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Abstract

This thesis is concerned with the study of the action of a real reductive group G on a

real submanifold X of a Kähler manifold (Z, ω) which is the restriction of a holomorphic

action of a complex reductive Lie group UC. Let U be a compact connected Lie group

with Lie algebra u acting on Z and preserving ω. We assume that the U -action extends

holomorphically to an action of the complexified group UC and the U -action on Z is

Hamiltonian. Then there exists a U -equivariant momentum map µ : Z → u. If G ⊂ UC is

a closed subgroup such that the Cartan decomposition UC = Uexp(iu) induces a Cartan

decomposition G = Kexp(p), where K = U ∩ G, p = g ∩ iu and g = k ⊕ p is the Lie

algebra of G, there is a corresponding gradient map µp : X → p. Given an Ad(K)-

invariant scalar product on p, we obtain a Morse like function f = 1
2
∥ µp ∥2 on X. We

study some properties of the gradient map µp and its norm square function f and analyse

the G-action on X using the gradient map.
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Introduction

This thesis is concerned with the study of Hamiltonian action of a complex reductive group

on a Kähler manifold. The momentum map helps to analyze the geometric properties of

this action [5, 36, 55, 30]. The aim of the present work is to investigate a class of actions

of real reductive Lie groups on real submanifolds of a Kähler manifold using gradient map

techniques. Some of the original results have already been published; some other results

have been collected in a preprint and submitted for publication, and others have not yet

been submitted for publication.

We consider a Kähler manifold (Z, ω) with an holomorphic action of a complex reduc-

tive group UC, where UC is the complexification of a compact Lie group U with Lie algebra

u. We also assume ω is U -invariant and that there is a U -equivariant momentum map

µ : Z → u∗. By definition, for any ξ ∈ u and z ∈ Z, dµξ = iξZω, where µξ(z) := µ(z)(ξ)

and ξZ denotes the fundamental vector field induced on Z by the action of U, i.e.,

ξZ(z) :=
d

dt

∣∣∣∣
t=0

exp(tξ)z

(Section 1.3.) Recently, the momentum map has been generalized to the following settings

[44, 45, 46]. We say that a subgroup G of UC is compatible if G is closed and the map

K × p → G, (k, β) 7→ k exp(β) is a diffeomorpism where K := G ∩ U and p := g ∩ iu;

g is the Lie algebra of G. The Lie algebra uC of UC is the direct sum u ⊕ iu. It follows

that G is compatible with the Cartan decomposition of UC = U exp(iu), K is a maximal

compact subgroup of G with Lie algebra k and that g = k⊕ p (see Section 1.4).

The inclusion ip ↪→ u induces by restriction, a K-equivariant map µip : Z → (ip)∗.

Choose and fix an Ad(UC)-invariant inner product of the Euclidean type B on the Lie

algebra uC, see [22, Section 3.2], [60, Definition 3.2.4] and also [50, Section 2.1] for the

analogue in the algebraic GIT. Such an inner product will automatically induce a well-

defined inner product on any maximal compact subgroup U ′ of UC.
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Let ⟨·, ·⟩ denote the real part of B. Then ⟨·, ·⟩ is positive definite on iu, negative

definite on u, ⟨u, iu⟩ = 0 and finally the multiplication by i satisfies ⟨i·, i·⟩ = −⟨·, ·⟩. In

order to simplify the notation we replace consideration of µip by that of µp : Z −→ p,

where

µβp (x) := ⟨µp(x), β⟩ := ⟨iµ(x), β⟩ = −⟨µ(x),−iβ⟩ = µ−iβ(x).

The map µp : Z −→ p is K-equivariant and gradµβp = βZ for any β ∈ p. Here the grad is

computed with respect to the Riemannian metric induced by the Kähler structure. The

map µp is called the G-gradient map associated with µ (Section 1.6).

For a G-stable locally closed real submanifold X of Z, we consider µp as a mapping

µp : X → p. The norm square of µp is defined as f(x) := 1
2
∥ µp(x) ∥2; x ∈ X.

Assume that X is connected and compact. In [45] the authors proved the existence of

a smooth G-invariant stratification of X using the norm square of the gradient map and

they studied its properties. A strategy to analyze the G-action on X is to view f as a

generalized Morse function. The norm square of µp is in general far from being Morse-Bott

and its critical set may be very complicated. But can we have a particular case when the

norm square will be Morse-Bott? We find this question to be true for two orbits variety.

If the action of G on X has two orbits, then X is called a two orbit variety. Akhiezer

[2], Brion [21], Feldmüller [29] among others have studied two orbit complex varieties

extensively. S. Cupit-Foutou [26] obtained the classification of a complex algebraic variety

on which a reductive complex algebraic group acts with two orbits. Applying standard

Morse-theoretic results in [54] and [45], we prove that the norm square is Morse-Bott

and obtain information on the cohomology and K-equivariant cohomology of a two orbit

variety (Theorem 4.4.1), generalizing [32].

A central ingredient to prove this result is the Ness Uniqueness Theorem which asserts

that any two critical points of f in the same G-orbit in fact belong to the same K-orbit

(Theorem 2.2.8). Moreover, although we do not assume that X is real analytic manifold,

we point out that for any G-invariant compact and connected submanifold of Z, the

Lojasiewicz gradient inequality holds for the norm square. Therefore, the limit of the

negative gradient flow exists and it is unique and any G-orbit collapses to a single K-
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orbit (Theorem 2.2.11). We use the original ideas from [30] in a different context. By the

stratification theorem, we have

{p ∈ X : G · p ∩ µ−1
p (0) ̸= ∅} = {p ∈ X : lim

t→+∞
φt(p) ∈ µ−1

p (0)} = SG(µ
−1
p (0)),

where φt(p) is the flow of the vector field -gradf. Then, there exist a K-equivariant strong

deformation of SG(µ−1
p (0)) onto the set µ−1

p (0) (Theorem 2.1.6). Hence no analyticity

assumption is necessary in the statement of the retraction Theorem answering Question

1 in [47, p.219].

Biliotti and Ghigi [9] proved a convexity theorem along orbits in a very general set-

ting using only so-called Kempf-Ness function (see Section 2.2 for details on Kempf-Ness

funtion). The behaviour of the corresponding gradient map is encoded in the Kempf-Ness

function. Recently, Biliotti [7] gave a new proof of the Hilbert-Mumford criterion for real

reductive Lie groups stressing the properties of the Kempf-Ness functions. He shows that

the Kempf-Ness function is Morse-Bott and it is convex along geodesics for the action of

a linear group on P(V ) where V is a finite dimensional vector space. We prove this result

in a general setting (Theorem 2.2.7).

We also investigate closed orbits of the parabolic subgroups of G if G is connected. If

β ∈ p set

Gβ+ := {g ∈ G : lim
t→−∞

exp(tβ)gexp(−tβ) exists}

Rβ+ := {g ∈ G : lim
t→−∞

exp(tβ)gexp(−tβ) = e}

Gβ = {g ∈ G : Ad(g)(β) = β}

rβ+ :=
⊕
λ>0

Vλ(adβ).

Note that gβ+ = gβ ⊕ rβ+. It is well-known that if G is connected, Gβ+ is a parabolic

subgroup of G with Lie algebra gβ+ and every parabolic subgroup of G arises as Gβ+

for some β ∈ p. Rβ+ is connected and it is the unipotent radical of Gβ+. Gβ is a Levi

factor of Gβ+ (see section 1.5 for more details). We prove the following result under the

assumption that G is connected.

Theorem. (see Theorem 3.0.4). Let β ∈ p. Then:
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• if Gβ+ · x is compact, then O = G · x is compact and Gβ+ · x is a finite union of

connected components of maxO(β) =
{
p ∈ O : maxz∈O µ

β
p = µβp (p)

}
;

• if O is a compact G-orbit, then maxO(β) is a finite union of compact Gβ+-orbits.

In particular, the number of compact Gβ+-orbits is equal or bigger than the number of

compact G-orbits.

Observe that µp(O) is a K-orbit but it is not true in general that µp defines a diffeom-

porhism between O and µp(O), without the assumption that G is a complex reductive

group. Therefore, Theorem 1.2 in [15, pag. 582] does not apply in our context.

Suppose U is a compact connected Lie group. Let ξ ∈ u. The standard notation for

parabolic subgroups of UC, see for instance [54], is given by

UC(ξ) = {g ∈ UC : lim
t→−∞

exp(itξ)g exp(−itξ) exists }.

It is well-known that UC(ξ) is connected and it contains a Borel subgroup, that is, a

maximal solvable subgroup of UC [1]. Hence, if β ∈ iu, then UC(−iβ) corresponds to

(UC)β+ in our notation. If Õ is a compact orbit of UC then it is a complex U -orbit [45]

and so a flag manifold [35]. Since

maxÕ(β) =
{
p ∈ Õ : maxz∈Õµ

−iβ = µ−iβ(p)
}
,

it follows that maxÕ(β) is connected [5, 36]. Hence the following result, see also [13],

holds.

Corollary. (See Corollary 3.0.4.1). The number of compact (UC)β+-orbits is equal to

the number of compact UC-orbits. Moreover, any closed (UC)β+-orbit arises as maxÕ(β),

where Õ is a compact UC-orbit.

Assume that G is a real form of UC. Assume there exists p ∈ Z such that X = UC · p

is compact. If Z is compact, then the UC-orbit throughout the maximum of the norm

square function ∥ µ ∥2 is a compact orbit and so it is a flag manifold [45]. It is well-known

that G has a unique closed orbit O in X. This is an old result of Wolf [70], see also [45].

In this setting, we prove the following result.
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Theorem. (See Theorem 3.0.8). The set maxO(β) is the unique compact orbit of Gβ+

acting on X. This orbit is connected and it is a (Kβ)o-orbit.

As a consequence of the proof we obtain the following result. Let a ⊂ p be an

Abelian subalgebra. If πa : p → a is the orthogonal projection, then µa = πa ◦ µp is the

corresponding A = exp(a) gradient map.

Proposition. (See Proposition 3.0.7). Let X be a compact orbit of UC and a ⊂ p be an

Abelian subalgebra. Then µa(X) = µa(O).

It is well-known that both µa(X) and µa(O) are polytope [45]. The above result tells

us that O captures much of the informations of µa. Note that if a ⊂ p is a maximal

Abelian subalgebra then by a beautiful Theorem of Kostant [58], keeping in mind that

µa = πa ◦ µp and µp(O) is a K-orbit in p, the set µa(X) is the convex hull of an orbit of

the Weyl group W (g, a) = {Ad(k) : k ∈ K, Ad(k)(a) = a} (see [56] for more details on

Weyl group).

Results on convexity theorems are obtained. Although there is no counterexample,

we do not know if the Abelian Convexity Theorem holds for any G-invariant connected

submanifold X (see for instance [14, 9, 46] for more details on the subject). If G-action

on X has a unique closed orbit O, then we prove that µa(X) = µa(O) and so a polytope

(Theorem 4.1.2). This result is new also if G = UC and X = Z. This means that O

captures all the information of the A-gradient map. As an application, we prove that the

Abelian convexity Theorem holds for a two orbits variety (Theorem 4.4.2).

If Z is connected and compact, andX ⊂ Z is aA-stable closed coisotropic submanifold,

then we prove µa(X) = µa(Z) (Theorem 4.2.4) and so it is a polytope as well. More

precisely, there exists an open and dense subset W of X such that for any p ∈ W, we have

µa(X) = µa(A · p).

The norm square f defines a stratification on X (Section 2.1). Non-Abelian covexity

result essentially use the stratification theorem [46, 54]. In a situation where the convex-

ity result holds, the minimal stratum, the stratum where the normed square attains its
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minimum is unique. The uniqueness of the minimal stratum holds if X = Z and G = UC.

In this situation, a general convexity results are available [36, 54].

In a general setting, there is still a minimal stratum and this stratum is always open.

However, there could be more than one minimal strata and other open strata that are

not minimal. Heinzner P and Schützdeller P proved the convexity result in a projective

setup [46]. We find a special case where the minimal stratum is the unique open stratum.

More precisely, we assume G ⊂ UC is a real form. This means that g = k⊕ p, u = k⊕ ip

and gC = uC. Then we prove the following result.

Theorem. (See Theorem 4.3.2). Suppose X is a G-invariant compact connected La-

grangian submanifold of Z such that X ⊂ µ−1
k (0). Then there exists a unique open stratum

in X. Moreover, this stratum is dense in X.

Since X is Lagrangian, µk restricted to X is constant and the image lies in the center

of the Lie algebra of K. Hence, if G has a finite fundamental group, then K has a finite

fundamental group and so K is semisimple and the center of K is finite. Summing up,

the condition X ⊂ µ−1
k (0) is always satisfied if G has finite fundamental group.

Let a be a maximal Abelian subalgebra of p and a+ a positive Weyl chamber of a.

Using Theorem 4.3.2, we prove the following non-Abelian convexity theorem

Theorem. (See Theorem 4.3.3). Suppose X is a G-invariant compact connected La-

grangian submanifold of Z such that X ⊂ µ−1
k (0). The set µp(X)∩a+ is a convex polytope.

In the last chapter, we study the Hilbert Mumford criterion for semistability and

polystability points associated with the actions of real reductive groups on real subman-

ifolds of Kähler manifolds. In the classical case of a group action on a Kähler manifold

these characterization are given by Mundet i Riera [65, 64], Teleman [4], Kapovich, Leeb

and Millson [53] and probably many others. Indeed any of these ideas go back as far as

Mumford [66, §2.2], where systematic presentation of notions of stability theory in the

non-algebraic Kählerian geometry of complex reductive Lie groups and the relationships

between these notions are given.
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Semistable (polystable) point in X can be identified by the position of the G-orbit

with respect to µ−1
p (0). A point x ∈ X is polystable if its G-orbits intersect the level

set µ−1
p (0) (G · x ∩ µ−1

p (0) ̸= ∅) and semistable if the closure of its G-orbits intersects

µ−1
p (0) (G · x ∩ µ−1

p (0) ̸= ∅). The set of semistable points associated with the critical

points of f is studied in great details in [45, 47]. Our aim is to develop a Geometrical

Invariant Theory for actions of real Lie groups on real submanifolds of a Kähler manifold,

generalizing results of Heinzner-Huckleberry-Loose [39, 40, 41, 42] and Sjamaar [68].

On the other hand, the semistability (polystability) condition can be checked using a

numerical criterion in term of a function called maximal weight, which can be regarded

as a Kählerian version of the Hilbert Criterion in Geometric Invariant Theorem. We

refer to this numerical condition as analytic stability condition. Biliotti and Zedda [16],

see also [10], gave a systematic treatment of the stability theory for an action of a real

non-compact reductive Lie group G on a compact connected real manifold X using the

maximal weight function and apply this settings to the action of G on measures of X. We

introduce a large class of actions of G on X following Teleman [4], called energy complete

action. As Teleman pointed out, the energy completeness condition gives the natural

framework for the stability theory in non-algebraic complex geometry. For such actions, we

prove that the semistability condition, respectively polystability condition, is equivalent

to analytic semistability condition (Theorem 5.3.4), respectively analytic polystability

condition (Theorem 5.3.6), extending the results due to Teleman [4] and Biliotti and Zedda

[16], respectively [30, Theorem 7.4]. We also characterize the semistable and polystable

points in terms of one-parameter subgroups (Corollary 5.3.4.1 and Corollary 5.3.6.1).

One main ingredients in the proofs of these results is the moment weight inequality

(Theorem 5.2.7). We give a proof of this inequality applying the idea in [30] which was

due to Xiuxiong Chen [23] to our case.

The thesis is organised as follow. Except for the first chapter, each chapter represents

original results. There is a brief introduction at the beginning of each chapter and this

introduction includes the organization of each Chapter.

In Chapter 1, basic notions of Convex geometry, Morse theory, Hamiltonian action
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on Kähler Manifold, compatible subgroup, parabolic subgroup and some properties of

Gradient map are collected.

In Chapter 2, the norm square of the gradient map and the Kempf-Ness function

associated with the gradient map are studied. The results of this chapter are obtained in

a joint work with Biliotti [17].

In Chapter 3, the closed orbit of parabolic subgroup are studied. The result of this

chapter is obtained in a joint work with Biliotti [18] which has already been published in

Nagoya Mathematical Journal.

Chapter 4, concerns the convexity properties of the gradient map applying most of the

results obtained in chapter 2. Both the Abelian and non-Abelian cases are studied. The

results of this chapter is a work by the author [69] and a joint work with Biliotti [17].

Chapter 5, concerns the Hilbert Mumford criterion for semistability and polystability

points associated with the actions of real reductive groups on real submanifolds of Kähler

manifolds. Most of the results of this chapter are obtained in a joint work with Biliotti

[19]. The paper has been accepted for publication in The Journal of Geometric Analysis.
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Chapter 1

Preliminaries

1.1 Convex geometry

Let V be a real vector space with a scalar product ⟨·, ·⟩. The set Hα(v) = {u ∈ V :

⟨u, v⟩ = α} with v ̸= 0 and α ∈ R is a hyperplane of V. H−
α (v) = {u ∈ V : ⟨u, v⟩ ≤ α} and

H+
α (v) = {u ∈ V : ⟨u, v⟩ ≥ α} are two closed halfspaces bounded by Hα(v). For x, y ∈ V,

let [x, y] := {(1− θ)x+ θy : 0 ≤ θ ≤ 1} denote the closed segment joining x and y.

A vector v ∈ V is an affine combination of points v1, · · · , vk ∈ V if there exists

θ1, · · · , θk ∈ R such that v =
∑k

i=1 θivi and
∑k

i=1 θi = 1. For A ⊂ V, affine hull of A is the

set of all affine combinations of elements of A and it is the smallest affine subspace of V

containing A. We recall some basic definitions.

Definition 1.1.1. Let A ⊂ V be any subset of V.

• A is convex if for every x, y ∈ A, [x, y] ∈ A.

• A is a convex cone if A is convex, non empty and closed under multiplication by

non negative real numbers.

Definition 1.1.2. The dimension of a nonempty convex subset A ⊂ V denoted by dimA

is the dimension of the smallest affine subset of V containing A.
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A point v ∈ V is a convex combination of the points v1, · · · , vk ∈ V if there exists

θ1, · · · , θk ∈ R with θi ≥ 0 for all i = 1, · · · , k such that v =
∑k

i=1 θivi and
∑k

i=1 θi = 1.

For A ⊂ V, the set of all convex combinations of any finitely many elements of A is called

the convex hull of A denoted by conv(A). If A is convex, then conv(A) = A. For any set

A ⊂ V, conv(A) is the intersection of all convex subsets of V containing A.

Let E ⊂ V be a compact convex subset.

Definition 1.1.3. Let x, y ∈ E.

• The relative interior of E, denoted by relintE, is the interior of E in its affine hull.

• A face of E is a convex subset F of E such that if relint[x, y]∩F ̸= ∅, then [x, y] ⊂ F .

• The extreme points of E denoted by extE are the points x ∈ E such that {x} is a

face.

By a theorem of Minkowski [67, Corollary 1.4.5], E is the convex hull of its extremal

points. The faces of E are closed [67, p. 62]. The empty set and E itself are faces of E.

The other faces are called proper.

Definition 1.1.4. The support function of E is defined by the function hE : V → R,

hE(u) = max{⟨x, u⟩ : x ∈ E}.

If u ̸= 0, the hyperplane HE(u) := {x ∈ E : ⟨x, u⟩ = hE(u)} is called the supporting

hyperplane of E for u.

The set

Fu(E) := E ∩HE(u) (1.1)

is a face and it is called the exposed face of E defined by u.

Intuitively, the meaning of the support function is simple. For instance, consider a

nonempty closed convex set E ⊂ Rn. Then for a unit vector u ∈ Sn−1 ∩ domhE, the

supporting function hE(u) is the signed distance of the support plane to E with exterior

2



normal vector u from the origin; the distance is negative if and only if u points into the

open half-space containing the origin.

The following properties follows from the definition of the support function;

• hE = hx if and only if E = {x}, hE+r(u) = hE(u) + ⟨r, u⟩ for all r ∈ V , hE(λu) =

λhE(u) for all λ non negative and hE(u + v) ≤ hE(u) + hE(v). These implies that

hE is a convex function if E ̸= V.

• hE ≤ hG if and only if E ⊂ G.

In general not all faces of a convex subset are exposed. For instance, consider the convex

hull of a closed disc and a point outside the disc: the resulting convex set is the union of

the disc and a triangle. The two vertices of the triangle that lie on the boundary of the

disc are non-exposed 0-faces.

If F is a face of a convex set E, then extF = F ∩ extE. Indeed, it is immediate that

F ∩ extE ⊂ extF and the converse follows from the definition of a face.

Lemma 1.1.1. [15, Lemma 2] If G is a compact group and V is a representation space

of G define

ρ : V → V G ρ(v) :=

∫
G

gx dg

where dg denotes the Haar measure on G. Then V = V G⊕ker ρ. If x ∈ V and x = x0+x1

in this decomposition, then

a) G · x = x0 +G · x1;

b) conv(G · x) = x0 + conv(G · x1);

c) x0 is the unique fixed point of G contained in conv(G · x);

d) x0 ∈ relint conv(G · x).

Proof. That V = V G⊕ker ρ follows from the fact that Im ρ = V G and ρ2 = ρ. (a) and (b)

are immediate. Since x0 = ρ(x), it follows from the definition of ρ that x0 ∈ conv(G · x).

3



If y ∈ conv(G · x) is another fixed point, then y0 = x0 and y1 ∈ ker ρ ∩ V G. Hence y1 = 0

and y = x0. This proves (c). By Theorem 1.1.6 there is a unique face F ⊂ conv(G · x)

such that x0 ∈ relintF . Since conv(G · x) is G-invariant and x0 is fixed by G, also F is

G-invariant, and hence also extF . Since extF ⊂ ext(conv(G · x)) = G · x, it follows that

extF = G · x and hence that F = conv(G · x).

The following results about a compact convex set E and its faces are recalled from

[13]. Their proofs are included for completeness.

Lemma 1.1.2. If F ⊂ E is an exposed face, the set FF := {u ∈ V : F = Fu(E)} is a

convex cone. If G is a compact subgroup of O(V ) that preserves both E and F , then FF

contains a fixed point of G.

Proof. Let u1, u2 ∈ FF and θ1, θ2 ≥ 0. Set u = θ1u1 + θ2u2. We need to prove that

if at least one of θ1, θ2 is strictly positive, then F = Fu(E). Suppose θ1 > 0. Then

hE(u) ≤ θ1hE(u1) + θ2hE(u2). If f ∈ F , then

⟨f, u⟩ = θ1⟨f, u1⟩+ θ2⟨f, u2⟩

= θ1hE(u1) + θ2hE(u2).

This imlies that hE(u) = θ1hE(u1) + θ2hE(u2) and F ⊂ Fu(E). On the other hand, if

f ∈ Fu(E), then

0 = hE(u)− ⟨f, u⟩ = θ1(hE(u1)− ⟨f, u1⟩) + θ2(hE(u2)− ⟨f, u2⟩).

Since θ1 > 0, hE(u1)−⟨f, u1⟩ = 0 and so f ∈ Fu1(E) = F . Thus F = Fu(E). This proves

the first fact. To prove the second, pick any vector u ∈ FF and apply Lemma 1.1.1 to the

orbit G · u ⊂ FF : this gives a G-invariant ū ∈ FF .

Lemma 1.1.3. If E is a compact convex set and F ⊊ E is a face, then dimF < dimE.

Proof. If dimF = dimE, then relintF is open in the affine span of E, so relintF ⊂

relintE. By the previous theorem this implies that F = E.
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Lemma 1.1.4. If E is a compact convex set and F ⊂ E is a face, then there is a chain

of faces F0 = F ⊊ F1 ⊊ · · · ⊊ Fk = E which is maximal, in the sense that for any i there

is no face of E strictly contained between Fi−1 and Fi.

Proof. The result is trivial for F = E. Suppose F ⊊ E. Set F0 := F. If there is no face

strictly contained between F0 and E, set F1 = E. Otherwise we have a chain F0 ⊊ F1 ⊊

F2 = E. If this is not maximal, we can further refine it. Repeating this step we get a

chain with k + 1 elements. Since dimFi−1 < dimFi, k ≤ n. Hence the chain after at most

n steps is maximal. If F = E, the result is trivial.

Lemma 1.1.5. If E is a convex subset of Rn, M ⊂ Rn is an affine subspace and F ⊂ E

is a face, then F ∩M is a face of E ∩M .

Proof. If x, y ∈ E ∩M and relint[x, y] ∩ F ∩M ̸= ∅ then [x, y] ⊂ F since F is a face, but

[x, y] is also contained in M since M is affine. So [x, y] ⊂ F ∩M as desired.

Theorem 1.1.6 ([67, p. 62]). If E is a compact convex set and F1, F2 are distinct faces

of E, then relintF1 ∩ relintF2 = ∅. If G is a nonempty convex subset of E which is open

in its affine hull, then G ⊂ relintF for some face F of E. Therefore E is the disjoint

union of the relative interiors of its faces.

Definition 1.1.5. A convex polytope in V is the convex hull of a finite (possibly empty)

subset of V.

A polytope is the intersection of finitely many closed halfspaces [67, p. 96]. If A =

conv{vi · · · , vk}, then the extreme points of A are among the points vi · · · , vk. This implies

that polytopes are precisely the convex bodies with finitely many extreme points. If HA(·)

is a support plane of A, then HA(·) ∩ A = conv(HA(·) ∩ {vi · · · , vk}). This implies that

each support set of a polytope is itself a polytope. Each proper face of a polytope is a

support set [67, p. 95].

Proposition 1.1.7. Let C1 ⊂ C2 be two compact convex set of V . Assume that for any

β ∈ V we have

maxy∈C1⟨y, β⟩ = maxy∈C2⟨y, β⟩.
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Then C1 = C2.

Proof. We may assume without loss of generality that the affine hull of C2 is V . Assume

by contradiction that C1 ⊊ C2. Since C1 and C2 are both compact, it follows that there

exists p ∈ ∂C1 such that p ∈
o

C2. Since every face of a compact convex set is contained in

an exposed face [67], there exists β ∈ V such that

maxy∈C1⟨y, β⟩ = ⟨p, β⟩.

This means the linear function x 7→ ⟨x, β⟩ restricted on C2 achieves its maximum at an

interior point which is a contradiction.

1.2 Morse Theory

In this section, we briefly review the concept of Morse theory. The convexity results

discussed in this work strongly rely on Morse Theory. We only recall important facts

from [37] and [54] needed to understand the results discussed in this work. The reader

can take a look at those materials for more details of some facts that are taken for granted

in this section.

Throughout this section, M will denote a compact connected smooth manifold of

dimension n. Let f ∈ C∞(M) be a real smooth function on M. A point p ∈ M is a

critical point of f if dfp = 0 in TpM.

Let C denotes the set of critical points of f and Hp(f) : TpM × TpM → R denotes

the Hessian of f at p which is a symmetric bilinear form defined by Hp(f)(Xp, Yp) :=

X(Y (f))(p), for vector fields X, Y on M. At critical points, the Hessian is well-defined

and symmetric. In fact, X(Y (f))(p)−Y (X(f))(p) = dpf([X, Y ]) = 0, since dfp = 0. This

implies that X(Y (f))(p) = Y (X(f))(p). Moreover, if Xp = 0, then by definition of vector

field, X(Y )(f))(p) = 0. If Yp = 0, then X(Y (f))(p) = 0 since X(Y (f))(p) = Y (X(f))(p).

A point p ∈ C is said to be nondegenerate if Hp(f) is a nondegenerate symmetric

bilinear form.
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Definition 1.2.1. A function f ∈ C∞(M) is called Morse function if all critical points

of f are nondegenerate.

The Morse index of a critical point p of f is the dimension of the negative space

of Hp(f). Let m and k be the number of positive and negative eigenvalues of Hp(f)

counted by multiplicity respectively. If f is a Morse function, then by nondegeneracy,

dimM = n = m+ k.

Lemma 1.2.1. (Morse Lemma [62, Lemma 2.2]). Let f ∈ C∞(M) be a Morse function.

If p ∈ M is a critical point of f with Morse index k, then there exist a neighbourhood U

of p and a chart φ : U → Rn satisfying φ(p) = 0 such that

(f ◦ φ−1)(x1, · · ·xn) = f(p)−
k∑
i=1

x2i +
n∑

i=k+1

x2i

in a neighbourhood of 0 ∈ Rn.

It follows from the Morse lemma that if f ∈ C∞(M) is a Morse function, the critical

set of f is a closed discrete subset of M, hence f has only finitely many critical points.

Fix a Riemannian metric g on M and define the gradient vector field ∇f of a function

f ∈ C∞(M) by g(∇f,X) = df(X) for all vector field X on M. Let xt be the negative

gradient flow generated by −∇f.

Definition 1.2.2. For p ∈M, the stable manifold Sp of −∇f at p is defined as

Sp := {q ∈M ; lim
t→∞

xt(q) = p}.

Lemma 1.2.2. [37, Lemma 2.3] The dimension of Sp is m.

Theorem 1.2.3. [62] Let f be a Morse function on M. Then the manifold decomposes

as

M =
⊔
p∈C

Sp. (1.2)

The decomposition 1.2 is called the Morse decomposition of M.
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Example 1.2.1. Let M = S2, for v ̸= 0, f(x) = ⟨x, v⟩ is a smooth function on M.

{ v
∥v∥ ,

−v
∥v∥} is the critical set and the stratification is given as

Smin = S2 \
{

v

∥ v ∥

}
, Smax =

{
v

∥ v ∥

}
.

Remark 1.2.4. Suppose we are in a situation where m is even for all p ∈ C, then f has

a unique local maximum and a unique local minimum. [5, 37]

Definition 1.2.3. Let M be a compact manifold, and let f ∈ C∞(M). Then f is a

Morse-Bott function if the critical set C of f is a smooth submanifold of M and for each

p ∈ C, Hp(f) induces a nondegenerate bilinear form on the quotient space TpM/TpC. i.e.,

on each p ∈ C, Hp(f) is nondegenerate in normal directions.

For any q ∈M, let

Bϵ(q) := {m ∈M : d(q,m) ≤ ϵ, ϵ > 0}; d denotes the geodesic distance.

We define a subset ω(p) of M as

ω(p) := {q ∈M : Bϵ(q) ∩ xt ̸= ∅ ∀ϵ > 0,∀t ∈ [T,∞), T ∈ R}.

Let f ∈ C∞(M) be a Morse-Bott function and C ′ a connected component of C. The

stable manifold of −∇f at C ′ is defined as

SC′ := {p ∈M : ω(p) ⊂ C ′}.

Theorem 1.2.5. (Morse-Bott). Let f ∈ C∞ be a Morse-Bott function, and let C be the

set of connected components of C. Then

M =
⊔
C′∈C

SC′ . (1.3)

The decomposition in 1.3 above is referred to as Morse Stratification of M.

Example 1.2.2. Consider M = S2 and define a function f(x, y, z) = 1
2
z2 on M. The

critical set of f is given as {(x, y, z) ∈ M ;x2 + y2 = 1, z = 0} ∪ {e3,−e3} which is

the equator of the sphere union north pole and south pole. One can check that f is a

Morse-Bott function, and Smax = {N,S} and Smin = S2 \ {N,S}.
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Remark 1.2.6. In Morse-Bott theory, if the dimSC′ is even for all C ′ ∈ C and M is

connected, then f attains a local minimum (maximum) at a unique component C ′ [37],

[5].

Kirwan shows in [54, Appendix 10] that the Morse theory can be extended to a larger

class of functions.

Definition 1.2.4. A function f ∈ C∞(M) is called a minimally degenerate function if

the following holds.

• The critical set of f on M is a finite union of disjoint closed subsets C ⊂ C on

which f takes a constant value. The subsets C are called critical subsets of f . If the

critical set of f is well-behaved we can take C to be its connected components.

• For every such C, there is a submanifold MC of M containing C with orientable

normal bundle in M, such that

a) the restriction of f to MC takes its minimal value on C,

b) for all p ∈ MC, the Hessian Hp(f) is positive semidefinite on TpMC ⊂ TpM,

and there is no subspace of TpM strictly containing TpMC, on which Hp(f) is

positive semidefinite.

A submanifold MC above is called a minimising submanifold for f along C. Note that

if f is Morse-Bott, then it is a minimally degenerate function with MC = SC′ .

If f is minimally degenerated, f defines a smooth stratification on M as follows.

Theorem 1.2.7. [54, Theorem 10.4]. Let f ∈ C∞(M) be a minimally degenerate function

on M. Suppose that the gradient of f is tangent to the minimising manifold MC. Then

M =
⊔
C

SC, (1.4)

where SC := {p ∈ M : ω(p) ⊂ C}. The strata SC are smooth, and the minimising

manifolds MC are open neighbourhoods of C in SC.

If the dimSC is even for all C, then f has a local minimum along unique set C.
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1.3 Hamiltonian Action on Kähler Manifold

Let U be a compact Lie group with Lie algebra u. The commutator ideal of u is

[u, u] = {linear combinations of [ξ1, ξ2] ∀ ξ1, ξ2 ∈ u}.

Definition 1.3.1.

• A compact Lie group U is semisimple if u = [u, u].

• A Lie group T is a torus if it is isomorphic to the product S1 × · · · × S1 = (S1)n.

These are the compact connected abelian Lie groups [6, Page 85]. T ⊂ U is called

maximal torus if T = T ′ for any other torus T ′ ⊂ U such that T ⊂ T ′.

Theorem 1.3.1. (Maximal Torus Theorem)[6, Theorem 4.1] Let U be a connected, com-

pact Lie group.

i There exists a maximal torus T in U.

ii Any two maximal tori in U are conjugate.

iii Every element of U is contained in a maximal torus.

Let UC be the complexification of a compact Lie group U in the sense of [51]. The

group UC is a complex reductive group with Lie algebra uC and contains U as a maximal

compact subgroup [24].

Let (Z, ω) be a compact connected Kähler manifold, where ω is a symplectic form, J

is an integrable complex structure such that ω(·, J ·) is a Riemannian metric. We assume

that UC acts holomorphically on Z and ω is U -invariant. For any ξ ∈ uC and z ∈ Z, ξZ

denotes the fundamental vector field induced on Z by the action of UC given as

ξZ(z) :=
d

dt
|t=0exp(tξ) · z.

Definition 1.3.2. The U-action on (Z, ω) is Hamiltonian if there exists a map µ : Z →

u∗, where u∗ is the dual of u, satisfying the following conditions;
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• For any ξ ∈ u and z ∈ Z, the function µξ : Z → R defined as µξ(z) := µ(z)(ξ) is

such that

dµξ = iξZω.

i.e, µξ is a Hamiltonian function for ξZ .

• µ is equivariant with respect to the U-action on Z and the coadjoint action of U on

u∗. i.e., µ(gz) = Ad∗(g)(µ(z)); g ∈ U, z ∈ Z, (Ad∗(g) := (Ad(g−1))∗).

The map µ satisfying the above conditions is called a momentum map.

We now discuss the existence and uniqueness of the momentum map. Let Ck := Λku∗

be an alternating k-linear maps. C1 = u∗. Let δk : Ck−1 → Ck be a linear operator defined

by

δc(ξ0, · · · , ξk) =
∑
i<j

(−1)i+jc([ξi, ξj], ξ0, · · · , ξ̄i, · · · , ξ̄j, · · · , ξk).

This linear operator satisfies δ2 = 0. The Lie algebra cohomology groups of u are the

cohomology groups of the complex 0 →δ0 C0 →δ1 C1 →δ2 · · · such that

Hk(u;R) :=
ker δk

im δk−1

.

If c ∈ u∗, then δ0c(ξ0, ξ1) = −c([ξ0, ξ1]). This implies that δ0c = 0 if and only if c vanishes

on [u, u], hence,

H1(u,R) = [u, u]0

where [u, u]0 ⊂ u∗ is the annihilator of [u, u].

Theorem 1.3.2. (Whitehead Lemmas[3]). U is semisimple if and only if H1(u,R) = 0.

Z can be given a symplectic structure by choosing the ω, the Kähler form on Z and

consider Z as a symplectic manifold.

Theorem 1.3.3. [3]. Let U be a compact connected Lie group. If H1(u;R) = 0, then

momentum maps for Hamiltonian U-actions on Z are unique.

Corollary 1.3.3.1. In general, momentum maps are unique up to a constant c ∈ H1(u;R).

i.e., if µ : Z → u∗ is a momentum map, then given any c ∈ H1(u;R), µ + c is another

momentum map.
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We have the following special cases:

a) If U is semisimple, then the U -action on Z is Hamiltonian and the momentum map

is unique.

b) If U is Abelian, then the momentum map, if it exists, is unique up to constants

c ∈ u∗.

We choose and fix an Ad(UC) inner product of Euclidean type on the Lie algebra uC

[22, Section 3.2] and [61, Definition 3.2.4]. One can use for instance an embedding of U

in U(n) and its extension UC −→ GL(n,C). Then

B : uC × uC −→ C, (X, Y ) 7→ Tr(XY )

is an Ad(UC) inner product of Euclidean type on the Lie algebra uC.

Let ⟨·, ·⟩ denote the real part of B. Then, keeping in mind that u ⊂ u(n), ⟨·, ·⟩ is

positive-definite on iu, negative-define on u, ⟨u, iu⟩ = 0 and ⟨i·, i·⟩ = −⟨·, ·⟩. In particular

we may identify u and u∗ by means of −⟨·, ·⟩ and so one can think of the momentum map

as u-valued map. With respect to −⟨·, ·⟩, the momentum map µ : Z → u interchanges

the U -action on Z with the adjoint action of U on u. i.e., the second condition becomes

µ(gz) = Ad(g)(µ(z)); g ∈ U, z ∈ Z. If ξ ∈ u, then µξ(z) := ⟨µ(z), ξ⟩ is smooth and its

gradient is given by JξZ .

Example 1.3.1. Consider the standard U(n)-action on (Cn,− i
2

∑
dzj ∧ dz̄j) given by

normal matrix-vector multiplication. The Lie algebra u(n) is the set of skew-hermitian

matrices X = V + iW. Identify u(n) with its dual u(n)∗ via ⟨A,B⟩ = Tr(AB). This action

is Hamiltonian and the momentum map µ : Cn → u(n) is given as

µ(z) =
i

2
zz∗.

Indeed, Let X ∈ u(n). Then, X ∗ = X T
= −X , and

−V − iW = −X = X T
= V T − iW T .
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This implies that V = −V T and W = W T . The fundermental vector field induced on Cn

by X is given as

XCn =
d

dt
|t=0 exp(tX )z

= X exp(tX )z|t=0

= (V + iW ) exp(0(V + iW ))z identifying Cn with R2n

=

 V −W

W V

 z.

Let x+ iy = z ∈ Cn. The component of the momentum map along X is given as

µX (z) = ⟨µ(z),X⟩ = i

2
tr(zz∗X ),

where tr is the trace of a matrix. Since the trace is invariant under the cyclic permutations

and the trace of a complex number is the number itself,

µX (z) =
i

2
tr(zz∗X ) =

i

2
tr(z∗X z) = i

2
(z∗X z).

It is an easy exercise to see that

µX (z) =
1

2
zT

 −W −V

V −W

 z.

We need to show that dµX = iXCnω and µ(gz) = Ad(g)(µ(z)); g ∈ U(n), z ∈ Cn. Let Y be

a vector field on Cn and set Yz = z̃ ∈ R2n, we have

iXCnω(Y )(z) = ω(XCn , Y )(z)

= − i

2

∑
dzj ∧ dz̄j(XCn , Y )(z).

Identify Cn with R2n so that a symplectic form − i
2

∑
dzj ∧ dz̄j becomes

∑n
j=i dxj ∧ dyj.

By calculation, we have

iXCnω(Y )(z) = zT

 −W −V

V −W

 z̃.
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On the other hand, by calculation and nothing that Yz can be written as d
dt
|t=0z + tz̃, one

can show that

dµX (Y )(z) = Yz(µ
X )

= zT

 −W −V

V −W

 z̃ = iXCnω(Y )(z).

Let g ∈ U(n). g∗ = g−1 and so,

µ(gz) =
i

2
gz(gz)∗

=
i

2
gzz∗g∗

=
i

2
gzz∗g−1

= g(
i

2
zz∗)g−1

= Adg(µ(z)).

Proposition 1.3.4. Let H ⊂ U be a Lie subgroup with Lie algebra h. Let π : u → h be

orthogonal projection onto h. If the U-action on Z is Hamiltonian, then, the restricted

action of H on Z is also Hamiltonian and the momentum map is given as µh = π ◦ µ.

Proposition 1.3.5. Let H ⊂ U(n) be a Lie subgroup and µh : Cn → h be the momentum

map as given in the above Proposition. Then

µh([z]) :=
µ(z)

∥ z ∥2

is a momentum map for the H action on CP n.

From now on, we assume that U is connected and denote the fixed point set of U by

ZU := {z ∈ Z : U · z = z}. Let T be a maximal torus of U with Lie algebra t. The

momentum map associated to torus actions on Z have been studied by Atiyah [5] and

Guillemin and Sternberg [36]. It is well known that every connected component of the

fixed point set of a torus action on Z is a complex submanifold of Z and the induced

action of the torus on its normal bundle in Z has no nonzero fixed vectors. Using this

fact Atiyah proved the following result.
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Lemma 1.3.6. For any ξ ∈ u, µξ is Morse-Bott and has only critical manifolds of even

index.

The set Zξ := {z ∈ Z : ξZ(z) = 0} is a submanifold of Z (possibly disconnected) fixed

by the one-parameter subgroup generated by ξ and invariant under the T -action.

Atiyah [5] and Guillemin and Sternberg [36] showed that the image of the fixed point

set of T on Z under the momentum map associated with the T -action is a finite set of

points in t∗.

Theorem 1.3.7. (Abelian Convexity theorem [5], [36].) The set µ(ZT ) is finite and µ(Z)

is the convex hull of µ(ZT ) and so it is a convex polytope.

Atiyah [5] refined Theorem 1.3.7 by describing the behaviour of the momentum map

on the orbits of TC.

Theorem 1.3.8. [5] If z ∈ Z, then µ(TC · z) = conv(TC · z ∩ ZT ).

Atiyah [5] suggested that the convexity of µ(TC ·x) for x ∈ Z could be used to give an

alternative proof of Theorem 1.3.7 by showing that there always exists an orbit TC ·z such

that µ(TC · z) = µ(Z). Duistermaat [28] proved that the set of points z ∈ Z for which

µ(TC · z) = µ(Z) is non-empty and dense. Biliotti and Ghigi [9] gave an alternative

proof of this result and also show that the set is open. This new approach adds to the

understanding of some basic results in the subject.

Let ∥ · ∥ be the norm induced by the Ad(U)-invariant scalar product fixed on u.

Definition 1.3.3. The function F : Z → R given by

F (z) :=
1

2
∥ µ(z) ∥2

for z ∈ Z, is called the norm square of the momentum map.

The critical point of F is given below.

Lemma 1.3.9. [30] The gradient of F is given by

▽F = Jµ(z)Z

for z ∈ Z. Hence, z ∈ Z is a critical point of F if and only if µ(z)Z = 0.
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The norm square F of the momentum map is in general not Morse-Bott. In fact,

the critical set C of F has singularities in general so that F cannot be a Morse-Bott

function. Nevertheless, Kirwan defines a smooth stratification of X by showing that F is

a minimally degenerate function on Z [54].

Let xt denote the flow of −▽F. Let SC be a stable manifold associated with the

component C of the critical set of F where F takes constant value (see Section 1.2).

Duistermaat has shown that the limit of the negative gradient flow of F through a point

z ∈ Z is a single point.

Theorem 1.3.10. [59, 1.1]. The following holds under the above assumption.

• for each z ∈ Z, the limit set of the trajectory xt is a single point.

• for each connected component C of critical points of F, the map

φ : [0,∞]× SC → C, (t, z) 7→ xt(z)

is a deformation retraction.

A Weyl chamber decomposition of M in t is a fundamental domain for the coadjoint

action of the compact Lie group on t∗. So, the intersection of the image of a momen-

tum map with a Weyl chamber determines this image completely, since the image of a

momentum map is invariant under the coadjoint action.

Guillemin and Sternberg conjectured in [36] that the intersection of image of the

momentum map associated with the actions of compact Lie group on compact symplectic

manifolds with any Weyl chamber in the dual of the Lie algebra of a maximal torus is a

convex polytope. They prove this result in the case when the group is a torus. Kirwan

[55] gave a prove of this conjecture in a more general settings. More precisely, Kirwan

proved the following.

Theorem 1.3.11. (Non-Abelian Convexity). Let µ : Z → u be the momentum map for

the U-action on Z and suppose T ⊂ U is a maximal torus with Lie algebra t and t+ is a

positive Weyl chamber. Then µ(Z) ∩ t+ is a polytope.
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The proof of this theorem relies on the stratification of Z defined by the norm square.

The fundamental fact, in this case, is that the stratum corresponding to the minimum is

open and it is the unique open stratum. This is the main point to prove the non-Abelian

convexity result.

Heizner P. and Huckleberry A. [43] proved the convexity properties of the momentum

map in a non-compact Kählerian settings. Let Zmax := {z ∈ Z : dim(U · x) is maximal}.

Theorem 1.3.12. [43]. For a G-irreducible complex G-space Z, the set µ(Zmax) ∩ t+ is

convex.

Another important application of momentum map is the Kähler reduction.

Theorem 1.3.13. (Kähler Reduction): Suppose U acts freely on µ−1(0). Then, the orbit

space µ−1(0)/U is a manifold and there is a Kähler form ω0 on µ−1(0)/U. (µ−1(0)/U, ω0)

is called Kähler reduction.

Factorization problem for group actions in both algebraic geometry and complex ge-

ometry is an important subject. Defining the notion of good quotient for the UC-action

on Z has been greatly studied in the literature. A naive example will be the orbit space

Z/UC but the orbit space is not always Hausdorff. For instance, consider C∗ = C \ {0}

acting on Cn; λ 7→ multiplication by λ. The orbit space Cn/C∗ = CP n−1 ⊔ {0} is not

Hausdorff. Indeed, the only open set containing the point {0} is the whole space. How-

ever, Cn \{0}/C∗ = CP n−1. In this case the point 0 was removed which can be considered

as the ’bad orbit’. We can therefore restrict the action on a "big" UC-invariant subset

M ⊂ Z obtained by removing some "bad" UC-orbits to obtain a "good quotient" Z//UC.

Another application of momentum map is to define the UC-invariant subset M.

Definition 1.3.4. A point z ∈ Z is called

• µ-polystable if UC · z ∩ µ−1(0) ̸= ∅.

• µ-semistable if UC · z ∩ µ−1(0) ̸= ∅.

• µ-stable if UC · z ∩ µ−1(0) ̸= ∅ and UC
z := {g ∈ UC|gz = z} is discrete.
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Let Zss, Zps denotes sets of µ-semistable and µ-polystable respectively. Zss is open

in Z. The closure in Zss of every µ-semistable UC-orbit contains a unique µ-polystable

orbit.

Theorem 1.3.14. (Heinzner-Huckleberry-Loose). There is a good quotient Zss → Q such

that

• The induced morphism µ−1(0)/U → Q is a homeomorphism.

• z1, z2 ∈ Zss are equivalent if and only if µ−1(0) ∩ UC · z1 ∩ UC · z2 ̸= ∅.

The focus of this work is to prove most of the results presented in this section in a

more general setting and introduce new results in this setting. Instead of considering

the action of UC on Z, we will consider the action of a closed subgroup satisfying some

compatibility condition. This notion is discussed in section 1.4.

1.4 Compatible subgroups

Let U be a compact connected Lie group with Lie algebra u. Let UC be the complexifi-

cation of U with Lie algebra uC. There is a Cartan decomposition

uC = u+ iu

with a conjugation map θ : uC → uC, β + iξ 7→ β − iξ, β, ξ ∈ u. We also use θ to

denote the corresponding antiholomorphic involution of UC. The map f : U × iu → UC;

f(u, β) = uexp(β) is a diffeomorphism. The decomposition UC = U exp(iu) is referred to

as the Cartan decomposition of UC [56].

Definition 1.4.1. A closed real subgroup G of UC is compatible with the Cartan decom-

position UC = U exp iu if the map K×p → G, (k, β) 7→ k exp β is a diffeomorpism, where

K := G ∩ U and p := g ∩ iu; g is the Lie algebra of G.

The restriction of f to K × p is then a diffeomorphism onto G. It follows that K is a

maximal compact subgroup of G and that g = k⊕ p where k is the Lie algebra of K. The

following Lemma asserts that G has finitely many connected component.
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Lemma 1.4.1. [25]. If G ⊂ UC is a closed θ-invariant subgroup, then G is compatible if

and only if it has only finitely many connected components.

Proof. Suppose G is compatible. Then it is θ-invariant and retracts onto K, a maxi-

mal compact subgroup of G. Since a compact Lie group has a finitely many connected

components, it follows that G has finitely many connected components. Conversely sup-

pose G has finitely many connected component. Let G0 be a connected component of

G and G/G0 is finite. Since G is closed, f(K × p) is a closed subset of G. Since G is

θ-invariant, f(K × p) has the same dimension as G and is therefore also open. There-

fore it contains G0 and is a union of connected components of G. Given g ∈ G, let

g = u exp β with u ∈ U and β ∈ iu. Then gθ(g−1) = u exp(β)θ(exp(−β))u−1) =

exp(2Ad(u)(β)). But G/G0 is finite, this means that there is a natural number N > 0

such that
(
gθ(g−1)

)N
= exp(2N Ad(u)(β)) ∈ G0 ⊂ f(K × p). Hence Ad(u)(β) ∈ p,

u = u exp(−β)u−1u exp(β) = exp(−Ad(u)β)g ∈ G ∩ U = K and β ∈ p.

Corollary 1.4.1.1. [15, Lemma 7a]. If G ⊂ UC is a compatible subgroup, and H ⊂ G

is closed and θ-invariant, then H is compatible if and only if H has only finitely many

connected components.

Example 1.4.1. SL(n,R) ⊂ SL(n,C) =U(n) exp(isu(n)) is a compatible subgroup. In-

deed, the Cartan decomposition of SL(n,C) is given by the polar decomposition of complex

matrices. Let A ∈ SL(n,R). Then P =
√
AA∗ =

√
AAt is a positive define symmetric

matrice and AP−1 ∈ SO(n). Therefore SO(n) is a maximal compact subgroup of SL(n,R)

and the Lie algebra sl(n,R) decomposed as sl(n,R) = so(n) ⊕ sym0(n), where sym0(n)

denotes the set of symmetric matrices of trace zero.

Any compact Lie group U can be embedded in the general linear group Gl(n,C) for

some n which induces a closed embedding of UC. Then, any compatible subgroup is a

closed linear group. Moreover g is a real reductive Lie algebra and so, g = z(g) ⊕ [g, g].

Let Gss denote the analytic subgroup whose Lie algebra is [g, g]. Then Gss is closed and
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G0, the connected component of the identity of G, is given by G0 = Z(G)0 · Gss [56, p.

442]. Since [g, g] is θ-invariant and Gss is connected, then Gss is also θ-invariant. Since it

is also closed, by Lemma 1.4.1.1 Gss is compatible.

Let H be a Lie group with Lie algebra h and β ∈ h. Set

hβ := {η ∈ h : [η, β] = 0} and Hβ = {g ∈ H : Ad g(β) = β}

Let A ⊂ p be any subset of p.

Lemma 1.4.2. [56, Proposition 7.25]. If G ⊂ UC is a compatible subgroup. Then GA is

compatible. Indeed, GA = KA exp(pA), where KA = K ∩ GA and pA = {x ∈ p : [x,A] =

0}.

1.5 Parabolic Subgroup

Given β ∈ p, we define

Gβ+ := {g ∈ G : lim
t→−∞

exp(tβ)gexp(−tβ) exists}

Rβ+ := {g ∈ G : lim
t→−∞

exp(tβ)gexp(−tβ) = e}

rβ+ :=
⊕
λ>0

Vλ(adβ)

Gβ− : {g ∈ G : lim
t→+∞

exp(tβ)gexp(−tβ) = e exists}

Rβ− := {g ∈ G : lim
t→+∞

exp(tβ)

rβ− :=
⊕
λ<0

Vλ(adβ).

Note that Gβ− = G−β+ = θ(Gβ+), θ(Rβ+) = Rβ− and Gβ = Gβ+ ∩ Gβ−. If G is

connected, the group Gβ+, respectively Gβ−, is a parabolic subgroup of G with unipotent

radical Rβ+, respectively Rβ− and Levi factor Gβ and any parabolic subgroup is given by

Gβ+ for some β ∈ p [15]. Rβ+ is connected with Lie algebra rβ+. Hence Rβ− is connected

with Lie algebra rβ−. The parabolic subgroup Gβ+ is the semidirect product of Gβ with

Rβ+ and we have the projection πβ+ : Gβ+ −→ Gβ, πβ+(g) = limt7→−∞ exp(tβ)g exp(−tβ).

20



Analogously, Gβ− is the semidirect product of Gβ with Rβ− and we have the projection

πβ− : Gβ− −→ Gβ, πβ−(g) = limt7→+∞ exp(tβ)g exp(−tβ). In particular, gβ+ = gβ ⊕ rβ+,

respectively gβ− = gβ ⊕ rβ−. The following result is well-known.

Proposition 1.5.1. For any β ∈ p, we have G = KGβ+.

Proof. If G is connected, the result is well-known, see for instance [15, Lemma 9] and [45,

Lemma 4.1]. Since G = KGo, it follows that G = KGo = K(Go)β+ = KGβ+, concluding

the proof.

Let ξ ∈ u. The standard notation for parabolic subgroups of complex reductive groups,

see for instance [54], is given by

UC(ξ) = {g ∈ UC : lim
t7→−∞

exp(iξ)g exp(−iξ) exists }.

If U is connected, it is well-known that UC(ξ) is connected and it contains a Borel sub-

group, that it a maximal solvable subgroup of UC [1]. Note that if β ∈ iu, then UC(−iβ)

corresponds to (UC)β+ in our notation.

Remark 1.5.2. One major difference between the complex and real case we are consider-

ing in this project is that the parabolic subgroup of UC is connected while it is not always

so for a parabolic subgroup of G. For instance,
 z ω

0 z−1

 : z ∈ C∗, ω ∈ C


is parabolic in SL(2,C) and it is connected. The Levi factor is given as

 z 0

0 z−1

 : z ∈ C∗,


and the Unipotent radical is given as

 1 ω

0 1

 : ω ∈ C

 .
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While 
 x y

0 x−1

 : x ∈ R∗, y ∈ R


is parabolic in SL(2,R) and it is not connected. The Levi factor

 x 0

0 x−1

 : x ∈ R∗,


has two connected components and the Unipotent radical is given as

 1 y

0 1

 : y ∈ R

 .

1.6 Gradient map

Let U be a compact Lie group with Lie algebra u and UC its complexification. Let (Z, ω)

be a Kähler manifold on which UC acts holomorphically. Assume that U preserves ω and

that there is a U -equivariant momentum map µ : Z → u∗.

Let ⟨·, ·⟩ denote the real part of B as defined in Section 1.3. We can identify u and u∗

by means of −⟨·, ·⟩ and consider the momentum map as u-valued map.

Let G ⊂ UC be a compatible subgroup of UC. Then we have p ⊂ iu. If z ∈ Z, then

the orthogonal projection of iµ(z) onto p with respect to ⟨·, ·⟩ defines a K-equivariant

map µp : Z −→ p. [44, 45, 46]. In other words, we define µp requiring that for any β ∈ p,

we have

µβp := ⟨µp(z), β⟩ = ⟨iµ(z), β⟩ = −⟨µ(z), iβ⟩ = µ−iβ. (1.5)

Let ( , ) be the Kähler metric associated with ω, i.e. (v, w) = ω(v, Jw) for all z ∈ Z and

v, w ∈ TzZ, where J denotes the complex structure on TZ. Then βZ is the gradient of

µβp . Indeed,

gradµβp = gradµ−iβ = J(−iβZ) = βZ .

Definition 1.6.1. The map µp : Z −→ p is called a gradient map and it is such that

• µp(kz) = Ad(k)(µp(z)), ∀z ∈ Z;
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• for any β ∈ p, let µβp ∈ C∞(Z), Then µβp (z) = µ−iβ(z) and gradµβp = βZ , where the

gradient is computed with respect to the Riemannian metric induced by ω.

Let X be a G-invariant locally closed real submanifold of Z and denote the restriction

of µp to X by µp. Then µp : X −→ p is a K-equivariant map such that gradµβp = βX ,

where the gradient is computed with respect to the induced Riemannian metric on X that

is also denote by (·, ·). Similarly, ⊥ denotes perpendicularity relative to the Riemannian

metric on X.

Let a ⊂ p be an Abelian subalgebra. Then A = exp(a) is a compatible Lie group. The

A-gradient map on X associated to µ is given by µa = πa ◦µp, where πa : p −→ a denotes

the orthogonal projection of p onto a.

Example 1.6.1. Consder the action of a special linear group SL(n,C) on a complex

projective space CP n. SL(n,R) ⊂ SL(n,C) is compatible (Example1.4.1) and RP n ⊂ CP n

is SL(n,R)-invariant. One may check that the associated gradient map is given as

µsym0(n)([x]) =
1

2

(
xxt

∥ x ∥2
− 1

n
Idn

)
Remark 1.6.1. If g ⊂ uC is compatible with respect to the Cartan decomposition uC = u⊕

iu, then ⟨·, ·⟩g×g is non-degenerate. Hence uC = g⊕ g⊥, where g⊥ = {v ∈ uC : ⟨v, g⟩ = 0}.

Let a ⊂ p be an Abelian subalgebra. Maximal abelian subalgebra of p is conjugate

via Ad(K) in the sense that if a′ is another maximal abelian subalgebra of p, then there

exists k ∈ K such that Ad(k)(a′) = a. k can be chosen in Kss = K ∩ Gss. Therefore,

p =
⋃
k∈Kss

Ad(k)a. Let A = exp(a) be a subgroup of G with Lie algebra a.

Theorem 1.6.2. [56, Theorem 7.39] G can be decomposed as G = KAK.

Proof. If G is connected, then the result is well-known [56]. Since G = KGo, it follows

that G = K(KoAKo) = KAK.

For any subspace m of g and x ∈ X, let

m · x := {ξX(x) : ξ ∈ m} and px := {ξ ∈ p : ξX(x) = 0}.

We will now recall some of the properties of the gradient map.
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Lemma 1.6.3. Let x ∈ X and let β ∈ p. Then either βX(x) = 0 or the function t 7→

µβp (exp(tβ) · x) is strictly increasing.

Proof. Let f(t) = µβp (exp(tβ) · x) = ⟨µp(exp(tβ) · x), β⟩. Then

f ′(t) = (βX(exp(tβ) · x), βX(exp(tβ) · x) ≥ 0.

But for f(0) = f(1), we must have f ′(0) = 0 which implies that β ∈ px. Otherwise, f(t)

is strictly increasing.

Lemma 1.6.4. Let x ∈ X. Then

ker dµp(x) = (p · x)⊥

Proof. From (1.5), v ∈ ker dµp(x) if and only if for all β ∈ p

⟨dµp(x)(v), β⟩ = 0

⇐⇒ dµβp (v) = 0

⇐⇒ ⟨βX(x), v⟩ = 0.

Lemma 1.6.5. Let x ∈ X. The following are equivalent:

a) dµp : TxX → p is onto

b) dµp : p · x→ p is onto

c) dim p · x = dim p

Proof.

ker dµp(x) = (p · x)⊥,

it follows that dµp(x) is surjective if and only if dµp : p · x → p is surjective and so by

dimensional reason if and only if dim p · x = dim p concluding the proof.
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Lemma 1.6.6. If x ∈ X and β ∈ p, then µp(exp(β) ·x) = µp(x) if and only if βX(x) = 0.

Proof. Suppose µp(exp(β)·x) = µp(x). Define the curve x : [0, 1] → Z by x(t) = exp(tβ)·x

and set y(t) = ⟨µp(x(t)), β⟩. Then, ẋ = βX(x), y(0) = y(1) and

y′(t) =
d

dt
⟨µ(x(t)),−iβ⟩

= ⟨βX(x), βX(x)⟩ = (βX(x(t)), βX(x(t)))

=∥ βX(x(t)) ∥2≥ 0.

We must have y′(t) = 0 for all t ∈ [0, 1] and this happens if and only if βX(x(t)) = 0. This

implies that exp(β) · x = x.

Corollary 1.6.6.1. If G = exp(a), a ⊂ p an Abelian subalgebra of p. Then

G · x ∩ µ−1
a (0) = {x}

The next property asserts that two points in the zero set of the gradient map are

equivalent under G if and only if they are equivalent under K.

Lemma 1.6.7. Let x, y ∈ µ−1
p (0). If y ∈ G ·x, then y ∈ K ·x, i. e., G ·x∩µ−1

p (0) = K ·x

Proof. Let g = kexp(β) ∈ G, where k ∈ K and β ∈ p be such that y = gx. Then

µp(kexp(β)·x) = µp(exp(β)·x) = µp(x) = 0. By lemma (1.6.6), we have y = k(exp(β))·x =

k · x.

Using lemma (1.6.6), we can also show that the stabilizer Gx of x ∈ µ−1
p (0) is compat-

ible with respect to the Cartan decomposition of UC. This is stated and proved below.

Lemma 1.6.8. Given x ∈ X. If µp(x) = 0, then

Gx = Kx exp px ⋍ Kx × px

Proof. Pick g ∈ Gx. Then g = kexp(β) and kexp(β) · x = x. Hence 0 = µp(kexp(β) · x) =

µp(exp(β) · x) = µp(x). By lemma (1.6.6), β ∈ px. This implies that k ∈ Kx and so

Gx = Kx exp px.
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We recall the Slice Theorem, see [45]. For any Lie group G, a closed subgroup H

and any set S with an H-action, the G-bundle over G/H associated with the H-principal

bundle G→ G/H is denoted by G×H S. This is the orbit space of the H-action on G×S

given by h · (g, s) = (gh−1, h · s) where g ∈ G, s ∈ S and h ∈ H. The H-orbit of (g, s),

considered as a point in G×H S, is denoted by [g, s].

Theorem 1.6.9. [Slice Theorem [45, Thm. 3.1]] If x ∈ X and µp(x) = 0, there are a

Gx-invariant decomposition TxX = g · x⊕W , open Gx-invariant subsets S ⊂ W , Ω ⊂ X

and a G-equivariant diffeomorphism Ψ : G ×Gx S → Ω, such that 0 ∈ S, x ∈ Ω and

Ψ([e, 0]) = x.

We can relax the condition that µp(x) = 0 and show that there is a slice for all x ∈ X

as follow. For any x ∈ X, let µp(x) := β ∈ p. By Lemma 1.4.2 Gβ is compatible and

Gβ = Kβexp(pβ),

where Kβ = K ∩ Gβ = {g ∈ K : Ad(g)(β) = β} and pβ = {v ∈ p : [v, β] = 0}. It

is well known that U iβ is a compact Lie group [49] and its complexification is given by

(UC)iβ = (U iβ)C. The U iβ-action on Z is Hamiltonian with momentum map µuiβ : Z −→

uiβ given by πuiβ ◦ µ, where πuiβ : u −→ uiβ is the orthogonal projection of u onto uiβ.

Now, Gβ ⊂ (UC)iβ is compatible and πpβ ◦µp is the Gβ-gradient map, where πpβ : p −→ pβ

is the orthogonal projection of p onto pβ.

Corollary 1.6.9.1. If x ∈ X and µp(x) = β, there are a Gβ-invariant decomposition

TxX = gβ · x ⊕ W , open Gβ-invariant subsets S ⊂ W , Ω ⊂ X and a Gβ-equivariant

diffeomorphism Ψ : Gβ ×Gx S → Ω, such that 0 ∈ S, x ∈ Ω and Ψ([e, 0]) = x.

Proof. U iβ-action on uiβ fixes iβ. Hence, µuiβ defines a U iβ-equivariant shifted momentum

map µ̂uiβ = Z → µuiβ ; µ̂uiβ := µuiβ + iβ. The corollary then follows by applying Theorem

1.6.9 to the action of Gβ with the associated gradient map µ̂pβ : X → pβ; µ̂pβ = µpβ − β,

where µpβ denotes the projection of µp onto pβ.

If β ∈ p, then βX is a vector field on X, i.e. a section of TX. For x ∈ X, the

differential is a map TxX → TβX(x)(TX). If βX(x) = 0, there is a canonical splitting
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TβX(x)(TX) = TxX⊕TxX. Accordingly dβX(x) splits into a horizontal and a vertical part.

The horizontal part is the identity map. We denote the vertical part by dβX(x). It belongs

to End(TxX). Let {φt = exp(tβ)} be the flow of βX . There is a corresponding flow on

TX. Since φt(x) = x, the flow on TX preserves TxX and it is given by dφt(x) ∈ Gl(TxX).

Thus we get a linear R-action on TxX with infinitesimal generator dβX(x).

Corollary 1.6.9.2. If β ∈ p and x ∈ X is a critical point of µβp , then there are open

invariant neighbourhoods S ⊂ TxX and Ω ⊂ X and an R-equivariant diffeomorphism

Ψ : S → Ω, such that 0 ∈ S, x ∈ Ω, Ψ(0) = x. (Here t ∈ R acts as dφt(x) on S and as φt

on Ω.)

Proof. Since exp : p −→ G is a diffeomorphism onto the image, the subgroup H :=

exp(Rβ) is closed and so it is compatible. Hence, it is enough to apply Corollary 1.6.9.1

to the H-action on X and the value at x of the corresponding gradient map.

Assume now that β ∈ p and that x ∈ Crit(µβp ). Let D2µβp (x) denote the Hessian,

which is a symmetric operator on TxX such that

(D2µβp (x)v, v) =
d2

dt2
|t=0(µ

β
p ◦ γ)

where γ is a smooth curve, γ(0) = x and γ̇(0) = v. Denote by V− (respectively V+) the

sum of the eigenspaces of the Hessian of µβp corresponding to negative (resp. positive)

eigenvalues. Denote by V0 the kernel. Since the Hessian is symmetric we get an orthogonal

decomposition

TxX = V− ⊕ V0 ⊕ V+. (1.6)

Let α : G→ X be the orbit map: α(g) := gx. The differential dαe is the map ξ 7→ ξX(x).

Proposition 1.6.10. If β ∈ p and x ∈ Crit(µβp ) then

D2µβp (x) = dβX(x).

Moreover dαe(rβ±) ⊂ V± and dαe(gβ) ⊂ V0. If X is G-homogeneous these are equalities.
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Proof. The first statement is proved in [45, Prop. 2.5]. Denote by ρ : Gx → TxX

the isotropy representation: ρ(g) = dgx. Observe that α is Gx-equivariant where Gx

acts on G by conjugation, hence dαe is Gx-equivariant, where Gx acts on g by the adjoint

representation and on TxX by the isotropy representation. Since βX(x) = 0, exp(tβ) ∈ Gx

for any t and dαe is R-equivariant. Therefore it interchanges the infinitesimal generators

of the R-actions, i.e. dαe ◦ adβ = dβX = D2µβp (x). The required inclusions follow. If G

acts transitively on X we must have TxX = dαe(g). Hence the three inclusions must be

equalities.

Corollary 1.6.10.1. For every β ∈ p, µβp is a Morse-Bott function.

Proof. Let Xβ := {x ∈ X : βX(x) = 0}. Corollary 1.6.9.2 implies that Xβ is a smooth

submanifold. Since TxXβ = V0 for x ∈ Xβ, the first statement of Proposition 1.6.10 shows

that the Hessian is nondegenerate in the normal directions.

Corollary 1.6.10.2. If X is G-homogenous then Gβ-orbits are open and closed in Critµβp .

Proof. Since TxCritµβp = TxG
β · x for x ∈ Critµβp , the result follows.

Proposition 1.6.11. Xβ is Gβ-invariant. Moreover, if x ∈ Xβ and g ∈ Gβ, then

µβp (x) = µβp (gx).

Proof. Let x ∈ Xβ and let g ∈ Gβ. Since βX(gx) = (dg)x(βX(x)), it follows gx ∈ Xβ.

By Lemma 1.4.2, Gβ = Kβ exp(pβ). Hence g = k exp(ξ), where k ∈ Kβ and ξ ∈ pβ. By

the K-equivariance of the G-gradient map we have µβp (gx) = µβp (exp(ξ)x). Let y(t) =

µβp (exp(tξ)x). Then

ẏ(t) = (βX(exp(tξ)x), βX(exp(tξ)x)).

By the first part of the proof, βX(exp(ξ)x) = 0, and so ẏ(t) = 0. This implies µβp (gx) =

µβp (exp(ξ)x) = µβp (x), and so the result follows.

Proposition 1.6.12. The restriction (µp)|
Xβ

takes value on pβ and so it coincides with=

(µpβ)|Xβ
.
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Proof. If G = UC then the proof is easy to check. Indeed, let x ∈ Zβ = Ziβ. Since

exp(tiβ)x = x, by the U -equivariance of the momentum map, we have

µ(x) = µ(exp(tiβ)x) = Ad(exp(tiβ))(µ(x)).

Taking the limit we get [µ(x), iβ] = 0. In the general case it suffices to prove that

iµ(x) ∈ iuβ implies that its orthogonal projection onto p belongs to pβ.

Since β ∈ g, it follows that ad(β) leaves g invariant. By remark 1.6.1, it follows that

uC = g⊕g⊥ with respect to ⟨·, ·⟩ and so ad(β) leaves also invariant g⊥. Moreover, keeping

in mind that g = k ⊕ p is an orthogonal decomposition with respect to ⟨·, ·⟩, it follows

that

g⊥ = k⊥ ∩ u⊕ p⊥ ∩ iu.

Suppose iµ(x) = a+ b ∈ iuβ, where a ∈ p and b ∈ p⊥ ∩ iu. Then b ∈ g⊥ and

0 = [β, iµ(x)] = [β, a] + [β, b],

and so [β, a] ∈ g and [β, b] ∈ g⊥. This implies [β, b] = 0 concluding the proof.

Suppose X is compact. Let c1 > · · · > cr be the critical values of µβp . The correspond-

ing level sets of µβp , Ci := (µβp )
−1(ci) are submanifolds which are union of components of

Crit(µβp ). The function µβp defines a gradient flow generated by its gradient which is given

by βX . By Theorem 1.6.9, it follows that for any x ∈ X the limit:

x∞(x) := lim
t→+∞

exp(tβ)x,

exists. Let us denote by Sβi the unstable manifold of the critical component Ci for the

gradient flow of µβp :

Sβi := {x ∈ X : x∞(x) ∈ Ci}. (1.7)

Applying Theorem 1.6.9, we have the following well-known decomposition of X into un-

stable manifolds with respect to µβp .
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Theorem 1.6.13. In the above assumption, we have

X =
r⊔
i=1

Sβi , (1.8)

and for any i, the map:

(x∞)|Si
: Sβi → Ci,

is a smooth fibration with fibres diffeomorphic to Rli where li is the index (of negativity)

of the critical submanifold Ci

Let β ∈ p and let

Xβ = {z ∈ X : βX(z) = 0}.

By Corollary 1.6.9.2, Xβ is a smooth, possibly disconnected, submanifold of X.
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Chapter 2

Norm square and Kempf-Ness Function

In this chapter, we study the norm square of the gradient map and the Kempf-Ness

function associated with the gradient map. The results of this chapter are obtained in a

joint work with Biliotti [17].

In section 2.1, we study the properties of the norm square. Without the assumption

that X is real analytic manifold, we prove that for any G-invariant compact and connected

submanifold of Z, the Lojasiewicz gradient inequality holds for the norm square (Theorem

2.1.3). Stratifications of the norm square is recalled in section 2.1.1. By the stratification

theorem, we have

{p ∈ X : G · p ∩ µ−1
p (0) ̸= ∅} = {p ∈ X : lim

t→+∞
φt(p) ∈ µ−1

p (0)} = SG(µ
−1
p (0)),

where φt(p) is the flow of the vector field -gradf. Then, there exist a K-equivariant strong

deformation of SG(µ−1
p (0)) onto the set µ−1

p (0) (Theorem 2.1.6). Hence no analyticity

assumption is necessary in the statement of the retraction Theorem answering Question

1 in [47, p.219]. We prove a well-known result that the stratum corresponding to the

minimum of the norm square is open (Theorem 2.1.5).

In section 2.2, we study Kempf-Ness function. The behaviour of gradient map is

encoded in the Kempf-Ness function associated with it. Recently, Biliotti [7] shows that

the Kempf-Ness function is Morse-Bott and it is convex along geodesics for the action

of a linear group on P(V ) where V is a finite dimensional dimensional vector space. We
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prove this result in a general setting (Theorem 2.2.7). Theorem 2.2.7 generalizes the one

proved in [30].

We apply Theorem 2.1.3 to prove the Ness Uniqueness Theorem which asserts that any

two critical points of f in the same G-orbit in fact belong to the same K-orbit (Theorem

2.2.8). Therefore, the limit of the negative gradient flow exists and it is unique and any

G-orbit collapses to a single K-orbit (Theorem 2.2.11).

2.1 The Norm Square of the Gradient Map

Let (Z, ω) be a Kähler manifold, U a compact and connected Lie group with Lie algebra

u and UC the complexification of U . Suppose UC acts holomorphically on Z with a

momentum map µ : Z → u. Let G ⊂ UC be a connected compatible subgroup. Hence

G = Kexp(p), where K := G∩U is a maximal compact subgroup of G and p := g∩ iu; g

is the Lie algebra of G. Let X be a G-stable locally closed real submanifold of Z and let

µp : X −→ p be the corresponding G-gradient map. We assume throughout this section

that X is compact and connected. Let ∥ · ∥ denote the norm function associated to the

fixed Ad(K)-invariant scalar product ⟨·, ·⟩ on p. Define the function f : X → R by

f(x) :=
1

2
∥ µp(x) ∥2, for x ∈ X. (2.1)

In this section, the critical points of this function will be of central importance.

Lemma 2.1.1. The gradient of f is given by

▽f(x) = βX(x), β := µp(x) ∈ p and x ∈ X. (2.2)

Hence, x ∈ X is a critical point of f if and only if βX(x) = 0.
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Proof. Define a curve γ(t) such that γ(0) = x and γ′(0) = v ∈ TxX.

df(x)v =
d

dt

∣∣∣∣
t=0

f(γ(t))

=
1

2

d

dt

∣∣∣∣
t=0

⟨µp(γ(t)), µp(γ(t))⟩

= ⟨dµp(γ(t))γ
′(t), µp(γ(t))⟩|t=0

= ⟨dµp(x)v, µp(x)⟩ = ⟨βX(x), v), β = µp(x).

Hence, ▽f(x) = βX(x).

Corollary 2.1.1.1. Let x ∈ X and set β := µp(x). The following are equivalent.

a) βX(x) = 0,

b) dµξp(x) = 0, ξ ∈ p,

c) df(x) = 0.

For the remaining part of this work, we fix β = µp(x). The negative gradient flow line

of f through x ∈ X is the solution of the differential equation

 ẋ(t) = −βX(x(t)), t ∈ R

x(0) = x.

The G-orbits are invariant under the gradient flow.

Lemma 2.1.2. Let g : R → G be the unique solution of the differential equation g−1ġ(t) = βX(x(t))

g(0) = e, where e is the identity of G.

Then,

x(t) = g−1(t)x

for all t ∈ R.

33



Proof. Define y : R → X by

y(t) = g−1(t)x.

Since ˙g−1 = −g−1ġg−1 and g−1ġ = βX(x), it follows that

ẏ = −g−1ġg−1x = −βX(g−1x) = −βX(y(t))

and

y(0) = (g(0))−1x = e−1x = x.

Hence x(t) = y(t) = g−1(t)x for all t ∈ R.

The proof of the following Theorem is based on the Lojasiewicz gradient inequality,

which holds in general for analytic gradient flows. A proof for the case of an action of a

complex reductive group is given in [30].

Theorem 2.1.3. Let x0 ∈ X and x : R → X the negative gradient flow line of f through

x0. There exist positive constants α, C, ψ, and 1
2
< γ < 1 such that

x∞ := lim
t→∞

x(t)

exists. Moreover, there exist a constant T > 0 such that for any t > T,

d(x(t), x∞) ≤
∫ ∞

t

|ẋ(s)|ds

≤ α

1− γ
(f(x(t))− f(x∞))1−γ

≤ C

(t− T )ψ
.

Proof. Let X = Z. Using the Marle-Guiliemin-Sternberg local normal form, the moment

map is locally real analytic. Since µp = πp ◦ iµ where πp : iu → p is the orthogonal

projection. Then µp is locally real analytic. This implies that f = 1
2
∥ µp ∥2: Z → R

satisfies the Lojasiewicz gradient inequality. By Lemma 2.1.1, the gradient of f : Z → R

coincide with the gradient of f : X → R. Hence f |X also satisfies Lojasiewicz gradient
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inequality: there exists constants δ > 0, α > 0, and 1
2
< γ < 1 such that, for every critical

value a of f and every x ∈ X,

|f(x)− a| < δ =⇒ |f(x)− a|γ ≤ α|▽f(x)|. (2.3)

Let x : R → X be a nonconstant negative gradient flow line of f.

a = lim
t→∞

f(x(t))

is a critical value of f. Choose a constant T > 0 such that a < f(x(t)) < a+ δ for t ≥ T.

Then, for t ≥ T,

d

dt
(f(x)− a)1−γ = (1− γ)(f(x)− a)−γ|▽f(x)| ≥ 1− γ

α
|ẋ|.

Integrating the inequality over the interval [t,∞) gives∫ ∞

t

|ẋ(s)|ds ≤ α

1− γ
(f(x(t))− a)1−γ for t ≥ T. (2.4)

This shows that

x∞ := lim
t→∞

x(t)

exists and it is a critical point of f and hence satisfies µp(x∞)X = 0.

Set ξ(t) = (f(x(t))− a)1−2γ.

ξ̇(t) = (2γ − 1)(f(x(t))− a)−2γ|▽f(x(t))|2 ≥ 2γ − 1

α2
for t ≥ T.

Which implies that

ξ(t) ≥ 2γ − 1

α2
(t− T ) for t ≥ T.

Hence

(f(x(t))− a)1−γ = ξ(t)−
1−γ
2γ−1 ≤

(
2γ − 1

α2
(t− T )

)− 1−γ
2γ−1

for t ≥ T.

Thus

α

1− γ
(f(x(t))− a)1−γ ≤ c

(t− T )ψ
, ψ :=

1− γ

2γ − 1
, c :=

α

1− γ

(
α2

2γ − 1

)ψ

and by (2.4) the result follows.
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2.1.1 Stratifications of the Norm Square of the Gradient map.

We recall the stratification theorem for actions of reductive group. For details see [45].

Given a maximal subalgebra a ⊂ p, we pick a+ ⊂ a a positive Weyl-chamber. Let

f : X → R be the norm square of the gradient map µp. i.e.,

f(x) :=
1

2
∥ µp(x) ∥2,

where ∥ · ∥ denotes the norm function. Let C denote the critical set of f , B := µp(C)

and B+ := B ∩ a+.

Let Xss := {x ∈ X : G · x ∩ µ−1
p (0) ̸= ∅}, where X is a compact G-invariant subset of

Z. For β ∈ B+, following the notation introduced in [45], set

X|∥β∥2 := {x ∈ X : exp(Rβ) · x ∩ (µβp )
−1(∥ β ∥2) ̸= ∅}

Xβ := {x ∈ X : βX(x) = 0}

Xβ|∥β∥2 := Xβ ∩X|∥β∥2

Xβ+|∥β∥2 := {x ∈ X|∥β∥2 : lim
t→−∞

exp(tβ) · x exists and it lies in Xβ|∥β∥2}

The set Xβ+|∥β∥2 is Gβ+-invariant. Let µpβ be a gradient map of the Gβ-action on

Xβ+|∥β∥2 . Since β is in the center of gβ, we have a shifted gradient map

µ̂pβ := µpβ − β.

Let

Sβ+ := {x ∈ Xβ+|∥β∥2 : Gβ · x ∩ µ−1
pβ
(β) ̸= ∅}.

Sβ+ coincides with the set of semistable points of Gβ in Xβ+|∥β∥2 after shifting.

Definition 2.1.1. The β-stratum of X is given by Sβ := G · Sβ+.

Theorem 2.1.4. (Stratification Theorem)[45, 7.3]. Suppose X is a compact G-invariant

submanifold of Z. Then B+ is finite and

X =
⊔
β∈B+

Sβ.
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Moreover

Sβ ⊂ Sβ ∪
⋃

|γ|>|β|

Sγ.

From the proof of Theorem 2.1.3, it was observed that f satisfies the Lojasiewicz’s

gradient inequality. As an application, we prove a well-known result that the stratum

corresponding to the minimum of f is open.

Theorem 2.1.5. If β ∈ B is such that 1
2
∥ β ∥2 is a minimum value of f. Then the

corresponding stratum Sβ is open in X.

Proof. From the proof of Theorem 2.1.3, there exist constants δ > 0, α > 0, and 1
2
< γ < 1

such that, for every critical value a of f and every x ∈ X,

|f(x)− a| < δ =⇒ |f(x)− a|γ ≤ α|▽f(x)|. (2.5)

In particular, if x is critical point, then f(x) = a. Since X is compact, by Theorem 2.1.4,

X =
k⊔
i=1

Sβi ,

where βi ∈ B+. By the stratification theorem, we may assume that β = β1 and so,

∥ βj ∥>∥ β ∥ for any j = 2, · · · , k. Let

0 < δ′ < min
(
δ,
∥ β2 ∥2 − ∥ β ∥2

2
, · · · , ∥ βk ∥

2 − ∥ β ∥2

2

)
.

Let

U = {x ∈ X : |f(x)− ∥ β ∥2 | < δ′}.

Let x0 ∈ U and let x(t) the gradient flow of −∇f through x0. Therefore,

f(x(t)) ≤ f(x0) ≤ |f(x0)− ∥ β ∥2 |+ ∥ β ∥2

< δ′+ ∥ β ∥2

<
∥ βj ∥2 − ∥ β ∥2

2
+ ∥ β ∥2 j = 2, · · · , k

<
∥ βj ∥2 + ∥ β ∥2

2
≤∥ βj ∥2, j = 2, · · · , k.

Therefore, f(x∞) =∥ β ∥2. This implies that U ⊂ Sβ and so, using standard arguments

of the gradient flow, Sβ is open.
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As in [59], we have the following deformation retraction.

Theorem 2.1.6 (Retraction Theorem). Let β ∈ a+ be a critical value of f. Let Sβ be the

stratum associated to β. Let xt(x) denote the gradient flow of −∇f. Then there exists a

K-equivariant strong deformation retraction of Sβ onto Sβ ∩ µ−1
p (K · β) given by

[0,∞]× Sβ → Sβ ∩ µ−1
p (K · β), (t, p) 7→ xt(p),

and

x∞(p) = lim
t→+∞

xt(p).

2.1.2 Hessian of Norm Square

If v ∈ TpX, then |v| =
√

(v, v), where (·, ·) is the scalar product induced by the Kähler

form ω. The following proposition give the Hessian of f.

Proposition 2.1.7. [45, Prop. 2.5, 2]. Let v ∈ TxX be an eigenvector of β ∈ px with

eigenvalue λ(β). Let γ(t) be a smooth curve in X with γ(0) = x and γ̇(0) = v. Then if x

is a critical point of f,

d2

dt2
(f ◦ γ)(0) = λ(β)|v|2+ ∥ dµp(x)v ∥2 (2.6)

The Hessian of f at critical points satisfies the following:

Proposition 2.1.8. [45, Prop. 6.6] Let x ∈ C be a critical point of f : X → R and let

Sβ be the associated stratum. Let Hx(f) denote the Hessian of f at x. Then

a) Hx(f) = 0 on Tx(K · x),

b) Hx(f) > 0 on pβ · x+ rβ+ · x, where rβ+ is the Lie algebra of Rβ+,

c) Hx(f) ≥ 0 on Tx(Sβ) = g · x+ Tx(S
β+) = k · x+ Tx(S

β+) and

d) Hx(f) < 0 on Tx(Sβ)
⊥ = (g · x)⊥ ∩ (Tx(S

β+))⊥ = (k · x)⊥ ∩ (Tx(S
β+))⊥.
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Remark 2.1.9. [45, 6.7] The tangent space Tx(G · x) decompose to Tx(G · x) = Tx(K ·

x)⊕ pβ · x⊕ rβ+ · x. This follows from the decomposition G = KGβ+, Gβ+ = GβRβ+, the

identity K ∩Gβ+ = Kβ and the fact that Gβ acts on Xβ whereas Rβ+ acts on the fibers of

pβ+. Thus the behaviour of Hx(f) on Tx(G · x) is precisely described by Proposition 2.1.8.

The following result is proved in [45] (see Corollary 6.12 and Corollary 6.13 p. 21).

Proposition 2.1.10. Let z ∈ X.

• if f(z) = maxx∈G·zf(x), Then G · z = K · z and so it is closed orbit.

• if G · z is compact in X, then G · z = K · z

2.2 Kempf-Ness Function

Given G a real reductive group which acts smoothly on Z; G = Kexp(p), where K is a

maximal compact subgroup of G. Let X be a G-invariant locally closed submanifold of

Z. As Mundet pointed out in [63], there exists a function Φ : X ×G→ R, such that

⟨µp(x), ξ⟩ =
d

dt

∣∣∣∣
t=0

Φ(x, exp(tξ)), ξ ∈ p,

and satisfying the following conditions:

a) For any x ∈ X, the function Φ(x, .) is smooth on G.

b) The function Φ(x, .) is left-invariant with respect to K, i.e., Φ(x, kg) = Φ(x, g).

c) For any x ∈ X, v ∈ p and t ∈ R;

d2

dt2
Φ(x, exp(tv)) ≥ 0.

Moreover:
d2

dt2
Φ(x, exp(tv)) = 0

if and only if exp(Rv) ⊂ Gx.
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d) For any x ∈ X, and any g, h ∈ G;

Φ(x, hg) = Φ(x, g) + Φ(gx, h).

This equation is called the cocycle condition. It follows that Φ(x, e) = 0, where e is

the identity element of G. The proof is given in [16].

The function Φ : X ×G→ R is called the Kempf-Ness function for (X,G,K)

Let M = G/K. Equip G with the unique left invariant Riemannian metric which

agree with the scalar product ⟨ξ1 + β1, ξ2 + β2⟩ := −⟨ξ1, ξ2⟩+ ⟨β1, β2⟩ where ξ1, ξ2 ∈ k and

β1, β2 ∈ p. We recall that ⟨·, ·⟩ is negative define on k. This metric is Ad(K)-invariant,

and so, it induces a G-invariant Riemannian metric of nonpositive curvature on M. M

is a symmetric space of non-compact type [20]. Let π : G → M be the projection onto

the right cosets of G and ∇ denote the Levi-Civita connection on M . Let x ∈ X. By (b),

Φ(x, kg) = Φ(x, g). Hence, the function Φx : G→ R given by Φx(g) := Φ(x, g−1) descends

to a function Φx : M → R denoted by the same symbol and called the Kempf-Ness

function at x. First, we compute the differential of Φ at any point in a given direction.

Lemma 2.2.1. For x ∈ X, the differential of Φx :M → R is given as

d(Φx)π(g)(vx) = −⟨µp(g
−1x), ξ⟩,

where, vx(g) = (dπ)g ((dLg)e(ξ)) and ξ ∈ p. Therefore, ∇Φx(π(g)) = −(dπ)g (dLg(µp(g
−1x))) .

Proof. Let π(g) ∈M, ξ ∈ p and vx ∈ Tπ(g)G/K. There exist ξ ∈ p such that

vx =
d

dt

∣∣∣∣
t=0

gexp(tξ)K.

Take

γ(t) = π(gexp(tξ)), t ∈ [a, b], ξ ∈ p.

Then vx = (dπ)g((dLg)(ξ)),
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d(Φx)π(g)(vx) =
d

dt

∣∣∣∣
t=0

Φ(x, γ(t))

=
d

dt

∣∣∣∣
t=0

Φ(x, π(gexp(tξ))

=
d

dt

∣∣∣∣
t=0

Φ(x, exp(−tξ)g−1) (by the deifintion of Φ)

=
d

dt

∣∣∣∣
t=0

[Φ(x, g−1) + Φ(g−1x, exp(−tξ))] (by condition (d))

=
d

dt

∣∣∣∣
t=0

Φ(g−1x, exp(−tξ))

= −⟨µp(g
−1x), ξ⟩.

This implies that

d(Φx)π(g)(vx) = −⟨µp(g
−1x), ξ⟩.

Let Φx : G→ R, be the Kempf-Ness function at x. Define φx : G→ G · x as follows

φx(g) = g−1x.

Lemma 2.2.2. The map φx intertwines the gradient of Φx : G → R and the gradient of

f. i.e., ∀g ∈ G

d(φx)g∇Φx = ∇f((φx(g)).

Proof. Let β ∈ p. Since

φx(gexp(tβ)) = exp(−tβ)g−1x,

we have

(dΦx)g(dLg(β)) = −βX(g−1x).

The result follow from taking β = µp(x).

Remark 2.2.3. A smooth curve γ(t) := π ◦ g : R → M is a negative gradient flow line

of Φx : M → R if and only if the smooth curve g : R → M satisfies g−1ġ = µp(g
−1x).
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Indeed, from Lemma 2.2.1,

∇Φx(π(g)) = −dπ(g)(dLg(µp(g
−1x))

and by Lemma 2.2.2, φx : G → R interwines the gradient of Φx with ∇f. Therefore, the

gradient flow of Φx is such that g−1ġ = µp(g
−1x). On the other hand if g : R → G satisfies

g−1ġ = µp(g
−1x), the curve γ = π ◦ g(t) is a geodesic and

d

dt
(Φx ◦ γ) = −⟨µp(g

−1x), g−1ġ⟩.

We recall some result from Riemannian geometry. We refer the reader to Appendix A

in [30] for further details. Suppose M is an Hadamard manifold, i.e., connected, complete,

simply-connected with non-positive curvature. Let ∇ denote the Levi-Civita connection

on M and d :M×M → [0,∞) the distance function associated to the Riemannian metric.

Let γ1, γ2 : [a, b] →M be smooth curves and for each t ∈ [a, b], γ(s, t) : [0, 1] →M be the

unique geodesic such that

γ(0, t) = γ1(t), γ(1, t) = γ2(t).

Define the function ρ : [a, b] → [0,∞) by

ρ(t) := d(γ1(t), γ2(t)).

We recall the following results. The reader can see for instance, Appendix in [30] for their

proofs.

Lemma 2.2.4. [30, Lemma A.2 ] Suppose f :M → R is a smooth function that is convex

along geodesics. Let γ1, γ2 : R →M be the negative gradient flow lines of f, and let γ and

ρ be as defined above. Then ρ is nonincreasing and, if ρ(t) ̸= 0, then

ρ̇(t) = − 1

ρ(t)

∫ 1

0

∂2

∂s2
(f ◦ γ)(s, t)ds. (2.7)

Lemma 2.2.5. [30, Lemma A.3 ] Let γ1, γ2 : I ⊂ R →M be smooth curves such that γ0

is a geodesic. If γ0(t) ̸= γ1(t), then

ρ̈(t) ≥ −|∇γ̇1(t)|.
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If γ0(t) = γ1(t), then
dρ(t)

dt±
= ±|γ̇0(t)− γ̇1(t)|.

Lemma 2.2.6. [30, Lemma A.4 ] For all p ∈M, all u, v ∈ TpM, and for all t ≥ 1,

d(expp(tu), expp(tv))

t
≥ d(expp(u), expp(v)) ≥ |u− v|.

We now show that the Kempf-Ness function is a Morse-Bott function and it is convex

along geodesics.

Theorem 2.2.7. Let Φx :M → R. Then

a) Φx is a Morse-Bott function and it is convex along geodesics.

b) If γ : R →M is a negative gradient flow of Φx, then,

lim
t→∞

Φx(γ(t)) = infx∈MΦx.

Proof. (a): By lemma 2.2.1, g ∈ G is a critical point of Φx if and only if

µp(g
−1x) = 0.

Crit(Φx) = {π(g) ∈M : µp(g
−1x) = 0}. (2.8)

The next is to show that the Crit(Φx) is a submanifold of M. To do this, the Hessian of

the function is computed along geodesics. The geodesic on M passing through π(g) in

the direction v = dπggξ has the form π(gexp(tξ)) [16]. Hence, M is complete and by the

Hadamard theorem,

p →M, ξ 7→ π(gexp(ξ))

is a diffeomorphism. This implies that π(gexp(ξ)) ∈ Crit(Φx) if and only if µp(g
−1exp(−ξ)x) =

0.

Hess(Φx) = d2(Φx)π(g)(v), π(g) ∈ Crit(Φx)
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d2(Φx)π(g)(v) =
d2

dt2

∣∣∣∣
t=0

Φ(x, γ(t))

=
d2

dt2

∣∣∣∣
t=0

Φ(x, π(gexp(−tξ))

=
d2

dt2

∣∣∣∣
t=0

Φ(x, gexp(−tξ)K)

=
d2

dt2

∣∣∣∣
t=0

Φ(x, exp(tξ)g−1)

=
d2

dt2

∣∣∣∣
t=0

[Φ(x, g−1) + Φ(g−1x, exp(tξ))]

=
d2

dt2

∣∣∣∣
t=0

Φ(g−1x, exp(tξ) ≥ 0 (by condition (c))

Moreover,
d2

dt2

∣∣∣∣
t=0

Φ(g−1x, exp(tξ)) = 0

if and only if exp(tξ) ⊂ Gg−1x. Hence,

Crit(Φx) = {π(gexptξ) ∈M : exptξ ⊂ Gg−1x},

which is a submanifold and the kernel of the Hessian. Therefore, Φ is a Morse-Bott

function and since the Hessian is non-negative along geodesics, it is convex along geodesics.

(b). Let γ1, γ2 be negative gradient flow of Φx. There exists g1, g2 : R → G such

that γ1 = π(g1(t)) and γ2 = π(g2(t)). Let β : R → p and k : R → K be such that

g2(t) = g1(t)exp(β(t))k(t). Define H : R× R →M by

H(t, s) = π(g1(t)exp(sβ(t))).

The curve s 7→ H(t, s) is the unique geodesic joining γ1 and γ2. By Lemma 2.2.4 the

function ρ(t) = dM(γ1(t), γ2(t)) =∥ β(t) ∥ is nonincreasing.

Assume that Crit(Φx) is not empty. Hence we may suppose that µp(g1(0)
−1x) = 0.

This implies that the curve γ1 is constant. Since ρ is nonincreasing, the image of γ2

is contained in a compact subset of M. Since Φx is Morse-Bott, then γ2 converges to a

critical point of Φx. This implies that if the critical manifold of Φx is nonempty, then Φx

has a global minimal and every negative flow line of Φx converges to a critical point. Now

44



suppose Crit(Φx) is empty. Assume by contradiction that

a := lim
t→∞

Φx(γ1(t)) ≥ infMΦx.

Then, Φx(γ1(t)) is bounded from below. We can choose γ2 such that Φ(γ2(0)) < a. Since

the function ρ =∥ β(t) ∥ is nonincreasing, then there exists a constant C > 0 such that

ρ(t) =∥ β(t) ∥≤ C. Hence,

d

ds

∣∣∣∣
s=0

Φ(H(t, s)) = (dΦx)γ1(t)(Ḣ(t, 0))

= −⟨µp(g1(t)
−1x), β(t)⟩

≥ − ∥ µp(g1(t)
−1x) ∥∥ β(t) ∥

≥ −C ∥ µp(g1(t)
−1x) ∥ .

Since for a fixed t, the function s→ Φx(H(t, s)) is convex, this implies that the derivative
d
ds
Φ(H(t, s)) increases. It follows that

Φx(γ2(t)) = Φx(H(t, 1))

= Φx(H(t, 0)) +

∫ 1

0

d

ds
Φ(H(t, s))ds

≥ Φx(γ1(t))− C ∥ µp(g1(t)
−1x) ∥ .

Since the function Φx(γ1(t)) is bounded below and d
dt
Φx(γ1(t)) = − ∥ µp(g1(t)

−1x) ∥2,

there exists a sequence ti → ∞ such that limi→∞ ∥ µp(g1(ti)
−1x) ∥2= 0. This implies that

lim
i→∞

Φx(γ2(ti)) ≥ lim
i→∞

Φx(γ1(ti)) = a.

This is a contradiction since by assumption Φx(γ2(t)) < a and so limi→∞Φx(γ1(t)) < a.

The following result asserts that any critical points of f in the same G-orbit in fact

belong to the same K-orbit. We use original ideas from [30] in a different context.

Theorem 2.2.8. Let x0, x1 ∈ X be critical points of the norm square f. Then

x1 ∈ G · x0 =⇒ x1 ∈ K · x0.
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Proof. Since x0, x1 ∈ X are critical points of f, then by Lemma 2.1.1

µp(x0)X = 0, µp(x1)X = 0 (2.9)

Suppose x1 ∈ G · x0. Let g0 ∈ G such that

x1 = g−1
0 x0

and g, h : R → G be defined by

g(t) := exp(tµp(x0)), h(t) := g0exp(tµp(x1)).

Since µp(x0)X = 0, g(t)−1x0 = exp(−tµp(x0))x0 = x0. Similarly h(t)−1x0 = exp(−tµp(x1))g
−1
0 x0 =

g−1
0 x0 = x1 for all t. Thus g(t) and h(t) satisfy the differential equation g−1ġ = µp(g

−1x0).

These implies that the curves γ1 := π ◦ g and γ2 := π ◦ h are geodesics and are negative

gradient flow lines of the Kempf-Ness function. Define ξ(t) ∈ p and k(t) ∈ K so that

h(t) := g(t)exp(ξ(t))k(t).

x1 = h(t)−1g(t)x0 = k(t)−1exp(−ξ(t))x0.

Let

ρ(t) := dM(γ1(t), γ2(t)) =∥ ξ(t) ∥, for all t.

If ρ ≡ 0, then ξ(t) = 0 for all t and

x1 = k(t)−1x0

and this means that x1 ∈ K · x0. Otherwise, for each t, let γ(s, t) : [0, 1] →M defined by

γ(s, t) := π(g(t)exp(sξ(t)))

be the unique geodesic. Note that γ(0, t) = γ1(t) and γ(1, t) = γ1(t).

By equation 2.7, we have
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ρ̇(t) = − 1

ρ(t)

∫ 1

0

∂2

∂s2
Φx0(g(t)exp(sξ(t))ds (2.10)

= − 1

ρ(t)

∫ 1

0

(ξ(t)X(exp(sξ(t))x0), ξ(t)X(exp(sξ(t))x0)ds. (2.11)

Choose a sequence tn → ∞ such that the limits

lim
n→∞

ρ̇(tn) = 0, ξ∞ := lim
n→∞

ξ(tn), k∞ := lim
n→∞

k(tn)

exist. By (2.11) and since limn→∞ ρ̇(tn) = 0, ξ∞X(x0) = 0. Then,

x1 = lim
n→∞

k(tn)
−1exp(−ξ(tn))x0 = k−1

∞ exp(−ξ∞)x0 = k−1
∞ x0.

Hence x1 ∈ K · x0

The following theorems are well-known if X = Z and G = UC [30, 54].

Theorem 2.2.9. Let x0 ∈ X and x : R → X the negative gradient flow line of f through

x0. Define x∞ := limt→∞ x(t). Then

∥ µp(x∞) ∥= infg∈G ∥ µp(gx0) ∥ .

Moreover, the K-orbit of x∞ depends only on the G-orbit of x0.

Proof. The limit x∞ exists by Theorem 2.1.3. The solution of the negative gradient flow

line of f through x0 by Lemma 2.1.2 is given by

x(t) = g(t)−1x0,

where g : R → G is the solution of

 g−1ġ(t) = βX(x(t))

g(0) = e, where e is the identity of G.

Fix an element g0 ∈ G and let y : R → X and h : R → G be the solutions of the

differential equations

ẏ = −βX(y(t)), y(0) = g−1
0 x0,
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and

h−1ḣ = βX(y(t)), h(0) = g0.

Define ξ(t) ∈ p and k(t) ∈ k by

h(t) =: g(t)exp(ξ(t))k(t).

By Lemma 2.1.2,

y(t) = h(t)−1x0 = k(t)−1exp(−ξ(t))x(t), ∀t ∈ R.

Let dM : M ×M → [0,∞) be the distance function of the Riemannian metric on M.

γ1 := π ◦ g and γ2 := π ◦ h are geodesics and are negative gradient flow lines of the

so called Kempf-Ness function. Since M is simply connected with nonpositive sectional

curvature. Then

dM(γ1(t), γ2(t)) =∥ ξ(t) ∥

is nonincreasing. Hence there exist a sequence tn → ∞ such that the limits

ξ∞ := lim
n→∞

ξ(tn), k∞ := lim
n→∞

k(tn)

exist. Hence

y∞ = lim
t→∞

y(t) = lim
t→∞

k(t)−1exp(−ξ(t))x(t) = k−1
∞ exp(−ξ∞)x∞.

Which implies that y∞ and x∞ are critical points of the normed sqaure of the gradient

map belonging to the same G-orbit. Hence they belong to the same K-orbit by Theorem

2.2.8 and therefore,

∥ µp(x∞) ∥=∥ µp(y∞) ∥≤∥ µp(g
−1
0 x0) ∥ .

Theorem 2.2.10. . Let x0 ∈ X and

m := infg∈G ∥ µp(gx0) ∥ .

Then

x, y ∈ G · x0, ∥ µp(x) ∥=∥ µp(y) ∥= m =⇒ y ∈ K · x.
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Proof. The solution of the negative gradient flow line of f through x0 is given by

x(t) = g(t)−1x0,

Fix g0 ∈ G and we know that the limit x∞ of x(t) exists. Then by Theorem 2.2.9,

x∞ ∈ G · x, ∥ µp(x∞) ∥= m.

Let x ∈ G · x such that ∥ µp(x) ∥= m.

Choose a sequence gn ∈ G such that

x = lim
n→∞

g−1
n x0

and define yn : R → X and xi ∈ X by

ẏn = −βX(yn), yn(0) = g−1
n x0, xn := lim

t→∞
yn(t).

Then from the estimate of Theorem 2.1.3, there exists a constant c > 0 such that, for n

sufficiently large,

d(xn, g
−1
n x0) ≤

∫ ∞

0

|ẏn(t)|dt ≤ c(∥ µp(g
−1
n x0) ∥2 −m2)1−α.

Since

m =∥ µp(x) ∥= lim
n→∞

∥ µp(g
−1
n x0) ∥,

which implies that x = limn→∞ xn and xn ∈ K ·x∞ for all n by Theorem 2.2.9. Therefore,

x ∈ K · x∞ because the group orbit K · x∞ is compact.

Let x ∈ X be a critical point of f and y : R → M be the unique solution of the

equation

ẏ = −βX(y(t)), y(0) = y0 ∈ X; β = µp(y).

We define the stable manifold of the critical set K · x by

S(K · x) := {y0 ∈ X : lim
t→∞

y(t) = kx for some k ∈ K}. (2.12)
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By Theorem 2.1.3, X is the union of these stable manifolds and each stable manifold is a

union of G-orbits by Theorems 2.2.9 and 2.2.10. The stable manifolds of the gradient flow

have a structure close to a stratification by stable manifolds corresponding to a Morse-Bott

function.

By Theorems 2.1.3, 2.2.9 and 2.2.10, we have the following result. This result gener-

alises Theorem 5.2 proved by Jablonski for the G-gradient map of a projective represen-

tation [52].

Theorem 2.2.11. Let x ∈ X be a critical point of f and S(K · x) ⊂ X be as defined

above. The following holds:

a) X =
⋃
x∈Crit(f) S(K · x).

b) Let yo ∈ X. Then y0 ∈ S(K · x) if and only if

x ∈ G · y0, ∥ µp(x) ∥= infg∈G ∥ µp(gy0) ∥ (2.13)

c) S(K · x) is a union of G-orbits.

Proof. (a) follows by Theorem 2.1.3.

To proof (b); let y : R →M be the unique solution of the equation

ẏ = −βX(y(t)), y(0) = y0 ∈ X; β = µp(y)

and y∞ := limt→∞ y(t). Then, by Lemma 2.1.2 and Theorem 2.2.9, we have

y∞ ∈ G · y0, ∥ µp(y∞) ∥= infg∈G ∥ µp(gy0) ∥ . (2.14)

From (2.12), y0 ∈ S(K · x) if and only if y∞ ∈ K · x. Thus y0 ∈ S(K · x) implies (2.13).

Conversely, if y0 satisfies (2.13), then it follows from (2.14 ) and Theorem 2.2.10 that

y∞ ∈ K · x and hence, y0 ∈ S(K · x).

To proof (c); From (ii) and the uniqueness in Theorem 2.2.9 that S(K · x) is a union

of G-orbits.
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We conclude this chapter with a result (Proposition 2.2.15) that will be needed in the

last section of this work (Section 5.7). The result will not be needed anywhere else in this

work. The proof follows the idea in [30]. Recall that M = G/K is a symmetric space of

non-compact type. Let π : G→M be the canonical projection.

Let x : R → X be the solution of the negative gradient flow of the norm square of the

gradient map through x0, g : R → G be such that x(t) = g(t)−1x0 and γ(t) = π ◦ g(t).

The limit x∞ = limt→∞ x(t) exists by Theorem 2.1.3. Define β : R → p; t 7→ β(t) and

k : R → p; t 7→ k(t) by

g(t) =: exp(−β(t))k(t).

We want to show that the limit

β∞(t) := lim
t→∞

β(t)

t

exists in p..

Let β = µp(x(t)). For every t > 0 by Lemma 2.1.2 g(t)−1ġ(t) = βX(x(t)).

Lemma 2.2.12. Under the above assumption,

|∇γ̇| = |dµp(x)βX(x(t))|. (2.15)

Moreover, there exist positive constants c and α such that for all t > 0,∫ ∞

t

|dµp(x(r))βX(x(r))|dr ≤
c

tα
. (2.16)

Proof. Since β = µp(x(t)) ∈ p, then β̇ = dµp(x(t))ẋ and we know from Section 2.1

that ẋ = −βX(x(t)). So, by [30, Theorem C.1i], bearing in mind that Re(g−1ġ) cor-

responds to the component of g−1ġ along k in our case, ∇γ̇ = dπg(dLg(dµp(x)ẋ)) =

−dπg(dLg(dµp(x)βX(x(t)))). Hence, (2.15) follow. (2.16) follow from Theorem 2.1.3.

For 0 ≤ s < t, let

Hs,t : [s, t] →M

be given by

Hs,t(r) := π

(
g(s)exp

(
−r − s

t− s
β(s, t)

))
∀s ≤ r ≤ t, (2.17)
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where β(s, t) ∈ p and k(s, t) ∈ K are chosen such that g(t) = g(s)exp(−β(s, t))k(s, t).

Hs,t is a geodesic connecting the points γ(t) and γ(s). i.e

Hs,t(s) = γ(s), Hs,t(t) = γ(t).

For 0 ≤ s < t, define the function ρs,t : [s, t] → R≥0 by

ρs,t(r) := dM(Hs,t(r), γ(r)) ∀s ≤ r ≤ t.

Lemma 2.2.13. Let c and α be positive constants such that (2.16) holds and fix three

real numbers r0, s, t. Assume 0 ≤ s < r0 < t and ρs,t(r0) ̸= 0. Then ρ̇s,t(r0) ≤ c
rα0
.

Proof. Let r1 be the smallest real number bigger than r0 such that ρs,t(r1) = 0. Then

ρs,t(r1) = 0; ∀r1 ∈ (r0, t] and ρs,t(r) ̸= 0; ∀r ∈ [r0, r1).

By Lemma 2.2.5 and 2.2.12,

−ρ̈s,t(r) ≤ |∇γ̇(r)| = |dµp(x(r))ξX(x(r)|, ∀r ∈ [r0, r1).

Integrating the inequality over the interval r0 ≤ r < r1 gives

ρ̇s,t(r0) =
dρs,t
dr−

(r1)−
∫ r1

r0

ρ̈s,t(r)dr

= −|γ̇(r1)− Ḣs,t(r1)| −
∫ r1

r0

ρ̈s,t(r)dr

≤
∫ r1

r0

|dµp(x(r))ξX(x(r)|dr

≤ c

rα0
.

Lemma 2.2.14. Let c and α be positive constants such that (2.16) holds. There exist a

positive constant C such that

ρs,t(r) ≤ C(r1−α − s1−α), (2.18)

for all real numbers r, s, t such that 0 ≤ s ≤ r ≤ t.
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Proof. Suppose α > 0 is as in above and fix r1 ∈ (s, t). Suppose without loss of generality

that ρs,t(r1) ̸= 0 and choose r0 ∈ [s, r1) with ρs,t(r0) = 0, and ρs,t(r) ̸= 0 for r ∈ (r0, r1].

Integrate ρ̇s,t(r) ≤ c
rα

over the interval (r0, r1] to obtain

ρs,t(r1) =

∫ r1

r0

ρ̇s,t(r)dr ≤
∫ s

r0

c

rα
dr =

c

1− α
(r1−α1 − s1−α).

2.18 follows by taking C = c
1−α .

Proposition 2.2.15. Let s ≥ 0. Then∣∣∣∣β(s, t′)t′ − s
− β(s, t)

t− s

∣∣∣∣ ≤ C

tα
∀t′ ≥ t ≥ s+ 1.

This implies that the limit

β∞(s) := lim
t→∞

β(s, t)

t− s

exists in p.

Proof. the geodesics Hs,t and Hs,t′ intersect at γ(s) = Hs,t(s) = Hs,t′(s). Hence it follows

from (2.17), (2.18) and Lemma 2.2.6 that for t′ ≥ t ≥ s+ 1,∣∣∣∣β(s, t′)t′ − s
− β(s, t)

t− s

∣∣∣∣ = |Ḣs,t(s)− Ḣs,t′(s)|

≤ dM(Hs,t(t), Hs,t′(t)

t− s

=
ρs,t′(t)

t− s

≤ C
t1−α − s1−α

t− s

≤ C

tα
.
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Chapter 3

Closed Orbit of Parabolic Subgroups

In this chapter, we study closed orbits of parabolic subgroups. The result of this chapter

is obtained in a joint work with Biliotti [18] which has already been accepted in Nagoya

Mathematical Journal.

Let (Z, ω) be a Kähler manifold, U a compact and connected Lie group with Lie

algebra u and UC the complexification of U . Suppose UC acts holomorphically on Z with

a momentum map µ : Z → u. Let G ⊂ UC be a closed connected compatible subgroup.

Hence G = Kexp(p), where K := G ∩ U is a maximal compact subgroup of G and

p := g ∩ iu; g is the Lie algebra of G. Let X be a connected G-stable submanifold of Z

and let µp : X −→ p the corresponding G-gradient map.

Remarks: Let Q ⊂ G be a parabolic subgroup. The following facts are easy to check:

a) If Q · p is compact, then G · p is closed since G = KQ;

b) let O be a compact G-orbit. By Proposition 2.1.10, it follows that O = G ·p = K ·p.

Since µp is K-equivariant, the restricted gradient map µp : K · p → K · µp(x) is a

smooth K-equivariant submersion.

Let β ∈ p and let

Y = {z ∈ X : maxx∈Xµ
β
p (x) = µβp (z)}.

Assume that Y is not empty. By Corollary 1.6.9.2, Y is a smooth, possibly disconnected,

submanifold of X.
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Lemma 3.0.1. Y is Gβ+ invariant.

Proof. Let g ∈ G and let ξ ∈ p. It is easy to check that

(dg)p(ξX) = (Ad(g)(ξ))X(gp),

and so Gβ preserves Xβ. We claim that Y is Gβ-stable. In fact, Gβ = Kβexp(pβ) and Y

is Kβ-invariant by K-invariant property of the gradient map. For each y ∈ Y, let ξ ∈ pβ

and let γ(t) = exp(tξ) · y. Since βX(γ(t)) = 0 it follows that µβp (γ(t)) is constant and so

exp(tξ) · y ∈ Y. Now, Gβ+ = GβRβ+ where Rβ+ is connected and the unipotent radical

of Gβ+. By Proposition 1.6.10, rβ+ ⊂ V+ and so rβ+ · z ⊂ Gz for all z ∈ Y. Since Rβ+ is

connected, this implies Rβ+ does not act on Y and the result follows.

Lemma 3.0.2. Let O be a compact G-orbit which is a K-orbit. Let β ∈ p. If x ∈ O is a

local maximum of µβp : O → R, then x is a global maximum of µβp : O → R.

Proof. If x ∈ O is a local maximum of µβp , then µp(x) is a local maximum of the height

function

K · µp(x) → R, z 7→ ⟨z, β⟩.

But it was noted in the proof of Proposition 3.9 in [15] that ⟨·, β⟩ has only global maximum

when restricted to K ·µp(x). Then a local maximum is a global maximum and this implies

that µp(x) is a global maximum of the height function ⟨·, β⟩. Since

maxO(β) = max{⟨z, β⟩, z ∈ K · µp(x)},

x is a global maximum of µβp .

Proposition 3.0.3. Let p ∈ O be such that Gβ+ · p is closed. Then Gβ+ · p is a finite

union of connected components of maxO(β).

Proof. Since Gβ+ · p is compact, µβp |Gβ+·p has a maximum. Let q ∈ Gβ+ · p denote a

maximum of µβp |Gβ+·p. By Proposition 1.6.10, q is a Rβ+ fixed point. Applying again,

Proposition 1.6.10, keeping in mind that O is G homogeneous, q is a local maximum of
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µβp : O → R,. By Lemma 3.0.2, q is a global maximum of µβp . By Lemma 3.0.1, the

unipotent group Rβ+ acts trivially on maxO(β) and Gβ+ · p ⊂ maxO(β).

Let x ∈ maxO(β), By Proposition 1.6.10 and Corollary 1.6.10.1, keeping in mind that

O is G homogeneous and Rβ+ acts trivially on maxO(β), it follows that TxmaxO(β) =

TxG
β · x. By Lemma 3.0.1 (Gβ)o preserves any connected component of maxO(β). More-

over, the restriction of µp to any connected component of maxO(β) defines the gradient

map of (Gβ)o, see [45]. By Proposition 2.1.10 it follows that (Gβ)o has a closed orbit

on any connected component of maxO(β). Since any (Gβ)o orbit is open in maxO(β), it

follows that the connected component of maxO(β) containing x is (Gβ)o homogeneous.

The connected components of Gβ are finite and intersect the connected components of

Kβ. Therefore, keeping in mind that Rβ+ acts trivially on maxO(β), Gβ+ · x is a finite

union of connected components of maxO(β). The same result holds for Gβ+ ·p, concluding

the proof.

Corollary 3.0.3.1. Let x ∈ maxO(β). Then Gβ+ · x is closed and a finite union of

connected components of maxO(β).

Summing up, we have proved our first main result.

Theorem 3.0.4. Let β ∈ p. Then:

• if Gβ+ · x is compact, then O = G · x is compact and Gβ+ · x is a finite union of

connected components of maxO(β) :

• if O is a compact G-orbit, then maxO(β) is a finite union of compact Gβ+-orbits.

In particular, the number of compact Gβ+-orbits is equal or bigger than the number of

compact G-orbits.

Let Q ⊂ UC be a parabolic subgroup. There exists β ∈ iu such that Q = (UC)β+. If

Õ is a compact UC-orbit, then it is a complex U -orbit and so a flag manifold [35]. By

definition of the gradient map,

maxÕ(β) = max{p ∈ Õ : ⟨µ(p),−iβ⟩ = maxp∈Õµ
−iβ}
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and so it is connected [5, 36]. This means that (UC)β+ has a unique closed orbit in Õ.

Corollary 3.0.4.1. The number of compact (UC)β+-orbits is equal to the number of com-

pact UC-orbits. Any closed (UC)β+-orbit arises as maxÕ(−iβ), where Õ is a compact

UC-orbit.

Assume that G is a real form of UC. Then g = k⊕ p, u = k⊕ ip and so gC = uC (see

[47, 56]). Assume that there exists x ∈ Z such that UC ·x is compact. Then UC ·x = U ·x

and so a flag manifold. The following result is essentially an old Theorem of Wolf [70],

see also [45].

Theorem 3.0.5 (Wolf). There exists a unique compact G-orbit in UC · x.

Proof. Let Gss denote the connected subgroup of G with Lie algebra [g, g]. Then Gss is

closed, compatible and G = Z(G)o ·Gss, where Z(G)o is the connected component of the

center [56, p.442]. By Proposition 2.1.10, G has a closed orbit in UC · x. The center of U

does not act on U · x and Gss is a real from of (UC)ss = (Uss)
C. By a Theorem of Wolf

[70], Gss has a unique closed orbit in UC · x. On the other hand, by Proposition 2.1.10 it

follows that Gss has a closed orbit on any closed orbit of G. Therefore, G has a unique

closed orbit in UC · x.

Let O denote the unique compact G-orbit in UC · x. Let β ∈ p. We denote by

maxUC·x(β) =
{
p ∈ UC · x : µβp (p) = maxp∈UC·xµ

β
p

}
Lemma 3.0.6. For any β ∈ p, maxUC·x(β) ∩ O ≠ ∅. Hence

maxUC·x(β) ∩ O = maxO(β).

Proof. Since

maxUC·x(β) = max
{
p ∈ UC · x : ⟨µ(p),−iβ⟩ = maxp∈UC·xµ

−iβ} ,
by Corollary 3.0.4.1 it follows that maxUC·x(β) is the unique closed orbit of (UC)β+. Since

Gβ+ = G ∩ (UC)β+
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we get Rβ+ ⊂ R((UC)β+) and so Rβ+ acts trivially on maxUC·xµ
β
p . Applying the same

arguments of Proposition 3.0.3, it follows that Gβ+ has a closed orbit in maxUC·xµ
β
p . By

Theorem 3.0.5 we get maxUC·x(β) ∩ O ≠ ∅ and the result follows.

As a consequence, we obtain the following result.

Proposition 3.0.7. Let a ⊂ p be an Abelian subalgebra. Then

µa(U
C · x) = µa(O).

Proof. It is well-known that both µa(U
C · x) and µa(O) are polytope [45, 58]. Since

µa(O) ⊂ µa(U
C ·x), applying the above Lemma and Proposition 1.1.7, we get µa(U

C ·x) =

µa(O).

Now we are ready to prove the next result.

Theorem 3.0.8. The set maxO(β) is the unique compact orbit of Gβ+ in O. Moreover,

it is connected and a (Kβ)o-orbit.

Proof. Let (Gβ)oss denote the connected subgroup whose Lie algebra is [gβ, gβ]. It is closed,

semisimple and compatible [56]. By Lemma 3.0.1 it preserves any connected components

of maxO(β). By Proposition 2.1.10, (Gβ)oss has a closed orbit on any connected component

maxO(β). On the other hand, maxUC·x(β) is connected and, by Proposition 1.6.10, is a

closed orbit of (UC)β. Note that (Gβ)oss is a real form of (Uβ)ss and maxUC·x(β), keeping

in mind that it is a flag manifold and the center of (UC)β does not act on it, is a compact

(Uβ)ss orbit. Applying a Theorem of Wolf [70] it follows that (Gβ)oss has a unique closed

orbit in maxUC·x(β). Since both Rβ+ and the center of (Gβ)o act trivially on maxUC·x(β),

the unique closed orbit of (Gβ)oss is contained in a closed orbit of Gβ+ and so it is contained

in O. By Theorem 3.0.4, this orbit is contained in maxO(β). Since (Gβ)oss preserves

maxO(β) and it has a closed orbit on any connected component of maxO(β), it follows

that maxO(β) is connected. This means maxO(β) is the unique closed orbit of Gβ+. In

particular, keeping in mind maxO(β) is (Gβ)o homogeneous, applying Proposition 2.1.10

we get maxO(β) is a (Kβ)o-orbit concluding the proof.
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Chapter 4

Convexity Properties of Gradient map

In this chapter, we study the convexity properties of the gradient map applying most of

the results obtained in chapter 2. Both the Abelian and non-Abelian cases are studied.

The results of this chapter is a joint work with Biliotti [17] and by Windare [69]. We

assume U is connected, G is connected and X is compact and connected throughout this

chapter.

In section 4.1, we prove the Abelian convexity theorem. If the G-action on X has a

unique closed orbit O, then we prove that µa(X) = µa(O) and so a polytope (Theorem

4.1.2). This result is new also if G = UC and X = Z. This means that O captures all

the information of the A-gradient map. In section 4.1.1, we obtain the Abelian convexity

theorem from the non-Abelian convexity result.

In section 4.2, we continue to investigate convexity properties of gradient map. If Z

is connected and compact, and X ⊂ Z is a A-stable compact coisotropic submanifold,

then we prove µa(X) = µa(Z) (Theorem 4.2.4) and so it is a polytope as well. More

precisely, there exists an open and dense subset W of X such that for any p ∈ W, we have

µa(X) = µa(A · p).

In section 4.3, we study the convexity property for G-action on a Lagrange subman-

ifold. Suppose G ⊂ UC is a real form, we show that there exists a unique open stratum

in X if X is a G-invariant compact Lagrangian submanifold of Z such that X ⊂ µ−1
k (0)

(Theorem 4.3.2.) Therefore, the non-Abelian convexity result holds in this case (Theorem
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4.3.3).

We conclude the chapter with the study of two orbits variety in section 4.4. Applying

standard Morse-theoretic results in [54] and [45], we prove that the norm square is Morse-

Bott for two orbits variety and obtain information on the cohomology and K-equivariant

cohomology of X (Theorem 4.4.1), generalizing [32]. As an application of Theorem 4.1.2,

we prove that the Abelian convexity Theorem holds for a two orbits variety (Theorem

4.4.2).

4.1 The Abelian Convexity Theorem

Let (Z, ω) be a Kähler manifold, U a compact and connected Lie group with Lie algebra

u and UC the complexification of U . Suppose UC acts holomorphically on Z with a

momentum map µ : Z → u. Let G ⊂ UC be a connected compatible subgroup. Hence

G = Kexp(p), where K := G ∩ U is a maximal compact subgroup of G and p := g ∩ iu;

g is the Lie algebra of G. Let X be a G-stable locally closed compact and connected real

submanifold of Z and let µp : X −→ p be the corresponding G-gradient map. Let β ∈ p

and let

Y = {z ∈ X : maxx∈Xµβp = µβp (z)}.

Proposition 4.1.1. Y contains a closed orbit of Gβ+ which coincides with a Kβ orbit.

Proof. By Lemma 3.0.1, (Gβ)o preserves any connected component of Y and the restriction

of µp on any connected component defines a gradient map with respect to (Gβ)o [45]. By

Corollary 6.11 in [45] pag. 21, (Gβ+)o has closed orbit which coincides with a (Kβ)o orbit.

Since Gβ has a finite number of connected components and any connected component of

Gβ intersects Kβ, it follows that Gβ has a closed orbit which coincides with a Kβ orbit.

This is also a closed orbit of Gβ+ since Rβ+ acts freely on Y by the Linearization theorem

proved in [44], see also Proposition 1.6.12, concluding the proof.

Let a ⊂ p be an Abelian subalgebra of p and let πa : p → a be the orthogonal

projection onto a. Then µa := πa ◦ µp is the gradient map associated to A = exp(a).
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Denote P = Conv(µa(X)). It is well-known, see for instance [46, Prop. 3] and [12, Prop.

3.1], that P is is the convex hull of µa(X
A), where XA = {p ∈ X : A · p = p}. Since

µ(XA) is finite, then the convex hull of µa(X) is a polytope.

Suppose that the G action on X has a unique closed orbit, which is a K orbit [45]

denoted by O. Let a′ be a maximal Abelian subalgebra containing a. Since µa(O) =

πa(µa′(O)), by a Theorem of Kostant [58] it follows that µa(O) is a polytope.

Theorem 4.1.2. Suppose the G-action on X has a unique closed orbit O. Then µa(X) =

µa(O) and so it is a convex polytope.

Proof. Let σ be a face of P. Since P is a polytope, any face is exposed [67]. Therefore,

there exists ξ ∈ a such that

σ = {α ∈ P : maxγ∈P ⟨γ, ξ⟩ = ⟨α, ξ⟩}.

Then

Y = µ−1
a (σ) = {z ∈ X : maxx∈Xµξp(x) = µξp(z)}.

In fact, it is easy to see that Y ⊂ µ−1
a (σ). Suppose z ∈ µ−1

a (σ), then µa(z) ∈ σ and

maxγ∈P ⟨γ, ξ⟩ = ⟨µa(z), ξ⟩ = µξp(z). Hence, z ∈ Y. By Lemma 3.0.1, Y is Gξ+-invariant.

By Proposition 4.1.1, let z ∈ Y be such that Gξ+ · z is closed. But G = KGξ+, then G · z

is closed. Since the action of G on X has a unique closed orbit, G · z = O. Therefore,

maxx∈P ⟨x, ξ⟩ = maxx∈µa(O)⟨x, ξ⟩.

By Proposition 1.1.7, µa(O) = P. Hence, µa(X) = µa(O) is a polytope.

Remark 4.1.3. In the above assumption, applying the main Theorem in [12], the convex

hull of µp(X) coincides with the convex hull of µp(O). Hence the convex hull of µp(X) is

the convex hull of a K-orbit in p and so a polar orbitope [15].

4.1.1 Abelian convexity from Non-Abelian convexity

The non-Abelian convexity theorem implies the Abelian convexity theorem. This is the

purpose of this section.
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Let a ⊂ p be a maximal Abelian, a+ positive Weyl Chamber. If λ ∈ a+, we denote by

∆λ = Conv{wλ : w ∈ W},

where W = Nk(a)
Ck(a)

is the Weyl-Group. If G = UC, then the following result is proved in

[34]. The authors applied Kirwan’s Theorem [55] for the action U × T on the cotangent

bundle T ∗U , where T is a maximal torus of U . Our proof uses a result of Gichev [31].

Theorem 4.1.4. If S ⊂ a+ is a convex subset, then,

S# =
⋃

{∆λ : λ ∈ S} (4.1)

is convex subset of a.

Proof. Let

∆0 = {(λ, µ) ∈ a+ × a : µ ∈ ∆λ}.

We claim that ∆0 is convex. Let (λ1, µ1), (λ2, µ2) ∈ ∆0

t(λ1, µ1) + (1− t)(λ2, µ2) = (tλ1 + (1− t)λ2, tµ1 + (1− t)µ2)

Now, from [31] we have

∆(tλ1+(1−t)λ2) = ∆tλ1 +∆(1−t)λ2 = t∆λ1 + (1− t)∆λ2

and so

tµ1 + (1− t)µ2 ∈ ∆(tλ1+(1−t)λ2).

This shows that ∆0 is convex. Let

π1 : a+ × a → a+

and

π2 : a+ × a → a.

Then,

S# = π2(π
−1
1 (S) ∩∆0)

and so it is convex.
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Theorem 4.1.5. Let µp : X → p be the gradient map. Let a ⊂ p be a maximal Abelian

subalgebra and let µa = πa◦µp be the corresponding gradient map. If µp(X)∩a+ is convex,

then

µa(X) = (µp(X) ∩ a+)
#, (4.2)

and so convex.

Proof. The action of K on p is polar and a is a section [27]. Moreover, if x ∈ p, then

K · x ∩ a+ = {λ}.

By a beautiful Theorem of Kostant [58], πa(K · x) = ∆λ and so a polytope. Therefore

µa(X) = {µ ∈ a : µ ∈ ∆λ, where λ ∈ µp(X) ∩ a+} = (µp(X) ∩ a+)
#.

By the above Theorem, µa(X) is convex.

4.2 Convexity results of Gradient map on coistropic

submanifold

In this section, we continue to investigate Abelian convexity properties of the gradient

map. We give a new proof of the convexity property of the gradient map for X = Z,

avoiding the Linearization Theorem.

Theorem 4.2.1. Suppose (Z, ω) is a connected and compact Kähler manifold. Then

µa : Z → a

is a convex polytope.

Proof. Let ξ ∈ a and {tn}n∈N be a sequence such that tn → ∞. Denote by gn = exp(tnξ).

By Theorem 2 in [8], up to passing to a subsequence, there exist a proper analytic subset

U of Z such that

gn : Z \ U → Z, gn → φ∞,
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where φ∞ is non-dominant meromorphic map. Note that Z \ U is connected and Zariski

open. Since gn = exp(tnξ), it follows φ∞(Z \ U) ⊂ Zξ where

Zξ = {x ∈ Z : ξZ(x) = 0}.

The vector Jξ is a Killing vector field and so Zξ is smooth, possibly disconnected, sub-

manifold of Z [57]. Since Z \ U s connected, φ∞(Z \ U) is contained in a connected

components of Zξ which we denoted by Z0.

Set µξa := ⟨µa, ξ⟩. µξa(Z0) is constant. We claim that

µξa(Z0) = maxz∈Zµξa.

Indeed, let x0 ∈ Z :

µξa(x0) = c = maxz∈Zµξa.

Let ϵ > 0. There exist neighbourhood N of x0 such that

µξa(N) ⊂ (c− ϵ, c].

(Z \ U) ∩N ̸= ∅. Pick p ∈ (Z \ U) ∩N. Then

c− ϵ ≤ µξa(p) ≤ µξa(φ∞(p)).

Therefore

µξa(Z0) = c = maxz∈Zµξa.

Let P = Conv(µa(Z)). By a Theorem of Atiyah [5], see also [9, 47], for any p ∈ Z we

have

µa(A · p) = Conv(µa(Z
A ∩ A · p)) ⊂ µa(p) + ap, (4.3)

where ZA = {z ∈ Z : A · z = z} and ap is the Lie algebra of Ap. Since Z is compact, the

set ZA has finitely many connected components. By (4.3), it follows that µa(Z
A) is finite

and P = Conv(µa(Z
A)). This implies that P is a polytope.

Let x0, x1, · · · , xn ∈ P be verticies. Since P is a polytope any face is exposed. Then

there exist ξ0, ξ1, · · · , ξn ∈ a such that

xi = {θ ∈ P : ⟨θ, ξi⟩ = maxy∈P ⟨y, ξi⟩, i = 0, 1, · · · , n}.
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Denote ci = ⟨xi, ξi⟩. There exists U0, · · · , Un proper analytic subset and and a tN → +∞

such that limN→∞ exp(tNξi) exists in Z \ Ui. Moreover, if zi ∈ Z \ Ui, then

lim
N→∞

exp(tNξi) · zi ∈ (µξia )
−1(ci) = µ−1

a (Xi).

Now,

(Z \ U0) ∩ (Z \ U1) ∩ · · · ∩ (Z \ Un) = Z \ (U0 ∪ U1 ∪ · · · ∪ Un) ̸= ∅,

then

A · p ∩ µ−1
a (xi) ̸= ∅,

whenever p ∈ Z \ (U0∪U1∪· · ·∪Un) for any i = 0, · · · , n. By Atiyah-Theorem, see [9, 45],

µa(A · p) = Conv(µa(Z
A) ∩ A · p) = P.

Therefore

µa(Z) = P.

Corollary 4.2.1.1. In the above setting, the following hold true:

a) {p ∈ Z : µa(A · p) = µa(Z)} contains an open and dense subset of Z.

b) Any local maximum of µξa is a global maximum. Indeed, we have proved that the

unstable manifold of the critical component c0 corresponding to the maximum is

Zariski open.

We now prove the convexity property of the gradient map when X is a connected,

compact coisotropic submanifold of (Z, ω).

Definition 4.2.1. A submanifold X ⊂ (Z, ω) is coisotropic if for any p ∈ X, we have

(TpX)⊥ω ⊂ TpX.
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Since (Z, ω) is Kähler ,

(TpX)⊥ω = J((TpX)⊥).

Lemma 4.2.2. If X is coisotropic, then for any p ∈ X, we have

TpX + J(TpX) = TpZ.

Proof.

J((TpX)⊥) ⊂ TpX.

Applying J we have

(TpX)⊥ ⊂ J(TpX).

And so

TpX + J(TpX) = TpZ.

Lemma 4.2.3. Let X be a A-invariant compact connected coistropic submanifold of

(Z, ω). Let ξ ∈ a. Then

maxp∈Xµξa = maxz∈Zµξa.

Moreover, the unstable manifold associated to the maximum of µξa is open and dense.

Proof. Let W ξ
0 be the unstable manifold of the critical component C0 satisfying µξa(C0) =

c0. Assume that C0 corresponds to a Local maximum. Since

∇µξa|X = ∇µξa,

it follows that

W ξ
0 =

¯
W ξ

0 ∩X,

where ¯
W ξ

0 is the unstable manifold in Z of the critical components C̄0 such that

µξa(C̄0) = µξa(C0) = c0.
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By a Linearization theorem in [44], ¯
W ξ

0 is a complex manifold and W ξ
0 is open in X. Let

p ∈ W ξ
0 . Since

TpW
ξ
0 = TpX ⊂ Tp

¯
W ξ

0 ,

it follows that

TpX + J(TpX) ⊂ Tp
¯
W ξ

0 .

By Lemma 4.2.2, ¯
W ξ

0 is open. Since µξa : Z −→ R is Morse-Bott of even index, it

follows that µξa : Z −→ R has a unique local maximum and so ¯
W ξ

0 is open and dense.

Therefore µa : X −→ R has also a unique local maximum. This proves

maxp∈Xµξa = maxz∈Zµξa.

Since µξa : X −→ R is Morse-Bott, applying Theorem 1.6.13 we get that, the unstable

manifolds different from W ξ
0 have codimension at least one. This implies that W ξ

0 is also

open and dense in X.

Theorem 4.2.4. If X is a A-invariant compact connected coistropic submanifold of

(Z, ω). Then

µa(X) = µa(Z),

and so a polytope. Moreover, there exists an open and dense subset W of X such that for

any p ∈ W , we have

µa(X) = µa(A · p).

Proof. Let ξ ∈ a, by Lemma 4.2.3,

maxp∈Xµξa = maxz∈Zµξa,

and the unstable manifold associated to the maximum of µξa is open and dense. By

Proposition 1.1.7,

µa(X) = µa(Z).
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By Proposition 3.1 in [9], the set

{
p ∈ X : µa(A · p) = µa(X)

}
is open and dense, concluding the proof.

4.3 Lagrange submanifold

The result of this section is obtained by Windare in [69]. The norm square f define a strat-

ification on X (section 2.1). Non-Abelian covexity result essentially use the stratification

theorem [46, 54]. In a situation where the convexity result holds, the minimal stratum,

the stratum where the normed square attains its minimum is unique. The uniqueness of

the minimal stratum holds if X = Z and G = UC. In this situation, a general convexity

results are available [36, 54].

In a general setting, there is still a minimal stratum and this stratum is always open.

However, there could be more than one minimal strata and other open strata that are

not minimal. Heinzner P and Schützdeller P proved the convexity result in a projective

setup [46].

In this section, we find a special case where the minimal stratum is the unique open

stratum in X.

Suppose as above that the action UC×Z → Z is holomorphic, U preserves ω and that

there is a U -equivariant momentum map µ : Z → u. Let the function F : Z → R defined

by

F (z) :=
1

2
∥ µ(z) ∥2, for z ∈ Z (4.4)

denote the norm square of the momentum map.

Suppose G ⊂ UC is a real form. This means that g = k⊕ p implies u = k⊕ ip and the

momentum map µ decompose to µ = µk⊕−iµp. We fix a G-invariant compact Lagrangian

submanifold X of Z such that X ⊂ µ−1
k (0) and let f : X → R defined by

f(x) :=
1

2
∥ µp(x) ∥2, for x ∈ X (4.5)
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denote the norm square of the gradient map for the G-action on X.

Note that the condition X ⊂ µ−1
k (0) is always satisfied if G has finite fundamental

group. Indeed, since X is Lagrangian, µk restricted to X is constant and the image lies

in the center of the Lie algebra of K. Hence, if G has a finite fundamental group, then K

has a finite fundamental group and so K is semisimple and the center of K is finite.

Lemma 4.3.1. x ∈ X is a critical point of f if and only if x is a critical point of F.

Proof. Since µ decompose to µ = µk⊕µp and X ⊂ µ−1
k (0) then, µ|X = µp|X . This implies

that for x ∈ X, the negative gradient flow of f through x coincides with the gradient flow

of F through x and so, the result follows.

Lemma 4.3.1 asserts that for β ∈ p, K · β is a critical orbit of fp if and only if U · iβ

is a critical orbit of f.

Theorem 4.3.2. Suppose X is a G-invariant compact connected Lagrangian submanifold

of Z such that X ⊂ µ−1
k (0). Then there exists a unique open stratum in X. Moreover,

this stratum is dense in X.

Proof. It is well known that the strata associated with F are locally closed submanifolds

of Z of even dimension [54]. Since it is impossible to disconnect a manifold by removing

submanifolds of codimension at least two, there must be a unique open stratum. Let S−iβ

be the stratum associated with the minimum of F for the UC-action on Z. S−iβ is the

unique open stratum of F . We set Sβ = S−iβ∩X which is a stratum of f by Lemma 4.3.1.

We claim that Sβ is the minimal stratum of f . Indeed, For p ∈ Sβ, TpSβ = TpX ⊂ TpS−iβ

and J(TpX) ⊂ TpS−iβ. This means that TpSβ ⊕ J(TpSβ) = TpZ. This implies that Sβ is

open. Suppose it is not the unique open stratum. Then for each open stratum Sβ̃, there

exists S−ĩβ such that Sβ̃ = S−ĩβ ∩ X. Then S−ĩβ is open. But S−iβ is unique. It follows

that Sβ is the unique open strata associated with f.

Since X is compact, there are finitely many strata [45, 8.5]. But X has exactly one

open stratum and the other strata are codimension at least one. This implies that the

union of these other strata has empty interior. Thus, the open stratum Sβ is dense.
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Let β ∈ p. The orbit U · β can be identified with the coadjoint orbit U · (−iβ) ⊂ u

which is a complex flag manifold. There is an induced UC-action on U · β and the map

µβ : Z ×U · β → u; (x, ξ) 7→ µ(z)−Adgξ with g ∈ U is the moment map for the U -action

on Z×U ·β. There is a corresponding Gradient map called the shifting of µp with respect

to β given as µp,β : X ×K · β → p, (x, ξ) 7→ µp − Adkβ.

By a result in [33], K · β is a Lagrangian submanifold of U · β. Hence, X ×K · β is a

Lagrangian submanifold of Z × U · β and X ×K · β ⊂ µ−1
k,β(0).

Corollary 4.3.2.1. In the above assumption, the norm square of the gradient map µp,β

has a unique open stratum which is dense.

Let a be the maximal Abelian subalgebra of p and a+ a positive Weyl chamber of a.

Using Theorem 4.3.2, the following non-Abelian convexity theorem holds.

Theorem 4.3.3. Suppose X is a G-invariant compact connected Lagrangian submanifold

of Z such that X ⊂ µ−1
k (0). The set µp(X) ∩ a+ is a convex polytope.

Proof. The proof follows the geometric idea used in Kirwan’s proof of convexity result in

[55]. The proof used the fact that if a subset D of a Euclidean vector space is a finite

union of convex polytopes and is not convex, then for any sufficiently small r > 0 there

exists a point β ∈ a such that the closed ball centered at β with radius r meets D in

precisely two points.

µp(X) ∩ a+ is a finite union of convex polytopes [46, 8.5]. Suppose µp(X) ∩ a+ is not

convex. There is a point β ∈ a+ and r > 0, such that the boundary of the closed ball Br(β)

meets µp(X) ∩ a+ in at least two points. This implies that the function ∥ µp,β ∥2 attains

its minimum value in two or more points. Suppose ξ1 and ξ2 are two of the minimum

points of ∥ µp,β ∥2, then since ξ1 ̸= ξ2 and keeping in mind that K · ξ1 ∩ a+ = {ξ1}, by the

stratification theorem [45], see also Theorem 2.1.4, we have two disjoint open strata Sξ1
and Sξ2 and this is a contradiction of the above lemma.
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4.4 Two orbits variety

In this section we investigate two orbits variety.

Definition 4.4.1. Let X be a compact and connected G-stable submanifold of (Z, ω). We

say that X is a two orbit variety if G-action on X has two orbits.

Example 4.4.1. SL(n,R) acting diagonally on Pn(R) × Pn(R) is a two orbit variety.

The two orbits are {(p, q) ∈ Pn(R)×Pn(R) : p = q} and {(p, q) ∈ Pn(R)×Pn(R) : p ̸= q}.

The norm square f has a maximum and a minimum. By the stratification theorem,

Theorem 2.1.4, keeping in mind that the strata are G-invariant, X is the union of a closed

G-orbit Sβmax , where the norm square achieves the maximum, and an open G-orbit Sβmin
,

the stratum relative to the minimum of the norm square. We then show that f is a

Morse-Bott function.

Theorem 4.4.1. If G acts on X with two orbits, then

a) the function f : X → R given by

f(x) :=
1

2
∥ µp(x) ∥2 for x ∈ X.

is Morse-Bott; it has only two connected critical submanifolds given by the closed G-

orbit Sβmax, the stratum associated with the maximum of f and by a K-orbit Sβmin
,

the stratum associated with the minimum of f .

b) The Poincaré polynomial PX(t) of X satisfies

PX(t) = tk · PSβmax
(t) + PSβmin

(t)− (1 + t)R(t),

where k is the real codimension of Sβmax in X and R(t) is a polynomial with positive

integer coefficients. In particular χ(X) = χ(Sβmax) + χ(Sβmin
);

c) The K-equivariant Poincaré series of X is given by

PK
X (t) = tk · PK

Sβmax
(t) + PK

Sβmin
(t).
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Proof. We first proof (a). Consider the function f and its critical set C. f is non constant

on X; in fact if f is constant, then every point of X is a maximum point and in view of

proposition 2.1.10, all G-orbit would be closed.

By Theorem 2.2.8, we have that Sβmin
consist of a singleK-orbit, and so it is connected.

Since f realizes its maximum value at any critical point x belonging to Sβmax , then by

Proposition 2.1.8d

Hx(f) < 0 on Tx(Sβmax)
⊥.

Now we show that the Hessian of f at a critical point x belonging to Sβmin
is non degenerate

in the normal direction. Set µp(x) = βmin = β.

Suppose β ̸= 0. By Remark 2.1.9,

TxSβmin
= Tx(G · x) = Tx(K · x)⊕ pβ · x⊕ rβ+ · x,

where rβ+ is the Lie algebra of Rβ+. By Proposition 2.1.8b,

Hx(f) > 0 on pβ · x⊕ rβ+ · x.

Since Hx(f) ≥ 0, it follows that

Tx(G · x) = Tx(K · x)⊕⊥ (pβ · x⊕ rβ+ · x)

Suppose β = 0. Let x = xmin. By Theorem 2.2.8, µ−1
p (0) = K · x.

ker dµp(x) = (p · x)⊥

By Proposition 2.1.7,

Hx(f)|(p·x) > 0.

TxX = Tx(G · x).

Since K · xmin ⊂ ker dµp(xmin), it follows that

Tx(G · x) = K · x+ p · x = TxX
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Hx(f)|(K·x) = 0.

TxX = K · x⊕⊥ p · x.

By dimensional reason, Hx(f) is non degenerate.

These show that Hx(f) is non degenerate. Hence f is Morse-Bott. The statements in

(b) and (c) follow from the general theory in [54].

Now, we investigate the convexity property of gradient map of a two orbit variety.

Since X has a unique closed orbit, we derive the following result.

Theorem 4.4.2. If X is a two orbits variety, then µa(X) is a polytope.

Proof. A two orbits variety have one closed orbit while the other is open. Hence, it has a

unique closed orbit and the result follows from Theorem 4.1.2.
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Chapter 5

Stability, analytic stability for real

reductive Lie groups

Let (Z, ω) be a connected Kähler manifold, U a compact (we do not assume that U is

connected) Lie group with Lie algebra u and UC the complexification of U . Suppose UC

acts holomorphically on Z with a momentum map µ : Z → u.

In this chapter, we study the Hilbert Mumford criterion for semistability and polysta-

bility points associated with the actions of real reductive groups on real submanifolds of

Kähler manifolds. Most of the results of this chapter are obtained in a joint work with

Biliotti [19] and has been accepted for publication on The Journal of Geometric Analysis.

In section 5.1, we define the stability conditions and the maximal weight associated

with the gradient map and some of its properties are given.

In section 5.2 we introduce and discuss the class of energy complete actions and we

prove the moment-weight inequality (Theorem 5.2.7).

In Section 5.3 we introduce the notions of analytic semistability and polystability. we

prove that the semistability condition, respectively polystability condition, is equivalent

to analytic semistability condition (Theorem 5.3.4), respectively analytic polystability

condition (Theorem 5.3.6). We also characterize the semistable and polystable points in

terms of one-parameter subgroups (Corollary 5.3.4.1 and Corollary 5.3.6.1).
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In Section 5.5 we compare the set of semistable points of different compatible sub-

groups. Roughly speaking, we prove that if H ⊂ G is compatible then the set of the

semistable points with respect to G is contained in the set of semistable points of H.

Given a maximal Abelian subalgebra a ⊂ p, we have Xss
µp =

⋂
k∈K kX

ss
µa . Finally, if

Zss
µ ̸= ∅, then Zss

µp is open, connected and dense.

In Section 5.6, following Teleman [4], we introduce the notion of symplectization of

the UC action with respect to G.

In the last section 5.7, we characterize the stability conditions in term of the Kempf-

Ness function under the assumption that X is compact (Theorems 5.7.2, 5.7.3 and 5.7.4).

We conclude the section with the Hilbert criterion for semistability condition with the

compactness of X (Theorem 5.7.5).

5.1 Stability and Maximal Weight Function

Let G ⊂ UC be a closed compatible subgroup. G = K exp(p), where K := G ∩ U is a

maximal compact subgroup of G and p := g ∩ iu; g is the Lie algebra of G.

Suppose X ⊂ Z is a G-stable locally closed connected real submanifold of Z with the

gradient map µp : X → p. We recall that by Gx and Kx, we denote the stabilizer subgroup

of x ∈ X with respect to the G-action and the K-action respectively and by gx and kx

their respective Lie algebras.

Definition 5.1.1. Let x ∈ X. Then:

a) x is stable if G · x ∩ µ−1
p (0) ̸= ∅ and gx is conjugate to a Lie subalgebra of k.

b) x is polystable if G · x ∩ µ−1
p (0) ̸= ∅.

c) x is semistable if G · x ∩ µ−1
p (0) ̸= ∅.

We denote by Xs
µp , X

ss
µp , X

ps
µp the set of stable, respectively semistable, polystable,

points. It follows directly from the definitions above that the conditions are G-invariant
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in the sense that if a point satisfies one of the conditions, then every point in its orbit

satisfies the same condition, and for stability, recall that ggx = Ad(g)(gx).

One may define a relation ∼ on Xss
µp where x ∼ y if µ−1

p (0) ∩ G · x ∩ G · y ̸= ∅. This

relation is indeed an equivalence relation [44] and we denote the corresponding quotient

by Xss
µp//G and call it the topological Hilbert quotient of Xss

µp by the action of G. Let

π : Xss
µp −→ Xss

µp//G denote the quotient map. The results of Heinzner-Schwarz-Stötzel

[45, Quotient Theorem p.164] and [44, 47], show the following theorem.

Theorem 5.1.1. The subsets Xs
µp, X

ss
µp are open subset in X. Moreover, the topological

Hilbert quotient Xss
µp//G has the following properties.

a) Every fiber contains a unique closed G-orbit. Any other orbit in the fiber has strictly

larger dimension.

b) The closure of every G-orbit in a fiber of π contains the closed G-orbit.

c) every fiber of π intersects µ−1
p (0) in a unique K-orbit which lies in the unique closed

G-orbit.

d) the inclusion µ−1
p (0) ↪→ X induces a homeomorphism µ−1

p (0)/K ∼= Xss
µp//G.

Therefore Xss
µp//G can be identified with the space of polystable orbits. On the other

hand the set of polystable points is in general neither open nor closed. The following result

establishes a relation between the Kempf-Ness function and the polystability condition.

Proposition 5.1.2. Let x ∈ X and let g ∈ G. The following conditions are equivalent:

a) µp(gx) = 0.

b) g is a critical point of Φ(x, ·).

c) g−1K is a critical point of Φx.

Proof. Lemma 2.2.1 proves (a) is equivalent to (c). Since Φ(x, ·) is K-invariant it follows

that (b) is equivalent to (c), concluding the proof.
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Proposition 5.1.3. Let x ∈ X.

• If x is polystable, then Gx is reductive.

• If x is stable, then Gx is compact.

Proof. Assume µp(x) = 0. By Lemma 1.6.8, Gx is compatible. Therefore if x is stable,

respectively polystable, then Gx is compact, respectively reductive. Since Ggx = gGxg
−1,

the result follows.

5.1.1 Maximal Weight Function

In this section, we introduce the numerical invariants λ(x, β) associated to an element

x ∈ X and β ∈ p.

For any t ∈ R, define λ(x, β, t) = ⟨µp(exp(tβ)x), β⟩.

λ(x, β, t) = ⟨µp(exp(tβ)x), β⟩ =
d

dt
Φ(x, exp(tβ)),

where Φ : X ×G→ R is the Kempf-Ness function. By the properties of the Kempf-Ness

function,
d

dt
λ(x, β, t) =

d2

dt2
Φ(x, exp(tβ)) ≥ 0.

This means that λ(x, β, t) is a non decreasing function as a function of t.

Definition 5.1.2. The maximal weight of x ∈ X in the direction of β ∈ p is the numerical

value

λ(x, β) = lim
t→∞

λ(x, β, t) ∈ R ∪ {∞}.

From the proof of Lemma 1.6.3 we have

d

dt
λ(x, β, t) =∥ βX(exp(tβ)x) ∥2,

and so,

λ(x, β, t) = ⟨µp(x), β⟩+
∫ t

0

∥ βX(exp(sβ)x) ∥2 ds.
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For any x ∈ X and β ∈ p, we consider the curve cβx : [0,+∞) −→ X defined by cβx(t) =

exp(tβ)x. The energy functional of the curve cβx is given by

E(cβx) =

∫ +∞

0

∥ βX(exp(tβ)x) ∥2 dt.

Thus,

λ(x, β) = λ(x, β, 0) + E(cβx), (5.1)

Lemma 5.1.4. Let x ∈ X and let β ∈ p. Then the function (0,∞) → R : t 7→

t−1Φ(x, exp(tβ)) is nondecreasing and

λ(x, β) = lim
t→∞

Φ(x, exp(tβ))

t
.

Proof. Since
d

dt
Φ(x, exp(tβ)) = λ(x, β, t),

we have

Φ(x, exp(tβ)) =

∫ t

0

λ(x, β, s)ds.

Since λ(x, β, s) is nondecreasing and by definition of maximal weight, we have

λ(x, β) = lim
t→∞

1

t

∫ t

0

λ(x, β, s)ds = lim
t→∞

Φ(x, exp(tβ))

t
.

That the function t 7→ t−1Φ(x, exp(tβ)) is nondecreasing follows from the fact that the

function t 7→ Φ(x, exp(tβ)) is convex.

The following Lemma will be needed [4]. We include the proof for completeness.

Lemma 5.1.5. Let V be a subspace of p. The following are equivalent for a point x ∈ X :

a) The map Φ(x, ·) is linearly proper on V , i.e. there exist positive constants C1 and

C2 such that:

∥ v ∥≤ C1Φ(x, exp(v)) + C2, ∀v ∈ V.

b) λ(x, β) > 0 ∀β ∈ V \{0}.
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Proof. (a) implies (b): By the inequality in (a), for any β ∈ V , t ∈ R, t ∥ β ∥≤

C1Φ(x, exp(tβ)) + C2. This shows that

d

dt
Φ(x, exp(tβ)) = λ(x, β, t) > 0,

for β ̸= 0 and sufficiently large t. Since the function s 7→ λ(x, β, s) is nondecreasing,

keeping in mind the definition of λ(x, β), (b) holds.

Suppose λ(x, β) > 0, ∀β ∈ V \{0}. Suppose by contradiction that there are no positive

constants (C1, C2) for which the inequality in (a) holds. Then that will implies that there

is a sequence (βn)n in V such that

nΦ(x, exp(βn)) + n2 <∥ βn ∥ . (5.2)

Observe that limn→∞ ∥ βn ∥= ∞, otherwise, (βn)n would have a bounded subsequence

(βnm)m. It will then follow that (Φ(x, exp(βnm))m would also be bounded which will

contradict (5.2).

From (5.2), we have
Φ(x, exp(βn))

∥ βn ∥
+

n2

∥ βn ∥
<

1

n
.

In particular,
Φ(x, exp(βn))

∥ βn ∥
<

1

n
.

Set an =∥ βn ∥, bn = βn
∥βn∥ , and choose t0 ∈ R. By the convexity property of Φ,

Φ(x, exp(anbn)) ≥ Φ(x, exp(t0bn)) + (an − t0)
d

dt

∣∣∣∣
t=0

Φ(x, exp(tbn))

=⇒ Φ(x, exp(βn)) ≥ Φ(x, exp(t0bn)) + (an − t0)λ(x, bn, t0) ∀an ≥ t0

=⇒ Φ(x, exp(t0bn)) + (an − t0)λ(x, bn, t0)

∥ βn ∥
≤ Φ(x, exp(βn))

∥ βn ∥
<

1

n
.

We get,
Φ(x, exp(t0bn))

∥ βn ∥
+

(
1− t0

∥ βn ∥

)
λ(x, bn, t0) <

1

n
(5.3)

The sequence (bn)n has a subsequence which converges to, say b0 ∈ V with ∥ b0 ∥= 1.

Taking the limit of (5.3), we have λ(x, b0, t0) ≤ 0. But this implies that λ(x, b0) ≤ 0, which

contradicts the assumption.
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We conclude this section proving a numerical criterium for the stability condition. We

start with the following Lemma.

Lemma 5.1.6. Let x ∈ X be such that µp(x) = 0. Then λ(x, β) ≥ 0 for any β ∈ p and

λ(x, β) = 0 if and only if βX(x) = 0. In particular, x is stable if and only if λ(x, β) > 0

for any β ∈ p\{0}.

Proof. Let β ∈ p and let

ρ(t) : R −→ R, t 7→ Φ(x, exp(tβ)).

ρ is a convex function and

λ(x, β) ≥ ρ′(t) = ⟨µp(exp(tβ)x), β⟩.

Since ρ′(0) = ⟨µp(x), β⟩ = 0, keeping in mind that ρ′(t) is nondecreasing, it follows that

λ(x, β) ≥ 0 and λ(x, β) = 0 if and only if ρ′(t) = 0 and hence if and only if βX(x) = 0.

By Proposition 1.6.8, Gx is compatible. Hence x is stable if and only if Gx ⊂ K and so if

and only if λ(x, β) > 0 for any β ∈ p\{0}.

Theorem 5.1.7. Let x ∈ X. Then x is stable if and only if λ(x, β) > 0 for any β ∈ p\{0}.

Proof. Assume λ(x, β) > 0 for any β ∈ p\{0}. By Lemma 5.1.5, keeping in mind that

exp : p −→ G/K is a diffeomorphism, it follows that Φx is an exhaustion. Hence Φx has a

minimum and so a critical point. By Proposition 5.1.2, x is polystable. Hence there exists

g ∈ G such that µp(gx) = 0. We claim that Φ(gx, ·) is linearly properly on p. Indeed, by

cocycle condition, we get

Φ(gx, exp(ξ)) = Φ(x, exp(ξ)g)− Φ(x, g).

Write exp(ξ)g = k(ξ) exp(θ(ξ)). Then Φ(gx, exp(ξ)) = Φ(x, exp(θ(ξ)) − Φ(x, g). In [65],

the author proves that there exist A1 and A2 such that ∥ ξ ∥2≤ A1 ∥ θ(ξ) ∥2 +A2. Since

Φ(x, ·) is linearly proper on p, it follows that Φ(gx, ·) is linearly proper on p as well. By

Lemma 5.1.5 and 5.1.6, it follows that gx is stable and so x is stable as well.

80



Assume that x is stable. Then there exists g ∈ G such that µp(gx) = 0. By Lemma

5.1.6, λ(gx, β) > 0 for any β ∈ p\{0}. By Lemma 5.1.5, Φ(gx, ·) is linearly proper on

p. As in the previous part of the proof, one has Φ(x, ·) is linearly proper on p and so

λ(x, β) > 0 for any β ∈ p\{0}.

5.2 Energy Complete

Let µp : X −→ p denote the G-gradient map associated with the momentum map µ :

Z −→ u.

Definition 5.2.1. The G-action on X is called energy complete if for any x ∈ X and for

any β ∈ p, If E(cβx) <∞ then limt→∞ exp(tβ)x exists.

By Corollary 1.6.9.2, if there exists a sequence {tn}n∈N such that limn7→+∞ tn = ∞ and

limn 7→∞ exp(tnβ)x converges then the curve cx(t) = exp(tβ)x has a limit as t 7→ ∞. The

proof of the following result is similar to [4, Proposition 3.9].

Proposition 5.2.1.

a) If X is compact, then the G-action is energy complete;

b) if G acts on a complex vector space (V, h), where h is a K-invariant Hermitian

scalar product, then the G-action is energy complete;

c) if G ⊂ SL(n,R) is a closed and compatible, then the G-action on Rn is energy

complete.

Proposition 5.2.2. Let x ∈ X and let β ∈ p. Then λ(x, β) < +∞, if and only if

E(cβx) < ∞. Moreover, if E(cβx) < ∞, denoting by y = limt7→+∞ exp(tβ)x, then y ∈ Xβ

and λ(x, β) = ⟨µp(y), β⟩.

Proof. Since

λ(x, β) = ⟨µp(z), β⟩+ E(cβx),
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it follows that λ(x, β) < +∞ if and only if E(cβx) < +∞. Assume that E(cβx) < +∞. Let

y = limt7→+∞ exp(tβ)x. Since βX is the gradient of µβp , it follows that y ∈ Xβ and

λ(x, β) = lim
t7→+∞

⟨µp(exp(tβ)x), β⟩ = ⟨µp(y), β⟩.

We claim that the maximal weight satisfies a G-equivariant property. We start with

the following Lemma.

Lemma 5.2.3. Let cβx and let g ∈ Gβ−. If E(cβx) < +∞, then E(cβgx) < +∞.

Proof. Since E(cβx) < +∞, it follows that limt7→+∞ exp(tβ)x exists. The element g ∈ Gβ−

and so the limt7→+∞ exp(tβ) g exp(−tβ) exists. This implies that

lim
t7→+∞

exp(tβ)gx = lim
t7→+∞

(
exp(tβ) g exp(−tβ)

)
exp(tβ)x exists.

By the definition of the maximal weight, it follows that λ(gx, β) < +∞. By Proposition

5.2.2, we get E(cβgx) < +∞, concluding the proof.

Lemma 5.2.4. Let g ∈ Gβ−. Then λ(gx, β) = λ(x, β).

Proof. Assume E(cβx) < +∞. Then limt7→+∞ exp(tβ)x = y and y ∈ Xβ. Since g ∈ G−β,

it follows that limt7→+∞ exp(tβ) g exp(−tβ) exists and it belongs to Gβ. Hence

lim
t7→+∞

exp(tβ)gx = lim
t7→+∞

(
exp(tβ) g exp(−tβ)

)
exp(tβ)x = goy,

for some go ∈ Gβ. By Proposition 1.6.11, it follows that

λ(x, β) = ⟨µp(y), β⟩ = ⟨µp(goy), β⟩ = λ(gx, β).

If E(cβx) = ∞, then λ(x, β) = +∞. By Lemma 5.2.3, E(cβgx) = +∞ as well and so

λ(gx, β) = +∞.

Let g ∈ G. By Proposition 1.5.1, g = kh, where h ∈ Gβ− and k ∈ K. The following

two propositions are similar to the results stated in [4, Propostion 2.11].
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Proposition 5.2.5. In the above assumption, we have

λ(gx, β) = λ(x,Ad(k−1)(β)).

Proof. By the above Lemma, it is enough to prove that λ(kx, β) = λ(x,Ad(k−1)(β)).

Since µp(exp(tβ)kx) = kµp(exp(tAd(k
−1)(β))), it follows

λ(kx, β) = lim
t7→+∞

⟨µp(exp(tAd(k
−1)(β)x),Ad(k−1)(β)⟩ = λ(x,Ad(k−1)(β)).

Proposition 5.2.6. If (xn, βn)n converges to (x, β) then λ(x, β) ≤ lim infn→∞ λ(xn, βn).

Proof. We prove by contradiction. If the statement was false there would exist ϵ > 0 and

a subsequence (xnm , βnm)m of (xn, βn)n such that the limit limm→∞ λ(xnm , βnm) exists,

finite and λ(x, β) ≥ limm→+∞ λ(xnm , βnm) + ϵ. We can choose sufficiently large t such

that λ(x, β, t) ≥ limm→+∞ λ(xnm , βnm) +
ϵ
2
. However, since λ(xnm , βnm) ≥ λ(xnm , βnm , t),

(because λ(x, β, t) is an increasing function) and (x, β) 7→ λ(x, β, t) is continuous on X×p,

we have

lim
m→+∞

λ(xnm , βnm) ≥ lim
m→+∞

λ(xnm , βnm , t) = λ(x, β, t) ≥ lim
m→+∞

λ(xnm , βnm) +
ϵ

2
.

which is not possible.

The following result is the moment weight inequality which is an important ingredient

to prove our results. We give a proof of this inequality applying the idea in [30, 23] which

was due to Xiuxiong Chen to our case.

Theorem 5.2.7. (Moment-Weight Inequality). For every x ∈ X, β ∈ p\{0} and g ∈ G,

−λ(x, β)
∥ β ∥

≤∥ µp(gx) ∥ .

Proof. Let x ∈ X and β ∈ p\{0}, and g ∈ G. If λ(x, β) = +∞, then the result follows.

Assume that λ(x, β) < +∞. By Proposition 5.2.2, limt7→+∞ exp(tβ)x exists.

Define α : [0,∞) → p and k : [0,∞) → K such that

exp(α(t))k(t) = exp(tβ)g−1. (5.4)
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We claim that

lim
t7→+∞

α(t)

∥ α(t) ∥
=

β

∥ β ∥
.

To prove this, observe that exp(−α(t)) exp(tβ)g−1 ∈ K. Then from Lemma C.2 in [30],

there is a positive constant c such that ∥ tβ − α(t) ∥≤ c for all t ∈ [0,∞). Therefore, for

any t ∈ (0,+∞), we have∣∣∣∣∣∣∣∣ β

∥ β ∥
− α(t)

∥ α(t) ∥

∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣ tβ

t ∥ β ∥
− α(t)

t ∥ β ∥
+

α(t)

t ∥ β ∥
− α(t)

∥ α(t) ∥

∣∣∣∣∣∣∣∣
≤ ∥ tβ − α(t) ∥

t ∥ β ∥
+ ∥ α(t) ∥

∣∣∣∣ 1

t ∥ β ∥
− 1

∥ α(t) ∥

∣∣∣∣
=

∥ tβ − α(t) ∥
t ∥ β ∥

+
| ∥ tβ ∥ − ∥ α(t) ∥ |

t ∥ β ∥

≤ 2c

t ∥ β ∥
.

Therefore

lim
t→+∞

α(t)

∥ α(t) ∥
=

β

∥ β ∥
.

For any t ∈ (0,+∞), applying Lemma 1.6.3, the function

s 7→ g(s) = ⟨µp(exp
(
sk−1(t)α(t)k(t)

)
gx), k−1(t)α(t)k(t)⟩

is nondecreasing. In particular

g(0) = ⟨µp(gx), k
−1(t)α(t)k(t)⟩ ≤ g(1) = ⟨µp

(
exp(k−1(t)α(t)k(t))gx

)
, k−1(t)α(t)k(t)⟩.

Therefore, keeping in mind that exp(k−1(t)α(t)k(t)) = k−1(t) exp(tβ) and µp isK-equivariant,

we have

− ∥ µp(gx) ∥ ≤∥ α(t) ∥−1 ⟨µp(gx), k
−1(t)α(t)k(t)⟩

≤∥ α(t) ∥−1 ⟨µp(exp(k
−1(t)α(t)k(t))gx), k−1(t)α(t)k(t)⟩

=∥ α(t) ∥−1 ⟨µp(k
−1(t) exp(tβ)x), k−1(t)α(t)k(t)⟩

= ⟨µp(exp(tβ)x),
α(t)

∥ α(t) ∥
⟩

=

〈
µp(exp(tβ)x),

α(t)

∥ α(t) ∥
− β

∥ β ∥
+

β

∥ β ∥

〉
=∥ β ∥−1 ⟨µp(exp(tβ)x), β⟩+

〈
µp(exp(tβ)x),

α(t)

∥ α(t) ∥
− β

∥ β ∥

〉
.
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Since limt7→+∞ exp(tβ)x exists, taking the limit t→ +∞, we have

− ∥ µp(gx) ∥≤ lim
t→+∞

⟨µp(exp(tβ)x), β⟩
∥ β ∥

=
λ(x, β)

∥ β ∥
.

Hence,
−λ(x, β)
∥ β ∥

≤∥ µp(gx) ∥

As an application of the general moment-weight inequality, we have the following:

Theorem 5.2.8. If x ∈ X is semistable, then λ(x, β) ≥ 0 for any β ∈ p

Proof. If x ∈ X is semistable, then infG ∥ µp(gx) ∥= 0. Suppose by contradiction that

there exists a β ∈ p\{0} such that λ(x, β) < 0. Then by Theorem 5.2.7, for any g ∈ G,

we have

0 <
−λ(x, β)
∥ β ∥

≤∥ µp(gx) ∥

and so infG ∥ µp(gx) ∥> 0. which is a contradiction. Therefore λ(x, β) ≥ 0 for any

β ∈ p.

5.3 Analytic semistability and Polystability

Definition 5.3.1. A point x ∈ X is called:

a) analytically stable if λ(x, β) > 0 for any β ∈ p\{0};

b) analytically semi-stable if λ(x, β) ≥ 0 for any β ∈ p;

c) analytically polystable if λ(x, β) ≥ 0 for any β ∈ p and the condition λ(x, β) = 0

holds if and only if limt7→+∞ exp(tβ) ∈ G · x.

Theorem 5.1.7 proves that x is stable if and only if x is analytically stable. From

now on, we assume that the G-action on X is energy complete. What follows are the

Hilbert numerical criteria for polystability and semistability under the assumption that

X is energy complete. We begin with the following Lemma.
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Lemma 5.3.1. Let x ∈ X and β, α ∈ p be such that [β, α] = 0. Suppose that limits y :=

limt→+∞ exp(tβ)x, z := limt→+∞ exp(tα)y exists. By the energy completeness property

the lemma will be needed only when these limits exist. Then there exists δ > 0 such that

for 0 < ϵ < δ, we have

lim
t→+∞

exp(t(β + ϵα))x = z.

Proof. Fix x ∈ X. Then y ∈ Xβ and z ∈ Xα ∩Xβ. Let a = span(α, β) and A = exp(a).

Since the exponential map is a diffeomorphism restricted on p, it follows that A is a closed

and compatible subgroup of G. Then z is fixed by A and by the linearization theorem,

Corollary 1.6.9.2, there exists A-invariant open subsets Ω ⊂ X and S ⊂ TzX and a A-

equivariant diffeomorphism φ : S → Ω such that 0 ∈ S, z ∈ Ω, φ(0) = z, dφ0 = idTzX .

Since z = limt→+∞ exp(tα)y, there is t0 such that exp(t0α)y ∈ Ω. Since Ω is A-invariant,

we get y ∈ Ω and also, x ∈ Ω. Thus we can study all the limits in the linearization

S. Hence, keeping in mind Proposition 1.6.10, we may assume that Ω = Rn, α, β are

symmetric matrices of order n satisfying [α, β] = 0. From now on, the proof is similar to

one given in [22, pag. 1036]. For sake of completeness we give the proof.

The matrices α and β are simultaneously diagonalizable. Decompose V =
⊕

λ∈Spec(β) Vλ.

This means β|Vλ = λkIdVλk . Since limt7→+∞ exp(tβ)x = y, it follows that x = v0+v1, where

v0 ∈ V0 and v1 is the sum of some eigenvetors corresponding to negative eigenvalues.

Therefore limt7→+∞ exp(tβ)x = v0 + limt7→+∞ exp(tβ)v1 and limt7→+∞ exp(tβ)v1 = 0. This

implies v0 = y.

Let

δ = min

{
−λ
2|µ|

: λ ∈ Spec(β) ∩ (0,−∞), µ ∈ Spec(α)\{0}
}
.

If λ ∈ Spec(β) ∩ (0,−∞), then

Vλ = W0 ∩ Vλ
⊕

µ∈Spec(α)\{0}

(Vλ ∩Wµ),

where W0 = Kerα and α|Wµ
= µIdWµ . Let ϵ < δ and let v ∈ Vλ. Then v = w0 +∑

µ∈Spec(α)\{0}wµ and so

(α + ϵβ)v = λw0 +
∑

µ∈Spec(α)\{0}

(λ+ ϵµ)wµ
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with λ+ ϵµ < 0 for every µ ∈ Spec(α)\{0}. Therefore limt7→+∞ exp(t(β+ ϵα))v = 0. This

holds for any λ ∈ Spec(β) ∩ (−∞, 0). Now, keeping in mind that x = y + v1, where v1 is

the sum of eigenvectors of β associated to negative eigenvalues, we have

lim
t7→+∞

exp(t(β + ϵα))x = lim
t7→+∞

exp(t(β + ϵα))(y + v1)

= lim
t7→+∞

exp(tϵα))y + lim
t7→+∞

exp(t(β + ϵα))v1

= lim
t7→+∞

exp(tα))y

= z.

Lemma 5.3.2. Let x ∈ X be an analytically semistable point. Let β ∈ p be such that

λ(x, β) = 0. Let y = limt7→+∞ exp(tβ)x. Then λ(y, α) ≥ 0 for any α ∈ pβ.

Proof. Suppose by contradiction, there exists α ∈ pβ with λ(y, α) < 0. By Proposition

5.2.2,

lim
t→+∞

exp(tα)y = z

exists. Let A = exp(span(β, α)), [β, α] = 0 by the choice of α. Since y ∈ Xβ and the flow

exp(tα preserves Xβ, it follows that z ∈ XA, where XA = {x ∈ X : A · x = x}.

By Lemma 5.3.1, for all sufficiently small ϵ > 0,

lim
t→+∞

exp(t(β + ϵα))x = z.

Hence,

λ(x, β + ϵα) = lim
t→+∞

⟨µp(exp(t(β + ϵα)x)), β + ϵα⟩

= ⟨µp(z), β + ϵα⟩

= µβp (z) + ϵ⟨µp(z), α⟩

= µβp (z) + ϵ lim
t→+∞

⟨µp(exp(tα)y), α⟩ = µβp (z) + ϵλ(y, α).

But by the choice of β,

0 = λ(x, β) = lim
t→+∞

⟨µp(exp(tβ)x), β⟩ = ⟨µp(y), β⟩ = µβp (y)
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and µβp is constant along the curve exp (tα)y. This implies µβp (z) = 0. Hence,

λ(x, β + ϵα) = ϵλ(y, α) < 0,

which contradicts the analytic semistability of x.

Lemma 5.3.3. Let x ∈ Xβ. If x is Gβ-semistable, polystable or stable then x is G-

semistable.

Proof. Let x ∈ Xβ. Assume Gβ · x ∩ µ−1
pβ
(0) ̸= ∅. Then there exists a sequence gn ∈ Gβ

such that µp(gnx) 7→ 0. By Proposition 1.6.12 it follows µp(gnx) = µpβ(gnx) 7→ 0 and so

the result follows.

Theorem 5.3.4. Let x ∈ X. The following conditions are equivalent:

(1) x is semistable.

(2) InfG ∥ µ(gx) ∥= 0.

(3) x is analytically semistable.

Proof. (1) ⇒ (2) is obvious.

(2) ⇒ (3) follows by Theorem 5.2.8.

(3) ⇒ (1). If λ(x, β) > 0 for any β ∈ p\{0}, then by Theorem 5.1.7, x is stable and hence

semistable. Assume there exists β ∈ p\{0} such that λ(x, β) = 0. By Proposition 5.2.2

lim
t→+∞

exp(tβ)x = y,

y ∈ G · x and βX(y) = 0.

Let Xβ = {z ∈ X : βX(z) = 0}. Xβ is disjoint, union of closed submanifold of X.

By Proposition 1.6.11, Gβ preserves Xβ. By Lemma 5.3.3 if y is (Gβ)o stable, then y is

semistable and so x is semistable as well.

Let Y be the connected component of Xβ containing y. Now, gβ = kβ ⊕ pβ and Kβ

preserves pβ. Since Kβ · β = β, it follows that we can write pβ = span(β) ⊕ p
′ , where p

′
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is a Kβ-invariant subspace of pβ. Now, keeping in mind that (Gβ)o = Z((Gβ)o)o(Gβ)oss,

Z((Gβ)o)o is compatible and exp(tβ) ∈ Z((Gβ)o)o, it follows that

(Gβ)o = exp(Rβ)H,

where H is a closed, connected and compatible Lie group of (Gβ)o with Lie algebra

h = kβ ⊕ p
′
. In particular,

H = (Kβ)o exp(p′)

and gβ = span(β) ⊕ h. Consider the H-action on Y. By Lemma 5.3.2, λ(y, β′′) ≥ 0 for

every β′′ ∈ pβ. We separate the two cases:

a) λ(y, β′) > 0,∀β′ ∈ p′\{0}.

b) There exists β1 ∈ p′ such that λ(y, β1) = 0.

Assume (a) holds. We claim that y is stable with respect to (Gβ)◦.

Let Φy : p
β → R; ξ 7→ Φ(y, exp(ξ)) be the associated Kempf-Ness function. By Lemma

5.1.5, Φy is linearly proper on p
′ . This implies that Φ(y, exp(.)) is bounded from below

on p
′ . Let

m = infξ∈p′Φ(y, exp(ξ)).

We claim that

m = infξ∈pβΦ(y, exp(ξ)). (5.5)

Indeed, ξ ∈ pβ can be written as ξ = ξ1 + ξ2; ξ1 ∈ span(β), ξ2 ∈ p
′
, [ξ1, ξ2] = 0. By the

cocycle condition of the Kempf-Ness function, keeping in mind that exp(ξ1)y = y, we have

Φ(y, exp(ξ)) = Φ(y, exp(ξ2 + ξ1)) = Φ(y, exp(ξ2) exp(ξ1)) = Φ(y, exp(ξ1)) + Φ(y, exp(ξ2)).

We claim that Φ(y, exp(ξ1)) = 0. Indeed, let s(t) = Φ(y, exp(tβ)). Applying again the

cocycle condition, keeping in mind that exp(tβ)y = y, one can check that s(t) is a linear

function. Therefore s(t) = at, for some a ∈ R. On the other hand

0 = λ(x, β) = ⟨µp(y), β⟩ = λ(y, β) = lim
t7→+∞

d

dt
Φ(y, exp(tβ)) = a.
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Therefore,

Φ(y, exp(ξ)) = Φ(y, exp(ξ2)).

This proves (5.5). This means Φy has a critical point. By Proposition 5.1.2, there exists

g ∈ (Gβ)◦ such that µpβ(gy) = µp(gy) = 0. Hence,

lim
t→+∞

exp(tβ)gx = g lim
t→+∞

exp(tβ)x = gy ∈ G · x ∩ µ−1
p (0).

Suppose (b) holds. Let β1 ∈ p′\{0} be such that λ(y, β1) = 0. Since pβ = span(β)⊕p′,

it follows that [β, β1] = 0 and a1 := span(β, β1) has dimension 2. By energy completeness,

lim
y→+∞

exp(tβ1)y = y1 ∈ Y

exists, (β1)X(y1) = 0 and y1 ∈ G · y. Let Y1 be the connected component of Y β1 containing

y1. We may split p′ = span(β1)⊕ p′′ as (Ka1)-modules. As before, Hβ1 = (Ka1)o exp(p′′)

is a compatible Lie subgroup of Gβ with Lie algebra hβ1 = ka1 ⊕ p′′. The Hβ1-action on

X preserves Y1. Hence, one can repeat the above procedure for the Hβ1-action on Y1. On

the other hand, if a ⊂ p is a maximal Abelian subalgebra, then dim(a) is an invariant

of the K-action on p [27, 56]. This means that the above procedure will iterate at most

dim(a). This shows that G · x ∩ µ−1
p (0) ̸= ∅.

Corollary 5.3.4.1. Let x ∈ X. Then x is semistable if and only if there exists ξ ∈ p and

g ∈ (Gξ)o such that limt7→+∞ exp(tξ)gx ∈ µ−1
p (0).

We now consider the polystable condition.

Let ν ∈ g. We may split ν = νk + νp ∈ k ⊕ p. The following Lemma is proved in [30]

for G = UC.

Lemma 5.3.5. Let x ∈ X and let β ∈ p. If βX(x) = 0, then

⟨µp(x), β⟩ = ⟨µp(gx), (Ad(g)(β))p⟩,

for any g ∈ G.
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Proof. If g = k, then the result follows from the K-equivariance property of the gradient

map. Hence we may assume g = exp(ν). Let g(t) = exp(tν) and let x(t) = g(t)x. Let

⟨·, ·⟩ denote the real part of the fixed Ad(UC)-invariant inner product of Euclidean type

on uC. We claim that

f(t) = ⟨µp(g(t)x), (Ad(g(t))(β))p⟩,

is constant. Let ξ(t) = Ad(g(t))(β). Then

ξ̇(t) = [ν, ξ(t)],

and so ξ̇p(t) = [ν, ξk(t)]. Therefore

ḟ(t) = ⟨(dµp)x(t)(νX(x(t)), ξ(t)p⟩+ ⟨µp(x(t)), [ν, ξk(t)]⟩.

The first term is given by

dµ
ξ(t)p
p (νX(x(t)) = dµ−iξ(t)p(νX(x(t)))

= ω
(
− J ((ξp)X(x(t))) , νX(x(t))

)
= ω

(
(ξp)X(x(t))), J(νX(x(t)))

)
.

The second term is given by

⟨µp(x(t)), [ν, ξk(t)]⟩ = ⟨iµ(x(t)), [ν, ξk(t)]⟩

= −⟨µ(x(t)), [−iν, ξk(t)]⟩.

Now, ξk − iν ∈ k ⊕ ip ⊂ u. Using the U -equivariant property of the momentum map,

keeping in mind that we think the momentum map as u-valued map by means of the

Ad(U)-invariant scalar product −⟨·, ·⟩ on u, we have

−⟨µ(x(t)), [−iν, ξk(t)]⟩ = − d

ds

∣∣∣∣
s=0

⟨µ(x(t)),Ad(exp(−siν))(ξk(t))⟩

= − d

ds

∣∣∣∣
s=0

⟨µ(Ad(exp(siν))x(t)), ξk(t))⟩

= ω
(
(ξk)X(x(t)), JνX(x(t))

)
.
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Therefore, keeping in mind that ξX(x(t)) = (dg(t))x(βX(x)) = 0, we get

ḟ(t) = ω
(
(ξp)X(x(t)), J(νX(x(t)))

)
+ ω

(
(ξk)X(x(t)), J(νX(x(t))

)
= ω(((ξX(x(t))) , J(νX(x(t)))

)
= 0.

This implies f(1) = f(0) and the result follows.

Corollary 5.3.5.1. Let x ∈ X be polystable. Then λ(x, β) ≥ 0 for any β ∈ p. Moreover,

λ(x, β) = 0 if and only if limt7→+∞ exp(tξ) ∈ G · x.

Proof. Assume that µp(x) = 0. By Lemma 5.1.6 λ(x, β) ≥ 0 and λ(x, β) = 0 if and only

if βX(x) = 0 and so limt7→+∞ exp(tβ)x = x.

Assume limt7→+∞ exp(tβ)x = gx, for some g ∈ G. Then βX(gx) = 0 and

λ(x, β) = ⟨µp(gx), β⟩.

By Lemma 5.3.5, we have

λ(x, β) = ⟨µp(gx), β⟩ = ⟨µp(x),Ad(g
−1)(β)p⟩ = 0.

Let y = gx. Let β ∈ p. Then g = hk, where h ∈ Gβ− and k ∈ K. By Proposition 5.2.5,

we have

λ(gx, β) = λ(x,Ad(k−1)(β)) ≥ 0.

By the above step, λ(gx, β) = 0 if and only if limt7→+∞ exp(tAd(k−1)(β))x ∈ G · x. Since

exp(tβ)gx =
(
exp(tβ)h exp(−tβ)

)
k exp(tAd(k−1)(β))x,

keeping in mind that h ∈ Gβ−, it follows that λ(gx, β) = 0 if and only if limt7→+∞ exp(tβ)x ∈

G · x.

Corollary 5.3.5.2. If x ∈ X is analytically polystable then for any g ∈ G, gx is analyti-

cally polystable as well.
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Proof. Let y = gx. Let β ∈ p. Then g = hk, where h ∈ Gβ− and k ∈ K. By Proposition

5.2.5, we have

λ(gx, β) = λ(x,Ad(k−1)(β)) ≥ 0.

Therefore λ(gx, β) = 0 if and only if limt7→+∞ exp(tAd(k−1))x ∈ G · x. Since

exp(tβ)gx =
(
exp(tβ)h exp(−tβ)

)
k exp(tAd(k−1)(β))x,

we get that λ(gx, β) = 0 if and only if limt7→+∞ exp(tβ)gx ∈ G · x.

Theorem 5.3.6. Let x ∈ X. Then x is analytically polystable if and only if x is polystable.

Proof. By Corollary 5.3.5.1, if x ∈ X is polystable then x is analytically polystable.

Assume that x ∈ X is analytically polystable. If λ(x, β) > 0 for any β ∈ p\{0}, then

x is stable and so the result is proved. Assume that λ(x, β) = 0 for some β ∈ p\{0}.

Then limt7→+∞ exp(tβ)x = y ∈ G ·x and βX(y) = 0. By Corollary 5.3.5.2, y is analytically

polystable. By Lemma 5.3.3, if y is Gβ-stable then x is G-polystable. As in the proof of

Theorem 5.3.4, we may decompose pβ = span(β)⊕ p′ as Kβ-modules and we consider the

compatible subgroup H = (Kβ)o exp(p′) of Gβ. H preserves the connected component Y

of Xβ containing y. By Lemma 5.3.2 λ(y, β′) ≥ 0 for any β′ ∈ pβ. We separate the two

cases:

a) λ(y, β′) > 0,∀β ∈ p′\{0}

b) There exists β1 ∈ p′ such that λ(y, β1) = 0.

If (a) holds then as in the previous proof, y is (Gβ)o stable and so there exists g ∈ (Gβ)o

such that µpβ(gx) = µp(gx) = 0. In particular,

lim
t7→+∞

exp(tβ)gx ∈ G · x ∩ µ−1
p (0).

Otherwise, there exists β1 ∈ p′\{0} such that λ(y, β1) = 0. Then

lim
y→∞

exp(tβ1)y = y1 ∈ G · x,
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(β1)X(y1) = 0 and y1 ∈ G · x. By Corollary 5.3.5.2, y1 is analytically polystable. Let Y1

be the connected component of Y β1 containing y1. Let p′ = span(β1) ⊕ p′′ be a splitting

of Ka1-modules. As in the proof of Theorem 5.3.4, we repeat the procedure for the action

of the compatible subgroup Hβ1 = (Ka1)o exp(p′′) on Y1, where a1 = span(β, β1). Since

the dimension of a maximal Abelian subalgebra contained in p is an invariant of the K-

action on p [27, 56], the above procedure will iterate at most dim(a). This shows that

G · x ∩ µ−1
p (0) ̸= ∅.

Corollary 5.3.6.1. Let x ∈ X. Then x is polystable if and only if there exists ξ ∈ p and

g ∈ (Gξ)o such that limt7→+∞ exp(tξ)gx ∈ G · x ∩ µ−1
p (0).

5.4 Linear examples

Let Z = Hom(Cn,Cm+n). We consider the natural action of GL(n,C) on Z: (g, L) :=

L ◦ g−1. We fix the Ad(GL(n,C))-invariant inner product of Euclidean type on gl(n,C)

given by B(X, Y ) = Tr(XY ). The maximal compact subgroup U(n) of GL(n,C) acts in

a Hamiltonian fashion on Z with momentum map

µ(L) =
i
2

(
L∗ ◦ L− hIdn

)
, h ∈ R,

see for instance [22, p. 1043]. Therefore

µ−1(0)/U(n) =


Grn(Cm+n) h > 0

{0} h = 0

∅ h < 0

,

where Grn(Cm+n) denotes the Grassmannian of the n dimensional subspaces of Cn+m.

Assume h > 0. If L is injective, then L is polystable. Indeed, L∗ ◦ L = P 2, where P

is a positive Hermitian endomorphism of Cn and S = L ◦ P−1 satisfies S∗ ◦ S = IdCn .

Therefore g =
√
hP ∈ GL(n,C), g · L =

√
hS and so µ(

√
hS) = 0. Since the stabilizer of

L is trivial, it follows that L is stable. If KerL ̸= {0}, then it is easy to check that L is
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not semistable. Indeed, as in [22, p. 1043], let β ∈ iu(n) be such that Vs ⊂ KerL, where

Vs =
⊕

λ ∈ Spec(β)

λ < 0

Vλ,

and hTr(β) < 0. Then λ(L, β) < 0.

GL(n,R) ⊂ GL(n,C) is compatible. Indeed, GL(n,R) = O(n) exp(p), where O(n) =

GL(n,R) ∩ U(n) and p = g ∩ iu(n) = Sym(n), i.e., the set of the symmetric matrices of

order n. GL(n,R) leaves Hom(Rn,Rm+n) ⊂ Hom(Cn,Cm+n) invariant. The associated

GL(n,R)-gradient map is given by

µp(L) =
1

2

(
−LT ◦ L+ hIdn

)
, h ∈ R.

Therefore,

µ−1
p (0)/O(n) =


Grn(Rm+n) h > 0

{0} h = 0

∅ h < 0

,

where Grn(Rm+n) denotes the Grassmannian of the n dimensional subspaces of Rm+n. If

h > 0, then it is easy to check that L is stable if and only if L is injective. As in the

previous example, one can check that if KerL ̸= {0}, then L is not semistable.

The GL(n,R)-gradient map associated to the GL(n,R) action on Hom(Cn,Cm+n) is

given by

µp(L) =
1

2

(
−A+ hIdn

)
, h ∈ R,

where A = Re(L∗◦L). Indeed, since L∗◦L is Hermitian, we have L∗◦L = A+iC, where A is

a symmetric matrix and C is anti-symmetric matrix. Since ⟨A, iC⟩ = 0, it follows that the

orthogonal projection of L∗◦L onto p is given by A. Assume that h > 0. Let g ∈ GL(n,R).

Then (L ◦ g−1)∗ ◦ (L ◦ g−1) = (g−1)T ◦ (L∗ ◦ L) ◦ g−1 = (g−1)TAg−1 + i
(
(g−1)TCg−1

)
.

This implies that L is polystable if and only if Re(L∗ ◦ L) is a positive-define symmetric

matrix. If Re(L∗ ◦L) is not injective, then one can check that L is not semistable. Indeed,

let β ∈ p be such that Vs ⊂ KerRe(L∗ ◦ L), where

Vs =
⊕

λ ∈ Spec(β)

λ < 0

Vλ,
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and hTr(β) < 0. Then λ(L, β) < 0.

5.5 Semistable points

In this section, we continue to study the semistable set of the gradient map using the result

in the previous section. Therefore we always assume that the G-action on X is energy

complete. Let µp : X −→ p denote the G-gradient map associated with the momentum

map µ : Z −→ u. Let a ⊂ p a maximal Abelian subalgebra and let A = exp(a). Then

µa : X −→ a given by πa ◦ µp is the A-gradient map associated to µ, where πa : p −→ a

is the orthogonal projection of p onto a. Let

Xss
µp := {x ∈ X : G · x ∩ µ−1

p (0) ̸= ∅}

Xss
µa := {x ∈ X : A · x ∩ µ−1

a (0) ̸= ∅}.

Let a′ ⊂ p be another maximal Abelian subalgebra. Since the K-action on p is polar

and both a and a′ are section then there exists k ∈ K such that Ad(k)(a) = a′ [56]. In

particular,

A′ = exp(a′) = exp(Ad(k)(a)) = k exp(a)k−1 = kAk−1.

Lemma 5.5.1. The A′-gradient map µa′ : X −→ a′ associated to µ is such that

µa′ = Ad(k) ◦ µa ◦ k−1, k ∈ K

Proof. Let ξ′ ∈ a′. Then, there exist k ∈ K such that ξ′ = Ad(k)(ξ) where ξ ∈ a. So that

by the K-equivariant property of the gradient map,

⟨µp(x), ξ
′⟩ = ⟨µp(k

−1x), ξ⟩

= ⟨Ad(k)(µp(k
−1x)), ξ′⟩.

The result follow.
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Lemma 5.5.2. There exists k ∈ K such that

kXss
µa = Xss

µa′
.

Proof. Since A′ = kAk−1, and by Lemma 5.5.1, µa′(x) = 0 if and only if µa(k
−1x) = 0.

This implies that µ−1
a′ (0) = kµ−1

a (0). The sequence (exp(ξn)x)n converges in µ−1
a (0) if and

only if (k exp(ξn)x)n converges in µ−1
a′ (0). But

k exp(ξn)x = k exp(ξn)k
−1kx = exp(Ad(k)(ξn))kx.

This implies that A · x ∩ µ−1
a (0) ̸= ∅ if and only if A′ · (kx) ∩ µ−1

a′ (0) ̸= ∅. Hence kXss
µa =

Xss
µa′
.

Proposition 5.5.3. Xss
µp =

⋂
k∈K kX

ss
µa .

Proof. By Theorem 5.3.4, x ∈ Xss
µp if and only if λ(x, β) ≥ 0. Since the K-action on p is

polar, by [44, 13.1]

p =
⋃
k∈K

Ad(k)(a).

Then by Lemma 5.5.2, we have

x ∈ Xss
µp ⇐⇒ λ(x, ·)|Ad(k)(a) ≥ 0 ∀k ∈ K

⇐⇒ x ∈ Xss
µa′
, a′ = Ad(k)(a) ∀k ∈ K

⇐⇒ kx ∈ Xss
µa ∀k ∈ K.

Therefore, Xss
µp =

⋂
k∈K kX

ss
µa .

Proposition 5.5.4. Let H ⊂ G be a compatible subgroup such that H = K ′ exp(p′). Then

Xss
µp ⊂ Xss

µp′
.

Proof. Let x ∈ Xss
µp . By Theorem 5.3.4 it follows that λ(x, β) ≥ 0 for any β ∈ p.

Hence λ(x, β) ≥ 0 for any β ∈ p′ ⊂ p and so, applying again Theorem 5.3.4, we have

x ∈ Xss
µp′

.
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Theorem 5.5.5. Let (Z, ω) be a compact connected Kähler manifold and let G ⊂ UC be

a compatible subgroup. If Zss
µ ̸= ∅, then Zss

µp is an open dense connected subset of Z.

Proof. By Proposition 5.5.4, Zss
µ ⊂ Zss

µp . Since Zss
µ is open and dense in Z, it follows that

Zss
µp is open and dense. Suppose

Zss
µp = Υ1 ⊔Υ2,

where Υ1 and Υ2 are open. Then Zss
µ ⊂ Υ1 or Zss

µ ⊂ Υ2. If Zss
µ ⊂ Υ1, this implies that

Υ2 ⊂ Z \Zss
µ . Since Zss

µ is open and dense, then (Z \Zss
µ )0 = ∅. This implies that Υ2 = ∅.

The case Zss
µ ⊂ Υ2 is similar. Therefore, Zss

µ is connected, open and dense.

5.6 Final Remark

Let (Z, ω) be a Kähler manifold and UC acts holomorphically on Z with a U -equivariant

momentum map µ : Z → u. The stabilities conditions depend on the choice of a maximal

compact subgroup U of UC, a U -invariant Kähler metric and the momentum map µ.

It is well-known that two maximal compact subgroups are conjugate. Let G ⊂ UC be

compatible. Let g ∈ G and let U ′ = gUg−1. Then ωg = (g−1)⋆ω is a Kähler form

and U ′ preserves ωg. Since B is Ad(UC)-invariant, B restricted to u′, respectively iu′, is

negative-define, respectively positive-define.

Lemma 5.6.1. The U ′-action on (Z, ωg) is Hamiltonian with momentum map µ′ : Z −→

u′, given by µ′ = Ad(g) ◦ µ ◦ g−1.

Proof. We prove that µ′ is U ′-equivariant. Let h ∈ U . Then

µ′(ghg−1x) = Ad(g)(µ(hg−1x))

= Ad(g)
(
Ad(h)(µ(g−1x)

)
= Ad(ghg−1)

(
Ad(g)(µ(g−1x))

)
= Ad(ghg−1)(µ′(x)))
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Let ξ ∈ u. Then

(µ′)Ad(g)(ξ)(z) = −⟨µ′(z),Ad(g)(ξ)⟩

= −⟨µ(g−1z), ξ⟩,

and so d(µ′)Ad(g)(ξ)) = dµξ ◦ dg−1. Therefore

d(µ′)Ad(g)(ξ))
z = ω(ξZ(g

−1z), dg−1·)

= ω(dg−1
(
(Ad(g)(ξ)Z(z)

)
, dg−1·)

= ωg(Ad(g)(ξ)Z(z), ·).

Let X be a G-invariant submanifold. Let g denote the Riemannian metric induced by

the Kähler form ω. For any g ∈ G, we have a triple (U ′, (g−1)⋆g, µ′), where U ′ = gUg−1.

Note that G is also compatible with respect to the Cartan decomposition UC = U ′ exp(p′).

Indeed, G = gGg−1 = K ′ exp(p′), whereK ′ = gKg−1 = G∩U ′ and p′ = Ad(g)(p) = g∩iu′.

The associated gradient map µ′ : X −→ p′ is the orthogonal projection of iµ′ onto p′ with

respect to B. One can check

µp′ = Ad(g) ◦ µp ◦ g−1.

Following Teleman [4], we say that such triples define a symplectization of the UC-action

on Z with respect to G. A priori the concept of energy completeness condition depends on

the choice of a triple. The following result shows that the notion of energy completeness

does not depend on the triple chosen.

Lemma 5.6.2. If (U, g, µ) is energy complete then (U ′, (g−1)⋆g, µ′) is energy complete as

well.

Proof. Let ξ ∈ g and let x ∈ X. We recall that cξx denotes the curve cξx(t) = exp(tξ)x.

Let ξ ∈ p. Since

cAd(g)(ξ)
x = g ◦ cξg−1x,
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it follows that the energy of cAd(g)(ξ)
x with respect to (g−1)⋆g coincides with the energy of

cξg−1x with respect to g. Moreover, the limit limt7→+∞ c
Ad(g)(ξ)
x (t) exists if and only if the

limit limt7→+∞ cξg−1x(t) does.

We claim that the stable, polystable and semistable conditions do not depend on the

triple chosen. It is a consequence of the following easy Lemma.

Lemma 5.6.3. Let x ∈ X. Then x ∈ µ−1
p′ (0) if and only if g−1x ∈ µ−1

p (0).

Proof. µp′(x) = 0 if and only if for any ξ ∈ p we have ⟨(µp′(x),Ad(g)(ξ)⟩ = 0 hence if and

only if ⟨µp(g
−1x), ξ⟩ = 0 and so the result follows.

Corollary 5.6.3.1. Let x ∈ X. Then

a) G · x ∩ µ−1
p (0) ̸= ∅ if and only if G · x ∩ (µp′)

−1(0) ̸= ∅;

b) G · x ∩ µ−1
p (0) ̸= ∅ if and only if G · x ∩ (µp′)

−1(0) ̸= ∅.

The norm square gradient map depends on the choice of a triple (U, g, µ). Indeed,

f(x) =
1

2
⟨µp(x), µp(x)⟩.

Let g ∈ G and let (U ′, (g−1)⋆g, µ′) another triple. We denote by f ′ the norm square of µp′ .

Since ⟨·, ·⟩ is Ad(G)-invariant, it follows that f ′(x) = f(g−1x). Moreover, x is a critical

point of f ′ if and only if g−1x is a critical point of f . This implies that K · β is a critical

orbit of f if and only if K ′ ·Ad(g)(β) is a critical orbit of f ′. From now on, we assume that

X is compact and connected. Then the negative gradient flow line of the norm square is

defined in all the real line. Moreover, if x : R −→ X denotes the negative gradient flow

line, then limt7→+∞ x(t) exists [17]. It is a straightforward computation that the gradient

of f ′(x) with respect to (g−1)⋆g is given by (dg)g−1x

(
grad f(g−1x)

)
. Therefore, if x(t) is

the negative gradient flow line of f , then g(x(t)) is the negative gradient flow line of f ′.

Let x∞ = limt 7→+∞ x(t) and let β = µp(x∞). Then µp′(gx∞) = Ad(g)(β) and f(x∞) =

f ′(gx∞). By [17, Theorem 4.9], the stratum of associated to K · β with respect to f

coincides with the stratum associated to K ′ · Ad(g)(β) with respect to f ′. Summing up

we have proved the following result.

100



Theorem 5.6.4. If X is connected and compact, then the decomposition of X in strata

associated to critical orbits of the norm square gradient map does not depend on the triple

chosen.

5.7 Stability Conditions in Term of Kempf-Ness Func-

tion

In this section, we characterise the stability conditions in term of the Kempf-Ness function

if X is compact. For simplicity, G is assumed to be connected. The section is concluded

with the Hilbert criterion for semistability condition with the compactness of X. The

discussion in this section is a work in progress.

The following Theorem characterises the semistability condition in term of the limit

of a negative gradient flow lines of the norm square of the gradient map.

Theorem 5.7.1. Suppose X is compact. Let x0 ∈ X and x : R → X be the solution of

the negative gradient flow lines of the norm square through x0. Define

x∞ := lim
t→∞

x(t).

x0 is semistability if and only if µp(x∞) = 0.

Proof. Since X is compact, x0 is semistable if and only if infG|µp(gx0)| = 0. By Theorem

2.2.9, |µp(x∞)| = infG|µp(gx0)|. The result follows.

Fix x0 ∈ X and let Φx0 : M → R be the Kempf-Ness function. Let x : R → X

be the solution of the negative gradient flow of the norm square of the gradient map

through x0, g : R → G be such that γ(t) = π ◦ g(t), where π : G → M is the projection.

The limit x∞ = limt→∞ x(t) exists by Theorem 2.1.3 and by Theorem 2.2.9, we have that

|µp(x∞)| = infG|µp(gx0)|. The theorem below characterizes the semistability of an element

in terms of the Kempf-Ness function.

Theorem 5.7.2. Suppose X is compact. Let x ∈ X and Φx :M → R be the Kempf-Ness

function of x. Then x is semistable if and only if Φx is bounded below.
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Proof. Suppose x0 ∈ X is semistable. Then by Theorem 5.7.1, µp(x∞) = 0. By the

Lojaseiwicz gradient inequality for f = 1
2
∥ µp ∥2 there exists constants T, α > 0 and a

constant c ∈ (1
2
, 1) such that

|f(x)− f(x∞)|c ≤ α|∇f(x)|.

Since µp(x∞) = 0, then f(x∞) = 1
2
∥ µp(x∞) ∥2= 0 and so,

|µp(x)|2 = 2|f(x)| ≤ 2|f(x)|c ≤ C|∇f(x)| = C|βX(x)| = C|ẋ(t)|, C = 2α, β = µp(x) ∀t ≥ T.

The function t 7→ |ẋ(t)| is integrable over the positive real axis and so is the function

t 7→ |µp(x(t))|2 but by Remark 2.2.3

− d

dt
(Φx0 ◦ γ)(t) = |µp(x(t))|2 ≤ C|ẋ(t)|.

This implies that the limit

a := lim
t→∞

Φx0(γ(t))

exists in R and by Theorem 2.2.7, a = infMΦx0 and so Φx0 is bounded below.

We proof the other direction by contradiction. Suppose x0 is unstable. Then µp(x∞) ̸=

0. By Remark 2.2.3 and Theorem 2.2.9

d

dt
(Φx0 ◦ γ) = −⟨µp(g

−1x0), g
−1ġ⟩ = −|µp(x(t))|2 ≤ −|µp(x∞)|2.

This implies that

Φx0 ◦ γ ≤ −t|µp(x∞)|2 ∀t ≥ 0.

Thus Φx0 is unbounded below.

Theorem 5.7.3. Suppose X is compact. Let x ∈ X and Φx :M → R be the Kempf-Ness

function of x. Then x is polystable if and only if Φx has a critical point.

Proof. The result follows from the fact that π(g) is a critical point of Φx0 if and only if

µp(g
−1x0) = 0.

Theorem 5.7.4. Suppose X is compact. Let x ∈ X and Φx :M → R be the Kempf-Ness

function of x. Then x is stable if and only if Φx is bounded below and proper.
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Proof. Suppose Φx0 is bounded below and proper. x0 is semistable by Theorem 5.7.2.

From the definition of Kempf-Ness function, we have Φx0(γ(0)) = 0. Let

c := infMΦx0 ∈ (−∞, 0].

Φx0 ◦ γ : R → R is nonincreasing. Since Φx0 is proper, then Φ−1
x0
([c, 0]) is compact and

γ(t) ∈ Φ−1
x0
([c, 0]) for all t ∈ [0,∞). There exists a sequence ti → ∞ such that γ(ti)

converges.Therefore, Φx0 has a critical point and by Theorem 5.7.3, xo is polystable. Let

g ∈ G be such that µp(gx0) = 0. Suppose by contradiction, xo is not stable. Then gx0 is

not conjugate to a subspace of k. This means that there exists ξ ∈ gx0 such that ξ ̸= 0,

hence there exists α ∈ ggx0 such that α ̸= 0. But ggx0 = kgx0 + pgx0 . Let β ∈ p \ {0}

such that βX(gx0) = 0. Then exp(tβ) · gx0 = gx0 and so µp(exp(tβ) · gx0) = µp(gx0) = 0.

Therefore, the curve

γ(t) := π(g−1exp(−tβ))

consists of critical points of Φx0 and hence, by Theorem 2.2.7, Φx0(γ(t)) = c for all t. This

implies that Φ−1
x0
(c) is not compact which contradict the assumption that Φx0 is proper.

Hence, x0 is stable.

Suppose x0 is stable. By Theorem 5.7.2, Φx0 is bounded below and we only need to

show that it is proper. We can assume that µp(x0) = 0. Let q := π(e) ∈ M where e is

the identity element of G. Let p = π(g) ∈ M \ {q}. Choose β ∈ p and k ∈ K such that

g = exp(β)k. Then, β ̸= 0 and let y(t) := exp(tβ)x0, and z(t) := Φx0(π(exp(−tβ))). The

function z : R → R is convex and

ż = ⟨µp(y(t)), β⟩, z̈ = |βX(y(t))|2.

Since y(0) = x0, we have z(0) = 0, ż(0) = ⟨µp(y(0)), β⟩ = ⟨µp(x0), β⟩ = 0 and z̈(0) =

|βX(x0)|2 > 0. Hence, z(t) > 0 for every t ∈ R \ 0 and in particular, Φx0(p) = z(−1) > 0.

This shows that q is the unique point at which Φx0 attains its minimum minMΦx0 = 0.

For every r positive, let q ∈ Br ⊂ M be the ball of radius r centered at q. Let δ :=

inf∂B1Φx0 > 0. Then, by convexity, we have d(q, p) ≥ 1 implies that Φx0(p) ≥ δdM(q, p)

103



for all p ∈M. Therefore, for every c > 0,

c ≥ δ =⇒ Φ−1
x0
([0, c]) ⊂ B c

δ
.

This shows that, for every positive c, Φ−1
x0
([0, c]) is closed and bounded, and hence compact

since M is complete. Therefore, Φx0 is proper. This conclude the proof.

Theorem 5.7.5. Suppose X is compact. Then x ∈ X is semistable if and only if λ(x, β) ≥

0 for any β ∈ p \ {0}.

Remark 5.7.6. Theorem 5.7.5 also hold if we just assume that the gradient map is

proper even if X is not compact. The main required assumption is the existence of the

stratification of X in order for semistability condition to be equivalent to a condition on

the infimum of the Kempf-ness function.

Proof. Suppose x ∈ X is semistable. Since X is compact, x ∈ X is semistable if and only

if infG|µp(gx0)| = 0. Then by Theorem 5.2.8, λ(x, β) ≥ 0 for any β ∈ p \ {0}.

Let x0 ∈ X be such that λ(x0, β) ≥ 0 for any β ∈ p \ {0}. Suppose by contradiction

that x0 is such that

m := infG|µp(gx0)| > 0.

Let x : R → X be the solution of the negative gradient flow of the norm square of the

gradient map through x0, g : R → G be such that x(t) = g(t)−1x0 and γ(t) = π ◦ g(t),

where π : G→M is the projection. The limit x∞ = limt→∞ x(t) exists by Theorem 2.1.3.

Define β : R → p; t 7→ β(t) and k : R → p; t 7→ k(t) by

g(t) =: exp(−β(t))k(t).

The limit

β∞ := lim
t→∞

β(t)

t

exists by Proposition 2.2.15. By Theorem 2.2.9, |µp(x∞)| = m. Fix a real number s ≥ 0

and let Hs,∞ : [s,∞) →M be a geodesic define as

Hs,∞(r) := π(g(s) exp((s− r)β∞(s))) = lim
t→∞

Hs,t(r) for r ≥ s.
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By (2.18),

dM(γ(r), Hs,t(r)) = ρs,t(r) ≤ C(r1−α − s1−α) for s ≤ r ≤ t.

As t→ ∞,

dM(γ(r), Hs,∞(r)) ≤ C(r1−α − s1−α) for r ≥ s ≥ 0. (5.6)

Now the Kempf-Ness function is globally Lipschitz continuous with Lipschitz constant

L := supg∈G|µp(gx0)|. Hence it follows that

|Φx0(γ(t))− Φx0(Hs,∞(t))| ≤ LC(r1−α − s1−α) for t ≥ s ≥ 0. (5.7)

Integrate the equation
d

dr
Φx0(γ(r)) = −|µp(x(r))|2

to obtain

Φx0(γ(t)) = Φx0(γ(s))−
∫ t

s

|µp(x(r))|2dr. (5.8)

By Lemma 5.1.4, (5.7) and (5.8), then

λ(x(s), β∞(s)) = lim
t→∞

Φx0(Hs,∞(s+ t))

t

= lim
t→∞

Φx0(Hs,∞(t))− Φx0(γ(s))

t− s

= lim
t→∞

Φx0(γ(t))− Φx0(γ(s))

t− s

= − lim
t→∞

1

t− s

∫ t

s

|µp(x(r))|2dr

= −|µp(x∞)|2

= −m2.

Let β(s, t) be as in Proposition 2.2.15. By the choice of β(s, t),

|β(s, t)|
t− s

=
dm(γ(s), γ(t))

t− s

≤ 1

t− s

∫ t

s

|γ̇(r)|dr

=
1

t− s

∫ t

s

|µp(x(r))|dr.
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So that,

|β∞(s)| = lim
t→∞

|β(s, t)|
t− s

≤ lim
t→∞

1

t− s

∫ t

s

|µp(x(r))|dr = |µp(x∞)| = m.

Also, by Theorem 5.2.7,

m2 = −λ(x(s), β∞(s)) ≤ |β∞(s)| inf
g∈G

|µp(gx0)| = m|β∞(s)| =⇒ m ≤ β∞(s).

Therefore, |β∞(s)| = m. Hence,

λ(x0, β∞) = −m2 < 0, |β∞| = m,

which contradict the assumption on λ(x, β). This concludes the proof of the theorem.
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