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Abstract

This thesis is addressed to the investigation of the optimal constants in the Sobolev-Poincaré inequalities
and in the Hardy inequalities, as well as, to the study of the Lane-Emden equation for the p—Laplacian,
with subhomogeneous power ¢ in the right-hand side. First, we prove a comparison principle for positive
supersolutions and subsolutions of the Lane-Emden equations, then, as applications, we give some results
concerning such solutions when defined on convex sets. By exploiting the previous results, we discuss
the relation between the embedding of the homogeneous Sobolev space Dé”’ into L9 and the summability
properties of the distance function, thanks to a preliminary study for the sharp constants in Morrey-type
and Hardy-type inequalities for general open sets. In turn, this analysis permits to study the asymptotic
behaviour of both the optimal constants in the Sobolev-Poincaré inequalities and the positive solutions
of the Lane-Emden equation, as the exponent p diverges to oo, under optimal assumptions on the open
set. We also give some geometric lower bounds for sharp Sobolev-Poincaré constants A, ,, when ¢ < p,
on the class of convex bounded open sets: indeed, we prove that A, ; can be bounded from below both
in terms of the norm of the distance function in a suitable Lebesgue space, and in terms of a certain
power of the inradius of the set. The results so obtained generalize the Makai inequality and the Hersch-
Protter inequality, respectively. Finally, in the last part of the thesis, we study the sharp constant in the
Hardy inequality in the setting of fractional Sobolev spaces W*P defined on general open sets, for every
0 < s < 1. We first list some properties of such a constant and we give a variational characterization,
which extends an analogous well-known result for the local case. Then, focusing on the class of convex
open sets, we compute the sharp fractional Hardy constant in the regime s p > 1, by constructing suitable
supersolutions for the associated equation by means of the distance function. We note that we can avoid
the claimed restriction on s p when the convex set is an half-space.






Sunto

Questa tesi ¢ dedicata allo studio delle costanti ottime nelle disuguaglianze di Sobolev-Poincaré e nella
disuguaglianza di Hardy e allo studio dell’equazione di Lane-Emden per il p—Laplaciano, con potenza g
sotto-omogenea nel termine a destra. Prima, dimostriamo un principio di confronto tra le soprasoluzioni
e le sottosoluzioni positive dell’equazione di Lane-Emden e, come applicazioni, proviamo alcuni risul-
tati relativi a tali soluzioni quando sono definite su insiemi convessi. In seguito, utilizzando i risultati
precedenti, discutiamo la relazione tra I’inclusione dello spazio omogeneo di Sobolev Dé’p in L9ele
proprieta di sommabilita della funzione distanza, grazie a uno studio preliminare delle costanti ottime
in disuguaglianze di tipo Morrey e Hardy per insieme aperti generali. Inoltre questa analisi permette di
studiare il comportamento asintotico sia delle costanti ottime nelle disuguaglianze di Sobolev-Poincaré,
sia delle soluzioni positive dell’equazione di Lane-Emden, quando I’esponente p diverge a oo, con ipotesi
ottimali sull’insieme aperto. Inoltre, diamo alcuni lower bound geometrici ottimali per le costanti ottime
di Sobolev-Poincaré ), ,, quando g < p, nella classe degli insiemi convessi aperti limitati: dimostri-
amo che A, , pud essere limitato dal basso sia in termini della norma della funzione distanza in un
opportuno spazio di Lebesgue, sia in termini di una certa potenza dell’inradius dell’insieme. I risultati
cosl ottenuti generalizzano rispettivamente la disuguaglianza di Makai e la disuguaglianza di Hersch-
Protter. Nella parte finale della tesi, studiamo la costante ottima della disuguaglianza di Hardy negli
spazi di Sobolev frazionari definiti su aperti generali. Prima elenchiamo alcune proprieta di tale costante
e ne diamo una caratterizzazione variazionale, che estende un risultato analogo ben noto nel caso lo-
cale. Poi, considerando la classe degli aperti convessi, calcoliamo la costante ottima di Hardy, nel regime
sp > 1, costruendo opportune soprasoluzioni per 1’equazione associata per mezzo della funzione dis-
tanza. Osserviamo che ¢ possibile rimuovere la restrizione su s p quando 1’insieme convesso coincide
con un semispazio.
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Introduction

In the Mathematical Analysis, functional inequalities emerge as powerful tools and they play a crucial
role in many questions from Calculus of Variations, Analysis of PDE and Optimization problems. One
of the most celebrated functional inequalities in Sobolev spaces is the Poincaré inequality, which asserts
that, for every 1 < p < oo and for every Q C R™ open set with finite measure, there exists a positive
constant C' = C'(N, p, 2) such that

/ |Vul? de > C/ |ul? dz, for every u € C5°(2), (1)
Q Q

(see [32, Corollary 9.19] for a proof). This inequality is widely applied in the Functional Analysis and
and a large quantity of extensions has been proved in literature (see for example [107, Section 1.1.11] or
[95, Section 12.2] for some Poincaré-type inequalities).

A very significant generalization is known with the name of Sobolev-Poincaré’s inequality, given by the
following

|VulP dz > C (/ |ul? da:) ’ , for every u € C5°(92), 2)
Q Q

for every 1 < q < p*, where

« JNp/(N-p), ifp<N,

P v, ifp > N.
(see, for example, [32] for a study on Sobolev-Poincaré inequalities when 2 is a bounded open set, as
well as, [107, Section 1.4]). When the above inequality holds true, we automatically get the existence of
the continuous Sobolev embedding W, ?(Q) < L4(f2), and, when @ C RY has finite measure, such
an embedding is also compact with 1 < ¢ < p* (this is due to Rellich—-Kondrachov’s Theorem, see for

example [95, Theorem 11.10]).

For every 1 < p < oo, given an open set € satisfying inequality (1) or (2) for some positive constant

C, we can introduce the sharp Sobolev-Poincaré constants defined by

Apg(Q):= inf {/ [Vi|P dx - / []? dx = 1} ) forevery 1 < ¢ < oo. ©)
Q Q

PeCFe(Q)

In the homogenous case ¢ = p, we will write A,(£2) in place of A ,(€2).

Another well-known Poincaré-type inequality is the so-called Hardy inequality: it states that, for
every bounded open set 2 C R having Lipschitz boundary and for every 1 < p < oo, there exists a
constant C' = C'(N, p, Q) > 0 such that

p
/Q |[VulP doz > C /Q |Z—|p dz, for every u € C3°(Q), 4)
Q
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where dg, stands for the distance function from the boundary of €2, which is given by

do(z) = yiel};)fﬁ |z — yl, for every x € €,

and, in this work, it is extended to 0 outside of 2. Actually, the literature about Hardy’s inequalities
is quite rich and varied, we refer, for example, to the original paper [110], as well as, to the classical
monograph [111, Theorem 21.3] for a proof of Hardy’s inequality. In general, a very interesting prob-
lem consists in finding necessary and/or sufficient conditions assuring that an open set admits a Hardy
inequality: we refer for example to [2, 46, 58, 72, 91, 92, 96] and [130] for some classical results in this
direction. Another of the most challenging problems is the investigation of the best constant in the Hardy
inequality (4), on different classes of open sets, provided it holds true for a fixed p € (1, +0c0). The latter

is defined by
hp(Q2) := inf {/ |Vul|P do - /Wd:ﬂ:l}.
: wecz@) /o o dj

In the case when 2 = RY \ {0} the distance function is simply given by
dr\ {0} (z) = |z, for every x # 0,

and a celebrated result (see [9, 96] and also [107, Chapter 1, Section 1.3.1]) states that, for p # N, it

holds
N-—p

p

Moreover, when 2 C RY is a convex open set, thanks to the well-known result in [104, Theorem 11], for
every 1 < p < oo, we have

p

b, (BN \ {0) = \ )

p

where HY = RV~! x (0,400) is the half-space of RY (see also [106, Theorem 1]). Actually, some
general developments on the problem of determining the sharp Hardy constant can be found in [104], as
well as, in the paper [105].

When we drop the regularity assumption on the boundary of €2, the Hardy inequality (4) continues to
be valid in some particular cases and explicit estimates for b, (£2) are also known. Indeed, if p = N = 2,
thanks to a result due to Ancona ([5]), for every simply connected open set 2 C R2, the Hardy inequality
(4) holds with the optimal Hardy constant satisfying

hpaDmAHf><p1>p,

h2(€2) > (6)

1
16
Moreover, every general open set 2 C RY verifies the Hardy inequality (4) when p > N: more precisely,

we have that N
%@Dz(p; )7 %

and the equality is attained when (2 is ball in RY from which we remove the center (see [72, 96, 130]
and also [8, 41, 71] for the proof of the lower bound above); neverthless the determination of the optimal
constant b, (2) is still an open problem for the class of general open sets.

In the partcular case p > N, another remarkable Poincaré-type inequality is the the classical Mor-
rey inequality which states that for every bounded open set Q C RY, there exists a constant M =
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M(N,p, Q) > 0 such that

for every u € C3° (),

/Q|Vu|p dx > M H'U:”Iéo.ap(gy

where oy, =1 — N/p and

lullco.s 0y = [lullLes (o) + [u]Co,ﬁ@), forevery 0 < 8 < 1,
with
[ulos = sup M7
wty; z,yef) |z =yl

(see, for example, [32, Theorem 9.12] for a proof of the Morrey inequality). In light of the last estimate,
when p > NN, we can define the sharp Morrey constant as

m,(Q) ;== inf Vul? dz : apy = 1. 8
b = it Ve e, @ =1 ®
We notice that some remarkable studies on the optimal Morrey constant m,, and its extremals have been
recently done by Hynd and Seuffert in a series of papers (see [79, 80] and [81]).

In this thesis, we will study and generalize the functional inequalities mentioned above, either in the
classical Sobolev spaces or in the non local setting of Sobolev-Slobodeckii fractional spaces, as well as,
we will discuss conditions which guarantee the validity of inequalities (2) and (4) on different classes
of open sets and we will provide some geometric estimates for the sharp constants X, 4(£2), h,(£2) and
m, ().

First, we consider the optimal Morrey constant m,(£2) on the class of general open sets and we show
that its value is independent on the choice of the open set 2 C R™. The explicit value for the sharp
Morrey constant is still unknown, but we give an interesting lower bound and we determine its asymptotic
behaviour as p goes to co. Then, as a collateral result, in the case p > N and for every open set {2 C RN,
we find a lower bound for the generalized sharp Hardy constant, defined as

u

— ; D . __ = < 0.
Bp.q(2) ueé%f(m /QIVU\ dx s 1y, forp < ¢ < oo ©)
Q La(Q)

Moreover, we obtain the following asymptotic result

1

1
Tim (b,()7 = lim (b,00()" =1 (10)
We point out that the case ¢ = oo in (9) has been largely investigated by Hynd, Larson and Lindgren in
the very recent paper [77], where they deeply studied the link between the geometry of the set () and the
sharp Hardy constant b, o (£2).

Concerning the standard Poincaré inequality (1), the investigation for its optimal constant \,(£2)
proves to be a highly challenging problem, largely studied in the existing literature.
Focusing on the linear case p = 2, the minimization problem defining the sharp Poincaré constant

AQ) = inf /de:/ 2d—1},
@= ot A [ v [ wpa
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is usually referred as the classical homogeneous eigenvalue problem: the study of existence and unique-
ness of minimizers for A\(Q2) can be found in [74] (see Theorem 1.2.5), as well as, in [69] (see Theorem
8.38). In this case the Euler-Lagrange equation associated to the minimization problem is given by the
following linear equation

—Ap = ayp, in 2, (11)

joined with Dirichlet boundary conditions, where « = A(Q2) and Au = div(Vu) denotes the classical
Laplacian operator. A study on existence and uniqueness of solutions for (11) is provided in [31], where
the authors deal with a more general continuous functional on the right-hand side. In particular, whenever
A(R2) is a positive quantity, then we will refer to it as the first eigenvalue of the classical Dirichlet Lapla-
cian. Moreover, \(£2) can represents also the principal frequency of a drum’s vibration: rougly speaking,
if we envision the set € as an elastic membrane anchored along its boundary 0f), then the first eigenvalue
A(Q2) corresponds to the membrane’s lowest vibration frequency (see [116]).

We notice that there exists a tight connection between the value of A\({2) and the geometry of the set
Q) and, from this point of view, many sharp geometric estimates have been proved for the first eigenvalue.
In the class of convex open sets £ C R, the most celebrated estimate is actually the following Hersch-
Protter inequality

Q) 2 Torg?, (12)
where rq := ||dql| L (q) is the inradius of . This was first proved by Hersch in [65, Théoréme 8.1], for

every planar convex bounded set €2, and then generalized to every dimension N > 2 by Protter in [118,
Theorem 2] (see also [38]). This inequality is actually optimal, as it holds as an identity, for example,
when the convex set 2 C R¥ is a slab, such as RV ~! x (0,1). An upper bound for \(2) in the class of
convex sets is given by the Pdlya inequality proved in [115] (see [83] for a generalization), which states
that A(Q2) can be bounded from above in a sharp way, by the ratio between the perimeter and the volume
of 2. In a different way, Makai in [103] and Hayman in [73] showed the existence of a universal constant
C > 0 such that, in the class of planar simply connected open sets, it holds

A(Q) > COrg?. (13)

We point out that the exact determination of the sharp constant in (13) is an open problem. Further
generalizations to the class of multiply connected sets of order ¥ > 1 have been studied by [44, 112,
127], while for the higher dimensions N > 3 we refer to [73, Theorem 2] and [127, Theorem 3]. Another
celebrated estimate for A(2), is the so-called Faber-Krahn inequality, which consists in a lower bound in
terms of the N —dimensional measure |2 when it is finite. Finally, in the class of bounded sets, we recall
the well-known Cheeger inequality (see [40, 93, 94]) and its reverse formulation shown in [114].

In order to establish some geometric estimates for A, ,(€2), we devote a part of this thesis to show a
comparison principle for positive supersolutions and subsolutions of the following Lane-Emden equations

-Apju=a lu|?72 u, in Q, (14)
with 1 < ¢ < p, where the symbol A, stands for the p—Laplace operator
Ayu = div (|VuP~2 Vu).

Indeed, we observe that if the infimum in the minimization problem (3) is attained on Wol’p (Q), by
optimality each minimizer having unitary L? norm is a solution of (14) with « = A, ,(€2). More precisely,
in this thesis, we focus on the sub-homogeneous case, i.e. on the range ¢ < p. In this case, we recall that
Lane-Emden equations are connected with another class of well-known equations: the doubly nonlinear
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slow diffusion equations, given by
Apu = 9y (|u|T2 u), in (0, +00) x €, (15)

coupled with the boundary condition (¢, ) = 0 on 99, for every t € (0,+00). To be more precise,
when we look for stationary solutions of (15) of the type u(t,z) = T(¢t) X (x), the spatial part X must
solve the Lane-Emden equation (14), while the temporal part 7" will decay polynomially to 0 with the
power 1/(p — q), for large time ¢. Thanks to these first observations, it is possible to understand the long-
time behaviour for solutions of (15) and find that this can be predicted by positive solutions of (14), with
homogeneous Dirichlet boundary conditions. Indeed, Stan and Vazquez, in [121, Theorem 2.1], showed
that

: e ) —pShe . —
tlggo trult ) —wy g )Hm(m 0
where wg{’q“ denotes the unique weak positive solution of (14) vanishing at the boundary and « = (q —

1)/(p — q). This holds true at least when 2 C R¥ is a bounded open set, with sufficiently smooth
boundary, and it generalizes an old result by Aronson and Peletier (see [7] and also [129] for a simpler
proof) for the case p = 2 and 1 < ¢ < 2, when the equation (15) is called the porous medium equation.

Our claimed comparison principle states that, when €2 is an open connected set satisfing A, 4(€2) > 0,
given u,v € X9P(Q) = {¢ e L1Q) : Vy € LP(Q;RN)}, such that v is a positive supersolution
and u is a positive subsolution of (14), and (u — v) satisfies a suitable boundary condition then v > u
a.e. in 2. We note that the proof of this result does not exploit any regularity for the solutions, used on

the contrary in other comparison results (see [119]). Indeed it relies on the following hidden convexity
property for the p—Dirichlet integral

/ Vo' da < (14)/ |V1/;0|pdz+t/ |V [P de, for every t € [0, 1], (16)
Q Q Q

1
which we show for every v, 11 € X9P(Q), with ot = ((1 —t) Yl +t z/zf) “and 1 < g < p. Moreover,
we identify the equality cases in (16). Thanks to the hidden convexity property, we have that the energy
functional naturally associated to (14), given by

Spq(¥) = 1/ |V|P da — g/ || de, for every ¢ € C3°(Q), a7
P Ja q.Ja

is actually convex in this suitable sense, despite the presence of the concave lower-order perturbation
given by the term [¢)|?. We note that the property (16) generalizes a remarkable result by Benguria
originally proved for p = ¢ = 2 in his Ph.D thesis [12] (see also [13, Lemma 4]). The case p = q # 2 has
been treated by Diaz and Sad in [51, Lemme 1], and then many extensions have been obtained in order
to cover the general case 1 < p < oo with an exponent 1 < g < p (see, for example, [11, 18, 22, 50, 88,
109, 123]). We also refer to the papers [89], where a discussion on the equality cases can be found, and
[23], where the relation between the inequality (16) and the so-called Picone inequality is shown.

Our comparison principle can be seen as an extension to the quasilinear case of a result by Kajikiya
(see [87, Theorem 2.2]), even if Kajikiya’s proof is different from ours. In particular, the result in [87]
concerns only the semilinear case, i.e. p = 2, but at the same time it is fairly more general, as it deals
with positive solutions to

—Au=g(u), inQ, (18)

under the assumption that g is sublinear. In the subsequent paper [86], such a comparison principle is
applied to study geometric properties of positive solutions to (18), hence, in this thesis, we also extend
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these results to the solutions of Lane-Emden equation (14). Indeed, we apply our comparison principle
to get a large quantity of consequences: first, we show a uniqueness result for the minimization of the
functional §, ,, over functions with given non-negative boundary datum. This also implies the uniqueness
of the positive solution of (14), with homogeneous Dirichlet boundary datum, which we denote by wﬁf.
We recall that this retrieves a classical uniqueness result by Diaz and Saa ([47]), but with a more general
boundary datum and without regularity assumptions on the set, while, when €2 is bounded, a uniqueness
theorem has been shown in [89, Theorem 1.2], for homogeneous Dirichlet boundary conditions and more
general variational integrals with p—growth. Moreover, following [86, Theorem 2.5], as an immediate
application of the comparison principle, we obtain a sharp pointwise two-sided estimate for wﬁ’q‘l when Q)
is a convex bounded open set. In particular, we get a sharp L estimate for wﬁf which we also extend,

thanks to the comparison principle, to every sign-changing solutions in VVO1 "P(Q) of the equation (14).

Finally, as a further application, we obtain a generalized version of the (sharp) Hersch-Protter inequality

(12) for the Sobolev-Poincar¢ constants )\p,q(Q), when 1 < g < p and © is a convex bounded open set,

namely, we prove that

» 1
W

M@ 101 2 (F52)

2 19)

where 7, ; = (Ap,4((0,1))) "/P We observe that a first version of the above inequality has been proved
for planar convex sets by Makai, in [102], when p = 2 and ¢ = 1. The case ¢ = p # 2 has been shown
by Kajikiya in [85] for convex bounded open sets 2 C RY (see also [20, 48]). Then, in [25, Theorem 1],
Brasco and Mazzoleni prove the inequality (19) in the case p = 2 and 1 < g < 2, and, in [49, Theorem
4.3], Della Pietra, Gavitone and Guarino Lo Bianco extended such a result to cover the case p # 2 and
q = 1. We notice that the result provided by Makai follows as corollary of a stronger and sharp estimate
for the torsional rigidity T'(Q2) := 1/A3,1(£2), showed in the aforementioned paper [102], namely

T(Q) < / d3 da,
Q

which holds for planar convex sets € and is asymptotically attained by sequences of rectangles which
are bounded in one dimension. Inspired by the last result, we show, in the N—dimensional case, the
following sharp Makai inequality

/\ZMI(Q) Z CP:Q p=9q’

(/déqqdz> !
Q

which holds in the class of convex bounded open sets 2 C RN, when N > 2and 1 < q < p, with
an optimal explicit constant C}, 4. The main tool in our proof is a covering argument for polygonal sets,
exploited by Makai in the planar case.

In the general case ¢ < p*, the sharp Sobolev-Poincaré constants A, ,(£2) are strictly connected to
the problem of determining conditions on the open set {2 which guarantee the validity of the contin-
uous/compact Sobolev injection Dy (Q) < LI(2). Here the homogeneous Sobolev space Dy” (L) is
defined as the completion of C§°(£2) with respect to the norm ||V - || 1»(q). In particular, we address a part
of this thesis to discuss the link between the continuous (and compact) embedding Dy? () < LI(Q)
and the summability of the distance function dg. This question is motivated by a recent result contained
in [28] by Brasco and Ruffini (see also [36]) which states that the existence of the above Sobolev embed-
dings on a general open set  C RY is equivalent to a precise summability condition on the so-called
p—torsion function. This is formally defined as the positive solution of (14), with « = ¢ = 1, which
vanishes on the boundary of €2 (see [28, Definitions 2.1 and 2.2] for the precise definition).
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In our study, we prove that, when ) C RV isa general open set, 1 < ¢ < pandp > N, it holds
do € Lv=1(Q) <= DyP(Q) — LI(Q)is compact,

do € L®(Q) <= DyP(Q) < LP(Q),

and
Rlirfm ldallLe@®y\Br) =0 <= DyP () < LP(Q) is compact.

For capacitary reasons, we will see that implications “="" are possible only in the superconformal case
p > N. Indeed, in the case p < N, we will find that the claimed summability conditions on dg, are
necessary for the embeddings to hold, but not sufficient.

The first equivalence stated above follows from the two-sided estimate

b—q

q

() < Apg(©) ( [ dx) < A (B, 0)

which holds for every open set @ C RY when 1 < ¢ < pand p > N. Here B; denotes the
N —dimensional ball in RY, centered in the origin, with radius 1. We prove the lower bound in (20)
by using the Hardy inequality (7), while we obtain the upper bound by applying the comparison principle
for the Lane-Emden equation. In the case ¢ = p, by reasoning as above for the lower bound and by using
the scaling property of \,, for the upper bound, we show the estimates

bp(2) < Xp(Q) gy < Ap(B1), (21)

which imply the second equivalence.

Concerning the third equivalence, we remark that this result has been already proved by Adams (see
[2, Example 6.11] and [3, Theorem 2]). Our proof for the implication “=>" uses a different argument,
whose crucial ingredient is the Hardy inequality (7).

Moreover, by using the asymptotics (10) for h,(£2) and thanks to the geometric estimates provided
by (20) and (21), we can study the asymptotic behaviour for the Sobolev-Poincaré constants A, ,(£2), as
p — o0, within the class of general open sets. We recall some results in the existing literature: for the
homogeneous case ¢ = p, in [84, Lemma 1.5] and in [68, Theorem 3.1], the authors show that

I (/\ (Q ) v

A ()=
under the restrictive assumption that 2 is a bounded open set of R™V (see also [39, Theorem 5.1]). Actu-
ally, we prove that the above limit holds for every general open set 2. When ¢ = 1 < p < o0, in [16,
Proposition 2.1] and [88, Theorem 1], it is proved that

Jin ()" = ([ o) R

for every {2 bounded open set; then such a result has been extended to every set with finite volume in [33,
Corollary A 4].
In this thesis, we will extend the above asymptotics, by proving that

_ 1
ldallLs )

im (AP,Q(Q))% :

pP—o0
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for every 1 < ¢ < oo and for every general open sets €2, without further regularity assumptions. More-
over, our result covers also the case ¢ = oco. For every 1 < p < oo, we can define the supremal
Sobolev-Poincaré constants

AP;OO(Q) = min {/ |VU|p dm . ||u||L°°(Q) = 1}’
Q

uEW, P ()

recently studied in [61] and [78]. For every open set Q C RV, we prove that

1

lim (AP,W(Q))p S

p—o0

by generalising the result [61, Theorem 3.2] shown for bounded open sets.

The last part of this thesis is devoted to the study of the Hardy inequality in the setting of Sobolev-
Slobodeckil fractional spaces. It is formulated as in (4), with the left-hand side replaced by the “global”
Gagliardo-Slobodeckii seminorm

u(y)? .
[ul?) Wep(RN) © //RNX]RN |5r—y|N+9P dx dy, with 0 < s < 1.

In this framework, for every 1 < p < oo, we define the sharp constant in the fractional Hardy
inequality through the following infimum problem

P
sp(2) = inf L : Jul” dr=1;. 22
b ;P( ) ueéréc (Q) {[U]W:',p(RN) o d;p €T ( )
There exists a large literature about sharp fractional Hardy’s inequalities: in [66, Theorem 1.1], Frank and
Seiringer computed the sharp constant (22), when (2 is the punctured space R™ \ {0}. In [21, Theorem
1.1], Brasco and Cinti proved that the fractional Hardy inequality holds for every 2 C R convex set,
every 1 < p < ooand 0 < s < 1. The claimed result follows by the lower bound

G
s(1—s)’

for some explicit constant C' = C(N,p) > 0. Here, the dependence on the fractional parameter s is
optimal, as shown in [21, Remark 1.2]. In the setting of convex sets, we recall the remarkable result
due to Bogdan and Dyda and concerning the explicit value of the sharp constant hs72(Hﬁ ) for every
0 < s < 1 (see [17, Theorem 1.1]). Then, such a result has been extended to the case p # 2 by Frank
and Seiringer (see [65, Theorem 1.1]) and, in [62, Theorem 5], Filippas, Moschini and Tertikas proved
that by o(HY) = b, 2(Q), when s > 1/2 and Q C R¥ is a convex open set. To be more precise, the
result in [17, Theorem 1.1] is given by replacing, in the definition of hs’g(Hf ), the “global” Gagliardo-
Slobodeckii seminorm, defined on the whole set RV x R, with the “regional” Gagliardo-Slobodeckii
seminorm, which is computed on the set Hf X Hf . Neverthless, as claimed in [17], the value of the
“global” sharp Hardy constant can be computed from the “regional” constant. Finally, we recall the paper
[56], which eventually became a landmark and contains many references on the subject of “regional”
fractional Hardy’s inequalities; other recent interesting papers are [54, 57, 59, 122].

hsyp( )
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Concerning the study of fractional Hardy’s inequalities our initial contribution consists in the following
characterization of the fractional sharp Hardy constant: we consider the following equation
uP~1 .
(—Ap)°u=A T in Q, (23)
Q
where A > 0 and (—A,)? is the fractional p—Laplacian of order s, formally defined, for 1 < p < oo and
0<s<1,by

[u(@) = u(y)|""* (u(z) — uly)) ,
|z —y|[Ner

9

(—A,)*u(z) = 2P.V./

RN
and we establish the identity

Bs,p(2) = sup {)\ > 0 : equation (23) admits a positive local weak supersolution}. (24)

To obtain this, we employ a variational approach and, inspired by the ideas of [17], we show the following
equivalence

the equation (23) admits a positive

bsp(€2) >0 local weak supersolution for some A > 0.

This fact is well-known in the local case: when p = 2, it is contained, for example, in the classical paper
[5, Appendix] by Ancona, while a generalization to p # 2 has been obtained by Kinnunen and Korte
(see [90, Theorem 5.1]). In the fractional setting, when 0 < s < 1 and p = 2, Fitzsimmons proved
such an equivalence in [64, Theorem 1.9], by passing throught a probabilistic approach, which can not
be replied in the case p # 2. The claimed characterization (24) empowers us to derive a lower bound
for the fractional sharp Hardy constant on the class of convex sets. To achieve this, we construct suitable
supersolutions for the equation (23), by employing a method inspired by [17] in the case p = 2.

Then, our focus shifts to the computation of the explicit fractional sharp Hardy constants hsyp(]HIf )
and b ,(2), when 2 C RY is a convex open set. In particular, we establish that they coincide and the
proof heavily relies on the characterization (24). However, our argument will force us to restrict to the
range sp > 1, while, we do not compute the sharp constant on the class of convex sets, in the case when
sp < 1. We notice that, only when p = 2, the problem of determing the sharp constant can be completely
solved, by using the fractional Kelvin transform, as suggested in [55].
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Plan of the work

Chapter 1. The first chapter is devoted to the introduction of many definitions and preliminary results, in-
volving the Holder spaces C*®, the Sobolev spaces W 1? and the Sobolev-Slobodeckii fractional spaces
WP with) < a<1,1 <p<ooand 0 < s < 1 (see Sections 1.1, 1.3 and 1.5, respectively, for stan-
dard introductions). In the first section, we consider the space Cy(£2), defined as the closure of C°(2)
with respect to the sup norm and the Holder spaces C%%(Q), where 2 C R¥ is an open set, and we
obtain some interpolation inequalities which hold for functions belonging to these spaces.

Then, in Section 1.2, we discuss some consequences of the integrability of the distance function dg, from
the boundary 02 of an open set Q C R¥. Finally, we prove a version of the Ascoli-Arzela Theorem for
functions defined on quasibounded sets, i.e. open sets Q C R which satisfy

i ldall Lo mr3\BR) = 0

In the subsequent Sections 1.3 and 1.4, we recall some known results about Sobolev embeddings and
interpolation inequalities, and we introduce the homogeneous Sobolev space Dé’p (), defined as the
the completion of C§5°(£2) functions with respect to the LP norm of their gradients. We also provide a
Poincaré-type inequality for N —dimensional balls Bg(z) valid for functions which vanish in at least
one point of dBg(xo).

Finally, in Sections 1.5 and 1.6, we introduce the Sobolev-Slobodeckii fractional spaces and a particular
fractional weighted space, and we prove some compactness results.

Chapter 2. In this chapter, we focus on two celebrated inequalities in Sobolev spaces: the Morrey
inequality and the Hardy inequality. Functional inequalities of Morrey—type and Hardy—type are actually
among the most studied estimates in the Calculus of Variations, and the results we are going to introduce
about this topic are contained in the work [Z3] in collaboration with Lorenzo Brasco and Francesca
Prinari.

For every open set Q C R and for every p > N, we define the optimal Morrey constant as in (8).
The exact value of the sharp constant is still unknown, but, in general, it is independent from the choice
of the open set 2 C RY, since m,,(€2) = m,(RY) (see Corollary 2.1.3). With the aim at studying some
properties for such a constant, in Lemma 2.1.1, we introduce the following quantity

pip(B1) == uewi{}i(Bl) {/81 |[VulP dz : u(0) =1and u(z) = 0} , withz € 9By,

for every p > N. In particular, the definition of y,(B;) does not depend on the choice of z € 0B, and,
by means of it, we can show that for every p > N

R™%
(o) — u(2)| € ——— | VullLr(Brae)), foreveryu € WP (Bg(x)) and z € dBg(xo).

pp(B1) '
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(see Remark 2.1.2). By applying the above inequality, in Corollary 2.1.3, we obtain the following bounds
for the sharp Morrey constant

p—N
p—1

p—1
pp(B1) < m,(RY) < Nwy ( ) , with p > N.

Moreover, we investigate the asymptotics behaviour for p, (B ) as p — oo, which appears to be extremely
interesting for itself, as well as for some consequent results, such as the asymptotic behaviour for large p
of both the sharp Morrey constant m,, and the sharp Hardy—type constant b,, , (see below).

In the second part of the chapter, we provide an extension for the classical Hardy inequality, which is
possible thanks to interpolation arguments in Lebesgue spaces and to the preliminary study of the Morrey
inequality. In particular, in Theorem 2.2.1, we propose a quite interesting generalization of the classical
Hardy inequality: for p > NN, we introduce the sharp Hardy-type constant b, ,(£2) as in (9) and, without
any regularity assumption on the general open set 2 C RV, we give a lower bound for such a constant by
means of the classical sharp Hardy constant b, (€2) when ¢ < oo, and the Morrey constant i, (B1) when
q = 0.

Moreover, in Corollary 2.1.3 and in Theorem 2.2.1, we will show that

1

lim (hp,qm))% = lim (mp(Q)>p ~1.

pP— o0 p—o0

The results contained in this chapter will then be crucial in Chapters 5 and 6.

Chapter 3. In this chapter, we introduce one of the main objects of study of this thesis: the Lane-Emden
equation (14). The results contained in this part of the thesis can be found in the joint paper [Z4] with
Lorenzo Brasco and Francesca Prinari.

More precisely, we focus on the sub-homogeneous case q < p, and, after an introduction of the Lane-
Emden equation and of the properties of its solutions, we prove a comparison principle theorem for such
an equation. With this aim, we consider the energy functional §, , defined as in (17), naturally associated
to (14), whose properties we study in Section 3.3. we discuss the so-called hidden convexity property for
the p—Dirichlet integral (see Theorem 3.2.1), i. e. the fact that

b / Vol de
Q

is convex, on the cone of non-negative functions, along curves of the form

1

t»—>((1—t)1/)8+twg)a, with ¢ € [0,1], forevery 1 < ¢ < p.

Thanks to this property, we obtain that the energy functional §, , is convex in a certain sense, in spite
of the presence, in its definition, of the concave lower-order term, given by the L? norm.

Then, in the last part of the chapter, we apply the hidden convexity property to prove a comparison
principle for positive supersolutions and subsolutions of Lane-Emden equations (see Theorem 3.4.1) on
the class of open connected sets €2 such that A, ;(€©2) > 0.

The main ingredients of the proof consist in

* the identification of super/subsolutions of Lane-Emden equation with super/subminima of the en-
ergy functional § , (see Proposition 3.3.6);
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* the determination of the equality cases in the hidden convexity property (see Part 3 in Theorem
3.2.1).

Chapter 4. We apply the comparison principle for the Lane-Emden equation to provide a variety of
results, contained in the paper [Z4], concerning weak positive solutions of (14) when 1 < g < p. More
precisely, in this chapter, we present

* a uniqueness result for the minimization of the functional §} , over functions with given (non-
negative) boundary datum U when (2 is a connected open set satisfying A, ;(£2) > 0 (see Theorem
4.1.2). When we consider homogeneous Dirichlet boundary conditions, we will denote such a
minimizer with wf})vq‘" and it coincides with the unique positive solution of (14);

* a sharp pointwise two-sided estimate for the positive solutions w&vq“ when ) is a convex bounded
open set, in terms of geometric quantities (see Theorem 4.2.2). More precisely, we prove a lower
bound, when (2 is a connected open set satisfying A, ,(€2) > 0. On the other hand, in the case
of convex sets, by exploiting the fact that dq is a weakly p—superharmonic function, we show an
upper bound for wg’q‘)‘ by constructing a suitable positive supersolution of (14) depending on the
distance function dg, (see also Lemma 4.2.1), and by applying the comparison principle. By taking
the supremum norms of functions involved in the estimates of Theorem 4.2.2, we also obtain a
sharp L°° estimate on w& o (see Corollary 4.2.3). Then, this will be quite useful in order to study
the asymptotic behaviour, as p — oo, of wa,z ’qa I L>(Q)> namely, we prove that

Hw&f‘ |Le=(q) — Ta, asp — oo,

when 2 is a convex bounded open set (see Corollary 4.2.5);

* a localization result for maximum points of wﬁ’qﬂ when (2 is a convex bounded open set: we show

that, there exists an explicit constant C' = C'(N, p, q) € (0, 1) such that, for every maximum point
xg € Q of wg’qo‘ it holds
da(ro) > Crq,

(see Corollary 4.3.1);

* a‘“hierarchy” result which asserts that all sign-changing solutions of (14) with homogeneous Dirich-
let boundary conditions are “trapped” between the positive solution wﬁ’q‘l and the negative one
—wﬁvqa (see Corollary 4.4.1). This result holds on every connected open sets {2 satisfying A, ,(£2) >
0. As a collateral result, we can extend the L> estimate stated in Corollary 4.2.3 to every sign-

changing solution of (14) (see Remark 4.4.2).

Chapter 5. This chapter is devoted to the study of conditions on €2 which assure the validity of the
continuous Sobolev embedding
Dy (S) < L), (25)

in the range ¢ < p, and it is based on the first part of a work in collaboration with Lorenzo Brasco and
Francesca Prinari ([Z3]). This is equivalent to look for necessary and sufficient conditions on 2 such that
the Sobolev-Poincaré constants satisfy A, ;(€2) > 0.

In particular, we aim to investigate the link between the existence of the continuous (and compact)
embedding (25) and the summability of the function d,. We notice that, apart for a certain integrability



XXIV

of dg, we will be really careful not to require any regularity conditions on the open set 2 C R™. More
precisely, in Theorem 5.1.1, we show that, for every general open set Q@ C RY and p > N, we have that

do € L-1(Q) <= DgP(Q) — LI(N)is compact,

This equivalence is obtained as a consequence of a two-sided estimate for A, ,(£2), in terms of the Lv-q
norm of the distance function.
In a similar way, in Theorem 5.2.1, when p > N, we show that

do € L¥(Q) <= DyP(Q) < LP(Q),

thanks a two-sided estimate on A, (£2) in term of the inradius rq.
Finally, in Theorem 5.3.1, we give a different proof of the following result first proved by Adams ([3])
forp > N
. 1. .
REI:I:OO ldallLe@y\Br) =0 <= Dy*(Q) — LP(Q) is compact.

Indeed, for implication “=", we apply the Hardy inequality (7).

In the case p < N, for capacitary reasons, we will find that the above summability conditions on dg,
are only necessary for the embeddings to hold, but not sufficient, hence, the equivalences are possible
only in the superconformal case p > N. Indeed, as a counterexample, in Theorem 5.1.1, we show that,
when 1 < p < N, there exists an open set 7 C RY such that

dr € LN(T)NL>(T) but DYP(T) £ LYT), forevery 1 < g < p.

Rougly speaking, the set T is constructed by removing an infinite sequence of prescribed points from the
set S = (0,1)¥~1 x (0,400). By using a capacitary result, we have that points have zero p—capacity
when p < N; hence, \p 4(7T) = Ay 4(S) = 0 forevery 1 < g < p. A counterexample is provided also in
Theorem 5.2.1 for the homogeneous case g = p < N.

Chapter 6. In this chapter, our main goal is to discuss the asymptotic behaviour for the Sobolev-Poincaré
constanst A, ,(€2) and their extremal functions, as the parameter p goes to co. This study is contained in
the second part of [Z3].

To be more precise, the claimed asymptotic results, contained in Corollaries 6.1.1 and 6.3.1, are conse-
quence of the geometric bounds proved in Theorems 5.1.1 and 5.2.1. Indeed, it is sufficient to raise to the
power 1/p all sides in (20) and (21) and then send p — oo, by applying standard convergence theorems.

Hence, we can summarise the asymptotic results with the following diagram

=

(@)~ (3, ()
p—>00 p=q—00 ‘/p%oo
1 1

ldallLa (o) ro

which holds for every N < p < oo, every 1 < ¢ < p and every general open set 2 C RY. The elements
in the bottom line have to be considered as 0, whenever dg & L?()) or rq = +0o. Moreover, when (2 is
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such that dg € L% () for some ¢y < oo, then we can close the diagram by

1 q—00 1
_— —,
Idallze (@) rQ

thus making it commutative.

Moreover, we also discuss the asymptotics, as p — oo, of the extremal functions of )\p7q(Q). Indeed,
when 1 < ¢ < 00, in Theorem 6.2.1, we show that

lim Hw;?q —dallzr@) =0, for every ¢ < r < o0,
p—o0

under the minimal hypothesis do € L9(Q2), when Q C R is a general open set.

Concerning the homogeneous case ¢ = p, when () is quasibounded, in Theorem 6.4.1, we find that the
extremal functions of )\p(Q) converges, as p — 00, to a solution of the variational problem

1
. Vullroeron : oy =1, u=0 aQ} -4 26
uemr/r}lg(g) {H uHL () Hu”L () (% on o (26)

We note that, when ¢ = p, the accumulation points for the extremal functions of A, (2) does not necessar-
ily coincide with dg, as it happens in the range ¢ < p. Finally, in Theorem 6.4.3, we study the asymptotic
behaviour of the extremals of A, o (€2), and we prove that they converge to solutions of (26).

Chapter 7. In this chapter, we are interested in providing sharp estimates for A, ,(£2) in terms of geo-
metric quantities depending on the open set (2. These results are contained in the two papers [Z3] and
[Z4], in collaboration with Lorenzo Brasco and Francesca Prinari.

First, in Theorem 7.1.1, we prove the following generalization of the Makai inequality in [102] to every
dimension N > 2 andevery 1 < ¢ <p < o0

p—gq

Apa(Q) ( / dz dx) " >0, @7)
Q

where 2 C R¥ is a convex open set and Cp,q is the optimal constant which comes with an explicit value.
The proof consists of two main steps: first, we show the above estimate when €2 coincides with the interior
of a polytope in RY (see Appendix D for a short introduction of the main properties of polytopes). In
particular, we apply the covering argument proposed by Makai by dividing such the polytope into convex
subsets with certain properties. Then, in the second step, we apply an approximation argument by means
of polytopes, to extend the result to general convex sets.

In the subsequent Section 7.2, we compare the explicit sharp constant Cj, , with the infimum of the
product on the left-hand side of (27) defined on other classes of open subsets  C RY, satisfying dg, €
L7a (). More precisely, we will discuss the cases of general open sets and of planar simply connected
open sets.

Then, we devote the last part of the chapter to the proof of another geometric lower bound for A, ,(£2) by
means of the inradius rq, on the class of convex bounded open sets 2 C RY, which extends the classical
Hersch-Protter inequality. Indeed, by means of two different proofs, we show that inequality (19) holds,
forevery 1 < ¢ < p < oo. More precisely, in Theorem 7.3.1, this result is obtained as a consequence of
the upper bound for the positive solution w'}* of (14), proved in Theorem 4.2.2, while, in Remark 7.3.2,

P.q
we get the estimate (19) as a corollary of the Makai inequality (27). Finally, by applying the integration
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formula due to Crasta and Malusa for a set  of class C? (see [43, Theorem 7.1]), in Theorem 7.4.5 we
provide an alternative proof for the Hersch-Protter inequality in the homogeneous case ¢ = p, first proved
by Kajikiya in [85] (see also [20]).

Chapter 8. In this last chapter, we aim to study the Hardy inequality in the setting of Sobolev-Slobodeckii
fractional spaces: for every 1 < p < oo and 0 < s < 1, we define the sharp fractional Hardy constant
through the infimum problem (22) and we provide many results concerning the fractional Hardy inequal-
ity on the class of convex open sets, obtained in collaboration with Lorenzo Brasco, Francesca Bianchi
and Firoj Sk, in [Z1] and [Z2]; we comment below the most relevant contributions contained in the
chapter.

* We discuss the tight relation between the existence of supersolutions for (23) and the variational
problem defining b, ,(£2). In particular, in Theorem 8.3.1, we show that the characterization (24)
holds, by proving the equivalence between the fact that b ,(€2) > 0 and the existence of a positive
supersolution for (23), for some constants A > 0 (see Lemmas 8.3.2 and 8.3.3). We refer to the
application of (24) as the supersolutions method, as when we construct a positive supersolution
for (23) with an explicit constant A, then automatically b ,,(©2) is bounded from below by A. We
also remark that here we do not require any regularity assumption on the set 2 C R, hence the
supersolutions method can be applied to every general open set;

* when 2 is a convex open set, we construct positive supersolutions to (23) of the form dg , for certain
values of 5 > 0. Note that we also include the case when 2 is an half-space Hf (see Sections 8.4
and 8.5). In particular, in Theorem 8.5.2, we obtain that dg is a weak supersolutions for (23) with
aconstant A = Cy s, A(5). Then, in Lemma 8.4.4, we deeply study the properties for the function
B — A(B), finding that it attains its maximum when 8 = (sp — 1)/p. At this point, we need to be
really carefull, as, by Theorem 8.5.2, this choice of ( is feasible only in the regime sp > 1. We
notice that the restriction on the product s p is not necessary in the case of the half-space.

* we compute the values for the sharp constants b ,(HY ) and b ,,(2), when € is a convex open set
(see Section 8.6). For every 0 < s < 1, in Theorem 8.6.2, we first prove the identity

hsm(Hf) =CnNspsp,

which follows thanks to the supersolutions method and by using an opportune family of trial func-
tions in the definition of b ,(HY'), as shown in Theorem 8.6.2 (similar computations can be found
in the papers [65] and [66]). Moreover, in Theorem 8.6.3, under the restriction sp > 1, we obtain
that

bs,p(ﬂ) = hs,p(Hf)'

This is proved again thanks to the supersolutions method, as well as, to the fact that
Bs,p(Q) < by (HY), for every convex open set 2 C RV,

which is an extension, to the non local case, of an argument due to Marcus, Mizel and Pinchover in
[104] (see Proposition 8.6.1).

Moreover, inspired by [55], in Remark 8.6.5 we point out that the case p = 2 is completely solved,
that is

bs,Z(Q) = hs,Z(Hf)

without any restriction on s € (0, 1).
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Finally, we observe that the infimum in the definition of b, ,(2) is never attained, both in the case
when €2 is a convex open set and in the case when 2 = Hf (see Proposition 8.2.5).
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Main notation

In the following we collect some notation we will use in this thesis. If not specified, {2 denotes a general
open set contained in RV,

*

p

9

#H ()
1o

(u,v)

do

dy (Q,9)

TQ

Br(z0)
Br

wWN

Q' eN
H

Y

Ut

u—

Co(2)
(@)
Chound ()
CoP(Q)
LP(Q)
Ligo(RY)
whr(Q)
Wy ()
Dy (Q)
Lipy(£2)
XP (Q)

critical Sobolev exponent, given by p N/(p — N); conventionally, if p > N, itis 400
N —dimensional Lebesgue measure of the set {2

k—dimensional Hausdorff measure of the set €2

characteristic function of 2, i.e. 1o(z) = 1if z € Q, 1q(z) = 0 otherwise

standard Euclidean scalar product between u and v

distance function from the boundary of Q. i.e. do(z) = infycoq |z — y| for every z € Q
Hausdorff distance between two sets,

definedas min {A > 0: Q C Q' +AB,Q CQ+ 2By}

inradius of €2, defined as sup {7" >0 : exists g €  such that B,.(zg) C Q}

N —dimensional open ball centered in zy with radius R

N —dimensional open ball centered in the origin with radius R

N —dimensional Lebesgue measure of By (), i.e. wy = |B1(zg)]

the closure ¥ is a compact set contained in the open set 2

half-line (0, +o00)

half-space RN~ x (0, +00)

positive part of u € L] (R"), defined as u4 = max{u, 0}

negative part of u € L (RY), defined as u_ = max{—u, 0}

completion of C§°(€2) w.r.t. the sup norm

space of infinitely differentiable functions with compact support in €2

space of continuous and bounded functions on 2

space of functions in Chouna (£2) such that their seminorm [u] o 5 @ is finite
space of p—integrable Lebesgue measurable functions

space of Lebesgue measurable functions locally integrable in R™Y

space of functions in L? () with first order weak derivatives in L? ()
closure of C§°(92) in WP (Q)

completion of C§°(£2) w.r.t. the norm || V - || Lr ()

space of all real-valued Lipschitz functions which vanish at the boundary 052

space of functions v € L9(§2) with first order weak derivatives in L” ()
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Tp,q

one-dimensional Sobolev-Poincaré constant, defined as
P q - 1
eC°°((0 1)){” ||L ([0,1]) ||UHL ([0,1) = }
1
_ P »
global Gagliardo seminorm, defined as // M dx dy
RN xRN [T —y|NTeP

regional Gagliardo seminorm, defined as ( // )_7;\?&)‘ dx dy) ’
axq |z —y[NTer

standard fractional Sobolev space defined as {u € LP(Q) : [u]wsr@ry < 400

space of functions u € L{. () such that u € W*P(Q') for every Q' € Q

closure of CF°(Q) w.r.t. || - [[ye.p @)
Ju(z)”

Leb defined €L, (RN): —_—
ebesgue space defined as {u 10C( ) /RN A5 a)vr

dr < Jroo}
fractional Sobolev space defined as

{u € L8 (RN) : [ulysn@ny < +oo and dis € LP(Q)}
Q
closure of C§°(2) in X7 (Q; dq)
ou 8u>

gradient operator, i.e. forevery u: RV - R, Vu= | —,..., —
8$1 N

divergence operator, i.e. for every u: RY — RV, divu = Z 3
T

N
0%u

standard Laplace operator, i.e. for every u: RN — RY, Ay = div(Vu) = 922
€=
=1 i

p—Laplace operator, i.e., for every u: RY — RN, Aju = div (|Vul[P~2 Vu)

p—Laplace operator of order s, i.e., for every u: RY — R¥,

w(z) — u@) P2 (u(z) —u
itis defined as (—Ap)*u(x) := 2P.V. ox [u(=) |(g)_| y|N(+§p) (%)) dy



CHAPTER 1

PRELIMINARIES

§1.1 The space C

We denote by C(2) the completion of C§°(€2) with respect to the sup norm. The following simple result
will be quite useful.

Lemma 1.1.1. Let Q C RY be an open set, then it holds that
Co(Y) C {u € Chound(Q) : u=0o0n (9(2}.

Here Cyouna (ﬁ) is the set of continuous and bounded functions on Q.

Proof. Let {un}nen C C5°(£2) be a Cauchy sequence, with respect to the sup norm. In particular, it is
Cauchy sequence in Cboind(Q), which is a Banach space (see for eyilmple [76, Theorem 7.9]). Thus,
there exists u € Chound (£2) such that w,, converges to « uniformly on €. Moreover, such a function must

vanish at the boundary 0f2, as a uniform limit of functions with compact support in €). 0

For every open set 2 C RY and 0 < a < 1, we introduce the Holder spaces C*%(Q), defined as
CO,Q(Q) = {U S Cbound(ﬁ) : [U]Co,a(ﬁ) < +OO},

where () W)
u(z) —u(y

[U]coa@ = SuUp
© zAY; T,yeQ |z =yl

It is endowed with the natural norm
[ull coo @y = lullLe @) + [ulco.e (@) for every u € C%(Q).

We prove that the functions belonging to C(f2), with finite C%“ seminorm , satisfy the following
interpolation—type estimate.

Lemma 1.1.2. Let 0 < B < a < 1, let 1 < v < oo and let @ C RYN be an open set. For every
u € Co(2) N LY () such that

[t] o, @y < +00,
we have

_ . a—p
[U]COﬁ(ﬁ) < HUHGLw(Q) [U]lcoi@)a with 0 = N

o+ —
v
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Jor some Cy = C1(N, «, 8,7) > 0. Moreover, if 1 <y < oo we also have

1— . o
||u||L°°(Q) < 02 ||UH>[(,’Y(Q) [u]cuﬁ(ﬁ)v with X = N’

o+ —
Y

Sor some Cy = Co(N, r,7y) > 0.

Proof. By Lemma 1.1.1, we can extend u to a continuous function on the whole R™, by setting it to be 0
on RV \ Q. We first observe that for such an extension it holds

[u]cova(ﬁ) = [u]go.a@n). (1.1)
Indeed, we may write

u(z
[U]co.arryy = max q [U]coag), sup 7L)|a
z€Q,y¢Q |z -y

= max {[U]CO’Q(Q)7 sup u(:v)|} '

z€Q,yEQ ‘JZ - y|a

Ifz € Qand y ¢ € then the segment Z7 connecting 2 and y is such that TN # () and 77N (RY\ Q) #
(). Hence, there exists yo € Ty N 0N satisfying

|z —y| > |z — yol-

This implies
lu(@)]  _ [ulz) — ulyo)
S < o < [U}Co,a(ﬁ),
|z =yl |z = yol
that gives
u(x
sup M < [U]Co,a@)-

T€EQ,YEQ |(E - y‘a N

This concludes the proof of (1.1).
We now come to the proof of the claimed interpolation inequality. For every 2,y € R” such that
T # y, we write

S

u(e) — uly)| =

lu(@) —u(y)| [ |ulz) —u(y)
|z —yl? _< |z —ylo ) (1.2)

8

0]y (0@) T+ July)] =)

IN

Observe that we used the triangle inequality and the sub-additivity of concave powers. In order to estimate
the last term, we use that for every R > 0 and z € Bg(x) we have

lu(@)] < fu(z) —u(2)] + [u(z)| < [ulcoe @y |z — 2% + |u(2)]
< R [u]go.a (g + [u(2)],
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where we also used (1.1). We now take the integral average of this estimate on Br(x). This gives

o 1
[u@)] < B [evem + 5w /Bm) u(z)] dz

(1.3)
< B luloony + v R 7F ([ o)

With the same argument, we have also

u(y)] < R* [u] oo g + (wy BY) ™3 (/Q |u(z)|"’dz)

We insert these estimates in (1.2) and use again the subadditivity of concave powers. We get

a=p
[u(r) — u(y)| g aep [ 22t 1\ e=s
W <2 [U]Co,a@) R [u}co,a(ﬁ) + W ||UHL’Y(Q) )

which is valid for every z # y and every R > 0. If we now not optimize in R > 0, we finally get
the desired estimate for the C%# seminorm. The sup norm can be estimated with a similar optimization
argument, by using (1.3). 0

Remark 1.1.3. We remark that the constants C; and C in the previous result are given by

N

oy
N

C) = 20,7 !
1=2wy"" ( —
X

and

In particular, we notice that C; stays uniformly bounded, as « varies in (/3, 1]. Similary, the constant Cs
stays bounded, as « varies in (0, 1]. This observation will be useful in the sequel.

§1.2 The distance function

For an open set 2 C R”" with non-empty boundary, we denote by dq the distance function from the
boundary 0f?, defined by

do(z) = yle%fQ |z — yl, for every x € Q.

We extend dg, by 0 in R \ Q. The inradius ro of 2 will be the radius of a largest ball contained in €2.
More precisely, this quantity is given by

rqo = Sup {r >0 : exists g € Q such that B,.(xg) C Q} (1.4)
Moreover, a set € is said to be quasibounded when the following condition on its distance function holds

REIEOO ldall Lo ®~\Bg) =0,
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(see for example [2, 42]).

In this section we investigate some consequences of the summability of the distance function. First of all,
we prove that when d is summable for some 0 < o < oo, the set €2 has finite inradius. This comes with
an explicit (sharp) bound.

Lemma 1.2.1. Let 0 < o < oo and let Q C RY be an open set such that dg € L*(Q). Then rq < +00

and it holds )
Nta
rqg < Cna (/ dg dw) , (1.5)
Q

where the constant Cy q, is given by
1 - ~ra
CNa = (NwN / (1—-0) o dg) : (1.6)
0
Moreover, inequality (1.5) is sharp, since equality holds for a ball.

To ease of calculation, we note that the integral appearing in the constant C'y , can be expressed
through the Gamma function T, in the following way

T(N) (e +1)

1
1— «@ Nfld — .
/O< 0)%e T T(Ntatl)

Proof. Let B.(zg) C £, then we have that
(r—lz —20|)+ = dB,(20) () < da(x), for every © € By (o).

By raising to the power « and integrating, we get

/ (T—|x—x0|)idx§/dgdx.
B, (z0) Q

By using the change of variable y = (x — () /r, from the previous estimate we also get

(7
/ Q dx
rN-‘rOé S Q

(1—1lyDs dy
B,

If we now take the supremum over the admissible balls, we get the conclusion. O

The next Lemma gives an estimate on the C%# norm of the distance of an open set in terms of a power
of the inradius of the set itself.

Lemma 1.2.2. Let 0 < a < oo and let @ C RY be an open set such that rq < +oc. Then for every
0 < 8 < 1we have
[dQ}CO,ﬁ(ﬁ) < (2 TQ)P’B-

Proof. We extend dg, to be 0 outside €2 and consider it as a Lipschitz continuous function defined on the
whole RY, By recalling (1.1), for every 0 < 3 < 1 we have

[dQ]COﬁ(ﬁ) = [dQ]COﬁ(RNy
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It is now sufficient to write for t > 0

R —— sup |do(z) — da(y)| sup |da(z) — da(y)| |
zy; |z—y|<t |z —y|? " oyl >t |z —yl?

For the first term on the right-hand side, we can just use the 1—Lipschitz character of dg. For the second

one, it is sufficient to use that d, is bounded by rq. This gives

2
[do]co.s@y) < max {tl_ﬂ, trﬁﬂ} , for every t > 0.

By choosing t = 2 rq, we get the claimed estimate. O

We prove that, when €2 is a general open set, a summability hypothesis on the distance function dq, is
a sufficient condition to assure that the set 2 is quasibounded.

Lemma 1.2.3. Let Q C RY be an open set such that dg € L*(RY), for some 0 < a < oco. Then for
every R > rq /2, we have

1 N+a
do(x) <2 | — / dg dy ) forevery |z| > R + e
WN RN\Bgr 2

In particular, Q) is quasibounded.

Proof. Let R > rq/2 and let z € RY be such that |z| > R+ rq/2. If z ¢ €, then dq () = 0 and there
is nothing to prove. Let us suppose that = € 2, so that dg(z) > 0. We consider the ball

e fy RV oy 1)

and observe that )
da(y) > 3 do(z), for every y € B.

We raise to the power « and integrate this inequality over B. This gives

970 dg(2)* | B| < / da(y)® dy,
B

that is
wn 27N dg(z)* TN < / da(y)™ dy. (1.7
B
We then observe that
1 TQ
ly| > |x| — |y — =| > |z| — idg(x) > |z| — 5 > R, for every y € B.

This gives that B C R \ Bg. By using the previous inclusion in (1.7), we get

wn 270N do(2)* N < / do(y)* dy.
RN\Br

This concludes the proof. O
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Remark 1.2.4. The converse implication does not hold true: indeed, there exist quasibounded open sets
for which d§ ¢ L'(RY), for any 0 < o < oo (see Example C.1.1). On the other hand, we easily see that
if @ C R is a quasibounded open set, then dn € L (RY).

In the next technical lemma, we show that the summability of a negative power of the function distance
dq implies certain geometric properties of the open set (2.

Lemma 1.2.5. Let N > 1 and let Q C RY be an open set such that

1
d—adx<+oo

for some o > 0. Then we must have o« < N. Moreover, we have the estimates

o = o\ "= Ee
ro < (2 / 1adx> and  |0] < (2 ) </ 1adx> BT
wy Ja d wN o d

where rq is defined in (1.4).

Proof. We take z € €2 and consider the open ball B,.(zo) with radius r = dq(xg). This implies that
B.(xzg) C O and OB (x9) N O # 0.

Let us call z( a point contained in this intersection. By observing that
do(z) < |z — T, for every « € B,.(x¢),

we get

1 1
+o00 > / dr > / ——dx.
o dy B, (z0) | — Tol|®

By using spherical coordinates, we see that the last integral diverges for « > N. Thus we get the first
statement.
In order to get the claimed estimates, we go on by estimating from below the last integral as follows

+oo>/—da: - a/ dm:w—ng_“:w—fdQ(xo)N_a.
2 r Br(xo) 2 2

Since o < N from the first part of the proof, we can take the supremum on zy € €2 and get that the
distance function is actually bounded. Moreover, we obtain the first estimate in (1.8), thus in particular
the inradius is finite. In turn, by using this fact we get

/ rQ/d IQI

which shows that the volume is finite, as well, together with the second estimate in (1.8). This concludes
the proof. O

We conclude this section with a generalized version of Ascoli-Arzela Theorem, which is valid when
) is a quasibounded open set. This generalization is quiet standard, but for completness we include the
proof. We then apply this theorem in Chapter 6.
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Proposition 1.2.6. Let Q C RY be a quasibounded open set. Let

{tn }nen C {u € Chound () : u=00n GQ}
be a sequence with the following properties:
(a) there exists M > 0 such that ||uy ||~ o) < M, for everyn € N;

(b) there exist o > 0 and a function w : (0, 8] — (0, +00) such that

li §)=0

g, (9 =0,

and for every n € N

wn(8) = sup { [un(2) = ()] 5 2,y €D, o -yl <6} Sw(6),  forevery0 <5< 5.

Then, there exists T € Chouna () vanishing on 0N such that
lim Hun — UHLoo(Q) =0,
n—o0

up to a subsequence.

Proof. Letus denote by ko € N the smallest natural number such that QN By, is not empty. Thanks to the
assumptions, {uy, }nen is a bounded and equicontinuous sequence on the compact set 2 N By, for every
k > ko. By applying the classical Ascoli-Arzeld Theorem for compact sets, together with a diagonal
argument, we have that there exists a function @ € C(£2) such that, up to a subsequence, u,, converges
uniformly to % on QN By, for every k > k.

We will show that u,, converges to u uniformly on the whole Q. Let0 < § < §, since § is
quasibounded, there exists 5 > 0 such that

da(z) <0, forxz € Q\ Bp,.

For every x € 2\ Bg,, we take y € 0 such that |z — y| = dq(x). By using property (b), the triangle
inequality and the fact that w,, (y) = 0, we get that for every n € N

() = ()] = Tim_ [t (2) — ()]
< Jun () = n ()] + T [t (2) = 4 (9)] < 200(dn(2) < 20(8).
This implies that

=l 2oy = e = Tl o @3 1im = Tl 22 (2015}

< max {2(0), Jun — Tz~ (any,) |-

By taking the limit as n goes to oo and exploiting the uniform convergence of u,, to @ on Q N Bg,, we
obtain that
lim sup ||up, — | L (o) < 2w(d), for 0 < 6 < dp.

n—oo
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By arbitrariness of § and using the properties of w, we get

nl;rlgo lun — | Lo () = 0.

This also shows that w vanishes on 9§2, as a uniform limit of functions with the same property. Moreover,

using again that Cl,ounq (2) is a Banach space, we finally get that @ € Chouna (€2), as well. This concludes
the proof. O

§1.3 Sobolev spaces and embeddings

In this first section, we introduce some standard results and definitions concerning the Sobolev spaces.

Let 1 < p < oo and let 2 C RY be an open set. We indicate by Dy () the completion of C§°(9), with
respect to the norm
wH vaHLP(Q;RN)a foreveryw S OSO(Q)

We will also indicate by W, *(€2) the closure of C5°(£2), in the usual Sobolev space W1 (£2), endowed
with the norm

Y llwrre@) = I¥lle ) + VYl Lrryy-

Definition 1.3.1 ((p, ¢)—admissible set). Let 1 < p < oo, we will say that an open set  C RY is
(p, ¢)—admissible for some 1 < g < p, if

Ap,q(2) := inf {/ VP do - / [|?de = 1} > 0. (1.9)
Q Q

e ()

This is equivalent to require that the homogeneous Sobolev space Dé’p (€) is continuously embedded in
L1(2). Hence, in particular, we can refer to A, 4(£2) as the sharp Sobolev-Poincaré constant.

Remark 1.3.2. A necessary and sufficient condition for an open set to be (p, ¢)—admissible is given in
[107, Theorem 15.5.2]. We recall that bounded open sets and, more generally, open sets with finite volume
are (p, ¢)—admissible, for every 1 < ¢ < p. However, the class of (p, ¢)—admissible sets is larger, since
there exist examples of (p, ¢)—admissible sets, which have infinite volume (see [107, Section 15.5.3]).

We note that the infimum problem (1.9) can be considered for every 1 < ¢ < oo. In the following propo-
sition, we show that A, ,(2) can be equivalently defined as an infimum on W (), without requiring
any restriction both on ¢ and on the open set 2.

Proposition 1.3.3. Let1 < p < 0o, 1 < q < oo and let  C R be an open set. Then

Apa() = inf {/ w|pdx:||w||m<m=1}= inf {/ |V¢|pd371||¢m(ﬂ)=1}-
Q vewr ) LJa

Mer()

Proof. We first observe that the problem on the right-hand side is actually settled on W, (Q) N L9(Q2).
Since we have C5°(Q) € WP (Q) N L9(Q), we immediately obtain

inf / V pdl’: q _1}> lnf {/ V pd.’L’: q —1}
it AL ras s Wl =1} =t L 90par s ol
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In order to prove the reverse inequality, we first observe that if A\, ,(£2) = 0, then from the previous
inequality we would get

0= inf {/Wl”darrllwlmm—l} in {A|vw|pdx:|w|Lq(n>=1}zo,

PYeCE(Q) PEW, P ()

and thus the desired identity trivially holds true.
Let us now suppose that A, ,(€2) > 0. For every u € W, (Q) N L(Q) not identically vanishing,
there exists a sequence {uy fnen C C5°(£2) such that

Jim [[Vup = Vullpr) = T fJun = uf| o) = 0.
By using the definition of A, ,(€2) > 0, we have
Ap.q () |y — um||’£q(ﬂ) <||Vuy, — VumHip(Q), for every n,m € N,
thus, in particular, {u,, },cn is a Cauchy sequence in L9(£2). This shows that we have

lim ||, — UHLQ(Q) =0,
n— oo

/ [V, |P dx / |Vul|P dx

||u7LHLq(Q - ||U’HLQ(Q)

as well. Hence, we get

Apg(©) < lim

T n—ooo

Finally, by taking the infimum on W, (Q) N L4(£2) on the right-hand side, we obtain that
Apa(@) < inf { / VY da ([ o) = 1} .
YeW, P () LJa
O

In the sequel, we prove that ¢ — A, 4(2) is left-continuous at ¢ = p, under the minimal assumption
that  is (p, ¢) —admissible.

Proposition 1.3.4. Let 1 < p < oo and let Q@ C RY be an open set, which is (p, qo)—admissible for

some 1 < qo < p. Then we have
lim A, 4(Q) = A ().
a./'p

Proof. Lety € C3°(Q) \ {0}, by definition of A, ,(£2) we have forevery 1 < g < p

/ Yyl da
( / de)

P»Q(
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If we now take the limit as ¢ goes to p, we get

[woras [ vora
limsup Ap 4(2) < lim = 28

P e (/ || dm)q /Q|1/J|p dx

By arbitrariness of ¢ and recalling the definition of \,({2), we obtain

limsup A, 4(2) < Ap(Q).
q.”'p

In order to complete the proof, we use that for every gy < ¢ < p and every ¢ € C5°(Q) \ {0} we have

Pq—q

Vlra < 10I1E2 or 1910 ieys with ¥ = \
91l La@) < 1Yl a0 o) 1¥1 e P —

by interpolation in Lebesgue spaces. In particular, by using that 2 is (p, go) —admissible, this entails that

1—9

1 P
ol < (5) 170 91
We can thus estimate the Rayleigh—type quotient defining X, 4(£2) as follows
9
/ [V |P dx - (/ |Vw|pdx> _ 9
> (M () > (Ma(@) (W(@)
(/ |w|Qdm) (/ de)

By arbitrariness of v, this yields
1-9 9
2@ = (M) (M)

If we pass to the limit as g goes to p and observe that

hmﬁ—hmpq do

p— ]_7
q.'p /P4 P—qo

we finally get
liminf A, () > A, (2),
a/'p
as desired. O
We need to recall the following family of interpolation—type inequalities

Lemma 1.3.5 (Gagliardo-Nirenberg interpolation inequalities).

1]

1@ < GNpar HVszLp(Q ||1/J|\Lq(Q for every ¢ € C3°(Q), (1.10)
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which hold for every 1 < p < 0o, 1 < q < p and r satisfying

N
g<r<—2— ifl<p<N,
N-p
q<r <oo, ifp=N,
q<r<oo, ifp>N,
with G p.q.r > 0 only depending on N, p, q,r and

___ N(@-4g
Nr(p—q)+pgr’

)

(for a proof, see for example [28, Proposition 2.6]).

By using (1.10), one can prove the following result

Proposition 1.3.6. Let 1 < ¢ < p < oo and let 2 C RY be an open set. Then
DyP(Q) = LUQ) =  WyP(Q) = LUQ).

Proof. The implication = is straightforward. For the converse implication, we suppose that there exists
C > 0 such that

1Yl Lage) < CllYllwirg), for every ¢ € C°(€2).
By applying the Gagliardo-Nirenberg inequality (1.10) with » = p, it holds in particular

lllzoy < Cletllwro) < C (IV¢llin) + Gpan IVE 10 161ty ) -
With a standard application of Young’s inequality with exponents 1/% and 1/(1 — 1), we can absorb the
L9 norm on the right-hand side and get

18 Loy < ClIVYIlLo(0),

for some C' > 0 independent of 1. Thus, the embedding DyP () < LI(Q) holds, as well. O

The last result of the section deals with capacity. Indeed, when p < N, a classical capacity result
in Sobolev spaces infers that, since points have zero p-capacity, if one removes points from an open set
Q C RY, the Sobolev space defined on this new set does not change, but it remains the same of Wl’p(Q).
This is shown in the following

Lemma 1.3.7 (Removing points in Sobolev spaces). Let 1 < p < N, let ) C RY be an open set and
xo € §, then
Wy P(Q) = Wo P (Q\ {zo}).

Proof. The fact that W, *(Q\ {z0}) € W, ?(Q) follows by sets inclusions. In order to prove the reverse
inclusion, we first take ¢ € C§°(€2) and the sequence of cut-off functions {u, }nen C Lipy(B1/n(70)),
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defined by
. 1
1, lf|IE *SCO| < ﬁ’
1 — 1 1
un(z)={ Bl e 1 < L
—logn n n
1
0, if |z — o] > —.
n

Observe that, since 2 is open and z( € {2, we have that u,, is compactly supported in €2, for n large
enough. We take the sequence {¢ (1 — u,) }nen € Wy P (Q\ {20}) and we claim that

nh_}rrolo e (1 —un) = ollwir) = 0. 1.11)

For the strong convergence in LP({2) it is sufficient to observe that, thanks to the properties of u,,, we
have

() (1 = un(z)) — ()] < |@(z)|,  forae zel,
and
nh_>rrgo o(x) (1 —up(z)) = p(z), fora.e. x € (.

Thus the conclusion follows from the Dominated Convergence Theorem. As for the gradients, we have
/ V(e (1 —uyn)) — Vel? do = / lun, Vo + o Vu,|P dr
Q Q
< or—1 / [Un|P |V o|P da + 2P~ 1 / lol? |V, |P de.
Q Q
By using that {u,, } converges to 0 almost everywhere in €2 and is equibounded in L>°(£2), we get

lim / |un P [Ve|P de = 0,
n— oo Q

again by the Dominated Convergence Theorem. For the second integral, by computing the gradient of w,,
and using that ¢ is bounded, we get

1 1
o [Vunl? do < o0y s | oo
/f‘l L (Q) (n log n)p BL (xo)\B% (.’I‘Q) I‘T - x0|p

1

Nwny " N—p—1
= ||SD||Z£®(§2) (n logn)? /L 0" P do.
2

It is now easy to see that the last integral converges to 0 as n goes to co, when p < N. If p = N, by
computing the integral we get that

Nwy /i 1 Nwy

_Ye~N R PRI T
(n logn)P do = ”(‘OHLx(Q) nP (

p p < p
[ 16l 19 de < el L =

which converges to 0 as n goes to co. Thus we finally get (1.11).



1.3. Sobolev spaces and embeddings 13

Let us now take ¢ € W, *(£2). By definition, there exists a sequence {(y }nen C C5°(Q) such that
A lor = ¢llwie@) =0.

Moreover, from the previous part of the proof, for every k& € N, there exists a sequence {@, k }ren C
WP (2 {20}) such that

lim |or — Gnkllwie) = 0.

n—oo

In particular, for every k € N there exists n(k) € N such that

~ 1
— . < —
o QPn(k),kHWLP(Q) Srr1

By the triangle inequality, we then obtain

klggo on).e = llwrr@\aoy) = klggo lonem).k = ellwre)
< Jlim. lonk) ke — erllwir@) + Jim. llor — @llwiv@) = 0.
This shows that ¢ is the limit in the norm W2 (Q\ {}) of elements in W, ?(Q\ {zo}). Since the latter
is a closed space by construction, we get ¢ € Wy P(Q\ {x0}), as well. This concludes the proof. O

Remark 1.3.8. By iterating the previous result, we immediately get that, if 1 < p < N, k € N and
O c RV isan open set, then we have

Wy P(Q) = Wy P(Q\ {z1,. .., 24}),
for every {z1,...,x} C .

In Chapter 2, we will need the following Poincaré—type inequality, for functions which vanish at a
point of the boundary. Obviously, this may hold only in the superconformal case p > N, i.e. in the case
where points have positive p—capacity.

Proposition 1.3.9 (A Poincaré inequality). Let p > N and u € WP (Bgr(xg)) be such that u(z) = 0,
with z € OBR(xo). Then there exists a constant Cy , > 0 such that

/ |ul? de < Cnp RP / |VulP de. (1.12)
Br(zo) Br(zo)

Proof. 1t is sufficient to consider the case zp = 0 and R = 1, then the general case follows by scaling and
translating. For the proof of (1.12), we can use a standard contradiction argument, exploiting compact
Sobolev embeddings. We assume by contradiction that (1.12) fails to hold with a uniform constant. Thus,
there exists a sequence {uy, }nen C WHP(By) such that

lunllLey =1, lim [|[Vuu|pep,) =0, and wu,(z) =0with z € 9B;.
n—oo

In particular, {un}nen is bounded in W'?(By). Hence, thanks to compact Sobolev embeddings for
p > N, there exists u € W"P(By) N C(By) such that u, converges to u weakly in W'?(B;) and
uniformly in By, up to a subsequence. In particular, we get

IVullLes,) < linrgior(l)f IVl Lr(B,) =0 and u(z) = nh_)ngoun(z) =0.
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Since B; is a connected set, the last two facts imply that v = 0 in B;. However, by the uniform
convergence we also have

lullzr(By) = Jim lunllzr B,y = 1.

This contradicts the fact that u identically vanishes. O

§1.4 The Sobolev space X1

In this section we introduce the Sobolev space X?:9, which is needed in Chapter 3. Let 1 < ¢ < oo and
1 < p < oo,let 2 C RY be an open set. We define the Sobolev space

XOP(Q) = {zp eLIQ) : VY e L”(Q;RN)},
endowed with the norm

] xar () = [1¥llLa) + VY| Lr(@rr)-

Observe that in general we have
WhH(Q) # XH(Q),

unless ¢ = p. For 1 < g < p, this can be seen for example by adapting the classical counter-example by
Nikodym (see [107, Example 1, Section 1.1.4]), to infer existence of an open set 2 C RY and a function
o € X2P(Q) such that

Yo & LP(92).

For ¢ > p, it is sufficient to take any irregular open set  C RV such that W!?(Q) does not imbed into
L1(Q) (see for example [70, page 95]).

We also introduce the space X7 (2), defined as the closure of C§°(£2) in X %P (). The following
technical results will be useful.

Lemma 14.1. Letv,U € X %P (), then:
(i) ifv—U € XJP(Q), we have |[v| — [U| € X3P (Q), as well;
(ii) if v € XPP(Q) and U is non-negative, we have (v — U) € XIP(Q).
Proof. We prove (i) first. By assumption, there exists a sequence {¢,, }neny C C§°(2) such that
i [, — (0 = U)xana) = 0.
We then define the new sequence {¢p, }nen by
on = |n +U| = |U], for every n € N.

Observe that each ¢, € X%P(Q) and it has compact support. Thus, with a minor modification of the
proof of [32, Lemma 9.5], we get {¢n, tnen C X&7(€). By construction and by the triangle inequality,
we have

en = (o] = U] = |ltn + U] = lol| < [ = (0= ).

Thus we get
nll)rréo H(pn — (Jv| - |U|)HL4(Q) =0.

Moreover, it is easily seen that the sequence {V, }nen C LP(Q;RY) is bounded. Thus it is weakly
converging to some ¢ € LP($; RY), up to a subsequence. By using the strong convergence in L%({2)
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and the definition of weak gradient, we can identify ¢ = V|v| — V|U|. By Mazur’s Lemma (see [97,
Theorem 2.13]), we can build a new sequence {(Pn, ¢n)nen C L9(Q) x LP(Q;RY), made of convex
combinations of {(¢y, V¢, ) }nen, such that

Jim (110 = (1ol = 10D zag@) + 1én = V(o] = [0 | o) ) = 0.

Moreover, by construction we clearly have ¢, = V&,,. This permits to show that |v| — |U| is the limit in
the X %P (§2) norm of a sequence {@y, }nen C XI(€2). Since the latter is a closed subspace, we get the
conclusion.

In order to prove (i7), it is sufficient to write

_ |v—U\+(U—U):(|v—U\—U)+v.

(v=U)+ D) B

Then we observe that v € X (£2) by assumption, while
lv=Ul=U=U—v[- U] € X7"(Q),
from point (), applied to the function U — v. Indeed, observe that (U —v) — U € X*(Q). O
Proposition 1.4.2. Let 1 < g < p < oo and let @ C RY be a (p, q)—admissible open set. Then we have
X§7(@) = Wy (@) = Dy¥(@),
and the three spaces are compactly embedded into L1(Y). Consequently, we also have
WEP(Q) N XTP(Q) = WP (Q).

Proof. 1t is sufficient to prove the first fact, the second one being an easy consequence of this. We need
to prove that the three norms

IV Lo (irnys 1Y llwrre @) and 1Y) xar ),

are equivalent on C5°(£2). Observe that under the assumption of (p, ¢)—admissibility of the set 2, we
have

lellxori@) < (Apa(@7F +1) [Velloiamy),  forevery v € GF¥(9).

Moreover, by using the Gagliardo-Nirenberg interpolation inequality (1.10) togheter with Young’s in-
equality with conjugate exponents 1/¢ and 1/(1 — ), we get

lllr @) < C'(llLa) + 1IVYl Le@iryy), for every ¢ € C5°(2).

This in particular implies that

[llwrr @) = 1Yl Le) + VYl L (@mn)
< C' (IWllLa) + IVOIlLrry)) + IV Lo 0iry)
<(C"+ 1) |l xar () for every ¢ € C5°(Q).

The previous estimates show the desired equivalence of the norms on C§°(2). As for the compactness
of the embedding, it is sufficient to recall that for 1 < ¢ < p the embedding of Dy (Q) into L9(12) is
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continuous if and only if it is compact (see [107, Theorem 15.6.2] or also [28, Theorem 1.2]). This fact
and the equivalence of the spaces conclude the proof. O

Remark 1.4.3. Under the previous assumptions, by definition of the space XJ"”(Q), it is clear that
inequality (1.10) still holds for ¢ € XJ"* ().

Remark 1.4.4. With the same argument of Proposition 1.4.2, we also can observe that
MO >0 = W) =DiP(Q).
Indeed, recall that the positivity of A,({2) automatically gives that
[Vullze o) and [ullwae (o),

are equivalent norms on C§°(2).

§1.5 Sobolev-Slobodeckii fractional spaces

In this section, we introduce some basic properties of Sobolev-Slobodeckii fractional spaces (see [52] for
a friendly introduction to the subject). We then recall these results in Chapter 8, as we will work in the
fractional setting.

For1 <p < ocand 0 < s < 1, we consider the Sobolev fractional space

WeP(RN) = {u € LP(RY) : [uler@n) < +oo},

» 1
[U}WS,p(RN = // u(y)| dx dy ’ ,
RN xRN |9C - y|N+Sp

is usually called Gagliardo seminorm or also Gagliardo-Slobodeckii seminorm. This is a reflexive Banach
space, when endowed with the natural norm

where

lullwer@yy = [[ull Lr@yy + [Ulwen @y,

see for example [95, Proposition 17.6 & Theorem 17.41]. For an open set  C R, we indicate by
WP () the closure of C§°(£2) in W*P(RY).

The following simple result will be useful: its proof is simply based on standard properties of convo-
lutions and thus it is omitted (see for example [63, Lemma 11]).

Lemma 1.5.1. Let1 < p < coand 0 < s < 1. Let Q@ C RY be an open set. If p € W*P(RN) has
compact support in Q, then we have ¢ € W3 ().

In the following two lemmas, we provide some Leibniz—type formulas in fractional Sobolev spaces.

Lemma 1.5.2. Let 1 < p < occand 0 < s < 1. Let Q C RY be an open set, then for every n € C3(9)
and u € W;>P (), the function 1 u is compactly supported in 2 and belongs to W*P(R™N). In particular,

loc
we have .
nu € Wy (Q).

Proof. We consider both 77 and u to be extended by 0 to RY \ €. In light of Lemma 1.5.1, we only need
to show that nu € W*P(RY). We take Q" € Q' € (2 such that the support of 7 is contained in Q.
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Then we may write

[0 U]?/Vs,p(RN) = [UUEVS‘@(Q,) +2 //

Q' x (RN\Q) |z —
» n (z) u(z)[?

= [nulyyero —|—2// dx dy,
b7l arx @M\ |7 —yNEeP

where we used that 7; vanishes outside 2”. For the first term, by using Minkowksi’s inequality and Lemma
A.3.1, we can estimate it from above by means of the following Leibniz—type rule

+< [ UaW@) dy>;

R ) 3
< (8(1_8)> lull o) VIl 7 @) ”77”}200(11@1\') + 1nll oo vy [l wen () < 400

[n (2) u()|P

y[VFar dzx dy

For the second term, we have

I () u(z)[P dy
9 // DR drdy < 2|l u(z) P T oNgsp | 4
QM) |7 —y[NFeP L=®Y) o r\or |7 —y[NVHeP

dy
<2|nl¥ . / u(x)? / — | dx
ey, 1ot (RN\BD(:E) | — y|NFer

_ 2NWN ||77||1£oo(RN)
n sp [

/” lu(z)|P de < 400,

where we set 0 = dist(Q2”,09') > 0. O

Lemma 1.5.3. Let1 < p <ooand0 < s < 1. For M > 0, we take w € W*P((0, M)) and extend it by
0 outside (0, M). We also suppose that there exist C > 0 and 5 > (sp — 1)/p such that

[u(z)| < Ca”, fora.e. x € (0,M).
Then, for every n € C§°((—o0, M)), we have
un € Wy (HY).
Moreover, the following estimates hold

2 (M Ju(e)n(@)P 2Mrer
efveny < s + 55 f g 4t Wl lelaany
(1.13)

and

1
C ; S —S
[unwere o, < 11l Loe ) [Wlwes(0,am)) + <3(1_3)> lull Lo 0, 0) 11 1700 ry 1711 2 gy

(1.14)
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for some C = C(p) >0

Proof. We start by observing that WOS P(H ) can be identified with the space of functions in W*?(R)
which vanish almost everywhere in (—oo, 0], thanks to [63, Theorem 6]. By construction, it is then
sufficient to prove that nu € W*P(R).

It is easy to see that un € LP(R), hence let us focus on proving that u 7 has a finite WP seminorm.

By construction, this function vanishes almost everywhere outside (0, M). We decompose the seminorm
as follows

M M +oo
) n(z)[” |u(x) n(z)|”
(R [un]wsp((OM))Jrz/ / Ix— dy dx +2/ / TP gy da

REE o = [t
iy 2 M @@l 2 M @@l
Wer((0,0)) sp Jo |z[sP sp Jo (M —ux)sP

In order to estimate the first term on the right-hand side, we proceed similarly as in the proof of Lemma
1.5.2, so to get

M M) P
funlwe oy < [ | ( / W@ dx]
Mo () — u()lP
/0 In(y)l (/0 gt dw) dy}

1

< (—C ) Nallzmony 1 W Il + Il (0003 Flowo oty
= 5(175) ) L>(R) L*>(R) , )

o=

=

+

In the last inequality, we applied again Lemma A.3.1. As for the other terms, we observe that

[ et
0

[P ’
is finite, thanks to the growth assumption on w. Finally, by using that n € C§°((—o0, M)), we have
u(@) n(@)|” = |u(@)]” [n(z) = (M) < 0|7« @) lu@) P (M —2)P,  fora.e. € (0, M),
so that we can infer
M M
/0 I(uA(;)_ng(cﬂ;)l dr < M7 ol 2 /0 [u(z)|? dz < +o0.
This completes the proof. O

Occasionally, for an open set 2 C RY, we will need the fractional Sobolev space defined by

WP (Q) = {u € LP(Q) : [ulwsrq) < +oo},

u@)lP o\
lelw e <//Q><Q |93—y|N+”’ y) .

where



1.6. A weighted fractional Sobolev space 19

In this work, we refer to [u]yy+.»(q) as the “regional” seminorm on the general open set  C R¥ . Finally,
W2P(Q) is the space of functions u € LY () such that u € W*P(Q') for every ' € Q.

loc loc

§1.6 A weighted fractional Sobolev space
For 0 < 3 < oo, we also denote by L? » (R™N) the following weighted Lebesgue space

|u(z)|”

B Ny _ B Ny .
LY, (R ){uéLloc(R )./RN (1+|x)N+spdx<+oo}.

We observe that this is a Banach space for 5 > 1, when endowed with the natural norm. Moreover, it is
not difficult to see that

B N B (RN
LY, (RY) C Ly, (RY), for0 < B’ < B < 0. (1.15)
It is sufficient to use that
1
/JRN(1+|$|)N+Spdx<+OO’ forevery N > 1, 1 <p<oo and0 < s < 1,

and then apply Jensen’s inequality.
Some of the results stated in Chapter 8 crucially rely on certain properties of a fractional Sobolev
space, whose definition is inspired by [5, Appendix].

Definition 1.6.1. Let1 < p < 00,0 < s < landlet C RY be an open set, we define
XPP(Q;dg) = {u € Lé’p(RN) s [ulwspyy < +oo and dis € LP(Q)},
Q

endowed with the norm

1
wlP O\
Julle-siny = lhwercny + ([ Gede) . forevery we 207 ).

Then we define X" (£2; dq) as the closure of C§° () in X*P(€; dg).

We recall that, forevery 1 < p < coand 0 < s < 1, the symbol b ,, denotes the sharp Hardy constant
in the fractional Hardy inequality, defined as in (22).

Remark 1.6.2. We observe that if the open set Q C RY is such that hsp(2) > 0, then by a simple

density argument we can assure that Hardy’s inequality holds in X;"?(€; dg), as well. That is, we have
|ul?

o 7

hsp() dr < [ul? for every u € X" (Q; dg).

W s:p (]RN) )
Accordingly, this implies that in this case
u = [ulwen@y),

defines an equivalent norm on X" (2; dg).

Proposition 1.6.3. Let 1 < p < coand 0 < s < 1. Let Q C RY be an open set. Then

s, . s, - N
XP(Qydg) C WP (Q) N LN (RY),

loc
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and we have the estimate

1

ulp F

</N 7(1 n ||x|)N+sp da:) < Ca lull xsr(:d0) Sor every u € X*P(Q; dg). (1.16)
R

Moreover, X*P(§; dq) and X" (Q2; dq) are Banach spaces.

Proof. The first fact is straightforward, by also taking into account (1.15).
We prove the estimate (1.16). We take a ball Br (o) € 2 such that By g(20) € €2, as well. We then

write
1
= ([ 00
RN xRN |z —y| VTP
1
D P
() ) —wtl
Br a:o)X RN\BQ R(wo |x - | P
p
> / / 7|u( 2\14-5 dy | dz
Br(zo) \JRN\Bs n(wo) 1T — Y[V TP
1
— / |u(z)|P / ;dy dx ’
Br(z0) RN\B: r(xo) |I 7y‘N+Sp 7

thanks to Minkowski’s inequality. By observing that

Tl=

1
|z —y| > 5 ly — o], for every © € Br(xo), y € B2 r(20),
we have
1 N oN
[ e ([ ey ) e < e [ s
Br(zo) RN\ By g(zo) |z — y[Ntsp Sp Br(zo)
Nwy?2V lulP
<—R°P dr||d -
- sp Q dSp || QHL (Br(xo0))"

This implies that we have

1
|u(y)[” '
L gy ) da | < C ulles @ (1.17)
</BR($0) </RN\BQR<1:O) @ —y|[Nrer )

for a constant C' = C'(N, s, p, 2, Bgr(xo)) > 0. We now use that
|z —y| < 2|zo —yl, for every x € Br(xo), y & Ba r(z0),
together with the fact that

lzo =yl < |wo| + [yl < (14 [zol) (1 + [y]).
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By using these in (1.17), we get

/ )N RPN I
RN\ Bz r(zo) (1 + ‘yl)N—i_Sp ' - e

possibly with a different constant C' = C(NV, s, p, 2, Bgr(xo)) > 0. The proof of estimate (1.16) is almost
over: it is now sufficient to add on both sides of the previous estimate the term

Ju(y)[? ’
B )
</B2R(x0) (1 + ‘y|)N+Sp Y

By using that

lu(y) [P / |ul? s
e dy < lu(y)|P dy < 7 4y [ldal 7% .
/BzR(;Eo) (1 + [y[)N+=p Ba r(w0) o dy) L= (B2 r(20))

< Cq ||“||if\es.,p(g;d9)7

for some constant C' = C(s, p, Q, Bar (o)) > 0, we eventually get the desired conclusion.

We prove the second part of the statement. We first observe that it is sufficient to prove that X*P(Q; dq)
is a Banach space. We take {uy, }neny C X9P(€; dg) to be a Cauchy sequence. Then we get that this is a
Cauchy sequence in the Banach space LP(Q; d(,””) and that

o) — oY)

{Dsun}neN where Ds(p(l',y) = | |ﬂ+. ,
x—y|? T

is a Cauchy sequence in LP(RY x R¥). This follows from the fact that

[Un]stP(RN) = HDS“n”LP(]RN XRN) -

Moreover, according to (1.16), the sequence {u, }nen is also a Cauchy sequence in the Banach space
L? (RYN). The last fact implies that there exists u € L? ,(RY) such that

lim M =0
n—oo Jgn (14 |z[)N+eP '
In particular, up to a subsequence, we can suppose that u,, converges to u almost everywhere in R™. By
using the completeness of L?(£2; dg,*”), we get similarly the existence of & € LP(£2; dg,*”) such that
[un — ul?

dr = 0.

lim
n—oo [ d;p

By uniqueness of the limit, we must have v = & almost everywhere in €. Finally, by using that L? (R x
RY) is a Banach space, we get that there exists ¢ € LP(RY x RY) such that

Jim |[D*up = G| Loy xryy = 0.
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This in particular would imply that

lim Du,(z,y) = ¢(z,y), fora.e. (z,y) € RY x RV,

n—oo

up to a subsequence. On the other hand, by using the almost everywhere convergence of u,, previously
inferred, we also obtain that

lim D*u,(z,y) = D°u(z,y), fora.e. (z,y) € RY x RV,

n—oo

By using the uniqueness of the limit, we get at the same time that

[U]Ws,p(RN) < 400 and 'n,h~>Holo HDSun — DSU”LP(RNx]RN) = nlL)II;O[Un — U]Ws,p(]RN) =0.

This concludes the proof. O
We note that as a straightforward consequence of Lemma 1.2.5, we get the following

Lemma 1.6.4. Let1 < p < o0, 0 < s < 1 and let 2 C RN be an open set. Then for sp > N the unique
constant function contained in X*P(Q); dq) is the null one. The same conclusion holds also for sp < N,
if we additionally suppose that || = +oo.

In the next result we compare the two spaces WOS P(Q) and X3P (Q; dg).

Proposition 1.6.5. Let 1 < p < coand 0 < s < 1. Let @ C RY be an open set such that b ,() > 0.
Then we have .
W5P(9) € &3P (s dg), (1.18)

and the inclusion is continuous. Moreover, if we assume that rq < 400, then
Wo"(Q) = A5 (Q do),
and

¢ = [@lwsp@ny, (1.19)

is an equivalent norm on this space. Finally, if we further require that || < o0, then we have the
continuous embedding
X5 (s do) — LP(Q),

and this is compact, as well.

Proof. By recalling Remark 1.6.2, we know that (1.19) is an equivalent norm on X;"*(2; dg). Since we
trivially have

[elwer@y) < l@llwer @y, for every € C°(€2),

the continuous inclusion (1.18) easily follows.
We now assume that 7 < +o00. In conjuction with Hardy’s inequality and recalling (1.4), this yields

sp [ el o’ o0
/Q lo|P dx < rgP /Q |ds‘p dx < b Q(Q) [cp]@vs,p(RN), for every ¢ € C5°(Q).
Q 5,p

Thus we get that
@ = |lpllasn@n) and o = llellwsp@ny,
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are equivalent norms on C§5°(€2), again thanks to Remark 1.6.2. Then the claimed identity of the two
closures immediately follows. The last statement is now an easy consequence of the same property for
the space W (2), which is well-known. O

Remark 1.6.6. Under the sole assumption that b, ,,(€2) > 0, in general we have
Wo(Q) € X577 (Qida)  and WP (Q) # X577 (i do).

As a counter-example, it is sufficient to take any open set 2 C RY such that

: P . P gy — —

bs,P(Q) >0 and gaegg’f(ﬂ) {[@]Ws,p(RN) . /Q|<p‘ dx = 1} =0.
For example, we can take {2 to be a half-space. In such a case, we have by construction
WEP(Q) < LP(Q),
while
Xo " (Qda) # LP(Q).

We can finally prove a compactness result for the space X" (€2), under minimal assumptions on the
open set 2. This will be crucially exploited in the proof of Lemma 8.3.3.

Theorem 1.6.7. Let 1 < p < 00, 0 < s < 1 and let Q@ C RY be an open set such that b ,(2) > 0. Let
{tn tnen C X3P (R dq) be such that

[Un]?;ys,p(RN) <M, for everyn € N|
for some M > 0. Then there exist a function u € X(f’p(ﬂ; dq) and subsequence {un, }ren such that

lim wuy, () = u(z), fora.e. x € Q.
k— oo

Moreover, for every ' € ), we also have

i [, =l v ) = 0.

up to a possible further subsequence.

Proof. We need two distinguish two cases: either || < +oo or || = +o0.

Case 1: ) has finite volume. This is the easiest case: here the result plainly follows from Proposition
1.6.5. We also observe that the last statement actually holds in a stronger form, since we can infer
convergence in LP(€2).

Case 2: Q) has infinite volume. We still use the notation D®y for a measurable function, as in Proposition
1.6.3. Thus, by assumption, we get that {D%u, },cn is a bounded sequence in LP(RY x R¥Y). This
entails that, up to a subsequence, it is weakly converging in LP(R™ x R¥). For simplicity, we do not
relabel the subsequence. Let us call ¢ such a limit. We may apply Mazur’s Lemma (see [97, Theorem
2.13]) and get that for every n € N there exists

{tg(n)}ZZO C [0,1], such that Ztg(n) =1,
=0
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and such that the new sequence made of convex combinations
bn(w,y) = Zte ) D*ue(z, y),

strongly converges in LP(RY x RY) to ¢, as n goes to co. Observe that by construction we have

Z tg(n) DSUg = DS <Z tg (n) UZ> ,
=0 =0

and
n

Uy =Y te(n)ug € X3P (Qsdg),
£=0

since the latter is a vector space. This proves that { D%, },,cn is a Cauchy sequence in LP(RY x RY)
and this, in turn, implies that {@,, } ,en is a Cauchy sequence in X"*(€2; dg), thanks to Remark 1.6.2. By
using that X" (2; dq) is a Banach space, we get that {w,, },,en converges in this space to a limit function
u € X5P(Q; dg). In particular, we must have

D?u = ¢.

We now want to prove that {u, }nen converges almost everywhere on RY to the function u, up to a
subsequence. We first observe that all the elements of X" (Q2; d) vanish almost everywhere in RY \ Q,
by construction. Thus we only need to prove convergence almost everywhere in €).

We denote by {2 }ren an exhausting sequence for 2, made of bounded open subsets with smooth
boundary: in other words

Q. €9, Qp €@Qpyqforevery k € N  and U Q=0
keN

see [45, Proposition 8.2.1]. We preliminary observe that, thanks to the assumption b, ,(£2) > 0, we have
forevery k,n € N

|un [P 1
up [P dx < [ldo||7 % / —spdr < dall 7o o) [Unlyy e < Cp M,
[)k I ‘ H HL (Qk) O de bs7p(Q) || ||L Qk) [ ] (]RN)

which entails that {uy, },cy is a bounded sequence in each WP (€);,). By using the compactness of the
embedding WP () — LP () (see for example [52, Theorem 7.1]) and a diagonal argument, we can
obtain existence of a function U € W>'?(Q2) and of a subsequence {uy,, }ren such that

lim w,, (x) = U(zx), fora.e. x € ().
k—oo

We then extend U to be 0 outside {2: by using Fatou’s Lemma and the almost everywhere convergence,
we get

[U]WSP(]RN) < hm [unk]WS,p(RN) <M.

By further using Hardy’s inequality and (1.16), we also get

1% |ty [P
dzr < liminf Xdr <
o do’ koo Jo dg” bs,p ()’
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and

1
|U|P o / [t |P »
— ——d <1 f — Ll d
</ (T [a))¥Fer @) =088 U 0+ o)V For

. |t [P v
< Cq hkrglcgf [Uny Jwsm @y + 0 dx

<C.

This shows that
U e X%P(Q;dg).

We now observe that from the first part of the proof, by uniqueness of the weak limit we must have
D?u = D*®U, a.e. in RY x RV,
By recalling the definition of D?, this in turn implies that there exists a constant ¢ € R such that
u="U+c, a.e. in RY.

By using that X*'P(Q; dg,) is a vector space, the function constantly equal to ¢ must belong to X'*?(2; dg,).
In light of Lemma 1.6.4, we get that ¢ = 0 and thus the desired conclusion holds. O
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CHAPTER 2

SOME FUNCTIONAL INEQUALITIES

In this chapter, our goal is to study the sharp constants appearing in the Morrey inequality and in the
Hardy inequality. More precisely, in Corollary 2.1.3, we introduce the sharp Morrey constant, defined as

N

m,(Q) := ueé‘rog(ﬂ) {/Q (VulP dz : [u]go.ep @) = 1} ) where o, =1 — e

and we give two geometric bounds for m,, which we apply to study its asymptotic behaviour, as p goes
to co. Then, as a consequence, we can provide a generalization for the classical Hardy inequality, by
introducing the sharp Hardy-type constant

. u
Bp,q(2) = ue(l%f(m /Q |VulP dx - d%Jrip;N =1, forp < ¢ < o0.
Q L1(Q)

In Theorem 2.2.1, we study some geometric bounds for b, ,, when p < ¢ < oo, and its asymptotics when
p — 00, in the cases ¢ = p and ¢ = .

§2.1 Morrey—-type inequality

In order to study the sharp Morrey constant m,, we start by investigating some properties for another
Morrey—type constant. This result will allow us to prove some geometric estimates for m,, and to deter-
mine its asymptotic behaviour for large p.

Lemma 2.1.1. Let 2o € RY and let R > 0. For every p > N and every fixed = € OBr(x(), we set

pp(Br(zo); {z}) = min {/B . [VolPde : p(xo) =1 and p(z) = 0} .

pEWLP(BR(x0))
Then:
1. the minimum above is independent of the point z € 0Bg(xo);

2. we have the scaling

B (1) = By (B {an + 2220 )

{ (o (Bl ) % }M

3. the family
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is non-decreasing;
4. we have the following asymptotics

lim (up(BR(xo%{z})f - @1

Proof. We first show that p,, (Br(20); {#}) is actually a minimum. To this aim, we consider a minimizing
sequence {u, tnen C WHP(Bg(z0)) for the problem defined by p, (Br(z0); {z}), i.e.

lim |Vun|P de = pp (Br(2o0); {2}), un(xo) =1 and wun(z) =0.

n—00 Br(zo)

By Proposition 1.3.9, we also have that

/ |un|P dz < Cnp RP / |Vu,|? dz.
Br(zo) Br(zo)

This implies that {u,, },cy is a bounded sequence in W1?(Bgr(x)). Hence, thanks to compact Sobolev
embeddings for p > N, there exists u € W1P(Bg(z¢)) N C(Bgr(xo)) such that u,, converges to u
weakly in WP (Bg(x¢)) and uniformly in Bgr(zo), up to a subsequence. This implies that u(zg) = 1
and u(z) = 0, thus u is an admissible test function for the problem 1, (Br(z¢); {z}). Moreover, by
lower semicontinuity we have

/ |[Vu|P de < lim [V, |P de = pp, (Br(xo); {2}) ,
Br(zo)

"2 JBr(zo)

i.e. u is a minimizer.

The proofs of part (1) and part (2) easily follow by standard arguments, while part (3) is a conse-
quence of Holder’s inequality.

It remains to prove part (4). We suppose, without loss of generality, that zo = 0 and R = 1. Thus,

we have to show that .

Jim (jp (B3 21)) " =1

By part (3), we already know that such a limit exists. Since d, is admissible for the problem y,, (B1; {2}),
we get that

1 1

(1 (Br: (=D))< w}

This in turn implies that

=

1
< lim wg =1 2.2)

lim (up (B1;{z}) )

p—o0

We now prove that
1
lim ( (Bri{21)) " = 1.
p—00

At this aim, we consider U, € W?(B;) a minimizer for p1,, (B1;{z}), i.e.

</131 VU, P dm>; = (,up (By; {z}))é, U,(0) =1, and Up(z) = 0.
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We fix mo > N, by applying Holder’s inequality, we have

1

(/ VU, | dx) g (/ |VU,,de>p,
B, B,

for every p > mg. Moreover, thanks again to Proposition 1.3.9, we have

/ U, |7 dz < iy / VU™ da.
B, B,

Taking into account (2.2), the above inequality implies that the family {U, } ,>m,, is bounded in W' (By),
for every fixed mo > N. Then, there exists Uy, € W1™0(B;) N C(By) and an increasingly diverging
sequence {pY}ren C [mo,+0o0) such that {Upo tren converges to Us, weakly in Whmo(B;) and uni-
formly in B;.

We can recursively repeat the previous argument, by taking an increasingly diverging sequence {1 }sen C
(N, +00) and each time extracting a subsequence {Up‘i }ren from the previous one {Upi—l }ren, with
{Pi}ren C [me, +00). At each step, we get that Us, € W¢(B1) N C(By) and that {U }ren con-
verges to U,, weakly in W™¢(By) and uniformly in B;. Thanks to the claimed convergence, we get
for every £ € N

1

(/ ‘VUOOVTLZ dw) me < lim inf </ |VUpz ‘mz dl‘) m
B k—oo B k
1 1

~

A
T
gE

SN

23
3
VRS
5
<
~!
3
Q
=
N———
B

=

i p: T
wy® m (:upﬁ(Bl;{Z})) P =wy® lm (up(Bl;{Z}))
By sending ¢ to co and recalling (2.2), it holds that
12 lim (up(Bri{=))" 2 VUl (). 23)

Hence Uy is a 1—Lipschitz continuous function such that U, (z) = 0. Accordingly, we get

U (0)]
VUso|l 1 (5,) >
IVUecli s 2 =055

:]_7

which, combined with (2.3), gives the conclusion. O

Remark 2.1.2. Thanks to Lemma 2.1.1 part (1), fixed a point z € 9B;, we can define

pp(Bi) ==  min {/ [Vu|P dz : u(0) =1and u(z) = O} . (2.4)
By

ueW1L.r(By)
Moreover, as an easy consequence of Lemma 2.1.1, when p > N we get the following estimate
R %

pip(B1)

lu(zo) — u(2)| < IVullLe(Br(zo): foru € W' P(Br(zo)) and z € 0Bg(z0). (2.5)

Tl=
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We are now in position to study the sharp Morrey constant.

Corollary 2.1.3 (Sharp Morrey constant). Let N < p < oo and let 2 C RY be an open set. We define
the sharp Morrey constant

N

m,(Q) := ueé‘rg(ﬁ) {/Q VulP dz = [u] oy @) = 1} ) where ap, =1 — s

Then the constant m,,(2) is independent of €, i.e. we have
i, (©) = my (RY).

Moreover, we have

(2.6)

_N\P!
uﬂMSmmMsww(p ) 7

3
I
—

and

=

lim (mp(RN)) =1

p—o0

Proof. We first show that m,,(€2) is independent of 2. The fact that m,(RY) < m,(Q) follows by
monotonicity with respect to sets inclusion and the fact that

[U]co.er @) = [U]coor @y, for every u € C3°(Q),
see (1.1).
In order to show that m,(2) < m,(RY), let u € C§°(R") and let
ur(x):u(x_m), with 2o € RY and » > 0.
T

Since u has compact support, we have u, € C5°(£2) for some suitable x and r small enough. Then, by
scaling and thanks to (1.1), it holds

/|Vur|pd:r /|Vur\pdx /\Vu\pd:r
Q _ JrY _ JrY

p

m, () < = - :
e T e ) AP

By taking the infimum on C$°(R™) on the right-hand side, we get the claimed inequality.

We now come to the proof of (2.6). Let u € C§°(RY), for the lower bound it is sufficient to prove that

1
(@) = u(y)| € ———— [Vulloioy [e—yl™,  foreveryz,y eRY. @27

(1o(B)”

If x = y, then (2.7) trivially holds, thus let us assume that  # y. Without loss of generality, we assume
u(z) > u(y) and we define

v(z) = M, for 2 € RV,



2.1. Morrey—type inequality 31

which satisfies v(x) = 1 and v(y) = 0. Since v € W1P(Bgr(z)) with R = |z — y|, we have from (2.5)
that

T —y| T —y|* 1
L= v(z)| < |7y‘; IVVlle(Br(z) = ] T IVullzr (Bg(2))-
(,U, (Bl)) P (/.L (B1)> P |U(l’) - U(y)|
P P
From this estimate, we get
|z —y|or |z —y|*

P
T [IVullLe(Br(2)) < T [|Vul e @ry,

(Hp(B1)) ’ (Mp(Bl)) !

which is the claimed inequality (2.7).
As for the upper bound, for every u € C§°(B;) \ {0}, by the first part of the proof and the very
definition of m,,, we have

u(z) —u(y)| <

IVul?,
m,(RY) = my(By) < ).

[u}go,ap (B1)

Moreover, by using that u is compactly supported in B;, we have

[Wloos(p, > sup _u(@)]
©€B1,ycoB, |T — y|*®

> |u(0)].
Thus, for every u € C§°(By) such that [u(0)| # 0, we get

||VU||I£p(B )
P lu(0)[?

By density, the last estimate is still true for functions u € VVO1 "P(By). Now we consider the function
p=N 1,p
u(z) = (1= [z] =) € Wy (B1),
hence there exists u,, € C§°(By) such that u,, converges to u in W, *(By). Since

p—N p—N
|| 7=T — [y|»=1

[Wcoen @y = sup

ety oyl 1T Y

Thus, it holds that

v _ [IVunlre
N P < ” n||LP(By) < _
(mP(R )) = ‘U(0)| = HVUHLP(RN) (NWN)

This shows the claimed upper bound.

B =
N
=S
]!
=
N————

“|

Finally, by taking the p—rooth in (2.6) and using (2.1), we get the desired asymptotics for m,,. O
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§2.2 Hardy-type inequality

We now apply the results of the previous section to study a generalization of the sharp Hardy constant.
The following Hardy inequality for general open sets has been originally proved for ¢ = p in [96] (see
also [72] and [130]), without determining an explicit constant. The latter can be found in [8, 41, 71]. We
generalize these results to cover the case p < g < oco. In particular, we will focus on the asymptotic
behaviour of the sharp constant, as p goes to co.

Theorem 2.2.1 (Hardy’s inequality). Let N < p < oo and p < q < oo and let Q@ C R be an open set.
We define

bp,q(Q2) = ueci,fogf(m ) Vul? d E =1,, forp < q < oo,
Q L1(Q)
and
U
h,(2) = inf Vul? dx — =1;.
P =, B 1V do || 1o (0
We have that
Y el 2
0a() = (8,(@) " (bpe(@) . forp<a<oo, (28)
and ,
p—N
0@ 2 (280 () 2 (1), 29)
where ,(B1) is the same constant as in (2.4). Moreover, it holds
1 1
o () < g ()’ 1

Proof. We first prove the lower bound in the extremal case, i.e. for ¢ = co. Let & € Q and let T € OS2 be
such that
|z —Z| = do(x).

For every u € C§°(2) and every p > N, we thus get from (2.5)

(/ [Vul? d:n)
Bag (2) (%)

[z
=

dQ(l‘)li
u(z)| < ————
ol (1p(B1))

By taking the supremum over {2, we get

R

1 P
%ﬁ < W </]RN [Vul? dx) , for every u € C§°(9).
Lo (Q) Hp(D1

This gives the desired Hardy inequality result for ¢ = oo, together with the claimed lower bound in (2.9).
In the case p = ¢, the estimate in (2.9) comes from [8, 41], as already recalled.
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The case p < ¢ < oo now simply follows from interpolation of the two endpoints
u € C§°(Q), we have

. Indeed, for every

)

» » (a—p) 2
q q p q
([l 0) < ([ 1) |
Q 0o

dp Y4q—p
Q Q d.ar
Q L= (Q)
where we set for simplicity

N p-N
M Ao
q

p
We observe that

vg-p_,_N
a-p p’
thus by using the definitions of h,(£2) and b, - (€2), we obtain

—d _— YulP dzx.
(def ) @) =@ /g' ul? d

By taking the infimum over u € C§°(2), we get the lower bound (2.8).

In order to prove the last statement, for the case ¢ = oo, from (2.9) and Lemma 2.1.1 we have

it (o) 2 Ji (1)) =1

In the case p = ¢, we directly have

. b . p—N
llpnigolf (f)p(ﬂ)> > lim

T p—ooo D

=1

In order to prove that the limsup is smaller than or equal to 1, it is sufficient to use a suitable test
function. We first observe that, by a standard density argument, for every p > N and p < ¢ < o0, the
Hardy inequality

p

Bpa(2) ||

| <[ vepas,
d<1+ P Q
Q L(Q)

still holds in both spaces Dy (Q2) and W, *(£2), for every open set 2 C RN, Then, for every o € Q,
we take

()= (r—|z— x0|)+ e WP (Q), for r = dq(zo).
Thus we get
1 Ny2 1 Ny
v wy V)P v wny )
(bpoe(@)” < T g (n ()" < )

P

‘p R
p;N ‘ dQ L ()

do” (o)
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By using that
Ny Ny
lim ONTDT gy, NPT daw) _ _dalw) _,
ol p—roo ‘ K4 @€B,(z0) (r — |z — o)+ T
p—N dQ Lr(Q
= ()
do" Iz~ (o)
we then obtain the desired conclusion. O

Remark 2.2.2. By a standard density argument, for every p > N and p < ¢ < oo the Hardy inequality

p
u
hp,q(Q) m S/Q|V’U/|pd$,
df(; ! La(Q2)

still holds in both spaces Dj ™ (2) and W, ? (), for every open set Q C RY.
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CHAPTER 3

COMPARISON PRINCIPLE FOR THE
LANE-EMDEN EQUATION

§3.1 Weak solutions to the Lane-Emden equation
Let 1 < p < oo and let  C R be an open set, we introduce the Lane-Emden equation
~Apu = alulT %y, in Q, 3.1

where o > 0 is a given constant and 1 < g < p*, with

P oo, ifp> N.

In this chapter, we will focus on the sub-homogeneous case, i.e. we will always consider the case
1<qg<p.

By using the same notation of Section 1.4, we recall the following definition

Definition 3.1.1. Let 1 < ¢ < p < oo and let  C RY be an open set. We say that a function
veXPP(Q)isa

* weak supersolution of (3.1) if

/Q<|Vv|p_2Vv,V1/)> dx > a/Q [v|72vipde, forevery ¢ € C5°(Q), ¥ > 0;
e weak subsolution of (3.1) if

/Q(|Vv|”‘2 Vo, V) dr < o /Q [v|72vpde, forevery ¢ € C5°(Q), ¥ > 0;
e weak solution of (3.1) if

/(|VU\I’_2 Vo, Vi) de = a/ w72 vpde, forevery € C5°(Q). (3.2)
Q Q

In the above inequalities, we can also admit test functions in X{*”(Q), by a standard density argument.
In the case ¢ = 1, for a non-negative function v we extend the previous definitions, by using the conven-
tion

o720 = 0?7t = 1.
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In the next Lemma, we collect some standard properties of solutions of Lane-Emden equation.

Proposition 3.1.2 (Properties of solutions). Let Q C RY be an open set, u € X%P(§)) be a weak solution
of (3.1), then

* ift > 0, the rescaled function

is a weak solution of (3.1) in xg + t

- </3)P*
v = u,
(0]

—Ayv =BT 2, in Q.

e if B > 0, the function

is a weak solution of

The same claims apply to subsolutions and supersolutions.

Then, the main tool we will prove in this chapter is a comparison principle for the Lane-Emden
equation, whose proof is based on the hidden convexity property for the p—Dirichlet integral. This will
imply that the energy functional naturally associated to (3.1), given by

32 () = & / VP dz — & / Wl7de,  forevery § € C(),
’ P Ja q Jo

would be convex in a suitable sense, hence, we can adapt to our equation the standard proofs for the
classical comparison principles. Finally, we remark that in this chapter, we will not make any regularity
assumption on the boundary of the open set 2 and this will allow us to work on a large class of sets,
possibly unbounded or even with infinite volume. More precisely, we usually ask to the open set €2 to
be (p, g)—admissible, which implies that the sharp Sobolev-Poincaré constants X, 4(§2) are positive (see
Definition 1.3.1).

§3.2 Hidden convexity

We will prove the following hidden convexity property of the p—Dirichlet integral. This is nowadays
well-known among experts, we give here a general statement under minimal assumptions both on the
open set and on the functions. We also identify the equality cases, by means of an enhanced version of
the inequality (see equation (3.9) below).

Theorem 3.2.1 (Hidden convexity). Let1 < ¢ < 0o, 1 <p < ocand1 <r < min{p,q}. Let Q C RV
be an open set, for every pair of non-negative functions v, w € X 4P (), we set

ol = ((1-t)v" + twr)% , foreveryt € [0,1]. (3.3)
Then o' € X%P(Q) and
/ Vo' |Pdr < (1 — t)/ [VolP dx +t/ |Vw|Pdx  foreveryt € [0,1]. 3.4
Q Q Q

Moreover, when ) is connected:

. if the equality for some t € (0, 1) holds in (3.4) ifand only if v = w+C, with C € R;
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. if the equality for some t € (0,1) holds in (3.4) if and only if

either v=w or w and v are both constant,
o if and in addition we have
1 o0 1 [o ]
— € L.(Q) and — e Lz (), (3.5)
v w

the equality for some t € (0, 1) holds in (3.4) if and only if v = C w, with C' > 0.

Proof. For r = 1 there is nothing to prove, in this case o is just the usual convex combination of v and
w. Then (3.4) is just the usual convexity of the p—Dirichlet integral. As for the equality cases, from the
strict convexity of the map z — |z|P, we get that if (3.4) holds as an identity for some ¢ € (0, 1), then we
must have

Vv =Vuw a.e. in 2.

If Q is connected, this implies that v — w must be constant in €.

We now focus on the case 1 < r < min{p, ¢q}. We will first show that o’ belongs to X%(Q2) and
satisfies (3.4). Then we will focus on the equality cases in the latter, under the claimed assumptions.

Part 1: properties of '. It is easy to prove that o' € L7(f2). Indeed, observe that
/ lot|? dx :/ (1 —t)vr—ktwr)% de < (1-1) / vide +t / wi dr < 400,
Q Q Q Q

thanks to the convexity of the map 7 — 79/". Fore > 0 and t € (0, 1), we consider the C'! function Gt
defined on [0, +00) x [0, +00) by

Gea(s1,80) = ((1—t) (s1+ &) +t(s2+))" —e.
Then, we take the vector field
®(x) = (v(z),w(z)) € XTP(Q;R?).
Since
VG, (o, 0) = ( (1—1)(s1 +) 1 - t(sp+ )1 N ) |
(I=t)(s1+e) +t(sa+e)) ™ (1—=t)(s1+e) +t(sa+e)) "

it is easily seen that G, ; has a bounded gradient. Thanks to the Chain Rule in Sobolev spaces (see for
example [97, Theorem 6.16]), we have that

ol =G.10® € XTP(Q).

Observe that we also used that G, ;(0,0) = 0, to guarantee that o’ has the required summability, when
Q has infinite volume.

We remark that for every s1,s2 > 0 and ¢ € (0,1), the quantity e — Ge ((s1,52) is monotone
decreasing. Indeed, observe that

d 1 —t r—1 t r—1
?Gsﬁt(shSQ) = ( )(81+5) s (S2+€) r—1 -1 Soa

d (L —t) (51 +e) +t(s2+2)7) ™
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thanks to the concavity of the map 7 — 7("~1)/7_ Thus in particular we have
ol, <ol <o, for0 < &1 < 9.

By using the Monotone Convergence Theorem and the fact that ot € L9(£2), we thus obtain

lim/ lot —o'|%dx = lim [ (o' — ol)?dx = 0.
Q

e—0 e—0 Q

We now compute the gradient of o'

Vo = -9+ — Vv + twt+e)™ = Y
(L—t) (W +e) +t(w+e)r) T (L=t (wte)y +t(wte)) ™ (3.6)
_ 1-t)(v+e)” Vo twte)”  Vw
= (Gep(v,w) +¢) ((Ge,t(va w)+e) vt+e  (Geplv,w)+e) w+ 5) '

We now observe that
1-t)(v+e) and t(w+e)"

(Gep(v,w) +¢)" (Ge(v,w) +e)"’
are both non-negative, less than or equal to 1 and their sum gives 1, thanks to the definition of G, ;. Thus

they can be regarded as the coefficients of a convex combination. By using the convexity of the map
z +— |z|", we thus obtain

. (-t T Ve | t " Vuw |
Voll” < (Geslo,w) + o) (S DWHI ] T wrey |V,
(Gei(v,w) +e) |v+e (Gei(v,w)+e) |w+e
After some simplifications the previous estimate can be rewritten as
Vol < (1 —1t)|Vo|" +t|Vw|". (3.7)

We now raise to the power p/r, integrate over € and use the convexity of the map 7 — 72/7. We finally
obtain

/|va;|1’dxg(1—t) / |Vu|pd:r+t/ YVl da. (3.8)
Q Q Q

This shows that {Va!}.¢ is a bounded subset of LP(Q;RY), for every ¢ € (0,1). Thus, there ex-
ists an infinitesimal sequence {¢,}nen C (0,1) such that Vo! weakly converges to a vector field
¢t € LP(Q; RY). By using the definition of weak gradient and the strong convergence in L? previously
inferred, it is standard to show that we must have ¢! = V. This proves that

ol € XTP(Q),
as claimed. Moreover, by taking the limit in (3.8) and using the lower semicontinuity of the L norm with
respect to the weak convergence, we finally establish (3.4), at once.

Part 2: enhanced hidden convexity. We go back for a moment to (3.6). Then, rather than simply using
the convexity of z — |z|", we use a “quantified” version of such a property. This is expressed by the
inequalities of Lemma A.1.1 and Lemma A.1.3. Thus we now obtain:
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e if » > 2, in place of (3.7) we get

T

Vo _ VW () Vol + ¢ [Vl

v+5_w+s

1-t)(w+e) (v+e)"

t
\V4 tr C -
Vol + O ) 19

which can be further simplified into

|(w+¢) Vv — (v +¢) Vw|"
(Gg7t(U71U) —+ E)T

|Vol|" +Ct(1—1t) < (1 —t)|Vo|" +t|Vu|";

* if 1 < r < 2,in place of (3.7) we get
r—2

)

Vo 2

v+€

Vv YVw
v+e wHe

2 Vw
w—+ €

(Get(v,w) +¢)"
<(1—=1¢)|Vu|" +t|Vw]|",

ot 4ot D@L @ re)r (

which can be further simplified into

r—2

(\(w +e) VU\Z +|(v+e) Vw|2> =
(Get(v,w) +¢e)"
< (1=t |Vu]" +t|Vuwl|".

IVol|" +Ct(1—1t) |(w+¢) Vo — (v+¢) Vwl|

By recalling the definition of G. 4, it is not difficult to see that for almost every x € ), we have !
o ifr>2

|lw Vv — v Vwl|"

|(w+¢e)Vo—(v+e)Vuw|"

li = R’!' ) =
em0t (Geg(v,w) +e) (v, w)
0, ifw(z) =v(x) =0;
e whileforl <r <2
(\(w Y o) Vo> + (v +e) Vw|2) > |(w+€) Vo — (v +¢) V|
i
0t (Go(v,w) + )
r—2
(|wVv|2+\va|2) *lw Ve — o Vw]? .
:RT(U w) = (1,t)vr+twr ’ 1fw(x)+v(;z:) >0,
0, ifw(z) =v(xz)=0.

As before, we now raise to the power p/r the pointwise estimates above, integrate over {2 and use the
convexity and super-additivity of the map 7 ~ 77/". A further limit as ¢ goes to 0, in conjuction with

'We use that for a function v € Wlf)’ Cl (€2) we have

Vv =0, a.e.in{z € : v(z) =0},

see for example [97, Theorem 6.19].
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Fatou’s Lemma, finally gives
/ \Vo'lPde+C (t(1—1t)" / (Ro(v,w))" da
Q Q
g/ ((1—t)|Vv\T+t|Vw|’");dx (3.9)
Q
<(1-1) / |[VolPde +t / |[Vwl|P dz.
Q Q

Part 3: equality cases for » < p. We now suppose that {2 is connected. If equality holds in (3.4) for
some ¢ € (0, 1), in particular we must have equality in (3.9), as well. Thus we have that

/ ((1 —t)|Vo|" 4+t |Vw|r); dr =(1-1) / [VolPdx + ¢ / [Vw|? dz,
Q Q Q
and
/ (R (v, w))¥ da = 0.
Q

The first fact implies that
[Vo| = |V, a.e. in £, (3.10)

thanks to the strict convexity of 7 — 7P/7. The second fact implies that
w Vv =vVuw, a.e. in €, 3.11)

thanks to the definition of R, (v, w). We claim that (3.10) and (3.11) imply that Vw = Vv almost
everywhere in €). Indeed, let us call

E={req: Vo) # V@),

and let us suppose that |E| > 0. By recalling that w and v are non-negative, from (3.11) we get in
particular
w |Vu| = v |[Vuw|, a.e.in E.

By recalling (3.10) and the definition of F, the last identity in turn implies that
w =, a.e.in F.
On the other hand, we know that (see again [97, Theorem 6.19])
Vw = Vv, a.e. in {ZEEQ : w(x):v(x)}
The last properties in particular give that
Vw = Vo, a.e.in b.
By recalling the definition of E, this is a contradiction. This gives that

V(w —wv) =0, a.e. in (),
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and thus w — v = C'in € for some constant C, since (2 is connected. We can spend this information in
(3.11), so to get
(v+C)Vv=vVu, a.e.in Q,

that is C' Vv vanishes almost everywhere in 2. This implies that either C' = 0 (and thus w = v) or v is
constant in €2 (and the same is true for w).

Part 4: equality cases for » = p. We suppose again that €2 is connected and assume the stronger
condition (3.5) on v and w. If equality holds in (3.4), from (3.9) we get in particular that

/ Rp(v,w)dz = 0.
Q

This gives again (3.11), as above. The assumption on v and w entails that for every open set ' compactly
contained in £, there exists cq/ > 0 such that v, w > ¢ almost everywhere in 2’. This permits to infer
that

logv € VVIEC1 () and logw € VVIEC1 (),

and the chain rule formula holds for their distributional gradients. We then obtain

\Y \Y
V(logvflogw):—vf—w:O, a.e.in Q)
v w
thanks to (3.11). Since €2 is an open connected set, the difference log v — log w must be constant almost
everywhere in €2. This in turn permits to conclude that v = C' w almost everywhere in §2, for some C' > 0.
The proof is now concluded. O

Actually, if the curve t — o of the previous result is built from two Sobolev functions sharing the
same boundary datum, the same remains true for the curve itself. This is the content of the next result.

Proposition 3.2.2. Let 1 < g < 00,1 < p < ooand 1 < r < min{p,q}. Let Q@ C RN be an open
set, for every pair of non-negative functions v,w € X %P (), we still denote by o' the curve of functions
defined by (3.3). If there exists U € X?P(Q) such that

v—U e XIP(Q) and w—U e X{"(Q),

then
ot —U e XJP(Q).

Proof. By assumption, there exist two sequences {1, }nen, {@n }nen C C5(€2) such that
Tim [ — (v~ U)[xane = 0,

and
lim H(pn — (w — U)HXq,p(Q) =0.

n— o0
Then we set
U =, + U € XPP(Q) and wy, 1=, + U € XTP(Q),

and observe that the first one converges to v, while the second one to w. For every t € [0, 1], thanks to
Theorem 3.2.1, we know that

ol = ((1—t)v] +tw))" € XIP(Q).

n
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Moreover, since by construction o, — U has compact support in €2, we have that o}, — U € XI*(Q) (itis
sufficient to adapt the proof of [[32], Lemma 9.5] to our Sobolev space). In order to conclude the proof,
it is sufficient to show that

lim o}, — o*||1e0) =0, for every t € (0, 1), (3.12)
n—oo
and
sup ||Vol, | e (aryy < +00, forevery t € (0,1). (3.13)
neN

Indeed, thanks to the reflexivity of LP(€2;RY), from (3.13) we would get that Vo', — VU weakly con-
verges to some ¢! € LP(€; RY), up to a subsequence. Then (3.12) and the definition of weak gradient
would permit to show that ¢! = Vol — VU. Thus o — U would coincide with the weak limit of a
sequence in X{"”(€2). As in the proof of Lemma 1.4.1, we can appeal to Mazur’s Lemma to show that
o' — U is also a strong limit of a sequence in X{'?(Q). We finally conclude that o* — U € X"*(), as
claimed.

The strong convergence in L4 can be obtained by observing that 2

ol = H ((1 — )Yy, T w)

and of = H ((1 — )Y, 1T wn>

L o

Then, by using the triangle inequality for the " norm

12l = lller| < 11z = €ller for 2,¢ € B2,

it follows )

oy = o' < (L= 1) Jon — v|" + £ [wp, — w]")

By raising to the power g, integrating over  and using the convexity of the map 7 — 79/", we get

/ lot —ot|7dx < (1 —1) / v, —v|fdz +t / |wy, — w|?de.
Q Q Q
By recalling that {vy, },en and {w, }nen strongly converge in L7(€2) to v and w, respectively, we get

(3.12).
As for the estimate (3.13), by applying the hidden convexity inequality (3.4), we have

/ Vol |Pde < (1—1t) / |an\pdx+t/ |Vw,|? dz,
Q Q Q

and the right-hand side is bounded, uniformly with respect to n. The proof is over. L

§3.3 The energy functional

We recall the notion of superminimum and subminimum for the energy functional

1
Sp.q(¥) = f/ VP do — g/ || de, for every ¢p € XTP(Q),
’ pPJa qJa

2We denote by ||z||¢a the norm

1 .
llzllea = (2119 4 |z2|%) 9, forevery 2 = (21, 22) € R?
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which is naturally attached to our Lane-Emden equation (3.1). When o = 1, we will write §), , in place
of F) o

Definition 3.3.1. Leta > 0,1 < p < coand 1 < ¢ < p. Forevery v € X%P(Q), we introduce the
classes

AT (v)

{wexmr@): p>voma v—vexi (@)},

and

A~ (v)

{w €XIP(Q) : p<von®Q, P —ve Xg”’(Q)}.
Then we say that v is a:
* superminimum for §, . if
§pqa() =85 (v),  forevery € AT (v);
* subminimum for § , if
8pq(¥) 2 (), forevery ¢ € A™(v);
* minimum for §, , if

Spq() =5y 4 (v), for every ¢ € X?P(Q) such that ¢ — v € XIP(Q).

Remark 3.3.2. Itis a routine fact to show that a function v is a minimum for §, , if and only if it is both
a superminimum and a subminimum.

We start with the following existence result, which holds under minimal assumptions.

Theorem 3.3.3 (Existence). Let a > 0and 1 < q < p < oo. Let Q@ C RY be an open set which is
(p, q)—admissible. Then for every U € X TP (Q)) the following problem

: o . _ 1,
vertd o) {S’W(w Fy-UeW p(m}’

admits a solution. Moreover, we have:

* for 1 < q < p, each minimizer is a solution of the Lane-Emden equation (3.1);
* for q = 1, each minimizer u satisfies
—a < -Ayu<a, in Q,
in weak sense;
* for q = 1, each non-negative minimizer u (provided it exists) satisfies
—Apu = q, in Q,
in weak sense.

Proof. We first observe that the class of admissible functions is not empty, since the function U itself is
admissible. We will use the Direct Method in the Calculus of Variations. At this aim, let us first prove
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that the infimum above is finite. For every admissible 1, we have

/\¢\de§2q—1/|¢—U|de+2q—1 / \U| dz
Q Q Q

go-1 (3.14)

Ve - Vo, +2q*1/|U|Qd:r,
(Ap,q(2))7 LR Q

where we used the assumptions that 1) — U € W, ?(£2) and that Q is (p, ¢) —admissible. We now observe
that

1% = VUL, gy < 27 1980 ey + 27 VUL, -
By inserting this in (3.14), we finally get
[ 16170 < €IVl gy + C2 Uy (3.15)

for some Cy; = C1(N,p,q,Q) > 0and Cy = Co(N,p,q,) > 0. This yields

1
5105,(;(1/’):*/|V¢|pdx—g/|¢|qdz

> 1 [voras—a ([ |vw|pdx) - o 2 0y

By a suitable application of the generalized Young’s inequality

abgéga 4+ pa br=a, fora,b>0and é > 0,
p p
we then obtain
« 1 __a_ p _p_ o
50> 2 (1=9) [ [VoPdz—g L(C10)75 - o 2 Ul

If we now choose 6 = 1/2, we finally end up with
1
S50) 2 5 [ VU ds -1, (3.16)
P Ja
where M = M(N,p,q,«,Q,U) > 0. This in particular shows that the infimum of §; , over the claimed

set is finite.
Let us call m this infimum and consider a sequence {¢, }»en of admissible functions, such that

1
Spg(Pn) <m+ T for every n € N.

By using the estimates (3.15) and (3.16), we can then infer that

sup [|¢n || xar @) < +00.
neN

Thus, we get that 1, weakly converges in L7(f2) to ¢ and V1),, weakly converges in LP(Q; RY) to a
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vector field ¢, up to a subsequence. It is easily seen, by the definition of weak gradient, that it must result
¢ = V1. This shows that i) € X2P(Q).

We still need to show that ¢y — U € I/VO1 (Q). In order to prove this, we observe that the sequence
{1 — Ulnen C Wy () is bounded in the norm X %?(Q2). However, thanks to Proposition 1.4.2, we
know that W3 ?(Q) = XZ?(Q). This in turn permits to show that {1, — U}, cn is bounded in W ? ().
Thus v¥,, — U weakly converges in Wol’p (2), up to a subsequence. By uniqueness, such a limit must
coincide with ¢ — U and belongs to VVO1 P(Q), since the latter is weakly closed. Moreover, by using again
that  is (p, ¢) —admissible, we can infer

lim |y = Ullzo(e) = 1 = Ullza(o),

up to a subsequence, thanks to Proposition 1.4.2. Thus {t,, },cn is actually strongly converging in L7(€2).
This fact and the weak lower semicontinuity of the p—Dirichlet integral show that

3o () < liminf §5 ().

n— oo

By construction of the sequence {%,, } nen, the function 1 is the desired minimizer.

The last part of the statement is now standard for 1 < ¢ < p, it is sufficient to observe that the functional
is Gateaux differentiable and compute its first variation.

In the limit case ¢ = 1 we must be more careful. Let us take u a minimizer. For every ¢ > 0 and
¥ € C§°(€2) non-negative, we have

or(u+ty) > 3§ (u).

By using the definition of §1 , and the triangle inequality for the absolute value, this implies

D _ p
1/ |Vu+t VY|P — |Vul dx—&-a/q/)da:ZO»
P Ja t “

where we further divided by ¢ > 0. By taking the limit as ¢ goes to 0, we get

/(\Vu\p_z Vu, Vip) dx > —« / Ydz, forevery ¢ € C3°(Q), ¢ > 0.
Q Q

This exactly means that —A,u > —a, in weak sense. The other differential inequality is obtained in the
same way, by taking this time ¢ < 0. This is left to the reader.

Finally, still in the case ¢ = 1, let us suppose that u is a non-negative minimizer. Then, if we define
the convex functional

~. 1
Soaw)= o [IvePde—a [ va,
P Ja Q
we get that « minimizes this functional, as well. It is sufficient to observe that
3,1(¢) > Sﬁ,l(w) > 5;,1@) = 37?,1(“)

for every admissible . This new functional is Gateaux differentiable (because the lower order term is
now linear) and its critical points exactly satisty the weak formulation of the equation —A,u = «. This
concludes the proof. O



46 Chapter 3. Comparison principle for the Lane-Emden equation

Remark 3.3.4. Recall that, thanks to Proposition 1.4.2, in the previous result one could equivalently
write the condition ) — U € Wy"*(Q) as

b —U € XIP(Q).

Moreover, in the particular case U € VVO1 "P(Q), under the previous assumptions we get

inf A, 0) v -UeW @) = b F, ),

YEXTP(Q) YEW, " ()
still thanks to Proposition 1.4.2.

Remark 3.3.5 (Existence of a positive minimizer). We notice that thanks to Theorem 3.3.3, we can infer
the existence of a positive minimizer for

inf {§0,(0) 1 v - U eWgT(@)},

PeX1r(Q)

when Q@ C R¥ is a (p, q)—admissible open set. In particular, it is sufficient to observe that if u is a
minimizer then |u| is a minimizer, as well. Indeed, |u| — U € WP () thanks to Lemma 1.4.1 and to the
fact that U is non-negative, and, since 5?, q is even, we have that |u| is still admissible and it is a positive
minimizer.

The hidden convex structure of the functional §}) , permits to establish an equivalence between super-
solutions/subsolutions of (3.1) and superminima/subminima of the functional §, ,. More precisely, we
have the following

Proposition 3.3.6. Leta > 0and1 < q < p < oo. Let Q C RY be an open set and let v € X9P(Q) be
a positive function. The following facts hold:

1. v is a weak supersolution of (3.1) if and only if it is a superminimum for §,, ,;

2. v is a weak subsolution of (3.1) if and only if it is a subminimum for §, .

Proof. We focus on proving the first statement. The proof of the second one runs similarly and it is
thus left to the reader. Moreover, the fact that a superminimum is a weak supersolution, it follows in a
standard way, by computing the first variation of the functional. We can thus reduce to prove the converse
implication.

We suppose that v is a positive supersolution of (3.1). Let ¢) € A" (v), our aim is to show that

Spq (V) = §p 4 (v)- (3.17)

We first observe that if we set )

U= Pav,

then by Proposition 3.1.2 this is a supersolution of the Lane-Emden equation with a = 1. Moreover, we
have

8p.q(0) = a” 777§, (v).
Analogously, if 1) € A1 (v) and we set

then ¢) € A*(?) and B
gp,q(z/’) = rd %g,q(¢)~
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Thus, in order to prove (3.17), we can reduce to prove that

Tp.a(1V) = Fpq(0). (3.18)

We now build the curve o = ((1 — t) 3¢ 4 £1/7)*/7 and observe that

ot -7

t

€ Xg" (%),
thanks to Proposition 3.2.2. Furthermore, by monotonicity, we observe that
(1) = (1 =)0 + t 7 =37+ (7 — 09) > o9,
since ¢ > ¥. This shows that
ot € AT (D).
From (3.4), we get
/ |Vol|Pde < (1 —t) / |[VUlP de +t / VP de, for every ¢ € [0,1],
Q Q Q

and also, by construction, we have

[yam=-0 [w+0 [ Fran  foreveryre .
Q Q Q

Thus in particular we obtain

t — 2 ~
Sp.a(7') . Spa(®) Spa(®) — Gpa(@),  foreveryt e (0,1]. (3.19)

We focus on the term on the left-hand side. We use the “above tangent” inequality

1 1 _92 N

—|2|P > = |20|” + {|20|/P"%20,2 — 20), forevery zp,z € R,
p

with the choices z = Vo' and zy = V2. Thus we get

Soale!) a0) 1 [ 9PV, L[ T,
Q Q

t p t q t

R v 1 54 hd — ) _ 3
z/<va|”‘2w,w , V”>dx—/” R el Bl
Q Q

q t

t _ o 1 —
2/5‘1_10 ” Udac—f/(wq—ﬁq)dx,
Q q.Ja

where in the last inequality we used that v is a supersolution and the fact that ¢ — ¥ is a feasible test
function. Moreover, we observe that almost everywhere in €2 it holds

t—v  d 1 ~
g v O't|t:0 P gl—q (wq _ gq)_

lim = —
t—0+ t dt
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Then we can pass to the limit as ¢ goes to 0: from (3.19) and the estimate above, we obtain

SpalD) = Fpal® 2 - [ TG - de -2 [ @1- 7 de =0,

thanks to Fatou’s Lemma and to the fact that v > 0 almost everywhere in {2, by assumption. This finally
established (3.18), as desired. O

Remark 3.3.7. Of course, the previous result implies that a positive function v € X?P(Q) is a weak
solution of (3.1) if and only if it is a solution of

min {&%@0:¢—UEW®%Q”,

PEXTP(Q)
i.e. if it minimizes §}, , with respect to its own boundary datum.

The standard result in the next Proposition is proved when o = 1 by simplicity, but it can be general-
ized for every o > 0.

Proposition 3.3.8. Let 1 < p < oo, 1 < q < pand let Q C RY be a (p, q)-admissible connected open

set. Then .

. q—p 1 P—q

min = §p ) = —— ( ) . (3.20)
BEWI P (@) pal¥) =" Ap.q ()

Proof. Since the minimum problem can be equivalently settled on VVO1 P(Q)\ {0}, as a positive minimizer
exists thanks to Remark 3.3.5, we can write that

A tP
min = §p4¥) = max {/ []|? da — —/ [V P dx} .
PEW, P () wewl P)\{0},t>0 L 4 Jq p Ja

It is easily seen that, for every ¢» € W *(2) \ {0}, the function

t4 tP
tr—>f/ W’\qd:cf—/ |V|P dx
q Jo P Ja

/ Wlede \
Q .
/ VPP de

Q

is maximal for

to =

With such a choice of ¢, we get

tg/de /va\pdw </ de)
e (/ |de) _q

Then, by recalling the definition of A, ,(Q2), we get (3.20).
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§3.4 Comparison principle for solutions of the Lane-Emden equa-
tion

The main tool of this chapter is the following comparison principle for positive supersolutions and sub-
solutions of the Lane-Emden equation (3.1). This is proved under minimal assumptions, both on the set
and on the functions.

Theorem 3.4.1 (Comparison principle). Let o > O and 1 < q < p < oo. Let Q C RY be an open
connected set. Assume that u,v € X P () are two positive functions, such that v is a subsolution and v
is a supersolution of (3.1). If (u — v)4 € XFP(Q), then

v > u, a.e. in S

Proof. We first observe that for ¢ = 1, the result is well-known. It can be obtained with exactly the same
proof of the comparison principle for p—harmonic functions (see for example [98, Theorem 2.15]). For
completeness, we sketch the argument: it is sufficient to take the test function ¢ = (u — v)1 € X (Q)
in the weak formulations for u and v. This gives

/Q(|Vu|p_2Vu,V(u—v)+>dx < oz/Q(u—U)Jr dz,

and

/ (IVoP~2Vo, V(u —v)4 ) de > a/ (u—v)gde.
Q Q

By subtracting them, we obtain
/ (|Vu|P~2Vu — |VoP~? Vv, Vu — Vo) dz < 0.
{u>v}

If we now use that the vector field z + |2|P~2 z is strictly monotone?, we get the desired conclusion with
standard arguments. We leave the details to the reader.

Let us now focus on the case 1 < ¢ < p. With Proposition 3.3.6 and the hidden convexity property
at hand, we can essentially reproduce the proof of the classical comparison principle for strictly convex
integral functionals of the Calculus of Variations, see for example [70, Lemma 1.1]. The identification of
equality cases in the hidden convexity property will play a crucial role.

We define ¢ = min{v, u} and observe that it has the following properties

v e XTP(Q), u—p=(u—v)y € XPP(Q) and © <winQ,

so that it belongs to A~ (u). Observe that, since u is a positive subsolution of (3.1), from Proposition
3.3.6 it is a subminimum for §7; ,, as well. By using this and the properties of ¢, we get

T (o) =35, (u). (3.21)

31n other words, we have
(2P 2 = [w|P 2w, 2 — w) >0,

and the equality holds if and only if z = w. This property is a consequence of the strict convexity of the map z — |z|? /p, whose
gradient is precisely z — |z|P~2 2.
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By recalling that the weak gradient of ¢ is given by (see [97, Corollary 6.18])

Vo, a.e.on {v < u},
V=14 Vu, a.e. on {u < v},
Vv =Vu, a.e. on{v=u},

inequality (3.21) entails that

1 1
— / Vol da — ¢ / |v|9de > — / |Vu|P de — ¢ / |ul? da.
P J{v<u} q J{v<u} P J{v<u} q J{v<u}

If we add the quantity

1

7/ |Vol|P de — g/ |v|? da,

P J{u<v} 4 J{u<v}
on both sides, we end up with

Tpg(v) > 8y 4 (¥), where 1) = max{u,v} € X9P(Q). (3.22)
Observe that ¢ has the following properties
Y —v=(u—v)y € XPP(Q) and v <1inQ,

i.e. it belongs to A" (v). Since v is a positive supersolution of (3.1), it is a superminimum of F¢ , (again
thanks to Proposition 3.3.6). This remark and the fact that 1) € A™(v) imply that we must have

8p.q(v) = 854 (1),

as well. Thus equation (3.22) must be an identity.

We now set .
q q\ q
o= <” ;w ) € X0P(Q),

and use the hidden convexity property (3.4) with ¢ = 1/2, so to obtain

1 1
§5a(0) < 5 85.4(0) + 5 85.,(8) = §5,4(v)- (3.23)

Since ¢ — v € X{(§), by Proposition 3.2.2 we have ¢ — v € X{*(£), as well. Moreover, since by
construction i) > v, we also have o > v. We can thus test the superminimality of v against o and get that
actually also (3.23) must hold as an equality. In particular, we have

/|Va|pdm:1/|Vv\pdx+1/\vw|pdm.
0 2 Ja 2 Jo

We use the equality cases of Theorem 3.2.1 withr = ¢ < pand ¢t = 1/2, so to get that
either P =0 or 1) and v are both constant.

In the first case we directly get the desired conclusion, since ¥ = max{u,v}. The second case can
not occur, since v is positive and from the equation we easily see that a positive constant can not be a
supersolution. This concludes the proof. O
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Remark 3.4.2. The assumption (u — v)4 € X7 (Q) is a weak surrogate of the usual condition
v>u on 012,

appearing in comparison principles. Whenever a trace theory is available (for example, if €2 is smooth
enough), the two conditions coincide.
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CHAPTER 4

SOME CONSEQUENCES OF
COMPARISON PRINCIPLE

In the present chapter, our aim is to apply the comparison principle, proved in Theorem 3.4.1, to obtain
some interesting consequences for weak solutions of Lane-Emden equation (3.1). To be more precise, we
will show the following results:

* a uniqueness theorem for solutions of the minimization problem for the functional §; , with a
general non-negative boundary datum, from which it also follows the uniqueness for the weak
positive solution of the Lane-Emden equation (3.1);

* a sharp pointwise two-sided estimate on the unique positive solution wg’q“

Dirichlet boundary datum and, as a direct consequence, a sharp L°° geometric estimate on w

with homogeneous
Q.
p.q

Q,«

L] 1 S
a study on the asymptotics for L°° norms of w,, ",

two-sided estimate;

as p — oo, which follows thanks to the previous

* alocalization result for maximum points of wﬂ’q“;
* a “hierarchy” for solutions of (3.1) and an L two-sided estimate for all sign changing solutions
of (3.1).
§4.1 Uniqueness of positive solutions of the Lane-Emden equation

We start by applying the comparison principle to prove the uniqueness theorem for positive solutions of
Lane-Emden equation (3.1).
We first need to recall the following

Definition 4.1.1 (Weakly p—superharmonic function). Let 1 < p < oo and let Q C R be an open set.
We say that u € L{ (Q) is weakly p—superharmonic in Q if Vu € LP(; RY) and

loc
/Q<\Vu|p’2 Vu, Vi) dx > 0, for every ¢ € C§°(Q), ¢ > 0. “4.1)
For the next result, we will use that, if u; and u_ are the two functions
uy = max{u,0} and u_ = max{—u, 0},

then we can write u = uy — u_.
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Theorem 4.1.2 (Uniqueness of minimizers). Let o > 0 and 1 < q < p < oo. Let @ C RY be an open
connected set, which is (p, ¢)—admissible . For every function U € X9P(Q), the minimization problem

inf {§5,() v -Uewgr@)},

PeX P (Q)
admits:

(i) exactly one solution, when U € X?P(Q) \ Wol’p(Q) is non-negative. Moreover, such a solution is
positive;

(ii) exactly two solutions, when U € VVO1 P(Q). In this case, both solutions have constant sign and they
coincide, up to the choice of the sign.

Proof. Observe that we already know that the minimization problem does admit a solution, by virtue of
Theorem 3.3.3. We will also rely on the optimality conditions, contained in the same result.

First of all we note that a minimizer u can not identically vanish. Furthermore, in both cases (¢) and (i7),
if u is a minimizer then |u| is a minimizer, as well, as we observed in Remark 3.3.5. Hence, by minimality
for both u and |u|, we deduce that u, is weakly p—superharmonic. Indeed this is trivial in the case (4)
since the null function is not admissible for the minimization problem. In the case (4) it is sufficient to
take a function ¢» € W, P(Q) \ {0} and 0 < ¢ < 1 to get

tP at?
Spq(tY) = */ V[P do — 7/ [Y|?dx <0 =75, ,(0),
P Ja q Jo

since ¢ < p.
Indeed, when 1 < ¢ < p we have

/ (|Vu|P~2 Vu, Vi) do = o / |u|9™% up de, for every 1 € Wy* (),
Q Q

and

/ (|V]u|[P~2 V|u|, Vi) dz = a / lu|71 4 da, for every ¢ € WyP(Q).
Q Q
We can sum up these two integral identities: by observing that

e e

5 = (uyp)?H, a.e. in 2,

and!
|Vu|P=2 Vu + |V|u||P~2 V]|u|

2

= |Vui|P"%Vuy, a.e. in §,

we then obtain

/ ([Vuy P72 Vu,, Vi) de = a / (uy)? ) de, for every 1 € W, P ().
Q Q

't is sufficient to use the following classical fact from the theory of Sobolev spaces

Vu, aeon{u> 0},
Viu| =4 —Vu, a.eon{u <0},
0, a.eon {u =0},

see for example [97, Theorem 6.17].
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In particular, w4 is a weakly p—superharmonic function on €2. In the case ¢ = 1, a little additional care
is needed. From Theorem 3.3.3, we know that

/<|Vu|”_2 Vu, Vi) dx > —« / P dx, for every 1 € W, *(2), 1 > 0,
Q Q

and

/<|V|u||ZH Vlul|, Vi) dr = « / Y de, for every 1 € W, P ().
Q Q

We can sum up the two relations as above, when testing with a non-negative 1: the terms containing «
cancel and we now directly get that u is weakly p—superharmonic.

We can now prove uniqueness of the minimizer. Let us start with case (7). In this case any minimizer
must be positive. Indeed, let u be a minimizer. The assumption u — U € VVO1 P(Q) and the fact that
U e X%?(Q) \ Wy (Q) is non-negative entail that we must have

u+¢0

Indeed, if u4 would identically vanish, we would have © = —u_ and |u| = u—_. By Lemma 1.4.1 we
know that [u| — U € W, ?(€). Thus we would obtain

U— (U - U) ‘;(U - ‘“D c W()Lp(Q)v

which contradicts the assumption on U.
Since w4 is weakly p—superharmonic on the connected set {2, the minimum principle implies that we
must have u4 > 0 almost everywhere in (2. In particular, we get

u=1uy >0 in Q,

as desired.
Now we assume by contradiction that the minimization problem above admits two distinct minimizers
v,u € X9P(Q). From the discussion above, v and u are positive functions. Of course, we have

(u—v)y €eWyP(Q)  and  (v—u)y € WyP(Q).

We can then apply Theorem 3.4.1, first by considering u as a subsolution of (3.1) and v as a supersolution,
then the other way round. In conclusion we get

v>u a.e. in{ and w>v a.e. in €.

This implies that v and « must coincide in €2, thus obtaining a contradiction.

We now focus on case (i¢), which is slightly subtler. In this case, we first prove that each minimizer is
either positive or negative. Indeed, let u be a minimizer, we write

U=Uy —U_ and observe that uy,u_ € WyP(Q).

If uy # 0 then the same argument as above shows that v = w4 > 0 almost everywhere in 2. If on the
contrary uy = 0, we get u = —u_. Since the functional §; , is even, we get that —u = u_ is still a
minimizer. It is actually a non-negative minimizer, thus it solves the relevant Euler-Lagrange equation,
by Theorem 3.3.3. In particular, u_ is a non-negative weakly p—superharmonic function, which is not
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identically vanishing. Again by the minimum principle, we get that _ must be positive on {2 and thus
the desired conclusion follows.

Finally, we assume to have two distinct minimizers v,u € WO1 (Q). The previous considerations
and Theorem 3.3.3 show that v and w are both constant sign solutions of (3.1), not identically vanishing.
If we assume that they are both positive, by using Theorem 3.4.1 as in the first part of the proof, we get
again that u = v in €2, which is not possible. Similarly, if both are negative, then —u and —v are positive
solutions and again we get that they must coincide. The only possibility left is thus that « is positive and
v is negative: in this case, we can apply the comparison principle as before, to the pair v and —v. This
finally gives that we must have

U= —u, a.e. in €.

The proof is now over. O

By joining the previous result and Remark 3.3.7, we get the following uniqueness result for the Lane-
Emden equation (3.1): when 2 is a (p, ¢) —admissible open connected set, it is proved that there exists a
unique weak positive solution of (3.1) with general non-negative boundary datum.

Corollary 4.1.3. Leto > Oand 1 < ¢ < p < oo. Let Q C RY be an open connected set, which is
(p, q) —admissible. For every U € X %P () non-negative, the boundary value problem

—Apu = alul?2u, inQ,
u—U e WyP(Q),
u >0, inQ,

admits a unique solution.

Definition 4.1.4. Leta > 0and 1 < ¢ < p < oo. Let Q C RY be an open connected set, which is
(p, q)—admissible. We will indicate by w:, € W, P (2) the unique positive solution of

min g% .
PeWLP(Q) ra®)

In light of Theorem 4.1.2, such a definition is well-posed. We also observe that, by Corollary 4.1.3, such
a function is also the unique positive solution of (3.1) with homogeneous Dirichlet boundary conditions.
In the case o = 1, we will simply indicate this function by wﬁ o By recalling Remark 3.1.2, we have the
relation

Qo _ -1 O
Wpg = QP79 Wy 4 (4~2)

Remark 4.1.5. Note that, when 1 < p < 00, 1 < ¢ < pand Q C R¥ is a (p, ¢)—admissible connected

open set, then
/ |V |P dx _—/ |wsl, |7 da = 1 o 4.3)
Q P o M Ap.q(€2) . '

Indeed, by using that wg’ o satifies the weak formulation (3.2) (with o = 1) and by taking wg’ gasa

test function, we get that
Q Q
/ |Vw,, [ dz :/ lw,, |7 dz.
Q Q

By recalling the definition of §,, 4, this implies

Q q—Dp Q
Spalufy) = =2 /Q |9 de,

and thanks to (3.20), equality (4.3) easily follows.
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Remark 4.1.6 (The case ¢ = 1 in a ball). In the case when § is ball in R, the function wf}”la can be
explicitly computed, in particular, for every N > 1, we have that

—1 p
wall(x) _ p _pil (1 — |x|p—1) , for x € Bl.
’ p

,Q

Then the explicit general form of wﬁ " can be obtained by using the properties for solutions of (3.1)
stated in Proposition 3.1.2.

We conclude this section, with the following result, which collects some basic properties of the unique
positive solution in the case of an interval. Then, this preliminary Lemma will be applied to prove some
geometric bounds for positive solutions in the next section.

Lemma 4.1.7 (One-dimensional case). Let 1 < g < p < oo. If we denote by I = (—1, 1), the function
Lp ; o
wy € Wy'P(I) has the following properties:

1. it is even, monotone increasing on (—1,0) and monotone decreasing on (0,1);
2. both wy and |w|P~2 w} belongs to C*(I);

3. it is the unique solution of

—(lwiP2wh) = wit, in(-1,0),
wI(—l) = 0, “4.4)
wi(0) = 0;

4. wi(t) > 0 foreveryt € (—1,0);

5. it holds

0 9 \ r-q
/ |wr|? dt = (> , 4.5)
-1 Tp,q
where T, 4 is defined in (4.11).
Proof. We proceed point by point.

1. The fact that wy is even follows from its uniqueness. Indeed, if this were not true, the new function
wy(t) = wr(—t) would be another positive minimizer of §, 1. As for the claimed monotonicity,
we observe that the new function

t
/ |wi(T)|dr, fort e (—1,0),
-1
wy(t) =
1
/ |wy(T)|dr,  fort e (0,1),
t
is still admissible, monotone on both subintervals and such that
|w} (t)] = |wh(t)] and wr(t) > wy(t), fora.e. t € I.

Thus @y is still a minimizer and thus, by uniqueness, it must coincide with wr;
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2. by minimality, we know that w; is a weak solution of

{*umr%¢y=wflinL

w](—l) = w;(l) =0

By [53, Theorem 3.1], we know that such a problem admits a unique positive solution u € C L)
such that |u/[P=2u’ € C*(I), as well. Such a solution is also a weak solution and thus, by unique-
ness, it must coincide with w;. This proves the claimed regularity properties of wr;

3. this simply follows from the previous point and the symmetry of wr;
4. since wy > 0 and w} > 0in (—1,0), by using (4.4), we get that
—((wy)P Y =wi™t >0, in (—1,0).
This implies that (w/ )P~ is strictly decreasing and the same is true for w’, as well. In particular,
wh(t) > wi(0) =0, forevery t € (—1,0),
as claimed;

5. finally, in order to prove (4.5), it is sufficient to recall that, by scalings, it holds

Apg(I) = 27 (%)p

Bu putting this in identity (4.3), we get the desired conclusion.

The proof is over. O

§4.2 Geometric estimates for positive solutions of the Lane-Emden
equation

This section is devoted to the study of some geometric bounds for both positive solutions of Lane-Emden
equation and their L>° norm, as a consequence of the application of the comparison principle. The
following expedient lemma will be useful, in order to construct positive supersolution of (3.1). We point
out that here the restriction on ¢ < p is not needed.

Lemma 4.2.1. Let 1 < p < coand 1 < q < oco. Let f € C*([a,b]) be a non-negative and non-
decreasing function, such that

[F'1P2f" € C([a, b)),
and which satisfies
=(fP2y =c et infab,

forsome C > 0. Let Q C RN be an open set and let u € WP (Q)NL> () be a weakly p—superharmonic
Sfunction. Moreover we assume that a < u < b almost everywhere in ). Then the composition ¢ = fou
satisfies

N2 CIVaP et i,

in weak sense.
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Proof. We insert in (4.1) the test function

v = (I @2 (),

withn € C§° () a non-negative function. Thanks to the assumptions on f and u, the Chain Rule formula
ensures that ¢ € W, P () N L>°() and

Vi = (If P72 1) (@) Vun + [/ (@)[P72 f'(u) V.

We thus get
0<-C / Vul? f(u)y d + / P @)P2 f () (| Vul? 2 Vi, Vi) dir,
Q Q

where we also used the equation satisfied by f. This gives in particular that

/ IV £ () [P~2 T f(u), Vi) dz > C / Vuf? f ()7 e
Q Q

By recalling the definition ¢ = f o u, we can conclude. O

We will use the previous result to construct a special supersolution to the Lane-Emden equation with
some geometric contents in the class of convex sets. We recall that we use the notation I = (—1,1).

Theorem 4.2.2 (Two-sided pointwise estimate). Let « > 0 and 1 < ¢ < p < oo. Let Q@ C RN be an
open connected set, which is (p, q)—admissible. Then if B,.(xo) C €, it holds

wB1 (HJ) e vaqO‘(x), fora.e. x € Q, (4.6)

p,q r D,

where the function on the left-hand side is extended by zero to the whole (. Moreover; if §) is bounded
and convex, it also holds

P d
ro e wQ’o‘(x) < Wi < S;SE) - 1) , fora.e x € Q. 4.7

p.q >

Finally, both estimates are sharp.

Proof. We prove separately the lower and upper bounds. In both cases, we heavily rely on the comparison
principle of Theorem 3.4.1. By recalling (4.2), it is sufficient to prove the result for o = 1.

Lower bound. Let wp, (4, be the positive solution of (3.1) in B,.(zo) C €2, with a = 1. Then, by Remark
3.1.2 and the uniqueness of the positive solution, we know that

P B T — X0
w0 = 17wy ().

Since wp, (,) € Wy P (B (20)) and wg > 0 on B, (), by Lemma 1.4.1 part (ii), we have that

(W, (wg) = wa)+ € X3 (By(x0)) = Wy (Br(0))-
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Moreover both wp,_(,) and wq are positive solutions to (3.1) in B, (xo). Hence, thanks to Theorem
3.4.1, we obtain

D

ro—a wﬁ; (I ;x()) = WB, (z0)(7) L wa(w), fora.e. z € B,(x0). (4.8)

Moreover, we can extend wp, () to the whole €2 by setting it to be zero in 2\ B,.(zo). Then (4.8) holds
almost everywhere in 2.

Upper bound. We define

d

w=="—1eWhP(Q)NL>(Q),

rQ
and observe that this is a weakly p—superharmonic function. Indeed, since 2 is convex, the distance
function dg, is concave and thus weakly superharmonic (see [6]). By further observing that |[Vdg| = 1
almost everywhere in {2, we get that it is actually weakly p—superharmonic, for every 1 < p < co. Also
observe that by construction, we have —1 < u < 0.

If we consider the composition ¢ = w;j o u, in light of Lemma 4.2.1 and of the properties of w;

contained in Lemma 4.1.7, we know that ¢ € WO1 "P(Q) is a weak positive solution of

1 .. .
prgbZ%qﬁq L inQ.

By recalling Remark 3.1.2, if we define

~ p
b=r5" 0.
then this satisfies

—Apd > 7, in €.

Moreover, we have that both wg, and ¢ belongs to Wi (). Thus (wg — @), € W, P() and by the
comparison principle it holds

~ _p_ do .
wo < ¢ =rH"" wr (—1), a.e. in €,
rQ

as desired.

Sharpness. 1t is straightfoward to see that the lower bound in (4.6) is sharp. It is sufficient to take 2 to be
any N —dimensional open ball and B,.(xq) = 2, to get equality in the lower bound.
The upper bound (4.7) is slightly more complicated: indeed, the function

o (02 1)

“virtually” coincides with the function wﬁq for the slab Q@ = RN~! x I. However, this choice is

not feasible, since wq is not well-defined in our framework. Indeed, the set @ = RV~! x T is not

(p, q) —admissible for any 1 < ¢ < p and the minimization problem in Definition 4.1.4 is not well-posed.
We go through an approximation argument. For every n € N\ {0}, we take

N—-1
Qn: (_272) XI?
272
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then from Lemma B.0.1 we have that

lim wq, (z/,2n) = wi(zy), fora.e. (2/,xy) € RV "1 x I. 4.9)
n—oo

On the other hand, by using that rq_ = 1 for n > 2 and that

lim dg,(¢',zny) =1—|zN], for (', 2n) € RN 7L x T
n— oo
we obtain that J
lim wy (QTL(EU) - 1) =wr(—|zn|) = wr(zN). (4.10)
n—o0 TQn
By comparing (4.9) and (4.10), we get the claimed sharpness. O

For the next result, we need to introduce the following notation for the one-dimensional Sobolev-Poincaré
constant

Tpa = uec%m)) {Ilv' 2o o,y = Null ooy =1} (4.11)

forevery 1l < p<ooand1 < ¢g < o0.
As a straightforward application of Theorem 4.2.2, we get the following

Corollary 4.2.3 (Two-sided L™ estimate). Let o > 0 and 1 < q < p < oo. Let Q@ C RY be an open
bounded convex set. Then we have

1 1
“5 || 2 \"\7 (ap—a+p\*
Wy ®(0) < 70" lwp | o) < (a (W> ) ( ; (4.12)

J2} p
and both estimates are sharp.

Proof. By still recalling (4.2), we can take v = 1, without loss of generality. Let B,.(z) C £, thus in
particular r < rq, by definition of inradius. By passing to the supremum in (4.6), we obtain

rio=|vt (5)

The first equality follows from the fact that wﬁ}z is a radially symmetric decreasing function. This well-
known property of wﬁ}l can be proved by applying a radially symmetric decreasing rearrangement and
then appealing to the so-called Pélya-Szegd principle, see for example [88, Theorem 3]. By arbitrariness
of the radius r in the estimate above, we get the lower bound in (4.12).

As for the upper bound in (4.12), we use that wy is increasing on (—1, 0), thus to finish we just need

to prove that

_ 9 \ 7

w;(0) = (qp g +p) () o (4.13)
p Tp.q

We now use the identity (4.5) and the equation (4.4) solved by wy, in order to determine w; (0). Since w}
does not vanish in (—1, 0), by multiplying equation (4.4) by w’, we get

__pP
<robma ||w§,ba”L°°(Q)-
Lo ()

Q=

(P wh) ) = wf

which can be rewritten as
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Upon integrating this on [¢, 0] and using that w’(0) = 0, we obtain

(p—1><|w}z(f)|p> (wr(0)? _ (wrt),

which implies

! yZp— p q _ q
(wi ()" = q(p_l)((wz(o)) (wr(t))?). (4.14)

Finally, by using again the equation, the evenness of w; and (4.14), we obtain

ot = [ e — — P wont — — P [ e
[ e = [ uior i = —L s i) s [ o

q(p

From this and (4.5), we finally get (4.13). The sharpness of our L°° estimate is now a straightforward
consequence of the sharpness of (4.6). ]

hence

Remark 4.2.4 (More general sets). Apart for the simple lower bound (4.6), all the results of Section
4.2 have been proved under the assumption that €) is convex. Actually, in the proof of Theorem 4.2.2,
convexity was used in the upper bound (4.7) only to assure that the distance function dn was weakly
superharmonic. Thus the upper bound (4.7) (and, thus, all its consequences prove in the nexts sections)
continues to hold for all sets such that

—Adg >0, in ©, (4.15)

in weak sense. For completeness, we recall that condition (4.15) is equivalent to require that {2 is convex
in dimension N = 2, but it is otherwise a weaker condition for NV > 3, see [6].

As a consequence of Corollary 4.2.3, we can study the asymptotic behaviour for the L° norms of

positive solutions wg’q‘)‘ of Lane-Emden equation, as p — oo, when {2 is a convex bounded open set.

Corollary 4.2.5. Let1 < p < 00,1 < g < pand Q C RY be a convex bounded open set. Then
. Q
pli{lgo [wp gl @) = ra-

In particular, for the ball B, it holds
lim w51 (0) = 1. (4.16)

proo P

Proof. Forevery n € C§°(Q2) and € > 0, the function

|77|p er,p(Q)
(u + o1 <D

P =
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is a feasible test function in the equation (3.2) for wg o, Hence, by applying Picone’s inequality for the
p—Laplacian (see [4]), we get that

Q \q-1 In|? d :/ Vil P27 Vv In|? d
/ﬂ(wzuq) (wgq—ﬁ-&)p’l z Q | wp,q' Wp,qs (wgq_l’_g)p*l x
S/ |Vn|P dx.
Q

Since wg q € T/VO1 " (Q) is positive by the minimum principle, by sending € — 0, we get that

[n|” p
By recalling the definition of A,(€2) and that w& o 1s bounded, the latter estimate implies that
1< Jlwp gl 0y An(€)- (4.18)

By raising to the power 1/p and using that

Jim (v(@)” =

(see [84, Lemma 1.5]), from (4.18) we obtain

L Q
rg < hprggéf 1wy gl Lo (-

On the other hand, by applying the geometric upper bound (4.12), we have that

p 1
2 \"7 (gqp—q+p\T 2
Q
W || ooy < () ( rol . (4.19)
| p,q |1 L>=(Q) Toa D Q
We claim that .
) 1
g > 20077) (q <1 - ) + 1) " (4.20)
p

forevery 1 < p < oo and 1 < ¢ < oco. Postponing the proof of this fact for a moment, we see that (4.19)
and (4.20) would give

lim sup nganOO(Q) <rq,
p—00

as desired. We are left with establishing (4.20). Let ¢ € C§°((0, 1)), for every ¢t € (0, 1), we have that

t
_1
0(t)] = lo(t) — 9(0)] < / '] dt < 1573 19/ oo,

and )
_1
\sO(t)\:Iw(t)ﬂO(l)lé/ @'t < (1= 1)""% ||¢'| Lo (o,
t
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By raising to the power ¢ and integrating the first estimate on (0, 1/2) and the second one on (1/2, 1), we

get
1/2 1 1\ a(1=3)+1
/
/0 lp(t)]7 dt < . ) 11T (0,17

1 1 1\ 2(1=5)+1 .
[ o< ——— (5) 10 oy
1--)+1

f(1-3)

and

Then, by summing up, we obtain

1 1 1\ (1-3) -
[reoras———(3)" " 1l
q <1 ) +1

By raising to the power 1/ on both sides and using the arbitrariness of , we get (4.20). O

Remark 4.2.6. We point out that inequality (4.17) holds for general open sets: in this case, if the open
set is not (p, ¢)—admissible, the function wg q has to be carefully defined. We refer to [28, Proposition
4.5] for the case of the p—torsion function, i.e. the case ¢ = 1 and 1 < p < oo. The general case is
contained in [24, Lemma 4.1] and [128, Corollary 3.3].

§4.3 Localization of maximum points

The two-sided estimates proved in Theorem 4.2.2 give quite a precise description of wg’q‘*, in terms of

geometric quantities. It is thus possible to use this description to give a simple localization estimate for
the maximum points of wg’qa. This is the content of the following

Corollary 4.3.1. Let o > 0and 1 < ¢ < p < oo. Let Q C RYN be an open bounded convex set. For

every maximum point xy € ) of wf}’qo‘, we have

dQ(J;O) Z C'N,p,q TQ,
where the constant 0 < Cn p 4 < 1 is defined by

Mp_U)

p

Tl=

wP1(0) 1
Cnpgqi= ( / - dr,
0 ((wr(0))e —79)»

and wi(0) has been evaluated in (4.13).

Proof. Again by (4.2), we see that the location of maximum points is independent of & > 0. Thus we
can take « = 1. We also observe that by standard results from Elliptic Regularity, we know that wff, 4
is continuous on § (see for example [70, Theorem 7.8]). Thus, it does admit maximum points on 2. If
xg € 2 is such a maximum point, we get from (4.6) and (4.7)

wy i (0) <" wz?,q(fo) <wy < Qr(g ) 1> )
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This in particular entails that

w?1(0) < wy (d“(‘“’) - 1) . 4.21)

rQ
We recall that dg /rq — 1 < 0 and observe that

wr @ (—1,0] = (0, wr(0)]
is increasing, thus invertible. By taking the inverse function of wy, we get

wy H(wph(0)) +1 < %50). (4.22)

We now observe that for every y € (0,wy(0)] we can write

y 1 Y 1
w! = wo! ——dr = — — 1 AT
7 (W) r (0)+ /0 w}(wI_l(T)) bt /0 wll(wl_l(T))

We can use (4.14) to evalute the derivative inside the integral. This gives

wyl(y) +1= (Q(p,fl)) / ' T O)ql_ oy

By recalling the definition of Cy ;, 4, from (4.22) we get the desired conclusion. O

Remark 4.3.2. A result similar to the previous one has been obtained by Magnanini and Poggesi in [101].
We refer in particular to [101, Remark 4.8], even if the estimate is not explicitly stated for our equation.
Their proof is different from ours, it is based on obtaining a refined gradient bound for the solution wq,.
Their method of proof is inspired by the so-called P—functions method, introduced by Payne in [113].

For the case ¢ = 1, by using the explicit expression of wp, (o) and w; (see Remark 4.1.6), directly
from (4.21) it is not difficult to get the expression

p—1

Onpa=1—(1-N"71)5.

This is worse than the constant N~ /P obtained by Magnanini and Poggesi, see [101, Corollary 4.3]. In
both cases, we observe that such a constant tends to 1, as p goes to co. Accordingly, the maximum points
of wq get closer and closer to the maximum points of the distance function dq,.

§4.4 Hierarchy of solutions of the Lane-Emden equation

By combining the comparison principle with standard properties of solutions to elliptic PDEs, we get
the following “hierarchy” of solutions for the Lane-Emden equation (3.1) with homogeneous Dirichlet

boundary conditions. This asserts that all solutions must be “trapped” between wﬁ;ﬁ and —wg;f.

Corollary 4.4.1 (Hierarchy of solutions). Let o > 0 and 1 < q < p < oc. Let Q C R be an open
connected set, which is (p, q)—admissible. Then for every sign-changing weak solution v € VVO1 P(Q) of
(3.1) with homogeneous Dirichlet boundary conditions, we have

Q,«

o a.e. inf).

lv| <w
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Proof. Let v € W, () be a solution of (3.1). We claim that V := max{v, wih*} € WyP(Q) is a
positive weak subsolution of the same equation. If this were true, then we would get from Theorem 3.4.1
that

v< V< w;)’qo‘, a.e. in ().

By repeating the argument with —v (which is still a weak solution of the same equation), we would finally
get the desired conclusion.

We are left with proving that max{v, wg;;’} is a weak subsolution. This is quite classical, we briefly
sketch the argument: for every n € N\ {0}, we take

. ift <0,
H,(t)=1< nt, if0<t<1/n,
1, ift>1/n,

i.e. this is a Lipschitz approximation of the Heaviside step function. For every 1) € C5°(2) non-negative,

we then insert in the weak formulations of the equations for v and wﬁ o » the test functions

p=H,(v—wy®)y  and  ¢=(1—H,(v—w})v,

~ Ypg

respectively. We thus get

/Q<\Vv|p_2 Vv, Vv — Vwﬁ’qo‘) H (v— w;{’q’l) Ydx + /Q<|Vv\p_2 Vo, V) H, (v — wg’qa) dx
=a /Q 0|72 v H, (v — w;%’qa) Y dx,
and
- /Q<\Vw3’qa|p_2 ng’;‘, Vv — sz?”qoﬁ H (v— wg’qa) Y dx
+ [ qvads
Q

—a /Q(w;{vqa)q—l (1= Hy (v — wle))  da.

P2 7w V) (1 — Hy (v — wih®)) da

p,q p,q

We now sum up these two identities, use that the vector field z ~ |z|P~2 z is monotone and that H,, is
non-decreasing. We can thus obtain

/Q<|Vv|”‘2 Vo, V) Hy (v — wi®) do + /Q<\Vw§,{;f|7)—2 Vwhe Vi) (1 — Hy (v — wihe)) da
<« / lv|72 v Hy, (v — wg’qa) Ydr
Q
ta / (w221 (1 — Hy (v — k)  da.
Q

We can now pass to the limit as n goes to oo, with a straightforward application of the Lebesgue Domi-
nated Convergence Theorem. By observing that for almost every x € € we have

. 1, ifv(z) > wk(z)
PR 9 XY _ ’ = Wpyq )
nh~>nc}o H(v(@) = wyg'(2)) = { 0, otherwise,
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and recalling that (see again [97, Corollary 6.18])

Vwﬁ’qo‘, a.e.on{v< wﬁ’qo‘ ,
VV = Vmax{uw?’qa} =< Vu, a.e. on {wﬁ’qa <w},
Vo = Vwﬁ’qo‘, a.e.on {v = wﬁ;f‘ ,

we finally obtain
/(\VVV"QVV, Vi) de < a / Vi laypdr,  forevery € C5°(), 1 > 0.
Q Q

Thus V is a positive weak subsolution of (3.1) and the proof is over. O

Remark 4.4.2 (Universal L°° estimate). By combining Corollaries 4.4.1 and 4.2.3, we get in particular
that, for every convex bounded open set 2 C RY, it holds

1 1

N < 2 \'\7 (ap—atp\"

ro" " [vllpe@) < (o | ~ ) ;
p,q

for every solution v € W, *(£2) of (3.1).
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CHAPTER 5

COMPACT SOBOLEYV EMBEDDINGS

The main goal of this chapter is to discuss conditions on (2 assuring the validity of the continuous em-
bedding
Dy (Q) = LU(Q), (5.1)

in the case when 1 < g < p.
First, we recall some known facts concerning Sobolev embeddings. We start with the following
remarkable equivalence

Dé’p(Q) — L9(Q) is continuous = Dé’p(ﬂ) — L9(Q) is compact,

which holds in the sub-homogeneous case ¢ < p. This result is shown in [107, Theorem 15.6.2] (see also
[28, Theorem 1.2], for a different proof). Note that in the homogenous case ¢ = p, it ceases to be valid.
Moreover, for the super-homogeneous case q¢ > p, we have

DyP () — LP(Q) is continuous = Dy’ (Q) < L(Q) is continuous,
and
DyP(Q) — LP(Q) is compact — DyP(Q) < L(Q) is compact,
where ¢ is such that
—_ if 1 N
< N, L<p<d,
P<9Y <o, ifp=N,
< o0, ifp> N.

We refer to [107, Theorem 15.4.1] and [107, Theorem 15.6.1] for these equivalences. In light of these
facts, in this chapter, we will essentially limit ourselves to discuss the cases ¢ < p and ¢ = p and we only
consider the case ¢ > p as a consequence.

To be more precise, with this results at hand, we aim to characterize the existence of a continu-
ous/compact Sobolev embedding (5.1) in terms of a certain integrability of the distance function dg. To
this aim, we need to recall some standard properties for the sharp Sobolev-Poincaré constants A, 4(2), de-
fined in (1.9), which will be useful in the sequel. Let 2 C RY be an open set, then, for every 1 < p < oo
and 1 < ¢ < o0, it holds that

* A g(Q) = Ay o(Q + 20), for every xo, i.e. Ay 4(£2) is invariant with respect to translations;

o if ' C Q, then A\p 4(2) < Ay (@), ie. Ap4(£2) is monotone non-increasing with respect to set
inclusion;

* A g(t)) = tN—P=NG Ap,q(2) for every ¢ > 0 (scaling property).

For the ease of presentation of our main embeddings results, we distinguish between the three cases
q<p,g=pandgq>p.
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§5.1 Embedding theorem for the case ¢ < p

Theorem 5.1.1. Let 1 < g < p < oo and let Q C RY be an open set. The following facts hold:

(i) we have that »
DyP(Q) — LI(Q) =  dg e Li-1(Q),
and the following upper bound holds

pP—q
pq

Apa() ( K3 dx) T 0B 52)

(ii) moreover, if N < p < oo, then we also have
do € Lv-i(Q) =  DLP(Q) — LUQ),
and the following lower bound holds

p—q

0,(€2) < g (©) ( | i dw) i (53)
where 1),,(Q) is the sharp Hardy constant (see Theorem 2.2.1);
(iii) finally, if p < N, there exists an open set T C RY such that
dr e LNT)NL®(T)  bur  DyP(T) < LIUT).
Proof. We prove each point separately.

(i) Let zg € Q. Since both wf}z and wff) g are continuous functions, evaluating the lower bound in
Theorem 4.2.2 at x = ¢ and r = dg(x¢), we get

do(z0) 77w (0) < w (o). (5.4)
Then, by raising to the power ¢ both sides of (5.4), integrating on 2 and exploiting (4.3), we get

[ o< o)™ [ () de = (f(0) (Al(m)

By using (4.18) for the ball B,

q

(wE(0) ™" < (h(B1) ",

we get the claimed summability of dq, together with the upper bound in (5.2);
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(i1) let us suppose that do € Lﬁ(Q) and p > N. For every u € C§°(€2), a joint application of
Holder’s and Hardy’s inequalities (see Theorem 2.2.1) leads to

b—g

‘U|P » pra P
/ lu|?dx < ( pdx> (/ ax= da:)
0 o dg 0
< (@)’ (/ Vupdx)p (/ 47 dx) ’
Q Q

VulP dz
L -

(/ |u|qda:> ( dﬁ da:) '
Q Q

By taking the infimum on C§°(€2) on the left-hand side, we get the lower bound in (5.3). This in
particular shows that A, 4(£2) > 0, i.e. we have the embedding

This in turn implies that

DY?(Q) < LI(Q),
as desired;
(iii) we construct an open set 7 C RY such that, under the assumption 1 <p < N
e dr € LY(T) N L>=(T), hence d1 € L*(T) for every o € [1, +00;

« DyP(T) is not compactly embedded in L9(T), for every 1 < ¢ < p.

We consider the (N — 1)—dimensional open hypercube @ = (0,1)V =1 ¢ RV~! and we define
Cr=Q x (k,k+1], for every k € N.

Then, for every k € N, we take a dyadic partition of Cj,, made of 2%V cubes with side length 2.
We indicate by Cj () each of these cubes, with j = 1,...,25N. We also denote by x1(j) the
center of the cube C(j) and by

Sii={mnli) 1 <i <2V

the collection of all these centers, at a given k& € N. Finally, we call infinite fragile tower the open
set given by

7= @\ Sk

keN
We first show that the condition d7 € L*(7) N L>(T) is satisfied. Indeed, we first observe that

5

rT = Ea

which implies that d € L°(T). Moreover, we have

dr(z) <27 1V/N, forz € Cr(j) \ {zx()}, 7=1,...,2"Vand k € N,
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FIGURE 5.1: The construction of the set 7. The horizontal dashed lines denote the
separation lines between the cubes Cj. The dashed circular line highlights the ball with
maximal radius 7.

by construction. Then

ok N
/dexzz:Z/ dr da
-

keN j=1 Y Cr()\{zr ()}
VN 1 VN 1
< 2Z<2k> |Ck\Sk-|:2Z<2k) =+/N.
keN keN

We now show that for every 1 < ¢ < p < N, we have
Apq(T)=0.

This would imply that Dy (7)) is not continuously embedded in L9(7). At this aim, for every
m € N, we introduce the truncated tower

k=0

This is a bounded open set contained in 7, thus, by monotonicity with respect to set inclusion, we
have

Ap.a(T) < Apg(Ton)-

Therefore, in order to get the desired conclusion, it is sufficient to show that

lim A, (7o) = 0.

m—r o0
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Since p < N, we know that points have zero p—capacity and thus we have (see [126, Chapter 17])
Ap,q(Tm) = )‘p,q(Q x (0,m + 1)).
By appealing to [19, Main Theorem], the last quantity can be estimated from above by
p(HN! 0,m+1)\"
M@ x (0,m+1)) < (T22) HTTQx Om+ 1)
2 Q x (0,m+1)[""5+5

<(M)p 2(N—-1)(m+1)+2 g
N2 (m+1)""sts .

By using that ¢ < p, it is easily seen that the last term converges to 0, as m goes to co. This gives
the desired conclusion.

The proof is now over. 0

Before proceeding further, a couple of comments are in order on the geometric estimates obtained in
the previous result.

Remark 5.1.2. For p = 2, the lower bound (5.2) has been obtained in [14, Theorem 3]. The proof there
is simpler: up to some technical issues, it is simply based on using the trial function dg, in the definition of
A2,4(£2). However, this produces a poorer estimate: observe that the constant appearing in [14, equation
(9)] blows-up as ¢ * p = 2. This is not the case for our estimate (5.2).

§5.2 Embedding theorem for the case ¢ = p: continuity

Theorem 5.2.1. Let 1 < p < oo and let Q@ C RY be an open set. The following facts hold:

(i) we have that
DyP () — LP(Q) — dg € L>=(Q),

and the following upper bound holds
Ap( Q)6 < Ap(Br); (5.5)
(ii) moreover, if N < p < 00, then we also have
do € L™®(Q) =  Dy?(Q) = LP(Q),
and the following lower bound holds
bp(Q2) < Ap(Q2) 785 (5.6)
(iii) finally, if p < N, then for the open set P := RN \ ZN we have
dp € L®(P)  but  Dy*(P) < LP(P).

Proof. (i) Let A\,(2) > 0 and let { B, (z,,) }nen C 2 be a sequence of balls such that r,, converges
to 7q as n goes to co. Thanks to the monotonicity with respect to sets inclusion of A, we get that

/\p(Q) < /\p(Bm (xn))
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In particular, using the scaling properties of ), we obtain that

Ap(Bl)

rp < ;
Ap(€2)

and, by sending n to co, we get rq < +oo and the upper bound in (5.5);

(i1) let us suppose that rq < +o0o and N < p < oo. By applying the Hardy inequality of Theorem
2.2.1, we have that

p 1
/Q|u|pda:§r£/ﬂtél|,dx§ ™) rgz’/Q\Vu\pdx, for every u € C§°(Q).
Q P

By taking the infimum on C§°(f2), we get the lower bound in (5.6). In particular, if rq < +o0,
then \,,(Q2) > 0 and thus the continuous embedding Dy” (Q) < LP(Q) holds true;

(iii) it is sufficient to note that
M(P) < Xp(Bi \ ZV), for every m € N.
Thanks to the assumption p < N, again by [126, Chapter 17] it holds
Ap(Bi \ZV) = A (B).
By using the scale property of \,, we get that

B
MAp(P) < lim Ap(B,) = lim Ml(Br) _

T m—oo m—oo  mP

This gives the desired conclusion.

The proof is concluded. O

§5.3 Embedding theorem for the case ¢ = p: compactness

Theorem 5.3.1. Let 1 < p < oo and let Q@ C R be an open set. The following facts hold:

(i) we have that

D(l)’p(Q) — LP(Q) is compact = Q is quasibounded,

(ii) moreover, if N < p < oo, then we also have

Q is quasibounded = DyP () — LP(Q) is compact;

(iii) finally, if p < N and T C RY is the same open set of Theorem 5.1.1, then T is quasibounded and
the embedding Dy* (T) < LP(T) is continuous, but not compact.

Proof. (i) This follows from [2, Example 6.11]. For completeness, we sketch the idea of the proof: let
us suppose that 2 is not quasibounded. Then there exists a sequence of balls {B,.(x,,) }nen C €2,
with 7 > 0 fixed and

lim |z,| = +o0.
n—oo
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(i)

(iii)

We consider ¢ € C§°(B1) \ {0} and then we simply set

wn(x):w<x_xn>, forz € By(x,), n € N.

r

It is easily seen that {1, }nen is bounded in Dy (), but it can not converge in L?(Q2);

this result can be found in [3, Theorem 2], but here we give an alternative proof, which relies on
the Hardy inequality of Theorem 2.2.1. Let p > N and assume that €2 is quasibounded. Thus, the
distance dg, is a bounded function. By Theorem 5.2.1, we already know that Dé’p (€) is a functional
space continuously embedded in L?()). Moreover, Remark 1.4.4 guarantees that we have

Dy* () = Wy ().

Let {tun}nen C Dy?(Q) = W, P(2) be a bounded sequence. We can extend these functions
by 0 outside 2 and consider them as elements of W1?(RY). In order to apply the classical

Riesz-Fréchet—-Kolmogorov Theorem, we first observe that by Theorem 5.2.1 we have that {u, }nen
is bounded in LP(RY), as well.

Moreover, the bound on the LP norm of the gradients guarantees that translations converge to 0 in
L?(Q) uniformly in n, i.e.

lim sup/ |un(x + h) — uy(z)|P dz = 0.
|h|—=0 neN JRN

The crucial point is to exclude the “loss of mass at infinity”. For this, we exploit the assumption
that €2 is quasibounded. The latter entails that for every € > 0, there exists R > 0 such that

lldall o (\BR) < €
Let ng € C>°(RY) be such that
0<nr<1, nrp=1inRY\ By, nr=0inBg, |Vnr|<C,
for some universal constant C' > 0. Then

sup [|V(unnr) |l zr ) < sup [V Leo) + Csup |[un || Ly o) =1 M < 4-o0.
neN neN neN

Since the functions u,, nr belong to Dé’p (Q), by applying Holder’s and Hardy’s inequalities (see
Theorem 2.2.1 and Remark 2.2.2), for every n € N we have that

1 1
’ |un 77R|p »
(/ |un|pdaj> < lldoll =50 ( [ DR g
Q\BRr+1 Q Q

< etp@F ([ [Vumnpds) " <y

=

We can thus appeal to the Riesz—Fréchet—Kolmogorov Theorem and get that, up to a subsequence,
{un }nen strongly converges in LP(Q);

we consider the set 7~ defined as in the proof of Theorem 5.1.1 part (iii). Since d7 € L*(T), by
applying Lemma 1.2.3, we have that 7 is quasibounded. Moreover, the embedding Dé’p (T) =
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LP(T) holds. Indeed, it is sufficient to notice that 7 is bounded in one direction. Thus, again by
Remark 1.4.4, we can infer

WoP(T) = Dy*(T).

However, the embedding Dy? (T) < LP(T) cannot be compact. Indeed, we take v € C°(Q x
(0,1)) not identically zero and we build a bounded sequence {vj }ren by simply translating v in
the vertical direction, i.e. for every k € N we set

ve(2',zn) = v,y — k), for every (z',zn) € Q x (k,k +1).
By appealing again to [126, Chapter 17], we have that

vp € C(Q x (kyk+1)) € Wy P(Q x (k, k+1))
= Wy ((Q x (k. k +1)) \ Sk) € Wy (T) = Dy™(T),

for every k € N. Hence, the sequence {vj }ren is bounded in Dy (7) and lvellLeery > 0is
constant. This shows that {vy }ren cannot admit a converging subsequence in LP (7).

This concludes the proof. U

§5.4 The super-homogeneous case ¢ > p and beyond

In what follows, for an open set @ C R™ and for 0 < 3 < 1, we consider the space C*?(()) defined as

in Section 1.1.
As a consequence of the previous embedding theorems, it easily follows the next result for the super-

homogeneous case N < p < q.

Corollary 5.4.1. Letp > N and let Q C RY be an open set. The following facts hold:
(i) if dog € L>°(Q), then we have
DyP(Q) — LI(Q), for every p < q < o0,

and

Dé’p(Q) — Co(Q) N CYP(Q), forevery 0 < 8 < ay;
(ii) if Q is quasibounded, then the above embeddings are compact, for

p<qg<oo and 0 < B < oay;
(iii) if dg € LY (Q), for some p/(p — 1) < v < oo, then we have

D@ o 0), porevers P <<,

and such an embedding is compact.

Proof. (i) Let dg € L>°(f2). The existence of the embedding Dy () < LP(Q) is a consequence
of Theorem 5.2.1 part (ii). By using the Gagliardo-Nirenberg interpolation inequality (1.10) with
q = p, it follows that D}"”(2) is continuously embedded in every L9(Q) with p < ¢ < oc.

As for the embedding in Holder spaces: we observe at first that from the embedding Dé’p Q) —
L>(§), we obtain that each {u,}neny C C§°(2) which is a Cauchy sequence in the norm of
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Dé’p (), is a Cauchy sequence in the sup norm, as well. Thus, by recalling the definition of the
completion space C(€2), we get that Dé’p (Q) — Cp(£2). By using this fact and Corollary 2.1.3,
we thus get that Dy (2) is continuously embedded in C(£2) NC%» (Q2). Then Lemma 1.1.2 gives
the desired conclusion;

(i) we now suppose that €2 is quasibounded. In order to prove the first statement, it is sufficient to
observe that the embedding Dy* (€2) < L9(€2) is compact for ¢ = p thanks to Theorem 5.3.1 part
(i1). By applying again the Gagliardo-Nirenberg inequality (1.10) with ¢ = p, we conclude.

The case of Cy(Q2) N C%P(Q) follows as above, by combining Morrey’s inequality and Lemma
1.1.2;

(iii) we first recall that the assumption dg, € L7(2), for some p/(p — 1) < v < oo, implies that € is a
quasibounded set (see Lemma 1.2.3). The compact embedding Dy (Q) < L%(RQ) easily follows
by Theorem 5.1.1 part (ii), when ¢ = p~/(p + ), while the case ¢ = oo has just been proved
in the part (ii) above. We conclude, by interpolation, that the embedding is compact for every

py/(p+7) < q < oo
The proof is now complete O
Remark 5.4.2. It is not difficult to see that the compact embedding of Corollary 5.4.1 part (ii) does not

extend up to the borderline case 8 = o, = 1 — N/p. This can be seen by means of a standard scaling
argument: take = B; and ¢ € C§°(B1) \ {0}. We define the sequence

N-—p

Yp(x) =n"7 P(nx), forn € N.

It is easily seen that

IVYnllze(sy) = VYl e s:) and [Q/Jn}cov“p(Bl) = W]cofap(Bl)'

On the other hand, by construction, we have that v,, converges uniformly to 0 as n goes to oo, since
N — p < 0. Thus, for this sequence we cannot have convergence in the norm of C%%» (By).

We complete the previous result by studying some geometric estimates for the Sobolev-Poincaré
constants A, , in the case N < p < g, as well.

Corollary 5.4.3. Let N <p < oo, p < q < ocoandlet Q C RY be an open set. We have that

Ap,q(€2) >0 = ro < 400,
d B0(2) Ava(B1)
P,q p,g\ 21
p—N+N 2 < Apa(Q) < “p—NE+N 2V 6.7

Ta Ta
with Y, () defined in Theorem 2.2.1. Moreover, if Q) is quasibounded, then there exists a minimizer
Up.q € Wy P (Q) for the problem defining A, 4(2).

Proof. Let us assume \p, 4(£2) > 0 and let { B, (z,)}nen C §2 be a sequence of balls such that r,, goes
to rq, as n goes to co. As in the proof of Theorem 5.2.1 part (i), it follows that

p—N+NZL < Ap,g(B1)

n = 5
>\P1Q(Q)

and, by sending n to oo, we get rq < +o0 and the upper bound in (5.7).
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In order to prove the reverse implication, we first observe that this has already been proved in Theorem
5.2.1 for the case ¢ = p part (ii). For the case p < ¢ < o0, it is sufficient to use the same argument,
in conjuction with the general Hardy inequality of Theorem 2.2.1. This comes with the lower bound in
5.7).

We now discuss the existence result for the minimizer u,, 4 € W, P (£2), under the stronger assumption
that Q2 is quasibounded. We first note that Theorem 5.2.1 and Remark 1.4.4 guarantee the identity

DyP () = WyP (),

thanks to Remark 1.4.4. Then, the existence of a minimizer is now an easy consequence of the Direct
Method in the Calculus of Variations, once observed that I/VO1 P(Q) is weakly closed and that we have the
compact embeddings of Corollary 5.4.1 at our disposal. O

Remark 5.4.4. We notice that the value of A, o (B1) can be made explicit: according to [125, Theorem
2E] we have

p—N

/\p,oc(Bl) = ( 1

This implies that the upper bound for the sharp Morrey constant in (2.6) can be rewritten as

p—1
) N wy, forp > N.

mp(RN) < Apoo(B1)-

Moreover, such a value is uniquely attained by the functions
p—N
u(z) = + (1 - \x|ﬁ) .
+
We refer to [61, 78] for a detailed study of the variational problem associated to A\, «, in the case of
bounded open sets.
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CHAPTER 6

ASYMPTOTICS FOR SOBOLEV-
POINCARE CONSTANTS AND ITS
EXTREMALS

This chapter is addressed to the study of the asymptotic behaviour for A, ; and their relevant extremals
(provided they exist), as the parameter p goes to co.

In particular, we aim to extend some known convergence results to the Sobolev-Poincaré constants
Ap,q(€2) for any ¢ € [1,+o00] and to the general case of open sets, without further regularity assump-
tions on 2.

Then, as an application of such asymptotic results, we also study the convergence of the unique positive
solution wﬁq of (3.1), of the extremal functions of A,(€2) and of A\, »(£2), as p — 0.

§6.1 Asymptotics for )\, ,

In this section, we study the asymptotic behaviour of A, ,(€2), when Q C R¥ is a general open set and
forevery 1 < q < o0.

Corollary 6.1.1. Let 1 < q < oo and let @ C RY be an open set. Then

1
. ; 1
Jim (@) = e
and ;
. ; 1
plgrolo ()\p,oo(Q)) N E

In the previous equations, the right-hand sides have to be considered 0, if dg & L1(QY) or rq = +0o0,
respectively.

Proof. We start with the case ¢ = oo. If rq = +00, thanks to Corollary 5.4.3, there is nothing to prove.
Let us assume r < +00, it is sufficient to take the p—rooth in (5.7) and use that

1

lim (Ap,m(Bl))p —1,

p—00

(see Remark 5.4.4) and (2.10). This gives the desired conclusion as p goes to co.

We now consider the case ¢ < oo. We first suppose that do € L(£2). Observe that for every p > 2 ¢, we

have
q

2
do(z)7-a < r&™? do(x)? < (max{l,m})ng(a:)q, for every z € Q,
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thus we can apply the Dominated Convergence Theorem to get that

I i ar) " = ([ dgde)”. 6.1
o () 7 = ([ ) =

Moreover, by Theorem 5.1.1, for every p > g and p > N, we have the two-sided estimate

b—q

00(9) < 0,0(@) ([ a7 ac) T <o)

By raising this estimate to the power 1/p, using (2.10), (6.1) and the following fact

Jm (B0 =1
(see [84, Lemma 1.5]), we get the desired conclusion.

We now suppose that dg ¢ L()). Let ng € N such that Q,, := QN B,, # 0 for every n > ng. By
applying the first part of this proof to the set £2,, with n > ng, we have that

lim (Ap,q(ﬂn)f L

P00 da, e,

Hence, by using the monotonicity of A, , with respect to the set inclusion, we get that

b 1
lim sup ()\p}q(Q)) F<

<— 6.2)
p—roo lda, |La(.,)

for every n > ng. We extend each distance function dg,, equal to 0 in RY \ ,,. We note that the family
{dq, }n>n, is nondecreasing with respect to n. Thus, in order to conclude, it is sufficient to prove that

lim dq, (x) = dq(x), for every = € Q. (6.3)

n—oo

Indeed, by passing to the limit in (6.2) as n goes to co and by using Monotone Convergence Theorem,
we get that

1
lim sup ()\p,q(Q)) " =o0.
p—o
In order to show (6.3), we note that, for every = € (2, there exists n, > ng such that By, ;) (z) C Qp,
for every n > n,. This implies that

do(x) =dq, (x), foreveryn > n,.

This concludes the proof. O

§6.2 Asymptotics for the solution of the Lane-Emden equation

In this section, we study the asymptotic behavior of wl?’ 4> 8 p goes to oo, under the asumption that

dg € L1(Q), for some 1 < g < oco. We first observe that, Lemma 1.2.1 implies dg € L*°(9), as well,
and, by interpolation, we have that d € Lo-a (Q) for every ¢ < p < oo. Hence, by Theorem 5.1.1, € is
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(p, ¢)—admissible for every p > max{N, ¢} and, the uniqueness Theorem 4.1.2 assures the existence of
a unique positive solution wﬁ q € WO1 P(Q) to (3.1) for every q < p.

Theorem 6.2.1. Let 1 < q < oo and let Q C RY be an open connected set such that dg, € L4(Q). Then

plLI& ngq —dallLr@) =0 and pliﬁrglo ngq —dallgo.s @ =0 (6.4)

forevery q <r < ocoandevery < ff < 1.

Proof. We will first show that (6.4) holds to » = ¢. Then, by interpolation, we will obtain all the other
claimed convergences.

Part 1: convergence in L7(£2). We extend each function w;’, to RY by setting it to be zero in RY \ Q.
First of all, we note that, by using (4.3) and Corollary 6.1.1, we have

rgq

1
lim / V[P dz = lim / lwil |7 de = lim | ———— = / dd d, (6.5)
p—=x [o ’ p—=o0 Jo ’ p—r00 ? Q
(Aral@)
which implies
: Q
pli}n;.lo ||pr}q\|Lp(Q) =1. (66)
Moreover, by applying (2.5), we find the upper bound
0< v (2) < 2O g0 f Q 6.7
<w, () < — I Vw, e ), or every z € , (6.7)
(0 (B))
where o, =1 — N, /p. On the other hand, thanks to (5.4), we obtain the lower bound
(doy(z)) 77 wE}I(O) < wgq(z), for every x € Q. (6.8)

By sending p to oo in (6.7) and (6.8) and taking into account (2.1), (6.6) and (4.16), we get that

lim wffq(x) =dgq(z), foreveryz € Q.
p—>00 ’

Thanks to [30, Theorem 1], the pointwise convergence, combined with the convergence of the L? norm
given by (6.5), implies that
. Q
Pli>nolo [wy, g = dallLa@) = 0.

Part 2: convergence in L™ (£2). By Corollary 5.4.1, we have that wi?, € Co(€2) N C%*»(Q). Moreover,
by applying the estimate on the sharp Morrey constant of Corollary 2.1.3, we have that wﬁ o satisfies

1 P
Q Q
[wp;q]co’“l’(ﬁ) < <mp(Q)) ||va,qHLp(Q)’

By using (6.6) and Corollary 2.1.3, we have

~ Q
lim sup [wp,q]co,ap(ﬁ) <1,
p—r00
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and thus in particular the seminorms [wﬁ deoer (@) are uniformly bounded, for p large enough. We also
observe that by Lemma 1.2.2, we have

1—ap

[dﬂ]coaap ) < (27q)

We now apply Lemma 1.1.2 to w;!, — dq, with o = a, and v = ¢. Thus, for every 0 < 3 < 1 and every
p such that o, > 3, we have

Q Q 0p Q 1-0, . oy —f
[wnq - dQ]COﬁ(ﬁ) <Ch sznq - dQHLq(Q) [wp,q - dQ]COﬂp(ﬁ)’ with 6, = £ N’
ap + —
and
1— . (0%
ngq 7dQHLoo(Q) < Cy ngq 7dQH>£5(Q) [w;?’q*dg]co?ffp(ﬁ), Wltth = p
ap + —

We observe that, for p diverging to oo, the exponent «, goes to 1. Thus, the constants C; and Cs, which
depend on p through «,, stay uniformly bounded as p goes to co (see Lemma 1.1.2 and Remark 1.1.3).
By using this fact, the bound on the C%%» seminorms inferred above and the convergence in L? proved
in Part (1) of the proof, the previous interpolation estimates give

ph—%o (szs},q —dall Lo @) + [wzszq - dQ]CO‘ﬁ(ﬁ)) =0

Finally, the convergence in L"(2) for ¢ < r < oo can be obtained by interpolation in Lebesgue spaces.
O

§6.3 Asymptotics for )\,

The following corollary generalizes the result shown, independently, in [68, Theorem 3.1] and [84,
Lemma 1.2]. While these treat the case of bounded open sets, we enlarge the result to cover every
open set, without further restrictions.

Corollary 6.3.1. Let Q) C RY be an open set, then

1

7 1
I </\ Q)p:—, 6.9
Jim {A(8) - (6.9)
where the right-hand side has to be considered 0, if rq = +00.

Proof. First of all, we note that for every 0 < r < rgq there exists a ball B,.(z,.) C §2. Hence, by applying
[84, Lemma 1.5], it holds

lim sup (AP(Q))% < lim sup (Ap(Br(xr)))% =-.

p—00 pP—00 T

By sending » — rq, we get

=
|~

lim sup ()\p(Q)) < —

p—00 TQ
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where the right-hand side is 0 when ro = 4-00. In order to obtain the reverse inequality when rq < 400,
it is sufficient to apply (5.6) and (2.10), to get that

o R 1
lim inf ()x,,(ﬂ)) > — lim (hp(Q)) =—.

p—o0 rQ p—0o rQ

This concludes the proof. O

§6.4 Asymptotics for the first p—eigenfunction
We first recall that for every function u € W°°(Q) vanishing on the boundary 92, we have
lu(z)| < do(x) [|Vul|pe (), foreveryz € Q.

This may be seen as a limit case of Hardy’s inequality. In particular + dg, /7, is a solution of the following
minimization problem

1
i Vv S : oo = 17 =0 o = I 6.10
uev%/q}g(sz){H ull Lo (o) ¢ llullpe (o) v on } rQ (©10

provided (2 has finite inradius.

In the following theorem we aim to show that the extremals for \,(€2) converge to solutions of the
variational problem (6.10), as p goes to co.

Theorem 6.4.1. Let Q) C RY be an open connected quasibounded set. Then, for every N < p < oo, there
exists a unigue positive solution u, € Wol’p(Q) of the problem \,(SY). Moreover, the family {u,}p>n is
precompact in C%P(Q) for every 0 < 3 < 1 and every accumulation point u, is a solution of (6.10),
possibly different from dq [rq.

Proof. We first observe that A,(£2) > 0, thanks to the assumption on 2 and Theorem 5.2.1. Thus, by
Remark 1.4.4, we have
Wy () = Dy"(9).

By Theorem 5.3.1, for every p > N the embedding W, *(€2) < LP(f2) is compact. Hence, by using
also Lemma 1.3.3, it follows that, for every p > N, there exists a positive solution u,, € WO1 P (Q) of the
minimization problem defining A, (€2). Uniqueness can now be inferred by using the hidden convexity
principle stated in Theorem 3.2.1. See also [4] and [99] for other proofs of the uniqueness.

Without loss of generality, let {p,, }.cn be an increasing sequence diverging at oo. In particular, there
exists ng € N such that p, > N for every n > ny. We denote by u,,, the unique positive solution of the
problem defining A, (€2). By applying (2.5) and (2.7), we find that

1 = _
lup, ()| < ————— (/\pn (Q)) " do(x)®n,  forevery z € Q, (6.11)
(10, (BD) ™
and
1 = _
[, (@) = tp, W) < ————— (X, (@) " =y, foreveryzye R (6.12)

(10, (BD)) ™"
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Since €2 is quasibounded, the previous estimates assures that we can apply Proposition 1.2.6. Thus, we
get that {u,, }n>n, converges uniformly to a function u., € Co(€2), up to a subsequence. By passing to
the limit in (6.11) and in (6.12) as n goes to oo, we obtain that

1 _
[uco (z)| < — da(x), foreveryz € Q,
rQ

and i
[thoo () — oo (y)| < — |z —y|, forevery x,y € Q.
TQ
Observe that we also used (2.1) and (6.9). In particular u, € W1’°°(Q) and it satisfies

1
ro’

[uoollLoe (@) <1 and [Vuco | pe@) < —
If we also prove that ||uso || Lo (o) > 1, we can conclude that u. is a minimizer for the problem (6.10).
In order to show this, for every R > 0, we take nz € C°°(R") such that
0<nr<1, nr=1inRY\Bry, nr=0inBg, [Vir|<C,
for some universal constant C' > 0. Then

sup ||V (up,mr)|lLen (@) < SHP Vup, | Len ) +C Sup lup, || Lon ()

n>ngo

= sup ()\pn(Q))m +C
n>ng

1 n
< — sup ()\pn(Bﬁ) L0 =M < +o0.
TQ n>ng

We notice that M > 0 only depends on IV and rq. Now, thanks to (2.10), there exists p > N such that
v 1
(hp(Q)) > 2 for every p > p.
Since (2 is quasibounded, for every 0 < ¢ < 1/2, there exists R, > 0 such that

ldallL@\Br,) < 577 2M

By using the properties of 7 and applying Holder’s and Hardy’s inequalities to w,, ngr. € WO1 P(Q), for
every p, > max{D, pn, }» we have that

Pn
Lo wrde= [ de < ol / Lo o
O\Br,+1 Q\BR, +1 /o dg

< all P2 1) 575 / V()P d

<eghbn,

Hence

1= / i, [P ez + / g, [P dz < P + / g, [P da,
Q\Br, +1 Br.+1 Br,+1
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that is

1

(1—ePr)mm < (wN (Re + I)N)ﬁ sup |up, |, for every p,, > max{p, pn, }-

Br 41

By exploiting the uniform convergence of the sequence {;, }5>n, t0 Us 0N compact sets, if we take the
limit as n goes to oo, we get
1< sup |teo| < sup |l
Br.+1 Q

which proves the claim for every €2 quasibounded set.

In order to get the convergence in C*#(Q) for 0 < 8 < 1, we can use the same interpolation argument
as in Part 2 of the proof of Theorem 6.2.1. It is sufficient to observe that it holds
2177

1—
[Uw]coyﬁ(ﬁ) < |u00||L005(Q) ||vuw||ioo(g)7

an estimate that can be proved by repeating the proof of Lemma 1.2.2. We leave the details to the
reader. -

Remark 6.4.2. We underline that, differently from the case 1 < ¢ < p, when p = ¢ it may happen that
the accumulation points of the family {up }p> ~ do not coincide with dq (see [68, Corollary 4.7]). We
refer to [61, Theorem 3.14] for a study of the multiplicity of extremals for problem (6.10), in the case of
open bounded sets.

Let us define the supremal problem

Apoo(f)) = min {/ \VulP da : ||ul () :1}.
Q

u€Wy P ()

We notice that in [61] and [78], a deeper study on ), o and its extremals can be found.

Hence, with the same argument applied in the proof of Theorem 6.4.1, we can show a similar result
for minimizers of A, o (€2), whose existence is given by Corollary 5.4.3 when € is quasibounded. This
generalizes [61, Theorem 3.3]. We omit the proof.

Theorem 6.4.3. Let N < p and let Q@ C RY be a quasibounded open set. Let up € Wol’p(Q) be a
positive solution of Ay « (). Then the family {up, o }p>n is precompact in C%P(Q) for every0 < 8 < 1
and every accumulation point u is a solution of (6.10).
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CHAPTER 7

GEOMETRIC ESTIMATES FOR
SOBOLEV-POINCARE CONSTANTS

Several estimates have been studied in literature for the Sobolev-Poincaré constants ), , and for shape
functionals involving such quantities (for example, see [15, 34]); in particular, in this chapter, we provide
some generalizations of two well-known geometric inequalities: the Makai inequality and the Hersch-
Protter inequality.

In the whole chapter we will find the symbol 7, 4, which we recall to denote the one-dimensional Sobolev-
Poincaré constant, defined as

= i f ! P : q =1;.
Tp,q uGC(‘)gl((O,l)){”u lzeoay + llwllzago. }

§7.1 The Makai inequality for A, ,

In this section, we prove the generalization for the Makai inequality. The proof is inspired by the covering
argument for polygonal sets exploited by Makai in the planar case. In the /N-dimensional case, thanks
to a standard approximation argument, we can restrict ourselves to consider the case when 2 C R¥ is
the interior of a polytope K (see Appendix D.1 for an introduction to polytopes). In this case, in order
to prove the claimed inequality, our key tool is given by Lemma D.2.1 where we construct a suitable
covering of {2 by means of convex sets {2;, every one satisfying the property that 0€2; N €2 is the graph of
a continuous function defined on a facet S; of the polytope K.

Theorem 7.1.1 (Makai’s inequality). Let 1 < q¢ < p < oo and let Q@ C RY be a convex bounded open
set. Then, the following lower bound holds

(7.1)

where C,, 4 is the positive constant given by

C :<”p»q)p< pP—q9 )q.
P 2 pg+p—q

Moreover, the estimate (7.1) is sharp.

Proof. By following [102], we divide the proof in three parts: first, we prove the lower bound (7.1) when
 is the interior of a polytope K, then, by applying an approximation argument, we show that such a
lower bound holds when  C R is a general convex set. Finally, we show that (7.1) is asymptotically
sharp for slab-type sequences.
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Part 1: Makai’s inequality for a polytope. Without loss of generality, let us suppose that 0 € §2. Moreover,
in this step we assume that 2 = int(K), where K C R" is a polytope. According to the notation in
Lemma D.2.1, we consider the subsets §2; given by (D.1), withi € {1,...,h}.

Now, we will show that, for every ¢ € {1,...,h} and for every u € C§°(2), it holds

2 q — % pa % P
|u|?dx < () <W> ( ag? dx) (/ |VulP da:) . (7.2)
Q Tp,q pb—q Q Qi

Indeed, leti € {1,...,h} and, up to translations and rotations, we can assume that
H; ={(y,t) eRN"I xR: t =0}
is the affine hyperplane containing S;. Then
t=dg,(y,t) = da(y,t), for every (y,t) € ;. (7.3)

Thanks to Lemma D.2.1, we have that II; : 0Q; N Q) — S, is a bijective and continuous function
between two compact sets. Hence, it has a continuous inverse functions II;” 1.8, — 99, N Q. Defining
S!={y e RN=1: (y,0) € S;}, we obtain that there exists a continuous function f; : S/ — [0, +o0)
such that

fily) = 11 (y,0) — (y,0)]

is a continuous function such that, for every y € .S., it holds
fily) =t — (y,t) € 9Q; N Q. 7.4

It is easy to show that

Qiz{(y,t)esng: O<t§fi(y)}. (7.5)

Indeed, the inclusion “C” follows by using (7.3) and (7.4), while the converse one “2” is an application
of Parts (3) and (6) of Lemma D.2.1, taking into account that

fily) >0 — (y,0) € relint(S;).
Now, we recall that

1
[P dt
(M)p = min /0

=1 (0)=0,,

 pewtr((0,))\{0} 1 7
([ )
0

(see [20, Lemma A.1]), which implies that, for every s > 0

s s 9 P s
([lorar) < ()55 [epan meeypecrs). 0o
0 0

Tp,q
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Hence, for every v € C5°(R2) and for every ¢ € {1,...,h}, thanks to formula (7.5), by using Fubini’s
Theorem and (7.6) with s = f;(y), we get

fz(y)
/\u quw—// u(y,t)|* dt dy
2 pq+p q fl(y) 8u
S - fz / ar
<7Tp,q> S! ) ( 0

5 (y,1)

g (1.7)

p P
dt) dy,

» v
dy dt)

Then, by applying the Holder inequality, it follows

2 1 pq+pq % fily)
/Qiu<x>|qdzs<%>< 1) t) (//
2 1 m+pq % p %
< () (Lot ™ ([ wor )

Taking into account (7.3), we have that

patp—q — fl(y p
RS (p‘”p q /( )dy
(pq+p—q / ( dQ y7 ))ﬁ dt) dy (7.9)
<pq+p q)/ ==
Q

By combining (7.8) and (7.9), for every i € {1, ..., h}, we obtain (7.2).

Finally, since
h
o=Jo,
i=1

by summing with respect to the index i € {1,...,h} in (7.2), it follows that

(1.8)

b—q pb—q

foraes (51) (25254) " 5 ([ )

By applying Holder’s inequality

</Q VP dx) ’

lladller < llalle- [[bll,

with r = p/q, we get

2 p % %
/ |u|?dx < ( ) (pq tP- q> </ d” a dm) (/ [VulP dm)
Q Tp,q p—q Q
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and by raising to the power p/q on both sides, this in turns implies

/|Vu|pdx p=q
) S qu)P< P—q ) ’ 1
Pg+p—gq

(o)

Taking the infimum on C§°(Q2) on the left-hand side, we get that for every polytope K C RY, the set
Q = int(K) satisfies the lower bound (7.1), as desired.

s for every u € C§°(Q2).

Part 2: approximation argument. If Q@ C R is a general convex bounded open set, thanks to [120,
Theorem 1.8.19], for every 0 < € < 1, there exists a polytope K. such that

— 1
K.cQcQc —K..
1—¢

In particular, we have that
(1—¢)Q C int(K,).

By applying the scaling property of A, , and its monotonicity with respect to the set inclusion, we
have that
Ap.a(£2)

(e NNE Ap,q((1 =€) ) > Ap q(int(KL)),
and, thanks to Part (1) of the proof, we obtain

)\P»Q(Q) > Cp,q > Cp’q

(1— )P NFNE = g - ( 42 dr)
d»>5 dr / o x)
([ i) (]

where the last inequality follows from the fact that din (k. )(7) < do(x), for every 2 € K.. Then, by
sending ¢ — 0%, we get that  satisfies (7.1).

Part 3: sharpness. Now we will show that estimate (7.1) is asymptotically sharp for slab-type sequences
N—-1
L L
QL: (-2,2> X (0,1)7 WlthLZ 1.

With this aim, we denote by y = (x1,...,2y_1) a point of R¥~1, Let Sy and S; be the facets of
Q1. contained, respectively, in the hyperplanes {(y,t) € RV : ¢ =0} and {(y,t) € RN : ¢ = 1}, and we
define the lateral surface Sy, of 2, as the following union:

N-1

L
Se=J {(y7t)€QL:xi:i2,0<t<l}.

i=1

Then, we define the set 27 as
0 = {x €Ny 1ds, (x) > 1}.

Since |Q;| = (L — 2)N~!, we obtain that

QL \ Q| =LV —(L-2)N "L~ IV 2 Oy, as L — oo,
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which implies

Pq Pq N—2 1\ r-a
/ dytde <rd 7 Qp\ |~ LY 77Cn () ) as L — oo.
Q\ 2

Moreover, since, for every (y, t) € {21, it holds that
dQL (y7 t) = dS’oUS'1 (ya t) = min{tv 1- t}a

we obtain

L4a. 1/2 pq 1 ﬁ p—q
/ gy dt = / dy 2/ tr—adt | = (L—2)N ! <> —
o (-L41,4-1)"! 0 2 Pa+p—q

In particular, since

| [ dgfaes [ aifa
QL QL\Q1 Q1

we have the following asymptotic behavior

pq

rq 1\ Pr-a —
dg,* dx ~ LNt () A , as L — oo.
QL 2 Pg+p—q
Hence, we finally obtain, as L — oo
pP—g
Cpy Tpa\P [ P—4 : 1 P !
: p—a (7’) p—q (Wp,q) (p—a)(N—-1) *
= 2 pg+p—q = L

() ()
QL QL

On the other hand, by [19, Main Theorem], the following upper bound holds

Mgl < (722)" (ﬂ)

for every 2 C RV convex bounded open set and it is asimptotically sharp for slab—type sequences Q7,
as L — oo. Finally, since

P(Q) ~2LN ! and |Qp| ~ LN as L — oo,

we obtain 1

)‘IMI(QL) ~ (Wp,q)p@, as L — oo.

q

The proof is over. O
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§7.2 Makai’s costants for non-convex sets

We address this section to the study of optimal constants in the Makai-type inequality for other classes of
open sets. To this aim, we define

Cpq = inf {)\p,q(Q) ldall” »a  : Q C RY isan open set, dg € Lppqq(Q)} )
Lpr—a

()

and

Coq = inf {Ag)q(Q) Idol? 2, : © C R?is a simply connected open set, dg € L7~ (Q)} .
L2-4q

()

Thanks to the implications (i) in Theorems 5.1.1 and 5.2.1, here the assumptions on the integrability of
dq are necessary conditions in order to have X, 4(€2) > 0. In the sequel, every time we consider the case
q = p, we assume that ¢ has to be larger than 1. We first list some known facts:

* when 1 < p < N, it holds that

Cpqg =0, for every ¢ < p.

Indeed, we consider a bounded open set @ C RY and we remove from it a periodic array of
n points, by denoting as ,, the open set so constructed. As p < N, points in R" have zero
p—capacity (see [126, Chapter 17]), then, for every ¢ < p, it holds

Ap.q(Qn) = Ap ¢(Q), foreveryn € N.

Since rq,, tends to 0, as n — oo, the above equality implies that

Cpg < lmsup Ay o(0) [de, [P e < Apg(Q) Q)T limsup r& =0,
n— 00 Lp "

—7(Q0) n—00

for every ¢ < p. In particular, in this range, it follows that

Cpq < Cpq

* whenp > N,

~ — N\P?
Cpq > <p > > 0, forevery 1 < g < p, (7.10)

thanks to (5.3) and (2.9);

e whenl < ¢ <2,
~ 1 ~
Cg’q > T6 >0= 027(1,
thanks to the joint application of (5.3) with p = 2 and an old result due to Ancona ([S]), which
states that

ha(2) > 16 for every Q C R? simply connected set.

Moreover, by using a different argument, in [103] Makai showed that

7T2

<O < R

] =
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where, in order to prove the upper bound, he exhibited a simply connected open set 2 C R?
satisfying
2
A2 (Q) 73 < T (7.11)
We notice that, thanks to the optimality for the Hersch-Protter inequality (12), we have that
2
s
Copo = 0
hence, from (7.11), it also follows that 62,2 < Cya.
Hence, with these results at hand, some natural questions that arise are whether
. ép,q < Cpqwhenp > Nand1 < g < N;
. 5’“, < Cpp, Wwhenp > N;

. 62# < Cyq,when N =2and1 < g < 2.

In this section, we give some partial answers to the above list of questions.
We first focus on the class of general open sets when ¢ < N < p.

Proposition 7.2.1 (Case of general open sets in RY). Let 1 < ¢ < N, then there exists p = p(q) > N
such that

Cpg < Cpq,  foreveryp € (q,7] (7.12)

Proof. We consider the infinite fragile tower set T C RY defined as in Theorem 5.1.1. By contruction,
it satisfies the following properties:

o dr € LNT)NL>(T);
* X\pq(T)=0,foreveryl <g<p<N,

Moreover, thanks to (7.10), )\p,q(T) > 0, for every p > N and 1 < ¢ < p. In order to show (7.12), it is
sufficient to prove that

P—4q
pa q
lim A, (T /d”’q dx < lim C,,.
PN pa(T) ( - T ) PN P
With this aim, we observe that, since

rgq N g N g

P Pr4q _
Ayt <rpt NIt e LY(T),

by using the Dominated Convergence theorem, the following limit holds

p—q

I iige) = ([ aFar) " 7.13
o (o ae) = (o ) 719

Moreover, we have that

p—qg

. . T P p_q Tq
lim C,, = lim (ﬂ) () — Cno. 7.14
PN P,q PN 2 P+ p—gq N,q ( )
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The last limit follows by taking into account that, as computed in [124, equation (7)],

1 1
S(en) (048) e G)
me==(14+2L 1+ 2 B(= =),
P q( P q qap

where p’ = p/(p— 1) and B is the Euler Beta function, which is continuous on (0, +00). If we show that

limsup Ay o(T) < An,(T), (7.15)

PNV
by using (7.13), (7.14) and (7.15), we obtain that

N—g

ph\glv Ap.q(T) (/7’ dre dx) < Anyg(T) ( TdJTV’q da:) =0<Cnyg= ph\n;lv Chp.q»

which gives the desired conclusion.
In order to prove the claim (7.15), we note that, for every 1 < r < oo and for every open set 2 C RY it
holds

i [Vl7, @) = Vel @), forevery ¢ € CF(). (7.16)

Indeed, if ¢ € C5°(£2), then, for every p > r, it follows that
/Q|V<p|f’dm = /Q [VolP~" |Vl dz < ||Vl2a Q)/ |Vo|" dz,
which implies

lim sup HthHLP(Q) < ||V<P||LT(Q)
PN

On the other hand, by Fatou’s Lemma, we also have that
/ [Vo|" dz < hminf/ |Vol? dx.
Q [T Fo

By applying (7.16) with » = N, we obtain

/ |Vo|P da / VoY dx
limsup Ay 4(7) < limsup

N N N/q’
P " ( / |¢|de) ( / |<P|qd56>
i

and by taking the infimum on C§°(7), this easily implies (7.15). O

for every ¢ € C3°(T),

Remark 7.2.2. Let 1 < ¢ < oo. We notice that

lim (ép,q)% = lim (Cpq)? = 1.

p— 00

Indeed, by Corollary 6.1.1, it holds that

Tpa _

DN =

lim

e (/Ol(min{t, 1= ) da:)é (a1
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which implies

p—gq
D _ q
lim (qu)% = lim (%) <pq> =1.

p—ro0 p—00 Pq+p—q

Then, taking into account also (7.10), it easily follows that

1 < liminf (C )% < lim sup (C’ )i < lim (C, q)% =1.

p—o0 p—00 p—o0

In the next result, we restrict to consider N = 2, and we will discuss the cases of the simply connected
open sets when p = 2 and ¢ < 2 and the general open sets when ¢ = p > 2.

Proposition 7.2.3 (Planar case). Let N = 2, then there exist 1 <q < 2 and p > 2 such that
ég,q < Cyq, forevery q € [q,2], (7.17)

and N
Cpp < Cpp,  foreveryp € [2,D]. (7.18)

Proof. We first construct an explicit example of a simply connected open set Q C R2 such that

AQ)rd <Oy = T (7.19)

Let A C R? be an annulus from which we remove a segment, that is

A{(xl,x2)€R2:1<\/:E%er%<2}\{($1,0)€R2:1<xl<2}.

Then it holds that A(A) = 72 (see [112], page 551). Now, for a fixed 0 < & < 1, we consider the simply
connected open set

ﬁ:AU{(wl,m2)€R2:\/4—x2<x1<2+5 —5<x2<5}\{ x1,0 €R2:1<x1<2—|—e}.

Since A C Q and |\ A| # 0, we get that
AQ) < MA) = 72
Being r4 = rg5 = 1/2, the above inequality implies (7.19). Now, we recall that, by Proposition 1.3.4, it
holds _ B
31}% A2,4(Q) = A(Q) and gl/‘lré To,q =T,

hence, by combining the above limits with (7.19), we get

2
hm)\gq (/dzqu> :)\(Q)r <Z—h/n§C2q

This gives the desired conclusion (7.17).
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FIGURE 7.1: The set  obtained from an annulus adding a small tooth and removing a
segment.

Finally, we note that, by applying (7.16) with r = 2, for every ¢ € C§° (ﬁ), it holds that

[ ver s [ ver s / Vel d
limsup A, () < limsup =—— < limsup

p\2 p\2 /\<p|pdx P\2 |Q| = (/ |g0|2d$> /|<p|2dx

and, by taking the infimum on ¢ € C§° (), we get that

lim sup )\p(ﬁ) < )\(ﬁ)

P\2
Hence,
2
%ﬁyk()h<A(ﬂ~<z—g$Qm
which implies the desired conclusion (7.18). ]

Remark 7.2.4 (Makai-type inequality in the homogenous case). Let Q C R? be a simply connected open
set, by combining the Makai inequality ([103])

1
M) = 5 rg?
with estimate (1.5) when N = 2, we have that
1 2w 2+a 1
Q) > - — for every a > 0.
()4<m+nm+m> 2= y
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Reasoning in the same way, when @ C R¥ is an open set and p > N, by joining together (5.6) and
(1.5), we get that

A(9) > “P ! ,

diTs

where the constant C'y , is defined as in (1.6).

§7.3 The Hersch-Protter inequality for )\, ,

In this section, we prove an extension for the Hersch-Protter-Kajikiya inequality to A, ,(€2) on the class
of convex sets. The first proof we provide relies on Theorem 4.2.2, which is turn follows from the
comparison principle for Lane-Emden equations.

Theorem 7.3.1 (Hersch-Protter—type inequality for A, 4). Let 1 < ¢ < p < oo and let @ C RN be a

convex bounded open set. Then the following lower bound holds

p—q 0 r 1
Ap,q(Q )|Q| > <%) %~ (7.20)

Moreover, the estimate is sharp.

Proof. We first prove that the claimed inequality holds for every convex bounded open set. We take
wﬁ;f € VVO1 "P(Q) the unique positive solution of (3.1) with homogeneous Dirichlet boundary conditions,
corresponding to the choice v = A, 4(£2). By uniqueness, this must coincide with the positive minimizer

of
Mo = min { [ worass [ e =1},
vew,yP() UJa Q

which is a positive solution of the same boundary value problem, by optimality. Thus in particular we
have

/ [wih|9 de = 1. (7.21)
Q

We also observe that from Theorem 4.2.2, we get

_p_ d
wg’q“(:c) <rHe w{,:? ( 2éx) - 1) , in Q.

We raise to the power ¢ and integrate over {2. By taking (7.21) into account and using (4.2) with a =

Ap,q(€2), this yields
a
[w{,q (d"(x) = 1)} da. (7.22)
: o

1< (Apg(92) Tg)ﬁ /

Q

In order to conclude the proof, we need to extract the geometrical content from the last integral.
By using the Coarea Formula and the fact that |[Vdg| = 1 almost everywhere in 2, we can write

[ [ (222 )] o= [ it ()] Pr0

Pt)=H "1(09,)  and Q= {x € Q: do(z) > t}.

where we set
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- [l

It is not difficult to see that ¢ — £(t)/t is monotone increasing, while ¢ — P(t) is decreasing by convexity
of € (see for example [37, Lemma 2.2.2]). By appealing to [25, Lemma A.1], we get

[ i) o< [ g

By recalling the definition of ¢ and using again Coarea Formula, this is the same as

(o) t q |Q| (") t q
LA [ | Pt)dt < — L | dt.
[ ot (1)) a3 [ fota ()

Finally, by making the change of variable s = t/rq — 1, we obtain

[t (B2 )] e [t

By inserting this estimate into (7.22) and recalling (4.5), we eventually conclude the proof of the inequal-
ity.

We are left to show the sharpness. As in the case p = 2, we show that inequality (7.20) is asymptotically
sharp for the slab-type sequence

We introduce the function

L L N-—1
QL=<—2,2) x I c RN,

Indeed, for L > 1 we have that

s r 1 T P
ro, =1 hence (%) @ = (%) ) (7.23)

In order to estimate A, ,(2z,), we use that (see [19, Main Theorem])

P
us p P(QL)
< p,q .
Apa((22) _< 2 ) <QL|1—;+;>

By joining this estimate and (7.20), we get

2 \? p—gq PQ)\?
12 () o 0l e <o, (P8

Tp,q

If we now recall (7.23) and use that
P(Qp) ~2LN 71, Qp| =21V, as L — +o0,

we get

2 P p—qg
lim {() o, 1Qn] )\p’q(QL)} =1,

L—+oco Tp,q

which proves the claimed sharpness of the estimate. O
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In the next remark, we observe that an alternative proof can be obtained as an easy consequence of
the Makai inequality.

Remark 7.3.2 (Alternative proof for (7.20)). We observe that, thanks to Theorem 7.1.1, we can give an
alternative proof for the general case 1 < ¢ < p < oo of the Hersch-Protter-Kajikiya—type inequality
(7.20). Indeed, by using the same notation as in Theorem 7.1.1, let 2 = int(K), where K is a polytope,
then thanks to Part (3) of Lemma D.2.1, it holds that

fi(y) < rq, forevery y € S.. (7.24)

By combining (7.9) and (7.24), we obtain that

prq h fz(y) pq
/ d " dx = Z/ / (da(y,t))»=7 didy
Q . '.
prqg +1
= i p q d
pQ+P QZ/' f Y
pP—q p”qq (7.25)
< £ 7 (y)d
“pitp—q® (Z/ Ay y)

prq. fi(y)
_pP—q Z
— p q dtd
“pitp—q ( // y)

= P15
pg+p—gq

and, by applying the above estimate in (7.1), we get the desired lower bound (7.20). In order to obtain
the desired lower bound when 2 C R is a general convex open set, it is sufficient to follow the same
approximation argument as in the Part (2) of Theorem 7.1.1.

Remark 7.3.3. Let Q2 C RY be a convex bounded open set, then, from Remark 7.3.2, it follows that

J,%
Q

Indeed, if o > 1, taking p = ﬁ and ¢ = 1, we have that % = « and, reasoning as in Remark 7.3.2,

j} R for every o > 1. (7.26)

we get (7.25). The case o = 1 follows by sending o — 17 in (7.25). Moreover, such an estimate is sharp

and the equality is asymptotically attained by slab—type sequences €2, .

Remark 7.3.4 (Upper bound by means of the distance function in the homogeneous case). Let Q ¢ RV
be a convex bounded open set, then by (7.26), we have that

)’ (o)
rQ > dS dz .
¢ ( [8] 0

Then, thanks to the scaling property of A, (£2), we get the following upper bound in terms of the integral
of a positive power of dg and the measure of (2

Ap(Q)SAp(Bl)( it )5 1

a+1
(=)
Q

Qs
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However, such an estimate is not sharp.

Remark 7.3.5 (Extension to general open sets). When N < p < oo, we can provide an Hersch-Protter-
Kajikiya—type inequality for general open sets 2: indeed, when 1 < ¢ < p and || < oo, then Theorem

5.1.1 implies
hp(2)

p b
o

Apg(Q) 10T >

while, when ¢ = p and rq < oo, from Theorem 5.2.1, it follows that

Such an extension can be also found in [117, Theorem 1.4.1], with a different proof and a poorer constant:
the result in [117] is stated for bounded open sets, however a closer inspection of the proof reveals that it
still works for open sets with finite inradius.

Nevertheless, in the above inequalities, the constant hp(Q) is very likely not to be sharp, hence, in the
case N < p < o0, it would be interesting to determine

* the sharp constant C'y (p, N) > 0 such that

Cl(N7p)
p

Ap ()10 >
e}

b

for every  C R open set with |Q| < oo;
¢ the sharp constant C(p, N) > 0 such that

N
AP(Q) Z CQ( p7p),
Tq

for every Q C R open set with r < oo.

P
Moreover, we can observe that, thanks to (2.9), both sharp constants are bounded from below by (%) .

§7.4 Alternative proof for the Hersch-Protter inequality for )\,

We now focus on the homogenous case ¢ = p. A result which immediatly follows from (7.20) by simply
taking the limit as ¢  p', is the sharp Hersch-Protter-Kajikiya inequality for the p—Laplacian

)P L

Ap(Q) > (3) o (7.27)

where 2 C R is a convex bounded open set.

In this section, we will give a further alternative proof of (7.27) by exploiting a change of variables
formula proved by Crasta and Malusa in [43, Theorem 7.1], when the domain of integration is a connected
open set of class C?2, and then using a suitable approximation result for convex sets.

With this aim, we need some preliminary results. First of all, we recall the change of variables formula
which follows from [43, Theorem 7.1] when K = B; (see also [43, Example 5.6])

'We use here that ¢ — Ap,q(€2) is left-continuous at ¢ = p when © C R¥ is a bounded open set (see Proposition 1.3.4).



7.4. The Hersch-Protter inequality for A, 99

FIGURE 7.2: The values [(V;) where V; are the vertices of the ellipse with equation
2 2 2 2

Y t . Y t

P + = 1,witha > b > 0,and Q = {(y,t) €R?: el + = < 1}. We have that

(Vi) = 1(Va) = % <aand(Vs) =1(Va) =b.

Theorem 7.4.1 (Crasta and Malusa’s integration formula). Let Q@ C R be a bounded open connected
set of class C?. Let 1 : 00 — R be the function given by
l(z) =sup{|z —z|: 2 € Qandz € II(2) },

where
II(z) = {x € 00 : da(z) = |z — 2|},

and let ® = 9Q x R — RY be the map defined by
O(z,t) =z + tv(z), for every (z,t) € 0Q x R,

where, for every x € 9), v(x) is the inward normal unit vector to ) at x. Then, for every h € L'(Q),

it holds
I(x) N-1
/ h(z) dx = / / W@, 1) [] (1= thi(x))dt | dHN (). (7.28)
Q aa \Jo =1
Here kq(z), ..., k,—1(x) are the principal curvatures of 92 at x, i.e. the eigenvalues of the Weingarten
map W (x) : T, — T, where T, denotes the tangent space to I at x. Thanks to the C? regularity
assumption on €2, it follows that k; is continuous on 052 for every 7 € {1,..., N — 1}. Moreover, by [43,

Proposition 3.10, Lemma 4.1, Theorem 6.7], [ is a positive and continuous function on 0.

Remark 7.4.2. We note that, when (2 is the interior of a polytope, with the notation in the proof of
Lemma D.2.1,if S; C H; = {(y,t) € R¥~1 x R: t = 0}, then we have that

l(x) =]z — Hi_l(x)| = fi(y), for every x = (y,0) € relint(S;).
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Now, we investigate some properties of weighted Rayleigh quotients for every 1 < p < oo, defined
as

L
/ (6P () de
0

w, 07L = lnf
pp(w, (0, L)) YeCg ((0,L))\{0}

7

L
/0 ()P w(t) dt

where w : (0, L) — R is a monotone non-increasing positive function, w # 0. When w = 1 on (0, L),
we will write u,(w, (0, L)) = up(1, (0, L)).

With the aim to show that 1, (1, (0, L)) < p,(w, (0, L)) for every monotone non-decreasing positive
weight w : (0, L) — R, first we prove that there exists a monotone non-decreasing positive minimizer
for 1, (1, (0, L)).

Lemma 7.4.3. Let 1 < p < o0, then

11p(1,(0,L)) = L7 (%)P

In particular, there exists a positive and monotone non-decreasing solution of the minimization problem

L
/ W (1) P d

(L, (0, L)) = in T v
$eW L. ((0,L))\{0},4(0)=0
/ ()P dt
0

Proof. First we note that, thanks to the density of C§°((0, L]) in the subspace {p € W1P(0, L) : (0) =
0}, we have that (7.29) holds. Moreover, following the proof of [20, Lemma A.1], we have that

(L0, L) = L7y (L, (0,1) = L7 ()",

and there exists a positive symmetric function v € Wy* ((—3, %)) which is monotone non-increasing

on (0, 1), such that

Then, it is easy to show that the function & € W1?((0, L)) defined by

B(t) = v <L2Lt)

satisfies ©(0) = 0 and it is a positive monotone non-decreasing minimizer of the problem (7.29). O
Now we are in position to show the following minimization result.

Theorem 7.4.4. Let 1 < p < oo and let w be a positive and monotone non-increasing function on (0, L),
then
pp(w, (0,L)) > pp(1, (0, L)). (7.30)
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Proof. First, we show that, for every positive and monotone non-increasing weight w € L>((0, L)), it
holds

L L
pp(1, (0, L))/ loPwdt < / | P w dt, for every ¢ € C§°((0, L]). (7.31)
0 0

Indeed, let v € W((0, L)) be a positive and monotone non-decreasing eigenfunction for p, (1, (0, L))
whose existence is ensured by Lemma 7.4.3. Then v is a weak solution of

{—(|v’|p_2v’)’ = 11p(1, (0, L)) vP~L, in (0,L),
v(0) = 0.

Moreover, fixed a mollifier § € C5°(R), given by

1
=12 = i
5(z) = elsP-1 if |z| < 1,
0, if |2 > 1,

for 0 < e < 1, we define )
T oo

Then we, = w * §. € C((e,L — ¢)) and, as ¢ — 0, w, pointwise converges to w a.e. on (0, L).
Moreover, w. < 0. Indeed, for every ¢,t’ € (¢, L — ¢) such that ¢ > ¢’, we have that

/6 (t—y )dyzi/La(t;y) w(y) dy
7/ 5( ) dy—/ 5(2)w(t — ez)dz

/ 5(2)w(t' — e2) dz = we(t),

we(t) = (w* d:)(t)

where in the last inequality we use that §(z) > 0, for every z € (—1,1) and w is a monotone non-
increasing function. Now, by using that w. < 0 and v’ > 0 a.e. on (0, L) (thanks to Lemma 7.4.3), for
every ¢ € C§°((0, L]), we have that

g r _1 el
(1 0.0)) [ el it = o 1,0.2) [ P i
L P /
= [T ()
0
L N L »
:/ |v/|p—2vl |90|1 wgdt—i—/ |U/|p_21/ % w’sdt
0 Gl 0 vp—!
L
S/ |Ul|p_27)/ ( |f|1> W dt.
0

By applying Picone’s inequality on the last integral (see [4]), the above inequality implies

L L
1p(1, (0, L)) / olPw. dt < / &P w dt.
0 0
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Since [|wellz((0,2)) < llwllL=((0,1))» as € — 0, by using the Dominated Convergence Theorem, we
obtain that w satisfies (7.31).

Now, we remove the assumption that w is bounded. For every M > 0, we define wys := min{w, M} €
L>°((0, L)). By applying (7.31), we have that

L L L
1p(1, (0, 1)) / (olPwn dt < / |0/ [P war dt < / WPwdt,  forevery p € CRo((0, L))
0 0 0

and, sending M — oo, we get that also w satisfies (7.31).
Finally, passing to the infimum on functions ¢ € C§°((0, L]) in (7.31), we obtain the desired estimate
(7.30). O
Now, by applying the preliminary results shown in this section, we can prove the following
Theorem 7.4.5 (Hersch-Protter-Kajikiya inequality). Let 1 < p < oo and let Q@ C RN be a convex
bounded open set. Then, the following lower bound holds

1
A(Q) > (%)p 7 (1.32)

Moreover, the estimate is sharp.

Proof. We divide the proof in two parts.

Part 1: inequality for C* convex bounded sets. We first suppose that € is a convex bounded open set of
class C2. Letu € C§°(9) then, by using formula (7.28), we have that

N-1

I(x)
u(z)|Pdz = u(x + tv(z))|? — tk; (x N=l(y .
/Q|<>\d /m</ u( + ()P T[ 0 tk())dt)em () (7.33)

i=1

and
I(x) -
/Q |Vu(z)|P de = /09 (/0 [Vu(z + tv(z))| H (1 —tk;(x)) dt> dH" 7 (x). (7.34)

Now we fix x € 9Q and let v € C§°((0,1(x)]) be defined by v(t) := u(z + tv(z)) for every
t € (0,1(x)]. Furthermore we introduce the weight w,, : (0,1(z)) — R given by

N-1

w,(t) = J[ (1 thi(x)) € L(0,1(x)).

=1

It is easy to verify that the weight w, is monotone non-increasing. Being I(x) > 0, there exists z =
z(x) € §, such that x € II(z) and I(z) = dq(z). Hence

1 —thki(z) >1—da(z)ki(z) >0, forevery t € (0,1(x)),



7.4. The Hersch-Protter inequality for A, 103

where the last inequality follows from [43, Lemma 5.4]. In particular, this implies that w, > 0 on
(0,1(z)). Being satisfied all the hypotheses of Theorem 7.4.4, we have that

I(x) o)
[ e @ wetyar= [ oo
’ 0
I(z)
§W/O [ (£)17 wa(t) dt

1 I(z) -
S L W Or e

Then, applying Lemma 7.4.3 and taking into account that [(z) < rq for every x € 052, we obtain that

/ol(m) Ju(a + t(2))|P w (1) dt < (2)pz<z>‘° / 0P w0

Tp 0

) P I(x)
< () rd / |Vu(z + tv(z))|P wy(t) dt, for every x € 0€).
0

Tp

By exploiting the above estimate in (7.33) and then using (7.34), we get

/Q|u\de < (jp)prg; (/(m (/OM V(e + to()|P wat) dt) d’HN_l(a:)> _ (:p)prg;/Q VP da,

that is
mp\P 1 oo
A > —p) vz for every u € C3°(£2).

Taking the infimum on C§°(£2), we obtain that (7.32) holds when €2 is a convex bounded open set of class
C?.

Part 2: inequality for convex bounded sets. We will apply an approximation argument to show the validity
of (7.32) for every convex bounded open set. Let 2 C RY be a convex bounded open set, then, thanks
to [60, Section 4.3], there exists a sequence {C}; }ren C RY of convex bounded closed sets of class C?
such that, for every k € N, the following properties hold:

* Cry1 CCx C Cq, forevery k € N;
e QC Cfand

dH(Ck7§) = min{)\ >0:0cC Cy + AB1,Cy, Cﬁ—i—)\Bl} <

T =

i.e. {Ck}ren converges to ), as k — oo, in the sense of Hausdorff.

This implies that, for every € > 0, there exists k1 = k1(g) € N, such that
(1-¢2)QC C, for every k > ki,

which leads to
(1—¢)Q Cint(Cy), for every k > k;.
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Let ry, be the inradius of 2y := int(C}), for every k € N. Then, thanks to the monotonicity of A, with
respect to the inclusion of sets and by using Part (1) on 2, we obtain that

Ap(£2) mp\P 1
> Q) > (=) —. .
(1—5)1’_/\’)( k)_<2> rp (7.35)
Since
QCQCCh, forevery k € N,

we can consider the co-Hausdorff distance between (2 and )y, given by
d™ (9, Q) = du(Cr \ Q;, C1\ Q)

and, being (2 and 2, convex open sets, we also have that

d®(Q, Q) = dy (09, 090) = dy (Cr, Q) <

| =

Hence, as k — o0, the sequence {2 }cn converges to € in the sense of co-Hausdorff. By using [35,
Lemma 4.4], we have that
T — TQ, as k — oo.

Hence, by sending k¥ — oo and then € — 0 in (7.35), we finally get (7.32).

Finally, we notice that the inequality is sharp. Indeed, the equality can be attained by different class
of sets, for example by infinite slabs, as RV =1 x (0, 1), or asymptotically by the family of collapsing
pyramids C,, = convex hull ((—1, H¥-tu{(o,...,0, a)}), as proved in [20, Theorem 1.2]. The proof
is over. O
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CHAPTER 8

THE SHARP HARDY INEQUALITY ON
SOBOLEV-SLOBODECKII
FRACTIONAL SPACES

§8.1 Some preliminaries

In this chapter, we use the same notation of Sections 1.5 and 1.6.

Our aim is to study the Hardy inequality in the setting of Sobolev-Slobodeckit fractional spaces. More
precisely, when 1 < p < oo and 0 < s < 1, we study the sharp constant in the fractional (s, p)—Hardy
inequality

p
[u]ﬁvsyp(ﬂw) >C / L;TL dz, for every u € C°(Q), 8.1
Q Gg
which is defined by the following variational problem
P
oo(Q) = inf P L 8.2
b -,P( ) uECl,‘I(%C(Q){[U]me(RN) o d?zp x ( )

Observe that both integral quantities appearing in (8.1) have the same scaling, thus it is easily seen
that b, ,,(€2) can not depend on the size of €2, i.e. we have that

Bop(1 Q) = bs (), for every u > 0.
Moreover, it can be proved that

hs,p(2) = bsp(t Q+ z0), forevery t > 0, o € Q. (8.3)

The first result of this chapter consists in a characterization for the fractional sharp Hardy constant: we
prove that there is a tight link between the infimum problem b ,(€2) and the existence of solutions for
the equation

up—l

(—Ap)“"u =\ sp o in Q, (84)
dg,
where A > 0. The operator (—A,)® is the fractional p—Laplacian of order s, formally defined for

l<p<oocand0 < s < 1by

i) ~ P Gk}~ )

(—A,)*u(z) = 2P.V./

RN
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Usually, it can be also defined in weak form by the first variation of the convex functional

1
U ]; [uwvsm(RN)'

We first give the definition of solutions and supersolutions for (8.4). To this aim, forevery 1 < p < o0,
we denote by J;, : R — R the monotone increasing continuous function defined by

Jp(t) = [tP2t, forevery t € R.
Definition 8.1.1. We will say that uw € W2”(Q) N L2, ' (RY) isa

* local weak supersolution of (8.4) if

// Jy(utx) —uly)) (o) = o)) 4 0o / [w@P2u@) g 85)
RN xRN - @ | |

|z —y|NFor do(x)*?

for every non-negative p € W*?(R™) with compact support in €2;

s local weak solution of (8.4) if (8.5) holds as an equality, for every ¢ € W*P(RY) with compact
support in €.

Note that, under the assumptions taken on w and the test functions, the previous definition is well-
posed, i.e.

Jp(u(z) —u T)—
(o) w9 () = 00) ¢ 1 ),

We also observe that by a density argument, we can always consider test functions belonging to WOS P(Q).

Then, we devote the second part of the chapter to the computation of the sharp fractional Hardy
constants b, ,(HY ) and b ,(2), when Q@ C R" is a convex open set.

§8.2 Minimizers for the sharp fractional Hardy constant

Let1 < p < ooand0 < s < 1. For an open set 2 C R™ we define the sharp fractional (s, p)—Hardy
constant as in (8.2). In this section we aim to discuss some properties for the minimizers of b, ,(€2); in
particular we discuss their uniqueness on the class of general open sets and then we give conditions on €2
to not have existence.

Proposition 8.2.1 (Equivalent definition on I/IN/'OS P(Q). Let1 <p<o0,0< s < 1andletQ CRY be

an open set, then
|ul?

hsp(2) = inf {ups,p Nyl Sdmzl}. (8.6)
(@)= ot il [

uewg’p

Proof. We first note that, by definition of the space W (€2), the fact that the infimum over WP (€2)
is less than or equal to hs ,(€2) simply follows from the fact that we enlarged the class of admissible
functions.

To prove the converse inequality, we first observe that if b, ,(€2) = 0 then there is nothing to prove.
If on the contrary b, ,(£2) > 0, then for every u € ﬁ//(f’p (€2) \ {0} we know that there exists a sequence
{un}nen C C§(Q2) converging to u in W*P(RY). Without loss of generality, we can assume that u,,
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converges almost everywhere to u, as well. We then have

p o p .. [t |P |u|P
oy = 1 ey 2 9p(@) imint [ e > 0,00 [ 5 a
where we used Hardy’s inequality in the first inequality and Fatou’s Lemma in the second one. O

In the next Lemma we show the existence and the uniqueness for the minimizers of b ,(£2) when Q
is a general open set.

Lemma 82.2. Let 1 < p < 00, 0 < s < 1 and let @ C RY be an open set. If hs,(Q) admits a

non-trivial minimizer uw € WP (Q), then this has constant sign in Q2 and u # 0 almost everywhere in
Q. Moreover, the minimizer is unique, up to the choice of the sign and it is a weak solution of (8.4), with

A= D5 ().

Proof. Letus suppose that (8.6) admits a minimizer v € WOS P(€2), in particular this implies that b ,(2) >
0. We observe that
‘|a|—\b|’ < |a—10l, forevery a,b € R,

and the inequality is strict, whenever a b < 0. This yields
hsyP(Q) S [|u|]€vs,p(R) S [u]gvswp(R) = hsyp(Q)’

and thus it must result
u(z)u(y) >0, fora.e. (z,y) € RN x RV,

This shows that u has constant sign almost everywhere in 2. Without loss of generality, we can suppose
that u is non-negative.
We then observe that « must be a minimizer of the following functional

bsp () [ lol?
p _Ysp
[@]Ws,p(RN) D o dsslp

F(p): dz, for every p € WP (€),

1

p
as well. Indeed, by definition of b, ,,(€2), we have F () > 0 for every admissible function and F (u) = 0.
Moreover, u is non-trivial, due to the normalization on the weighted L” norm.

By minimality, we get that u must be a non-trivial non-negative weak solution of the Euler-Lagrange
equation, which is given by (8.4) with A = b, ,(©2). By the minimum principle (see [23, Theorem A.1]),
we directly obtain that v > 0 almost everywhere in ), if the latter is connected. If {2 has more than
one connected component, the same conclusion can be drawn by proceeding as in [26, Proposition 2.6],
thanks to the nonlocality of the operator.

We now show the uniqueness for the positive minimizer of b ,(£2). For this, it is sufficient to exploit

Lemma A.3.2. Let us take u, v € W¢™ (L) two positive minimizers of b ,(€2) and set

Thanks to (A.4), we get that o € WOS P(Q) is still a minimizer for b ,,(€2). Thus (A.4) holds as an identity.
By Lemma A.3.2, this means that there exists a constant C' such that

u=Cw, a.e. in ().

Finally, the normalization on the weighted norm implies that C' = 1. This concludes the proof. O
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Remark 8.2.3. In the local case, the uniqueness of an extremal for b, , (provided it exists) can be found
for example in [105, Proposition 3.2]. Differently from [105], here we found useful to rely on a hidden
convexity argument, rather than on Picone’s inequality.

We devote the last part of this section to show that under some hypothesis both on the open set €2 and
on the supersolutions of (8.4), the infimum in f)svp(ﬂ) is not attained, namely, we have not existence of
minimizers. We first need the following definition.

Definition 8.2.4. Let Q C RY be an open set. We say that 9S2 is locally continuous at xo € 95 if there
exist:

* an open N —dimensional hyper-rectangle ()5, 5, centered at the origin, defined by

Q5,5 = (—00,00)N 1 x (=61, 01), with dg, 0y > 0;

+ alinear isometry O : RV — R such that O(xq) = 0;

« a continuous function ¥ : (=&, dp) V=1 — (—61,01);

such that
Qs0.6, NO(N) = {x = (2',zN) € Qsp.5, : P(2') <2y < (51},

and
Q505 N0(00) = {z = (@', an) € Qsp5, = an = (@)},

Roughly speaking, this means that 02 coincides with the graph of a continuous function, in a small
rectangular neighborhood of z.

Proposition 8.2.5. Let 1 < p < o0, 0 < s < 1 and let Q@ C RN be an open set, which is locally
continuous at a point o € 0S). Let us suppose that there exists a positive local weak supersolution u of

(8.4) with A\ = b, ,(Q2), such that
] =p=t
u > ol dg* in Q. 8.7

Then the infimum Y, ,,(2) is not attained.

Proof. We first show that for such a set, we have
1/dg ¢ L*(Q). (8.8)
At this aim, we can assume without loss of generality that
20 = (0,...,0) and O =1d,

so that
Qo2 (20) Q= {& = (¢, 2x) € Qas, (w0) + V(') <y <1},

We then observe that (see Figure 8.1)
do(z) < lzy — ¥(2')] = (xn — ¥(2")), forevery x = (2/,zNn) € Qs,.5, (z0) N Q.

This implies that

1 1 81 1 ,
—dx > —dz > 7/de dz'.
o do Qsg.5, (z0)n0 A0 (=80,50)N -1 \Jw(z) v — ¥ (')
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FIGURE 8.1: For (z’,zn) around a continuity point for the boundary, the “vertical”
distance xx — ¥(z’) (in bold dashed line) is always larger than its distance from the
boundary.

By observing that the last integral is diverging, we get (8.8).

We now argue by contradiction and suppose that v € Wg P(£2) is a minimizer for b ,(€2). This in
particular implies that b, ,(€2) > 0. By Lemma 8.2.2, we can suppose that v is positive. We then take
a sequence {vy, fnen C C§°(€2) approximating v in W*P(R™). Without loss of generality, we can take
each v,, to be non-negative and suppose that they converge to v almost everywhere, as well. We then
insert in the weak formulation of the equation for u the test function

SD:

which is admissible thanks to Lemma 1.5.2 and (8.7). This leads to

I JpEcU(—I;ijZ)) <;&(;)_pl ) 5@()%) oy 2 @ | ;j; dr.  (89)

We now set

R0 = oa(s) = val0) = Jpfule) — uly) (28 — 2o,

u(@p 1wy

and observe that by Lemma A.2.1 this is always a non-negative quantity. With the previous notation, from
equation (8.9) we get that

'Una )
(0 <
bs,p(€2) /Q 2P dx—i—//]RNxRN |z — |N+sp dxdy < [Un]wap(]RN)

We now pass to the limit in the previous estimate and use Fatou’s Lemma on the second term on the
left-hand side: this yields

u)
s () / dsP dx+//RN><RN |$—y\N+apd wdy < [v }W PRN)
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By recalling that v solves (8.6), the previous inequality gives

R(v,u)
——————dzdy = 0.
//]RNXRN |x7y|N+Sp Y

Since by Lemma A.2.1 we have R(v, ) > 0 almost everywhere, this in turn implies that

0="R(v,u) = [v(x) — v(y)? — J,(u(x) — uly)) ( v(@)” () ) . forae. (z,y) € A x Q.

al@ Ty

By using the equality cases in the discrete Picone inequality, it follows that there exists a constant C' > 0
such that
u = Cuv, a.e. in Q.

This fact and the assumption (8.7) imply in particular that

sp—1

1 szt
vzadgp , in €2,

possibly for a different constant C' > 0. By minimality of v, it follows

) B |v[? bsp() [ 1
+o0o > [v}ws,p(Rw) = hs,p(Q) o d?f dz 2 Cr a do de.

This finally gives a contradiction with (8.8). O

§8.3 The supersolutions method

In this section, we prove a characterization for the sharp Hardy constant in Sobolev-Slobodeckii spaces
in terms of positive local weak supersolutions of the relevant Euler-Lagrange equation. Our interest in
the existence of positive supersolutions for (8.4) is explained in the following result.

Theorem 8.3.1. Let 1 < p < 00, 0 < 5 < 1 and let 2 C RN be an open set. Then we have
hs,p(2) = sup {)\ > 0 : equation (8.4) admits a positive local weak supersolutian}. (8.10)

The proof of this result relies on the next Lemmas 8.3.2 and 8.3.3.
Lemma 8.3.2. Let1 < p < 00, 0 < s < 1 and let Q@ C RY be an open set. Then:

(i) if there exists X > 0 such that the equation (8.4) admits a positive local weak supersolution u, then
A < bs (),

(ii) in particular, if u is a positive weak solution in W3*(2), then X = b ,(2) and u is a minimizer

for b, ().

Proof. In order to prove (i), for every n € C5°(2), we test the weak formulation with

o= [n|”
(e +up1’
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where £ > 0. We observe that this is a feasible test function, thanks to Lemma 1.5.2. By using the discrete
Picone inequality (see [66, Lemma 2.6] or [23, Proposition 4.2]), we obtain

n|? [P
. To(ulz) — u(y)) [ — 2 (z) = —L ()
u;D 1 |,'7|p p ( P 1 1 )
A/Q &7 (e +up d“//ﬂmw o — y[NFer d dy

p
@l =l
= //RNX]RN e g 4y < Il

In the last inequality we used that

p
[ln']ws,p(]RN) S [n]%/s,P(RNy (811)

and the inequality is strict, unless 7 has constant sign almost everywhere (see the proof of Lemma 8.2.2).
By taking the limit as € goes to 0 on the left-hand side, using that u is positive on 2 and the arbitrariness
of n € C§° (), this finally gives that A < b, ,,(2), as desired.

In order to prove point (ii), we observe that if u € W(]S’p (Q), we can test the weak formulation of the
equation with the solution itself. This yields

uP

(s = |, g7

On the other hand, by definition of b, (€2), we know that

uP ,
bs,p(€2) / de < [uwvs,p(RN)-
Q 4o
This shows that f)s,p(ﬂ) < . Since the reverse inequality holds from (i), we conclude that it must result
A= by (). O
In the next Lemma, we will use the weighted space X" (£2; dq) studied in Section 1.6.

Lemma 8.3.3. Let 1 < p < 00,0 < s < 1 and let @ C RY be an open set such that
hs,p(Q) > 0.

Then for every 0 < X\ < b ,(Q) there exists a positive local weak supersolution uy € X3 (Q; do) of the
equation (8.4). More precisely, the function u) is a weak solution of the equation

p—1

(~A,)u=2"

Q

where B € (Q is a fixed ball.

Proof. We first observe that, for every ¢ € X7 (Q, dq), we have

1 1

b1 L A R
ol dz < |BI"F |ldal)}~ < o d“f) < B|"7 |ldall} < [ oyreom (),
/, o d I b, @) T
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thanks to Holder’s inequality, the definition of b, ,(£2) and the fact that Hardy’s inequality holds in

X3P (9 dq), as well (see Remark 1.6.2). This shows that we have the continuous embedding X7 (Q; dg) —

LY(B), for every B € 2 as in the statement.
Let 0 < X\ < b ,(£2), we consider the functional

1 p s
Salp) = = [sﬁ]ﬁ,s,p(RN) — ] dx — / pdzx, for every ¢ € X3P (Q;dq).
p P Ja dQ B

We will construct the desired supersolution as a minimizer of the following problem

A) = inf .
m( ) @EXSI’E(Q;dQ)g)\((p)

We first notice that by Hardy’s inequality we have, for every ¢ € X5 (2;dg)

1 A
S O FET—
5@ 23 (1 =) Fhvsam ~ [0
1 A p—1 1 lpl”
>—(1- L — eT-r d”ld—f dx
T ( hs,p(9)> el p “ pJs dQ
> (1 ) Whvesas - / a5 da o
- s,p N S,p NY»
p hS,p(Q) werRY) bsp( ) Wer®RY)
with € > 0, where we also used Young’s inequality. In particular, by choosing
_ hep(2) A
2 )
we can infer that
1 S
gz\(@) Z C1 [w]gvs,p(RN) - av for every ¢ € XO 7P(Q; dQ)7 (8]3)

where ¢; > 0 and C; > 0 do not depend on . This in particular shows that m(\) > —oc.
Let us now take a minimizing sequence {uy, }nen C X357 (€2; dq) such that

1

Sa(un) <m(X) + ———f

for every n € N.
By appealing to (8.13), we get in particular that there exists a constant M/ > 0 such that
[un]g[/s,p(RN) <M, for every n € N.

By applying Theorem 1.6.7, we can infer existence of u € X" (£2; dg) such that the sequence converges
almost everywhere in R™V and such that

/undx:/ualx—i—o(l)7 asn — oo,
B B

up to a subsequence. Observe that by construction we have

m(X\) + ! >1[u i —é/ |u"‘pdx—/u dzr > m(\)
n+1=p "WERY o Jo dif B ’
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which in particular implies that

1 [un]y A [l
niys, N
p PWERRN) Sy Jo def

dx — / un dx = m(A) + o(1), as n — oo. (8.14)
B

By applying the Brézis-Lieb Lemma (see [30, Theorem 1] and also [29, Lemma 2.2]), we get

A U |P A u|P A Uy — wlP
R Y Ty
p Jo dy P Jo dg P Ja dg,

dz + o(1), asn — oo,

and
[unliyem@yy = Wpem @y  [tn — Wy, @y +o(1), asn — 0o.

By inserting these informations in (8.14), we obtain

1 A Uy, — ulP
Sa(w) + = [un — ufyp @y = — Jtn ~ ul?

. dx =m(\) + o(1), asn — o0.
; I () +o(1)

We can now use Hardy’s inequality for the function u,, — u € X3P (£; dg). Thanks to the choice of )\, it
holds that
Falw) <m(N) +o(l),  asn— oo,

and by taking the limit as n goes to co, we finally get that u is a minimizer.
By minimality, we get that © must be non-negative. Indeed, by using (8.11) and observing that

—/ udmZ—/ |u| dz,
B B

Sa(u) > Fa(lul).

Moreover, the inequality sign in the latter is strict, unless u has constant sign almost everywhere. By
virtue of the inequality for the integral on B, we get that such a sign must be non-negative, i.e. we must
have u > 0 almost everywhere in (2. Moreover, by minimality u is a weak solution of the Euler-Lagrange
equation (8.12), as claimed. This in particular proves that u £ 0, thanks to the presence of the term 15.
Observe that (see Proposition 1.6.3)

we have

X5P(Q) € Wil (@) N LE,H(RY),
thus w is a local weak supersolution, in the sense of Definition 8.1.1. Finally, by using the minimum
principle, we get that u is positive on {2 (we can proceed as in the proof of Lemma 8.2.2, for example). [

By joining the previous two technical results, we finally get the characterization of the sharp fractional
(s, p)—Hardy constant stated in Theorem 8.3.1.

Proof of Theorem 8.3.1. We first observe that the set of admissible A is non-empty: indeed, it always
contains A = 0. To see this, it is sufficient to observe that any positive constant function is a local weak

solution of
(—Ap)°u =0, in 2,

which is (8.4) for A = 0.

In order to prove the claimed identity, we first consider the case b, ,(€2) = 0. Then, the previous
discussion and Lemma 8.3.2 imply that the set of admissible X is actually given by the singleton {0}.
Thus the conclusion holds.
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In the case b, ,(2) > 0, again by Lemma 8.3.2, we have that b ,(€2) > A for every A such that (8.4)
admits a positive local weak supersolution. On the other hand, from Lemma 8.3.3 we have that for every
e > 01if we take

Bsp() —e <A < hsp(Q),

then (8.4) admits a positive local weak supersolution. This concludes the proof. O

In the next two sections we aim to construct supersolutions for H!, Hf and convex sets Q C RY, in
order to apply Theorem 8.3.1. This will imply a lower bound for § ,,, which we will prove to be optimal
in Section 8.6.

§8.4 Construction of supersolutions for the half-line

In what follows, for ¢ > 0, we use the notation
t
L(t) = (m7(1+5)t), for0 < e < 1. (8.15)
We still use the notation H, = (0, 4+-00) for the half-line. Let 3 € R, we set
Us(t) :=t7, fort € HY,

and extend it by 0 to the complement of H . In particular, in the borderline case 8 = 0, this has to be
intended as the characteristic function of H}F

The next result collects some properties of Ug which will be useful in the sequel.

Lemma 8.4.1. Let 1 < p < coand 0 < s < 1. For every 3 € R we have Ug € W,JF(HL). Moreover,
Ug has the following further properties:

* for
sp—1 <8
we have Ug € W*P((0, M)), for every M > 0;
* for
gt

we have Ug € L2 (R).
Proof. We observe that Ug is locally Lipschitz on HY, for every 8 € R. This easily implies that Ug €
VVl 7P(H1 )

Let us now suppose that 3 > (sp — 1)/p. From the fact that Uz € WP (HY ), we get that for every
0 < e < M we have

|Us(t) = Us()|”
/ / |t— J[er dt dy < +oo0.

We show that this is uniformly bounded with respect to €. For 5 > s this is straightforward, it is sufficient
to use that Up is either S—Holder continuous (for s < 8 < 1) or even Lipschitz continuous (for 8 > 1)
on [0, M].
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We thus assume (sp — 1)/p < 8 < s. By using the definition of Ug, Fubini’s Theorem and the
change of variable y = 7¢, we get

N

M M M
|U/8 ( )| E |1_Tﬂ|p Bp—sp
/ / |t_ ey drdy = | : A O7 ) 0T
M 1 _ Blp
1
:/ (/ |1| |71+|gp dT> thr=sp gy (8.16)
€ B -7 '
M M B
t 1— P
+/ (/ |17|Tl+|spd7> PP dt.
e 1 -

L= o L=
. |1_T|1+8pd7'§ | |1_T|1+Spdr<—|—oo.

We now observe that

For second integral, we observe that

|1 —78P 1
|1 _ 7—|1+sp ~ 71+sp—Bp’

for 7 — 400,

and the last function is integrable on [1, +00), for 8 < s. Thus we get

o= rAp too ] B
: 7|1—T|1+5Pd7—§ : 7|177|1+5pd7'<+oo.

This discussion entails that

|Us(t) — Us(y)|” / MPBP—sp+L _ Bpsptl
dtdy <C PPt = C
/ / iy Y T a—

and the last quantity is bounded as € goes to 0, thanks to the fact that 5 > (sp — 1)/p. We thus proved
the claimed property of Ug, for (sp —1)/p < 5 < s.
We still miss the borderline case S = s. From (8.16), we can infer

M M M 1 M M
L(t) — U, P 1 —7s|P t |1 —7s|P
/ / 1U:(®) = Usw)” dtdyg/ /7‘ A dt+/ / M=)
5 5 It_y|1+:>p 5 0 ‘1_7-‘1-&-31) 5 1 |1_7—|1+&p

The first integral on the right-hand side is uniformly bounded in &, but now we have to pay attention to
the fact that
M ;
. t |1 — 78 |P
lim

——dr = .
t—0+ J; |1 —7|ttse T =100

We can proceed as follows: we write

M M M M M M
T |1 — 7s|P |1 — S|P T |1 — S|P

/ / = dt:/2 / = dt+/ / =P ) @

VA VA y \h e
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and observe that for 0 < ¢ < M/2, we have

Y p-ep 1P YO -
t — T — T T — T
dt < d dr | dt
/ ([ L[ ) 3 p (A Lﬂﬂ“PT>

and, at last

5 & 11— 75 5 E M
/ / B dr | dt < 2ttsp / / Ps=l=sP gr | dt = 21+sp / log dt.
5 2 |1 - T|1+Sp 5 2 5 2t

The last integral is uniformly bounded, as € goes to 0. This finally proves that U, € W*P((0, M)).

Finally, we observe that

Us € L' H(R) — Bp—1)> -1,

loc

and
Uht . +oo 4B (p-1) ; X X
———dt = —dt < — - .
L=, argmm< <A<y
This concludes the proof. O

Remark 8.4.2. For later reference, we observe that in the previous proof for

sSp —

1
< B <s,
we proved the following upper bound

1 B +oo _ B Bp—sp+1
11— |1 — PP M
U |
[ﬂhmmen5<A|1_ﬂdeT+l H—Tﬂﬂpm-ﬁp—sp+f

By making the change of variable 7 = 1/¢ in the second integral, this can also be rewritten as

1 —s 1
|1_Tﬁ|p sp_Bp_1 MBr—sp+
[Uﬁ]ww((o,M)) < (/0 11— 7|i+sp (147 ) dr Bp—sp+1 8.17)

In the next result, we compute the fractional p—Laplacian of order s for Ug. This generalizes [82,
Lemma 3.1] to the case 8 # s.

Proposition 8.4.3. Let1 < p < coand 0 < s < 1. For every

1 sp
- <B<
p—1 5 p—1

the function Ug is a local weak solution of (8.4) in HY , with

— _ ' J(l_tﬁ) sp—1—B(p—1)
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2

3

FIGURE 8.2: The set O is the conical region “centered” around the line y = ¢.

Moreover, if we define the family of functions on Hi by

Jp(Us(t) — Up(y))
F.(t)=2 / P - dy, for0) <e <1, (8.19)
0 R\I. (¢) [t —y[ttsp

where I (t) is defined by (8.15), we get that this converges to

o) = a8) O

tsp
uniformly on compact subsets of H., as € goes to 0.

Proof. Letus take ¢ € C§° (Hi), we observe that by the Dominated Convergence Theorem we have

[ OO =Dy gy [ OO (0= )
RXR (RXR)\O. ’

[t —y[t*eP =0+ [t —y[tter

where
t

t
O, = {(t,y) ERxR: min{lﬁ_5 (1+5)t} <y< max{m,(lnts)t}},
see Figure 8.2. For every 0 < € < 1, by proceeding as in [21, Lemma 2.3], we have

Jp(Us(t) — Up(y))
|t—y|1+sp (p(t) GLI((RXR)\OS)'

Thus we can use Fubini’s Theorem and a change of variable, to write

// Tp(Us(t) = Us(y)) ((t) — #(y) , dy =2 /*"" (/ Jp(Us(t) — Us(y)) dy> o(t) dt.
(RxR)\O. R\ ()

[t —y[tTePp 0 [t —y[ttsp

Observe that we used that ¢ is compactly supported on Hi By recalling the definition (8.19), up to now
we have obtained

Jp(Us(t) — Us(y)) (o(t) — #(y)) ~ lim
//]RXR [t —y|itsep dt dy = El_>0+ RFa(t) o(t) dt, (8.20)
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for every ¢ € C§° (H}F) ‘We now manipulate this quantity, for a fixed 0 < € < 1: by recalling that Ug
identically vanishes in (—o0, 0], for t > 0 we have

_ Jp(Us(t) = Us(y))
Fel) =2 /]R\Ig(t) [t —y|tsp !

J (8 — 4B 0 4B(-1)
HI\L (1) [t —y[ttsp oo [ty e

The second integral can be directly computed: this gives

/0 B8 (p—1) 1 Us(t)r*
gy = — 28
yltter sp  t°F

—00 |t7 ’

where we used the definition of Ug(t). For the first integral in the definition of F., by performing the
change of variable y = 7 ¢, we obtain

1 — o}
/ J, (7 — yP) p 8 (p=1) /1+5 Jy(1—71P) p 8 (p=1) /+ Jp(1 —71P) 0
H 0 1

o Tt B L T e [

y‘l-&-sp y= tsp te

p—1 ™= _ B +oo _ B
_ Us(®) E ) )
tsp o ‘1_7-|1+5p lie ‘1_7-‘1-&-517

again thanks to the definition of Ug. Thus we have obtained

Ug(t)P~*

P foreveryt e H, 0 < e < 1, (8.21)

Fe(t) = )\s(/@)

where

= J,(1—18) too (1 —78) 2
Ae(B) =2 P L dr 42 L { —.
o=2 [ e [ ey

By inserting this in (8.20), we have

// To(Us(t) = Us(®)) (2(t) = 0(4) 4, . (hm Mﬁ)) / Mw(t) i (822
RxR e—0t R

E— o7 e

To conclude the proof, we only need to show that for A(/3) defined by (8.18), we have

1
AB) = Elirng A(B), for every — =) <B< ps_pl.

We first observe that the case 8 = 0 is simple: in this case we have
J,(t? —1) =0, fort € (0, 1),

and thus we directly get
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We can thus suppose that 5 # 0. By recalling the definition of A.(8) above and performing the change
of variable 7 = 1/( in the second integral, we get for 0 < £ < 1

™= _ B = _ B
AE(,B)zz/O ‘W”ng/O (=) dC 2

[1—7|t*sp 1= Hr (2 7 sp

mo [T gy [T rpng 2
0 0

|1 —r[t+er ¢ — 1[t*=p Sp

1

Tfe _ B
:2/ i Lp(l 17—) (1_Tsp—1—5(p—1)> dT-‘ri

o [L—r7[tter sp

By observing that
1
l—e< ——, for0 <e <1,
1+e¢

we can write

A(B) =2 /18 BT (g erm1m0-1) gy /+ BT =) i omn) gy 2
=2 A= e fr e b

We claim that
e (P — 1)
lim A
e—0* 1—¢ |T — 1‘1+sp

P 18- gr — 0. (8.23)

Observe at first that for 0 < £ < 1/2, we have

1 sp—1-p (pfl)
7_spflf,B (p—1) < max (1 _ E)Spflfﬁ (p—1)
= "N1l+e

gmax{275p+1+ﬂ(p*1),1} =C, forl—e<7< )
1+e

Thus we get

= |8 _ q|p—1
<o [l

_1
/”E I =) 1) g,
: e

. Jr—1pter

By using Lemma A.2.2, we can further estimate for 0 < ¢ < 1/2

_1
/H—E JP(TB - 1) Tsp—l—ﬂ (p—1) dr
1

1
T+e —
sy <clppt / max {771, 1}" 1(1—7)”_2_“’6[7
—€ ‘T | 1—¢

o, [T
<clpp! max{Qlf’@, 1}p ! / (1 —7)P275P 7,

1—¢
By a direct computation, we now get

- 2
lim (1—-7)P=7°Pdr =0,
e—0t l1—¢
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which in turn implies (8.23). On the other hand, by a Taylor expansion, we have

J(1 =78 sp—1—3 (p— _ o _
1p(7_|1+82)(1—7'kp 1 /j'(p 1))Nﬁp 1(Sp—1—5(p—1))(1_7')p(1 6) 1, fOrT/‘l 3

which shows that
Jp(1 — )

m (1 — TSpili'B (pil)) S Ll((O, 1))

These facts permit to establish that

1 sp
A = lim A\.(B), forevery — —— < < ——,
(B) = lim A(5) very = B p—T
thus from (8.22) we get that Ug is a local weak solution of the claimed equation.
The last statement about the convergence of F. is an easy consequence of formula (8.21). O

The next result discusses some properties for the function A(S) defined in (8.18). This in particular
permits to select a special solution among all the functions Ug: this corresponds to the choice

sp—1
B= .
p

Indeed, for this function, the constant \ is the largest possible. This extends to 1 < p < oo a similar
discussion contained in the proof of [17, Theorem 1].

Proposition 8.4.4. Let 1 < p < ocoand0 < s < 1. Let us consider the function

1
B = AB), defined by (8.18) on the interval <_pl’ p3p1> .

Then this has the following properties:

1. it is monotonically decreasing for 8 > (sp — 1)/p and monotonically increasing for § < (sp —
1)/p. In particular, we have

sp—1 p
P

sp—1Y\ 1}1_1& 2
A0 () =2 [

2. there exists §* = $*(s, p) such that

1 -1
—7<5*<8p
p—1

In particular, we have
A(B) >0 = p*<pB<s.

Proof. We proceed similarly as in [23, Lemma B.1], but making a more complete study. For every
0 <t < 1, we consider the function defined by

1
g(ﬂ) — Jp(l _ tﬁ) (1 _ tsp*lfﬁ (pfl)) 7 for — ﬁ < ﬂ < pSp )
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We now discuss separately the cases 5 < 0 and 5 > 0. We start with the latter. By observing that
logt < 0 and that

J A=) =@p-1)Q -t and  J(1—tF)=(1-t")P 1,
we get
g(B)=(p—1)tP ==Y Jogt g, (1 — tF)

8.24
—(p—1)t% logt (1 - t“’*lfﬁ@*l)) JH(1—17), (824

By observing that logt < 0, J;,(1 — %) > 0 and that J,,(1 — t#) > 0 for 8 > 0, we get

JB) >0 — tsp—1-8(p—1) (1— tﬁ) _ B (1 _ tspflfﬁ(pfl)) <0
— tsp—l—B(P—l) < 8
— Phr <,
Since 0 < t < 1, the last requirement is equivalent to

ﬁgsp—l.
p

This implies that:

* if sp < 1, then g is monotone decreasing on the whole interval (0, (s p)/(p — 1)) and thus

g(B) < ¢(0) =0, forevery 0 < 8 < ]%;

* if sp > 1, then g is monotone increasing on (0, (s p — 1)/p) and monotone decreasing on ((sp —
1)/p,sp/(p —1)). In particular, it is maximal at 8 = (sp — 1)/p and thus

-1 sp—1\P
g(ﬂ)gg(szop >:(1_tpp1), forevery 0.3 < 2

We also observe that

sp—1\P
(1-+%7) =0
We now perform a similar discussion for 8 < 0: from (8.24), by noticing that this time
J(1—t) =t —1)»7'  and T A-" )=t 1) =(p—1)(tF —1)P2,

we get again
sp—1
J(B)>0 = p< P

As above, this implies that:

* if sp < 1, then g is monotone increasing on (—1/(p — 1), (sp — 1)/p) and monotone decreasing
on ((sp —1)/p,0). In particular, it is maximal at 3 = (sp — 1)/p and thus

-1 sp— p 1
9(B) <g 5P :(t Plfl) , forevery — —— < 5 < 0.
p p—1
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‘We also observe that

sp—1 p
(t Po— 1) > 0;
* if sp > 1, then g is monotone increasing on the whole interval (—1/(p — 1), 0) and thus

1
g(8) < lim g(7) =0, forevery — —— < 5 < 0.

T—=0~ b—= 1

In particular, this finally permits to infer that

max  g(B) < ‘1 —t

1
—d<B< i

sp—1 ‘p
po1

and such a maximal value is uniquely attained at 8 = (s p — 1)/p. By recalling that by definition

1
9(5) 2
AB) =2 —————dt+ —
8) /0 (L—t)ttse TS
the properties of A claimed in (1) follow from the above detailed discussion on g.

Finally, the fact that A(s) = 0 has been proved in [82, Lemma 3.1]. The existence of the exponent 5*
now follows by using the monotonicity and continuity of A, together with the fact that

1
A (Sp > >0  and lim  A(B) = —oo.
v 3 kr)"

This concludes the proof. O

Remark 8.4.5 (The exponent 5*). For p = 2, the function A(3) is given by

1

s .

1 148
A(B) :/O W (1—27178) at +

It is not difficult to see that such a function is symmetric with respect to the maximum point (2s — 1)/2,
i.e. we have
A2s—1-=08)=A(0), forevery — 1 < 3 < 2s. (8.25)

Accordingly, the exponent 5* in this case is simply given by
B*=2s—1—s=s—1.
With such a choice, in view of (8.25), we have
As—1)=A(s)=0.

Another case where 8* can be explicitly determined is when s p = 1. In this case, we have

A(B) = /01 J?l(l—t)tj) (1 - t*‘””*”) dt +2,

and we observe that

Jp(1—t9) (1 - t—5<i’—1>) — (-t (1 48 <p—1>) 7
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thanks to the oddness and the homogeneity of .J,. This shows that 3 — A(f) is an even function, i.e.

1

AB) = AN=0), for every — Iﬁ <B< Py

Thus, by recalling that A\(s) = 0, we get in this case that 5* = —s = —1/p.

§8.5 Construction of supersolutions for convex sets
In what follows, for an open set 2 C RY we will use the notation
Up :=dp,

where the function is extended by 0 to the complement RY \ €. In the borderline case 3 = 0, this
coincides with the characteristic function of §2. In this section, we will show that, for some values of 3,
the function Upg is a local weak supersolution when {2 is a convex open set and, in the particular case
when (2 is an half-space, Ug is exactly a solution.

Lemma 8.5.1. Let 1 <p <ooand0 < s < 1. Let Q C RN be an open convex set. For every

0§ﬂ<i’
p—1

we have
Up € Wa(@) N L2, (®Y).
If Q is a half-space, then this property is still true for

1 sp

— < < .
p—1 B p—1

Proof. The fact that Ug € W' (Q2) easily follows from its local Lipschitz character. In order to show
that U € L2, (RY), if Q is bounded it is enough to show that Uz € LP~'(Q). To prove this, we can
confine ourselves to consider 3 < 0 (otherwise there is nothing to prove). By using the Coarea Formula
and indicating by rq the supremum of dg, over ), we have

TQ TQ
/ Ub~! dao = / PV HN=Lr e Q : dg =t})dt < HN1(5Q) / A =1 gt
Q 0 0
We then observe that the last integral is finite, provided 8 > —1/(p — 1). Observe that we used the
monotonicity of the surface area of convex sets with respect to set inclusion (see [37, Lemma 2.2.2]), in
the last estimate.
If Q is an unbounded convex set, not coinciding with RY, the proof above still shows that U €

WP 0 LP1(9Q). In order to conclude, we need to prove that

U§‘1 sp
B gr<4oo, iff< .
/RN (¥ JayNTep W< o0 A<y

For 8 < 0 such a property is straightforward. For 8 > 0, it is sufficient to fix o € 02 and observe that
(recall that Ug vanishes outside 2)

Us(z) < |z — x0/?, for every z € RY.
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We then obtain .
p— _
/ ol B dx < / o= o 22 dx
wy (L4 [a)NVFer 7 Jgw (14 [z)Nrer
It is easily seen that the last integral converges if 8 (p — 1) < sp.
Finally, if € is a half-space, we can suppose without loss of generality that

Q =Hf =RV x (0, +00).

The case N = 1 is already contained in Lemma 8.4.1, thus we consider N > 2. We take —1/(p — 1) <
B < 0 and we decompose

p—1 B (p—1
/ Uﬂdx:/ Ldm
e LA 2DV 07 Jw T+ o)V oer
B(p—1)
:/ N T dx
{xGHf:IN21} (1 + |LE|) 5P

dey | da’

1 B (p—1)
T
+/ / A
RN-1 0 (1+ /x?V+|x’|2

1
< -
o ~/{:L’€Hf rxn>1} (1 + |x|)N+sp

+/ ___dz /1x5<p1>dx
evo1 (L4 [ )Nse \ fy *N N

Thanks to the choice of 3, the last integral is finite. O

>N+sp

dzx

For every k € N and o > 0, we recall that we set

k+2+a

+oo
I(k;a):/ th (142" dt.
0

Then we observe that for N > 2 and every m > 0, by using the (N — 1)—dimensional spherical
coordinates and a change of variable, we have

RN-1

m o -y 2)TEE S mie

In what follows, we still denote by A(3) the constant given by (8.18), while Cy s, is defined as

(N-1)wny_1Z(N —2;sp), forN >2,
Csp i= (8.27)
1, for N = 1.

We refer to Remark 8.5.3 below, for a comment about the sharpness of the restriction 5 > 0.

Theorem 8.5.2. Let 1 < p < coand 0 < s < 1. Let Q C RY be an open convex set. Then:

1 if
0§ﬁ<ﬂ7
p—1
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FIGURE 8.3: The supporting hyperplane for €2 at z.

the function Ug is a local weak supersolution of (8.4), with A = C s p A(B);

2. if Q is a half-space and

sp
— < fB< ,
p—1 P p—1

the function Ug is a local weak solution of (8.4), still with A = Cn s, A(5).

Proof. We will use a simple geometric construction, already exploited in the proof of [21, Proposition
3.2], in conjunction with the formula (8.26). We take z € Q2 and let T € OS2 be a point such that

do(z) = |z —T|.

Since € is convex, there exists a supporting hyperplane for it at the point . Without loss of generality,
we can suppose that such a supporting hyperplane coincides with

oHY =RN~1 x {0},
and thus
z=(2',zn) withzy >0, z = (2/,0) and do(z) = zn.

Moreover, we have @ C HY. We now observe that for every other y = (y',yn) € €, by convexity it
results

see Figure 8.3. By using this fact and recalling that Ug vanishes in the complement of 2, we actually
have

do(y) < (yn)y,  foreveryy = (y/,yn) € RV,
By recalling the definition of Uy, we thus get that for every y € RY and 8 > 0

Us(z) — Us(y) = da(x)® — da(y)® > (an)] — (yn)]. (8.28)

For every 0 < € < 1 and for every x € RY, we introduce the following slab

. X x
Ke(z) = {y e RN . mm{l_f_vg,(1+5)zN} <yn < max{l_i_vg,(lJrs)xN}}.



126 Chapter 8. The sharp fractional Hardy inequality

Recalling that z; > 0, we now use (8.28) and the monotonicity of 7 — Jp(T): we obtain for 5 > 0 and
I<exl

B B
/ To(Us(x) ~Us®)) 5 - / T ((xN)+ — (yN)+) dy (8.29)
RN\ K. (z) lx —y|NFsp T JRN\K. () lx —y|NFsp

If N > 2, the last integral can be written as

[ B U, :
RN\K ()

[ Jo ((e0)? = wn)?)
RNAK ()

v

dy

|z — y[NFsp |z —y|N+sp

Lo 2o (@t = 02)

dy’
X — | dyn,
</ (low — yw 2 + |2/ = y/[2) 75 )

where I.(x ) is the same interval as in (8.15). If we now use (8.26) with m = |xy — yn|, we get

/ dy’ _ CN,sp
wvor (joy — v+ [ -y )T o —yn e

Thus, we obtain from (8.29)

/ Jp(UB(x)—U,@(y))dyZCN’Sp/ Jy (@)} = )?) o
RNMAK. (z)

|z —y|N+sp R\I.(zn) |TN —Yyn['FTsP

By recalling that we set C 5, = 1, the above formula obviously holds for NV = 1, as well: actually, it
coincides with (8.29).
By the definition (8.19) and the identity (8.21), we have for zy > 0

Jp ((xN)?r - (yN)ﬁ) xﬁ(pil) U (m)p_l
2/ un = Fo(an) = M(8) S = a () L2
oy lw e = Fan) = AB) = = A0) ey

Moreover, we recall that (see the proof of Proposition 8.4.3)

T+ _ B
Ag(g)zz/ ki) (1—rePr=P =Dy qr
0

|1 —7|ltsp

1
e (7P —1) 2
2 N ) sp=1-Be-Dg 4 2
w2 [ T

and

lm Ac(8) = A(B). (8.30)

Thus we have

o |
P Iy len —yn[tep



8.5. Construction of supersolutions for convex sets 127

This in turn leads to

Jp(Us(x) — Us(y)) Ug(z)P~!
2 P dy > Cn.sp Ae(B) ————.
/RN\)cs(x) |z —y|[NFsp Y2 Onap Ac(B) da(z)*?

We take ¢ € C§°(€2) non-negative, multiply the previous inequality by ¢(x) and integrate over 2. We
get

Jp(Us() — Up(y)) Us(pt
? /Q (/RN\,CE(@ dy) p(z) de > CN,spAg(ﬁ)/Q o(z)dr. (8.31)

|z — y|NFsp do(z)s?
On the other hand, we have

Jp(Us(x) = U x) — 1
() ~ D) ()= l0) ¢ e,

thanks to Lemma 8.5.1. Thus by the Dominated Convergence Theorem, we get

// Ip(Us(2) — Us(y)) (p(2) — ¢(y)) . dy

|z —y[Ntep

~ lim Tp(Us() = Us(y)) (p(z) = #(y))
=1 //(RNx]RN)\CE dx dy,

e 0+ |x — y|N+sPp

where
Ce = {(Jc,y) eRV xRN :ye ICE(x)}.

Moreover, for every 0 < € < 1 we have

Jp(Up(x) — Us(y))
|z —y|NHep

p(x) € LY(RY x RY) \ C.).

Thus with a simple change of variables, we get

[ 2 =00 e =)
RN xRN

|z —y[NFsp
. Jp(Us(z) — Us(y)) (p(x) — ¢(y))
= lim // P dz dy.
=0t J (RN xRV )\C. |33 — y|N+sp Yy (8.32)
. Jp(Us(x) — Us(y))
=2 lim / d d x) dx.
e=0t Jo < RM\K.(z) T —y[NTeP v | elo)

Observe that we also used Fubini’s Theorem for every fixed 0 < ¢ < 1, in order to arrive at the last
integral. By joining (8.31), (8.32) and (8.30), we finally get

[ 2O o) 4,5 a0 [ Usle) ™ o i

|z —y[NFep o dao(z)*?

which is the desired conclusion for g > 0.
In order to prove the second statement, we first observe that if {2 is a half-space, we can assume for
simplicity that
0=my.
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Then, in the case N = 1, the statement has been proved in Proposition 8.4.3. For N > 2, it suffices to
observe that we have equalities everywhere in the previous argument, even for 5 < 0, provided it is an
admissible exponent. 0

Remark 8.5.3 (Optimality of Theorem 8.5.2). As a consequence of Proposition 8.4.4, we have that

sp—1 1 sp
CnspA(B) < Cns )\( >, forevery — —— < 3 < .
p A(B) p . 1 T

Thus, even in the more general case of a convex subset €2, the choice
sp—1

B = )
p

still produces a supersolution of (8.4), which has the largest possible A\, among supersolutions of this type.
However, it should be noticed that, in light of Theorem 8.5.2, such a choice is now feasible only for
sp—1 >
p

0 i.e. sp>1,

unless €2 is a half-space. Moreover, if the convex set €2 is not a half-space, such a result is optimal in the
following sense: already in the borderline case s p = 1, the function Ug with 3 < 0 is not a supersolution
of (8.4). See Lemma C.2.1 in the Appendix.

Hence, forevery 1 < p < co and 0 < s < 1, we can define the constant

sp—1 |P

1 llft P 9
Ag,p =2 —dt+ — 8.33
S,p /; (1 _ t)1+sp + Sp’ ( )

such that A, , = A (ﬂ)

p

§8.6 The sharp fractional Hardy inequality for convex sets

In this last section, we determine the sharp constant b, ;, on the half-space HY and on the class convex
sets. We notice that, when Q C R¥ is a convex set, we need to restrict to the case s p > 1, in order to
compute the sharp constant by, ,(£2). The key point in the proof is the application of the supersolutions
method: in Section 8.5, we found that the function dg(f P=D/P i a local weak supersolution of (8.4) with
constant A = Csp A5 p, only when the power (sp — 1)/p is non negative, i.e. when sp > 1. Hence,

thanks to this fact, from Theorem 8.3.1, we get that b, ,(2) > Cn sp Asp. When sp < 1, then the

supersolutions method can not be applied with the same supersolution dg(zs p=1/p , as, in general, negative
powers of the distance function do not give supersolutions of (8.4). As an example, in Section C.2 in the
Appendix, we show that d? is not even locally weakly (s, p)—superharmonic on I = (0,1) when p = 2,
s =1/2and 8 < 0. We can avoid this limitation on the product s p, when {2 is an half-space.

We start with the following result, which compares the two sharp constants b, ,(HZ ) and b, ,(Q), when
) is a convex set.

Proposition 8.6.1. Let 1 < p < coand 0 < s < 1. For every Q0 C RN convex open set, we have

bsp(€2) < by (HY).
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Proof. In dimension N = 1, we suppose 2 C R to be a bounded interval. Thanks to (8.3), we can
assume that Q = I = (0, 1). We take ¢» € C§°(HZ.) and define the rescaled function

elt) = (z) .

We observe that for e > 0 sufficiently small, we have ¢. € C§°(I). We compute

[wE}g{/S,p(R) = 81—319 [w]gvsm(]g)a

t
Y= 1
el <€> _1msp [ [P(T)P
r dif dt_/o (min{¢, 1 — t})sP dt = P/O (min {r,e~t — 7})°P dr.

By recalling that ) is compactly supported, we get that for 0 < £ < 1 we have

and
p

1

1

min {r,e” " -7} =7, for 7 in the support ot 1.

In conclusion, we get for every ¢ € C§° (H}r)

p P D
hep(I) < lim M — lim [Wlwen ) _ Wl @)
> T emot |ws|p e—0+ H P +oo )P '
dsp dt / M dT / % dr
I I 0 TSP 0 T

By arbitrariness of v, this gives the claimed inequality.

For the case N > 2, we can repeat the same proof of [104, Theorem 5], which deals with the local
case, up to some very minor modifications. We just recall that the proof in [104] is based on a scaling
argument as in the one-dimensional case exposed above, together with the fact that a convex set admits a
tangent hyperplane at almost every boundary point. O

For an half-space, we can determine the sharp Hardy constant without restrictions on the product s p.

Theorem 8.6.2. Let1 < p < ocoand (0 < s < 1. Forevery N > 1 we have
bs,p(H{&Y) =CnNsphAsp,

where Ag , and Cn s, are defined by (8.33) and (8.27), respectively. Moreover, such a constant is not
attained.

Proof. By combining (8.10) and Theorem 8.5.2 for = HY', we immediately obtain

1 sp
N
bsp(HY) 2 Cn,sp A(B), for every — p—1 <B< -1
Moreover, by Proposition 8.4.4, we know that the right-hand side is maximal for § = (sp — 1)/p and
thus
sp—1
p

In order to prove that the right-hand side actually gives the sharp constant, we distinguish two cases:
N = 1land N > 2. We will show that the latter reduces to the former: this is quite a standard fact for
the Hardy inequality, but we prefer to give the details, since some non-trivial computations are needed.

hs,p(Hf) Z CN,SP)\ ( > - CNﬂspAs,p-
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For the case N = 1, we will use a slightly different family of trial functions with respect to [65, 66]: this
permits to treat the cases sp < 1 and sp > 1 at the same time.

Sharpness: case N = 1. We need to prove that
bsp(H}) < Agp.
We take a cut-off function ¢ € C§° ((—o0, 2)) such that
0<¢<1l,  ¢=Lon[o1], [<C,
and we use the trial function

sp—1

d)ﬂ:Uﬁ?ﬁ, with < B <s.

According to Lemma 8.4.1 and Lemma 1.5.3, this function belongs to /VVS P (]HI}‘_) In light of the estimate
(1.13) and the properties of the cut-off, we get

b (Hl ) < [¢6]€Vs,p(R) < [Us w]?;vs,p((gvg)) n 2 n 21+p—sp ér ||UBHip((o_,2))
$pA+) = T foo P = 2 P «n 2 p (834
5@l = [P Usby s sp s V) 4,
0 xsP 0 xsP 0 xsP

We evaluate separately the two quotients on the right-hand side. For the first one, by using the estimate
(1.14), we have

=

[Uﬁiﬁ]ww((o,z))l - [Uslws»((0,2)) +( (10 )> & 1Usll L7 ((0,2))
S S

([re) ([re) ([ e

Moreover, by recalling the definition of Ug, we note that

2 P 2
U P
lim 7( 59) dr = lim 1/1 dxr = 400,
)+ 0 )+ 0 xrsP Bp

B (ent vy B (s

thus the denominator diverges as 5 goes to (s p — 1)/p. Coming back to (8.34), this entails that

p s »
bop(HL) < limsup Ws ¥lwerozy , 2 2201700 o) [1Uslo2)
o - 1 2 P 2 »
el A R
0 0

Casr 5P
U;sl? . 9 U4l n 9
< limsup Welweroz) , 2 Jim sup WUslwero2) | 2

< N
2 — 1 :
ﬂﬁ(f“’;l)*/ ) ), P Be(%‘l)*/ Ws) 4 5P
0 0

xsP xsP

We claim that
sp—1 P
P

lim sup (8.35)

o 1 P
/3*(%)+/ (Us)? dx
0

Vsl 0.2 /1 L
EWen(02) <o L Ly

o (=
xsP
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this would conclude the proof, by recalling the definition (8.33) of A, ,. By using the form of Uz we have

/ (Us) dx:/ PP = ——
o T 0 Bp—sp+1

Thus in order to prove (8.35), we just need to show that

sp—1|P

1—1t
limsup (Bp—sp+1)[Usl .. §2/ ‘7%.
e s 22, =g

By recalling the estimate (8.17) from Remark 8.4.2, we have

[Us]? < ' ﬂ (1 +t8p—p6—1) dt
Alwer(02) =\ | 1T —¢[I+sp

Hence, by taking the limit as 3 goes to (s p — 1)/p and using the Dominated Convergence Theorem, we
get (8.35), as desired. This proves the sharpness for N = 1.

28 p—sp+1
Bp—sp+1

Sharpness: case N > 2. We will show that this can be reduced to the previous case, by proceeding as
in [65, Theorem 1.1] and [108, Proposition 3.2]. Let € C§°((0,+00)) and x € C5°((—1,1)V 1), we
use the test function

1-N
M™» a’
Pt atan), e xats) = e (37).

for some M > 0. Observe that by construction the function y 5; has compact support on (—M, M )N 1
and unit LP norm. We thus obtain

[77 XM]};Vs,p(RN) _ [77XM}€VS P (RN)

D T T ¥ p )
/ 7(77)(51\;{) dx / I 5 dryn
HY TN 0o TN

where in the last identity we used Fubini’s Theorem and the properties of x ;. In order to estimate the
seminorm, we first use Minkowski’s inequality

1
X ()P In(xn) — n(yn)[” g
[nXM]qu(RN) < (//RNXRN |.Z'—y|N+3p dIdy

n(yn)I? (=) = xn(y) P )é
dx d ,
<// o — y[NFop Y

and we focus separately on the two integrals on the right-hand side. For the first integral, we use Fubini’s
Theorem and the identity (8.26), so to get

Ixar (2)|P In(xn) — n(yn)[?
dz d
w//RNxRN ‘x_y‘NJrsP i

In(zn) —nlyn)[?
_ )P _ P
= o (/]RN (= ‘ e ) (//Rx]R lzn — yN|1+8p dry dyy | = Cn.sp [U]Ws’p(R)'

bep(HY) <
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On the other hand, by using a computation similar to (8.26), we have

+oo -
2/ (142" dt
0

/ 1 J c
s TN = — = — .
R (lmN—yN|2+|l"—y’|2)NJ5 P ‘xliy/‘N 1+sp |$/7y/|N 1+sp

Thus, it holds

P n_ (e
[ Bt ) g,
RN xRN |z —y|N+sp

|XM(33'> - XM(?/)\F N,
=C Pd dx"d
/RM(W)' o (//]RleRNl [ =y W

Hn”lz,p(ﬂg) [X]Z‘:Vs,p(RN—l)'

B ||XHI£p(RN—1) Msp

In the last identity we used the definition of 5, and a change of variable. Then, it follows that

[Tl]ww(n@) 1 ||77||LP(R) [X]W-w(RN—l)

+oo pp » M= x|l e @y-1y oo pp »
sp AT sp AT
0 TN 0 TN

By letting M go to 400 and thanks to the arbitrariness of n € C5°((0, +00)), we obtain

S =

< (CN,SP)%

(9o())

hs,p(Hf) < CN,SP hS»p(H}r) = CN,SpAs,pv

as desired. The last identity follows from the sharpness for N = 1.

The fact that f)s,p(Hﬁ ) is not attained follows directly from Proposition 8.2.5, since by Theorem 8.5.2 we
found a local weak solution of (8.4) with A = hs,p(Hf ), of the form

The proof is over.
O

Theorem 8.6.3. Let 1 < p < coand 0 < s < 1 be such that sp > 1. Then for every Q C R convex
open set, we have

hs,p(Q) = CN,sp As,pa

where A, , and C s are defined by (8.33) and (8.27), respectively. Moreover, such a constant is not
attained.

Proof. We suppose that ) is not a half-space, otherwise there is nothing to prove. By appealing to (8.10)
and Theorem 8.5.2, we get

hsp(Q2) > Cn.sp A(B), forevery 0 < 8 < sipl (8.36)
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Again by Proposition 8.4.4, we know that the right-hand side is maximal for 5 = (sp — 1)/p: such a
choice is feasible, thanks to the assumption sp > 1. We thus get

sp—1

hs,p(ﬂ) > ON,sp)\ ( ) = C(N,sp As,p-

On the other hand, by Proposition 8.6.1 we know that

bep(©2) < b p(EY).

By combining the latter with Theorem 8.6.2, we finally get

bs,p(Q) S CN,sp As7pa

as well. This proves that b ,,(€2) has the claimed expression.
Finally, the fact that b ,(€2) is not attained follows directly from Proposition 8.2.5, since by Theorem
8.5.2 we found a local weak supersolution of (8.4) with A = b, ,,(£2), having the form

sp—1
— p
u = dg

This concludes the proof. O

Remark 8.6.4 (A lower bound in the case sp < 1). As already said, in the case sp < 1 the maximal
choice for f3 is not feasible. In this case we can choose in (8.36) the exponent 5 = 0 and get at least a

lower bound, i.e. 2
hs,p(2) > Cn,sp A0) = Cn s p -

In this last remark, we would notice that, when p = 2, the case 2 s < 1 is completely solved.

Remark 8.6.5 (The case 0 < s < 1 and p = 2). In the case p = 2 we can compute the sharp constant
in the whole range 0 < s < 1. Indeed, in [Z2, Section 6.3], we showed that, for every 2 C RN open
convex set, we have

hs,2(Q) = CN,s,2 As,27

where A; 2 and Cy ;2 are defined by (8.33) and (8.27), respectively. Also in this case such a constant
is not attained. In order to prove the claimed identity, we follow the same argument as in [55]. For the
one-dimensional Hardy inequality, it is sufficient to consider

2s—1

2s—1 2s-1 1
Ft)=t7 (1—1)"> :d(0f+oo)< —1>,

t
which is a positive local weak solution of

u

(~A)u=Agp ———,
(t(1—1))

inI:=(0,1),

and, by observing that

we get that
bs,2((a,0)) = Ay . (8.37)
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Here, the function f coincides with the fractional Kelvin transform of the “shifted” function

25—1

wird’ (@ —1),  foreveryz € (1,+00);

In dimension NV > 2, we reproduce the proof of [100, Theorem 1.1] for convex sets, and by applying a
reduction formula (see [100, Lemma 2.4]) and (8.37), we have that

bs,Q(Q) < hs,Q(H{\!) = CN72SAS,2'

Finally, the reverse inequality follows thanks to Proposition 8.6.1 and Theorem 8.6.2.
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APPENDIX A

A COLLECTION OF USEFUL
INEQUALITIES

§A.1 Quantified convexity of power functions

Lemma A.1.1. Letr > 2. For every z,w € RY and every t € [0, 1] we have
LAl + (L= ) ol > [02 + (1 — ) wl” + (1 — )] — wl",

where C = C(r) > 0.

Proof. For simplicity, we set F'(z) = |z|". For t = 0 or t = 1 there is nothing to prove, so let us assume
0 <t < 1. From [99, Lemma 4.2, equation (4.3)], we know that there exists C,. > 0 such that

F() =2 F(Q) +(VF((),§ =) + Cr € = (", for every ¢, ¢ € RY. (A1)

We use (A.1) with
E=z and C=tz+(1—-t)w.

We obtain
Fz)>F(tz+(1-t)w)+ (1 —-)(VF({tz+ (1 -t)w),z—w)+C, 1 —t)"|z—w|". (A.2)
Similary, we use (A.1) with
E=w and (=tz+(1-t)w
This now yields
Fw)>Ftz+(1-t)w)+t{(VF{tz+(1-t)w),w—2)+Crt" |z —w|". (A3)
We multiply (A.2) by ¢, then multiply (A.3) by 1 — ¢ and sum up. The outcome is the following

(1—t)F(w)+tF(z) > F(tz+ (1 —t)w)
+C [A=t) P+t (L= t) |2 —w|".

By using convexity of the function 7+ 7771

, we get
(1 _ t)r—l + tr—l Z 22—7"’

and thus the conclusion. O
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Remark A.1.2. We observe that the extra term C. [€ — (| in (A.1) permits to prove an improved version
of the classical Jensen inequality for the convex function F'(z) = |z|", containing a suitable remainder
term. A general class of functions which satisfy this kind of stronger Jensen’s inequality is widely studied
in [1].

Lemma A.1.3. Let 1 < r < 2. Forevery z,w € RY and every t € [0, 1] we have

r—2

tlz"+ (1 =t)|w|" > tz+ (1 -t)w|"+Ct(1—1t) (|z|2 + |w|2) 7z —wf
where C = C(r) > 0.

Proof. The proof is the same as that of Lemma A.1.1. It is sufficient to use this time [99, Lemma 4.2,
equation (4.4)]. We leave the details to the reader. O

§A.2 Pointwise inequalities

We recall the following discrete version of Picone’s inequality, taken from [23, Proposition 4.2] (see also
[66, Lemma 2.6]). We explicitly state the equality cases.

Lemma A.2.1 (Discrete Picone’s inequality). Let 1 < p < oo, for every a,b > 0 and c¢,d > 0 we have

cP dr
Moreover, equality holds if and only if
c d
pa
Proof. We first observe that if ¢ = 0, the inequality is equivalent to
dr
Jp(b—a) T S dr.

If we also have d = 0, then this is trivially true. If d > 0, then this is equivalent to

O

1
Jb—a) g <1 thatis ’1 - %

Since a and b are both positive, it is easily seen that the last inequality is true, actually with the strict
inequality sign.
We then suppose ¢ # 0: we first observe that the left-hand side can be rewritten as

cP dr b a\P—1
Tola=1) (mo—fzﬂo—l):"p(l‘a) (cp‘dp (3) )
b d\" ra\r-1
=g, (1-2) (1 (% (7) :
o (-0) (-5 6
thanks to the homogeneity of J,,. If we introduce the shortcut notation

b
t=— and A=—
a c

)
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we then get that the claimed inequality is equivalent to

AP
Jp(1—1) (1_t1’1> <|1-— AP, forevery t > 0, A > 0.

It is not difficult to see that the function
AP
o) =01 (1- 55 ).

is monotone increasing for ¢ < A and monotone decreasing for ¢ > A. The choice ¢ = A thus corre-
sponds to the unique maximum point, for which we have

O(t) < P(A) =1 — AP
This concludes the proof. O

The following simple inequality will be useful somewhere in Section 3.4.
Lemma A.2.2. Let § # 0, then we have
1-— Tﬁ\ < |B| max {Tﬁfl, 1} (1—-71), forevery T € (0,1),
and
I1—-77 <18 maX{TB,j_} (t-1), foreveryT > 1.
Proof. We start with the case 8 > 0. By basic Calculus, we have for 7 € (0,1)
1-7Pl=1-7 =311 —-1),

for some 7 < & < 1. We observe that the quantity ¢ — 3&°~1 is increasing for 3 > 1 and decreasing
for 0 < 8 < 1. This gives the desired conclusion.
The case § < 0 is treated similarly. We have this time for 7 € (0,1)

=77 =77 —1=8 (r =) = (=8)&" (1 =),

for some 7 < & < 1. By using that £#~! < 781, we get the conclusion, here as well.
Finally, for 7 > 1 it is sufficient to write
( : ) )
1— (=
o

and then use the previous inequality, with — 3 in place of 3 and 1/7 in place of 7. O

1= =

§A.3 Inequalities in the fractional setting

In this section we provide two inequalities in the setting of fractional Sobolev spaces: a fractional
interpolation—type inequality for smooth functions and a fractional hidden convexity inequality.
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Lemma A.3.1 (Fractional interpolation—type inequality for smooth functions). Let 1 < p < oo and
0 < s < 1, then for every ¢ € CL(RY) we have

|(p($) - (p(y)|p c sp (1-s)p
s [ e < S 19 e I

for some C = C(N,p) > 0.

Proof. We pick 6 > 0, then for z € RY we split the integral in two parts

z)—py) P xz) —o)|? z) —p(y)?
/ o () ]si(r)p} dy:/ () in)pl dy+/ o (z) ]svoi)I)I dy
Ry T — Y Bs(z) T =Y RM\Bs(z) 1T =Yl

< ||VS0||IL)/00(RN) /B ( )|l‘—y|p(1—s)—N dy
slx

L N T
RN\ B;s(z)
p p
_ Nwy HV‘PHLw(RN) §p (=) | op ”‘PHLac(RN) s—r)
D 1-s s
By optimizing in § > 0, we get the desired result. U

Lemma A.3.2 (Fractional hidden convexity). Let 1 < p < co and 0 < s < 1. Let Q C RY be an open
set, for every two non-negative functions u,v € Wos’p(Q), we set

1
1 1 »
U=<2up—|—2vp> .

1 1

[Uﬁvs,p(ﬂw) < 5 [Uﬁvs,p(Rw) + D) [U]gvs,p(RNy

Theno € WOS”)(Q) and there holds
(A4)

Moreover, if equality holds in (A.4), and u, v are both positive almost everywhere in (), then there exists
a constant C such that
u=Cwv, a.e. in ).

Proof. The proof of (A.4) and the identification of equality cases are contained in [67, Lemma 4.1 &
Theorem 4.2]. We just show here that o belongs to the relevant fractional Sobolev space, a fact that
seems to have been overlooked in the literature. We first notice that

1 1
/‘O’|pd1':*/updl'+*/’Updl'<+00,
Q 2 Ja 2 Ja

and by (A.4) we have in particular
[U]Ws,p(]RN) < 400

This shows that o € W*P(RY). We now consider {uy, }nen, {vnnen C C5°(Q) two sequences which
converge respectively to u and v in WP (R¥). Since u and v are positive, without loss of generality we
can take u,, and v,, to be non-negative. Moreover, up to pass to a subsequence, we can suppose to have
almost everywhere convergence.
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We set

1
1 1\" 1 \N"\* 1
o = (2 <u"+n) _|_§ (yn+n) ) - forevery n € N\ {0},

and observe that {0, fnen C C5°(2) C AW/Os P(Q2). Moreover, o, converges to o almost everywhere, as
n goes to co. We claim that
lim (o, — o|lLr(q) = 0. (A.5)

n— oo

Indeed, thanks to Fatou’s Lemma, it holds that

liminf/ |crn|pdx2/ lo|P dx.

Conversely, we observe that!

v
On < <uﬁ+v”) ) forevery n € N\ {0}.

By raising to the power p and taking the limit, we get

1 , 1
limsup/ |on |P dx < lim sup [ / ub do + - / v da:] :/ |o|P da.
n—oo JQ nooo |2 Ja 2 Jq Q

These facts entail that we have convergence of the L” norms. By joining this with the almost everywhere
convergence, we get (A.5) from the so-called Brézis-Lieb Lemma (see [30, Theorem 1]).

We also observe that [0, ]y =.» g~y is bounded. Indeed, we can apply the convexity inequality (A.4)
as follows

[Tl |:O' Jrl]p <1 {u Jrl]p +1 {v +1r
n Ws,p(RN) n n Ws,p(RN) =9 n n Ws,p(RN) ) n n WS,p(RN)
1

=3 [un]gvs,p(RN) + 5 [’Un]g{/s,p(RNy

and observe that the last terms are uniformly bounded, by construction. The uniform bound on ||, ||yys.» (r )
and the reflexivity of the space W*?(R") entail that o,, weakly converges, up to subsequences, to a func-
tion in WP (), the latter being a weakly closed subspace of W*P(R" ). By the uniqueness of the limit,
such a function must coincide with o, which then belongs to W (). O

!"This follows by noticing that the function

1 1
h(e) = (5 (a+e)P + 5 (b+z—:)p> —eg, foreverya,b> 0,

=

is monotone decreasing with respect to € > 0, thus h(e) < h(0).
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APPENDIX B

ASYMPTOTICS OF THE POSITIVE
SOLUTION IN A SLAB-TYPE
SEQUENCE

For every L > 0, we indicate by
I \N1
QL: (_2,2) XI7 (Bl)
where we recall that I = (—1,1). We then have the following convergence result.

Lemma B.0.1. Let 1 < g < p < oo, we define the function
Uoo(xﬂxN):wZI)’q(xN), fora' e RN"Y zy e I
Then for every Lo > 0 we have
; Qp _
nh~>H;o ||wp,q - OO”LT’(QLO) =0.

Proof. For simplicity we will write wq in place of wg o> Which is defined as in Definition 4.1.4. We
will adapt to our nonlinear situation a related argument from [BFR, Lemma 7.2], for the case p = 2 and
q = 1. We extend all functions wgq, to the whole slab RV =1 x I, by putting them constantly equal to 0
outside {17,. Observe that, by Elliptic Regularity (see for example [70, Theorem 7.8]), we know that wq,
is Holder continuous on €27, and thus it takes the homogeneous Dirichlet boundary condition in classical
pointwise sense. Accordingly, the extended functions are Holder continuous on RV =1 x I.

We first observe that

wa,, = wa, for Ly > Ly,

by the comparison principle of Theorem 3.4.1, thanks to the fact that Q7, D Qr,. Thus, we get that
{wgq, }r>0 is a family of monotone increasing continuous functions. Moreover, we have the uniform
upper bound

wo, < wr(0), inRV" x I, (B.2)

thanks to (4.6). Then, the pointwise limit

Ulx) = LETOO wq, (), fore € RN 71 x I, (B.3)

is well-defined. Observe that this is a bounded function, which still satisfies (B.2). We also notice that, if
we fix Ly > 0 as in the statement, we have

LEIEOO |lwa, —U|P dz = nl;rrgo (U —wq, )P dx =0, (B.4)

Q4L0 Q4LO
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thanks to the Monotone Convergence Theorem. We devote the rest of the proof to show that
U="Us, inRY "1 x 1. (B.5)

Let us now work with the sequence {wq,, }n24 Lo» Where €2, is defined by (B.1), with the choice L = n.
We take n € C*° (€41, ) a cut-off function such that

[ C
OSUS 1a 7751 on Q2LO) ||V7]||L°° < f’
0

and
T]EO 0nQ4LO\Q3LO~

Then we insert the test function ¢» = 1 wq,, in the weak formulation of (3.1) for wq,,. We get

/ |Vwe, [P 7P dx+p/ (|Vwa, [P72 Vwa, , Vi) n? ™ we,, da :/ wh, 1P de.
2. o, 2.

By Young’s inequality, for every § > 0 we have

p(|Vwa, |P* Vg, , V) n* " wa, > =6 (p— 1) |Vuwg,
— 51 w?, |V

Pnp

p.

By choosing 6 = 1/(2p — 2), we then obtain the Caccioppoli-type inequality

1

5/& |Vw9n|p77pdx§(2p—2)p71/ VP wg, dx—|—/2 wé P da.

n n

By using this estimate, the properties of 1 and the upper bound (B.2), we then obtain in particular

/ [Vwq, |P de < C, for every n > 4 L. (B.6)
Qar,

for some uniform constant C' > 0. This implies that the sequence {wq, }n>4L, is bounded in WP (Qap,, ).
Thus it weakly converges to a function u € WP(Qyz,): by uniqueness of the limit, we must have
u = U. This in particular implies that U belongs to W ({57, ). By also using the compactness of the
trace embedding (see [95, Corollary 18.4])

Wl’p(QQLO) — Lp((f?QgLU)7
and the boundary condition

we, =0, on (—Lo, Lo)N ™ x {1, 1},

n

we get that the trace of U must have the same property.
We claim that U weakly solves the Lane-Emden equation (3.1) in Q1. We take ¢ € C*°(Q231,,) a cut-off
function such that o
OSCSL CE]- OnQLga ||VCHL°° Sfy
0
and
CEO OI‘IQ3LO\QQLO.
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Then we have

/ (IVuwq, [P~ Vg, Vug, — VU) ¢ dr = / (IVwa, [P~ Vug,, V((wa, - U)()) d

2Lg

- [ (v,
Qar,

:/ wgil (wq, —U)(dx
Qar

P2 Vg, , V) (wg, — U)dx

- / (Vwg, [P~ Vug, , VC) (wg, — U) de,
Qor,
(B.7)

where we used the equation for wq, , tested against the function ) = ( (wq, — U). Indeed, this is a
feasible test function, thanks to the condition on the trace of wq,, — U. We now observe that

lim ws ! (wq, —U)¢dr =0,
n—00 Q2Lo "

thanks to the uniform bound (B.2) and to the strong convergence (B.4). Moreover, by using (B.6) and
again (B.4), we also get

P=2 Vg, , V() (wa, —U)dx = 0.

lim <|V’UJQ”
n—oo QZLO

On account of (B.7), these yield

lim ([Vwq, [P~? Vwq,, Vwg, — VU) (dr = 0.
n—o0 QQLO
Moreover, we also have
lim (|VU|P~2 VU, Vwg, — VU) (dx =0,
n—oo QzLU

thanks to the weak convergence in W' (Qsy,,) of wq, . By subtracting the last two equations in display,
we get
lim (|Vwg, P72 Vwq, — |VU[P™2 VU, Vwg, — VU) (dz =0,

n—00 Qar,

as well. By recalling that ¢ is constantly equal to 1 on {27, and that the integrand is non-negative, we get
in particular

lim (|Vwg, P72 Vwg, — |VU[P2 VU, Vwg, — VU) dz = 0.

n— o0 QLO
For p > 2, by recalling the inequality (see [98, Section 10, equation (I)])

(2[P72 2 — Jw|P 2w, 2z — w) > 2*7P |z — wl|P, for every z,w € R,
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we immediately obtain
lim ||Vwgq, — VU||LP(QLO;RN) =0. (B.8)
n—oo

For 1 < p < 2, itis slightly more complicate: we need to use the inequality (see [98, Section 10, equation
(VIDD)

(2[P72 2 — Jw|P 2w,z —w) > (p—1) |z —w|* (1 + |2|* + \w|2)p7727 for every z,w € RY.

This permits to infer, thanks to Holder’s inequality, that we have

P
2

/ |Vwq, — VU dx < / |Vwa, — VU]* (1 4 |Vuwg,,
Qi L

0

y (/ (1+ [Vuo, > + [VUP)3 da;)
Qr,
1
< -
< (pl / Vs,
X (/ (1 + |VUIQ”
QLO

By using that the last integral is uniformly bounded thanks to (B.6), while the other one converges to 0,
we get (B.8) for 1 < p < 2, as well.
Thanks to the strong convergence (B.8), we can now pass to the limit in

/ Vg,
QLO

and obtain

2 L VU dz)

2—p

2

(M)

P2 Yo — |VUP 2 VU, Vwg, — VU) da:)

2—p

2

2y vUP)E d:c)

P=2Vwq, , Vi) dx = / w?ﬁl Y dx, for every ¢ € C3° (L, ),
Qr, '

/ (IVUIP~2VU, V) dx = / Ut de, for every ¢ € C5°(Qr,),
QL

QLD

i.e. U is a solution of the Lane-Emden equation in {2, as claimed.

Next, we claim that U actually does not depend on the variable z’, but only on x . To prove this, let us

fix two points
X = (x),xn), Y = (2], 2n) e RN x T, with g # .

By definition, we have

U(X) = lim wq, (X) and UY)= lim wq, (Y).

We introduce the “horizontally” translated set ﬁn =, — X + Y and observe that we clearly have
wg (z) =wq,(z+X -Y), forz € Q.

We notice that by construction, we have that there exists ng = no(|]X — Y|) € N such that

Qa2 C ﬁn C Q4 p,s for every n > ng.
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Again by the comparison principle of Theorem 3.4.1, we know that
UJQ% § wﬁn S Wy ., »

and moreover, we have

nh_)rr;o Wy () = nh_)rr;o wg,, () =U(zx),

thanks to (B.3). This in turn implies that

nh_)rréo wg (z) =U(z),

as well. We then obtain

U(X) = lim wg,(X) = lim wg (Y)=U(Y),

n— oo n—oo

as desired.

By resuming, we get that U is a positive weak solution of

—AU = UL inQy,

N-1
U = 0, on <—I;),L20) x {—1, 1},

which does not depend on the variable z’. In particular, we have that xy — U(2’,zy) is a weak
solution of the same one-dimensional problem solved by wy, as well. By uniqueness of the solution and
arbitrariness of Lg, we finally get (B.5). This concludes the proof. O

Remark B.0.2. The L? convergence in the previous result can actually be upgraded to a uniform con-
vergence. It is sufficient to observe that U, is continuous, that {wq_ }nen is a sequence of monotone
increasing continuous functions and then use Dini’s Theorem. We leave the details to the reader.
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APPENDIX C

TWO PATHOLOGICAL EXAMPLES

§C.1 An infinite strip with slowly shrinking ends

In the next example, we consider a quasibounded open set for which dg, ¢ L*(RY), for any 0 < v < oc.
Sets of this type have been considered for example in [10] and [47, Section 7].

Example C.1.1. For every a > 0 and z; € R, we set

1

fl(ml) = m and fa(fﬂl) =f (%) =

Then we consider the quasibounded open set
Qn = {J: = (z1,12) €R? : 21 €R, |12 < fa(xl)}, with o > (log 2)73.

Observe that for this set we have d?za & L'(Q,), forany 0 < v < co. Thus, by Theorem 5.1.1 part (i),
we have
D2 (D) & LD, Sforeveryl < q < 2.

On the other hand, since ), is bounded in the x4 direction, we easily get that \y(2,,) > 0, that is
D2 () = L2 (D).

As for the compactness of this embedding, we observe that this cannot be directly inferred from Theorem
5.2.1, since we are in the critical situation p = 2 = N. Nevertheless, we are going to show that actually
such an embedding is compact, if « is large enough, thanks to the peculiar geometry of the set Q). In
particular, the Dirichlet-Laplacian on (., has a discrete spectrum.

We define

1
= — — > = —_—
Quit = Q0 N (( R,R) x ( R,R)), for Rz Fo =1

We denote by wq,, the torsion function of ()., defined as

wa, = lim wq, 5,
R—o0 ’

where wq,, , € VVOL2 (Qq.R) is the torsion function of the bounded set §,, g, i. e. it solves

—Au = 1, in Q%R,
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(see [28, Definition 2.2]). We observe that wq_, is a bounded function, by [28, Theorem 1.3]. In order to
prove the compactness of the embedding of Dé’Q(Qa) — L2(y,), it is sufficient to prove that

li oo = C.1
RE;HOOHU}QQHL ©@\Br) =0, (C.D

thanks to [28, Theorem 1.3]. We will achieve (C.1) by exploiting the geometry of €, in order to construct
a suitable upper barrier. For every o > 0 and x1 € R, we set

T
Fi(e) = (A@))?  and  Faer) = F (2) = (fala1)*
Observe that F| has a bounded second order derivative, i.e. there exists L > 0 such that
|FY'(t)| < L, foreveryt € R.

Thus, if we take o > 0 such that o > (log 2)~3, we obtain

1 T
Fi)l = = [F (2| <20-Ca),  foreveryai eR, C2)
where I
W i=1——.
¢ 2002

With such a choice of o, we consider the function

Fo(r1) — x%

50 ,  forevery (z1,22) € Q4.

Ua(z1,22) =

We claim that this is the desired upper barrier. Indeed, by construction we have U, > 0 and, thanks to
(C.2), it holds

1 F//
*AUa(xlan) = 6 - oé#g}) > 1, for every (xlva) € Qa-
By applying the Comparison Principle in every Q) r we get that
Fa ($1)

wa, (@) < Ua(2) < =528, foreveryz = (a1,22) € Qu,r
and such an estimate does not depend on R. Hence, by sending R to oo, we have that

Fa(-rl)
2C 7

wa, (7) < for every x = (z1,32) € Qq.

By using the properties of F,, = (f«)? and the previous estimate, we eventually get (C.1).

§C.2 Negative powers of the distance in the borderline case s = 1/2
We consider for —1 < <0
Us(t) = dr(t)® = (min{t,1 —t})’,  fort e I=(0,1).

We extend this function by 0 outside the interval I. We want to estimate its fractional Laplacian of order
1/2.
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Lemma C.2.1. Under the assumptions above, we have

(—=A)2Uz < BH(t) Us(t) + Us(t),  inI, (C.3)

2
t(1—1)

in weak sense, where H is the continuous function on I\ {1/2} defined by

9 9 4t(1—1t)
H(t):_t(lft) +d[(t) 10g<(12t)2>.

This has the following properties:

* it is symmetric with respect to 1/2, i.e.
1
H(t)=H(1-1), fortEI\{z};

* it belongs to L (I) for every 1 < q < oc;
* it satisfies
1\ 1
H(t)~—-4log|=—-1t] , fort — —,
2 2
thus the right-hand side of (C.3) diverges to —oc as t approaches 1/2.

In particular, in this case the function Ug is not even locally weakly (1/2)—superharmonic on I.

Proof. We first show that Ug satisfies (C.3) in I \ {1/2}. Let us take ¢ € C§°(I \ {1/2}) non-negative,
then there exists 0 < dg < 1/4 such that its support is contained in the set

1 1
Is, = |0g,= — 00| U | = + g, 1 — g .
o {0,2 0} {24- 05 o]
Forevery e > O and t € I, we set
J-(t)=(t—¢,t+e) and DE:{(t,y)ERxR:t—5§y§t+s}.

By using Fubini’s Theorem and a change of variable, we can write as usual

(%Rﬁmm—wwnww—wwumy

[t —yl?

| (Us() = Us(w)) (0(t) - ()
- //aRxR)\DE dt dy

e=0 [t —yl?

Us(t) — U
=2 lim / Lf(y) dy | o(t)dt
=0 Jr \ JR\3.(¢) It —yl

Usz(t) - U,
=2 lim / ﬁ()if(y) dy | () dt.
=0z, \Jra.y 1=l

(C4)
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We first observe that, by using that Us(t) = Us (1 — t), we have for ¢ € T;,

Us(t) —Usly) , _ Ug(1—t) —Us(1 —y)
5 dy = 3 dy
Rt [t—Yl R\J. () it —yl

_ Us(1—t)—Ug(l—y) , Us(1 —t) —Ug(T) .
‘/R\w -0 -(1-y)P dl"/R\jEM o

This shows that it is sufficient to consider ¢ € [dg,1/2 — dg]. For almost every ¢t € [dg,1/2 — o] and
every 0 < € < dp, we have!

Us(t) — U, = 4B _ B 3 yPf L8 (1 —y)P
/ 5(t) 5m@:/' zg@+/ %@+/ ( 3)@
rR\I.(¢)  [t—Y o lt—yl t4e |t =Y 1 (Y=t
/+oo tﬁ p 0 tﬁ p
+ —————y+/ e dy
1 (y—1)? o (L= y)?

tme 4B _ B 3 yp LB (1 —y)P
- [ i [ e [ S
/o TR TR A T e PR VR E
Us(t) , Us(t)
(1—1) t

+

To estimate the remaining integrals, we use the “above tangent” property for the convex function 7+ 77,
to infer that

1
tP—yf <ptP (Lt —y), ﬁnye(&t—e)u<t+a2>,

and )
tP—(1—y)P <BtP Lt (t4+y—1), fory6<2,1>.

These yield

t—e 18 _ B 3 48 _ 8 LB _ (1 _.\B
t z ¢ t 1
o lt—yl tre [t =Yl o (y—1)

t—e i 1
_ t—y [ t-y 1 (t+y—1)
< Bt? 1/ —— dy + 8t° 1/ dy + Bt° / s dy.
0 t—yl? tre [t = yl? i (y—1)?

-

The last integrals can be explicitly computed. We have

t—e 1/2
t—y t— 1
dy+/ dyzlogt—log(—t),
/0 [ty e -yl 2

!Observe that by constructiont —e > 0 and t + ¢ < 1/2.
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and

o = L g
-]
(3 o0 (3-0)].

This finally gives that for ¢ € [dg, 1/2 — dg], we have

Us(t) — Us(y) o Us (1)
/P dy < Bt G(t C.5
Am@|tyww y< POty ()

where we set for simplicity

(; —t)l —(1 —t)—ll
-1 <;t>1+ [log(lt)log (; t)] .

With simple manipulations, we see that this can be also written as

G(t) = —% + log (?ff;f;g) )

and thus this is a continuous function on (0, 1/2) such that

GelLl

loc

((0,1/2]), forevery1l < g < oo and lim G(t) = 4o,
()

because of the logarithmic term. If we now define

H(t) =280 forte(O,;) and  H(t) = H(1 - 1), forte<;,1>,

from (C.4) and (C.5), by recalling that ¢ is non-negative we finally get

(U0 = Us®) (#(5) — ()
//RXR

2

This shows that Upg is a local weak subsolution of the the claimed equation (C.3), at least in the open set
I\ {1/2}.

In order to show that Ug is a local weak subsolution on the whole interval I, it is sufficient to use a
standard trick to “fill the hole”: we take ¢ € C§°(I) non-negative and for every natural number n > 5
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we take 1, € C*°(I) such that

- |1 21 2 1 11 1
1/}n:10n1—\|:2—n72+n:|, 'l)/Jn:()On |:2_n,2+n:|,
and
0<vn<l1, |b.|<Cn.

The seminorm of 1), can be estimated by using its properties and an interpolation inequality (see [27,

Corollary 2.2]), i.e.
3 3
by = 1=l <€ ([P )" ([11-valar)
1 1
2 2

142 142 _
sc/ 2 de / - Pdt) <@,

where C' does not depend on n. This in particular implies that the sequence {0, }n>s C L*(I x I)
defined by

Un(t) — Yn(y)
[t =yl

is bounded in L?(I x I), since by construction

U, (t,y) = , fora.e. (t,y) € I x I, (C.6)

1Wnll2(rxr) = W}n]W%’S(D'
Thus, up to a subsequence, it converges weakly in L2(I x I). Thanks to the properties of t,,, such a limit

function must coincide with the null one.
The test function ¢ 1), belongs to C5°(I \ {1/2}) and is non-negative. From the first part we get

(Us() = Us()) (#(t) () = () vn(v)
// 5 dt dy
RxR ‘t - y‘ (C.7)
< [0 + 77| v ety ar

We wish to pass to the limit in (C.7), as n goes to co: for the right-hand side, it is easily seen that

i [ 110050+ ;2 | 0w = [ [00:0 + 2

n—oo Jr — t)

by the Dominated Convergence Theorem. As for the left-hand side, we split the integral as follows:

Up(t) p(t) dt,

I (Ustt) = Us®) (£(0) ¥alt) ~ 00) 0nl0)) N

t—yl?
_ // (Us(®) = Usw)) (28 u®) = 0(1) uw)
X1

[t —yl?

dt dy

(Us(0) = Us(w) (t) 6 (t)
+2 //1 e dt dy,

[t —yl?



C.2. Negative powers of the distance in the borderline case s = 1/2 153

where I’ €@ I"” € I and I’ contains the support of ¢. For the last integral we can easily pass to the limit
as n goes to oo, for the first one we proceed as follows

i (U~ Us()) (00) (1) — 0(0) i (v)

dt dy
it —yl?

_ // ” (Uﬁ(t) - Uﬂ(@/)) () = W) wn () + tnly) sty

It —yl? 2

N //HXZN (Uﬁ(t) - Uﬂ(?J)) (Vn(t) — vn(y)) o(t) + o(y) sty

It —yl? 2
By using that
(Us(t) = Us) (1) = ¢(v)
it =yl
and the properties of 1), it is easily seen that

c LI(I// % I//)7

i [ (Us®) = Us®)) () = ) p(t) + ()

dt dy
= o2 2

n— oo

dt dy,

-l (Us() - Us)) (o0) — o(0)

[t —yl?

again thanks to the Dominated Convergence Theorem. Finally, the last integral is the most delicate one:
with the notation (C.6), we can write

(U0 = Us®)) (¥nl) = n®) (2 + ()
[t —yl? 2

= ®(t,y) Un(t,y),

where

(Us() = Us®)) o) + o)

LQI// I”.
= g Sl

(t,y) =

Thus, by using the weak convergence of {¥,, },,>5 previously discussed, we get

lim dtdy = 0.
n—oo

i (U5(0) = Us) (0n(8) = ¥u () (1) + (1)
1" I |t — y|2 2

Finally, we obtain that we can pass to the limit in (C.7) as n goes to co and obtain
Us (1)

dtdy</I{H(t) Uﬁ(t)+2(16_t) +2U5t(t)

o(t) dt,

i (U0 = Us(®) (#(0) = ()

[t —y|?

for every ¢ € C§°(I) non-negative, as desired. O
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APPENDIX D

SOME FACTS ABOUT POLYTOPES

§D.1 Properties of polytopes

This appendix is devoted to the study of some properties of polytopes in R, which are largely used in
Section 7.1.

For every convex set C' C RY, we will denote by relint(C) its relative interior and by relbd(C) its
relative boundary, once we regard C' as a subset of its convex hull. We define the dimension of C' as the
dimension of its convex hull and we indicate it by dim(C'). Conventionally, the empty set has dimension
-1

Definition D.1.1. Let C C RY be a not empty convex closed set. A convex subset S C C is a face of C
if each segment [z, y] C C satisfying S Nrelint([x, y]) # 0 is contained in S.

We denote by F(C) the set of all faces of C' and by F;(C) the set of all faces of C having dimension
i, for every 0 < ¢ < dim(C) — 1. The empty set and C itself are faces of C'; the other faces are called
proper. Every (dim(C) — 1)-dimensional face of C is called a facet of C.

We can summarise the main properties of faces in the following theorem (see [120, Section 2.1]).
Theorem D.1.2. Let C C RY be a not empty convex bounded closed set. Then

1. the faces of C are closed;
if F # C'is a face of C, then F Nrelint(C) = 0;
if G and F are faces of C, then G N F is a face of C;

Ao

if G is a face of F and F is a face of C, then G is a face of C;
5. each point x € C is contained in relint(F') for a unique face F' € F(C).

Definition D.1.3. We say that K C R is a polytope if it is the convex hull of finitely many points of
RN,

We recall that, thanks to [120, Theorem 1.1.11 and Theorem 2.4.7], a polytope is a compact convex set.
Moreover, each proper face of K is itself a polytope and is contained in some facet of K.

Furthermore, we recall that if K is a polytope and 0 € int(K), then the following facts hold:
(i) the polar set K° = {x € RN : (x,y) < 1, forevery y € K} is itself a polytope;

(ii) if F is a face of K then the conjugate set F = {z € K°: (z,y) = 1, forevery y € F} isitself a
polytope such that R
dim(F) = N —dim(F) — 1;

(iii) if F, G € F(K) are such that F C G, then F > G,
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(iv) the application F s F is a bijection from F (K) to F(K°).

In the sequel we need the following result.
Lemma D.1.4. Let K be a polytope and assume that 0 € int(K). Then,
1. if S, S are facets of K such that S # S’ then S Nrelint(S") = (;

2. for every facet S of K, if z € relbd(S), then there exists another facet S # S of K such that

z € S. In particular, z € relbd(S) Nrelbd(S).

Proof. 1. Without loss of generality, we assume that ' = SN S’ # (). Since S # S’, we have that F'
is a proper face of S’. Then, by Part (2) of Theorem D.1.2, we have

S Nrelint(S") € SN S Nrelint(S") = F Nrelint(S") = 0;

2. let S be a facet of K and let z € relbd(S). Then, there exists a facet F' of S such that z € F.
Then, by Part (4) of Theorem D.1.2, we have that F' € F(K) and dim(F') = N — 2. This implies
dim(F') = 1. Therefore, there exist exactly two points ', 2/, such that 2’ # 2’ and

~

F =2

Then, thanks to properties (iv) and (ii) above, there exist two facets S’, 5" € F(K), with S" # 5",
such that §" = {2} and S” = {2"}, and, by property (iii), it holds

zch{:z:/’\}m{:z:/"\}:S’ﬂS”,

namely, there exists at least another facet S = S containing z. Since z € relbd(S)ﬂg c SNS and,

thanks to Part (1) of this lemma, S Nrelint(S) = (J, we can conclude that z € relbd(S) Nrelbd(S).
O

§D.2 A generalization for Makai’s covering argument

In the next lemma, we extend to every dimension the argument applied by Makai in [102] in order to
divide the interior of a polytope K, when int(K') # (), in a finite number of suitable convex open subsets
with a particular property.

Lemma D.2.1. Let N > 2 and K C RY be a polytope such that 0 € int(K). Let Q = int(K) and
let S1,Sa, ..., Sy be the facets of K. For everyi € {1,...,h}, letl; : RN — H; be the orthogonal
projection on the affine hyperplane H; containing S;. Define

Q; = {meQ:dsi(x):dQ(m)}, (D.1)

where

ds,(z) = yrrenép |z —yl.

Then, for every i € {1,...,h}, the following facts hold:

1. ifx € Q, then I1;(x) € S;. In particular 11;(x) is the unique minimizer of the problem defining
dSz‘ (!E),
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0 Smamamam s M e < Qy

Afin)  |[N12) M filys)| v
(yla O) (y27 0) Sl (ySa 0)
FIGURE D.1: The partition of @ = (—%, £) x (0, 1), when L > 1, by means of the
sets €2;, and the function fi = fi(y) with (y,0) € Si1. We note that fi(y3) = 1/2 =

L/2 Ys.

IT;(x) € relint(S;), for every x € Q;
Q; is a convex set;
int(Qi) 75 @,‘

Q; can be included in a rectangle with base S; and height rq;

S

6. for every xq € relint(.S;), there exists a unique yo € 0Q; N Q such that 11;(yo) = xo.

In particular, the restriction T1; : 9Q; N Q — relint(S;) is a continuous bijection.

Proof. First of all, we notice that, since int(K) # (), we have that 2 = K. Now, we prove every part

separately. Letus fix ¢ € {1,...,h}.

1. Let x € €;. By contradiction, if II;(z) ¢ K, then the segment [z, II;(x)] would intersect I in a

point z. Since z # II;(z), then z € S, with S; # S;. Hence, as x € §;, we would have that

da(2) < ds; () < |o — 2| < |z —1Li(2)] = min |z —y| < ds, (2) = da(2),
Yy i

which is a contradiction. In particular, using the fact that IT; (x) € S;, we get that

ds.(@) = mip |o — y| < o ~ L(2)] = min 2 — 9| < ds,(2)

that is, IT; () is the unique minimizer of the problem defining dg, (x);

2. by contradiction, let us suppose that IT;(x) € S; \ relint(S;) = relbd(.S;). By Lemma D.1.4, Part

(2), there exists S; # S; such that IT;(z) € S;. Since

ds, (2) < o — L(2)] = ds, () = da(z) < ds, (),

we get that
ds,(z) = |z — ;(x)|.

Being II;(z) € S}, by uniqueness, we would obtain IT;(z) = II;(x) € H; N H;. Then H; = H},

giving the contradiction S; = S;;

3. by contradiction, assume that there exist 2,y € ; and A € (0,1) suchthatz = Az + (1 — )y ¢

Q;. Hence z € ), for some j # 4, and

dQ(Z) = de (Z) <dsg, (Z)

(D.2)
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Since €2 is a convex set, then the distance function dg is a concave function (see [6]), hence, it
follows that

do(z) = do(Ax + (1 = A)y) = Ada(z) + (1 = A) da(y). (D.3)
On the other hand, by Part (1), we have that IT;(x),II;(y) € S;. By linearity, we get that
IL;(2) = ALi(z) + (1 = A ILi(y) € S;,
which implies that
ds,(z) = |z = ILi(2)| < Mz —ILi(z)| + (1 — Ny — ()| = Mda(z) + (1 — A) da(y). (D.4)
By combining (D.3), (D.4) and (D.2), we obtain a contradiction;
4. let zp € relint(.S;), then, by Part(1) of Lemma D.1.4, we have that zo ¢ S, for every S; # S;. We
set gj(-) =ds;(-) —ds,(-), then, it holds that
g;(wo) = ds, (w0) > 0.
Being g; a continuous function on R”, there exists B, (o) such that g; > 0 on B, (), for every
j # i. Hence dgo = dg, on the open set B,(zo) N # (), which implies that B,(zo) N Q C €,
giving the desired conclusion;
5. without loss of generality, suppose that
Hy={x=(y,t) eRV"I xR: t=0}.
Hence, thanks to Part (3), one of the following inclusion holds
Q c{y,t) eRN"I xR: t >0} or Qi C{(y,t) eRN"LxR: ¢t <0}.
In both cases, since
[t| = ds,(x) = da(x) < rq, for every = € €,
we obtain the claimed conclusion;
6. let zo € relint(S;). Since int(£2;) # @, we can take an open half-line r,,, with origin = such that

it is perpendicular to S; in z¢ and r,, N int(;) # 0. Being ; bounded set and 7, a connected
set, we obtain that r,, N 9€; # (. Moreover, as 9Q; = (0Q; N Q) U S; and r,,, N.S; = (), we also
have that

Zl(l‘o) =Ty M 00; N # 0.

Now, we will show that ¥;(x) consists in exactly a point. Indeed, we note that if y' € 3;(z0),
then
|20, ¥ [=]z0, 2] U [z, y'[C int (), for every x € ry, Nint(£2;).

In particular, if 3/, y" € X;(z¢), with ¢’ # ", then we would obtain the contradiction

1

y" €lxo,y'[C int(€;) or y' €lzo,y"[C int(Q).
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