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Introduction

The work presented in this thesis is aimed at providing new models and methods
for the Maximum Likelihood Estimation of the parameters of statistical models. In
particular, the work is focused on two closely related subfields: the clustering of Mix-
tures of Gaussians and the Clusterwise Linear Regression.

Clustering Mixtures of Gaussians

Clustering methods aim at grouping similar data points together, while maximizing
the dissimilarity between different groups. This is a fundamental task in data anal-
ysis and statistical learning, which plays a pivotal role in various domains, includ-
ing medicine [1], image analysis [2], customer segmentation [3], and social network
analysis [4] among others. Traditional model-based clustering algorithms, such as
k-means [5] and mclust [6], have made significant contributions to the field. The
theoretical guarantees for the recovery of the clusters with SemiDefinite Program-
ming (SDP) relaxations of the Gaussian Mixture Models have been extensively stud-
ied in [7], [8], [9], [10], [11]. However, the ever-increasing complexity and dimen-
sionality of data pose new challenges that call for innovative approaches. In particu-
lar, traditional approaches rely on resampling techniques as a part of an Expectation-
Maximization (EM) algorithm [12], which requires evaluating a large number of sub-
samples as the model dimension or the number of groups increase. Moreover, only a
local optimum can be achieved, which can be substantially far from the global one if
one does not consider a sufficient number of subsamples.



2 Introduction

In Chapter 1, we propose a novel clustering method that leverages semi-definite
programming (see, e.g., [13]) to address these challenges and to enhance the accuracy
of model-based clustering methods. Our clustering method, bclust, follows the
common approach of maximizing the log-likelihood of a Gaussian Mixture Model.
We find a (local) maximum by solving a set of Mixed Integer Semidefinite Program-
ming (MISDP) problems. In this way, we are able to refine an initial assignment. We
will show that this approach improves the log-likelihood objective function, com-
pared to traditional EM-type algorithms, at the cost of a higher computational bur-
den. Moreover, it offers better solutions in terms of assignments (e.g., in terms of
the Adjusted Rand Index (ARI; [14])). In principle, the proposed method could also
be employed to detect the global optimal solution. However, computing times grow
exponentially with respect to the data set cardinality. Hence, in general, finding the
global optimum is not possible in real-world applications. Even though the employ-
ment of artificial neural networks to solve Mixed-Integer Problems is an active area of
research [15] we decided to instead rely on classic approaches to obtain some (local)
optimality guarantees. Extensive Monte Carlo simulations and real-world applica-
tions demonstrate the effectiveness of our approach in tackling clustering problems.

Chapter 1 is organized as follows. In Section 1.1, we review the relevant litera-
ture on model-based clustering under Gaussian assumptions, and we describe existing
methods based on semi-definite programming. Section 1.2 details our bclust pro-
posal based on MISDP. Section 1.3 highlights its effectiveness through Monte Carlo
simulations, and real-world applications are described in Section 1.4.

Clusterwise Linear Regression

Mixture models offer a powerful probabilistic framework for capturing the inherent
heterogeneity in a population, where data may arise from unobserved subpopulations
with distinct characteristics. In the realm of supervised learning, Clusterwise Re-
gression Models (CRM) provide a valuable tool for uncovering relationships within
such heterogeneous populations [16]. They model the relationships between a re-
sponse and a set of explanatory variables coming from several latent components,
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and their diverse applicability extends across various domains, including engineering
[17], economics [18], environmental sciences [19], and sociology [20]. Unlike tradi-
tional regression models, which assume a single underlying relationship for all data
points, CRM techniques aim to group the data into distinct clusters, each governed
by its own regression model.

Chapter 2 focuses on clusterwise linear regression [21], a specific class of CRM
well-suited for modeling linear relationships within clustered data arising from a
Gaussian mixture. Estimating the parameters of such models presents a significant
challenge due to the complexity of the parameter space and the potential presence of
multiple local optima. Existing optimization methods primarily rely on the Expectation-
Maximization (EM) algorithm [22], which, due to its local search nature, typically
converges to local optima and does not allow the assessment of the solution quality.
To address these issues, several mathematical optimization approaches have been put
forward to estimate the parameters of a wide spectrum of models [23].

The focus of this chapter is on the maximization of the likelihood of Gaus-
sian Mixture Models. Existing approaches try to find either a local optimum with-
out any quality guarantees or the global optimum. On the other hand, our approach
pclustreg finds solutions that, with a desired probability s < 1 are guaranteed to
be as good as the unknown ground-truth with respect to the value of the objective
function. This is achieved under minimal assumptions on the true model parameters.
The method is based on a probabilistic branch-and-bound approach that exploits the
distribution of the sum of squared residuals to compute good probabilistic bounds. In
addition, we show, through experimental tests on synthetic and real-world data, that
our approach can also be employed as a competitive heuristic to find good solutions
while keeping the computational costs under control.

The content of Chapter 2 has been presented at the conference ODS2024 and
will be included in the proceedings, in a volume of the AIRO Springer Series with
the prospective title “Operations Research: closing the gap between research and
practice”. The version reported in this thesis is reproduced with permission from
Springer Nature.

Chapter 2 is structured as follows. Section 2.1 describes the model and its as-
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sumptions and formulates the problem. Section 2.2 introduces our approach and
presents some theoretical results on its performance. Section 2.3 reports on exper-
iments carried on synthetic datasets. Section 3.3 presents a real-world use-case sce-
nario that highlights the advantages of our approach.

The limitations of the approach described in Chapter 2 are highlighted and dealt
with a new proposal in Chapter 3. In particular, the main difference lies in the use
of a different probability distribution. Moreover, Chapter 3 presents thorough test-
ing of such improved version of pclustreg on synthetic datasets. Chapter 3 is
structured as follows: Section 3.1 shows the modified upper bound method and the
proof of its correctness, Section 3.2 illustrates the performance of the new version
of pclustreg with synthetic tests in different scenarios, Section 3.4 reports and
discusses relevant implementation details.



Chapter 1

A Mixed Integer Semidefinite
Programming Approach for
Cluster Analysis in Gaussian
Mixture Models

Considerate la vostra semenza:
fatti non foste a viver come bruti

ma per seguir virtute e canoscenza

– Dante Alighieri

1.1 Background

Clustering techniques aim at grouping a set of observations X = {x1, . . . ,xn} ⊂ Rp

into k ≥ 2 homogeneous groups in an unsupervised manner. It is customary to as-
sume the presence of multivariate normal components and then derive the Maximum
Likelihood Estimator (MLE). In this chapter, we focus on the classification likeli-
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hood approach which, unlike the mixture likelihood, provides a crisp assignment of
each unit to a certain component. Namely, in the Gaussian classification likelihood
framework we maximize the following log-likelihood:

max
H ,{µ j,Σ j} j=1,...,k

k

∑
j=1

∑
xi∈H j

log{π jφ(xi; µ j,Σ j)}, (1.1)

where H = {H1, . . . ,Hk} is a partition of the units labels {1, . . . ,n} into k clusters, π j

are positive weights such that ∑
k
j=1 π j = 1, and φ(·; µ j,Σ j) is the probability density

function of a p-variate normal distribution with mean µ j ∈ Rp and covariance matrix
Σ j ∈ Rp×p. Namely:

φ(xi; µ j,Σ j) = (2π)−
p
2 det(Σ j)

−1/2 exp
[
−1

2
(xi −µ j)

T
Σ
−1
j (xi −µ j)

]
,

where det(·) denotes the matrix determinant. Hence, clusters are ellipsoidal, centered
at µ j, and their geometric features depend on the covariances Σ j.

However, without additional constraints on the Σ j’s, the optimization problem in
(1.1) may lead to degenerate solutions [24]. Constraints on their determinants or on
the scatter matrices themselves could be used [25, 16], which are linked to the well-
known Gaussian parsimonious model family [26]. However, they do not guarantee
the absence of degenerate solutions (e.g., some eigenvalues of Σ j may remain close
to zero), although all determinants are bounded away from zero. To address this prob-
lem, [27] proposed the tclust algorithm for clustering with mixture of Gaussians
in the presence of outliers, and includes a constraint on the overall maximum ratio be-
tween the eigenvalues of all the covariance matrices. A fast algorithm to enforce the
constraint is presented in [28]. Moreover, [29] recently proposed to control not only
the overall ratio among the eigenvalues of all the covariance matrices Σ j, but also the
ratio of the eigenvalues for each distinct Σ j. Specifically, consider the decomposition
of Σ j, for j = 1, . . . ,k, as

Σ j = λ jΩ jΓ jΩ
T
j

where det(Σ j) = λ
p
j , Ω j is an orthogonal matrix of eigenvectors, Γ j is a diagonal

matrix composed by the elements
{

γ j1, . . . ,γ jp
}

, which are proportional to the eigen-
values of Σ j’s, and such that det(Γ j) = 1. Here, the Γ j’s are denoted as shape matrices
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since they determine the shape of the resulting clustering partition. Shape constraints
are thus enforced as

maxh=1,...,p γ jh

minh=1,...,p γ jh
≤ r2

for an arbitrary constant r ≥ 1.

The resulting optimization problem is typically tackled through the so-called
Classification EM (CEM) algorithm [30, 12].

1.1.1 Clustering and Mixed-Integer SDP approaches

In this subsection, we review the literature on Mixed Integer Semidefinite Program-
ming (MISDP) approaches to model-based clustering, in settings similar to the one
discussed in this chapter. In [31], the authors propose a theoretical framework based
on the 0-1 SDP reformulation of the Minimal Sum Of Squares Clustering (MSSC
for short, which is an instance of the Gaussian Mixture Model where all covariance
matrices are set equal to the identity). In [32], the authors propose a linear relaxation
of the 0-1 SDP reformulation, which can be used to approximate the optimal solution
of MSSC. In [33], the authors extend the work of [31] on the MSSC problem to a
branch-and-cut scheme that solves LP relaxations of the 0-1 SDP reformulation with
additional cutting planes. The proposed algorithm is able to recover the exact solu-
tion to the MSSC problem in a variety of small datasets. In [34], the authors present a
novel branch and bound and cut algorithm that is shown to be able to solve exactly in-
stances of real-world datasets of up to 4000 data points. Lower bounds are computed
by solving SDP problems through the recent first-order SDP solver SDPNAL+ [35].
Bounds are also improved through the addition of different cutting planes. In [36], a
branch and cut approach based on the solution of SDP relaxations of the cardinality
constrained MSSC is proposed and shown to exactly solve instances up to 10 times
larger than the ones solved by other state-of-the-art exact solvers. In all these papers
the distance between points is the Euclidean one, so that the identified clusters tend to
have a spherical shape. A few other approaches deal with ellipsoidal clusters. In [37],
the authors propose an approach for a covering problem. They use a MISDP refor-
mulation that is similar to the one proposed in this chapter, but that only minimizes
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the sum of the volumes of the covering ellipsoids. They also introduce linear con-
straints to avoid the degeneration of ellipses into lines. They use a branch and bound
approach to solve the problem and precompute a good upper bound through various
algorithms, including k-means and subsampling. In [38], the LA-SDP (likelihood
adjusted SDP) approach is proposed. This approach alternates between the solutions
of two maximization problems. The first one is an SDP relaxation with fixed co-
variance matrices (basically, the same relaxation as the one for MSSC, but with the
Mahalanobis distance replacing the Euclidean distance), and an assignment of points
to cluster is derived from the solution of the relaxation. The solution of the second
maximization problem is given in closed form, and allows one to derive new covari-
ance matrices based on the current cluster assignments.

1.1.2 Statement of contribution

The main contributions of this chapter are the following ones.

• We introduce a reformulation of the clustering problem as a Mixed Integer
Convex Semidefinite Programming problem. The reformulation, which con-
siders the Mahalanobis distance (ellipsoidal clusters), is more general than ex-
isting ones [33, 31, 32, 34, 36], that consider the Euclidean distance (spherical
clusters). With respect to [37], we aim at reconstructing the parameters of a
mixture of Gaussian distributions through likelihood maximization, rather than
optimizing a covering of the points.

• Based on this reformulation, we propose a new optimization approach, bclust,
where b stands for binary, since it is based on binary variables. This is an al-
ternate maximization approach, where, at each iteration:

– First, we fix a cluster assignment, and compute optimal covariance matri-
ces and centroids, through the solution of a nonlinear convex SDP prob-
lem. To avoid degenerate ellipsoids we impose conditions on the ratio of
the eigenvalues of the covariance matrices.
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– Then, we explore a neighborhood of the current cluster assignment by
changing the association to cluster of some suitably chosen points.

The work of [38] studies a problem that is similar to the one studied in this
chapter (it is the same except for the constraints on the eigenvalues of the ma-
trices), but proposes a different approach. Indeed, we solve SDPs to set the
values of the continuous variables (covariances and centroids), while, in [38],
SDP problems are solved to set the values of the combinatorial variables (as-
signment of points to clusters).

• The effectiveness of the proposed approach is demonstrated on both synthetic
and real-world datasets.

1.2 Our proposal: bclust

We consider the special case of (1.1) with equal weights (i.e., π1 = π2 = . . .= πk =
1
k ).

Similarly to the approach in [29], we include the following constraints

λmax(Σ
−1
j )≤ r2

λmin(Σ
−1
j ), j = 1, . . . ,k,

for some r ≥ 1. If we substitute the definition of φ into the objective function, add
the constraint on the eigenvalues, and switch from a maximization to a minimiza-
tion problem by changing the sign of the objective function, we obtain the following
optimization problem:

minH ,{m j,Σ j}k
j=1

∑
k
j=1 ∑xi∈H j log(2π)− log((det(Σ j))

−1/2)+ 1
2(xi −µ j)

′Σ−1
j (xi −µ j)

s.t. λmax(Σ
−1
j )≤ r2λmin(Σ

−1
j ) j = 1, . . . ,k

Σ j ≻ O j = 1, . . . ,k,

where Σ j ≻ O imposes that Σ j is a positive definite matrix. In order to reformulate it
into a Mixed Integer Convex Problem with semidefinite constraints, we first introduce
the change of variables M2

j = Σ
−1
j , j = 1, . . . ,k, with M j ∈ Rp×p and M j ≻ 0. This
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leads to the equivalent formulation:

minH ,{m j,M j}k
j=1

∑
k
j=1 ∑xi∈H j log(2π)− logdet(M j)+

1
2(xi −µ j)

′M2
j (xi −µ j)

s.t. λmax(M j)≤ rλmin(M j) j = 1, . . . ,k

M j ≻ O j = 1, . . . ,k.

Next, we introduce the new vectors of variables yi ∈ Rp, i = 1, . . . ,n, and z j ∈ Rp,
j = 1, . . . ,k, defined as follows:

yi = M jxi, xi ∈ H j

z j = M jµ j, j = 1, . . . ,k.

Since

(xi −µ j)
′M2

j (xi −µ j) = (xi −µ j)
′MT

j M j(xi −µ j) = (M jxi −M jµ j)
′(M jxi −M jµ j) =

= (yi − z j)
′(yi − z j) = ∥yi − z j∥2,

we can replace the vectors of variables µ j with z j, j = 1, . . . ,k, and reformulate the
optimization problem as follows:

miny,z,M,H ∑
k
j=1 ∑xi∈H j log(2π)− logdet(M j)+

1
2∥yi − z j∥2

s.t. λmax(M j)≤ rλmin(M j) j = 1, . . . ,k

M j ≻ O j = 1, . . . ,k

yi = M jxi if xi ∈ H j.

For a fixed partition H , this problem has a convex objective function because both
− logdet(M j) (see, e.g., Example 3.23 in [39]) and ∥yi − z j∥2 are convex functions.
Moreover, constraint λmax(M j) ≤ rλmin(M j) is convex since function λmax(M j) is
convex and function λmin(M j) is concave (see, e.g., Example 3.10 in [39]). Finally,
M j ≻ O is a convex positive definite constraint. Note that such constraint can also be
relaxed into M j ⪰ O, i.e., the requirement that M j is positive semidefinite, since term
− logdet(M j) in the objective function prevents from having an optimal solution with
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null determinant.

Up to now, we have treated sets H j, j = 1, . . . ,k, as optimization variables. We can
make their definition explicit by introducing the binary variables c∈ {0,1}n×k, where

ci j =

 1 if i ∈ H j

0 otherwise.

We need to introduce the following linear constraints, enforcing that each point is
assigned to exactly one cluster, and that each cluster is not empty, respectively:

∑
k
j=1 ci j = 1 i = 1 . . . ,n

∑
n
i=1 ci j ≥ 1 j = 1, . . . ,k.

(1.2)

We also need to introduce n additional vectors of variables z̄i ∈ Rp and n additional
matrices of variables M̄i ∈ Rp×p that are to be made equal, respectively, to z j and M j

of the cluster j if i ∈ H j. More precisely, we need to impose the following implica-
tions:

ci j = 1 ⇒ z̄i = z j i = 1, . . . ,n, j = 1, . . . ,k

ci j = 1 ⇒ M̄i = M j i = 1, . . . ,n, j = 1, . . . ,k.

In general, a logical constraint b = 1 ⇒ a = c where b is a binary variable, can be
rewritten as a couple of linear constraints with a Big-M reformulation:

a− c ≤ (1−b)B, c−a ≤ (1−b)B,

where B is a sufficiently large constant. Indeed, if b = 1 the two constraints reduce to
a− c = 0, while if b = 0 the two constraints are a− c ≤ B and c−a ≤ B, which, for
a big enough constant B (in particular, B should be bigger than |a− c| in the optimal
solution) do not pose restrictions on the optimal value of the objective function. If we
apply this reformulation to the two constraints above, we obtain the following linear
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constraints:

z̄i − z j ≤ (1− ci j)Bz i = 1, . . . ,n, j = 1, . . . ,k

−z̄i + z j ≤ (1− ci j)Bz i = 1, . . . ,n, j = 1, . . . ,k

M̄i −M j ≤ (1− ci j)BM i = 1, . . . ,n, j = 1, . . . ,k

−M̄i +M j ≤ (1− ci j)BM i = 1, . . . ,n, j = 1, . . . ,k.

(1.3)

The choice of Bz and BM requires special care. Values that are too small could exclude
the optimal solution from the feasible region of the problem, and values that are too
high may lead to numerical problems. The rule we chose to set these values will
be discussed in Section 1.2.3. The model can thus be reformulated as follows, after
removing the constant term n log(2π):

miny,z,M,z̄,M̄,c ∑
n
i=1
[
− logdet(M̄i)+

1
2∥yi − z̄i∥2

]
s.t. (1.2), (1.3)

λmax(M j)≤ rλmin(M j) j = 1, . . . ,k

M j ⪰ O j = 1, . . . ,k

yi = M̄ixi i = 1, . . . ,n.

(1.4)

Problem 1.4 is a Mixed-Integer Semidefinite Programming (MISDP) problem
with convex objective function and constraints.

Remark

In order to ensure that the mathematical formulation is free of all possible singulari-
ties it is necessary to add additional constraints that prevent the determinant of each
M j and M̄i from approaching infinity. One possibility is to control the relative sizes
of all the clusters determinants analogously to [29] (taking into account that M = Σ−1

and thus the minimum eigenvalue of Σ−1 is the maximum one of M and vice versa). A
second avenue consists of controlling the relative sizes of the maximum eigenvalues
of each M. A third way to remove all singularities is to add linear constraints limiting
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the sizes of the maximum eigenvalue of each M. All these constraints, and in partic-
ular the second and third proposals are simple to implement and do not change the
class of the resulting optimization problem. It is worth noting that the singularity we
want to avoid is caused by one of the Σ approaching 0 while maintaining the relative
sizes of its eigenvalues. In our formulation this happens only if the corresponding M
matrix approaches infinity while maintaining the relative sizes of its eigenvalues. This
is prevented by the Big-M constraints 1.3, since BM is finite. For the sake of simplic-
ity we do not employ either of the suggested solutions in the rest of this manuscript
and instead rely on the Big-M constraints to avoid singularities.

1.2.1 Restricted problem and iterative local search algorithm

Current solvers for MISDP use branch-and-bound approaches. In general, their com-
putational cost increases exponentially with the number of integer variables. In par-
ticular, Problem (1.4) has nk binary variables ci j. Due to this large number, in real-life
problems, the exact solution of Problem (1.4) is computationally unfeasible. To over-
come this problem, we present a local search strategy, based on the reduction of the
number of binary variables in Problem (1.4). Namely, we solve a sequence of MISDP
Problems (1.4). In each problem, we hold most binary variables ci j to the value of the
previous iteration. We use a heuristic to decide the subset of variables ci j that we can
change in current iteration.

In more detail, assume a feasible solution is available, with binary variables val-
ues c̃i j, i = 1, . . . ,n, j = 1, . . . ,k. Let A ⊂ X be the set of assigned points (i.e., the set
of points for which we do not want to change the current assignment to a cluster).
This can be imposed by adding the following constraints to (1.4):

ci j = c̃i j, i ∈ A, j = 1, . . . ,k. (1.5)

Note that fixing these binary variables also allows setting variables z̄i and M̄i equal to
z j and M j, respectively, if c̃i j = 1. If we denote by F = X \A the set of ’free’ points
(i.e., those for which the assignment to a cluster is not fixed), then the number of bi-
nary variables is reduced from nk to |F |k. Provided that the cardinality of F is chosen
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sufficiently small, the resulting problem can be solved by existing solvers in a rea-
sonable time. In summary, for a given binary solution c̃ and F ⊂ X (or, equivalently,
A = X \F), the restricted problem is the following:

miny,z,M,z̄,M̄,c ∑
n
i=1
[
− logdet(M̄i)+

1
2∥yi − z̄i∥2

]
s.t. (1.2), (1.3), (1.5)

λmax(M j)≤ rλmin(M j) j = 1, . . . ,k

M j ⪰ O j = 1, . . . ,k

yi = M̄ixi i = 1, . . . ,n.

(P(F, c̃))

In what follows, given an optimal solution (y⋆,z⋆,M⋆, z̄⋆,M̄⋆,c⋆) of problem P(F, c̃),
we set:

Σ = (Σ1, . . . ,Σk), Σ j =
(

M⋆
j

)−2
, j = 1, . . . ,k

µ = (µ1, . . . ,µk), µ j =
(

M⋆
j

)−1
γ⋆j , j = 1, . . . ,k.

(1.6)

Each binary feasible solution c defines a partition of {1, . . . ,n} into k clusters H1, . . . ,Hk.
For a given c, we set ji = j if ci j = 1 (i.e., ji is the index of the cluster to which point
xi belongs, according to c). Now, the question is how to select the subset F . To this
end, we assign a score to each point in X . More precisely, given xi ∈ X , some feasible
binary vector c, and µ,Σ defined according to (1.6), we set:

contri, j =− 1
2(xi −µ j)

′Σ−1
j (xi −µ j)+ log(det(Σ j)

−1/2)

score(i) =−contri, ji +maxl∈{1,...,k}∧l ̸= ji contri,l.
(1.7)

The value contri,j is the contribution of the point xi to the log-likelihood if it is
assigned to the cluster j, provided that the mean µ j and covariance matrix Σ j do
not change (in case j is different from the cluster to which the point xi is currently
assigned). The value score(i) is an estimate of the best change in the log-likelihood
if the point xi is assigned to a different cluster, and l̃i is the index of the cluster which
gives the best contribution score(i). It should be noted that the value of score(i) is
always lower than or equal to the actual change in the log-likelihood because it does
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not take into account how the means and covariance matrices would change (and they
can only change in a way that further increases the log-likelihood). Because of this,
it can happen that the value of score(i) is negative (i.e., it predicts a decrease in
the value of the log-likelihood), but the value of the log-likelihood actually increases
when the point is re-assigned. On the other hand, if score(i) > 0, then the log-
likelihood certainly increases when the point is re-assigned to the cluster

l̃i ∈ arg max
l∈{1,...,k}∧l ̸= ji

contri,l.

The idea behind the heuristic for the local search is to rank the points according to
their scores and, eventually, try to re-assign the points with highest scores. Indeed,
they are the ones with the best chances to increase the log-likelihood function.

1.2.2 bclust algorithm

We are now ready to describe our iterative clustering algorithm, called bclust,
which is described in Algorithm 1. First, given an initial valid cluster assignment c0,
we solve problem P( /0,c0), and store in Ob j the optimal objective value. We de-
fine vector µ and the collection of matrices Σ according to (1.6) (line 2). Next, in
the outer while loop (at lines 4-19), we enter the inner while loop (at lines 7-
13). Here, at first, we compute vector q̃ containing, for every point, the index of the
cluster that yields the best individual contribute for that point (line 8). We solve prob-
lem P( /0, q̃), and compute the new optimal means and covariance matrices (stored
in nµ,nΣ) from (1.6) (line 9). In case the new solution improves the current one, we
update the current solution (line 11), otherwise we exit the inner while loop (line
13). Once we exit the inner while, which implements the standard classification EM
algorithm (see also Remark 1), at line 14, we define, according to some policy that we
will discuss later, a collection F of subset of points. Then, we enter the for loop at
lines 15-19, where, for each member F of the collection, we solve Problem P(F,c),
and use its solution to compute nµ,nΣ,nOb j,nc (line 16). In case the objective func-
tion value nOb j (the optimal value of problem P(F,c)) is lower than Ob j, the best
value observed so far (line 17), we update Ob j,µ,Σ,c, and record an improvement
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(line 18). We iterate the outer while loop at lines 4-19 until its execution does not
improve the objective function (i.e., improved is not set to 1). The output of the
algorithm is the current binary vector c, that represents the partition of X into k clus-
ters.

1.2.3 Implementation details

We now briefly discuss the choice of Bz and BM. When solving the problem P( /0,c)
at lines 2 and 9, there is no need to set specific values for such constants. Indeed, all
binary variables are set in advance, and the set of free points is empty (i.e., F = /0).
Instead, when solving the problem P(F,c) at line 16, we need to choose suitable
values for Bz and BM. In our experiments we set:

Bz = 2 max
j=1,...,k

∥z j∥∞, BM = 2 max
j=1,...,k

∥M j∥∞,

where z j and M j, j = 1, . . . ,k, are those corresponding to the current best known
solution. Empirically, we found that this is a good choice, because it avoids numerical
problems without cutting away the optimal solution from the feasible region. The
rationale is that, when the number of points to be re-assigned is small, the values of
z and M can only change by small amounts. It is worthwhile to make the following
remark. When solving the full problem (1.4), we need to guarantee that the value
chosen for Bz and BM do not cut away optimal solutions. But when we solve the
subproblems P(F,c) at line 16, cutting an optimal solution does not compromise
the execution of the bclust algorithm, which may simply be unable to detect an
improvement when this is instead possible. Therefore, the choice of suitable values
for Bz and BM is less critical in this case.

Remark 1. It is worthwhile to remark that the first inner while loop in bclust im-
plements the standard classification EM algorithm used by tclust (in the absence
of outliers), but with a different definition of matrices Σ j and vectors µ j, j = 1, . . . ,k.
Indeed, by solving exactly the SDP problem P( /0,c) for a given assignment c, we are



1.2. Our proposal: bclust 17

Algorithm 1: Routine bclust
input : X ,c0,d,D
output: c

1 c = c0;
2 Solve problem P( /0,c) and set Ob j equal to its optimal value; compute µ,Σ from (1.6);
3 Set improved = 1;
4 while improved do
5 Set improved = 0;
6 Set exitWhile = 0;
7 while not(exitWhile) do
8 Compute q̃ = (q̃1, . . . , q̃n) with q̃i = arg max j∈{1,...,k} contri, j for i ∈ {1, . . . ,n};
9 Solve problem P( /0, q̃) and set nOb j equal to its optimal value; compute nµ,nΣ

from (1.6);
10 if nOb j < Ob j then
11 Set c = q̃, Ob j = nOb j, µ = nµ ,Σ = nΣ, improved = 1;

12 if nOb j ≥ Ob j then
13 exitWhile = 1;

14 Generate, according to some rule, a collection F of subsets of points;
15 for F ∈ F do
16 Solve problem P(F,c) and set nOb j equal to its optimal value, nc equal to the

optimal c vector, and compute nµ,nΣ from (1.6);
17 if nOb j < Ob j then
18 Set improved = 1, Ob j = nOb j, µ = nµ , Σ = nΣ, c = nc;
19 Break For loop;

20 return c;
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able to compute matrices Σ j and vectors µ j, j = 1, . . . ,k, which fulfill the constraints
on the eigenvalue ratios, and maximize the likelihood, under the current assignment
c. The second loop, the inner for loop, implements a heuristic based on the exact
solution of restricted MISDP problems, through which one can often escape the local
minimum found by the EM algorithm. Because of this, our approach can be seen as
a generalization of the classification EM algorithm.

Remark 2. Our bclust proposal takes an initial assignment as the starting point,
and tries to refine it by improving the objective function. The initial assignment can be
generated randomly, but the most effective way to employ the bclust algorithm is to
initialize it with the solution of another algorithm (in our experiments tclust; see
Sections 1.3-1.4). It is possible to start bclust from an ensemble of initial random
assignments, but this is computationally expensive due to the high number of MISDP
problems to be solved. It turns out to be better to run bclust one or few times,
seeding it with carefully selected initial assignments, such as those returned by other
clustering algorithms, like tclust, whose solutions are then refined by bclust.

In bclust, we optimize both with respect to continuous variables (Σ j and µ j,
for j = 1, . . . ,k), and with respect to binary variables (c, which define the assignment
of points to clusters). Obviously, for a fixed set of binary variables c, the covariance
matrices Σ j and the centroids µ j for j ∈ {1, . . . ,k} are the optimal ones, under the
constraints on the ratio of the eigenvalues. This is true since we solve exactly SDP
problems P( /0,c). Concerning the combinatorial part, we can prove the following
local optimality result.

Proposition 1. Algorithm bclust, described in Algorithm 1, terminates, and its
output c is a (locally) optimal solution of Problem P(F, c̃), with respect to the neigh-
borhood defined by the collection of subsets F .

Proof. Proposition 1 By contradiction, assume that bclust does not terminate. This
implies that bclust updates variable Ob j an infinite number of times. Denote by Oi

the corresponding sequence of values for Ob j, and, by ci, the corresponding values
for c. Sequence Oi is monotone strictly decreasing. Hence, the values of sequence ci
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are all distinct. Since ci belong to a finite set, there does not exist an infinite sequence
of distinct values for ci, leading to a contradiction. The second statement is trivial.
Indeed, bclust terminates only if none of the possible points reassignments in F

leads to an improvement of the objective function value.

Choice of r

As said, parameter r constrains the eigenvalues of the covariance matrices of the clus-
ters. A full discussion of the choice of r is outside the scope of this work. However,
we briefly discuss a possible way to tackle such choice. One could adopt an auto-
mated procedure involving an extension of the BIC [40], introduced in [41]. This can
be used to select the value of r by executing the routine bclustwith multiple values
of r, computing the BIC on the obtained solutions, and choosing the value of r which
gives the lowest BIC. In fact, rather than selecting a single value r, one could also re-
turn all solutions computed by the routine bclust, with different values of r. Then,
the user could choose among them, possibly exploiting some additional knowledge
about the problem.

1.2.4 Hyperparameters overview

In the discussion of bclust we have made use of several hyperaparameters. For the
sake of clarity and usability of this manuscript we list them in this section and provide
a brief description for each one. The purpose of this list is to offer a bird-eye view
over all the hyperparameters at play and in-depth discussions presented in previous
sections regarding each hyperparameter are not repeated here.

• k: a numerical hyperparameter equal to the number of clusters. If the number
of clusters is known beforehand than it is actually a fixed number.

• r: a numerical hyperaparameter that controls the ratio of the maximum eigen-
value to the minimum eigenvalue of each cluster matrix. It must satisfy r ≥ 1.

• Bz,BM: Big-M reformulation constants. They must be big enough to not cut the
optimal solutions while also small enough to avoid numerical problems.
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• the algorithm to compute F : how to obtain the family of sets of points defining
the neighborhood of the current solution to search into for improvements in the
objective function.

• the algorithm used to obtain the starting point: it can be a random starting point
or it can be obtained through other methods such as tclust, and in the latter
case whe should also consider the hyperparameters of the method used.

1.3 Numerical experiments on synthetic data

As said, bclust can be considered a generalization of the classification EM algo-
rithm. The proposed local search procedure allows one to improve the log-likelihood
with respect to an initial assignment. In our numerical experiments, we used tclust

to find an initial cluster assignment. Then, we ran bclust to improve the log-likelihood.
In the following, we first present the clustering methods that we compared. Then, we
introduce the metrics used to evaluate such methods. Finally, we present four differ-
ent numerical experiments. We ran the experiments on a machine with an Intel Xeon
Gold 6238R CPU with 64 Gigabytes of RAM.

1.3.1 Compared methods

We compared the following methods:

• bclust: this is built considering a collection F of subsets of points made up
of singletons. Namely,

F =
{
{xi j} : j = 1, . . . ,h

}
,

i.e., F contains h singletons, each one containing one of the first h points
ordered according to the scores. In particular, we set h = n

10 , i.e., we considered
the best 10% of points according to the score value. This way, in the For loop
at lines 15-19 of the bclust algorithm, we perform an exhaustive search for
a point to re-assign among the best 10% points.
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• tclust: it is a clustering algorithm presented in [29] and implemented in
the FSDA MATLAB toolbox presented in [42]. Since it is a robust clustering
algorithm it can detect outliers. Our model can be naturally extended to support
the detection of outliers by treating them as an additional cluster with points
not contributing to the objective function and a cardinality constraint to fix its
size. This extension is left out of this work and is planned for future ones.
Since in our settings outliers are not considered, we disabled this functionality.
The restriction factor in tclust allows imposing the same constraints on the
eigenvalues of the shape matrices as in bclust.

• A random cluster assignment which we used as a baseline for the value of the
objective function.

• An oracle benchmark which relies on the knowledge of the true assign-
ments. This is an unfeasible estimation strategy which is only used as a bench-
mark.

Choice of F in bclust

In bclust, the choice of family F is particularly critical. By Proposition 1, if we
increase the cardinality of F , we enlarge the local search set, and improve the quality
of the final solution. However, obviously, we also increase the computational time.
We tried different strategies to choose F . Essentially, we considered two alternative
policies. In Policy 1, given an integer constant u > 1, we set F equal to the family
of h sets of cardinality u, whose score sum is highest, where the score of a set I is
equal to ∑i∈I score(i). In Policy 2, we chose a family F composed of h singletons,
consisting in the h points with the highest score. Note that Policy 2 corresponds to
Policy 1 with u = 1. With this choice, Problem P(F, c̃) has only k binary variables.
Higher values of h lead to better results, but also to higher computational times.

Overall, Policy 2 gives the best results, in terms both of computational times,
and quality of the obtained solution. In particular, the computational time of Pol-
icy 1 is larger because the corresponding elements of F have a larger cardinality.
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In general, the number of possible assignments and, thus, the time needed to solve
Problem P(F, c̃), grow exponentially with respect to the number of free assignments.

Also, in general, for equal values of h, Policy 2 gives solutions of better quality
with respect to Policy 1. This is due to the fact that, in Policy 1, most subsets of cardi-
nality u > 1 in F contain just different combinations of the points with highest score.
Hence, overall, Policy 1 tests less points for reassignment with respect to Policy 2.
This makes more difficult to improve the current solution.

A third possible policy consists in using Policy 1, with values of u from 1 up to an
upper cardinality ū. In general, this policy improves the quality of the solution, since
it increases the cardinality of F , but at the price of very large computational times.

Based on the previous discussion, we decided to run our tests with Policy 2. We
tried different strategies to choose h. First, we simply set h = n. In this way, we
choose the point to re-assign by performing an exhaustive search among all points.
Obviously, this is the choice that allows us to find the best value for the objective
function, but at the cost of a large computational time. At the end, as said, we set
h = n

10 . Overall, according to our experiments, this choice is a good compromise
between clustering performance and computational time.

1.3.2 Performance metrics

To compare different clustering methods, we used the following metrics:

• The value of the objective function (Ob j);

• The Adjusted Rand Index (ARI) [14], computed with the RandIndexFS func-
tion of FSDA, which can only be used in scenarios in which the true labels are
already known (i.e., only for benchmarking) since its computation involves
their values, it is a value between −1 and 1 in which 1 is perfect recognition
and 0 is the expected value for a random assignment;

• The computational time in seconds (t(s)).
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1.3.3 Generation of synthetic data

We ran some experiments on synthetic clustering problems, based on random data
obtained from a mixture of Gaussian distributions. The number of points is the same
in each test, and is equal to n = 200. We varied the following parameters: the num-
ber of clusters k, the dimensionality of the dataset p, the restriction factor r2, the
degree of overlap between different clusters ω . For each combination of parameters,
we generated the dataset with a mixture of Gaussian distributions using FSDA func-
tions MixSim and simdataset. First, we used MixSim to generate the mixture of
Gaussian distributions with a “restriction factor” of r2 (the maximum ratio between
the eigenvalues of the covariance matrices of the Gaussians) and the average overlap
ω . Then, we used simdataset function to generate n points, and their correspond-
ing labels, according to the distribution generated with MixSim. We conducted ex-
periments in four different scenarios. In each scenario, one of the parameters of the
simulation was changed while the others were kept fixed. For each combination of
parameters, we generated 100 runs with different random number generator seeds.
Tables 1.1-1.4 contain simulation results for the four scenarios of interest. Here, for
each of the considered methods and performance metrics, we report their means (with
standard deviations in parenthesis) across the 100 random runs.

Simulation scenarios

We consider the following simulation scenarios:

• Scenario 1: varying dimensionality. We let the dimensionality of the dataset p
take the values of 2,4,6,8,10, with the other parameters fixed: k = 4, r2 = 10,
ω = 0.01.

• Scenario 2: varying number of clusters. We let the number of clusters k take the
values of 2,3,4,5,6 with the other parameters fixed: p = 8, r2 = 10, ω = 0.01.

• Scenario 3: varying restriction factor. We let the restriction factor r take the
values of r2 = 1,4,6,10,30 with the other parameters fixed: p = 8, k = 4, ω =

0.01. Importantly, the value of r used by bclust (see Problem P(F, c̃)) and
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Table 1.1: Means and standard deviations of the performance metrics for Scenario 1

Algorithm p Ob j ARI t(s)

random 2 -339.0557 (134.1729) 0.0016 (0.0073) 1.209e-05 (1.120e-06)
tclust 2 -1006.0851 (262.1487) 0.9521 (0.0257) 1.138 (0.188)
bclust 2 -1006.2542 (262.1063) 0.9512(0.0277) 36.546 (14.222)
oracle 2 -1001.6165 (262.0300) 1 (-) - (-)
random 4 -1223.0374 (181.3359) 8.9679e-05 (0.0074) 1.333e-05 (9.217e-07)
tclust 4 -1825.0235 (258.3451) 0.9474 (0.0293) 1.957 (0.196)
bclust 4 -1825.1927 (258.2970) 0.9467 (0.0285) 42.330 (14.818)
oracle 4 -1819.4029 (258.0915) 1 (-) - (-)
random 6 -2107.1684 (237.5296) -0.0003 (0.0072) 1.33e-05 (1.605e-06)
tclust 6 -2697.648 (326.4845) 0.9378 (0.0333) 2.528 (0.155)
bclust 6 -2698.1714 (326.2492) 0.9358 (0.0314) 52.276 (19.082)
oracle 6 -2691.8776 (326.3165) 1 (-) - (-)
random 8 -2938.1447 (246.5744) -0.0002 (0.0070) 1.264e-05 (9.694e-07)
tclust 8 -3501.8552 (281.8193) 0.8791 (0.0715) 2.722 (0.122)
bclust 8 -3509.0665 (278.1132) 0.9166 (0.0491) 93.638 (51.321)
oracle 8 -3502.7442 (278.3736) 1 (-) - (-)
random 10 -3806.7318 (282.8318) 0.0013 (0.0080) 1.332e-05 (1.230e-06)
tclust 10 -4333.3133 (321.1212) 0.6972 (0.1374) 2.652 (0.182)
bclust 10 -4366.5921 (312.6707) 0.8101 (0.1342) 225.473 (141.876)
oracle 10 -4373.7093 (306.9716) 1 (-) - (-)

tclust is the set at the true population parameter r that was used to generate
the data through the MixSim function.

• Scenario 4: varying overlap probability. In the fourth and last scenario, we let
the probability of overlap ω take the values of 0.001,0.005,0.01,0.05,0.1 with
the other parameters fixed: p = 8, k = 4, r2 = 10.
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Table 1.2: Means and standard deviations of performance metrics for Scenario 2

Algorithm k Ob j ARI t(s)

random 2 -2944.7469 (399.9652) 0.0003 (0.0066) 1.395e-05 (2.409e-06)
tclust 2 -3232.8964 (401.669) 0.9668 (0.0318) 1.461 (0.108)
bclust 2 -3232.9726 (401.6389) 0.9674 (0.0317) 37.936 (11.664)
oracle 2 -3230.5837 (401.6715) 1 (-) - (-)
random 3 -2991.2339 (352.6260) 0.0005 (0.0073) 1.370e-05 (1.872e-06)
tclust 3 -3448.3227 (387.2504) 0.9444 (0.0325) 2.221 (0.141)
bclust 3 -3448.7562 (387.1510) 0.9482 (0.0321) 46.896 (21.362)
oracle 3 -3443.7465 (387.4816) 1 (-) - (-)
random 4 -2938.1447 (246.5744) -0.0002 (0.0070) 1.275e-05 (1.789e-06)
tclust 4 -3501.8552 (281.8193) 0.8791 (0.0715) 2.705 (0.124)
bclust 4 -3509.0665 (278.1132) 0.9166 (0.0491) 93.178 (50.911)
oracle 4 -3502.7442 (278.3736) 1 (-) - (-)
random 5 -2944.4348 (210.9665) 0.0012 (0.0080) 1.346e-05 (1.132e-06)
tclust 5 -3551.2352 (261.1739) 0.7246 (0.1158) 3.029 (0.141)
bclust 5 -3576.4917 (253.7583) 0.7930 (0.1182) 198.854 (109.576)
oracle 5 -3581.5550 (247.9066) 1 (-) - (-)
random 6 -2916.8989 (195.2045) -0.0019 (0.0062) 1.368e-05 (1.836e-06)
tclust 6 -3557.5160 (242.9329) 0.6102 (0.1114) 3.373 (0.136)
bclust 6 -3591.0901 (239.9369) 0.6714 (0.1293) 278.271 (143.878)
oracle 6 -3616.2225 (224.5270) 1 (-) - (-)
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Table 1.3: Means and standard deviations of performance metrics for Scenario 3

Algorithm r2 Ob j ARI t(s)

random 1 -2571.0681 (573.0849) -0.0002 (0.0071) 1.155e-05 (9.886e-07)
tclust 1 -3337.6301 (749.0263) 0.8896 (0.2457) 0.832 (0.197)
bclust 1 -3337.7672 (748.7749) 0.8898 (0.2462) 54.416 (23.782)
oracle 1 -3320.4803 (790.8764) 1 (-) - (-)
random 4 -2931.2380 (231.9498) -0.0002 (0.0070) 1.173e-05 (1.062e-06)
tclust 4 -3518.6125 (287.4919) 0.9262 (0.0399) 2.664 (0.198)
bclust 4 -3519.0583 (287.3277) 0.9296 (0.0350) 58.192 (24.278)
oracle 4 -3511.6567 (288.6207) 1 (-) - (-)
random 6 -2946.8508 (233.3785) -0.0002 (0.0070) 1.159e-05 (1.843e-06)
tclust 6 -3522.127 (274.0248) 0.9213 (0.0436) 2.764 (0.141)
bclust 6 -3523.1632 (273.8423) 0.9283 (0.0420) 63.878 (21.864)
oracle 6 -3516.2452 (274.3089) 1 (-) - (-)
random 10 -2938.1447 (246.5744) -0.0002 (0.0070) 1.188e-05 (1.855e-06)
tclust 10 -3501.8552 (281.8193) 0.8791 (0.0715) 2.706 (0.121)
bclust 10 -3509.0665 (278.1132) 0.9166 (0.0491) 92.862 (50.801)
oracle 10 -3502.7442 (278.3736) 1 (-) - (-)
random 30 -2903.739 (262.7939) -0.0002 (0.0070) 1.168e-05 (1.974e-06)
tclust 30 -3430.2028 (286.4097) 0.6551 (0.1461) 2.301 (0.195)
bclust 30 -3462.6273 (281.2338) 0.7638 (0.1644) 181.609 (104.776)
oracle 30 -3480.8847 (281.0250) 1 (-) - (-)
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Table 1.4: Means and standard deviations of performance metrics for Scenario 4

Algorithm ω Ob j ARI t(s)

random 0.001 -3294.4927 (254.8724) -0.0002 (0.0070) 1.175e-05 (1.850e-06)
tclust 0.001 -4056.1572 (323.7116) 0.9927 (0.0098) 2.774 (0.207)
bclust 0.001 -4056.2167 (323.6546) 0.9918 (0.0107) 48.586 (6.346)
oracle 0.001 -4055.3233 (323.8120) 1 (-) - (-)
random 0.005 -3071.8463 (251.9810) -0.0002 (0.0070) 1.152e-05 (1.159e-06)
tclust 0.005 -3703.0714 (297.7634) 0.9506 (0.0311) 2.782 (0.133)
bclust 0.005 -3705.2903 (296.1618) 0.9603 (0.0254) 63.421 (24.765)
oracle 0.005 -3701.4243 (296.5269) 1 (-) - (-)
random 0.01 -2938.1447 (246.5744) -0.0002 (0.0070) 1.173e-05 (1.797e-06)
tclust 0.01 -3501.8552 (281.8193) 0.8791 (0.0715) 2.726 (0.125)
bclust 0.01 -3509.0665 (278.1132) 0.9166 (0.0491) 92.913 (50.721)
oracle 0.01 -3502.7442 (278.3736) 1 (-) - (-)
random 0.05 -2459.4900 (227.4940) -0.0002 (0.0070) 1.164e-05 (1.059e-06)
tclust 0.05 -2844.0493 (234.0999) 0.4624 (0.1085) 2.364 (0.127)
bclust 0.05 -2858.9216 (232.2707) 0.5111 (0.1188) 180.960 (96.630)
oracle 0.05 -2851.5901 (233.0359) 1 (-) - (-)
random 0.1 -2109.7376 (231.2522) -0.0002 (0.0070) 1.174e-05 (1.454e-06)
tclust 0.1 -2438.7245 (230.3583) 0.2630 (0.0800) 2.169 (0.104)
bclust 0.1 -2451.7286 (230.1846) 0.2807 (0.0867) 215.312 (122.836)
oracle 0.1 -2417.0747 (230.7355) 1 (-) - (-)
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1.3.4 Simulation results

Results for simulation scenarios 1-4 are provided in Tables 1.1-1.4. We remark that
Ob j, ARI and t(s) respectively represent the value of the objective function, the Ad-
justed Rand-Index, and computing time (in seconds). In each of the following tables
we highlighted in bold the method that obtaines the best objective function.

For the first simulation scenario, Table 1.1 shows that bclust tends to out-
perform tclust as p increases. In particular, for small values of p, both methods
perform very well and remain quite close to the oracle solution. At times, they even
provide a better value of the objective function as they adapt to the empirical data
distribution (unlike the oracle, whose ARI is equal to one by construction). However,
for p > 8, bclust performs considerably better than tclust, both in terms of Ob j
and ARI, and its average computational cost remains under 4 minutes.

Table 1.2 shows that, albeit less markedly, similar conclusions hold for the second
simulation scenario. Indeed, also here bclust outperforms tclust as we consider
a number of components k > 3.

Moreover, Table 1.3 shows that bclust is more effective than tclust to tackle
problems that are further from a spherical case (i.e., those ones with larger restriction
factor r2). This is likely due to the fact that bclust solves a sequence of SDP prob-
lems to optimality. However, also here we notice an increase in its computing time,
which is still reasonable (approximately 3 minutes for r2 = 30).

Table 1.4 shows that similar conclusions hold also for simulation scenario 4.
Here, for very small values of the average overlap ω , clusters are far apart and very
distinguishable and hence bclust and tclust perform comparably. However, for
larger levels of overlap, bclust outperforms tclust in terms of objective function
value and ARI.

Overall, our simulations results show that bclust typically improves, and often
considerably, both the value of the objective function and the ARI with respect to
tclust. This comes at the cost of a higher computational time. We remark that
the gap between the two approaches increases with the dimensionality p, the number
of clusters k, and the restriction factor r2. Nevertheless, such gap is more stable for
varying levels of average overlap probability ω .
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1.4 Real-world applications

In this section, we present some experimental results on real-world datasets. We con-
sider the same clustering methods used in our Monte Carlo simulations (see Sec-
tion 1.3). For the assignment c̄ returned by each algorithm, we report the value of
the objective function computed by solving problem P( /0, c̄). For each dataset, we set
r2 = 10 and we normalize each variable.

The tests and the routines are written in MATLAB and executed in MATLAB
r2022a [43], using the latest (as of May 2023) release of the YALMIP MATLAB
library [44] and of the commercial SDP solver MOSEK (free for academic purposes)
[45]. We performed the analyses on a machine with an Intel 7700hq CPU and 16
Gigabytes of RAM.

1.4.1 Benchmarking datasets

We consider the following well-known and publicly accessible datasets:

• UCI Wine dataset [46]. It has 178 data points with 13 continuous variables.
Each variable describes one property of an Italian wine (e.g., the alcohol con-
tent, the alcalinity of the ash, etc.). The dataset has 3 classes, corresponding to
three different wine types.

• UCI Seeds dataset [47]. It has 210 data points with 7 continuous variables,
describing some geometric properties (e.g., area, perimeter, etc.) of some wheat
kernels, and 3 classes.

• UCI Iris dataset [48]. It has 150 data points with 4 continuous variables, de-
scribing some geometric properties (e.g., sepal length, sepal width, etc.) of iris
plants, and 3 classes for the 3 species.

• UCI Algerian Forest Fires dataset [49]. It consists of 244 data points split
equally into two Algerian regions (Bejaia and Sidi Bel-abbes) with 12 at-
tributes, describing the date and meteorogical measurements (e.g., temperature,
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Table 1.5: Results for the application studies. Name of the dataset, number of points
(n), number of variables (p), number of clusters (k), algorithm, value of the objective
function (Ob j), Adjusted Rand Index (ARI), and computing time (in seconds).

Dataset n p k Algorithm Ob j ARI t(s)

UCI Wine 178 13 3 random -2.7198e+03 -0.0067 5.690e-05
tclust -3.3183e+03 0.9471 4.099
bclust -3.3262e+03 0.9817 124.146
oracle -3.3261e+03 1 -

UCI Seeds 210 7 3 random -1.5877e+03 -0.0065 1.700e-05
tclust -2.3766e+03 0.8358 2.493
bclust -2.3771e+03 0.8486 88.050
oracle -2.3496e+03 1 -

UCI Iris 150 4 3 random -259.9473 -0.0058 1.280e-05
tclust -658.5462 0.8858 1.965
bclust -658.8447 0.9039 25.899
oracle -653.8608 1 -

UCI Algerian 1 244 4 2 random -1.5285e+03 -0.0072 1.043e-04
tclust -1.8820e+03 0.7529 1.847
bclust -1.8843e+03 0.6965 43.101
oracle -1.8542e+03 1 -

UCI Algerian 2 244 4 2 random -2.1712e+03 -0.0033 3.680e-05
tclust -2.5649e+03 0.5897 2.230
bclust -2.5651e+03 0.6153 34.536
oracle -2.4727e+03 1 -

Star 240 4 6 random -338.7210 0.0018 2.140e-05
tclust -1.7712e+03 0.6377 6.335
bclust -1.8289e+03 0.6524 80.730
oracle -1.9095e+03 1 -
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relative humidity, etc.), and 2 classes: fire and non-fire. We provide one table
with the results for each of the two regions.

• Star dataset
(https://www.kaggle.com/datasets/deepu1109/star-dataset).
It has 240 data points with 4 continuous variables (temperature, luminosity, ra-
dius, absolute magnitude) and 2 discrete variables (color and spectral class,
which we discarded). Moreover, we have the 6 classes which represents the
star type.

1.4.2 Results

In general, we observe from the results in Table 1.5 that the computing times of
bclust are larger than those of tclust. But at the same time, bclust outper-
forms tclust both in terms of objective function value and ARI. In particular, for
the UCI Wine dataset, the results show that bclust provides a clustering that is
considerably better than that provided by tclust. In fact, the ARI is almost 1 and
the value of the objective function is almost equal to that of the oracle. The UCI
Algerian 2 dataset is an exception because, although the value of the objective func-
tion is improved by bclust, the ARI is decreased because if the clusters are not well
separated the improvement of the value of the objective function does not necessarily
lead to an improvement of the ARI and this is a limitation of all model-based cluster-
ing techniques. For all other datasets, the results show that bclust achieves better
values with respect to tclust both in terms of ARI and in terms of the value of
the objective function. Overall, we can state that the proposed algorithm bclust is
capable of improving the solution computed by tclust in real-world applications,
although at the cost of an increase in computation time.

1.5 Code availability

The code that implements bclust and that was used for our numerical experiments
is publicly available at

https://www.kaggle.com/datasets/deepu1109/star-dataset
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https://github.com/andreaf96/bclust-paper-material.

https://github.com/andreaf96/bclust-paper-material


Chapter 2

Probabilistic branch-and-bound
for clusterwise linear regression

Questo creduto fu; che ‘l miser suole
dar facile credenza a quel che vuole.

– Ludovico Ariosto

2.1 Problem formulation

Consider a set of n points xi,yi with xi ∈ Rp and yi ∈ R. The aim of Clusterwise
Linear Regression (CLR) is to fit the data with k regression hyperplanes in order to
maximize the log-likelihood under appropriate conditions that allow to avoid spu-
rious/degenerate solutions. We denote with C = {C1,C2, . . . ,Ck} a partition of the
indexes {1,2, . . . ,n} of the points into k groups. Let σ = [σ1,σ2, . . . ,σk]

T ∈ Rk
+ and

β = [β1,β2, . . . ,βk] ∈ Rp×k. We assume that, for some unknown C,β ,σ (the ground
truth – which we consider unknown),

yi = xT
i β j + εi, εi ∼ N (0,σ2

j) ∀ j,∀i ∈C j.
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We assume that ∀ j ∈ {1,2, . . . ,k} : |C j| ≥ p+1. Moreover, we assume that the matrix
of the independent variables X j comprised of the points xi, i ∈ C j is full rank for all
j ∈ {1,2, . . . ,k}. Moreover, we assume σ j > 0,∀ j ∈ {1,2, . . . ,k}. We refer to C as
the ground-truth assignment (of points to clusters).

In a partial assignment some points are left unassigned, i.e., it is a partition of a
subset of {1,2, . . . ,n}. For any (possibly partial) assignment C of points to clusters,
we denote with C j the set of indexes of the points assigned to cluster j ∈ {1,2, . . . ,k}
according to C. We denote with n j(C) the cardinality of cluster j according to C, i.e.,
n j(C) = |C j|.

The likelihood of point (x,y) belonging to cluster j for certain values of the pa-
rameters β j,σ j is

f j(x,y) =
1

σ j
√

2π
exp

(
− 1

2σ2
j
(xT

β j − y)2

)
.

Now, let us assume that a full assignment C of points to clusters is given. Then,
the likelihood of the data is

L(C) =
k

∏
j=1

∏
i∈C j

π j f j(xi,yi),

where π j (∑k
j=1 π j = 1) are the mixing proportions of the clusters. We focus on the

following optimization problem:

max
C,β ,σ ,π

log(L(C)) = max
C,β ,σ ,π

k

∑
j=1

∑
i∈C j

{
log(π j)+ log( f j(xi,yi))

}
.

Where log(L(C)) is the log-likelihood and with the restriction that C is a partition
such that log(L(C)) is bounded and σ j > 0∧π j > 0 ∀ j ∈ {1,2, . . . ,k}. In particular,
we have that C must be such that |C j| ≥ p+ 1 ∀ j ∈ {1,2, . . . ,k}. After substituting
the value of f j(xi,yi) in log(L(C)), we can obtain

log(L(C)) = −n log
(√

2π
)
+∑

k
j=1

{
n j log(π j)−n j log(σ j)−

∑i∈Cj(xT
i β j−yi)

2

2σ2
j

}
.
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Therefore, for the given assignment C, the values of π j,β j,σ j which maximize the
log-likelihood, are the following (see [21, 50])

π̂ j(C) =
n j(C)

n
,

β̂ j(C) = X+
j Yj,

σ̂ j(C) =

√
SSR j(C)

n j(C)
,

where X j,Yj are the matrices of points assigned to cluster j; X+
j = (XT

j X j)
−1XT

j is
the left pseudoinverse of X j and

SSR j(C) = ∑
i∈C j

(xT
i β̂ j(C)− yi)

2. (2.1)

We substitute these values into log(L(C)) and drop the explicit dependency of n j, β j,
SSR j on C for ease of readability. Thus, we obtain

log(L̂) = −n log(
√

2π)+∑
k
j=1

{
n j log( n j

n )−n j log
(√

SSR j
n j

)
− SSR j

2
SSR j

n j

}
= −n

2 log(2π)+∑
k
j=1
{

n j log(n j)−n j log(n)− n j
2 log(SSR j)+

n j
2 log(n j)−

n j
2

}
= −n

2 log(2π)− n
2 −n log(n)+∑

k
j=1
{
− n j

2 log(SSR j)+
3
2 n j log(n j)

}
= −n

2 [log(2π)+1]−n log(n)+ 1
2 ∑

k
j=1
{

3n j log(n j)−n j log(SSR j)
}
.

Hence, the computationally hard part of the optimization problem is the discrete part,
i.e., finding the best assignment of points to clusters Ĉ. The full optimization problem
is the following:

max
C

log(L̂(C)). (2.2)

It is crucial to notice that the (unknown) ground-truth, which is what the model aims
to reconstruct, is not necessarily the global optimum of Problem 2.2, as it happens in
cases with overlapping densities. For this reason, the goal of this work is not to find
the global optimal solution of Problem 2.2, rather we are satisfied with the detection
of any solution that is at least as good as the ground-truth in terms of log-likelihood.
Theorem 2.2.4 proves that the proposed approach is able to return such solution with
a desired probability s < 1.
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2.2 Our approach: pclustreg

The approach we propose is called pclustreg (probabilistic clusterwise regres-
sion). In addition to the data matrices X (independent variables) and y (dependent
variables) and the number of regression hyperplanes k, the routine takes the follow-
ing parameters as input.

• A desired probability of success s < 1 (for example, 0.999).

• An underestimate of the minimum cluster cardinality ñMIN ≤ min j n j(C).

• An underestimate of the minimum standard deviation of the underlying Gaus-
sian noises σ̃MIN ≤ min j σ j.

The value of ñMIN can be set to p+1. However, higher underestimates are preferred
if available. The methods for obtaining σ̃MIN are not discussed in this work and are
instead left for future studies. In the rest of this work we assume that the values
σ̃MIN, ñMIN are obtained by either previous knowledge of the domain of the problem
or by other means. In Section 4.2 we suggest a possible way to compute σ̃MIN from
the data and a possible way to get rid of σ̃MIN entirely, although the development of
such ideas is left for future research. Analogously, we do not discuss the selection of
k in this work but we mention some possibilities for its informed choice in Section
4.2 as additional future research avenues.

We will show that pclustreg finds a solution with log-likelihood at least as
high as that of the (unknown) ground truth, with probability at least s. This is obtained
by a probabilistic branch-and-bound method.

The proposed routine pclustreg also supports setting a limit to the number
of nodes expanded. This feature allows the algorithm to be employed as a heuristic
method that finds good solutions while keeping under control the execution time.
Of course, in this case the aforementioned guarantees on the value of the objective
function found by pclustreg do not hold.
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2.2.1 Outline of the algorithm

Firstly, pclustreg performs a random permutation of the indexes of the points
x,y. The ordering of points defined by this permutation is the one relative to which
the points will be indexed in the rest of this and the next chapter. In particular, the sets
of indexes C j are defined relative to it. After that, the probabilistic branch-and-bound
algorithm starts. The branching happens on the points to clusters assignment vari-
ables. In the root node all points are unassigned. In every intermediate node the first
l points in the order given by the random shuffling are assigned, the remaining n− l
points are unassigned. Note that in branch-and-bound approaches fixing in advance
the sequence of branching operations is not customary, rather branching operations
are usually chosen adaptively. However, this choice is crucial for the proof of cor-
rectness of the upper bound with a known probability, as it will be explained in detail
in Section 2.2.3. In particular, it guarantees that, in every intermediate node with
partial assignment C̃ such that ∀ j ∈ {1,2, . . . ,k} : S j(C̃) ⊆ S j(C), the sets S j(C̃) and
S j(C)\S j(C̃) are both independent random subsamples of points taken from S j(C).
When an intermediate node is expanded, it creates k new nodes. The children nodes
share the assignments of the first l points with the parent node. For every children
j ∈ {1,2, . . . ,k}, the point with index l + 1 is assigned to cluster j. The remaining
(last) n− l − 1 points are left unassigned. The nodes are kept in a priority queue or-
dered by decreasing upper bounds. At every iteration the node with the highest upper
bound is extracted from the queue. If its upper bound is lower than or equal to the
current lower bound, the algorithm terminates and returns the best solution found. If
the upper bound is greater than the current lower bound, then it is expanded into k
children as explained above. For each child, the partial assignment is used to com-
pute a new feasible solution according to the procedure described in Section 2.2.2. If
the objective function value of the feasible solution is better than the current lower
bound, the latter is updated. The computation of the probabilistic upper bound for
each child is discussed in detail in Section 2.2.3. New nodes are cut from the search
space when the current lower bound is higher than their upper bound.
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2.2.2 Lower bound computation

Given a partial assignment C, the lower bound is computed as follows.

1. Ensure that each cluster has at least p+1 points assigned to it by adding ran-
dom unassigned points to the clusters with less than p+1 points.

2. Fit the points in each cluster with standard least squares linear regression to
obtain an estimate of the parameters β̂ j and σ̂ j for each cluster j.

3. Perform a modified Classification Expectation Maximization (CEM) algorithm
to convergence.

The modification applied to the CEM consists of partially updating the values of π̂ j

and σ̂ j while the points are reassigned instead of keeping them fixed. This change
has yielded better lower bounds in practice in the conducted experiments. For more
details about the implementation of the CEM used, see Section 3.4.2.

2.2.3 Upper bound computation

We first recall the definition (2.1) of SSR j(C), the sum of the squared residuals for
the points assigned to cluster j by the (possibly partial) assignment C when they are
fitted with standard linear regression. We denote with X 2

ε (T ) the quantile of order ε

of the distribution X 2(T ) when T > 0 and X 2
ε (T ) = 0 when T ≤ 0.

For ñ j ≥ max{p+1,n j(C̃)}, we define f̃ j(ñ j) = 3ñ j log(ñ j)− ñ j log(g j(ñ j)), where:

g j(ñ j) :=

 σ̃2
MINX 2

ε (ñ j − p) if n j(C̃)< p+1

SSR j(C̃)+ σ̃2
MINX 2

ε (ñ j −n j(C̃)− p) otherwise.
(2.3)

We consider the following problem, with cn =− n
2 [log(2π)+1]−n log(n):

maxñ∈Zk cn +
1
2 ∑

k
j=1 f̃ j(ñ j)

s.t. ñ j ≥ max(n j(C̃), ñMIN) ∀ j ∈ {1,2, . . . ,k}

∑
k
j=1 ñ j = n

(2.4)
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We will adopt the optimal value of (2.4) as upper bound in our probabilistic branch-
and-bound approach. Now, let us consider an intermediate node that is on the path
from the root node to the leaf node representing the ground-truth assignment C. We
will denote the (partial) assignment in such node with C̃. It is important to notice that
the points that are assigned in C̃ are assigned to the same clusters as they are assigned
to in C (∀ j ∈ {1,2, . . . ,k} : S j(C̃) ⊆ S j(C)). In what follows we prove that at such
node, the optimal value of (2.4) is at least as large as

log(L̂) = cn +
1
2

k

∑
j=1

f j(C),

the estimated log-likelihood of the ground-truth, at least with a given probability.

We first state the following lemma.

Lemma 2.2.1. Let C̃ be the (partial) assignment at a node along the path from the
root node to the leaf corresponding to the ground-truth C. Then, for any j ∈ {1, . . . ,k}
it holds that f̃ j(n j(C̃))≥ f j(C) with probability at least 1− ε .

Proof. We consider the two cases n j(C̃)< p+1 and n j(C̃)≥ p+1.

Case n j(C̃)< p+1. First, notice that SSR j(C)∼ σ
2
jX

2(n j(C)− p) (see, for exam-
ple, [51]). In this case cluster j does not have enough points to fit with nonzero errors.
Since SSR j(C) ∼ σ

2
jX

2(n j(C)− p), the value σ
2
jX

2
ε (n j(C)− p) underestimates

SSR j(C) with probability at least 1− ε . Since σ̃MIN ≤ σ j, then σ̃2
MINX 2

ε (n j(C)−
p)≤ SSR j(C) with probability at least 1− ε . Since −n j(C) log(.) is decreasing with
respect to the argument of the logarithm we have that f̃ j(n j(C))≥ f j(C) with proba-
bility at least 1− ε .

Case n j(C̃) ≥ p+ 1. In this case cluster j has enough points to fit with nonzero
errors. We have

SSR j(C) = ∑i∈S j(C)(yi − xT
i β̂ j(C))2 =

= ∑i∈S j(C̃)(yi − xT
i β̂ j(C))2 +∑i∈S j(C)\S j(C̃)(yi − xT

i β̂ j(C))2 =
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Firstly, we notice that

∑
i∈S j(C̃)

(yi − xT
i β̂ j(C))2 ≥ SSR j(C̃),

by definition of standard linear regression. Thus,

SSR j(C) ≥ SSR j(C̃)+∑i∈S j(C)\S j(C̃)(yi − xT
i β̂ j(C))2 .

Secondly, we notice that S j(C)\S j(C̃) is a random subsample of n j(C)−n j(C̃) points
taken from S j(C) because the points have been randomly shuffled at the beginning
and the points in S j(C̃) are simply the first n j(C̃) points assigned to cluster j in the
ground-truth assignment C according to that random order. We denote with C̃′ the
complementary partial assignment with respect to C, i.e., S j(C̃′) = S j(C)\S j(C̃) and
so n j(C̃′) = n j(C)− n j(C̃) for all j. We have that, again, by definition of standard
linear regression,

∑
i∈S j(C)\S j(C̃)

(yi − xT
i β̂ j(C))2 ≥ SSR j(C̃′).

Moreover, recall that, when n j(C̃′)≥ p+1, since n j(C̃′) = n j(C)−n j(C̃),

SSR j(C̃′)∼ σ
2
jX

2(n j(C)−n j(C̃)− p).

So we have that, since σ̃MIN ≤ σ j and n j(C̃′) = n j(C)−n j(C̃),

∑
i∈S j(C)\S j(C̃)

(yi − xT
i β̂ j(C))2 ≥ σ̃

2
MINX 2

ε (n j(C̃′)− p)

with probability at least 1−ε . When n j(C̃′)≤ p the inequality is trivially true since,
by our definition, X 2

ε (T ) = 0 when T ≤ 0. Since the logarithm is an increasing
function, we have that f̃ j(n j(C)) ≥ f j(C) with probability at least 1− ε or, in other
terms, f̃ j(n j(C))≥ f j(C) with probability at least 1− ε .

As a consequence of the previous result, we can also prove the following.

Lemma 2.2.2. Let C̃ be the (partial) assignment at the node N of level t along the
path from the root node to the leaf corresponding to the ground-truth C. Then, for
node N and all its ancestors,

f̃ j(n j(C))≥ f j(C) ∀ j ∈ {1, . . . ,k}, (2.5)

with probability not lower than 1− (k+ t)ε .
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Proof. We prove the result by induction. It is true at the root node, i.e., when t = 0. In-
deed, by Lemma 2.2.1 it holds that f̃ j(n j(C))≥ f j(C) at least with probability 1− ε

for a single value j, so that it holds for all j ∈ {1, . . . ,k} at least with probability
1− kε .

Now, let us assume that the statement is true for the node at level t and we prove
it also holds for its child at level t+1. Only one of the clusters changes when moving
from a parent node to a child node because only one new point is assigned to one of
the clusters. If such cluster is the r-th one, then only the value f̃r(nr(C)) can change.
By the inductive assumption,

f̃ j(n j(C))≥ f j(C) ∀ j ̸= r,

at least with probability 1− (k+ t)ε . Moreover, by Lemma 2.2.1 with probability at
least 1− ε it holds that

f̃r(nr(C))≥ fr(C).

Then, by the Boole-Bonferroni inequality [52] for the two events, the probability of
their intersection is at least 1− (k+ t +1)ε .

An immediate consequence of this result is the following.

Lemma 2.2.3. Let C̃ be the (partial) assignment at the node N of level t along the
path from the root node to the leaf corresponding to the ground-truth C. Then, for
node N and all its ancestors, the optimal value of (2.4) is at least as large as the
estimated log-likelihood log(L̂) of the ground-truth with probability not lower than
1− (k+ t)ε .

Proof. It is enough to observe that [n1(C),n2(C), . . . ,nk(C)] is a point inside the fea-
sible region of the optimization problem (2.4), since C̃ is a partial assignment of C.
Since, by Lemma 2.2.2, (2.5) holds with probability not lower than 1− (k+ t)ε , then
the optimal value of (2.4) is at least as large as the log-likelihood log(L̂(C)) of the
ground-truth at least with the same probability.

We are now ready for the main result.
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Theorem 2.2.4. Let ε = 1−s
n+k . Then, the proposed probabilistic branch-and-bound

approach is able to detect a solution with log-likelihood at least as good as log(L̂(C)),
the log-likelihood of the ground-truth, with probability at least s.

Proof. If a solution with log-likelihood at least as good as the one of the ground-truth
is detected before reaching the leaf node corresponding to the ground-truth, then we
are done. Otherwise, by Lemma 2.2.3 no node along the path from the root node to
the ground-truth leaf is cut with probability 1− (n+ k)ε = s, and the ground-truth
is directly evaluated at the leaf node. Our method cuts nodes without exploring them
when the lower bound is higher than their (probabilistic) upper bound.

Solution of Problem (2.4)

Regarding the solution of Problem (2.4), notice that since the variables of Problem
(2.4) are all integers, then only the values assumed by f̃ j on integer points are relevant.
We substitute f̃ j with f̃ ∗j , a piecewise-linear function that over-estimates f̃ j in integer
points. The function f̃ ∗j is obtained exploiting the concavity of the logarithm in f̃ j and
then taking the piecewise-linear interpolation of the integer points. We do not have
a formal theoretical proof that f̃ ∗j is convex but pclustreg numerically checks
its convexity by testing that the slopes are increasing before computing each upper
bound. Now, if the function is convex, since the feasible region of Problem (2.4)
is a polytope (more precisely, a simplex) with integer vertices, its maximum value is
attained at a vertex of the feasible region (see, e.g., [53]). The number of such vertices
is equal to k. In our tests f̃ ∗j was always found to be convex. However, if the check
fails we can still solve Problem (2.4) through a dynamic programming algorithm that
runs in O(kn2). We do not discuss such algorithm since it was never used in practice
because f̃ ∗j was always checked to be convex by pclustreg in our tests.

2.2.4 Hyperparameters overview

In the discussion of pclustreg we have made use of several hyperaparameters.
For the sake of clarity and usability of this manuscript we list them in this section
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and provide a brief description for each one. The purpose of this list is to offer a bird-
eye view over all the hyperparameters at play and in-depth discussions presented in
previous sections regarding each hyperparameter are not repeated here.

• k: a numerical hyperparameter equal to the number of regression hyperplanes.
If the number of hyperplanes is known beforehand than it is actually a fixed
number.

• σ̃2
MIN: a numerical hyperparameter that must be an underestimate of the mini-

mum variance among the regression clusters.

• s: the desired probability of success, i.e., the probability that the solution found
by the algorithm (when it is not used as an heuristic) has a log-likelihood that
is at least as high as the log-likelihood of the (unknown) ground truth.

• ñMIN: an underestimate of the minimum cluster cardinality. It must be at least
equal to p (the number of dimensions of the points) plus 1.

• The algorithm for solving Problem 2.4. Our choice and an alternative are dis-
cussed in 2.2.3.

• The number of times the CEM algorithm is started on a (partly) random initial-
ization for each node of the branch and bound tree.

• The details and hyperparameters of the CEM algorithm employed. See 3.4.2
for more insights about the CEM algorithm variant employed in this work.

2.3 Numerical experiments on synthetic data

In this section we present and discuss the numerical experiments carried out on syn-
thetic data. Notice that we employed pclustreg as a heuristic by limiting the num-
ber of nodes expanded (see Section 2.2). We compare three methods.
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2.3.1 Compared methods

1. Our proposed approach pclustreg.

2. The implementation of tclustreg [50, 54] provided in the FSDA robust
statistical package [55] without trimming and without restriction factors on the
ratios of standard deviations.

3. The oracle, i.e., the ground-truth. This is an unfeasible method that we em-
ploy as a benchmark for the other methods.

We adjusted the node expansion limit of pclustreg to obtain similar computation
times as the ones obtained by tclustreg to perform a fair comparison. In partic-
ular, we used a limit to the number of nodes expanded by pclustreg of 100. We
used 3000 as the number of subsamples used by tclustreg. We ran pclustreg
with ñMIN = p+1 = 3 and with σ̃MIN = 1.

2.3.2 Performance metrics

We compare the methods on the following metrics.

1. The value of the log-likelihood log(L̂) obtained. It is worth reiterating that
higher values mean better fitness of the model to the data.

2. The computational time t[s], expressed in seconds.

2.3.3 Generation of synthetic data

The synthetic data is obtained through the use of the MixSimreg [50, 56] and
simdatasetreg [56, 57] functions of the MATLAB FSDA [55] package. Given
the number of regression hyperplanes k and a desired average overlap the function
MixSimreg creates the corresponding distribution with the values for π j,σ

2
j ,β j.

Then, MixSimreg uses these values to generate the data and returns the X ,Y,C. We
ran the algorithms on 100 randomly generated datasets with k = 5, p = 10, n = 1000
and average overlap of 0.05.
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Figure 2.1: Boxplot for the log-likelihood over 100 runs on synthetic datasets with
k = 5, p = 10, n = 1000 and average overlap of 0.05.

Figure 2.2: Boxplots for the computation times over 100 runs on synthetic datasets
with k = 5, p = 10, n = 1000 and average overlap of 0.05. The computation time of
the oracle is uninformative and thus omitted.
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2.3.4 Simulation results and discussion

Results of our experiments are shown in Fig. 2.1 and 2.2. Fig. 2.1 shows that pclustreg
outperforms tclustreg in terms of log-likelihood of the results. The oracle is
shown as a benchmark. Fig. 2.2 shows that the computation times of pclustreg
are comparable to those of tclustreg.



Chapter 3

Improving pclustreg with the
F distribution

Se la vita è sventura,
perché da noi si dura?

– Giacomo Leopardi

As seen in chapter 2, using the X 2 distribution poses a serious limitation to
the application of pclustreg due to the requirement of the parameter σMIN. In
particular, the problems are two.

• Although it may be reasonably possible to provide an extremely low underesti-
mate for the parameter, it would impact the core idea of the algorithm, making
it regress to the standard branch and bound approach.

• The fact that the parameter is, by definition, an underestimate of the minimum
of the σ j, makes pclustreg not suitable for cases in which the standard
deviations of the underlying noises differ appreciably among different clusters.

We will show that it is possible to employ the distribution F in place of the distribu-
tion X 2 to address both of these problems.
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3.1 Modified upper bound computation

Our approach consists of changing the definition of the function g j(ñ j) from Equation
2.3 to

g j(ñ j) :=

 σ̃2
MINX 2

ε (ñ j − p) if n j(C̃)< p+1

SSR j(C̃)+SSR j(C̃)Fε(ñ j −n j(C̃)− p,n j(C̃)− p) otherwise.

The first case is unchanged. In the second case we changed σ̃2
MINX 2

ε (ñ j −n j(C̃)− p)
to SSR j(C̃)Fε(ñ j −n j(C̃)− p,n j(C̃)− p). Since the definition of the function g j(ñ j)

is directly used only in Lemma 2.2.1, we only need to change the proof of such lemma
to retain the optimality guarantees of Theorem 2.2.4.

Lemma 3.1.1. Let C̃ be the (partial) assignment at a node along the path from the
root node to the leaf corresponding to the ground-truth C. Then, for any j ∈ {1, . . . ,k}
it holds that f̃ j(n j(C))≥ f j(C) with probability at least 1− ε .

Proof. We consider the two cases n j(C̃)< p+1 and n j(C̃)≥ p+1.

Case n j(C̃)< p+1. First, notice that SSR j(C)∼ σ
2
jX

2(n j(C)− p) (see, for exam-
ple, [51]). In this case cluster j does not have enough points to fit with nonzero errors.
Since SSR j(C) ∼ σ

2
jX

2(n j(C)− p), the value σ
2
jX

2
ε (n j(C)− p) underestimates

SSR j(C) with probability at least 1− ε . Since σ̃MIN ≤ σ j, then σ̃2
MINX 2

ε (n j(C)−
p)≤ SSR j(C) with probability at least 1− ε . Since −n j(C) log(.) is decreasing with
respect to the argument of the logarithm we have that f̃ j(n j(C))≥ f j(C) with proba-
bility at least 1− ε .

Case n j(C̃) ≥ p+ 1. In this case cluster j has enough points to fit with nonzero
errors. We have

SSR j(C) = ∑i∈S j(C)(yi − xT
i β̂ j(C))2 =

= ∑i∈S j(C̃)(yi − xT
i β̂ j(C))2 +∑i∈S j(C)\S j(C̃)(yi − xT

i β̂ j(C))2 =
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Firstly, we notice that

∑
i∈S j(C̃)

(yi − xT
i β̂ j(C))2 ≥ SSR j(C̃),

by definition of standard linear regression. Thus,

SSR j(C) ≥ SSR j(C̃)+∑i∈S j(C)\S j(C̃)(yi − xT
i β̂ j(C))2.

Secondly, we denote with C̃′ the complementary partial assignment with respect to
C, i.e., S j(C̃′) = S j(C)\S j(C̃) and so n j(C̃′) = n j(C)−n j(C̃) for all j. By definition
of standard linear regression we have that

∑i∈S j(C̃′)(yi − xT
i β̂ j(C))2 ≥ ∑i∈S j(C̃′)(yi − xT

i β̂ j(C̃′))2 = SSR j(C̃′).

Thus,

SSR j(C) ≥ SSR j(C̃)+SSR j(C̃′).

Thirdly, we notice that S j(C̃) and S j(C̃′), due to the fixed order of assignment
of the points, are independent (and disjoint) random subsamples of n j(C̃) and n j(C̃′)

points taken from S j(C).
Thus, we have

SSR j(C̃) ∼ σ
2
jX

2(n j(C̃)− p).
SSR j(C̃′) ∼ σ

2
jX

2(n j(C̃′)− p).

Thus,
SSR j(C̃′)

SSR j(C̃)
∼ σ

2
jX

2(n j(C̃′)−p)

σ
2
jX

2(n j(C̃)−p)
= F (n j(C̃′)− p,n j(C̃)− p).

Consequently,

SSR j(C̃′) ∼ SSR j(C̃)F (n j(C̃′)− p,n j(C̃)− p).

So we have that,

SSR j(C̃′) ≥ SSR j(C̃)Fε(n j(C̃′)− p,n j(C̃)− p).

with probability at least 1− ε . Thus,

SSR j(C) ≥ SSR j(C̃)+SSR j(C̃)Fε(n j(C̃′)− p,n j(C̃)− p).
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with probability at least 1− ε .
When n j(C̃′)≤ p the inequality is trivially true since, by our definition, X 2

ε (T ) =
0 when T ≤ 0. Since the logarithm is an increasing function, we have that f̃ j(n j(C))≥
f j(C) with probability at least 1− ε or, in other terms, f̃ j(n j(C))≥ f j(C) with prob-
ability at least 1− ε .

3.1.1 Hyperparameters overview

We do not repeat the list of hyperparameters used by this implementation of pclustreg
because they are the ones listed in 2.2.4. The only difference is that the importance
of ñ2

MIN is greatly diminished since it is only used in nodes in which less than p+ 1
points have been assigned to some clusters and only for those clusters.

3.2 Synthetic Benchmarks

In this section we discuss the benchmarks we conducted on synthetic data. All tests
were ran on a machine equipped with an Intel Core i7 7700HQ processor and 16GB
(8+8) of RAM running Windows 10. Implementation details for pclustreg are
presented in Section 3.4.

3.2.1 Compared Methods

We compare the following methods.

• The oracle, i.e., the ground truth. It is possible to use it because we are
generating synthetic data.

• The MATLAB FSDA tclustreg function.

• Our method: pclustreg used as a heuristic method.

Since both tclustreg and pclustreg are heuristic methods we try to set
their stopping criteria so that they complete their execution in comparable times.
pclustreg provides the “nsamp" parameter, i.e., the number of random starts for
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the Classification Expectation Maximization (CEM) algorithm to use. pclustreg
provides the "node_limit" parameter, which is the maximum number of nodes ex-
panded in the branch and bound. Since each node expansion triggers k (the num-
ber of clusters) number of executions of the CEM algorithm (for the computation
of the lower bounds), it would be reasonable to take “nsamp" divided by k as the
value for "node_limit". However, since the CEM algorithm actually implemented in
pclustreg is nonstandard, the two are not fully comparable. See subsection 3.4.2
for more information. We found that setting "node_limit" to “nsamp" divided by 2k
is a more reasonable choice for this parameter for the tests we conducted.

3.2.2 Synthetic datasets generation

We generated the synthetic datasets using the following method.

1. Firstly, generate the ground truth parameters using the MATLAB FSDA MixSimreg

function. We used the following parameters to set up the distribution.

• the number of clusters k.

• the dimension of the points p.

• the average overlap between clusters Ω = 0.05

• the lowest a priori probability allowed πLOW = 1
3k .

2. Secondly, sample the generated distribution to construct the dataset with n
points using the FSDA simdatasetreg function.

3.2.3 Comparison metrics

We compare pclustreg and tclustreg using the following metrics.

1. The computational time t expressed in seconds.

2. The value of the objective function of the solution log(L̂) (the log-likelihood).

3. The Adjusted Rand Index ARI [14], computed with the RandIndexFS func-
tion of FSDA, which is explained below.
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The Adjusted Rand Index

The Adjusted Rand Index is a number between −1 and 1 that expresses how simi-
lar two assignments of points to clusters are, taking into account the possibility of
relabeling of the clusters (e.g., that the same cluster might be "cluster 1" in the first
assignment and "cluster 2" in the second assignment). Random assignments have
ARI ≈ 0, the perfect assignment has ARI = 1 and assignments that are worse than
random chance have ARI < 0. We obtain these values by computing the ARI with
the assignment provided by both pclustreg and tclustreg against the ground-
truth assignment. It is worth noticing that with real-world data it is not possible to
employ this metric since the ground-truth assignment is unknown. In this case, since
we are working with synthetic data, we are able to compute the value of this metric.

3.2.4 Test scenarios

We devised three testing scenarios that test the performance of tclustreg and our
proposal pclustreg as different parameters change.

• As the number of clusters k changes from 2 to 10.

• As the dimension of the points p changes from 2 to 10.

• As the number of subsamples (starting points of the CEM) “nsamp" (NS in the
graphs, for brevity) takes the values {100,200,400,800,1600,3200}.

3.2.5 Scenario 1: Varying k

In this scenario we show the results as k takes the values in {2,3,4,5,6,7,8,9,10}
with fixed p = 10, “nsamp" = 3200. In Figure 3.1 we see that for all the values of
k tested the computation times of pclustreg are below those of tclustreg. In
Figure 3.2 we see that the values of the objective function is comparable among the
methods for k ∈ {1,2,3,4}. Starting from k = 5 pclustreg shows improvements
with respect to tclustreg. The same phenomenon is noticed also in the values of
the ARI in Figure 3.3.
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Figure 3.1: violin plots of the computation times for pclustreg and tclustreg
with n = 1000, p = 10, Ω = 0.05, “nsamp" = 3200 as k changes from 2 to 10. The
computation time of the oracle is not meaningful.

Figure 3.2: violin plots of the objective function log(L̂) for pclustreg,
tclustreg and oracle with n = 1000, p = 10, Ω = 0.05, “nsamp" = 3200 as
k changes from 2 to 10.
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Figure 3.3: violin plots of the ARI for pclustreg and tclustreg with n = 1000,
p = 10, Ω = 0.05, “nsamp" = 3200 as k changes from 2 to 10. The ARI of the
oracle is not reported in the figure as it is the constant 1.
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3.2.6 Scenario 2: Varying p

In this scenario we show the results as p takes the values in {2,3,4,5,6,7,8,9,10}
with fixed k = 10, “nsamp" = 3200 In Figure 3.4 we see that for p ≤ 8 the compu-
tation times of pclustreg are higher than those of tclustreg while they are
lower for p ≥ 9. In Figure 3.5 we see that the values of the objective function is
comparable among the methods for p = 2. Starting from p = 3 pclustreg shows
improvements with respect to tclustreg. The same phenomenon is noticed also
in the values of the ARI in Figure 3.6.

Figure 3.4: violin plots of the computation times for pclustreg and tclustreg
with n = 1000, k = 10, Ω = 0.05, “nsamp" = 3200 as p changes from 2 to 10. The
computation time of the oracle is not meaningful.
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Figure 3.5: violin plots of the objective function log(L̂) for pclustreg,
tclustreg and oracle with n = 1000, k = 10, Ω = 0.05, “nsamp" = 3200 as
p changes from 2 to 10.

Figure 3.6: violin plots of the ARI for pclustreg and tclustreg with n = 1000,
k = 10, Ω = 0.05, “nsamp" = 3200 as p changes from 2 to 10. The ARI of the
oracle is not reported in the figure as it is the constant 1.
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3.2.7 Scenario 3: Varying “nsamp"

In this scenario we show the results for “nsamp" ∈ {100,200,400,800,1600,3200}
with fixed k = 10, p= 10. In Figure 3.7 we see that for “nsamp"∈ {100,200,400} the
computation times of pclustreg are similar to those of tclustreg while they
are lower for “nsamp" ≥ 800. In Figure 3.8 we see that the values of the objective
function are higher for all values of “nsamp" tested. The same can be noticed also in
the values of the ARI in Figure 3.9.

Figure 3.7: violin plots of the computation times for pclustreg and tclustreg
with n = 1000, k = 10, Ω = 0.05, p = 10 as “nsamp" takes the values in
{100,200,400,800,1600,3200}. The computation time of the oracle is not mean-
ingful.
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Figure 3.8: violin plots of the objective function log(L̂) for pclustreg,
tclustreg and oracle with n = 1000, k = 10, Ω = 0.05, p = 10 as “nsamp"
takes the values in {100,200,400,800,1600,3200}.

Figure 3.9: violin plots of the ARI for pclustreg and tclustreg with n = 1000,
k = 10, Ω = 0.05, p = 10 as “nsamp" takes the values in
{100,200,400,800,1600,3200}. The ARI of the oracle is not reported in the figure
as it is the constant 1.
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3.2.8 Experimental results discussion

The results obtained for all scenarios show that pclustreg is competitive with
tclustreg and is capable of outperforming it in terms of objective function and
ARI in the same or less time in particular for the most challenging scenarios (high
values of p and k).

3.3 Real-world application

In this section we present the tests we conducted on the FSDA [55] Girdles dataset.
The dataset consists of real trade data. In particular, it contains the price and quantity
of 153 imports of girdles and panty girdles from Israel to Austria. Since we allow an
intercept term and there is only one independent variable, p = 2.

Since the dataset does not contain the ground-truth the oracle method is not
feasible, thus we only compare pclustreg in its variants pclustreg1 (described
in Chapter 2.1) and pclustreg2 (described in this chapter) against tclustreg.

We tested the dataset using k = 3 and k = 4. We repeated the tests increasing
the pclustreg node limit and the tclustreg number of subsamples to keep the
computation times approximately equal in the most challenging scenario of k = 4.
This was done in order to have a fair comparison. In particular, we used a node
limit of 100,500,10000 and corresponding tclustreg number of subsamples of
300,3000,60000. We call these three configurations scenario A, B, and C respec-
tively.

We ran pclustreg with ñMIN = p+ 1 = 3 and with σ̃MIN = 1. Since we are
using pclustreg as a heuristic, one could also perform a search on the parame-
ter σ̃MIN. Such search is not being performed in this experiment. We repeated the
experiment 100 times with 100 different random number generator seeds.

3.3.1 Results and discussion

The results are shown in Figures 3.10, 3.11,3.12 and 3.13. We can see that for k = 3
both tclustreg, pclustreg1 and pclustreg2 usually find the same solution
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regardless of their execution time. For k = 4 pclustreg2 performs slightly better
than pclustreg1 and more in line with tclustreg, altough at a much lower
computation time. In general, the execution times of pclustreg1 and pclustreg2
are lower than those of tclustreg while achieving comparable or better results.

Figure 3.10: Boxcharts of the loglikelihoods obtained by pclustreg1,
pclustreg2 and tclustreg with k = 3.
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Figure 3.11: Boxcharts of the computation times for pclustreg1, pclustreg2
and tclustreg with k = 3.

Figure 3.12: Boxcharts of the loglikelihoods obtained by pclustreg1,
pclustreg2 and tclustreg with k = 4.
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Figure 3.13: Boxcharts of the computation times for pclustreg1, pclustreg2
and tclustreg with k = 4.
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3.4 Implementation details

In this section we discuss some of the relevant implementation details. The imple-
mentation of pclustreg discussed in this work is written in C and compiled with
GCC [58] (MinGW under Windows) with the -O3 optimization flag. The method
we employed to call the routine from MATLAB consists of exposing a C header file
with the declaration of the function and then a Dynamically Linked Library (DLL on
Windows) containing the implementation. This can be done by employing the MAT-
LAB functions loadlibrary, which allows the user to load a shared library and
calllib, which allows to call a function contained in the shared library.

3.4.1 Libraries used

In order to speed up the development of the implementation of pclustreg we
employed some C libraries other than the libc. The libraries used are listed below.

• The GNU Scientific Library (GSL, https://www.gnu.org/software/
gsl/) [59] is used for random number generation and for the computation of
the quantiles of the probability distributions X 2,F .

• The Basic Linear Algebra Subprograms (BLAS, https://netlib.org/
blas/) [60][61] library is used for vector and matrix operations.

• The Linear Algebra PACKage (LAPACK, https://netlib.org/lapack/)
[62] [63] library is used to perform the Least Squares fitting. In particular, the
Cholesky decomposition of XT

j X j is first computed using the function dpotrf
(double positive definite triangular factor) and then used to solve the system
XT

j X jβ j =XT
j Yj with the function dpotrs (double positive definite triangular

solve). Also the implementation of tclustreg used in this work employs
the Cholesky decomposition to solve the Least Squares problem.

• The Intel® oneAPI Math Kernel Library (oneMKL, https://www.intel.
com/content/www/us/en/developer/tools/oneapi/onemkl.html)

https://www.gnu.org/software/gsl/
https://www.gnu.org/software/gsl/
https://netlib.org/blas/
https://netlib.org/blas/
https://netlib.org/lapack/
https://www.intel.com/content/www/us/en/developer/tools/oneapi/onemkl.html
https://www.intel.com/content/www/us/en/developer/tools/oneapi/onemkl.html
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[64] is used for the function vdLn, which provides a vectorized (SIMD) im-
plementation of the function log(x). This library is also used by MATLAB (as
are BLAS and LAPACK), and thus by tclustreg.

3.4.2 Classification Expectation Maximization implementation

Although the Classification Expectation Maximization (CEM) [30] algorithm is not
thoroughly discussed in this work, we need to at least outline its declination in the
context of the problem at hand to better delineate the difference between our imple-
mentation and the standard ones. The standard implementation of the CEM comprises
the following steps.

1. For every cluster j, fit the points and obtain estimates σ̂ j, β̂ j, π̂ j∀ j.

2. for every point (xi,yi) in the dataset and for every j, compute log(π̂ j f j(xi,yi))

using σ̂ j, β̂ j to compute f j(xi,yi). This value is the log-likelihood contribution
of the point for every cluster it might be assigned to.

3. assign the point to the cluster with the highest log(π̂ j f j(xi,yi)).

4. repeat from step 1 until no point is reassigned to a different cluster (or the
objective function does not increase).

As we can notice, the values of σ̂ j, β̂ j, π̂ j remain fixed while the points are being
reassigned in steps 2-3.

While performing CEM in the computation of the lower bounds, our method
pclustreg instead computes the contribution of each point by implicitly partially
re-estimating σ̂ j, π̂ j. While the parameters β̂ j and the sum of squared residuals SSR j

are not recomputed as the points are being reassigned, the values n j (which denote the
number of points assigned to each cluster j) are updated to keep track of the number
of points in each cluster. This causes the estimate of the contribution of each point to
each cluster used to decide the reassignment to be slightly more accurate at the cost
of a higher number of evaluations of the function log(x).



Chapter 4

Conclusions and future research

The work done for this thesis has followed two closely related research lines: the
clustering of Mixtures of Gaussians, discussed in Chapter 1, and the clusterwise linear
regression problem, discussed in Chapters 2 and 3.

4.1 Clustering Mixtures of Gaussians

Regarding the clustering of Mixtures of Gaussians, in this work, we introduced a
MISDP reformulation of the clustering problem for Gaussian Mixtures with ellip-
soidal components. MISDP problems are iteratively solved to estimate unknown co-
variance matrices and centroids of the ellipsoidal clusters, as well as the assignment
of each point to a given cluster. Such reformulation is at the core of our bclust
proposal, which allows us to achieve a local optimum and to improve the solutions
provided by traditional classification EM algorithms. The bclust algorithm itera-
tively refines its solution, starting from an initial assignment (which could be random
or the output of other clustering algorithms). Extensive simulation and application
studies show that bclust is very promising and typically outperforms a well-known
existing method for model-based clustering such as tclust, albeit at the cost of a
larger, but still reasonable, computational burden.
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Our current proposal could be extended in various directions.
Firstly, we are particularly interested in problems where components may have dif-
ferent sizes (i.e., where the mixing proportions π1, ...,πk are not necessarily equal).
In principle, this can be achieved with additional optimization variables and linear
constraints, and we are developing new heuristics to limit the computational burden.
Secondly, we are also exploring clustering problems affected by data contamination
(i.e., noise and/or outliers). They can be tackled through additional binary and linear
constraints, to ensure that contaminants are treated as an additional cluster that does
not contribute to the objective function.
Thirdly, we are investigating more effective strategies to improve the solutions of
MISDP subproblems and limit their computational cost. For instance, we are cur-
rently exploring a custom implementation of a branch and bound algorithm that di-
rectly calls the MOSEK API without relying on the YALMIP library, as the latter
brings a considerable overhead.
Finally, we are currently studying various ways to choose the family of sets F which
is used to define the neighborhood of the current solution, to provide a good trade-off
between computational burden and optimality of the solution.

4.2 Clusterwise Linear Regression

For what concerns the clusterwise linear regression problem, in Chapter 2 we have
provided a reformulation of the maximization of the log-likelihood for this setting.
We then proposed a new algorithm, pclustreg. This algorithm, given two under-
estimates σ̃2

MIN and ñMIN of the minimum variance and minimum cluster cardinality
of the ground truth, returns a solution that, with a desired probability s < 1, is at
least as good as the (unknown) ground-truth in terms of log-likelihood. Moreover,
we showed with numerical experiments that pclustreg can be effectively used as
a heuristic method by limiting the number of nodes expanded. Our tests showed that
pclustreg is capable of outperforming, as a heuristic, the state-of-the-art imple-
mentation tclustreg in terms of quality of the result with comparable computa-
tion times.
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In Chapter 3 we highlighted the limitations of the parameter σ̃2
MIN and proposed

a change in the method to address its drawbacks by exploiting the F distribution in-
stead of the X 2. In Section 3.2 we tested the refined implementation of pclustreg
obtained in this way in three different scenarios with synthetic data obtaining promis-
ing results. In Section 3.3 we showed that pclustreg is competitive with tclustreg
als on real-world datasets.

There are several avenues for further research on the approach used by pclustreg.
We are currently investigating: (i) Estimating the value of σ̃MIN by employing a robust
trimming-based algorithm for regression or multivariate analysis [65] which aims to
identify a single component and n− ñMIN outliers. (ii) Finding the optimal number of
regression hyperplanes k with a linear search using some information criterion [66].
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