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Chapter 1

Overview and summary of the
results

Relativistic quantum field theory describes consistently the electromagnetic force and
the weak and strong nuclear interactions: these fundamental forces are successfully
harmonized into a renormalizable gauge theory called the Standard Model. Unfortu-
nately, gravity does not seem to enter into this framework. A consistent quantum
theory of gravity is still lacking and its construction stands as one of the main problems
of modern fundamental physics. Indeed there is no way of quantizing gravity due to
its non-renormalizability. String theory is a promising candidate for this concern. Re-
placing the notion of point-like particles with one-dimensional strings it automatically
includes as oscillation modes the Standard Model particles and a massless spin-two
particle, identified with the graviton. A consistent bosonic string theory is constrained
to live in a 26 dimensional space-time but, adding fermionic excitations, it gives rise to
the ten-dimensional superstring theory.

Supersymmetry plays a central role both in superstring theory and in quantum field
theory. While theoretically it provides a symmetric description of fermions and bosons,
phenomenologically it could solve longstanding questions as hierarchy problem and dark
matter origin. Supersymmetry is certainly not realized in nature at accessible energies
but it can be seen as a powerful tool to drastically simplifies computation in field theo-
ries. In particular, including supersymmetry algebra into the field theory algebra, one is
able to construct interesting theories with a lot of peculiar features. Furthermore, if one
considers also the conformal invariance, the resulting theories, the so-called supercon-
formal field theories, become enough constrained that exact computations of physical
observables are accessible. The most studied superconformal field theories are the four-
dimensional N = 4 super Yang-Mills (SYM) and the three-dimensional N = 6 super
Chern-Simons theory with matter called ABJ(M). These two theories share a peculiar
feature: they can be described as a string theory in the AdS/CFT framework.
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The AdS/CFT duality is a powerful tool that gave and still gives a great contribution
to the understanding of supersymmetric theories. It refers to the existence of dualities
between theories with gravity and theories without gravity, and is also sometimes re-
ferred to as the gauge-gravity correspondence. This correspondence relates the weakly
coupled regime of the gauge theory to the strongly coupled regime of the string theory
and vice-versa. For some class of observables (called BPS), which preserve some super-
symmetry of the theory, the actual value must be the same for all values of the coupling.
For other observables, however, one needs to interpolate the results between the two
regimes (even in some BPS cases). The prototype example of such a correspondence, as
originally conjectured by Maldacena, is the equivalence between type IIB string theory
compactified on AdS5×S5 and four-dimensional N = 4 SYM theory. Another example
is the duality between N = 6 Super Chern-Simons theory with matter and string theory
on AdS4 × CP3.

In both cases, supersymmetric Wilson loops provide a rich class of BPS observables that
can be computed exactly through particular techniques, for instance integrability and
localization. In particular, localization has been proven to be one of the most powerful
tools in obtaining non perturbative results in quantum supersymmetric gauge theories.
The key point is that supersymmetry algebras can be often deformed to accommodate
background curvature on compact spaces and the resulting partition functions can be
computed via a particular saddle-point procedure, known as the supersymmetric local-
ization technique. Thanks to this procedure, an impressive number of new exact results
have been derived for supersymmetric theories in different dimensions, mainly when
formulated on spheres or products thereof.

This technique is enough flexible to compute also correlation functions of local operators
and expectation values of non local observables, such as Wilson loops and ’t Hooft loops.
Actually the exact expression for circular 1/2 BPS Wilson loops in N = 4 Super Yang-
Mills theory was conjectured long before its concrete derivation through supersymmetric
localization. This procedure in turn generalizes to a large class of N = 2 theories, where
Wilson loops can be also accurately studied through matrix model techniques.

Integrability technique gives non perturbative result from a completely different point
of view. There is growing amount of evidences that N = 4 SYM and ABJ(M) possess
additional hidden symmetries at the quantum level that are not manifest in the La-
grangian formulation. These extra symmetries allow to describe gauge theories as an
integrable system: indeed the single trace operator containing L fields in gauge theory
mimes the spin-chain of length L. In this language one can use the Bethe equations and
solve the spectrum obtaining the anomalous dimensions of the field theory operators.
This technique can be applied to a large number of problems and in some situations may
allow to access the strongly coupled regimes of gauge theories analytically. Furthermore,
the AdS/CFT correspondence allows to compare these results.

As anticipated above, the Wilson loop is one of the most interesting observables in
this context. It is a gauge invariant non-local operator, whose importance in non-
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abelian gauge theories has been known for a long time. It is, namely, the holonomy
of the gauge connection of the theory and in supersymmetric field theories can be a
supersymmetric operator. In superconformal field theories the usual Wilson loop has
additional couplings: in N = 4 SYM it is coupled to some scalars and in ABJ(M) to
scalars and fermions. For a suitable choice of these couplings the operator turns out
to be supersymmetric and possesses a string theory description: indeed it is described,
at large N and strong coupling, by a minimal surface in the bulk of AdS which ends
on the contour of the Wilson loop. Calculating the expectation value of the circular
Wilson loop on both sides of the correspondence has been one of the first successful
tests of the duality.

In the case of N = 4, the 1/2-BPS circle can be generalized to Wilson loops of ar-
bitrary shapes with lower degree of supersymmetry. A particular family within this
construction is composed by arbitrary loops lying on a two-sphere S2 embedded into
the Euclidean spacetime. These operators are generically 1/8-BPS, and their quan-
tum correlators seem to be reproduced exactly by a purely perturbative calculation in
bosonic 2D Yang-Mills (YM2). The original conjecture was proved using supersymmet-
ric localization. The computation in the two-dimensional theory can be exactly mapped
to simple Gaussian matrix models, leading to an explicit evaluation of the correlators.
More generally, localization should apply not only to the Wilson loops, but also to a
whole sector of operators that are annihilated by shared supercharges. In particular it
should concern a family of chiral primary operators inserted on S2, leading to exact
results for their correlators also in presence of Wilson loops. A careful computation of
two-point functions and three-point functions of Wilson loop and chiral primaries on
S2 was performed using a Gaussian two and three-matrix models.

In this thesis we take instead a more conservative point of view and study the same
correlation functions through the conventional diagrammatic expansion. Of course the
first aim is to check the highly non-trivial reorganization of the perturbative series en-
coded into the two-matrix model result: localization automatically performs a number
of divergences cancellation among different diagrams and combines finite contributions
into nice expressions, written in terms of the geometry of the correlator. These effects
are by no means obvious, especially when the position of the operator and the shape
of the contour are arbitrary. The appearing of a gaussian matrix model suggests that
only the combinatorics of perturbation theory should mind when bosonic propagators
connecting points on the circuit are constant. In this case the contributions of the
interactions, coming from internal loops and non-trivial vertices, should cancel among
themselves. The first situation that we examine reproduces exactly this pattern: we
consider a chiral operator inserted on the north-pole of S2 and a Wilson loop placed on
a latitude. The bosonic propagators are constant and we check explicitly the complete
cancellation of the interacting diagrams at two-loops: we use dimensional regulariza-
tion to tame the divergences appearing in the intermediate steps of the calculation and
some Mellin-Barnes technology, adapted to our integration contours, to compute the rel-
evant graphs. The resummation of the perturbative exchanges is then easily performed,
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leading to the expected result. A more involved situation arises when the operator is in-
serted in a arbitrary point of one of the two hemispheres. The structure of the operator
itself changes and the bosonic propagators suspended on the loop are no more constant,
complicating the actual computation: in particular the terms involving three contour
integrations cannot be reduced completely to double-integrals, as in the previous case.
Moreover to evaluate the interacting diagrams we must resort to numerical integration.
These diagrams interplay with the ladder ones to reproduces the matrix model result.
In our computation we will consider chiral primaries of dimension J = 2: at two-loop
this is not really a limitation, in fact one can extend the perturbative evaluation to the
general case with some combinatorial effort1. Furthermore we will analyze explicitly
the diagrams in the large N limit, taking into account just the planar contributions. In
this way we will compare the perturbative results with the large N solution of matrix
model, obtained from localization. The inclusion of non-planar terms can also be easily
considered and we checked that they do not change the cancellation pattern.

Another important object appearing in gauge theories is the cusp anomalous dimension
Γ(ϕ), that was originally introduced in QCD as the ultraviolet divergence of a Wilson
loop with Euclidean cusp angle ϕ. In supersymmetric theories these loops are not BPS
due to the presence of the cusp. Γ(ϕ) defines in the light-like limit ϕ→ i∞ an universal
observable: exact results have been derived in N = 4 SYM through integrability that
match both weak coupling expansions and string computations describing the strong
coupling behavior. A related thermodynamic Bethe ansatz (TBA) approach, that goes
beyond the light-like limit, is known: the cusp anomalous dimension can be generalized
including an R-symmetry angle θ that controls the coupling of the scalars to the two
halves of the cusp. This system interpolates between BPS configurations (describing
supersymmetric Wilson loops) and generalized quark-antiquark potential: exact equa-
tions can be written applying integrability, and have been checked successfully at three
loops. Moreover one can use localization in a suitable limit to obtain the exact form of
the infamous Bremsstrahlung function, that controls the near-BPS behavior of the cusp
anomalous dimension. The same result has been later directly recovered from the TBA
equations and quantum spectral curve (QSC) method. It is clear that the generalized
cusp anomalous dimension Γ(θ, ϕ) represents, in N = 4 SYM, a favorable playground
in which the relative domains of techniques as integrability and localization overlap.

The fundamental step that allowed to derive exact equations for Γ(θ, ϕ) from integra-
bility was to consider the cusped Wilson loop with the insertion of L complex scalars
Z on the tip. Importantly the scalars appearing in Z should be orthogonal to the com-
binations that couple to the Wilson lines forming the cusp. The anomalous dimension
ΓL(θ, ϕ) of the corresponding Wilson loop depends on L-unit of R-charge and a set of
exact TBA equations can be written by for any value of L, θ and ϕ: setting L = 0
one of course recovers Γ(θ, ϕ). When ϕ = ±θ the operator becomes BPS and its near-

1The basic combination at two-loop level always involve two-legs diagram, so J = 2 is the most
general situation at this order.
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BPS expansion in (ϕ− θ) can be studied directly from the integrability equations. The
leading coefficient in this expansion is called the Bremsstrahlung function and when
L = 0 its expression has been derived to all loops from localization. However the TBA
equations and the quantum spectral curve (QSC) approach give a prediction for the
Bremsstrahlung function BL(λ, ϕ) at any L and ϕ.

In this thesis we use some localization results in N = 4 SYM checking the prediction
from integrability. Having an alternative derivation of the results may shed some light
on the relations between these two very different methods. We consider in particular
a 1/4 BPS Wilson loop (two longitudes) with contour lying on an S2 subspace of
R4, inserting at the north and south poles, where the BPS cusp ends, L ”untraced”
chiral primaries operators. From the analysis of the supersymmetries it turns out that
the system is BPS. In this framework we can relate the near BPS limit of ΓL(θ, ϕ)
to a derivative of the wedge Wilson loop with local insertions and define a generalized
Bremsstrahlung function BL(λ, ϕ). Our central observation is that the combined system
of our Wilson loop and the appropriate local operator insertions still preserves the
relevant supercharges to apply the localization procedure allowing the computation of
BL(λ, ϕ) by a perturbative calculation in YM2 on S2. The problem of resumming in
this case the perturbative series in YM2 is still formidable and we limit ourselves to the
first non-trivial perturbative order for any L. In so doing we recover, in closed form,
the leading Lüscher correction to the ground state energy of the open spin chain, that
describes the system in the integrability approach.

ABJ(M) theory also possesses integrable structures and a localization procedure for
some classes of Wilson loops is known as well. Furthermore, its strong coupling limit is
encoded into string theory on the AdS4 ×CP3 background. However in this theory the
weak/strong interpolation is non-trivial even for the simple circular 1/2 BPS Wilson
loop. One can introduce cusped Wilson loops with generalized cusp anomalous dimen-
sion Γ(θ, ϕ) also in ABJ(M) theory. The two halves of the cusp must couple also to
the fermions of the theory and not only to the gauge connections and scalars in order
to have an 1/2 BPS object. The resulting cusped Wilson loop is not globally super-
symmetric and therefore its exact evaluation seems very challenging. The analogous
system in N = 4 SYM can be tackled in a particular limit through Feynman diagrams
resummation. It is a scaling limit where the scalars becomes dominant, and the leading
order contribution is simply given by ladder diagrams made by scalar exchanges. These
ladder diagrams can be summed up efficiently using a Bethe-Salpeter equation, that
provides a very simple description. Its solution, in the small angle limit, reproduces
at strong coupling the string theory calculation. The matching of the strong coupling
limit of the Bethe-Salpeter solution with the string theory computation holds also at
the nesxt to leading order. This fact is a bit surprising since there is no reason why the
strong coupling and the scaling limits commute.

In this thesis we consider a similar limit in three-dimensional ABJ(M) theory, obtaining
some exact results for Γ(θ, ϕ). The presence of fermionic couplings to the loop inherits
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a surprising supersymmetric structure in the relevant Bethe-Salpeter equation. More
precisely, the effective Schroedinger problem, associated to the integral equation that
resums planar diagrams in N = 6 Super Chern-Simons, enjoys an unexpected quantum
mechanical supersymmetry. Since only the ground state matters in determining Γ(θ, ϕ),
supersymmetry produces an exact expression for any value of the opening angle ϕ.
This is in sharp contrast with the N = 4 case, where an analytic solution for the
Bethe-Salpeter equation exists only at ϕ = 0.

In the ABJM case (N = M) we get a very simple solution: the cusp anomalous dimen-
sion is exact at one-loop level, as in an abelian theory. The delicate balance between
bosonic and fermionic contributions, encoded into the effective supersymmetric quan-
tum mechanics, exponentiates without non-abelian correction the one-loop term. As a
matter of fact we do not observe any transition between a weak-coupling and a strong-
coupling regime, the observable behaving as in a free gauge theory. Consequently we
cannot match our result directly with the semiclassical computations of string theory,
suggesting that it exists, in this case, a problem with the order of limits.

In the ABJ case (N 6= M) the story is even more intriguing: the Bethe-Salpeter equa-
tion reduces to two coupled integral equations, resumming the (N×N) and the (M×M)
sectors. The problem is solved by diagonalizing the system and we end up with a two-
dimensional supersymmetric Schroedinger equation. The exact ground state is then
obtained and we have to fix carefully the normalization of the wave functions in order
to reconstruct the original cusped Wilson loops. This is done by using the boundary
conditions of the original Bethe-Salpeter equation and the first non-trivial order of its
perturbative expansion. The main result of our investigation is that, in the ABJ case,
the original cusped Wilson loop, i.e. the trace of the superconnection, does not renor-
malize multiplicatively but it mixes at quantum level with the supertraced operator. As
a consequence we end up with two independent cusp anomalous dimensions, related to
the renormalization constants of the operator eigenstates (with respect to the mixing).

The structure of this thesis is the following. In the first three chapters we lay the foun-
dations for understanding the results accomplished in chapters 5, 6 and 7. In Chapter
2 we review some basics facts about superconformal field theories and in particular for
N = 4 SYM and ABJ(M) theories. We mention also their relations with the string the-
ories and the general features of supersymmetric localization and integrability. Chapter
3 is dedicated to the definition of supersymmetric Wilson loops with explicit examples
of computation of their vacuum expectation value (vev): we consider a very well-known
configuration, the circular Wilson loop. It is also shown how supersymmetric localiza-
tion predicts the all-loop vev for some classes of loops in N = 4 SYM and ABJ(M)
theories. In Chapter 4 we define the Wilson line with a cusp and we discuss the main
features of its anomalous dimension in superconformal theories. Chapters 5, 6 and 7
are based on my original work and illustrate my results. In Chapter 5 we present a
weak-coupling computation of some correlation functions of Wilson loops and local op-
erators checking the localization result in N = 4 SYM theory. Chapter 6 is dedicated
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to the computation of the leading order of the Bremsstrahlung function in N = 4 SYM
in presence of L chiral operators on the tip of the loop. In Chapter 7 we present the
calculation of the cusp anomalous dimension in ABJ(M) theory, performing the scal-
ing limit that selects only ladder diagrams and resumming of the perturbative series.
Conclusions are drawn in 8, where we also suggest further developments and outlooks
of our research. Technical aspects such as propagators and conventions, and also some
very tedious computations, are summarized in appendices A, B, C and D.
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Chapter 2

Introduction

One of the main reasons why we study supersymmetric field theories is that, due to
impressive cancellations between fermion and boson corrections, we are able to compute
analytically a lot of quantities of interest. Certain quantities that are small or vanish
classically remain so also when radiative corrections are taken into account. Famous
examples include the vanishing of the cosmological constant, the hierarchy problem or
the issue of renormalization of quantum gravity. While supersymmetry solves most
of these issues, it cannot be the complete answer, since it cannot be exactly realized
in nature: it must be broken at experimentally accessible energies. Supersymmetric
models are often easier to solve than non-supersymmetric ones since they are more
constrained. Thus they may serve as toy models where certain analytic results can be
obtained and as a qualitative guide to the behavior of more realistic theories. The study
of supersymmetric versions of QCD has provided some insights in the understanding of
scattering amplitudes, quarks confinement and the strong coupling phase not accessible
with the standard perturbation theory. The key ingredient of these studies is a duality
between a weakly and a strongly coupled theory (gauge/gravity duality or AdS/CFT
correspondence). Furthermore in recent years, a lot of non-perturbative techniques
allowed us to deeply understand supersymmetric gauge theories and their dualities.
The most studied ones are integrability and supersymmetric localization.

This Chapter is organized in the following way: in Section 2.1 we will review some
basic properties of field theories for what concerns classical and quantum symmetries. In
particular we will discuss supersymmetry, conformal and superconformal invariance and
their realization in four-dimensional and three-dimensional theories, namely N = 4 su-
per Yang-Mills and ABJ(M) theory. In Section 2.2 we will briefly present the AdS/CFT
correspondence and its consequences. Finally in Section 2.3 we will review the main
ideas behind supersymmetric localization and integrability.
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2.1 Supersymmetric gauge theories

The determination of the symmetry group of a quantum field theory plays a fundamental
role for its understanding. The implementation of the symmetries at the quantum level
leads to a set of relations between the correlation functions (Ward identities). These
relations can give us a lot of information about the spectrum of the theory and its
renormalization properties. The generators of this symmetry, namely the conserved
charges, can act also on the S-matrix elements of the theory, hence the symmetries that
a theory possesses are directly related to its phenomenology.

In a four dimensional quantum field theory that is relevant for the description of
fundamental interactions, the basic symmetries are:

• Poincaré invariance, that is the semi-direct product of translations and Lorentz
transformations, with respective generators Pµ and Mµν . The algebra is the fol-
lowing

[Mµν ,Mρσ] = −i(gµρMνσ − gµσMνρ + gνσMµρ − gνρMµσ),

[Mµν , Pλ] = i(Pµgνλ − Pνgµλ),
(2.1)

with gµν the Minkowski metric;

• Internal global symmetries with generators Ta obeying a Lie algebra with structure
constant fab

c

[Ta, Tb] = ifab
cTc; (2.2)

• Discrete symmetries namely C, P and T i.e charge conjugation, parity and time-
reversal.

2.1.1 Supersymmetry

In 1967, Coleman and Mandula [1] proved that there is no nontrivial way to unify an in-
ternal symmetry with the relativistic space-time symmetry. In more precise words, any
symmetry group G containing the Poincaré group and an arbitrary internal symmetry
group has the form of a direct product

G = Pioncaré × Internal symmetry.

This theorem concerns the symmetries of the S-matrix. It is based on general hypothesis
such as locality and unitarity, and on the assumption that the symmetries are described
by Lie groups. However, in 1975, Haag, Lopuszanski and Sohnius [2] found a way out
of this “no-go” theorem, through the relaxation of the assumption that the group of
symmetries is a Lie group, whose generators obey a Lie algebra in the form of commuta-
tion rules. Indeed allowing spinorial charges and their anticommutation relations, they
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introduced the so-called Poincaré supersymmetry. The Lie algebra becomes a graded
Lie algebra or superalgebra. Their result is nevertheless very restrictive, in the sense
that beyond the usual bosonic scalar generators, the only other possible ones are N
fermionic generators of spin 1/2 Qiα with α = 1, 2 and i = 1, ...,N .

According to the result of Haag, Lopuszanski and Sohnius, one can extend the
Poincaré algebra including N fermionic charges. In the superalgebra, supersymmetry
exchange bosonic and fermionic degrees of freedom. The resulting general superalgebra
is the so-called super-Poincaré algebra.

[Mµν ,Mρσ] = −i(gµρMνσ − gµσMνρ + gνσMµρ − gνρMµσ),

[Mµν , Pλ] = i(Pµgνλ − Pνgµλ), [Ta, Tb] = ifab
cTc,{

Qiα, Q
j
β

}
= εαβZ

ij ,
{
Qiα, Q̄

j
α̇

}
= 2δijσµαα̇Pµ,

[Qiα,Mµν ] =
1

2
(σµν)α

βQiβ, [Qiα, Ta] = (Ba)
i
jQ

j
α.

(2.3)

with Zij = Aija T a a bosonic operator commuting with all the other generators called
central charge. The relation between the coefficients Bik

a A
kj
b = −Aikb (Bkj

a )∗ relates
the definition of the central charges with the action of the internal symmetries on the
algebra.This graded algebra possesses a symmetry that transforms supercharges into
each other. This group of automorphisms is called R-symmetry and in general it is
U(N ).

2.1.2 Conformal symmetry

Now we will inspect the consequences coming from a bosonic extension of Poincaré
invariance, the conformal group. There are many important field theories, like Yang-
Mills theory in four dimensions, that are classically scale invariant. In some special
cases, this symmetry holds also at the quantum level and, even when it does not, it can
still be a useful tool. In fact, field theories generally exhibit a renormalization group
flow from some ultra-violet to some infra-red fixed points, that turn both to be scale
invariant.

Essentially, conformal field theories arise from the addition of scale invariance to
Poincaré invariance, thus linking physics at different scales. This symmetry fixes the
2-point and 3-point correlation functions in the theory and gives strong constraints
on the space-time dependence of the other correlators. Together with renormalization
group and conformal invariance, Operator Product Expansion (OPE) represents another
feature of many QFTs. In particular, in a local quantum field theories the product of
two operators in a correlation function can be substituted with a linear combination
of the other (in principle all) operators in the theory. This leads to an infinite set of
relations between the correlators in the theory. Since a theory is resolved when all its
correlation functions are known, the OPE relations remarkably reduce the number of
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information needed to completely solve the theory. The OPE relations combined with
conformal invariance allow to relate all the correlation functions in the theory to only
the two and three point functions of conformal operators.

The conformal group is defined as the most general (locally) causal-preserving au-
tomorphisms. This is equivalent to invariance of the space-time metric gµν up to an
arbitrary scale factor, that in general may be coordinate-dependent:

gµν(x)→ e2σ(x)gµν(x). (2.4)

Performing an infinitesimal coordinate transformation xµ = xµ + εµ(x), for d > 2, we
can write

εµ(x) = aµ + Λµνx
ν + λxµ + bµx2 − 2xµb · x, (2.5)

where each parameter corresponds to a different transformation. These transformations
are

• Translations with generators Pµ and parameter aµ;

• Lorentz transformations with generators Mµν and parameter Λµν ;

• Scale transformations generated by the dilatation operator D and parametrized
by λ;

• Special conformal transformations with generators Kµ and parameter bµ.

The conformal algebra is then

[Mµν ,Mρσ] = −i(gµρMνσ − gµσMνρ + gνσMµρ − gνρMµσ),

[Mµν , Pλ] = i(Pµgνλ − Pνgµλ), [Mµν ,Kλ] = i(Kµgνλ −Kνgµλ),

[Pµ, D] = −iPµ, [Kµ, D] = iKµ, [Pµ,Kν ] = 2i(Mµν − gµνD).

(2.6)

Starting from a metric with signature (a, b) the conformal group is isomorphic to SO(a+
1, b+ 1), and it is an extension of the Poincaré group.

2.1.2.1 Primaries and correlation functions

In a Conformal invariant Field Theory (CFT) the fields belong to particular representa-
tions of the conformal algebra. To construct the representations we can use the induced
representation method, so we need to postulate the behavior of a field Φ under Lorentz
transformations, dilatations and special conformal transformations:

[Mµν ,Φ(0)] = ΣµνΦ(0),

[D,Φ(0)] = −i∆Φ(0),

[Kµ,Φ(0)] = 0

(2.7)
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The first relation defines the spin of the field Φ, given the matrices Σµν forming a finite
dimensional representation of the Lorentz group. In the second line it is written the
so-called scaling dimension ∆ of field: in other words, under dilatation x→ λx we have
Φ(x) → λ∆Φ(λx). The last line in (2.7) defines what is called a primary field. The
conformal algebra (2.6) implies that the operator Pµ raises the scaling dimension of the
field, while Kµ lowers it. In unitary CFTs there is a lower bound on the dimensions
of the fields. This means that each representation of the conformal algebra must have
some operator of lowest dimension, which must be annihilated by Kµ. Such operators
(or fields) are called conformal primary operators, or simply primary fields. By acting
on the primary fields with Pµ we can construct the whole (infinite) tower of operators
with dimensions greater than ∆. These operators are the conformal descendants of the
primary field Φ.

The two point function of two scalar primary operators, with scaling dimensions ∆1

and ∆2, is strongly constrained by conformal invariance and is given by

〈Φ∆1(x1)Φ∆2(x2)〉 =
δ∆1,∆2C12

(x2
12)∆

(2.8)

where x12 = x1 − x2, ∆1 = ∆2 = ∆ and C12 a constant depending on the choice of
normalization of Φ1 and Φ2.

A similar analysis may be performed on three-point functions. Covariance under
rotations, translations and dilatations forces the dependence on the positions, special
conformal transformations give constraints for the dependence on the scaling dimen-
sions. Therefore we have

〈Φ∆1
(x1)Φ∆2

(x2)Φ∆3
(x3)〉 =

C123

(x2
12)

1
2 (∆1+∆2−∆3)(x2

23)
1
2 (∆2+∆3−∆1)(x2

13)
1
2 (∆1+∆3−∆2)

(2.9)

All the correlation functions of four or more operators can be reduced into a combination
of three-point functions using the fact that the effect of the operator product could
be computed by replacing the product with a linear combination of local operators.
These observations can be combined in an equation, that defines the Operator Product
Expansion (OPE)

Φi(x)Φj(0) =
∑

k

Cij
k(x)Φk(0) (2.10)

where the coefficients Cij
k(x) are numeric functions. The index k runs over all the local

fields in the theory that have the same quantum numbers as the product of the two
fields Φi(x) and Φj(0).

2.1.2.2 Renormalization group

In general one can express the generators of the conformal algebra as Noether charges
defined from the symmetric energy-momentum tensor Θµν (related to the canonical one
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Tµν). In order for this charges to be conserved, the Θµν must be symmetric, conserved
and traceless:

Θµν = Θνµ, ∂µΘµν = 0, Θµ
µ = 0 (2.11)

In particular the tracelessness condition is important to ensure conservation of the di-
latation currentDµ (because Θµ

µ = ∂µD
µ), associated to scale invariance. An alternative

definition of the symmetric energy-momentum tensor i given by

Θµν = 2
δ

δgµν

∫
d4xL (2.12)

This construction gives a manifestly symmetric and gauge-invariant tensor. In a scale-
invariant gauge theory, the action is invariant under the transformation (2.4) and this
variation can be expressed in terms of Θµν as follows

0 = δS =
δS

δgµν
δgµν =

1

2
Θµνδgµν (2.13)

Since in a scale (conformal) transformation we have δgµν = 2σgµν , the above equation
implies Θµ

µ = 0.

This holds at least at the classical level. We know that in general, when quan-
tum corrections are included, classical symmetries are not symmetries anymore due
to anomalies. Let us now analyze the problem from a renormalization group point
of view. Assuming that the theory is renormalizable, we know that the Green func-
tions of n operators Gn(x1, ..., xn;µ, g), at a given renormalization scale µ, satisfy the
Callan-Symanzik equation

(
µ
∂

∂µ
+ β(g)

∂

∂g
+

n∑

i=1

γi(g, µ)

)
Gn(x1, ..., xn;µ, g) = 0 (2.14)

with g the coupling constant and β(g) = µ∂µg the β-function. To each operator ap-
pearing in the n-point function is associated a quantity γi(g, µ), called anomalous di-
mension of the operator, that can be calculated by analyzing its two-point function. At
quantum level the renormalized coupling constant assumes different values at different
scales, then the scale invariance is no longer a symmetry of the theory. Under the scale
transformation x→ e−σx, the variation of renormalized coupling and Lagrangian is

g → g + σβ(g), L → L+ σβ(g)
∂

∂g
L (2.15)

Taking into account the definition (2.12), at quantum level we have

∂µD
µ = Θµ

µ = β(g)
∂

∂g
L (2.16)

Thus the quantum scale invariance of the theory is directly related to the vanishing of
the β-function. If the trace of the symmetric energy-momentum tensor takes a non-zero
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value as a result of quantum corrections (i.e the β-function does not vanish), we have
to deal with the so-called trace anomaly.

Now we want to give a physical interpretation for the anomalous dimension γ(g, µ).
Consider a conformal primary operator from an ordinary QFT viewpoint, its two point
function depends only on the distance between the two points, and scales with dimension
2∆(0), where ∆(0) is the classical dimension of this operator. When the β-function is
zero, the renormalized two-point function G2(x;µ, g) satisfies the equation

(
µ
∂

∂µ
+ 2γi(g)

)
G2(x;µ, g) = 0 (2.17)

Using the Euler’s theorem for the homogeneous functions, one can find that

G2(x;µ, g) =
C(g)

(x2)∆(0)+γ(g)µ2γ(g)
(2.18)

Then we can interpret the anomalous dimension γ(g) as the quantum correction to the
eigenvalue of the dilatation operator.

The renormalization procedure passes through the introduction of an energy scale
which breaks the scale invariance. Both the renormalized operators Φ̂ and the correla-
tion functions depend on the scale µ. In particular the conformal primary operators of
a quantum field theory are scale-dependent objects derived from the classical ones by
the renormalization prescription

Φ∆(x)→ Φ̂∆(g)(x;µ, g), with ∆→ ∆(g) = ∆(0) + γ(g) (2.19)

such that its two-point function is of the form of (2.18). We will see that the constraints
imposed by conformal symmetry are such that the scale appears in the renormalized
operator in exactly the same way it appears in all the correlation functions involving
this field. Hence we can redefine a scale-independent renormalized operator whose cor-
relation functions scale with its full (classical + anomalous) conformal dimension, and
in which µ does not appear. Thus, there is no breaking of scale invariance in a conformal
invariant quantum field theory. In other terms the presence of the renormalization scale
µ can be eliminated, and it can be interpreted as a simple artifact of the perturbative
expansion.

2.1.2.3 Operator mixing

Let us consider a basis of n bare operators {Φi(x)}, with i = 1, ..., n, with the same
quantum numbers at classical level. Their scaling dimensions ∆(0) are all the same but
the anomalous dimensions in general may be different from one operator to another.
Although the theory is conformal, the correlation functions of these operators contain
divergences. Then we define a set of bare regularized operators {Φ̃i(x, ε)} where ε is

14



a scheme-dependent regulator with dimension of a length. With these fields we can
resolve the so-called mixing problem: namely find the correct renormalized operators
and their respective anomalous dimensions. The two-point functions of these operators
will have the form

〈Φ̃i(x1, ε)Φ̃j(x2, ε)〉 = fij

(
ε2

x2
12

, g

)
1

(x2
12)∆(0)

(2.20)

where fij is the non vanishing part of the correlator. The renormalized operator Φ̂a

which have a well defined anomalous dimension γa(g) is a linear combination of the
regularized one

Φ̂a(x, µ) = Zai((εµ)2, g)Φ̃i(x, ε) (2.21)

where µ is the subtraction point and Zai((εµ)2, g) is an invertible matrix called mixing
matrix. In the basis in which fij is real and symmetric, Z has the property Z† = ZT .
Scale invariance implies that the two-point function of renormalized operator is

〈Φ̂a(x1, µ)Φ̂b(x2, µ)〉 =
δabCa(g)

(x2
12)∆(0)+γa(g)µ2γa(g)

, (2.22)

where Ca(g) are the finite normalizations of the 2-point functions of the renormalized
operators.

Compatibility among equations (2.20), (2.21) and (2.22) imply the matrix equation

Z((εµ)2, g)f

(
ε2

x2
12

, g

)
Z†((εµ)2, g) = (x2

12µ
2)−Γ(g)C(g) (2.23)

where Γ(g) = diag(γ1(g), ..., γn(g)) and C(g) = diag(C1(g), ..., Cn(g)). One can find
that the constraints imposed by scale invariance of the renormalized operators imply
that the mixing matrix must have the following form

Z((εµ)2, g) = (ε2µ2)−
1
2

Γ(g)Z(g) (2.24)

with Z(g) = Z(1, g). In other terms, in a conformal quantum field theory we can define
the renormalized operators of (2.21) as

Φ̂a(x) = lim
ε→0

(ε2)−
1
2
γa(g)Zai(g)Φ̃i(x, ε) (2.25)

with two-point function

〈Φ̂a(x1)Φ̂b(x2)〉 =
δabCa(g)

(x2
12)∆a(g)

, (2.26)

where ∆a(g) = ∆(0) + γa(g). Now we can see the realization of what we anticipated in
the previous section. Conformal invariance allows to remove the subtraction point, since
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it implies the same constraints both on the mixing matrix and on the two-point func-
tions of the renormalized operators. Using this property we can define scale invariant
renormalized operators whose correlators still preserve conformal invariance, provided
the quantum scaling dimension is ∆ = ∆(0) + γ. Nevertheless, by expanding ∆ in
powers of g, conformal invariance appears to be broken at each order since one needs
to reintroduce the scale µ into the logarithms. Conformal (scale) invariance, however,
guarantees that the scale appears only in logarithms and resums in powers.

2.1.3 Superconformal symmetry

We have analyzed the extension of the Poincaré group introducing supersymmetry and
then conformal invariance. Now we want to combine these two symmetry groups giving
rise to a larger (and stronger) invariance, the superconformal invariance.

Suppose to have a supersymmetric theory, that is also invariant under the full con-
formal group. We can act on the states (or the fields) of this theory with the generators
of the conformal group as well with the supercharges. One can notice, by imposing the
Jacobi identity, that the commutators between the generators Kµ, Qα and Q̄α̇ cannot
be vanishing. Thus one needs to introduce another spinorial generator Siα commuting
with Kµ that plays the same role of Qiα for the Poincaré generator Pµ.

The full classification of the superconformal algebras in any dimension was given
by Nahm [3]. In order to construct superconformal theories in space-time dimensions
d = 4, 3, we are interested in the study of the superconformal group in four and three
dimensions, with supergroups respectively (P )SU(2, 2|N ) and OSp(N|4).

2.1.3.1 Superconformal symmetry in d=4

The complete N -extended superconformal algebra in four dimensions further includes
the following (anti) commutation relations, supplementing the algebra 2.6:

{Qiα, Q̄jα̇} = 2δijσµαα̇Pµ {Qiα, Qjβ} = εαβZ
ij {Siα, S̄jα̇} = 2δijσµαα̇Kµ

{Qiα, Sjβ} = 2εαβδ
ijD − i(σµν)α

γ
εγβδ

ijMµν +Bija T
a − 4iεαβδ

ijR

[Qiα,Mµν ] = (σµν)α
β
Qiβ [Qiα, D] =

1

2
Qiα [Qiα,K

µ] = iσµαα̇S̄
iα̇ [Qiα, Ta] = BiajQ

j
α

[Siα,Mµν ] = (σµν)α
β
Siβ [Siα, D] = −1

2
Siα [Siα, P

µ] = −iσµαα̇Q̄iα̇ [Siα, Ta] = −BiajSjα

[Qiα, R] = −i
(

4−N
4N

)
Qiα [Siα, R] = i

(
4−N

4N

)
Siα [Ta, Tb] = if cabTc

(2.27)

The operator R in these relations is the generator of the U(1) factor of the group
U(N) = SU(N)×U(1) of the automorphisms of the algebra. The N = 4 case is special
because R commutes with Qα and Q̄α̇. The chiral rotation operator R must therefore
have the same action on all the states in the multiplet. For this reason the R-symmetry

16



group in the N = 4 case is SU(4) and not U(4) as would be expected from general
arguments. For the same argument, the general superalgebra in d = 4 is SU(2, 2|N )
but in the special case of N = 4 it becomes PSU(2, 2|4).

2.1.3.2 Superconformal symmetry in d=3

We are interested in the study of the algebra ofOSp(N|4) in the particular case ofN = 6
supersymmetries as it will be clear in the following. For the OSp(6|4) generators, we
use SU(2) spinor greek indices α = 1, 2 and SU(4) capital latin R-symmetry indices
I = 1, 2, 3, 4. The bosonic generators are the usual conformal group generators and
the R-symmetry charge. Additionally, there are 24 supercharges with

QIJ,α = −GJI,α, and SKL,β = −SLK,β (2.28)

It is convenient to write the algebra for the three dimensions in the spinor basis, using
the following prescriptions

Pαβ = (γµ)αβPµ, Kαβ = (γ̄µ)αβKµ, Mα
β =

i

2
(γµγ̄ν)α

βMµν . (2.29)

The complete algebra includes the following non-vanishing (anti) commutation relations
[4, 5]

[Mα
β,M

γ
δ] =δαδM

γ
β − δγβMα

δ, [Mα
β, Pγδ] = 2δα{γPδ}β − δαβPγδ,

[Mα
β,K

γδ] =− 2δ
{γ
β K

δ}α + δαβK
γδ, [Mα

β, Qγ ] = δαγQβ −
1

2
δαβQγ ,

[Mα
β, S

γ ] =− δβγSα +
1

2
δαβS

γ , [Kαβ, Pγδ] = 4δ
{α
{γM

β}
δ} + 4δ

{α
{γ δ

β}
δ}D,

[Kαβ, QKL,γ ] =
1

2
εKLIJ(δαγS

IJ,β + δβγS
IJ,α), [D,Qα] = −1

2
Qα

[Pαβ, S
KL,γ ] =− 1

2
εKLIJ(δγαQIJ,β + δγβQIJ,α), [D,Sα] =

1

2
Sα

[RIJ , R
K
L] =δILR

K
J − δKJ RIL, [RIJ , QKL] = 2δI[LQK]J −

1

2
δIJQKL,

[RIJ , S
KL] =− 2δ

[L
J S

K]I +
1

2
δIJS

KL,

{QIJ,α, QKL,β} =− εIJKLPαβ, {SIJ,α, SKL,β} = −εIJKLKαβ,

{QIJ,α, SKL,β} =4δγβδ
[K
[I R

L]
J ] + 2δK[J δ

L
I]M

γ
β + 2δK[J δ

L
I]δ

γ
βD.

(2.30)

2.1.3.3 Primaries operators

In a conformal theory we have defined primaries as the operators annihilated by Kµ and
descendants the operators derived from the action of a certain number of translations
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Pµ on the primaries. In the superconformal algebra the fundamental objects are the
supersymmetry charges Qα and Sα and their conjugates. Therefore now the generators
Qα and Q̄α̇ raise the scaling dimension by 1

2 and Sα and S̄α̇ lower the scaling dimen-
sion by 1

2 . Then we define superconformal primary the operator obeying the following
relation

[Sα,Φ] = [S̄α̇,Φ] = 0 (2.31)

The repeated action of the charges Qα and Q̄α̇ on a superconformal primary define an
infinite tower of operators whose are called superconformal descendants.

The simplest superconformal primaries (for instance in N = 4 SYM) are the sin-
gle trace operators, which are of the form str

(
ΦI1ΦI2 ...ΦIn

)
, where “str” denotes the

symmetrized trace over the gauge algebra and as a result of this operation, the above
operator is totally symmetric in the SO(6) R-indices Ij . In general, the above operators
transform under a reducible representation. The irreducible operators may be obtained
by isolating the traces over SO(6) indices. Since TrΦI = 0, the simplest operators is
the Konishi operator Tr(ΦIΦI).

The unitary representations of the superconformal algebra PSU(2, 2|4) may be la-
beled by the quantum numbers of the bosonic subgroup, listed below,

SO(1, 3)× SO(1, 1)× SU(4)

(s+, s−) ∆ [r1, r2, r3] (2.32)

where s± are positive or zero half integers, ∆ is the positive or zero dimension and
[r1, r2, r3] are the Dynkin labels of the representations of SU(4).

In unitary representations, the dimensions ∆ of the operators are bounded from
below by the spin and SU(4) quantum numbers. Such operators are scalars, so that the
spin quantum numbers vanish, and the dimension is bounded from below by the SU(4)
quantum numbers (see [6]). One can classify the corresponding discrete representations
finding the so-called BPS multiplet that corresponds to chiral primary operators (CPO).
These operators are superconformal primaries annihilated also by some supersymmetries
Qα and Q̄α̇

[{Q,S},Φ] = 0 (2.33)

This structure gives a lot of constraints that mean that such operators can not have
quantum corrections to their scaling dimension. In Table 2.1 we summarize the complete
classification of primary operators.

2.1.4 N = 4 Super Yang-Mills (SYM)

Starting from the superconformal algebra in 4 dimensions, for any 1 ≤ N ≤ 4 there
exists a gauge multiplet which transforms under the adjoint representation of the gauge
group SU(N). It turns out that for N = 1, 2 there exist other multiplets which can
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Operator type #Q spin range SU(4) primary dimension ∆

identity 16 0 [0, 0, 0] 0

1/2 BPS 8 2 [0, k, 0], k ≥ 2 k

1/4 BPS 4 3 [`, k, `], ` ≥ 1 k + 2`

1/8 BPS 2 7/2 [`, k, `+ 2m] k + 2`+ 3m, m ≥ 1

non-BPS 0 4 any unprotected

Table 2.1: Characteristics of BPS and Non-BPS multiplets. The symbol #Q represent the
number of preserved Poincaré supercharges

be considered as matter multiplets, whereas for N = 4 the gauge multiplet is the only
possible multiplet. This N = 4 gauge multiplet is given by [7]

(Aµ, λ
a
α,Φ

I) (2.34)

where Aµ is a spin 1 gauge field, λaα (a = 1, ..., 4) are Weyl spinor and ΦI (I = 1, ..., 6)
are real scalars. Under the R-symmetry group these transform as a singlet, a vector,
and a rank-2 antisymmetric tensor respectively.

N = 4 supersymmetric Yang-Mills (SYM) theory in four dimensions was obtained
for the first time in [8, 9] by applying the method of dimensional reduction to N = 1
super Yang-Mills in ten dimensions. The latter is the low energy effective theory coming
from type I superstring theory and describes a N = 1 vector multiplet in ten dimensions
consisting of one real vector and one Majorana-Weyl spinor.

The Lagrangian for the N = 4 SYM theory is given by

SSYM =

∫
d4xTr

{ −1

2g2
YM

FµνF
µν +

θi
8π2

FµνF̃
µν −DµΦIDµΦI − iλ̄aσ̄µDµλa

+ gYMC
ab
I λa[Φ

I , λb] + gYMCIabλ̄
a[ΦI , λ̄b] +

g2
YM

2
[ΦI ,ΦJ ]2

} (2.35)

where gYM is the Yang-Mills coupling constant, θi is the so-called instanton angle, Fµν
is the usual gauge field strength, Dµ is the usual covariant derivative, F̃ is the Hodge
dual of F and the constants CabI and CIab are the structure constants of SU(4). The
trace is over the gauge indices (which are suppressed in (2.35)) and it ensures gauge
invariance of the action.

Classical and quantum symmetries

The action given by (2.35) is invariant under the supersymmetry transformations
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(where, for clarity, we write the indices explicitly) given by:

(δΦI)aα =[Qaα,Φ
I ] = CIabλαb,

(δλβb)
a
α ={Qaα, λβb} = F+

µν(σµν)αβ + [ΦI ,ΦJ ]εαβ(CIJ)αβ,

(δλ̄b
β̇
)aα ={Qaα, λ̄bβ̇} = CabI σ

µ

αβ̇
DµΦI ,

(δAµ)aα =[Qaα, A
µ] = σµ

αβ̇
λ̄β̇α

(2.36)

where F+ is the self-dual part of the field strength and the constants (CIJ)αβ are related
to the bilinears in the Clifford Dirac matrices of SU(4).

This theory is classically conformally invariant; indeed, with the standard mass-
dimensions of the fields given by [Aµ] = [ΦI ] = 1 and [λaα] = 3/2, it is easy to
see from (2.35) that the coupling constant and the instanton angle have dimension
[gYM] = [θi] = 0 since the Lagrangian must have [L] = 4 in natural units in 4-
dimensions. The theory is thus scale invariant, which together with Poincaré invariance
forms full conformal invariance.

Upon quantization one finds that the theory is UV finite. Indeed, using the informa-
tions about the field content of the theory, one can shows that the one-loop β-function
is zero. For any SU(N) gauge theory, the one-loop β-function for the gauge coupling
gYM is given by [10]

β(1)(gYM) ≡ µ∂gYM

∂µ
= − g

3
YM

16π2


11

3
N − 1

6

∑

i

Ci −
1

3

∑

j

C̃j


 (2.37)

where the first sum is over all real scalars with quadratic casimir Ci and the second
sum is over all Weyl fermions with quadratic casimir C̃j . All fields in N = 4 SYM
are in the adjoint, hence all casimirs are equal to N . Then, one can quickly see that
with six real scalars and eight Weyl fermions β(1)(gYM) = 0. Going beyond one-loop,
the β-function of N = 4 SYM theory was shown to be zero up to three loops using
superspace arguments [11]. Subsequently it was argued, using light cone gauge, that the
β-function is zero to all loops [12, 13] thus N = 4 SYM theory is conformal invariant
at quantum level.

In addition to superconformal symmetry, N = 4 SYM exhibits a further symmetry,
most easily expressed by first combining the coupling constant and the instanton angle
as:

τ ≡ θi
2π

+
4πi

g2
YM

(2.38)

The quantum theory is invariant under θi → θi+2π, or τ → τ+1. The Montonen-Olive
conjecture [14] states that the quantum theory is also invariant under the τ → −1/τ .
The combination of both symmetries yields the S-duality group SL(2,Z), generated by

τ → aτ + b

cτ + d
with ad− bc = 1, a, b, c, d ∈ Z (2.39)
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Figure 2.1: The double line notation.

Notice that when the instanton angle vanish, the S-duality transformation amounts to
gYM → 1/gYM, thereby exchanging strong and weak coupling.

The ’t Hooft coupling

The only two free parameters of the theory are the Yang-Mills coupling gYM and
the rank of the gauge group N . Following the ’t Hooft proposal [15], one can define a
new constant as the combination of these two parameters and expand the theory with
respect to it in the large N limit. Namely

λ ≡ g2
YMN with λ fixed, N→∞ (2.40)

where λ is the so-called ’t Hooft coupling.

The ’t Hooft expansion corresponds to keeping λ fixed and perform an expansion
of the observables in power of N . It turns out that different powers of N correspond
to different topologies. This fact is more clear by adopting a double line notation for
the gauge propagator and the vertices. It is not difficult to find the powers of N and λ
appearing in a given diagram D with no external lines. The contributions of the gauge
propagator and the vertices are displayed in Figure 2.1. Moreover, every index loop
contributes with a power of N . Suppose that E is the number of propagators (edges)
of D connecting two vertices, V is the number of vertices and F is the number of index
loops (faces), then one can show that:

D ∝
(
λ

N

)E (N
λ

)V
NF = NF−E+V λE−V (2.41)

The exponent of N is the topological invariant

χ = F − E + V = 2− 2g (2.42)

called Euler characteristic. g denotes the genus of the surface that corresponds to the
number of handles. Then we can decompose physical quantities of the theory in a
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Figure 2.2: Examples of diagrams with or without crossing lines and their relative topologies.

double expansion in the ’t Hooft coupling λ and 1/N2

Z =
∞∑

g=0

N2−2g
∞∑

n=0

cg,nλ
n =

∞∑

g=0

N2−2gfg(λ) (2.43)

where fg(λ) is the sum of Feynman diagrams that can be drawn in a surface of genus
g. It is easy to see that when taking the limit N → ∞ the dominant contributions
come from the diagrams of lowest genus. These are the diagrams that can be drawn
in a plane (or on a sphere) without crossing lines, referred to as planar. The diagrams
with one or more crossing lines, have the topology of a surface with g handles, namely
a g-torus. An example for both a planar and a non-planar diagram is shown in Figure
2.2.

2.1.5 N = 6 Super Chern-Simons with matter (ABJ(M))

Highly supersymmetric three-dimensional conformal field theories are interesting for
various reasons. One is the construction of the theory describing the worldvolume of
membranes in M-theory (M2-branes) at low energies as we will see in the next section.
Another motivation to study three-dimensional conformal field theories is that they
could describe interesting conformal fixed points in condensed matter systems.

Recentely Aharony, Bergman, Jafferis and Maldacena (ABJM) [16] constructed a
three-dimensional Chern-Simons theory with gauge group U(N) × U(N), and proved
that this theory has explicitly N = 6 supersymmetry. In the same year, Aharony,
Bergman and Jafferis proposed also a generalized version of ABJM with gauge group
U(N) × U(M), with the same matter content and interactions as in [16], but with
M 6= N [17]. For these reason we refer to the generalized theory as ABJ and in the
particular case of M = N as ABJM.
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Figure 2.3: Quiver diagram for ABJ(M) theory.

The field content of the theory can be schematically represented in the quiver in
Figure 2.3. Regarding the gauge index structure, we denote by i, î the gauge indices in
the fundamental of the first and the second gauge group respectively. The gauge sector

consists of two gauge fields (Aµ)i
j and (Âµ)̂i

ĵ
belonging respectively to the adjoint of

U(N) and U(M). The matter sector instead contains the complex fields (CI)i
ĵ and

(C̄I )̂i
j

as well as the fermions (ψI )̂i
j and (ψ̄I)i

ĵ
. The fields (C, ψ̄) transform in the

(N, M̄) of the gauge group U(N) × U(M) while the pair (C̄, ψ) lives in the (N̄,M).
The additional capitol index I = 1, 2, 3, 4 belongs to the R-symmetry group SU(4). In
order to quantize the theory at the perturbative level, we have introduced the covariant
gauge fixing function ∂µA

µ for both gauge fields and two sets of ghosts (c̄, c) and (¯̂c, ĉ).
Now we can write the ABJ(M) action as the sum of the following terms

SABJ(M) = SCS + Sgf + SMatter + SFint + SBint (2.44)

namely the Chern-Simons action, the gauge-fixing action, the matter term and two
interaction actions that consist in a ψ2C2 Yukawa-type potential and the sextic scalar
potential. Therefore we work with the following Euclidian space action

SCS =− i κ
4π

∫
d3xεµνρ

[
Tr(Aµ∂νAρ + 2

3 iAµAνAρ)− Tr(Âµ∂νÂρ + 2
3 iÂµÂνÂρ)

]
,

Sgf =
κ

4π

∫
d3x

[
1
ξTr (∂µAµ)

2
+ Tr (∂µc̄Dµc)− 1

ξTr(∂µÂµ)2 + Tr
(
∂µ¯̂cDµĉ

)]
,

SMatter =

∫
d3x

[
Tr
(
DµCID

µC̄I
)

+ iTr
(
ψ̄I /DψI

)]
,

(2.45)

and the following potentials

SFint =− 2πi

κ

∫
d3x

[
Tr(C̄ICIψJψ̄

J)− Tr(CIC̄
Iψ̄JψJ) + 2Tr(CIC̄

Jψ̄IψJ)

−2Tr(C̄ICJψIψ̄
J)− εIJKLTr(C̄Iψ̄JC̄Kψ̄L) + εIJKLTr(CIψJCKψL)

]
,

SBint =− 4π2

3κ2

∫
d3x

[
Tr(CIC̄

ICJC̄JCKC̄K) + Tr(C̄ICIC̄
JCJC̄KCK)

+4Tr(CIC̄
JCKC̄ICJC̄K)− 6Tr(CIC̄

JCJC̄ICKC̄K)
]
,

(2.46)
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where ε1234 = ε1234 = 1 and κ is the Chern-Simons level. The matter covariant deriva-
tives are defined as

DµCI =∂µCI + i(AµCI − CIÂµ), DµC̄
I = ∂µC̄

I − i(C̄IAµ − ÂµC̄I),
DµψI =∂µψI + i(ÂµψI − ψIAµ), Dµψ̄

I = ∂µψ̄
I − i(ψ̄IÂµ −Aµψ̄I).

(2.47)

Classical and quantum symmetries

The action given by (2.44) is invariant under the supersymmetry transformations
given by:

δAµ =
4πi

k
θ̄IJα(γµ) βα

(
CIψJβ +

1

2
εIJKLψ̄

K
β C̄

L

)
,

δÂµ =
4πi

k
θ̄IJα(γµ) βα

(
ψJβCI +

1

2
εIJKLC̄

Lψ̄Kβ

)
,

δCK = θ̄IJαεIJKLψ̄
L
α , (2.48)

δC̄K = 2θ̄KLαψLα ,

δψβK = −iθ̄IJαεIJKL(γµ) βα DµC̄
L

+
2πi

k
θ̄IJβεIJKL

(
C̄LCP C̄

P − C̄PCP C̄L
)

+
4πi

k
θ̄IJβεIJMLC̄

MCKC̄
L,

δψ̄Kβ = −2iθ̄KLα(γµ)αβDµCL−
4πi

k
θ̄KLβ (CLC̄

MCM−CM C̄MCL)− 8πi

k
θ̄IJβ CIC̄

KCJ ,

where they are written only in terms of the parameters θ̄ and not θ, by using the
following relation

θIJ =
1

2
εIJKLθ̄

KL . (2.49)

The supersymmetry parameters are antisymmetric, θ̄IJ = −θ̄JI , and obey the reality
condition θ̄IJ = (θIJ)∗.

Classically the theory is scale invariant; indeed, with the standard mass dimensions
of the fields given by [Aµ] = [Âµ] = [ψI ] = 1 and [CI ] = 1/2, it is easy to see from the
action (2.44) that the Chern-Simons level has dimension [κ] = 0 since the Lagrangian
must have [L] = 3 in natural units in 3-dimensions. Thus the theory is conformal
invariant.

The global symmetry group of ABJ(M) theory, for Chern-Simons level κ > 2 1,
is given by the orthosymplectic supergroup OSp(6|4) [16, 18] (see the algebra in Sec-
tion 2.1.3.2). The bosonic part of OSp(6|4) are the R-symmetry group SO(6) ∼ SU(4)
and the 3d conformal group Sp(4) ∼ SO(2, 3). The fermionic part generates the N = 6
supersymmetry transformations. Finally, the ABJM theory also possesses a discrete,
parity-like symmetry. This might be surprising since the Chern-Simons action is not

1We are ignoring the symmetry enhancement to OSp(8|4) at κ = 1 and κ = 2, because we will work
in the ’t Hooft limit where κ is large.
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invariant but changes sign under a canonical parity transformation. The trick to make
the model parity invariant is to accompany the “naive” parity transformation by the
exchange of the two gauge group factors. The total transformation is a symmetry be-
cause the Chern-Simons terms for the two gauge group factors have opposite signs.
Furthermore, in the ABJ case, the generalized parity invariance of the ABJM theory
is explicitly broken, because now the two gauge group factors cannot be exchanged
anymore.

The ’t Hooft coupling

In the ABJ(M) theory the Chern-Simons level κ acts like a coupling. In particular
we can define the coupling constant g2

CS ≡ 1
κ that plays a similar role of g2

YM in N = 4
SYM, though of course κ has to be an integer to preserve non-abelian gauge symmetry.
As in the previous sections, the theory can be restricted to the planar sector by taking
the ’t Hooft limit which introduces the effective couplings

λ1 ≡ g2
CSN =

N

κ
, λ2 ≡ g2

CSM =
M

κ
with κ,M,N→∞ (2.50)

In the ABJM case the theory has only one ’t Hooft coupling λ = λ1 = λ2 and it has
special properties as we will see in the following sections.

2.2 AdS/CFT correspondence

The AdS/CFT correspondence is one of the most significant results that string theory
has produced. It refers to the existence of dualities between theories with gravity and
theories without gravity, and is also sometimes referred to as the gauge-gravity corre-
spondence. The prototype example of such a correspondence, as originally conjectured
by Maldacena [19], is the exact equivalence between type IIB string theory compactified
on AdS5×S5, and four-dimensional N = 4 SYM theory. The abbreviation AdS5 refers
to an anti-de Sitter space in five dimensions, S5 refers to a five-dimensional sphere.
Anti-de Sitter spaces are maximally symmetric solutions of the Einstein equations with
a negative cosmological constant. The large symmetry group of 5d anti-de Sitter space
matches precisely with the group of conformal symmetries of the N = 4 SYM theory.
The term AdS/CFT correspondence has its origin in this particular example, CFT be-
ing an abbreviation for conformal field theory. Since then, many other examples of
gauge theory/gravity dualities have been found. In particular we are also interested in
the duality between 3d superconformal field theories and string/M-theory.

The AdS/CFT correspondence is related with two deep ideas. The first of these
is the idea that large N gauge theories is equivalent to a string theory [15]. The
perturbative expansion of a large N gauge theory in 1/N and λ has the form (2.43) and
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this is similar to the loop expansion in string theory

Zstring =
∞∑

g=0

g2g−2
s Zg (2.51)

with the string coupling gs equal to 1/N . Through some peculiar mechanism, Feynman
diagrams of the gauge theory are turned into surfaces that represent interacting strings
[20]. Notice that the AdS/CFT correspondence is indeed an example of a weak/strong
coupling duality. Depending on the choice of parameters, either AdS or the CFT
provides a weakly/strongly coupled description of the system, but never both at the
same time. Therefore, the AdS/CFT correspondence can be applied in two directions.
We can use string theory to learn about gauge theory, and viceversa.

The second is the idea of holography [21, 22]. This idea has its origin in the study of
the thermodynamics of black holes. It was shown by Bekenstein and Hawking [23, 24]
that black holes can be viewed as thermodynamical systems with a temperature and an
entropy. The temperature is related to the black body radiation emitted by the black
hole, whereas the entropy is given by S = A/4GN , with GN the Newton constant and A
the area of the horizon of the black hole. With these definitions, Einstein’s equations of
general relativity are consistent with the laws of thermodynamics. Since in statistical
physics entropy is a measure for the number of degrees of freedom of a theory, it is
rather surprising to see that the entropy of a black hole is proportional to the area of
the horizon. If gravity would behave like a local field theory, one would have expected
an entropy proportional to the volume. A consistent picture is reached if gravity in
d dimensions is somehow equivalent to a local field theory in d − 1 dimensions. Both
have an entropy proportional to the area in d dimensions, which is the same as the
volume in d − 1 dimensions. The analogy of this situation to that of an hologram,
which stores all information of a 3d image in a 2d picture, led to the name holography.
The AdS/CFT correspondence is holographic, because it states that quantum gravity in
five dimensions (forgetting the compact five sphere) is equivalent to a local field theory
in four dimensions.

The correspondence AdS5/CFT4

The derivation of the AdS/CFT correspondence given in [19] crucially involves the
notion of D-branes. D-branes are certain extended objects in string theory, that were
introduced by Polchinski in [25]. They are labeled by the number of dimensions of the
object, so that a D0 brane is like a particle, a D1 brane is like a string, a D2 brane is
like a membrane, etc. There are two ways to think about D-branes. On one hand, they
are solitonic solutions of the equations of motion of low-energy closed string theory an
on the other hand they are objects in open string theory with the property that open
strings can end on them. Open strings have a finite tension T , and their center of mass
cannot be taken arbitrarily far away from the D-brane. As a consequence, the degrees
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N = 4 conformal SYM Full Quantum Type IIB string
all N , gYM ⇔ theory on AdS5 × S5

gs = g2
YM/(4π) L4 = 4πgsNα

′2

’t Hooft limit of N = 4 SYM Classical Type IIB string theory
λ = g2

YMN fixed, N →∞ ⇔ on AdS5 × S5

1/N expansion gs string loop expansion

Large λ limit of N = 4 SYM Classical Type IIB supergravity
(for N →∞) ⇔ on AdS5 × S5

λ−1/2 expansion α′ expansion

Table 2.2: Different regimes of the AdS/CFT conjecture in order of decreasing strength

of freedom of the open string can effectively only propagate in a direction parallel to
the brane: one says that they are confined to the brane, or that they live on the brane.
The open string spectrum can be reproduced directly from the soliton in the closed
string description via a collective coordinate quantization.

To derive the AdS/CFT correspondence, one starts with a stack of D3-branes. This
has a description both in terms of open and closed strings. Next, one takes a suitable
low-energy limit of the system, which involves taking the string length scale ls → 0.
The open string description reduces to N = 4 SYM theory, whereas the closed string
description reduces to string theory on AdS5 × S5.

Summing up all these ideas, we have

N = 4 SYM in d = 4 with
gauge group SU(N) and

coupling gYM

⇐⇒
Type IIB superstring theory on
AdS5 × S5 (both with radius L)
with 5-form flux N and string

coupling gs

with the following identifications between the parameters of both theories

gs =
g2

YM

4π
, L4 = 4πgsNα

′2 (2.52)

with the Regge slope α′ defined as the inverse of the string tension or the square of the
string length scale ls. The equivalence between the two theories includes a precise map
between the states (and fields) on the superstring side and the local gauge invariant
operators on the N = 4 SYM side, as well as a correspondence between the correlators
in both theories. The string coupling may be re-expressed in terms of the ’t Hooft
coupling as gs = λ/(4πN). Since λ is being kept fixed, the ’t Hooft limit corresponds
to weak coupling string perturbation theory (see Table 2.2). A key necessary ingredient
for the AdS/CFT correspondence to hold is that the global unbroken symmetries of the
two theories be identical. The continuous global symmetry of N = 4 SYM theory was
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previously shown to be the superconformal group PSU(2, 2|4). Recall that the bosonic
subgroup arises as the product of the conformal group SO(2, 4) in 4-dimensions by
the SU(4) automorphism group of the N = 4 Poincaré supersymmetry algebra. This
bosonic group is immediately recognized on the AdS side as the isometry group of the
AdS5 × S5 background. The completion into the full supergroup arises on the AdS
side because 16 of the 32 Poincaré supersymmetries are preserved by the array of N
parallel D3-branes, and in the AdS limit, are supplemented by another 16 conformal
supersymmetries. Thus, the global symmetry PSU(2, 2|4) matches on both sides of the
AdS/CFT correspondence.

N = 4 SYM theory also has Montonen-Olive or S-duality symmetry, realized on the
complex coupling constant τ as in (2.39). On the AdS side, this symmetry is a global
discrete symmetry of Type IIB string theory. Thus, S-duality is also a symmetry of
the AdS side of the AdS/CFT correspondence. Notice that, however, that S-duality is
a useful symmetry only in the strongest form of the AdS/CFT conjecture. As soon as
one takes the large N limit while keeping λ fixed, S-duality no longer has a consistent
action. This may be seen for θi = 0, where it maps gYM → 1/gYM and thus λ→ N2/λ.

Matching global symmetries is of course just the first step; we need a precise pre-
scription for each operator O(x) in N = 4 SYM to be identified with a field Φ(x) in the
bulk of AdS5. This prescription can then be used to compute correlation functions on
both sides of the correspondence. The specification for matching correlation functions
in the AdS/CFT correspondence was given in [26, 27] and is usually called Witten pre-
scription. It matches the generating functional on the field theory side with the string
partition function

〈e
∫
d4xΦ0(x)O(x)〉CFT = Zstring[Φ(x, z)|z=0 = Φ0(x)] (2.53)

where Φ0(x) specifies the boundary values of the field Φ(x). Although, calculating the
string partition function in general is hard to manage, one has to recall that in the large
N and large λ limit (2.53) simplifies as (see Table 2.2)

Zstring ≈ e−SSugra (2.54)

allowing for predictions of the CFT correlation functions at strong coupling.

The correspondence AdS4/CFT3

The duality between 3d conformal field theory and string theory in the AdS4 back-
ground is much more tricky. The most natural choice of M- theory with compactifica-
tions involving AdS4 , i.e. the AdS4 × S7 solution, it is dual to the three-dimensional
gauge field theory with the superconformal symmetry OSp(8|4).

To construct a Lagrangian satisfying the requirements above, the key is to find a
proper way to introduce the gauge fields to the free theory with global U(N) symmetry.
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In 2004, J.Schwarz [28] suggested that the kinetic term of gauge field should be taken to
be Chern-Simons type, instead of the F 2 type, to make sure no new propagating degrees
of freedom are added. Moreover, since the Chern-Simons term is of dimension three,
the coefficient of this term is dimensionless, in accordance with the requirement that
the classical theory should be scale invariant. Under certain assumptions, he also found
that there was no Chern-Simons theories with the desired N = 8 supersymmetries. To
construct the three-dimensional supersymmetric CFT with OSp(8|4) symmetry, one
has to change one or some of his assumptions, which was done by Bagger/Lambert and
by Gustavsson.

In 2007, a world-volume theory for stacks of multiple M2-branes was found by Bagger
and Lambert [29, 30] and separately by Gustavsson [31] (BLG). The BLG theory is an
N = 8 superconformal Chern-Simons theory based on an algebraic structure called a
three-algebra, with a basis T a and a totally antisymmetric triple product:

[T a, T b, T c] = fabcd T d (2.55)

For a specific realization of the three-algebra, related to the Lie algebra SO(4), it was
later shown in [32] that it is possible to rewrite the theory as an ordinary SU(2)×SU(2)
gauge theory, without any reference to the three-algebra structure constants. This
realization, however, seems to be the only finite-dimensional one, which means that
the BLG theory can only describe stacks of two M2-branes. As a solution to this
problem, Aharony, Bergman, Jafferies and Maldacena (ABJM) were led to formulate
another world-volume theory for stacks of M2-branes. The ABJM theory is described
in Section 2.1.5.

Following their work, Bagger and Lambert [33] rewrote the classical action in the
3-algebra form by relaxing constraints on the original structure constants. They also
proved that the BLG action could be a special case of the ABJM action when the
supersymmetry is enhanced to N = 8 for levels κ = 1, 2. In fact, for level κ, the theory
is conjectured to describe M2 branes in an R8/Zκ orbifold2 background. A stack of
M2 branes on R8 or R8/Z2 has N = 8 supersymmetry which matches the number of
supersymmetries enhanced in ABJM theory with κ = 1, 2.

The near-horizon geometry is given by M-theory on AdS4 × S7/Zκ. Notice that it
is an eleven-dimensional space. Due to the Zκ action, it is natural to write the sphere
S7 as an S1 fibration over CP3: roughly speaking S7/Zκ ' CP3 × S1/Zκ. The radius
of the circle S1 depends on κ and the effect of the orbifold is to reduce the volume by
a factor κ. In particular when κ is very large, effectively the space is ten-dimensional,

i.e. AdS4 × CP3. Explicitly, the circle radius is given by LS1 ∼ (Nκ)1/6

κ . Thus, when
such radius is very large, namely when N � κ5, then the theory is strongly coupled
and the proper description is in terms of the M-theory. Vice versa, when the radius is
very small, i.e. N � κ5, then it can be effectively used a description in terms of IIA
superstrings living on AdS4 × CP3.

2An orbifold is a coset G/H where H is a group of discrete symmetries [34].
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AdS5/CFT4 AdS4/CFT3

IIB on AdS5 × S5 AdS side IIA on AdS4 × CP3

N = 4 SYM in 4d CFT side N = 6 CS-matter in 3d

λ = g2
YMN ’t Hooft coupling λ = N

κ

T = L2

2πα′ =
√
λ

2π String tension T = L2

2πα′ = 25/2π
√
λ

gs =
g2
YM
4π String coupling gs =

(
32π2 N

k5

)1/4
SU(N) gauge group U(N)× U(N)

PSU(2, 2|4) global symmetry OSp(6|4)

Table 2.3: Summarized comparison between the two gauge/string dualities.

As in the previous case one can write down a map between the parameters of the
two theories. The two parameters N and κ, which describe the number of M2-branes
and the order of the orbifold group, are contained in the effective string tension and in
the string coupling. They are given by

T =
L2

2πα′
= 25/2π

(
N

κ

) 1
2

, gs =

(
32π2N

κ5

) 1
4

. (2.56)

Again, from the behavior of the string coupling, we can see the two regimes of strong
coupling (M-theory) and weak coupling (string limit approximation). In the ’t Hooft
limit, the theory is weakly coupled and the parameters are

T ∼
√
λ, gs ∼

(
λ5

N4

) 1
4

. (2.57)

Let us see how the global symmetries are realized on the string scenario. The
isometry group of AdS4 is indeed SO(3, 2). Thus once more, the conformal group
enters on the string theory side as a symmetry of the background. The same is true
also for the projective space CP3: the corresponding isometry group is SU(4).

Finally, in Table 2.3, we summarize the most relevant results of the dualities wehave
considered above, namely AdS5/CFT4 and AdS4/CFT3.

2.3 Non-perturbative techniques

2.3.1 Supersymmetric localization

Supersymmetric localization is a very powerful tool that allows us to exactly compute
the partition function and the expectation value of certain operators in supersymmetric
theories. It has been used for a long time in cohomological and topological field theories
and more recently it has been applied directly to physical theories, for instance to 4d
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N = 2 theories by Nekrasov [35, 36], in N = 2 theory on the sphere S4 by Pestun
[37] and in 3d superconformal Chern-Simons matter theories by Kapustin, Willett and
Yaakov [38].

The key point is that supersymmetry algebras can be often deformed to accommo-
date background curvature on compact spaces and the resulting partition functions can
be computed via a particular saddle-point procedure, known as the supersymmetric
localization technique. The technique is enough flexible to compute also correlation
functions of local operators and expectation values of non local observables, such as
Wilson loops [37, 38] and ’t Hooft loops [39, 40]. This procedure in turn generalizes
to a large class of N = 2 theories, where Wilson loops can be also accurately studied
[41, 42, 43] through matrix model techniques.

Suppose we have a fermionic symmetry Q of the action such that QS = 0. Since Q
is fermionic, its square is either zero or a bosonic symmetry δB of the action. Consider
the following deformed path-integral

Z(t) =

∫
DΦ e−S[Φ]−tQV [Φ], with δBV = 0 (2.58)

which depends on a parameter t and where V is some functional. If the measure is
Q-invariant, i.e. the fermionic symmetry (and consequently δB) is non-anomalous, Z
does not depend by t

∂Z(t)

∂t
= −

∫
DΦ QV e−S−tQV = −

∫
DΦ Q

(
V e−S−tQV

)
= 0. (2.59)

In other words, the symmetry Q acts as a total derivative and if there are no boundary
terms at infinity in field space, the integral of a total derivative is zero. This argument
still holds if we insert Q-invariant operators QO[Φ], then:

• the partition function or VEV does not depend on parameters in front of Q-exact
terms in the action;

• VEVs only depend on the Q-cohomology class of the operators;

• the partition function or VEV is not modified by the deformation term QV .

Now we need to specify a contour in field space on which the path-integral is performed,
and the contour must be such that the path-integral is convergent for all values of t.

When t becomes zero, Z(0) is the original path-integral we want to compute. Sup-
pose we can find some V such that the bosonic part of QV is ≥ 0 along the contour.
Then, in the limit t → ∞ all field configurations for which QV [Φ] > 0 are infinitely
suppressed. Therefore the path-integral localizes to the bosonic zeros Φ0 of QV (which
are also stationary points). Let us parametrize the fields around Φ0 as3

Φ = Φ0 + t−1/2Φ̂ (2.60)

3We choose the specific power t−1/2 because when the deformation term dominates at large t, the
kinetic term should be canonically normalized with no powers of t.
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Expanding the action around Φ0, we have

S + tQV = S[Φ0] + (QV )(2)[Φ0]Φ̂2 +O(t−1/2) (2.61)

therefore only the on-shell action S0 and the quadratic expansion of QV around the
fixed point matters. Then we obtain the localization formula

Z =

∫

BPS
DΦ0e

−S[Φ0]Z1−loop[Φ0] (2.62)

by Gaussian integration where the so-called 1-loop determinant

Z1−loop[Φ0] = SDet[(QV)(2)]Φ0 (2.63)

is the ratio of the fermionic and bosonic determinants and it can be thought of as a
measure on the subspace of fixed points. This formula is exact and if the space of fixed
points {Φ0} is finite-dimensional, then we have reduced the path-integral to an ordinary
integral and we may be able to solve it.

It turns out that one localizes on some BPS configurations. We can make a canonical
choice for V

V =
∑

fermionsψ

(QΨ)†Ψ (2.64)

If the bosonic part of QV is non-negative along the contour and δBV = 0, then the
fixed points are essentially

QΨ = 0 (2.65)

which are the BPS equations. The computation of the 1-loop determinant in general
might seem exceedingly hard but, because there is supersymmetry, one have to expect
huge cancellations among the eigenvalues.

Matrix models

In some cases (and in particular in the cases we will see in the following chapters) the
solution of (2.65) is constant and the theory in the localization locus can be treated as
a zero-dimensional field theory, namely a matrix model. The basic field is an Hermitian
N ×N matrix M with action

S[M ] =
1

2
TrM2 +

∑

p≥3

gp
p

TrMp. (2.66)

with gp is a coupling constant depending on p. This action has the gauge symmetry
M → UMU †, where U is a U(N) matrix. The partition function of the theory is given
by

Z =
1

Vol(U(N))

∫
[dM ] e

− 1
g
S[M ]

(2.67)
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where g is another coupling constant such that each propagator gives a power of g,
while each interaction vertex with p legs gives a power of gp/g. The factor Vol(U(N))
is the volume factor of the gauge group that arises after fixing the gauge. The measure
in the path integral is given by

[dM ] = 2
N(N−1)

2

N∏

i=1

dMii

∏

1≤i<j≤N
dReMijdImMij . (2.68)

where the numerical factor in (2.68) is introduced to obtain a convenient normalization.

A particularly simple example is the Gaussian matrix model, defined by the partition
function

ZG =
1

Vol(U(N))

∫
[dM ] e

− 1
2g

TrM2

. (2.69)

The normalized vevs of a gauge-invariant functional f(M) in the Gaussian matrix model
is given by

〈f(M)〉G =
1

Z

∫
[dM ] f(M) e

− 1
2g

TrM2

(2.70)

This model is exactly solvable, and the vevs (2.70) can be computed systematically.

2.3.2 Integrability

There is growing amount of evidence that some gauge theories Yang-Mills theories and
Chern-Simons-matter theories possess additional hidden symmetries at the quantum
level that are not manifest in the Lagrangian formulation. Remarkably, in certain
regimes this extra symmetry allows to describe gauge theories as an integrable system.
In such situations the integrable structure may allow to overcome the difficulties of
accessing the strongly coupled regimes of gauge theories analytically. To understand
how integrability appears in gauge theories it is convenient to study N = 4 SYM theory
which provides an ideal testing ground. In particular, there is strong evidence that this
theory is integrable in the ’t Hooft limit. Furthermore, the AdS/CFT duality allows
to actually compare results obtained using integrability methods to the strongly and
weakly coupled regimes.

The spin-chain picture

In 2003 Minahan and Zarembo [44] established a crucial equivalence between the one
loop dilatation operator in the SO(6) sector of the theory and the Heisenberg spin chain
Hamiltonian. Let us review why and how it works and the consequences brought by this
relation. In Section 2.1.2.3 we have seen the relation between the two-point function of
renormalized fields/operators and their anomalous dimension and in Section 2.1.3.3 we
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have seen how to construct composite operators. If gYM is small (γ << ∆0) one can
approximate the two-point function as

〈O(x)Ō(y)〉 ≈ 1

|x− y|2∆0
(1− γ log Λ2|x− y|2), (2.71)

where Λ is the cutoff. For operators made up only of scalar fields with no covariant
derivatives, all fields have bare dimension 1 and the bare dimension of the operator is
∆0 = L, namely the number of scalar fields inside the trace.

Let us now investigate what happens as we let N → ∞ (see Section (2.1.4)). For
the most general scalar single-trace operator in this sector

OI1,I2...IL(x) =
(4π2)L/2√

CI1,I2...IL N
L/2

Tr(ΦI1(x)ΦI2(x) . . .ΦIL(x)) , (2.72)

where CI1,I2...IL is a symmetry factor, one finds up to one loop the following correlator

〈OI1,I2...IL(x)ŌJ1,J2...JL(y)〉 =
1

|x− y|2L
(δJ1

I1δ
J2
I2 . . . δ

JL
IL + cycles)√

CI1,I2...ILCJ1,J2...JL

×
[

1− λ

16π2
log(Λ2|x− y|2)

L∑

`=1

(1− C − 2P`,`+1 +K`,`+1)

]
,

(2.73)

where C is a constant and “cycles” refers to the L− 1 uniform shifts of the Jk indices.
P`,`+1 is the exchange operator, and as its name implies it exchanges the flavor indices
of the ` and the `+ 1 sites inside the trace:

P`,`+1 δ
J1
I1
. . . δJ`I` δ

J`+1

I`+1
. . . δJLIL = δJ1

I1
. . . δ

J`+1

I`
δJ`I`+1

. . . δJLIL . (2.74)

K`,`+1 is the trace operator which contracts the flavor indices of neighboring fields:

K`,`+1 δ
J1
I1
. . . δJ`I` δ

J`+1

I`+1
. . . δJLIL = δJ1

I1
. . . δI`I`+1

δJ`J`+1 . . . δJLIL . (2.75)

Because of the P`,`+1 and K`,`+1, there is operator mixing at the one-loop level.

If we compare this result to (2.71), we see that because of the operator mixing the
anomalous dimension γ should be replaced with an operator Γ(1) as follows

Γ(1) =
λ

16π2

L∑

`=1

(1− C − 2P`,`+1 +K`,`+1) . (2.76)

The one-loop anomalous dimensions are the eigenvalues of Γ(1).

The entire class of scalar single trace operators of length L can be mapped to a
Hilbert space which itself is a tensor product of finite dimensional Hilbert spaces

V1 ⊗ V2 · · · ⊗ V` ⊗ · · · ⊗ VL . (2.77)
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Each V` is the Hilbert space for an SO(6) vector representation. The tensor product is
the same Hilbert space as that of a one-dimensional spin-chain with L sites, where at
each site there is an SO(6) vector “spin”.

The operator Γ(1) in (2.76) acts linearly on this space. Furthermore, it is Hermitian
and commutes with the shift associated to the cyclicity of the trace. Thus, we can treat
Γ as a Hamiltonian on the spin-chain. The energy eigenstates then correspond to the
possible anomalous dimensions for the scalar operators. Because P`,`+1 and K`,`+1 act
on neighboring fields, the spin-chain Hamiltonian only has nearest neighbor interactions
between the spins.

Any chiral primary operator (CPO) OCPO
L , which is in the Lth symmetric trace-

less representation of SO(6), is eigenstate of Γ(1). In particular one can prove that
P`,`+1OCPO

L = OCPO
L for any ` and K`,`+1OCPO

L = 0. Therefore,

Γ(1)OCPO
L =

λ

16π2

L∑

`=1

(1− C − 2)OCPO
L (2.78)

However, the dimension of OCPO
L is protected, meaning that its anomalous dimension

is zero (Γ(1)OCPO
L = 0). Hence, we find that C = −1 and Γ(1) becomes [44]

Γ(1) =
λ

8π2

L∑

`=1

(
1− P`,`+1 +

1

2
K`,`+1

)
. (2.79)

The Hamiltonian for the spin-chain that corresponds to Γ(1) is integrable4, then the
system is solvable, at least in principle. In [45, 46] Beisert and Staudacher generalize
the 1-loop Hamiltonian to all single-trace operator. Going beyond one-loop, one finds
that the n-loop contribution to the anomalous dimension can involve up to n neighboring
fields in an effective Hamiltonian [47, 48, 49]. Therefore, as λ becomes larger these longer
range interactions become more and more important, such that at strong coupling the
spin-chain is effectively long range. In this case the Hamiltonian is not known above
the first few loop orders [47, 48, 50].

Heisenberg spin-chain and magnons

Let us now restrict our single trace operators to the SU(2) closed sector. The two
independent complex scalar fields Z and X transform under a doublet of SU(2), hence

4One needs to construct the R-matrix R12(u) which acts on a tensor product of two vec-
tor spaces V1 ⊗ V2 (see (2.77)) and the transfer matrix T (u) constructed from the R-matrix as
T (u) = R01(u)R02(u)...R0L(u). The parameter u is the spectral parameter. If a system is integrable,
then the R-matrix satisfies the Yang-Baxter equation

R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u) (2.80)

and T (u) is called Yangian which is the algebra of 2L set of charges of an integrable system.
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Figure 2.4: A single trace operator and its interpretation as spin chain.

we can label the Z field as spin up (↑) and the X field as spin down (↓) as in Figure 2.4.
The SU(2) sector has the Hamiltonian

Γ
(1)
SU(2) =

λ

8π2

L∑

`=1

(1− P`,`+1) . (2.81)

In terms of spin operators the Hamiltonian can be rewritten as

ΓSU(2) =
λ

8π2

L∑

`=1

(
1

2
− 2 ~S` · ~S`+1

)
. (2.82)

Remarkably, ΓSU(2) is the Hamiltonian of the Heisenberg spin-chain with L lattice sites.

The total spin ~S =
∑

`
~S` commutes with Γ so the energy eigenstates are simultaneously

total spin eigenstates.

Because of the sign of the ~S` · ~S`+1 term the spin-chain is ferromagnetic and the
ground state has all spins aligned, with total spin L/2. This is the symmetric represen-
tation, which corresponds to the chiral primary operator. The operators which are not
chiral primaries correspond to excitations about the ground state. They have total spin
that is less than L/2. Let us start with a ground state which we write as | ↑↑↑ . . . ↑↑〉.
This corresponds to the chiral primary OCPO

L described above. Let us now consider the
states where one spin is down. The action on a state with a down spin at a particular
position ` is

ΓSU(2)| ↑ . . . ↑
`

↓↑ . . . ↑〉

=
λ

8π2

(
2 | ↑ . . . ↑

`

↓↑ . . . ↑〉 − | ↑ · · ·
`−1

↓ ↑↑ . . . ↑〉 − | ↑ . . . ↑↑
`+1

↓ . . . ↑〉
)
.

(2.83)

From this it is easy to see that the eigenstates are

|p〉 ≡ 1√
L

L∑

`=1

eip`| ↑↑ · · ·
`
↓ . . . ↑↑〉 (2.84)
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where

ΓSU2|p〉 = ε(p) |p〉 , ε(p) =
λ

2π2
sin2 p

2
. (2.85)

The state |p〉 is called a single magnon state with momentum p. The dispersion is
ε(p) and the magnon momentum is p = 2πn/L. The single magnon state is quite
trivial because the only allowed state is the p = 0 state and we find no operators
that are not chiral primaries with only a single X field. The first non-trivial case
occurs with two down spins. One can prove that the allowed values for p1 and p2 are
p1 = −p2 = 2πn/(L− 1) and the possible eigenvalues for the two magnon state are

γ =
λ

π2
sin2 πn

L− 1
. (2.86)

For M magnons one then sets up a state

|p1, p2, . . . pM 〉 =
∑

`1<`2...`M

eip1`1+ip2`2+···+ipM `M | · · ·
`1
↓ · · ·

`2
↓ . . . · · ·

`M
↓ . . . 〉+ . . . (2.87)

with p1 > p2 · · · > pM and where the last set of dots refers to the other possible orderings
for the magnons, with appropriate phase factors. Defining the rapidity variable u,
where eip = u+i/2

u−i/2 and putting the magnons on a circle with L sites we then find the

quantization condition for the jth magnon

(
uj + i/2

uj − i/2

)L
=

M∏

k 6=j

uj − uk + i

uj − uk − i
. (2.88)

with the S-matrix for magnons of rapidity uj and uk is Sjk =
uj−uk−i
uj−uk+i . The energy of

the state is

γ =
M∑

j=1

ε(uj) =
λ

8π2

M∑

j=1

1

u2
j + 1/4

. (2.89)

The equations in (2.88) were first derived by Bethe many years ago [51] and are called
the Bethe equations for the Heisenberg spin-chain.

The integrability of the SU(2) scalar sector of N = 4 is not confined to the one loop
order, it has been proven its integrability up to three loops in [47]. In the limit of long
spin chain an all loop Asymptotic Bethe Ansatz (ABA) for the SU(2) sector has been
proposed in [52] and generalized to the full PSU(2, 2|4) spin chain [53].

Wrapping corrections and Thermodynamic Bethe Ansatz

The Bethe ansatz yields reliable results for the anomalous dimensions in the asymp-
totic limit only L→∞. Since the range of the interaction grows with the perturbative
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original model mirror model

(t, x) ≡ (y = it, x) (y, x = iτ) ≡ (τ, y)

L

t

x

e
−H(L)

R

.

y

τ

R

L

e
−H(R)

∼

Table 2.4: The relation between the original and the mirror model.

order, for finite length L of the spin-chain, at λL+1 order the interaction stretches all
around the spin-chain and the Bethe-ansatz need to be corrected. Then, contributions
from the wrapping interactions have to be added. They were first introduced and used in
[54, 55], for the four-loop anomalous dimension of the Konishi operator. The four-loop
contribution has also been obtained from a generalized Lüscher formula [56].

The matching of the Feynman diagram and Lüscher based calculations provides the
first test of AdS/CFT and the underlying integrability beyond the asymptotic limit. It
is also reproduced by the recently proposed Y-system [57, 58], which is derived from
the Thermodynamic Bethe Ansatz (TBA) [59, 60, 61, 62] and is a candidate to capture
the full planar spectrum of N = 4 SYM theory.

The first step towards computing the finite size spectrum of our model will be to
compute the ground state energy. This can be done exactly thanks to an idea by
Zamolodchikov [63]. The ground state energy is the leading low temperature contribu-
tion to the Euclidean partition function

Z(R,L) ∼ e−RE0 with R =
1

T
→∞ (2.90)

This partition function can be computed from our original quantum field theory by
Wick-rotating t→ y = it and considering a path integral over fields periodic in y with
period R. In geometrical terms we are putting the theory on a torus which in the zero
temperature limit degenerates to a cylinder. Analytically continuing y → t = −iy we
have a theory where the role of space and time have been interchanged with respect to
the original theory. This new theory is the so-called mirror theory (see Table 2.4). In
principle we can compute the Euclidean partition function both through our original
model at size L and temperature 1/R and through the mirror model at size R and
temperature 1/L (Z(L,R) = Z̃(R,L)).

To compute the ground state energy of a model then, we can equivalently compute
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the infinite volume partition function of the mirror model at finite temperature or just
its Helmholtz free energy F̃ since Z = e−LF̃ . More precisely, recalling equation (2.90),
the ground state energy is the free energy density of the mirror model

E0 =
F̃

R
. (2.91)

The key point is that we are considering the mirror model in the infinite volume limit
where we can use the Asymptotic Bethe Ansatz.

Finally one can find the ground state energy solving the following integral

E0 = −
∑

Q

∫ ∞

−∞

du

4π
∂up̃Q log (1 + YQ) (2.92)

where p̃Q is the momentum in the mirror space and YQ is the so-called Y -function that is
in relation with the particle density. The nonlinear integral equation which determines
the Y -function is called the Thermodynamic Bethe Ansatz equation (the choice of the
letter “Y ” is due to the fact that the TBA equation, in certain cases, can be treated as
a Y -system which can be represented diagrammatically by graphs [64]). This implicit
solution is a starting point of a systematic large and small volume expansion and can
be used to derive TBA equations for excited states by analytical continuation.
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Chapter 3

Supersymmetric Wilson loops in
N = 4 SYM and ABJ(M)

The Wilson loop, introduced by Wilson in [65], is one of the most general gauge invariant
observable in Yang-Mills theories and therefore plays an important role in studying the
general structure. Furthermore, it is the building block of lattice gauge theories, where
it can be also used to study non-perturbative phenomenons. In any gauge theory
the Wilson loop operator is defined as the traced holonomy of the gauge connection
Aµ(x) = Aaµ(x)T a

W [C] ≡ 1

dimR
TrRP exp

[
i

∮

C
dxµAµ(x)

]
(3.1)

where dimR is the dimension of the representation R and the curve C is parametrized
by the vector xµ. The symbol P denotes the path-ordering of the integrand: in practice
it ensures gauge invariance of the Wilson loop. The definition of path ordering, for
instance for τ1 > τ2, is the following:

P exp

[
i

∮

C
dxµAµ(x)

]
=1+ i

∫ b

a
dτ1(ẋµ1Aµ(x1))

−
∫ b

a
dτ1

∫ τ1

a
dτ2(ẋµ1 ẋ

ν
2Aµ(x1)Aν(x2)) + ...

(3.2)

where xµi = xµ(τi), ẋ
µ
i = ∂τix

µ
i with τ ∈ [a, b]. In other words, the action of P ensures

that the integrals are nested instead of being independent of each other.

Now let us imagine creating a quark-antiquark pair at a (spatial) distance R, at
time t = 0. Their masses are taken to infinity, so we may expect them to be static
(no kinetic energy). After a large time T we let them rejoin and annihilate. The static
potential of this configuration is encoded in the Wilson loop when the contour C is a
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Figure 3.1: contour

rectangular loop CR,T (see Figure 3.1) in the limit of large T

V (R) = − lim
T→∞

1

T
log (〈W [CR,T ]〉) . (3.3)

The closed loop CR,T has two geometrical characteristics, the total length of the loop
L = 2(R + T ) and the area of the minimal surface A = RT spanned by the loop.
When the loop size is scaled up to infinity, the dominant behavior is a exponential
decay according to a perimeter law or an area law respectively:

lim
R→∞

〈W [CRT ]〉 ∼ e−kL ⇒ V (R) = 2k

lim
R→∞

〈W [CRT ]〉 ∼ e−σA ⇒ V (R) = σR
(3.4)

where k may be interpreted as a self-energy and σ is the strong coupling string tension
of the “string” associated to the flux tube between the two charges. The first line of the
(3.4) obeys to the perimeter law and the energy of a quark-antiquark pair saturates to
a constant. This is the so-called Coulomb phase. Instead, the area law of the second
line leads to a potential proportional to the separation R between the charges. Hence
they cannot be separated to infinite distance with any finite amount of energy. This is
the so-called confinement phase.

The confining and non-confining phases of gauge theories are thus distinguished by
the behavior of the Wilson loop expectation value (Wilson criterion): the Wilson loop
in gauge theories plays the role of the order parameter for confinement.

In this Chapter we will see in sections 3.1 and 3.2 how to construct a supersymmetric
Wilson loop operator in N = 4 SYM and ABJ(M) theories. In particular we will define
some families of Wilson loops that preserve a fraction of the original supersymmetry,
depending on the geometry of C. In Section 3.3 we will give practical examples of Wilson
loops in perturbation theory: in particular we will consider the vacuum expectation
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value of the circular Wilson loop in N = 4 SYM and ABJ(M) theory. The same
observable can be computed in a non-perturbative way: in Section 3.4 we will present
some general results given by supersymmetric localization.

3.1 Supersymmetric Wilson loops in N = 4 SYM

In N = 4 SYM the ordinary Wilson loop (3.1) has been generalized to the so-called
Maldacena-Wilson loop [66]

W [C] =
1

dimR
TrRP exp

[∮

C
dτ(iẋµAµ + |ẋ|ΘIΦ

I)

]
(3.5)

Here, xµ(τ) parameterizes the contour C in R4 and ΘI is a six-vector (ΘIΘ
I = 1) which

specifies a point on S5 and in general it can depend on τ . This operator measures the
holonomy of an heavy W-boson whose mass results from spontaneous breaking of the
SU(N + 1) gauge symmetry into SU(N)×U(1) in N = 4 SYM theory. As one can see
from (3.5), in contrast to the ordinary Wilson loop the Maldacena-Wilson loop not only
couples to the gauge field of the theory but also to the six adjoint scalars. The origin of
these additional couplings can be understood by considering an ordinary Wilson loop
in ten-dimensional N = 1 SYM theory and performing a dimensional reduction down
to four spacetime dimensions (following the same procedure adopted to obtain N = 4
SYM from the ten-dimensional theory). Using this procedure, one can find a bigger
class of Wilson loop with an arbitrary scalar coupling ẏI . A loop of this form belongs to
the Maldacena-Wilson loops if the contour satisfies the following additional constraint

ẋ2 = ẏ2 ẏI = |ẋ|ΘI (3.6)

As we will see, this light-likeness condition is crucial, since it is related to nearly all the
nice properties that Maldacena-Wilson loop operators have.

The supersymmetry variation of the Wilson loop is (we have chosen a loop in the
fundamental representation)

δεW [C] =
1

N
TrP

∮
dτλ̄(iΓµẋµ + ΓIΘI |ẋ|)ε exp

[∮
dτ ′(iẋµAµ + |ẋ|ΘIΦ

I)

]
(3.7)

where ΓM = (Γµ,ΓI) are the ten-dimensional Dirac matrices. The transformations of
the bosonic field AM = (Aµ,ΦI) are

δεAµ =λ̄Γµε ,

δεΦ
I =λ̄ΓIε ,

(3.8)

where the parameter of transformation ε is a ten-dimensional Majorana-Weyl spinor.
Some fraction of the total supersymmetry will be preserved if

(iΓµẋµ + ΓIΘI |ẋ|)ε = 0 (3.9)
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The equation (3.9) has eight independent solutions for any given τ . In general, these
solutions will depend on τ , so an arbitrary Wilson loop is only locally supersymmetric.
The requirement to achieve global supersymmetry, i. e. a constant ε, induces a con-
straint on xµ(τ) and ΘI(τ). The number of linearly independent ε’s that satisfy (3.9)
determines the number of conserved supercharges.

When ΘI does not depend on τ , the condition (3.9) has not solution, unless C is a
straight line. Indeed, choosing parameterization of the contour C such that |ẋ| = 1 and
differentiating (3.9) with respect to τ , we get:

iΓµẍµε = 0 , (3.10)

which implies that ẍ is identically zero. In that case W [C] is a BPS operator that com-
mutes with all the Poincaré supercharges (1/2 BPS). Consistently with this property,
it should be protected from radiative corrections and we have

〈W [Csl]〉 = 1 (3.11)

The 1/2 BPS straight line is related to the circular Wilson loop by a conformal trans-
formation (an inversion). The circle has similar features of the straight line, but its
quantum expectation value is non-trivial as we will see in the following sections. The
circular Wilson loop is still 1/2 BPS but preserves a mixture of Poincaré and conformal
supercharges.

For a general loop with varying ΘI and a curved contour C, (3.9) constitutes an
infinite set of algebraic equations for sixteen unknown quantities. However they can
have still non-trivial solutions for certain xµ and ΘI . In Section 3.1.1 and 3.1.2 we will
review two general classes of supersymmetric Wilson loops that differ for the choice of
the coupling to the scalars. These operators are the so-called Zarembo Wilson loop (or
Q-invariant Wilson loop) and the DGRT Wilson loop.

Maldacena-Wilson loop in the AdS/CFT correspondence

The Maldacena-Wilson loop (3.5) is the natural operator that one is led to use in the
AdS/CFT framework. It was proposed in [66, 67] that the Wilson loop is defined by an
open string ending on the loop at the boundary of AdS (see also [68]). To compute the
expectation value of the Wilson loop operator in string theory one has to generalize the
prescription (2.53), since the Wilson loop is a non local operator. The mapping between
the non-local Wilson loop operator in the gauge theory and the string partition function
Zstring[C] is

〈W [C]〉 = Zstring[C] (3.12)

More explicitly, one should compute the partition function for an open string in the
AdS5 × S5 background with the boundary conditions defined by the physical contour:
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the string ends on the loop at the boundary on AdS5, drawing on S5 the scalar coupling
ΘI .

In the large N limit and large ’t Hooft coupling, recalling equation (2.54), the
expectation value of the Wilson loop can be computed in the classical supergravity
approximation. In this limit the string action is described by a minimal surface of area
A[C] and we have

〈W [C]〉 ' exp (−A[C]) (3.13)

Due to the curvature of AdS5, the minimal surface does not stay near the boundary,
but goes deep into the interior of space, where the area element can be made smaller.
The behavior of the Wilson loop, for large area, is that of a conformal theory and it
does not imply confinement.

The area of the minimal surface can be obtained by extremizing the Nambu-Goto
action

A[C] = SNG =
1

2πα′

∫
dσdτ

√
−Det GMN (∂αXM∂βXN ) (3.14)

In the definition of the Nambu-Goto action, GMN is the ten-dimensional background
metric and the XM are the string coordinates in ten dimensional space time; the set
{τ, σ} parametrizes the string worldsheet. This area in general is divergent, the infi-
nite part was identified as due to the mass of the W-boson and subtracted [66, 69].
Furthermore, it turns out that minimal surfaces terminating at the boundary of AdS5

correspond only to loops that satisfy the constraint (3.6).

Finally, there are three universal predictions of the AdS/CFT correspondence for
Wilson loops: in the strong ’t Hooft coupling limit the Wilson loop expectation value
exponentiates, the exponent is proportional to

√
λ and the coefficient is positive, thus

〈W [C]〉 = exp(
√
λ× positive number) λ→∞ (3.15)

Corrections to the Wilson loop in the large λ limit come from the string fluctuations
and are suppressed when λ is large. An expansion which includes them perturbatively
is an ordinary α′ expansion of the world-sheet sigma model and, for AdS string, goes
in powers of 1/

√
λ.

3.1.1 The Zarembo construction

In [70] Zarembo proposed a simple ansatz, for which (3.9) reduces to a finite number of
equations. The ansatz amounts in requiring that the position of the loop in S5 follows
the tangent vector ẋµ of the space-time contour C. Thus we can write the following
condition for the scalar coupling

ΘI = Mµ
I

ẋµ
|ẋ| (3.16)
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where the rectangular matrix Mµ
I can be regarded as a projection operator:

Mµ
IM

ν
I = δµν (3.17)

With this choice of ΘI , the Maldacena-Wilson loop becomes

WZ [C] =
1

N
TrP exp

[∮

C
dxµ(iAµ +Mµ

I ΦI)

]
(3.18)

The supersymmetry equation (3.9) reduces to the following four algebraic equations

(Γµ − iMµ
I ΓI)ε = 0 (3.19)

Expanding the terms in the supersymmetry variation we find that a general curve in
R4 preserves one Poincaré supersymmetry [70], thus it is called 1/16 BPS. This family
of Wilson loops is often called therefore Q-invariant. The supersymmetry is enhanced
if the contour C has a special shape. Consider, for instance, a spatial Wilson loop
which lies in a three-dimensional time slice x0 = 0. In this case only three of the four
constraints (3.19) can be imposed and the loop preserves two Poincaré supersymmetries.
Thus the loop is called 1/8 BPS. If the contour C lies in a two-dimensional plane,
the number of supersymmetries again doubles and so on. Therefore this construction
guarantees that a curve in R1 is 1/2 BPS, in R2 it is 1/4 BPS, in R3 it is 1/8 BPS and
in R4 it is 1/16 BPS.

One can explicitly check that the VEV of this class of Wilson loops is trivial

〈WZ [C]〉 = 1 . (3.20)

In the original work of Zarembo this has been checked at weak coupling at order λ2 for
a general curve. The basic ingredient in this calculation is the equality of the scalar
and the vector propagator in Feynman gauge. For the circle and a line this result was
also confirmed from an AdS calculation in the original work (minimal surface vanishes).
In that paper it was conjectured that planar Wilson loops, which preserve 1/4 of the
original supersymmetries do not receive quantum corrections, which was proven in [71]
and [72]. The absence of quantum corrections for the case of a general Wilson loop
in the Zarembo construction was finally proven in [73] on the string theory side of the
correspondence.

3.1.2 The DGRT construction

In this Section we will review the family of supersymmetric Wilson loops introduced in
[74, 75] by Drukker, Giombi, Ricci and Trancanelli. These operators are called DGRT
Wilson loops and they are Wilson loops which are restricted to S3. These loops are
similar to the ones constructed by Zarembo, but their expectation values, in general,
are complicated functions of gYM and N . They may be viewed as generalizations of the
1/2 BPS circle.
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The Zarembo construction can be associated to a topological twist of N = 4 SYM,
where one identifies an SO(4) subgroup of the SO(6) R-symmetry group with the
Euclidean Lorentz group. Under this twist four of the scalars become a space-time
vector Mµ

I ΦI that modify the gauge connection. The simplest way to determine the
new class of operators, is by considering a different twist, where three of the scalars are
transformed into a self-dual tensor φµν = σiµνM

i
IΦ

I and the modified gauge connection
becomes

Aµ → Aµ + iφµνx
ν . (3.21)

where the matrix M i
I is a 3× 6 matrix with M1

1 = M2
2 = M3

3 = 1 and all the other
entries zero. The tensor σiµν are related to the invariant one-forms on S3

σR,L1 = 2[±(x2dx3 − x3dx2) + (x4dx1 − x1dx4)]

σR,L2 = 2[±(x3dx1 − x1dx3) + (x4dx2 − x2dx4)]

σR,L3 = 2[±(x1dx2 − x2dx1) + (x4dx3 − x3dx4)]

(3.22)

where σRi are the right one-forms and σLi are the left one-forms. Choosing the scalar
coupling to rely on the right-forms

σRi = 2σiµνx
µdxν , (3.23)

the Wilson loop can be rewritten in the following way

WDGRT[C] =
1

dimR
TrRP exp

[∮

C

(
iA+

1

2
σRi M

i
IΦ

I

)]

=
1

dimR
TrRP exp

[∮

C
dxµ(iAµ − σiµνxνM i

IΦ
I)

]
.

(3.24)

One could try to couple the remaining scalars Φ4, Φ5 and Φ6 with the left-form σLi , but it
turns out that the resulting Wilson loop is not supersymmetric. The operatorWDGRT[C]
will be supersymmetric only if we restrict the loop to be on a three-dimensional sphere
embedded in R4 with unit radius1.

The supersymmetry variation of the Wilson loop (3.7), in the 4+6-dimensional no-
tation, is then proportional to

δεWDGRT[C] ∝ (iẋµγµ − σiµν ẋµxνM i
Iρ
Iγ5)ε(x) (3.25)

where γµ and ρI are respectively the gamma matrices of SO(4) and SO(6), the Poincaré
and R-symmetry groups, and they are taken to commute with each-other. The quantity
ε(x) is the conformal Killing spinor given in R4 by two arbitrary constant 16-component
Majorana-Weyl spinors as

ε(x) = ε0 + xµγµε1 (3.26)

1In general it is simple to generalize to other radii by putting the radius factors where they are
required by dimensionality.

46



where ε0 is related to the Poincaré supersymmetries while ε1 is related to the supercon-
formal ones.

Requiring that the variation (3.25) vanishes for arbitrary curves on S3 leads to the
two equations

γµνε1 + iσiµνρ
iγ5ε0 = 0

γµνε0 + iσiµνρ
iγ5ε1 = 0

(3.27)

Solving the equations (3.27) means to decompose the ε’s into their chiral and anti-chiral
part and count how many equations are independent. For a generic curve on S3 we
have only two independent constraints for the ε’s. Notice that in singling out three of
the scalars the R-symmetry group SU(4) is broken down to SU(2)A × SU(2)B,where
SU(2)A corresponds to rotations of Φ1, Φ2, Φ3 while SU(2)B rotates Φ4, Φ5 and Φ6.
The Wilson loops (3.24) preserve the two supercharges

Q̄a = εα̇ȧ(Q̄aα̇ȧ − S̄aα̇ȧ) (3.28)

where ȧ and a are respectively SU(2)A and SU(2)B indices. Then an arbitrary Wilson
loop on S3 preserves 1/16 of the original supersymmetries and it is called 1/16 BPS.

For special curves, when there are extra relations between the coordinates and their
derivatives, there will be more independent solutions of (3.27) and the Wilson loops
will preserve more supersymmetries.

3.1.2.1 The submanifold S2

An infinite class of operators with a lot of interesting features is obtained restricting the
loops to lie on a great S2 inside S3 (the 2-sphere is defined by the condition x4 = 0).
By definition, the one-forms of the maximal S2 are no longer independent

σLi = −σRi = −2εijkx
kdxk , (3.29)

then the Wilson loop, for instance in the fundamental representation of the gauge group,
explicitly becomes:

W [C] =
1

N
TrP exp

∮

C
dτ
[
iẋµAµ − εµνρẋµxνΦρ

]
. (3.30)

Using the relation between the one-forms, one can check directly that the condition
δεWDGRT[C] = 0 (3.25) is solved not only by the antichiral spinors but also by spinors
with positive chirality that can be combined as follows

iγijε1 = εijkρiγ
5ε0 (3.31)
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At variance with the general S3 case, we see that the constraints are not chiral and
hence the supersymmetries are doubled. The generic Wilson loop on S2 will therefore
gives a 1/8 BPS operator. The four supercharges may be written explicitly as

Qa = (iσ2)αȧ(Q̄
ȧa
α + S̄ȧaα ) , Q̄a = εα̇ȧ(Q̄aα̇ȧ − S̄aα̇ȧ) (3.32)

where σi are the Pauli matrices.

In the following we discuss some examples of special loops inside S2 preserving some
extra supersymmetries.

The great circle (equator)

The 1/2 BPS circular Wilson loop is included in the DGRT construction as a special
example, this is simply a great circle on the S2 (in the S3 case is the same). Consider
a circle in the (1,2)-plane with parametrization:

xµ(τ) = {cos τ, sin τ, 0, 0} (3.33)

The invariant one-form (3.29) are

σRi = 2{0, 0, 1}dτ , (3.34)

then the corresponding Wilson loop is coupled only with Φ3

W [Ceq.] =
1

N
TrP exp

[∮

Ceq.

dτ(iẋµAµ + Φ3)

]
. (3.35)

As a consequence, the relation (3.31) leads to the single constraint

ρ3γ5ε0 = iγ12ε1 , (3.36)

and therefore the loop preserves 16 (8 chiral and 8 anti-chiral) supercharges and is
indeed a 1/2 BPS operator. Using (3.36) we may write down the sixteen supercharges
as

QA = iγ12Q
A + (ρ3S)A , Q̄A = iγ12Q̄A − (ρ3S̄)A . (3.37)

where A = 1, ..., 4 and for simplicity the Lorentz indices are omitted.

Latitude

More generally we can take the loop to be a non-maximal circle, i.e. a latitude of
the S2. A latitude with angle θ0 is parametrized as follows

xµ(τ) = {sin θ0 cos τ, sin θ0 sin τ, cos θ0, 0} (3.38)
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The scalar coupling can be computed using the (3.29) and we have

σRi = 2 sin θ0{− cos θ0 cos τ,− cos θ0 sin τ, sin θ0}dτ, (3.39)

leading to the corresponding Wilson loop

W [Clat.]=
1

N
TrP exp

[∮

Clat.

dτ

(
iẋµAµ − sin θ0 cos θ0(cos τΦ1+sin τΦ2) + sin2 θ0Φ3

)]
. (3.40)

When θ0 = π/2, the loop is a 1/2 BPS maximal circle and when θ0 = 0 the curve
reduces to a point (the north pole). This family of loops is essentially the same as the
operators considered in [76]: they are related by a conformal transformation.

As can be seen from (3.39), such an operator couples to three scalars; it can be
shown that the supersymmetry equations will give only two independent constraints.
Indeed, the two supersymmetry conditions are the following

cos θ0(γ12 + ρ12)ε1 =0 ,

(iγ12 + γ3ρ
2γ5 cos θ0(γ23 + ρ23))ε1 =ρ2γ5ε0 .

(3.41)

If cos θ0 6= 0, one has two independent constraints and the loop preserves 1/4 of the
supersymmetries. Thus the Wilson loop preserves the following eight supercharges

Qa(1) =(iσ2)αȧ(Q̄
ȧa
α + S̄ȧaα ) , Q̄a(1) = εα̇ȧ(Q̄aα̇ȧ − S̄aα̇ȧ)

Qa(2) =
1

sin θ0
(σ3ε)

α̇ȧ(Q̄aα̇ȧ − S̄aα̇ȧ) + cot θ0(iσ2)αȧ(Q̄
ȧa
α − S̄ȧaα )

Q′a(2) =
1

sin θ0
(σ1)αȧ(Q̄

ȧa
α + S̄ȧaα ) + cot θ0ε

α̇ȧ(Q̄aα̇ȧ + S̄aα̇ȧ)

(3.42)

Two longitudes (wedge)

Consider a loop made of two arcs connected on the poles of the sphere S2 with an
arbitrary longitude angle δ. We can parameterize the loop in the following way

xµl ={sin τ, 0, cos τ, 0} , 0 ≤ τ ≤ π ,
xµr ={− cos δ sin τ,− sin δ sin τ, cos δ, 0} , π ≤ τ ≤ 2π .

(3.43)

where l and r denote the left and right edge of the loop. The scalar coupling can be
computed using the (3.29) and we have

σRi (l) =2{0, 1, 0}dτ ,
σRi (r) =2{sin δ,− cos δ, 0}dτ .

(3.44)

then the corresponding Wilson loop is composed by the following two operators

W [C
(l)
wed.] =

1

N
TrP exp

[∮

Ceq.

dτ(iẋµAµ + Φ2)

]
,

W [C
(r)
wed.] =

1

N
TrP exp

[∮

Ceq.

dτ(iẋµAµ + sin δΦ1 − cos δΦ2)

]
.

(3.45)
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Notice that such an operator is related by a stereographic projection to a Wilson loop
of the type invariant under Q [70] given by two semi-infinite rays on the plane with an
opening angle δ (cusped Wilson loop). We will see that such kind of loops have a lot
of interesting properties in the section 4.2 and in the rest of the thesis.

Each arc, being (half) a maximal circle, is 1/2 BPS and will produce a single con-
straint. The system, as long as sin δ 6= 0, has to satisfy the following equations

ρ2γ5ε0 = iγ31ε1 , ρ1γ5ε0 = iγ23ε1 . (3.46)

The loop will preserve 1/4 of the supersymmetries: when sin δ = 0, the second equation
in (3.46) disappears and the loop becomes 1/2 BPS (for δ = 0, the loop is the maximal
circle and for δ = π, the loop is made of two coincident half circles with opposite
orientations).

Thus the eight supercharges which annihilate the Wilson loop made of two longitudes
are

Qa(1) =(iσ2)αȧ(Q
ȧa
α + Sȧaα ) , Q̄a(1) = εα̇ȧ(Q̄aα̇ȧ − S̄aα̇ȧ)

Qa(2) =(σ1)αȧ(Q
ȧa
α − Sȧaα ) , Q̄a(2) = (σ3ε)

α̇ȧ(Q̄aα̇ȧ + S̄aα̇ȧ)
(3.47)

Starting from (3.25), one can construct other families of supersymmetric Wilson
loops which preserve more supersymmetries for particular contours. These contours
are: Hopf fibers, curves in the Hopf base, curves on a torus and curves close to points.

3.2 Supersymmetric Wilson loops in ABJ(M)

As we have seen in Section 2.1.5 and 2.2, ABJ(M) theory provides an exciting arena
where studying the duality AdS4/CFT3. In this theory it is possible to define Wilson
loop operators, which in the dual string theory are given by semi-classical string surfaces
[66, 67]. The most symmetric string of this type preserves half of the supercharges of
the vacuum and its dual operator in the field theory must be an 1/2 BPS Wilson loop.

The definition of BPS Wilson loops in ABJ(M) theory is more complex than the
four-dimensional case. Bosonic Wilson loop operators constructed initially in N = 2, 3
theories by Gaiotto and Yin (GY) in [77] and then studied in ABJ(M) in [78, 79, 80],
preserve only 1/6 of the supercharges and are therefore not viable candidates to be the
dual of this classical string. In [81], Drukker and Trancanelli (DT) proposed a new type
of Wilson loop that couples both to the bosonic and fermionic fields of the theory. The
construction of this operator uses the quiver structure of the theory and turns out to
be 1/2 BPS. This operator is dual to the half-BPS string solution found in [78, 80].

In ABJ(M) theory there are more general BPS DT-type Wilson loops, lying along
arbitrary curves and preserving fewer supersymmetries. These loops have been proposed
in [82] and they generalize the straight line and the circle constructed in [81]: they can
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be considered the analogous of the Zarembo and DGRT loops in three-dimensional
N = 6 super Chern-Simons-matter theories. They are also related to several quantities
of interest as studied in [83, 84, 85, 86].

3.2.1 The 1/6 BPS construction

In order to determine the supersymmetric Wilson loop in the AdS/CFT framework, we
restrict the theory in the ABJM case. Thus the theory has two gauge groups of equal
rank N and opposite level κ and −κ.

In ABJM there are quite a few possibilities to construct gauge-invariant Wilson loop
operators: one choice would simply be the standard Wilson loop operator in one of the
gauge groups. As in the N = 4 SYM case, such a Wilson loop is not supersymmetric.
In the four dimensional theory a supersymmetric Wilson loop couples also to an adjoint
scalar field (3.5). Here there are no adjoint fields, but one can use two bi-fundamental
fields to construct a composite in the adjoint

WR[C] =
1

dimR
TrRP exp

[∫

C
dτ

(
iẋµAµ +

2π

κ
|ẋ|M I

JCIC̄
J

)]
(3.48)

where M I
J is a matrix whose properties will be determined by supersymmetry.

Using the supersymmetry transformation (2.48), one can consider the supersymme-
try variation of the Wilson loop (3.48) and impose that it vanishes for a suitable choice
of the parameter θ. One then finds the following condition

δθWR ∼ θIJα[−ẋµσµαβδPI + |ẋ|δαβMP
I ]CP (ψJ)β

+ εIJKLθ
IJα[ẋµσ

µ
αβδ

K
P + |ẋ|δαβMK

P ](ψ̄L)βC̄P = 0
(3.49)

For a supersymmetric loop both terms in the above have to vanish separately.

Let us consider a straight space-like Wilson line: it turns out that this Wilson
line operator is invariant under two of the 12 Poincaré supersymmetries and two of
the 12 superconformal supersymmetries, i.e. the loop is 1/6 BPS. Under a conformal
transformation a line will be mapped to a circle, which will therefore posses the same
number of supersymmetries. The conformal transformation mapping the line to the
circle mixes the super-Poincaré and superconformal charges, hence the circular Wilson
loop is invariant under a linear combination of Q and S.

In (3.48) we choose one of the gauge groups, but a similar operator ŴR[C] exists also
in the other group2. In that case the scalar bilinear will be in the opposite order. More
generally, one can take any combination of the two Wilson loops in any representation of
each of the gauge groups. It turns out with explicit computations in planar perturbation

2In the ABJ case the rank of the two groups are different then we will have two operators WRN and
ŴRM depending on different representations of the gauge groups.
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theory, that the operator identifiable with appropriate Type IIA fundamental string
configurations is the sum of W and Ŵ ([78, 80]).

The puzzling fact is that this operator, as we have seen, preserve only 4 supercharges
but a fundamental string ending along a straight line on the boundary of AdS4 and
localized on CP3 preserves 12 supercharges. In order to match with the gauge theory
observable one has to smear the string over a CP1, breaking indeed the supersymmetry
down to 1/6. But the question remains what is the gauge theory dual to a localized
fundamental string. The solution to this problem will be the argument of the next
section.

3.2.2 The Drukker-Trancanelli construction

The central idea of [81] to construct 1/2 BPS lines and circles is to embed the natural
gauge connection of U(N)× U(M) of ABJ into a superconnection of the form

L(τ) ≡ −i


 iA

√
2π
k |ẋ|ηI ψ̄I√

2π
k |ẋ|ψI η̄I iÂ


 with




A ≡ Aµẋµ − 2πi

k |ẋ|M I
J CIC̄

J

Â ≡ Âµẋµ − 2πi
k |ẋ|M̂ I

J C̄JCI ,

(3.50)

belonging to the super-algebra of U(N |M). The coordinate xµ parametrizes the curve
along which the loop operator is supported and M I

J , M̂ I
J , ηαI and η̄Iα parameterize

the possible local couplings. A lot of the form of L is dictated by dimensional analysis
and by the index structure of the fields. In three dimensions the scalars have dimension
1/2, so they should appear as bilinears, which are in the adjoint and therefore enter in
the diagonal blocks together with the gauge fields. The fermions have dimension 1 and
should appear linearly. Since they transform in the bi-fundamental, they are naturally
placed in the off-diagonal entries of the matrix. Note that ηαI and η̄Iα are Grassmann
even, so that the off-diagonal blocks of L are Grassmann odd and L is a supermatrix3.
The above supermatrix L is in general (N + M) × (N + M): the upper-left block is
N ×N and the lower-right is M ×M .

For a given path C, it is possible to compute the holonomy of the superconnection
(3.50)

W [C] ≡ P exp

(
i

∫

C
dτ L(τ)

)
. (3.51)

When the contour is a straight-line , all the couplings can be chosen to be indepen-
dent of τ in order to preserve the invariance under translations along the line. Further
restrictions on scalar and fermionic couplings follow from R−symmetry and supersym-
metry requirements. Indeed the requirement of having an unbroken SU(3) R-symmetry
restricts the coupling to be of the form

ηαI = nIη
α , η̄Iα = n̄I η̄α , MJ

I = p1δ
I
J − 2p2njn̄

I , M̂ I
J = q1δ

I
J − 2q2njn̄

I (3.52)

3The origin of the superconnection was also investigated from the point of view of the low- energy
dynamics of heavy W-bosons in [87].
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where nI and n̄I are two complex conjugated vectors which transform in the fundamen-
tal and anti-fundamental representation and determine the embedding of the SU(3)
subgroup in SU(4). By rescaling ηα and η̄α, we can always choose nI n̄

I = 1. The
parameters p1 and qi in the definition of M and M̂ instead control the eigenvalues of
the two matrices.

The free parameters appearing in (3.52) can be then constrained by imposing that
the resulting Wilson loop is globally supersymmetric. Actually, imposing δsusyL(τ) = 0
gives rise to loop operators which are merely bosonic (η = η̄ = 0) and at most 1/6
BPS. The weaker condition of invariance under supersymmetry up to a super-gauge
transformation brings out the 1/2 BPS solution

δsusyL(τ) = ∂τG+ i{L, G] (3.53)

with G an anti-diagonal supermatrix.

The condition (3.53) for the anti-diagonal entries first constrains the form of the
spinors η and η̄ to obey the two conditions

(ẋµγµ)α
β =

1

(ηη̄)
|ẋ|(ηβ η̄α + ηαη̄

β) , (ηβ η̄α + ηαη̄
β) = (ηη̄)δβα (3.54)

and then fixes the value of the parameters pi and qi appearing in (3.52) to 1. The
requirement (3.53) for the diagonal entries does not yield new conditions, simply fixing
the normalization

ηη̄ = 2i (3.55)

In particular the vectors nI and n̄I continue to be unconstrained.

Combining the supersymmetry transformation (2.48) and the condition (3.53), one
can find that a Wilson loop lying on a straight line preserve 6 Poincaré supercharges
and 6 superconformal supercharges. Thus the loop is 1/2 BPS (the same for the circle).

For (finite) closed path one has to carefully consider the boundary conditions obeyed
by the gauge functions to obtain a gauge invariant object. For instance, in the circle case
one has to take the trace of (3.51). For an infinite open circuit, such as the straight
line, the naive statement that the fields vanish when τ = ±∞ allows two possible
supersymmetric operators

W− =
1

N −M Str

[
Pexp

(
−i
∫
dτL(τ)

)]

W+ =
1

N +M
Tr

[
Pexp

(
−i
∫
dτL(τ)

)]
.

(3.56)

In the following, if not specified, we will consider the second possibility, since it is
connected through a conformal transformation to BPS closed loops.
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Relation with W1/6

The purely bosonic 1/6 BPS circle, defined in Section 3.2.1, is obtained by choosing
ηI(τ) = η̄I(τ) = 0: it requires, in turn, a different choice of the bosonic matrices i.e
M I
J = M̂ I

J = diag(−1,−1, 1, 1). In spite of the different BPS degree, the 1/2 BPS
circle is cohomologically equivalent at classical level to the 1/6 BPS [81]. The key
point, in order to establish the equivalence of the two observables, is to notice that the

difference between the DT Wilson loop W1/2
R and the 1/6 BPS Wilson loop W1/6

R can
be cast into a Q-exact term

dimRW1/2
R −

(
dimRNW

1/6
RN + dimRM Ŵ

1/6
RM

)
= QV. (3.57)

Here Q is a particular supercharge that generates transformations leaving invariant
both operators. Its explicit expression and the precise form of V are reported in [81].
The relation (3.57) implies that the expectation values of the two loops are equal

〈W1/2
R 〉 =

1

dimR

(
dimRN 〈W

1/6
RN 〉+ dimRM 〈Ŵ

1/6
RM 〉

)
. (3.58)

Actually the presence of quantum infinities needs a regularization procedure, that could
potentially affect the classical cohomological equivalence. On the other hand it is well
known that in pure Chern-Simons theory Wilson loops depend in a very specific way
from a regularization choice, the so called framing [88], and a global phase appears in the
quantum evaluation, parameterizing the different possibilities. The non-perturbative
evaluation of the BPS Wilson loops in ABJ(M) seems to display a similar phenomenon.

3.2.2.1 Generalization for an arbitrary contour

As in the four-dimensional case one can construct two families of supersymmetric Wilson
loops for arbitrary shape generalizing the straight line and the circle constructed in
[81]. The strategy is to derive a general set of algebraic and differential conditions that
correspond to preserve locally a fraction of supersymmetry. Then one have to impose
that solutions of these constraints can be combined into a conformal Killing spinor,

Θ̄IJ = θ̄IJ − (x · γ)ε̄IJ (3.59)

with θ̄IJ and ε̄IJ constant spinors. In this Section we will briefly review the results of
[82].

Supersymmetric Wilson loop on R3 (Zarembo-like loops)

The first construction concerns a family of Wilson loops of arbitrary shape, which
preserve at least a super-Poincaré charge, i.e. a supercharge with ε̄IJ = 0. In this
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sense these operators can be viewed as the three dimensional companion of the loops
discussed by Zarembo in [70]. They can be also considered a generalization of the BPS
straight-line constructed by Drukker and Trancanelli in [81].

One can make the following ansatz for the reduced vector couplings (3.52)

n̄I = (ηs̄I) , nI = (sIηη) (3.60)

Here s̄ are four τ -independent spinors and η and η̄ are determined by (3.54). The
normalization condition n̄InI = 1 is equivalent to the following completeness relation
on the spinors s and s̄

s̄Iβs
α
I =

1

2i
δαβ (3.61)

The general solution of the supersymmetry conditions can be written as follows

Θ̄IJ = θ̄IJ = v̄J s̄I − v̄I s̄J , with v̄IsIβ = 0 (3.62)

It follows that these loops are in general 1/12 BPS.

Summarizing this family of supersymmetric Wilson loops of arbitrary shape on R3

has the following couplings

ηαI = isβI

(
1 +

ẋ · γ
|ẋ|

) α

β

, η̄Iα = i

(
1 +

ẋ · γ
|ẋ|

) β

α

s̄Iβ ,

M J
K = M̂ J

K =

(
δJK − 2isK s̄

J − 2i
ẋµ

|ẋ|sKγµs̄
J

)
,

(3.63)

and which are invariant under the Poincarè supercharges (3.62).

Supersymmetric Wilson loop on S2 (DGRT-like loops)

The second family of Wilson loops is defined for an arbitrary curve on the unit
sphere S2. The central idea is again a guess for the reduced vector couplings nI and
n̄I . Specifically one shall consider a deformation of the ansatz (3.60)

n̄I = r(ηUs̄I) and nI =
1

r
(sIU

−1η̄), (3.64)

where sIα and s̄Iα are again four τ -independent spinors obeying the completeness relation
(3.61). The parameter r is a function of τ and the matrix U is an element of SU(2)
constructed with the coordinates xµ(τ) of the circuit, namely

U = cosα 1 + i sinα (xµγµ), (3.65)

with α free constant parameter.
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The preserved supercharges can be parametrized as follows

Θ̄IJ = [cosα 1 + i sinα (xµγµ)]θ̄IJ = Uθ̄IJ . (3.66)

It follows that these loops are in general 1/6 BPS.

Summarizing this family of supersymmetric Wilson loops of arbitrary shape on S2

has coupling as follows

ηβI =
i

r0
e
i
2 (sin 2α)s

[
sI(cosα 1− i sinα (xµγµ))

(
1 +

ẋ · γ
|ẋ|

)]β
,

η̄Iβ =ir0e
− i

2 (sin 2α)s

[(
1 +

ẋ · γ
|ẋ|

)
(cosα 1 + i sinα (xµγµ)) s̄I

]

β

,

M J
K =M̂ J

K =

[
δJK−2isK s̄

J−2i cos 2α

(
sK

ẋ · γ
|ẋ| s̄

J

)
−2i sin 2α

(
sKγ

λs̄J
)
ελµνx

µẋν
]
.

(3.67)

Notice that for α = 0 we recover the couplings (3.63). In this sense one can consider
this class of loops as a deformation of those considered in the previous section. There
is a second interesting value of α, i.e. α = π

4 , for which the Zarembo-like term vanishes
and the scalars couple only to the invariant forms. For this value of α we also recover
the 1/2 BPS circle discussed in [81]. One is then tempted to identify these operators
as the three dimensional companions of the so-called DGRT loops [74, 75]. For generic
α, the situation is more intricate.

3.3 Supersymmetric Wilson loops in perturbation theory

The circular Wilson loop is one of the most studied, both inN = 4 SYM and in ABJ(M).
In this Section we will derive its vev using perturbation theory, obtaining some hints for
a non-perturbative analysis of the system. Since in perturbation theory we have to deal
with intermediate divergencies, in the following we use to use dimensional regularization.

3.3.1 Circular Wilson loop in N = 4 SYM

In general the vacuum expectation value (vev) of a supersymmetric Wilson loop in in
perturbation theory in N = 4 SYM is given by the following expansion

〈W [C]〉 = 1 +
g2

YMN

4π2

∮

C
dτ1 dτ2

|ẋ(τ1)||ẋ(τ2)| − ẋ(τ1) · ẋ(τ2)

|x(τ1)− x(τ2)|2 + · · · , (3.68)

where we have used the N = 4 propagators of Appendix A. For a loop without cusps
or self-intersections 〈W [C]〉 is finite. The explicit two-loop computation shows that a
cancellation between the contributions of the scalar and vector fields occurs and similar
mechanisms are expected to act at any order. The case of cusps and self-intersections
has been discussed briefly in [69].
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In order to compare the result with the prediction of the AdS/CFT correspondence,
we are interested in the large N limit perturbative expansion. Thus we want to compute
only planar diagrams at any order of the ’t Hoof coupling λ = g2

YMN .

Consider the circular Wilson loop with unitary radius of (3.35) with parametriza-
tion (3.33). As we have seen in Section 3.1.2.1, this loop is coupled with only the scalar
field Φ3 and it is 1/2 BPS. The vev of this loop was studied in great detail by Erickson,
Semenoff and Zarembo in [89]. The ultraviolet singularities cancel to order λ2 for any
smooth loop: in this particular case we observe a further cancellation, all the contribu-
tion to the vev comes from the Feynman diagrams without vertices, the so-called ladder
diagrams. In [89], the authors conjecture that the vertex diagrams cancellation is true
at any order, predicting the all-loop behavior of the vev.

Summing the planar ladder graphs

First, consider the 2n-th order term in the Taylor expansion of the loop

1

N

∫ 2π

0

dτ1

∫ τ1

0

dτ2...

∫ τ2n−1

0

dτ2n Tr

[〈
(iAµ(τ1)ẋµ(τ1) + Φ3(τ1))...

...(iAµ(τ2n)ẋµ(τ2n) + Φ3(τ2n))
〉] (3.69)

where the τ -dependence is explicit. We are interested in all Wick contractions which
represent planar diagrams. Note that for the circular loop any contraction gives the
same contribution

〈(iAµẋµ + Φ3)abτ1(iAµẋ
µ + Φ3)cdτ2〉 =

g2
YMδ

adδbc

4π2N

1−ẋ(τ1) · ẋ(τ2)

|x(τ1)−x(τ2)|2 =
g2

YMδ
adδbc

8π2N
(3.70)

Computing also the color factor given by the trace over the δ’s, the sum of ladder
diagrams with n propagators is

(λ/4)n

(2n)!
× Nn (3.71)

where Nn is the number of planar graphs with n internal lines and the factor 1/(2n)!
is the result of the integrations over τi.

Now one have to count the number of planar graphs with n internal lines. Any such
diagram with n+ 1 propagators can be uniquely decomposed as
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The number of such diagrams Nn+1 satisfies the recursion relation

Nn+1 =
n∑

k=0

Nn−kNk (3.72)

with N0 = 1. The generating function f is defined by

f(z) =
∞∑

n=0

Nnz
n (3.73)

and satisfies zf2(z) = f(z)− 1. Thus

f(z) =
1−
√

1− 4z

2z
=
∞∑

n=0

(2n)!

(n+ 1)!n!
zn ⇒ Nn =

(2n)!

(n+ 1)!n!
(3.74)

where the sign of the square root is chosen by requiring that f is finite for z = 0.
Therefore from (3.71) and (3.74), the ladder contribution to the vev of circular Wilson
loop is

〈W [C]〉lad. =
∞∑

n=0

λn

22n(n+ 1)!n!
=

2√
λ
I1(
√
λ) (3.75)

where I1 is the modified Bessel function of the first order.

The result (3.75) is true at any value of λ, then one can consider the large λ behavior

〈W [C]〉lad.
λ→∞−−−→ e

√
λ

(π/2)1/2λ3/2
(3.76)

that is the same of the AdS/CFT prediction [90]

〈W [C]〉Sugra ∼ e
√
λ (3.77)

Finally, since the Wick contraction are position-independent, the problem is mapped
in a zero dimensional theory. Recalling (2.70), one can compute the vev of W [C] with
the following large N matrix-model

〈W [C]〉lad. =

〈
1

N
TreM

〉
=

1

Z

∫
[dM ]

1

N
TreM exp

[
− 2

g2
YM

TrM2

]
(3.78)

where

Z =

∫
[dM ] exp

[
− 2

g2
YM

TrM2

]
(3.79)
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(1) (2)

Figure 3.2: Interaction diagrams at order λ2: (1) one-loop corrections to the gluon and scalar
propagators (bubbles), (2) diagrams with one internal vertex (spiders)

The cancellation of diagrams with vertices

Now we consider, up to order λ2, the contribution of interaction diagrams. We have
two kinds of diagrams: the “bubble” diagrams (see Figure 3.2.(1)) and the “spider”
diagrams (see Figure 3.2.(2)).

Expanding the loop to the second order and using the one-loop corrected propagators
of Appendix A, one can find the contribution of the bubble diagrams

Σ2 = − λ2Γ2(ω − 1)

27π2ω(2− ω)(2ω − 3)

∮
dτ1 dτ2

|ẋ(τ1)| |ẋ(τ2)| − ẋ(τ1) · ẋ(τ2)
[
(x(τ1)− x(τ2))2

]2ω−3 . (3.80)

The diagrams with only an internal vertex come from the Taylor expansion of the loop
to the third order contracted with the 3-gluon or the scalar-gluon vertices. Summing
up these diagrams we have

Σ3 = −g
4N2

4

∮
dτ1 dτ2 dτ3 ε(τ1 τ2 τ3)(|ẋ(τ1)||ẋ(τ3)| − ẋ(τ1) · ẋ(τ3))

× ẋ(τ2) · ∂

∂x(τ1)

∫
d2ωw∆(x(τ1)− w)∆(x(τ2)− w)∆(x(τ3)− w)

(3.81)

where ε is the path ordering symbol defined by ε(τ1τ2τ3) = 1 if τ1 > τ2 > τ3 and
antisymmetric under any transposition of τi. Introducing the short-hand notation xi =
x(τi) and using the Feynman parameters, one can compute the integral over w and
obtain

Σ3 = λ2 Γ(2ω − 2)

27π2ω

∫ 1

0

dα dβ dγ (αβγ)ω−2δ(1− α− β − γ)

∮
dτ1 dτ2 dτ3 ε(τ1 τ2 τ3)

×
(
|ẋ1||ẋ3| − ẋ! · ẋ3

)(
α(1− α)ẋ2 · x1 − αγẋ2 · x3 − αβẋ2 · x2

)
[
αβ|x1 − x2|2 + αγ|x1 − x3|2 + βγ|x3 − x2|2

]2ω−2

(3.82)

Introducing the definition τij = τi − τj , in the circular case one can find

Σ3 = λ2 Γ2(ω − 1)

22ω+4π2ω(2ω − 3)(2− ω)

∮
dτ1 dτ2

1

[1− cos τ12]2ω−4
+O(2ω − 4). (3.83)
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and

Σ2 = −λ2 Γ2(ω − 1)

22ω+4π2ω(2− ω)(2ω − 3)

∮
dτ1 dτ2

1

[1− cos τ12]2ω−3
. (3.84)

Then the contributions (3.83) e (3.84) cancel exactly when 2ω = 4

〈W [C]〉int. = Σ2 + Σ3 = 0 . (3.85)

As we will see the cancellation of interaction diagrams conjectured by Erickson, Se-
menoff and Zarembo will be proved by Pestun in [37]. Then the result (3.75) turn to
be exact.

3.3.2 Circular Wilson loop in ABJ(M)

As we have seen in Section 3.2.2.1, we are able to construct a circular Wilson loop 1/2
BPS in ABJ(M) as in the four-dimensional case. Thus we want to compute the vacuum
expectation value up to two-loop in perturbation theory.

The vev of the Wilson loop is by definition

〈WR〉 =
1

dimR

∫
D[A, Â, C, C̄, ψ, ψ̄] e−SABJ(M) TrR

[
P exp

(
i

∮

C
dτ L(τ)

)]
, (3.86)

where SABJ(M) stands for the action for ABJ(M)theory (2.44) in euclidean space. In
the following R is taken to be the fundamental representation (dimR = N +M) and C
to be the circle of unit radius parametrized by xµ(τ) = {cos τ, sin τ, 0}.

To begin with, we shall only consider the upper left N × N block of the super-
matrix appearing in (3.86). For this sector the trace in (3.86) is obviously taken in the
fundamental representation N of U(N). The expectation value of the lower diagonal
block can be then obtained from the above analysis by replacing N with M . A two-
loop computation requires to expand the path-exponential in (3.86) up to the fourth
order. The expansion of the upper block at this order will include both contributions
of bosonic and fermionic type:

WN = TrN

[
1 + i

∫

C

dτ1A1 −
∫

C

dτ1>2

(
A1A2 − (ηψ̄)1(ψη̄)2

)

− i
∫

C

dτ1>2>3

(
A1A2A3 +

2π

k
[(ηψ̄)1(ψη̄)2A3 + (ηψ̄)1Â2(ψη̄)3 +A1(ηψ̄)2(ψη̄)3]

)

+

∫

C

dτ1>2> 3> 4

((
2π

κ

)2

(ηψ̄)1(ψη̄)2(ηψ̄)3(ψη̄)4 +A1A2A3A4− (3.87)

−
(

2π

κ

)
A1A2(ηψ̄)3(ψη̄)4 −

(
2π

κ

)
A1(ηψ̄)2Â3(ψη̄)4 −

(
2π

κ

)
(ηψ̄)1Â2Â3(ψη̄)4−

−
(

2π

κ

)
A1(ηψ̄)2(ψη̄)3A4 −

(
2π

κ

)
(ηψ̄)1Â2(ψη̄)3A4 −

(
2π

κ

)
(ηψ̄)1(ψη̄)2A3A4

)]
.
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In (3.87) we have introduced a shorthand notation for the circuit parameter dependence
of the fields, namely Ai = A(xi) with xi = x(τi). Above we have suppressed the spinor
and SU(4)R indices (ηψ̄ ≡ ηαI ψ̄

I
α and ψη̄ ≡ ψαI η̄

I
α) and we have used that |ẋ| = 1 for

our parametrization.

The explicit couplings in the circular case can be recast from (3.67) for α = π/4: in
particular for the bosonic couplings we have M I

J = M̂ I
J = diag(−1, 1, 1, 1). and for

the fermionic couplings ηI(τ) and η̄I(τ) we have the following factorized structure

ηαI = (e
iτ
2 − ie− iτ2 )




1
0
0
0


 η̄Iα = (1 0 0 0)

(
ie−

iτ
2

−e iτ2

)
, (3.88)

The vev of this loop was studied in great detail in [91, 92, 93] and in this Section we
will review briefly the main results.

Bosonic diagrams

+

(A) (B)(a) B1

+

(A) (B)(b) B2 (c) B3

Figure 3.3: Bosonic diagrams up to order 1/κ2.

Any diagram involving a tree-level gauge propagator ranging between two points of
the circle yields zero4. We are working in the DRED scheme then all the tadpole-like
graphs vanish. However at one-loop there are no bosonic diagrams and at two loops
the terms A1A2 and A1A2A3 of (3.87) produce the three graphs in Figure 3.3.

Since the constant matrix M J
I , governing the scalar couplings, appears quadrati-

cally in diagrams B1 and B2, they are identical to the those computed in [78] for the
1/6 BPS circle and we can borrow their result

B1 +B2 =
π2

κ2

N2M

N +M
. (3.89)

The next step is to consider the monomial A1A2A3. At this order only the gauge field
in A is relevant. This graph also appears in pure Chern-Simons theory and its value

4This type of graphs will always contain a Levi-Civita tensor contracted with three linear dependent
vectors (see propagators in Appendix A).
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only depends on the topology of the loop [94]. Translated in the language relevant for
ABJ(M) Wilson loops it is given by

B3 = − N3

N +M

π2

6κ2
. (3.90)

Thus the bosonic contribution of the upper-left block (denoted by ↑) at two-loop is

〈W (B)[Ccir.]〉(2)
↑ = B1 +B2 +B3 =

π2

κ2(N +M)
(N2M − N3

6
). (3.91)

Now, summing up (3.91) with the contribution of the lower-right block (exchanging the
gauge group ranks M and N) we find the total bosonic contribution to the vev of the
circular Wilson loop

〈W (B)[Ccir.]〉(2) =〈WB[Ccir.]〉(2)
↑ + 〈WB[Ccir.]〉(2)

↓

=− π2

6κ2
(N2 +M2 − 7MN) .

(3.92)

Fermionic diagrams

(a) F1

(a) (b)
1

23

4
1

23

4

(b) F2

(a) (b)
1

23

4
1

23

4

(c) F3 (d) F4

Figure 3.4: Fermionic diagrams up to order 1/κ2.

It remains to compute the diagrams which involve fermions propagating along the
contour. We have three type of contributions represented in Figure 3.4: from the
monomial ψ̄1ψ2 we have the so-called single exchange diagram F1; from the four fermion
terms we obtains the double-exchange diagrams F2 and F3; finally from the monomials
ψψ̄A we have the vertex diagram F4.

The single-exchange diagram is given by

F1 =

(
2π

κ

)∫ 2π

0

dτ1

∫ 2π

τ1

dτ2 〈Tr[(ηψ̄)1(ψη̄)2]〉 =
MN4επε+2 sec(πε)

κΓ(ε)
= 0 ε→ 0 (3.93)

where we have used the DRED regularization scheme in which d = 3− 2ε. Notice that,
as in the bosonic part, the fermionic one-loop expectation value is zero.
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The contour integral describing the double-exchange diagrams is given by

−
(

2π

κ

)2∮

C

dτ4>...>1

[
M2N〈(η̄ψ)2(ψ̄η)1)〉〈(ψη̄)4(ηψ̄)3〉

F2

−N2M〈(ψη̄)2(ηψ̄)3〉〈(ψη̄)4(ηψ̄)1〉
F3

]
,

(3.94)

where we have already performed the trace over the gauge index. Using the explicit
expression of the fermion propagator given in Appendix A and computing the integrals,
we obtain:

F2 + F3 =
π2

κ2

MN

M +N

(
M +

1

2
N

)
. (3.95)

The last diagram is quite tricky because it involves an integration over the position of
a gauge-spinor-spinor vertex. These diagrams arise from the three cubic monomials in
the second line of (3.87) Wick-contracted with the vertex from the lagrangian (2.44),
i.e

F4 =

(
2π

κ

)2 1

M +N

∫ 2π

0
dτ3>2>1

[
N2M(η1Lγνγ

µγλη̄
L
2 )εµρσẋ

ρ
3 Γνλσ+

+ N2M(η2Lγλγ
µγν η̄

L
3 )εµρσẋ

ρ
1 Γσλν +NM2(η1Lγλγ

µγν η̄
L

3 )εµρσẋ
ρ
2 Γλσν

]
, (3.96)

where we have also performed the trace over all the gauge indices. The function Γλµν

is a short-hand notation which hides the three-point function defined by the integral

Γλµν(x1, x2, x2) =

(
Γ(1

2 − ε)
4π3/2−ε

)3

∂xλ1
∂xµ2 ∂x

ν
3

∫
d3−2εw

(x2
1w)1/2−ε(x2

2w)1/2−ε(x2
3w)1/2−ε . (3.97)

Using the relations in Appendix A for the gamma matrices and for the bilinears (ηγγγη̄),
one can reduce the integral (3.96) into simpler pieces. Since there are a lot of cancella-
tions, it is useful summing up the upper and lower blocks of the loop from the beginning.
Performing the integrals we have

F4↑ + F4↓ = −2
π2

κ2
MN (3.98)

Finally as in the bosonic case, we can sum up all the fermionic contributions from
the two blocks. The total fermionic part of the vev of the circular Wilson loop up to
two-loop is given by

〈W (F )[Ccir.]〉(2) = −1

2

π2

κ2
MN . (3.99)
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Summing up all the contributions

Summing up the bosonic and the fermionic vev’s, and considering the “0-order” of
the perturbation theory namely the traces of the identities in the fundamental repre-
sentations, we obtain the complete Wilson loop

〈W[Ccir.]〉 =1 + 〈W (B)[Ccir.]〉(2) + 〈W (F )[Ccir.]〉(2) + ...

=1− π2

6κ2
(N2 +M2 − 4MN) + ...

=1− π2

6
(λ2

1 + λ2
2 − 4λ1λ2) + ...

(3.100)

where in the last line we have used the ’t Hooft coupling defined in (2.50).

3.4 Non-perturbative results: localization

From the above computations of the vev of circular Wilson loops one can notice a lot of
interesting features as the apparently “magical” cancellations between diagrams. This
fact was a starting point for a deeper analysis of this operator and the more general
families of which it belongs. It turns out that using supersymmetric localization, one
can obtain non-perturbative results for these loop operators in a relatively simple way.

3.4.1 From N = 4 SYM to YM2

As we have seen in Section 3.3.1, the authors of [89] conjectured that the ladder graphs
compute the exact large N behavior of the circular Wilson loop and proposed some
evidence (a 2 loop calculation) to this effect. We will give some arguments supporting
the validity of this result to all orders.

In [90] the authors proposed some arguments to obtain the vacuum expectation
value of the circular Wilson loop from the following Gaussian matrix model for finite
N

〈W (Ccir.)〉 =

〈
1

N
TreM

〉
=

1

Z

∫
[dM ]

1

N
TreM exp

[
−2N

λ
TrM2

]
(3.101)

with solution

〈W (Ccir.)〉 =
1

N
L1
N−1

(
− λ

4N

)
e
λ

8N

=
2√
λ
I1(
√
λ) +

λ

48N2
I2(
√
λ) +

λ2

1280N4
I4(
√
λ) + ...

(3.102)

where Lji are the Laguerre polynomials. At leading order in 1/N we recover the result
(3.75). Notice, indeed, that the matrix model (3.78) is the same of (3.101) in the large
N limit.
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Since we have seen the relation between the 1/2 BPS circular Wilson loop and the
general class of loops on the two-sphere (DGRT), we are interested to know if a general
matrix model at finite N exists for arbitray shape of the loop. The solution to this point
has been conjectured in [75] and [95] where the authors proposed a relation between
Wilson loop in N = 4 SYM and the same operator in the zero-instanton sector of pure
two-dimensional Yang-Mills (YM2).

Let us consider a loop restricted to a unit S2 as in Section 3.1.2.1, where the scalar
coupling reduces to (3.29). Expanding the exponent to second order in the fields and
computing the expectation value will give the contractions of the gauge fields and the
scalars as in (3.68). That combined “gauge+scalar” propagator is not generically a
constant, as in the case of the 1/2 BPS circle, a fact which led to the identification of
that operator with the zero-dimensional Gaussian matrix model of (3.78). But still,
instead of having mass-dimension 2 as expected in a four-dimensional theory, it is
dimensionless. This is the first indication that this effective propagator may serve as a
vector propagator in two dimensions.

To see that this is a vector propagator on S2 we will change coordinates and pa-
rameterize the sphere in terms of complex coordinates z and z̄ as

~x =
1

1 + zz̄
(z + z̄, −i(z − z̄), 1− zz̄) . (3.103)

In these coordinates, the S2 metric takes the Fubini-Study form

ds2 =
4 dzdz̄

(1 + zz̄)2
. (3.104)

For the gauge theory on the sphere consider the Feynman gauge, so the kinetic action
is

L =

√
g

g2
2d

[
1

4
(F aij)

2 − 1

2
(∇iAai )2

]
= −
√
g

g2
2d

(gzz̄)2
[
(∇zÃaz̄)2 + (∇z̄Ãaz)2

]
, (3.105)

where
√
g = −igz̄z. In the last equality we have ignored interaction terms, and the

covariant derivatives are taken with respect to the metric (3.104). The constant g2d is
the coupling in this framework and the propagators are

∆ab
zz(z, w) = δab

g2
2d

2π

1

(1 + zz̄)

1

(1 + ww̄)

z̄ − w̄
z − w ,

∆ab
z̄z̄(z, w) = δab

g2
2d

2π

1

(1 + zz̄)

1

(1 + ww̄)

z − w
z̄ − w̄ ,

(3.106)

The first line of (3.106) satisfies

4

g2
2d

(gzz̄)2∇2
z̄∆

ab
zz(z, w) = δab

1√
g
δ2(z − w) , (3.107)
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and similarly for ∆z̄z̄. By doing the change of variables to the complex coordinates
(3.103), one can then see that the effective propagator agrees with the 2d vector prop-
agators (3.106) when the 2d and Yang-Mills couplings are related by

g2
2d = −2

g2
YM

A
. (3.108)

where A is the total area of the 2-sphere, then g2d has 2 dimensions of mass.

One can associate the gauge field in x to the effective propagator in S2

Ai =
g2

2d

2π

∫
dyj

(
1

2
δij −

(x− y)i(x− y)j
(x− y)2

)
, (3.109)

and the resulting field-strength, gotten by differentiation and projection in the directions
tangent to the sphere, is

Fij = −g
2
2d

2π

∫
ds
−ẏiyj + ẏjyi

(x− y)2
. (3.110)

The associated dual scalar F̃ = 1
2εijkFijxk reads

F̃ = −g
2
2d

2π

∫
ds
εijk ẏ

iyjxk

(x− y)2
= g2

2d

A2

A
. (3.111)

where A2 is the area of the part of the sphere enclosed by the loop and not including
x. Clearly this is a constant unless x crosses the loop. Then it is simple to evaluate the
Wilson loop at the quadratic order using Stokes’ theorem. We get

〈W 〉 = 1− N

4

∫

Σ1

F̃ +O(g4
2d) = 1− g2

2dN
A1A2

4A
+O(g4

2d) , (3.112)

and the result is the product of the areas of the two parts of the sphere separated by the
loop and it clearly does not depend on the order of the y and x integrals. Computing
higher order graphs for loops of arbitrary shape is quite tricky. Two-dimensional YM
is a soluble theory [96, 97] and one can use known results and compare them to some
results in four dimensions, including some strong-coupling results from the AdS dual
of N = 4.

The above perturbative calculation of the Wilson loop in two dimensions is very
similar to the one performed by Staudacher and Krauth in [98]. There the calculation
has been done on the plane exploiting the light-cone gauge, while here we have shown
the calculation on S2 employing a different gauge. One may change to the light-cone
gauge on the sphere by taking Az̄ = 0 and then, using the same prescription, the
propagator for Az would double the one in (3.106). The Staudacher-Krauth propagator
is the flat-space limit of this last one, and it is possible to sum up all the ladders, finding
for the Wilson loop

〈W 〉 =
1

N
L1
N−1

(
g2

2dA1

2

)
exp

[
−g

2
2dA1

4

]
, (3.113)
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where A1 is the area enclosed by the loop. It is equal to the expectation value of a Wilson
loop in the Gaussian matrix model. This expression has an obvious generalization to
S2 with the simple replacement A1 → 4A1A2/A, where the combination of the areas is
the same as appeared in (3.112).

Those formulas do not agree with the exact solution of YM in two dimensions.
In [99] Bassetto and Griguolo showed that (3.113) may be extracted from the exact
result by restricting to the zero-instanton sector following the expansion of [100]. It
was therefore concluded that the perturbative calculation of [98], using the light-cone
gauge, does not capture non-perturbative effects.

The result of the perturbative two-dimensional YM implies that the vev of four-
dimensional Wilson loops is

〈W 〉 =
1

N
L1
N−1

(
− λ
N

A1A2

A2

)
exp

[
λ

2N

A1A2

A2

]
. (3.114)

where the ’t Hooft is λ = g2
YMN . The expansion of this expression to order g2

YM agrees
with the aforementioned result (3.112).

One can notice that with the following rescaling of the coupling constant

λ→ λ̃ = 4λ
A1A2

A2
(3.115)

the vacuum expectation value of any Wilson loop on the sphere is equal to the vev of
the circular Wilson loop with the suitable coupling constant. In particular we are able
to derive the vev’s at large N of the BPS Wilson loops mentioned in Section 3.1.2.1
with the following maps:

〈WDGRT〉 =
2√
λ̃
I1(
√
λ̃)





λ̃ = λ Equator

λ̃ = λ sin2 θ0 Latitude

λ̃ = λ δ(2π−δ)
π2 Wedge

(3.116)

that coincide with the perturbative results of [75]. This result is only a conjecture. In
[37] and [101] Pestun gave an interpretation of this 4d-2d correspondence in terms of
supersymmetric localization.

3.4.1.1 Pestun supersymmetric localization

We consider the same geometrical setup of [101] where, extending the work [37], it was
shown how to use localization in the context of the 1/8 BPS Wilson loops of [74, 75, 95]
to obtain from N = 4 SYM the two-dimensional theory on S2, which was called in [101]
almost 2d Yang-Mills theory. This theory is related to the Yang-Mills-Higgs theory
[102, 103, 104, 105].
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In [101] a set of supersymmetric equations was derived from the appropriate fermionic
symmetry of the Wilson loop operators, and there it was shown that the smooth solu-
tions of these equations are parameterized by certain field configurations on S2.

Let us consider the space-time to be the four-sphere S4, which can be interpreted
as the one-point compactification of R4. Then we represent the S4 as a warped S2×S1

fibration over an interval I, such that the metric takes the form

ds2 = dξ2 + sin2 ξ(dθ2 + sin2 θdφ2) + cos2 ξdτ2. (3.117)

The ξ ∈ [0, π/2] is the coordinate on the interval I, the τ is the coordinate on S1 fiber,
and (θ, φ) are the usual polar coordinates on the S2 fiber. At ξ = 0 the S2 fiber shrinks
to zero size, at ξ = π/2 the S1 fiber shrinks to zero size. The relevant 1/8-BPS Wilson
loops studied in [95, 75, 74, 106, 107, 108, 109] are located at the largest S2 fiber at
ξ = π/2.

The fermionic charge Q used in the localization computation [37] squares to a com-
bination of a U(1) rotation along the S1 direction τ and a rotation in a U(1) subgroup
of the SO(6) R-symmetry of N = 4 SYM. By the arguments introduced in Section
2.3.1, the field theory localizes to the equations Qψ = 0 where ψ are fermionic fields of
the theory. In the N = 4 theory one gets sixteen equations, one for each component
of ψ. Then it can be seen that nine equations tell us that all fields are covariantly
constant along the S1 fiber. At this step the 4d theory localizes to a 3d theory on the
S1 quotient of the S4. This quotient has the topology and the natural metric of the
solid three-dimensional ball with boundary, which we denote as B3. The metric on B3

is given by the first two terms in (3.117), which is just the metric on a three-dimensional
semi-sphere.

The remaining seven supersymmetric equations are 3d equations on B3 for the 3d
gauge field and five scalar fields (one of six scalar fields of N = 4 SYM does not appear
in the 3d equations). The equations are invariant under a diagonal SO(3) subgroup of
SO(3)Lorentz×SO(3)R, where SO(3)R is a subgroup of the SO(6)R R-symmetry group.
The scalars which transform under SO(3)R are denoted by Φ1, Φ2, Φ3 (these are the
three scalars which couple to the 1/8 BPS Wilson loops [74, 95, 75]). The remaining
two scalar fields are labeled as Φ4 and Φ5. It is convenient to represent the Φi scalar
fields as three components of adjoint valued one-form Φ.

Now we want to write down the YM action in the three-dimensional ball B3. Fol-
lowing the arguments of [101], one have

SYM (B3) = Ssusy(B
3) +

π

g2
YM

∫

S2

dΩ Φ2
n (3.118)

where Φn is the normal component to the S2 of the one-form Φ, namely Φn = niΦi

with ni = xi/|x|, and dΩ is the standard volume form of S2. On supersymmetric
configuration Ssusy(B

3) vanishes, thus the N = 4 SYM theory localizes to the two-
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dimensional theory on S2 with the action

S2d =
π

g2
YM

∫

S2

dΩ Φ2
n =

π

g2
YM

∫

S2

dΩ (d∗2dA Φt)
2 (3.119)

where Φt denotes an adjoined-valued one-form on S2 obtained from the components of
Φi tangential to S2. Then for supersymmetric configurations d∗2dA Φt = −Φn.

The Wilson loop operator (3.24) descends to the Wilson loop operator in the two-
dimensional theory

WR[C] = TrRP exp

[∫
(A− i ∗ Φt)

]
= TrRP exp

[∫
ÃC

]
(3.120)

which is the holonomy of the complexified connection ÃC = A− i ∗ Φt.

Let be FÃC
the curvature of ÃC, then

FÃC
= dÃC + ÃC ∧ ÃC = FA − Φt ∧ Φt − idAΦt (3.121)

At the localized configuration we have FA − Φt ∧ Φt = 0, then

dAΦt = iFÃC
(3.122)

Finally the action of the two-dimensional theory (3.119) is equivalent to the action of
the bosonic Yang-Mills for complexified connection ÃC

S2d =
1

2g2
2d

∫

S2

dΩ (∗2dFÃC
)2 (3.123)

where the two-dimensional coupling constant is denoted g2d

g2
2d = −g

2
YM

2π
(3.124)

in agreement with the conjecture of [74, 75, 95].

Since perturbative correlation functions of holomorphic observables do not depend
on deformation of the contour of integration, we conclude that the expectation value of
Wilson loop observables (3.120) perturbatively coincides with the expectation values of
Wilson loops in the zero-instanton sector two-dimensional Yang-Mills.

3.4.2 Localization in ABJ(M) theory

As in the N = 4 SYM case, one is interested to define some tools in ABJ(M) to extract
non-perturbative information from the theory. Also in ABJ(M) theory, the localization
technique plays a central role. As we have seen before, the structure of the theory is
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quite involved, then we don’t know if there is a similar localization procedure as in the
four-dimensional case for the generalized BPS Wilson loop on S2 (see Section 3.2.2.1).

Kapustin, Willett and Yaakov in [38] proposed the following matrix model for the
partition function of the N = 6 superconformal Chern-Simons theory on S3

Z =

∫ N∏

a=1

dλ1a e
iπκλ2

1a

M∏

b=1

dλ2b e
−iπκλ2

2b (3.125)

×
∏N
a<b sinh2(π(λ1a − λ1b))

∏M
a<b sinh2(π(λ2a − λ2b))∏N

a=1

∏M
b=1 cosh2(π(λ1a − λ2b))

where λ1,2 are the ’t Hooft coupling (2.50). They studied also the expectation values

of W1/6
RN and Ŵ1/6

RM in the fundamental representations. These operators are directly
obtained by inserting in (3.125) the functions

w
1/6
N =

1

N

N∑

a=1

e2πλ1a and ŵ
1/6
M =

1

M

M∑

a=1

e2πλ2a (3.126)

corresponding to the U(N) and U(M) pieces respectively. The computation of the 1/2
BPS Wilson loop, in the fundamental representation F , is instead equivalent to the
insertion in (3.125) of the operator [110]

w
1/2
F =

1

N +M

(
N∑

a=1

e2πλ1a +

M∑

a=1

e2πλ2a

)
. (3.127)

As we have seen in Section 3.2.2, a particular combination of the vacuum expectation
values of the two 1/6 BPS Wilson loops are equal to the vev of the 1/2 BPS Wilson
loop (see equation (3.58)) since they are related by a Q-exact term. The localization
procedure implies therefore the same relation and, in particular

〈W1/2
F 〉Z =

N〈W1/6
N 〉Z +M〈Ŵ1/6

M 〉Z
N +M

, (3.128)

where with 〈 〉Z we have denoted the quantum avarages obtained from the matrix
model eq. (3.125). In deriving eq. (3.128) it has been assumed that the regularization
procedure preserves the cohomological relation: it is therefore tempting to analyze the
framing dependence of this result. The 1/6 BPS case was discussed at perturbative level
in [78], employing conventional DRED regularization at framing f = 0. As suggested
in [38], comparing the explicit two-loop expression with the expansion of the matrix
model average at the same order, one discovers that

〈W1/6
N 〉Z = e

iπ
k
N 〈W1/6

N 〉f=0

〈Ŵ1/6
M 〉Z = e−

iπ
k
M 〈Ŵ1/6

M 〉f=0. (3.129)
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Then localization computes the Wilson loop at framing f = 1. The matrix model
average for the 1/2 BPS Wilson loop is given by

〈W1/2
F 〉Z = e

iπ
k

(N−M)〈W1/2
F 〉f=0 . (3.130)

In particular, for the 1/2 BPS circular Wilson loop, the matrix model average [110] can
be expanded perturbatively

〈W1/2
F 〉Z = 1 + i

π

κ
(N −M)− 2

3

π2

κ

2

(N2 − 5

2
MN +M2 − 1

4
) +O(

1

κ3
) (3.131)

Now using the relation (3.130), we can find the vev at framing f = 0, i.e. the outcome
of the perturbative analysis via Feynman diagrams

〈W1/2
F 〉f=0 = 1− π2

6κ2

(
N2 +M2 − 4NM

)
+O(1/κ3) , (3.132)

that corresponds exactly to the expected result of perturbation theory (3.100). Notice
that the relation implies that the 1/2 BPS Wilson loop at framing f = 0 is not given, at
quantum level, by the sum of the two (bosonic) 1/6 BPS Wilson loops. This means, in
particular, that fermionic interactions should play a crucial role, at perturbative level,
to find agreement with the localization procedure.

The complete solution of the matrix model was investigated in [111, 110, 112] to
obtain exact results in the large N limit, producing a non-trivial interpolating function
between the weak and the strong coupling regimes of the theory.
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Chapter 4

The cusp anomalous dimension

In Chapter 3 we have defined the Wilson loop operator and we have studied some
examples of smooth supersymmetric Wilson loops and their properties. In this Chapter
we will explore the case of Wilson loops with a discontinuity in the contour. These
operators have an anomalous dimension called cusp anomalous dimension and we will
see how it is related with a lot of interesting physical quantities.

We will start with a review of renormalization properties of a Wilson loop in section
4.1 also pointing out the main features of its anomalous dimension. This function is
related to a great number of physical observables and plays a central role in the duality
Wilson loops/amplitudes. In Section 4.2 we will construct the cusped Wilson loop
operator in N = 4 SYM and ABJ(M) theories. We will also discuss how to extract the
cusp anomalous dimension from its expectation value.

4.1 Cusped Wilson loop and its anomalous dimension

Let us summarize the renormalization properties of the Wilson loops. In a generic gauge
theory with ultraviolet divergences, the gauge field Aµ and the coupling constant g are
renormalized by multiplicative counterterms. These subtractions do not depend on the
contour C of the loop, then we focus on the divergences inherent to the Wilson loop.

Renormalization properties of smooth Wilson loops are studied by Gervais, Neveu
[113], Polyakov [114] and Vergeles, Dotsenko [115]. They become finite after the cou-
pling renormalization

Ŵ [C] = eεL[C]W [C] (4.1)

where Ŵ is the loop operator after the change g → ĝ and ε stands for the ultraviolet
cutoff used to regularize the Wilson loop. The exponential perimeter factor in (4.1)
is associated with the renormalization of the mass of an heavy test particle propagat-
ing along the loop. It does not emerge in dimensional regularization. An additional
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Figure 4.1: The cusped Wilson line with euclidea angle ϕ

logarithmic divergence appears when the loop has a cusp as it was first observed by
Polyakov in [114].

The cusped Wilson loop, represented in Figure 4.1, has a great number of applica-
tions to physical processes. For instance in QCD, it represents the world trajectory of
a heavy quark which changes its velocity suddenly at the location of the cusp. In that
case, UV (short-distance) divergences associated to each cusp appear. The ultravio-
let divergence is related to the bremsstrahlung radiation of soft gluons emitted by the
quark during its sudden change in velocity. For euclidean kinematics, or when it is away
from the light-cone in Minkowski space, the usual cusped Wilson loop is multiplicatively
renormalizable, as was shown by Brandt, Neri and Sato in [116],

Ŵ [C] = Zcusp(g, ϕ)W [C] (4.2)

where the divergent function Zcusp depends only locally on the contour C through the
cusp angle ϕ defined as

cosϕ =
u · v
|u||v| Euclidean space

coshϕ =
u · v
|u||v| Minkowski space

(4.3)

with uµ and vµ the vectors parametrizing the two rays of the cusp as in Figure 4.1.
The locality of the counterterms persists when there are several cusps with angles ϕi.
In that case, the renormalization function

Zcusp(g, {ϕ1, ..., ϕn}) = Zcusp(g, ϕ1)Zcusp(g, ϕ2)...Zcusp(g, ϕn) (4.4)

factorizes into a product of renormalization factors, one for each cusp. Thus, there are
no “anomalous” divergences that depend non-locally on the contour.

In [117, 118] a renormalisation group equation for Wilson loops with cusps was
derived. It reads (

µ
∂

∂µ
+ β(ĝ)

∂

∂ĝ
+ Γcusp(ĝ, ϕ)

)
Ŵ = 0 (4.5)

where, as in the local operator case presented in 2.1.2.2, the anomalous dimension is

Γcusp = µ
∂

∂µ
logZcusp . (4.6)
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One can derive from (4.5) a renormalization group equation for Zcusp that implies the
exponentiation of the divergent part of the Wilson loop (see a similar case for local
operators in Section 2.1.2.3)

Additional divergences can appear if one considers instead of a closed contour C
an open line. In that case one looses gauge independence, and there are logarithmic
divergences associated to the endpoints. In the following we do not consider these
spurious effects and concentrate on the true cusp divergences. We introduce an UV
regulator ε shielding the tip of the contour and an IR regulator L cutting the infinite
length of the line: the Wilson loop develops a logarithmic divergence of the form

〈W [Ccusp]〉 ∝ e−Γcusp log L
ε . (4.7)

We list some of the important properties of Γcusp:

• It characterizes the IR divergences that arise when we scatter massive colored
particles. Here ϕ is the boost angle between two external massive particle lines.
For each consecutive pair of lines in the color ordered diagram we get a factor
of the form (4.7), where L and ε are respectively an IR and UV regulators. The
angle is given by (4.3). This relation is general for any gauge theory.

• The IR divergences of massless particles are characterized by γcusp which is the
coefficient of the large ϕ behavior of the cusp anomalous dimension in Minkowski
space

Γcusp(g, iϕ)
ϕ→∞−−−→ ϕγcusp (4.8)

This is the anomalous dimension of a light-like, or null, Wilson loop and it was
computed in perturbation theory at weak coupling in [117, 119, 120]. It is also
related [121, 117, 122, 123] to the anomalous dimensions of twist-two conformal
operators [124, 125, 126] with large spin. More recently, in N = 4 SYM it was
studied in[127, 128, 129]. It is determined exactly by an integral equation [130].

• In conformal gauge theories, by the plane to cylinder map, this quantity is identical
to the energy of a static quark and anti-quark sitting on a spatial three sphere at
an angle δ = π − ϕ.

Γcusp(g, ϕ) = V (g, ϕ) (4.9)

see Figure 4.2. In particular, in the small δ limit we get the same answer as the
quark-antiquark potential in flat space computed with the prescription (3.3)

Γcusp(g, ϕ) =
V (g)

δ
with δ → 0 (4.10)

where V (g) is the coefficient of the quark-antiquark potential, for a quark and an
antiquark at distance R in flat space.
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Figure 4.2: The plane-to-cylinder map

• In the small ϕ limit, having Γcusp(g, 0) = 0, the cusp anomalous dimension can be
shown to go as ϕ2 and it is possible to define, in the conformal case, the so-called
Bremsstrahlung function B by

Γcusp(g, ϕ) ∼ −ϕ2B(g) ϕ→ 0 (4.11)

The order ϕ2 correction is related to the energy loss of an accelerated quark. In
N = 4 SYM, B can be computed exactly using localization, see [131] and [132].
Moreover, one can derive a set of integral equations that also determines B linking
localizazion and integrability results.

Another motivation to study the cusp anomalous dimension comes from its relation
with scattering amplitudes. In N = 4 SYM scattering amplitudes are also functions
of the angles between particles and are related to polygonal light-like Wilson loops by
a very powerful duality. Obtaining exact results for the cusp anomalous dimension is
useful to learn about the general structure of the amplitude problem [133, 134, 135].

4.2 Cusped Wilson loop in supersymmetric gauge theories

As we have seen in Section 3.1, the locally supersymmetric Wilson loop includes a
coupling to the scalar fields specified by a direction in the internal space ΘI . The same
behavior is present in the three-dimensional case presented in 3.2. When one wants
to study the cusped Wilson line in supersymmetric field theories, it seems natural to
deform the loop operator adding information about R-symmetry. In practice, defining
in general the direction in the internal space with the six-vector ~Θ, instead of considering
the same vector ~Θ on the two lines that make the cusp, we can take two vectors ~Θ and
~Θ′. This introduces a second angle defined as

cos θ = ~Θ · ~Θ′ (4.12)
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Figure 4.3: The generalized cusped Wilson line.

The anomalous dimension of this cusped loop is the so-called generalized cusp anomalous
dimension Γcusp(g, ϕ, θ) which is a function of two angles θ and ϕ. The generalized
cusp has the same properties of the Γcusp introduced in the previous Section and, for
instance in N = 4 SYM, it characterizes the planar IR divergences that arise when
massive W -bosons scatter. Those massive particles can be obtained by setting some
Higgs vev’s to be non-zero. Then the angle θ is the angle between the Higgs vev’s
associated to consecutive massive particles. This generalized cusp anomalous dimension
was computed in N = 4 SYM to leading and subleading order in weak and strong
coupling in [69] and [136, 137] respectively and in ABJ(M) theory in [83, 138].

Despite the loop operator in general is not BPS, there are some configurations in
which this property still holds. As we have seen the not-deformed loop turns out to be
trivial when the euclidean angle ϕ vanishes, indeed the contour is a BPS straight line.
In the generalized case we have additional possibilities: in fact the loop in Figure 4.3 is
BPS when ϕ = ±θ. In particular, as we will see, in N = 4 SYM the loop is 1/4 BPS
and in ABJ(M) is 1/6 BPS.

The leading order term in the expansion of Γcusp(g, ϕ, θ) around the supersymmetric
value (near BPS expansion) is

Γcusp(g, ϕ, θ) = −(ϕ2 − θ2)H(g, ϕ) +O((ϕ2 − θ2)2) when θ ' ±ϕ (4.13)

The H function turns out to be the same of B(g) in equation (4.11) for ϕ = 0.

In [139, 140] a TBA system of integral equations is derived for Γcusp(ϕ, θ). This is
done via the standard approach of integrability and a limit of those integral equations
computes the function B. Thus the cusp anomalous dimension at small angles allows us
to connect results computed using integrability with results computed using localization
and perturbation theory.
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4.2.1 Cusped Wilson loop in N = 4 SYM

4.2.1.1 The quark-antiquark potential

We first replace the theory on R4 with the theory on S3×R (related by the exponential
map as represented in Figure 4.2). Now consider a pair of antiparallel lines separated
by an angle δ = π − ϕ on S3. For ϕ = 0 the two lines are antipodal and mutually
BPS, while for ϕ → π the lines get very close together. If one “zoom in”, we get a
situation very similar to the original antiparallel lines in flat space. In this framework,
the expectation value of the Wilson loop calculates the effective potential V (g, ϕ, θ)
between a generalized quark-antiquark pair.

The effective potential depends on the ’t Hooft coupling in large N limit and can be
expanded in a perturbative series at weak coupling or in an expansion around a classical
string solution at strong coupling as follows

V (λ, ϕ, θ) = Γcusp(λ, ϕ, θ) =





∑∞
l=1

(
λ

16π2

)l
Γ

(l)
weak(ϕ, θ) λ << 1

√
λ

4π

∑∞
l=0

(
4π√
λ

)l
Γ

(l)
strong(ϕ, θ) λ >> 1

(4.14)

The one-loop result Γ
(1)
weak was found in perturbation theory in [69] and it is

Γ
(1)
weak = −2

cos θ − cosϕ

sinϕ
ϕ ≡ −2ξϕ (4.15)

To check the result one can focus on the BPS case θ = ±ϕ, indeed Γ
(1)
weak(ϕ,±ϕ) = 0

because ξ vanish in BPS limit. One can argue that at a given perturbative order l, we
have

Γ
(l)
weak =

l∑

k=1

ξkf
(l)
k (ϕ) (4.16)

where f
(l)
k (ϕ) are functions of ϕ with uniform trascendentality. This behavior is obvi-

ously compatible with the BPS condition at any perturbative order. As another test,
for large imaginary angle the leading behavior matches the perturbative expansion of
the cusp anomalous dimension γcusp. The second order was computed in [137] in per-
turbation theory, the third order from a leading infrared (soft) divergence of amplitudes
or form factors involving massive particles in [141] for θ = 0. Moreover in [141, 142],
the authors have developed some tools to compute the cusp anomalous dimension in
a limit that selects only ladder diagrams with can be resummed with the help of a
Bethe-Salpeter (this argument will have a central role in Chapter 7 in a ABJ(M)). An
explicit computation of the cusp anomalous dimension at the fourth perturbative order
is given in [143]. All these perturbative computations are in agreement with the expan-
sion (4.16) and with the non perturbative integrability result for γcusp in the light-like
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Figure 4.4: The generalized cusped Wilson line with L operator insertions on the tip.

limit. The strong coupling limit was computed in [137], at the first sub-leading order.
It comes from fluctuations around the classical string solution dual to the Wilson loops
with arbitrary θ and ϕ.

In the limit ϕ → π and θ = 0 the curves approach to two antiparallel lines at a
distance R. With the prescription δ = π − ϕ = R with δ << 1, one recovers from

Γ
(l)
weak and Γ

(l)
strong the usual result for this configuration in two regimes of the coupling.

Recently in [144], the authors have constructed a closed system of equations describing
the quark-antiquark potential at any coupling in planar N = 4 SYM theory based
on the Quantum Spectral Curve (QSC) method. They have studied analytically the
generalized quark-antiquark potential in the limit of large imaginary twist, representing
the angle θ, and have obtained the exact result. The QSC reduces to a one-dimensional
Schroedinger equation establishing a link between the Q-functions and the solution of
the Bethe-Salpeter equation of [141].

4.2.1.2 The cusp anomalous dimension from TBA

Let us consider the problem of computing the anomalous dimension of operators inserted
along a Wilson loop of length T , for example an insertion of L complex scalar fields
Z on the contour in the point τ = 0. The resulting operator is BPS if the inserted
operator does not couple with the loop. The straight Wilson loop is invariant under
dilatations, so we can characterize the operators by their dimension under dilatations.
These operators have dimension ∆0 = L.

The operator ZL can be associated to a spin chain and one can solve the problem of
computing the scaling dimension (for large L) considering virtual magnons propagating
along the chain as we have seen in Section 2.3.2. The new aspect is that the magnons
can be reflected from the boundaries at the end of the chain. To proceed, one need to
determine the boundary reflection matrix to all orders in the coupling. At this stage
one has completely solved the problem for operators with large L. Up to corrections of
order e−(const.)L, one can find the energy by solving the appropriate Asymptotic Bethe
equations of the type (2.88).
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Now one can rotate one of the Wilson line (boundary) by an angle θ, restoring the
generalized cusp system. This rotation will simply act on the indices of the reflection
matrix via a global transformation. This operator is no longer BPS but its energy is
very small when L is very large, i.e. it has zero energy up to e−(const.)L corrections.
These are called Lüscher (or wrapping) corrections.

As a non trivial check one can compute the first correction to the ground state
energy al large L. This correction is given by a Lüscher-type formula. If we want
to restore L to be finite, one have to consider the problem in the mirror picture (see
Section 2.3.2 and Table 2.4). In the mirror theory magnons propagate over a Euclidean
time L (length of the strip) between chains of length T . The two boundary conditions,
now lead to two boundary states that create magnons that propagate along the strip.
The leading order correction at weak coupling is a term proportional to λ1+L. This
has the interesting implication that this leading wrapping correction appears at L + 1
loops, in other words it appears when the range of interaction is bigger than the size
of the spin chain. Thus the leading order of the ground state energy of the spin-chain,
the so-called leading Lüscher term, is [139, 140]

Elead. =

(
λ

16π2

)1+L

Γ
(1+L)
weak (ϕ, θ)

=−
(

λ

16π2

)1+L cos θ − cosϕ

sinϕ

(−1)L(4π)1+2L

(1 + 2L)!
B1+2L

(
π − ϕ

2π

)
+O(λ2+L)

(4.17)

where Bl(x) are the Bernoulli polynomials of degree l. In Chapter 6 we will present
this result from a different point of view. In particular for L = 0, the one loop contri-

bution Γ
(1)
weak of (4.15) comes from such a term. Notice that the leading Lüscher term

also appears surprisingly in a very different subject as the leading Regge limit of the
horizontal ladder diagram in [141].

Finally, one can write down a Thermodynamic Bethe Ansatz equation that describes
the all-loop finite L configuration. This follows the standard route for getting the
energies of states of an integrable field theory with a boundary. The boundary states
are given in terms of the analytic continuation of the boundary reflection matrix. The
TBA system of equations arises from evaluating this exact overlap between the two
boundary states. The resulting Y function is [139, 140]

YQ = 4λQ(cosϕ− cos θ)2 sin2Qϕ

sin2 ϕ
e−(2L+1)ẼQ (4.18)

where ẼQ is the energy of the bound state of the magnon Q. We have seen in Sec-
tion 2.3.2 that the ground state energy of the spin-chain is given by (2.92): given the
Y -function, the energy of the ground state (and in this case the cusp anomaly) is com-
pletely determined (at least in principle). One notable example is the solution of the
TBA for the near BPS limit of the energy that will be the central argument of Chapter
6.
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4.2.1.3 The Bremsstrahlung function

The near-BPS expansion of the generalized cusp is characterized by the function H
defined by the equations (4.13). First we consider the 1/4 BPS Wilson loop introduced
in Section 3.1.2.1 and obeying the matrix model (3.101) with solution (3.114) and
(3.116) at large N . It has a parameter θ0 that is the latitude angle. As we have seen
the vev of the latitude Wilson loop is given by the same expression as the circular one,
but with a redefined coupling constant. In other words

〈W [Cθ0 ](λ)〉 = 〈W [Ccir.](λ̃)〉 (4.19)

Expanding the equation around θ0 = 0, λ̃ ∼ λ(1− θ2
0) (see (3.116)) we have

〈W [Cθ0 ]〉 − 〈W [Cθ0=0]〉
〈W [Cθ0=0]〉 = −θ2

0λ∂λ log〈W [Ccir.](λ)〉 (4.20)

Taking the above derivative is the same as computing the two-point function of the
scalar field inserted into the Wilson loop. This particular two-point function of the scalar
field also gives the expansion of the cusp anomalous dimension around ϕ = θ = 0. One
can relate the derivative of the circular Wilson loop with the derivative of the circular
Wilson loop [131]

B(λ) =
1

2π
λ∂λ log〈W [Ccir.]〉 (4.21)

or, performing the change of the coupling for the latitude, we have

B(λ) = − 1

4π2
∂2
θ0 log〈W [Cθ0 ]〉θ0=0 (4.22)

In the more general case when the BPS condition is θ = ±ϕ 6= 0, one have to deal with
the wedge Wilson loop W [Cϕ]. In this case (3.115) becomes

λ̃ = λ

(
1− ϕ2

π2

)
(4.23)

and the vev of this Wilson loop is then

〈W [Cϕ](λ)〉 = 〈W [Ccir.](λ̃)〉 (4.24)

Deforming one edge of the contour with a displacement in an orthogonal direction and
computing the variation of the vev with respect to this displacement it has been shown
[131]

∂ϕ〈W [Cϕ]〉 = −2H(λ̃, ϕ) = −4
ϕ(

1− ϕ2

π2

)B(λ̃) (4.25)

One can recall the localization result (3.114) for the DGRT Wilson loops and find an
exact solution for he Bremsstrahlung function: we have [131, 132]

B(λ̃) =
1

16π2N

L2
N−1

(
− λ̃

4N

)
− L2

N−2

(
− λ̃

4N

)

L1
N−1

(
− λ̃

4N

) (4.26)
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and in the large N limit

B(λ̃) =
1

4π2

√
λ̃
I2(
√
λ̃)

I1(
√
λ̃)

(4.27)

Notice that the result (4.27) is very similar to the result of the correlation function of a
DGRT Wilson loop and a CPO operator of scaling dimension ∆ = 2 as noticed in [132].
The computation of such a kind of correlators will be the central argument of the next
chapter.

4.2.2 Cusped Wilson loop in ABJ(M)

In view of these developments in the four-dimensional theory, it appears natural to
wonder if similar results could also be obtained for other superconformal gauge theories
with integrable structures, the natural candidate being ABJ(M) (see Section 2.1.5).
Supersymmetric configurations of Wilson loop, supported on straight lines and circles,
were presented and also a localization formula, reducing the computation to an ex-
plicit matrix model average (see 3.4.2). In ABJ(M) the study of the cusp anomalous
dimension is quite tricky: BPS lines and circles appear in two fashions, distinguished
by the degree of preserved supersymmetries. Actually both loops turn out to be in the
same cohomology class, differing by a BRST exact term with respect the localization
complex (see 3.2.2). In this Section we review the perturbative approach for the cusped
Wilson loop in ABJ(M) and the relation between the loop operators and the quantities
studied in four dimensions, namely the quark-antiquark potential, the generalized cusp
anomalous dimension and the Bremsstrahlung function.

4.2.2.1 Cusped Wilson line in perturbation theory

We start by considering the theory on the Euclidean space-time. We shall consider two
rays in the plane (1, 2) intersecting at the origin. The angle between the rays is π− ϕ,
such that for ϕ = 0 they form a continuous straight line. The path is given by the
following parametrization

xµ(τ) = {0, τ cos
ϕ

2
, |τ | sin ϕ

2
}, −∞ ≤ τ ≤ ∞ (4.28)

The couplings to the scalars and the fermions are determined by the relations (3.52)
and (3.54). On the other hand the R-symmetry part of the couplings is arbitrary and
in fact n and n̄ are totally unconstrained (see (3.52)). We can generalize the coupling
with the internal symmetry, choosing a parametrization such that

ni · n̄j =

{
1 i = j

cos θ2 i 6= j
(4.29)

with the indices i, j = 1, 2 refer to the two edges of the cusp.
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(c)(b)(a) (d) (e)(a) F1
(c)(b)(a) (d) (e)(b) B1

(c)(b)(a) (d) (e)

Figure 4. Two loops bosonic diagrams: (a) One-loop corrected gauge propagators; (b) Correlator of two

composite scalar operators; (c) Correlator gauge field composite scalar operator; (d) Chern-Simons vertex

diagrams; (e) Gluon double exchange diagrams.

and it would correspond to a gauge transformation -albeit a singular one. In dimensional

regularization it yields a (✓, ') independent pole in ✏ plus finite terms. Thus its contribution

to the divergent part of the cusp becomes ine↵ective when we impose the renormalization

condition discussed in subsec. 4.1. Consider now the other contribution in (5.3): as firstly

noted in [31] it possesses an unforeseen four-dimensional structure. When the two endpoints

lie on the same edge it is proportional to the the tree-level e↵ective propagator in N = 4

since Tr(M1M2) = 4 and thus it vanishes. When they lie instead on opposite edges it given

the following result
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where the integral governing the divergence is the same of the four dimensional case when

we replace 2✏ with ✏.

Next we examine the graphs 4.(c), 4.(d) and 4.(e). The last one is identically zero for the

same reasons of the one-loop single exchange 3.(a). The diagram 4.(c) for the case of planar

loop was discussed in [31] where it was found to vanish. The same fate is shared by 4.(e)

as pointed out in [26]. Thus the only contribution originating from the bosonic diagram is

provided by (5.4).

5.2 Fermionic diagrams

Figure 5. One-loop corrected fermions

propagators

The simplest fermionic diagram appearing at the

second order in perturbation theory consists of

the exchange of the one-loop corrected fermion

propagator depicted in fig 5.

The one-loop two point function for the spinor

fields is briefly discussed in app. C. Remarkably

it again displays the four dimensional behaviour

already encountered in the bosonic case. Its form

in the DRED scheme is
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Figure 4.5: Fermionic and bosonic contributions to the vacuum expectation value of the cusped
Wilson line in ABJ(M). Notice that every diagram represents a family of graphs
with several fashions depending on the order of the expansion of the edges.

The perturbative computation is quite similar to the circular case analyzed in section
3.3.2. Indeed, using the expansion (3.87), one can compute the contribution to the vev
up to two loops. The evaluation of the diagrams obviously encounter UV divergences
which originate from the part of the integration region where the propagator endpoints
coincide. To tame these divergences one have to use dimensional regularization, namely
the DRED scheme, shifting the dimension to d = 3 − 2ε. Note that this breaks the
conformal invariance introducing a mass scale µ2ε that keeps the action dimensionless.
We will also need an explicit IR regulator L, representing the finite length of the two
rays forming the cusp.

All the non-zero diagrams for the cusped Wilson line up to two loops are depicted in
Figure 4.5. The one-loop contribution, as in the circular case, came from the fermionic
diagram F1 only

F1 =

(
2π

κ

)
µ2ε

∫

τ2<τ1

dτ1dτ2 〈TrN
[
(ηψ̄)1(ψη̄)2

]
〉

=

(
2π

κ

)
MN

(
Γ(1/2− ε)

4π3/2−ε

)
(µL)2ε

[
1

ε

(
cos θ2
cos ϕ2

− 2

)
− 2

cos θ2
cos ϕ2

log
(

sec
(ϕ

2

)
+ 1
)]

.

(4.30)

where propagators and general rules for the fermions and bilinears are in appendix A.

Differently by the four-dimensional case, since the scalar fields have the bilinear
structure CC̄, the first merely scalar contribution arises at two loops. Indeed

B2 = MN2

(
2π

κ

)2 Γ2
(

1
2 − ε

)

16π3−2ε

∫

Γ
dτ1>2

|ẋ1||ẋ2|Tr(M1M2)

((x− y)2)1−2ε
. (4.31)
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and combined with the one-loop correction to the gauge propagator we have:

B1 +B2 =−MN2

(
2π

κ

)2 Γ2
(

1
2 − ε

)

4π3−2ε

(
cosϕ− cos2 θ

2

)∫ L

0
dτ1

∫ 0

−L
dτ2

1

((x− y)2)1−2ε

=− g(ε)

(
cosϕ− cos2 θ

2

)
1

ε

ϕ

sinϕ
(4.32)

where we have used the short-hand notation

g(ε) = MN

(
2π

κ

)2 Γ2
(

1
2 − ε

)

16π3−2ε
(µL)4ε (4.33)

The diagram F2 in proportional to (N−M) then when we will sum the traces in the two
blocks of the observable, it vanishes. The double exchange diagrams F3 and the vertex
diagrams F4 are more subtle: the computation of their divergent part is discussed in
detail in [83]:

F1 + F2 = +
g(ε)

2ε2

(
cos θ2
cos ϕ2

− 2

)2

+
2g(ε)

ε

cos θ2
cos ϕ2

(
2− cos θ2

cos ϕ2

)
log
(

sec
ϕ

2
+ 1
)

+
2g(ε)

ε
log
(

cos
ϕ

2

)( cos θ2
cos ϕ2

− 1

)
− (B1 +B2) +O(1).

(4.34)

Summing up all the results we obtain the upper-left block of the bare observable. The
final result appears surprising since in the limit ϕ = θ = 0 a non-vanishing and diver-
gent result persists, contradicting the naive expectation that the BPS infinite line is
trivial. To understand the result and to extract from it the truly gauge-invariant cusp
divergence, one have to deal with the renormalization of (cusped) Wilson loops in gauge
theories (we extensively discuss this point in Chapter 7). The renormalized upper-left
block of the observable is (we will consider from now on the case N = M)

WRen.
↑ =1 +

(
2π

κ

)
N

(
Γ( 1

2 − ε)
4π3/2−ε

)
(µL)2ε

[
1

ε
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cos θ2
cos ϕ2

− 1

)
− 2

cos θ2
cos ϕ2

log
(

sec
(ϕ

2

)
+1
)
+ log 4

]

+

(
2π

κ

)2
N2

(
Γ
(

1
2 − ε

)

4π3/2−ε

)2

(µL)4ε

[
1

ε
log
(

cos
ϕ

2

)2
(

cos θ2
cos ϕ2

− 1

)
+O(1)

]
, (4.35)

and the final result for the traced operator can be find summing up the two blocks (that
are actually equal at this order) as

WRen.
+ =

1

2
(WRen.
↑ +WRen.

↓ ) (4.36)

The quark-antiquark potential is recovered by taking the limit ϕ→ π and following the
prescription of [137]

VN (R) =
N

k

1

R
−
(
N

k

)2 1

R
log

(
T

R

)
. (4.37)
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We observe a logarithmic, non-analytic term in T/R at the second non-trivial or-
der that, as in four dimensions, is expected to disappear when resummation of the
perturbative series is performed. We can also perform the opposite limit, taking large
imaginary ϕ, and we recover the universal cusp anomaly

γcusp =
N2

k2
, (4.38)

that is the result obtained directly from the light-like cusp [145].

4.2.2.2 The Bremsstrahlung function

As in four-dimensions, one can study the cusp anomalous dimension around its BPS con-
figuration. In [146], the authors proposed an expression for the all-loop Bremsstrahlung
function associated to 1/6 BPS lines, that as we have seen are purely bosonic. They
considered the planar limit and the BPS point ϕ = 0:

B1/6 =
1

4π2
∂m log〈Wm〉

∣∣
m=1

(4.39)

where Wm is the 1/6 BPS Wilson loop wrapping the great circle of the S3 wound
m times. 〈Wm〉 has been computed exactly through localization and the resulting
Bremsstrahlung function can be expanded at weak and strong coupling

B1/6 =
λ2

2
− π2λ4

2
+

47π4λ6

72
− 17π6λ8

18
+ ... λ << 1

B1/6 =

√
2π2λ

4π2
− 1

4π2
+

(
1

4π2
− 5

96

)
1√

2π2λ
+ ... λ >> 1

(4.40)

One could also consider the Bremsstrahlung function associated to 1/2 BPS lines and
trying to use some kind of latitude Wilson loop to perform an exact computation, as
it has been done in N = 4 SYM. In 3.2.2.1 a “DGRT-like” extension of the Wilson
loops in ABJ(M) has been obtained: by exploiting that construction, a Bremsstrahlung
function for the 1/2 BPS cusped Wilson line in ABJM has been proposed in [85]

B1/2 =
1

4π2
∂ν log〈WF (ν)〉

∣∣
ν=1

; (4.41)

here ν is a parameter describing the position of the latitude in space-time and in R-
symmetry space (ν = 1 corresponds to the 1/2 BPS circle). The above proposal was
supported by perturbative computations and, using the cohomological equivalence be-
tween 1/6 BPS and 1/2 BPS loops, the previous prescription can be rephrased in terms
of bosonic Wilson loops WB: a prediction for B1/2 at strong and weak coupling is then
possible

B1/2 =
λ

8
− π2

48
λ3 +

π4

60
λ5 − 841π6

40320
λ7 + ... λ << 1

B1/2 =

√
2λ

4π
− 1

4π2
− 1

96π

1√
2λ

+ ... λ >> 1

(4.42)
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In [138] and in [86] this result has been checked at strong-coupling, from string the-
ory, at leading and one-loop order respectively. We are currently trying to check the
weak coupling expansion against a direct three-loop evaluation of the 1/2-BPS cusp
anomalous dimension. This work is in progress [147].
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Chapter 5

Correlators of Wilson loops and
chiral primary operators

In Section 3.1.2.1, we have seen that in N = 4 SYM, one can define a particular family
of supersymmetric Wilson loops lying on a two-sphere S2 embedded into the Euclidean
spacetime. These operators are generically 1/8-BPS and, with supersymmetric local-
ization arguments, one finds that their quantum correlators is reproduced exactly by a
purely perturbative calculation in bosonic 2D Yang-Mills. The computation in the two-
dimensional theory can be exactly mapped to simple Gaussian multi-matrix models,
leading to an explicit evaluation of the correlators. The relation to 2D YM has been
thoroughly checked [109, 148, 108, 149] and extended to the inclusion of ’t Hooft loops
[150].

More generally localization should apply not only to the Wilson and ’t Hooft loops,
but to a whole sector of operators that are annihilated by shared supercharges. Fur-
thermore it should concern a family of chiral primary operators inserted on S2 [106],
leading to exact results for their correlators also in presence of Wilson loops. The corre-
lation function of a local operator and a Wilson loop in this sector was firstly computed
in [106], supporting and extending the original conjecture of [151] for the correlator of
a 1/2-BPS Wilson loop and a chiral primary (see also [152] for the study of the 1/4
BPS case). The correspondence with the zero-instanton sector of two-dimensional YM
was checked at tree level, finding consistency with the localization result. In a further
development [153] the investigation of the protected sector was extended to the realm of
three-point functions mapping the correlator to a Gaussian three-matrix model. Large
R-charge and strong coupling limits were also explored, in order to make contact with
the string picture, and interesting results have been obtained considering one ”heavy”
and one ”light” primary [154, 155]. These calculations should be considered impor-
tant for recent advances on three-point functions study through AdS/CFT duality and
integrability [156].
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In this Chapter we will study the same correlation functions, considered in [106],
through the conventional diagrammatic expansion. In Section 5.1 we recall the multi-
matrix model describing the correlation functions of Wilson loop and local operators.
In Section 5.2 we outline the computation of the correlation function between a chiral
primary inserted at the north-pole and a latitude Wilson loop: in particular we organize
the diagrams and write down the result for the building blocks that cancel among
themselves. In Section 5.3 we consider the case of a chiral primary in an arbitrary
position. We show that, computing the expectation value of the ladder diagrams, a
position dependent term arises. In this case it is crucial that the sum of interaction
diagrams does not vanish but exactly cancels the unexpected contribution, reproducing
the matrix-model answer. This Chapter is based on [157].

5.1 Correlation function on S2 as Gaussian multi-matrix
model

The Wilson loops that we consider in this Chapter are generically 1/8-BPS operators
constructed in [75] and introduced in Section 3.1.2.1. They are supported on arbitrary
closed curves on a S2 embedded into the Euclidean four-dimensional space. The relevant
two-sphere is defined in Cartesian coordinates as

x4 = 0,
3∑

i=1

x2
i = R2. (5.1)

In the following we will take R = 11. For any contour C parametrized by xµthe explicit
form of the operator is given by (3.30).

This is not the end of the story: we can also insert an arbitrary number of local
operators on the same S2 still preserving two supercharges. The local operators doing
the job are the following

OJ(x) =

(
2π√
λ

)J 1√
J

Tr
(
xkΦ

k(x) + iΦ4(x)
)J
. xk ∈ S2 , k = 1, 2, 3. (5.2)

They are of course ordinary chiral primaries, the orientation in the scalar space being
simply correlated with the position of the insertion on S2. The two-point function
of these operators is position independent, as can be easily shown from the direct
definition, and it holds

〈OJ(x)OJ ′(x)〉 = δJJ ′ . (5.3)

More generally all the n-point functions 〈OJ1(x1)OJ2(x2)...OJn(xn)〉 are position inde-
pendent [158] and tree-level exact. Any collection of these operators on S2 also preserves
four supercharges. In presence of the Wilson loops (3.30), the system becomes invariant

1 The dependence from the radius of the two-sphere can be easily reintroduced.
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under two supercharges [106] and mixed correlation functions of Wilson loops and local
operators can depend non-trivially on the coupling constant, as we will discuss in the
next sections. The two preserved supercharges can be combined [106] to obtain the
fermionic charge used in the localization procedure of [101]. Mixed correlators of Wil-
son loops and local operators should therefore be exactly computed by the perturbative
sector two-dimensional Yang-Mills theory on S2 [99], according to the proposal of [75].

Two-dimensional Yang-Mills theory can be exactly solved on any Riemann surface,
both using lattice [159] and localization [160] techniques and its zero-instanton sector
is described by certain Gaussian matrix models [107]. The relevant four-dimensional
correlators can be mapped to

〈WR1 [C1]WR2 [C2]...OJ1(x1)OJ2(x2)...〉

=
1

Z

∫
[dX][dY ]TrR1e

X1TrR2e
X2 ...TrY J1

1 TrY J2
2 ...eS[X,Y ],

(5.4)

where the matrix model action S[X,Y ] is a quadratic form in Xi,Yi with coefficients
depending on the areas singled out by the Wilson loops and the topology of the system.
We remarks that localization, and consequently the matrix model description, does not
need the large N limit.

The special case of (5.4) where one consider a single Wilson loop have been studied
and checked in the previous sections. In [108, 149] correlators of two Wilson loops
were considered and explicit computations at order g6

YM
have confirmed the matrix

model result. The generic n-point function for local operators has been studied in [106]
where also the mixed correlator between a Wilson loop and a local operator has been
computed and studied in different regimes. Three-point functions have been instead
carefully scrutinized in [153], expecially at strong coupling and in relation with string
computations. Here we concentrate our attention on the mixed two-point correlators:

〈WR[C]OJ(x1)〉 =
1

Z

∫
[dX][dY ]TrReXTrY Je

− A2

2g
YM

Tr
(
A1
A2
Y 2− 2i

A2
XY
)
. (5.5)

Here A1,2 are the areas single out by the loop on S2 with A = A1 + A2 and the local
operator is inserted into A1.

Taking the trace of the Wilson loop (3.30) in the fundamental representation and
considering the large N limit, the matrix integral (5.5) can be readily done obtaining

〈WR[C]OJ(x1)〉 =
1

N

√
J

2J

(
A2

A1

)J
2

IJ(
√
λ̃), (5.6)

where λ̃ = 4λA1A2/A
2. We will check this expression at second order in perturbation

theory. For loops of arbitrary shape and arbitrary operator insertion this result can-
not be recovered simply by resumming the ladder exchanges. On the other hand, to
perform a concrete computation, we must limit ourselves to some particular configura-
tion, keeping enough generality to observe non-trivially emerging of the matrix model
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answer. We will consider two cases: in the first one the operator is inserted at the
north pole and the loop is placed at an arbitrary latitude. Propagators are constant
and interactions should cancel. We then consider a second configuration, where the
operator is inserted at an arbitrary point and the loop is wrapped at the equator: here,
as we will see, interactions are expected to contribute non-trivially to the final result.
In both cases we consider the large N limit, in which just planar contributions are taken
into account. The inclusion of non-planar terms do not change the cancellation pattern
and just modify, at subleading order in N , the final result, as expected from the matrix
model picture.

5.2 Perturbative computations I: latitude Wilson loop with
an operator insertion at the north-pole of S2

We begin by considering the correlation function between a Wilson loop lying on a
latitude of S2 and a chiral primary operator inserted at the north pole. In our coordinate
system the north pole is xN = (0, 0, 1, 0) and, as a consequence, the CPO operator
assumes a very simple form because just two scalars (Φ3,Φ4) appear in its explicit
expression. It is useful instead to write the Wilson loop through a generalized connection

W [C] =
1

N
TrP exp

∮
dτ A(x(τ)), (5.7)

where A(x(τ)) is the connection introduced in (3.40)

A(x(τ)) = (iAµẋ
µ + sin2 θ0 Φ3 − sin θ0 cos θ0(sin τ Φ2 + cos τ Φ1)). (5.8)

Here θ0 is the latitude angle in standard polar coordinates and for symmetry reasons
we will restrict its range to [0, π/2]. The position on the latitude is parametrized
by τ , ranging from 0 to 2π, and we will denote, in the case of multiple integrations,
x(τi) = xi, ΦI(xi) = ΦI

i and A(xi) = Ai. Using the usual propagators in appendix A,
one can notice that the effective propagators entering the actual computation do not
depend on the positions along the latitude. More explicitly

〈Aabi Acdj 〉 =
λ̃

16π2

δadδbc

N
,

〈Aabi ΦI cd(xN )〉 =
λ̃

16π2

δI3
1− cos θ0

δadδbc

N
,

(5.9)

where λ̃ = 4λA1A2/A
2 = λ sin2 θ0 for this loop.

5.2.1 Ladder contribution I

Ladder diagrams are the easiest class of perturbative contributions to our correlation
function and as in [89], we are able to resum their expectation value to all loop. As the
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......

xN

Figure 5.1: A typical ladder diagram for latitude-north pole correlation function.

generalized connection does not depend on the scalar field Φ4 (see (5.8)), the operator
OJ effectively reduces to

OJ(xN ) =

(
2π√
λ

)J 1√
J

Tr
(
Φ3
N

)J
, (5.10)

where we use the notation Φ3
N = Φ3(xN ).

We have

〈W [C]OJ(xN )〉ladder =
1

N

∞∑

n=0

∫ 2π

0
dτ1...

∫ τ2n+J−1

0
dτ2n+J 〈Tr(A1...A2n+J)OJ(xN )〉,

(5.11)

where n counts the number of ladder insertions in the Wilson loop. Using the effective
propagators (5.9) we get

〈Tr(A1...A2n+J) Tr(Φ3
N )J〉 =

(
λ̃

16π2

)n+J (
1

1− cos θ0

)J
Ntot, (5.12)

where Ntot is the total number of planar graphs. Any such diagram originates from
Wick contractions of this kind

A
1

2s1︷ ︸︸ ︷
A

2
...A

2s1+1
A

2s1+2

2s2︷ ︸︸ ︷
A

2s1+3
...A

2s1+2s2+2
...//...

2sJ−1︷ ︸︸ ︷
A

2n+J−2sJ−1
...A

2n+J−1
A

2n+J

J︷ ︸︸ ︷
Φ3
N

Φ3
N
...//...Φ3

N

(5.13)

where
∑J−1

i=1 si = n and the 2s generalized connections Ai under the brackets have to
be contracted among themselves. According to [89], as we have seen in Section (3.3.1),
the number of these planar contractions is

Ns =
(2s)!

(s+ 1)!s!
. (5.14)

Therefore the total number of planar graphs is

Ntot = (2n+ J)
n∑

s1=0

Ns1

n−s1∑

s2=0

Ns2

n−s1−s2∑

s3=0

...//...

n−∑J−2
i=1 si∑

sJ−1=0

NsJ−1Nn−∑J−2
i=1 si−sJ−1

,

(5.15)
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where the factor (2n + J) comes from the cyclicity of the trace. Using the recurrence
relation (3.72), we can perform the sum over sJ−1, obtaining

(2n+ J)

n∑

s1=0

2s1!

s1!(s1 + 1)!

n−s1∑

s2=0

2s2!

s2!(s2 + 1)!

n−s1−s2∑

s3=0

...//...

×



n−

∑J−3
i=1 si+1∑

sJ−2=0

NsJ−2
Nn−

∑J−3
i=1 si+1−sJ−2

− (2n− 2
∑J−3
i=1 si + 2)!

(n−∑J−3
i=1 si + 1)!(n−∑J−3

i=1 si + 2)!


 .

(5.16)

Iterating this process (J − 3)-times, we get

Ntot =
J(2n+ J)!

n!(n+ J)!
. (5.17)

Substituting this result into the (5.12) and performing the trivial integrations, we can
write

〈W [C]OJ(xN )〉ladder =
1

N

√
J

2J

(
A2

A1

)J/2 ∞∑

n=0

1

n!(n+ J)!

(√
λ̃

2

)2n+J

=
1

N

√
J

2J

(
A2

A1

)J/2
IJ(
√
λ̃).

(5.18)

where A2
A1

= cot2 θ0
2 . Thus the sum of all ladder contribution reproduces the localization

result (5.6).

In the following we will restrict our investigation to the case J = 2 and at order λ2.
This choice will simplify our analysis and at two-loop level does not represent a real
limitation: no new class of perturbative diagrams would enter the computation and the
general case should be tamed by simple combinatorics. Indeed the ladder contribution
for J = 2 at order λ2 is

〈W [C]O2(xN )〉ladder =
1

N

λ̃2

192
√

2

(
A2

A1

)
, (5.19)

5.2.2 Interacting contributions I

We discuss now the effect of interaction vertices to the correlation function at order λ2:
it is the crucial part of the computation. We expect indeed that their total contribution
sums to zero since, for the particular configuration we are considering, ladder diagrams
are enough to recover the matrix model expression, as shown by (5.19) and in general
by (5.18). The different interacting diagrams are grouped in four classes, denoted by H,
X, IY and O, symbols that actually resemble their graphical form (see Figure (5.2)).
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x1 x3

(c)

xN

x2
x1

(d)

Figure 5.2: Diagrams with interaction vertices at order λ2: (a) H-contribution, (b) X-
contribution, (c) IY-contribution and (d) O-contribution; z and w denote the po-
sition of interaction vertices.

The H-contribution: We first consider the diagrams of type H: the interaction
vertices are connected here by a gluon propagator and its form is

− 2

(2π)2λ

∫ 2π

0

dτ1

∫ τ1

0

dτ2

∫
d4z d4w D(z − w) 〈Tr(A1A2) Tr(ΦIz∂

µ
z ΦIz[Φ

J
w, ∂

µ
wΦJw]) O2(xN )〉,

(5.20)

where D(x− y) = 1
(x−y)2 . Due to the explicit form of the CPO and of the Wilson loop

we have non vanishing contributions from I = J = 3. Defining the composite operator
O2(xN ) via point-splitting

(Φ(xN ))2 = lim
y1→xN
y2→xN

Φ(y1)Φ(y2), (5.21)

a straightforward manipulation leads to

H =
λ̃2

22
√

2(2π)8N

∫ 2π

0
dτ1

∫ τ1

0
dτ2

∫
d4z d4wD(z − w)

×
[(
∂x1 − ∂y1

)
·
(
∂x2 − ∂y2

)
D(z − y1)D(w − y2)D(z − x1)D(w − x2)

+

(
∂x2 − ∂y1

)
·
(
∂x1 − ∂y2

)
D(w − y1)D(z − y2)D(z − x1)D(w − x2)

]

=
(2π)2λ̃2

22
√

2N

∫ 2π

0
dτ1

∫ 2π

0
dτ2 (∂x1 − ∂y1) · (∂x2 − ∂y2) H(x1, y1;x2, y2).

(5.22)
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Here we have used the symmetry z ↔ w, symmetrized the expression in the exchange
x1 ↔ x2 and defined

H(x1, x2;x3, x4) =

∫
d4z d4w

(2π)10
D(z−x1)D(z−x2)D(z−w)D(w−x3)D(w−x4). (5.23)

Taking advantage of the identity [161]

(∂x1−∂y1) · (∂x2 − ∂y2) H(x1, y1;x2, y2)

=
1

(x1 − y1)2(x2 − y2)2

[
X (x1, y1, x2, y2)

(
(x1 − x2)2(y1 − y2)2 − (x1 − y2)2(x2 − y1)2

)

+
1

(2π)2

(
G(x1;x2, y2)− G(y1;x2, y2) + G(x2;x1, y1)− G(y2;x1, y1)

)]
,

(5.24)

where

G(x1;x2, x3) = Y(x1, x2, x3)[(x1 − x3)2 − (x1 − x2)2],

X (x1, x2, x3, x4) =
1

(2π)8

∫
d4z

(z − x1)2(z − x2)2(z − x3)2(z − x4)2
,

Y(x1, x2, x3) =
1

(2π)6

∫
d4z

(z − x1)2(z − x2)2(z − x3)2
≡ I1(x1 − x3, x2 − x3),

(5.25)

and setting y1 = y2 = xN we arrive at

H =− λ̃2

22
√

2N

∮
dτ1dτ2 X (x1, xN , x2, xN )+

+
λ̃2

22
√

2N

1

1− cos θ0

∮
dτ1dτ2

[
I1(x1 − xN , x2 − xN ) + I1(0, x2 − xN )

]

− λ̃2

23
√

2N

1

(1− cos θ0)2

∮
dτ1dτ2 I1(x1 − x2, xN − x2) (x1 − x2)2.

(5.26)

The X-contribution: The X diagram comes entirely from the four-point scalar ver-
tex

1

2λ

∫ 2π

0

dτ1

∫ τ1

0

dτ2

∫
d4z 〈Tr(A1A2) Tr([ΦIz,Φ

J
z ]2) O2(xN )〉. (5.27)

The only non vanishing terms arise from Ai = Φ3
i and I, J = 3, 4, giving directly

X =
(2π)2λ̃2

22
√

2N

∫ 2π

0
dτ1

∫ 2π

0
dτ2 X (xN , xN , x1, x2). (5.28)
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The IY-contribution: We examine the most elaborate part of the two-loop compu-
tation, involving the presence of three distinct contour integrations

i2

3λ

∮
dτ1dτ2dτ3 η(τ1, τ2, τ3)

∫
d4z 〈Tr(A1A2A3) Tr(∂νzΦz[A

ν
z ,Φz]) O2(xN )〉, (5.29)

where to take into account the appropriate ordering we have defined

η(τ1, τ2, τ3) = θ(τ1 − τ2)θ(τ2 − τ3) + cyclic permutations. (5.30)

Computing the contractions we get

IY =− λ̃2

22
√

2N

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 D(x1 − xN )

×
∫

d4z

(2π)6
D(x2 − z)

[
D(xN − z)∂zD(x3 − z)− ∂zD(xN − z)D(x3 − z)

]
,

(5.31)

with
ε(τ1, τ2, τ3) = η(τ1, τ2, τ3)− η(τ2, τ1, τ3). (5.32)

Performing an integration by parts, we can rewrite IY as

IY =
λ̃2

22
√

2N

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 D(x1 − xN )(2∂3 + ∂2)Y(x2, x3, xN )

=
λ̃2

22
√

2N

1

1− cos θ0

{∮
dτ1dτ3

[
I1(x1 − xN , x3 − xN )− I1(0, x3 − xN )

]

+

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 ∂3 I1(x3 − xN , x2 − xN )

}
,

(5.33)

where we have used

∂

∂τ2
ε(τ1, τ2, τ3) = 2(δ(τ2 − τ3)− δ(τ1 − τ2)). (5.34)

The triple integral can be massaged exploiting the trivial identity

λ̃2

22
√

2N

1

1− cos θ0

∮
dτ1dτ2dτ3

d

dτ2

[
ε(τ1, τ2, τ3) I2(x3 − xN , x2 − xN )

]
= 0, (5.35)

where the function I2 is defined in the appendix A. Upon subtracting (5.35) to (5.33)
we obtain

IY =
λ̃2

22
√

2N

1

1− cos θ0

{∮
dτ1dτ3

[
I1(x1 − xN , x3 − xN )− I1(0, x3 − xN )

]

−2

∮
dτ1dτ3

[
I2(x3 − xN , x3 − xN )− I2(x3 − xN , x1 − xN )

]

+

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 Vµ(x3 − xN , x2 − xN )

}
,

(5.36)
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with
V µ(x, y) ≡ ∂µx I1(x, y)− ∂µy I2(x, y). (5.37)

With the help of equation (A.15) we find

ẋµ2 Vµ(x3 − xN , x2 − xN ) = − 1

32π4(x3 − xN )2

d

dt2

[
Li2

(
1− (x3 − x2)2

(x2 − xN )2

)

+
1

2
log2

[
(x3 − x2)2

(x2 − xN )2

]
− 1

2
log2

[
(x3 − x2)2

(x3 − xN )2

]]
.

(5.38)

Inserting this result into (5.36) and integrating by parts we arrive at the final expression

IY =
λ̃2

22
√

2N

1

1− cos θ0

{∮
dτ1dτ3

[
I1(x1 − xN , x3 − xN )− I1(0, x3 − xN )

]

−2

∮
dτ1dτ3

[
I2(x3 − xN , x3 − xN )− I2(x3 − xN , x1 − xN )

]

− 1

26π4

1

1− cos θ0

∮
dτ1dτ3

[
Li2

(
1− sin2 θ0

1− cos θ0
(1− cos τ31)

)
− π2

6

]}
,

(5.39)

where τij = τi − τj .

The O-contribution: The last interacting diagram comes from the self-energy of the
scalar propagator: borrowing directly the result from [89], we write down

O = − λ̃2

2
√

2N

1

1− cos θ0

∮
dτ1dτ2 I1(0, x2 − xN ). (5.40)

5.2.3 Summing up interactions I

Adding up the contributions of all the interacting diagrams we obtain:

〈W [C]O2(xN )〉int = H + O + X + IY =

− λ̃2

23
√

2N

1

(1− cos θ0)2

∮
dτ1 dτ2 I1(x1 − x2, xN − x2) (x1 − x2)2

+
λ̃2

2
√

2N

1

1− cos θ0

∮
dτ1 dτ2

[
I1(x1 − xN , x2 − xN ) + I2(x2 − xN , x1 − xN )

]

− λ̃2

2
√

2N

1

1− cos θ0

∮
dτ1 dτ2

[
I2(x2 − xN , x2 − xN ) + I1(0, x2 − xN )

]

− λ̃2

28π4
√

2N

1

(1− cos θ0)2

∮
dτ1dτ2

[
Li2

(
1− sin2 θ0

1− cos θ0
(1− cos τ21)

)
− π2

6

]
.

(5.41)
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Remarkably, no triple contour integration is present in this final expression. The inte-
grals in (5.41), denoted by P1,2,3,4, are evaluated in appendix B.1. Using these results
we find

〈W [C]O2(xN )〉int = − λ̃2

23
√

2N

1

(1− cos θ0)2

[
P1 −

1− cos θ0

4
(P2 − P3) +

P4

25π4
− 1

3 · 24

]
= 0

(5.42)

for any θ0, as expected. We confirm therefore that at order λ2, the correlator of the
latitude Wilson loop with O2 at the north-pole is

〈W [C]O2(xN )〉 = 〈W [C]O2(xN )〉ladder =
1

N

λ̃2

192
√

2

(
A2

A1

)
. (5.43)

5.3 Perturbative computations II: equator Wilson loop
with an operator insertion at an arbitrary point of
S2

In this Section we consider the correlation function of a Wilson loop shaped on the
equator of S2 (3.35) and the CPO operator (5.2) inserted on the sphere at the point
xO = (sinφ, 0, cosφ) (one of the coordinates can be taken to zero by symmetry reasons).
Without loss of generality, we also assume that the operator is located in the north
hemisphere, and we consider 0 ≤ φ ≤ π/2. Thus the CPO depends on the three scalars
ΦI , with I = 1, 3, 4 and the Wilson loop is written as an integral of the generalized
connection as in (5.7) with

A(x(τ)) = (iAµẋ
µ + Φ3). (5.44)

The effective propagators are now the following:

〈Aabi Acdj 〉 =
λ

16π2

δadδbc

N
,

〈Aabi ΦI cd(xO)〉 =
λ

16π2
f(τi) cosφ

δadδbc

N
δI3,

(5.45)

where

f(τi) =
1

1− sinφ cos τi
. (5.46)

Notice that a new and relevant feature appears in this case: effective propagators con-
necting the CPO and the Wilson loop depend explicitly on the integration parameters
τi. As we will see soon, this aspect complicates considerably the computations and, cru-
cially, destroys the naive matrix model picture based on summing up ladder diagrams
and neglecting interaction vertices. Unfortunately we will not able to perform all the
calculations analytically and we will resort to numerical integration for one particular
contribution. We again limit ourselves to CPO with J = 2.
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5.3.1 Ladder contribution II

xO

x2

x3

x1

x4

Figure 5.3: Ladder diagram for equator-arbitrary point correlation function at order λ2.

At the order λ2, the ladder contribution arises from

〈W [C]O2(xO)〉ladder =
1

N

∫ 2π

0
dτ1

∫ τ1

0
dτ2

∫ τ2

0
dτ3

∫ τ3

0
dτ4 〈Tr(A1A2A3A4)O2(xO)〉.

(5.47)
By performing the contractions and using (5.45), we find

λ2 cos2 φ

29
√

2π4N

∫ 2π

0

dτ1...

∫ τ3

0

dτ4

[
f(τ1)f(τ4) + f(τ1)f(τ2) + f(τ2)f(τ3) + f(τ3)f(τ4)

]
. (5.48)

By simply changing the integration order, we can evaluate two integrals, ending up with

λ2 cos2 φ

29
√

2π4N

∫ 2π

0

dτ1 f(τ1)

∫ τ1

0

dτ2 f(τ2)

[
(τ1 − τ2)2 + 2π2 − 2π(τ1 − τ2)

]

=
λ2 cos2 φ

29
√

2π4N

[
J2J0 − J 2

1 + π2J 2
0 − 2πJ1J0 + 4πJ̃

]
,

(5.49)

where Jn e J̃ are defined and computed in appendix B.2. Using these results we get

〈W [C]O2(xO)〉ladder =

=
λ2

192
√

2N
− λ2

26
√

2π2

[
log

(
2σ

1 + σ

)2

+ log

(
1 + σ

2

)2

+ 2Li2

(
1− σ

2

)
+ 2Li2

(
σ − 1

2σ

)]
,

(5.50)

where σ =
√

1+sinφ
1−sinφ .

The first term in the above expression already gives the matrix model result, i.e.
the second order term in the expansion of the Bessel function I2(

√
λ). Therefore the

remaining term

L ≡ − λ2

26
√

2π2

[
log

(
2σ

1 + σ

)2

+log

(
1 + σ

2

)2

+2Li2

(
1− σ

2

)
+2Li2

(
σ − 1

2σ

)]
(5.51)

should cancel the interacting contributions.
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Figure 5.4: Diagrams with interaction vertices at order λ2: (a) H-contribution, (b) X-
contribution, (c) IY-contribution and (d) O-contribution; z and w denote the po-
sition of interaction vertices.

5.3.2 Interacting contributions II

We attempt here the computation of the diagrams containing interaction vertices: due
to the asymmetry of our configuration we will not be able to obtain an expression only
in terms of double-integrals, as in the previous case. We have truly to face triple contour
integrations, and moreover part of the job must be done numerically.

The H, X and O contributions: The procedure to evaluate the diagrams H, O e
X is very similar to the previous case. Their structure remains basically unchanged,
the only relevant difference being the appearance of contour dependent propagators.
We get

H =− (2π)2λ2 cos2 φ

22
√

2N

∮
dτ1dτ2 X (x1, xO, x2, xO)

+
λ2 cos2 φ

22
√

2N

∫ 2π

0
dτ1 f(τ1)

∫ 2π

0
dτ2

[
I1(x1 − xO, x2 − xO) + I1(0, x2 − xO)

]

− λ2 cos2 φ

23
√

2N

∫ 2π

0
dτ1 f(τ1)

∫ 2π

0
dτ2 f(τ2) I1(x1 − x2, xO − x2) (x1 − x2)2,

(5.52)
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X =
(2π)2λ2 cos2 φ

22
√

2N

∮
dτ1dτ2 X (xO, xO, x1, x2), (5.53)

O =− λ2 cos2 φ

2
√

2N

∫ 2π

0
dτ1 f(τ1)

∫ 2π

0
dτ2 I1(0, x2 − xO), (5.54)

with the functions X and I1 defined in (5.25).

The IY-contribution: We have seen in the previous section, that the IY diagram
contains triple integrations along the circuit. In that case we have been able, through
some judicious manipulation, to reduce the problem to double integrals. Now, with
the CPO operator in an arbitrary position on the sphere, this technique works only
partially.

Repeating the same steps as in Section 5.2 we arrive at the expression

IY =
λ2 cos2 φ

22
√

2N

∮
dτ1 f(τ1)

{∮
dτ3

[
I1(x1 − xO, x3 − xO)− I1(0, x3 − xO)

]

+

∮
dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 ∂3 I1(x3 − xO, x2 − xO)

}
.

(5.55)

We can still massage the triple integral using an identity similar to (5.35), obtaining

IY =
λ2 cos2 φ

22
√

2N

∮
dτ1 f(τ1)

{∮
dτ3

[
I1(x1 − xO, x3 − xO)− I1(0, x3 − xO)

]

− 2

∮
dτ3

[
I2(x3 − xO, x3 − xO)− I2(x3 − xO, x1 − xO)

]

+

∮
dτ2dτ3 ε(τ1, τ2, τ3) ẋµ2 Vµ(x3 − xO, x2 − xO)

}
.

(5.56)

Using again (A.15), we end up with

IY =
λ2 cos2 φ

22
√

2N

∮
dτ1 f(τ1)

{∮
dτ3

[
I1(x1 − xO, x3 − xO)− I1(0, x3 − xO)

]

− 2

∮
dτ3

[
I2(x3 − xO, x3 − xO)− I2(x3 − xO, x1 − xO)

]

− 1

26π4

∮
dτ3 f(τ3)

[
Li2

(
1− (1− cos τ31)f(τ1)

)
− π2

6

]

+
1

27π4

∮
dτ2dτ3 ε(τ1, τ2, τ3) f(τ3) cot

(τ32

2

)
log

(
f(τ3)

f(τ2)

)}
.

(5.57)

Unfortunately, in this case the awkward triple integral cannot be avoided.
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5.3.3 Summing up interactions II

The evaluation of the whole interacting contributions requires some care: first of all let
us collect the different diagrams

〈W [C]O2(xO) 〉int = H + O + X + IY =

− λ2 cos2 φ

23
√

2N

∮
dτ1dτ2 f(τ1) f(τ2) I1(x1 − x2, xO − x2) (x1 − x2)2

+
λ2 cos2 φ

2
√

2N

∮
dτ1dτ2 f(τ1)

[
I1(x1 − xO, x2 − xO) + I2(x2 − xO, x1 − xO)

]

− λ2 cos2 φ

28π4
√

2N

∮
dτ1dτ2 f(τ1) f(τ2)

[
Li2

(
1− (1− cos τ21)f(τ1)

)
− π2

6

]

− λ2 cos2 φ

2
√

2N

∮
dτ1dτ2 f(τ1)

[
I2(x2 − xO, x2 − xO) + I1(0, x2 − xO)

]

+
λ2 cos2 φ

29π4
√

2N

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) f(τ1) f(τ3) cot

(τ32

2

)
log

(
f(τ3)

f(τ2)

)
.

(5.58)

Using the definitions in appendix A we can simplify this expression noticing that
[
I2(x2 − xO, x2 − xO) + I1(0, x2 − xO)

]
=− lim

ε→0

csc(πε)(Γ(ε)− 2Γ(1− ε)Γ(2ε))

128π3+2ε[(x2 − xO)2]1+2εΓ(1− ε)

=
1

27π4
f(τ2)

π2

6
.

(5.59)

Then we rewrite (5.58) as a sum of two terms

〈W [C]O2(xO) 〉int =

− λ2 cos2 φ

23
√

2N

∮
dτ1dτ2 f(τ1) f(τ2) I1(x1 − x2, xO − x2) (x1 − x2)2

+
λ2 cos2 φ

2
√

2N

∮
dτ1dτ2 f(τ1)

[
I1(x1 − xO, x2 − xO) + I2(x2 − xO, x1 − xO)

]

− λ2 cos2 φ

28π4
√

2N

∮
dτ1dτ2 f(τ1) f(τ2)

[
Li2

(
1− (1− cos τ21)f(τ1)

)]





A

+
λ2 cos2 φ

29π4
√

2N

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) f(τ1) f(τ3) cot

(τ32

2

)
log

(
f(τ3)

f(τ2)

)
. B

(5.60)

The integrals A and B are computed in appendix B.3. In particular B has been evaluated
analytically obtaining B = −2L, where L is given in (5.51). The term A has been
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Figure 5.5: Numerical evaluation of the ratio L
A as a function of φ obtained with Wolfram

Mathematica routine NIntegrate. The red line is the linear fit of the data and the
dashed lines are the upper and lower limit of the Confidence Interval.

calculated numerically for different values of the angle φ. In Figure 5.5 we plot the
ratio L

A and from this analysis we conclude that A = L 2.

The contribution of the interacting diagrams is therefore

〈W [C]O2(xO) 〉int = −L. (5.61)

Finally, summing up the interacting and the ladder contributions, we obtain

〈W [C]O2(xO) 〉 = 〈W [C]O2(xO) 〉int + 〈W [C]O2(xO) 〉ladder =
λ2

192
√

2N
(5.62)

that perfectly fits into the localization result.

2For φ < π
32

the value of A is much less than its error, while L is an exact quantity. Thus in
Figure 5.5 we drop the points in that range.
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Chapter 6

Bremsstrahlung function and
leading Lüscher term in N = 4
SYM from localization

As we have seen, the investigation of integrable structures [128] (or the Quantum Spec-
tral Curve approach [162]) and the use of supersymmetric localization [37] have pro-
duced a huge number of results that are beyond perturbation theory and can be success-
fully compared with AdS/CFT expectations. It is certainly interesting to understand
the relation between these two approaches, when the same quantities can be computed
in both ways.

One of this quantities is the cusp anomalous dimension Γ(ϕ) introduced in chapter 4. In
the light-like limit a lot of results have been derived in N = 4 SYM through integrability
[163] that match both weak coupling expansions [164] and string computations describ-
ing the strong coupling behavior [165]. A related TBA approach, that goes beyond the
light-like limit, was later proposed [139, 140]: the cusp anomalous dimension can be
generalized including an R-symmetry angle θ that controls the coupling of the scalars to
the two halves of the cusp [137]. Exact equations can be written applying integrability,
and have been checked successfully at three loops [139]. For a recent approach using
the QSC see [166]. Moreover one can use localization in a suitable limit to obtain the
exact form of the infamous Bremsstrahlung function [131], that controls the near-BPS
behavior of the cusp anomalous dimension (see also [132] for a different derivation).
The same result has been later directly recovered from the TBA equations [167, 168]
and QSC method [169, 166]. It is clear that the generalized cusp anomalous dimension
Γ(θ, ϕ) represents, in N = 4 SYM, a favorable playground in which the relative domains
of techniques as integrability and localization overlap.

The Chapter is organized as follows: in Section 6.1 we recall the main ideas and the
results of the near BPS limit of the cusp anomalous dimension using a TBA appoach.
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In Section 6.2 we present the construction of the wedge Wilson loop in N = 4 SYM
with the relevant operator insertions. We discuss the BPS nature of these observables
and their mapping to two-dimensional Yang-Mills theory on S2 in the zero-instanton
sector. The relation with the generalized Bremsstrahlung function is also established. In
Section 6.3 we set up the perturbative calculation of the first non-trivial contribution to
the near-BPS limit of ΓL(θ, ϕ), first considering the case L = 1 and then presenting the
computation for general L. We recover the weak coupling contribution to the Lüscher
term as expected. In Section 6.4 we perform the L = 1 computation using Feynman
diagrams in N = 4 SYM: this is a check of our construction and also exemplifies the
extreme complexity of the conventional perturbative calculations. This Chapter is based
on [170].

6.1 The generalized Bremsstrahlung function from TBA

We have seen in Section 4.2.1.2 that a fully nonperturbative description for the value
of Γcusp was obtained in a remarkable development by Drukker [140] and by Correa,
Maldacena and Sever [139]. They proposed an infinite system of TBA integral equations
which compute this quantity at arbitrary ’t Hooft coupling λ and for arbitrary angles. In
order to implement the TBA approach, the cusp anomalous dimension was generalized
for the case when a local operator with R-charge L is inserted at the cusp as in Figure
4.4. The deformed anomalous dimension ΓL(λ, θ, ϕ) corresponding to such Wilson loop
is captured by the TBA equations exactly at any value of L. For L = 0 the usual
quark-antiquark potential is recovered. The number of field insertions plays the role of
the systems volume in the TBA description, and ΓL(λ, θ, ϕ) is obtained as the vacuum
state energy.

While the infinite system of these TBA equations is rather complicated, having the
two angles as continuous parameters opens the possibility to look for simplifications in
some limits where an exact analytical solution may be expected. Thus one can focus
on the near-BPS limit when θ ≈ ϕ. As we have seen in Section 4.2, for θ ≈ ϕ the
configuration is BPS and the anomalous dimension vanishes. In Section 4.2.1.3 the
small deviations from this supersymmetric case are known for L = 0 at any λ and N
using results from localization methods (see equation (4.26) and (4.27)).

The existence of such explicit result suggests that the cusp TBA system should
simplify dramatically when θ ≈ ϕ. Even though the full set of TBA equations was
simplified a bit in this limit as described in [139], the result is still an enormously
complicated infinite set of integral equations. Remarkably, it turned out that these
equations admit an exact analytical solution. It was obtained in [167] for the particular
near-BPS configuration where θ = 0 and ϕ is small. The result of [167] covers all values
of L and λ and for L = 0 reproduces the localization result.

In [168], the authors extend the results of [167] to the generic near-BPS limit,
namely they consider the case when θ ≈ ϕ, but θ is arbitrary and is an extra parameter
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in the result. They apply the methods developed for the spectral problem to reduce the
Y-system to a finite set of equations, known as FiNLIE [171].

The final result is quite simple and takes the form

ΓL =
ϕ− θ

4
∂ϕ log

detM2L+1

detM2L−1
, (6.1)

where MN is an N + 1×N + 1 matrix defined as follows

MN =




Iϕ1 Iϕ0 · · · Iϕ2−N Iϕ1−N
Iϕ2 Iϕ1 · · · Iϕ3−N Iϕ2−N
...

...
. . .

...
...

IϕN IϕN−1 · · · Iϕ1 Iϕ0
IϕN+1 IϕN · · · Iϕ2 Iϕ1




(6.2)

and the ϕ-deformed Bessel functions Iθn are

Iϕn =
1

2
In

(√
λ̃
)[(√π + ϕ

π − ϕ

)n
− (−1)n

(√
π − ϕ
π + ϕ

)n]
, λ̃ = λ

(
1− ϕ2

π2

)
. (6.3)

At L = 0 the result reproduces the localization prediction. For L > 0 the (6.1)
complements and generalizes the calculation of [167] as an integrability-based prediction
for localization techniques.

6.2 Loop operators in N = 4 SYM and YM2: an alterna-
tive route to the generalized Bremsstrahlung function

In Section 3.1.2.1 we have reviewed, in N = 4 SYM theory, an infinite family of loop
operators which share, independently of the contour, 1

8 of the original supersymmetries
of the theory. These loop operators are the DGRT Wilson loop defined by equation
(3.30).

We have also seen that the expectation value of this class of observables is captured
by the matrix model governing the zero-instanton sector of two dimensional Yang-Mills
on the sphere:

〈W (2d)〉 =
1

Z

∫
DM

1

N
Tr
(
eiM

)
exp

(
− A

g2
2dA1A2

Tr(M2)

)
=

=
1

N
L1
N−1

(
g2

2dA1A2

2A

)
exp

(
−g

2
2dA1A2

4A

)
,

(6.4)

where A1, A2 are the areas singled out by the Wilson loop and A = A1 + A2 = 4π is
the total area of the sphere. The result in N = 4 SYM (see (3.101)) is then obtained
with the following map

g2
2d 7→ −

2g2
YM

A
. (6.5)
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Above g2d and gYM are respectively the two and four dimensional Yang-Mills coupling
constants.

The knowledge of the exact expectation value for this family of Wilson loops has
been a powerful tool to test the AdS/CFT correspondence in different regimes. In
particular, here, we want to investigate the connection, originally discussed in [131],
between these observables and the so-called Bremsstrahlung function.

Consider, in fact, the generalized cusp anomaly Γ(θ, ϕ) defined in 4.2.1, namely the
coefficient of the logarithmic divergence for a Wilson line that makes a turn by an angle
ϕ in actual space-time and by an angle θ in the R−symmetry space of the theory. When
θ = ±ϕ the Wilson line becomes supersymmetric and Γ(θ, ϕ) identically vanishes. In
this limit the operator is, in fact, a particular case of the 1

4 BPS loops discussed by
Zarembo in [70]. In [131] a simple and compact expression for the first order deviation
away from the BPS value was derived. When |θ − ϕ| � 1, we can write

Γ(θ, ϕ) ' −(ϕ− θ)H(λ, ϕ) +O((ϕ− θ)2) (6.6)

where

H(λ, ϕ) =
2ϕ

1− ϕ2

π2

B(λ̃) with λ̃ = λ

(
1− ϕ2

π2

)
. (6.7)

In (6.7) B(λ̃) is given by the Bremsstrahlung function of N = 4 SYM theory.

The expansion (6.6) was obtained in [131] by considering a small deformation of
the so-called 1

4 BPS wedge. It is a loop in the class defined by (3.30) which consists
of two meridians separated by an angle π − ϕ. As we have seen in Section 4.2.1, the
analysis in [131] shows that H(λ, ϕ) can be computed as the logarithmic derivative of
the expectation value of the BPS wedge with respect to the angle ϕ

H(λ, ϕ) = −1

2
∂ϕ log 〈Wwedge(ϕ)〉 = −1

2

∂ϕ〈Wwedge(ϕ)〉
〈Wwedge(ϕ)〉 . (6.8)

The quantity 〈Wwedge(ϕ)〉 is given by the matrix model (6.4) with the replacement (6.5).
In other words 〈Wwedge(ϕ)〉 = 〈Wcircle(λ̃)〉 where λ̃ is defined in (6.7).

The results (6.7) and (6.8) were also recovered in [167, 168] by solving the TBA equa-
tions, obtained in [139], for the cusp anomalous dimension in the BPS limit. This second
approach based on integrability naturally led to consider a generalization ΓL(θ, ϕ) for
the cusp anomalous dimension, where one has inserted the scalar operator ZL on the tip
of the cusp1. In [168] it was shown that the whole family ΓL(θ, ϕ) admits an expansion
of the type (6.6) when |θ − ϕ| � 1 :

ΓL(θ, ϕ) ' −(ϕ− θ)HL(λ, ϕ) +O((ϕ− θ)2) (6.9)

1 The scalar Z is the holomorphic combination of two scalars, which do not couple to the Wilson
line.
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with

HL(λ, ϕ) =
2ϕ

1− ϕ2

π2

BL(λ, ϕ) . (6.10)

The function BL(λ, ϕ) is a generalization of the usual Bremsstrahlung function and its
value for any L in the large N limit was derived in [168].

Below, we want to show that expansion (6.9) and in particular the function BL(λ, ϕ)
can be evaluated exploiting the relation between the Wilson loops (3.30) and YM2 as
done in [131] for the case L = 0.

6.2.1 BPS wedge on S2 with scalar insertions in N = 4 SYM

The first step is to construct a generalization of the 1
4 BPS wedge in N = 4 SYM,

whose vacuum expectation value is still determined by a suitable observable in YM2.
We start by considering the contour depicted in Figure 6.1, namely the wedge composed

Figure 6.1: Pictorial description of the observable (6.15): the 1
4 BPS wedge with operator in-

sertions in the north and the south pole.

by two meridians Cl and Cr, the first in the (x1, x3) plane and the second in a plane
with longitude angle δ:

Cl 7→ xµl = (sin τ, 0, cos τ) 0 ≤ τ ≤ π,
Cr 7→ xµr = (− cos δ sinσ,− sin δ sinσ, cosσ) π ≤ σ ≤ 2π.

(6.11)

On the two meridians the Wilson loop couples to two different combinations of scalars.
Indeed the effective gauge connections on the two sides are given by

Al = ẋµl Aµ − iΦ2 , Ar = ẋµrAµ − i sin δΦ1 + i cos δΦ2. (6.12)

We now consider the insertion of local operators in the loop and focus our attention
on those introduced in [158] and studied in detail in [153] and in the previous chapter.
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They are given by:

OL(x) =
(
xµΦµ + iΦ4

)L
, (6.13)

where xµ are the cartesian coordinate of a point on S2 and the index µ runs from 1 to 3.
Any system of these operators preserves at least four supercharges. When the Wilson
loops (3.30) are also present, the combined system is generically invariant under two
supercharges

(
1
16 BPS

)
[106]. Here we choose to insert two of these operators: one in

the north pole [xµN = (0, 0, 1)] and the other in the south pole [xµS = (0, 0,−1)]. In these
special positions they reduce to the holomorphic and the anti-holomorphic combination
of two of the scalar fields which do not couple to the loop

OL(xN ) =
(
Φ3 + iΦ4

)L ≡ ZL , OL(xS) =
(
−Φ3 + iΦ4

)L ≡ (−1)LZ̄L. (6.14)

Then the generalization of the 1
4 BPS wedge which is supposed to capture the generalized

Bremsstrahlung function BL(λ, ϕ) is simply given by

WL(δ) = Tr

[
ZL Pexp

(∫

Cl

Aldτ
)
Z̄L Pexp

(∫

Cr

Ardσ
)]

. (6.15)

The operators (6.15) preserve 1
8 of the supercharges. Applying the same argument given

in [131], one can argue (since the relevant deformation never involves the poles) that

HL(λ, ϕ) =
2ϕ

1− ϕ2

π2

BL(λ, ϕ) =
1

2
∂δ log 〈WL(δ)〉

∣∣∣∣
δ=π−ϕ

. (6.16)

6.2.2 The wedge on S2 with field strength insertions in YM2

Next we shall construct a putative observable in YM2, which computes the vacuum
expectation of WL(δ). Following [75], we map the Wilson loop of N = 4 SYM into

Figure 6.2: Wedge on S2 in stereographic coordinates. The blue blobs denote the operator
insertions.

a loop operator of YM2 defined along the same contour C on S2. Since we use the
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complex stereographic coordinates z = x+ iy to parametrize the sphere, the wedge will
appear as an infinite cusp on the plane where the origin represents the north pole, while
the infinity is identified with the south pole (see Figure 6.2). The two straight-lines C1

and C2 are then given by

C1 7→ z(t) = t t ∈ [∞, 0] ,

C2 7→ w(s) = eiδs s ∈ [0,∞] .
(6.17)

In these coordinates the metric on S2 takes the usual conformally flat form

ds2 =
4dzdz̄

(1 + zz̄)2
. (6.18)

The wedge Wilson loop is mapped into

WC =
1

N
Tr

[
Pexp

(∮

C
dτ żÃz(z)

)]
, (6.19)

where C = C1∪C2 (see Figure 6.2). In (6.19) we have used the notation Ã, to distinguish
gauge field in d = 2 from its counterpart A in d = 4.

The two dimensional companion of the operator (6.13) was found in [153] through
a localization argument. These local operators are mapped into powers of the field
strength F̃ of the two-dimensional gauge field Ã:

OL(x) 7→
(
i ∗F̃ (z)

)L
. (6.20)

Here the ∗ denotes the usual hodge dual on the sphere. Combining the above ingredients
the observable in YM2 which computes the vacuum expectation value of (6.15) is

W(2d)
L (δ) = Tr

[(
i ∗F̃ (0)

)L
Pexp

(∫

C2

ẇÃwds

) (
i ∗F̃ (∞)

)L
Pexp

(∫

C1

żÃzdt

)]
.

(6.21)
Constructing a matrix model for the observable (6.21) in the zero instanton sector is
neither easy nor immediate. In fact the usual topological Feynman rules for computing
quantities in YM2 are tailored for the case of correlators of Wilson loops. The insertion
of local operators along the contour was not considered previously and the rules for this
case are still missing. Therefore, in the next section, to test the relation between the
function HL(λ, ϕ) and the vacuum expectation value of (6.21) implied by (6.16), i.e.

HL(λ, ϕ) =
2ϕ

1− ϕ2

π2

BL(λ, ϕ) =
1

2
∂δ log 〈W(2d)

L (δ)〉
∣∣∣∣ δ=π−ϕ
g2
2d

=−2g2/A

, (6.22)

we shall resort to standard perturbative techniques.
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6.3 Perturbative computation of the Lüscher term from
YM2 on the sphere

In this Section we compute the first non-trivial perturbative contribution to the gener-
alized Bremsstrahlung function BL(λ, ϕ), in the planar limit, using perturbation theory
in YM2. It coincides with the weak coupling limit of the Lüscher term, describing wrap-
ping corrections in the integrability framework. We believe it is instructive to present
first the computation for L = 1, where few diagrams enter into the calculation and
every step can be followed explicitly. Then we turn to general L, exploiting some more
sophisticated techniques to account for the combinatorics.

6.3.1 General setting for perturbative computations on S2

For perturbative calculations on the two dimensional sphere, it is convenient to use
the holomorphic gauge Ãz̄ = 0. In this gauge the interactions vanish and the relevant
propagators are:

〈(Ãz)ij(z)(Ãz)kl (w)〉 = −g
2
2d

2π
δilδ

k
j

1

1 + zz̄

1

1 + ww̄

z̄ − w̄
z − w ,

〈(i∗F̃ ij (z))(i∗F̃ kl (w))〉 = −δilδkj
(
g2

2d

8π
− ig2

2d

4
(1 + zz̄)2δ(2)(z − w)

)
,

〈(i∗F̃ ij (z))(Ãz)kl (w)〉 = −g
2
2d

4π
δilδ

k
j

1

1 + ww̄

1 + zw̄

z − w .

(6.23)

When computing the above propagators for points lying on the edge C1 (z = t) and on
the edge C2 (w = eiδs), they reduce to

〈(Ãz)ij(z)(Ãz)kl (w)〉 = −g
2
2d

2π
δilδ

k
j

1

1 + t2
1

1 + s2

t− e−iδs
t− eiδs ,

〈(i∗F̃ ij (0))(Ãz)
k
l (z)〉 =

g2
2d

4π
δilδ

k
j

1

1 + t2
1

t
, 〈(i∗F̃ ij (0))(Ãz)

k
l (w)〉 =

g2
2d

4π
δilδ

k
j

1

1 + s2

e−iδ

s
,

〈(i∗F̃ ij (∞))(Ãz)
k
l (z)〉 = −g

2
2d

4π
δilδ

k
j

t

1 + t2
, 〈(i∗F̃ ij (∞))(Ãz)

k
l (w)〉 = −g

2
2d

4π
δilδ

k
j

e−iδs
1 + s2

.

(6.24)

These Feynman rules can be checked by computing the first two non trivial orders for
the standard wedge in YM2, i.e. L = 0. One quickly finds:

〈W (2d)
1-loop〉 =

g2
2dN

2π

(
π2

4
− 1

2
(2π − δ)δ

)
,

〈W (2d)
2-loop〉 =− g4

2dN
2

96π2
(2π − δ)2δ2 .

(6.25)
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Using (6.22) one gets

H(1)(λ, ϕ) =
λϕ

8π2
, H(2)(λ, ϕ) = −λ

2ϕ(π2 − ϕ2)

192π4
, (6.26)

which is exactly the result of [131].

6.3.2 Operator insertions of length L = 1

(a) (b)

(c) (d)

Figure 6.3: All the δ-dependent diagrams at order λ2 in YM2

The first non-trivial contribution in this case appears at order λ2: we need at least
one propagator connecting the two halves of the wedge, to carry the dependence on the
opening angle δ. Then we have to consider the effect of the operator insertions, which
should be connected to the contour, respecting planarity, in all possible ways. The
relevant choices are represented in Figure 6.3. We remark that every diagram has the
same weight: in fact the operator we study is single-trace and every diagram arises from
an unique set of Wick contractions. Furthermore there are some obvious symmetries
between the different diagrams, that imply the following representation:

(a) + (d) = 2
g6

2dN
4

32π3

∫ ∞

0
ds1

∫ s1

0
ds3

1

(s2
1 + 1)(s2

3 + 1)

s1

s3
Fδ(∞, 0; s3, s1) ,

(b) + (c) =
g6

2dN
4

32π3

∫ 0

∞
dt1

∫ ∞

0
ds1

1

(t21 + 1)(s2
1 + 1)

s1

t1

[
Fδ(∞, t1; 0, s1) + F−δ(∞, t1; 0, s1)

]
,

(6.27)
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where we have introduced the function Fδ(a, b; c, d)

Fδ(a, b; c, d) =

∫ b

a
dt

∫ d

c
ds

1

(t2 + 1)(s2 + 1)

eiδt− s
t− eiδs . (6.28)

Using the identity 1
(s2+1)(t2+1)

s
t = 1

4∂s∂t[log
(
s2 + 1

)
log
(
t2/(t2 + 1)

)
] and integrating

by parts, we obtain

(a) + (d) =
g6

2dN
4

32π3

[
2 log2 εFδ(∞, 0; 0,∞) + log ε

∫ ∞

0
ds1 log(s2

1 + 1)
d

ds1
Fδ(∞, 0; 0, s1)+

+ log ε

∫ ∞

0
ds3 log

(
s2

3

s2
3 + 1

)
d

ds3
Fδ(∞, 0; s3,∞)+

+
1

2

∫ ∞

0
ds1 log(s2

1 + 1) log

(
s2

1

s2
1 + 1

)[
d

ds3
Fδ(∞, 0; s3, s1)

]

s3=s1

+

+
1

2

∫ ∞

0
ds1

∫ s1

0
ds3 log(s2

1 + 1) log

(
s2

3

s2
3 + 1

)
d

ds3

d

ds1
Fδ(∞, 0; s3, s1)

]

(6.29)

and

(b) + (c) =
g6

2dN
4

32π3

[
− log2 ε

[
Fδ(∞, 0; 0,∞) + F−δ(∞, 0; 0,∞)

]
+

+
1

2
log ε

∫ 0

∞
dt1 log

(
t21

t21 + 1

)
d

dt1

[
Fδ(∞, t1; 0,∞) + F−δ(∞, t1; 0,∞)

]
−

− 1

2
log ε

∫ ∞

0
ds1 log

(
s2

1 + 1
) d

ds1

[
Fδ(∞, 0; 0, s1) + F−δ(∞, 0; 0, s1)

]
+ (6.30)

+
1

4

∫ 0

∞
dt1

∫ ∞

0
ds1 log

(
s2

1 + 1
)

log

(
t21

t21 + 1

)
d

dt1

d

ds1

[
Fδ(∞, t1; 0, s1) + F−δ(∞, t1; 0, s1)

]
,

where ε is a regulator that cuts the contour in a neighborhood of the operator insertions
and it will be send to zero at the end of the computation. Now using that

d

da
F±δ(a, 0; 0,∞) =

d

da
F∓δ(∞, 0; 0, a) ,

d

da
F±δ(∞, 0; a,∞) =

d

da
F∓δ(∞, a; 0,∞)

(6.31)

and the definition (6.21), we can sum up all the contributions in (6.29) and (6.30)
obtaining

M(1)
1 = −g

4
2dN

2

4π2

{
1

2

∫ ∞

0
ds1 log(s2

1 + 1) log

(
s2

1

s2
1 + 1

)[
d

ds3
Fδ(∞, 0; s3, s1)

]

s3=s1

(6.32)

− 1

4

∫ ∞

0
dt1

∫ ∞

0
ds1 log

(
s2

1 + 1
)

log

(
t21

t21 + 1

)
d

dt1

d

ds1

[
Fδ(∞, t1; 0, s1) + F−δ(∞, t1; 0, s1)

]}
,
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where we have defined M(l)
L as the sum of the δ-dependent part of 〈W(2d)

L (δ)〉 at loop
order l. To derive the above equation we have taken advantage of the useful relations

Fδ(∞, 0; 0,∞) = F−δ(∞, 0; 0,∞) ,
d

da

d

db
F±δ(∞, 0; a, b) = 0 ,

∫ ∞

0
da log

(
a2

a2 + 1

)
d

da
F±δ(∞, a; 0,∞) =

∫ ∞

0
db log

(
b2 + 1

) d
db
F±δ(∞, 0; 0, b) .

(6.33)

We remark that the dependence on the cutoff ε disappears: as expected we end up with
a finite result. We further observe that turning δ → −δ is the same as taking complex
conjugation, then we can rewrite (6.32) as follows

M(1)
1 = −g

4
2dN

2

16π2

{∫ ∞

0
ds1 log(s2

1 + 1) log

(
s2

1

s2
1 + 1

)[
d

ds3
Fδ(∞, 0; s3, s1)

]

s3=s1

−
∫ ∞

0
dt1

∫ ∞

0
ds1 log

(
s2

1 + 1
)

log

(
t21

t21 + 1

)
d

dt1

d

ds1
Fδ(∞, t1; 0, s1)

}
+c.c.

(6.34)

and performing the derivatives (6.34) becomes

M(1)
1 = −g

4
2dN

2

16π2

∫ ∞

0
dsdt

log(s2 + 1)

(t2 + 1)(s2 + 1)

eiδt− s
t− eiδs

[
log

(
s2

s2 + 1

)
− log

(
t2

t2 + 1

)]
+c.c.

(6.35)

The function H1 is then obtained with the help of (6.22), then at one-loop order we
have

H(1)
1 (λ, ϕ) =

1

2
∂δM(1)

1

∣∣∣∣ δ=π−ϕ
g2
2d

=−2g2/A

. (6.36)

Exploiting the simple decomposition

eiδt− s
t− eiδs = − t

s
+

1

s

s2 + 1

eiδs− t −
1

s

t2 + 1

eiδs− t , (6.37)

the derivative of (6.35) becomes

g4
2dN

2

16π2

∫ ∞

0

dsdt
log(s2 + 1)

s

[
1

(t2 + 1)
− 1

(s2 + 1)

][
log

(
s2

s2 + 1

)
−log

(
t2

t2 + 1

)]
∂δ

(
1

eiδs− t

)
+c.c.

(6.38)

Using

∂δ

(
1

eiδs− t

)
= −is eiδ∂t

(
1

eiδs− t

)
, (6.39)
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the integral (6.38) takes the form:

ig4
2dN

2

16π2

∫ ∞

0
ds

{
log(s2 + 1) log

(
s2

s2 + 1

)
s

s2 + 1
− (6.40)

− 2

∫ ∞

0
dt

[
log

(
s2

s2 + 1

)
t log(s2 + 1)

(t2 + 1)2

eiδ

eiδs− t − log

(
t2

t2 + 1

)
1− t2
1 + t2

s

1 + s2

1

eiδs− t

]}
+c.c.

Summing up the integrands with their complex conjugate (the first term vanishes) and
changing variables s→ √ωρ and t→

√
ω/ρ, we obtain:

∂δM(1)
1 = −g

4
2dN

2

8π2

∫ ∞

0
dωdρ

sin δ [(ρ+ ω)(ρω − 1) + ρ(1 + ρω) log(1 + ρω)] log
(

ρω
1+ρω

)

(1 + ρω)(ρ+ ω)2(ρ2 − 2ρ cos δ + 1)

=
g4

2dN
2

4π2
sin δ

∫ ∞

0
dρ

log2 ρ

(ρ2 − 1)(ρ2 − 2ρ cos δ + 1)
. (6.41)

The integration domain is easily restricted to [0, 1] and we arrive at

∂δM(1)
1 = −g

4
2dN

2

4π2
sin δ

∫ 1

0
dρ

log2 ρ

ρ2 − 2ρ cos δ + 1
= −g4

2dN
2 π

3
B3

(
δ

2π

)
, (6.42)

where the Bn(x) are the Bernoulli polynomials defined as

B2n+1(x) =
(−1)n+12(2n+ 1) sin(2πx)

(2π)2n+1

∫ 1

0
dt

log2n t

t2 − 2t cos(2πx) + 1
. (6.43)

Finally, using (6.36), we find the desired result

H(1)
1 (λ, ϕ) = − λ2

24π
B3

(
π − ϕ

2π

)
. (6.44)

6.3.3 Operator insertions of length L

We are now ready to compute the leading weak coupling contribution to the Lüscher
term, using YM2 perturbation theory. We have to consider all possible planar diagrams
with one single line connecting the right and left sides of the wedge, in presence of
length L operator insertions (see Figure 6.4). As remarked in the previous Section,
every diagram has the same weight.

We construct the generic term of the relevant perturbative order by introducing the
auxiliary function gn, that contains the contribution of all the propagators connecting
the operators with contour in each of the four sectors represented in Figure 6.4:

M(1)
L =

(−1)L+123L πL

g 2L
2d NL

L∑

n,m=0

∫ ∞

0
dsdt (−1)n+mgn(t, ε)gL−n(s, ε)Iδ(s, t)gm(1/s, ε)gL−m(1/t, ε)

(6.45)
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Figure 6.4: Schematic representation of an arbitrary diagram contributing to the first non-trivial
order of BL(λ, ϕ)

where

Iδ(s, t) =

(
−g

2
2d

2π

)
1

(t2 + 1)(s2 + 1)

teiδ − s
t− eiδs (6.46)

and

gn(t, ε) =

(
−g

2
2dN

4π

)n ∫ t

ε
dtn

∫ tn

ε
dtn−1 ...

∫ t2

ε
dt1

n∏

i=1

∆(ti), (6.47)

being ∆(t) = 1
t

1
t2+1

the propagator from the origin to the contour (up to a constant
factor, see (6.24)). Obviously the number of lines on the right and on the left side of
the central propagator is equal to L. Moreover we have introduced an explicit cutoff
ε→ 0 to avoid intermediate divergencies. A recurrence relation for gn and its derivative
follows directly from its definition:

gn(t, ε) =

(
−g

2
2dN

4π

)∫ t

ε
dtn ∆(tn) gn−1(tn, ε) ,

d

dt
gn(t, ε) =

(
−g

2
2dN

4π

)
∆(t) gn−1(t, ε) .

(6.48)

As shown in the Appendix C, we can combine these two equations into a single recur-
rence relation, involving just gn(t, ε)

gn(t, ε) = −
n∑

k=1

(−α)k

k!
logk

(
t2

t2 + 1

)
gn−k(t, ε)− (t→ ε), (6.49)

where α = −g2
2dN
8π . We can solve the recurrence relation by finding the related generat-
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ing function G(t, ε, z)

gn(t, ε) =
1

2πi

∮

γ

dz

zn+1
G(t, ε, z) , (6.50)

for a suitable closed curve γ around the origin. We have obtained (see Appendix C for
the details)

G(t, ε, z) =

(
t2

t2 + 1

ε2 + 1

ε2

)αz
. (6.51)

Then (6.45) becomes

M(1)
L =

(−1)L+1

(2πi)4

23L πL

g 2L
2d NL

L∑

n,m=0

∫ ∞

0

dsdt

∮
G(t, ε, z)

zn+1

G−1(s, ε, w)

wL−n+1
Iδ(s, t)

G(1/s, ε, v)

vm+1

G−1(1/t, ε, u)

uL−m+1
.

(6.52)

The sums over m and n are done explicitly

L∑

n=0

1

zn+1wL−n+1
=
z−(L+1) − w−(L+1)

w − z (6.53)

and using the observations in Appendix C and in particular the formula (C.18), we
obtain

M(1)
L =

(−1)L+1

(2πi)2

23L πL

g 2L
2d NL

(−g2
2d

2π

)
×

×
∫ ∞

0

dsdt

∮
dz

zL+1

dv

vL+1

[(
t2(1 + s2)

s2(1 + t2)

)αz(
(1 + t2)

(1 + s2)

)αv
1

(t2 + 1)(s2 + 1)

teiδ − s
t− eiδs

]
.

(6.54)

Notice that the ε-dependence has disappeared: the cancellation of the intermediate
divergencies is a non-trivial bonus of our method.

Computing the residues, (6.54) takes the following compact form

M(1)
L =

(−1)L+1α2L

(L!)2

23L πL

g 2L
2d NL

(−g2
2d

2π

)∫ ∞

0
dsdt

[
log
(
t2(1+s2)
s2(1+t2)

)
log
(

(1+t2)
(1+s2)

)]L

(t2 + 1)(s2 + 1)

teiδ − s
t− eiδs .

(6.55)

We are interested in calculating the Bremsstrahlung function, so we take the derivative
of the VEV of the Wilson loop as seen in the equation (6.8). Using (6.39), after some
algebra, we find

H(1)
L = i

(−1)L+1α2L

2(L!)2

23L πL

g 2L
2d NL

(−g2
2d

2π

)∫ ∞

0
dsdt

{[
log

(
t2(1 + s2)

s2(1 + t2)

)
log

(
(1 + t2)

(1 + s2)

)]L

×
[

1

t2 + 1
∂s

(
1

eiδs− t

)
+

eiδ

s2 + 1
∂t

(
1

eiδs− t

)]}∣∣∣∣ δ=π−ϕ
g2
2d

=−2g2/A

.

(6.56)
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Performing some integration by parts and transformations s ↔ t and s, t → 1
s,t , the

change of variables s→ √ωρ and t→
√
ω/ρ gives

H(1)
L = −(−1)L+1α2L

L!(L− 1)!

23L πL

g 2L
2d NL

(−g2
2d

2π

)
sin δ (6.57)

×
∫ 1

0
dρ

∫ ∞

0
dω

[
log

(
ρ(ρ+ ω)

ρω + 1

)
log

(
ρ(ρω + 1)

ρ+ ω

)]L−1 (ρ2 − 1) log ρ

(ρ+ ω)(1 + ρω)(ρ2 − 2ρ cos δ + 1)

∣∣∣∣∣ δ=π−ϕ
g2
2d

=−2g2/A

.

Using the expansion

[
log

(
ρ(ρ+ ω)

ρω + 1

)
log

(
ρ(ρω + 1)

ρ+ ω

)]L−1

=
L−1∑

k=0

(
L− 1

k

)
(−1)k log2(L−1−k) ρ log2k

(
ρ+ ω

ρω + 1

)
,

(6.58)
the integration over ω is straightforward since

∫
dω

log2k
(
ρ+ω
ρω+1

)

(ρ+ ω)(1 + ρω)
= −

log2k+1
(
ρ+ω
ρω+1

)

(ρ2 − 1)(2k + 1)
. (6.59)

Then we obtain

H(1)
L = − (−1)L+1α2L

L!(L− 1)!

23L πL

g 2L
2d NL

(−g2
2d

2π

)
β

(
1

2
, L

){
sin δ

∫ 1

0

dρ
log2L ρ

ρ2 − 2ρ cos δ + 1

}∣∣∣∣∣
δ=π−ϕ

g2
2d

=−2g2/A

,

(6.60)

where β(a, b) is the Euler Beta function. The integral in (6.60) is basically the standard

representation (6.43) of the Bernoulli polynomials. Therefore H(1)
L becomes:

H(1)
L = −(−1)L+1α2L

L!(L− 1)!

23L πL

g 2L
2d NL

(−g2
2d

2π

)
β

(
1

2
, L

)
(2π)2L+1(−1)L+1

2(2L+ 1)
B2L+1

(
π − ϕ

2π

)
.

(6.61)

Finally inserting the expression for α and using (6.5), we obtain the desired result

H(1)
L = − (−1)LλL+1

4π(2L+ 1)!
B2L+1

(
π − ϕ

2π

)
. (6.62)

6.4 The L = 1 case from perturbative N = 4 SYM

In order to check the above results, in this Section we compute the one-loop Feynman
diagrams associated to the Bremsstrahlung function for the operator insertion with
L = 1. It can be considered also as further test of the correspondence between N = 4
BPS observables on S2 and two-dimensional Yang-Mills theory on the sphere. We are
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Figure 6.5: All the δ-dependent diagrams at order λ2

interested only in the δ-dependent contributions, then we have to consider just diagrams
which connect the right and left sides of the wedge, at the first non-trivial order. In
Figure 6.5 we represent all the δ-dependent Feynman graphs we can draw at order λ2.

The diagram (a) of Figure 6.5 is given by

[3.(a)]=
λ2

4

∫ π

0
dτ1

∫ 2π

π
dτ2 ẋ

µ
1 ẋ

ν
2

(
∂xµ1 ∂x

ν
2
+2∂xµ1 ∂x

ν
S

+2∂xµN
∂xν2 +4∂xµN

∂xνS

)
H(x1, xN ;x2, xS) ,

(6.63)

where

H(x1, x2;x3, x4) ≡
∫
d4z d4w

(2π)8
D(x1− z)D(x2− z)D(w− z)D(x3−w)D(x4−w) (6.64)

with D(x−y) = 1/(x−y)2. All but the last term in (6.63) contain at least one derivative
with respect to τ1 or τ2: these terms, after the integration over τ , are δ-independent.
Therefore we are left with

H1 = λ2

∫ π

0
dτ1

∫ 2π

π
dτ2 ẋ

µ
1 ẋ

ν
2 ∂xµN

∂xνSH(x1, xN ;x2, xS)

=
λ2

(2π)2

∫ π

0
dτ1

∫ 2π

π
dτ2

∫
d4z (ẋ1 ·∂xN )D(x1−z)D(xN−z)(ẋ2 ·∂xS ) I1(xS−z, x2−z) ,

(6.65)

where

I1(x1 − x3, x2 − x3) ≡ 1

(2π)6

∫
d4wD(x1 − w)D(x2 − w)D(x3 − w) . (6.66)
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To compute one of the Feynman integrals in (6.65), we apply the trick used in [109].
In particular we add to the integrand a term which becomes δ-independent after the τ
integration

(ẋ1 ·∂xN )D(x1−z)D(xN−z)(ẋ2 ·∂x2) I2(xS−z, x2−z) , (6.67)

where I2 is defined in [109]. Therefore we can recast the δ-dependence of (6.65) as

λ2

(2π)2

∫ π

0
dτ1

∫ 2π

π
dτ2

∫
d4z (ẋ1 · ∂xN )D(x1−z)D(xN−z) ẋ2 · V (xS−z, x2−z) , (6.68)

where
V µ(x, y) ≡ ∂xµI1(x, y)− ∂yµI2(x, y). (6.69)

Using the explicit representation for V µ (see [109]), we can write

ẋ2·V (xS−z, x2−z) =
D(xS − z)

32π4

{
d

dτ2

[
Li2

(
1− (xS − x2)2

(x2 − z)2

)
+

1

2
log2

(
(xS − x2)2

(x2 − z)2

)

− 1

2
log2

(
(xS − x2)2

(xS − z)2

)]
− 2ẋ2 · (xS − x2)D(xS − x2) log

(
(x2 − z)2

(xS − z)2

)}
.

(6.70)

Again the total derivative gives a δ-independent contribution, then we have

H1 = − λ2

(2π)6

∫ π

0
dτ1

∫ 2π

π
dτ2 (ẋ2 · xS)D(xS − x2)

∫
d4z (ẋ1 · ∂xN )D(x1 − z)

D(xN − z)D(xS − z) log

(
(x2 − z)2

(xS − z)2

)
+ “δ-ind. terms” .

(6.71)

The δ-dependent part of the diagram in Figure 6.5.(b) is easily obtained from H1 by
exchanging xN ↔ xS .

The diagrams (c) and (d) of Figure 6.5 are given by

[3.(c)] = X1 =− λ2

4
cos δ

∫ π

0
dτ1

∫ 2π

π
dτ2 X (1, 1, 1, 1) ,

[3.(d)] = X2 =− λ2

4

∫ π

0
dτ1

∫ 2π

π
dτ2 ẋ1 · ẋ2 X (1, 1, 1, 1) ,

(6.72)

where X is the scalar component of a more general class of tensorial Feynman integrals
X µ1...µn defined as follows

X µ1...µn(ν1, ν2, ν3, ν4) ≡
∫

d4z

(2π)6
zµ1 ...zµn D(xS−z)ν1D(x1−z)ν2D(xN−z)ν3D(x2−z)ν4 .

(6.73)
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Now, recalling the definition (6.16) and denoting with the prime the derivative respect
to δ (notice that x2, x′2 and ẋ2 form an orthogonal basis), we have

H ′1 =4λ2

∫ π

0
dτ1

∫ 2π

π
dτ2 (ẋ2 · xS)D(xS − x2)x′µ2 ẋν1 (xνNX µ(1, 1, 2, 1)−X µν(1, 1, 2, 1)) ,

H ′2 =4λ2

∫ π

0
dτ1

∫ 2π

π
dτ2 (ẋ2 · xN )D(xN − x2)x′µ2 ẋν1 (xνSX µ(2, 1, 1, 1)−X µν(2, 1, 1, 1)) ,

X ′1 =
λ2

4

∫ π

0
dτ1

∫ 2π

π
dτ2

(
sin δX (1, 1, 1, 1)− 2 cos δ x′µ2 X µ(1, 1, 1, 2)

)
,

X ′2 =
λ2

4

∫ π

0
dτ1

∫ 2π

π
dτ2

(
−(ẋ1 · x′2)X (1, 1, 1, 1) + 2(ẋ1 · ẋ2)x′µ2 X µ(1, 1, 1, 2)

)
.

(6.74)

Finally, summing up all the different contributions in N = 4 SYM, we obtain the

function H(1)
1 defined in (6.16)

H(1)
1 =

1

2
(H ′1 +H ′2 +X ′1 +X ′2)

∣∣∣∣
δ=π−ϕ

. (6.75)

In order to check the results of the previous sections, it is enough to perform the integrals
numerically. The result of the numerical computation is shown in Figure 6.6.

Π
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Π
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3 Π
4 Π

Φ

-0.0006

-0.0005

-0.0004

-0.0003

-0.0002

-0.0001

H1
1-loop

Figure 6.6: Numerical computation of H(1)
1 . The blue dots are the numerical data and the red

line is the expected curve.

The numerical data are the average of several Montecarlo integrations. The data
error is bigger when ϕ is closed to π/2 because the integrals in the (6.75) are oscillatory.

In principle we could also compute analytically the integrals in (6.75) with the help
of usual Feynman integral techniques. Indeed, in the dual conformal symmetry picture,

119



the quantities X are the so-called “box” integrals. Decomposing tensorial boxes in
combinations of scalar ones, one should expand the result on a basis of the Master
Integrals. Finally the tricky part would consist in computing the remaining integrals
over the loop parameters. These quite technical computations are beyond the aim of
this thesis and we leave them to further developments in a may be more general setting.
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Chapter 7

Ladder diagrams resummation in
the ABJ(M) cusp anomalous
dimension

The duality between N = 6 Super Chern-Simons theory with matter and string theory
on AdS4 × CP3 represents one the most interesting possibilities to explore AdS/CFT
correspondence beyond the original paradigm (see Section 2.1.5 and 2.2). Although
it seems to share many similarities with the cousin N = 4 Super Yang-Mills theory
in four dimensions, there are still many aspects calling for a better comprehension.
Supersymmetric Wilson loops, in particular, provide a rich class of BPS observables
[77, 78, 79, 80, 81, 87, 172] that can be computed exactly through localization technique
in the simplest situations [38]. While their quantum behavior is still rather mysterious
in the general case [82], the well-understood 1/2 BPS and 1/6 BPS circles, presented
in Section 3.2 and more explicitly in Section 3.3.2, exhibit an intriguing non-trivial
interpolation between weak and strong coupling regime [111, 110, 173, 174]. A careful
study of the relevant matrix models [174] has also unveiled a variety of phenomena
of string/M-theory origin [175, 176, 177]. This contrasts with the relative simplicity
of N = 4 SYM, where the gaussian matrix model that we have seen in Section 3.4.1
describes exactly the dynamics of 1/2 BPS Wilson loops [37].

Wilson loops are relevant in gauge theories because they encode important properties
of scattering amplitudes and infrared radiation: the cusp anomalous dimension Γ(ϕ, θ),
presented in Chapter 4, appears in fact in many interesting physical situations as we
have seen.

As anticipated before, even for the simple circular 1/2 BPS Wilson loop the interpo-
lation between weak and strong regimes for ABJ(M) theory appears to be non-trivial.
Integrability itself has been explored here in a somehow limited range of situations
[178, 179, 180, 181, 182]: when established it still depends on an elusive interpolating
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function, h(λ) [183, 184, 185]. Recently a proposal for the functional form of h(λ) has
been advanced [186] and checked at two-loop level in string theory [187], under suitable
assumptions. Alternatively h(λ) could be determined by computing exactly some quan-
tity by integrability and confronting with the same calculation by localization (or by
other QFT techniques in which unknown functions are absent). A candidate quantity
is the ABJM Bremsstrahlung function, for which all-order proposal exists [85], but in-
tegrability has not been yet applied to its determination. For this reason we think it is
important to study Γ(ϕ, θ) in N = 6 Super Chern-Simons theory: it would be useful to
obtain exact QFT results to be compared with the integrability approach and, at strong
coupling, with string theory. Γ(ϕ, θ) has been briefly discussed in ABJ(M) theory in
Section 4.2.2.1. The resulting cusped Wilson loop is not globally supersymmetric and
its exact evaluation seems very challenging.

Fortunately, the analogous system in N = 4 SYM can be tackled in a particular
limit through Feynman diagrams resummation. In [141] a new scaling limit involving
the complexified angle θ was introduced,

iθ >> 1, λ << 1, λ̂ = λ exp(iθ/4) fixed. (7.1)

In this limit the leading order contribution is simply given by ladder diagrams, where
the rungs are made by scalar exchanges. The ladder diagrams can be summed up effi-
ciently using a Bethe-Salpeter equation that can be solved exactly in the small ϕ limit.
The strong coupling behavior has been also examined, finding agreement with the cor-
responding string theory calculation [141]. Later it was also performed an analysis at
next-to-leading order, generalizing the original Bethe-Salpeter equation and computing
the relevant corrections at strong coupling [142]. Remarkably these corrections have
been also obtained from string theory and successfully compared each other. As re-
peatedly stressed in the original analysis [141], the matching of the strong coupling
limit of the Bethe-Salpeter solution with the string theory computation is a bit surpris-
ing. The ladders limit, λ → 0 with λ̂ fixed, is different from the strong coupling limit
λ → ∞ with iθ >> 1 fixed and the result could in principle depend on their order:
nevertheless they agree at leading and subleading level.

In this Chapter we will consider a similar limit in three-dimensional ABJ(M) the-
ory, obtaining some exact results for Γ(ϕ, λ̂i). Here λ1 = N

k , λ2 = M
k are the ’t Hooft

couplings of the ABJ(M) theory with gauge group U(N)×U(M), while κ is the Chern-
Simons level. The presence of fermionic couplings to the cusped loop inherits a sur-
prising supersymmetric structure in the relevant Bethe-Salpeter equation and then we
will be able to solve the associated effective Schroedinger problem exactly for any value
of ϕ. This is in sharp contrast with the N = 4 SYM case, where an analytic solu-
tion for the Bethe-Salpeter equation exists only at ϕ = 0 (that in this case is the only
supersymmetric point of the associated Schroedinger equation [141]).

The Chapter is structured in the following way: in Section 7.1 we recall the main
features of the cusped Wilson loop in ABJ(M) theory presented in Section 4.2.2.1. We
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also consider the quantum behavior of the straight-line and its divergences. The limit in
which the ladder diagrams dominate is described in Section 7.2, where we also discuss
how to derive the cusp anomalous dimension both in the explicit cut-off scheme and
in dimensional regularization. In Section 7.3 we derive the relevant Bethe-Salpeter
equation and, after diagonalization, we obtain the associated Schroedinger equation.
We solve the supersymmetric Schroedinger equations for generic opening angle ϕ, in
the cut-off scheme, and for ϕ = 0 in dimensional regularization. In Section 7.4 we
obtain the cusp anomalous dimension at leading order and discuss the operator mixing
for the cusped Wilson loops. In passing we also propose the all-order exponentiation
structure for the cusped 1/2 BPS Wilson loop. This Chapter is based on [188].

7.1 The 1/2 BPS generalized cusped Wilson line in ABJ(M)
theory

x1

x2

Figure 7.1: The planar cusp

We consider the theory on the Euclidean space-time and take the contour depicted
in Figure 7.1. The two rays are in the plane (1, 2), intersect at the origin and are given,
as anticipated in Section 4.2.2.1, by

xµ = {0, τ cos
ϕ

2
, |τ | sin ϕ

2
} −∞ ≥ τ ≤ ∞ (7.2)

The angle between the rays is π − ϕ, thus ϕ = 0 gives the continuous straight line.

Let us now analyze more deeply the scalar and fermion couplings already sketched
in Section 4.2.2.1. In order to define the generalized cusp, one have to consider different
scalar and fermion couplings on the two segments of the cusp (but constant on each
segment). The fermionic couplings are of the form

ηαiM = niMη
α
i and η̄Miα = nMi η̄iα (7.3)

123



where the index i = 1, 2 specifies which edge of the cusp we are considering. As discussed
in [83] we can take:

η1α =
(
e−i

ϕ
4 ei

ϕ
4

)
, η̄1α = i

(
ei
ϕ
4

e−i
ϕ
4

)
(7.4)

and

η2α =
(
ei
ϕ
4 e−i

ϕ
4

)
, η̄2α = i

(
e−i

ϕ
4

ei
ϕ
4

)
(7.5)

The R−symmetry part of the couplings is totally unconstrained and we choose

n1M =
(
cos θ4 sin θ

4 0 0
)

and n2M =
(
cos θ4 − sin θ

4 0 0
)

(7.6)

(and we denote by n̄Mi the transpose of niM ). The two matrices which couple the scalars
are built in terms of n and n̄. On the two edges we have

M I
1J =M̂ I

1J =




− cos θ2 − sin θ
2 0 0

− sin θ
2 cos θ2 0 0

0 0 1 0
0 0 0 1


 and M I

2J =M̂ I
2J =




− cos θ2 sin θ
2 0 0

sin θ
2 cos θ2 0 0

0 0 1 0
0 0 0 1


.

(7.7)

In general this configuration is not supersymmetric unless θ = ±ϕ [83].

The vacuum expectation value of the Wilson loop is defined by (3.86). In order
to do a perturbative evaluation at weak coupling of (3.86), we have to distinguish the
upper left N ×N and the lower right M ×M blocks of the super-matrix as explained
in Section 3.3.2. For these sub-sectors the trace is obviously taken in the fundamental
representation N or M of the gauge group respectively.

7.1.1 The structure of the divergences and the straight-line exponen-
tiation

We are of course interested in the quantum expectation value of the generalized cusped
Wilson loop previously introduced. In particular we need a complete understanding of
its singularities to properly extract the cusp anomalous dimension. In four-dimensional
N = 4 SYM, the perfect balance between the gauge and scalar contributions cancels
all the infinities related to integrations along the smooth part of the contour. Only
the singularities associated to the discontinuous behavior at the cusp appear and one
immediately singles out the relevant diagrams to be computed. In three dimensions
the story is a little bit more subtle: the presence of fermionic contributions breaks
that equilibrium and we have to deal with divergent contributions 1 that persist even
in absence of the cusp: the supersymmetric straight-line itself, although being BPS,

1As discussed in [83] one has to resort to a renormalization procedure suitable for open Wilson lines
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is not finite in perturbation theory, at least in dimensional regularization [83]. This
type of singularities shows up, in general, in diagrams that lie on a single halve of the
cusped loop: the scaling limit considered in the rest of this Chapter selects only ladder
diagrams, then we do not have to face these divergences. Nevertheless we find useful to
discuss them in the context of the straight-line and we will also learn something about
their exponentiation properties.

We will evaluate the straight-line of length 2L for θ = 0 up to two-loops in ABJ(M),
guessing the all-loop behavior. We employ dimensional regularization shifting the di-
mension to d = 3 − 2ε while keeping the Dirac algebra and εµνρ tensor strictly in 3
dimensions. Note that this breaks the conformal invariance introducing a mass scale
µ2ε that keeps the action dimensionless. At a given perturbative order, we need to sum
the contributions lying the upper-left and the lower-right blocks and we normalize the
Wilson line as follows

〈Wsl〉(l)± =
〈Wsl〉(l)↑ ± 〈Wsl〉(l)↓

N ±M (7.8)

where ↑ and ↓ specify the upper-left sector N ×N and the lower-right sector M ×M
respectively, l the perturbative order and ± the loop constructed with the trace or
supertrace as in (3.56).

Figure 7.2: The fermion exchange

The perturbative expansion for the straight-line follows from the (3.86) and it is
a particular case of the one considered in [83]. The only non-vanishing diagram at
one-loop is the fermion exchange in Figure 7.2. Its value is given by:

〈Wsl〉(1)
+ =−

(
2π

κ

)
2MN

M +N

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

〈Wsl〉(1)
− =0

(7.9)

At two-loop, it is easy to check that all the bosonic diagrams vanish. The only non-
vanishing two-loop diagrams are summarized in Figure 7.3. We first consider the dia-
grams 7.3.(a) and 7.3.(b): they have been computed in [83] and their value in dimen-
sional regularization is the following

[7.3.(a)]↑ =

(
2π

κ

)2

M2N
Γ
(

1
2 − ε

)2

16π3−2ε

√
π

24ε

Γ(2ε+ 1)

Γ
(
2ε+ 1

2

) (2µL)4ε

ε2

[7.3.(b)]↑ =

(
2π

κ

)2

MN2 Γ
(

1
2 − ε

)2

16π3−2ε

(2ε− 1)

2(4ε− 1)

(2µL)4ε

ε2

(7.10)
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(a) (b) (c)

(d) (e) (f)

Figure 7.3: Non-vanishing two loop diagrams for the straight-line.

The one-loop correction to the fermion exchange 7.3.(c) drops out when we take the trace
(we have opposite contributions from the two blocks) but is relevant in the supertrace
and it is given by

[7.3.(c)]↑ =

(
2π

κ

)2

MN(N −M)
Γ
(

1
2 − ε

)2

16π3−2ε

(2µL)4ε

ε(1− 4ε)
(7.11)

We consider now the diagrams involving the gauge-vertex interaction: disregarding the
group theoretical factor, one can prove that 7.3.(d) + 7.3.(e) = 7.3.(f). Exploiting then
the result of [83] we get:

[7.3.(d)]↑+[7.3.(e)]↑+[7.3.(f)]↑ = −
(

2π

κ

)2

MN(M+N)
Γ2
(

1
2 − ε

)

26+4επ3−2ε

4
√
πΓ(2ε)− 24εΓ

(
2ε− 1

2

)

Γ(2ε+ 1
2 )

(2µL)4ε

ε
(7.12)

Summing up all the contributions, we can extract the complete two-loop result for the
trace:

〈Wsl〉(2)
+ =

1

2

(
2π

κ

)2

MN
Γ
(

1
2 − ε

)2

16π3−2ε

(2µL)4ε

ε2
(7.13)

and for the supertrace

〈Wsl〉(2)
− =

1

2

(
2π

κ

)2

MN
Γ
(

1
2 − ε

)2

16π3−2ε

(2µL)4ε

ε2

(
1

1− 4ε
− Γ(2ε)Γ(1 + 2ε)

Γ(4ε)

)
(7.14)

Notice that for the traced operator, in the ABJM case (M = N), we have

〈Wsl〉(2)
+ =

1

2

(
〈Wsl〉(1)

+

)2
. (7.15)

This is the hallmark of abelian exponentiation, namely up to two-loop we can write

〈Wsl〉ABJM
+ = exp

(
−2π

κ
N

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

)
(7.16)
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Actually, we are able to guess the exponentiation also in the ABJ case (M 6= N):
indeed, focusing on the gauge group part, up to two-loop we can write for the trace:

〈Wsl〉ABJ
+ = coshV +

ε +
2
√
MN

M +N
sinhV +

ε

=
(
√
M +

√
N)2

2(M +N)
eV

+
ε +

(
√
M −

√
N)2

2(M +N)
e−V

+
ε

(7.17)

where

V +
ε = −

(
2π

κ

)√
MN

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε
(7.18)

Equations (7.16) and (7.17) naturally suggest to conjecture that this is the exact value
for the traced straight-line in dimensional regularization: if so, the divergent contri-
bution would be just a one-loop effect, which propagates to higher loops to preserve
exponentiation. Let us notice that, in the ABJM case, the cusped Wilson loop would
be cured at all-order from spurious single-line divergence by simply subtracting the
one-loop contribution of the straight-line: only the genuine anomalous cusp divergence
should survive in the final result [83]. On the other hand, for M 6= N our straight-
line conjecture would suggest a peculiar exponentiation structure, that should be valid
also for non-trivial opening angles. Eq. (7.17) implies a double-exponentiation that is
different from the one proposed in [83] and predicts precise mixing coefficients between
the two exponential factors. Nicely we will recover the same pattern and the same
mixing coefficients in the ladder-resummed result.

We end the Section with some remarks concerning the supertrace. One can imagine
that the supertrace operator could have a similar double exponentiation behavior of the
traced operator. Since the one-loop expectation value of W− vanishes, it is reasonable
to make the following ansatz

〈Wsl〉ABJ
− = coshV −ε =

1

2
eV
−
ε +

1

2
e−V

−
ε (7.19)

where

V −ε = −
(

2π

κ

)√
MN

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

√
Γ(2ε)Γ(1 + 2ε)

Γ(4ε)
− 1

1− 4ε
(7.20)

have been obtained from the two-loop result (7.14). Notice that in this case we cannot
check the ansatz because the first non-zero contribution arises from a four-loop com-
putation. The quantities V +

ε and V −ε differ only by finite terms. Indeed, by expanding
the square root in (7.20), we obtain

V −ε = −
(

2π

κ

)√
MN

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

[
1− 2ε+O(ε2)

]
= V +

ε +O(1) (7.21)
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7.2 The cusp anomalous dimension in ABJ(M) theory and
its computation through ladder diagrams

In this Section we discuss the definition of the cusp anomalous dimension in general
ABJ(M) theories and its computation in a limit in which ladder diagrams dominate.
New features in the N 6= M will emerge due to the exponentiation properties of our
cusped loops, as suggested from the straight-line example and confirmed in the ladder
limit.

7.2.1 The cusp anomalous dimension in ABJ(M) theory

We start by recalling the four-dimensional story: the generalized cusp anomalous di-
mension is defined by the divergent behavior of a cusped Wilson loop [114]

〈Wcusp〉 ' e−Γcusp(ϕ,θ) log
ΛUV
ΛIR .

Here ΛIR and ΛUV are the infrared and ultraviolet cut-offs respectively, that regularize
the specific divergencies associated to the cusp angle. Typically one takes ΛIR = 1/L,
where L is the (finite) length of the two rays and ΛUV = 1/ε, with ε being a short-length
scale cutting out the the cusp singularity. An alternative, but completely equivalent,
definition can be obtained in dimensional regularization [117], considering the renor-
malization of the cusped Wilson loop operator. After the usual renormalization of the
gauge theory2, the relevant Wilson loop must be still multiplicatively renormalized by
means of a renormalization constant Zcusp

WR
cusp = Z−1

cuspWB
cusp

where B and R refer to the bare and renormalized operator respectively. Zcusp intro-
duces the usual mass scale µ, associated to the dimensional regularization, into the
game and the cusp anomalous dimension is defined as

Γcusp = −µ d

dµ
logZcusp. (7.22)

We remark that in this language Γcusp really plays the role of the anomalous dimension
of a (non-local) quantum operator. At perturbative level it is easy to trace back the
origin of this divergence: it comes from diagrams connecting both rays of the cusp and
its exponentiation is governed by their maximal non-abelian part [117].

Il the ABJ(M) case the situation is a little bit different: we have two gauge groups
and the fermionic interactions, that live in the off-diagonal sector of the super-connection,
mix non-trivially the U(N) and U(M) structures. We expect therefore a non-standard

2In N = 4 SYM this step is superfluous, being the β-function vanishing
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exponentiation result for the cusped Wilson loop, as already hinted by the straight-line
computation presented before. Moreover the absence of a non-abelian exponentiation
theorem in this case forces us to make some assumption on the all-order structure of
the cusp divergences. Based on the two-loop computation of [83] and the straight-line
result we expect, in the general N 6= M case and in dimensional regularization, that
the quantum expectation value of our cusped Wilson loop organizes itself as

〈W+〉 = c1Z̃1Z
(1)
cuspW

F
1 + c2Z̃2Z

(2)
cuspW

F
2 , (7.23)

where Z̃1 and Z̃2 take into account the divergences coming from diagrams inserted on
a single halve and we assume they are obtained from eq.(7.17)

Z̃1 =eV
+
ε = exp

[
−
√
MN

(
2π

κ

)
Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

]

Z̃2 =e−V
+
ε = exp

[
√
MN

(
2π

κ

)
Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε

] (7.24)

The mixing coefficients c1, c2 are as well guessed from eq. (7.17)

c1 =
(
√
M +

√
N)2

2(M +N)
, c2 =

(
√
M −

√
N)2

2(M +N)
(7.25)

while Z
(1)
cusp and Z

(2)
cusp contain the true singularities associated to the cusp. The factors

WF
1 and WF

2 are instead finite contributions to the quantum expectation value that are
irrelevant for the computation of the cusp anomalous dimension. The above structure,
that will be exactly reproduced in the limit in which ladder diagrams are resummed,
suggests that we actually have two different cusp anomalous dimensions

Γ(1)
cusp = −µ d

dµ
logZ(1)

cusp, Γ(2)
cusp = −µ d

dµ
logZ(2)

cusp (7.26)

This apparently unexpected fact has a natural interpretation: the cusped Wilson loop
W+, constructed through the 1/2 BPS lines and defined with the trace, mixes under
cusp renormalization withW−, the analogous operator defined through the super-trace!

As usual in the theory of renormalization of composed local operators we would
expect the arising, in our case, of a matrix-valued set of renormalization constants:
the independent anomalous dimensions can be extracted from the eigenvalues of this
matrix. Let us see how the same happens in the present, non-local, situation. We start
by expressingWB

+ andWB
− , seen as bare quantum operator, by means of two other bare

operators

WB
+ =A11WB

1 +A12WB
2

WB
− =A21WB

1 +A22WB
2

(7.27)
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that we assume to be diagonal under cusp renormalization

WB
1 =Z1 WR

1

WB
2 =Z2 WR

2

(7.28)

These relations can be written using the coefficient matrix Aij
(
WB

+

WB
−

)
= A

(
WB

1

WB
2

)
(7.29)

and the diagonal matrix Z containing the renormalization factors

(
WB

1

WB
2

)
=

(
Z1 0
0 Z2

)(
WR

1

WR
2

)
⇒

(
WB

1

WB
2

)
= Z

(
WR

1

WR
2

)
(7.30)

The renormalized operators WR
+ and WR

− are then expressed back from the bare ones

using the matrix Z̃ = AZ A−1

(
WB

+

WB
−

)
= Z̃

(
WR

+

WR
−

)
(7.31)

The quantum result eq. (7.23) is recovered identifying

Z1 = Z̃1 Z
(1)
cusp

Z2 = Z̃2 Z
(2)
cusp

(7.32)

Based on the explicit two-loop calculation of [83] and the straight-line result we expect
that for N = M a simplification generally occurs: in both cases in fact, we observe the
arising of a single exponential, signaling that the traced operatorW+ does not mix and
its renormalization is associated to a single cusp anomalous dimension.

7.2.2 The scaling limit selecting ladder diagrams

In [141] it was considered a scaling limit inN = 4 SYM that allows an exact computation
of the cusp anomalous dimension, by simply resumming an infinite class of ladder
diagrams. The limit consists in complexifying the R-symmetry angle θ and taking

iθ >> 1, λ << 1, λ̂ = λ exp(iθ/4) fixed. (7.33)

Pure scalar exchanges between the rungs of the cusped Wilson loop become dominant
and can be resummed by means of a Bethe-Salpeter equation [141]. Subleading cor-
rections can be also systematically included in this scheme and consistency at strong
coupling with semiclassical string computations has been found [142].

In our case we want to consider a similar limit: upon a quick inspection of the
perturbative diagrams we recognize two types of relevant contributions (we refer to [83]
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for details on the perturbative expansion and related computations). At one-loop we
have the single fermionic exchange,

(c)(b)(a) (d) (e)

=

(
2π

κ

)
MN

Γ
(

1
2 − ε

)

4π3/2−ε (µL)2ε 1

ε

cos θ2
cos ϕ2

.

We notice that the fermionic exchange is proportional to λ cos θ2 , suggesting to per-
form the scaling limit as

iθ >> 1, λ << 1, λ̂ = λ exp(iθ/2) fixed. (7.34)

At two-loop we observe that the above limit suppresses all the diagrams in which internal
interactions are present. Obviously the double-fermionic exchange survives but also a
pure scalar exchange comes into the game

(c)(b)(a) (d) (e)

Figure 4. Two loops bosonic diagrams: (a) One-loop corrected gauge propagators; (b) Correlator of two

composite scalar operators; (c) Correlator gauge field composite scalar operator; (d) Chern-Simons vertex

diagrams; (e) Gluon double exchange diagrams.

and it would correspond to a gauge transformation -albeit a singular one. In dimensional

regularization it yields a (✓, ') independent pole in ✏ plus finite terms. Thus its contribution

to the divergent part of the cusp becomes ine↵ective when we impose the renormalization

condition discussed in subsec. 4.1. Consider now the other contribution in (5.3): as firstly

noted in [31] it possesses an unforeseen four-dimensional structure. When the two endpoints

lie on the same edge it is proportional to the the tree-level e↵ective propagator in N = 4

since Tr(M1M2) = 4 and thus it vanishes. When they lie instead on opposite edges it given

the following result
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where the integral governing the divergence is the same of the four dimensional case when

we replace 2✏ with ✏.

Next we examine the graphs 4.(c), 4.(d) and 4.(e). The last one is identically zero for the

same reasons of the one-loop single exchange 3.(a). The diagram 4.(c) for the case of planar

loop was discussed in [31] where it was found to vanish. The same fate is shared by 4.(e)

as pointed out in [26]. Thus the only contribution originating from the bosonic diagram is

provided by (5.4).

5.2 Fermionic diagrams

Figure 5. One-loop corrected fermions

propagators

The simplest fermionic diagram appearing at the

second order in perturbation theory consists of

the exchange of the one-loop corrected fermion

propagator depicted in fig 5.

The one-loop two point function for the spinor

fields is briefly discussed in app. C. Remarkably

it again displays the four dimensional behaviour

already encountered in the bosonic case. Its form

in the DRED scheme is
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î
(x)( ̄J) l̂

k (y)
E1 `oop

0
= �i⇣

✓
2⇡



◆
� l̂
î
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– 20 –

= −
(

2π

κ

)2

MN2 Γ2
(

1
2 − ε

)

16π3−2ε
(µL)4ε cos2 θ

2

1

ε

ϕ

sinϕ
.

This last contribution has exactly the same form of the one-loop scalar exchange
in N = 4 SYM, except that here it appears at two-loop and the scaling behavior is
different.

It is not difficult to realize that, at leading order, the generic diagrams surviving the
limit consist of ladders made by fermionic and scalar exchanges, that should therefore
summed up to obtain the complete result. We remark that the contributions coming
from diagrams ending on a single line, and so leading to divergences not related to the
cusp renormalization constant, are automatically suppressed in our limit: we do not
have to take into account the subtraction associated to Z̃1 and Z̃2. In the next Section
we will derive an efficient way to sum up all the relevant ladder diagrams.

7.3 Bethe-Salpeter equation for the generalized cusp in
ABJ(M) at leading order in the scaling limit

To calculate the n-th order correction to the cusp anomalous dimension, in principle it
is enough to identify all diagrams that have order O(λ̂n) in the scaling limit (7.34). But
the number of such diagrams is infinite, and a better way to organize the calculation is
to first compute the kernel diagrams and then generate all other diagrams with the help
of the Bethe-Salpeter equation. The number of diagrams in the kernel at each order is
finite. In addition, the Bethe-Salpeter equation automatically exponentiates the result,
making it easy to extract Γcusp.

We denote the sum of the ladder diagrams by Fa
b(s, t) where s and t are the positions

on the cusp and a, b are group indices that can be {(i, j), (̂i, ĵ)} for U(N) and U(M),
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Figure 7.4: Bethe-Salpeter equation at leading order

respectively. Fa
b(s, t) satisfies a Bethe-Salpeter equation

Fa
b(S, T ) = δa

b +

∫ S

0
ds

∫ T

0
dt Fc

d(s, t)Pa
c
d
b(s, t) (7.35)

that is shown schematically in Figure 7.4. In the scaling limit (7.34) the scalar and
the fermionic couplings of the loop dominate and one has to consider only exchanges of
these fields between the two segments of the Wilson loop. The indices sequence follows
the path-ordering of the Wilson loop and the scalar and fermionic propagators fix the
kernel indices as follow:

Pa
c
d
b(s, t) ' δa b δc d × (a “scalar” function of s and t), (7.36)

with

Pi
k
l
j(s, t) = Mδi

jδk lP
(B)(s, t)

Pi
k̂
l̂
j(s, t) = δi

jδk̂ l̂P
(F )(s, t)

Pî
k
l
ĵ(s, t) = δî

ĵδk lP
(F )(s, t)

Pî
k̂
l̂
ĵ(s, t) = Nδî

ĵδk̂ l̂P
(B)(s, t)

(7.37)

where P (F )(s, t) is the fermionic propagator and P (B)(s, t) the scalar effective propaga-
tor (double exchange) defined by [83]:

P (F )(s, t) = −
(

2π

k

)
Γ(1/2− ε)µ2ε

4π3/2−ε
cos θ/2

cosϕ/2
(∂s + ∂t)

1

(s2 + t2 + 2st cosϕ)
1
2
−ε

P (B)(s, t) =

(
2π

k

)2 Γ2(1/2− ε)µ4ε

4π3−2ε

cos2 θ/2

cos2 ϕ/2

cos2 ϕ/2

(s2 + t2 + 2st cosϕ)1−2ε

(7.38)
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Figure 7.5: Bethe-Salpeter equation at leading order

According to U(N) or U(M) indices (7.35) splits into

Fi
j(S, T ) = δi

j +

∫ S

0
ds

∫ T

0
dt
(
MFk

l(s, t)δi
jδk lP

(B)(s, t) + Fk̂
l̂(s, t)δi

jδk̂ l̂P
(F )(s, t)

)

Fî
ĵ(S, T ) = δî

ĵ +

∫ S

0
ds

∫ T

0
dt
(
Fk

l(s, t)δî
ĵδk lP

(F )(s, t) +NFk̂
l̂(s, t)δî

ĵδk̂ l̂P
(B)(s, t)

)
.

(7.39)

Thus, defining

F (S, T ) =
1√
N

TrN[Fi
j(S, T )]

F̂ (S, T ) =
1√
M

TrM[Fî
ĵ(S, T )]

(7.40)

we get

F (S, T ) =
√
N +

∫ S

0
ds

∫ T

0
dt
(
MNF (s, t)P (B)(s, t) +

√
MNF̂ (s, t)P (F )(s, t)

)

F̂ (S, T ) =
√
M +

∫ S

0
ds

∫ T

0
dt
(√

MNF (s, t)P (F )(s, t) +MNF̂ (s, t)P (B)(s, t)
)
.

(7.41)

Changing variables according to s = Leσ
′
, t = Leτ

′
, where L is an arbitrary length
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scale, we get

F (σ, τ) =
√
N +

∫ σ

−∞
dσ′
∫ τ

−∞
dτ ′
(
MNF (σ′, τ ′)P (B)(σ′, τ ′) +

√
MNF̂ (σ′, τ ′)P (F )(σ′, τ ′)

)

F̂ (σ, τ) =
√
M +

∫ σ

−∞
dσ′
∫ τ

−∞
dτ ′
(√

MNF (σ′, τ ′)P (F )(σ′, τ ′) +MNF̂ (σ′, τ ′)P (B)(σ′, τ ′)
)
.

(7.42)

with

P (F )(σ, τ) = −
(

2π

k

)
Γ(1/2− ε)(µL)2ε

25/2−επ3/2−ε
cos θ/2

cosϕ/2
(eτ∂σ + eσ∂τ )

e−
1
2

(σ+τ)eε(σ+τ)

(cosh(σ − τ) + cosϕ)
1
2
−ε

P (B)(σ, τ) =

(
2π

k

)2 Γ2(1/2− ε)(µL)4ε

23−2επ3−2ε

cos2 θ/2

cos2 ϕ/2

cos2 ϕ/2 e2ε(σ+τ)

(cosh(σ − τ) + cosϕ)1−2ε
.

(7.43)

F and F̂ obey the differential equations

∂σ∂τF (σ, τ) = MNF (σ, τ)P (B)(σ, τ) +
√
MNF̂ (σ, τ)P (F )(σ, τ)

∂σ∂τ F̂ (σ, τ) =
√
MNF (σ, τ)P (F )(σ, τ) +MNF̂ (σ, τ)P (B)(σ, τ)

(7.44)

with boundary conditions F (−∞, τ) = F (σ,−∞) =
√
N and F̂ (−∞, τ) = F (σ,−∞) =

√
M .

Then we write x = σ − τ and y = (σ + τ)/2 and obtain

(
1

4
∂2
y − ∂2

x

)
F (x, y) = MNF (x, y)P̃ (B)(x, y) +

√
MNF̂ (x, y)P̃ (F )(x, y)

(
1

4
∂2
y − ∂2

x

)
F̂ (x, y) =

√
MNF (x, y)P̃ (F )(x, y) +MNF̂ (x, y)P̃ (B)(x, y).

(7.45)

with

P̃ (F )(x, y) =

(
2π

k

)
Γ(1/2− ε)µ2ε

(2π)3/2−ε
cos θ/2

cosϕ/2
e2εy

{
d

dx

[
sinhx/2

(coshx+ cosϕ)
1
2−ε

]
−ε coshx/2

(coshx+ cosϕ)
1
2−ε

}

P̃ (B)(x, y) =

(
2π

k

)2
Γ2(1/2− ε)µ4ε

(2π)3−2ε

cos2 θ/2

cos2 ϕ/2
e4εy

{
(coshx+ cosϕ)2ε

2
− sinh2 x/2

(coshx+ cosϕ)1−2ε

}
.

(7.46)

7.3.1 General solution in d = 3

For ε = 0 equations (7.45) can be decoupled easily since the kernels (7.46) are indepen-
dent of y. Indeed, by introducing

H(x, y) = F (x, y) + F̂ (x, y), K(x, y) = F (x, y)− F̂ (x, y), (7.47)
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(7.45) are equivalent to

(
1

4
∂2
y − ∂2

x

)
H(x, y) =

(
aW ′(x)− a2W 2(x) +

a2

2

)
H(x, y)

(
1

4
∂2
y − ∂2

x

)
K(x, y) =

(
−aW ′(x)− a2W 2(x) +

a2

2

)
K(x, y).

(7.48)

with

a =

(
2π

k

) √
MN

23/2π

cos θ/2

cosϕ/2
, (7.49)

and

W (x) =
sinhx/2

(coshx+ cosϕ)
1
2

. (7.50)

These equations can be solved using the separation variable method. Setting

H(x, y) = h(y)ψ+(x) K(x, y) = k(y)ψ−(x), (7.51)

we get

∂2
yh(y) = 4(−E +

a2

2
)h(y)

∂2
yk(y) = 4(−Ẽ +

a2

2
)k(y)

(7.52)

and
(
−∂2

x + a2W 2(x)− aW ′(x)
)
ψ+(x) = Eψ+(x)

(
−∂2

x + a2W 2(x) + aW ′(x)
)
ψ−(x) = Ẽψ−(x)

(7.53)

The solution of the y dependent equations is simply

h(y) = C1e
2

√
−E+a2

2
y + C2e

−2

√
−E+a2

2
y

k(y) = C3e
2

√
−Ẽ+a2

2
y + C4e

−2

√
−Ẽ+a2

2
y

(7.54)

with C1,2,3,4 constants which have to be fixed by imposing the boundary conditions
as we will discuss in the following. The x−dependent equations (7.53) can be seen as
the two Schroedinger equations of a supersymmetric quantum mechanical system [189],
therefore E and Ẽ are non-negative. In principle one could solve for these equations.
However we are only interested to consider the case in which the edges of the cusp
extend to infinity, i.e. S and T very large. In this limit x ∼ 0 and y is very large, thus
we make the ansatz E = Ẽ = 0 3 and we set ψ+(0) = ψ−(0) = 1 since they can be
reabsorbed in the normalization constants C1, . . . , C4.

3In the weak coupling limit for positive energy values the solutions of (7.54) become oscillatory.

135



Using (7.51), (7.54) and (7.47) we get

F (0, y) =
C1 + C3

2
e
√

2ay +
C2 + C4

2
e−
√

2ay

F̂ (0, y) =
C1 − C3

2
e
√

2ay +
C2 − C4

2
e−
√

2ay.

(7.55)

We fix the constants C1, . . . , C4 by matching the perturbative result. In d = 3 there are
UV divergences coming from the integration regions close to the cusps. To isolate this
divergence we set smin = tmin = ε which means ymin = log ε ≡ −L0. Obviously,

F (0,−L0) =
√
N, and F̂ (0,−L0) =

√
M. (7.56)

Inserting these conditions in (7.55) we obtain

F (0, y) =
√
Ne
√

2a(y+L0) − C2 + C4

2
sinh
√

2a(y + L0)e
√

2aL0

F̂ (0, y) =
√
Me
√

2a(y+L0) − C2 − C4

2
sinh
√

2a(y + L0)e
√

2aL0

(7.57)

The two remaining constants are determined by matching the first order in the coupling
(which is contained in a) of our solution (7.57) with the first iteration of the Bethe-
Salpeter equations (7.42) at the same order

F (1)(τ, τ) = M
√
N

∫ τ

−L0

dσ′
∫ τ

−L0

dτ ′PF (σ′, τ ′)

F̂ (1)(τ, τ) = N
√
M

∫ τ

−L0

dσ′
∫ τ

−L0

dτ ′PF (σ′, τ ′)
(7.58)

which gives

C2 =

√
N +

√
M

2
(1−A)

C4 =

√
N −

√
M

2
(1 +A)

(7.59)

where

A = lim
y→∞
L0→∞

√
MN

α(y + L0)

∫ y

−L0

dσ′
∫ y

−L0

dτ ′PF (σ′, τ ′) (7.60)

In the appendix D we compute this integral and we find that A = 1, thus C2 = 0 and
C4 =

√
N −

√
M . Inserting this result in (7.57) we finally obtain

〈W+
cusp〉 =

√
NF +

√
MF̂

N +M
= cosh

√
2a(y + L0) +

2
√
MN

N +M
sinh
√

2a(y + L0)

〈W−cusp〉 =

√
NF −

√
MF̂

N −M = cosh
√

2a(y + L0)

(7.61)
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7.3.2 Solution for ε 6= 0 and ϕ = 0

In the particular case of ϕ = 0 eqs. (7.45) can be exactly solved also for ε 6= 0. To
show this fact we first perform the change of variable x→ ix′ and y → 1

2y
′. Then using

(7.47), eqs. (7.45) become

�H(x′, y′) =
[
~∇W̃(x′, y′) · ~∇W̃(x′, y′)−�W̃(x′, y′)

]
H(x′, y′)

�K(x′, y′) =
[
~∇W̃(x′, y′) · ~∇W̃(x′, y′) + �W̃(x′, y′)

]
K(x′, y′).

(7.62)

with ~∇ = (∂x′ , ∂y′), � = ∂2
x′ + ∂2

y′ and

W̃(x′, y′) =
2ε−1/2aε

ε
eεy
′
cos2ε x

′

2
, aε =

(
2π

k

)√
MN

Γ(1/2− ε)µ2ε

(2π)3/2−ε cos θ/2 . (7.63)

These equations are the Schroedinger equations of the two bosonic sectors of a two-
dimensional N = 2 supersymmetric quantum mechanics. The wave function of the
ground state can be exactly found and gives

H(x, y) =C1e
−W̃(−ix,2y) = C1e

− 2ε−1/2aε
ε

e2εy cosh2ε x
2

K(x, y) =C2e
W̃(−ix,2y) = C2e

2ε−1/2aε
ε

e2εy cosh2ε x
2

(7.64)

with C1 and C2 normalization constants. Thus, using (7.47), one finds

F (x, y) =
C1

2
e−

2ε−1/2aε
ε

e2εy cosh2ε x
2 +

C2

2
e

2ε−1/2aε
ε

e2εy cosh2ε x
2

F̂ (x, y) =
C1

2
e−

2ε−1/2aε
ε

e2εy cosh2ε x
2 − C2

2
e

2ε−1/2aε
ε

e2εy cosh2ε x
2

(7.65)

Here too we use the boundary conditions

F (0,−∞) =
√
N and F̂ (0,−∞) =

√
M (7.66)

to fix the constants in (7.65), getting

C1 =
√
N +

√
M

C2 =
√
N −

√
M .

(7.67)

Finally, we can write

〈W+
ϕ=0〉 =

√
NF +

√
MF̂

N +M
= coshVε(x, y) +

2
√
MN

M +N
sinhVε(x, y) ,

〈W−ϕ=0〉 =

√
NF −

√
MF̂

N −M = coshVε(x, y) ,

(7.68)
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where

Vε(x, y) = −W̃(−ix, 2y) = −2ε−1/2aε
ε

e2εy cosh2ε x

2
(7.69)

Setting x = 0 and y = logL, we restore the physical variables obtaining

Vε(0, logL) = −
(

2π

κ

)√
MN

Γ
(

1
2 − ε

)

4π3/2−ε
(2µL)2ε

ε
cos

θ

2
(7.70)

The resummation of the divergent part of the traced and supertraced loops in the (7.68)
seems to confirm our guesses made in Section 7.1.1. Indeed, with the substitution
λ̂i → λi, we have

Vε(0, logL)
λ̂i→λi= V +

ε = V −ε,div. (7.71)

where V −ε,div. is the divergent part of V −ε that is equal to V +
ε as shown in (7.21). We

can conclude that at leading order in the scaling limit (7.34) the cusp divergence of
the Wilson loops W±ϕ=0 is the same of the divergence associated to the a Wilson line of
length 2L.

7.4 The determination of Γcusp(ϕ)

We want to extract Γcusp(ϕ) from the solutions of Bethe-Salpeter equation: we have
simply to recast them in a suitable form to single out the logarithmic divergence. Going
back to the original (dimensionful) variables, we have to define

T = S = Λ−1
IR = Ley → y = − logLΛIR = log

T

L
;

ε = Λ−1
UV = Le−L0 → L0 = logLΛUV = log

L

ε

(7.72)

where ΛIR is the natural IR cut-off (associated to the length of the cusp) and ΛUV = 1
ε

is the UV cut-off (cutting-off the cusp, where ladders collapse). We have also introduced
a scale length L for dimensional reason (that will not play any role in the following).
With the above definitions we get

(y + L0) = log
T

ε
= log

ΛUV
ΛIR

(7.73)

We can finally rewrite the expectation value of the Wilson loop, as determined in
the previous section, in the suggestive form as follows:

〈W+
cusp〉ABJ =

(
√
M +

√
N)2

2(M +N)
e
−α log

ΛUV
ΛIR +

(
√
M −

√
N)2

2(M +N)
e
α log

ΛUV
ΛIR

〈W−cusp〉ABJ =
1

2
e
−α log

ΛUV
ΛIR +

1

2
e
α log

ΛUV
ΛIR

(7.74)
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We have exactly reproduced the double-exponential structure found for the straight-line
in Section 7.1.1: it is also consistent with the two-loop calculation of [83] and corrects
the exponentiation proposed there. We remark that this result comes from an all-order
computation, although in a particular limit, and strongly supports the mixing picture
that we have developed in Section 7.2.1. Let us discuss the cusp anomalous dimension
obtained here.

We first consider the ABJM case (N = M). As already announced in Section 7.2.1
we observe a drastic simplification with the disappearing of one of the two exponentials.
The definition of the Γcusp(ϕ, λ̂) is the usual one and we have:

〈W+
cusp〉ABJM = e

−α log
ΛUV
ΛIR ⇒ Γcusp(ϕ) = α =

N

κ

cos θ/2

cosϕ/2
=

λ̂

cos ϕ2
(7.75)

with λ̂1 = λ̂2 = λ̂ in this case. As a matter of fact, we have seen in solving the
Bethe-Salpeter equation that F = F̂ and the effective Schroedinger equations decouple.

In the general situation, when N 6= M , we need more attention: the expectation
value of W± contains a double exponential, so we have to resort to eq. (7.31). The
entries of the mixing matrix can be read from (7.74). The coefficients of the divergent

logarithms in the exponentials are identified with Γ
(1,2)
cusp (ϕ)

Γ(1)
cusp(ϕ) =

√
λ̂1λ̂2

cos ϕ2

Γ(2)
cusp(ϕ) =−

√
λ̂1λ̂2

cos ϕ2

(7.76)

and appear effectively as the eigenvalues of a mixing matrix. Notice that in the BPS

limit ϕ = θ = i∞, Γ
(1,2)
cusp vanish as expected!

We can also apply the definition of cusp anomalous dimension for the ϕ = 0 case
derived from dimensional regularization

Γ(1)
cusp =− µ ∂

∂µ
Z(1)

cusp =

√
MN

κ
cos

θ

2
=

√
λ̂1λ̂2

Γ(2)
cusp =− µ ∂

∂µ
Z(2)

cusp = −
√
MN

κ
cos

θ

2
= −

√
λ̂1λ̂2

(7.77)

finding perfect consistency with the previous analysis.

Our final result deserves a certain number of comments. A first remark concerns the
structure of the exponentiation in the ABJ case: looking at our explicit calculation, one
could expect that only the lower cusp anomalous dimensions should dominate, the other
giving a subleading contribution. On the other hand they appear on the same footing
in our computations and, much more crucially, consistency with perturbative results
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needs both of them. At this order, in the scaling limit, we have Γ
(1)
cusp(ϕ) = −Γ

(2)
cusp(ϕ) :

we think that subleading corrections should change this relations, generating a non-
symmetric function of the scaled ’t Hooft coupling. A second important observation
concerns the actual functional form of Γcusp(ϕ). Let us concentrate for the moment on
the N = M case. We see that the final expression is just the exponentiation of the
one-loop result: in the ladder limit the leading cusp divergence undergoes to an abelian
exponentiation! This property was absolutely unexpected and it is completely different
from the analogous N = 4 SYM resummation, where an highly non-trivial function
appears at this order, even for ϕ = 0. The reason relies of course in the supersym-
metric structure of the effective Schroedinger equation but it has also a perturbative
explanation: fermionic and bosonic diagrams do not exponentiate in an abelian way by
themselves and it is their delicate balance that, order by order in the coupling constant,
generates this nice behavior. We have checked explicitly at three-loop in perturbation
theory this fact. The N 6= M situation presents instead a slightly more involved struc-
ture: we have still an abelian-like exponentiation at this order, but when expressed in
terms of the two (scaled) ’t Hooft couplings λ̂1, λ̂2 it appears through a square root of
their product. This is a further effect of the diagonalization process and at moment we
do not have a satisfying explanation from general principles. We stress that from the
point of view of the original CS level k the exponentiation is one-loop as well. A third
and, may be, more interesting remark, is related to the strong-coupling limit and the
connection with string theory. To fix the ideas let us consider the more simple ABJM
case: because of the abelian-like exponentiation we do not have any non-trivial inter-
polation between weak and strong-coupling and the scaling limit does not match the

expected
√
λ̂ behavior of string theory. At variance with N = 4 SYM the scaling limit

does not seem to commute with the strong-coupling limit, a fact that in four-dimensions
was not expected a priori (see the comments in the original computation [141]).
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Chapter 8

Conclusions and discussion

In this thesis we have studied observables involving Wilson loops and local operators
in supersymmetric gauge theories as N = 4 SYM and ABJ(M) theories. We have used
perturbation theory in the weak-coupling expansion at large N and, when it was pos-
sible, we have resummed all the perturbative series obtaining exact results. AdS/CFT
correspondence, localization and integrability techniques allow us to compare our results
with the strong-coupling regime and with some matrix-model or Y-system results. In
the following we comment the main outputs of our original work presented in chapters
5, 6 and 7 and discuss possible further developments.

In Chapter 5 we have studied correlation functions of Wilson loops and local opera-
tors on the sphere S2 in N = 4 SYM theory. A matrix-model for these observables has
been proposed and the different configurations we have examined reproduce its results.
In particular we have considered a chiral operator inserted on the north-pole of S2 and
a Wilson loop placed on a latitude. The resummation of the ladder perturbative series
is easily performed, leading to the expected result. The interaction diagrams sums to
zero up to order λ2 and we expect the same behavior at any perturbative order. A more
involved situation arises when the operator is inserted in an arbitrary point of one of
the two hemispheres. In this case the interaction diagrams do not sum to zero and they
nicely interplay with the ladder ones to reproduces the matrix-model result.

It would be possible to extend the present computation to the case of two chiral pri-
maries and one Wilson loop, checking in this way the expression derived in [153].
More generally one could try to develop an analogous supersymmetric system in three-
dimensional ABJM theory [16], where a family of 1/6 BPS Wilson loops living on the
two-sphere S2 with the same properties of the 1/8 BPS operators considered here has
been recently derived [82] and studied at quantum level [85]. Chiral primaries sharing
part of the supersymmetries should be constructed and, at least at perturbative level,
the correlation functions could be studied.

In Chapter 6 we have explored the possibility to study the near-BPS expansion of
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the generalized cusp anomalous dimension with L units of R-charge by means of su-
persymmetric localization. The R-charge is provided by the insertion of certain scalar
operators into a cusped Wilson loop, according to the original proposal of [139], [140].
The relevant generalized Bremsstrahlung function BL(λ, ϕ) has been computed by solv-
ing a set of TBA equations in the near-BPS limit [167, 168] and, more recently, using
QSC approach [166]. We have proposed here a generalization of the method discussed
in [131], relating the computation to the quantum average of some BPS Wilson loops
with local operator insertions along the contour. The system should localize into per-
turbative YM2 on S2, in the zero-instanton sector, suggesting the possibility to perform
exact calculations in this framework. We have checked our proposal, reproducing the
leading Lüscher correction to the generalized cusp anomalous dimension at weak cou-
pling. We have further tested our strategy in the case L = 1, using Feynman diagrams
directly in N = 4 Super Yang-Mills theory.

Our investigations represent only a first step in connecting integrability results with
localization outputs: we certainly would like to derive the complete expression for
BL(λ, ϕ) in this framework. Two-dimensional Yang-Mills theory on the sphere has
an exact solution, even at finite N [159, 160]: on the other hand, the construction
of the vacuum expectation values of Wilson loops with local operator insertions has
not been studied in the past, at least to our knowledge. The matrix model [169],
computing the generalized Bremsstrahlung function, strongly suggests that these two-
dimensional observables, in the zero-instanton sector, should be obtained by extending
the techniques of [153]. One could expect that also a finite N answer is possible, as in
the case of L = 0.

A further direction could be to develop an efficient technique to explore this kind of
observable directly in four-dimensions, by using perturbation theory. It would be in-
teresting to go beyond the near-BPS case and to study the anomalous dimensions for
more general local operator insertions. The construction of similar systems in three-
dimensional ABJM theory should also be feasible and could provide new insights to get
exact results.

In Chapter 7 we have studied a cusped Wilson loop in N = 6 Super Chern-Simons the-
ory, constructed with lines that are 1/2 BPS. We have computed the associated cusp
anomalous dimension in a scaling limit in which ladder diagrams dominate: because of
the 1/2 BPS character of the two halves, we have both bosonic and fermionic ladder
exchanges and their resummation is encoded into a coupled Bethe-Salpeter equation.
We have seen that this problem can be mapped into a supersymmetric Schroedinger
equation whose ground state solution provides an exact expression for the cusp anoma-
lous dimensions. Actually we found that, in the general N 6= M case, the traced
Wilson loop undergoes through a double-exponentiation, that we have interpreted as
an operator mixing under cusp renormalization: we have associated to the eigenvalues
of the mixing matrix two independent cusp anomalous dimensions. The final result is
very simple and the exponentiations are abelian, the cusp anomalous dimensions are
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one-loop exact up diagonalization. The strong-coupling limit is therefore trivial and
we do not find consistency with string theory computation [138]: we argue that the
scaling limit considered here does not commute with the strong-coupling limit. Con-
cerning abelian exponentiation, a similar phenomenon has been observed recently [190]
in studying N = 4 SYM cusped Wilson loops in k-symmetric representations: at large
N and k planar diagrams dominate and the exponentiation is of abelian type.

The obvious follow-up of the present work is to take into account the subleading
corrections to the scaling limit: in [142] a systematic approach to this computation
has been developed in the N = 4 SYM case and it should be possible to perform
an analogous investigation here. Preliminary results seem promising. It would be
interesting to see if the supersymmetric structure we have found is preserved beyond

leading order: in any case we expect a non-trivial modification of the relation Γ
(1)
cusp(ϕ) =

−Γ
(2)
cusp(ϕ). Another direction of work consists in checking the exponential structure at

three-loop: the mixing we have observed here prescribes an exponentiation with definite
group-dependent coefficients (see eq. (7.74)), that appear to be the same both in the
scaling limit and in the general two-loop result [83]. It would be of course nice to have
a deeper understanding for the occurrence of the mixing coefficients: a closer look at
the supersymmetric quantum mechanics discussed in [87], where the 1/2 BPS line is
obtained from a Higgsing procedure, should be probably useful for this task.

More ambitiously, one would like to approach the generalized cusp anomalous di-
mension in ABJ(M) theory from a general point of view, with the hope that other
all-order results can be obtained. In four-dimensions a particularly powerful approach
has been pushed forward recently [166, 144], applying to cusped Wilson loop the tech-
nique of the quantum spectral curve. Beautiful results have been obtained for the
Bremsstrahlung function and the quark-anti-quark potential. It would be nice to ex-
tended this approach in the ABJ(M) case, in which the quantum spectral curve has been
already studied [191]. It should be also possible to extend the TBA equations derived
in [139, 140] in the three-dimensional context, taking advantage of the investigations
presented in [192, 193, 194]
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Appendix A

Notation and conventions

A.1 N = 4 SYM

Feynman rules

We shall briefly review the Euclidean Feynman rules relevant for our computations.
We use the position-space propagators, which are obtained from those in momentum
space (see e.g. [89]) by means of the following master integral

∫
d2ωp

(2π)2ω

eip·x

(p2)s
=

Γ (ω − s)
4sπωΓ(s)

1

(x2)ω−s
. (A.1)

Defining the quantity

D(x− y) ≡ Γ(ω − 1)

2(2π)2ω

1

[(x− y)2]ω−1
, (A.2)

in Landau gauge, we have the following propagators

〈
Aijµ (x), Aklν (y)

〉
= λ

δilδjk

N
δµνD(x− y)

〈
Φij
I (x),Φkl

J (y)
〉

= λ
δilδjk

N
δIJD(x− y)

(A.3)

The one-loop corrections to the scalar propagators (A.3) in coordinate space was com-
pute in [89] and takes the form

〈
Φij
I (x),Φkl

J (y)
〉(1)

= −δ
ilδjk

N
λ2 Γ2(ω − 1)

25π2ω(2− ω)(2ω − 3)

δIJ
[(x− y)2]2ω−3

(A.4)
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The integrals I1(x,y) and I2(x,y)

The integral I1(x, y), defined in (5.25), has been evaluated [109] in momentum space
representation and using dimensional regularization (ω = 2 + ε)

I1(x, y) ≡
∫
d2ωp1d

2ωp2

(2π)4ω

eip1x+ip2y

p2
1p

2
2(p1 + p2)2

=
Γ(2ω − 3)

64π2ω(ω − 1)

∫ 1

0
dα

[α(1− α)]ω−2

[α(x− y)2 + (1− α)y2]2ω−3

× 2F1

(
1, 2ω − 3, ω,

(y − αx)2

α(x− y)2 + (1− α)y2

)
.

(A.5)

From this representation, one obtains the behavior of I1 near x = 0

I1(0, y) =
Γ2(ω − 1)

64π2ω(2ω − 3)(2− ω)

1

[y2]2ω−3 . (A.6)

Since (A.5) is manifestly symmetric under the exchange x ↔ y and x ↔ y − x, the
behavior at y = 0 and y = x is similar. The integral I2(x, y) is defined as follows [109]

I2(x, y) = − Γ(2ω − 3)

64π2ω(ω − 1)

∫ 1

0
dα

αω−1(1− α)ω−2

[α(1− α)x2 + (y − αx)2]2ω−3

× 2F1

(
1, 2ω − 3, ω,

(y − αx)2

(y − αx)2 + α(1− α)x2

)
.

(A.7)

Here we quote its behavior at x = 0, y = 0 and y = x.

At x = 0:

I2(0, y) = − Γ2(ω − 1)

128π2ω(2− ω)(2ω − 3) [(y)2]2ω−3 . (A.8)

At y = 0:

I2(x, 0) = −Γ(2ω − 3)Γ(3− ω)Γ(ω − 1)

64π2ω [x]2ω−3

(Γ(ω − 2)− 2Γ(3− ω)Γ(2ω − 4))

4(ω − 2)3Γ(2− ω)Γ(2ω − 4)
. (A.9)

At y = x:

I2(x, x) = −Γ(2ω − 3)Γ(2− ω)Γ(ω)

64π2ω(ω − 1)[x2]2ω−3

1− Γ(ω−1)
Γ(3−ω)Γ(2ω−2)

2(ω − 2)
. (A.10)

In Section 5.2 we introduced the following combination of the derivatives of I1 and
I2:

V µ(x, y) ≡ ∂I1(x, y)

∂xµ
− ∂I2(x, y)

∂yµ
. (A.11)
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Taking the derivative of (A.5) and (A.7), V µ can be expressed as [109]

V µ(x, y) = − Γ(2ω − 2)xµ

32π2ω(ω − 1)(x2)2ω−2

∫ 1

0
dα[α(1− α)]1−ω2F1(1, 2ω − 2;ω; ξ)(1− ξ)2ω−2,

(A.12)

where

ξ =
(y − αx)2

(y − αx)2 + α(1− α)x2
. (A.13)

In particular, setting ω = 2 one has

V µ(x, y) = − xµ

32π4x2

∫ 1

0
dα

1

α(1− α)x2 + (y − αx)2

=
xµ

32π4x2

log
[

y2

(x−y)2

]

(x− y)2 − y2

(A.14)

For our purposes, however, it is more useful to rewrite V µ as

V µ(x, y) =
1

32π4x2

{
∂

∂yµ

[
Li2

(
1− (x− y)2

y2

)
+

1

2
log2

(
(x− y)2

y2

)

− 1

2
log2

(
(x− y)2

x2

)]
− 2(x− y)µ

(x− y)2
log

(
y2

x2

)}
.

(A.15)

A.2 ABJ(M)

Feynman rules

We shall briefly review the Euclidean Feynman rules relevant for our computations.
We use the position-space propagators, which are obtained from those in momentum
space (see e.g. [78]) by means of the following master integral

∫
d3−2εp

(2π)3−2ε

eip·x

(p2)s
=

Γ
(

3
2 − s− ε

)

4sπ
3
2
−εΓ(s)

1

(x2)
3
2
−s−ε . (A.16)

Defining the quantity

D(x− y) ≡ Γ
(

1
2 − ε

)

4π
3
2
−ε

1

((x− y)2)
1
2
−ε , (A.17)
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in Landau gauge, we have the following propagators

〈(Aµ) j
i (x)(Aν) l

k (y)〉 =δliδ
j
k

(
2πi

κ

)
εµνρ∂

ρ
xD(x− y),

〈(Âµ) ĵ

î
(x)(Âν) l̂

k̂
(y)〉 =− δ l̂

î
δĵ
k̂

(
2πi

κ

)
εµνρ∂

ρ
xD(x− y).

〈(CI) ĵ
i (x)(C̄J) l

k̂
(y)〉 =δJI δ

l
i δ

ĵ

k̂
D(x− y),

〈(ψI) j

î
(x)(ψ̄J) l̂

k (y)〉 =δJI δ
l̂
î
δjkiγ

µ∂µD(x− y).

(A.18)

The one-loop corrections to the propagators (A.18) in coordinate space was compute in
[78]. The one loop two-point function for the gauge field takes the form

〈(Aµ) ji (x)(Aν) lk (y)〉(1)=δliδ
j
k

(
2π

κ

)2MΓ2
(

1
2 − ε

)

4π3−2ε

(
δµν

((x− y)2)1−2ε
− ∂µ∂ν

(
((x− y)2)ε

4ε(1 + 2ε)

))
.

(A.19)

The correction to the gauge propagator of Â is very similar to (A.19): we have simply

to replace M with N and δli δ
j
k with δ l̂

î
δĵ
k̂
. The one-loop correction to the fermion

propagator in coordinate space is given by

〈(ψI) j

î
(x)(ψ̄J) l̂

k (y)〉(1) = −iδ l̂
î
δjk(N −M)

Γ2
(

1
2 − ε

)

16π3−2ε

1

((x− y)2)1−2ε
. (A.20)

Gamma matrices and bilinears

When computing the fermionic diagrams contributing to the Wilson loop defined by
the super-connection (3.50) we often encounter bilinears constructed with the spinors
η and η̄ defined by the two relations

(ẋµγµ) β
α =

1

2i
|ẋ|(ηβ η̄α + ηαη̄

β) (ηβ η̄α − ηαη̄β) = 2iδβα, (A.21)

For instance, the most common is
η1γ

µη̄2, (A.22)

where the superscripts 1 and 2 denote two different points on the contour. We can
determine its value up to an overall factor by means of the following corollary of (A.21)

η̄αη
β = i

(
1 +

ẋλγλ
|ẋ|

) β

α

. (A.23)

Consider in fact the product (η1η̄2)(η1γ
µη̄2). We can rewrite it as

(η1η̄2)(η1γ
µη̄2) = η̄2αη

β
2 (γµ) ρ

β η̄1ρη
α
1 = −Tr

[(
1 +

ẋ2
λγλ
|ẋ2|

)
γµ
(

1 +
ẋ1
νγν
|ẋ1|

)]
, (A.24)
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where we used (A.23) in order to eliminate the spinors from the expression. Thus

(η2γ
µη̄1) =− 2

(η1η̄2)

[
ẋ1
µ

|ẋ1|
+
ẋ2
µ

|ẋ2|
− i ẋ2

λ

|ẋ2|
ẋ1
ν

|ẋ1|
ε µ
λν

]
. (A.25)

The only undetermined factor in (A.25) is the scalar contraction (η1η̄2). The condition
(A.23) however determines its norm, i.e the product (η1η̄2)(η2η̄1)

(η1η̄2)(η2η̄1) =− Tr

[(
1 +

ẋ2
λ

|ẋ2|
γλ

)(
1 +

ẋ1
ν

|ẋ1|
γν

)]
= −2

[
1 +

(ẋ1 · ẋ2)

|ẋ1||ẋ2|

]
. (A.26)

There is a second bilinear that will be relevant, namely the one containing three Dirac
matrices

η1γ
λγµγν η̄2. (A.27)

Its evaluation reduces to the previous case because of the following identity

γργµγσ = δρµγσ + δµσγρ − δρσγµ + iερµσ1, (A.28)

which holds for three-dimensional Euclidean gamma matrices.

For completeness, we shall also give all the possible scalar contractions for our
specific circuit

η1η̄1 = η2η̄2 = 2i, η1η̄2 = η2η̄1 = 2i cos
ϕ

2
,

η2η1 = −2i sin
ϕ

2
, η̄1η̄2 = 2i sin

ϕ

2
. (A.29)

Here the indices 1 and 2 indicates the two different edges of the cusp.
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Appendix B

Relevant integrals for correlation
functions in N = 4 SYM

B.1 Summing up interactions I: the details

The evaluation of P1

Using the integral representation of I1 given in (A.5), we get

P1 =

∮
dτ1 dτ2 I1(x1 − x2, xN − x2) (x1 − x2)2

=
Γ(2ω − 3)

25π2ω(ω − 1)

sin2 θ0

(1− cos θ)2ω−3

∮
dτ1dτ2

∫ 1

0

dα
[α(1− α)]ω−2(1− cos τ12)

22ω−3

× 2F1

(
1, 2ω − 3;ω; 1− α(1− α)

sin2 θ0

(1− cos θ0)
(1− cos τ12)

)
.

(B.1)

With the help of the following identity

2F1(α, β; γ; z) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)
2F1(α, β;α+ β − γ + 1; 1− z)

+ (1− z)γ−α−β Γ(γ)Γ(α+ β − γ)

Γ(α)Γ(β)
2F1(γ − α, γ − β; γ − α− β + 1; 1− z),

(B.2)

and the series representation of the hypergeometric function, P1 becomes

1

26+2επ4+2ε

∞∑

k=0

∮
dτ1dτ2

∫ 1

0

dα

[
(sin2 θ0)1−ε+k

(1− cos θ0)1+ε+k
Γ(ε)

Γ(1 + ε+ k)

Γ(k + 1)
[α(1− α)]k(1− cos τ12)1−ε+k

+
(sin2 θ0)1+k

(1− cos θ0)1+2ε+k

Γ(−ε)
Γ(1− ε)

Γ(1 + 2ε+ k)Γ(1 + ε)

Γ(1 + ε+ k)
[α(1− α)]ε+k(1− cos τ12)k+1

]
.

(B.3)
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The integrations can now be performed easily, and we obtain

√
π

26+2επ3+2ε

∞∑

k=0

[
23+k (sin2 θ0)1+k

(1− cos θ0)1+2ε+k

Γ(−ε)
Γ(1− ε)

Γ(1 + 2ε+ k)Γ(1 + ε)Γ(1 + ε+ k)Γ(3/2 + k)

Γ(2 + 2ε+ 2k)Γ(k + 2)

+ 23−ε+k (sin2 θ0)1−ε+k

(1− cos θ0)1+ε+k
Γ(ε)

Γ(1 + ε+ k)Γ(k + 1)Γ(3/2− ε+ k)

Γ(2k + 2)Γ(2− ε+ k)

]
.

(B.4)

Taking the limit ε→ 0 we see that divergences cancel, and the sum over k gives

P1 =
1

8π2

[
π2

6
− Li2

(
sin2 θ

02

)]
. (B.5)

The evaluation of P2

Using the integral representation of I1 and I2 given in (A.5) and (A.7), we get

P2 =

∮
dτ1 dτ2

[
I1(x1 − xN , x2 − xN ) + I2(x2 − xN , x1 − xN )

]

=
1

22ω+3

Γ(2ω − 3)

π2ω(ω − 1)

1

(1− cos θ0)2ω−3

∮
dτ1dτ2

∫ 1

0

dα
(1− α)[α(1− α)]ω−2

[1 + α cos θ0 − α(1 + cos θ0) cos τ21]
2ω−3

× 2F1

(
1, 2ω − 3, ω, 1− α(1− α)

1 + α cos θ0 − α(1 + cos θ0) cos τ21

)
.

(B.6)

With the help of the identity

2F1(α, β; γ; z) = (1− z)−β 2F1

(
β, γ − α; γ;

z

z − 1

)
, (B.7)

we arrive to the following expression

P2 =
1

22ω+3

Γ(2ω − 3)

π2ω(ω − 1)

1

(1− cos θ0)2ω−3

∮
dτ1dτ2

∫ 1

0

dα α1−ω(1− α)2−ω

× 2F1

(
2ω − 3, ω − 1, ω,−1− α

α
− (1 + cos θ0)(1− cos τ21)

1− α

)
.

(B.8)

Exploiting the Mellin-Barnes representation of the hypergeometric function, we recast P2 as

1

22ω+4

1

π2ω+1 i

1

(1− cos θ0)2ω−3

∮
dτ1dτ2

∫ 1

0

dα α1−ω(1− α)2−ω

×
∫ i∞

−i∞
dt

Γ(2ω − 3 + t)Γ(ω − 1 + t)Γ(−t)
Γ(ω + t)

(
1− α
α

+
(1 + cos θ0)(1− cos τ21)

1− α

)t
.

(B.9)
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We perform a Mellin-Barnes transform also of last factor in (B.9), obtaining

− 1

22ω+5

1

π2ω+2

1

(1− cos θ0)2ω−3

∫ i∞

−i∞
dt

∫ i∞

−i∞
ds

Γ(2ω − 3 + t)Γ(s)Γ(−t− s)
(ω − 1 + t)

(1 + cos θ0)−s

×
∮
dτ1 dτ2 (1− cos τ21)−s

∫ 1

0

dα α1−ω−t−s(1− α)2−ω+t+2s.

(B.10)

Evaluating the integrals over τ1, τ2 and α and setting ω = 2 + ε, we get

− 1

27+2ε

√
π

π5+2ε

∫ i∞

−i∞
dt

∫ i∞

−i∞
ds

(1 + cos θ0)−s

(1− cos θ0)1+2ε
2−s

Γ(1 + 2ε+ t)Γ(s)Γ(−t− s)Γ( 1
2 − s)

(1 + ε+ t)Γ(1− s)Γ(s− 2ε+ 1)

× Γ(−ε− t− s)Γ(1 + t+ 2s− ε).
(B.11)

Analyzing the singularity structure of the integrand, it is possible to choose a contour
of integration for s and t that allows us to take ε = 0 and satisfies

0 < Re(s) < 1/2, −1 < Re(t) < −Re(s). (B.12)

Shifting t→ t− s and expressing everything in terms of Γ-functions (B.11) becomes

− 1

27

√
π

π5

∫ i∞

−i∞
ds

(1 + cos θ0)−s

(1− cos θ0)

2−s sin(πs)Γ
(

1
2 − s

)
Γ(s)

πs

×
∫ i∞

−i∞
dt

[
Γ(t− s)Γ(−t)2Γ(s+ t+ 1)− Γ(t− s)Γ(−t)2Γ(s+ t+ 1)Γ(t− s+ 1)

Γ(t− s+ 2)

]
.

(B.13)

The integral over t can be performed using the two Barnes lemmas, obtaining

i

26

√
π

π4

∫ i∞

−i∞
ds

(1 + cos θ0)−s

(1− cos θ0)
2−sΓ

(
1

2
− s
)

Γ(s)2Γ(−s)
(

1− Γ(1− s)2

Γ(1− 2s)

)
. (B.14)

Finally the integral over s is easily done through residue theorem, and we get

P2 =
1

96π2

1

1− cos θ0

[
π2 − 3 Li2

(
sin2 θ0

2

)
− 6

(
log2

(
cos

θ0

2

)
+ arctan2

(√
1 + 2 cos θ0

))]
.

(B.15)

The evaluation of P3

The evaluation of P3 is straightforward: taking ω = 2 + ε we get

P3 =

∮
dτ1 dτ2

[
I2(x2 − xN , x2 − xN ) + I1(0, x2 − xN )

]

=− csc(πε)(Γ(ε)− 2Γ(1− ε)Γ(2ε))

26+2επ1+2ε(1− cos θ0)1+2εΓ(1− ε)
=

1

192

1

1− cos θ0
ε→ 0.

(B.16)
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The evaluation of P4

We have

P4 =

∮
dτ1dτ3 Li2

(
1− sin2 θ0

1− cos θ0
(1− cos τ31)

)

=8π

∫ π/2

0
dτ Li2

(
1−K(θ0) sin2 τ

)
,

(B.17)

where K(θ0) = 4 cos2 θ0
2 . Using the integral representation of the dilogarithm and

changing variable to x = sin τ , we obtain

P4 =− 8π

∫ 1

0

ds

∫ 1

0

dx
log
[
1− s(1−K(θ0)x2)

]

s
√

1− x2

=
2

3
π4 − 8π2

∫ 1

0

ds

s
log

[
1

2

(
1 +

√
1 +

K(θ0)s

1− s

)]

=
π4

6
− 2π2 log2(2)− 8π2

∫ K

2

dK ′
d

dK ′

∫ 1

0

ds

s
log

[
1

2

(
1 +

√
1 +

K ′[θ0]s

1− s

)]
.

(B.18)

Taking the derivative and interchanging the order of integration we get

P4 =
2

3
π4 − 8π2

[
log2

(
cos

θ0

2

)
+ arctan2

(√
1 + 2 cos θ0

)]
. (B.19)

B.2 Some useful integrals

In this appendix we give the integrals Jn and J̃ needed to evaluate (5.49):

Jn =

∫ 2π

0
dτ τn f(τ), J̃ =

∫ 2π

0
dτ1 τ1 f(τ1)

∫ 2π

τ1

dτ2 f(τ2), (B.20)

with f(τ) given in (5.46) (henceforth we set sinφ = b, thus σ =
√

1+b
1−b ).

The integral J0 and J1 are straightforward. Making the change of variables tan τ
2 = x,

J0 becomes

J0 =
2

1− b

∫ ∞

0

dx

1 + σ2x2
+ (b→ −b) =

2π√
1− b2

. (B.21)

For J1, periodicity of f(τ) allows us to write

J1 = π

∫ π

−π
dτ

1

1 + b cos τ
= πJ0. (B.22)

The evaluation of J2 is a bit tricky. Again using periodicity and the change of variables
tan τ

2 = x, we can write

J2 = π2J0 +
16√

1− b2
F(σ), (B.23)
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where

F(σ) =

∫ ∞

0
dx

arctan2 σx

1 + x2
. (B.24)

First we evaluate the derivative of F(σ)

F ′(σ) =
1

σ2

∫ ∞

−∞
dx

x arctanσx

(1 + x2)(1/σ2 + x2)
=

π

σ2 − 1
log

(
1 + σ

2

)
, (B.25)

and then we write

F(σ) =F(1) +

∫ σ

1
dσ′F ′(σ′)

=
1

3

(π
2

)3
− π

2

[
1

2
log2

(
1 + σ

2

)
+ Li2

(
1− σ

2

)]
.

(B.26)

Finally, substituting this result in (B.23), we obtain:

J2 =
4π√

1− b2
[

2

3
π2 − 2Li2

(
1− σ

2

)
− log2

(
1 + σ

2

)]
. (B.27)

The integral J̃ can be treated in a similar way, with the change of variables
x1,2 = cot

( τ1,2
2

)
, one has

J̃ =
8

(1 + b)2

∫ ∞

−∞
dx1

arccot(x1)

1 +
x2

1
σ2

∫ x1

−∞
dx2

1

1 +
x2

2
σ2

. (B.28)

Performing the integration over x2 and integrating by parts we get:

J̃ =
π3

1− b2 +
8

1− b2
∫ ∞

−∞
dx1

arctan(x1/σ)2

1 + x2
1

=
π3

1− b2 −
8

1− b2F
(

1

σ

)
,

(B.29)

where F (σ) is given in (B.26).

B.3 Summing up interactions II: the details

In this appendix we evaluate the contribution to (5.60), called A, i.e.

A =− λ2 cos2 φ

23
√

2N

∮
dτ1dτ2 f(τ1) f(τ2) I1(x1 − x2, xO − x2) (x1 − x2)2

+
λ2 cos2 φ

2
√

2N

∮
dτ1dτ2 f(τ1)

[
I1(x1 − xO, x2 − xO) + I2(x2 − xO, x1 − xO)

]

− λ2 cos2 φ

28π4
√

2N

∮
dτ1dτ2 f(τ1) f(τ2)

[
Li2

(
1− (1− cos τ21)f(τ1)

)]
,

(B.30)
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with I1 and I2 given in(A.5) and (A.7). The new feature of this contribution with re-
spect to the integrals evaluated in appendix B.1 is the appearance of the functions f(τi)
(also in the argument of the dilogarithm and the hypergeometric function). Because of
this fact, we are not able to compute (B.30) analytically and we have to resort to its
numerical evaluation for different values of the angle φ ∈ [0, π/2], which identifies the
position of the operator on the sphere. The results are shown in Figure B.1.

0 p
12

p
6

p
4

p
3

5p
12

p
2

f

0.0005

0.0010

0.0015

A
N

l2

Figure B.1: Numerical evaluation of the quantity A N
λ2 as a function of the angle φ obtained

with Wolfram Mathematica routine NIntegrate.

In particular, the vanishing of A at φ = 0 (i.e. the operator on the north-pole) is
consistent with analytic results of Section 5.2.

The last integral in (5.60), i.e. the term B, is

B =
λ2 cos2 φ

29π4
√

2N

∮
dτ1dτ2dτ3 ε(τ1, τ2, τ3) f(τ1) f(τ3)F (τ3, τ2), (B.31)

with

F (τ3, τ2) = F (τ2, τ3) = cot
(τ32

2

)
log

(
f(τ3)

f(τ2)

)
. (B.32)

It is useful to express f(τ) in terms of its primitive g(τ)

g(τ) =
2√

1− b2
arccot

(
1

σ
cot

τi
2

)
, (B.33)

with

g(0) = lim
τ→0+

g(τ) = 0, g(2π) = lim
τ→2π−

g(τ) =
2π√

1− b2
. (B.34)
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Then using the integration by parts and (5.32) and (5.30), we can evaluate one of the
three integrals, obtaining

B =
λ2 cos2 φ

28π4
√

2N

∮
dτ2

{∮
dτ3 (g(τ3)− g(τ2)) f(τ3)F (τ3, τ2)

+
1

2
g(2π)

[ ∫ τ2

0
dτ3 f(τ3)F (τ3, τ2)−

∫ 2π

τ2

dτ3 f(τ3)F (τ3, τ2)

]}
.

(B.35)

With the usual change of variables x = cot τ2 , in both integrals, we can evaluate one of
the two integrals, obtaining

B =
λ2

24π2
√

2N

{
log2

(
2σ

σ + 1

)
− 1

2π

∫ ∞

0
dy

σ log2
(

1+y2

σ2+y2

)

σ2 + y2

}
. (B.36)

The integral in (B.36) is done by expanding the integrand in power series in σ at σ = 1

∫ ∞

0
dy

σ log2
(

1+y2

σ2+y2

)

σ2 + y2
=

∫ ∞

−∞
dy

∞∑

n=2

n−1∑

j=1

in+1

2(n− j) (y2 + 1)n+1 ((i− y)n−j + (i+ y)n−j)

× (i− y)j+1

(
Hj − β i+y

i−y
(1 + j, 0)− log

(
2y

y − i

))
(σ − 1)n,

(B.37)

where Hn =
∑n

k=1
1
k are the harmonic numbers and βz(a, b) = za

∑∞
n=0

(1−b)n
n!(a+n)z

n is the
incomplete β-function.

Given the following series expansion

(
Hj − β i+y

i−y
(1 + j, 0)− log

(
2y

y − i

))
=

j∑

k=1

1

k

(
(i+ y)k

(i− y)k
+ 1

)
, (B.38)
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(B.37) becomes

∞∑

n=2

n−1∑

j=1

j∑

k=1

∫ ∞

−∞
dy

in+1

2(n− j) (y2 + 1)
n+1 ((i− y)n−j + (i+ y)n−j)

1

k

(
(i+ y)k

(i− y)k
+ 1

)
(σ − 1)n

=

∞∑

n=2

n−1∑

j=1

j∑

k=1

(σ − 1)n

π2kΓ(k + 1)(n− j)Γ(k + n− j)

[
ie−iπk2−n−2 sin(πj) sin(π(k − j))

×
(
π2(−k) csc(πj) csc(π(k − j))Γ(k + n− j)

(
πeiπk(−2)n csc(πk) 2F̃1

(
1, 1− n; 2− k;

1

2

)

+2
(
−1 + e2iπk

)
Γ(n)Γ(k − n)

)
− πeiπkΓ(k + 1) sin(πj)

(
π csc2(πj) csc(π(k − j))

×
(
π2n csc(π(k − j)) 2F̃1

(
1, 1− n;−k − n+ j + 2;

1

2

)
+ 2(−1)nΓ(k + n− j)

×
(
β 1

2
(k − j,−k − n+ j + 1) + β 1

2
(k − n, 1− k) + β 1

2
(−j,−n+ j + 1) + β 1

2
(−n+ j + 1,−j)

))

+4iΓ(n)
(
π(−1)n csc2(πj)Γ(k − j) + Γ(−j) csc(π(k − j))Γ(−n+ j + 1)Γ(k + n− j)

)))]

=

∞∑

n=2

2−nπeiπn

n2

[
2nn

(
n 3F2

(
1, 1, 1− n; 2, 2;

1

2

)
+ 2(Φ(2, 1, n) + ψ(0)(n) + γ)− log(4)

)

+ 2nΦ

(
1

2
, 1, n

)
+ 2iπn− 2

]
(σ − 1)n

=− π
[
2Li2

(
1− σ

2

)
+ 2Li2

(
σ − 1

2σ

)
− log(σ)(log(σ)− 2 log(σ + 1) + log(4))

]
,

(B.39)

where γ is the Eulero-Mascheroni constant, 2F̃1(a, b, c, z) = 2F1(a,b,c,z)
Γ(c) is the regularized

hypergeometric function, Φ(z, a, s) =
∑∞

n=0
zn

(a+n)s is the Lerch transcendent function

and ψ(0)(z) = d
dz log Γ(z) is the digamma function.

Finally, including the result (B.39) in (B.36), we obtain

B =
λ2

24π2
√

2N

{
log2

(
2σ

σ + 1

)
+ Li2

(
1− σ

2

)
+ Li2

(
σ − 1

2σ

)
− 1

2
log(σ) log

(
4σ

(σ + 1)2

)}

=
λ2

25π2
√

2N

[
log2

(
2σ

1 + σ

)
+ log2

(
1 + σ

2

)
+ 2Li2

(
1− σ

2

)
+ 2Li2

(
σ − 1

2σ

)]

=− 2L.

(B.40)

where L is defined in (5.51).

A.13



Appendix C

The generating function G(t, ε, z)
and some related properties

We present here the derivation of some results that have been used in computing the
Lüscher term from YM2 perturbation theory: in particular we will examine the deriva-
tion of the generating function G(t, ε, z). We start from the two relations (6.48)

gn(t, ε) =

(
−g

2
2dN

4π

)∫ t

ε
dtn ∆(tn) gn−1(tn, ε) , (C.1)

d

dt
gn(t, ε) =

(
−g

2
2dN

4π

)
∆(t) gn−1(t, ε) (C.2)

with g0(t, ε) = 1. Using the identity

∆(t) =
1

2

d

dt
log

(
t2

t2 + 1

)
(C.3)

into the recurrence relation (C.1) and integrating by parts we obtain

gn(t, ε) =

(
−g

2
2dN

8π

){
log

(
t2

t2 + 1

)
gn−1(t, ε)− log

(
ε2

ε2 + 1

)
gn−1(ε, ε)−

−
∫ t

ε
dtn log

(
t2n

t2n + 1

)
d

dtn
gn−1(tn, ε)

}

=

(
−g

2
2dN

8π

){
log

(
t2

t2 + 1

)
gn−1(t, ε)− log

(
ε2

ε2 + 1

)
gn−1(ε, ε)−

−
(
−g

2
2dN

4π

)∫ t

ε
dtn log

(
t2n

t2n + 1

)
∆(tn) gn−2(tn, ε)

}
.

(C.4)
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We rewrite the product in the last line as

log

(
t2n

t2n + 1

)
∆(tn) =

1

4

d

dtn
log2

(
t2n

t2n + 1

)
(C.5)

and integrating by parts again we obtain

gn(t, ε) =

{[(
−g

2
2dN

8π

)
log

(
t2

t2 + 1

)
gn−1(t, ε)− 1

2

(
−g

2
2dN

8π

)2

log2

(
t2

t2 + 1

)
gn−2(t, ε)

− (t→ ε)

]
+

1

2

(
−g

2
2dN

8π

)2 ∫ t

ε
dtn log2

(
t2n

t2n + 1

)
d

dtn
gn−2(tn, ε)

}
. (C.6)

The procedure can be iterated n− 1 times and, defining α = −g2
2dN
8π , we arrive at

gn(t, ε) = −
n∑

k=1

(−α)k

k!
logk

(
t2

t2 + 1

)
gn−k(t, ε)− (t→ ε) . (C.7)

We can solve the recurrence by finding the generating function: given the sequence
gn(t, ε) we define

G(t, ε, z) =

∞∑

n=0

gn(t, ε) zn with z ∈ C , (C.8)

then using Cauchy’s formula

gn(t, ε) =
1

2πi

∮

γ

dz

zn+1
G(t, ε, z) (C.9)

with γ a closed curve around the origin.

Going back to the equation (C.7), we notice that gn−k(ε, ε) = 0 for k 6= n. Then we
get:

G(t, ε, z)− 1 =

∞∑

n=1

gn(t, ε)zn = −
∞∑

n=1

zn
n∑

k=1

(−α)k

k!
logk

(
t2

t2 + 1

)
gn−k(t, ε)+

+

∞∑

n=1

(−αz)n
n!

logn
(

ε2

ε2 + 1

)

=−
∞∑

k=1

zk
(−α)k

k!
logk

(
t2

t2 + 1

) ∞∑

n=k

gn−k(t, ε)z
n−k + e

−αz log
(

ε2

ε2+1

)
− 1

=−
(
e
−αz log

(
t2

t2+1

)
− 1

)
G(t, ε, z) + e

−αz log
(

ε2

ε2+1

)
− 1 . (C.10)
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Finally the generating function is:

G(t, ε, z) =

(
t2

t2 + 1

ε2 + 1

ε2

)αz
. (C.11)

Following the same steps, we can find that the generating function associated to the
sequence (−1)ngn(s, ε) is G−1(s, ε, w).

Let us now consider the expression (6.52) and (6.53): we have to evaluate a double-
integral of the following type

A ≡ 1

(2πi)2

∮
dzdw

z−(L+1) − w−(L+1)

w − z F (z, w) (C.12)

with F (z, w) analytic around z, w = 0 and symmetric in w ↔ z

F (z, w) =

∞∑

n=0

∞∑

m=0

an,mz
nwm , (C.13)

where an,m = am,n. Redefining z → zw we have

A =
1

(2πi)2

∮
dzdw

1

wL+1

z−(L+1) − 1

1− z
∞∑

m,n=0

an,mz
nwn+m . (C.14)

Performing the integral over w, we obtain

A =
1

(2πi)

L∑

n=0

an,L−n

∮
dz

zL+1−n
1− zL+1

1− z =
L∑

n=0

an,L−n . (C.15)

Notice that the function F (w, z) at w = z has the form

F (z, z) =

∞∑

n=0

∞∑

m=0

an,mz
n+m =

∞∑

k=0

bkz
k (C.16)

whit bk =
∑k

n=0 an,k−n. Then

A = bL =
1

2πi

∮
dz

zL+1
F (z, z), (C.17)

i.e. ∮
dzdw

z−(L+1) − w−(L+1)

w − z F (z, w) = 2πi

∮
dz

zL+1
F (z, z) . (C.18)
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Appendix D

The integral of the fermionic
kernel

In the following we want to compute the quantity A appearing in the Section 7.3.1 and
defined by

A = lim
y→∞
L0→∞

√
MN√

2a(y + L0)

∫ y

−L0

dτ ′
∫ y

−L0

dσ′P (F )(σ′, τ ′). (D.1)

For the moment we choose different upper bounds for the integrals. Using the definition
of P (F ) given by (7.38), we have:

∫ τ

−L0

dτ ′
∫ σ

−L0

dσ′P (F )(σ′, τ ′) = −cos θ/2√
2k

1

cosϕ/2

∫ τ

−L0

dτ ′
∫ σ

−L0

dσ′
d

dσ′

(
e

1
2 (τ ′−σ′)

(cosh(σ′ − τ ′) + cosϕ)
1
2

)

= −cos θ/2√
2k

1

cosϕ/2

(
I(σ, τ)− I(−L0, τ)

)

(D.2)

where we have computed the first integral using the total derivative and where we have
defined:

I(σ, τ) ≡
∫ τ

−L0

dτ ′
e

1
2

(τ ′−σ)

(cosh(σ − τ ′) + cosϕ)
1
2

. (D.3)

We can take the change of variable z = eσ−τ
′

and solve the first integral:

I(σ, τ) =
√

2

∫ τ

−L0

dτ ′
1

[
e2(σ−τ ′) + 2e(σ−τ ′) cosϕ+ 1

]1/2

=−
√

2

∫ e(σ−τ)

e(σ+L0)

dz

z

1

[z2 + 2z cosϕ+ 1]1/2

=−
√

2

[
− log

(
1 + z cosϕ+

√
z2 + 2z cosϕ+ 1

z

)]e(σ−τ)

e(σ+L0)

.

(D.4)
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The second contribution is:

I(−L0, τ) = −
√

2

[
− log

(
1 + z cosϕ+

√
z2 + 2z cosφ+ 1

z

)]e−(τ+L0)

1

(D.5)

Summing up, we obtain:

I(σ, τ)− I(−L0, τ) =
√

2

[
G(σ − τ)−G(σ + L0)−G(−τ − L0) +G(0)

]
(D.6)

where
G(x) = log

(
1 + ex cosϕ+

√
e2x + 2ex cosϕ+ 1

)
(D.7)

Now setting τ = σ = y, we have

I(y, y)− I(−L0, y) =
√

2

[
2G(0)−G(−y − L0)−G(y + L0)

]
(D.8)

and taking the limit y, L0 →∞, we can write the following expansion:

I(y, y)− I(−L0, y) ' −
√

2(y + L0) + const +O(e−(y+L0)). (D.9)

Therefore

√
MN

∫ y

−L0

dτ ′
∫ y

−L0

dσ′P (F )(σ′, τ ′) ' cos θ/2

cosϕ/2

√
MN

k
(y + L0) =

√
2a(y + L) (D.10)

Recalling the definition (D.1), we obtain:

A = 1 (D.11)
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