷︷ ︸
D

+
K

∑
i=1

O(|P|c)︸ ︷︷ ︸
B

·O(n2
i )︸ ︷︷ ︸

C

=

O(|P|n2c)+O(|P|c) ·O(n2 +K) = O(|P|n2c).

where ni is the number of nodes of the i-th biconnected component, and ∑
K
i=1 ni ≤

n+K, since some nodes can belong to more than one biconnected component.

Since the length complexity of PMT solution is O(|P|nc+n2) (see point A.), the
overall complexity is dominated by the conversion cost and the following results
holds:

Theorem 2.3.7. The length complexity of diSC algorithm is O(|P|n2c).

Note that with diSC Algorithm we find a better complexity result than the one
obtained through the method of Theorem 2.3.5 (see Proposition 2.3.2).

Remark 2.3.1. Note that the choice between the diSC algorithm and the procedure
described in Theorem 2.3.5 depends on the structure of the digraph and on the number
of pebbles. If cycles of the graph have small length, the latter procedure might be
more convenient. For example, if N = 3 the complexity is O(9n3) = O(n3). Instead,
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if the corridors have a delimited length with respect to the dimensions of the graph
(for example c = 6), the diSC algorithm is usually preferable. In any case, we note
that in the worst case diSC has a complexity of O(n4), while the other procedure has
complexity O(n5) in the worst case .

2.4 Experimental Results

We performed three distinct set of experiments, the first regarding only the motion
planning algorithm on trees, the second for the whole PMT algorithm, and the third
for the MAPF problem on strongly connected digraphs. The algorithms have been
implemented in Matlab.

2.4.1 Motion planning

In the first set of experiments, we generated random trees with a number of nodes |V |
ranging from 20 to 200 by 20 using the NetworkX [65] graph generator for random
trees (function random_tree()). The number of agents |P| ranges from 2 to |V |−2,
while A s and A t are randomly generated. Only instances that fulfill Assumption (2.2)
are taken into account. For every combination of number of nodes and number of
agents, we generated 100 instances, each instance refers to a different graph. In Figure
2.21 we display the average number of moves of the solutions found on nc.

According to Propositions 2.2.2 and 2.2.3, the motion planning algorithm returns
solutions with length complexity O(nc). In Figure 2.21 we can see a linear upper
bound for the average number of moves, that supports the complexity result. We can
also see how the number of moves is often much lower than the upper bound found.
We remark that instances with number of moves closer to the upper bound line are
those for which the number of pebbles is very high (as expected, these are more tricky
instances).
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Figure 2.21: Average number of moves for the algorithm motion planning on nc.

2.4.2 PMT

In the second set of experiments, we generated random trees with a number of nodes
|V | ranging from 20 to 200 by 20 using the same procedure used for the first set of
experiments. The number of agents |P| ranges from 5 to (3/4)|V | by 5, while A s and
A t are randomly generated. As for the first set of experiments, only instances that
fulfill Assumption (2.2) are taken into account. For every combination of number of
nodes and number of agents, we generated 20 instances. In Figure 2.22 we display the
average number of moves of the solutions found on n|P|c+n2.

As stated in Theorem 2.2.1, the length complexity of the PMT algorithm is
O(n|P|c+n2). Figure 2.22 displays a linear upper bound on the average number of
moves, therefore confirming the complexity result.

The implementation of CATERPILLAR algorithm and the Leaves Procedure can
be downloaded at https://github.com/auroralab-unipr/PMT.

https://github.com/auroralab-unipr/PMT
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Figure 2.22: Average number of moves for the algorithm PMT on n|P|c+n2.

2.4.3 MAPF

In the last set of experiments, we tested the diSC algorithm. To evaluate its behaviour,
we generated random graphs with a number of nodes that ranges from 20 to 100,
with increments of 5 nodes. For every number of nodes, we generated a set of 200
graphs. In order to generate test graphs with multiple biconnected components, we
used the following procedure. First, we create a random connected undirected graph
with function networkx.connected_watts_strogatz_graph(), contained in the Networkx
library1. Then, we construct a maximum spanning rooted tree. We process the tree
nodes with a breadth-first order. Every node that has a number n of children higher
than 1 is converted into a biconnected component, together with its children, with the
following method. We substitute the parent node and its children with a directed cycle
with a random number of nodes lower or equal than n+ 1. Then, we add directed
ears of random length (but sufficiently small, not to exceed the total number of n+1
nodes assigned to the biconnected component) and random initial and final nodes,

1https://networkx.org/
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until the number of nodes in the resulting biconnected component equals n+1. After
processing the tree, every remaining undirected edge {u,v} is converted into two
directed edges (u,v), (v,u).

1

2 3 4

5 6 7 8

1

2

3

45

67

8

Figure 2.23: From tree to strongly connected digraph.

First, we ran the algorithm varying the number of nodes: for every generated graph
(200 for every different number of nodes), we created a MAPF problem instance, with
10 agents and random initial and final positions. Then, we ran the algorithm on the
set of 200 60-nodes random graphs, with a number of agents varying from 2 to 10.
We used a Intel(R) Core(TM) i7-4510U CPU @ 2.60 GHz processor with 16 GB of
RAM. For each obtained solution, we recorded the overall number of moves and the
computation time.
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Figure 2.24: Median of running times per number of nodes and agents.

Fig. 2.24 shows the medians of the computational time as a function of the num-
ber of nodes and, respectively, the number of agents. Roughly, in both cases, the
computational time increases linearly. In these figures, the trendlines are the least
squares approximations with first order polynomials. Fig. 2.25 shows the medians of
the overall number of moves as a function of the number of agents and, respectively,
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Figure 2.25: Median of moves per number of nodes and agents.

the number of nodes. Roughly, the overall number of nodes is a cubic function of the
number of agents and a quadratic function of the number of nodes.

Then, we ran the algorithm for MAPF problem instances on a 397 nodes graph
associated to the layout of a real warehouse (Fig. 2.27). We ran the algorithm varying
the number of agents from 2 to 10. Also in this case both the number of steps and the
running time seem to be increasing in a polynomial way.
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Figure 2.26: Median of moves and times per number of agents on warehouse.
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Figure 2.27: Graph representing the warehouse.



Chapter 3

Constrained Multi-Agent Path
Finding on Directed Graphs

We focus on a variant of MP and MAPF, where we introduce additional constraints.
Given directed graph G = (V,E), we represent the problem constraints as a family of
pairs

Q = {(S,k) : S⊂V, k ∈ N}, (3.1)

where each pair (S,k) represents a constraint. Indeed, at any solution step, and for
each pair (S,k) ∈Q, we require that the vertices in S contain at most k agents. For
instance, consider the digraphs G and G′ in Figures 3.2a-3.2b, where the constraints
are the two pairs ({2,3},1) and ({1,4},1). At any time, we require that at most one
agent is present in vertex subsets {2,3} and {1,4}. For instance, this constraint need
be satisfied if vertices {2,3} and {1,4} are too close to be occupied by two agents
at the same time. In what follows, we denote by C -MP and C -MAPF the variants
of MP and MAPF obtained by imposing constraints of this type. Namely, C -MP
(respectively, C -MAPF) consists in finding a plan such that a single marked agent
reaches a desired target vertex (respectively, all the agents reach their target vertices),
avoiding collisions and respecting the constraint that at each time step the number
of agents on S is at most k, for each pair (S,k) ∈Q. As in Chapter 2, when defining
these problems we assume that the agents can move one at a time.
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For example, let us consider the C -MAPF instance on graph G′ of Figure 3.2b,
where we want to bring agent 1 from vertex 1 to vertex 3, and agent 2 from vertex 3
to vertex 1, respecting the constraints defined above. In Figure 3.1a we show a plan
which solves the classical MAPF instance, but does not respect one of the constraints,
since, at time step two, agents 1 and 2 are at vertices 1 and 4, violating constraint
({1,4},1). Instead, Figure 3.1b presents a plan that solves the problem fulfilling the
constraints.

positions at
each time step

agent 1 1 1 2 2 2 3

agent 2 3 4 4 5 1 1

(a) Example of a plan that does not
respect the constraints.

positions at
each time step

agent 1 1 1 2 2 3

agent 2 3 5 5 1 1

(b) Example of a plan that respects
the constraints.

Figure 3.1: Examples of plans on graph G′ of Figure 3.2b .

Constraints defined by a suitable choice of pairs (S,k) allow:

• taking into account the area occupied by each agent. Even if it is common
to assume that each agent occupies a single vertex, this is often not true. For
instance, industrial AGVs are often quite large, and close vertices cannot be
occupied at the same time (see also the discussion of the previous example);

• maintaining a safety distance between agents;

• fulfilling some traffic rules within a warehouse, imposing a maximum number
of agents in given areas. This can be due to constraints on floor load capacity,
or to restrict the number of agents in areas shared with human workers.

We present three main new contributions.
1) Complexity of C -MP and C -MAPF
In Propositions 3.3.1 and 3.3.2 of Section 3.3 we prove the following result.
Finding a feasible solution for C -MP and C -MAPF is NP-hard.
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(a) G = (V,E), Q =

{({1,4},1),({2,3},1)}.
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(b) G′ = (V,E ′), Q =

{({1,4},1),({2,3},1)}.

Figure 3.2: Examples of C -MAPF instances.

We prove this by a reduction from 3-SAT. Note that, differently from C -MP,
deciding feasbility of (unconstrained) MP has polynomial time-complexity (see [57]).
Instead, the NP-hardness of C -MAPF is not surprising, since also (unconstrained)
MAPF is NP-hard (see [45]).

2) Conversion of C -MP and C -MAPF to unconstrained MP and MAPF

We propose to strengthen the constraints of C -MP and C -MAPF in such a way
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that the resulting problems are equivalent to (unconstrained) MP and MAPF over
a suitably defined reduced graph. Such problems can be solved in polynomial time
(Section 3.4).

We partition vertex set V in W and V \W . Then, we disregard constraints in Q,
but we enforce the policy that at most one agent can stay in V \W . Further, if agent
a is in V \W , no other agent is allowed to move until a re-enters in W . We choose
W such that this policy guarantees that constraints in Q are satisfied. We define a
reduced graph GW = (W,EW ). The edge set EW is such that (s,d) ∈ EW if and only
if an agent can move from s to d respecting the constraints in Q, assuming that all
vertices in W \ {s,d} are occupied. We select a set W such that the resulting graph
GW is strongly connected. Then, instead of solving C -MP or C -MAPF on G, we
solve the (unconstrained) MP or MAPF on GW . As we will see, the obtained solution
can be simply converted to a solution of the original C -MP or C -MAPF problem.
Note that we require that GW be strongly connected since, as already mentioned,
feasibility of any MAPF instance over strongly connected digraphs can be decided in
polynomial time (see Section 2.3.5, which focuses on the particular case of strongly
connected digraphs). However, for C -MP we could relax this requirement, since for
MP feasibility can be decided in polynomial time under weaker assumptions (see,
e.g., [57]). Our approach allows finding a feasible solution of C -MP and C -MAPF in
polynomial time. We do not address the problem of finding an optimal (or, at least,
suboptimal) solution to these problems. However, in Chapter 4 we propose local search
procedures for improving the quality of a known feasible solution of MAPF and MP.
The proposed method could be also applied to C -MAPF and C -MP.

Figures 3.4a and 3.4b show possible reduced graphs GW1 and G′W2
for the examples

introduced above. In particular, the problem presented in Figure 3.2a is reduced to the
graph (W1,EW1) of Figure 3.4a. A move from vertex 2 to vertex 4 over the reduced
graph corresponds to path 2−3−4 in the original graph, while a move from vertex
4 to vertex 2 corresponds to path 4−5−1−2 in the original graph. Unfortunately,
since the reduced graph has just two vertices, it does not allow solving C -MP and
C -MAPF instances with two agents. Indeed, the agents block each other. This fact
suggests a limitation of the proposed approach that will be further commented below.
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The problem in Figure 3.2b corresponds to the reduced graph (W2,EW2) of Figure 3.4b.
This reduced graphs allows finding a feasible solution of the C -MAPF instance
introduced above, where we want to bring agent 1 from vertex 1 to vertex 3, and
agent 2 from vertex 3 to vertex 1. Namely, instead of the initial C -MAPF problem,
we consider the same (unconstrained) MAPF on G′W2

. Figure 3.3 shows a feasible
solution. Then, we easily convert this solution into the solution of the C -MAPF
instance displayed in Figure 3.1b.

positions at
each time step

agent 1 1 1 3 3

agent 2 3 5 5 1

Figure 3.3: Solution of MAPF problem on G′W2
.

The proposed strengthening method has one significant advantage and one impor-
tant limitation. The advantage is the reduction of complexity of the resulting planning
problem. Namely, while the original C -MP and C -MAPF are NP-hard, the strength-
ened problems are simple MP and MAPF on a strongly connected digraph, and, thus,
feasible solutions can be found with polynomial complexity with respect to the number
of vertices and agents ([57]). The disadvantage is that this strengthening process is not
exact. Namely, there exists feasible C -MP and C -MAPF instances that correspond
to unfeasible MP or MAPF problems in the reduced graph. This fact is apparent if
we get back to the digraph in Figure 3.2a with the related constraints. We consider a
C -MP instance with two agents: agent 1 should move from vertex 2 to vertex 4, while
agent 2 is at vertex 4. As already commented, its strengthening to the MP over GW1

(see Figure 3.4a), has no feasible solution because the two agents block each other.
On the other hand, it is obvious that the original C -MP instance admits the following
feasible solution: agent 2 moves from vertex 4 to vertex 5; agent 1 first moves from
vertex 2 to vertex 3, and then from vertex 3 to vertex 4.

3) Maximisation of the cardinality of W
We introduce the C -MIS problem, where we search for a reduced graph with

vertex set W of maximum cardinality. We prove that this problem is strongly NP-hard
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and propose a heuristic approach for its solution (Section 3.4.1).

It is convenient to choose a set W of largest possible cardinality. Indeed, the larger
is the cardinality of W , the larger is the number of agents for which we can solve
MAPF on the reduced graph. This is due to the fact that the feasibility of MAPF
is related to the number of agents and of unoccupied vertices. In the case of trees,
undirected graphs and strongly connected digraphs, the number of unoccupied vertices
must be higher than a certain threshold which depends on the structure of the graph
[8, 52]. In the case of strongly biconnected digraphs, two unoccupied vertices are
always enough to ensure that a solution exists [6]. In Theorem 3.4.2, we show that the
problem of finding W of maximum cardinality (called C -MIS problem) is strongly
NP-hard. For this reason, we propose two heuristic algorithms that allow finding a
suboptimal set W in polynomial time.

For instance, let us consider G′W2
(Fig. 3.4b) and G′W3

(Fig. 3.4c), which are both
reduced graphs of G′. In particular, G′W3

is not maximal. Between the two, it is conve-
nient to choose G′W2

, since it has a higher cardinality. This is evident with the following
example. Let us consider the usual C -MAPF instance over graph G′ where agent 1
should go from vertex 1 to vertex 3, and agent 2 from vertex 3 to vertex 1. As already
seen, the solution displayed in Figure 3.3 is feasible for the corresponding MAPF on
G′W2

, and can be converted into the solution displayed in Figure 3.1b over the original
graph G′. Conversely, there does not exist a feasible solution on G′W3

, since there are
only two vertices and the two agents are blocked.

Comparison with existing literature. To our knowledge, C -MP and C -MAPF,
in the formulation discussed here, have not been considered in literature. In partic-
ular, we could not find any reference that addresses our main topic: the conversion,
through a strengtheing of the constraints, of constrained MP and MAPF problems
into unconstrained ones. Anyway, some papers do consider MP and MAPF with
additional constraints. For instance, [66] studies Multi-Agent Path Finding for Large
Agents (LA-MAPF), which takes into account the occupancy of the agents, enforcing
a safety distance to avoid collisions. Differently from this work, [66] does not propose
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2

4

(a) Reduced graph GW1 for G (Figure 3.2a),
where W1 = {2,4}.

1

3

5

(b) Reduced graph G′W2
for G′ (Figure

3.2b), where W2 = {1,3,5}.

1

3

(c) Reduced graph G′W3
for G′ (Figure

3.2b), where W3 = {1,3}.
Figure 3.4: Reduced graphs associated with the examples of Figure 1.

a conversion of this problem into a classical MAPF, but solves it directly, using an
optimal algorithm, the Multi-Constraints CBS, a generalization of the Conflict-Based
Search algorithm (see [49]). Also, [67] introduces additional constraints to MAPF.
Namely, it tightens standard collision avoidance constraints, to avoid collisions even
in case each agent experiences delays, or in the presence of localization errors. Finally,
a somehow related problem is the path avoiding forbidden pairs (PAFP) problem, a
generalization of the classical shortest path problem (see, e.g., [68]): given a set F of
vertex pairs, this problem consists in finding a path for a single agent from a source to
a target that contains at most one vertex from each pair in F .
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3.1 Background

We recall the definitions of an abstract simplicial complex and a matroid.

Definition 3.1.1. Given a set V , an abstract simplicial complex (ASC in the following)
F is a family of subsets of V such that the following axioms hold:

1. trivial axiom: /0 ∈F ;

2. hereditarian axiom: if X ∈F and Y ⊂ X then Y ∈F .

Definition 3.1.2. Given a set V , a matroid F is an abstract simplicial complex such
that the following axiom holds:

(3) exchange axiom: if X ,Y ∈ F with |X | = |Y |+ 1 then ∃i ∈ X \Y such that
Y ∪{i} ∈F .

Roughly speaking, an ASC is a family of subsets of V , that contains all subsets
of each family element. A matroid is an ASC with the additional property that every
member of the family of non-maximal cardinality is strictly included in another
member.

3.2 Problem Definition

We first introduce the following definition.

Definition 3.2.1. An admissible collection C is a family of subsets of V . For each
U ∈ C we say that U is admissible.

We say that a configuration A : P→V is admissible if A (P) ∈ C . Moreover, for
a given initial valid configuration A s : P→V and a plan f ∈ E∗, we say that the pair
( f ,A s) is consistent with an admissible collection C if every pebble configuration
visited along the plan belongs to C , that is

(∀r ∈ Pref( f )) ρ(A s,r) ∈ C .
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This definition implicitly assumes that ρ(A s,r) is well-defined for every prefix r
of f . That is, all moves of f move a pebble to an empty vertex. Now, we are ready
to introduce the definitions of C -MP and C -MAPF. They are simple extensions of
Definitions 2.1.2 and 2.1.1.

Definition 3.2.2. (C -MP). Let G = (V,E) be a digraph, P a set of pebbles, and C an
admissible collection. Let p ∈ P, s, t ∈V , O ⊂V . Let A s be an initial configuration
such that A s(p) = s and A s(P\{p}) = O . The C -MP defined by < G,(s, t),O,C >

consists in finding a plan f such that

1. t = ρ(A s, f )(p);

2. ( f ,A s) is consistent with C .

In Definition 3.2.2, s and t are the source and target vertices for pebble p, respec-
tively. Set O contains the initial positions of all other pebbles.

Definition 3.2.3. (C -MAPF problem). Let G = (V,E) be a digraph, P a pebble set,
and C an admissible collection. Given an initial valid configuration A s, and a final
valid configuration A t , the C -MAPF problem defined by < G,A s,A t ,C > consists
in finding a plan f such that

1. A t = ρ(A s, f );

2. ( f ,A s) is consistent with C .

According to Definition 3.1.1, an admissible collection C is an ASC if every subset
of an admissible configuration is admissible. In other words, any pebble configuration
obtained by removing one or more pebbles from an admissible configuration is still
admissible. Obviously, not all admissible collections are ASC. For instance, the
admissible collection defined by requiring that one subset of V contains at most one
pebble is an ASC. Instead, the admissible collection obtained by requiring that this
subset contains exactly one pebble is not. Anyway, the family of admissible collections
that are ASC is sufficiently broad to include many cases encountered in applications.
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For instance, to define C , we may choose a family Q of constraints (S,k) defined
as in (3.1). For each pair (S,k), we require that, at any time, no more than k agents
occupy the vertices in S. In this way, we define the following admissible collection
CQ, associated to Q.

CQ = {U ⊂V : (∀(S,k) ∈Q) |S∩U | ≤ k}. (3.2)

Note that (3.2) corresponds to the definition of constraint given in the Introduction,
which is also the most natural one for the applications with AGVs. It turns out that
form (3.2) is not restrictive, that is, an admissible collection is an ASC if and only if it
can be written in this form.

Proposition 3.2.1. An admissible collection C is an ASC if and only if there exists a
family Q of constraints (S,k) such that C = CQ.

Proof. (⇐) First note that /0 ∈ CQ, so that 1), of Definition 3.1.1, holds. To show that
also 2) holds, let A∈CQ and B⊂ A. Then, (∀(S,k)∈Q) |A∩S| ≤ k, and, since B⊂ A,
also (∀(S,k) ∈Q) |B∩S| ≤ k, which implies that B ∈ CQ.

(⇒) Let C be an ASC. For each A ∈P(V ), set vA = max{|B|, B ⊂ A, B ∈ C } and
define the family Q composed of pairs (A,vA), for all A∈P(V ). For every A∈P(V ),
we have that (∀C ∈ C ) |C∩A| ≤ vA. This implies that C ⊆ CQ. To prove that also
CQ ⊆ C , by contradiction, assume that there exists M ∈ C such that M /∈ CQ. Then,
there exists N ∈P(V ) such that |M ∩N| > vN . However, since C is an ASC and
M ∈ C , necessarily M∩N ∈ C , which implies that vN ≥ |M∩N|.

Throughout this Chapter, we make the following assumption.

Assumption 3.2.1. The admissible collection C is an ASC or, equivalently, C = CQ

for some family Q of constraints (S,k).

As a consequence of Proposition 3.2.1, we will usually define the admissible
collection C by choosing a family Q of constraints (S,k), with the understanding that
the actual admissible collection is CQ.
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Remark 3.2.1. An equivalent alternative to the definition of a admissible collection
through a family Q of constraints (S,k) is its definition through a family Q′ of triples
(S,k,wS), where wS is a vector of positive integer weights. In this case the admissible
collection is defined as follows

CQ′ = {U ⊂V : (∀(S,k,wS) ∈Q′) ∑
i∈S∩U

wS
i ≤ k}. (3.3)

Basically, each constraint can be viewed as a knapsack constraint, where wS is the
weight vector of the objects in S and k is the weight capacity of the knapsack. Defini-
tions (3.2) and (3.3) are equivalent. It is obviously true that each admissible collection
defined as in (3.2) can be represented as an admissible collection defined as in (3.3)
(just set wS

i = 1 for all i ∈ S and for all S). But also the opposite is true. Indeed, each
knapsack constraint ∑i∈S∩U wS

i ≤ k can be replaced by the collection of all its cover
inequalities (see, e.g., [?]), i.e.,

∀C ⊆ S : ∑
i∈C

wS
i > k → |C∩U | ≤ |C|−1,

i.e., each triple (S,k,wS) can be replaced by the collection of pairs (C, |C|−1) for all
C ⊆ S such that ∑i∈C wS

i > k. Note that the collection of cover inequalities associated
to a knapsack constraint may contain an exponential number of elements. Thus, while
equivalent, representation (3.3) is usually more compact than representation (3.2).

3.3 Complexity of the motion planning problem with addi-
tional constraints

In this section we will prove that, differently from MP, even establishing the feasibility
of C -MP is NP-hard.

The proof of NP-hardness is by a reduction from 3-SAT. In particular, it uses a
construction similar to the one used in [68] to prove NP-hardness of the PAFP problem,
even if the two problems are different. As an example, we consider the 3-SAT problem
with variables V = {x1,x2,x3} and conjunctive normal form (x1∨ x̄2)∧ x3∧ (x̄1∨ x2∨
x̄3). This problem can be reduced to a C -MP instance < G,(s, t),O,C >, where G is
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the digraph displayed in Figure 3.5, (s, t) = (0,18), O = {9,12,15}, and C is defined
as in (3.2) where, for each pair (S,k) ∈Q, k = 1 and S belongs to the collection:

S = {{11,5},{10,2},{3,14},{6,13},{4,16},
{7,17},{1,9},{1,12},{1,15}} .

Indeed, solving <G,(0,18),{9,12,15},C > means moving the obstacles so that there
is a feasible path for a pebble p from vertex 0 to vertex 18. Since p must necessarily
pass through vertex 1, the three obstacles must leave from their initial positions (since
{1,9},{1,12},{1,15} ∈S ). Therefore, they must move so that at least one between
{2,3} ({x1, x̄2}), at least one between {5,6,7} ({x̄1,x2, x̄3}), and 4 ({x3}) remains free,
which is equivalent to solve the 3-SAT associated to form (x1∨ x̄2)∧x3∧(x̄1∨x2∨ x̄3).

0 1 3
x̄2

2
x1

4
x3

6
x2

7
x̄3

5
x̄1

8 18

9

10

x̄1

11

x1

12

13

x̄2

14

x2

15

16

x̄3

17

x3

Figure 3.5: Reduction of the 3-SAT instance (x1∨ x̄2)∧x3∧ (x̄1∨x2∨ x̄3) to an C -MP
instance.

The above procedure can be extended to reduce any 3-SAT instance to a C -MP
instance on a digraph, so that we can prove the following.

Proposition 3.3.1. C -MP is NP-hard.
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Proof. Let us consider a 3-SAT instance, consisting of variables x1, . . . ,xn and k
clauses, with at most 3 literals each. Formally, the j-th clause is C j = c1

j ∨ c2
j ∨ c3

j ,
j ∈ {1, . . . ,k}, with cm

j = xi or cm
j = x̄i, m ∈ {1,2,3}, for some i ∈ {1, . . . ,n}. We

define a C -MP instance on a digraph G as follows. Let O = {o1,o2, . . . ,on} be the set
of vertices that correspond to initial obstacles positions. For i = 1, . . . ,n, we define a
weakly-connected component of graph G, which connects vertex oi to two vertices,
representing literals xi and x̄i (see Figure 3.6). Moreover, we add to G a weakly-
connected component, which represents the sequence of k clauses. This component
contains vertices s, t,d1, . . . ,dk,dk+1 and cm

j , j = 1, . . . ,k, m = 1,2,3 (see Figure 3.7).
Note that cm

j represents both a literal and some vertex of the graph.
Vertices s and t are the source and the target of the marked pebble, respectively.

Vertex ci
k is associated to the literal containing variable xi or x̄i in the k-th clause.

Vertices d1, . . . ,dk,dk+1 connect the subcomponents C1, . . . ,Ck, associated to each
clause. We define the admissible collection C in form (3.2), where, for each pair

•oi

• xi

• x̄i

Figure 3.6: Component {oi,xi, x̄i}.

•s •
d1

•
c1

1
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•
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j

C j

•
c3

j

•
c2

j
•
d j+1

•
dk

Ck

•
c1

k

•
c3

k

•
c2

k •
dk+1

•t

Figure 3.7: Component associated to the k clauses.

(S,k) ∈Q, k = 1 and S is the union of two families of sets. The first family is:

{{d1,oi}, i = 1, . . . ,n}.
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Since the pebble must pass through d1 to reach target t, this admissible collection
forces the obstacles to move away from their initial positions and to choose one of the
two vertices xi or x̄i. The second family is: {c

m
j ,xi} if cm

j = xi,

{cm
j , x̄i} if cm

j = x̄i,
j = 1, . . . ,k, m = 1,2,3

 .

In this way, an obstacle placed at vertex xi disables all vertices associated to literal
xi, that is, belonging to set {cm

j = xi, j = 1, . . . ,k,m = 1,2,3} . The marked pebble
is able to reach vertex t if and only if the obstacles are placed in such a way that
each subcomponent C j contains at least one vertex that has not been disabled. This
is equivalent to find an assignment of truth values to the variables xi that makes all
clauses true in the original 3-SAT problem. Note that, if the C -MP problem is feasible,
the negated literal associated to the vertices of the final obstacles positions are a
feasible solution of the 3-SAT problem.

As shown in [45], (unconstrained) MAPF is NP-hard. Hence, it is obvious that
also C -MAPF is NP-hard. Anyway, for completeness, we show that the argument of
Proposition 3.3.1 can be adapted to show NP-hardness of C -MAPF.

Proposition 3.3.2. C -MAPF is NP-hard.

Proof. Since the proof is a slight variant of the one of Proposition 3.3.1, we only
briefly sketch it. With respect to the previous proof, we need to replace the components
{oi,xi, x̄i}, i = 1, . . . ,n, displayed in Figure 3.6, with the components {oi,xi, x̄i, pi}
displayed in Figure 3.8. Next, we consider the C -MAPF instance with n+1 agents,
initial configuration A s = (s,o1, . . . ,on), and final configuration A t = (t, p1, . . . , pn),
with the same families of constraints presented in Proposition 3.3.1 and the additional
family of constraints:

{({dk+1, pi},1) , i = 1, . . . ,n} . (3.4)

The proof is based on the fact that this C -MAPF instance admits a solution if and
only if the C -MP instance discussed in Proposition 3.3.1 admits a solution. Indeed,
the family of constraints (3.4) imposes that vertices p1, . . . , pn can be occupied by
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an agent only if the first agent is able to go through vertex dk+1 and reach the target
vertex t, which is possible if and only if the C -MP instance discussed in Proposition
3.3.1 admits a solution.

•oi

•
xi

•
x̄i

• pi

Figure 3.8: Component {oi,xi, x̄i, pi}.

3.4 Strengthening of C -MAPF into MAPF

Our main idea for solving a C -MAPF instance < G,A s,A t ,C > (similarly for a
C -MP instance) is to derive a MAPF instance < G′,A s,A t > over a new graph G′

(the reduced graph), in general with a lower number of vertices, where the constraints
can be ignored (in the sense that they are satisfied by construction). Next, a feasible
solution of the classical MAPF (or MP) on the reduced graph (computable in polyno-
mial time, if it exists) can be converted into a solution of C -MAPF (or C -MP) on the
original graph. In what follows, we describe how we build the reduced graph.

For a vertex set V , an ASC C , and Z ⊂V , we define V C
Z = {x ∈V : Z∪{x} ∈ C } as

the set of vertices which can be added to Z, keeping it in the admissible collection C .
The following lemma shows that if Z ⊂W , then the reverse inclusion holds for the
corresponding sets V C

Z ,V C
W .

Lemma 3.4.1. Let G = (V,E) be a digraph, C an ASC, and let Z ⊂W ⊂ V . Then,
V C

Z ⊃V C
W .

Proof. If x ∈ V C
W , then Z ⊂W implies that C ∋W ∪{x} ⊃ Z ∪{x}. Since C is an

ASC, this implies that Z∪{x} ∈ C .

The reduced graph associated to a vertex subset W ⊂V is defined as follows.
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Definition 3.4.1. Let G = (V,E) be a digraph, C an admissible collection, and W ⊂V
a subset of vertices with W ∈ C . The reduced digraph GW = (W,EW ) is such that

∀v1,v2 ∈W (v1,v2) ∈ EW if and only if

there exists a directed path on Gv1v2
W from v1 to v2,

where Gv1v2
W = (V v1,v2

W ,Ev1,v2
W ) is obtained from G erasing:

• the vertices in W \{v1,v2};

• all the vertices v ∈V \W such that {v}∪ [W \{v1,v2}] ̸∈ C (i.e., v ̸∈V C
W\{v1,v2}).

In other words, Gv1v2
W is the subgraph of G obtained by removing all vertices in

W (apart from v1 and v2) and all vertices v ∈V \W , such that the subset obtained by
adding v to W \{v1,v2} does not belong to admissible collection C . This definition
is justified by the fact that a pebble placed at v1 can move to v2 on subgraph Gv1v2

W ,
in such a way that all subsets of vertices occupied by pebbles are in the admissible
collection, even if all vertices in W \{v1,v2} are occupied. Indeed, Gv1v2

W contains only
those vertices that can be safely added to W \{v1,v2}, obtaining a set belonging to the
admissible collection.

Definition 3.4.2. Let G = (V,E) be a digraph and let C be an admissible collection.
A non-empty subset W ⊂V is independent on (G,C ) if GW is strongly connected. We
denote by FC

G the family of all independent subsets of V . The empty subset /0 is always
independent on (G,C ).

For instance, consider graphs G and G′ with admissible collection C := CQ in
Figures 3.2a and 3.2b, respectively. Subset W1 = {2,4} is independent both on (G,C )

and on (G′,C ) (see Figure 3.4a), while subset W2 = {1,3,5} is independent only on
(G′,C ) (see Figure 3.4b). Moreover, subset W3 = {2,4,5} is independent neither on
(G,C ) nor on (G′,C ). In particular, on G′, (5,2) ̸∈ EW3 , since on G′ there does not
exist a path from 5 to 2, after the removal of vertex {4} = {2,4,5} \ {2,5} and of
vertex 1, since {1,4} /∈ C (see Figure 3.9).
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2

4

5

Figure 3.9: Reduced graph GW3 for G′ (Figure 3.2b), where W3 = {2,4,5} is not
independent.

In what follows, we show that the family FC
G of all independent subsets of V is

an ASC. Given a digraph G, the contraction of a vertex v is the digraph obtained from
G by eliminating v and merging all incoming and outgoing edges of v.

Definition 3.4.3. Let G = (V,E) be a digraph and v ∈V . The graph obtained from G
by contracting vertex v is defined as G/v = (V \{v},E ′), where E ′ contains

i) all e ∈ E such that e∩{v}= /0,

ii) all (u,w) such that {(u,v)(v,w)} ⊂ E.

For completeness, we state the well-known fact that strong connectedness is
maintained after contracting a vertex.

Lemma 3.4.2. Let GH = (VH ,EH) be a strongly connected digraph and v ∈VH . Then,
GH/v is strongly connected.

Proof. We need to show that there exists a directed path in GH/v between any couple
of vertices u,w. Since GH is strongly connected, there is a directed path from u to w
on GH . If this path does not contain v, then this is also a path in GH/v. If this path
contains v, it can be written as p = p1v−vv+p2, where v− and v+ are the predecessor
and the successor of v in this path. By definition, GH/v contains edge (v−,v+) so that
p1v−v+p2 is a path on GH/v.
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The following proposition shows that the graph obtained by contracting a vertex
w of the reduced graph GW , where W is an independent set, is a subset of the reduced
graph GW\{w}.

Proposition 3.4.1. Let G = (V,E) be a digraph and let C be an admissible collection.
Let W ⊂V be an independent subset on (G,C ), and w ∈W. Then, GW\{w} ⊃ GW/w.

Proof. Let (u,v) be an edge of GW/w and let GW = (W,EW ). By definition of GW/w,
one of the following holds:

i) (u,v) ∈ EW ,

ii) (u,w),(w,v) ∈ EW .

In case i), since (u,v) ∈ EW , G contains a directed path p from u to v that belongs to
V C

W\{u,v}. Set Z =W \{w}. Since Z ⊂W , by Lemma 3.4.1, V C
Z\{u,v} ⊃V C

W\{u,v}. Hence,
p belongs to V C

Z\{u,v}, and (u,v) is a directed edge of GZ . In case ii), G contains a
directed path p1 from u to w that belongs to V C

W\{u,w}, and a directed path p2 from
w to z that belongs to V C

W\{w,z}. Since Z =W \{w}, both paths belong to V C
Z\{u,v}, so

that their concatenation p = p1 p2 is a path from u to v that belongs to V C
Z\{u,v}. This

implies that (u,v) is a directed edge of GZ .

The following proposition shows that each subset of an independent set is also
independent.

Proposition 3.4.2. Let G = (V,E) be a digraph and C an admissible collection. Let
W ⊂V be independent on (G,C ), and let Z ⊂W. Then, Z is independent on (G,C ).

Proof. Let {v1,v2, . . . ,vm}=W \Z. Since W is independent on (G,C ), GW is strongly
connected. By Lemma 3.4.2, GW/v1 is also strongly connected. By Proposition 3.4.1,
GW/v1 is a subgraph of GW\{v1}, which implies that GW\{v1} is also strongly connected.
By reiterating the same argument, we obtain that GW\{v1,...,vm} is strongly connected.
Hence, Z is independent on (G,C ).

An immediate consequence of Proposition 3.4.2 is that the family of independent
subsets is an ASC.
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Proposition 3.4.3. Let G = (V,E) be a digraph and let C be an admissible collection.
Let FC

G be a family of subsets of V , defined as in Definition 3.4.2. Then, FC
G is an

ASC.

Proof. In Definition 3.1.1, 1) is satisfied since, by definition of FC
G , /0 ∈FC

G , 2) is a
direct consequence of Proposition 3.4.2.

Observation 3.4.1. In the general case, FC
G is not a matroid. For instance, consider

the following counterexample.

1

7

32

4

6 5

Figure 3.10: Counterexample

Let G be the digraph in Figure 3.10 with admissible collection C defined as in
(3.2) where, for each pair (S,k) ∈Q, k = 1 and S belongs to the collection:

S = {{1,2},{2,3},{3,4},{4,5},{5,6},{6,1}}.

Let W = {1,3,5} ∈FC
G , U = {2,4} ∈FC

G be subsets of V such that |W |= |U |+1.
However, ∄v ∈W \U such that U ∪{v} ∈FC

G . Indeed, ∀v ∈W \U ∃u ∈U, S ∈S

such that u,v ∈ S. This means that the exchange axiom does not hold.

The following proposition shows that every edge (v,u) of the reduced graph GW

corresponds to a plan in G that brings a pebble from v to u, and is consistent with C .

Proposition 3.4.4. Let G = (V,E) be a digraph, P a set of pebbles, C an admissible
collection, and let W ⊂ V be independent on (G,C ). Let GW = (W,EW ) be the
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reduced graph. For any e = (u,v) ∈ EW , and any pebble configuration A ⊂ W,
with u ∈ A and v /∈ A , there exists a directed path p in G, from u to v, such that
(∀r ∈ Pref(p))ρ(A ,r) ∈ C . We call such path p a lift of edge e.

Proof. By definition of an independent set, graph GW is strongly connected. Since
A \{u} ⊂W and since the family of independent sets FC

G is an ASC (see Proposition
3.4.3), then also graph GA \{u} is strongly connected. Hence, there is a directed path
from u to v that visits only vertices that belong to set {x ∈V : {x}∪ (A \{u}) ∈ C },
which implies the thesis.

We can define a transition function on the reduced graph as follows.

Definition 3.4.4. Let G = (V,E) be a digraph, W ⊂ V , and P a set of pebbles. Let
ρ : ((P→ V )×E)→ (P→ V ) be the corresponding transition function. Let GW =

(W,E) be the reduced graph. The reduced transition function ρW is the transition
function on GW . Namely, ρW : ((P→W )×EW )→ (P→W ) is such that, for any
valid configuration AW ∈ P→W and any edge (u,w) with u ∈ AW and w /∈ AW ,
ρW (AW ,e) is the configuration obtained from AW by moving the pebble on vertex u
to vertex v.

Remark 3.4.1. By Proposition 3.4.4, for any valid configuration AW ∈ P→W and
e ∈ EW , there exists a lift p such that ρW (AW ,e) = ρ(AW , p).

The following theorem states that a feasible solution of MP or MAPF over a
reduced graph can be converted into a solution of C -MP or C -MAPF over the original
graph.

Theorem 3.4.1. Let G = (V,E) be a digraph and let < G,A s,A t ,C > be an instance
of C -MAPF. Let W ⊂V be independent on (G,C ) (i.e., W ∈FC

G ), and assume that
A s,A t ⊂W. Let p = e1 . . .em ∈ E∗W be a plan and define plan p̂ = P1 . . .Pm ∈ E∗,
where, for i = 1, . . . ,m, Pi is a lift of ei. If p solves MAPF < G,A s,A t >, then p̂
solves C -MAPF < G,A s,A t ,C >, so that:

< GW ,A s,A t > feasible ⇒< G,A s,A t ,C > feasible.
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Proof. Plan p̂ is consistent with C by Proposition 3.4.4. By Remark 3.4.1, ρ(A s, p̂) =
A t .

Theorem 3.4.1 provides a strategy for finding a solution of C -MAPF. Namely,
we look for an independent set of vertices W that contains those associated to the
initial and final positions, plus additional ones used for maneuvering, and we solve a
standard MAPF problem on the reduced graph. Then, we lift the obtained solution to
a solution of the original C -MAPF.

As already mentioned, the converse implication

< GW ,A s,A t > feasible ⇐=< G,A s,A t ,C > feasible,

is not true in the general case.

In Theorem 3.4.1, Assumption A s,A t ⊂W , W ∈FC
G , ensures the existence of

an independent set containing both source and target vertices. If this assumption is not
satisfied, it may still be possible to find a solution of C -MAPF by solving a sequence
of two MAPF problems. Indeed, assume that there exist two sets W1 ∈ FC

G and
W2 ∈FC

G such that A s ⊂W1, A t ⊂W2, and |W1∩W2| ≥ |P|, (i.e., their intersection
has cardinality greater than the number of pebbles). Let U be a subset of W1∩W2 such
that |U |= |P| and let A i : P→U be a valid configuration. Then, we replace the original
C -MAPF problem < G,A s,A t ,C >, with a sequence of two C -MAPF problems:
< GW1 ,A

s,A i >, which moves pebbles from the source positions to the intermediate
positions, and < GW1 ,A

i,A t > which moves pebbles from the intermediate positions
to the targets. The lift of the concatenation of the solutions of these two MAPF
problems is a solution of the original C -MAPF problem. This remark leads to the
following Corollary of Theorem 3.4.1.

Corollary 3.4.1. Let G = (V,E) be a digraph and FC
G the family of subsets defined in

Definition 3.4.2. Let A s and A t be initial and final configurations such that A s ∈FC
G

and A t ∈FC
G . Then, for all sets W1,W2 ∈FC

G and for all configurations A i such
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that A i ⊂W1∩W2:

< GW1 ,A
s,A i > and < GW2 ,A

i,A t > are feasible

⇒< G,A s,A t ,C > is feasible.

3.4.1 Finding an independent set of vertices of largest cardinality

In view of Theorem 3.4.1, we need to find an independent set of vertices W that
contains A s ∪A t (if it does not exist, we can proceed as suggested in Corollary
3.4.1). However, it is convenient that W contains the largest number of additional
vertices. The number of holes (i.e., unoccupied vertices) in the reduced MAPF problem
< GW ,A s,A t > is given by |W |− |As|, that is the difference between the number
of available vertices and the number of pebbles. Various results in literature (see, for
instance, [6, 52]) show that the feasibility of a MAPF problem depends on the number
of holes. Intuitively, the larger the number of holes, the easier it is to find a feasible
solution.

This observation leads us to consider the problem of maximizing the cardinality
of W . We first introduce the notion of a maximal independent set. Intuitively, an
independent set is maximal if it is not strictly included into any other independent set.

Definition 3.4.5. An independent set W ∈FC
D is maximal if ∀U ∈FC

D such that
W ⊂U, U =W.

Given a digraph G = (V,E) and an admissible collection C , we may find various
maximal independent sets, of different cardinality. For example, in digraph G′ of
Figure 3.2b, both W1 = {2,4} and W2 = {1,3,5} are maximal independent sets. For
this reason, it is natural to consider the following problem.

Definition 3.4.6. Given a graph G = (V,E), an admissible collection C , and a subset
W ⊂V such that W ∈ C , the Maximum Independent Set with Additional Constraints
(C -MIS) < G,C ,W > consists in finding an independent set that contains W, of the
largest cardinality.
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In [69], it is proved that finding the largest independent set within a generic
ASC is NP-hard. In what follows, we prove that NP-hardness (in fact, strong NP-
hardness) holds also for C -MIS (i.e., for the specific ASC considered in this Chapter).
We prove the result by a reduction from the Maximum Independent Set (MIS) over
graphs. Given a graph G = (V,E), the MIS problem consists in searching for the
largest independent subset U of V , where U is independent (in the classical sense) if
(∀i, j ∈U : i ̸= j) (i, j) ̸∈ E.

Theorem 3.4.2. C -MIS is strongly NP-hard.

Proof. The proof is based on a polynomial reduction of the classical Maximum
Independent Set (MIS) problem on a graph G = (V,E) to C -MIS.
Starting from G, we define a new (undirected) graph, adding a new vertex q connected
to all vertices of G. Formally, the new graph is G′ = (V ′,E ′), where V ′ = V ∪{q}
and E ′ = E ∪{(i,q) : i ∈V}. We define an admissible collection C on G′ as in (3.3)
where we introduce:

• for each (i, j) ∈ E a triple ({i, j},1,(1,1)) ∈Q′;

• the single triple (V ′,k,wV ′) ∈Q′, where wV ′
i = 1 for all i ∈V , while wV ′

q = 2.

Then, we prove the equivalence of the following two problems:

a) G has a set of k independent vertices (in the classical sense);

b) there exists a subset of k vertices of V ′ that is (G′,C ) independent.

Assume that U ⊂V is a solution of a). Since U is independent, |U ∩{i, j}| ≤ 1 for all
(i, j) ∈ E. Moreover, q /∈U , so that ∑i∈U∩V ′ wV ′

i = k. Moreover, each pair v1,v2 ∈U
is connected by path v1qv2 (since, q /∈U and ∑i∈[U\{v1,v2}]∪{q}wV ′

i = k). Hence, U is
also a solution of b).

Conversely, assume that U ⊂V ′ is a solution of b). Note that q /∈U . Otherwise,
we would have ∑i∈V ′∩U wV ′

i = k+1, which would imply that U ̸∈ C . Hence, U ⊂V
and U is a solution of a) since |U ∩{i, j}| ≤ 1 for all (i, j) ∈ E.
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1

2 3

45

Figure 3.11: Solution of MIS on graph G
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Figure 3.12: C -MIS on G′

In order to illustrate the result, consider the MIS problem on G (Figure 3.11) and
the C -MIS problem on G′ (Figure 3.12) with S = {{i, j} : (i, j) ∈ E ′}. It is easily
observed that S = {1,3,5} is the largest solution of MIS on G. We note that one of the
maximum solutions of C -MIS on G would be T = {1,3} ⊂ S. If we consider graph G′

of Figure 3.12, vertex 5 can also be added to the independent set T , as it is connected
to both 1 and 3 by a free path through 6. Therefore, the solutions of the two problems
on the two different graphs are equivalent.

3.4.2 C -MP and C -MAPF as supervisory control problems

Our approach for C -MP and C -MAPF is based on a limitation on the set of allowed
moves. Namely, at any step, only one agent can occupy a vertex that does not belong
to W . Further, if one agent occupies a vertex that is not in W , then no other agent can
move until the first agent re-enters in W . Finally, all agents can move only to those
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vertices from which there exists a directed path that leads to an unoccupied vertex in
W . If we represent the motions of the agents in the digraph as a discrete event system,
these limitations can be implemented by the definition of a supervisor (see [70, 71]).
In our contest, a supervisor is a system that can disable some agents moves, if these
can lead to deadlock configurations, that is configurations from which the desired final
configuration cannot be reached. In the following, we discuss this fact in more detail for
C -MAPF. The case of C -MP is similar. To frame C -MAPF as a supervisory control
problem we need some definitions. Language L = { f ∈ E∗ : ρ(A s, f )!} represents
the subset of E∗ consisting of all well-defined plans. The specification language
S = { f ∈ L : (∀r ∈ Pref( f )) ρ(A s,r) ∈ C } represents the subset of L that satisfies the
constraints. Finally, the marked language

Lm = { f ∈ L : ρ(A s, f ) = A t},

consists on all plans that lead to the desired final configuration A t from the initial one
A s.

Using supervisory control terms, we refer to edge u→ v as an event. It represents
the motion of an agent from vertex u to vertex v. We assume that all events are
controllable. That is, at any step, we can decide to disable an arbitrary subset of events.
Following the definition in [70] and [71], a supervisor is a function Σ : L→P(E)
(where P(E) is the power set of E, that is the family of all subsets of E). For a
plan p ∈ L, Σ(p) denotes the set of all directed edges that the supervisor enables
after the execution of p. We call L(Σ),Lm(Σ) the subsets of L, Lm resulting from the
intervention of Σ. That is L(Σ) is the smallest set such that

1) ε ∈ L(Σ)

2) (∀p ∈ L,e ∈ E) p ∈ L(Σ),e ∈ Σ(p)→ pe ∈ L(S).

That is, we can add an edge e to a plan p only if the supervisor enables e after the
execution of p. Moreover, Lm(Σ) = L(Σ)∩Lm. The supervisor Σ is nonblocking if we
can extend any plan in L(Σ) to a plan in Lm(Σ). In other words, Σ is nonblocking if
it prevents deadlocks, that is, if we can extend any p ∈ L(Σ) to a plan that brings all
agents to the desired final positions.

A fundamental problem in supervisory control is finding a nonblocking supervisor
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Σ that satisfies the specification language, that is, L(Σ)⊂ S. Applied to C -MAPF, this
consists in finding a supervisor that avoids all configurations that do not belong to C ,
and configurations from which the C -MAPF instance cannot be solved.

In general, the decision problem of checking if such supervisor exists is NP-
complete (see [72]). Essentially, this is due to the fact that, if we want to find the
supervisor or check if it exists, we need to enumerate all states (or a significant portion
of them). However, the cardinality of the states set grows exponentially with respect
to the number of agents.

Our approach defines a nonblocking supervisor Σ such that L(Σ)⊂ S. At every step,
the supervisor ensures that at most one agent be outside the vertices in W . Moreover,
it only allows those moves that can be completed to a directed path that ends in an
unoccupied vertex of W . In more detail, given a vertex set Z ⊂W , we define a directed
graph Gv

Z similarly as graph Gv1,v2
W in Definition 3.4.1. Namely, we obtain Gv

Z from G
by erasing:

• the vertices in Z \{v};

• all the vertices w ∈V \Z such that {w}∪ [Z \{v}] ̸∈ C (i.e., w ̸∈V C
Z\{v}).

Then, we define Gv
W,Z = (V v

W,Z,E
v
WZ
) as the subgraph of Gv

Z containing only the
vertices from which there exists a directed path to a vertex in W \Z. In other words,
Gv

W,Z contains only those nodes from which there is a direct path to one of the currently
unoccupied nodes in W (i.e., set W \Z), assuming that all nodes in Z \{v} are occupied
by a pebble. Moreover, the visited pebble configurations must belong to the admissible
collection C .

The supervisor is such that

Σ(p) = E (ρ(A s, p)(P)).

Here, E : P(V )→P(E) is a function such that, for Z ⊂V , E (Z) is the subset
of E consisting of those directed edgess that the supervisor enables if the pebbles
are located at vertices Z. Note that ρ(A s, p)(P)⊂V is the subset of vertices that are
occupied by a pebble after the execution of plan p, from initial condition A s.
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Set EZ is defined in the following way. If |Z \W |= 1 (that is, one agent is outside
W ), let v = Z \W be the vertex outside W . Then, set EZ = {(s, t) ∈ Ev

Z : s = v}.
That is, if one agent is outside W , only this agent can move, and the supervisor
only allows moves along those edges that can be completed to a directed path that
terminates at an unoccupied vertex in W . If |Z \W |= 0 (that is, all agents are in W ),
set EZ = {(s, t) ∈ E : (s, t) ∈ Es

Z}. That is, all agents can move, but only along those
edges that can be completed to a directed path that ends at an unoccupied vertex of W .

This supervisor is nonblocking if the resulting MAPF < GW ,A s,A t > satifies
one of the sufficient conditions for (unconstrained) MAPF appearing in literature. For
instance, if GW is strongly biconnected and has at least two unoccupied vertices (see
[6]). This corresponds to the following.

Proposition 3.4.5. If W ⊃A s∪A t , GW is strongly biconnected, and if the cardinality
of W is greater or equal to the number of agents plus two, there exists a nonblocking
supervisor Σ such that L(Σ)⊂ S.

3.4.3 Heuristics for the C-MIS problem

Paull and Unger’s procedure, presented in [69], finds the maximal independent sets,
and, in particular, the largest one, within a general ASC. As already mentioned,
reference [69] also proves that detecting the largest maximal independent set is NP-
hard. Hence, we can apply Paull and Unger’s procedure to solve C -MIS, but only for
very small instances.

In Theorem 3.4.2, we proved that also C -MIS is (strongly) NP-hard. In the
following, we introduce polynomial-time heuristic algorithms for obtaining a good
quality, sub-optimal solution of C -MIS. We describe an iterative procedure that finds
a maximal independent set M over a graph G = (V,E). In the procedure, described
in Algorithm 3.4.1, we first set M =W , where W is some initial set belonging to C .
Set W can be equal to A s∪At in view of Theorem 3.4.1 or to A s∪Ai (or A i∪At)
in view of Corollary 3.4.1. Then, at each iteration, it searches for a vertex v such that
M∪{v} is independent, among all the vertices of set ∆ :=V \E . Set E contains the
vertices that can no longer be added. In particular, E = M∪L (M) where
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L (M) = {w ∈V : M∪{w} ̸∈ C }.

If such vertex does not exist, M is a maximal independent set and the procedure
terminates. Otherwise, v is added to set M, L (M) is updated, and a new iteration is
performed. To avoid repetition in the following iterations, all selected vertices in this
iteration are added to E .

Observation 3.4.2. Let G = (V,E) be a directed graph, M ⊂V a subset of vertices,
and C defined as in (3.3) the admissible collection. Then, building the reduced graph
GM = (M,EM) has worst time complexity O(n2(n2 +h)), where n = |V | and h = |Q|.

Proof. The procedure involves two steps for each couple of vertices (u,v) ∈V ×V :

• constructing Gu,v
M = (V u,v

M ,Eu,v
M );

• checking whether there exists a path from u to v on Gu,v
M .

The latter step can be done by depth-first search, which takes O(|V u,v
M |+ |E

u,v
M |).

However, in the worst case of a complete graph, it has time complexity O(n2). As for
the former, if C is defined as in (3.3), it takes O(h), where h = |Q|. Indeed, to build
this graph, for each (Si,ki,wS

i ) ∈Q we have to check which vertices w ∈V are such
that ∑ j∈Si∩M\{u,v}wS

j ≤ ki.
To do that, we propose the following procedure. For each vertex x ∈V we define a

vector x̄ of length h where, for each i = 1, . . . ,h,

x̄i =

{
wS

x if x ∈ Si,

0 otherwise.
(3.5)

Moreover, we define a vector m of length h, which represents at each iteration which
is the occupied capacity of the vertices that stay in the intersection between M and Si:

mi = ∑
j∈Si∩M

wS
j .

This vector is initialized with the null vector, and it is updated iteratively each
time a vertex x is added to M:
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mi = mi + x̄i, ∀i = 1, . . . ,h.

Therefore, checking whether ∑ j∈Si∩M\{u,v}wS
j ≤ ki is equivalent to check whether

(mi− ūi− v̄i + x̄i)≤ ki, which takes O(h).

Proposition 3.4.6. If C is defined as in (3.3), Algorithm 3.4.1 has worst time com-
plexity O(n3(n2 +h)), where n = |V | and h = |Q|.

Proof. By Observation 3.4.2, at each iteration of Algorithm 3.4.1, building the reduced
graph GM = (M,EM) has worst time complexity O(n2(n2 +h)). Moreover, checking
whether GM is strongly connected is dominated by its construction and takes O(|M|+
|EM|). However, in the worst case of a complete graph, it has time complexity O(n2).
Therefore, checking whether M belongs to FC

G takes O(n2(n2+h)). Since each vertex
is selected at most once, then the operation of checking whether a set is independent is
performed at most n times. It follows that Algorithm 3.4.1 has worst time complexity
O(n3(n2 +h)).

Algorithm 3.4.1. Finding maximal independent set.

1: Let M be a (possibly empty) independent set;
2: MaxSetFound = f alse;
3: E = M ∪L (M);
4: ∆ =V \E ;
5: while MaxSetFound = f alse do
6: NewVertexFound = f alse;
7: while ∆ ̸= /0 & NewVertexFound = f alse do
8: Select v ∈ ∆;
9: N = M∪{v};

10: if N ∈FC
G then

11: M = N
12: NewVertexFound = true;
13: Update L (M);
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14: E = E ∪L (M);
15: end if
16: E = E∪{v};
17: ∆ = ∆\E ;
18: end while
19: if NewVertexFound = f alse then
20: MaxSetFound = true;
21: end if
22: end while

Different heuristics can be obtained by changing the rule to select vertex v. The
first one is the Random approach, which, at each step, selects the next vertex randomly.
The second one is the Greedy approach, where vertex v is selected through a selection
criterion ψ : V ×C → R:

v = arg max
w∈V\M

ψ(w,M).

The selection criterion can be defined in different ways. If the admissible collection C

is defined as in (3.2), an idea is to give precedence to vertices that are less constrained
by other vertices. In this case, we can define the selection criterion as follows

ψ(v,M) := |{w ∈V : M∪{v,w} ∈ C }|. (3.6)

The selection criterion may also take into account the form of C . For example, let
C be defined as in (3.2) where, for each pair (S,k) ∈Q, k = 1 and S belongs to the
collection:

S = {{i, j} : (i, j) ∈ E}. (3.7)

Then, if we indicate with G\E the subgraph of G obtained by erasing the vertices in
E , a possible selection criterion is the inverse of the degree on G\E :

ψ(v,M) :=
1

degG\E (v)
. (3.8)

Indeed, vertices with a lower degree are vertices bounded to a smaller number of other
vertices. Therefore, adding a vertex with a lower degree to the independent set usually
means having more choices in the following steps.
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3.5 Experimental results

3.5.1 Real-life applications examples of C -MAPF

Consider the digraph G = (V,E) in Figure 3.13. It represents a small warehouse with
three agents. Agent 1 has to move from s1 to t1, agent 2 from s2 to t2, and agent 3 from
s3 to t3. To maintain a safety distance, we require that agents cannot occupy adjacent
vertices at the same time. This is equivalent to consider an admissible collection C

defined as in (3.2), where, for each pair (S,k) ∈ Q, k = 1 and S ∈S (where S is
defined as in (3.7)). Note that the union of the sources S = {s1, s2, s3} and of the
targets T = {t1, t2, t3} is an independent set on (G,C ). To reduce C -MAPF to MAPF,
we use Algorithm 3.4.1, setting W = S∪T , to find a maximal independent set. In this
way, we are able to obtain a reduced graph G′. We can solve the (unconstrained) MAPF
problem on G′. Here, we do not discuss the solution of MAPF, since it is extensively
discussed in literature. Finally, we lift the obtained MAPF solution to a solution of
the original C -MAPF. In Figure 3.13, we show the best maximal independent set on
G, containing W , obtained after 100 iterations of Algorithm 3.4.1 with the Random
approach, and the correponding reduced graph G′.

As a second example, we considered a real-life warehouse layout, provided by
packaging company Ocme S.r.l., based in Parma, Italy. The admissible collection C

takes into account the dimensions of the AGV vehicles. The set C is defined as in
(3.2), where for each pair (S,k) ∈ Q, k = 1 and S ∈S , with S defined as follows.
For each vertex v ∈V on the graph, the company provides a set of forbidden edges
Ẽv. That is, if an agent occupies v, the moves corresponding to the elements Ẽv cannot
be made by any agent. We define S as the set of triplets of vertices (v, i, j) such that
(i, j) ∈ Ẽv:

S = {(v, i, j) : v, i, j ∈V, (i, j) ∈ Ẽv}.

We ran 100 times the random variant of Algorithm 3.4.1, and we computed a
maximal independent set of cardinality equal to 20. The red vertices of Figure 3.14
show this independent set.
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Figure 3.13: The upper figure shows a graph representing a simple industrial C -
MAPF scenario. Labels s1, s2, s3 mark the initial vertices, and t1, t2, t3 the final ones.
Red vertices belong to the chosen independent set W . The lower figure shows the
corresponding reduced graph.

These results suggest that on a real-life industrial scenario, the number of inde-
pendent vertices is sufficiently large to solve C -MAPF problems with a significant



3.5. Experimental results 151

Figure 3.14: The upper figure shows a graph associated to a real-life warehouse layout.
The red vertices are the ones selected in the independent set W . The lower figure
shows the corresponding reduced graph.

number of agents. In particular, taking into account the number of vertices of the two
graphs and the length of the corridors, and using the results of [52, 54], it is possible
to show that, in the reduced graphs of Figure 3.13, we can solve all MAPF instances
with up to 9 agents. Instead, in the reduced graph of Figure 3.14, we can solve all
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MAPF instances with up to 14 agents.

Figure 3.15 shows a C -MAPF instance with 5 agents on this digraph. Note that
five is a significant number of agents for this graph, since the size is relatively small
and the constraints are quite tight. We represent each agent with a different color.
Circle marks show initial agents positions, and diamonds shows final ones. Using
the random variant of Algorithm 3.4.1, we computed a maximal independent set of
cardinality 19, containing initial and final agents positions. Figure 3.16 represents the
computed reduced digraph (red), overlaying the original digraph (black).

Figure 3.15: A C -MAPF instance on the graph associated to the warehouse layout.
We represent each agent with a different color. Circle marks represent initial positions
and diamonds final ones.

Figure 3.17 represents the (unconstrained) MAPF problem on the reduced graph.

We solved the MAPF problem on the reduced graph, using the algorithm presented
in Section 2.3.5. The computed plan consists of 98 moves, without synchronous
moves. To reduce the number of time-steps, we used the local search procedure
presented in Chapter 4 on the reduced graph. This method allows finding solutions
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Figure 3.16: The reduced graph (red), overlaying the original graph (black).

Figure 3.17: The (unconstrained) MAPF instance on the reduced graph.
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with synchronous moves. We obtained a solution with a time-length of 29 time-steps.
Alternatively, we could first lift the initial solution to a feasible solution of the original
C -MAPF problem, and then perform a local search for the C -MAPF problem, starting
from the lifted solution.

3.5.2 C -MIS problem on square grid graphs

We focus on the problem of finding the independent set of maximum cardinality. In
particular, we consider square grid graphs, as in Figures 3.18a, 3.18b. The admissible
collection C is defined as in (3.2), where, for each pair (S,k) ∈ Q, k = 1 and S ∈S

(where S is defined as in (3.7)). In other words, at any time, at most one agent can be
positioned in the two vertices associated to each edge.

First, we found the independent sets of maximal cardinality by Paull and Unger’s
algorithm. Due to the computational complexity of this algorithm (recall that C -MIS
is NP-hard), we could not solve instances on grids larger than 5× 5 vertices in a
reasonable time. Indeed, solving the 5×5 required more than 20 hours.

Figure 3.18a shows the two optimal solutions on the 3×3 grid, while Figure 3.18b
shows one optimal solution W1 for the 5×5 grid. The optimal solution of the latter is
unique up to the isometries belonging to the dihedral group D4. Indeed, all the other
seven optimal solutions can be found with the composition of kπ/4 rotations and
symmetries with respect to the axes.

We also tested the heuristic algorithms presented in Section 3.4.3 to find inde-
pendent vertices (without guarantee of optimality) on square grid graphs with n×n
vertices, for n = 2, . . . ,12. In particular, we implemented Algorithm 3.4.1 both with
the purely random selection rule and with the greedy rule (defined as in (3.8)).

For each graph, we ran the random algorithm 100 times, while we ran the greedy
version only once, since the greedy rule is deterministic. Figure 3.20 presents the
distribution of the cardinality of the independent sets returned by the random approach,
compared with that of the greedy algorithm (the blue square is the cardinality of the
greedy solution). Note that the single solution returned by the greedy approach is
usually better than the average solution returned by the random one. However, the best
solution over the 100 runs of the first approach is usually better than the single solution
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4 5 6

1 32

7 98

(a) Grid Graph of 3×3. W1 = {1,3,7,9}
and W2 = {2,4,6,8} are the two optimal
solutions of C -MIS.

6 7 8 9 10

1 32 4 5

11 1312 14 15

16 1817 19 20

21 2322 24 25

(b) Grid Graph of 5 × 5. W1 =

{1,3,5,7,14,16,18,20, 22,24} is an op-
timal solutions of C -MIS.

Figure 3.18: C -MIS on grid graphs.

returned by the greedy approach, as shown in Figures 3.19, in which we compare these
values and the one of the optimal solution returned by Paull and Unger’s algorithm.

These experimental results show that the heuristic algorithms find suboptimal
solutions of good quality, that do not differ much from each other and from the best
solutions. However, we are not able to certify that we have found the maximum
cardinality independent set for grid graphs of large dimensions.
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n Random Greedy optimal solution

2 2 2 2
3 4 3 4
4 6 6 6
5 10 9 10
6 14 13 -
7 18 17 -
8 23 22 -
9 29 27 -

10 35 32 -
11 43 40 -
12 50 49 -

Figure 3.19: Comparison of maximum cardinalities of independent sets found with
Random, Greedy, and the optimal algorithm.

Figure 3.20: Comparison of random and greedy.



Chapter 4

Local Optimization of MAPF
Solutions on Directed Graphs

We focus on the Multi-Agent Path Finding (MAPF) problem [1, 45]. Among sub-
optimal MAPF solvers, rule-based algorithms are particularly appealing since they
are complete. Even in crowded scenarios, they allow finding a feasible solution that
brings each agent to its target, preventing deadlock situations [48]. However, generally,
rule-based algorithms provide solutions that are much longer than the optimal one.
This is a crucial limitation in industrial applications. The main contribution of this
Chapter is the introduction of an iterative local search procedure in MAPF. We start
from a feasible suboptimal solution, for instance the one provided by a rule-based
algorithm. We perform a local search in a neighborhood of this solution, to find a
shorter one. Iteratively, we repeat this procedure until the solution cannot be shortened
any longer. At the end, we obtain a solution, that is still sub-optimal, but, in general,
of much better quality than the initial one. We use dynamic programming for the local
search procedure. Under this respect, the fact that our search is local is fundamental
to reduce the time complexity of the algorithm. Indeed, in principle, it is possible to
solve the general MAPF problem by dynamic programming. However, the number
of explored states grows exponentially with the number of agents, so that we cannot
apply standard dynamic programming to problems involving many agents. As we
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will see, the introduction of a locality constraint allows solving the (local) dynamic
programming problem in a time that grows only polynomially with respect to the
number of agents (see Theorem 4.3.1).

The structure of this Chapter is the following.

In Section 4.1 we define the concept of distance between plans, and we introduce
an equivalence class of the plans which considers as equal all the plans that have
the same length, the same distance from a starting solution and lead to the same
final configuration of the agents. These concepts are necessary to define Nr( f0), the
neighborhood of radius r of a solution f0, as the set of all the equivalence classes
which have at most distance r from the starting solution.

In Section 4.2 we introduce the iterative Neighborhood Search (Algorithm 1),
which performs a local search in the neighborhood Nr( f0) of the initial solution f0, to
find a shorter one. Iteratively, this algorithm repeats this procedure until the solution
cannot be shortened any longer.

In Section 4.3 we describe a Dynamic Programming algorithm which is used at
each iteration of the Neighborhood Search (Algorithm 2) for the optimal solution of
the MAPF problem within the neighborhood Nr( f0). In Theorem 4.3.1 we prove that
the combination of the Neighborhood Search with the Dynamic Programming has
polynomial time complexity with respect to the number of nodes of the graph.

In Section 4.4 we performed two sets of experiments on different graphs and with
initial solutions generated in two distinct ways. In both experiments, we used the
Neighborhood Search with the Dynamic Programming to improve the given initial
solutions. In particular, we show that on strongly connected graphs with a high number
of agents compared to the number of nodes, the proposed local search algorithm
manages to improve the solutions provided by diSC (see Section 2.3.5) by up to 80%.
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4.1 Problem Definition

4.1.1 MAPF problems

Let G = (V,E) be a directed graph, with vertex set V and edge set E. We assign
a unique label to each agent, and set P contains these labels. We remind that a
configuration is a function A : P→V that assigns the occupied vertex to each agent.
A configuration is valid if it is injective (i.e., each vertex is occupied by at most one
agent). Moreover, we remind that set χ ⊂ {P→V} represents all valid configurations.

Time is assumed to be discretized. At every time step, each agent occupies one
vertex and executes a single action. There are two types of actions: wait and move. We
denote the wait action by ι . An agent that executes this action remains in its current
vertex for another time step. We denote a move action by u→ v. In this case, the agent
moves from its current vertex u to an adjacent vertex v (i.e., (u,v) ∈ E). Therefore, the
set of all possible actions for a single agent is Ē = E ∪{ι}.

Function ρ : χ× Ē→ χ is a partially defined transition function such that A ′ =

ρ(A ,u→ v) is the configuration obtained by moving an agent from u to v:

A ′(q) :=

{
v, if A (q) = u;
A (q), otherwise .

(4.1)

We remind that notation ρ(A ,u→ v)! means that the function is well-defined. In
other words ρ(A ,u→ v)! if and only if (u,v) ∈ E and A ′ ∈ χ . Moreover, (∀A ∈
χ) ρ(A , ι)! and ρ(A , ι) = A .

Unlike Chapter 2 and Chapter 3, in this Chapter the movements of the agents can
be synchronous. Therefore, at each time step an action is an element of E = Ē |P|,
a = (a1, . . . ,a|P|) where ai is the single move of agent i. We can extend function
ρ : χ× Ē→ χ to ρ : χ×E → χ , by setting A ′ = ρ(A ,a) equal to the configuration
obtained by moving agent i along edge ai (or by not moving the agent if ai = ι). In
this case, (∀a ∈ E ,A ∈ χ) ρ(A ,a)! if and only if the following conditions hold:

1. A ′ ∈ χ: two or more agents cannot occupy the same vertex at the same time
step;
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2. ∀i = 1, . . . , |P|, if ai = (u,v), then ̸ ∃ j ∈ {1, . . . , |P|} such that a j = (v,u): two
agents cannot swap locations in a single time step.

We represent plans as ordered sequences of actions. It is convenient to view the
elements of E as the symbols of a language. We denote by E ∗ the Kleene star of E ,
that is the set of ordered sequences of elements of E with arbitrary length, together
with the empty string ε: E ∗ =

⋃
∞
i=1 E i∪{ε}.

We extend function ρ : χ × E → χ to ρ : χ × E ∗ → χ . (∀s ∈ E ∗,e ∈ E ,A ∈
C ) ρ(A ,se)! if and only if ρ(A ,s)! and ρ(ρ(A ,s),e)! and, if ρ(A ,se)!, then
ρ(A ,se) = ρ(ρ(A ,s),e).

Note that ε is the trivial plan that keeps all agents and holes at their positions.
We denote by E ∗A = { f ∈ E ∗ : ρ(A , f )!} the set of plans such that ρ(A , f ) is

well defined. The problem of detecting a feasible solution is the following:

Problem 4.1.1. (Feasibility MAPF problem). Given a digraph G = (V,E), an agent
set P, an initial valid configuration A s, and a final valid configuration A t , find a plan
f such that A t = ρ(A s, f ).

Now, for a feasible plan f , we define | f | as the length of plan f , i.e., the number
of time steps needed to let all agents reach the final configuration through plan f .
Furthermore, given k ∈ N, we denote by fk the k-th prefix of f (that is, the prefix of f
of length k, made up of the first k actions of f ). Note that | fk|= k.

We aim to solve a given MAPF instance while minimizing a global cumulative
cost function. We employ the cost function called Makespan, equal to the time when
the last agent reaches its destination (i.e., the maximum of the individual costs).

Problem 4.1.2. (Optimization MAPF problem). Given A s and A t initial and final
valid configurations on a digraph G, the optimization MAPF problem with Makespan
is defined as

min | f |

s.t. A t = ρ(A s, f )

f ∈ E ∗A s .

(4.2)
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Let f1 and f2 be two solutions of the feasibility MAPF problem. We say that f1

has better quality than f2 (or, equivalently, f2 is longer then f1) if | f1|< | f2|. Other
cost functions have also been used in the literature. Sum-of-costs, for example, is the
summation, over all agents, of the number of time steps that an agent employs to reach
its target without leaving it again. Unfortunately, finding the optimal solution, i.e., the
minimal Makespan or sum-of-costs, has been shown to be NP-hard [44]. Therefore, in
this Chapter we propose an approach to detect a good quality sub-optimal solution in
polynomial time.

4.1.2 Distances

As said, we propose a solution approach based on the exploration of a neighborhood of
a reference plan. To define a neighborhood, we introduce distances between vertices,
configurations, and plans. Let G = (V,E) be a digraph and P be a set of agents. We
define the distance of vertex u from vertex v as the length of the shortest path on
G from v to u: d(u,v) = ℓ(πvu), where πvu is the shortest path in G from v to u and
ℓ(πvu) is the length of that path, defined as the number of edges of πvu. Note that d
is not symmetrical, since πuv and πvu can be different. Next, we define the distance
of configuration A 1 from configuration A 2 as the sum of the distances between the
vertices that each agent occupies in the two configurations:

d : χ×χ → N d(A 1,A 2) = ∑
p∈P

d(A 1(p),A 2(p)).

Finally, we define the asymmetrical distance between two plans in E ∗. To do that, we
associate to each plan a function in L = {ψ : N→ χ} using the following

ΦA : E ∗A →L , f → ψ f (k) :=
{

ρ(A , fk), k < | f |,
ρ(A , f ), k ≥ | f |,

where ψ f is the function which associates to each k ∈ N the configuration at step k,
that depends on the k-th prefix of f . We define the distance of plan f from plan g as
the distance between the associated functions ΦA ( f ),ΦA (g):

d : E ∗A ×E ∗A → N d( f ,g) := d̄(ΦA ( f ),ΦA (g)).
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We can define d̄ in various ways, leading to different definitions of the distance
between plans f and g:

1. ∞-distance:

d̄∞(ΦA ( f ),ΦA (g)) := max
1≤k≤min{| f |,|g|}

d(ψ f (k),ψg(k));

2. 1-distance:

d̄1(ΦA ( f ),ΦA (g)) :=
min{| f |,|g|}

∑
k=1

d(ψ f (k),ψg(k));

3. max-min distance:

d̄∗∞(ΦA ( f ),ΦA (g)) := max
k∈N

min
h∈N

d(ψ f (k),ψg(h));

4. sum-min distance:

d̄∗1(ΦA ( f ),ΦA (g)) :=
min{| f |,|g|}

∑
k=1

min
h∈N

d(ψ f (k),ψg(h)).

Namely, with the ∞-distance, the distance of plans f and g corresponds to the
maximum, with respect to time-step k, of the distance between the corresponding
configurations at k. With the 1-distance, this distance corresponds to the sum, with
respect to time-step k, of the distances between the corresponding configurations at k.
With the max-min distance (respectively, the sum-min distance), this distance corre-
sponds to the maximum (respectively, the sum) with respect to k, of the distance of the
configuration that plan f reaches at step k with respect to the set of all configurations
encountered by plan g. It is easy to see that, for each couple of plans f , g, the distance
obtained from the 1-distance is the largest of the four, while the distance obtained from
the max-min distance is the smallest. After having defined these distances, we can
introduce an interesting variant of the optimization MAPF problem (4.2), namely, the
optimization MAPF problem constrained to a given plan. This problem is faced when
we have a sub-optimal solution f0 of a MAPF instance, and we want to find another
solution of the same problem which is not too far from f0 and has better quality, i.e.,
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shorter length. Given A s and A t , initial and final valid configurations on a digraph G,
given f0 ∈ E ∗A s such that A t = ρ(A s, f0) (i.e., f0 is a feasible solution of the MAPF
instance), and given r ∈ N and a distance d between plans, the optimization MAPF
problem with Makespan constrained to f0 is defined as

min | f |

s.t. A t = ρ(A s, f )

f ∈ E ∗A s , d( f , f0)≤ r.

(4.3)

4.1.3 Domain reduction of Problems (4.2) and (4.3)

In Problems (4.2) and (4.3), variable f belongs to the set of well-defined plans E ∗A s . In
order to reduce the cardinality of the feasible set of these two problems, we leverage
some invariance properties. Namely, we define two equivalence relations on the set of
plans E ∗A s such that the objective function of Problems (4.2) and (4.3) has the same
value for all plans on the same equivalence class. Further, a plan is feasible if and only
if all plans of the same equivalence class are feasible. In this way, we can convert Prob-
lems (4.2) and (4.3) into equivalent problems that have the set of equivalence classes
as the optimization domain. Note that the set of equivalence classes corresponds to
the states set that we will use in the dynamic programming solution algorithm. We
will consider the following two equivalence relations on E ∗A .

Definition 4.1.1. Let f0 ∈ E ∗A be a reference plan. Given f ,g ∈ E ∗A , then

1. f ∼1 g if and only if

(a) | f |= |g|;
(b) ρ(A , f ) = ρ(A ,g).

2. f ∼2 g if and only if
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(a) f ∼1 g;

(b) d( f , f0) = d(g, f0).

We denote by Ẽ i
A the set of all equivalence classes of ∼i on E ∗A . Let f̂ ∈ Ẽ i

A and
f ∈ E ∗A be a representative of the equivalence class f̂ . We define:

• the length of f̂ , | f̂ | := | f |;

• a new transition function,

ρ
∗ : χ× Ẽ i

A → C , ρ
∗(A , f̂ ) := ρ(A , f ).

• the distance from f̂0 (the equivalence class to which f0 belongs), d( f̂ , f0) :=
d( f , f0) (only if i = 2).

Note that | f̂ | is well-defined, since, by definition, all elements of equivalence class
f̂ have the same length. Similarly, ρ∗ and d are well-defined since, for all elements
f1, f2 of equivalence class f̂ , ρ(A , f1) = ρ(A , f2) and, for ∼2, d( f1, f0) = d( f2, f0).

Let α1 : Ẽ 1
A → N×C be such that

α1( f̂ ) = (| f̂ |,ρ∗(A , f̂ )). (4.4)

This function is well-defined because if f1 ∼1 f2 then | f1| = | f2| and ρ(A , f1) =

ρ(A , f2). Moreover, α1 is injective because, if f̂1 and f̂2 are such that α1( f̂1) =α1( f̂2),
then | f̂1|= | f̂2| and ρ∗(A , f̂1) = ρ∗(A , f̂2), and, therefore, f̂1 = f̂2.

Let α2 : Ẽ 2
A → N×χ×N be defined as follows:

α2( f̂ ) = (| f̂ |,ρ∗(A , f̂ ),d( f̂ , f0)). (4.5)

This function is well defined because if f1 ∼2 f2, then | f1| = | f2|, ρ(A , f1) =

ρ(A , f2) and d( f1, f0) = d( f2, f0). Moreover, α2 is injective because, if f̂1 and f̂2

are such that α1( f̂1) = α2( f̂2), then | f̂1| = | f̂2|, ρ∗(A , f̂1) = ρ∗(A , f̂2), d( f̂1, f0) =

d( f̂2, f0), and, therefore, f̂1 = f̂2.
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Since f ∼i g, i = 1,2, implies that | f | = |g|, ρ(As, f ) = ρ(As,g) and d( f , f0) ≤
r↔ d(g, f0) ≤ r, it turns out that problems (4.2) and (4.3) are invariant under the
equivalence relations∼i. Therefore, given f̂0 ∈ Ẽ i

A s , problem (4.3) (similar for problem
(4.2)) can be defined as follows over the set of equivalence classes:

min | f̂ |

s.t. A t = ρ∗(A s, f̂ )

f̂ ∈ Ẽ i
A s , d( f̂ , f0)≤ r.

(4.6)

4.1.4 Neighborhoods

Given the distances defined in Section 4.1.2 and the definition of the equivalence
classes in Section 4.1.3, we can define the neighborhood of an equivalence class
and estimate its cardinality. Such estimate is needed to evaluate the time needed to
explore the neighborhoods, an operation that is central in the approach proposed in
this Chapter.
Given a radius r ∈ N, we define the following neighborhood of f0 ∈ E ∗A :

Nr( f0) := {ĝ ∈ Ẽ i
A : |ĝ| ≤ | f0|, d(ĝ, f0)≤ r}.

Here we consider the distance based on the max-min distance. However, each of
the distances defined in Section 4.1.2 can be used to define the neighborhood. As we
will see, different neighborhoods lead to different exploration policies of the MAPF
solutions. The following proposition proved in Appendix C provides an upper bound
on the cardinality of Nr( f0).

Proposition 4.1.1. The neighborhood of f0 of radius r has a polynomial cardinality
with respect to the number of nodes. In particular, ∃C =C(r) ∈ R such that

|Nr( f0)| ≤ | f0|2 (1+C(r+ k)r
φ

r) ,

where k = |P| and φ = outdeg(G).
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Note that, since the max-min distance is the smallest among the considered
distances, the upper bound provided in the proposition is also valid for the distances
based on the other distances previously discussed.

4.2 Iterative Neighborhood Search

In this section we describe the proposed iterative approach to detect a sub-optimal
solution of Problem (4.2), or the equivalent counterpart of this problem defined over
the set of equivalence classes. The returned solution is locally optimal with respect
to the neighborhood of a reference solution. At each iteration, we solve an instance
of Problem (4.6). More in detail, the algorithm takes as input a feasible solution
f0, that may be of poor quality. For instance, we can obtain f0 from a rule-based
algorithm, such as diSC (see Section 2.3.5) . We aim at improving f0, obtaining a
shorter solution. To this end, we solve Problem (4.6) with a dynamic programming
algorithm. Namely, in neighborhood Nr( f0) we search for plans shorter than f0

through algorithm DynProg, that we will describe below. If we cannot obtain a solution
shorter than f0 (that is, f0 is locally optimal) we stop the algorithm. Otherwise, if
we obtain an improved solution f ∗, we redefine the reference solution as f0 = f ∗

and solve again Problem (4.6). We iterate this procedure until we cannot shorten the
current solution any further.

This algorithm can be classified as a Neighborhood Search algorithm (see [73]).

To define the neighborhood Nr( f0), we can use any distance function among
those presented in Section 4.1.2. In our numerical experiments, we used the sum-min
distance. Algorithm 1 presents the steps of the procedure.

In Algorithm 1, r is the local search radius, A s is the initial configuration, and At

is the final one.

4.3 Dynamic Programming Algorithm

To search for the optimal solution of Problem (4.6), we employ a Dynamic Program-
ming (DP) algorithm. In generic DP problems we are given a state space S where
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Algorithm 1 Neighborhood Search
Input: f0,r,A s,A t

Output: f ∗

f ∗← f0
do

f0← f ∗

f ∗← DynProg( f0,r,A s,A t)

while | f ∗|< | f0|
return f ∗

A⊂ S are the target states, an expansion function g : S→ P(S), where P is the power
set of S, and an objective function c : S→ R. Starting from an initial state s0 ∈ S,
we iteratively expand states with function g to explore the state space and compute
st = gn(s0) ∈ A with the minimal objective function. In our case, the states represent
the equivalence classes of relation ∼2, defined in Section 4.1.3. Namely, we use
injection α2 : Ẽ 2

A → N× χ ×N to associate with each equivalence class f̂ a triple
(β ,γ,σ) = α2( f̂ ), where β is the length of f̂ , γ is the configuration obtained by
applying a plan representative of f̂ to the initial state A s, and σ is the distance of a
representative of f̂ from reference plan f0. Namely, the state space is

S := α2(Ẽ
2
A )⊂ N×χ×N,

where α2 is defined in (4.5). Since α2 is injective, S and Ẽ 2
A are in one-to-one

correspondence. Each state s = (β ,γ,σ) ∈S , represents the equivalence class:

α
−1
2 (s) = { f ∈ EA : β = | f |, γ = ρ(A s, f ), σ = d( f , f0)}.

The initial state is s0 = α2(ε) = (0,A s,0). We use a priority queue Q to store the
states that have not been visited yet. At the beginning, Q = {s0}. We define a partial
ordering on S based on length. Namely, if s1 = (β1,γ1,σ1),s2 = (β2,γ2,σ2), s1 < s2

if β1 < β2. We order the elements of Q according to this partial ordering.

A state s1 = (β1,γ1,σ1) dominates s2 = (β2,γ2,σ2) if

• β1 ≤ β2,
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• γ1 = γ2,

• σ1 ≤ σ2.

In other words, s1 dominates s2 if the plans f1, f2, corresponding to s1 and s2,
satisfy the following properties. Plan f1 is not longer than f2, f1 and f2 lead to the
same final configuration, and the distance of f1 from the reference solution f0 is not
larger than the one of f2. If s1 dominates s2, we can discard s2. In general, we remove
from Q all dominated states. We also define the following transition function, which
allows to (possibly) add new states to the priority queue:

ρ̃ : S ×E →S

ρ̃((β ,γ,σ),e) := (β +1,ρ(γ,e),σ +min
k∈N

d(ρ(γ,e),ψ f0(k))).

Applying this function on a state s = (β ,γ,σ):

• adds 1 to the length of the class α
−1
2 (s);

• updates the final configuration of the equivalence class, applying the function
ρ(γ,e) to the final configuration of α

−1
2 (s) with e being the chosen set of edges;

• updates σ , adding the computed minimum distance between the updated final
configuration ρ(γ,e) and the reference plan f0.

We define Σ := {ρ̃((β ,γ,σ),e) : e ∈ E and ρ(γ,e) ∈Br(γ)} ⊂S , the set of new
states which can be generated through the transition function ρ̃ applied to the cur-
rent state (β ,γ,σ) and all possible actions in E leading to configurations in Br(γ).
Moreover, we denote with Γ := α2(Nr( f0))⊂S , the set of states that can be visited
during a neighborhood search.

4.3.1 Algorithm

The Dynamic Programming algorithm is described in Algorithm 2. The priority queue
Q maintained inside the algorithm is a set of states, ordered by the length β of their
representatives. Function insert(Q,x) inserts a state x maintaining the partial order
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of Q, in the sense that, after the insertion of x, all the elements of the queue still respect
the partial ordering previously defined. Function remove(Q,x) removes x from Q.
The head of the queue, that is the state with minimal β , is denoted by Q[0]. The
algorithm explores the state space starting from the initial state s0. At each iteration,
the state with minimum β is extracted from the queue. If the state extracted is the
target state (that is, if γ = A t) the algorithm stops and we return a representative of
the optimal solution of Problem (4.6) (for a given equivalence class f̂ , the function
repr( f̂ ) returns a representative of the class). Otherwise, the algorithm employs
function expand(s, f0,r), based on the transition function previously defined, to find
new states. If a new state is not dominated, then it is added to the queue Q. Moreover,
all states in Q dominated by the newly added state are removed from Q. Note that for
more complicated solutions, the algorithm is far more effective.

Theorem 4.3.1. Algorithm 1 and 2 have polynomial time complexity with respect to
the number of nodes of the graph.

Proof. In Algorithm 2, the time complexity is O(|Q|2 · |Σ|). Sets Q and Σ vary
with each iteration, but always remain subsets of Γ. So at each iteration the follow-
ing upper bound for their cardinality always holds: |Q| ≤ |Γ|, |Σ| ≤ |Γ|. Remind-
ing that α2 is injective and using the result of Proposition 4.1.1, |Γ| = |Nr( f0)| ≤
| f0|2 (1+C(1+ k)rφ r) , where k = |P| and φ = outdeg(G). Therefore, the time com-
plexity of Algorithm 2 is O(| f0|6 (1+C(r+ k)rφ r)3). Algorithm 1 recalls at most | f0|
times Algorithm 2, and so it has time complexity O(| f0|7 (1+C(r+ k)rφ r)3).

4.4 Experimental results

We performed two sets of experiments on different graphs and with initial solutions
generated in two distinct ways. In both experiments, we used the Neighborhood
Search of Algorithm 1, with the Dynamic Programming of Algorithm 2, to improve
the given initial solutions. The algorithms have been coded with the C++ programming
language, and has been run on a 11th Gen Intel(R) Core(TM) i7-1165G7 @ 2.80GHz
processor with a 16 GB RAM.
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Algorithm 2 Dynamic Programming with Dominance
Input: f0,r,A s,A t

Output: f
s0← (0,A s,0)
insert(Q,s0)

while Q ̸= /0 do:
s = (β ,γ,σ)← Q[0]
if γ = At then

f ← repr(α−1
2 (s))

Q← /0
else

Σ← expand(s, f0,r)
for sk ∈ Σ do

if sk is not dominated in Q then
insert(Q,sk)

for si ∈ Q do
if sk dominates si then

remove(Q,si)

end if
end for

end if
end for

end if
end while

return f
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4.4.1 Random Graphs with sequentially generated initial solution

In the first set of experiments we generated random directed graphs with a number
of nodes |V | ranging from 20 to 100 by 10, and a number of edges |E| equal to 4|V |.
The graphs are generated by creating |E| random ordered pair of nodes and using
them to build a directed graph. Only strongly connected graphs are selected. The
number of agents |P| ranges from 2 to 10, while A s and A t are randomly generated.
To generate the initial solutions, each agent is brought to its target node one at a
time, following the shortest path, in terms of crossed edges, from its source to its
target in the graph obtained by removing the nodes currently occupied by all other
agents (either their target or their source, depending on whether they have been already
moved or not). Note that such procedure is not complete, i.e., it does not guarantee
to find a feasible solution when it exists or to establish that no such feasible solution
exists. We generated 100 random graphs, for which the described procedure was able
to return a feasible solution, for every combination of number of nodes and number of
agents. After some tuning, we set the radius r of the neighborhood equal to 5, which
turned out to be a good compromise between the quality of the solutions found in
the neighborhood and the time needed to explore the neighborhood (note that such
time increases exponentially with r). Given the initial solution f0 and the final one f ∗

returned by the proposed approach, the percentage decrease of the final solution w.r.t.
the initial solution is equal to 100 f0− f ∗

f0
%. In Figures 4.1 and 4.2 we report the median

of the average percentage decrease and of the running time (in seconds), respectively,
for every combination of |P| and |V |. It is worthwhile to remark that the percentage
decrease tends to be lower as the number of agents increases. A tentative explanation
is that for cases with a greater number of agents, when the sequential procedure to
generate an initial solution is able to return a feasible solution, such solution is already
a good one which cannot be largely improved. This phenomenon is not observed
in the second set of experiments, where a different procedure to generate an initial
feasible solution is employed. Note that the average percentage decrease is lower
when the number of agents becomes higher. This can be explained by the nature of
the algorithm employed in finding the initial solution. Increasing the number of agents
without increasing the number of nodes gives us way less feasible instances and the
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solutions found are more difficult to improve.

Figure 4.1: Average Percentage Decrease per |P| and |V |.

Figure 4.2: Average Running Time per |P| and |V |.



4.4. Experimental results 173

4.4.2 Strongly connected with multiple biconnected components graphs
and rule-based generated initial solution

In the second set of experiments, we generated strongly connected graphs with multiple
biconnected components. The procedure used to generate such graphs can be found
in Section 2.3.5. The number of agents |P| ranges from 2 to 6, and the number of
nodes vary from 20 to 50 with an increment of 10. The initial and final configuration
A s and A t are randomly generated. In this case the initial solutions (if they exist)
are generated through the diSC algorithm (see Section 2.3.5) which is complete,
i.e., it always returns a feasible solution in case one exists. Such initial solutions
usually have lower quality (i.e., the initial plans are usually longer) with respect to
the ones used in the first set of experiments. This might be also the explanation why
the percentage decrease in these experiments (see Figure 4.3) appears to be larger
w.r.t the first set of experiments, and also tends to increase with the number of agents
(differently from the case of random graphs). Again after some tuning, we set the
radius r of the neighborhood equal to 3. Figures 4.3 and 4.4 report the median of the
average percentage decrease and of the running time (in seconds), respectively, for
every combination of |P| and |V |. Note that the graphs employed in the second set of
experiments appear to be more challenging with respect to the random ones. Indeed,
computing times are larger and increase rapidly with the number of agents.
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Figure 4.3: Average Percentage Decrease per |P| and |V |.

Figure 4.4: Average Running Time per |P| and |V |.



Conclusions and Future Research

In this thesis we studied in depth four problems related to the motion planning of a
fleet of AGVs:

• the problem of finding the fastest path, considering velocity and acceleration
constraints, for a single agent (Chapter 1),

• the problem of finding a feasible path for each agent, preventing deadlock
situations (Chapter 2),

• the problem of finding a feasible path for each agent taking into account con-
straints, for instance due to the size of the vehicles (Chapter 3),

• the problem of optimizing the overall solution, allowing the fleet of agents to
complete their tasks in the shortest possible time (Chapter 4).

In particular, what follows is the statement of contribution of this thesis.

In Chapter 1, we addressed a variant of the Shortest Path Problem (SPP). The
variant is called BASP (Bounded Acceleration SP) since speed and acceleration con-
straints are imposed over the arcs. Differently from SPP, where the traveling time of
an arc is constant, in BASP the traveling time depends on the initial and final speed
along the arc and, thus, due to speed and acceleration constraints, it also depends on
the arcs preceding and following it along a path. We proved that BASP is NP-hard, but
also that, under the assumption of integer data, it admits a pseudo-polynomial time
algorithm. We also proposed an approximation algorithm based on the solution of an
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SPP problem over an extended graph. The extended graph is defined by discretizing
the admissible speeds at the nodes of the graph. Finally, we performed different com-
putational experiments on two real-life industrial scenarios in order to evaluate the
performance of the approximation algorithm, compared with the adaptive A∗ algorithm
for k-BASP. In particular, we noted that the efficiency of the approximation algorithm
depends on the discretization step h. Indeed, as h increases, the number of discretized
squared speeds decreases, hence, the number of nodes and edges in the extended graph
decreases as well, making Dijkstra’s algorithm explore a smaller graph and run faster.
Therefore, the mean computational times of the latter algorithm are better than that
of the adaptive A∗ algorithm for k-BASP. On the other hand, as h increases, so does
the relative error on the travel time. However, we observed that if we choose a good
compromise for the discretization step, we obtain a mean computational time that
is better than adaptive A∗ algorithm for k-BASP, maintaining a low mean relative error.

In Chapter 2, we studied the basic algorithm for the path planner of the new Traffic
Manager. This must always be able to find a possible path for the agents, thus avoiding
deadlock situations.

In the first part of the Chapter, we proposed two algorithms with improved length
complexity for the motion planning problem and the pebble motion problem on
trees. Denoting by n the number of nodes, c the maximum length of corridors and
k the number of pebbles, the CATERPILLAR algorithm solves the motion planning
problem with O(nc) moves, while the Leaves procedure solves the PMT problem in
O(knc+n2) moves. Moreover, we discuss a variant of the PMT problem, the PMT
with trans-shipment vertices (ts-PMT), which considers a new type of vertex that
cannot host pebbles. This problem is very interesting since MAPF instances on graphs
can be reduced to it, and we proved that it can be solved with the Leaves procedure
for PMT with some minor modifications.

In the second part of the Chapter, we proved that the feasibility of MAPF problems
on strongly connected digraphs is decidable in linear time (Theorem 2.3.5). Moreover,
we show that a MAPF problem on a strongly connected digraph is feasible if and
only if the corresponding PMT problem on the biconnected component tree is feasible



Conclusion 177

(Corollary 2.3.1). Finally, we presented a complete path planner, called diSC, for
solving MAPF problems on strongly connected digraphs. The idea of this algorithm is
to convert MAPF to the trans-shipment variant of PMT, and then converting back the
obtained solution over the general graph. An upper bound for the solution length can
be derived by exploiting the complexity results of this paper.

In Chapter 3, we introduced C -MP and C -MAPF, generalizations of the classi-
cal MP and MAPF problems, which take into account additional constraints on the
vertices of the graph. We proved that the problem of finding even a feasible solution
is NP-hard for both problems. We proposed to tackle these problems by strength-
ening their constraints in such a way that the strenghtened problems are equivalent
to classic MP and MAPF problems over a reduced graph, solvable in polynomial
time. However, this method does not allow solving all C -MP and C -MAPF instances,
since the strenghtening excludes some (possibly all) feasible solutions of the original
problems. Moreover, we dealt with the problem of how to construct the reduced graph
in some optimal way, which led to the C -MIS problem. After having established
NP-hardness of this problem, we have proposed some heuristics to find a solution of
the problem in polynomial time. The search for further, more efficient and/or more
effective, heuristics is another possible topic for future research. Simulations over a
real-world warehouse show the applicability of the proposed approach in an industrial
scenario. In particular, the approach is able to manage the operations of a significant
number of agents over a relatively small graph.

In Chapter 4 we proposed an iterative local search procedure for MAPF, in order
to shorten a known feasible solution. As already said, diSC algorithm finds a solution
that has often a much larger number of steps than the shortest one. With the local
search presented in this Chapter, we obtain a solution, that is still sub-optimal, but,
in general, of much better quality than the initial one. The proposed algorithm has
polynomial time complexity with respect to the number of agents (see Theorem 4.3.1)
and has computational times compatible with industrial applications.
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For each problem discussed in the thesis, we carried out simulations on warehouse
graphs provided by OCME S.r.l. or on randomly generated graphs but with a structure
similar to the real OCME ones. The reason for choosing these benchmarks is that all
the algorithms presented will be used by the company to improve the efficiency of the
Traffic Manager and the coordination of the AGVs. Until now, the new algorithms
have been tested in Matlab and partly implemented in C sharp, which is used by the
company, but they have not yet been implemented and tested with the Traffic Manager
software.

Future Research

For each of the problems addressed in this thesis, we thought about possible future
developments:

1. We addressed the problem of finding the fastest route for a single AGV, but
we did not address this problem for a fleet of agents. The presence of various
AGVs leads to a variant of the Multi-Agent Path Finding (MAPF) problem (see,
for instance, [22]), with speed and acceleration constraints. This problem could
be the focus of future research. Due to the simultaneous planning of multiple
AGVS, this problem is quite different from BASP (and in general much more
complex), and is outside the scope of the present work. However, note that some
solution approaches for standard MAPF (that does not consider velocity or
acceleration bounds), such as conflict-based search, make use of sub-procedures
that involve the solution of a number of standard SPP problems. Similarly, one
could guess that BASP solutions could be used as basic building block to solve
MAPF with speed and acceleration bounds.

2. However, MAPF is only the “one-shot” variant of the actual problem in many
applications. Typically, after an agent reaches its goal location, it does not stop
and wait there forever. Instead, it is assigned a new goal location and required
to keep moving. The resulting problem is referred to as lifelong MAPF (Ma et
al. 2017), and is characterized by agents constantly being assigned new goal
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locations. This problem could be the focus of future research.

3. The method presented in Chapter 3 to solve C -MP and C -MAPF does not allow
solving all the instances, since the strenghtening excludes some (possibly all)
feasible solutions of the original problems. This suggests that a possible topic
for future research is to study other ways to strengthen the original problems
in such a way that feasible solutions for a larger class of C -MP and C -MAPF
instances can be detected, while preserving polynomiality.

4. Regarding the local optimization of MAPF solutions, we can extend the results
presented in Chapter 4 in various respects, that will be the focus of future
research:

• We can define locality constraints different from the ones considered in
Section 4.1.2. For instance, we can set a maximum on the number of agents
that modify their path with respect to the reference solution. Alternatively,
we can set an upper bound on the number of time intervals in which the
solution departs from the reference one.

• We can improve the complexity bound presented in Theorem 4.3.1, cur-
rently based on a quite rough bound.
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Appendix of Chapter 1

A.1 Proof of Proposition 1.4.1

Each path P from node 0 to node n+2 has the following structure

0→ i1→ i2→ ··· → ir→ n+1→ n+2,

with i1 < i2 < · · · < ir. Let us denote by NP = {i1, i2, . . . , ir} the set of intermediate
nodes in P. The length of path P is W 2 + ℓ(P), where ℓ(P) = ∑i∈NP βi is the length of
the path up to node n+1.

Before proceeding with the proof we give the intuition behind it. We will show
that for each path with length ℓ(P) > W

2 up to node n+ 1, the traveling time from
node 0 to node n+2 is larger than the traveling time of a path with length ℓ(P) = W

2

up to node n+1 (if any). This will simply follow from the fact that the former path
is longer and the speed along the final arc (n+ 1,n+ 2) is the same in both cases.
Moreover, we will show that also for a path with length ℓ(P)< W

2 up to node n+1,
the traveling time from node 0 to node n+2 is larger than the traveling time of a path
with length ℓ(P) = W

2 up to node n+1 (again, if any). In this case this will be proved
by observing that the speed reached along this path at node n+1 will be lower than√

W (the speed reached by any path with length ℓ(P)≥ W
2 ). Since it is not possible to
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accelerate along arc (n+1,n+2), the traveling time along this arc will be higher with
respect to paths with length ℓ(P)≥ W

2 up to node n+1. In particular, we will show
that the increase of the time needed to travel along arc (n+ 1,n+ 2) will be larger
than the time saved along the sub-path from node 0 to node n+1 with respect to a
path for which ℓ(P) = W

2 . In conclusion, we will show that the Partition problem has a
yes answer if and only if the optimal value of the BASP instance is the traveling time
of a path with length ℓ(P) = W

2 up to node n+1. In what follows we prove the result
in a formal way.

Let us first assume that ℓ(P) < W
2 . In this case, according to the discussion in Sec-

tion 1.3, the maximum speed which can be reached at node n+1 is vu = amaxtP, where
amax = 1 and tP fulfills ℓ(P) = 1

2 amaxt2, that is, tP =
√

2ℓ(P). Thus, vu =
√

2ℓ(P)<√
W . Along the final arc of the path (n+1,n+2) the maximum acceleration is null,

while the maximum deceleration is − 1
2W . Then, the optimal speed profile along this

arc is obtained by keeping the speed vu =
√

2ℓ(P) for a portion of the arc with length
W 2−2ℓ(P)W , while in the last portion, with length 2ℓ(P)W , the speed is decreased
with the maximum possible deceleration − 1

2W . Now we denote by t1
L1
(ℓ(P)) the time

to run along the first portion of the arc, while we denote by tL2(ℓ(P)) the time to run
along the second part of the arc. We have that

tL1(ℓ(P)) =
W 2−2ℓ(P)W√

2ℓ(P)
,

while tL2(ℓ(P)) fulfills the following condition

√
2ℓ(P)W =

√
2ℓ(P)tL2(ℓ(P))−

1
4W

tL2(ℓ(P))
2,

that is,

tL2(ℓ(P)) = 2W
√

2ℓ(P).

Thus, the overall time to traverse such paths is

T1(ℓ(P)) =
√

2ℓ(P)+
W 2−2ℓ(P)W√

2ℓ(P)
+tL2(ℓ(P)) =

√
2ℓ(P)+

W 2√
2ℓ(P)

+W
√

2ℓ(P).
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Now, let us consider paths P such that ℓ(P)≥ W
2 . A lower bound for the time needed

to run along the path up to node n+1 is given again by the solution of the following
simple equation ℓ(P) = 1

2 amaxt2, which is tP =
√

2ℓ(P). Note that this is a lower
bound since with the maximum acceleration we would reach the speed vu = amaxtP =√

2ℓ(P)≥
√

W , so that we stop accelerating as soon as we reach the maximum speed√
W . Since ℓ(P) ≥ W

2 , we have that the lower bound can be further bounded from
below by

√
W . Finally, we observe that such lower bound can be attained if and only

if ℓ(P) = W
2 , that is, if and only if the Partition problem admits a solution. Now, over

the last arc (n+1,n+2) we can decrease the speed to 0 at node n+2 by keeping the
maximum deceleration − 1

2W over the whole arc. Then, the time needed to traverse
this arc, denoted by tL3 , fulfills

W 2 =
√

WtL3−
1

4W
(tL3)

2,

so that tL3 = 2W 3/2. Then, a lower bound for the time needed to traverse such paths
is T2 =

√
W +2W 3/2 and, as already pointed out, such lower bound is attained if and

only if ℓ(P) = W
2 . Figure A.1 illustrates the optimal speed profiles for three distinct

paths P1, P2 and P3, fulfilling ℓ(P1)<
W
2 , ℓ(P2) =

W
2 , and ℓ(P3)>

W
2 , respectively. The

three profiles are depicted, respectively with a dashed, a continuous and a dotted line
(up to distance ℓ(P1) they are overlapping). We notice that for the shortest path P1 we
are unable to reach the maximum squared speed W , so that along arc (n+1,n+2)
we first increase the speed as much as possible with acceleration amax

n+1,n+2 (in fact,
we keep the speed constant since amax

n+1,n+2 = 0), and then we decrease the speed as
fast as possible with deceleration amin

n+1,n+2. For the intermediate path P2 we reach the
maximum squared speed exactly at the end of the path and then, along arc (n+1,n+2)
we decrease the speed as fast as possible with deceleration amin

n+1,n+2. Finally, for the
longest path P3 we reach the maximum squared speed before the end of the path, and
we keep the speed constant in the last part of the path, while along arc (n+1,n+2)
we decrease the speed as fast as possible with deceleration amin

n+1,n+2. Now, if we are
able to prove that T2 < T1(ℓ(P)) when ℓ(P)≤ W

2 −1, then we are done. We have that

T2−T1(ℓ(P)) =
√

W +2W 3/2−W
√

2ℓ(P)−
√

2ℓ(P)− W 2√
2ℓ(P)

.
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s

w

W

ℓ(P1) ℓ(P2) ℓ(P3)

ℓ(P1)+W 2
ℓ(P2)+W 2

ℓ(P3)+W 2

Figure A.1: Maximum (squared) speed profiles along three paths P1,P2,P3 fulfilling
ℓ(P1)<

W
2 , ℓ(P2) =

W
2 , and ℓ(P3)>

W
2 .

By the change of variable x =
√

2ℓ(P), this can be rewritten as

−(W +1)x2 +(
√

W +2W 3/2)x−W 2

x
,

which can be easily seen to be negative for all x≤ W 3/2

W+1 . Now, recalling the definition
of x, this means that T2−T1(ℓ(P)) is negative if

ℓ(P)<
W 3

2(W +1)2 .

Then, the result follows by observing that

W 3

2(W +1)2 >
W
2
−1.

A.2 Proof of Lemma 1.5.2

For i ∈ {1, . . . , |P|}, set a+i = 2amax
P(i),P(i+1)ℓP(i),P(i+1), a−i = 2amin

P(i),P(i+1)ℓP(i),P(i+1). For
i ∈ {2, . . . , |P|}, set w+

i = min{wmax
P(i−1),P(i),w

max
P(i),P(i+1)}. It is convenient to rewrite
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Problem (1.9) as:

T (P) = min
w∈R|P|+1

|P|
∑
i=1

cP(i)P(i+1)(wi,wi+1)

0≤ wi ≤ w+
i , i ∈ {2, . . . , |P|},

wi+1 ≤ wi +a+i , i ∈ {1, . . . , |P|},
wi ≤ wi+1−a−i , i ∈ {1, . . . , |P|},
w1 = 0, w|P|+1 = 0 .

(A.1)

Problem (A.1) belongs to the class of Problem 5 in [74] (nondecreasing right-hand
side of the constraints and strictly monotonically decreasing objective function) . As
reported there, the solution of Problem (1.9) can be found as follows. Define vectors
F,B,W ∈ R|P|+1 such that:

F1 = 0

Fi = min{Fi−1 +a+i−1,w
+
i }, i ∈ {2, . . . , |P|+1},

B|P|+1 = 0

Bi = min{Bi+1−a−i ,w
+
i }, i ∈ {1, . . . , |P|},

W = min{F,B}.
Note that the components of vector W are equivalent to the values of function W (s)
defined in Section 1.3 evaluated at nodes of the path, while along each arc of the path
function W (s) is defined according to (1.2). As a consequence of Theorem 2 of [74]
the solution of Problem (A.1) is w∗(P) = W. On the other hand, Problem (1.12) can
be rewritten in the following form:

T h(P) = min
w∈R|P|+1

|P|
∑
i=1

cP(i)P(i+1)(wi,wi+1)

0≤ wi ≤
〈
w+

i

〉
, i ∈ {2, . . . , |P|},

wi+1 ≤
〈
wi +a+i

〉
, i ∈ {1, . . . , |P|},

wi ≤
〈
wi+1−a−i

〉
, i ∈ {1, . . . , |P|},

w1 = 0, w|P|+1 = 0 .

(A.2)
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Note that, strictly speaking, this is a relaxation of Problem (1.12), since we have not
included the last constraint, namely ⟨wi⟩= wi, i ∈ {1, . . . , |P|+1}. In fact, as shown
in [74], at least one constraint is active at each component wh

i (P), i ∈ {1, . . . , |P|+
1}, of the optimal solution of (A.2). Since 0 = ⟨0⟩ and, for all x ∈ R, ⟨⟨x⟩⟩ = ⟨x⟩,
necessarily

〈
wh

i (P)
〉
= wh

i (P), i ∈ {1, . . . , |P|+ 1} (which means that the optimal
solution of (A.2) fulfills the last constraint in (1.12)). Also Problem (A.2) belongs to
the class of Problem 5 in [74]. Hence, its solution can be computed with the same
procedure used for Problem (A.1). Namely, define vectors Fh,Bh,Wh ∈ R|P|+1 such
that:

Fh
1 = 0

Fh
i =

〈
min{Fh

i−1 +a+i−1,w
+
i }
〉
, i ∈ {2, . . . , |P|+1},

Bh
|P|+1 = 0

Bh
i =

〈
min{Bh

i+1−a−i+1,w
+
i }
〉
, i ∈ {1, . . . , |P|},

Wh = min{Fh,Bh}.
Again, by Theorem 2 in [74], wh(P) = Wh. Note that, by their definitions, Bh ≤ B and
Fh ≤ F.

Now we are ready to prove Lemma 1.5.2. We first prove that for all i∈ {1, . . . , |P|+1}:

Fi−Fh
i ≤ h(i−1).

Set δi = Fi−Fh
i . By the definition of Fh

i we may have that Fh
i =

〈
Fh

i−1 +a+i−1

〉
or

Fh
i =

〈
w+

i

〉
. In the first case, δi ≤ Fi−1 − Fh

i−1 + a+i−1 −
〈
a+i−1

〉
≤ δi−1 + h. In the

second case, δi ≤ w+
i −

〈
w+

i

〉
≤ h. Hence, δ satisfies

δ1 = 0
δi+1 ≤ δi +h, i ∈ {1, . . . , |P|},

and it follows that δi ≤ h(i−1). Proceeding in the same way as above, setting ηi =

Bi−Bh
i , η satisfies

η|P|+1 = 0
ηi ≤ ηi+1 +h, i ∈ {1, . . . , |P|},
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and, consequently:
Bi−Bh

i ≤ h(|P|+1− i).

Finally, we observe that

w∗(P)i−wh(P)i = min{Fi,Bi}−min{Fh
i ,B

h
i } ≤max{Fi−Fh

i ,Bi−Bh
i } ≤ h|P|,

as we wanted to prove.

A.3 Proof of Lemma 1.5.4

Given an arc (i, j) and squared speeds w,z, ŵ, ẑ ∈R, with 0≤ w,z, ŵ, ẑ≤ wmax
i j , w≤ ŵ

and z≤ ẑ, for an interval [a,b]⊆ [0, ℓi j], define

e[a,b] =

∣∣∣∣∣
∫ b

a

(
1√

wi j(s;w,z)
− 1√

wi j(s; ŵ, ẑ)

)
ds

∣∣∣∣∣ ,
where wi j is defined in (1.2). Our goal is to find an upper bound for

∣∣ci j(w,z)− ci j(ŵ, ẑ)
∣∣=

e[0,ℓi j]. We consider only the case ŵ≤ ẑ (the converse case in which ŵ≥ ẑ is analogous).

We find a bound on
∣∣ci j(w,z)− ci j(ŵ, ẑ)

∣∣ by splitting the integration interval [0, ℓi j]

into three parts: the initial part [0, s̄], with s̄ ∈ [0, ℓi j], in which both the speed profiles
starting at ŵ and w are growing, the second part [s̄, s̃], with s̃∈ [s̄, ℓi j] in which the speed
profile starting at ŵ keeps growing whilst the one starting at w starts decreasing, and
the final part [s̃, ℓi j], in which both speed profiles are decreasing (see Figure 1.22). In
case the first profile never decreases, we set s̃ = ℓi j, and in case the second profile never
decreases, we set s̃ = s̄ = ℓi j. In this way,

∣∣ci j(w,z)− ci j(ŵ, ẑ)
∣∣= e[0,s̄]+ e[s̄,s̃]+ e[s̃,ℓi j].

We will need the following technical remark.

Remark A.3.1. Given c > 0 and x ∈ [0,c], it holds that

− x√
c
+
√

c≤
√

c− x≤− x
2
√

c
+
√

c.

Next lemma establishes a bound from above for the error along the first part of the
arc.
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Lemma A.3.1. Given arc (i, j) and 0≤ w, ŵ,z, ẑ, with w≤ ŵ and z≤ ẑ the following
bound holds: e[0,s̄] = 0 if ŵ = 0,

e[0,s̄] ≤ |w−ŵ|
amax

i j

√
ŵ

otherwise.

Proof. If ŵ = 0, then also w = 0, hence

e[0,s̄] =
s̄∫

0

 1√
w+2amax

i j s
− 1√

ŵ+2amax
i j s

ds =
s̄∫

0

 1√
2amax

i j s
− 1√

2amax
i j s

ds = 0.

Otherwise, if ŵ > 0, we can bound the error over [0, s̄] as follows

e[0,s̄] =
s̄∫

0

 1√
w+2amax

i j s
− 1√

ŵ+2amax
i j s

ds =


√

w+2amax
i j s

amax
i j

−

√
ŵ+2amax

i j s

amax
i j

s̄

0

=

=
1

amax
i j

(√
w+2amax

i j s̄−√w−
√

ŵ+2amax
i j s̄−

√
ŵ
)
≤

≤ 1
amax

i j

− |w− ŵ|
2
√

ŵ+2amax
i j s̄

+
√

ŵ+2amax
i j s̄+

|w− ŵ|√
ŵ
−
√

ŵ−
√

ŵ+2amax
i j s̄+

√
ŵ

=

=

 1√
ŵ
− 1

2
√

ŵ+2amax
i j s̄

 |w− ŵ|
amax

i j
≤ |w− ŵ|

amax
i j

√
ŵ
,

where, in the first inequality, we used the fact that, for |w− ŵ| ≤ ŵ+2amax
i j s̄, in view

of Remark A.3.1 it holds that:√
w+2amax

i j s̄ =
√

ŵ−|w− ŵ|+2amax
i j s̄≤− |w− ŵ|

2
√

ŵ+2amax
i j s̄

+
√

ŵ+2amax
i j s̄,

and that, for |w− ŵ| ≤ ŵ,

√
w =

√
ŵ−|w− ŵ| ≥ −|w− ŵ|√

ŵ
+
√

ŵ.
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The error over the second part [s̄, s̃] of arc (i, j) can be bounded from above as
follows.

Lemma A.3.2. Given arc (i, j) and 0 ≤ w, ŵ,z, ẑ, with w ≤ ŵ, z ≤ ẑ, the following
bound holds:

e[s̄,s̃] ≤max{|w− ŵ|, |z− ẑ|} 2
|amin

i j |
√

z̃
,

where z̃ = wi j(s̃; ŵ, ẑ) is the squared speed at s̃ for the profile with boundary speeds
ŵ, ẑ.

Proof. We can bound from above the error over [s̄, s̃] as follows

e[s̄,s̃] =
s̃∫

s̄

 1√
z̃−|z− ẑ|+2amin

i j (s− s̃)
− 1√

ŵ+2amax
i j s

ds≤
s̃∫

s̄

ds√
z̃−|z− ẑ|+2amin

i j (s− s̃)
=

=


√

z̃−|z− ẑ|+2amin
i j (s− s̃)

amin
i j

s̃

s̄

=
1
|amin

i j |
(√

z̃−|z− ẑ|+2amin
i j (s̄− s̃)−

√
z̃−|z− ẑ|

)
≤

≤ 1
|amin

i j |

− |z− ẑ|
2
√

z̃+2amin
i j (s̄− s̃)

+
√

z̃+2amin
i j (s̄− s̃)+

|z− ẑ|√
z̃
−
√

z̃

≤
≤ 1
|amin

i j |

(√
z̃+2amin

i j (s̄− s̃)+
|z− ẑ|√

z̃
−
√

z̃
)
≤

≤ 1
|amin

i j |

(√
z̃+max{|w− ŵ|, |z− ẑ|}+ |z− ẑ|√

z̃
−
√

z̃
)
≤

≤ 1
|amin

i j |

(
max{|w− ŵ|, |z− ẑ|}

2
√

z̃
+
√

z̃+
|z− ẑ|√

z̃
−
√

z̃
)
≤max{|w− ŵ|, |z− ẑ|} 2

|amin
i j |
√

z̃
,

where, in the second inequality, we used the fact that, for |z− ẑ| ≤ z̃+2amin
i j (s̄− s̃), in

view of Remark A.3.1, it holds that√
z̃−|z− ẑ|+2amin

i j (s̄− s̃)≤− |z− ẑ|
2
√

z̃+2amin
i j (s̄− s̃)

+
√

z̃+2amin
i j (s̄− s̃),

and that, for |z− ẑ| ≤ z̃, √
z̃−|z− ẑ| ≥ −|z− ẑ|√

z̃
+
√

z̃,
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whilst, in the fourth inequality, we used the fact that 2amin
i j (s̄− s̃)≤max{|w− ŵ|, |z−

ẑ|}. Indeed, the following equations hold (see also Figure 1.22)

ẑ+2amin
i j (s̃− ℓi j) = ŵ+2amax

i j s̃

z+2amin
i j (s̄− ℓi j) = w+2amax

i j s̄.

Taking the difference between the second and the first equation, we end up with

2amin
i j (s̄− s̃)= |z− ẑ|−|w−ŵ|+2amax

i j (s̄− s̃)≤ |z− ẑ|−|w−ŵ| ≤max{|w−ŵ|, |z− ẑ|},

where the first inequality comes from amax
i j > 0 and s̄≤ s̃.

Finally, we establish a bound for the error along the third part of the arc.

Lemma A.3.3. Given arc (i, j) and 0 ≤ w, ŵ,z, ẑ, with w ≤ ŵ, z ≤ ẑ, the following
bound holds: e[s̃,ℓi j] = 0 if ẑ = 0,

e[s̃,ℓi j] ≤
|z−ẑ|
|amin

i j |
√

ẑ
otherwise.

Proof. The proof of Lemma A.3.3 is analogous to that of Lemma A.3.1.

Now, we can prove Lemma 1.5.4, that is, we can provide an estimate on the
absolute error over the entire arc (i, j).

Proof. By Lemmas A.3.1, A.3.2 and A.3.3, we have the following cases. If ŵ = ẑ = 0,
then

ci j(w,z)− ci j(ŵ, ẑ) = 0

(note that in this case s̄ = s̃, so that e[s̄,s̃] = 0). If ŵ = 0, then:

ci j(w,z)− ci j(ŵ, ẑ) = e[s̄,s̃]+ e[s̃,ℓi j] ≤ |z− ẑ| 2
|amin

i j |
√

z̃
+
|z− ẑ|
|amin

i j |
√

ẑ
≤ |z− ẑ| 3

|amin
i j |
√

ẑ
,

where the last inequality follows from z̃≥ ẑ. Similarly, for ẑ = 0:

ci j(w,z)− ci j(ŵ, ẑ) = e[0,s̄]+ e[s̄,s̃] ≤

≤ |w− ŵ|
amax

i j

√
ŵ
+ |w− ŵ| 2

|amin
i j |
√

z̃
≤ |w− ŵ| 3

min{amax
i j ,−amin

i j }
√

ŵ
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where the last inequality follows from z̃≥ ŵ. Finally, if ŵ, ẑ > 0:

ci j(w,z)− ci j(ŵ, ẑ) = e[0,s̄]+ e[s̄,s̃]+ e[s̃,ℓi j] ≤

≤ |w− ŵ|
amax

i j

√
ŵ
+max{|w− ŵ|, |z− ẑ|} 2

|amin
i j |
√

z̃
+
|z− ẑ|
|amin

i j |
√

ẑ
≤

≤ |w− ŵ|+2max{|w− ŵ|, |z− ẑ|}+ |z− ẑ|
min{amax

i j ,−amin
i j }

√
min{ŵ, ẑ}

=
4max{|w− ŵ|, |z− ẑ|}

min{amax
i j ,−amin

i j }
√

min{ŵ, ẑ}
.

Now the results immediately follows from the fact that, by the definitions of amin and
w̄, it holds that amax

i j , |amin
i j | ≥ amin, ŵ≥ w̄ if ŵ > 0, and ẑ≥ w̄ if ẑ > 0.

A.4 Proof of Proposition 1.6.2

Proposition A.4.1. Let µ,α : [0,+∞)→ R+, for i ∈ {1,2}, let Fi be the function
defined in (1.5) where Fi replaces F and w0,i replaces µ(0), with 0≤w0,i ≤ µ(0); and
let λ̄ be such that µ(λ̄ ) =

∫
λ̄

0 α(λ )dλ . Then (∀λ ≥ λ̄ ) F1(λ ) = F2(λ ).

Proof. W.l.o.g., assume that w0,1 ≥ w0,2. This implies that (∀λ ≥ 0) F1(λ )≥ F2(λ ).
Indeed, assume by contradiction that there exists λ̄ such that F1(λ̄ ) < F2(λ̄ ), then,
by continuity of F1 and F2, this implies that there exists λ̂ ≤ λ̄ such that F1(λ̂ ) =

F2(λ̂ ), thus (∀λ ≥ λ̂ ) F1(λ ) = F2(λ ), since, for λ ≥ λ̂ , F1(λ ) and F2(λ ) solve the
same differential equation with the same initial condition at λ = λ̂ , contradicting
the assumption. Further, note that (∃λ̃ ∈ (0, λ̄ ]) F2(λ̃ ) = µ(λ̃ ). Indeed, if by con-
tradiction (∀λ ∈ (0, λ̄ ]) F2(λ ) < µ(λ ), then (∀λ ∈ (0, λ̄ ]) F ′2(λ ) = α(λ ), so that
F2(λ̄ )− F2(0) =

∫
λ̄

0 α(λ ) dλ = µ(λ̄ ), which contradicts the assumption. Hence,
(∃λ̂ ∈ R+) F2(λ̂ ) = F1(λ̂ ) = µ(λ̂ ) and, consequently, (∀λ ≥ λ̂ ) F1(λ ) = F2(λ ),
which implies the thesis, being λ̄ ≥ λ̂ .

For p ∈P , λ ∈ [0, ℓ(p)], we set Wp(λ ) = w∗(p), the square of the optimal speed
profile for traversing path p, evaluated at arc-length λ , with respect to p.

Proposition A.4.2. 1) Let p1, p2,q ∈P , be such that p1q, p2q ∈P , then (∀λ ≥
ℓ+(q)) Wp1q(ℓ(p1)+λ ) = Wp2q(ℓ(p2)+λ ).
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2) Let p,q2,q1 ∈P , be such that pq1, pq2 ∈P , then (∀λ ≤ ℓ−(p)) Wpq1(λ ) =

Wpq2(λ ).

Proof. We only prove 1), the proof of 2) is analogous. Note that, for λ ≥ 0, Wp1q(λ +

ℓ(p1)) = min{F1(λ ),B(λ )}, Wp2q(λ + ℓ(p2)) = min{F2(λ ),B(λ )}, where F1, F2 are
the be the function defined in (1.5) with initial conditions w0,1 = Wp1(ℓ(p1)) and
w0,2 = Wp2(ℓ(p2)), respectively, and B is be the function defined in (1.6). By Proposi-
tion A.4.1, for λ ≥ ℓ+(q), F1(λ ) = F2(λ ). Consequently, (∀λ ≥ ℓ+(q)) Wp1q(ℓ(p1)+

λ ) = Wp2q(ℓ(p2)+λ ).

Proof of Proposition 1.6.2.
We have that T (p1tσ)−T (p1t)=

∫ ℓ(p1tσ)
0 (Wp1tσ (λ ))

− 1
2 dλ−∫ ℓ(p1t)

0 (Wp1t(λ ))
− 1

2 dλ =∫ ℓ(p1tσ)
ℓ(p1)+ℓ−(t)(Wp1tσ (λ ))

− 1
2 dλ − ∫ ℓ(p1t)

ℓ(p1)+ℓ−(t))(Wp1t(λ ))
− 1

2 dλ , where we used that, by ii)
of Proposition A.4.2, (∀λ ≤ ℓ(p1)+ℓ−(t))Wp1tσ (λ ) =Wp1t(λ ). Similarly, T (p2tσ)−
T (p2t)=

∫ ℓ(p2tσ)
ℓ(p2)+ℓ−(t)(Wp2tσ (λ ))

− f rac12dλ −∫ ℓ(p2t)
ℓ(p2)+ℓ−(t)(Wp2t(λ ))

− f rac12dλ . Moreover,
by i) of Proposition A.4.2, we have that (∀λ ≥ ℓ+(tσ)) Wp1tσ (ℓ(p1) + λ )dλ =

Wp2tσ (ℓ(p2) + λ )dλ and (∀λ ≥ ℓ+(t)) Wp1t(ℓ(p1) + λ )dλ = Wp2t(ℓ(p2) + λ )dλ

which imply that T (p1tσ)−T (p1t) = T (p2tσ)−T (p2t), since ℓ+(t)≤ ℓ−(t) and, as
noticed in Section 1.6, ℓ+(tσ)≤ ℓ+(t).
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Appendix of Chapter 2

B.1 Basic plans

In this section we explain in more detail the basic plans.
k-CYCLE ROTATION. Let C = (VC,EC) be a cycle, with a set of pebbles P, and a

set of holes H, with |H| ≥ 1. Let A be an initial configuration, v ∈A (H), and w ∈VC

be such that (v,w) ∈ EC (i.e., w is the successor of v on C).
Let π = u1 = w, . . . ,un = v be the path on C from w to v. We define plan 1-CYCLE

ROTATION as

rC
1 = (un−1→ un, . . . ,u1→ u2). (B.1)

In other words, for each j from n−1 to 1, if there is a pebble on u j, we move it on
u j+1. The new configuration ¯A is defined as follows:

¯A (q) :=

{
u j+1, if A (q) = u j j = 1, . . . ,n−1;
w, if A (q) = v;

(B.2)

which means that all pebbles and holes on C change positions.
For k ∈ N, a k-CYCLE ROTATION over C is obtained by performing k 1-CYCLE

ROTATIONS over C. We denote the plan corresponding to a k-Cycle Rotation over
C by rC

k . Let lC = |VC| be the length of cycle C. Plan rC
lc is a complete rotation of C

and brings all pebbles and holes back to their initial positions. In other words rC
lc ∼ ε ,
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where ε is the empty plan. Since ε ∼ rC
lC = rC

k rC
lC−k, it follows that complementary

rotation rC
lC−k is an inverse plan of rC

k .
If C = [C1, . . . ,Cm] is an ordered sequence of cycles, that are subgraphs of the

same graph, and k = (k1, . . . ,km) ∈Nn, RC
k denotes the plan obtained by concatenating

a k1-Cycle Rotation over C1, a k2-Cycle Rotation over C2, and analogous rotations
over the remaining cycles of C, namely:

RC
k = rC1

k1
. . .rCn

kn
.

Set s = (sn,sn−1, . . . ,s1) = (lCn− kn, . . . , lC1− k1) and Ĉ = [Cn,Cn−1, . . . ,C1]. Then

RC
k RĈ

s = rC1
k1
. . .rCn

kn
rCn

sn
. . .rC1

s1
∼ ε,

since rCn
kn

rCn
sn
∼ ε , and analogous reductions holds for the remaining terms. This implies

that RĈ
s is an inverse plan of RC

k . We denote RĈ
s by (RC

k )
+. In other words, an inverse

plan of RC
k consists in a sequence of complementary rotations, in inverse order.

BRING HOLE FROM v TO w. Let A be an initial configuration, such that v ∈
A (H) (i.e., v is an unoccupied vertex). There are two cases:

1. v and w belong to the same cycle C. In this case, let π = u1 = w, . . . ,un = v be
the path on C from w to v. We define the plan BRING HOLE FROM v TO w as

hv,w = (un−1→ un, . . . ,u1→ u2). (B.3)

In other words, for each j from n−1 to 1, if there is a pebble on u j, we move it
on u j+1. The new configuration ¯A is defined as follows:

¯A (q) :=

{ u j+1, if A (q) = u j j = 1, . . . ,n−1;
w, if A (q) = v;
A (q), otherwise,

(B.4)

which means that only pebbles and holes along path π change positions. More-
over, since the graph is strongly connected, by Proposition 2.3.1 there exists
a reverse plan h−1

v,w, which returns pebbles and holes to their initial positions.
In particular in this case the reverse plan consists in moving the pebbles along
the cycle until the initial configuration is obtained again. We call BRING BACK

HOLE FROM w TO v the plan h−1
v,w.
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2. Otherwise, by Observation 2.3.1, there exists a sequence of cycles C = [Ci1 ,Ci2 , . . . ,Cin ]

such that v∈Ci1 , w∈Cin , and for all j = 1, . . . ,n, Ci j ∩Ci j+1 contains at least one
node ai j . Starting from Ci1 , we perform the following operations: we perform a
d(v,ai1)-CYCLE ROTATION over cycle Ci1 ; for all j = 2, . . . ,n−1 we perform a
d(ai j ,ai j+1)-CYCLE ROTATION over cycle Ci j ; we perform a d(ain−1 ,y)-CYCLE

ROTATION over cycle Cin . Setting k = (d(w,ai1),d(ai2 ,ai3), . . . ,d(ain−2 ,ain−1)),
this sequence of rotations corresponds to RC

k . Now, the hole is in the same cycle
as w, so we continue as in step 1. So, BRING HOLE FROM v TO w is defined as

hv,w = RC
k hain−1 ,w

.

In this case, the reverse plan BRING BACK HOLE FROM w TO v is defined by

h−1
v,w = h−1

ain−1 ,w
(RC

k )
+.

where s = (sn,sn−1, . . . ,s1) = (lCn−kn, . . . , lC1−k1) and Ĉ = [Cn,Cn−1, . . . ,C1].

BRING HOLE FROM v TO A SUCCESSOR OF w. Let A be an initial configuration,
such that v ∈A (H). Let π = u1 = w, . . . ,un = v be a shortest path from w to v, where
u2 is the successor of w along π . Then, BRING HOLE FROM v TO A SUCCESSOR OF w
(hv,s(w)) is defined as BRING HOLE FROM v TO u2.

BRING BACK HOLE FROM A SUCCESSOR OF w TO v. Let hv,s(w) be a plan
BRING HOLE FROM v TO w. We call BRING BACK HOLE FROM w TO v its reverse
plan h−1

v,s(w).

B.2 Movements through biconnected components

In this section we show proofs of the lemmas for movements through biconnected
components. These proofs provide instructions for the algorithm.
Proof of Entry Lemma 2.3.2. Fig. 2.18 illustrates this proof. Let y ∈ V be such
that (v,y) ∈ E. Let h1 be the destination hole in w (A (h1) = w), and let h2 be a
transport hole in V \ {w} (note that h2 exists since we are assuming that |H| ≥ 2).
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If G is a partially-bidirectional cycle, we set n = 1 and C1 = CG, where CG is the
directed cycle contained in G. We perform a d(w,y)-CYCLE ROTATION over cycle
CG, where d(w,y) is the distance between nodes w and y. In this way, hole h1 moves
to y. Next, pebble p moves on y with v→ y. Finally, we perform the complementary
LCG−d(y,w)-CYCLE ROTATION over CG, in order to move p to w. Namely, the plan
is fvw = rCG

d(w,y)(v→ y)(rCG
d(w,y))

+, and the final configuration is ¯A [v,w]. Indeed, apart
from p and h1, which are exchanged, all pebbles and holes are moved lCG times, which
means that they complete a full revolution, returning to their initial positions. If G has
a r-oed L = [L0, . . . ,Lr], let u be a successor of w such that A (h2) = u. If it does not
exist, we perform BRING HOLE FROM A (h2) TO A SUCCESSOR OF w and set u as the
successor of w, which corresponds to the new position of h2. At the end, we will bring
back h2 to its initial position with BRING BACK HOLE FROM A SUCCESSOR OF w TO

A (h2). By Observation 2.3.1, there exists a sequence of cycles C = [Ci1 ,Ci2 , . . . ,Cin ]

such that v ∈Ci1 and u ∈Cin and for all j = 1, . . . ,n, Ci j ∩Ci j+1 has at least two nodes
ai j and bi j with (ai j ,bi j) ∈ E. Starting from Ci1 , we perform the following operations:
we perform a d(w,ai1)-CYCLE ROTATION over cycle Ci1 ; for all j = 2, . . . ,n−1 we
perform a d(ai j ,ai j+1)-CYCLE ROTATION over cycle Ci j ; we perform a d(ain−1 ,y)-
CYCLE ROTATION over cycle Cin . Setting k = (d(w,ai1),d(ai2 ,ai3), . . . ,d(ain−1 ,y)),
this sequence of rotations corresponds to RC

k . Then, we move p to y and perform the
inverse sequence (RC

k )
+. At the end of this plan, p is on w and all other pebbles are

in their initial positions. Hence, the overall plan that allows us to prove the thesis is
fvw = hh2s(w)RC

k (v→ y)(RC
k )

+h−1
hs(w).

Proof of Go out Lemma 2.3.3. Let h1 be the destination hole in w (A (h1) = w),
and let h2 be a transport hole in V \{w}. Without loss of generality we can suppose
that exists u a successor of v such that A (h2) = u. Otherwise, it would be enough
to perform at the beginning BRING HOLE FROM A (h2) TO A SUCCESSOR OF v and
at the end we would bring back h2 to its initial position with BRING BACK HOLE

FROM A SUCCESSOR OF v TO A (h2). By Observation 2.3.1, there exists a sequence
of cycles C = [Ci1 ,Ci2 , . . . ,Cim ] such that v,u ∈Ci1 and y ∈Cin and for all j = 1, . . . ,n,
Ci j ∩Ci j+1 has at least two nodes ai j and bi j with (ai j ,bi j) ∈ E. Starting from Ci1 ,
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we perform the following operations: we perform a d(u,bi1)-CYCLE ROTATION

over cycle Ci1 ; for all j = 2, . . . ,n−1 we perform a d(bi j ,bi j+1)-CYCLE ROTATION

over cycle Ci j ; we perform a d(bin−1 ,y)-CYCLE ROTATION over cycle Cin . Setting
k = (d(u,bi1),d(bi2 ,bi3), . . . ,d(bin−1 ,y)), this sequence of rotations corresponds to RC

k .
After these rotations, p is on x ∈V , a predecessor of y. Then, we move p to y and then
w and perform the inverse sequence (RC

k )
+. At the end of this plan, p is on w and all

other pebbles are in their initial positions. Hence, the overall plan that allows us to
prove the thesis is fvw = RC

k (x→ y)(y→ w)(RC
k )

+h−1
hs(w).

Proof of Attached-Edge Lemma 2.3.4. Fig. 2.19 illustrates this proof. If the strongly
biconnected component of D has a r-oed, the proof follows from Lemma 2.3.5.
Otherwise, the strongly biconnected component is a partially-bidirectional cycle
G = (V,E). We consider the cycle CG contained in G, which has lenght lCG . Let h1

be the destination hole on w and h2 a transport hole (which exists, since |H| ≥ 2).
Without loss of generality, suppose that A (h2) = v. Indeed, if this were not the case,
we can BRING HOLE FROM A (h2) TO v and finally bring back it to its initial position.
In this case, the new initial configuration is Ā= ρ(A ,hA (h2)v) and we have to consider
ū =A (p) and w̄ = ¯A (h1). Let y ∈V be the cycle node that shares and arc with v, and
consider the distances from u and w to y, d1 := d(u,y) and d2 := d(w,y). Performing
a d1-CYCLE ROTATION over CG, we move p from w to y. Then, we move p on v with
y→ v. Now, let

k =

d2−d1 i f d2 ≥ d1,

l +d2−d1 i f d2 < d1.

We perform a k-CYCLE ROTATION over CG, so that we move the hole h1 from w to y.
Next, we move p from v to y with v→ y. Finally, we perform a d(y,w)-CYCLE ROTA-
TION over CG to move p on w. To conclude, fuw = rCG

d(u,y) (y→ v)rCG
k (v→ y)rCG

d(y,w).

Proof of Stay in Lemma 2.3.5. Fig. 2.20 illustrates this proof. Let h1 be the destination
hole in w (A (h1) = w), and let h2 be a transport hole in V \ {w}. Without loss of
generality we can suppose that exists u a successor of v such that A (h2) = u (see
Figure 2.20a). Otherwise, it would be enough to perform at the beginning BRING
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HOLE FROM A (h2) TO A SUCCESSOR OF v and at the end we would bring back h2 to
its initial position with BRING BACK HOLE FROM A SUCCESSOR OF v TO A (h2).

By Observation 2.3.1, there exists a sequence of cycles C = [Ci1 ,Ci2 , . . . ,Cim ] such
that v ∈Ci1 and w ∈Cin and for all j = 1, . . . ,n, Ci j ∩Ci j+1 has at least two nodes ai j

and bi j with (ai j ,bi j) ∈ E. In particular, choose aim−1 such that his predecessor node x
in Cim−1 does not belong to Cim .

Now, starting from Ci1 , we perform the following operations: we perform a
d(v,ai1)-CYCLE ROTATION over cycle Ci1 ; for all j = 2, . . . ,m− 3 we perform a
d(ai j ,ai j+1)-CYCLE ROTATION over cycle Ci j ; we perform a d(aim−2 ,x)-CYCLE RO-
TATION over cycle Cim−1 (Fig. 2.20b) and then a d(w,aim−1)-CYCLE ROTATION over
cycle Cim . Setting k = (d(w,ai1),d(ai2 ,ai3), . . . ,d(aim−2 ,x),d(w,aim−1)), this sequence
of rotations corresponds to RC

k . Then, we move p to aim−1 (Fig. 2.20c) and perform the
inverse sequence (RC

k )
+. At the end of this plan, p is on w and all other pebbles are in

their initial positions (Fig. 2.20e). Hence, the overall plan that allows us to prove the
thesis is fvw = RC

k (x→ ain−1)(R
C
k )

+.

Proof of Two Biconnected Components Lemma 2.3.6. Let B1 = (V1,E1) and B2 =

(V2,E2) be the two biconnected components and v be the articulation point, i.e.,
V1∪V2 =V , E1∪E2 = E, V1∩V2 = {v}, and E1∩E2 = /0. Let h1 be the destination
hole on b, and let h2 be a transport hole. We discuss different cases.

1. a ∈V1 \{v} and b ∈V2 \{v}.

Without loss of generality, we assume that A (h2) = v. Indeed, if this is not the
case, we can BRING HOLE FROM A (h2) TO v, and the new initial configuration
is ¯A = ρ(A ,hA (h2)v). Note that hA (h2)v could change the position either of
h1 or of p, i.e., either ā = ¯A (p) ̸= a or b̄ = ¯A (h1) ̸= b. By the procedure
described below, we will reach ¯A [ā, b̄], and at that point we will need to perform
BRING BACK HOLE FROM v TO A (h2) in order to obtain, by Observation 2.3.3,
A [a,b] = ρ( ¯A [ā, b̄],h−1

v,A (h2)
).

Assuming A (h2) = v, let y ∈V1 be such that (y,v) ∈ E1, i.e., y is a predecessor
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of v. Now, by Entry Lemma 2.3.2, there exists a plan g such that, setting
A 1 = ρ(A ,g), A 1(p) = b and, for all q ∈ H ∪P\{p} such that A 1(q) ∈V2,
A 1(q) = A (q) holds. Plan g is defined as follows

g = hv,s(b)R
C
k ta,v(RC

k )
+h−1

v,s(b),

where C is a sequence of cycles, k a vector, and ta,v is a plan which moves
pebble p to the unoccupied vertex v. In particular, if B1:

• has a r-oed: ta,v = a⇒ v, (see Definition 2.1.2) which by Theorem 2.1.1
exists since in B1 there is at least one hole (h1);

• is a partially-bidirectional cycle: ta,v = r
CB1
d(a,v).

After performing g, both holes h1 and h2 are in B1 (in particular, A 1(h2) = v). If
B1 has a r-oed, by Lemma 2.3.5 there exists a plan f so that A 2 = ρ(A 1, f ) is
such that A 2(h1) = a and for all q∈ P∪H \{h1}, A 2(q)∈V1, A 2(q) =A (q).
So, finally A 2 = A [a,b]. If B1 is a partially-bidirectional cycle, performing
r

CB1
d(v,a) is sufficient to bring p on a and the other pebbles of B1 on their initial

positions.

2. Suppose that a,b ∈V1.

• B1 has a r-oed. We can assume without loss of generality that A (h2) ∈V1

(if not, it would be enough to BRING HOLE FROM A (h2) TO v and finally
BRING BACK HOLE FROM v TO A (h2)). Since in B1 there are two holes,
by Lemma 2.3.5 we can move p to b without changing the final position
of the other pebbles.

• B1 is a cycle. We can assume without loss of generality that A (h2) ∈
V2 \ {v}. Then, by point 1) of this proof, we can first move p from a to
A (h2) and then from A (h2) to b, without changing the final position of
the other pebbles.
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B.3 CONVERT-PATH algorithm

Finally, we show the proof of the Theorem 3.4.1, which provides the sequence of
instructions for the CONVERT-PATH algorithm.

Proof of Theorem 3.4.1. Let fab be a plan on D. For each single move m = u→ v
in this plan, recalling Observation 2.3.2 and noting that u,v either belong to the
same biconnected component or to the same corridor, there are two cases. In the
first case there exists a non-trivial strongly biconnected component B = (VB,EB) such
that u,v ∈ VB. Then, we define m′, a corresponding plan on T , as follows: let S be
the star in T corresponding to B, and let s be the trans-shipment vertex of S; then,
m′ = (u→ s)(s→ v). In the second case, i.e., u,v belong to the same corridor, then
m′ = m. f ′ab is defined as the composition of all the moves m′ just described.

Conversely, let f ′ab be a plan on T . Then, by Observation 2.3.4

1. If a and b are not in the same star on T , then they are not in the same strongly
biconnected component on D. By Observation 2.3.4 fab will be composed by
movements: from/to a corridor to/from a strongly biconnected component ( fab

exists by Attached-Edge Lemma 2.3.4); from a strongly biconnected component
to another one, connected by an articulation point ( fab exists by Two Biconnected
Components Lemma 2.3.6); from a node to another one of the same corridor
( f ′ab = fab).

2. If a and b belong to the same "star" on T , then a and b belong to the same
strongly biconnected component B1 = (W1,F1) on D. There are two possibilities:

(a) B1 has at least two holes. In this case, if B1 has a r-oed, by Lemma 2.3.5
fa,b exists. If B1 is a partially-bidirectional cycle there are two cases:

• there is another biconnected component B2 = (W2,F2) such that B1

and B2 are joined by an articulation point. In this case existence of
fa,b follows from Lemma 2.3.6;

• there is a node v∈V \W1 such that a node w∈W1 with (v,w),(w,v)∈
E exists. Therefore, G = (W1 ∪{v},F1 ∪{(v,w),(w,v)}) is a cycle
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with an attached edge, and existence of fa,b follows from Lemma
2.3.4;

(b) B1 has only one hole. In this case, let h1 be the hole on b and h2 a hole
such that A (h2) = w ̸∈W1 (which exists since |H| ≥ 2) and u ∈W1 a
node different from a and b (which exists since non-trivial biconnected
components have at least three nodes). Let hw,u be the plan BRING HOLE

FROM w TO u which moves the hole, and ¯A = (A ,hw,u). Then:

a’) if ¯A (p), ¯A (h1) ∈W1, then we do perform BRING HOLE FROM w TO

u, we replace a and b with ¯A (p) and ¯A (h1), and by point a) we
find the plan f ¯A (p) ¯A (h1)

; finally we perform h−1
w,u and h2 returns to its

initial position.

b’) if ¯A (h1) ∈W1 but ¯A (p) ̸∈W1, we do perform BRING HOLE FROM

w TO u and we fall into the case where start and final position of
the pebble are not in the same biconnected component. Therefore,
fab = hw,u f ¯A (p) ¯A (h1)

h−1
w,u, where f ¯A (p) ¯A (h1)

exists by point 1).

c’) if ¯A (p) ∈W1 but ¯A (h1) ̸∈W1, we do not perform BRING HOLE

FROM w TO u. First, we move h1 away from b by BRING HOLE FROM

b TO u. Then, we perform BRING HOLE FROM w TO b. Then, we
can proceed as in a’) or b’) with u replaced by b. Finally, we will
need to perform BRING BACK HOLE FROM u TO b. In formulas, given

˜A = ρ(A ,hb,uhw,b) the final plan is fab = hb,uhw,b f ˜A (p) ˜A (h1)
h−1

w,bh−1
b,u.
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Appendix of Chapter 4

In this Appendix, we prove the result of Proposition 4.1.1, which provides an upper
bound on the cardinality of Nr( f0).

First, we define a ball Br(v) centered at v ∈V of radius r ∈ N:

Br(v) := {u ∈V : d(u,v)≤ r}.

We denote by B̄r(v) the border of the ball, obtained by replacing ≤ with = in the
definition. Let φ = outdeg(G) be the maximum out-degree of digraph G = (V,E). The
following proposition provides an upper bound on the cardinality of B̄r(v).

Proposition C.0.1. It holds that

|B̄r(v)| ≤ φ
r. (C.1)

Proof. Let nh be the number of nodes at distance h from v. Note that n1 ≤ φ ,
and ∀h≥ 2 nh ≤ nh−1(φ −1). By induction, nh ≤ φ(φ −1)h−1 ∀h≥ 1. Therefore, an
upper-bound for the number of nodes on the border of the ball is

|B̄r(v)| ≤ φ(φ −1)r−1 ≤ φ
r.

Next, we define a ball centered at A ∈ C of radius r:

Br(A ) := {A ∗ ∈ C : d(A ∗,A )≤ r},
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denoting by B̄r(A ) its border. An upper bound for the cardinality of the ball is given
by the following proposition.

Proposition C.0.2. It holds that

|Br(A )| ≤ 1+
(r+ k−1)!

(r−1)!(k−1)!
φ

r. (C.2)

Proof. First of all, we find an upper bound for the number of configurations at
distance h from A , i.e., an upper-bound for the cardinality of the border of the ball
centered in A of radius h:

B̄h(A ) =

{
A ∗ ∈ C :

|P|
∑
i=1

d(A (pi),A
∗(pi)) = h

}
.

Let (h1, · · · ,h|P|) be a |P|-decomposition of h (i.e., ∑
|P|
i=1 hi = h ). An upper bound

for the number of configurations for which d(A (pi),A ∗(pi)) = hi is

|P|
∏
i=1
|B̄hi(A (pi))| ≤

|P|
∏
i=1

φ
hi = φ

h.

By standard combinatorial arguments, the number of |P|-decompositions of h is

(h+(|P|−1))!
h!(|P|−1)!

.

Therefore, the cardinality of the border of the ball of radius h can be bounded
from above by:

|B̄h(A )|= (h+(|P|−1))!
h!(|P|−1)!

|P|
∏
i=1
|B̄hi(A (pi))| ≤

≤ (h+(|P|−1))!
h!(|P|−1)!

φ
h,

and the total number of configurations in Br(A ) can be overestimated as follows:

|Br(A )|= 1+
r

∑
h=1
|B̄h(A )| ≤
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≤ 1+
r

∑
h=1

(h+ |P|−1)!
h!(|P|−1)!

φ
h ≤ 1+ r

(r+ |P|−1)!
r!(|P|−1)!

φ
r.

Finally, given a radius r ∈ N, we define the following neighborhood of f0 ∈ E ∗A :

Nr( f0) := {ĝ ∈ Ẽ i
A : |ĝ| ≤ | f0|, d(ĝ, f0)≤ r}.

Here we consider the distance based on the max-min distance. The following propo-
sition provides an upper bound on the cardinality of Nr( f0). Note that, since the
max-min distance is the smallest among the considered distances, the upper bound
provided in the proposition is also valid for the distances based on the other distances
previously discussed.

Proposition C.0.3. It holds that:

|Nr( f0)| ≤ | f0|2
(

1+
(r+ k−1)!

(r−1)!(k−1)!
φ

r
)
, (C.3)

where k = |P| and φ = outdeg(G).

Proof. Let f̂ ∈ Ẽ i
A , f0 ∈ E ∗A with f̂ ∈Br( f0). Let f be a representative of f̂ and

let I = {1, · · · , | f̂ |} and J = {1, · · · , | f0|}. Then:

α1(Nr( f0))⊂
(

I×
⋃
j∈J

Br(ψ f0( j))

)
.

Indeed, for each representative f of f̂ , it holds that | f | ≤ | f0| and, moreover, d( f̂ , f0)≤
r implies that

max
1≤i≤| f |

min
1≤ j≤| f0|

d(ψ f (i),ψ f0( j))≤ r,

and, in particular, for i = | f | there exists j such that

d(ρ(A , f ),ψ f0( j))≤ r,

which means that ρ(A , f ) ∈Br(ψ f0( j)). Therefore, recalling that α is injective,

|Nr( f0)| ≤
∣∣I×⋃

j∈J

Br(ψ f0( j))
∣∣.
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Then, also in view of (C.2), we have that:

|Nr( f0)| ≤ | f0|
( | f0|

∑
j=1
|Br(ψ f0( j))|

)
≤

≤ | f0|2
(

1+
(r+ k−1)!

(r−1)!(k−1)!
φ

r
)
.

C.1 Proof of Proposition 4.1.1.

Note that
(r+ k−1)!

(r−1)!(k−1)!
≤ (r+ k)r

(r−1)!
.

Defining C := 1
(r−1)! and reminding the result of Proposition C.0.3 we have that

|Nr( f0)| ≤ | f0|2 (1+C(r+ k)r
φ

r) ,

where k = |P| and φ = outdeg(G), which is the thesis of Proposition 4.1.1.
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