
UNIVERSITÀ DEGLI STUDI DI PARMA

DOTTORATO DI RICERCA IN "MATEMATICA"

CICLO XXXVI

Transformative Approaches for Deep Learning
in Resource-Constrained Scenarios

Coordinatore: Prof. Leonardo Biliotti

Tutore: Prof. Marko Bertogna

Correlatore: Prof. Giorgia Franchini

Dottorando: Carmelo Scribano

Anni Accademici: 2020/2021 – 2022/2023



i

Abstract
Latest advancements in Artificial Intelligence, and in particular in Deep

Learning, have catalyzed groundbreaking progress across diverse applications
such as Computer Vision, Natural Language Processing, and content genera-
tion. However, the significant computational demands inherent in training and
executing powerful Deep Learning models have hindered widespread adoption
of these techniques in certain application contests. One area poised to benefit
greatly from Deep Learning, especially applied to computer vision, is the au-
tomotive sector, particularly in the development of driver assistance systems.
In this context, minimizing inference costs is a priority in order to enable de-
ployment on the low-power embedded devices found in vehicles. Conversely,
the costs and complexities associated with training phase are sometimes sub-
stantial, exemplified by recent transformer-based models for natural language
processing and image synthesis models utilizing the Denoising Diffusion Prob-
abilistic paradigm. This thesis addresses two primary objectives: (i) proposing
low-computational-cost solutions for computer vision applications in automotive
settings and (ii) presenting innovative approaches to formulating efficient Deep
Learning models using lossy compression techniques. To achieve the former
goal, this study develops two models for Driver Monitoring Systems and Ad-
vanced Driving Assistance Systems, employing a Multi-Task Learning approach.
This choice enable significant computational savings by sharing a substantial
portion of the neural architecture across different tasks. For the latter objec-
tive, this thesis introduces an approximation of the transformer attention layer
leveraging the Discrete Cosine Transform. Additionally, it proposes a strategy
for incorporating Vector Quantization-based compression techniques into the
image generation process using Diffusion Models. Through experimental anal-
yses and quantitative evaluations, this thesis demonstrates the effectiveness of
the proposed methods in reducing the complexity and computational costs in
the concerned contexts.
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Chapter 1

Introduction

1.1 Motivations
The widespread use of so-called artificial intelligence technologies, a term that
currently identifies deep learning methods with abuse of notation, is spread-
ing rapidly to the point of becoming ubiquitous. The field of study of these
techniques is growing and expanding at breakneck speed, as are the technolog-
ical and human resources devoted to the ever more frenetic pursuit of perfor-
mance improvement. Performance in this case is almost universally identified
as the ability of developed algorithms to solve tasks, with the aim of matching
or increasingly exceeding human capabilities. One universally recognized is-
sue concerns the computational costs and consequently the hardware resources
required for training and inference of modern, high-performance deep learning
paradigms. For several years now, these issues have been addressed from several
fronts:

1. Development of specialized techniques in reducing computational cost and
memory consumption to be applied to existing models. These include quanti-
zation techniques, which is the process of reducing the precision of numerical
values in a neural network, typically from 32-bit floating-point numbers to lower
precision formats such as 8-bit integers. Pruning on the other side is the process
of removing redundant or less important connections (weights or neurons) from
a neural network, resulting in a sparser network architecture.

2. Another approach is to leverage hardware accelerators tailored for deep
learning workloads. These accelerators, typically include parallel accelerators
like Graphics Processing Units (GPU) or specialized neural processing units
(NPUs), designed to perform matrix operations that underlie deep learning
loads. By offloading computation to these accelerators, the overall system
throughput can be significantly improved.

3. In addition, software-level optimizations can also play a crucial role in im-
proving the efficiency of deep learning inference. Techniques such as kernel
fusion, loop unrolling, and parallelization can help maximize the utilization of
the available computational resources.

Orthogonally to these development directions, which are aimed at the wide-
ranging optimization of the entire deep learning landscape, one possible direc-
tion of work is to develop techniques and architectures tailored to the desired
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outcome. Driven by an in-depth knowledge of the application domain and
the intrinsic characteristics of the methodologies exploited, a search for new
paradigms for the simplification and optimization of different deep model fami-
lies is therefore proposed. The work of this thesis can be divided into two main
parts: the first is the development of computer vision models with a reduced
computational footprint, aimed at use in an automotive context. The second
part, on the other hand, focuses on the use of techniques borrowed from the
domain of lossy data compression in order to overcome the inherent inefficien-
cies in defining specific deep learning methods. In brief, this thesis introduces
cross-cutting approaches at various levels that can reduce the computational
cost and complexity of different families of deep learning methods.

1.2 Scope
The first target domain is the automotive industry, specifically driver and driv-
ing assistance systems that use cameras and computer vision algorithms. This
application area is emblematic of the application of deep learning models in
which substantial limitations in the computational platform for inference coex-
ist with stringent latency constraints and the demand for excellent performance
on the implemented computer vision tasks. In this application field, delegating
the computation of the inference part to a remote server equipped with GPUs
is an inadvisable solution for multiple reasons:

1. The risks related to the protection of privacy are increasingly serious; by
transmitting images taken inside or outside the vehicle, the risk of incurring
privacy violations is obvious.

2. The latency introduced by the transmission of data and the reception of
results does not allow the use of these methodologies in safety-critical contexts
where it is necessary to comply with hard-real-time criteria.

3. Data coverage may also not be guaranteed throughout the territory.

4. In addition, the costs of operating the infrastructure have to be covered,
which typically involves the payment of a subscription by the vehicle owner
in order to be able to use the safety devices. This leads to an unacceptable
situation.

Consequently, it turns out to be essential that inference is carried by the com-
puting units in the vehicle, even in the absence of a network connection. In
particular, the embedded platforms that can be used in-vehicle for inference
generally belong to the System on Chip family (SoC), with limited computa-
tional resources compared to high-end GPUs or CPUs commonly used in data
centers or desktop applications. In addition, these platforms must meet strin-
gent constraints in terms of energy consumption and efficiency, and of course
they must be available at a relatively low price.
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The second domain of interest, on the other hand, that does not look at infer-
ence on embedded devices, concerns two fundamental architectural paradigms
in the deep learning domain: Transformers and Denoising Diffusion Probabilis-
tic Model (DDPM). The former are a family of models for processing sequences,
which are, among other things, behind recent successes in the field of natural
language modeling, with LLMs being the prominent embodiment. DDPM, on
the other hand, represent the state of the art in the field of generative models,
a term used to identify techniques for generating synthetic images by means
of neural networks. These methodologies, while unrelated, harbor inefficiencies
that make them particularly difficult and time-consuming to train. Regarding
transformers, the best known limitation is identified in the growth of memory
consumption proportional to the square of the input length. This is due to the
formulation of the Attention layer, which is the basis of this type of models for
sequence processing. For Diffusion Models, on the other hand, the difficulty in
training the generative model lies in learning the high-level semantic structure
of natural images. This is to be found in the fact that the information content
of an image is scattered and not uniform along the pixels of the image.
In this thesis, two original methodologies are proposed to mitigate the men-
tioned problems, notably in both cases the developed methodologies share the
commonality of being derived from the domain of data compression.

1.3 Methodologies
The first part of this thesis, devoted to the development of computationally
efficient deep models for automotive applications, is focused on the potential
of Multi-Task Learning (MTL)-based architectures. This term refers to the
training of models capable of solving multiple tasks in parallel for the same
input, sharing a significant portion of the computation required for feature ex-
traction. In an automotive context, it is normal for perception systems to be
implemented as multiple subtasks, which would normally require the execution
of a trained neural network for each. Consequently, the ability to combine them
under a single architecture is an essential capability to be able to perform in-
ference with the available resources. Specifically this first part of the thesis is
divided into two chapters, the first (Chapter 2) discusses the development of a
model for the Driver Monitoring System (DMS). The second chapter of the first
part (Chapter 3), on the other hand, details the development of the counter-
part, a perception model for Advanced Driving Assistance System (ADAS). In
both cases, the Mullti-task approach proves crucial, for the DMS it is necessary,
from the image of the driver’s face, to simultaneously infer several parameters
indicative of the driver’s alertness state and in addition detect deleterious ac-
tions (e.g., cell phone use). For ADAS, on the other hand, it is required to
decipher the environment surrounding the vehicle by analyzing the image of a
frontal camera. This includes detection of other road users, lane edges, and
classification of driving conditions (route type, weather, and illumination con-
ditions). In both cases, the process of developing and training the proposed
models is detailed, with an important focus on the availability of the data used.
Accompanying this, a thorough performance evaluation of the solved tasks on
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standard benchmarks is proposed. Also included is a quantitative analysis of
execution times found on embedded deployment platforms.

The second part of the thesis is also divided into two chapters. The first
(Chapter 4) is devoted to presenting and discussing the proposed methodol-
ogy to mitigate the quadratic complexity problem of the self-attention layer of
transformers. The proposed method consists of an approximation of the at-
tention matrix by exploiting the properties of the Discrete Cosine Transform
(DCT). The experimental analysis is conducted on a standard Natural Lan-
guage Processing (NLP) benchmark, although the introduced approximation is
application agnostic. The evaluation includes comparison of performance on
the NLP task with different attention formulations used in the literature. In
addition, memory consumption and inference latency as input length varies is
analyzed. In the second chapter of the second part (Chapter 5) instead, it is
proposed to employ a traditional lossy compression scheme, based on estab-
lished vector quantization techniques, to define a latent space that abstracts
the imperceptible details of the images on which the DDPM is trained. This
type of generative model is trained by learning to reverse a process of image
degradation, defined by corrupting the training images with noise. A limitation
of this choice is that one risks wasting expressive capacity of the generative
model to model irrelevant image details (such as the background). In the pre-
sented work, is addressed the strategy to adapt the DDPM for generation of
compressed images with the proposed encoding, which can be decompressed at
the end of the generation process to obtain the final images. The results shown
are helpful in demonstrating the viability of this choice.

The results of some contributions presented in this thesis have already been,
or are in the process of being, authored in high-profile publications. These
works include DCT-Former [1], CERBERUS [2], and the Model-Based latent
Diffusion Models [3]. Links with related publications will be explored in more
detail, when necessary, in the following chapters.
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Chapter 2

Driver Monitoring System

2.1 Motivations
Road traffic accidents continue to pose a significant threat to public safety,
claiming the lives of over 1.7 Millions each year globally. The vast majority of
these accidents are attributable to the human factor, the main causal factors in-
clude conditions such as driver distraction and fatigue, emphasizing the critical
need for advanced in-vehicle monitoring systems. Although vehicle manufactur-
ers have been implementing driver assistance systems of various types in their
lineup for a few years now, Driver Monitoring System (DMS) are still not widely
available, and even fewer after-market devices are commercially available that
can be retrofitted to existing vehicles to equip them with this technology. The
reasons for the low uptake of this type of system, as well as for other driver as-
sistance systems, are varied, ranging from the impact on the cost of the vehicle
to the user perception of the technology behind these systems. A key difference,
however, between DMS and other assistance systems, such as lane keeping or
automatic emergency braking, is that as complex as the latter may be to de-
sign and develop, they are always clearly definable by simple physical rules and
concepts. For example, it is unambiguous to describe a system that keeps the
vehicle in the center of the lane of travel, whereas a system that makes sure the
driver is awake and alert is certainly more ambiguous, since wakefulness and
alertness are concepts that are not immediately traceable to physical measures.
Thus, a DMS implementation would likely start from the analysis of certain
observable parameters to attempt to infer phenomena that are attributable to
losses of attention or fatigue. A theoretically viable solution is the analysis of
certain biological parameters: medical literature might suggest monitoring of
physiological parameters such as heart rate, respiration, body temperature, and
many others to infer with reasonable accuracy the psychophysical state of a sub-
ject. Clearly, acquiring this kind of information in a realistic driving scenario
is quite prohibitive, as it would require the use of specialized and potentially
invasive equipment. A technically opposite solution might be to use sensor
readings easily obtainable from the vehicle, such as acceleration data or more
simply interactions with controls (typically steering) in order to assume the oc-
currence of critical conditions if certain heuristics are violated. The problem is
that this type of approach is unlikely to be sufficiently accurate because of the
low correlation between the observable values and the causes sought, especially
if, for example, one is trying to detect the early symptoms of a phenomenon
like fatigue.
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2.1.1 Camera Based DMS

One viable option is to use advanced computer vision techniques to infer useful
information from the images provided by a driver-facing camera installed inside
the vehicle, through techniques such as posture analysis or face analysis it is
possible to derive useful information to estimate the indicators of the subject’s
psychophysical condition. As will be explained in Section 2.2.2 there are several
ways of conceiving camera-based DMS, the two main ones being based either
on observation of the driver’s entire body figure, mainly focusing on body and
hand analysis, and approaches instead that are focused on face observation.
The former are more suitable for detecting distractions due to engagement in
non-driving-related activities (cell phone or infotainment use or interactions
with passengers), while the latter are more appropriate for monitoring wakeful-
ness but also lend themselves to detecting some signs of distraction. Mainly,
this chapter discusses systems of the second type, which process images from
a driver-facing camera, typically mounted in the steering wheel area. From an
algorithmic point of view, it is unrealistic to think of developing an end-to-end
classification algorithm to directly estimate, for example, the probability that
a driver is about to fall asleep. This is because, training the classifier with a
supervised approach would require a curated and annotated dataset of video
sequences in which the event in question occurs, which are clearly not avail-
able. It is straightforward to guess how symptoms of fatigue can be inferred
from a careful analysis of the face by observing the opening of the eyelids or
detecting the occurrence of yawning by measuring the opening of the mouth,
or how an analysis of gaze direction can indicate whether one is attentive. In
the computer vision literature, especially considering the modern and powerful
deep learning based methods, there is a long list of techniques and algorithms
that may be useful in facial analysis, which are already used in other applica-
tions such as human-computer interaction, augmented reality (e.g, for camera
effects), animation (e.g, for avatar creation) and many other areas. In practice,
however, the deep learning models used in these application examples cannot be
taken for granted to be directly usable in an automotive safety context due to
high computational costs. As explained in the introduction, in the automotive
context, it is not acceptable to delegate part of the computational load to cloud-
based inference because of the stringent latency requirements and the privacy
issues involved. This chapter, therefore, is devoted to detailing the work and
results in the development of a computer vision model conceived expressly for
the implementation of driver monitoring algorithms and intended for in-vehicle
inference with reduced computational capabilities.

Multi-Task Learning for DMS

A preliminary stage of this work started with the development of an algorithm
based on the detection of facial landmarks: this term refers to a set of coordi-
nates corresponding to specific facial features such as eyes, nose, mouth, and
corners of the face. By regressing the coordinates of this keypoints from a face
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Figure 2.1: Interface of the developed DMS based on the pro-
posed Multi-task network.

image provided as input, it is possible to compute useful biometrics informa-
tion, such as the mouth or eyes opening level, or the head pose. In reality,
a purely landmark-based approach soon proved suboptimal for several reasons,
the first being that many of the deep learning based detectors tested were either
too computationally onerous or not sufficiently performant and robust to the
various extreme lighting conditions that can occur during driving. The second
issue is that estimating the values of interest from landmarks requires additional
computational cost (particularly for laying the head, which requires a PnP algo-
rithm), and highly biased results can be obtained if one starts from inaccurate
landmarks. In the end, some interesting information is simply not obtainable
from landmark estimation alone, in particular, it soon became apparent that it
would be useful to resolver additional classification tasks of both low-level (eye
visibility classification, in case sunglasses are worn) and high-level to detect, for
example, the presence of a cell phone at the ear. These reasons prompted the
development of a Convolutional Neural Network (CNN) expressly designed for
the purpose. In deep learning, Multi-Task Learning (MTL) involves training
models to simultaneously tackle multiple tasks using the same input. Unlike
traditional neural networks, which are typically trained for single-task solu-
tions, MTL leverages shared feature extraction layers across tasks. MTL leads
to significant savings in memory and computational resources by sharing feature
extraction layers among tasks. Using a Multi-Task Learning (MTL) approach,
the proposed network provides all the necessary outputs in a single inference
step, without resorting to post-processing and heuristics and without having to
use additional classifiers. The multi-task approach has led to a clear advantage
from a computational point of view, but also helped to improve generalization,
enhancing efficiency in training, and the ability to handle situations where there
is limited data for each individual task.
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To summarize, the developed model provides the following data:

• Regression of 98 facial landmarks.

• Regression of the eyelid opening value for each eye.

• Classification of the visibility of each eye.

• Classification of the level of mouth opening.

• Regression of 3 values for head orientation (yaw, pitch, and roll).

• Identification of 2 distracting actions (cell phone use or cigarette smoking).

It should be pointed out that the proposed model is only useful for inferring
the information listed above from a single frame, the full DMS (Shown in Fig-
ure 2.1) involves the analysis of the temporal sequence defined by the series of
predictions along a time frame. This time analysis, in the prototype system,
was implemented using a set of heuristics, and therefore is not addressed in this
thesis.

One of the limiting factors in setting up such multi-task models is that a
dataset with each item labeled for all the tasks to solve is required. Section 2.3.2
details how a dataset existing in the literature (annotated by landmark regres-
sion and face element segmentation) was used to derive annotations for all
tasks, with the notable exception of the action classification task. In the orig-
inal dataset, there are no images in relevant quantities where the subject uses
a cell phone or smokes a cigarette, which could be labeled as distraction tasks,
at the same time there are no specific datasets for these tasks in the literature.
Therefore, one of the main scientific contributions of this chapter is to describe
the original methodology proposed to circumvent this obstacle.

Figure 2.2: Prototype hardware for the DMS, based on Nvidia
Jetson Nano
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2.2 Background
Drawing up a comprehensive and exhaustive review of the literature related
to the work in this chapter requires considerable effort. In fact, in addition
to discussing the possible existing approaches to the development of camera-
based DMS, it is necessary to delve into the specific literature for each sub-task
included in the proposed method. Moreover, multi-task learning in itself is a
broad field of study with known and several still open issues. Therefore, it was
chosen to structure this background section as follows: First, the main aspects
of atomic tasks that one needs to know in order to understand the work done are
introduced, then an overview of the known approaches to the driver-monitoring
problem is given. Finally, the vast world of deep Multi-Task Learning (MTL) is
introduced, with special emphasis on the analysis of some contributions in the
literature that share some aspects with the work presented.

2.2.1 Related Tasks

Facial Landmarks Detection
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Figure 2.3: Labeling schemes for facial landmarks

Facial landmarks detection, which is also sometimes referred to with abuse of
notation as face alignment, is a computer vision problem that involves finding a
predetermined set of keypoints from an image representing a face. Formally, let
N be the predefined number of desired keypoints and (xi, yi) with i = (1, .., N)
be the pixel-space coordinates of the i-th keypoint, the detection problem can
be defined as the search for a mapping Φ : I → [(x0, y0), ..., (xN , yN)] from the
input image I to the set of landmarks coordinates. The key aspect is that each
landmark implicitly has a semantic meaning, which is defined in relation to its
specific location in the face, so the landmark set is not permutation invariant.
The predetermined pattern that defines the placement of landmarks is not uni-
versal, the most common patterns in the literature today are 68- or 98-point
patterns, defined in Figure 2.3; Other patterns used range from 5-point up to
even 468 [4], the choice of the appropriate pattern obviously depends on the
indented application.
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Traditional computer-vision approaches to this problem involve the use of
statistical models that encode both shape and texture variations of face images
[5], [6], that can be fitted to an unseen image with an iterative process in order
to recover the landmarks locations. Early approaches in the machine-learning
era were based on a similar idea. Noticeably, in [7], a facial template is defined
as a mean configuration of key points, which is used as an initial estimate of
the position of landmarks. A cascade of regression trees is trained to iteratively
refine the estimated locations of landmarks starting from this template. Each
regressor progressively refines the estimate by predicting a set of offset vectors
to be added to the current estimate. This method, although largely obsolete
today, is still used because of its extreme computational efficiency, with the
authors claiming 1ms execution time on 2014 hardware.
Deep Learning (DL) based methods define the current state of the art for the
facial landmarks detection, as is now the case for almost every computer vision
task. To summarize as possible the vast landscape of deep facial landmarks
detections, the preeminent distinction is between coordinate regression (or di-
rect) methods and heatmap-based methods. The former operates by directly
predicting the vector of the regressed landmarks coordinates, while the latter
instead produce as an intermediate representation a heatmap that encodes the
spatial location of landmarks. The next chapter will discuss extensively this
type of encoding, which is widely used in other fields that require keypoint re-
gression. The usage of heatmaps for coordinates regression with Convolutional
Neural Network (CNN) is mutated from the domain of Human pose estima-
tion [8], where is successfully exploited for the regression of body keypoints.
Heatmap-based landmarks regressors are closely related to the latter [9]–[11];
in short a set of N landmarks can be encoded as a heatmap H ∈ R(N×w×h),
with each location of Hi(x, y) encoding the probability of the i-th landmarks
being localized at that location.

(a) Source (b) Target (c) Superimposed

Figure 2.4: Heatmaps for facial landmarks detection.

Therefore, it is possible to train a fully-convolutional neural network to pre-
dict H from I Figure 2.4, then the landmarks coordinates for each landmark can
be retrieved from the corresponding Hi selecting the location with the largest
value ((xi, yi) = argmaxx,y(Hi)). Regression methods trained with this coding
is generally considered to be more robust to variations in shape and appearance
than direct regression, which is a key aspect in a complex domain such as human
pose estimation. In reality, the face is a semi-rigid structure, and the variety of
configurations it can assume is relatively narrow are not seemingly so evident.
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The main disadvantages are that the H tensor can have a high spatial dimen-
sion and still a post-processing step is needed to obtain the coordinates. For
the purpose of this work, landmarks regression is only one of the solved tasks,
and still the remaining tasks need to produce 1D output vectors (Figure 2.10).
Therefore, in order to simplify the architecture of the developed neural network
and minimize post-processing, a direct coordinate regression approach was cho-
sen. Direct regression models [12]–[18] are the oldest and are straightforward
to define, since the neural network produces a vector of the landmarks coordi-
nates, typically by applying one or more fully-connected layers to feature maps
extracted from a convolutional backbone. One of the earliest deep detectors
[12] propose to train a shallow Convolutional Neural Network (CNN) to regress
the initial landmarks coordinate (only 5 landmarks were considered), then a
cascade of several shallower networks are used to refine the initial estimate.
This type of approach is obsolete today, and with rare exceptions single-stage
models are used. More modern lines of work include the search for objective
functions particularly suitable for training this task [16], [17], [19] and in general
the search for strategies that can facilitate the process of learning a sufficiently
rich and robust feature set [13], [18], [20].

Regarding datasets that can be used for training now there are several; One
of the first datasets large enough to successfully train a deep regressor is 300
Faces in-the-Wild (300W) [21], this was obtained by combining images from 6
previously existing datasets, re annotating them using the 68 landmarks scheme.
It consists of about 4000 images divided between train and test sets, making
it a fairly small dataset by today’s standards. The term “In The Wild” in
this case indicates that the dataset contains images acquired in realistic scenar-
ios, with variations in appearance, background, and environmental conditions,
which distinguishes it from, for example, datasets acquired in a studio setup.
300W Large-Pose (LP) [22] is an extension of 300W where the images have been
augmented by synthesizing new views with particularly pronounced head poses
(e.g., in profile), which are notoriously the weak point of many detectors. Wider
Facial Landmarks in-the-Wild (WFLW) [23] instead consist of 10,000 images in
total with 98-points landmarks annotations. In addition, attribute annotations
are present for 6 classes of interest (large pose, accentuated expression, ab-
normal illumination, use of make-up, occlusion, blur), which can be useful in
the training and validation phases. For this work the newer dataset Landmark
guided face Parsing dataset (LaPa) [24] is used, as detailed in Section 2.3.2;
This is an extremely large dataset of more than 22,000 annotated images with
106-points landmarks and 11-class face parts segmentation masks.

Head Pose Estimation

In computer vision, the term poses estimation identifies a process by which the
N-Degrees-of-Freedom transformation of an object with respect to a predeter-
mined reference system is estimated. A typical case is 6-D pose estimation,
where the goal is to derive a transformation in 6 degrees of freedom (3 of rota-
tion and 3 of translation). This is particularly used in robotics applications to
realize pick-and-place applications. Instead, in this area, the transformation to
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Figure 2.5: Euler Angles for head Orientation

be derived is that of the head, with respect to an orthogonal reference system
typically defined as in Figure 2.5. Mainly for the application of DMS, one is in-
terested in rotation, which can be expressed with the convention of Euler angles
(yaw, pitch and roll). For the application of DMS, the estimation of rotation
is of main interest, which can be expressed with the convention of Euler angles
(yaw, pitch, and roll). Translation/scale estimation is also widely employed
for applications of augmented reality, human-machine interaction, and several
others. A classic method for implementing head pose estimation is to use facial
landmarks estimation and a Perspective-n-Point (PnP) algorithm, which allows
estimating the pose based on a set of 2D keypoints coordinates and known 3D
coordinates. Typically, a subset of the detected facial landmarks is used, usu-
ally including the corners of the eyes, tip of the nose, and corners of the mouth.
A fixed 3D landmarks set is defined for these points, expressed by fixing the
origin (0, 0, 0) of the coordinate system at the center of the head. Using this
3D set and the corresponding 2D detections, the PnP algorithm then estimates
the transformation that aligns the 3D coordinates of the landmarks with their
corresponding 2D image coordinates. Some main PnP algorithms are iterative
algorithms, like EPnP (Efficient Perspective-n-Point) and P3P (Perspective-
Three-Point).

Another category of approaches is direct pose estimation from the image us-
ing deep learning methods [25]–[27]. A limitation in the development of these
methods is the difficulty in annotating real image datasets with head pose, some
options include generating partially synthetic images [22], acquiring dedicated
datasets using systems of or wearable devices [28]. In a multi-task learning con-
text, it may make sense to derive ground-truth by applying the PnP algorithm
to annotations of facial landmarks. Joint learning of landmark and pose can
incentivize learning of both, and at inference time the pose estimation is robust
to imperfect detection of landmarks and saves the execution of an iterative PnP
algorithm.
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2.2.2 Driver Monitoring

The scientific literature on camera-based driver monitoring system is extremely
scattered and fragmentary, therefore producing a compressive survey of this
subject is beyond the scope of this chapter. In this section, therefore, an attempt
is made to outline a general taxonomy of the most valued approaches, trying
to highlight the different ways in which driver monitoring can be conceived. A
first categorization relates to the positioning of the camera in the vehicle, which
naturally has a decisive impact on the type of analysis possible. In one case,
the camera faces the driver’s face and mainly the face region is analyzed to
infer signs of drowsiness or distraction. In the other case, the camera observes
the entire upper part of the driver’s body, typically in profile, with a camera
typically placed on the door pillar opposite the driver’s side.

Face based

By analyzing the frontal image of the driver’s face, this type of DMS lends
itself particularly well to detecting signs of fatigue through an analysis of the
biometric parameters that can be inferred. Face-based drowsiness detection is
by no means a recent topic, in a seminal study on driver drowsiness [29] from
1994 the PERCLOS is introduced, which to this day is still used. PERCLOS is
originally defined as the percentage of the time over one minute that the eyelids
are at least 80% closed. This definition can be generalized as the PERCLOS(%)
as a function of the percentage of the time that the eye is closed [30].

PERCLOS =
Total Time with Eyes Closed

Total Monitoring Time
× 100% (2.1)

From an implementation standpoint, a PERCLOS-based drowsiness detection
system can be designed by relying on the detection of facial landmarks [31].
The eye-opening state can be derived from the measurement of the Eye Aspect
Ratio (EAR), defined as the ratio between height and width of the eye. This
measure is also used in the data preparation phase of this work, and is detailed
in Equation (2.3). Relying only on landmarks to measure eye openness, how-
ever, is not particularly robust with respect to variations in head pose (e.g.,
bowing the head slightly may incorrectly indicate that the eyes are closed). For
this reasons, over the years, some datasets have been introduced to perform
direct classification of the eyelid opening. The ZJU Eyeblink database [32] is
one of the oldest, it consists of 80 clips of 20 subjects portrayed in 4 different
conditions. The labels for eye blinks are provided, which can be used to iso-
late the frames with closed eyes. The Closed eyes in the Wild (CEW) dataset
[33] provide 1,193 patches of 24× 24 pixels obtained from face images collected
from publicly available sources. MRL Eyes [34] is another similar dataset, also
provided eye patches with eye-opening labels, while also providing labels for
gender, lighting conditions, presence of reflection or of glasses. Relying solely
on observation of the eyes for the development of DMS is limiting; first, they
may be occluded by the presence of sunglasses or even prescription glasses; sec-
ond, there are other signs of fatigue that deserve to be considered.
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One of the earliest signals of drowsiness is yawning, this can be detected by
measuring the degree of mouth opening over time. Similarly to the EAR, the
Mouth Aspect Ratio (MAR) can be defined using facial landmarks detected for
the mouth region. YawDD [35] is a dataset produced explicitly for the task
of yawn detection, the effort that has been put into this work by the authors
is considerable, since it consists of 107 subjects (57 male and 50 female) and
is acquired in realistic driving scenario under various lighting conditions. Two
sub-datasets are provided, the first consists of a total of 322 videos of 5-40
seconds recorded with a camera installed under the front mirror. Each video
has a class label (1- normal driving, 2- talking, and 3- yawning). For the second
sub-dataset the camera is installed over, and a single video is acquired for each
subject where all the 3 actions are performed consecutively. A drastic approach
to drowsiness detection is the end-to-end approach by direct classification of
the temporal sequence of images. The work of [36] is an important building
block in this direction, thanks to the introduction of the Real-Life Drowsiness
Dataset (RLDD) dataset. It consists of 30 hours of video of 60 subjects (51 men
and 9 women) each labeled with an alertness level class (Alert, Low Vigilant
or Drowsy). Participants in the dataset personally acquired video sequences
at different times of the day, self-reporting their physical state. The problem
with end-to-end classification is that the supervisory signal is the single label
for each video, which is extremely sparse information that is unlikely to benefit
the extraction of a sufficiently rich spatio-temporal feature set.

2.2.3 Multi-Task Learning

Multi-Task Learning (MTL) is regarded in a seminal work [37] as “an approach
to inductive transfer that improves generalization by using the domain infor-
mation contained in the training signals of related tasks as an inductive bias”.
In the context of deep learning MTL involves the development and training of
models that can solve multiple tasks simultaneously with the same input, in
contrast, typically a neural network, even if it produces multiple outputs, is
trained to solve only one task. As pointed out in [38], this approach is typically
regarded of two advantages: first, individual tasks can benefit each other during
training and lead to an overall improvement in performance. Intuitively, this
may be justified by the fact that multi objective optimization may lead to the
learning of a richer feature set, on the other hand, however, a negative-transfer
phenomenon could occur where the different objectives counteract each other
degrading performance. The second main aspect of multi-task learning is the
substantial savings in memory and computational resources due to the sharing
of multiple feature extraction layers among multiple tasks; this aspect is of par-
ticular interest for the purpose of this thesis. A macroscopic division among
multi-task learning approaches is between hard parameter sharing and soft pa-
rameter sharing methodologies.

In hard parameters sharing typically there is a shared backbone between
all tasks that eventually branches into dedicated heads to produce the output
for individual tasks; the shared backbone (typically a convolutional network)
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extracts the common feature set, while the dedicated heads learn the map be-
tween the feature set and the output domain. During training, the shared
weights are updated based on the combined loss from all tasks, thus enforcing
strong constraints towards learning representations that are beneficial for all
tasks simultaneously. This approach is particularly beneficial when tasks are
closely related and share similar basic characteristics. However, it may not be
flexible enough to adapt to variations in task complexity or requirements. In
contrast, in Soft parameter sharing each task have it’s own set of parameters and
a cross-talk mechanism is employed in order to encourage parameter similarity
across tasks, typically by penalizing differences between them. Soft parameter
sharing provides a balance between task-specific learning and leveraging shared
information across tasks, allowing the model to adapt to the inherent differences
of each task while still benefiting from shared representations. However, soft-
parameter sharing causes the fundamental element of computation and memory
savings to be lost, so the work presented in this chapter falls strictly within the
domain of models with hard parameter sharing.

Multi-Task Driver Monitoring

There are a few contributions in the literature with a more or less wide inter-
section with the work presented, so the following are some of the most similar
works.

In [39] they introduce the Multi-Task Driver Monitoring Framework (MT-
DMF), it is a pipeline that combines classical computer vision algorithms for
face analysis, implemented in the DLib library [40], with an original CNN that
simultaneously classifies the state of eye-opening, mouth, head pose, and most
interestingly, the estimate of driver fatigue. First, DLib’s face detector is used
to identify and map the RoI of the face, also facial landmarks detection is per-
formed, again with the implementation of the [7] algorithm present in Dlib. The
landmarks are used to derive a binary mask identifying the eye region, this mask
together with the cropped image of the face is given as input to the multi-task
CNN. They propose an architecture based on the venerable VGG19 convolu-
tional model [41], which they pre-train on a facial expression recognition task
and fine-tuned on the driver monitoring tasks using the NTHU-DDD dataset
[42]. Although they provide some accuracy measures taken on the same dataset
the results of this work are quite elusive; The dataset used is very limited,
consisting of only 36 subjects, acquired in a sudio setup with little variety of
scenery, appearance, or illumination. In addition, the use of Dlib for detection
of landmarks, which are then used marginally, appears to be an outdated choice.

The work of [43] is two-pronged, the first dealing with the development of a
multi-task network for driver monitoring, while the rest of the paper describes
the hardware/software architecture designed for the deployment of the in-vehicle
system. Regarding the model, one of the main contributions is the acquisition
of an original dataset for training the multi-task network. This dataset is not
publicly available, it counts of 18, 954 annotated images with the state of the
eyes (open, closed) head (front, up, down, right, left) and mouth (open, closed)
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and an overall label of the driver’s state (normal, distraction, fatigue, drowsi-
ness). The driver state ground-truth has been labeled using a combination of
PERCLOS, duration of eye closure, mouth opening, and head direction. The
proposed multi-task classification model is based on a Mobilenet architecture
and is trained for the the 3 facial behavior classification tasks (eyes, head, and
mouth status). At inference time the driver state is estimated based on a com-
bination of the aforementioned classification values over a period of time. The
main contribution of this work is certainly in the definition of the dataset, but
it appears to be acquired in a controlled scenario, again lacking in diversity
of scenario and appearance. The fact in fine that the dataset or model is not
available limits its scientific interest.

[44] is the closest work ever to the one presented and has some fascinating as-
pects. First, they introduce a novel dataset for driver monitoring (FDUDrivers),
consisting of 20000 images of 100 different driver, supposedly acquired in real
driving conditions. Unfortunately, to date, this dataset is publicly unavailable,
so an in-depth analysis is not possible. They develop a lightweight multi-task
CNN (DANet) to solve the tasks of head pose estimation, landmarks detection
and of special interest gaze estimation. The proposed model adopts an inter-
esting design: the first convolutional layers, which process the input image, are
totally shared among all 3 tasks, a first branch is dedicated to the landmark
detection and pose estimation tasks, which share the remaining convolutional
layers. Another branch is instead specialized for gaze estimation, the intrigu-
ing aspect is that the output of landmark prediction is employed to isolate the
feature map region as input to the gaze estimation branch, using the ROI align
layer [45]. The pose estimation output also contributes to the prediction of
gaze, via the “Object centric Aware Block” module presented in their work. It
is not entirely clear how this one is trained, since the output of gaze estima-
tion depends on the other two. It would be important to understand whether
predictions from the other branch or ground-truth values are actually used in
training. No specialized classification labels are provided (e.g., for the eyes or
mouth), although they could likely be easily added.

The differences that distinguish the work presented in this chapter from the
work seen above are many; for one thing, the number of tasks solved simul-
taneously (6) is the highest ever, and the training data have a wide variety of
appearance, allowing for exceptional levels of robustness under deployment con-
ditions. The addition of the distraction classification tasks is one of the most
relevant aspects, since no other work appears in the literature that does any-
thing similar. In the end, a great effort has been made to present an extensive
and comprehensive experimental treatment.
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2.3 Proposed Approach

2.3.1 Problem formulation

As presented in the introduction, the developed model makes it possible to
obtain all the necessary information for the implementation of the DMS in
a single inference step. More precisely, the model consists of a convolutional
neural network that takes as input an RGB image I ∈ R(3×w×h) depicting the
region of the image that tightly encloses the subject’s face. In the reference
implementation of the DMS, an initial face detection step is therefore necessary
to extract the region of interest; for this purpose, an object detection model such
as those introduced in the next chapter, trained on a face detection dataset,
can be used. The output of the model encodes the predictions of the individual
regression and classification tasks into a single one-dimensional vector O ∈
(1× do), the composition of individual outputs is summarized as Table 2.1.

Task Type Shape Act Range

Landmarks Reg 196 None [0,1]
Eyes BC 4 sigmoid [0,1]
Mouth MC 3 softmax 0,1,2
Head Reg 3 None [-π

2
, π

2
]

Distr. MC 3 softmax 0,1,2

Table 2.1: Definition of outputs. Regression (Reg), Binary
Classification (BC) and Multi-class Classification (MC).

Specifically, the coordinates (x, y) of the 98 facial landmarks are concatenated in
196-dimensional vector and expected to be expressed in range (0, 1), normalized
with respect to image height and width. The 3 Euler angles for head orientation
(yaw, pitch, and roll), expressed in radians, are instead not normalized. For the
classification tasks, standard output activation functions are applied in order to
obtain the values sought, applying the element-wise sigmoid to the 4 predicted
values for the eyes constrains each value in the range (0,1). For multi-class
predictions, on the other hand, softmax is used, which constrains the vector
of predictions to a probability distribution over the possible classes. Thus, an
occlusion value and an eyelid opening value are predicted for each eye, with a
value close to 1 indicating that the eye is visible (e.g., not occluded by sun-
glasses) and respectively that the eyelid is open. For the mouth, on the other
hand, the opening is classified into 3 predetermined levels: closed, semi-open or
open. Finally, the distraction classification task predicts three possible classes:
normal, cell phone use worn to the ear, or cigarette smoking.

Addressing the lack of training data

As already mentioned, one of the major difficulties in developing this work is
the limited availability of training data, particularly for distraction classification
tasks, for which there are no annotated data in the literature. The proposed
solution implies the acquisition of a small set of images for each of the 2 classes



Chapter 2. Driver Monitoring System 19

of interest (cell phone use and smoking), to be combined with the large liter-
ature dataset used for all other tasks. A training strategy is then developed
to overcome the lack of labels for the remaining tasks in the face of minimal
manual annotation work, and finally then train the model simultaneously for all
tasks. Specifically, the acquired images are manually labeled by annotating only
5 particularly representative facial landmarks, then a version of the model pre-
viously trained on the literature dataset is used to derive pseudo-labels for the
new images. The degree of alignment between the 5 hand-annotated landmarks
and the corresponding predicted landmarks (isolated from the 98 total output)
provides a proxy for the goodness of fit of the pseudo-labels obtained through
the pretrained model. A new dataset is defined by combining the literature
dataset (where the class for distraction is assumed to be “normal”) with the
subsets of the pseudo-annotated images: the resulting dataset is obviously ex-
tremely unbalanced on the ‘normal” class, so an appropriate training strategy is
required. It is then possible to train all 5 tasks simultaneously from scratch, us-
ing the pseudo-labels for the acquired subsets; a particular loss formulation that
uses the computed alignment value to weight the individual loss contributions
is crucial at this stage to mitigate performance degradation due to inaccurate
pseudo-label. The acquisition and pre-processing of the distraction subsets is
detailed in Section 2.3.2, while in Section 2.3.4 the formulation of the weighted
objective functions is provided.

2.3.2 Data Preparation

Figure 2.6: Samples from the LaPa Dataset

As the base of this work the Landmark guided face Parsing dataset (LaPa)
[24] Dataset is chosen, this is a relatively recent dataset and less established
than others such as 300w [21] and WFLW [23] but has several advantages. This
dataset consists of 22, 176 annotated images, making it one of the largest ex-
isting in the literature in its category, among which the authors isolated 2, 000
images for validation and 2, 000 for testing, with thus 18, 176 reserved for train-
ing. Each image represents a face in the foreground, for which annotations are
provided for 106 facial landmarks and a 11-class pixel-level semantic segmenta-
tion map. Segmentation maps in particular were found to be useful for deriving
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auxiliary labels for multi-task training; the complete pre-processing pipeline is
presented below.

Labels and Preprocesing

(a) Landmarks (b) Minimal RoI (c) Augmented RoIs

Figure 2.7: Example of RoI Augmentation

At inference time, the developed model will take as input the face region
cropped from the original image; an off-the-shelf object detector trained for a
face detection task will be used to detect the face Region of Interest (RoI). The
RoI identified by the detector will never be perfect and will always involve slight
variations in alignment and scale from the ideal face region, so it is critical that
the developed model be robust to these variations. A careful pre-processing of
the training set is essential to achieve the robustness. To begin, the 106 anno-
tated landmarks are subsampled by selecting only the 98 in the WFLW format,
then from the landmarks it is possible to define the minimum RoI which tightly
encloses the labeled landmarks. The augmented RoIs are obtained by applying
shift and scale factors to the minimal RoI, specifically first the aspect ratio is
adjusted to a square format, then a scaling factor is applied to include a larger
region, and finally a shift is applied in the x and y directions, always taking
care to include all annotated landmarks. The augmented RoI is used to crop
the image, which can be subject to further spatial augmentation by applying
rotations ad horizontal mirroring; it is essential to apply the same transforma-
tions to the image and landmarks annotation in order for these to be preserved
for the augmented image. In Table 2.2 values used for the preparation of train
and test/validation splits are given. For the training set, the shift, scale and
rotation values are uniformly sampled over the range of values chosen. For ef-
ficiency reasons, spatial augmentations are precomputed and are not applied
dynamically during the train, 10 augmented versions with different combina-
tions are processed for each train image. In addition, appearance augmentation
are randomly applied during the training, including variations in brightness and
contrast, color jittering, blurring and addition of Gaussian noise.

In the pre-processing stage, subsequently to the spatial augmentation, multi-
task training labels are also derived. For the eye tasks (occlusion and eyelid
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Operation Train Test/Val

Shift [0.0, 1.0] 0.0
Scale [1.0, 1.1] 1.0
Rotate [-35◦, +35◦] 0.0◦
Flip (prob.) 0.5 0.0

Table 2.2: Spatial augmentation configurations

opening labels), landmarks and segmentation mask are leveraged; For each eye,
first the Eye Aspect Ratio (EAR) defined in Equation (2.2) is computed using
the landmarks, a value of EAR close to 1 should indicate ’opening of the eyelid
(resp. a value close to zero closing), but at a preliminary stage it was noted that
this metric alone is not sufficiently reliable. Therefore, Pl/r defined as the pixel
count for the left/right eye label in the segmentation mask used in addition for
the definition of the visibility (vizl/r) and eyelid opening (openl/r) labels. The
definition of the labels is reported in Equation (2.3)

EAR =
∥P1− P3∥

∥P2− P4∥+ 1−3
(2.2)

vizl/r
def
= Pl/r > 10 and EARl/r > 0.1

openl/r
def
= vizl/r and (Pl/r EARl/r) > 13.5

(2.3)

The label for the level of mouth opening is derived similarly, using the pixel
count derived from segmentation and an aspect ratio calculated using land-
marks. Finally, in the end, the Euler angles for head rotation are estimated
with the Perspective-n-Point (PnP) algorithm, which allow estimating the pose
of a 3D object by associating its 2D image projections with known 3D coor-
dinates. Given a standard set of 10 3D (x, y, z) landmark coordinates used in
the literature and the corresponding 2D labeled keypoints, the 6-DoF pose is
estimated by minimizing a 3D-2D projection problem. The clear advantage
of training the network to predict rotation instead of using PnP on predicted
landmarks is the savings of running the algorithm in inference (PnP algorithms
can be expensive) and being robust to inaccurate landmark predictions.

Distracting Actions Dataset

For the classification tasks, two subsets of images were acquired for the classes
cell phone usage and smoking detection. The images used were collected from
various publicly accessible sources by searching for specific keywords and were
manually curated to verify that they met the criteria sought, (i.e., the cell phone
is worn to the ear or the cigarette in the mouth is clearly visible). Thus, 858
images were obtained for the ‘cellphone” class and 715 for the ‘smoking” class;
considering that the more than 20 thousand LaPa images are considered for the
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Figure 2.8: Labeling of the five reference landmarks

‘normal” class, the severe imbalance of the dataset on this task is evident. To
implement the multi-task training strategy by including the distraction task,
it was necessary to manually annotate 5 facial landmarks, as depicted in Fig-
ure 2.8, for all the collected images. To obtain the full (pseudo) labels, the most
powerful version of the model (Large), described in Section 2.4.4 and trained
on the tasks of LaPa, is employed. The subsequent spatial augmentation steps
are reproduced as well as for the original dataset with regard to RoI extraction,
the labels, on the other hand, are kept those predicted by the pretrained model.

c = α · (1− log(d)) (2.4)

The confidence score is defined according to the alignment between the 5 an-
notated keypoints and the corresponding predicted, is calculated as defined in
Equation (2.4), where d is defined as the 2-norm of the difference between the
predicted and labeled keypoint pairs (normalized with respect to the image size)
and α ∈ (0, 1) is a scaling factor.

(a) c = 0.633 (b) c = 0.765 (c) c = 0.887 (d) c = 0.998

Figure 2.9: Pseudo-labeled images with different confidence
values

It was qualitatively observed that the confidence thus calculated is an extremely
reliable proxy for the goodness of predictions, as can be guessed from Figure 2.9.
In Section 2.3.4 is detailed the strategy to leverage the pseudo-labeled images
and the confidence score to simultaneously optimize for all tasks.



Chapter 2. Driver Monitoring System 23

Spatial Average

Concatenation

Li
ne

ar

Eyes (4)

Mouth (3)

Head (3)

Lm (196)

Dist (3)

Figure 2.10: Architecture of the proposed Model

2.3.3 Model Architecture

The architecture of the proposed model is designed to balance the tradeoff
between computational efficiency and performance, while at the same time pre-
ferring a simple, well-understood approach that does not make use of custom
layers and operations that could make deployment on the inference platform
complicated. Thus, the architectural pattern of Mobilenet-v2 [46], although no
longer very recent, was chosen as the starting point. This is a family of con-
volutional models for vision applications, designed to optimize computational
cost and memory consumption; the key choices in the mobilenet-v2 family are
the replacement of simple convolutional layers with depthwise separable convo-
lution blocks and the use of Inverted residual as the building block base.
Specifically, the separable convolution replaces a convolutional layer (n × n)
with a depth-wise (n × n) convolution followed by a point-wise (1 × 1) convo-
lution. For an input tensor (c × w × h), a regular convolution applies a set of
convolutional filters (k × c× n× n) to obtain an output (k × w′ × h′) (leaving
out the factor of stride and padding), therefore each of the k filters is applied
across all input channels simultaneously. Instead, in a depth-wise convolution
(as depicted in Figure 2.12), a convolutional filter is applied to each input chan-
nel, resulting in a set of output channels equal to the number of input channels.
The point-wise convolution, instead, is just a regular convolution with a kernel
size of (1×1); therefore, it is easy to derive how replacing a single convolutional
layer with the separable convolution results in a saving of c((k − 1) ∗ n2 + k)
parameters.

1x1xC

1.

2.

C.

Figure 2.11: Point-Wise Convolution

A mobilenet-v2-type network is defined as a stack of Inverted Residual blocks,
each characterized by the number of output channels (o), the expansion factor
(t) and the stride (s); If t > 1, an initial point-wise convolution is applied
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3x3xC

Figure 2.12: Depth-wise Convolution

to increase the number of input channels from k to kt, then the depth-wise
convolution is applied with stride s, followed by the point-wise convolution
with o output channels. If the dimensions are compatible (s = 1 and o = k),
a skip connection is introduced by adding the input of the block to its output,
this choice is commonly justified as to improve the flow of information and
gradients, mitigating vanishing gradient problems and enabling more effective
training.
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Figure 2.13: Inverted Residual Block

For this work, such an architecture was developed in different configurations,
the exact number of blocks, as well as the configuration of each, depends on the
exact variant; in total 3 different configurations with incremental computational
cost (tiny, small and large) are proposed. In Section 2.4.4 a comparison of
the performance of the three variants is proposed, when not otherwise indi-
cated the intermediate (small) configuration is always used. As depicted in
Figure 2.10, the feature maps (F1, F2, F3) of two intermediate convolutional
blocks (B1 and B2) and the last block (B3) with different stride factors (4, 8,
16) are averaged across the spatial dimension to obtain a single value for each
channel, the resulting vectors are then concatenated and fed to the final layer.
A single fully-connected layer is used to obtain the output vector, aggregating
the intermediate feature maps to produce the output is aimed at improving
robustness and generalization by aggregating information at varying scales.

2.3.4 Optimization Strategy

Objective functions for Base Tasks

The choice of the objective function for each task is critical to the overall per-
formance of the model; when training a multi-task model, it is not precisely
predictable which effect the variation in the objective function chosen for one
task might have on the training of all the others, so the development of an opti-
mal training strategy can be extremely laborious. For this work, it was deemed
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appropriate to start with sufficiently understandable literature objective func-
tions. Hereafter, referring to the taxonomy of Table 2.1 the losses tested for
each of the baseline tasks are detailed.
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Figure 2.14: Comparison of objective functions of landmarks
localization

The facial landmarks localization task is certainly the one to be given the
most attention, since as mentioned in Section 2.3.2 convolutional networks have
considerable difficulty in direct coordinate regression tasks. Given the vector of
predicted landmarks t and the corresponding prediction p, the general formu-
lation is defined in Equation (2.5) as a function d of the difference between the
predicted and ground-truth values.

Llm(t, p) =
2N∑︂
i=0

d(ti − pi)f (2.5)

The most common d choices for this type of regression are norm-1 (absolute
value) and norm-2 (mean squared error), both reported in Equation (2.6). A
middle ground between the two is represented by the smooth-L1,

L1(x) = |x|

L2(x) =
1

2
x2

(2.6)

This function is quadratic for small values of x and linear for larger values, the
rationale behind this strategy is to simultaneously mitigate the magnification
of larger errors due to the squaring operation of L2 while avoiding the over
penalization of small errors induced by the L1.

Smooth-L1(x) =

{︄
1
2
x2 if |x| < 1

|x| − 1
2

if |x| ≥ 1
(2.7)

The authors of [17] observed that the above functions cause updates to be
dominated by large location errors, masking the contribution of relatively small
shifts. They propose the Wing-loss function, reported in Equation (2.8); for
values of |x| ∈ (−w,w) it behaves logarithmic, controlled by a curvature factor ϵ,
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in order to accentuate the contribution of minor localization, outside has a linear
trend that is useful in mitigating the excessive contribution of large localization
errors in the early stages of the train. The term C = w−wln(1− |x|/ϵ) ensure
a smooth transition between the linear and nonlinear regions.

WingLoss(x) =

{︄
wln(1− |x|/ϵ) if |x| < ϵ

|x| − C if |x| ≥ ϵ
(2.8)

In [47] the same authors note that wing-loss could cause doggedness on negligi-
ble localization errors, so it is useful to introduce into the formulation a region
small (−r, r), with r typically set to 0.5, such that for |x| < r the loss is al-
ways 0. With this addition, therefore, the Rectified Wing-Loss could be defined.

For the remaining tasks, the choice of objective function more straight-
forward, in particular for the multi-class mouth opening classification task the
standard Cross-entropy loss with Softmax is used, instead for each of the single-
class eye classification tasks the binary cross-entropy is used, and the individual
terms are added together. The regression of Euler angles requires some shrewd-
ness, in fact functions such as L1 or L2 would not take into account the circular
nature of these values and can lead to errors, so (Equation (2.9)) the operation
modulo versus period 2π is introduced to the difference in absolute value of the
angles (in radians) to properly calculate the offset between angles. In addition,
the cosine function helps to smooth the penalization when approaching zero.

EulerLoss(γ, γ) = 1− cos(|γ − γ| mod 2π) (2.9)

Distraction Classification Loss

Optimizing the distraction classification task without degrading the perfor-
mance of the basic tasks is definitely the most challenging aspect of this work.
In fact for this task there is a substantial imbalance of more than 10:1 in favor
of the base class, so the cellphone and smoking classes are extremely underrep-
resented, plus for the subset of acquired images only the pseudo-labels obtained
as described in Section 2.3.2 are available. In machine-learning problems, im-
balance in the dataset is often approached with balancing techniques such as
undersampling the dominant class or oversampling the minority class, how-
ever in this peculiar multi-task problem the usage of these techniques would
inevitably alter the distribution of the remaining tasks, with hard track side
effects. Therefore, the best thing is to act at the loss level exclusively in opti-
mizing the affected task.

The most general formulation of loss for the multi-class classification task is
given in Equation (2.10), where x and y are respectively the one-hot vector
for the ground-truth class and the output of the neural networks, both vec-
tors of n elements. The most popular choice for the error function f(·) is the
Cross-Entropy function, which is expressed in Equation (2.11) as the negative
logarithm of the softmax.
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LMC =
n∑︂

i=0

f(x, y)i (2.10)

CE(x, y)i = −xilog

(︄
eyi∑︁n
j=1 e

yj

)︄
wi (2.11)

In addition, a weight wi can be introduced to balance the contribution of each
class to the overall loss. This option can be useful for handling class balanc-
ing in a problem such as the one under consideration: intuitively the domi-
nant class should be penalized with a low w value to favor underrepresented
classes, counterintuitively however this reasoning can be overturned. The value
of Equation (2.11) is zero unless i is the ground truth class (xi = 1), therefore
wi balance the contribution of the elements that should be classified as class i,
in other words a large wi would severely penalizing false-positives for the class i.
Thus, assigning a high weight to minority classes incentivizes the model to learn
the decision boundary from them, resulting in potentially implying overfitting
on the training images. As can be appreciated from the samples in Figure 2.9,
the subsets for the minority classes (cell phone and cigarette) are little varied
and the images are very easy to classify, with the result that effectively this
strategy leads to minimizing the classification loss by learning subtle peculiari-
ties of the training dataset, essentially overfitting on the training samples and
annihilating the ability to generalize to realistic situations. Instead, assigning
a larger weight to the majority class discourages this kind of behavior, leading
to decision boundaries that are more conservative around the majority class.

FL(x, y)i = α

(︄
1− eyi∑︁n

j=1 e
yj

)︄γ

CE(x, y)i (2.12)
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Figure 2.15: Plot of the exponential smoothing term used in
the Focal Loss

As an alternative to Cross-Entropy, Focal Loss [48] is considered; this objec-
tive function is designed for cases where there are numerous easy-to-classify
examples whose contribution eventually dominates the gradient magnitude.
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As defined in Equation (2.12), focal loss essentially introduces an exponential
weight factor modulated by a term γ to cross entropy. The ratio that appears in
parentheses is simply softmax(y)i, when γ > 1, the larger is the softmax score
for class i (and thus the more confident the prediction model is), the smaller
the exponential weight will be, as shown in Figure 2.15. The scalar term α is
present in the original formulation but does not play a relevant role here. As
a result, there is an incentive to learn from samples over which the model has
little confidence and which are assumed to be the most difficult to classify. Po-
tentially then it lends itself to the case of interest, in fact as already mentioned
most samples are easy to classify and this can lead to an excess of false positives,
(e.g., simply by touching the hand to the face can be misclassified as cell phone
use).

Combined Optimization

The overall loss for multi-task training is simply a weighted sum of the individual
contributions, in Equation (2.13) αi denote the weight for the i-th task. In
addition, the overall loss, for each task, is the sum of the contributions of the
individual elements of the minibatch, each with its own weight γj ∈ (0, 1); the
When training only the basic tasks of LaPa γj is always 1 (so this weight is not
used). Instead, when training the full model by including pseudo-labeled images
for distraction tasks, this mechanism is crucial in mitigating the propagation of
imperfect labels in the learning process. The confidence score of Equation (2.4),
computed using the difference between 5 hand-labeled reference keypoints and
the corresponding predictions from a pseudo-labeler teacher model, is the γ for
the pseudo labeled samples, instead, the LaPa samples always have confidence
1. The same γ is used for all tasks of a minibatch element, except for the
distraction task (when enabled), for which the weight is not applied since the
distraction class is not pseudo-labeled.

LTOT =
NT∑︂
i=0

αi

BS∑︂
j=0

γjL[Ti],j (2.13)

Beyond objective functions, the other key aspect to consider is the choice of
the optimizer and the related strategies and hyperparameters. Without delv-
ing too deeply into the intricacies of how optimizers work, which is beyond the
scope of this thesis, the Stochastic Gradient Descent (SGD) is the straightfor-
ward implementation of the mini-batch gradient descent algorithm, where the
gradients of the loss function with respect to the model’s parameters are com-
puted using the back propagation algorithm, and the weights are then adjusted
in the opposite direction of the gradient to approach a minimum of the loss.
With the introduction of the momentum, in addition, a weighted average of
past gradients is accumulated to accelerate convergence to a stationary point.
Adam, on the other hand, which is likely to be the most popular optimizer in
the field of deep learning, adapts the learning rate for each parameter based
on the first and second moments of the gradients, allowing for adaptive and
per-parameter optimization. It is generally believed that Adam is faster but
tends to lead to sharp local minima, instead SGD with momentum is believed



Chapter 2. Driver Monitoring System 29

to lead to flatter regions of minima, resulting in improved generalization ability
[49].

Stochastic Weight Averaging (SWA) is a technique used in the field of deep
learning that has been repeatedly shown to be useful in improving generaliza-
tion capabilities [50]. SWA is orthogonal to the optimization algorithm, as it
works by averaging multiple snapshots of the model weights collected during the
training phase. With respect to using a single set of weights, this is shown to
help smoothing the optimization landscape, mitigating the effect of sharp min-
ima and encouraging the exploration of wider optimality regions, ultimately
leading to more robust and stable models.

Figure 2.16: Typical Learning Rate strategy used for SWA

Typically, (Figure 2.16), SWA is implemented by training with SGD, normally
using a learning rate schedule, for the most part of the epochs. Snapshots
are only collected in a final portion of the training, setting a sufficiently high
constant learning rate or using a dedicated schedule to incentivize exploration
of the solution space, in the end the average weights are calculated, which will
be used for the inference. When Batch Normalization (BN) is used in the
model, the running mean and variance statistics of the BN layers are typically
not averaged with the weights, instead a forward pass on the training set is
performed to update the activation statistics at the end of the training process.
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2.4 Experiments and Evaluation

2.4.1 Experimental Setup

This chapter is devoted to the presentation and discussion of the results of
the experimental analysis conducted. First, the protocol for validating the
results and the methodologies used to corroborate the qualitative observations
are introduced.

Metrics

Evaluating and comparing the performance of such a multi-task model is not a
trivial task, first because the appropriate metric must be defined for each sub-
task, not being universally clear when comparing what the appropriate trade-off
might be in case a worsening on one task accompanies an improvement on an-
other. Moreover, in this specific case, no metrics could be obtained for the
distraction classification task, since an adequate validation set could not be iso-
lated due to the very limited data availability. Therefore, for the latter scenario,
it was opted to carefully evaluate the metrics for the main tasks, since the first
objective is to minimize any performance gap anyway, then a qualitative anal-
ysis is carried out through the study of saliency maps.

NME(p, g) =
1

N

N∑︂
i=1

∥pi − gi∥
IOD(g)

(2.14)

The most popular metric for the evaluation of facial landmarks detectors is the
Normalized Mean Error (NME) (Equation (2.14)). It calculates the average Eu-
clidean distance between the predicted facial landmarks and the ground truth
annotations, normalized by a characteristic scale of the face, such as the inte-
rocular distance. Normalization is critical to fairly compare faces at different
scaling factors, particularly for the 98-landmark scheme used is the interocular
distance (IOD) obtained as the Euclidean distance between the pupil landmarks.
Lower NME values indicate better accuracy in landmark localization.

Accuracy(y, y) =
1

N

N∑︂
i=0

1(yi = yi)

1(·) denotes the indicator function.

(2.15)

For the four binary classification sub-tasks for eyes (visibility and openness),
Accuracy is calculated, defined (Equation (2.15)) as the ratio of correctly clas-
sified samples to total samples. For convenience of interpretation and display
it is preferred to have a single value that summarize the performance of the eye
related sub-tasks, the average of the 4 accuracy weighed against the support
of each label is calculated. Similarly, for the multi-class mouth classification
task the accuracy value is computed for each class and the weighted average
is reported. For the head orientation tasks finally, for each degree of freedom
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(yaw, pitch and roll), the circular offset (expressed in degrees) between the pre-
dicted and the ground-truth angle is computed. The three values are reported
separately without averaging.

Saliency Maps

As for the distraction classification trained using the pseudo-annotated images,
a validation set for calculating the metrics could not be obtained. In fact, eval-
uating the most desirable property of the model, the ability to generalize in
the deployment scenario, would be hard to assess even if a validation set would
be available. The straightforward qualitative testing campaign, conducted by
experts, can provide a valuable feedback, but it is not an objective system of
judgment. An important contribution to trying to evaluate predictions objec-
tively comes from the field of Interpretable Machine-Learning (IML), which
focus on elucidating the process behind a model’s specific prediction. Unlike
other classifiers (such as decision trees), the predictions provided by neural
networks are not inherently interpretable and are generally considered to be a
black-box predictor after training. Thus, a field of study of particular interest
is that of attribution methods, and in particular the pixel attribution methods
that aim at explaining the contribution of pixels (or group of pixels) for the
classification results produced by a trained neural network. Typically, pixel
attribution methods are used to produce a saliency map, which highlight re-
gions of an input image that significantly contribute to the model’s prediction,
offering transparency into which features the network deems most relevant for
classification.

(a) Input (b) Backprop (c) Grad-CAM (d) Score-CAM

Figure 2.17: Output of saliency methods for the class Mastiff.
Source [51]

One of the simplest, though scarcely reliable, methods of obtaining saliency
maps given a trained convolutional neural network output O, an input image
I and the target class i is to compute the gradient of the output for the target
class with respect to the image, which can be achieved trough backpropagation.

SMBP (I) = ReLU
(︃
∂Oi

∂I

)︃
(2.16)

where the Rectified Linear Unit (ReLU) function sets negative values to zero
and preserves positive values.
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A more modern family of methods to produce saliency maps is the family
of Class Activation Maps (CAM) methods, these so not directly provide in-
formation about positive or negative contributions of pixels but rather focuses
on the importance of regions in the image. In the more general formulation
(Equation (2.17)), these methods leverage an intermediate feature map F from
the convolutional part of the CNN classifier, and defines the saliency map as a
weighted sum of the k channels of F . The striking difference between two of the
most popular CAM methods, respectively GradCAM [52] and ScoreCAM [53]
is the way the feature maps weights α are defined. In the former, the gradient
of Oi with respect to F k, averaged across the spatial dimensions, is used.

SMCAM = ReLU

(︄∑︂
k

αkF
k

)︄
(2.17)

ScoreCam instead ditch the computation of the gradient entirely, instead for
each channel k the forward pass is computed using a linear combination of the
input image I and the k-th channel of F . More precisely

αk = softmax(C(F k))c (2.18)

where c denotes the target class. The following are defined:

C(F k, I) = Ψ(I ◦Hk)

Hk = s(Up(F k))

where s(·) is a normalization function used to force the output values in (0, 1)
and Up(·) is the function used to Upsample the spatial dimension of F k to
match the size of the input image I.
Following a preliminary study, it was decided to use only ScoreCAM to derive
a possible justification for the results of the qualitative analysis of the perfor-
mance of the distraction classification. It must be said that these attribution
methods are not a panacea, are not free of limitations and unresolved issues,
and do not replace the use of validation metrics. Nevertheless, as reported in
Section 2.4.3, the use of saliency maps provided valuable insights, which help
to confirm qualitative observations.

2.4.2 Evaluation

For all experiments performed, the model was trained to process input images of
(160×160) pixels. Training sessions were conducted using 2 Nvidia V100 GPUs,
with a mini-batch size of 64 per GPU, totaling 128. A fixed training duration
of 300 epochs was applied across all experiments. Additional hyperparameters
and configuration specifics were tailored to the respective experiments and will
be elaborated upon in dedicated sections as required.
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Landmarks Regression Loss

The very first aspects to be evaluated are the definition of an appropriate loss
for the landmarks regression task and an initial evaluation of the choice of opti-
mizer. Therefore, we start for simplicity from a single-task configuration where
only the landmarks regression task is trained, using only the images from the
LaPa dataset, without including the pseudo-labeled images. Therefore, here-
after the options introduced in Section 2.3.4 are evaluated in a controlled setup,
leveraging NME metric (Equation (2.14)) to compare the results.

In Table 2.3, a first subset of experiments is dedicated to compare the per-
formance of baseline regression losses (L1, L2 and Smooth-L1) in this scenario.
As can be appreciated, both L2 and Smooth-L1 ended up performing the worst;
That these perform similarly is somewhat expected, since they behave identi-
cally in the range [−1, 1], into which after the very early stages of training most
of the errors fall. The fact that they perform so poorly can be traced back to
the quadratic behavior, which ends up under-penalizing relatively small local-
ization errors. The L1 in fact, not exhibiting this behavior, turns out to perform
extremely competitively.

Loss Optim LR Landmarks

L1 Adam 2−4 2.4
L2 Adam 2−4 3.67
Smooth-L1 Adam 2−4 3.79

Wing Adam 2−4 2.36
Wing SGD 4−4 2.97
Wing SGD+SWA 4−4 (2−4) 2.36

Table 2.3: Comparison of landmark losses and optimizers

For the second sub-set of this preliminary evaluation, the specialized Wing-Loss
is evaluated with different optimizer configuration. With the baseline setup of
optimizer and hyperparameters, the WingLoss outperforms all the other op-
tions. Alternatively, SGD with momentum set of 0.9 has been tested, this
alternative turned out performing worse than Adam baseline; To this regard is
in fact believed that Adam tends to reach sharp minima quickly, while SGD
with momentum is slower and tends to reach broader minima, which, however,
tend to be farther from the optimum. The best of both words can be obtained
by leveraging the SWA technique introduced in Figure 2.16, in the used con-
figuration the baseline learning rate (4e− 4) is decayed to 2e− 4 starting from
epoch swastart = 250 of 300 over 10 epochs· Starting from swastart till the end of
training, a snapshot of the weights is collected at the end of each epoch weights,
which are averaged at the end of training. With this technique, the NME value
obtained with Adam is again reached, the difference (unfortunately difficult to
measure), is that in theory a larger minimum is reached, with a benefit in terms
of generalization ability.
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In conclusion, WingLoss was obviously opted for, and it will be used for all fu-
ture experiments in multi-task configuration. Regarding the optimizer, on the
other hand, albeit not clearly appreciable at this stage, the use of SGD with
SWA proved to be crucial when the distraction classification task is introduced
(Section 2.4.3).

Multi-Task Regression on LaPa

It has been mentioned several times how training with a multi-task setup could
tend to improve the performance of individual tasks compared to the single-task
case, in this section therefore is devoted to evaluate and weigh this statement.
To this end, the following strategy is proposed: for each of the base LaPa tasks
(for whose validation data is available), a pair of models are trained, one with
only the target task (single-task) and the other adding the landmarks regression
task. Moreover, as reported in Table 2.4 the configuration with all tasks is
trained and evaluated, and for completeness also a model with all tasks except
landmarks regression is tested. All the experiments are performed using Adam
optimizer and leveraging the WingLoss for the landmarks regression, for all the
other tasks the loss configurations detailed in Section 2.3.4 is used.

Task Lm (↓) Eyes (↑) Mouth (↑) Head (YPR) (↓)

Baseline 2.36 - - -

Lm + Eyes 2.357 0.975∗ -
Eyes (Single) - 0.98 - -

Lm + Mouth 2.44 - 0.934∗ -
Mouth (Single) - - 0.917 -

Lm + Head 2.4 - - (2.637, 2.546, 2.972∗)
Head (Single) - - - (2.425∗, 2.29∗, 3.53)

Lm + All 2.35∗ 0.978∗ 0.935∗ (2.622∗, 2.793∗, 3.186∗)
All - 0.98 0.9225 (3.051, 3.762, 3.327)

Table 2.4: Ablation study. The results in bold are the overall
best score obtained, the use of (∗) denote the best results between

the pair of configurations under evaluation.

A first observation that can be derived from these results is that a single-
task configuration never outperforms the dual-task equivalent, with the partial
exception of the head-pose estimation obtains a slightly lower error on the re-
gression of Yaw and Pitch angles, while severely underperforming in the Roll
estimation. In contrast, the dual-task configuration with the ’addition of land-
marks estimation has a more consistent trend in the error obtained on the 3
corners, which is indicative of a greater robustness of the feature set extracted
from the convolutional backbone.

The configuration with all tasks active results in the absolute best performance
for landmarks regression and mouth opening classification, and it is interesting
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to note how this consistently outperforms the counterpart trained without the
landmarks regression. Intuitively, this may be justified by the fact with the
regression of landmarks in particular incentivizes the search for a rich feature
set that captures the structure of the face and connotations. Training with a
single task o the other hand, might lead to the learning of an overspecialized
feature set which could capture unintended biases and nuances of the training
images, leading to overfitting. In conclusion then, the initial hypothesis was
confirmed, the good performance achievable in LaPa tasks was observed, and
a baseline was also established with which to compare the trained models by
introducing distraction detection. In the next section for that matter, this very
aspect is investigated.

2.4.3 Qualitative Analysis

Since there are insufficient images available for the distraction classification task
to define a test set for calculating the metrics, a qualitative analysis is presented
in this section. In particular, a small number of highly representative images
were used, some of which are shown in Figure 2.18. Specifically, for each of the 2
added classes (cell phone use and smoking), the typical situations in which false
positives are evidenced were captured; in particular, bringing the fingers close
to the mouth can trigger cigarette detection, while bringing the hand close to
the face or ear can cause cell phone detection. Sample images where the action
was actually performed were also used, but these proved to be less important,
because the main problem highlighted is that of false positives.
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Figure 2.18: Some samples used for qualitative analysis. The
first five images for each class are special cases selected to trigger

false positives.

The useful tool to enrich and justify the results of qualitative analysis is
the study of Saliency Maps; In particular, the Score Cam method introduced
in Section 2.4.1 is used, the target class for ScoreCam is defined as the class
that is intended to trigger, therefore c in Equation (2.18) is set to the label
index of the trigger class, not the ground-truth class (that would be the normal
class for false positive inducing images), nor the predicted class. The rationale
behind this choice is to elucidate which regions of the image are investigated
in the prediction of classes of interest. Specifically, this analysis aims to justify
the choices discussed in Section 2.3.4 regarding the choice of objective function,
class balancing mechanisms, and the choice of optimizer and related strategies.
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Configuration Landmarks Eyes Mouth Head

CE+Adam 3.14 0.9743 0.925 (3.37, 2.76, 3.148)
CE+SGD 2.77 0.97 0.925 (2.634,2.17,2.948)
FL+SGD 2.63 0.976 0.933 (2.542,2.157,2.781)
FL+SGD+W1 2.515 0.977 0.926 (2.473, 1.938,2.714)
FL+SGD+W2 2.518 0.978 0.927 (2.30, 1.966, 2.773)

Table 2.5: Results on Base tasks of models trained with dis-
traction classification

Choice of Optimizer

The first comparison concerns the choice of the optimizer, from a preliminary
stage of this work it has emerged that this aspect is critical to the generalization
ability of the model trained with the addition of the distraction classification
task. In order to clarify this aspect, two versions of the model trained using
the same setup, with the cross-entropy objective function without class weights,
were compared using the Adam optimizer or SGD with moment together with
the SWA strategy, respectively. Only the optimizer-related hyperparameters
differ; for Aadam a learning-rate of 2−4 was maintained, while for SGD+SWA
it starts from 4−4 which is then linearly decayed in 10 epochs to 2−4 starting at
epoch 250 of 300 total. Moreover, a momentum value of 0.9 has been used for
SGD.

Figure 2.19: Cross Entropy loss with Adam

Figure 2.20: Cross Entropy loss with SGD+SWA
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From a purely qualitative point of view, it is observed that the model trained
with Adam is extremely sensitive to false positives, even if only by simply plac-
ing the hands near the face. This aspect is not fully appreciable from the images
in Figure 2.19 and Figure 2.20, from where we see instead that the saliency maps
produced with the model trained with Adam are much more sparse and hazy,
likely an indication that the feature maps obtained are unrepresentative. The
results in Table 2.5, on the other hand, show how there is also substantial per-
formance degradation on basic tasks, likely attributable to a negative-transfer
phenomenon. Consequently, it was chosen to continue exclusively using SGD
com momentum and SWA optimizer combination.

Choice of Objective Function

The second aspect to be clarified concerns the choice of objective function; In
Section 2.3.4 the Focal loss function was considered as a potential alternative to
Cross Entropy. This allows reducing the contribution of easy-to-classify exam-
ples, theoretically incentivizing the model to focus on hard-to-classify samples.
Two identical models were then trained by varying only the objective function
for distraction classification; the gamma hyper parameter for focal loss (Equa-
tion (2.12)) was set to γ = 2

Figure 2.21: Focal loss with SGD+SWA

Qualitatively, it was observed an increase in robustness to false positives;
Comparing the saliency maps of the model trained with focal loss in Figure 2.21
with the analogues using Cross Entropy Figure 2.20, it is observed that espe-
cially for the cell phone use class, more emphasis is placed on features in the
correct region near the ear. Also, the numerical results on the base tasks go in
favor of focal loss, with a slight overall improvement.

Class Weighting

In the end, it is important to clarify the controversial aspect introduced in (),
which would see counterintuitively as a preferable option to underweight the
minority classes (cell phone and cigarette) in order to mitigate overfitting on
the peculiarities of the training images improve generalization altogether. For
this purpose, two equal models were trained again, using focal loss and SGD
optimizer with SWA. In the first case (referred to as W1), the weights chosen
for the 3 classes (normal, phone, cigarette) are (1.0, 0.5, 0.5), respectively, thus



Chapter 2. Driver Monitoring System 38

going to penalize the minority classes. On the contrary, in the second experi-
ment, (referred to as W2), the weights are instead (0.5, 1.0, 1.0).

Figure 2.22: Focal loss with Minority class down weighting
(W1)

Figure 2.23: Focal loss wit Majority class down weighting (W2)

W1 was by far the most stable and robust to false positives configuration,
and it is in conclusion possible to consider it as the final release version of the
developed DMS multi-task network. The saliency maps in Figure 2.22. The
saliency maps in Figure 2.22 appear highly consistent with the objective of the
classification, while for W2 they appear poorly correlated (Figure 2.23). In
contrast, the numerical results on the basic tasks (Table 2.5) are relatively on
par.

2.4.4 Deployment

To conclude the experimental section, it is essential to evaluate and compare the
performance in inference obtained in a realistic deployment scenario. First, the
performance of the trained model as the architectural configuration employed
changes is analyzed; As introduced in Section 2.3.3, three possible configurations
of the mobilenet-style backbone have been considered (tiny, small, large),
with increasing computational demands. All the previous experiments have
been conducted with the small configuration, therefore hereafter in Table 2.6
the results obtained on the LaPa baseline tasks are compared across the three
configurations. All the models are trained with the configuration of “Lm+All”
from Table 2.4, using the Adam optimizer with fixed learning-rate (2−4) and
the Wing-Loss for the landmarks regression.
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Model Configurations

Model Params Landmarks Eyes Mouth Head

Tiny 124,566 3.815 0.955 0.899 (3.855, 2.975, 3.604)
Small 705,422 2.35 0.978 0.935 (2.622, 2.793, 3.186)
Large 2,330,318 2.163 0.983 0.983 (2.078, 2.323,2.458)

Table 2.6: Comparison of model configurations

As can be appreciated, performance scales proportionally with the number of
configuration parameters used; moreover, the observed variation is uniform
across tasks. This is not obvious, in fact a drastic reduction in model foot-
print can often completely obliterate learning capabilities, requiring at the very
least careful fine-tuning of hyperparameters or the use of specialized techniques
such as distillation [54].

Inference Performances

Estimating and comparing the cost of inference is a nontrivial problem. Only
measuring inference times is influenced by the particular choice of hardware
and software, which by design and implementation characteristics may favor a
particular architecture, but by varying the inference platform the conclusions
can be subverted. Unlike in the next chapter, where it is necessary to compare
profoundly different backbones, here the problem is partially mitigated by com-
paring different configurations of the same architecture.

Regarding the computing platform, there are several aspects to consider. With
regard to server-side training and inference, the de facto standard today is the
use of Graphics Processing Units (GPU). Unlike traditional CPUs, GPUs are
specifically designed to handle vast amounts of data in parallel, making them
exceptionally well-suited for the matrix and vector operations inherent to deep
learning algorithms. The goal of this work, however, is inference on an em-
bedded computing unit, without exchanging data with an inference server in
any way, which must therefore burden only the local platform. The embed-
ded platform must balance a trade-off between computational power, device
power consumption, economic impact, and physical device footprint. There
are a myriad of options in this regard based on CPUs, GPUs or increasingly
on accelerators designed especially for deep model inference, an exhaustive ex-
ploration of the available options is beyond the scope of this thesis, however.
Indeed, experimenting on different platforms requires becoming familiar with
the hardware and software tools provided by device manufacturers; these are
often proprietary tools and mastering them is extremely time-consuming.

Therefore, it was chosen to conduct this experimental phase based on the
Jetson family devices produced by Nvidia. NVIDIA Jetson hardware represents
a family of embedded computing platforms designed for high-performance AI
and computer vision capabilities at the edge. The jetson platforms are designed
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Feature Jetson Nano Jetson Xavier NX

GPU Maxwell Volta
CUDA Cores 128 384
CPU 4-core ARM Cortex-A57 8-core ARM Cortex-A57
CPU Clock Speed 1.43 GHz 1.9 GHz
RAM 4 GB LPDDR4 8 GB LPDDR4
Tensor Cores No Yes (48)
AI Performance 0.47 TOPS 21 TOPS
Power Consumption 5-10W 10-15W

Table 2.7: Comparison between NVIDIA Jetson Nano and Jet-
son Xavier NX

around the Nvidia Tegra System on Chip (SoC), which integrate a variety of pro-
cessing units, including ARM CPU cores, NVIDIA GPU cores, and dedicated
accelerators, into a single chip. This architecture is specifically designed to
provide high-performance computing capabilities while maintaining low power
consumption, making it well-suited for embedded and edge computing applica-
tions. In particular, the Nano and Xavier (NX version) platforms were used,
the technical specifications of which are given in Table 2.7. From the software
standpoint, Nvidia provides the JetPack Software Developer Kit (SDK), which
includes the tools and libraries required to build and execute software for the
Jetson platform. This includes the TensorRT inference engine, the proprietary
runtime used for accelerating the execution of deep learning workload; The eval-
uated models are therefore trained in the regular setup and then imported in
TensorRT for evaluation.

Model Params MACs Nano (ms) NX (ms)

Tiny 124,566 76.61 ×106 5.583 1.382
Small 705,422 447.23 ×106 14.743 2.32
Large 2,330,318 2.40 ×109 76.451 8.296

Table 2.8: Evaluation on deployment

In Table 2.8 the inference time is reported for the three model configuration
considered, the reported inference time (expressed in milliseconds) is the average
execution time of 1000 inference steps. All the deployed model are built using
the 16-bit floating point precision provided by TensorRT version 8.2, included
in JetPack SDK version 4.6.1.
In addition to the measured inference times, it is useful to have a qualitative
measure that can serve as a proxy of the computational requirements, agnostic
to the specific hardware and software configuration used. Beyond the number
of parameters, it is also reported the number of Multiply-Accumulate (MAC)
(expressed in Tera Operation per Seconds (TOPs)), which quantify the number
of multiplication and addition operations required to compute the output of a
neural network layer. This value is directed correlated with the computational
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workload and runtime requirements, and can be easily estimated as the sum of
the MACs required by the individual operations of each layer.
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Chapter 3

Advanced Driver Assistance
System

3.1 Motivations
As anticipated, the work presented in this chapter is closely related to the work
in the previous chapter on DMS and can largely be considered its complemen-
tary as far as this first part of the thesis work presented is concerned. This work
focuses on Advanced Driving Assistance System (ADAS) systems, this umbrella
term identifies a broad variety of automotive technologies designed to enhance
driver safety, improve overall vehicle performance, and augment the driving
experience through the integration of sensors, cameras, radar, and intelligent
algorithms. In particular, by providing real-time assistance, ADAS mitigates
the risk of accidents, reduces human errors, and paves the way for a safer and
more efficient road transportation ecosystem. In essence, the DMS seen above
is a special case of an ADAS system applied to the analysis of driver activity.
In the more general sense, on the other hand, ADAS systems can be used to
monitor various driving conditions and report any detectable dangerous situa-
tions that may arise from interactions with other vehicles or the surrounding
environment. Popular applications include Forward Collision Warning (FCW),
which aims at detecting an impending collision with a vehicle or obstacle in
the vehicle’s path and Blind Spot Detection (BSD), which monitor the vehicle’s
blind spots—areas not easily visible to the driver, helping prevent lane-change
collisions.

It is easy to see how the implementation of these systems requires very pre-
cise perception of the surrounding environment, which may include knowing
the relative position of other road users, knowing the position of the ego vehi-
cle relative to the roadway, decoding road signs, and interpreting environmental
conditions. More and more vehicles are being equipped with an increasing range
of sensors, first and foremost radar, GPS, and in some cases LiDar, which are
being used to implement ADAS features. Using specialized sensing equipment,
however, is not always an optimal solution, primarily because of the costs that
can greatly affect the final price of vehicles. The additional limitation, which is
less often talked about, is the high degree of specialization of the information
provided by this type of sensor: in fact, a radar, for example, is capable of
providing an extremely precise measurement from the object placed in front of
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the vehicle, but it is hardly usable for different applications such as accurate
recognition of different vehicles or identification of road signs. Otherwise, build-
ing a vision-based perception system, attempting to mimic human perception
at least in part, can be helpful in alleviating these issues, primarily the cost,
which is orders of magnitude less than the alternatives.

Moving to an exclusively camera-based system, especially one relying on a
monocular camera, introduces increased complexity on the algorithmic front, as
it is necessary in this case to use computer vision techniques. In the landscape
of recent deep learning-based methods, there are a wide variety of techniques
that can be applied as fundamental building blocks to construct powerful and
robust perception pipelines. Notably, there exists an extensive body of litera-
ture focusing on object detection, lane detection, and image classification tasks,
offering a rich repertoire of methodologies to enhance visual understanding.
However, state-of-the art deep learning models usually implies computational
demands that are far beyond what can be obtained by onboard computing units.
Therefore, a significant challenge lies in reconciling the ambition for advanced
computer vision capabilities with the inherent limitations posed by the modest
computational resources available on hardware realistically installable aboard
motor vehicles. Another aspect to consider when building computer vision mod-
els for automotive perceptions is the availability of appropriate labeled dataset
suitable for the intended task. Automakers are investing billions in acquir-
ing training data through fleets of sensorized vehicles, meanwhile the research
community instead is lagging behind for the lack of the availability of appro-
priate datasets available for research purposes. Therefore, while researchers are
proposing increasingly advanced perception models, the scarcity of training and
validation data poses a constraint on the possibilities of deploying these models
in real use cases. In fact, training a model that can generalize to arbitrary
and extremely varied driving scenarios is a problem that is poorly addressed,
and often excellent results obtained on the little data available or on simulation
environments are not reproducible in realistic scenarios.

As foreseeable, the development of camera-based ADAS systems is at the
core of the investigation proposed: the work presented in this chapter stems
from the requirements of the CEMP Project (Section 3.1.1), which focuses on
the development of a new generation of assistance systems suitable for motorcy-
cle applications. The need for deployment on a motorcycle further accentuated
the mentioned issues, since the choice of computing hardware is further nar-
rowed by the stringent weight, size, power consumption that are inherent in the
intrinsic characteristics of this family of vehicles. the scarcity of data is also
exacerbated, since there is no record of available datasets intended for motor-
cycle applications. Taking into account the requirements of the project, the
fundamental vision tasks to be accomplished are Object Detection (in particu-
lar, detection of vehicles) and detection of lane lines and road boundaries. In
addition, it is useful to also classify the occlusion state of the detectable vehicles
(useful to identity the foreground vehicles) and to perform a full image classi-
fication, which is useful to calibrate the safety system to the current driving
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scenario and environmental conditions. In this scenario, the advantages of a
multi-task learning approach are expressed at the highest level; in fact, it would
be almost impossible to think of implementing each of the necessary tasks and
subtasks as a separate single-task neural network. It was therefore planned to
group all vision tasks under a single perception neural network, combining a
powerful but efficient shared backbone for feature extraction with specialized
heads to produce the outputs needed for individual tasks.
This idea is not necessarily new, and has already been partly applied to sim-
ilar use cases, however, the work presented is innovative in several respects:
first, computational efficiency, and the ease of deployment on different embed-
ded hardware platforms are fist-class citizens. Moreover, the robustness and
ability to generalize to a broad variety of operational conditions is also a strong
requirement. To achieve these ends, the models developed are all built from con-
volutional backbones, which do not require the implementation of exotic layers
and are easily implemented on all desired hardware platforms. The heads for
individual tasks, in stark contrast from what has been done by other works, are
defined by exploiting a modern bottom-up formulation for both object detec-
tion and lane estimation tasks. Unlike other popularly used formulations, such
as the famous anchor-base formulation for object detector that requires oner-
ous and inefficient post-processing steps to obtain the desired predictions, the
bottom-up formulation does not involve exoteric operations and the decoding
is simple and efficient to implement. Second, exploiting a similar formulation
for the two main tasks, although essentially different, simplifies the definition of
objective functions and the balancing operation of individual contributions in
the training phase, which is notoriously a nontrivial phase of optimizing multi-
task models.

In summary, the proposed work is aimed at developing a new family of highly
efficient and robust camera-based perception models intended for the develop-
ment of ADAS. In the remainder of this chapter, the following contributions
and results are introduced and discuss:

• The architectural choices, which reflects the requirement for the maximum
computational efficiency.

• The proposed bottom-up representations for the tasks of object detection
and lane estimation, together with the novel objective function proposed.

• Numerical experiments are presented, highlighting both the good perfor-
mances on the intended task and the inference latency on the selected
embedded hardware.

The remainder of this introductory section is therefore devoted to introduce the
CEMP project, with set the requirements for the proposed work, which was
ultimately deployed in the ADAS use cases required by the project. Part of the
work presented in this chapter is derived from the original work [2] presented in
October 2022 at the Workshop on “Perception and Navigation for Autonomous
Robotics in Unstructured and Dynamic Environments” (PNARUDE)1 of the

1https://iros2022-pnarude.github.io/

https://iros2022-pnarude.github.io/
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prestigious IEEE/RSJ International Conference on Intelligent Robots and Sys-
tems (IROS) conference.

3.1.1 The CEMP Project

The CEMP (Connected Electric Modular Powertrain) project was funded by
the Lombardy Region under the 2014-2020 ESF Operational Program, as part
of the investment aimed at strengthening research, development, and innova-
tion. The project involved top industrial partners in the automotive industry,
such as Dell’Orto, OCTO Telematics and Energica Motorcompany, along with
the University of Modena and Reggio Emilia (UniMoRe). The latter has al-
ways been active in technology transfer projects to national and international
automotive companies, industrial automation and high-performance embedded
systems. In summary, the research objective of the project was focused on the
development of a next-generation Electric Propulsion System intended for light
2-, 3-, and 4-wheeled vehicles (international category L), characterized by high
energy efficiency. The prerogatives of the CEMP project include integration
with high value-added connectivity and driver assistance systems aimed at re-
ducing accidents and improving the efficiency of urban travel through vehicle
sharing features.

Figure 3.1: Sensorized vehicle used for the CEMP project

In the development phase, project partners collaborated on the develop-
ment of an electric-powered motorcycle with advanced connectivity and safety
features. UniMoRe’s involvement in CEMP has been primarily aimed at the
development and testing of the active safety algorithms, which constitute the
ADAS subsystem, or more properly ARAS (Advanced Rider Assistance Sys-
tem). The developed ARAS Package consists of three subcomponents: 1. Ac-
tive speed limiter 2. Forward collision warning 3. Blind spot detection. The
complete design and implementation of the ARAS system required successive
stages of analysis, design, implementation, and testing, a detailed description
of which is definitely beyond the scope of this thesis, therefore, only choices rel-
evant to the presented work are given below. The FWC and BSM subsystems
were implemented utilizing a vision based approach, so the vehicle was equipped
with a pair of cameras (front and rear), the computation unit chosen is instead
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based on the Xavier NX SoC, produced by NVidia. The chosen SoC is part
of NVidia’s Jetson family of embedded processors, equipped with GPUs and
specially developed for running AI workloads, the Xavier NX it’s a mid-range
solution in the Jetson family, capable of 21 Tera Operation per Seconds (TOPs)
with a peak power consumption of up to 20W. As for the ASL system, this was
implemented using the GPS system with which the vehicle is equipped, so it is
not further discussed.
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3.2 Background

3.2.1 Object Detection

Object detection is a prominent computer vision task, in its general definition
this task identifies the automatic extraction of regions of an input-supplied im-
age that contain objects, typically limiting to one or more classes of interest.
Typically, an object within an image is defined by means of a bounding box,
i.e., a quadrilateral inscribing the object of interest, the bounding box can be
encoded as a 4-uple of valued using several conventions, the main ones being
the coordinates (x1, y1, x2, y2) of the top-left and bottom-right corners or as the
center point coordinate (cx, xy) along with the box width and height (w, h).
Thus, the object detection problem is reducible to regression from the image
of a bounding box set (b1, .., bn), each of which typically comes with a label
ci indicating its object class and often also a confidence score si ∈ (0, 1). As
many computer vision problems, object detection has existed since before deep
learning models were introduced, but clearly today the latter dominate this field
unchallenged.
Classical non-deep detectors, for which an in-depth discussion is beyond the
scope of this work, were typically based on a two-stage approach (also common
in the earliest deep learning detectors): first, a feature descriptor is computed
for all the image, typically at varying scale factors, a prominent example being
the Histogram of Oriented Gradients (HOG) features [55]. Then, a classifier
like Support Vector Machines (SVM) [56] is used to classify the feature vectors
in a sliding window fashion over the entire image. The sliding window moves
across the image, and at each position, the features within the window are fed
to the classifier, which is trained on positive samples (containing the object
of interest) and negative samples (containing background or other non-object
regions). Finally, to remove duplicate or highly overlapping detections, a post-
processing step called non-maximum suppression (NMS) is often applied. While
this family of approaches has demonstrated success for several years, it is not
without limitations. Hand-crafted features like HOG rely on predefined rules
for extraction, often failing to capture high-level semantic information effec-
tively. Furthermore, the sliding window approach is highly inefficient, requiring
multiple classifier inferences. Additionally, the fixed scales of the window pose
challenges in detecting objects at various scales within an image.

Two-Stage detectors

deep learning based detectors, as mentioned above, have in a short time su-
perseded all other approaches in every respect, and after around a decade of
development, there is now a very wide choice of methodologies to suit virtually
any application. The success of deep learning methods for object detection,
as well as for all computer vision tasks, is mainly due to the use of convolu-
tional networks, which are specifically designed for applications in this field.
Casting object detection with a formulation that can be used for training a
convolutional network is not straightforward and during the years a taxonomy
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of approaches has emerged, although each method clearly has inherent charac-
teristics that make it unique. The first and foremost branching of deep object
detectors is between two-stage and single-stage methods, the former are the
oldest approaches, originating from the typical formulations of traditional mod-
els, while the latter include the later more modern methods that, with different
strategies, attempt to perform direct bounding-box regression from the image.
The Region-Based CNN (R-CNN) [57] can be considered the progenitor of all
the deep object detectors, this archaic two-stage detector leverage a region pro-
posal module based on the Selective Search algorithm [58] to extract a set of
2000 candidate regions of the image that are likely to contain objects, then
each region of the image associated with a proposal is cropped and warped to
a square of (227 × 227) pixels. The second stage leverages a pre-trained CNN
to extract a 4096-dimensional feature vector for each of the 2000 patches, then
an SVM (for each class) uses the extracted features to classify the presence
of the object within that candidate region proposal. In addition, a separate
bounding-box regressor outputs four offsets value for the proposed bounding
box, that should improve the precision of the detector. To train the second
stage, first the convolutional feature extractor is pre-trained in 1000-classes clas-
sification dataset (ImageNet) [59], and fine-tuned in the domain-specific task
to classify the extracted regions from the detection dataset. Finally, for each
object class the SVM is trained for binary classification, using the ground-truth
bounding boxes as positive examples and randomly samples regions as negative
(actually the definition of negatives is slightly more complex). Clearly, this ap-
proach has a long list of anachronisms mutated from classical methods, one of
the prominent limitations being the need to have to perform feature extraction
with CNN separately for each of the proposed 2000 regions, which makes de-
tection extremely inefficient. A subsequent work, Fast R-CNN [60], introduces
several improvements to this framework: first, while the region proposals are
still obtained separately from with the selective search, a single global feature
map is extracted from the whole image, and the Region of Interest Pooling
(RoI Pooling) method is introduced to obtain fixed-size feature vectors for each
proposal from the shared feature map. From each RoI feature vector, addi-
tional layers are applied to perform classification and regression of the refined
box coordinates, unlike previous work, the classifier and regressor are joined
in a deep network and are trained end-to-end. Faster R-CNN [61] introduces
further improvements, the first among them being the introduction of the Re-
gion Proposal Network (RPN), used to replace the slow and inefficient selective
search algorithm used to produce the object proposals. The RPN generates re-
gion proposals directly from the shared feature maps, these proposals are then
processed by the object detection network for classification and bounding box
refinement. Faster R-CNN unifies the training of both the RPN and the object
detection network. The model is trained end-to-end, making the entire process
more efficient.

Single-Stage Detectors and Beyond

The other main branch is single-stage object detector, as the name suggests
the main characteristics of this class of models is that they do not rely on an
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explicit region proposal stage, rather all the bounding boxes are regressed in a
forward pass. In the early years these models emerged because of their abso-
lute computational superiority, since it typically results an order of magnitude
lower than the two-stage models, but on the other hand they have long been
considered less performant on the task at hand. Today, the performance gap
has been abundantly closed, and single-stage detectors achieve state-of-the-art
performance, and in addition, detectors with extremely low execution cost have
been developed that can also be used for real-time applications on embedded
devices. The YOLO (You only look once) family of single-stage models, al-
though not the first incarnation of this approach, is certainly its best-known
exponent. These models, specifically fall into the sub-class of anchor-based de-
tectors, as seen for R-CNNs, yolo over the years has also undergone revisions
and improvements, while maintaining the same basic pattern. In the most pop-
ular version [62], yolo operates as a single convolutional neural network that
simultaneously produces several outputs: the input image is associated with
an output grid of (N ×N), with each grid cell being responsible for predicting
bounding boxes and class probabilities for objects that fall within it. Instead
of directly regressing the bounding box coordinates, the box center (cc, cy) is
regressed as two offsets vector (tx, ty) with respect to the cell’s center, and the
box width and height (w, h) is regressed as two na offsets vectors (tiw, t

i
h) for

i = (1, ...na) with respect to a set of na anchor boxes. The anchor boxes intro-
duce a prior for the shape of the bounding boxes, and are usually defined by
performing k-means clustering on the set of ground-truth boxes. In addition to
the 4 box offsets, for each cell, an ’objectness’ score is predicted, which encodes
the confidence that exists a corresponding object, together with a C-classes
classification vector. Most implementations produce multiple similar outputs
at different output scales (usually 3), which leads to an overall output of size
3× [(Ns×Ns)∗ (1+C+2+2na)] for s = (1, .., 3). A large number of candidate
bounding boxes are therefore produced in a single inference step, however, only
a fraction of these actually correspond to valid predictions. Thus, a complicated
process is required to obtain the desired predictions, first to obtain the actual
coordinates from the regressed offsets and anchors used, and then it is necessary
to apply the NMS algorithm or remove duplicate or highly overlapping detec-
tions.

A more modern sub-family of single-stage detectors is that of anchor-free mod-
els, those eliminate the reliance on predefined anchor boxes, introducing simplic-
ity and flexibility to the object detection process. This departure from anchor
boxes brings advantages such as adaptability to diverse object shapes, improved
efficiency, and a more straightforward training pipeline. A prominent example
of anchor-free detector is CenterNet [63], on which the object detection branch
of the multi-task network proposed in this chapter is based. CenterNet, operate
the center-ness of a candidate point, indicating how likely it is to be the center
of an object. In summary, Centernet-style detectors directly localize objects
by predicting the coordinates of the bounding box’s center, in addition, they
incorporate a regression head to predict the width and height of the bounding
box directly from the features associated with the predicted center. This is in
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contrast to anchor-based detectors, where bounding box dimensions are often
determined by anchor box templates. In Section 3.3.1 an in-depth description
of this strategy, which has been extensively reposted for this work, is detailed.

3.2.2 Lane Estimation

Lane estimation, is a computer vision task that involves predicting the lane
markings on a road from an image, or even a sequence of images. Like for
object detection, this task was already being handled by traditional methods
before the advent of neural networks, again, the state-of-the-art methods are
entirely deep methods. As one can imagine, however, it is a more niche task,
since it is basically relegated to the automotive domain and in particular ap-
plications related to autonomous driving. The formalization of the regression
problem is not unique, since there is no universally accepted representation for
lines (as there are bounding boxes for object detection).
A typical pre-deep learning approach is one based on the Hough [64] transform,
which assumes that every line is representable by the equation of a straight line,
an option that is obviously not always verified when thinking about the typi-
cal geometry of a road. A classic lane detection pipeline consists of an initial
edge detection phase, which can be implemented with Canny’s algorithm [65] or
similar, then the Hough transform is applied to identify candidate lines in the
edge-detected image. The Hough Transform transforms the image space into
a parameter space, where each point in the parameter space corresponds to a
possible line in the image. By applying the Hough Transform, straight lines in
the image are detected as peaks in the parameter space. Post-processing steps
involve filtering and clustering these lines to differentiate between left and right
lane boundaries. While the Hough Transform is effective for detecting straight
lanes, its limitations become apparent in scenarios involving curved or discon-
tinuous lane markings, where more advanced techniques are often required for
robust and accurate lane detection.

Regarding deep learning-based models, a macroscopic distinction is between
segmentation-based and detection-based approaches. In segmentation-based
methods [66]–[68], a Convolutional Neural Network (CNN) can be trained to
classify each pixel in an image as either belonging to a lane or background.
The output is a pixel-wise segmentation map, where each pixel is labeled as
part of a lane or not, thus providing a detailed understanding of lane bound-
aries. If segmentation is at the semantic level, then it will only be possible to
indicate which pixels are part of a line, possibly by specifying its class (e.g.,
continuous white line, double white line...), but it will not be possible to distin-
guish between points belonging to different lines of the same class, which would
require instance-level segmentation [68]. Segmentation-based models heavily
rely on clear and distinguishable lane markings, and may struggle in complex
scenarios where lane markings are ambiguous, faded, or occluded or in environ-
ments where lanes are not marked or roads lack standard lane markings (e.g,
lane boundaries or curbs). Moreover, high-resolution segmentation maps can
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be computationally intensive, making real-time implementation challenging, es-
pecially in resource-constrained environments like embedded systems in vehicles.

In contrast, detection-based models, similarly to object detection, attempt to
model lane detection as a regression problem of specific geometric primitives
that model the shape and position of the lanes within the image. In perfect
analogy, again a prominent sub-family is that of anchor-based detectors, among
these Line-CNN [69] represents pioneering work. The used method is based on
Faster-RCNN: first, a ResNet-family convolutional backbone is used to com-
pute a shared feature map, then a Line-Proposal Unit (LPU) is introduced to
produce a set of proposals for the detected lanes at predetermined locations on
the feature map. More in detail, only the bottom and the top/left boundaries
of the feature map are leveraged by the RPU, at each location a set of k lane
proposed are produced with respect to a set of k anchor boxes. Each prediction
consists of a binary classification score for the presence of an anchor line and
a set of S offsets from the ground-truth line to the anchor line, evaluated at a
set of S row anchors. In detail, anchor lines are defined as a ray emitted from
the considered boundary location with a specific angle, again, the k-means al-
gorithm applied to ground-truth annotations can be used to generate the set of
anchors. This type of approach has been taken up and improved in subsequent
contributions [70]–[73], however, in general they suffer from some limitations,
the most obvious being the large set of candidate detections that are output,
which require the NMS refinement in order to obtain the final set of precision.
On the same basis as center-net style object detectors, some anchor-free lane
detection methods set the task as a direct coordinate regression problem. In
particular, each lane instance can be represented as a set of keypoints sampled
along the curve, therefore a heatmap-based method for keypoints regression, as
detailed in Section 3.3.1, is an effective strategy on which to build an anchor-
free detector. The problem with direct keypoint regression is that, in some
ways analogous to segmentation, it is not obvious how to group the predicted
keypoints in the individual lane instances. To this end, the flexible bottom-up
structure of heatmap-based keypoint regression is optimal for associating addi-
tional outputs with each keypoint to simplify the association phase. Notably,
PINet [74] predict a feature embedding for each keypoint, using a particular loss
to encourage embeddings associated with keypoints on the same line to be close
together in embedding space. The use of embeddings is optimal in inference to
perform clustering, but as also experienced in the early stages of the proposed
work, their training is problematic and often creates instability. Inspired by
the domain of human pose estimation, which heavily exploits heatmap-based
regression, FOLOLane [75] and GANet [76], to perform association by predict-
ing a spatial offset at each keypoint location, which can be effectively optimized
with a standard regression loss. In particular, FOLOLane associates each key-
point with the displacement vector with respect to the immediate next point
in the sequence, while GANet instead simply associates the offset with respect
to the starting point of the sequence. Both of these choices are effective and
clearly interpretable, but the GANet choice tends to be more robust to errors
in decoding: for this region, this encoding has been adopted for the proposed
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work, with the difference that the offsets are computed with respect to the mid-
point. In Section 3.3.1 the details of this type of approach on which this work
was based are given.

3.2.3 Multi-Task Approaches

In the literature, to the best of available knowledge, there is no model ex-
actly comparable with the one proposed, which is understandable given that
this one was created specifically for an extremely specific design requirement.
There are a few contributions that are similar enough, however, to be useful
in making interesting observations about the diversity in possible solutions for
the development of a multi-task model of perception specifically for automotive
applications.

Model Tasks Dataset Backbone

MultiNet [77] [DET, DA, SCN] KITTI [78] VGG16[41]/ResNet[79]
DLT-Net [80] [DET, DA, LL] BDD [81] VGG16 [41]
YOLOP v1 [82] [DET, DA, LL] BDD CSP-Darknet53 [83]
YOLOP v2 [84] [DET, DA, LL] BDD E-ELAN [85]
HybridNets [86] [DET, DA, LL] BDD EfficientNet-B3 [87]
A-YOLOM [88] [DET, DA, LL] BDD CSP-Darknet53 [83]
TwinLiteNet [89] [DA, LL] BDD ESPNet-C [90]

Table 3.1: Comparison of Multi-Task models. Tasks: Traffic
Object Detection (DET), Drivable Area Segmentation (DA),

Lane Line Estimation (LL), Scene Sclassification (SCN).

An overview of the identified contributions is presented in the Table 3.1, all
of which are characterized by a basically similar structure, consisting of a con-
volutional feature extractor obtained from existing classification (VGG, Resnet
or EfficientNet), object detection (Darknet, Extended-Elan) or segmentation
(EspNet) models. On top of the convolutional backbone, all contributions ana-
lyzed except for MultiNet (which is the oldest), all models use a fusion strategy
to combine feature maps at different scales to produce aggregate feature maps
that contain information at different scales. For this component (which can be
called a neck block), DLT-Net utilize the Feature Pyramid Network (FPN) [91],
YOLOP (v1 and v2) combines Spatial Pooling Pyramid (SPP) [92] and FPN,
Hybridnets adopts the Bi-Directional FPN (BiFPN [93]) and TwinLiteNet uti-
lizes the Dual Attention Module [94]. As for A-YOLOM, their choice is unclear,
because they claim to use a Spatial Pyramid Pooling Fusion (SPPF) which they
assume is superior to the classical SPP, but without providing a reference or
further details.
Regarding the solved tasks, all the compared approaches include the Driveable
Area Segmentation task, by which is meant the segmentation (thus pixel-level
classification), of the image in order to distinguish areas that are considered driv-
able or navigable from those that are not. In the work proposed in this chapter,
this task was not addressed, because it is not of direct use for the purposes
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of the developed ARAS module. For the main remaining tasks (Traffic Object
Detection and Lane Line Estimation), they all follow very similar approaches
in particular for the object detection task, all the contributions that provide
for it use a single-stage anchor-based detection head, among them YOLOP,
A-YOLOM and HybridNets use YOLO, while DLT-Net soi differs slightly by
using RetinaNet [48], also single-stage anchor based. For lane estimation, on
the other hand, all use a segmentation-based approach, with all the limitations
of the case that were presented in the previous section.

As this concise review of the literature shows, to date, no multi-task perception
models using anchor-free keypoint-based approaches have yet been proposed for
object and lane detection tasks. The remainder of this chapter therefore presents
work that, among other objectives related to design requirements, aims to fill
this gap.
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3.3 Proposed Approach

3.3.1 Problem Formulation

Object Detection

Figure 3.2: Sample heatmaps for Object Center. Top:
Heatmap (all classes merged), Bottom: Heatmap superimposed

to input image

The desired output for the object detection task is a set of NO detections
in the form (x1, y1, x2, y2, c, o) where x1, y1 (resp. x2, y2) define the image space
coordinate of the top-left (resp. bottom-right) corner of the bounding box, c
characterizes the object class and o is the binary label for the object’s occlusion
state. The bottom-up approach leveraged is heavily based on the anchor-free
detector described in CenterNet ([63]). The idea behind the anchor-free detector
is to represent each bounding box as the coordinates of its center point and two
offset vectors from the center to the top-left and bottom right corners of the
box, the center points and the offsets are regressed from the image with a fully
convolutional approach, leveraging a heatmap-based encoding. For each object
class k ∈ CO with |CO| = 10, a ground truth heatmap is defined Hk

D ∈
(︁
w
S
× h

S

)︁
(with S being output stride) that encodes the center points of all the objects
in I belonging to class k. Given a set of detection ground truths, first the
target keypoints in output space ci =

(︂
xi
2−xi

1

2S
,
yi2−yi1
2S

)︂
for i ∈ {0, . . . , Nk

O} are
computed as the geometrical center point of each box and rescaled with the
output stride (rounding to the nearest integer), as in Figure 3.3 (left). Then
the target heatmap Hk

D for the k-th object class is obtained by computing for
each keypoint a Gaussian centered at the keypoint’s location and taking the
element-wise maximum:

Hk
D(x, y) = max

j

{︃
exp

(︃
−
(x− cjx)

2 + (y − cjy)
2

σ2

)︃}︃
for j ∈ {0, . . . , Nk

O}
(3.1)

the variance term σ can be fixed to a constant value, or it can be computed for
each object being encoded accordingly to the box shape as defined in [95].
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The final ground-truth heatmap HD ∈
(︁
|CO| × w

S
× h

S

)︁
is obtained by concate-

nating the single-class heatmaps along the class dimension, thus HD repre-
sents the target for center point regression. In addition, a pair of offset maps,
OD ∈

(︁
w
S
× h

S
× 4
)︁
, is regressed. This encodes, at the center point coordinates

of each ground-truth object, the pair of offset vectors from the object center
to the top-left and bottom-right corners of the target bounding box (depicted
in Figure 3.3 (right)). Unlike the center point heatmaps, there is no need to
define a ground-truth offset map. During the training phase, the regression loss
is evaluated only at the ground-truth center points. Importantly, this means
that the values of OD that do not correspond to any ground-truth center point
are not explicitly forced to a default value (i.e., zero).

OD(cx, cy) = (cx − x1/S, cy − y1/S, cx − x2/S, cy − y2/S). (3.2)

In addition, the occlusion state for each object detected is also regressed: for
this scope, an occlusion map V D =

(︁
w
S
× h

S
× 1
)︁

is also regressed, also in this
case the loss function is evaluated only at the ground truth center points (cx, cy).

w/S

h/S

cx

cy
Cy – y1

Cx – x1

Figure 3.3: Definition of the object detection’s targets: (left)
object center-point (right) box-corners offsets: top-left (red) and

bottom-right (blue).

At inference time therefore, the model outputs the predicted center point
heatmaps HD, offset maps OD and occlusion maps V D: with the chosen formu-
lation, the process to recover the predicted bounding box is simple and efficient,
and does not require refinement operations as the Non-Maxima suppression re-
quired by many detectors. First, the predicted center points P k for each class k
are retrieved by first taking the local maxima (the peaks of the Gaussians) from
the keypoint heatmaps P k

= [(c1x, c
1
y)

k, ..., (cN
k
O

x , cN
k
O

y )k], then, for each candidate
center point (cx, cy) (the class index is omitted for ease of notation), the top-left
and bottom-right offsets are retrieved by evaluating the predicted offset map at
each candidate location:

OD(cx, cy) = (cx − x1/S, cy − y1/S, cx − x2/S, cy − y2/S) (3.3)

Finally, the 4-uple (x1, y1, x2, y2) that defines the predicted bounding box is
easily obtained by summing the predicted offset to the recovered center points,
and can then be denormalized to the input image size by accounting for the
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stride factor. In addition, the predicted occlusion label is retrieved by evaluat-
ing the occlusion map at the center point location: o = σ(V D(cx, cy)), where
the function σ(·) (not to be confused with the Gaussian variance), defines the
sigmoid function. The value s ∈ (0, 1) of the Gaussian heatmap at (cx, cy) also
serves as a confidence score for the detected box, which is useful to implement
a confidence threshold to be effectively set for detections during decoding.

Lane Estimation

Figure 3.4: Sample heatmaps for Lane Estimation. Top:
Heatmap (all classes merged), Bottom: Heatmap superimposed

to input image

The desired output of the lane estimation task is a set of lane instances for
each lane class l among the Nl = 8 possible ones. The generic i-th lane instance
Ll
i = [(x1, y1), ..., (xnl

i
, ynl

i
)] is a list of keypoint coordinates of arbitrary length

nl
i (different for each lane instance). All the keypoints in Ll

i should belong to
a single lane and can be easily used to fit a polynomial curve representing the
lane line boundaries in image space coordinates. Therefore, the objective of re-
gressing the lane instances is twofold: to identify the points in the image where
the lines of the road are represented and to group the sets of points belonging
to the same line into a single instance. Similarly to the object detection task,
a keypoint-based approach, in particular the method, is derived from [76] and
[74]. As shown in Figure 3.5 this method allow to simultaneously recover all the
keypoints belonging to any lane visible for the l-th lane class and regressing an
offset vector for each keypoint that is used to effectively cluster the keypoints in
distinct lane instances. To begin, it is necessary to preprocess the annotations
provided by the dataset into a compatible representation with the chosen for-
mulation: in particular at the outset the available annotations encode each line
as a Bézier curve, consequently the first step is to sample the provided curve
with a fixed sampling step so that each line is encoded as a set of keypoints.

In analogy to the approach used for object detection, a ground-truth heatmap
H l

L is defined for each lane class l. This heatmap encodes the position of all
visible keypoints belonging to class l, disregarding specific lane instances. The
ground-truth heatmap is obtained by rescaling the keypoints’ coordinates to the
output space, accounting for the stride factor S, and then centering a Gaussian
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Figure 3.5: Representation of the lane estimation head used:
each keypoint belonging to a line cast a vote offset for the mid-

point of the lane that it belongs to.

at each lane keypoint, as described in Equation (3.1). The complete heatmap
HL is then obtained by concatenating the single-class heatmaps. The regression
of the heatmaps allows for retrieving the positions of the keypoints belonging to
the lines of each class, but it does not provide useful information for grouping
the points into individual instances. To address this, in addition to the keypoint
heatmaps, a single offset map OL ∈ (w

S
× h

S
× 2) is also regressed. OL is used to

associate each keypoint with an offset vector pointing to the midpoint of the line
to which it belongs. To achieve this, at each j-th keypoint location pij = (xi

j, y
i
j)

of the i-th lane instance, the offset vector to the midpoint is regressed, defined
as Li[|Li|/2] = (xmi, ymi) of the lane instance. The offset vector is regressed
only at the location corresponding to the keypoint locations, as explicated in
Equation (3.4).

OL(x
i
j, y

i
j) = (xmi − xi

j, ymi − yij) (3.4)

At inference time, the model outputs the predicted keypoints heatmaps HL

and offset map OL, in order to decode the predicted lane instances, first for
each lane class the candidate lane keypoints [(x1, y1), ..., (xNl

, yNl
)] are retrieved

by selecting the Gaussian peaks from the predicted heatmap H
l

L. Then, at
each candidate keypoint location (xi, yi) (omitting the class label l), the re-
sulting candidate mid-point (xmi, ymi) is retrieving by evaluating HL at the
keypoint’s coordinates. Finally, after each point has cast a “vote” for it’s mid-
point, the candidate midpoints are used to cluster the keypoints in individual
lane instances using an agglomerative clustering algorithm [96] with a fixed
distance threshold.

3.3.2 Model Architecture

The proposed convolutional model follow a modular approach, that allows dif-
ferent options to be effectively explored to identify the solution best suited to
the computational and performance requirements of the application. The gen-
eral model architecture, schematized in Figure 3.6, follows a simple and robust
approach common to several single-stage detector: first, the convolutional part
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Figure 3.6: Overview of the proposed model. The outputs are
produced by three distinct heads for object detection (DET),

lane estimation (LANE) and scene classification (SCN).

of an off-the-shelf classification model is used to extract a set of nF multiscale
feature maps:

Fi ∈ (Ci, w/Si, h/Si) for i ∈ {0, . . . , nF}

With Ci denoting the number of channels (increasing) and Si denoting the
output stride (also increasing). For all the evaluated model configurations,
nF = 4 output feature maps are always used, with fixed output strides of
(4, 8, 16, 32), while the number of output channels Ci is specific to the chosen
backbone.
Subsequently, a neck block further process the feature maps, increasing the
output resolution and (optionally) aggregating the multiscale features. The
neck provide as output a small resolution feature map (S = 32), to be used
exclusively for the image tagging task and a high resolution feature map (S = 4)
to be used for both the object and lane detection tasks. Finally, a distinct head
for each individual task apply a final convolutional layer in order to produce the
task-specific output. This structure is therefore extremely flexible, allowing for
experimenting with different backbones and different necks, as well as adding
or removing individual tasks heads.

Backbone

In order to evaluate the flexibility of the proposed approach, three different
model families are evaluated as convolutional backbones: 1. Resnet [79], with
its simple and well understood architecture, represents the most conservative
option 2. Mobilenet [46] instead represent a well established example of con-
volutional model with reduced memory and computational footprint 3. finally,
EfficientNet [87] is a more recent example of a model with low inference cost,
leveraging modern solutions.
The decision was made to purposely avoid tinkering with backbones that were
either too computationally intensive to be effective in the intended deployment
target or were built with uncommon layers and architectural choices [97], which
could make the conversion to the inference framework more challenging and
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potentially inaccurate. All the tested backbones had been pretrained on the
ImageNet classification dataset.[59].

Necks

To process the feature maps obtained by the convolutional backbone, two dif-
ferent options for the implementation of the neck lock are evaluated.

The simple neck only takes the last feature map (stride 32) and gradually
increase the spatial resolution up to a stride of 4, required for object and lane
detection, with alternating layers of regular 2D Convolution and Transposed
convolution with stride of 2 and kernel size of 4 (implying a 2-time upsampling
factor for each layer). The feature map returned for the image tagging task is
the output from the first convolutional layer. Furthermore, all the Transposed
convolutional layers are initialized as bilinear interpolation kernels.

X3

S=4

S=8

S=16

S=32

BiFPN
Upsample

Downsample

Figure 3.7: Overview of the BiFPN based head. In all the
experiments, all the up sample operations are implemented as
nearest neighbor interpolation and the down sample operations

as MaxPooling layers.

The more sophisticated, yet lighter, neck implementation is based on the Bi-
directional Feature Pyramid Network (BiFPN) introduced in [93]. This block
is an evolution of the Feature Pyramid Layer (Fpn, [91]), it allows fusing feature
maps ad different scales leveraging both top-down (up sampling) and a bottop-
up (down sampling) paths to allow the information to flow in both directions,
as depicted in Figure 3.7. Given a set of multiscale feature maps FS with S
denoting the stride, (F4,F8,F16,F32) the intermediate output for the top-down
path is:

TS =

{︄
FS if S = minS

Conv2D(FS + up(FS/2) ∗ wS
T ) otherwise

Then the bottop-up path is defined as follows:

BS =

{︄
TS if S = maxS

Conv2D(TS + down(T2S) ∗ wS
B) otherwise

The trained weights wS
{B|T } are added to the feature fusion to allow the network

to model the importance of each feature. The feature map B4 is used as input
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for the object and lane detection tasks, and B32 for the task of image tagging,
respectively.

Heads

The heads follow a minimalistic design aimed at keeping the complexity over-
head of each individual task to a minimum. The head for the lane estimation
and object detection head share also the same input features and an identical
structure: each of the desired outputs (i.e, heatmaps, offsets etc. . . ) is obtained
by applying a dedicated 3× 3 convolutional layer to the feature map, followed
by a ReLU activation, followed by a final 1× 1 convolution to produce the de-
sired number of output channels. A sigmoid activation is applied only to the
heatmap’s output layer and, for training stability, has been proven beneficial to
initialize the bias value of the last convolution to −4.6, since after the sigmoid
layer (σ(−4.6) = 0.01) this leads to an initial estimate reasonably close to the
average heatmaps value (which has a significant dominance of near-zero val-
ues). The image tagging head is as simple as it gets, a single 3× 3 convolution
is applied to the smallest feature map produced by the neck block, followed by
activation and max-pooling, finally three fully-connected layer are applied to
obtain the image level classification outputs.
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3.4 Experiments and Evaluation

3.4.1 Experimental Setup

As anticipated, for this work it has been chosen to conduct the experimenta-
tion leveraging exclusively the dataset BDD100K [81], this publicly available
dataset consists of 70K train images and 10K validation images sampled at
10Hz from a large set of 100K driving videos (around 40s each). Videos are
captured in a wide range of scene types and conditions, allowing to train robust
models able to generalize to real driving conditions. Because of the large dif-
ferences in the type of annotations provided by the few similar datasets (e.g.,
OpenLane), experimenting on multiple datasets would result in an extremely
onerous workload. The annotation provided by BDD100K for the object de-
tection task already comes in the desired format, where each bounding box
is represented in image space as the coordinates of top-left and bottom-right
corners plus an object label class and the binary label for the occlusion state.
Hence, the heatmap and offset targets can be easily computed as detailed in
Section 3.3.1, for the object detection task the variance σ used for the encod-
ing of the center-points heatmaps formalized in Equation (3.1), is computed
as a function of the bounding box geometry. Thus, as can be appreciated in
Figure 3.2, larger boxes (which typically correspond to closer objects), are en-
coded with a larger radius: as explained in [95], this choice aims at reducing the
penalty given to negative locations around a positive location, which leads to a
tangible performance benefit. Regarding the object classes, all the 10 labeled
classes provided by the dataset are kept, which includes 6 vehicles classes (car,
truck, bus, train, motorcycle, bicycle) and other 4 classes (pedestrian, rider,
traffic light and traffic sign). In comparison, similar contribution instead ([82],
[86]), collapses all the vehicles in a single super class.

Figure 3.8: Labels for the lane lines. Before (left) and after
(Right) pre-processing.
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For the lane estimation task, some additional pre-processing is required: the
dataset authors opted to label each lane with two distinct segments, denoting
the two edges of each line (Figure 3.8 left). For the scope of this work it is
preferable to regress a single segment in the center of each visible line, for this
reason a deduplication strategy is proposed to merge the two distinct labels.
First, a distance measure is calculated between all pairs of annotations of the
same class: this measure is implemented by first sampling the Bézier curves
defining each annotation so that it is representable as a list of points, after
which Dynamic Time Warping (DTW) is used, which is useful for calculating
the distance between unaligned sequences. Then, the calculated distance is used
by comparing it with a threshold value to determine whether two annotations
refer to the same line; if so, the alignment obtained via DTW is exploited
to calculate the average between the two point sequences, which is then used
as the new ground-truth lane annotation (Figure 3.8 right). After this pre-
processing, which only needs to be done once, the annotations can be used to
generate ground-truths as explained in Section 3.3.1, in this case, the radius of
the Gaussians used to encode the coordinates of the keypoints is instead fixed
as a constant σ = 2. Finally, for the image tagging task the dataset provides 7
weather classes (rainy, snowy, clear, overcast, undefined, partly cloudy, foggy), 7
scene classes (tunnel, residential, parking lot, undefined, city street, gas stations,
highway) and 4 time-of-day labels (daytime, night,dawn/dusk, undefined).
To keep the computational demands low, the RGB images, with an original
resolution of 1280×720 pixels, are first down scaled with a factor of 2 and then
cropped to a final resolution of 640× 320. The output stride S = 4 for all the
experiments, therefore all the outputs have a spatial resolution of (180 × 90).
During training several data augmentation strategies are adopted in order to
improve generalization against changes in appearance and illumination (ran-
dom noise, RGB shift, random brightness and contrast) and camera positioning
(random affine transforms, random crop, random horizontal flips).

3.4.2 Objective Functions

Multi-task deep learning models are often non-trivial to train due to instability
and some tasks dominating the gradient of the loss. Hence, careful weighting
of the individual tasks and often elaborate multi-stage training strategies are
commonly required. One advantage of the proposed formulation is that the
formulation of the objective function for individual subtasks is simple, using
mainly basic regression losses (except for the loss of heatmaps). Since the lane
and object detection tasks share a very similar formulation, it is possible to the
same losses for the heatmap and offset regression subtasks.

Heatmap Regression Loss

The heatmap regression sub-task is used to regress the keypoint coordinates of
the boxes center-points in the object detection task and for regression of the
lanes keypoints in the lane estimation task. Therefore, the very same formu-
lation is used for both tasks: commonly used objective function for heatmaps
regression include the standard L1 and MSE (L2) distance functions, other loss
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function explicitly engineered to boost heatmap regression include the Wing
Loss [17], [47]. Lately the Focal Loss introduced in [48] has been found to be
useful for this matter [63], [95], [98], the focal loss adds a weighting term to the
Cross-Entropy Loss (usually used in binary classification problems) to avoid
the contribution from the large amount easy to classify values (i.e, background
pixels) to dominate the gradient magnitude. During this experimental analysis,
it was observed a severe training instability when using the Focal Loss (as well
as with Generalized Focal Loss [99]), that led to an unusable model. Driven
by a similar principle, a weighted version of L2 distance is proposed, whose
formulation is reported in Equation (3.5)

LH(H,H) =
1

NK

∑︂
max{(1 +H)α, (1 + sg(H))β}(H −H)2 (3.5)

The term max{(1+H)α, (1+H)β introduces an exponential weighting of the
L2 loss. This means that locations where either the target heatmap or the pre-
dicted heatmap are closer to the maximum value of 1 (obtained at the Gaussian
peaks) will have an exponentially larger relevance in the loss. More in detail,
the term (1+H)α introduces an exponential weight that focuses on hard values
where a peak is present in the target heatmap. This allows the loss to prioritize
locations with actual keypoints. Instead, the term (1 + H)β is responsive to
penalizing false positives in the predicted heatmap. It ensures that locations
with high predicted values, even if not corresponding to keypoints, contribute
significantly to the loss. For all the experiments, the values of the exponential
weighting factors are experimentally set to α = 4 and β = 2. The stop-gradient
operator sg(·) is used to prevent the gradient from being propagated through
the weighting term of the loss.

Offsets Regression Loss

As introduced in Section 3.3.1, the box-corner offsets required for the object
detection task, as well as the mid-point association offsets of the lane estima-
tion task are evaluated only at ground-truth keypoints locations. To keep the
formulation simple, the L1 loss is used in both cases for the regression of offsets.
Therefore, for the object detection task, let (cxi, cyi) being the center point co-
ordinates for the i-th ground-truth bounding box and (δx1i , δy1i , δx2i , δy1i ) being
the corresponding top-left and bottom-right offsets, defined in Equation (3.3),
the regression loss is computed as:

LOD(OD, [(cx1, cy1), ..., (cxn, cyn)]) =

=
1

n

n∑︂
i=0

|OD(cxi, cyi)− (δix1, δ
i
y1, δ

i
x2, δ

i
y2)|

(3.6)

where n, for ease of notation, define the numbers of ground-truth objects among
all classes.
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Similarly, let (mxj,myj) being the coordinates of the mid-point for the j-th lane
instance and (γxk

j , γy
k
j ) be the offsets from it’s k-th keypoint, the corresponding

regression loss is obtained as:

LOL(OL, [(mx1,my1), ..., (mxm,mym)]) =

=
1

m

m∑︂
j=0

kj∑︂
k=0

|OL(mxj,myj)− (γxk
j , γy

k
j )|

(3.7)

where m denotes the number of individual lane instances and kj denotes the
number of keypoints that defines the j-th lane instance.
Alternative approaches, such as employing advanced metrics like Intersection
over Union (IoU) [100] or exploring specialized loss functions like DIoU loss
[101], have been suggested in the literature to enhance object detection perfor-
mance. However, these alternatives have not been extensively explored within
the scope of this study. Although these sophisticated objective functions could
potentially be integrated into the adopted formulation, the complexity of the
proposed multi-task scenario introduces challenges in managing and resolving
potential convergence issues. Practical implementation and investigation of
these alternative metrics and loss functions are left for future exploration due
to the focus and constraints of the current work.

Classification Loss

the classification subtasks, which would be the occlusion classification in the
object detection task, and the three scene classification tasks, use cross-entropy
as the loss function. For the occlusion classification, the loss is evaluated only
af the locations of the occlusion map OV that corresponds to object keypoints,
therefore, using the same notation introduced in the previous paragraph, the
calculated loss is obtained as:

LOV (OV , [(cx1, cy1), ..., (cxn, cyn)]) =
1

n

n∑︂
i=0

BCE(OV (cxi, cyi), vi) (3.8)

where vi denote the ground-truth visibility label for the i-th object and BCE
denotes The Binary Cross entropy objective function. Instead, for scene clas-
sification tasks, the standard cross-entropy with softmax used in multi-class
classification problems is applied.

Multi-Task Loss

Summarizing what we have seen, the overall loss for the multi-task model con-
sists of three main loss terms for the object detection, lane estimation and
scene classification sub-tasks. In practice, each term consists of several sub-
terms, which have been detailed in the previous paragraphs and for the sake of
clarity are not repeated further. The interesting aspect to note is that normally
in a problem of this type it is necessary to carefully balance the individual loss
contributions with scaling terms, in this case this work proved straightforward.
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This is likely due to the fact that the formulations are very similar across tasks,
and share the same loss functions. Mainly, it was only necessary to rescale the
overall loss tel scene classification task (sum of the 3 classification subtasks) by
a value of 0.1.

3.4.3 Evaluation

Figure 3.9: Qualitative results of Multi-Task Perception model

All the experiments reported in Table 3.3 are run with the same set of
hyperparameters: in particular each model is trained for 75 epochs with a batch
size of 64 (for a total of over 160K steps) using the optimizer Adam, the learning
rate is linearly increased from zero to 2.5−4 during 3500 steps, then is halved
after 100K steps. For comparison, the results reported in Table 3.3 are obtained
with six different architectures, testing five different backbones: Resnet (34, 50
and 101), MobilenetV2 and Efficientnet-b2 and two necks (BiFPN and Simple,
introduced in Section 3.3.2). Only a single experiment using the simple version
was sufficient indeed to prove the obvious superiority of the BiFPN Neck.

Performance evalutation

Assessing the performance of the proposed model requires evaluating individual
subtasks separately, which involves some absolutely nontrivial choices. The
object detection and occlusion classification tasks are evaluated separately for
the object detection task, for the former the Mean Average Precision (mAP)
metric is used, of which there are several versions used in the literature. In order
to compute the mAP, fist the set of ground-truth and predicted boxes needs to
be associate, which is achieved by computing the Intersection over Union (IoU)
measure among the possible pairs of true and predicted boxes, if this measure
is greater than a threshold values the two boxes are matched and defines a true
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Model Backbone Neck

RN34-sim Resnet34 Simple
RN34-bifpn Resnet34 BiFPN
RN50-bifpn Resnet50 BiFPN
RN101-bifpn Resnet101 BiFPN
EnB2-bifpn Efficientnet b2 BiFPN
Mn-bifpn MobilenetV2 BiFPN

Table 3.2: Evaluated configurations

positive detection (TP), unmatched boxes are instead respectively defined false
positives (FP) for detection boxes and false negatives (FN) for ground truth
boxes. These results can be used to compute Precision (PR) and Recall (RE),
which are defined as follows:

Precision =
True Positives

True Positives + False Positives

Recall =
True Positives

True Positives + False Negatives
To compute the mAP a precision-recall curve is constructed by varying the
confidence threshold, which can be achieved by sorting the predictions by con-
fidence and computing the AP considering the first n predictions, from n = 1
to n = Ndet, finally to compute the area under the curve it is usually sampled
at fixed recalls values. For this work, the formulation of CoCo is used [102],
which defines a 101-point interpolated AP, moreover the mAP@0.5 metric is
chosen, where 0.5 is the IoU threshold used in the association step. Predictions
a with a confidence less than a threshold value, set at 0.25, are eliminated before
calculating the metric. The success of the occlusion classification task is obvi-
ously dependent on the success of the detection task, in fact for FP detection
the ground-truth of the occlusion is not definable and vice versa for FN detec-
tion the occlusion prediction is not available. Therefore, the object occlusion
sub-task is evaluated only for TP detections: for this purpose, matching is first
performed between the set of detection and ground-truths, using the Hungarian
algorithm [103] to solve the minimum weight matching problem, employing the
IoU as the pairwise distance measure. For the set of successfully matched de-
tections, the predicted occlusion is retrieved from the occlusion map evaluated
at the center-points and the Accuracy metric is computed.

Evaluating the performance of the lane estimation task is a tougher task be-
cause, as mentioned above, while a task such as object detection is universally
formulated as a bounding box prediction problem, for lane estimation the for-
mulations are varied and different from each other. For the chosen formulation,
where each lane is a set of points sampled from the curve representing the line,
at the time of writing there appears to be no shared evaluation methodology in
the literature, therefore the option was chosen to generate binary segmentation
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Model Object Detection Lane Est Scene (F1)

Boxes Occl Wtr Scn ToD

RN34-sim 0.210 0.913 0.640 0.815 0.790 0.932
RN34-bifpn 0.265 0.910 0.644 0.817 0.791 0.932
RN50-bifpn 0.274 0.911 0.648 0.822 0.794 0.935
RN101-bifpn 0.281 0.912 0.65 0.825 0.794 0.934
EnB2-bifpn 0.272 0.907 0.647 0.821 0.790 0.937
Mn-bifpn 0.230 0.9 0.633 0.813 0.790 0.934

Table 3.3: Results of various configurations for all the tasks
evaluated on BDD100K

masks from the prediction, to be using for evaluating the task in a more com-
mon segmentation setup. After the clustering phase of the prediction decoding
process, a polynomial curve fitting is performed for each set of lane keypoints
obtained, in this way a smoother estimate is obtained. Subsequently, the fitted
lanes are sampled and plotted as polygonal chains in a binary segmentation
mask, the similar ground-truth segmentation map is instead obtained by plot-
ting the ground-truth lane keypoints. Finally, the IoU metric between the map
obtained from the prediction and the map obtained from the gt is computed,
note how this metric as implemented is agnostic to the lane class as a single
binary map is generated.
For the three scene classification tasks, the F1-score metric, commonly used in
these scenarios, is calculated for each of the 3 multi-class classification subtasks.
To calculate the multi-class F1-score, TP, FP, and FN are counted individually
for each class, in the end they are all collected and used for the calculation of
Precision and Recall, which are in the end used for the calculation of F1 as:

F1-Score =
2 · Precision · Recall
Precision + Recall

which corresponds to the harmonic mean of precision and recall.

Profiling

As introduced in the previous chapter, runtime is not an exhaustive measure,
the former because it is strictly dependent on the combination of hardware and
software that is used for inference, at the variation of which any comparison
between models could be subverted, and for example, the best performing model
on a given hardware could be mediocre on a different hardware. For these
reasons, it is useful to report, in addition to run times, objective measures
that are as independent of inference hardware as possible. Here the number
of parameters and the number of Multiply-Accumulate (MAC) operations are
reported, the former clearly being a strong proxy for memory occupancy, while
the latter should give an unbiased hardware estimate of computational cost. In



Chapter 3. Advanced Driver Assistance System 68

Model Params (×106) MACs (×109) FP16 Infer (ms)
Xavier Nano

RN34-sim 29.1 61.67 14.34 205.64
RN34-bifpn 22.2 19.77 8.85 103.98
RN50-bifpn 24.6 21,8 11.09 130.06
EnB2-bifpn 8,7 7.45 14.11 135.30

Mobbv2-bifpn 2.7 5.9 5.86 68.37

Table 3.4: Inference results: inference times reported account
only for the forward pass computation, without accounting for

the decoding phase.

reality, these measures are not perfect, and there is no absolute consensus in
the literature as to which is preferable.

Specification Jetson AGX Xavier Jetson Nano

GPU Architecture Volta Maxwell
GPU Cores 512 CUDA cores 128 CUDA cores
CPU Architecture NVIDIA Carmel ARM v8.2 ARM Cortex-A57
CPU Cores 8 4
CPU Clock Speed Up to 2.26 GHz 1.43 GHz
RAM 32 GB 256-bit LPDDR4x 4 GB 64-bit LPDDR4
Storage 32 GB eMMC microSD card slot
Tensor Cores Yes (64) No
AI Performance 32 TOPS 0.47 TOPS
Max Power 30W 5W

Table 3.5: NVIDIA Jetson AGX Xavier vs Jetson Nano Hard-
ware Comparison

Regarding the inference times, these are collected in a realistic deployment sce-
nario on two different embedded platforms of the NVidia Tegra family: he AGX
Xavier represents the high-end segment, being capable of up to 32 Tera Opera-
tion per Seconds (TOPs) with a power consumption of up to 20W. Meanwhile,
the Jetson Nano represents the lowest end of the spectrum, with only 0.5 TOPs
and 5W of power consumption. A more detailed hardware comparison between
these two systems is shown in Table 3.5. Since these two devices are based on
the same platform, the same software configuration can be replicated on the
two, specifically, the 4.6.1 version of the Jetpack SDK (Nvidia’s software devel-
opment package) is used, which includes TensorRT (version 8.2.1). TensorrRT
is Nvidia’s proprietary high-performance deep learning inference library that
enables optimized execution on desktop and embedded NVidia GPUs, among
the optimizations provided on the platforms of choice, the inference with 16-bits
floating-point precision has been enabled for all the experiments.
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Part 2: Modern AI meets
Traditional Compression
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Chapter 4

Efficient Self-Attention

4.1 Motivations
The analysis of variable-length sequences constitutes a pivotal area of study
within the realm of artificial intelligence, with a particular focus on neural net-
works. There is a wide variety of data that are defined by means of a sequence
comprising continuous or discrete values, distinguished by inherent correlations
between their elements.
To illustrate, a sequence exhibiting temporal correlations, commonly referred
to as a time series, can be useful in describing the dynamics of a particular
phenomenon over time. In numerous scenarios, unraveling the concealed struc-
tures within a time series may be desirable, as a mean to unveils the inherent
characteristics, trends, patterns, and interdependencies of the underlying phe-
nomenon. This makes time series analysis an indispensable tool for tasks such
as forecasting, informed decision-making, and comprehensive data comprehen-
sion. For instance, one might be interested in understanding or even predicting
the performance of financial indices starting from historical data records, or one
might be interested in analyzing sensor acquisitions of an industrial facility to
detect or anticipate irregularities or malfunctions.
Conversely, semantic correlations of a high-level nature are an intrinsic char-
acteristic of natural language, where discrete elements, such as words, are in-
tricately interconnected through the language’s structural rules, specific to the
language in use. While in this case one might leverage the known rules of the
language in order to automatically analyze the meaning of a sentence, map-
ping a text to another language or performing automatic text generation, this
approach falls short of the complexity of hand-creating a model of the lan-
guage that is comprehensive enough to consider both elementary constructs
and high-level semantic elements and even cultural nuances of the language.
Again, therefore, it is useful to have generic models that can infer the statistical
correlations of the sequences, hence the structure of the language, from a set of
human generated text.

The development of data-driven paradigms for sequence modeling has gone
for several years in parallel with models for structured data or image analysis.
Recent years have also seen the predominance of deep learning models, which
has led to a substantial rapprochement, if not outright unification, between the
realms of computer vision and sequence modeling, particularly in the domain
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of Natural Language Processing (NLP). Historically, the family of deep learn-
ing models developed explicitly for sequence modeling are the Recursive neural
Network (RNN), that operates by maintaining hidden states that capture infor-
mation from previous time steps. Transformer-based models, have lately rev-
olutionized sequence modeling by introducing a self-attention mechanism that
allows to more effectively capture dependencies between distant elements in a
sequence. At the architectural level, transformers can be defined as the meeting
point between computer vision and NLP; in fact, this approach, although orig-
inally introduced precisely in NLP, has now been widely deployed in the vision
domain as well.

While Transformer-based models have greatly advanced the field of sequence
modeling, they are not without their limitations. One of the primary chal-
lenges is their computational intensity and memory requirements. The self-
attention mechanism, which is central to Transformers, involves quadratic time
and space complexity concerning the input sequence length: as a consequence,
using Transformers for very long sequences can become impractical, especially
in real-time applications or on devices with limited resources. To address this
problem, researchers have explored several solutions. One strategy is to use var-
ious techniques for approximate or sparse attention mechanisms, which reduce
the number of pairwise comparisons during self-attention. Methods like sparse
attention, kernelized self-attention, or fixed-size windows limit the quadratic
growth in an attempt to make Transformers applicable to longer sequences
while maintaining reasonable computational demands. Nevertheless, each of
the options in the literature has disadvantages and limitations.

This chapter is devoted to presenting the work done in order to optimize the
computational cost and memory utilization of the self-attention layer in the
transformer family models. The proposed and tested approach is inspired by
the world of lossy compression: an approximation technique is proposed for the
attention layer that exploits Discrete Cosine Transform (DCT). DCT has been
broadly leveraged in the data compression domain to represent a signal in a
more compact form by transforming it into a frequency domain and selectively
discarding the less relevant information. In the proposed work, DCT is being
applied to compress the self-attention values, reducing the dimensionality of the
matrix while retaining the most important information.
This approach can significantly alleviate the quadratic complexity problem as-
sociated with self-attention, making Transformers more computationally effi-
cient. However, the challenge lies in choosing an appropriate trade-off between
compression levels and the quality of the approximation to ensure the model’s
overall performance remains satisfactory. Moreover, the use of the proposed
compression technique requires a major relaxation of the attention layer formu-
lation, which will be carefully described and evaluated in the continuation of
the discussion.

The proposed methodology is assessed based on both algorithmic complexity
and performance within a standard NLP benchmarking scenario: although this
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is by no means the only area of application for transformers it is certainly to
date the most interesting, and is among those most affected by its limitations.
The experimental analysis is conducted by defining a conventional NLP task,
involving unsupervised pre-training on a substantial unlabeled text corpus fol-
lowed by fine-tuning on supervised downstream tasks. Sentiment classification,
as outlined in [104], serves as the benchmark task.
It should be emphasized that the objective is not to introduce a novel language
modeling technique, aiming to rival the current state of the art, in particular,
given the available academic-level computational budget.

The contribution can be summarized as follows:

1. A simple yet effective self-attention approximation is proposed, leveraging
the properties of the DCT.

2. Experimental evidence demonstrates that the formulation enables a re-
duced memory footprint and faster inference, while maintaining compet-
itiveness in NLP tasks.

3. Comparison with prominent competitors in the literature reveals that the
method presented here provides the optimal trade-off between inference
time and model accuracy.

The methodology and the results presented in this chapter have been already
published as an Article [1] on the Journal of Scientific Computing 1, generating
a fair amount of interest.

1https://link.springer.com/journal/10915

https://link.springer.com/journal/10915
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4.2 Background

4.2.1 Neural networks for Sequence Modeling

To begin with, while a detailed traction of the whole sequence models scenario
is beyond the scope of this thesis, it is important briefly recap the core problem
of applying deep learning techniques to data of a sequential nature.
A standard FF network is a nonlinear function Ψ : Rd → Rk, which maps an
input x ∈ Rd into an output y ∈ Rk. In general, the function Ψ takes the form
of a stack of L Fully-Connected layers, with the i-th layer being expressed as:

yi = σi(W
T
i yi−1 + bi)

where y0 = x and yL = y.

Each layer is therefore defined by a weights matrix Wi ∈ Rki−1×ki plus a scalar
bias term bi−1 with i = 1, . . . , L, with k0 = d, kL = k. In addition, a nonlinear
activation function σi(·) is applied to each layer. Formally, the total function
can be written as:

Ψ(x) = σL(W
T
L σL−1(W

T
L−1 . . . σ0(W

T
0 x+ b0)) + bL).

Clearly, from this definition it is clear that x must be of fixed size, hence the feed
forward model cannot be readily applicable to data with sequential nature. The
idea behind Recursive neural Network (RNN) is to process each element of xt ∈
Rd, referred to as a token, of a sequence of inputs X ∈ Rn×d individually, while
maintaining a knowledge of the elements already processed. This is achieving by
introducing a hidden-state h that is feed as an additional input and is updated
at each time step to incorporate the information of the current input. The i-th
layer of an RNN, often termed as Recurrent Cell, is therefore defined as:

yi(t) = σi(W
T
i yi−1 +OT

i hi(t) + bi) t = (0, 1, ..., n)

h(t) =

{︄
yi(t− 1) if t > 0
Id otherwise

in addition to the input’s weight matrix W , the hidden state weight matrix
O ∈ Rki−1×ki is introduced, the hidden state d(t) is initialized to a fixed value
before the first token is processed, and it’s subsequently updated as a function
of both the current input and the previous value of d. After the final token is
processed, yi(t) can be considered as a fixed size latent representation of the
whole input sequence up to t, and can be then used for supervised training of
the RNN. While RNNs were groundbreaking in their ability to model sequen-
tial dependencies, they have some limitations, such as difficulties in capturing
long-range dependencies and a lack of parallelism in training. Long Short-Term
Memory (LSTM) networks [105] and Gated Recurrent Unit (GRU) [106], which
are variants of RNNs, introduces specialized gating mechanisms that improve
their ability to capture long-term dependencies and mitigate the vanishing gra-
dient problem.
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4.2.2 Transformers

Transformers [107] represent the current state-of-the-art in DL models for se-
quence modeling tasks. This family of architectures replaces the recursion mech-
anism of RRNs with the introduction of the mechanism of self-attention to ef-
fectively process sequences of arbitrary length in a single forward operation.
As depicted in Figure 4.1, a standard transformer is made of nblocks identical
blocks, each composed of two sub-blocks: a self-attention module and a feed-
forward layer, each one followed by a layer normalization [108] operation and a
residual connection. The feed-forward layers, as well as the normalization oper-
ations, are applied independently to each token of the input, the self-attention
instead is used to aggregate the information carried by each token.

Multi-Head
attention

add & norm

Feed Forward

add & norm

INPUT
EMBEDDINGS

POSITIONAL
EMBEDDINGS

OUTPUT

+

Scaled Dot-Product Attention

concat

x x x

Scale

Mask (opt.)

Softmax

Figure 4.1: Overview of the general architecture of the stan-
dard Transformer Encoder.

Self attention

In the context of sequence processing, the self-attention mechanism operates
on a set of tokens denoted as X ∈ Rn×d. This mechanism yields a trans-
formed set of tokens, X ∈ Rn×d, where each new row token element in X is
derived through a weighted average of the entire original set X. At its core,
self-attention assigns weights to each pair of token in X. These weights capture
the importance of each token’s contribution to the representation of the target
token. Consequently, the self-attention mechanism excels in capturing intricate
dependencies within the sequence by dynamically adjusting the contributions
of different tokens, providing a nuanced understanding of contextual relation-
ships. The resulting X thus embodies a refined representation that emphasizes
the significance of individual tokens in relation to one another, enhancing the
model’s capacity to discern complex patterns and dependencies in the input
sequence.
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The affinity in the attention mechanism is computed by projecting the input
sequence X onto three distinct sets: a set of Queries Q ∈ Rn×dq , a set of Keys
K ∈ Rn×dk , and a set of Values V ∈ Rn×dv . Each projection employs a dedicated
matrix: WQ ∈ Rd×dq , WK ∈ Rd×dk , and WV ∈ Rd×dv . The three projections are
expressed as follows:

Q = XWQ, K = XWK , V = XWV (4.1)

The dot product between Q and KT (with dq = dk and dv = d in self-attention)
yields an Energy score for pairs of tokens. This score is normalized and processed
through a row-wise nonlinear softmax operation [109] to obtain the final weight
matrix:

E(Q,K) = softmax

(︄
QKT√︁

dq

)︄
(4.2)

The energy is then multiplied by V to produce the final attention output:

Atn(X) = E(Q,K)V = softmax

(︄
XWQ(XWK)

T√︁
dq

)︄
XWV (4.3)

In most transformer implementations, a number nheads of self-attention heads,
each with its own set of projection matrices W j

Q,K,V (where j = 1, . . . , nheads),
are applied in parallel, defining the Multi-Head Self-Attention (MhSA). The
output of the multi-head attention is obtained by concatenating the results of
individual attention heads, usually followed by an additional projection layer
WO ∈ Rmdv×d:

X = MhSA(X) = [Atn1(X)⊕ Atn2(X)⊕ ....⊕ AtnM(X)]WO

For the purpose of this investigation, the multi-head aspect of transformer at-
tentions can be from now on ignored, as the problem at hand is not dependent
on the number of attention heads but is related to a single attention term.

Quadratic complexity of Attention

It is clear from (4.2) that being n the sequence length, the complexity of cal-
culating the attention’s weight matrix E ∈ Rn×n scales quadratically (O(n2)),
in both memory and time. This quadratic dependence imposes significant con-
straints on the practical applicability of the self-attention mechanism, especially
when confronted with very long input sequences. The increase in computational
demands becomes prohibitive as the sequence length grows, thereby limiting
the efficiency and scalability of models utilizing self-attention. To overcome
the limitations of the quadratic dependence, several options have been already
proposed in the literature, some of which are discussed in Section 4.3

4.2.3 Transformer-based Language Modeling

In order to process a natural language sequence (i.e, a sentence) with trans-
formers or other DL models, tokenization is the initial step, breaking down raw
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text into discrete units, or tokens, each typically corresponding to a word or
subword. The tokens are then mapped into continuous, high-dimensional, em-
bedding space, often represented as E ∈ Rm×d, transforming the discrete tokens
into d-dimensional embedding vectors, where d denotes the dimensionality of
the embedding. Hence, the sentence of n tokens is transformed into a sequence
of embeddings X ∈ Rn×d. The embedding matrix E can be fixed like Word2Vec
[110] or GloVe [111], or it can be optimized along the model parameters during
the training process, in any case, the embedding space should capture the se-
mantic and contextual information of the tokens.

Given the property of the self-attention mechanism, since their introduction,
transformers have been popularized as powerful language modelers. However,
transformer-based language models are known to be extraordinarily hard to
train by relying only on labeled data for supervised tasks. For this reason,
the scheme of adopting a pre-training strategy, already popular in previous
language modeling techniques [111], [112], has become of great importance for
transformers based modeling.

Pre-training of Transformers

Pre-trained transformers can be then effectively fine-tuned for downstream su-
pervised tasks, usually with little to none architectural changes. The strength
of BERT [113] and its derivatives [114]–[118] comes from the bidirectional pre-
training strategy, which leverages a huge amount of unlabeled text in an unsu-
pervised fashion. From an architectural standpoint, BERT simply employs the
original transformer architecture adding a WordPiece tokenizer [119] to split an
input sentence in a sequence of dictionary entries, which are then mapped to
token embeddings. The unsupervised pre-training is carried by simultaneously
optimizing for two tasks:

• Masked Language Modeling (MLM), where a percentage of the input
tokens is masked at random, by replacing those with a placeholder [MASK]
token, and then asking the model to predict back the masked tokens.

• Next Sentence Prediction (NSP) task, where a pair of sentences (sentence
A and sentence B) are fed together to the model, divided by a separation
token [SEP], and the model is tasked to classify whether the sentence B is
the actual next sentence that follows A or is a random sentence from the
training corpus.

The training corpus is obtained by combining BooksCorpus [120] and English
Wikipedia in order to obtain over 3,5M words of document-level corpus which
include long sequences of sentence-level text required for the pre-training ob-
jectives.
Pre-trained transformers like the BERT and GPT (Generative Pre-trained Trans-
former) series have achieved remarkable success in natural language understand-
ing and generation tasks, paving the way for the disruptive success of Large
Language Models (LLMs): transformers with billions of parameters with have
been trained on massive text corpus of text, with a computational cost in the
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order of tens of millions dollars (based on the current cloud GPU prices).

In the experimental validation, a BERT-like model was trained using the
methodology outlined in [121]. While the language modeling ability of such a
model cannot be compared with that of a fully pre-trained BERT, it is instead
well-suited for illustrating the advantages of the approximated attention in a
fair comparison scenario. The experimental setup and the adopted training
scheme are elaborated in Section 4.4.

4.2.4 Data Compression in Frequency Domain

The Fourier Transform, a fundamental tool in signal processing, decomposes a
signal into a sum of sinusoidal components, exposing its frequency spectrum.
While the Fourier Transform is a continuous-domain operation, its discrete
counterpart, the Discrete Fourier Transform (DFT), is commonly used for dig-
ital signal processing. The DFT, however, poses computational challenges due
to its complex values and quadratic complexity.
In response to these challenges, the Discrete Cosine Transform (DCT) emerges
as an alternative that simplifies computation. The DCT expresses a finite se-
quence of elements (a discrete signal) in the form of a sum of cosine functions
at distinct frequencies. Notably, the DCT, discrete and real-valued unlike the
DFT, boasts invertibility denoted as IDCT and embraces properties such as
energy compaction and decorrelation, where coefficients remain uncorrelated.
These features render the DCT a widely employed mechanism in signal process-
ing, particularly within lossy data compression algorithms like JPEG (images)
[122], MPEG (video), and MPEG Layer III or MP3 (digital audio).
Various DCT variants exist, with the most prevalent, including its application in
this work, being the type-II DCT [123], also serving as the initial DCT version.
For a finite length sequence of N real-valued elements x̂ ∈ RN×1, the Type-II
DCT defines a sequence X̂ of the same length:

X̂K = αk

N−1∑︂
n=0

xn cos

(︃
π(2n+ 1)k

2N

)︃
for k = 0, 1, ..., N − 1

where αk =

{︄√︁
1/N if k = 0√︁
2/N if k ̸= 0

(4.4)

Given its linearity, the forward DCT can be conveniently expressed through
a dot-product operation between the sequence x and a transformation matrix
D ∈ RN×N . Formally, X̂ = DCT (x̂) = Dx̂, where:

Dn,k = αk cos

(︃
π(2n+ 1)k

2N

)︃
(4.5)

Owing to the normalization term α, the matrix D attains orthogonality, facili-
tating the expression of the inverse transform as D−1 = DT . Thus, IDCT (X̂) =
DT X̂ = x̂, effectively circumventing the computational challenges associated
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with the inverse calculation.

In the realm of lossy compression algorithms, the computation of DCT
coefficients precedes the retention of only a subset of the most relevant val-
ues. A straightforward approach involves defining a matrix D ∈ RM×N (where
M < N) by preserving solely M rows of the transformation matrix D. Leverag-
ing D allows the derivation of a compressed representation x ∈ RM×1 through
the forward DCT. Subsequently, a lossy reconstruction of the original x̂ be-
comes achievable with the inverse transform. For transformations involving
both rows and columns, the observations made earlier can be generalized us-
ing 2D-DCT. Given a finite sequence of N × N real elements x̂ ∈ RN×N , the
2D-DCT computation follows the formula X̂ = DCT (x̂) = Dx̂DT . Employing
the same methodology, the compression procedure extends seamlessly to the
two-dimensional case.
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4.3 Related Works

4.3.1 Efficient Attention Heads

As briefly mentioned in the introduction, the quadratic complexity of the at-
tention is a well-studied issue in the deep learning community. A variety of
solutions have so far already been proposed, which can be roughly categorized
in three classes: (i) methods that try to approximate or factorize the attention
as defined in the original formulation [124]–[130] (ii) methods that reformulate
the definition of attention (e.g., by introducing locality constraints) to avoid the
complexity bottleneck [131]–[136] (iii) contributions which entirely remove the
self-attention, usually by proposing an alternative paradigm [137]–[139]. The
proposed methodology clearly falls in the first category, therefore hereafter a
brief description of the principal competitors is provided, a few of which will be
used for comparison in the experimental Section 4.4.

Attention Matrix Reduction

Reformer [126] introduces an attention approximation method called Locality-
Sensitive Hashing (LSH) attention. LSH attention works by dividing the se-
quence into smaller segments and hashing each segment into a bucket. Each
query position then attends only to the keys in the same bucket as itself, rather
than attending to all keys in the sequence. This reduces the computational
cost from O(L2) to O(LlogL), where L is the length of the sequence. The ap-
proximation becomes more accurate as the number of hashes increases, and the
computational cost can be adjusted depending on the available compute bud-
get. Additionally, the Reformer model uses reversible residual layers instead of
standard residuals, which allows storing activations only once in the training
process instead of N times, where N is the number of layers. This further re-
duces the memory usage of the model.
In Linformer [124] try to achieve linear complexity in self-attention starting
from the empirical observation of the attention matrix being low-rank. The au-
thors introduce a set of learnable linear projection matrices ϵi(i = 1, .., nheads)
to project Q and V in a lower dimensional space, the, The projected query, key,
and value matrices are then used to compute smaller attention matrices, each
of which is a scaled dot-product attention between a subset of the queries and
keys. The resulting attention matrices are then concatenated and multiplied by
a trainable projection matrix to obtain the final attention output.
Performers [125] introduce a kernelizable attention mechanism (FAVOR+) to
approximate the softmax attention with a complexity of O(n), claiming to
achieve a nearly-unbiased estimation of the attention matrix. The mechanism
is composed of two parts: the FA-part and the OR+ part. The FA-part ap-
proximates the softmax kernel using a low-rank factorization of the query-key
dot product matrix, while the OR+ part approximates the orthogonal random
features used in the computation of the softmax kernel.
More recently, Nyströmformer exploited the usage of the Nyström approxima-
tion, which is commonly used in kernel methods to approximate the Gram
matrix (positive semi-definite) with a low rank matrix. To avoid computing
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the full attention, the authors exploit a relaxation of the Nyström method by
individually computing the softmax operation of the three decomposition sub-
matrices before the dot product operation.
SOFT [128] builds on top of [127] by replacing the dot-product operation with
a Gaussian kernel, thus entirely removing the softmax operation from the for-
mulation allowing, for a proper application of the Nyström method. Moreover,
they propose a Newton-Raphson based method to approximate the pseudoin-
verse operation, in contrast with the less efficient Moore-Penrose pseudoinverse
used in [127].

Differences with Model Compression

Understandably, the topics covered in this discussion may be confused with
prevalent techniques designed to diminish the inference cost of generic deep
learning models. Quantization methods [140], leverage reduced precision arith-
metic, typically employing 8-bits integers or 16-bits floating-point representa-
tions. Pruning techniques, [141], involve the removal of less important weights
or nodes from the network, thereby reducing the model’s complexity. Addi-
tionally, knowledge distillation [54], is a strategy to transfer the knowledge of a
large model to a smaller one, facilitating more efficient inference.
However, it is crucial to note that the formulation presented in this chapter,
along with the previously introduced competitors, diverges from these model
compression strategies, and they are in most cases of sense orthogonal to them.
While quantization, pruning, and knowledge distillation primarily target the re-
duction of inference times, often tailoring their approaches to the specific hard-
ware capabilities used for inference [142], efficient attention formulations address
a distinct challenge. These formulations center on mitigating the quadratic
complexity associated with dot-product attention used in the transformer ar-
chitectures. Unlike compression strategies, which are geared toward hardware
efficiency, efficient attention formulations focus on enhancing the computational
efficiency of attention mechanisms, in order to handle increasingly large input
sequences effectively. The goal is to streamline the attention operation rather
than reducing the model’s size or complexity, providing an alternative avenue
for enhancing the scalability and efficiency of attention mechanisms in deep
learning architectures.

4.3.2 Frequency Domain signal approximation

Signal approximation techniques play a crucial role in various fields, ranging
from signal processing to data compression. One powerful approach to sig-
nal approximation leverages the frequency domain, utilizing transforms such as
the Fourier Transform and, more specifically, the Discrete Cosine Transform
(DCT). These techniques provide a means to represent signals in a more com-
pact and efficient manner, revealing the underlying frequency components that
contribute to the signal’s structure. One prominent application of the DCT is
in image compression, where it forms the basis for widely used standards such
as JPEG (Joint Photographic Experts Group). The DCT’s ability to concen-
trate signal energy in a limited number of coefficients facilitates efficient image
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representation, reducing data size while preserving essential visual information.
This transformative process allows for significant compression ratios without
substantial loss in image quality.

4.3.3 Neural Network in Frequency Domain

deep learning methods that incorporate frequency domain operations, still a
niche topic in this field. An earlier contribution by Gueguen et al. [143] presents
an alternative use of frequency domain techniques in deep learning. Their work
involved operating a Convolutional Neural Network (CNN) on the Discrete Co-
sine Transform (DCT) coefficients of JPEG-compressed images. The motivation
behind this approach was to circumvent the necessity of running the complete
JPEG decoding algorithm, thereby improving computational efficiency.
Several other contributions have explored concepts related to frequency domain
operations for computer vision problems. Among those: Dziedzic et al. [144],
explores the concept of band-limiting, a compression scheme that artificially
constrains the frequency spectra of convolutional filters and input data during
training in Convolutional Neural Networks (CNNs), to control resource usage
which requires no modifications to existing training algorithms or network ar-
chitectures. Rajesh et al. [145] introduces the DCT-CompCNN architecture: by
modifying the input representation to include DCT coefficients, the CNN clas-
sifier achieves improved performance compared to the conventional approach.
Xu et al. [146], proposes a learning-based frequency selection method to ad-
dress the downsampling challenges in neural networks operating in the spatial
domain. Inspired by signal processing theories, the method identifies trivial
frequency components that can be removed without accuracy loss.
Dos et al. [147] investigates the impact of spatial resolution and JPEG quality
on CNN performance. The study designs a Frequency Band Selection (FBS)
technique to reduce the computational complexity of CNNs operating directly
on the JPEG compressed domain.
While these works share the common theme of integrating frequency domain
principles into deep learning architectures, each approaches the task with its
own unique perspective, resulting in varied degrees of success across different
computer vision applications.

Limiting the analysis to the domain of transformers, one notable and recent
advancement in this direction is the F-Net [138]. The F-Net stands out as a
pioneering work that goes beyond mere utilization of Fourier-related transforms
in deep learning; instead, it boldly replaces the self-attention mechanism in the
transformer architecture with a two-dimensional DFT operation. Although this
may appear superficially akin to the methodology presented in this work (see
Section 4.3), a fundamental distinction lies in the formulation. F-Net does not
seek to approximate the dot-product operation within self-attention, but rather
opts for a comprehensive substitution with the DFT, showcasing a unique and
innovative approach to handling attention mechanisms in transformers.
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Together, these works contribute to the nascent but promising intersection of
deep learning and frequency domain operations, expanding the horizons of signal
processing within the realm of neural network architectures.
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4.4 Proposed Method

4.4.1 Baseline Approach

The objective of this investigation is to exploit the DCT introduced in Sec-
tion 4.2 to formulate an approximation method that mitigates the quadratic
growth of the attention matrix in (4.2) with respect to the input sequence
length n for an input X ∈ Rn×d.
Given the three (n× d) matrices Q, K and V defined in (4.1), all functions of
input X, a straightforward approach involves obtaining three compressed rep-
resentations Q, K and V , each of length n << n, by computing the DCT of
each matrix over the dimension n and retaining only n DCT coefficients. For
ease of understanding, the forward DCT can be expressed using on the matrix
formulation of (4.5), enabling the straightforward derivation of a transforma-
tion matrix D ∈ Rn×n to compute the required n DCT coefficients.
Denoting the transformation matrix as D, the formulation is as follows:

Q = DQ, K = DK, V = DV (4.6)

Upon substitution in Equation (4.2), the result is:

E(Q,K) = softmax

(︄
(DQ)(KTD

T
)√

d

)︄

Considering the numerator inside the softmax operator, it is evident that:

D(QKT )D
T
= DCT2D(QKT )

Leveraging the associative property of the dot-product, E ∈ Rn×n is obtained
without explicitly computing the original E ∈ Rn×n. Subsequently, the com-
pressed attention output is computed by multiplying with V :

Atn(X) = E(Q,K)V (4.7)

Finally, the resulting approximated attention ˜︃Atn(X) is obtained with an in-
verse DCT: ˜︃Atn(X) = IDCT (Atn(X)) = (D)TAtn(X) (4.8)

From (4.7), (4.8):

˜︃Atn(X) = (D)T [E(Q,K)]DV = IDCT2D(E)V

To reiterate, the approximated attention experiences growth in memory and
complexity with O(n2). Choosing a sufficiently small n enables an approxima-
tion of linear growth with respect to the original input length n. A notable
relaxation introduced in the proposed method is the effective utilization of:

˜︃Atn(X) = IDCT2D(softmax(DCT2D(QKT )))V (4.9)
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where the normalization term
√
de is omitted. It is important to note that

softmax(DCT (x)) ̸= DCT (softmax(x)), hence, the introduction of a relax-
ation is implicit when computing the Inverse DCT. Similar relaxations involving
the softmax function have already been proposed in [124] and [127]. In Sec-
tion 4.4, a detailed discussion on its implications is presented, along with the
definition of a strategy to experimentally evaluate the performance degradation
caused by the utilized relaxation.

4.4.2 Complete formulation

A first possible improvement to make the proposed formulation more efficient
from a computational standpoint is to avoid the calculation of three distinct for-
ward DCT transforms as in (4.6). Recalling the formulation for Q,K and V in
(4.1), computation can be saved by computing only the DCT of X (X = DX)
and then utilizing the compressed X in place of X in the attention formulation
of (4.3). This can be easily proven to be equivalent to the approximated atten-
tion defined in (4.7). The improved formulation can be then formalized as in
Algorithm 1.

Algorithm 1 Efficient attention with DCT
Input X ∈ Rn×d

Output ˜︁X ≈ Atn(X)

Require: D ∈ Rn×n

1: X = DCT (X) = DX
2: Q = XWQ, K = XWK , V = XWV

3: Atn(Q,K, V ) = E(Q,K)V = softmax
(︂

QK
T

√
d

)︂
V

4: ˜︁X = D
T [︁

Atn(Q,K, V )
]︁

5: return ˜︁X
From an efficiency standpoint, the choice of the matrix formulation to com-

pute the DCT is optimal: a single D can be precomputed, memorized and shared
across all the attention modules of the transformer architecture of choice. This
in stark contrast with [124] and similar methods, where each attention head re-
quires its own learnable projection matrix, resulting in a total of (nheads∗nblocks)
matrices to be stored in memory.

Moreover, relying on a known linear transformation matrix has its own set of
advantages: (i) it reduces the total number of trainable parameters, making
for a lighter and more efficient training (ii) learning a transformation matrix
E ∈ Rn×n as in [124] implies that the input sequence length must be exactly
n, taking away the option of model input of arbitrary lengths. When using the
DCT instead, D can be easily recomputed as needed, or it is possible to exploit
an algorithm for fast cosine transform without explicitly relying on D. For the
latter, in the fine-tuning experiments (Section 4.4.2) the Makhoul’s algorithm
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[148] is employed, which leverages the Fast Fourier Transform (FFT) to effi-
ciently compute the DCT of a N−point real valued signal.

To conclude, among the different transforms available in the literature, DCT
was chosen because it is an efficient way of compressing information, it can be
expressed as a matrix product, its inverse calculation is also linear, and operates
in the real numbers field.

4.4.3 Softmax relaxation

As introduced in Section 4.4.1, a significant relaxation exploited by the proposed
formulation, wherein the inverse DCT is computed for the result of a nonlinear
function softmax(x) : Rn → Rn applied to the outcome of the forward DCT,
as indicated in (4.9).
For the sake of completeness, the softmax function is defined as:

softmax(x)i =
exi∑︁n
j=0 e

xj
i = 0, 1, ..., n

This function is commonly used in the deep learning domain to highlight larger
values and hide the ones significantly smaller than the maximum; moreover, it
constrains the output of a layer to sum to 1 and returns values between 0 and
1. Ideally, to avoid the introduced relaxation, a function s would be required
such that:

s(DCT (x)) = DCT (softmax(x)).

This function is trivially s(DCT (x)) = s(x̂) = D(softmax(DT x̂)) , which is
unsuitable since it implies passing through a higher-dimensional space, precisely
what the proposed method aims to avoid. With the relaxation introduced, the
computation of the matrix E ∈ Rn×n can be circumvented.

When leveraging the proposed formulation, two potential sources of error
are introduced when compared to the standard attention definition: (i) an ap-
proximation error induced by lossy compression using n < n DCT coefficients
and (ii) a relaxation error induced by the usage of the aforementioned softmax
relation. The approximation error is intrinsic to the definition of lossy data
compression, while the relaxation error needs to be carefully evaluated to es-
tablish the mathematical validity of the proposed methodology.

A simple yet effective strategy is proposed to experimentally evaluate the con-
tribution of the softmax relaxation on the overall error degree: the full matrix
E ∈ Rn×n is explicitly obtained as in (4.2), then its forward and inverse DCT
are computed to obtain a lossy reconstruction ˜︁E ∈ Rn×n which is then used in
the following steps to obtain the attention output.
With this setup, the relaxed formulation of (4.9) is never used, hence only the
approximation error is added: a simple way of quantifying the relaxation er-
ror is to compare the experimental results obtained with this formulation with
those of the efficient attention formalized by Algorithm 1. It is worth clarifying
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Algorithm 2 Evaluation of DCT-induced error
Input X ∈ Rn×d

Output ˜︁X ≈ Atn(X)

Require: D ∈ Rn×n

1: Q = XWQ, K = XWK , V = XWV

2: E ⇐ E(Q,K) = softmax
(︂

QKT
√
d

)︂
3: E = DED

T ∈ Rn×n

4: ˜︁E = D
T
ED ∈ Rn×n

5: ˜︁X = ˜︁EV
6: return ˜︁X

that the above setup it is only intended for evaluation and comparison, since
the quadratic attention is explicitly computed in line 2 of Algorithm 2 there
would not be any benefit in using this formulation in a real use scenario.
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4.5 Experiments and Evaluation
The purpose of this experimental section is to evaluate the capabilities of the
proposed approximation method to mitigate the computational cost and mem-
ory usage of the self-attention layer, at the same time quantifying any degra-
dation in the expressive capabilities of a transformer model equipped with the
proposed attention variant. Therefore, inference times (milliseconds - ms) and
peak memory consumption (Mega Bytes - MB) are evaluated in a first step: it
is important to remember that these measurements are completely agnostic to
the task on which the model is trained. For the second part, on the other hand,
as metrics are evaluated on a specific task (NLP), it is critical to standardize the
training methodology so that the comparison is fair. Therefore, in the first part
of this section, the experimental setup used for the rest of the analysis is defined.

4.5.1 Experimental Setup

The experimental setup follows the transfer learning scheme common in NLP:
first the model is trained on a large dataset of unlabeled corpus data, then it
is fine-tuned on a downstream supervised task. In Section 4.3 the results both
on the pretrain and the downstream task are reported, while in Section 4.2the
results in terms of inference speed and memory occupation are presented and
discussed.

Model Architecture

The transformer architecture adopted for the experiments is inspired by
BERTsmall introduced in [149]. The model architecture follows the same struc-
ture of the original transformer [107] while only using nblocks = 4 instead of the
12 of BERTbase in order to keep a reasonable memory footprint even when train-
ing with the standard attention head. Each multi-head attention uses 8 heads,
the embedding dimension d is 512 and the hidden dimension of the feed-forward
layer is 2048. For the input tokenization, the same pretrained WordPiece tok-
enized used in BERT is employed, using the implementation “bert-base-uncased"
provided by the Transformers library [150].

Pretraining

The workflow used for the evaluation is based on the pipeline proposed [121],
combining various techniques to train a BERT-style language model within a
reasonable computational budget. Following this setup, optimization is exclu-
sively done for the masked-language model (MLM) task with a sparse token
prediction head [117], omitting the next sequence prediction (NSP) objective.
Only English Wikipedia text is used as the training corpus, and for increased
training throughput, 10 masked copies of the dataset are precomputed with a
masking probability of 0.1. Additionally, the maximum sequence length n is
capped at 128 tokens to accommodate larger batch sizes. The utilized setup
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largely mirrors the one proposed, utilizing the AdamW optimizer [151] with
(β1 = 0.9, β2 = 0.98, ϵ = 1e−6) and a weight decay of 0.01. To allow for an
unbiased comparison of models with significantly different training speeds, the
fixed time-budgeted scheduler is discarded from the training recipe. Instead,
the total number of optimization steps is fixed to 100k, and the learning rate
is linearly increased from 0 to the Peak-lr with a warm-up proportion of 0.06,
followed by a linear decay for the remaining steps. The peak learning rate (LR)
is set at 1e−3 with a minibatch size of 4096, achieved through two gradient
accumulation steps.

Fine-tuning

In the spirit of keeping the experimental setup simple and understandable, the
pretrained models are also evaluated by fine-tuning on the downstream task of
sentiment classification of IMDb movies reviews [104]. This dataset comprises
50.000 movie reviews in plain English text, evenly divided between training and
testing sets. Each review is manually labeled for sentiment classification, cate-
gorized as positive or negative based on the writer’s opinion of the movie. Both
positive and negative labels are equally distributed with a 0.5 ratio in both test
and train splits, resulting in a perfectly balanced classification task. The aver-
age length of sequences in the training set is approximately 298 tokens (min.
13, max. 3055). To manage memory during training, the maximum sequence
length is restricted to 1024 tokens, with longer sequences being truncated.
For fine-tuning the model, the Masked Language Model (MLM) head used for
pre-training is substituted with a classification head. The first token C ∈ Rd of
the transformer’s output X ∈ Rn×d, corresponding to the special [CLS] input
token, is feed into two feed-forward layers with a tanh(·) : R → R activation
function to generate the binary classification output. The model is optimized
using a Binary CrossEntropy objective function, employing the AdamW opti-
mizer, as in the pretraining phase, but with the learning rate fixed at 1e−5. In
total, each pretraining model to undergoes fine-tuning on the supervised task
for 10 epochs, utilizing a batch size of 64 with no gradient accumulation steps.

Implementation

From an implementation standpoint, the optimization engine DeepSpeed [152]
is utilized, with mixed precision training provided by the APEX2 backbone.
To prevent potential interference with the efficient attention formulation, fused
linear-activation-bias layers and the APEX LayerNorm implementation, com-
monly used for training acceleration, are avoided. All experiments are con-
ducted on two 32GB Nvidia V100 GPUs, leveraging model-level parallelism.

4.5.2 Inference Performances

For a fair comparison, the transformer model defined in Section 4.2.2 the is used
for all the tests, replacing only the attention head with the implementation of

2https://github.com/nvidia/apex

https://github.com/nvidia/apex
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the efficient attention considered for the experiment. This experiments are con-
ducted with randomly generated sequences of length n ∈ {128, 512, 1024, 4096}
adapting the batch size accordingly to fit the model in memory: to adjust for
the non fixed batch size, both the inference time and the memory occupation
are normalized for the current batch size. All the measurements are taken ac-
counting only for the forward propagation.

Table 4.1: Inference performance of the efficient attention com-
pared to other attention heads.

Sequence length (N) - Batch size (BS)

Attention Head 128 - 256 512 - 32 1024 - 16 4096 - 1

MB ms MB ms MB ms MB ms

Vanilla 5.1 0.391 28.75 1.99 89.37 5.03 1250.0 45.6
DCT-0.25 4.55 0.312 22.62 1.34 44.5 2.85 326.0 15.75

Linformer-0.125 4.23 0.374 21.0 1.62 46.75 3.52 612.0 19.3
Nyström-0.125 4.73 0.41 24.87 1.83 55.5 4.18 488.0 47.71
Performer-0.125 4.91 0,425 23.87 1.89 59.5 4.2 548.0 28.93

In Table 4.1 the notation {Model} − {scale} is adopted, where scale in-
dicates the (fixed) ratio of the input sequence length used to instantiate the
efficient attention. For the proposed method it defines the number of DCT
coefficients, for Linformer the dimension of the learnable projection ϵ, for Nys-
trömformer the number of selected landmarks and for Performer the number
of random features. While in principle scale could be defined as a constant,
instead of a proportion of the input length (i.e, DCT −0.25 for n = 128 implies
n = 32), it would be mathematically unfounded to assume that is possible to
obtain a constant complexity for an arbitrary input length, whatever efficient
attention head is used. From the reported results it is clear that the transformer
model, equipped with the proposed DCT based efficient attention, outperforms
all the competitors. As expected and discussed in Section 4.4 the savings in
memory and inference times, from the usage of the proposed attention head,
are directly proportional to the sequence length. In the next paragraph this
important aspect is discussed in more details.

Scalability with Sequence Length

To obtain the inference results presented in the last paragraph, the batch-size
(BS) had to be reduced when increasing the sequence length (N) in order to
fit the model in memory. While this approach is perfectly suitable to compare
different models - for a fixed sequence length - it does not allow to truly ap-
preciate how each model scale with the sequence length. A new experiment
is proposed to evaluate the growth in memory occupation and inference times
when the sequence lengths are varied. In fact, as reported in Figure 4.2, only
the multi-head attention modules are benchmarked, using a small fixed batch
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size. For this experiment, for each attention, the same scale factors of Table 4.1
is used.

0

20

40

60

80

100

120

140

160

180

200

128 256 512 1024 2048 4096

T
im

e
 (

m
s)

Inference Speed

Vanilla DCT Former Linformer Nystromformer Performer

0

1000

2000

3000

4000

5000

6000

128 256 512 1024 2048 4096

M
e

m
o

ry
 (

M
B

)

Memory Footprint

Vanilla DCT Former Linformer Nystromformer Performer

Figure 4.2: Plot of Inference Time (ms) and Memory Footprint
(MB) for input sequences of different lengths. The Batch Size is

fixed to 16 to allow for comparison.

As deducible from its formulation, the vanilla attention scales proportionally
with the square of the input’s length. The proposed efficient attention outper-
forms all the competitors in terms of scalability, both in inference times and
memory footprint. In particular, for the longest input sequences the benefit of
the efficient attention reflects in a memory reduction of up to 80%, thus suc-
cessfully enabling to work with significantly longer sequences.
In the following section instead, the results are presented for the trained mod-
els on both the pretraining and downstream tasks, showing that the proposed
attention can perform competitively when compared to significantly heavier
formulations.

4.5.3 Performance on NLP benchmarks

Following the configurations detailed in Section 4.1, multiple settings of the
proposed model are evaluated. For the pretraining stage, both the best loss
(Cross Entropy) on the validation set and the Accuracy score for the MLM task
are reported. Notably, the MLM can be evaluated as a multilabel classification
problem, since for each masked token of the sentence it aims at predicting the
correct vocabulary entry index (which in this case is 30522 entries long). In
addition, to make the comparison fair the normalized accuracy score is also
reported, which is obtained by dividing the accuracy score by the normalized
average inference time obtained by the same model with a bath size of 256 and a
sequence length of 128 (divided by 102 for readability). For the fine-tuning, the
averaged Precision, Recall and F1-score obtained on the test split are reported.

All the sequences of the pretraining data are close to 128 tokens, requir-
ing only a minimal amount of padding to be fixed to exactly 128 tokens: the
finetuning sequences instead, while being truncated to 1024 tokens, presents a
significant length variation. For this reason, for this part of the valuation it is
used the Makhoul’s method to compute the forward and inverse DCTs in the
finetuning phase. With respect to the usage of the D matrix, this allows to work
with any sequence length, while otherwise it would be limited to only work with
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Table 4.2: Results of transformer models with different atten-
tions

Pretraining Finetuning ↑

Attention Loss ↓ Accuracy (%) ↑ Normalized ↑ Pr Re F1

Vanilla 2.07 59.7 1.52 0.9 0.9 0.9
DCT-16 2.58 51.6 1.73 - - -
DCT-32 2.36 54.7 1.74 0.87 0.87 0.87

IDEAL-32 2.26 56.6 - 0.88 0.88 0.88
DCT-48 2.28 56.0 1.68 0.86 0.85 0.85
DCT-64 2.24 56.6 1.61 0.85 0.85 0.85

Linformer-16 2.29 56.2 1.49 0.80 0.80 0.80
Linformer–32 2.17 57.9 1.49 0.82 0.82 0.82
Linformer–48 2.13 58.5 1.49 0.83 0.83 0.83
Nystrom–16 2.25 56.6 1.37 0.88 0.87 0.87
Nystrom–32 2.13 58.8 1.26 0.88 0.88 0.88

sequences of exactly n tokens. Finetuning the Linformer it is instead far more
problematic: the matrices ϵi learned during the pretraining are only suitable
to work for sequences of 128, the only way to perform the finetuning is hence
to reinitialize the transformation matrix to work with sequences of 1024 and
zero-pad all dataset elements to the maximum length. With Nyströmformer a
simular issue is encountered, since also in this case the sequence length is re-
quired to be known and be evenly divisible by the number of landmarks, hence
it was decided to pad the sequences in the same way as for Linformer.
For the results reported in Table 4.2, the models trained with the efficient atten-
tion formulation of Algorithm 1 are reported as DCT-{n}, while the experiment
IDEAL-32 follow the formalization of Algorithm 2 to evaluate the approxima-
tion error induced by the DCT compression, without leveraging the relaxation
on the softmax operation. It is fundamental to understand that, while the Ideal
setup clearly outperforms the efficient setup, the Ideal setup needs to compute
all the matrices onto the Rn space, therefore losing all relevance to both mem-
ory and speed efficiency. Exploring alternatives to the softmax relaxation is
a potentially interesting topic on its own, and can represent a future research
direction.
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Chapter 5

Latent Generative Models

5.1 Motivations
Artificial intelligence applied to image generation stands out as a captivating
domain within the realm of machine learning studies, captivating not only en-
thusiasts, but also garnering significant attention and efforts from the broader
scientific community. Generative AI refers to a class of artificial intelligence
models and algorithms designed to produce new, often realistic, data instances
that resemble or capture the patterns present in a given dataset.
To grasp the essence of generative models, consider the intriguing concept that,
at a given image resolution, every conceivable natural and non-natural image
at that resolution is representable as a point in ultra-high dimensionality pixel
space. The rationale behind AI for generating natural images is based on the
concept that a manifold exists within the space of all possible pixel combina-
tions, encapsulating the realm where natural images reside. Therefore, when
focusing on a specific class of natural images (people, cats, cars...), this concept
suggests that the space of meaningful or natural images of the chosen class is not
randomly scattered throughout all possible pixel combinations, but rather lies
on a lower-dimensional structure or manifold. This notion can be intuitively
understood by observing that natural images exhibit shared characteristics,
patterns, and regularities. Take, for instance, images of faces, where common
features like eyes, noses, and mouths are consistently arranged in specific ways.
The inherent regularities and structures within the data find representation in a
lower-dimensional manifold amid the vast high-dimensional space encompassing
all conceivable pixel combinations. Thus, the pursuit of generative AI involves
training models to navigate and learn these underlying patterns, enabling the
creation of new and meaningful content that aligns with the observed regulari-
ties in the training data.

The problem underlying generative AI is thus to attempt to mathemati-
cally model, or rather approximate, the hidden distribution inherent in natural
images by exploiting a formulation such that new and original images can be
sampled from the approximate distribution. Generative models, particularly
those based on deep learning and neural networks, attempt to model this mani-
fold from a set of sample images that have been selected to represent the domain
or class of interest. Training a deep learning model for this purpose requires a
radical paradigm shift from the supervised learning cases seen earlier. Indeed, in
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the most general case, generative models are built from an unsupervised learn-
ing process, where the model is exposed to a set of input data without explicit
labels. During this process, the model tries to learn the intricate structures
and hidden relationships present in the data, without relying on external in-
formation. More properly, the unsupervised training process attempts to learn
a nonlinear mapping from the high-dimensional pixel space to a significantly
lower dimensional embedding space. One of the simplest strategies to obtain
a latent space that reflects the properties sought and to simultaneously learn
to reconstruct the original image from the latent representation, which can be
achieved by minimizing a reconstruction loss between the original and the recov-
ered image. Models trained in this way fall into the category of Autoencoders.
The definition of the latent space alone is insufficient for the generation part;
indeed, the distribution of images in the reduced-dimensional space is generally
unknown, rendering explicit sampling of new images impossible. One approach
to address this limitation involves explicitly constraining the learned distri-
bution of the latent space to follow a known distribution, typically a normal
distribution. This constraint allows for the explicit sampling of the latent space.
This could be achieved by simultaneously minimizing not only the reconstruc-
tion loss but also an additional divergence loss between the learned distribution
and the target distribution. This is the approach behind the Variational Au-
toencoders, which are one of the first successful approaches to image generation
with deep networks. The underlying concept has been taken up in subsequent
developments, albeit with substantial variations, leading to the definition of new
paradigms for training generative models, most notably Generative Adversarial
Networks (GAN) and more recently Denoising Diffusion Probabilistic Model
(DDPM), which are the focus of this chapter.

Diffusion models, in essence, identify a family of generative models, which,
as previously discussed, seek at establishing a relationship between the unknown
distribution of training data and a more manageable distribution, typically as-
sumed to be Gaussian. The fundamental approach involves implementing a
forward diffusion process, characterized as a Gaussian process, by progressively
introducing Gaussian noise to a dataset sample until reaching a state of pure
noise. Subsequently, the reverse process of gradually reconstructing the im-
age from pure noise can be modeled by a neural network, which, when trained
with this objective, implicitly acquires the capability to generate novel images
that align with the sought-after distribution. One notable distinction is that
VAEs employ an encoder-decoder bottleneck design, introducing a predeter-
mined structure to the latent space. In contrast, DDPMs do not explicitly
model the latent space; instead, it is implicitly represented through the diffu-
sion process. This approach can be beneficial when dealing with intricate latent
space structures, resulting in high-quality samples due to the model’s capac-
ity to capture fine details in the data distribution. However, the drawback of
avoiding a predefined latent space structure in DDPMs is that they tend to
meticulously model perceptually insignificant details in target images, often at
the expense of capturing semantically relevant features. This can lead to a
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heightened demand for computational resources, particularly during the train-
ing phase.
An insightful observation emphasized in [153] underscores that generative mod-
els essentially undertake two key tasks. Firstly, there is the task of perceptual
compression, involving the modeling of perceptually relevant components and
the abstraction of imperceptible details. The subsequent task consists in the
actual generation process, which imply the modeling of relationships and con-
ceptual compositions among the various semantic elements constituting the im-
age. This observation presents an opportunity for optimization by separating
these two components of the generative process. Initially, a low-dimensional
latent space is defined to achieve perceptual compression, followed by training
the generative DDPM on this new space instead of the RGB space. The spatial
compression induced by the chosen latent space thus prunes unnecessary de-
grees of freedom corresponding to perceptually irrelevant details, introducing a
strong bias in the training of the generative process. This bias results in much
more efficient training and a significantly higher quality of the generated images.
This constitutes the foundational methodology employed by LDM, representing
the current state-of-the-art in generative diffusion models. In practical terms,
LDM begins by training an Autoencoder to accomplish perceptual compres-
sion. Subsequently, the frozen encoder is leveraged to encode the training set in
a lower-dimensional latent space. The Denoising Diffusion Probabilistic Model
(DDPM) is then trained on this latent space, focusing on generating encoded
images. During inference, the frozen decoder is utilized to retrieve generated
images from the latent space. This integrated process exemplifies the efficacy of
LDM in achieving both perceptual compression and efficient generative training.

The concept presented in this chapter is rooted in an intriguing observa-
tion: considering that the purpose of the latent space is to introduce perceptual
compression, akin to a lossy compression, could an alternative non-deep com-
pression strategy achieve similar results without relying on the costly training
of an autoencoder? If such an approach were feasible, it could obviate the
need for the resource-intensive training of an autoencoder, replacing it with
a lightweight and efficient lossy compression algorithm, leveraging decades of
existing research and understanding. Beyond training, the generation of new
samples would also benefit from reduced memory and computational demands,
stemming from the omission of the resource-intensive decoder model. Addition-
ally, but of equal significance, this decision has led to a more profound compre-
hension of the inner workings of generative models within latent spaces. It has
unveiled the requisite properties for an effective replacement of the autoencoder
and shed light on the associated limitations. In pursuit of this understanding,
a straightforward lossy compression framework is introduced, leveraging Vector
Quantization (VQ) techniques to approximate image patches with a finite set
of representative elements. The resulting latent space manifests as a discrete
distribution across a finite set of indices. To address this discrete nature, a
practical approximation is introduced to navigate the challenges of a discrete
process that emulates a representation in a continuous domain. Lastly, a re-
finement of the discrete inverse diffusion process is proposed, aligning with the
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established framework.

To sum up, the main contributions in this chapter can be summarized as:

• A shallow encoding for the perceptual compression stage is proposed, char-
acterized by a simple definition and predictable behavior.

• A straightforward strategy is proposed to enable the training of a contin-
uous space diffusion model on the discrete latent space. This is accom-
plished by enforcing an originality property in the latent space through a
sorting of the finite set of latent values along the direction of maximum
covariance.

• Finally, the reverse diffusion process is proposed to be redefined in a cate-
gorical framework, explicitly modeling the latent image representation as
a set of categorical distributions over the discrete set of latent variables
used for the lossy encoding.

The results and methodologies proposed below have been recently published as
an article [3] in a specialized journal.
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5.2 Background

5.2.1 Generative Models

The problem of image synthesis can be formalized as the search from a gener-
ative model G which approximates the unknown distribution P of “real-world”
images, sometimes conditioned with respect to a certain class (cats, churches,
faces, etc.). This task has already been studied in literature for other domains
(text generation, music files...), and since its inception has found large use rela-
tive to long sequences or, in this case, to high-resolution images. These problems
are related to both the computational power required to generate such models
and the numerical instability phenomena which lead the process to be unsteady
with respect to the choice of hyperparameters and the training process. On the
other hand, the power and surprising results have pushed the literature towards
the search for a compromise between performance and efficiency. In light of
this, there are many recent works that attempt, through various techniques, to
stabilize the generative methods and make them efficient.

Evaluation of Generative Models

Assessing the performance of generative image models is notoriously compli-
cated, and different strategies have been proposed thought the years. Incep-
tion Distance (ID) [154] measures the dissimilarity between the distribution of
generated images and a reference dataset using an InceptionV3 network pre-
trained on ImageNet [155]. ID is computed by extracting a feature represen-
tation from both the real and the generated images, and then computing the
Kullback–Leibler (KL) divergence between the related distributions. Fréchet
Inception Distance (FID) [156] takes this concept by computing instead the
Fréchet Distance between the features distributions.
From a practical standpoint, computing the FID score requires a large set R
of images from the real distribution and a comparable size set of generated
images G. First, the pre-trained InceptionV3, up to its final pooling layer, is
used to extract 2048-dimensional feature vectors from each image in both sets.
Afterward, the FID is computed by measuring the Fréchet distance between the
two sets of feature vectors, as defined in Equation (5.1). This computation is
carried out after determining the mean vectors (µR, µG) and covariance matrices
(ΣR, ΣG) for both sets of feature vectors:

FID(G,R) = ||µG − µR||22 + Tr
(︂
ΣG + ΣR − 2(Σ

1/2
R ΣGΣ

1/2
R )1/2

)︂
, (5.1)

where Tr(·) defines the trace operator. The metric defined with this formula-
tion ideally should quantify the perceivable difference in appearance between
the generated and real images; in fact, as the FID score approaches zero, it
should indicate that the two sets of images are indistinguishable. However,
is still active investigated how the FID and similar metrics might fail at cap-
turing semantic aspects of image content, such as object composition or scene
coherence. Moreover, subtle details on the implementation have been shown
to invalidate the reliability of these metrics [157]. In addition, a disadvantage
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of these types of metrics is that they require the generation of an image set
in the tens of thousands, which, depending on the model under consideration,
can take quite an onerous amount of computation time. Nonetheless, for the
purpose of this work, the assessment by means of the FID score was opted for.

5.2.2 Diffusion Models

Diffusion models are a class of likelihood-based generative models which define
the generative process as a mapping from a prior distribution N (0, Id) to the
target unknown distribution P of the real data. This is achieved by defining
forward a degradation (or diffusion) process q which gradually corrupts a data
sample x0 with additive Gaussian noise at each time step t with t ∈ (1, ..., T ) and
a reverse degradation process which learns an approximation pθ parametrized
by the weights θ of the denoising process.
The forward process q(xt|xt−1) is modeled by a conditional Gaussian distribu-
tion which, at each step, is defined by the mean µt = µt(xt−1) and variance
βt:

q(xt|xt−1) = N (
√︁
1− βtxt−1, βtId), (5.2)

where 0 < β1 < β2 < ... < βT < 1 are fixed according to a predefined variance
scheduler, which in the original work is defined as linearly increasing from β1 =
10−4 to βT = 2 · 10−2 with T = 1000. The reverse process pθ(xt−1|xt) is also a
conditional Gaussian distribution

pθ(xt−1|xt) = N (µθ(xt, t), βtId) (5.3)

with θ usually being the parameters of a powerful denoising neural network and
µθ is the mean of the learned inverse process. With the variance being fixed,
only the mean of the posterior distribution has to be learned. Once the model
is trained, sampling from the approximated distribution of real images can be
done effectively by starting with a realization of pure noise ϵ ∼ N (0, Id), and
sampling xt−1 from pθ for t = T, T − 1, . . . , 1 to recover the sample x̃0, which
represents the initial generated state.

A suitable objective function to learn the reverse process can be derived by a
reparametrization of the mean µθ, leading to, as derived in [153]:

Lϵ(θ) = ||ϵ− ϵθ(xt, t)||22
t ∼ U(0, T ) ϵ ∼ N (0, Id),

(5.4)

where ϵθ(xt, t) is the neural network tasked with estimating the noise level on xt

at the uniformly drawn time step t. Since the forward process is a fixed Markov
chain, xt can be directly computed at any noise level t without going through
the intermediate levels. Hence, Equation (5.4) can be efficiently optimized at
random time steps t by simply predicting the noise realization ϵ added to x0.
An alternative parametrization of the mean can lead to a different definition of
the training objective as the learning of the uncorrupted image x̃θ

0 given xt and
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t:
Lx0(θ) = ||x0 − x̃θ

0(xt, t)||22. (5.5)

Although the two formulations are theoretically equivalent, the former is gen-
erally preferred because of its observed better quality of the generated images.
In the remainder of the chapter, both expressions are used, and in particular, a
combination of them is used to introduce the formulation for the reverse process
in Section 5.3.2.

It’s worth ending this section by remarking that, starting from [153], DDPMs
have been leveraged in both unconditional generation, where the image space
is randomly sampled, and conditional generation, where the generative pro-
cess is guided by a prior, such as the image class in a multi-class scenarios or
even complex natural language queries. For the scope of this work, only the
unconditional generation is considered.

5.2.3 Latent Diffusion Models

As briefly stated in the introductory section, Stable Diffusion [158] achieved
impressive results in image generation with DDPMs by shifting the generation
process in latent space. This choice is motivated by the inherent difficulty
of training DDPMs for high-resolution image generation, due to the waste of
expressive capacity for generating irrelevant image details and the very high
computational cost. The shift to latent space introduces a strong GreenAI-
boosting perceptual and spatial compression, simplifying training and reducing
computational cost. The latent space is defined by an encoder E(x) = z which
maps an image x ∈ Rw×h×c into a latent representation z ∈ Rw

s
×h

s
×c and a

decoder D(z) = x which reconstructs x ≈ x in the image space. The pair
(E ,D) defines a Variational Autoencoders (VAE) pretrained on the Open Im-
ages dataset [159] (and frozen when training the diffusion model), trained by
simultaneously minimizing a reconstruction term ||x−x||22 and a regularization
term useful to bound the variance of the latent space. Good results have been
achieved with VQ-VAE regularization [160], which introduces a Vector Quan-
tization (VQ) layer to regularize the latent space. This however shall not be
confused with the VQ based compression method introduced in Section 5.3.1,
especially since z is extracted from the VAE bottleneck before the VQ layer,
which is hence embedded in the decoder.

Defining the generative process in latent space means redefining the loss in
Equation (5.4) as a function of z:

LL(θ) = ||ϵ− ϵθ(zt, t)||22. (5.6)

Hence the reverse diffusion model is used to sample z̃ and at the end of the
generation process the sampled image x̃ = D(z̃) is recovered using D. The
work presented in this manuscript is conceived as an ablation of this method,
by substituting the deep latent space defined by the VAE with a shallow latent
space defined by a model-based lossy image compression technique.
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5.3 Proposed Method

5.3.1 Latent-Space Encoding

Lossy image compression is a fundamental branch of image processing that ad-
dresses the problem of reducing the data required to represent an image by
selectively discarding the information that is deemed less relevant for the hu-
man perception. Typical lossy compression algorithms encode images in ways
that exploit the inherent redundancy, allowing them to be efficiently represented
using fewer bits. The first aspect to consider when designing a compression algo-
rithm that can be leveraged for latent-space image synthesis is the convolutional
encoder-decoder style of the generative model itself, which can only produce out-
put of fixed size. Conversely, the most popular image compression algorithms,
with JPEG on top of all, produce variable-length compressed representations
for different images. For this reason, a simple yet effective compression strategy
is devised based on VQ techniques. It maintains a constant compressed rep-
resentation size for each patch by employing a predefined codebook that maps
input vectors to fixed-length code words, thus ensuring consistent compression
regardless of image content. Similar strategies have been popular since the
1980s (see e.g., [161], [162]) for their simplicity and overall good performances.
In the deep learning era, VQ-like approaches have been rediscovered [160], as
has been the case with other compression techniques [1], [163].
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Figure 5.1: Image compression scheme

Given an RGB image x ∈ Rw×h×3, the model-based compression algorithm
produces a latent representation z ∈ Rw

s
×h

s
×c. The compression algorithm is

designed by first converting the image to the YCbCr color space, this separates
the image information into its perceptually relevant components, enabling a
better use of compression techniques. Then, for each channel from 1 to 3, the
image is divided in non-overlapping patches of s×s pixels, with each patch cap-
turing a localized region of the image, preserving both spatial and chromatic
information. Then, finally, the core of the proposed compression techniques
involves vector quantization applied to each individual patch. Vector quantiza-
tion replaces each patch with one (or more) representative vector, denoted as
codewords, from a fixed size codebook, thus allowing the whole (s2∗8 bit) block
to be encoded as the index i of the assigned codeword. Clearly, the strategy of
the definition of the codebook and the codewords assignment strategy is crucial



Chapter 5. Latent Generative Models 100

to set the optimal tradeoff between compression ratio and information preser-
vation, therefore the multiple strategies experimented are detailed hereafter. In
Section 5.4.1 instead, all the technical details of the practical implementation
of the quantization approaches are discussed, together with results on a lossy
compression benchmark.

Vector Quantization

Vector quantization [164], [165] is a popular technique in the domain of data
compression and signal processing. Its fundamental idea is the approximation
of the entire data space X with a finite subset of representative vectors C. This
process not only reduces the cardinality of the space, but also enables a concise
and efficient representation by assigning a codeword ci to each element x ∈ X
of the subset. Conveniently, each entry ci can be uniquely represented by its
index i ∈ I, with I := {1, ..., |C|}.

Formally, this procedure is described by a quantizer defined by an encoder
function E(x) and a decoder function D(i)

q : X −→ C (5.7)
x ↦−→ c = q(x) = D(E(x)). (5.8)

The encoder function E : X −→ I, maps each element of the space into its
compact code representation E(x) = i ∈ I. On the other hand, the decoder
function D : I −→ C maps the index i ∈ I back to the representative vector
ci. The representative vector ci is chosen by definition in order to minimize the
distortion with respect to x, hence the encoder can be defined as:

E(x) = i⇐⇒ ∥x− ci∥22 = min
c
∥x− c∥22. (5.9)

From Equation (5.9) the lossy nature of VQ is clear, since the encoding process
implies an approximation error e, or ci = x + e. For convenience, C is referred
to as the codebook, and its elements ci as codewords with i being the code
associated to x. For the scope of this work, only fixed-rate quantizers are
considered, where each code is represented with the same number of bits. Hence,
the number of bits required to approximate x with i using a codebook C is
bC = log2(|C|), defined as bitrate of q. When x ∈ Rn with n >> bC, this makes
VQ a very powerful compressor.

Defining an optimal quantizer is not straightforward, as it depends on the
desired tradeoff between reconstruction error and compression rate, which is
strictly dependent on |C|. In the simple case where X is defined as a finite subset
of Rn and |C| is fixed beforehand, recalling Equation (5.9), the formulation for
the error introduced by encoding X with q simplifies to:

MSE(q) =
∑︂
x∈X

∥x− q(x)∥22 =
∑︂
x∈X

∥x−D(E(x))∥22. (5.10)
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From this definition, the choice of the optimal quantizer for X reduces to defin-
ing the set of vectors ci which minimizes Equation (5.10), which are those
provided by the k-means algorithm. K-means directly minimizes the MSE by
iteratively updating centroids to minimize the sum of squared distances between
data points and their assigned centroids. In Section 5.4.1the process of defining
the optimal quantizer for the problem of image compression is detailed, where
X is defined as a set of representative image patches.

(Optimized) Product Quantization

The base vector quantizer described in subsection 5.3.1, while being a powerful
tool, implies some major drawbacks. The number of codewords |C| required to
represent a code E(x) = i using bC bits is proportional to the cardinality of the
codebook as |C| = 2bC . For moderately large x (i.e, an 8× 8 8-bit grayscale im-
age patch), a reasonably high compression rate of 1 : 16 would imply encoding
the block with 512/16 = 32 bit, which would lead to a codebook |C| = 232 ≃ 4B
possible codewords! Clearly, such a large codebook would be hard to obtain
and require large memory usage and intense computation cost, hence more so-
phisticated quantizers are needed.

Product Quantization (PQ) [166] is an upgrade in this direction. Instead
of processing the input vector x as a whole, it is possible to split it into m
sub-vectors x(1), x(2), . . . , x(m) and consider a sub-codebook for each of them.
For simplicity, it is common to have sub-vectors with equal length of n′ = n

m
:

x(j) = (xm∗(j−1)+1, . . . , xm∗j), where m is a divisor of n. At this point, the
quantizer is the Cartesian product of m sub-quantizers that act on each sub-
vector:

q : X −→ C = C1 × . . .× Cm (5.11)

x ↦−→ c = (c1, . . . , cm) = (q1(x
(1)), . . . , qm(x

(m))). (5.12)
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Since each sub-quantizer qj is a separate vector quantizer, defined by its code-
book Cj, the code for x can be obtained by encoding independently each sub-
vector:

E(x) = (E1(x
(1)), . . . , Em(x

(m))) = (i1, . . . , im). (5.13)

The fundamental difference is that the resulting code (i1, . . . , im) is a vector,
therefore the total number of bits required to represent it corresponds to the
sum of the bitrates of the sub-codebooks. Hence, encoding x with a 32-bit code
will require just 4 8-bit codebooks, for a total of only 1024 possible codewords.

Optimized Product Quantization (OPQ) [167] offers further improvement.
Instead of directly encoding the vector x as it is, it first applies an orthogonal
matrix R (i.e., a change of basis). This operation is particularly useful in this
case, as image pixels have correlations between them that are dictated by the
structures present in the images subjects. Hence, simply splitting the images at
fixed intervals may not be the best course of action, but it may be necessary to
first reorder their pixels, so that correlated pixels end up in the same sub-vector.
The problem of finding an optimal quantizer involves finding both the C1, ..., Cm
codebooks and the matrix R subject to RRT = Id. In [167] the authors derive
a non-parametric solution as an alternating minimization scheme, where in one
step R is given, and the codebook is learned, in the other the optimization of
the MSE is carried out w.r.t. R while the codebook is fixed. The former step
can simply be done via k-means in the transformed domain. For the latter,
considering Equation (5.10), the problem can be written as

argmin
s.t. RRT=Id

∑︂
x∈X

∥Rx−Rc∥22 = argmin
s.t. RRT=Id

∥RX − Y ∥2F , (5.14)

where in the last formulation, with a slight abuse of notation, X is the matrix
containing the practical data samples from the space, and Y is the reconstruc-
tion of X in the transformed domain according to the current codewords esti-
mates (i.e, Y = D(E(X))). This problem is known as Generalized Procrustes
Alignment [168] and has a closed form solution in R = V UT with V and U
being the orthogonal matrices of the Singular Value Decomposition of XY T .

Residual Quantization

A different strategy to improve VQ is represented by additive quantization [169].
In this case, the quantizer q can be seen as the sum of a set of quantizers {qj}mj=1.
Each of these quantizers maps the vector x into its own codebook Cj:

q : X −→ C (5.15)

x ↦−→ c =
m∑︂
j=1

cj =
m∑︂
j=1

qj(x). (5.16)

Similarly to PQ, the code assigned to x is a vector in Rm and the bitrate of
the encoding corresponds to the sum of the bitrates of the sub-codes. Unlike
in PQ, here, the centroids are vectors with the same length as x and not just a
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fraction of it.

Residual Quantization (RQ) [170] is a specific example of additive quanti-
zation. The idea is to give a hierarchy to the quantizers qj. The first one, q1, is
learned normally without any additional information. The second one, instead,
wants to be the optimal quantizer for the vector x − q1(x), i.e., the residual
between x and its quantization. In general, for j ≥ 2, qj is meant to quantize
the vector x −

∑︁j−1
s=1 qs(x), which effectively places this strategy under the ad-

ditive quantization umbrella. While RQ demonstrated superior performance in
minimizing reconstruction errors, as shown in Section 5.4.1, it exhibits a fun-
damental limitation. Specifically, it allows for the possibility of multiple valid
encodings for a single data point, which undermines the core principles of the
generative model training procedure.

5.3.2 Generation

The lossy compression algorithm defines an encoding function E which maps an
image x to a latent representation z ∈ Rw

s
×h

s
×c. Ideally, redefining the training

objective of the generative model to operate in the new latent space should be
straightforward:

min
θ
∥ϵ− ϵθ(zt, t)∥22, zt = E(xt). (5.17)

This approach has been shown to be valid in the case of a latent space de-
fined by a deep autoencoder [158], [160]. However, when relying on the shallow
latent space defined by the proposed compression algorithm, the impossibility
of learning anything useful is utterly clear. The causes of this limitation can
be traced back to the definition of the encoding algorithm using VQ (and its
other embodiments), and especially in the definition of the codewords using
k-means as defined in Equation (5.10). Effectively, the encoding of an image
patch with the assigned code i ∈ I impose a bi-univocal correspondence with
the set of positive integers, which implies an inherent total ordering of the
codewords c1, ..., c|I|. The imposed ordering, which by the nature of k-means
is fundamentally random, is not reflected in an ordering of the Rn space where
codewords are defined, hence the addition of Gaussian noise to i will result in
the random assignment of a new codeword c⌈i+N (0,1)⌉, while ideally the additive
noise should lead to a codeword cj ∝ ci+N (0, 1). The above can be intuitively
appreciated by observing the effect of a constant addition on an encoded image
in Figure 5.3b.

A useful interpretation is to consider the codewords as a finite and discrete
set of categorical data, which brings us to the domain of categorical diffusion
models, previously introduced in Section 5.2.2. Recent works on discrete state
diffusion models [171]–[175] mainly propose to redefine the forward diffusion
process by relying on a transition matrix which defines the probabilities of
moving from one state to another. An interesting result of [171] is that it is
possible to imitate a continuous space diffusion model by defining the discrete
diffusion process in a way that will transit with higher probability to similar
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states, introducing an ordinal bias. Along this line, is hereafter shown that the
careful choice of an optimal ordering on C can be leveraged to approximate as
a continuous process virtually with no additional work.

(a) D(E(x)) - only re-
construction noise

(b) D(E(x) + 1) before
rearranging I

(c) D(E(x) + 1) after
rearranging I

Figure 5.3: This example is obtained with compression schema
OPQ-32-8-8, see Section 5.4.1 for details

.

Enforcing Pseudo Ordinality

For the scope of this work, an ordering of the code space I is sought, which
satisfies an ordinality property on the codewords space C in Rn:

∥ci+1 − ci∥2 < ∥ci+j − ci∥2 ∀i ∈ {1, . . . , |C| − 1}, j ∈ {2, . . . , |C| − i}, (5.18)
∥ci−1 − ci∥2 > ∥ci−j − ci∥2 ∀i ∈ {2, . . . , |C|}, j ∈ {2, . . . , i− 1}. (5.19)

In this way, it is possible to enforce that the addition of noise leads to a transition
to a code that is similar to the source code in proportion to the level of noise
added. Clearly, with n > 1 and in the absence of additional constraints on the
codebooks definition, the existence of a suitable mapping Rn → R that defines I
cannot be guaranteed, and in most cases simply will not exist. More specifically,
looking at the codewords as vectors in Rn, there could be an arbitrary number
of values j which satisfy the right part of the expression in Equation (5.18)
and Equation (5.19), i.e., there could be multiple elements of C, identified by
different indexes j, which are equidistant from ci.

Therefore, a relaxation of the desired property is introduced by imposing
an ordering along the direction which maximizes the correlation between the
elements of C. This approach is borrowed from the technique of Principal Com-
ponents Analysis (PCA) [176], widely used in the context of dimensionality
reduction. Given a generic VQ codebook C ⊂ Rn, its principal component
v0 ∈ Rn can be conveniently computed as the eigenvector of the covariance ma-
trix of C corresponding to its largest eigenvalue. The projection of ci ∈ C along
the principal component is hence computed as c0i = civ0, which also represents
a mapping Rn → R. Each element of C is assigned to an index i ∈ {1, ..., |C|}
such that c0i > c0i+1, or in simpler terms, as the indices that sort the vectors
through their principal components. This approach does not strictly satisfy the
properties in Equation (5.18) and Equation (5.19), nor it assures to maximize
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the correlation between adjacent pairs, but it is guaranteed to be the best ap-
proximation possible achievable with a linear transformation. The latter claim
is secured by the fact that PCA, in its linear version, is the linear component
reduction technique that best preserves for explained variance. The additive
noise in the diffusion process then causes a displacement along the maximum
variance dimension, which in a categorical framework implies moving towards
a highly correlated latent state, which has a resemblance with the continuous
diffusion process. Figure 5.3c provides a powerful intuition of the achievement.

Categorical posterior distribution

Despite the promising results in training the DDPM in the latent space, thanks
to the approximation introduced above by optimizing for the training objective
of Equation (5.4), the sample quality of the decoded images is far from ideal.
In particular, the presence of residual noise is evident as a consequence of the
approximation of the continuum by exploiting the defined ordering, which as
already mentioned is not perfect. A plausible overcome is to train a refinement
model in RGB space to improve the sample quality. Despite not being optimal,
this is far less expensive than training the whole generative model in the image
space.

As an additional enhancement, the formulation of the inverse process is re-
vised to better align with the inherent characteristics of VQ-encoded images.
Building upon the training objective presented in Equation (5.5), learning the
reverse process within the latent space by targeting the uncorrupted sample
z ∈ Rw

s
×h

s
×c implies predicting the index i corresponding to the suitable code-

book entry ci ∈ Cj for each codebook j ∈ (1, ..., c) at each spatial location.
Instead of directly regressing the value of ci, an alternative strategy is proposed,
wherein the inverse process targets a categorical distribution for each codebook
entry across all utilized codebooks. Assuming that all codebooks contain the
same number of entries, the output of the reverse process can be parametrized
as ẑ ∈ Rw

s
×h

s
×c×|C|, so that the recovered sample z̃ could be obtained by sam-

pling the corresponding categorical distribution at each spatial location. The
forward diffusion process instead is kept unchanged, with zt being defined by
introducing noise to z in the index space.

Since the sampling operation is non-differentiable, in the training phase the
Gumbel-softmax trick [177] is leveraged in order to approximate the sampling of
the categorical distribution: this is achieved by perturbing the logits ẑj for each
category with Gumbel distributed noise Gi ∼ Gumbel(0, 1), and then approx-
imating the one-hot vector representing the categorical choice by applying the
softmax function to the perturbed logits. Mathematically, this can be expressed
as:

zj = softmax

(︃
ẑj +G

τ

)︃
j = 1, . . . , c̄

G ∼ Gumbel(0, Id).
(5.20)
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Categorical Values  = 0.1  = 0.5  = 1.0  = 2.0  = 10.0

Figure 5.4: Effect of temperature smoothing of categorical dis-
tribution

Algorithm 3 Differentiable decoding denoised sample
Require: noisy sample zt, time step t
Ensure: denoised sampled in image space x̃0

predicted_codewords = empty()
ẑ0 ← nn(zt, t) ▷ ẑ0 ∈ Rw

s
×h

s
×c×|C|

for each channel c ∈ (1, ..., c) do
for all i,j do

z0[i, j, c] = gumbel_softmax(ẑ0[i, j, c])
c̃← ẑ0[i, j, c]Cc
predicted_codewords[i, j, c]← c̃

end for
end for
return vq_decode(prediced_codewords)

Notably, this approximation allows us to explicitly sample from the code-
book distribution instead of the index distribution. Consequently, the predicted
codewords can be decoded in a fully differentiable manner, as demonstrated by
the equation

c̃ = [z1C1, · · · , zcCc] (5.21)

and the decoded image x̃ can be recovered from c̃ depending on the utilized VQ
specific (the complete procedure is schematized in Algorithm 3). By leveraging
this formulation, the training objective can be computed in image space as in
Equation (5.5), while still performing the generation and the gradient computa-
tion in the latent space. It is worth noticing that, in this way, the latent codes
for z are never elicited in the training objective.

In order to sample from the trained model, the only distinction from the
standard parametrization of the reverse process in the latent space is that de-
riving the next sample zt−1 requires obtaining z̃ by sampling from the categorical
distributions derived from ẑ, which is achieved by the assigned codebook index
from the corresponding categorical distribution. It is worth noticing that simply
taking the index with the largest logit (argmax function), corresponds to using
the mode of the categorical distribution, which contrasts with the definition of
the inverse process.
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Algorithm 4 Sampling
Require: noisy sample zt, time step t
Ensure: z̃t−1

ẑ0 ← nn(zt, t)
for all i,j do

z̃0[i, j]← sample(ẑ[i, j])
end for
z̃t−1 ← reverse(z̃0, t− 1) ▷ implementation of the reverse process
parametrized by z0
return z̃t−1

5.4 Experiments and Evaluation

5.4.1 Compression

In this section, the implementation detail of the VQ-based image encoding al-
gorithm introduced in Section 5.3.1 is detailed and a qualitative analysis that
led to picking the exact configuration used to train the generative models is
discussed.

The size of the patch is fixed to s = 8 for all models, and the VQ training
set is defined by extracting all the possible patches from the 18 high quality
images of the McM dataset [178], which are augmented to 36 by vertical flip-
ping each one, leading to just over 8.6 million patches. Once a VQ method
(among VQ,PQ/OPQ and RQ) is picked, a distinct VQ encoder is trained for
each channel in YCbCr space, by leveraging the implementations of the FAISS
library [179] for maximum efficiency. Each channel can be encoded with a dif-
ferent bitrate, hence, the notation {VQ}-{Yb-Crb-Cbb} is adopted to uniquely
identify the used combination of VQ type and assigned bitrates.

Encoding C.R Baboon Peppers Lenna

PSNR SSIM PSNR SSIM PSNR SSIM

VQ-{8-8-8} 1:64 28.83 0.40 30.75 0.63 31.23 0.67
PQ-{32-8-8} 1:32 29.07 0.60 31.28 0.69 31.80 0.74

OPQ-{32-8-8} 1:32 29.12 0.62 31.56 0.72 32.35 0.78
RQ-{32-8-8} 1:23 29.22 0.64 31.97 0.75 32.81 0.81

VQ-f4 [158] n.d 21.43 0.66 29.17 0.77 31.33 0.83
VQ-f8 [158] n.d 18.31 0.37 26.66 0.68 27.16 0.73

Table 5.1: Evaluation of the proposed Lossy compression algo-
rithm.

Each method is tested on three standard images of size 512 × 512, which
have been used in the image compression literature for decades1 [180]. The

1https://sipi.usc.edu/database/
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performance is evaluated with two different quality measures. The Peak Signal-
to-Noise Ratio (PSNR) is defined as

PSNR(x1, x2) = 20log10

(︄
255√︁

MSE(x1, x2)

)︄
,

MSE(x1, x2) =
1

hw

h∑︂
i=1

w∑︂
j=1

∥x1(i, j)− x2(i, j)∥22

(5.22)

and takes values on all the real line, where the smaller the number, the worse
the quality of the image is. The other is the Structural SIMilarity index (SSIM),
which can be computed as

SSIM(x1, x2) =
(2µx1µx2 + c1)(2σx1x2 + c2)

(µ2
x1

+ µ2
x2

+ c1)(σ2
x1

+ σ2
x2

+ c2)
,

where, for i = 1, 2, µxi
is the mean of xi, σxi

is its standard deviation and σx1x2

is the covariance between the two images. The constants c1 and c2 are constants
placed in order to avoid numerical issues. The SSIM of an image takes values
in the interval [0, 1], where a score of 0 implies an heavy dissimilarity between
the images, while a score of 1 means the contrary.

The compression ratio is also reported, which, since the patch size is fixed,
can be conveniently computed as

R(q) = 3 ∗ 8 ∗ s2

Yb + Crb + Cbb
, (5.23)

where Yb, Crb and Cbb represents the number of bits needed to represent the
pixel value for the respective channel.

The results reported in Table 5.1 are in line with what was expected: base-
line VQ severely underperforms (especially in terms of SSIM), increasing the
bitrate for the luminance channel yields far better results, while still achieving a
high compression ratio. The absolute best results are obtained with RQ, which,
however, turned out to be unsuitable for the intended application because of the
commutative propriety of the sum, also being computational inefficient for the
sequential nature of the encoding. In addition, basic PQ really does not make
much sense because it produces highly redundant codebooks. For the above rea-
sons, the choice opted for is to proceed with OPQ-32-8-8. The results obtained
on the same benchmark by two configurations of the pretrained VAE used are
reported in [158]. It is imperative to acknowledge that although the metrics
under evaluation may not explicitly highlight this phenomenon, deep encoding
tends to yield markedly more visually appealing images. This phenomenon can
likely be attributed to the fact that shallow encoding introduces high-frequency
and blocky artifacts, which are very noticeable to the human visual system,
while deep encoding produces high-level errors that are not obvious at a glance
unless a side-by-side comparison is made.
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5.4.2 Generation

In this section, an experimental evaluation of the proposed approach is pro-
posed, evaluating the performances in a popular benchmark for unconditional
image generation. As introduced in Section 5.2.1, the definition of a metric for
evaluating generative models is still an open problem, hence, for the remainder
of this section the FID score is used, considering that to the current date it
represents the most popular metric in the literature.

Figure 5.5: Sampling steps (t = 1000, 900, ...., 0) of the model
trained with the categorical parametrization of the reverse pro-

cess.

Experimental setup

The generative performances are assessed in a single-class unconditional sce-
nario on two subsets of the LSUN dataset [181] which are extremely popular in
the context: the cat subset and the church one. The first is a large dataset of
over 1.6 million images of cats acquired from a wide variety of sources. This is a
very complicated dataset due to the extreme variability in the appearance and
composition of the images, caused in part by the nature of the subject. In con-
trast, the dataset of churches is smaller with only 125 thousand images, and is
considerably easier to handle because of the chromatic and geometric regularity
of the buildings represented. All the experiments are conducted with an image
resolution before compression of 512×512, which means a latent representation
of 64× 64× 6 using the OPQ-{32-8-8} encoding.

Model FID Score

LSUN-cat LSUN-church

Continuous 14.01 12.46
Continuous + Refiner 11.92 10.05

Categorical Rev. (τ = 1.0) 13.97 12.06
Categorical Rev. (τ = 2.2) 13.75 -

Table 5.2: Evaluation of unconditional image generation on
LSUN datasets

A common setup for all the experiments is fixed with the following char-
acteristics: the denoiser model is defined as a U-Net model with 4 down/up
sampling stages and attention only at the bottleneck level, in order to reduce
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the memory footprint. In total, the model has around 50 Million parameters,
which is a small number if compared to what is commonly used. The utilized
experimental setup is based on the Pytorch implementation by Phil Wang of the
original DDPM paper, with the addition of Min-SNR weighting [182], which,
by penalizing the loss terms proportionally to the inverse of the magnitude of
the noise added at timestep t,further discourages the model from focusing on
minor details. Self-conditioning [183] is also implemented, which condition the
denoising process based on the previous estimate of the recovered sample x̃0.
All the evaluated models are trained for 1 million steps with batch size of 64
on 2 Nvidia v100 GPUs, which takes around 10 days. This represents an ex-
tremely tight computational budget for this kind of application: in comparison,
in the original DDPM a U-Net configuration with either 114 or 256 Million
parameters (approximately 2–5 times larger than ours) is leveraged, and train
for the equivalent of over 100 v100 days, which is over 10 times the available
computational budget for this work. An additional difference is that, thanks to
the efficiency of the proposed encoding, it becomes possible to generate samples
of size 512 × 512, which after encoding with the chosen setup (OPQ-{32-8-8})
corresponds to latent codes of size 64 × 64 × 6. Other existing methods, such
as the original DDPM [153], typically use samples of size 256× 256.

Continuous-style diffusion model

Figure 5.6: Samples generated with continuous formulation
(after refiner)

This evaluation starts by analyzing the case in which the forward and back-
ward processes are kept unchanged compared to the continuous case. Hence,
the objective in Equation (5.4) is used for optimization, while leveraging the
codeword-to-index assignment introduced in Section 5.3.2. As anticipated, the
generative process is able to infer and reproduce the high-level structure of real
images and model the textures and details. Where this approach fails are the
last steps of the inverse process, since the ambiguity introduced by the approxi-
mation to the continuum seems to limit the overall definition of the finest details
in the image, resulting in an extremely noisy generated image.

As an impromptu solution, it is possible to train a refinement model to improve
the quality of the generated image x̃ = D(z̃) after it has been decoded to RGB
space. The refiner is based on the same U-Net architecture with a smaller
configuration with only 1.7M parameters, and it is trained in fully supervised
fashion by synthetically generating noisy images xn by slightly corrupting their
encoded representation: xn = D(E(x) + γ), where γ is a scaled-down Gaussian
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(a) Generated Image (b) After Refinement

noise. The objective function for the refiner is a combination of L1 and SSIM
losses, which easily achieves a PSNR of over 30 on both datasets. The clear
downside of this solution is the necessity of training a custom refiner for each
dataset and the increased cost of generating new images.

Categorical reverse process

Figure 5.8: Samples generated with categorical formulation
(no refiner needed).

Comparatively, the performances are also evaluated when leveraging the for-
mulation introduced in Section 5.3.2 for the definition of the reverse process.
At training time the objective function of Equation (5.5) is used, together with
the differentiable decoding of x̃0 derived in Equation (5.21). From this analysis,
it emerges how it is preferable to add a second term to the loss in order to con-
dition the prediction of z0 codes based on those assigned by the VQ encoding,
which are otherwise not explicitly in the derivation of x̃0.

The complete training objective used is

Lcat(θ) = ||x0 − x̃θ
0||22 + ||ϵ− ϵθz||22

ϵθz = (at ∗ zt − z̃θ0)/bt,
(5.24)

where

• ϵθz is the derivation for the predicted noise in latent space, obtained from
the prediction for the uncorrupted image z̃θ0 sampled from ẑ0 using the
Gumbel-softmax trick;

• at and bt are time-dependent constants values, that are derived from the
detailed definition of the diffusion process in [153], the details of which
are omitted for simplicity;
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• the θ superscript is added to indicate values that are a function of model
parameters.

(a) argmax (b) γ = 0.1 (c) γ = 1.0 (d) γ = 2.0

Figure 5.9: Effects of distribution smoothing on ẑ0.

In this configuration, satisfactory results are obtained without resorting to the
refiner model. One interesting thing to study is the introduction of a temper-
ature smoothing at inference time in the generative process (i.e, deriving zt−1

given zt). Since zt−1 is obtained from the current estimate for z̃0, a temperature
factor γ can be introduced in the sampling of z̃0 from ẑ0

z̃0 ∼ softmax (ẑ0/γ) (5.25)

The effect of the introduction of γ can be qualitatively appreciated in Figure 5.9.
In particular, for γ → 0 the sampling operation corresponds to the argmax
function and essentially defines the mode of the categorical distribution, while
for larger values of γ, the distribution shifts towards a uniform distribution.
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Chapter 6

Summary

To draw all-encompassing conclusions from such a broad and articulate work is
contrary to the spirit in which this was conceived. Therefore, below, a summary
is provided hereafter of the goals achieved in each of the domains that have been
addressed in this thesis.

• The decision to develop MTL models for automotive applications can rightly
be considered a winning strategy. The trade-off of performance on single tasks
and inference costs can certainly be considered advantageous, particularly in
the case of DMS where it has been experimentally observed that performance
improvement over the single-task baseline is possible in some cases. One of
the main limitations to the application of this paradigm has been confirmed to
be the availability of datasets with multi-task labels suitable for the purpose.

• One of the main contributions of the work on DMS is identified in the use
of pseudo-annotated data for the addition of tasks not present in the base
dataset. Although this is a relatively simple method, with careful selection
of the appropriate training strategy, the goal was fully achieved.

• The work on ADAS presents a problem of a more complex nature because
of the important differences between the tasks that were solved with the
multi-task model. The formulations chosen for the object and lane detection
tasks yielded satisfactory performance even with a relatively simple optimiza-
tion strategy. Inference benchmarks ultimately validated the goodness of the
multi-task approach here as well.

• Drawing on traditional data compression techniques to apply them to the
latest deep learning models has proven to be a valid, exciting and insightful
line of research. This line of research is validated by the results obtained on
two different problems.

• Approximating the attention matrix with DCT, while involving a major re-
laxation in the formulation, proved to be a simple and effective approach. The
performance obtained on the NLP benchmark, when compared to the large
savings in computation and memory obtained, put it ahead of the literature
competitors analyzed.

• The chapter on generative models offers probably the most aggressive and
cutting-edge contribution among those presented in this thesis. Using a non-
deep compression scheme in this scenario is a first. The generative perfor-
mance achieved, when analyzed in relation to the negligible computational
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resources available, certainly represents a step in the desired direction. The
observations and the approach identified for extending the generation process
by introducing pseudo-ordinality are an original and rich contribution.
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