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Abstract

This thesis is concerned with the study of the action of a real reductive group G on a
real submanifold X of a Kéhler manifold (Z,w) which is the restriction of a holomorphic
action of a complex reductive Lie group U®. Let U be a compact connected Lie group
with Lie algebra u acting on Z and preserving w. We assume that the U-action extends
holomorphically to an action of the complexified group U® and the U-action on Z is
Hamiltonian. Then there exists a U-equivariant momentum map p: Z — u. If G € U® is
a closed subgroup such that the Cartan decomposition U® = Uexp(iu) induces a Cartan
decomposition G = Kexp(p), where K = UNG, p =gnNiuand g = £ O p is the Lie
algebra of G, there is a corresponding gradient map g, : X — p. Given an Ad(K)-
invariant scalar product on p, we obtain a Morse like function f =1 || p, ||* on X. We
study some properties of the gradient map s, and its norm square function f and analyse

the G-action on X using the gradient map.

v



Introduction

This thesis is concerned with the study of Hamiltonian action of a complex reductive group
on a Kéahler manifold. The momentum map helps to analyze the geometric properties of
this action |5, 36, 55, 30]. The aim of the present work is to investigate a class of actions
of real reductive Lie groups on real submanifolds of a Kédhler manifold using gradient map
techniques. Some of the original results have already been published; some other results
have been collected in a preprint and submitted for publication, and others have not yet
been submitted for publication.

We consider a Kdhler manifold (Z,w) with an holomorphic action of a complex reduc-
tive group U, where UC is the complexification of a compact Lie group U with Lie algebra
u. We also assume w is U-invariant and that there is a U-equivariant momentum map
w: Z — u*. By definition, for any £ € u and 2 € Z, du® = i¢,w, where pé(z) := u(z)(¢)
and £z denotes the fundamental vector field induced on Z by the action of U, i.e.,

E7(2) = —| exp(t&)z

t=0

(Section 1.3.) Recently, the momentum map has been generalized to the following settings
[14, 15, 16]. We say that a subgroup G of U® is compatible if G is closed and the map
K xp— G, (k,8) — kexp(B) is a difftomorpism where K := GNU and p := gnNiu;
g is the Lie algebra of G. The Lie algebra u® of U® is the direct sum u @ iu. It follows
that G is compatible with the Cartan decomposition of U® = U exp(iu), K is a maximal
compact subgroup of G with Lie algebra ¢ and that g = €@ p (see Section 1.4).

The inclusion ip < u induces by restriction, a K-equivariant map p;, : Z — (ip)*.
Choose and fix an Ad(U®)-invariant inner product of the Euclidean type B on the Lie
algebra u®, see |22, Section 3.2|, [60, Definition 3.2.4] and also |50, Section 2.1] for the
analogue in the algebraic GIT. Such an inner product will automatically induce a well-

defined inner product on any maximal compact subgroup U’ of UC.



Let (-,-) denote the real part of B. Then (-,-) is positive definite on iu, negative
definite on u, (u,iu) = 0 and finally the multiplication by i satisfies (i-,7-) = —(-,-). In
order to simplify the notation we replace consideration of p;, by that of p, : Z — p,
where

py () = (pp (@), B) = (iu(x), B) = —(u(x), —iB) = u~" ().
The map p, : Z — p is K-equivariant and grad ,ufj = (4 for any B € p. Here the grad is
computed with respect to the Riemannian metric induced by the Kahler structure. The
map /i, is called the G-gradient map associated with p (Section 1.6).

For a G-stable locally closed real submanifold X of Z, we consider p, as a mapping
tp : X — p. The norm square of i, is defined as f(z) =1 || () || z € X.

Assume that X is connected and compact. In [15] the authors proved the existence of
a smooth G-invariant stratification of X using the norm square of the gradient map and
they studied its properties. A strategy to analyze the G-action on X is to view f as a
generalized Morse function. The norm square of j, is in general far from being Morse-Bott
and its critical set may be very complicated. But can we have a particular case when the
norm square will be Morse-Bott? We find this question to be true for two orbits variety.
If the action of G on X has two orbits, then X is called a two orbit variety. Akhiezer
[2], Brion [21], Feldmiiller [29] among others have studied two orbit complex varieties
extensively. S. Cupit-Foutou [26] obtained the classification of a complex algebraic variety
on which a reductive complex algebraic group acts with two orbits. Applying standard
Morse-theoretic results in [54] and [15], we prove that the norm square is Morse-Bott
and obtain information on the cohomology and K-equivariant cohomology of a two orbit
variety (Theorem 4.4.1), generalizing [32].

A central ingredient to prove this result is the Ness Uniqueness Theorem which asserts
that any two critical points of f in the same G-orbit in fact belong to the same K-orbit
(Theorem 2.2.8). Moreover, although we do not assume that X is real analytic manifold,
we point out that for any G-invariant compact and connected submanifold of Z, the
Lojasiewicz gradient inequality holds for the norm square. Therefore, the limit of the

negative gradient flow exists and it is unique and any G-orbit collapses to a single K-
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orbit (Theorem 2.2.11). We use the original ideas from [30] in a different context. By the

stratification theorem, we have

{pPeX Gpnu'(0)#0} ={pe X: lim pip) € 1" (0)} = Saliy ' (0)).

where ¢;(p) is the flow of the vector field -grad f. Then, there exist a K-equivariant strong
deformation of Sg(p,'(0)) onto the set ;" (0) (Theorem 2.1.6). Hence no analyticity
assumption is necessary in the statement of the retraction Theorem answering Question
Lin [17, p.219].

Biliotti and Ghigi [9] proved a convexity theorem along orbits in a very general set-
ting using only so-called Kempf-Ness function (see Section 2.2 for details on Kempf-Ness
funtion). The behaviour of the corresponding gradient map is encoded in the Kempf-Ness
function. Recently, Biliotti [7] gave a new proof of the Hilbert-Mumford criterion for real
reductive Lie groups stressing the properties of the Kempf-Ness functions. He shows that
the Kempf-Ness function is Morse-Bott and it is convex along geodesics for the action of
a linear group on P(V') where V' is a finite dimensional vector space. We prove this result
in a general setting (Theorem 2.2.7).

We also investigate closed orbits of the parabolic subgroups of G if G is connected. If

B € p set
Gt ={geG: im_exp(t3)gexp(—tf) exists}
R :={g€G: lim exp(th)gexp(—15) = e} = P Vi(adB).
G ={g € G: Ad(g)(B) = B} o

Note that g°* = g° @ v?*. It is well-known that if G is connected, G®* is a parabolic
subgroup of G with Lie algebra gt and every parabolic subgroup of G arises as G°*
for some B € p. Rt is connected and it is the unipotent radical of G?*. G” is a Levi
factor of GP* (see section 1.5 for more details). We prove the following result under the

assumption that G is connected.

Theorem. (see Theorem 3.0.4). Let f € p. Then:
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o if G% . x is compact, then O = G - x is compact and GPt - x is a finite union of

connected components of maxp(5) = {p € O: max.co uf = ,uf(p)} ;

e if O is a compact G-orbit, then maxp(3) is a finite union of compact GP*-orbits.

In particular, the number of compact GP*-orbits is equal or bigger than the number of

compact G-orbits.

Observe that 11,(O) is a K-orbit but it is not true in general that p, defines a diffeom-
porhism between O and p,(O), without the assumption that G is a complex reductive
group. Therefore, Theorem 1.2 in |15, pag. 582] does not apply in our context.

Suppose U is a compact connected Lie group. Let & € u. The standard notation for

parabolic subgroups of U, see for instance [54], is given by

US(¢) ={gecU": tLirP exp(it)g exp(—it) exists }.

It is well-known that U®(€) is connected and it contains a Borel subgroup, that is, a
maximal solvable subgroup of U® [1]. Hence, if 8 € 4u, then U%(—if3) corresponds to
(U®)?* in our notation. If O is a compact orbit of U then it is a complex U-orbit [17]

and so a flag manifold [35]. Since
maxg(3) = {p cO: max_ s P = ,u_iﬁ(p)} :

it follows that max;(/5) is connected |5, 36]. Hence the following result, see also [13],

holds.

Corollary. (See Corollary 3.0.4.1). The number of compact (U®)P*-orbits is equal to
the number of compact U%-orbits. Moreover, any closed (U®)P*-orbit arises as maxgz(3),

where O is a compact UC-orbit.

Assume that G is a real form of U®. Assume there exists p € Z such that X = U® - p
is compact. If Z is compact, then the UC-orbit throughout the maximum of the norm
square function || x4 ||* is a compact orbit and so it is a flag manifold [45]. Tt is well-known
that G has a unique closed orbit O in X. This is an old result of Wolf [70], see also [15].

In this setting, we prove the following result.
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Theorem. (See Theorem 3.0.8). The set maxp(f3) is the unique compact orbit of G+

acting on X. This orbit is connected and it is a (K®)°-orbit.

As a consequence of the proof we obtain the following result. Let a C p be an
Abelian subalgebra. If m, : p — a is the orthogonal projection, then p, = m, o p, is the

corresponding A = exp(a) gradient map.

Proposition. (See Proposition 3.0.7). Let X be a compact orbit of U and a C p be an
Abelian subalgebra. Then pq(X) = pa(O).

It is well-known that both p4(X) and p4(O) are polytope [15]. The above result tells
us that O captures much of the informations of p,. Note that if a C p is a maximal
Abelian subalgebra then by a beautiful Theorem of Kostant [58], keeping in mind that
fa = Tq © ftp and p,(O) is a K-orbit in p, the set p,(X) is the convex hull of an orbit of
the Weyl group W(g,a) = {Ad(k) : k € K, Ad(k)(a) = a} (see [50] for more details on
Weyl group).

Results on convexity theorems are obtained. Although there is no counterexample,
we do not know if the Abelian Convexity Theorem holds for any G-invariant connected
submanifold X (see for instance [, 9, 16] for more details on the subject). If G-action
on X has a unique closed orbit O, then we prove that 1,(X) = p,(O) and so a polytope
(Theorem 4.1.2). This result is new also if G = U® and X = Z. This means that O
captures all the information of the A-gradient map. As an application, we prove that the
Abelian convexity Theorem holds for a two orbits variety (Theorem 4.4.2).

If Z is connected and compact, and X C Z is a A-stable closed coisotropic submanifold,
then we prove (X)) = pa(Z) (Theorem 4.2.4) and so it is a polytope as well. More
precisely, there exists an open and dense subset W of X such that for any p € W, we have
#a(X) = pa(A - p).

The norm square f defines a stratification on X (Section 2.1). Non-Abelian covexity
result essentially use the stratification theorem [16, 51]. In a situation where the convex-

ity result holds, the minimal stratum, the stratum where the normed square attains its
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minimum is unique. The uniqueness of the minimal stratum holds if X = Z and G = U®.
In this situation, a general convexity results are available [36, 54].

In a general setting, there is still a minimal stratum and this stratum is always open.
However, there could be more than one minimal strata and other open strata that are
not minimal. Heinzner P and Schiitzdeller P proved the convexity result in a projective
setup [16]. We find a special case where the minimal stratum is the unique open stratum.
More precisely, we assume G C U® is a real form. This means that g =t @ p, u =€ P ip

and g = u®. Then we prove the following result.

Theorem. (See Theorem 4.3.2). Suppose X is a G-invariant compact connected La-
grangian submanifold of Z such that X C u;l(O). Then there exists a unique open stratum

in X. Moreover, this stratum is dense in X.

Since X is Lagrangian, pe restricted to X is constant and the image lies in the center
of the Lie algebra of K. Hence, if G has a finite fundamental group, then K has a finite
fundamental group and so K is semisimple and the center of K is finite. Summing up,
the condition X C y; '(0) is always satisfied if G has finite fundamental group.

Let a be a maximal Abelian subalgebra of p and a, a positive Weyl chamber of a.

Using Theorem 4.3.2, we prove the following non-Abelian convexity theorem

Theorem. (See Theorem 4.3.3). Suppose X is a G-invariant compact connected La-

grangian submanifold of Z such that X C ,ugl(O). The set pi,(X)Nay is a convex polytope.

In the last chapter, we study the Hilbert Mumford criterion for semistability and
polystability points associated with the actions of real reductive groups on real subman-

ifolds of Kéhler manifolds. In the classical case of a group action on a Kéahler manifold

these characterization are given by Mundet i Riera |65, 64], Teleman [1]|, Kapovich, Leeb
and Millson [53] and probably many others. Indeed any of these ideas go back as far as
Mumford [66, §2.2|, where systematic presentation of notions of stability theory in the

non-algebraic Kahlerian geometry of complex reductive Lie groups and the relationships

between these notions are given.



Semistable (polystable) point in X can be identified by the position of the G-orbit
with respect to g, 1(0). A point x € X is polystable if its G-orbits intersect the level
set 1,1 (0) (G -2 Ny '(0) # @) and semistable if the closure of its G-orbits intersects
1 (0) (G- @ Nyt (0) # 0). The set of semistable points associated with the critical
points of f is studied in great details in [415, 47]. Our aim is to develop a Geometrical
Invariant Theory for actions of real Lie groups on real submanifolds of a Kahler manifold,
generalizing results of Heinzner-Huckleberry-Loose [39, 10, 11, 12| and Sjamaar [65].

On the other hand, the semistability (polystability) condition can be checked using a
numerical criterion in term of a function called maximal weight, which can be regarded
as a Kahlerian version of the Hilbert Criterion in Geometric Invariant Theorem. We
refer to this numerical condition as analytic stability condition. Biliotti and Zedda [16],
see also [10], gave a systematic treatment of the stability theory for an action of a real
non-compact reductive Lie group G on a compact connected real manifold X using the
maximal weight function and apply this settings to the action of G' on measures of X. We
introduce a large class of actions of G on X following Teleman ||, called energy complete
action. As Teleman pointed out, the energy completeness condition gives the natural
framework for the stability theory in non-algebraic complex geometry. For such actions, we
prove that the semistability condition, respectively polystability condition, is equivalent
to analytic semistability condition (Theorem 5.3.4), respectively analytic polystability
condition (Theorem 5.3.6), extending the results due to Teleman [!] and Biliotti and Zedda
[16], respectively [30, Theorem 7.4]. We also characterize the semistable and polystable
points in terms of one-parameter subgroups (Corollary 5.3.4.1 and Corollary 5.3.6.1).

One main ingredients in the proofs of these results is the moment weight inequality
(Theorem 5.2.7). We give a proof of this inequality applying the idea in [30] which was
due to Xiuxiong Chen [23] to our case.

The thesis is organised as follow. Except for the first chapter, each chapter represents
original results. There is a brief introduction at the beginning of each chapter and this
introduction includes the organization of each Chapter.

In Chapter 1, basic notions of Convex geometry, Morse theory, Hamiltonian action

pal



on Kéahler Manifold, compatible subgroup, parabolic subgroup and some properties of
Gradient map are collected.

In Chapter 2, the norm square of the gradient map and the Kempf-Ness function
associated with the gradient map are studied. The results of this chapter are obtained in
a joint work with Biliotti [17].

In Chapter 3, the closed orbit of parabolic subgroup are studied. The result of this
chapter is obtained in a joint work with Biliotti [18] which has already been published in
Nagoya Mathematical Journal.

Chapter 4, concerns the convexity properties of the gradient map applying most of the
results obtained in chapter 2. Both the Abelian and non-Abelian cases are studied. The
results of this chapter is a work by the author [69] and a joint work with Biliotti [17].

Chapter 5, concerns the Hilbert Mumford criterion for semistability and polystability
points associated with the actions of real reductive groups on real submanifolds of Kéhler
manifolds. Most of the results of this chapter are obtained in a joint work with Biliotti

[19]. The paper has been accepted for publication in The Journal of Geometric Analysis.
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Chapter 1

Preliminaries

1.1 Convex geometry

Let V' be a real vector space with a scalar product (-,-). The set H,(v) = {u € V :
(u,v) = a} with v # 0 and o € R is a hyperplane of V. H_ (v) = {u € V : (u,v) < a} and
HY(w)={ue€V:(uv) > a} are two closed halfspaces bounded by H,(v). For z,y € V,
let [z,y] := {(1 = @)z + 0y :0 <0 <1} denote the closed segment joining = and y.

A vector v € V is an affine combination of points vy, ---,v, € V if there exists
01,---,0; € R such that v = Zle 0,v; and Zle 0; = 1. For A C V, affine hull of A is the
set of all affine combinations of elements of A and it is the smallest affine subspace of V'

containing A. We recall some basic definitions.
Definition 1.1.1. Let A C V be any subset of V.
o A is convex if for every x,y € A, [z,y] € A.

e A is a convex cone if A is convex, non empty and closed under multiplication by

non negative real numbers.

Definition 1.1.2. The dimension of a nonempty convex subset A C V denoted by dim A

1s the dimension of the smallest affine subset of V' containing A.



A point v € V is a convex combination of the points vy, -+ ,v, € V if there exists
01, -, 6 € Rwith 6; >0 foralli=1,---  k such that v = 3% | f;v; and 35, 6; = 1.
For A C V, the set of all convex combinations of any finitely many elements of A is called
the convex hull of A denoted by conv(A). If A is convex, then conv(A) = A. For any set
A C V, conv(A) is the intersection of all convex subsets of V' containing A.

Let E C V be a compact convex subset.

Definition 1.1.3. Let z,y € E.
o The relative interior of E, denoted by relint E, is the interior of E in its affine hull.
e A face of E is a convex subset F' of E such that if relint[x, y|\F # (), then [z,y] C F.

e The extreme points of E denoted by ext E are the points x € E such that {z} is a

face.

By a theorem of Minkowski [67, Corollary 1.4.5], E is the convex hull of its extremal
points. The faces of E are closed [(7, p. 62]. The empty set and E itself are faces of E.

The other faces are called proper.

Definition 1.1.4. The support function of E is defined by the function hg : V — R,
hp(u) = max{(z,u) : x € E}.

If u # 0, the hyperplane Hg(u) := {x € E : (z,u) = hg(u)} is called the supporting
hyperplane of E for u.
The set

Fu(E) == EN Hy(u) (1.1)

is a face and it is called the exposed face of E defined by u.
Intuitively, the meaning of the support function is simple. For instance, consider a
nonempty closed convex set £ C R"™. Then for a unit vector u € S" ! N domhpg, the

supporting function hg(u) is the signed distance of the support plane to F with exterior



normal vector v from the origin; the distance is negative if and only if v points into the
open half-space containing the origin.

The following properties follows from the definition of the support function;

e hp = h, if and only if F = {z}, hgr(u) = hp(u) + (r,u) for all r € V, hg(Au) =
Ahg(u) for all A non negative and hp(u + v) < hg(u) + hp(v). These implies that

hg is a convex function if £ # V.
e hp < hg if and only if £ C G.

In general not all faces of a convex subset are exposed. For instance, consider the convex
hull of a closed disc and a point outside the disc: the resulting convex set is the union of
the disc and a triangle. The two vertices of the triangle that lie on the boundary of the
disc are non-exposed O-faces.

If I is a face of a convex set F, then ext F' = F'Next K. Indeed, it is immediate that

FNnextE CextF and the converse follows from the definition of a face.

Lemma 1.1.1. [15, Lemma 2/ If G is a compact group and V is a representation space

of G define

p: V=V p(v) ::/gxdg
G

where dg denotes the Haar measure on G. ThenV =V ®kerp. Ifx € V and x = 2o+,

i this decomposition, then
a) G-r=x0+G - 11;
b) conv(G - x) = x¢ + conv(G - z1);
¢) o is the unique fized point of G contained in conv(G - x);
d) xo € relint conv(G - x).

Proof. That V = V¢ ®ker p follows from the fact that Im p = V¢ and p* = p. (a) and (b)

are immediate. Since zg = p(x), it follows from the definition of p that zy € conv(G - z).

3



If y € conv(G - ) is another fixed point, then yy = ¢ and y; € ker p N V. Hence y; = 0
and y = xy. This proves (c¢). By Theorem 1.1.6 there is a unique face F' C conv(G - x)
such that xy € relint F. Since conv(G - ) is G-invariant and z, is fixed by G, also F' is
G-invariant, and hence also ext F'. Since ext F' C ext(conv(G - z)) = G - x, it follows that

ext F' = G - x and hence that F' = conv(G - x). O

The following results about a compact convex set E and its faces are recalled from

[13]. Their proofs are included for completeness.

Lemma 1.1.2. If F C E is an exposed face, the set Fp:={u eV : F = F,(E)} is a
convex cone. If G is a compact subgroup of O(V') that preserves both E and F, then Fg

contains a fixed point of G.

Proof. Let uy,uy € Fp and 61,0, > 0. Set u = 61uy; + Oous. We need to prove that
if at least one of 6,05 is strictly positive, then F' = F,(F). Suppose #; > 0. Then
hE(u) S thE(ul) -+ QQhE(u2> If f c F, then

<f7u> = 91<f7u1> + 82<f7 u2>
= 91hE(u1) +92hE(u2)

This imlies that hg(u) = 01hg(uy) + O2hg(ug) and F C F,(F). On the other hand, if
f € F,(E), then

0= hg(u) = (f,u) = 01(he(ur) — (f,u1)) + Oa(hp(us) — (f, u2)).

Since ¢, > 0, hg(uy) — (f,u1) =0and so f € F,,(E) = F. Thus F' = F,(FE). This proves
the first fact. To prove the second, pick any vector u € Fr and apply Lemma 1.1.1 to the

orbit G - u C Fp: this gives a G-invariant u € Fr. O
Lemma 1.1.3. If E is a compact convex set and ' C E is a face, then dim F' < dim F.

Proof. If dim F = dim E, then relint F' is open in the affine span of F, so relint F' C

relint £. By the previous theorem this implies that F' = E. O]



Lemma 1.1.4. If E is a compact convez set and F' C FE is a face, then there is a chain
of faces Fy = F C Iy C --- C F, = E which is mazimal, in the sense that for any i there

1s no face of E strictly contained between F;_q and F;.

Proof. The result is trivial for ' = E. Suppose F' C E. Set Fy := F. If there is no face
strictly contained between F and E, set F; = E. Otherwise we have a chain Fy C F; C
F, = FE. If this is not maximal, we can further refine it. Repeating this step we get a
chain with k£ + 1 elements. Since dimF;_; < dimF;, k < n. Hence the chain after at most

n steps is maximal. If ' = FE| the result is trivial. O

Lemma 1.1.5. If E is a convex subset of R", M C R"™ is an affine subspace and F' C E
s a face, then '\ M s a face of E N M.

Proof. If x,y € EN M and relint[z, y] N F' N M # () then [z,y] C F since F is a face, but
[z,y] is also contained in M since M is affine. So [z,y] C F'N M as desired. O

Theorem 1.1.6 (|67, p. 62|). If E is a compact convex set and Fy, Fy are distinct faces
of E, then relint Fy Nrelint Fy = (. If G is a nonempty convex subset of E which is open
in its affine hull, then G C relint F' for some face F' of E. Therefore E is the disjoint

union of the relative interiors of its faces.

Definition 1.1.5. A convex polytope in V' is the convex hull of a finite (possibly empty)
subset of V.

A polytope is the intersection of finitely many closed halfspaces |67, p. 96]. If A =
conv{w; - -+ ,v;}, then the extreme points of A are among the points v; - - - , vx. This implies
that polytopes are precisely the convex bodies with finitely many extreme points. If H4(+)
is a support plane of A, then Hu(-) N A = conv(H4(-) N {v;--- ,vg}). This implies that
each support set of a polytope is itself a polytope. Each proper face of a polytope is a
support set |67, p. 95].

Proposition 1.1.7. Let C) C Cy be two compact convex set of V. Assume that for any
B €V we have

maXyecy <y7 B> = MaXycC, <y7 ﬂ) .
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Then C; = Cs.

Proof. We may assume without loss of generality that the affine hull of C5 is V. Assume
by contradiction that C; C Cs. Since C; and Cs are both compact, it follows that there
exists p € 0C4 such that p €C5. Since every face of a compact convex set is contained in

an exposed face [07], there exists § € V such that

maxyec, <y7 B> = <p7 ﬁ>

This means the linear function x — (z, 5) restricted on Cy achieves its maximum at an

interior point which is a contradiction. O

1.2 Morse Theory

In this section, we briefly review the concept of Morse theory. The convexity results
discussed in this work strongly rely on Morse Theory. We only recall important facts
from [37] and [51] needed to understand the results discussed in this work. The reader
can take a look at those materials for more details of some facts that are taken for granted
in this section.

Throughout this section, M will denote a compact connected smooth manifold of
dimension n. Let f € C°(M) be a real smooth function on M. A point p € M is a
critical point of f if df, = 0 in T,,M.

Let C denotes the set of critical points of f and H,(f) : T,M x T,M — R denotes
the Hessian of f at p which is a symmetric bilinear form defined by H,(f)(X,,Y,) =
XY (f))(p), for vector fields X,Y on M. At critical points, the Hessian is well-defined
and symmetric. In fact, X (Y'(f))(p) =Y (X(f))(p) = d,f([X,Y]) = 0, since df, = 0. This
implies that X (Y (f))(p) = Y(X(f))(p). Moreover, if X, = 0, then by definition of vector
field, X(¥)(f))(p) = 0. T Y, = 0, then X(Y(£))(p) = 0 since X(Y(£))(p) = Y (X(/)(p).

A point p € C is said to be nondegenerate if H,(f) is a nondegenerate symmetric

bilinear form.



Definition 1.2.1. A function f € C*(M) is called Morse function if all critical points

of f are nondegenerate.

The Morse index of a critical point p of f is the dimension of the negative space
of H,(f). Let m and k be the number of positive and negative eigenvalues of H,(f)
counted by multiplicity respectively. If f is a Morse function, then by nondegeneracy,

dimM =n=m + k.

Lemma 1.2.1. (Morse Lemma [02, Lemma 2.2]). Let f € C*(M) be a Morse function.
If p € M s a critical point of f with Morse index k, then there exist a neighbourhood U
of p and a chart ¢ : U — R™ satisfying p(p) = 0 such that

k n
(foe ar, - x)=flp) =Y a7+ > af
=1 i=k+1

i a neighbourhood of 0 € R™.

It follows from the Morse lemma that if f € C°°(M) is a Morse function, the critical
set of f is a closed discrete subset of M, hence f has only finitely many critical points.

Fix a Riemannian metric g on M and define the gradient vector field V f of a function
f e C®(M) by g(Vf,X)=df(X) for all vector field X on M. Let x; be the negative
gradient flow generated by —V f.

Definition 1.2.2. For p € M, the stable manifold S, of =V f at p is defined as
Sp = {q € M; lim ,(q) = p}.
Lemma 1.2.2. [77, Lemma 2.3] The dimension of S, is m.

Theorem 1.2.3. [02] Let f be a Morse function on M. Then the manifold decomposes

as

M=|]S, (1.2)

peC

The decomposition 1.2 is called the Morse decomposition of M.



Example 1.2.1. Let M = 5% for v # 0, f(z) = (z,v) is a smooth function on M.

{ﬁ, ﬁ} is the critical set and the stratification is given as

Smm:s2 {L}7 Smaz:{L}
T ol

Remark 1.2.4. Suppose we are in a situation where m is even for all p € C, then f has

a unique local mazimum and a unique local minimum. [5, 57/

Definition 1.2.3. Let M be a compact manifold, and let f € C®°(M). Then [ is a
Morse-Bott function if the critical set C' of f is a smooth submanifold of M and for each
p € C, H,(f) induces a nondegenerate bilinear form on the quotient space T,M/T,C. i.e.,

on each p € C, Hy(f) is nondegenerate in normal directions.

For any q € M, let
B(q) :=={m € M :d(q,m) < ¢,e > 0}; d denotes the geodesic distance.
We define a subset w(p) of M as
w(p) ={¢€ M :Bg)Nuay #DVe>0,Vt € [T,0), T € R}.

Let f € C*(M) be a Morse-Bott function and C’ a connected component of C. The
stable manifold of —V f at C” is defined as

Sor:={pe M :w(p) cC'}.

Theorem 1.2.5. (Morse-Bott). Let f € C* be a Morse-Bott function, and let C be the
set of connected components of C. Then
M= || Se. (1.3)
crec

The decomposition in 1.3 above is referred to as Morse Stratification of M.

Example 1.2.2. Consider M = S? and define a function f(x,y,z) = $z* on M. The
critical set of f is given as {(z,y,2z) € M;x* +y* = 1,z = 0} U {e3, —e3} which is
the equator of the sphere union north pole and south pole. One can check that f is a

Morse-Bott function, and Spya. = {N, S} and Sy, = S* \ {N, S}.
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Remark 1.2.6. In Morse-Bott theory, if the dimSc: is even for all C' € C and M is

connected, then [ attains a local minimum (mazimum) at a unique component C' [37],
[]

Kirwan shows in [51, Appendix 10| that the Morse theory can be extended to a larger

class of functions.

Definition 1.2.4. A function f € C®°(M) is called a minimally degenerate function if
the following holds.

o The critical set of f on M is a finite union of disjoint closed subsets C C C' on
which f takes a constant value. The subsets C are called critical subsets of f. If the

critical set of f is well-behaved we can take C to be its connected components.

e For every such C. there is a submanifold M¢ of M containing C with orientable
normal bundle in M, such that
a) the restriction of f to M¢ takes its minimal value on C,

b) for all p € Mc, the Hessian H,(f) is positive semidefinite on T,M¢c C T,M,
and there is no subspace of T,M strictly containing T,M¢, on which H,(f) is

positive semidefinite.

A submanifold M¢ above is called a minimising submanifold for f along C. Note that
if f is Morse-Bott, then it is a minimally degenerate function with Mc = Ser.

If f is minimally degenerated, f defines a smooth stratification on M as follows.

Theorem 1.2.7. [5/, Theorem 10.4]. Let f € C*°(M) be a minimally degenerate function

on M. Suppose that the gradient of f is tangent to the minimising manifold M¢. Then
M =| |Se. (1.4)
c

where Sc = {p € M : w(p) C C}. The strata S¢ are smooth, and the minimising

manifolds Mg are open neighbourhoods of C in Sc.
If the dimSc is even for all C, then f has a local minimum along unique set C.

9



1.3 Hamiltonian Action on Kahler Manifold

Let U be a compact Lie group with Lie algebra u. The commutator ideal of u is
[u, u] = {linear combinations of [£;,&] V &1, & € u}.
Definition 1.3.1.
e A compact Lie group U is semisimple if u = [u,ul.

o A Lie group T is a torus if it is isomorphic to the product S' x --- x St = (SH".
These are the compact connected abelian Lie groups [0, Page 85]. T C U is called
maximal torus if T =T for any other torus T" C U such that T C T'.

Theorem 1.3.1. (Mazimal Torus Theorem)[0, Theorem 4.1] Let U be a connected, com-

pact Lie group.
it There exists a mazimal torus T in U.
11 Any two mazimal tori in U are conjugate.
11 Every element of U is contained in a maximal torus.

Let U® be the complexification of a compact Lie group U in the sense of [71]. The
group U® is a complex reductive group with Lie algebra u® and contains U as a maximal
compact subgroup [24].

Let (Z,w) be a compact connected Kéhler manifold, where w is a symplectic form, .J
is an integrable complex structure such that w(-, J-) is a Riemannian metric. We assume
that U® acts holomorphically on Z and w is U-invariant. For any ¢ € u® and 2z € Z, &,

denotes the fundamental vector field induced on Z by the action of U® given as

d
§2(2) = E|t:0€Xp(t§) - Z.

Definition 1.3.2. The U-action on (Z,w) is Hamiltonian if there exists a map pu: Z —

u*, where u* is the dual of u, satisfying the following conditions;
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e For any £ € uw and z € Z, the function u® : Z — R defined as u*(z) := u(z)(€) is
such that

dut = ¢ w.

i.e, u& is a Hamiltonian function for &.

o L is equivariant with respect to the U-action on Z and the coadjoint action of U on
ut de., u(g2) = Ad'(g)(u(2)); g € U,z € Z, (Ad’(g) := (Ad(g™"))").

The map p satisfying the above conditions is called a momentum map.

We now discuss the existence and uniqueness of the momentum map. Let C* := A*u*
be an alternating k-linear maps. C' = u*. Let §, : C¥~! — C* be a linear operator defined
by

oc(Eo, -+ &) = Z(—D”%([&,@],ég,m i gy 6.

i<j

This linear operator satisfies 6> = 0. The Lie algebra cohomology groups of u are the
cohomology groups of the complex 0 —% €0 —% C1 —% ... guch that

ker 5k

im 5k71 .

If ¢ € u*, then dpc(&o, &1) = —c([€o,&1]). This implies that dpc = 0 if and only if ¢ vanishes

H*(w;R) :=

n [u, u], hence,
H'(u,R) = [u, )’
where [u, u]’ C u* is the annihilator of [u, u].

Theorem 1.3.2. (Whitehead Lemmas/3]). U is semisimple if and only if H'(u,R) = 0.

Z can be given a symplectic structure by choosing the w, the Kéhler form on Z and

consider Z as a symplectic manifold.

Theorem 1.3.3. [3]. Let U be a compact connected Lie group. If H'(w;R) = 0, then

momentum maps for Hamiltonian U-actions on Z are unique.

Corollary 1.3.3.1. In general, momentum maps are unique up to a constant c € H'(u; R).
i.e., if 1 Z — u* is a momentum map, then given any ¢ € H'(w;R), p + c is another

momentum map.
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We have the following special cases:

a) If U is semisimple, then the U-action on Z is Hamiltonian and the momentum map

is unique.

b) If U is Abelian, then the momentum map, if it exists, is unique up to constants

c € u*.

We choose and fix an Ad(U®) inner product of Euclidean type on the Lie algebra u®
[22, Section 3.2] and |01, Definition 3.2.4]. One can use for instance an embedding of U

in U(n) and its extension U® — GL(n, C). Then
B:utxu® —C, (X,Y)~ Tr(XY)

is an Ad(U®) inner product of Euclidean type on the Lie algebra u®.

Let (-,-) denote the real part of B. Then, keeping in mind that u C u(n), (-,-) is
positive-definite on iu, negative-define on u, (u,iu) = 0 and (i-,i-) = —(-,-). In particular
we may identify u and u* by means of —(-,-) and so one can think of the momentum map
as u-valued map. With respect to —(-,-), the momentum map p : Z — u interchanges
the U-action on Z with the adjoint action of U on u. i.e., the second condition becomes
w(gz) = Ad(g)(u(2)); g € U,z € Z. If € € u, then pé(2) := (u(2),£) is smooth and its
gradient is given by J¢&.

Example 1.3.1. Consider the standard U(n)-action on (C",—1 3" dz; A dz;) given by
normal matriz-vector multiplication. The Lie algebra u(n) is the set of skew-hermitian
matrices X = V +iW. Identify u(n) with its dual u(n)* via (A, B) = Tr(AB). This action

is Hamiltonian and the momentum map p : C" — u(n) is given as

pu(z) = —zz2".
Indeed, Let X € u(n). Then, X* = X' = —X, and

V—iW=—X=& =V —iwT.
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This implies that V = —VT and W = W7T. The fundermental vector field induced on C"
by X is given as
Xen = d | (tX)
cr = plt=0 exp z
= X exp(tX)zfi—o
= (V +iW)exp(0(V +iW))z identifying C" with R*"

Vo -W
w v

Let x 4+ 1y = z € C". The component of the momentum map along X is given as
x i .
e (2) = {p(z), X) = S (22" X),

where tr is the trace of a matriz. Since the trace is invariant under the cyclic permutations

and the trace of a complex number is the number itself,
pt(z) = o tr(22"X) = —tr(2"Xz2) = - (2" X2).
2 2 2
It is an easy exercise to see that

1 -W -V
. 7

We need to show that du™ = iy.,w and p(gz) = Ad(g)(u(z)); g € U(n),z € C". Let Y be

a vector field on C"* and set Y, = Z € R*™, we have
ixenw(Y)(2) = w(Xen, Y)(2)
7
=3 > dz A dz(Xen,Y)(2).

Identify C™ with R*" so that a symplectic form —% 3" dz; A dz; becomes > i dxj A dy;.
By calculation, we have

-W =V
|

3

txenw(Y)(2) = 2T
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On the other hand, by calculation and nothing that Y, can be written as %|t:02 + 1z, one

can show that

T
= 9(522 )g

= Ady(u(2)).

Proposition 1.3.4. Let H C U be a Lie subgroup with Lie algebra §y. Let w:u — b be
orthogonal projection onto b. If the U-action on Z is Hamiltonian, then, the restricted

action of H on Z s also Hamiltonian and the momentum map is given as py = T o [u.

Proposition 1.3.5. Let H C U(n) be a Lie subgroup and p, : C* — b be the momentum

map as given in the above Proposition. Then

p(z)
py([2]) = W
1s a momentum map for the H action on CP".

From now on, we assume that U is connected and denote the fixed point set of U by
ZV:={2€ Z :U-z=z}. Let T be a maximal torus of U with Lie algebra t. The
momentum map associated to torus actions on Z have been studied by Atiyah [5] and
Guillemin and Sternberg [36]. It is well known that every connected component of the
fixed point set of a torus action on Z is a complex submanifold of Z and the induced
action of the torus on its normal bundle in Z has no nonzero fixed vectors. Using this

fact Atiyah proved the following result.
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Lemma 1.3.6. For any & € u, u¢ is Morse-Bott and has only critical manifolds of even

index.

The set Z¢ := {2z € Z : £z(2) = 0} is a submanifold of Z (possibly disconnected) fixed
by the one-parameter subgroup generated by £ and invariant under the T-action.

Atiyah [5] and Guillemin and Sternberg [36] showed that the image of the fixed point
set of T on Z under the momentum map associated with the T-action is a finite set of
points in t*.

Theorem 1.3.7. (Abelian Convezity theorem [5], [50].) The set u(Z7) is finite and u(Z)

is the convex hull of (Z7) and so it is a convex polytope.

Atiyah [5] refined Theorem 1.3.7 by describing the behaviour of the momentum map
on the orbits of T°C.

Theorem 1.3.8. [7] If z € Z, then u(TC - z) = conv(TC - 2N Z7T).

Atiyah [5] suggested that the convexity of (T - ) for # € Z could be used to give an
alternative proof of Theorem 1.3.7 by showing that there always exists an orbit 7C- z such
that x(7TC - 2) = p(Z). Duistermaat [28] proved that the set of points z € Z for which
w(TC-2) = p(Z) is non-empty and dense. Biliotti and Ghigi [)] gave an alternative
proof of this result and also show that the set is open. This new approach adds to the
understanding of some basic results in the subject.

Let || - || be the norm induced by the Ad(U)-invariant scalar product fixed on u.

Definition 1.3.3. The function F : Z — R given by
F(z) =3 |l (o) I

for z € Z, is called the norm square of the momentum map.

The critical point of F' is given below.
Lemma 1.3.9. [30] The gradient of F' is given by

VE = Ju(z)z

for z € Z. Hence, z € Z is a critical point of F' if and only if p(z)z = 0.
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The norm square F' of the momentum map is in general not Morse-Bott. In fact,
the critical set C' of F' has singularities in general so that ' cannot be a Morse-Bott
function. Nevertheless, Kirwan defines a smooth stratification of X by showing that F'is
a minimally degenerate function on Z [54].

Let x; denote the flow of —VF. Let Sc be a stable manifold associated with the
component C' of the critical set of F' where F' takes constant value (see Section 1.2).
Duistermaat has shown that the limit of the negative gradient flow of F' through a point

z € Z is a single point.
Theorem 1.3.10. /79, 1.1]. The following holds under the above assumption.
e for each z € Z, the limit set of the trajectory x, is a single point.

e for each connected component C' of critical points of F, the map
0 :]0,00] X S = O, (t,z) — x4(2)
1s a deformation retraction.

A Weyl chamber decomposition of M in t is a fundamental domain for the coadjoint
action of the compact Lie group on t*. So, the intersection of the image of a momen-
tum map with a Weyl chamber determines this image completely, since the image of a
momentum map is invariant under the coadjoint action.

Guillemin and Sternberg conjectured in [36] that the intersection of image of the
momentum map associated with the actions of compact Lie group on compact symplectic
manifolds with any Weyl chamber in the dual of the Lie algebra of a maximal torus is a
convex polytope. They prove this result in the case when the group is a torus. Kirwan
[55] gave a prove of this conjecture in a more general settings. More precisely, Kirwan

proved the following.

Theorem 1.3.11. (Non-Abelian Convezity). Let u : Z — u be the momentum map for
the U-action on Z and suppose T C U is a mazimal torus with Lie algebra t and ty is a

positive Weyl chamber. Then pu(Z) Nty is a polytope.
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The proof of this theorem relies on the stratification of Z defined by the norm square.
The fundamental fact, in this case, is that the stratum corresponding to the minimum is
open and it is the unique open stratum. This is the main point to prove the non-Abelian
convexity result.

Heizner P. and Huckleberry A. [43] proved the convexity properties of the momentum

map in a non-compact Kéhlerian settings. Let Zax = {2z € Z : dim(U - z) is maximal}.

Theorem 1.3.12. [/5]. For a G-irreducible complex G-space Z, the set p(Zmaz) Nty 1S

CONVEL.
Another important application of momentum map is the Kéhler reduction.

Theorem 1.3.13. (Kihler Reduction): Suppose U acts freely on p='(0). Then, the orbit
space 1 (0)/U is a manifold and there is a Kdhler form wy on p=1(0)/U. (= 1(0)/U, wp)

1s called Kdhler reduction.

Factorization problem for group actions in both algebraic geometry and complex ge-
ometry is an important subject. Defining the notion of good quotient for the U%-action
on Z has been greatly studied in the literature. A naive example will be the orbit space
Z /U but the orbit space is not always Hausdorff. For instance, consider C* = C\ {0}
acting on C"; A\ ~— multiplication by A. The orbit space C*/C* = CP"! U {0} is not
Hausdorff. Indeed, the only open set containing the point {0} is the whole space. How-
ever, C"\ {0}/C* = CP™'. In this case the point 0 was removed which can be considered
as the 'bad orbit’. We can therefore restrict the action on a "big" UC-invariant subset
M C Z obtained by removing some "bad" U®-orbits to obtain a "good quotient" Z//U®.

Another application of momentum map is to define the UC-invariant subset M.
Definition 1.3.4. A point z € Z is called

e u-polystable if UC - 2 N p~1(0) # 0.

o y-semistable if UC -z N p~1(0) # 0.

e p-stable if US - 2N pu=(0) # 0 and UL := {g € U%|gz = z} is discrete.
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Let Z°°, ZP° denotes sets of u-semistable and p-polystable respectively. Z°° is open
in Z. The closure in Z** of every ju-semistable UC-orbit contains a unique p-polystable

orbit.

Theorem 1.3.14. (Heinzner-Huckleberry-Loose). There is a good quotient Z*° — @ such
that

e The induced morphism p=1(0)/U — Q is a homeomorphism.

o 21,20 € Z% are equivalent if and only if p=(0) NUC - 2, NUC - 29 # 0.

The focus of this work is to prove most of the results presented in this section in a
more general setting and introduce new results in this setting. Instead of considering
the action of U® on Z, we will consider the action of a closed subgroup satisfying some

compatibility condition. This notion is discussed in section 1.4.

1.4 Compatible subgroups

Let U be a compact connected Lie group with Lie algebra u. Let U® be the complexifi-

cation of U with Lie algebra u®. There is a Cartan decomposition
u® = u+du

with a conjugation map 6 : u® — u® B +if — B — i€, 5,€ € u. We also use 6 to
denote the corresponding antiholomorphic involution of U®. The map f : U x iu — U®;
f(u, B) = uexp(p) is a diffeomorphism. The decomposition U® = U exp(iu) is referred to

as the Cartan decomposition of U® [56].
Definition 1.4.1. A closed real subgroup G of UC is compatible with the Cartan decom-
position UC = U expiu if the map K xp — G, (k, B) — kexp 3 is a diffeomorpism, where
K :=GnNU and p :=gnNiu; g is the Lie algebra of G.

The restriction of f to K x p is then a diffeomorphism onto G. It follows that K is a

maximal compact subgroup of G and that g = €& p where £ is the Lie algebra of K. The

following Lemma asserts that GG has finitely many connected component.
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Lemma 1.4.1. [25]. If G C U® is a closed 0-invariant subgroup, then G is compatible if

and only if it has only finitely many connected components.

Proof. Suppose G is compatible. Then it is f-invariant and retracts onto K, a maxi-
mal compact subgroup of GG. Since a compact Lie group has a finitely many connected
components, it follows that G has finitely many connected components. Conversely sup-
pose G has finitely many connected component. Let G° be a connected component of
G and G/G" is finite. Since G is closed, f(K x p) is a closed subset of G. Since G is
@-invariant, f(K x p) has the same dimension as G and is therefore also open. There-
fore it contains G and is a union of connected components of G. Given g € G, let
g = uexpf with u € U and 8 € . Then ¢gf(g7') = uexp(B)f(exp(—p))u~t) =
exp(2 Ad(u)(B)). But G/GY is finite, this means that there is a natural number N > 0
such that (g&(g_l))N = exp(2N Ad(u)(B)) € G° C f(K x p). Hence Ad(u)(B) € p,
u = uexp(—B)utuexp(B) = exp(— Ad(u)f)g € GNU = K and S € p.

O

Corollary 1.4.1.1. [15, Lemma 7a/. If G C U is a compatible subgroup, and H C G
1s closed and 0-invariant, then H is compatible if and only of H has only finitely many

connected components.

Example 1.4.1. SL(n,R) C SL(n,C) =U(n)exp(isu(n)) is a compatible subgroup. In-
deed, the Cartan decomposition of SL(n,C) is given by the polar decomposition of complex

matrices. Let A € SL(n,R). Then P = VAA* = VAA! is a positive define symmetric

matrice and AP~ € SO(n). Therefore SO(n) is a mazimal compact subgroup of SL(n, R)
and the Lie algebra sl(n,R) decomposed as sl(n,R) = so(n) & shymy(n), where symy(n)

denotes the set of symmetric matrices of trace zero.

Any compact Lie group U can be embedded in the general linear group Gl(n,C) for
some n which induces a closed embedding of U®. Then, any compatible subgroup is a
closed linear group. Moreover g is a real reductive Lie algebra and so, g = 3(g) @ [g, g]-

Let G5 denote the analytic subgroup whose Lie algebra is [g, g]. Then Gy, is closed and
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G°, the connected component of the identity of G, is given by G = Z(G)° - G, |56, p.
442|. Since [g, g] is f-invariant and G, is connected, then G, is also f-invariant. Since it
is also closed, by Lemma 1.4.1.1 G, is compatible.

Let H be a Lie group with Lie algebra h and 8 € h. Set

W ={neh:[np =0} and H”={geH:Adg(p)= 5}
Let A C p be any subset of p.
Lemma 1.4.2. /56, Proposition 7.25]. If G C U® is a compatible subgroup. Then G is

compatible. Indeed, G4 = K4 exp(p?), where K4 = KNGA and pr ={x €p: [1,A] =
0}.

1.5 Parabolic Subgroup

Given [ € p, we define
Gt ={geq: 1tlim exp(tf)gexp(—tf) exists}
——00
R ={geq: tlim exp(tf)gexp(—tB) = e}
——00

= P Va(adB)

A>0
G~ {geq: tLiELnoo exp(tf)gexp(—tf5) = e exists}
R :={g€G: lim exp(th)
o' = P Vi(adB).
A<0
Note that GP~ = G=P* = 0(G*F), O(R*Y) = RP~ and G = GPT N GP~. If G is
connected, the group G°*, respectively G~ is a parabolic subgroup of G with unipotent
radical R°*, respectively R~ and Levi factor G and any parabolic subgroup is given by
GP* for some 3 € p [15]. RP* is connected with Lie algebra t#*. Hence R®~ is connected
with Lie algebra t#~. The parabolic subgroup G” is the semidirect product of G* with

RP* and we have the projection 77 : GP* — G?, 777 (g) = limy,_ o exp(tB3)g exp(—t3).
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Analogously, G~ is the semidirect product of G” with R®~ and we have the projection
= G — GP, 777 (g) = limy, o0 exp(tB)g exp(—tB). In particular, g?+ = g° @ vfF,

respectively g°~ = g? @ v*~. The following result is well-known.

Proposition 1.5.1. For any 3 € p, we have G = KGP*.

Proof. Tf G is connected, the result is well-known, see for instance |15, Lemma 9| and |15,
Lemma 4.1]. Since G = KG°, it follows that G = KG° = K(G°)’* = KG"*, concluding
the proof. n

Let £ € u. The standard notation for parabolic subgroups of complex reductive groups,

see for instance [54], is given by

UC(€)={geU": tlgnooexp(if)g exp(—i&) exists }.

If U is connected, it is well-known that U®(£) is connected and it contains a Borel sub-
group, that it a maximal solvable subgroup of U® [1]|. Note that if 3 € iu, then U®(—i3)

corresponds to (U®)?* in our notation.

Remark 1.5.2. One major difference between the complex and real case we are consider-
ing in this project is that the parabolic subgroup of UC is connected while it is not always

so for a parabolic subgroup of G. For instance,

z W

0 27!

zeCwelC

is parabolic in SL(2,C) and it is connected. The Levi factor is given as

z 0
1z eCr,
0 z1
and the Unipotent radical is given as
1
weC
0
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While
T

0 27t

xeRyeR

is parabolic in SL(2,R) and it is not connected. The Levi factor

z 0

0 27t

cx € RY,

has two connected components and the Unipotent radical is given as

1
yeR

1.6 Gradient map

Let U be a compact Lie group with Lie algebra u and U® its complexification. Let (Z,w)
be a Kihler manifold on which U® acts holomorphically. Assume that U preserves w and
that there is a U-equivariant momentum map p: Z — u*.

Let (-, -) denote the real part of B as defined in Section 1.3. We can identify u and u*
by means of —(-,-) and consider the momentum map as u-valued map.

Let G C U® be a compatible subgroup of U®. Then we have p C su. If z € Z, then
the orthogonal projection of iu(z) onto p with respect to (-,-) defines a K-equivariant
map fi, : Z — p. |44, 15, 46]. In other words, we define p, requiring that for any 5 € p,
we have

il = (pl2), B) = (ip(2), B) = —(u(2), iB) = . (1.5)
Let (, ) be the Kéhler metric associated with w, i.e. (v,w) = w(v, Jw) for all z € Z and
v,w € T,7Z, where J denotes the complex structure on T'Z. Then (5 is the gradient of
,uf . Indeed,
gradp, = gradu™" = J(=ifz) = fz.

Definition 1.6.1. The map p, : Z — p is called a gradient map and it is such that
o 1y(k2) = Ad(R)(1p(2), V= € Z:
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o for any B € p, let uf € C*(Z), Then ug(z) = p~"%(2) and gmduf = By, where the

gradient is computed with respect to the Riemannian metric induced by w.

Let X be a G-invariant locally closed real submanifold of Z and denote the restriction
of py to X by pp. Then pp, : X — p is a K-equivariant map such that graduf = fx,
where the gradient is computed with respect to the induced Riemannian metric on X that
is also denote by (-,-). Similarly, 1 denotes perpendicularity relative to the Riemannian
metric on X.

Let a C p be an Abelian subalgebra. Then A = exp(a) is a compatible Lie group. The
A-gradient map on X associated to p is given by jiq = 7, 0 1y, where 7, : p — a denotes

the orthogonal projection of p onto a.

Example 1.6.1. Consder the action of a special linear group SL(n,C) on a complex
projective space CP"™. SL(n,R) C SL(n,C) is compatible (Examplel.j.1) and RP" C CP™
is SL(n,R)-invariant. One may check that the associated gradient map is given as

1 t 1
Nsnmo(n)([m]) = 2 (ﬁ - ﬁfdn)

Remark 1.6.1. If g C u® is compatible with respect to the Cartan decomposition u® = ud®

i, then (-, -)gxq is non-degenerate. Hence u® = g@ g, where g+ = {v € u®: (v, g) = 0}.

Let a C p be an Abelian subalgebra. Maximal abelian subalgebra of p is conjugate
via Ad(K) in the sense that if @’ is another maximal abelian subalgebra of p, then there

exists £ € K such that Ad(k)(a’) = a. k can be chosen in K, = K N Gg,. Therefore,
p = Uiek.. Ad(k)a. Let A = exp(a) be a subgroup of G with Lie algebra a.

Theorem 1.6.2. /50, Theorem 7.39] G can be decomposed as G = KAK.

Proof. If G is connected, then the result is well-known [56]. Since G = KG?, it follows
that G = K(K°AK°) = KAK. O

For any subspace m of g and x € X let
m-z:={{x(x):£em} and p,:={{ecp: {(z) =0}
We will now recall some of the properties of the gradient map.
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Lemma 1.6.3. Let x € X and let € p. Then either Sx(x) = 0 or the function t —

,ug(exp(tﬁ) - x) 1s strictly increasing.
Proof. Let f(t) =ty (exp(t) - ¥) = (up(exp(tf3) - x), 5). Then
f'(t) = (Bx (exp(tf) - x), Bx (exp(tp) - x) = 0.

But for f(0) = f(1), we must have f'(0) = 0 which implies that 8 € p,. Otherwise, f(¢)

is strictly increasing. O
Lemma 1.6.4. Let x € X. Then
ker dpy(z) = (p - 2)*

Proof. From (1.5), v € ker dyu,(z) if and only if for all 5 € p

{dpp(2)(v), B) = 0
= dug(v) =0

— <ﬁX($)vv> =0.

Lemma 1.6.5. Let x € X. The following are equivalent:
a) dpy : T, X — p is onto
b) dpy :p-x — P is onto
¢) dimp -z =dimp

Proof.
Ker djiy(x) = (p - 2)*,

it follows that dy,(x) is surjective if and only if dyu, : p - x — p is surjective and so by

dimensional reason if and only if dimp - z = dim p concluding the proof.
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Lemma 1.6.6. If x € X and € p, then p,(exp(S) - x) = py(x) if and only if Bx(z) = 0.

Proof. Suppose p,(exp(5)-) = pp(x). Define the curve = : [0,1] — Z by x(t) = exp(tf)-x
and set y(t) = (up(x(t)), B). Then, & = Sx(z), y(0) = y(1) and

V(0) = S uta(t)). ~i8)

= (Bx(z), Bx(2)) = (Bx(2(1)), Bx (2(1)))
=l Bx(x(t)) = 0.

We must have y/(t) = 0 for all ¢ € [0, 1] and this happens if and only if Sx(x(t)) = 0. This
implies that exp(f) - x = x. O

Corollary 1.6.6.1. If G = ezp(a), a C p an Abelian subalgebra of p. Then

G20y (0) = {«}

The next property asserts that two points in the zero set of the gradient map are

equivalent under G if and only if they are equivalent under K.
Lemma 1.6.7. Let z,y € p, " (0). Ify € G-z, theny € K-z, 4. e., G-xNp, ' (0) = K-z

Proof. Let g = kexp(f) € G, where k € K and 8 € p be such that y = gz. Then

pp(kexp(B)-z) = pp(exp(B)-x) = py(x) = 0. By lemma (1.6.6), we have y = k(exp(f))-z =
k-x. O

Using lemma (1.6.6), we can also show that the stabilizer G, of z € p;*(0) is compat-

ible with respect to the Cartan decomposition of U®. This is stated and proved below.

Lemma 1.6.8. Given x € X. If u,(z) =0, then
G, =K, expp, = K, X p,

Proof. Pick g € G,. Then g = kexp(8) and kexp(f) - © = . Hence 0 = p,(kexp(f) - z) =
pp(exp(f) - ) = py(x). By lemma (1.6.6), 5 € p,. This implies that £ € K, and so
G, = K, exp p,. O
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We recall the Slice Theorem, see [15]. For any Lie group G, a closed subgroup H
and any set S with an H-action, the G-bundle over G/H associated with the H-principal
bundle G — G/ H is denoted by G x S. This is the orbit space of the H-action on G x S
given by h - (g,s) = (gh™',h-s) where g € G, s € S and h € H. The H-orbit of (g, s),

considered as a point in G x* S| is denoted by [g, s].

Theorem 1.6.9. [Slice Theorem [/5, Thm. 3.1 If x € X and py(x) = 0, there are a
G i-invariant decomposition T, X = g-x & W, open G -invariant subsets S C W, Q C X
and a G-equivariant diffeomorphism ¥ : G x% S — Q, such that 0 € S,z € Q and
U([e,0]) = .

We can relax the condition that j,(z) = 0 and show that there is a slice for all z € X

as follow. For any z € X, let p,(z) := 8 € p. By Lemma 1.4.2 G” is compatible and
G = Kexp(p?),

where K/ = KNGP = {g € K : Ad(g)(8) = B} and p* = {v € p: [v,08] = 0}. Tt
is well known that U? is a compact Lie group [49] and its complexification is given by
(UC)# = (UP)C. The U-action on Z is Hamiltonian with momentum map ps : Z —
u’® given by ms o ju, where ms : u — u® is the orthogonal projection of u onto u®.
Now, G# C (U®)? is compatible and T8 O 1y is the GP-gradient map, where Tps P — p?

is the orthogonal projection of p onto p®.

Corollary 1.6.9.1. If z € X and p,(z) = 3, there are a GP-invariant decomposition
T,.X =¢° 2 @ W, open GP-invariant subsets S C W, Q C X and a GP-equivariant
diffeomorphism W : G# x% S — Q. such that 0 € S,z € Q and ¥([e,0]) = x.

Proof. U-action on u® fixes i3. Hence, s defines a U*-equivariant shifted momentum
map fiyis = Z — [yis; g = pyis + 13. The corollary then follows by applying Theorem
1.6.9 to the action of G” with the associated gradient map fi,s : X — p%; s = pps — 3,

where p,s denotes the projection of p, onto ps. O]

If 8 € p, then Bx is a vector field on X, i.e. a section of TX. For x € X, the

differential is a map T, X — T, ) (TX). If Bx(z) = 0, there is a canonical splitting
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Tpy)(TX) =T, X®T,X. Accordingly dBx (x) splits into a horizontal and a vertical part.
The horizontal part is the identity map. We denote the vertical part by d8x(x). It belongs
to End(7,X). Let {¢; = exp(t5)} be the flow of Bx. There is a corresponding flow on
TX. Since ¢;(z) = z, the flow on T'X preserves T, X and it is given by dy;(x) € GI(T,X).

Thus we get a linear R-action on 7, X with infinitesimal generator dfx(x).

Corollary 1.6.9.2. If 3 € p and x € X is a critical point of ,uf, then there are open
mwvariant neighbourhoods S C T,X and Q C X and an R-equivariant diffeomorphism
VS —Q, such that 0 € S,z € Q, V(0) =x. (Heret € R acts as dpi(x) on S and as ¢,
on .)

Proof. Since exp : p — G is a diffeomorphism onto the image, the subgroup H :=
exp(Rp) is closed and so it is compatible. Hence, it is enough to apply Corollary 1.6.9.1

to the H-action on X and the value at x of the corresponding gradient map. O

Assume now that 8 € p and that © € Crit(,uf ). Let Dz,uf () denote the Hessian,

which is a symmetric operator on 7,.X such that

d2

2
(D (o, 0) =

=02y ©7)

where v is a smooth curve, v(0) = z and 4(0) = v. Denote by V_ (respectively V. ) the
sum of the eigenspaces of the Hessian of uf corresponding to negative (resp. positive)
eigenvalues. Denote by Vj the kernel. Since the Hessian is symmetric we get an orthogonal

decomposition
I.X=V_eVWeV,. (1.6)
Let a: G — X be the orbit map: «a(g) := gzx. The differential de, is the map & — &x ().
Proposition 1.6.10. If 5 € p and x € Crit(yf) then
DQuf(x) = dfx(x).
Moreover do,(t?*) C Vi and da.(g°) C Vy. If X is G-homogeneous these are equalities.
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Proof. The first statement is proved in [15, Prop. 2.5|. Denote by p : G, — T, X
the isotropy representation: p(g) = dg,. Observe that « is G -equivariant where G,
acts on GG by conjugation, hence da, is G -equivariant, where GG, acts on g by the adjoint
representation and on T, X by the isotropy representation. Since Sx(x) = 0, exp(t5) € G,
for any ¢ and da, is R-equivariant. Therefore it interchanges the infinitesimal generators
of the R-actions, i.e. da, oadf = dfx = Dzuf (). The required inclusions follow. If G
acts transitively on X we must have T, X = dae(g). Hence the three inclusions must be

equalities. O
Corollary 1.6.10.1. For every [ € p, ,uf is a Morse-Bott function.

Proof. Let XP := {zx € X : Bx(x) = 0}. Corollary 1.6.9.2 implies that X* is a smooth
submanifold. Since T, X? =V} for x € X?, the first statement of Proposition 1.6.10 shows

that the Hessian is nondegenerate in the normal directions. O
Corollary 1.6.10.2. If X is G-homogenous then G®-orbits are open and closed in Crit ,uf.
Proof. Since T,Crit uf = T,GP -z for x € Crit uf , the result follows. m

Proposition 1.6.11. X? is GP-invariant. Moreover, if v € X® and g € GP, then

11 (x) = g (g).

Proof. Let x € X” and let g € GP. Since Bx(g9x) = (dg).(Bx(z)), it follows gz € X”.
By Lemma 1.4.2, G? = K’ exp(p?). Hence g = kexp(§), where k € K” and ¢ € p°. By
the K-equivariance of the G-gradient map we have ,uf (gx) = pg (exp(&)x). Let y(t) =
11 (exp(t€)z). Then

y(t) = (Bx (exp(t)), Bx (exp(t))).

By the first part of the proof, Bx(exp(£)x) = 0, and so §(t) = 0. This implies pj (gz) =

,uf (exp(&)zx) = ,u,’? (x), and so the result follows. O

Proposition 1.6.12. The restriction (p,)| , takes value on p® and so it coincides with=

xB8

(1p8)) 5 -
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Proof. If G = U® then the proof is easy to check. Indeed, let x € Z® = Z¥. Since

exp(tif)x = x, by the U-equivariance of the momentum map, we have

pu(z) = plexp(tif)r) = Ad(exp(tif))(u(z)).

Taking the limit we get [u(x),if] = 0. In the general case it suffices to prove that
iu(z) € P implies that its orthogonal projection onto p belongs to p”.

Since 3 € g, it follows that ad(() leaves g invariant. By remark 1.6.1, it follows that
u® = g@ g+ with respect to (-, -) and so ad(3) leaves also invariant g*. Moreover, keeping
in mind that g = €@ p is an orthogonal decomposition with respect to (-, ), it follows
that

gt =t nuaptniu
Suppose iu(x) = a + b € iu®, where a € p and b € p Niu. Then b € g+ and
0= [, iu(x)] = [, a] +[8,b],
and so [3,a] € g and [3,b] € g*. This implies [3,b] = 0 concluding the proof. ]

Suppose X is compact. Let ¢; > --- > ¢, be the critical values of pf . The correspond-
ing level sets of pf, C; := (uh)~'(¢;) are submanifolds which are union of components of
Crit(uf ). The function uf defines a gradient flow generated by its gradient which is given
by Bx. By Theorem 1.6.9, it follows that for any x € X the limit:

Too(x) := lim exp(tf)x,

t—4o0

exists. Let us denote by Siﬁ the unstable manifold of the critical component C; for the

gradient flow of ,uf :
SPi={ze X :a.(x)eC). (1.7)

Applying Theorem 1.6.9, we have the following well-known decomposition of X into un-

stable manifolds with respect to uf .
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Theorem 1.6.13. In the above assumption, we have

X =|]s7, (1.8)
i=1
and for any i, the map:
(Too)|s: 0 S7 = Ci,

is a smooth fibration with fibres diffeomorphic to RY% where l; is the index (of negativity)
of the critical submanifold C;

Let 8 € p and let
XP={ze X : Bx(z) =0}.

By Corollary 1.6.9.2, X# is a smooth, possibly disconnected, submanifold of X.
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Chapter 2

Norm square and Kempf-Ness Function

In this chapter, we study the norm square of the gradient map and the Kempf-Ness
function associated with the gradient map. The results of this chapter are obtained in a
joint work with Biliotti [17].

In section 2.1, we study the properties of the norm square. Without the assumption
that X is real analytic manifold, we prove that for any G-invariant compact and connected
submanifold of Z, the Lojasiewicz gradient inequality holds for the norm square (Theorem
2.1.3). Stratifications of the norm square is recalled in section 2.1.1. By the stratification

theorem, we have

{peX Gpnu (0)#0} ={pe X: lim pi(p) € 1" (0)} = Saliy ' (0)).

where ;(p) is the flow of the vector field -grad f. Then, there exist a K-equivariant strong
deformation of Sg(u,'(0)) onto the set ;" (0) (Theorem 2.1.6). Hence no analyticity
assumption is necessary in the statement of the retraction Theorem answering Question
1in [47, p.219]. We prove a well-known result that the stratum corresponding to the
minimum of the norm square is open (Theorem 2.1.5).

In section 2.2, we study Kempf-Ness function. The behaviour of gradient map is
encoded in the Kempf-Ness function associated with it. Recently, Biliotti 7] shows that
the Kempf-Ness function is Morse-Bott and it is convex along geodesics for the action

of a linear group on P(V') where V' is a finite dimensional dimensional vector space. We
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prove this result in a general setting (Theorem 2.2.7). Theorem 2.2.7 generalizes the one
proved in [30].

We apply Theorem 2.1.3 to prove the Ness Uniqueness Theorem which asserts that any
two critical points of f in the same G-orbit in fact belong to the same K-orbit (Theorem
2.2.8). Therefore, the limit of the negative gradient flow exists and it is unique and any

G-orbit collapses to a single K-orbit (Theorem 2.2.11).

2.1 The Norm Square of the Gradient Map

Let (Z,w) be a Kahler manifold, U a compact and connected Lie group with Lie algebra
u and U® the complexification of U. Suppose U® acts holomorphically on Z with a
momentum map 4 : Z — u. Let G C U® be a connected compatible subgroup. Hence
G = Kexp(p), where K := GNU is a maximal compact subgroup of G and p := gnNiu; g
is the Lie algebra of G. Let X be a G-stable locally closed real submanifold of Z and let
tp : X — p be the corresponding G-gradient map. We assume throughout this section
that X is compact and connected. Let || - || denote the norm function associated to the

fixed Ad(K)-invariant scalar product (-,-) on p. Define the function f: X — R by
1 2
f) =5 I m(@) |2 for e X (2.1)
In this section, the critical points of this function will be of central importance.

Lemma 2.1.1. The gradient of f is given by

Vf(z) =Bx(z), B:=p(zr)ep and zeX. (2.2)

Hence, © € X is a critical point of f if and only if Sx(z) = 0.
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Proof. Define a curve 7(t) such that y(0) = 2 and 7/(0) = v € T, X.

Wap=5| s60)
1d|
= 55| Um0 ma ()

t=

=(d p(v(t)) "(£), b (V())) =0
= (dpp()v, py(2)) = (Bx(2),v), B = py(x).
Hence, V f(x) = Bx(z).

Corollary 2.1.1.1. Let x € X and set B := p,(x). The following are equivalent.

a) ﬁx(x) =0
b) dug(z) =0, £ €p,
c) df (x) =

For the remaining part of this work, we fix 8 = p,(x). The negative gradient flow line

of f through z € X is the solution of the differential equation

i(t) = —Px(x(t)), teR
z(0) = .

The G-orbits are invariant under the gradient flow.

Lemma 2.1.2. Let g : R — G be the unique solution of the differential equation

“1g(t) = Bx(x(t))

g(0) = e, where e is the identity of G.

Then,
a(t) =g~ (t)x

for allt € R.
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Proof. Define y : R — X by

Since g-1 = —g1gg~"! and g~'g = Bx(x), it follows that

y=—g"'99"'v = —Bx(g ') = —Bx(y(?))

and

Hence z(t) = y(t) = g '(t)z for all t € R.
[

The proof of the following Theorem is based on the Lojasiewicz gradient inequality,
which holds in general for analytic gradient flows. A proof for the case of an action of a

complex reductive group is given in [30)].

Theorem 2.1.3. Let g € X and x : R — X the negative gradient flow line of f through

xo. There exist positive constants a, C, 1, and % <~ <1 such that

Too 1= tliglo x(t)

exists. Moreover, there exist a constant T > 0 such that for any t > T,

A1), 700) < / " Ji(s)|ds
T (f(t) = flaa)

<

L=y
< C

T (=1
Proof. Let X = Z. Using the Marle-Guiliemin-Sternberg local normal form, the moment
map is locally real analytic. Since p, = m, o iu where m, : su — p is the orthogonal
projection. Then g, is locally real analytic. This implies that f = 5 || p [|* Z - R
satisfies the Lojasiewicz gradient inequality. By Lemma 2.1.1, the gradient of f: Z — R

coincide with the gradient of f : X — R. Hence f|x also satisfies Lojasiewicz gradient
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inequality: there exists constants 6 > 0, a > 0, and % < v < 1 such that, for every critical

value a of f and every z € X,
|f(z) —al <6 — [f(z) —a]’ < |V f(z)]. (2.3)
Let x : R — X be a nonconstant negative gradient flow line of f.

a = lim f(z(t))

t—00

is a critical value of f. Choose a constant 7" > 0 such that a < f(x(t)) < a+ ¢ for t > T.
Then, for t > T,

d _ _ L—7,.
E(f(x)—a)l Y= (1= (f(x) — )|V ()] = — i,
Integrating the inequality over the interval [¢, 00) gives
/ [#(o)lds <~ (Fa(t) —a)" " for =T (2.4)
t -7

This shows that

Too := lim z(t)
t—o0

exists and it is a critical point of f and hence satisfies p, (2 )x = 0.

Set £(t) = (f(x(t)) —a)' =
2v —1

§(t) = 2y = D(f (1) — a) 2V =M > = for ¢+ >T.
Which implies that
2y —1
£(t) > o (t—T) for t > T.

Hence

(F(z(t)) — a)™ = £(1) 7 < (270; 1(t—T)) T T
Thus

o) 1y c 1y o« a? \Y

) 0 S s vim gy em o ()

and by (2.4) the result follows. O
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2.1.1 Stratifications of the Norm Square of the Gradient map.

We recall the stratification theorem for actions of reductive group. For details see [15].
Given a maximal subalgebra a C p, we pick a; C a a positive Weyl-chamber. Let

f X — R be the norm square of the gradient map p,. i.e.,

Fla) o= |l ) I

where || - || denotes the norm function. Let C' denote the critical set of f, B := p,(C)
and ‘B, =B Na,.
Let X :={z € X : G-z Ny, " (0) # 0}, where X is a compact G-invariant subset of

Z. For p € B, following the notation introduced in [15], set

X|jgpz :=A{z € X :exp(RB) -z N (uf) "' (|| B %) # 0}
XP={ze X pBx(x)=0}
XPjgz = XN X2

Xﬁ+|||5H2 = {I c X|||5H2 : thm exp(tﬁ) - x exists and it lies in X6|H5H2}
——00

The set XT| g2 is G*-invariant. Let p,s be a gradient map of the GP-action on

X/3+|H5||2. Since f is in the center of g?, we have a shifted gradient map
flp = s — -

Let
SPt = {x € X M| g2 : G-z Mp_ﬁl(ﬁ) # 0}.

SPF coincides with the set of semistable points of G in X#*| 2 after shifting.
Definition 2.1.1. The 3-stratum of X is given by Sz := G - SPT.

Theorem 2.1.4. (Stratification Theorem)[/5, 7.3]. Suppose X is a compact G-invariant
submanifold of Z. Then B is finite and



Moreover

SscSsu | s,
Iy1>18]

From the proof of Theorem 2.1.3, it was observed that f satisfies the Lojasiewicz’s
gradient inequality. As an application, we prove a well-known result that the stratum

corresponding to the minimum of f is open.

Theorem 2.1.5. If 3 € B is such that 1 || B ||* is a minimum value of f. Then the

corresponding stratum Sg is open in X.

Proof. From the proof of Theorem 2.1.3, there exist constants 0 > 0, a > 0, and % <v<1

such that, for every critical value a of f and every z € X,
|f(z) —al <6 — |f(z) —a|]” < a|vf(z)] (2.5)

In particular, if z is critical point, then f(z) = a. Since X is compact, by Theorem 2.1.4,

k
X = |_|Sﬁiv
i=1
where 3; € B,. By the stratification theorem, we may assume that § = [, and so,
H BJ' H>H ﬁ H for anyj:27"' 7k- Let
[ B 1P =1181* 1Bl —18 H2>'

O<(5’<min<(5, 5 5
Let
U={zeX:|fx)-[IBI*]<dY}

Let xg € U and let z(t) the gradient flow of —V f through z,. Therefore,

f@(®) < f@o) < [f(zo)= I BIF [+ 11 87
<&+ 1817

N H22—H5H2
185 11> + 1 8117
< X 5

+B8I°P =2k

<|B 1P =2k

Therefore, f(z) =|| A ||*>. This implies that U C Sz and so, using standard arguments
of the gradient flow, Ss is open. n
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As in [59], we have the following deformation retraction.

Theorem 2.1.6 (Retraction Theorem). Let § € a; be a critical value of f. Let Sz be the
stratum associated to 3. Let x4(x) denote the gradient flow of —V f. Then there exists a
K -equivariant strong deformation retraction of Sg onto Sz N u;l(K - B) given by

[0,00] X Sg = Sg Ny (K- B),  (t,p) — 2(p),

and

2.1.2 Hessian of Norm Square

If v € T,X, then |v| = y/(v,v), where (-,-) is the scalar product induced by the Kéhler

form w. The following proposition give the Hessian of f.

Proposition 2.1.7. [/5, Prop. 2.5, 2/. Let v € T,X be an eigenvector of f € p, with
eigenvalue X\(3). Let v(t) be a smooth curve in X with v(0) = x and 4(0) = v. Then if x

is a critical point of f,

d2

S5 (F 0m(0) = MAol*+ | din()o | (2:6)

The Hessian of f at critical points satisfies the following:

Proposition 2.1.8. [/5, Prop. 6.6] Let x € C be a critical point of f : X — R and let
S be the associated stratum. Let H,(f) denote the Hessian of f at x. Then

a) H,(f) =0 on T,(K - x),
b) H.(f) >0 onp? x+1°" - 2, where v"* is the Lie algebra of R°Y,
¢) Ho(f) >0 onTu(Ss) =gz +T,(S°F) =8t -2+ T,(S°") and

d) Hy(f) <0 on Ty(Sp)* = (g~ 2)" N (To(S7))* = (€~ 2)* N (T(S7))*.
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Remark 2.1.9. [/5, 6.7] The tangent space T,(G - x) decompose to T,,(G - x) = T, (K -
1) @p? -2 ® P - . This follows from the decomposition G = KG*+, GP+ = GPR*, the
identity KNGSt = K? and the fact that G® acts on X? whereas R°T acts on the fibers of
pPt. Thus the behaviour of H.(f) on T,(G - ) is precisely described by Proposition 2.1.8.

The following result is proved in [15] (see Corollary 6.12 and Corollary 6.13 p. 21).
Proposition 2.1.10. Let z € X.
o if f(2) =mazseq..f(x), Then G-z = K -z and so it is closed orbit.

o if G-z is compactin X, then G-z2=K -z

2.2 Kempf-Ness Function

Given G a real reductive group which acts smoothly on Z; G = Kexp(p), where K is a
maximal compact subgroup of GG. Let X be a G-invariant locally closed submanifold of

Z. As Mundet pointed out in [63], there exists a function ® : X x G — R, such that

d
(p(2). &) = | B(r,ep(), e,
t=0
and satisfying the following conditions:

a) For any x € X, the function ®(z,.) is smooth on G.
b) The function ®(z,.) is left-invariant with respect to K i.e., ®(z, kg) = ®(z, g).

c) Forany x € X, v € pand t € R;

2

@@(l‘, exp(tv)) > 0.

Moreover:
2

ﬁq)(a:, exp(tv)) =0

if and only if exp(Rv) C G,.
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d) For any z € X, and any g,h € G;
®(z, hg) = (2, g) + ®(gz, h).

This equation is called the cocycle condition. It follows that ®(z,e) = 0, where e is

the identity element of G. The proof is given in [10].

The function ® : X x G — R is called the Kempf-Ness function for (X, G, K)

Let M = G/K. Equip G with the unique left invariant Riemannian metric which
agree with the scalar product (& + 51, & + 52) == — (&1, &2) + (b1, B2) where &, & € € and
b1, B2 € p. We recall that (-,-) is negative define on €. This metric is Ad(K)-invariant,
and so, it induces a G-invariant Riemannian metric of nonpositive curvature on M. M
is a symmetric space of non-compact type [20]. Let 7 : G — M be the projection onto
the right cosets of G and V denote the Levi-Civita connection on M. Let x € X. By (b),
®(x, kg) = ®(x,g). Hence, the function ®, : G — R given by ®,(g) := ®(z,9!) descends
to a function &, : M — R denoted by the same symbol and called the Kempf-Ness

function at x. First, we compute the differential of ® at any point in a given direction.

Lemma 2.2.1. For x € X, the differential of ®, : M — R is given as

d(q)x)ﬂ(g) (vz) = _<Mp(g_1x)7 £),

where, v,(g) = (), (ALy).(€)) and € € p. Therefore, VO,(r(g)) = — (), (dLq(pp(g 1))

Proof. Let m(g) € M, £ € p and v, € Tr(4)G/K. There exist £ € p such that

d
Vg = % t:OgeXp(tf)K'
Take
V(t) = m(gexp(t§)),  t€[ab], {€p.

Then v, = (dﬂ)g((d[fg)(@)v
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AP )r(g)(va) = — | P(,7(t))
= - @z, m(gexp(ts))
=—| ®(z,exp(—t&)g~")  (by the deifintion of @)
=21 @z, g7 + (9w, exp(—t€))]  (by condition (d))

=—| (g 'z exp(—tS))

This implies that

]

Let ¢, : G — R, be the Kempf-Ness function at x. Define ¢, : G — G - x as follows

0.(9) =9 T

Lemma 2.2.2. The map @, intertwines the gradient of ®, : G — R and the gradient of
f.ie,Vge i
d(¢2)gV Pz = Vf((0:(9))-
Proof. Let B € p. Since
pu(gexp(tB)) = exp(—tB)g ™z,
we have

(A4 )g(dLy(B)) = —Bx (9" 2).

The result follow from taking 5 = p,(z). O

Remark 2.2.3. A smooth curve y(t) == mog: R — M is a negative gradient flow line
of ®, : M — R if and only if the smooth curve g : R — M satisfies g~'g = uy(g ).
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Indeed, from Lemma 2.2.1,

V&(1(g)) = —dx(g) (dLq(11p (9" ))

and by Lemma 2.2.2, ¢, : G — R interwines the gradient of ®, with V f. Therefore, the
gradient flow of ®, is such that g~*g = uy(g~*x). On the other hand if g : R — G satisfies

979 = (g~ 'z), the curve v = 7o g(t) is a geodesic and

%(% o) = —{u(g~'x), 97" 9).

We recall some result from Riemannian geometry. We refer the reader to Appendix A
in [30] for further details. Suppose M is an Hadamard manifold, i.e., connected, complete,
simply-connected with non-positive curvature. Let V denote the Levi-Civita connection
on M and d : M x M — [0, 00) the distance function associated to the Riemannian metric.
Let 71,72 : [a,b] — M be smooth curves and for each t € [a, b], y(s,t) : [0,1] — M be the

unique geodesic such that

'7(07t) = 71(t)7 7(17t) - 72(15)'

Define the function p : [a,b] — [0, 00) by

p(t) == d(71(t),72(t)).

We recall the following results. The reader can see for instance, Appendix in [30] for their

proofs.

Lemma 2.2.4. [0, Lemma A.2 | Suppose f : M — R is a smooth function that is convex
along geodesics. Let y1,7vs : R — M be the negative gradient flow lines of f, and let v and
p be as defined above. Then p is nonincreasing and, if p(t) # 0, then
1 [t o2
pt) = o0 s 552 f 0 7)(s,t)ds. (2.7)
Lemma 2.2.5. [70, Lemma A.3 | Let v1,7v, : I C R — M be smooth curves such that o

is a geodesic. If vo(t) # 71(t), then

pt) = =V ()]
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If yo(t) = (1), then
dp(t)
dt*

= £ (t) — 1 (0]
Lemma 2.2.6. [70, Lemma A.4 | For allp € M, all u,v € T,M, and for all t > 1,

d(exp,(tu), exp,(tv))
t

> d(exp, (1), exp, (1) = Ju — vl

We now show that the Kempf-Ness function is a Morse-Bott function and it is convex

along geodesics.
Theorem 2.2.7. Let &, : M — R. Then
a) ®, is a Morse-Bott function and it is convex along geodesics.

b) If v : R — M is a negative gradient flow of ®,, then,
lim ®,(v(t)) = inf,cps Do
t—o0
Proof. (a): By lemma 2.2.1, g € G is a critical point of ®, if and only if

pp(g~ ') = 0.

Crit(®,) = {m(g) € M : p(g”"x) = 0}. (2.8)

The next is to show that the Crit(®,) is a submanifold of M. To do this, the Hessian of
the function is computed along geodesics. The geodesic on M passing through 7(g) in
the direction v = dmy¢¢ has the form 7(gexp(t£)) [L6]. Hence, M is complete and by the

Hadamard theorem,

p— M, & m(gexp(§))

is a diffeomorphism. This implies that 7(gexp(£)) € Crit(®,) if and only if u, (g~ exp(—&)z) =
0.
Hess(®,) = d*(Py) (o) (v), 7(g) € Crit(P,)
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d2
dQ((I)x)ﬂ'(g) (U) = @ (I)(':Ea V(t))
t=0
d2
= a|  Pamgexp(—tg))
t=0
d2
= T o gemn(-1015)
t=0
T1 o exp(t9)g)
=—| P(z,exp(t)g
dt?|,_,
d? 1 1
= ﬁ [(P(l‘uq_ ) + (P(g_ X, eXp(té.))]
t=0
d2
= =3 O (g~ w, exp(t€) > 0 (by condition (c))
t=0
Moreover,
d? 1
o tzoq)(g x, exp(tg)) = 0

if and only if exp(t§) C G4-1,. Hence,
Crit(®,) = {m(gexptf) € M : expt{ C Gy-1,},

which is a submanifold and the kernel of the Hessian. Therefore, ® is a Morse-Bott
function and since the Hessian is non-negative along geodesics, it is convex along geodesics.

(b). Let 71,72 be negative gradient flow of ®,. There exists ¢g1,92 : R — G such
that vy = 7(g1(t)) and 2 = 7(ga2(t)). Let 5 : R — p and k£ : R — K be such that
g2(t) = g1(t)exp(B(t))k(t). Define H : R x R — M by

H(t, s) = m(g1(t)exp(sB(t))).

The curve s — H(t,s) is the unique geodesic joining ~; and 7,. By Lemma 2.2.4 the
function p(t) = dar(71(¢), 12(t)) =|| B(t) || is nonincreasing.

Assume that Crit(®,) is not empty. Hence we may suppose that p,(g:1(0)"'z) = 0.
This implies that the curve ~; is constant. Since p is nonincreasing, the image of 7,
is contained in a compact subset of M. Since ®, is Morse-Bott, then v5 converges to a
critical point of ®,. This implies that if the critical manifold of @, is nonempty, then ®,

has a global minimal and every negative flow line of ®, converges to a critical point. Now
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suppose Crit(®,) is empty. Assume by contradiction that
a = tlim D, (71(t)) > infy P,
—00

Then, ®,(v1(t)) is bounded from below. We can choose 7, such that ®(v,(0)) < a. Since

the function p =|| B(¢) || is nonincreasing, then there exists a constant C' > 0 such that
p(t) =[l B(t) [|< €. Hence,
d .

% _OCI)(H(t, 8)) = (dq)x>71(t)(H<t7 0))

= —(up(g1(t) '), B(1))
— |l (g2 (8) ") (Il B(2) |
—C' || mp(ga ()" "2) || -

v

v

Since for a fixed t, the function s — ®,(H (¢, s)) is convex, this implies that the derivative

L P(H(t,s)) increases. It follows that

D, (72(t) = ©L(H(E, 1))
Zfbm(H(t,O))—i-/o C%@(H(t,s))ds

> @y (1(1) = C || pp(ga(t) ") || -

Since the function ®,(71(t)) is bounded below and £®,(y1(t)) = — || pp(gi(t) " z) |12,

there exists a sequence t; — oo such that lim; o || p(g1(¢;) @) [|*= 0. This implies that
lim q)x(72(ti)) > lim CI)I('Yl (tl)) = a.
1—00 1—00

This is a contradiction since by assumption ®,(72(t)) < a and so lim; o ®.(71(t)) < a.
[

The following result asserts that any critical points of f in the same G-orbit in fact

belong to the same K-orbit. We use original ideas from [30] in a different context.
Theorem 2.2.8. Let xg,x1 € X be critical points of the norm square f. Then
€G- 1y = 11 € K -x.

45



Proof. Since g,z € X are critical points of f, then by Lemma 2.1.1
fp(To)x =0, pp(r1)x =0 (2.9)
Suppose 1 € G - xy. Let gy € G such that
T1 = gy T
and g, h : R — G be defined by
g(t) == exp(tpp(z0)), h(t) == goexp(tpp(x1)).

Since pp () x = 0, g(t) "zo = exp(—tuy(20))xo = xo. Similarly h(t)"zg = exp(—tuy(21))gy 'To =
9o o = x for all t. Thus g(t) and h(t) satisfy the differential equation g~ = i, (g~ o).
These implies that the curves v, := mo g and 7, := 7 o h are geodesics and are negative

gradient flow lines of the Kempf-Ness function. Define £(t) € p and k(t) € K so that

h(t) == g(t)exp(&(t)) k().

w1 = h(t) " g(t)wo = k(1) exp(—€(t))o.

Let
p(t) = das (1 (t), 12 (t)) =|| £(t) ||, for all t.

If p=0, then £(¢) = 0 for all ¢ and
r1 = k(t) ag
and this means that x; € K - z. Otherwise, for each t, let v(s,t) : [0,1] — M defined by
(s, 1) = m(g(t)exp(sE(t)))

be the unique geodesic. Note that v(0,t) = v1(¢) and v(1,t) =y (t).

By equation 2.7, we have
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1 [t o2

pt) = _m o @@mo(g(t)exp(sf(t))ds (2.10)
1 1
— —m/o (&(t)x (exp(s&(t))xo), &(t) x (exp(sE(t))xo)ds. (2.11)

Choose a sequence t,, — oo such that the limits

lim p(t,) =0, &= lim &(t,), koo := lim k(t,)
n—oo

n—oo n—oo

exist. By (2.11) and since lim,,_, p(t,) = 0, {eox (x0) = 0. Then,

T = nll_g)lo E(t,) texp(—£(t,))mo = klexp(—€so) o = ki ao.
Hence z; € K - xg O
The following theorems are well-known if X = Z and G = U® [30, 5.
Theorem 2.2.9. Let zy € X and x : R — X the negative gradient flow line of f through
xo. Define xo := limy_,o x(t). Then
| e (2o0) [|= infyeq || 11p(g0) I

Moreover, the K-orbit of xo depends only on the G-orbit of xy.

Proof. The limit x, exists by Theorem 2.1.3. The solution of the negative gradient flow
line of f through xy by Lemma 2.1.2 is given by

where g : R — G is the solution of

979(t) = Bx(x(t))
g(0) = e, where e is the identity of G.
Fix an element gy € G and let y : R — X and A : R — G be the solutions of the

differential equations

g=—=Bx(y),  y(0) =gy,
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and
h™'h=Bx(y(t),  h(0) = go.

Define £(t) € p and k(t) € k by

By Lemma 2.1.2,
y(t) = h(t) " wo = k(t)"exp(=£(1)z(t), VtER.

Let dyy : M x M — [0,00) be the distance function of the Riemannian metric on M.
v1 = mog and 7, := 7o h are geodesics and are negative gradient flow lines of the
so called Kempf-Ness function. Since M is simply connected with nonpositive sectional

curvature. Then
dar(71(8),72(8)) =[1 €() |
is nonincreasing. Hence there exist a sequence t,, — oo such that the limits

€oo = lim &(t,), koo := lim k(t,)
n—o0

n—oo

exist. Hence

Yoo = lim y(t) = lim k(1) "exp(—£(t))2(t) = k. exp(—€u)Toc-

t—o00 t—o00

Which implies that y., and z., are critical points of the normed sqaure of the gradient
map belonging to the same G-orbit. Hence they belong to the same K-orbit by Theorem
2.2.8 and therefore,

I 120 (o) 1=t (yoo) 1< 1195 0) | -

Theorem 2.2.10. . Let xg € X and

m = infyeq || 1p(g20) Il

Then
ryeCao |lm@ =l my) l=m — yek-a
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Proof. The solution of the negative gradient flow line of f through z, is given by
a(t) = g(t) ™ w0,
Fix gy € G and we know that the limit z,, of () exists. Then by Theorem 2.2.9,
1 €Cz, || pylane) = m.

Let z € G -z such that || () [|=m.

Choose a sequence g, € G such that

r = lim g, 'z
n—o0

and define y, : R — X and z; € X by

Yn = _6X(yn)7 yn(()) - g;1x07 LTy = tliglo yn(t)

Then from the estimate of Theorem 2.1.3, there exists a constant ¢ > 0 such that, for n

sufficiently large,

dlanegian) < [ linl0ld < el o "an) [F =)',
Since
m = () = lim || (g 'z0) ||
which implies that x = lim,, ., =, and z,, € K -z, for all n by Theorem 2.2.9. Therefore,

x € K - x4 because the group orbit K -z, is compact. O

Let z € X be a critical point of f and y : R — M be the unique solution of the

equation
y=—Bx®), y0)=y €X; B=pu(y).

We define the stable manifold of the critical set K - x by

S(K-z):={yo € X : tlim y(t) = kx for some k€ K}. (2.12)
—00
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By Theorem 2.1.3, X is the union of these stable manifolds and each stable manifold is a
union of G-orbits by Theorems 2.2.9 and 2.2.10. The stable manifolds of the gradient flow
have a structure close to a stratification by stable manifolds corresponding to a Morse-Bott
function.

By Theorems 2.1.3, 2.2.9 and 2.2.10, we have the following result. This result gener-
alises Theorem 5.2 proved by Jablonski for the G-gradient map of a projective represen-

tation [52].

Theorem 2.2.11. Let x € X be a critical point of f and S(K -z) C X be as defined

above. The following holds:

a) X = UxeCm't(f) S(K - z).

b) Lety, € X. Then yo € S(K - ) if and only if
reG -y, | Mp(x) |= in geC | Mp(gyo) | (2.13)

c) S(K - x) is a union of G-orbits.

Proof. (a) follows by Theorem 2.1.3.
To proof (b); let 4 : R — M be the unique solution of the equation

y=—Bxy), y0) =wecX; B=uy)

and Yoo 1= lim;_,o, y(t). Then, by Lemma 2.1.2 and Theorem 2.2.9, we have

Ve €T w00 | o) 1= infyecs | polgmo) | - (2.14)

From (2.12), yo € S(K - x) if and only if yo € K - z. Thus yy € S(K - x) implies (2.13).
Conversely, if y, satisfies (2.13), then it follows from (2.14 ) and Theorem 2.2.10 that
Yoo € K - x and hence, yo € S(K - z).

To proof (c¢); From (ii) and the uniqueness in Theorem 2.2.9 that S(K - x) is a union

of G-orbits. O

20



We conclude this chapter with a result (Proposition 2.2.15) that will be needed in the
last section of this work (Section 5.7). The result will not be needed anywhere else in this
work. The proof follows the idea in [30]. Recall that M = G/K is a symmetric space of
non-compact type. Let m : G — M be the canonical projection.

Let z : R — X be the solution of the negative gradient flow of the norm square of the
gradient map through zy, g : R — G be such that z(t) = g(t) 'z and v(t) = 7 o g(t).
The limit o, = limy_,o 2(t) exists by Theorem 2.1.3. Define 5 : R — p;t — [(t) and
k:R — p;t— k(t) by

g(t) = exp(—B)k(?).
We want to show that the limit

Poo(t) := lim BLt)

t—oo
exists in p..

Let 8 = py(x(t)). For every ¢t > 0 by Lemma 2.1.2 g(t)"'g(t) = Bx(z(t)).

Lemma 2.2.12. Under the above assumption,

VAL = |dpp () Bx ((2))] (2.15)

Moreover, there exist positive constants ¢ and o such that for all t > 0,

[ atatratatylar < < (2.16)

Proof. Since 8 = uy(x(t)) € p, then § = duy(z(t))i and we know from Section 2.1
that © = —pBx(z(t)). So, by [30, Theorem C.1i|], bearing in mind that Re(g~'g) cor-
responds to the component of g~'¢ along ¢ in our case, Vi = dm,(dL,(dp,(2)z)) =
—dmy(dLy(dp,(z)Bx(x(t)))). Hence, (2.15) follow. (2.16) follow from Theorem 2.1.3. O

For 0 <s <t let
Hs,t . [S,t] — M

be given by
r—s

Haolr) = (a(s)exo (7

5(3,15))) Vs <r <t (2.17)
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where ((s,t) € p and k(s,t) € K are chosen such that g(t) = g(s)exp(—p(s,t))k(s,1).
H, is a geodesic connecting the points v(¢) and v(s). i.e

For 0 < s < t, define the function ps; : [s,t] = Rso by
Psi(r) = dy(Hy i (1), 7(r)) Vs <r <t

Lemma 2.2.13. Let ¢ and « be positive constants such that (2.16) holds and fix three

real numbers 1o, s,t. Assume 0 < s < 1o <t and ps(ro) # 0. Then ps(ro) < %
Proof. Let ry be the smallest real number bigger than r such that ps(r1) = 0. Then
psi(r1) =0; Vry € (ro,t] and psi(r) #0; Vr € [ro,m1).
By Lemma 2.2.5 and 2.2.12,
—psa(r) < [VA(r)| = |dpy(2(r))sx (z(r)],  Vr € [ro, ).

Integrating the inequality over the interval ro < r < ry gives

. dps "
palre) = P4~ [ patryar

ro

= () — Hoolr)| - / " ()

T0

< / (o)) () ldr

O

Lemma 2.2.14. Let ¢ and « be positive constants such that (2.16) holds. There ezist a

positive constant C' such that
pai(r) < CO(r'™* — s'79), (2.18)
for all real numbers r,s,t such that 0 < s <r <t.
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Proof. Suppose o > 0 is as in above and fix r; € (s,t). Suppose without loss of generality
that ps¢(r1) # 0 and choose r¢ € [s,71) with p,.(r9) = 0, and ps(r) # 0 for r € (rg, r1].

Integrate p(r) < - over the interval (7o, 71] to obtain

" . e ¢ l1—a l1-a
ps.t(r1) :/ pst(r)dr < /m T—adr =1 a(rl — 579,

To

2.18 follows by taking C' = . O

11—«

Proposition 2.2.15. Let s > 0. Then

/
Bls,t')  B(s,t) <% wsisstt
t—s t—s to
This implies that the limit
B(s,t)

foo(8) :== lim

t—woo T — 8

exists in p.

Proof. the geodesics H,; and H,y intersect at vy(s) = H,(s) = Hsp(s). Hence it follows
from (2.17), (2.18) and Lemma 2.2.6 that for ¢’ >t > s+ 1,

Bs.t)  Bls,t)| _ \H,o(5) — Hop(s)]

t'—s t—s
< dM<Hs,t (t)7 Hs,t’ (t>

- t—s
_ pS,t’(t)

t—s

l-a _ Jd—«

<Ct S
- t—s

C
< —.
S
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Chapter 3

Closed Orbit of Parabolic Subgroups

In this chapter, we study closed orbits of parabolic subgroups. The result of this chapter
is obtained in a joint work with Biliotti [1&] which has already been accepted in Nagoya
Mathematical Journal.

Let (Z,w) be a Ké&hler manifold, U a compact and connected Lie group with Lie
algebra u and U® the complexification of U. Suppose U® acts holomorphically on Z with
a momentum map p : Z — u. Let G C U® be a closed connected compatible subgroup.
Hence G = Kexp(p), where K := G N U is a maximal compact subgroup of G and
p := gNu; g is the Lie algebra of G. Let X be a connected G-stable submanifold of Z
and let p, : X — p the corresponding G-gradient map.

Remarks: Let () C GG be a parabolic subgroup. The following facts are easy to check:

a) If @ - p is compact, then G - p is closed since G = KQ);

b) let O be a compact G-orbit. By Proposition 2.1.10, it follows that O = G-p = K -p.
Since f1, is K-equivariant, the restricted gradient map p, : K -p = K - () is a
smooth K-equivariant submersion.

Let B € p and let
Y={2z€X: maxxex,uf(x) = ,uf(z)}

Assume that Y is not empty. By Corollary 1.6.9.2, Y is a smooth, possibly disconnected,
submanifold of X.
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Lemma 3.0.1. Y is GBF invariant.

Proof. Let g € G and let £ € p. It is easy to check that

(dg)p(§x) = (Ad(g)(€))x (gp);

and so G” preserves X”. We claim that Y is G”-stable. In fact, G® = Kfexp(p”) and Y
is KA-invariant by K-invariant property of the gradient map. For each y € Y, let £ € p”®
and let () = exp(t) - y. Since fx (y(t)) = 0 it follows that s ((t)) is constant and so
exp(tf) -y € Y. Now, G?* = GPRP* where R°* is connected and the unipotent radical
of G5+, By Proposition 1.6.10, t** C V, and so t** - 2 C G, for all z € Y. Since R°* is

connected, this implies R?* does not act on Y and the result follows. n

Lemma 3.0.2. Let O be a compact G-orbit which is a K-orbit. Let § € p. If x € O is a

local maximum of uf O = R, then x is a global maximum of ,uf 0 = R.

Proof. If x € O is a local maximum of ,uf , then p,(x) is a local maximum of the height
function

K- py(x) =R, z—(z,0).

But it was noted in the proof of Proposition 3.9 in [15] that (-, 5) has only global maximum
when restricted to K - yi,(2). Then a local maximum is a global maximum and this implies

that u,(z) is a global maximum of the height function (-, 8). Since

maxp(f) = max{(z, 8), z € K - p,(x)},

x is a global maximum of ,ufj : m

Proposition 3.0.3. Let p € O be such that G?* - p is closed. Then Gt - p is a finite

union of connected components of maxp(f3).

Proof. Since G?* - p is compact, ,uf|ga+.p has a maximum. Let ¢ € G®* - p denote a
maximum of M5|06+.p. By Proposition 1.6.10, ¢ is a R®* fixed point. Applying again,

Proposition 1.6.10, keeping in mind that O is G homogeneous, ¢ is a local maximum of
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,uf : O = R,. By Lemma 3.0.2, g is a global maximum of ,ufj. By Lemma 3.0.1, the
unipotent group R+ acts trivially on maxp(8) and G+ - p C maxp(3).

Let © € maxp(8), By Proposition 1.6.10 and Corollary 1.6.10.1, keeping in mind that
O is G homogeneous and RP* acts trivially on maxe(f), it follows that T,maxp(f) =
T,G? - x. By Lemma 3.0.1 (G”)° preserves any connected component of maxe(3). More-
over, the restriction of p, to any connected component of maxe (/) defines the gradient
map of (G?)°, see [15]. By Proposition 2.1.10 it follows that (G”)° has a closed orbit
on any connected component of maxp(3). Since any (G”)° orbit is open in maxp(f3), it
follows that the connected component of maxp(f) containing = is (G®)° homogeneous.
The connected components of GP are finite and intersect the connected components of
KP?. Therefore, keeping in mind that R°T acts trivially on maxep(3), G°* - z is a finite
union of connected components of maxp(3). The same result holds for G** - p, concluding

the proof. n

Corollary 3.0.3.1. Let © € maxp(f). Then G°* - x is closed and a finite union of

connected components of maxp ().
Summing up, we have proved our first main result.
Theorem 3.0.4. Let 5 € p. Then:

o if G% . x is compact, then O = G - x is compact and GPt -z is a finite union of

connected components of maxp () :
e if O is a compact G-orbit, then maxp(B) is a finite union of compact GP*-orbits.

In particular, the number of compact GP*-orbits is equal or bigger than the number of

compact G-orbits.

Let Q C U® be a parabolic subgroup. There exists 3 € iu such that Q = (U%)?*. If
O is a compact UC-orbit, then it is a complex U-orbit and so a flag manifold [35]. By
definition of the gradient map,
maxg () = max{p € O : (u(p), —if) = max,cqpn "’}
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and so it is connected [5, 36]. This means that (U€)?* has a unique closed orbit in O,

Corollary 3.0.4.1. The number of compact (U%)P*-orbits is equal to the number of com-
pact UC-orbits. Any closed (U®)P*-orbit arises as maxp(—if3), where O is a compact

UC-orbit.

C

Assume that G is a real form of U®. Then g = €@ p, u = £ D ip and so g& = u® (see

[47, 56]). Assume that there exists z € Z such that U® -z is compact. Then U® -z = U -z
and so a flag manifold. The following result is essentially an old Theorem of Wolf [70)],

see also [15].
Theorem 3.0.5 (Wolf). There exists a unique compact G-orbit in U - x.

Proof. Let G4, denote the connected subgroup of G with Lie algebra [g, g]. Then G, is
closed, compatible and G = Z(G)° - Gs, where Z(G)° is the connected component of the
center |56, p.442]. By Proposition 2.1.10, G has a closed orbit in U® - . The center of U
does not act on U -z and G, is a real from of (U),, = (U,)®. By a Theorem of Wolf
[70], G5 has a unique closed orbit in U® - z. On the other hand, by Proposition 2.1.10 it
follows that G, has a closed orbit on any closed orbit of G. Therefore, G has a unique

closed orbit in U® - 2. O
Let O denote the unique compact G-orbit in U® - z. Let 5 € p. We denote by
maxye., () = {P eU" x: uf(p) = maXpeUC-me}
Lemma 3.0.6. For any 8 € p, maxyc.,(8) N O # (. Hence
maxyrc.,. () N O = maxp(F).
Proof. Since
maxye.,(8) = max {p € Uz : (u(p), —iB) = max,cpe,u "},
by Corollary 3.0.4.1 it follows that maxgc.,(3) is the unique closed orbit of (U€)?*. Since
GPT =GN (USPT
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we get RPT C R((U%)?*) and so R°* acts trivially on mach,muf . Applying the same
arguments of Proposition 3.0.3, it follows that G5+ has a closed orbit in maXUc.w,uf . By

Theorem 3.0.5 we get maxge.,(3) N O # () and the result follows. ]
As a consequence, we obtain the following result.

Proposition 3.0.7. Let a C p be an Abelian subalgebra. Then

Na(UC - x) = pa(0).

Proof. Tt is well-known that both pu,(U® - x) and p4(O) are polytope |15, 58]. Since
a(O) C 1o (UC - z), applying the above Lemma and Proposition 1.1.7, we get (U -z) =
11a(O). O

Now we are ready to prove the next result.

Theorem 3.0.8. The set maxop(3) is the unique compact orbit of GP* in O. Moreover,

it is connected and a (K?)°-orbit.

Proof. Let (G?)9, denote the connected subgroup whose Lie algebra is [g°, g°]. Tt is closed,
semisimple and compatible [56]. By Lemma 3.0.1 it preserves any connected components
of maxp(3). By Proposition 2.1.10, (G”)?, has a closed orbit on any connected component
maxp(f). On the other hand, maxyc.,(f) is connected and, by Proposition 1.6.10, is a
closed orbit of (U®)?. Note that (GP), is a real form of (U”),, and maxyc.,(f3), keeping
in mind that it is a flag manifold and the center of (U®)? does not act on it, is a compact
(UP),, orbit. Applying a Theorem of Wolf |70] it follows that (G#)°, has a unique closed
orbit in maxye.,(3). Since both BT and the center of (G”)° act trivially on maxyc.,(8),
the unique closed orbit of (G#)?, is contained in a closed orbit of G#* and so it is contained
in @. By Theorem 3.0.4, this orbit is contained in maxe(S). Since (G”)°, preserves
maxp(f) and it has a closed orbit on any connected component of maxep(S), it follows
that maxp(f3) is connected. This means maxp(f3) is the unique closed orbit of G#*. In
particular, keeping in mind maxe(f) is (G?)° homogeneous, applying Proposition 2.1.10

we get maxp () is a (K#)°-orbit concluding the proof. ]
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Chapter 4

Convexity Properties of Gradient map

In this chapter, we study the convexity properties of the gradient map applying most of
the results obtained in chapter 2. Both the Abelian and non-Abelian cases are studied.
The results of this chapter is a joint work with Biliotti [17] and by Windare [69]. We
assume U is connected, G is connected and X is compact and connected throughout this
chapter.

In section 4.1, we prove the Abelian convexity theorem. If the G-action on X has a
unique closed orbit O, then we prove that p,(X) = pe(O) and so a polytope (Theorem
4.1.2). This result is new also if G = U® and X = Z. This means that O captures all
the information of the A-gradient map. In section 4.1.1, we obtain the Abelian convexity
theorem from the non-Abelian convexity result.

In section 4.2, we continue to investigate convexity properties of gradient map. If Z
is connected and compact, and X C Z is a A-stable compact coisotropic submanifold,
then we prove pq(X) = pq(Z) (Theorem 4.2.4) and so it is a polytope as well. More
precisely, there exists an open and dense subset W of X such that for any p € W, we have
#a(X) = pa(A - p).

In section 4.3, we study the convexity property for G-action on a Lagrange subman-
ifold. Suppose G C UC is a real form, we show that there exists a unique open stratum
in X if X is a G-invariant compact Lagrangian submanifold of Z such that X C p; *(0)

(Theorem 4.3.2.) Therefore, the non-Abelian convexity result holds in this case (Theorem
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4.3.3).

We conclude the chapter with the study of two orbits variety in section 4.4. Applying
standard Morse-theoretic results in [51] and [15], we prove that the norm square is Morse-
Bott for two orbits variety and obtain information on the cohomology and K-equivariant
cohomology of X (Theorem 4.4.1), generalizing [32|. As an application of Theorem 4.1.2,
we prove that the Abelian convexity Theorem holds for a two orbits variety (Theorem

44.2).

4.1 The Abelian Convexity Theorem

Let (Z,w) be a Kéahler manifold, U a compact and connected Lie group with Lie algebra
u and U® the complexification of U. Suppose U® acts holomorphically on Z with a
momentum map x4 : Z — u. Let G C U® be a connected compatible subgroup. Hence
G = Kexp(p), where K := G NU is a maximal compact subgroup of G and p := g N iu;
g is the Lie algebra of G. Let X be a G-stable locally closed compact and connected real
submanifold of Z and let p, : X — p be the corresponding G-gradient map. Let 3 € p
and let
Y ={z € X :maxzexpy = ()}

Proposition 4.1.1. Y contains a closed orbit of GP* which coincides with a K® orbit.

Proof. By Lemma 3.0.1, (G#)° preserves any connected component of Y and the restriction
of i, on any connected component defines a gradient map with respect to (G#)° [15]. By
Corollary 6.11 in [15] pag. 21, (G”*)° has closed orbit which coincides with a (K?)° orbit.
Since G* has a finite number of connected components and any connected component of
G? intersects K7, it follows that G” has a closed orbit which coincides with a K? orbit.
This is also a closed orbit of G#* since R®* acts freely on Y by the Linearization theorem

proved in [11], see also Proposition 1.6.12, concluding the proof. O

Let a C p be an Abelian subalgebra of p and let 7, : p — a be the orthogonal

projection onto a. Then p, := m, o p, is the gradient map associated to A = exp(a).
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Denote P = Conv(ua(X)). It is well-known, see for instance |16, Prop. 3] and [12, Prop.
3.1], that P is is the convex hull of p(X?), where X4 = {p € X : A-p = p}. Since
(X4 is finite, then the convex hull of 114(X) is a polytope.

Suppose that the G action on X has a unique closed orbit, which is a K orbit [15]
denoted by O. Let ¢ be a maximal Abelian subalgebra containing a. Since p,(Q) =
Ta(ptar (O)), by a Theorem of Kostant [58] it follows that u4(QO) is a polytope.

Theorem 4.1.2. Suppose the G-action on X has a unique closed orbit O. Then p,(X) =

1a(O) and so it is a convex polytope.

Proof. Let o be a face of P. Since P is a polytope, any face is exposed [(7]. Therefore,

there exists £ € a such that

o={a € P: max,ep(y,§) = (o, &)}

Then

Y = pg(0) = {z € X : maxgexps(x) = py(2)}.
In fact, it is easy to see that Y C pug'(c). Suppose z € u;'(o), then py(z) € o and
max,ep(7,€) = (pa(2),€) = p5(2). Hence, z € Y. By Lemma 3.0.1, Y is G¢*-invariant.
By Proposition 4.1.1, let z € Y be such that G¢* - 2 is closed. But G = KG**, then G - 2

is closed. Since the action of G on X has a unique closed orbit, G - z = O. Therefore,

maXxEP<xa £> = IMaXgeu,(0) <$, €>
By Proposition 1.1.7, ua(O) = P. Hence, 114(X) = pq(O) is a polytope. O

Remark 4.1.3. In the above assumption, applying the main Theorem in [12], the convex
hull of 1, (X) coincides with the convex hull of p,(O). Hence the convex hull of p,(X) is
the convex hull of a K-orbit in p and so a polar orbitope [15].

4.1.1 Abelian convexity from Non-Abelian convexity

The non-Abelian convexity theorem implies the Abelian convexity theorem. This is the

purpose of this section.

61



Let a C p be a maximal Abelian, a, positive Weyl Chamber. If A € a,, we denote by

Ay = Conv{w\ : w € W},

where W = g:((g)) is the Weyl-Group. If G = UC, then the following result is proved in

[34]. The authors applied Kirwan’s Theorem [55] for the action U x T on the cotangent

bundle 7*U, where T is a maximal torus of U. Our proof uses a result of Gichev [31].
Theorem 4.1.4. If S C a, is a convex subset, then,

St = J{ar:re sy (4.1)
is convez subset of a.

Proof. Let
Ao ={(A\p) Eay xa:pe Ay}

We claim that A is convex. Let (Ay, 1), (A2, t2) € Ay
tA, 1) + (1= 8) (Mg, p2) = (EAL + (1 = ) Ao, tpa + (1 = ) pia)
Now, from [31] we have
Awn+(1-tr) = Don, + Appn, = AN + (1 —1)Ay,

and so
tiy + (L —t)ps € A(ta+(1=t)r2)-

This shows that Ag is convex. Let

T iap Xa— ap

and
o @Oy X a—a.
Then,
S# = my(mH(S) N A)
and so it is convex. O
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Theorem 4.1.5. Let p, : X — p be the gradient map. Let a C p be a mazimal Abelian

subalgebra and let g = mq0p1, be the corresponding gradient map. If p,(X)Nay is convex,

then

pa(X) = (1p(X) Nay)7, (4.2)
and so convez.
Proof. The action of K on p is polar and a is a section [27]. Moreover, if = € p, then

K-z N a+ = {A}
By a beautiful Theorem of Kostant [58], m,(K - ) = Ay and so a polytope. Therefore
pa(X) = (e a:pe Ay where A€ my(X)Nay} = (1p(X) N

By the above Theorem, p4(X) is convex. O

4.2 Convexity results of Gradient map on coistropic
submanifold

In this section, we continue to investigate Abelian convexity properties of the gradient
map. We give a new proof of the convexity property of the gradient map for X = Z,

avoiding the Linearization Theorem.

Theorem 4.2.1. Suppose (Z,w) is a connected and compact Kihler manifold. Then
et Z — @
s a convex polytope.

Proof. Let ¢ € a and {t, }en be a sequence such that ¢,, — co. Denote by g, = exp(t,£).
By Theorem 2 in [3], up to passing to a subsequence, there exist a proper analytic subset
U of Z such that

Gn : Z\NU = Z,  gn = Yoo,
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where @, is non-dominant meromorphic map. Note that Z \ U is connected and Zariski

open. Since g, = exp(t,£), it follows ¢, (Z \ U) C Z* where
78 ={x e Z:&H(x) =0}

The vector J¢ is a Killing vector field and so Z¢ is smooth, possibly disconnected, sub-
manifold of Z [57]. Since Z \ U s connected, ¢ (Z \ U) is contained in a connected
components of Z¢ which we denoted by Z.
Set 11§ := (11a, €). p§(Zp) is constant. We claim that
15(Zy) = max,e 8.
Indeed, let xy € Z :
115(x0) = ¢ = max.ez 5.
Let € > 0. There exist neighbourhood N of xq such that

HE(N) C (e — € d].

(Z\U)NN #0. Pick pe (Z\U)N N. Then

c—e < pi(p) < 1g(9es(p)).
Therefore
1E(Zo) = ¢ = max.ez .
Let P = Conv(uy(Z)). By a Theorem of Atiyah [5], see also |9, 17], for any p € Z we
have

pa(A-p) = Conv(pa(ZA N A D)) C pa(p) + ay, (4.3)

where ZA ={z€ Z: A- 2=z} and qa, is the Lie algebra of A,. Since Z is compact, the
set Z* has finitely many connected components. By (4.3), it follows that yu,(Z4) is finite
and P = Conv(j,(Z*)). This implies that P is a polytope.

Let xg,x1, -+ ,x, € P be verticies. Since P is a polytope any face is exposed. Then

there exist &y, &1, -+ , &, € a such that
z; ={0 € P:(0,&) =maxyep(y,&),i =0,1,--- ,n}.
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Denote ¢; = (x;,&;). There exists Uy, - - - , U, proper analytic subset and and a ¢y — +00

such that limy_,. exp(tn&;) exists in Z \ U;. Moreover, if z; € Z \ U;, then

lim exp(tn&;) - zi € (pg) ' (e:) = g (X5)-
N—o0

Now,

(Z\Ug) N (Z\U) NN (Z\U,) = Z\ (UgUU,U---UU,) %0,

then
A-pnpg () #0,

whenever p € Z\ (UyUU U---UU,) for any i =0, --- ,n. By Atiyah-Theorem, see |9, 15],

pa(A - p) = Conv(pa(Z*)NA-p) = P.

Therefore

fa(Z) = P.

Corollary 4.2.1.1. In the above setting, the following hold true:
a) {p € Z : pa(A-p) = pa(Z)} contains an open and dense subset of Z.

b) Any local mazimum of u§ is a global mazimum. Indeed, we have proved that the
unstable manifold of the critical component co corresponding to the mazimum is

Zariski open.

We now prove the convexity property of the gradient map when X is a connected,

compact coisotropic submanifold of (Z,w).

Definition 4.2.1. A submanifold X C (Z,w) is coisotropic if for any p € X, we have

(T,X)* C T,X.
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Since (Z,w) is Kéhler ,

(T,X)*" = J(T,X)").
Lemma 4.2.2. If X is coisotropic, then for any p € X, we have
X+ J(1,X)=T,Z.

Proof.
J(T,X)) C T,X.

Applying J we have
(T,X)* c J(T,X).

And so
T,X + J(TpX) =T,7Z.

]

Lemma 4.2.3. Let X be a A-invariant compact connected coistropic submanifold of
(Z,w). Let £ € a. Then

mawpexuﬁ = maxzezuﬁ.

Moreover, the unstable manifold associated to the maximum of y§ is open and dense.

Proof. Let VVO5 be the unstable manifold of the critical component Cy satisfying p5(Cp) =

¢o. Assume that Cy corresponds to a Local maximum. Since
Vislx = Vg,
it follows that
W =wen X,
where W¢ is the unstable manifold in Z of the critical components Cy such that

15(Co) = 15(Co) = co-
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By a Linearization theorem in [14], VI}OS is a complex manifold and W(f is open in X. Let
pE Wg . Since

T,W¢ = T,X C T,W¢,
it follows that

T,X + J(T,X) C T,W¢.

By Lemma 4.2.2, I/I_/é is open. Since p§ : Z — R is Morse-Bott of even index, it
follows that p§ : Z — R has a unique local maximum and so Vi_/g is open and dense.

Therefore ji, : X — R has also a unique local maximum. This proves

MaXpex (1 = MaXez/l§.

Since u§ : X — R is Morse-Bott, applying Theorem 1.6.13 we get that, the unstable
manifolds different from W have codimension at least one. This implies that W is also
open and dense in X.

]

Theorem 4.2.4. If X is a A-invariant compact connected coistropic submanifold of
(Z,w). Then

Ha(X) = pa(2),
and so a polytope. Moreover, there exists an open and dense subset W of X such that for

any p € W, we have
fa(X) = pa(A-p).

Proof. Let ¢ € a, by Lemma 4.2.3,
maxpexuﬁ = maXzeZM§7

and the unstable manifold associated to the maximum of u§ is open and dense. By

Proposition 1.1.7,
1a(X) = pa(2).
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By Proposition 3.1 in [9], the set

{peX:pa(A p)=p(X)}

is open and dense, concluding the proof. O

4.3 Lagrange submanifold

The result of this section is obtained by Windare in [69]. The norm square f define a strat-
ification on X (section 2.1). Non-Abelian covexity result essentially use the stratification
theorem |16, 54|. In a situation where the convexity result holds, the minimal stratum,
the stratum where the normed square attains its minimum is unique. The uniqueness of
the minimal stratum holds if X = Z and G = U®. In this situation, a general convexity
results are available [36, 54].

In a general setting, there is still a minimal stratum and this stratum is always open.
However, there could be more than one minimal strata and other open strata that are
not minimal. Heinzner P and Schiitzdeller P proved the convexity result in a projective
setup [16].

In this section, we find a special case where the minimal stratum is the unique open
stratum in X.

Suppose as above that the action U® x Z — Z is holomorphic, U preserves w and that
there is a U-equivariant momentum map p : Z — u. Let the function F': Z — R defined
by

F(z):= % | we(2) |12, for ze€ 7 (4.4)

denote the norm square of the momentum map.
Suppose G C UC is a real form. This means that g = £ @ p implies u = £ @ ip and the
momentum map f decompose to p = e ® —ip,. We fix a G-invariant compact Lagrangian

submanifold X of Z such that X C g, '(0) and let f : X — R defined by

fa) =5 I m(@) |2 for e X (45)
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denote the norm square of the gradient map for the G-action on X.

Note that the condition X C p, *(0) is always satisfied if G has finite fundamental
group. Indeed, since X is Lagrangian, pu, restricted to X is constant and the image lies
in the center of the Lie algebra of K. Hence, if G has a finite fundamental group, then K

has a finite fundamental group and so K is semisimple and the center of K is finite.
Lemma 4.3.1. x € X is a critical point of f if and only if x is a critical point of F.

Proof. Since p decompose to p = e @ p1p, and X C g '(0) then, p|x = py|x. This implies
that for x € X, the negative gradient flow of f through x coincides with the gradient flow
of F' through x and so, the result follows. O

Lemma 4.3.1 asserts that for 5 € p, K - 3 is a critical orbit of f, if and only if U - i3

is a critical orbit of f.

Theorem 4.3.2. Suppose X is a G-invariant compact connected Lagrangian submanifold
of Z such that X C u;l(()). Then there exists a unique open stratum in X. Moreover,

this stratum is dense in X.

Proof. 1t is well known that the strata associated with F' are locally closed submanifolds
of Z of even dimension [51]. Since it is impossible to disconnect a manifold by removing
submanifolds of codimension at least two, there must be a unique open stratum. Let wa
be the stratum associated with the minimum of F' for the U%-action on Z. m is the
unique open stratum of F'. We set Sz = TwﬂX which is a stratum of f by Lemma 4.3.1.
We claim that Sg is the minimal stratum of f. Indeed, For p € S, TS5 = T,X C T,S_is
and J(T,X) C T,5_;5. This means that 7,55 ® J(1,S5) = T,Z. This implies that Sj is
open. Suppose it is not the unique open stratum. Then for each open stratum SE’ there
exists % such that SE = TJB N X. Then TZ}; is open. But S5 is unique. It follows
that Sp is the unique open strata associated with f.

Since X is compact, there are finitely many strata [15, 8.5]. But X has exactly one
open stratum and the other strata are codimension at least one. This implies that the

union of these other strata has empty interior. Thus, the open stratum Sg is dense. [
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Let 8 € p. The orbit U - § can be identified with the coadjoint orbit U - (—if5) C u
which is a complex flag manifold. There is an induced U®-action on U - 8 and the map
pp: ZxU-B —u (x,8) — p(z) — Ady€ with g € U is the moment map for the U-action
on Z x U - . There is a corresponding Gradient map called the shifting of 1, with respect
to B given as py5: X X K-8 = p, (x,&) — p, — AdyS.

By a result in [33], K - § is a Lagrangian submanifold of U - 8. Hence, X x K - is a
Lagrangian submanifold of Z x U - f and X x K - C /L;é(O)

Corollary 4.3.2.1. In the above assumption, the norm square of the gradient map p, s

has a unique open stratum which is dense.

Let a be the maximal Abelian subalgebra of p and a, a positive Weyl chamber of a.

Using Theorem 4.3.2, the following non-Abelian convexity theorem holds.

Theorem 4.3.3. Suppose X is a G-invariant compact connected Lagrangian submanifold

of Z such that X C pg '(0). The set p,(X) Nay is a convex polytope.

Proof. The proof follows the geometric idea used in Kirwan’s proof of convexity result in
[55]. The proof used the fact that if a subset D of a Euclidean vector space is a finite
union of convex polytopes and is not convex, then for any sufficiently small » > 0 there
exists a point § € a such that the closed ball centered at § with radius r meets D in
precisely two points.

(X)) Nay is a finite union of convex polytopes |16, 8.5]. Suppose 1, (X) N ay is not
convex. There is a point § € a, and r > 0, such that the boundary of the closed ball B,.(3)
meets ,(X) Nay in at least two points. This implies that the function || u, 5 [|* attains
its minimum value in two or more points. Suppose & and & are two of the minimum
points of || w5 ||?, then since & # & and keeping in mind that K - & Nay = {&}, by the
stratification theorem [15], see also Theorem 2.1.4, we have two disjoint open strata S,

and S¢, and this is a contradiction of the above lemma. O
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4.4 Two orbits variety

In this section we investigate two orbits variety.

Definition 4.4.1. Let X be a compact and connected G-stable submanifold of (Z,w). We

say that X s a two orbit variety if G-action on X has two orbits.

Example 4.4.1. SL(n,R) acting diagonally on P*(R) x P"(R) is a two orbit variety.
The two orbits are {(p,q) € P"(R) x P*(R) : p = ¢} and {(p,q) € P"(R) x P"(R) : p # q}.

The norm square f has a maximum and a minimum. By the stratification theorem,
Theorem 2.1.4, keeping in mind that the strata are G-invariant, X is the union of a closed
G-orbit S, ., where the norm square achieves the maximum, and an open G-orbit S, ,
the stratum relative to the minimum of the norm square. We then show that f is a

Morse-Bott function.
Theorem 4.4.1. If G acts on X with two orbits, then
a) the function f: X — R given by
1 2
f@) = lm@) P for weX.

1s Morse-Bott; it has only two connected critical submanifolds given by the closed G-
orbit Sa,,.., the stratum associated with the mazimum of f and by a K-orbit Ss,, ,

the stratum associated with the minimum of f.
b) The Poincaré polynomial Px(t) of X satisfies
Px(t) =t~ Ps, () +Ps, ()= (1+1)R(1),

where k is the real codimension of Sga,,,, in X and R(t) is a polynomial with positive

integer coefficients. In particular x(X) = x(Sg,0.) + X(S8,.:m):

c) The K-equivariant Poincaré series of X is given by

Pg(t) =t"- Py (1) + Psf;mm ().
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Proof. We first proof (a). Consider the function f and its critical set C. f is non constant
on X; in fact if f is constant, then every point of X is a maximum point and in view of
proposition 2.1.10, all G-orbit would be closed.
By Theorem 2.2.8, we have that Sg . consist of a single K-orbit, and so it is connected.
Since f realizes its maximum value at any critical point z belonging to Sg,, .., then by
Proposition 2.1.8d
H,(f) <0 on T,(Ss,,.)"

Now we show that the Hessian of f at a critical point z belonging to S, is non degenerate
in the normal direction. Set ji,(z) = Bin = B.

Suppose  # 0. By Remark 2.1.9,

T2Spin = Tu(G - ) = To(K - ) 69136 cx@Pt. x,

where t%* is the Lie algebra of R°*. By Proposition 2.1.8b,

H,(f)>0 on p’ -z’ a

Since H,(f) > 0, it follows that
T.(G-2) =T, (K -z) & (p° -2 T - 1)
Suppose 3 = 0. Let & = Zpin. By Theorem 2.2.8, p,*(0) = K - .
ket diy(z) = (- 2)*

By Proposition 2.1.7,
Hy(Nlpa) > 0.

T,X =T,(G - z).

Since K - Tpin C ker dpty(Timin), it follows that

T.(G-2)=K-z+p-z=T,X
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H,(f)|(x-2) = 0.
T,.X=K zo&'p-x.

By dimensional reason, H,(f) is non degenerate.
These show that H,(f) is non degenerate. Hence f is Morse-Bott. The statements in
(b) and (c) follow from the general theory in [54]. O

Now, we investigate the convexity property of gradient map of a two orbit variety.

Since X has a unique closed orbit, we derive the following result.
Theorem 4.4.2. If X is a two orbits variety, then p.(X) is a polytope.

Proof. A two orbits variety have one closed orbit while the other is open. Hence, it has a

unique closed orbit and the result follows from Theorem 4.1.2. n
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Chapter 5

Stability, analytic stability for real

reductive Lie groups

Let (Z,w) be a connected Kdhler manifold, U a compact (we do not assume that U is
connected) Lie group with Lie algebra u and U® the complexification of U. Suppose U®
acts holomorphically on Z with a momentum map p: 2 — u.

In this chapter, we study the Hilbert Mumford criterion for semistability and polysta-
bility points associated with the actions of real reductive groups on real submanifolds of
Kéhler manifolds. Most of the results of this chapter are obtained in a joint work with
Biliotti [19] and has been accepted for publication on The Journal of Geometric Analysis.

In section 5.1, we define the stability conditions and the maximal weight associated
with the gradient map and some of its properties are given.

In section 5.2 we introduce and discuss the class of energy complete actions and we
prove the moment-weight inequality (Theorem 5.2.7).

In Section 5.3 we introduce the notions of analytic semistability and polystability. we
prove that the semistability condition, respectively polystability condition, is equivalent
to analytic semistability condition (Theorem 5.3.4), respectively analytic polystability
condition (Theorem 5.3.6). We also characterize the semistable and polystable points in

terms of one-parameter subgroups (Corollary 5.3.4.1 and Corollary 5.3.6.1).
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In Section 5.5 we compare the set of semistable points of different compatible sub-
groups. Roughly speaking, we prove that if H C G is compatible then the set of the
semistable points with respect to GG is contained in the set of semistable points of H.
Given a maximal Abelian subalgebra a C p, we have X;° = Meer BX;2. Finally, if
Z # (0, then Z 1 1s open, connected and dense.

In Section 5.6, following Teleman [1], we introduce the notion of symplectization of
the UC action with respect to G.

In the last section 5.7, we characterize the stability conditions in term of the Kempf-
Ness function under the assumption that X is compact (Theorems 5.7.2, 5.7.3 and 5.7.4).
We conclude the section with the Hilbert criterion for semistability condition with the

compactness of X (Theorem 5.7.5).

5.1 Stability and Maximal Weight Function

Let G C U® be a closed compatible subgroup. G = K exp(p), where K := GNU is a
maximal compact subgroup of G and p := g Nu; g is the Lie algebra of G.

Suppose X C Z is a G-stable locally closed connected real submanifold of Z with the
gradient map p, : X — p. We recall that by G, and K, we denote the stabilizer subgroup
of x € X with respect to the G-action and the K-action respectively and by g, and €,

their respective Lie algebras.

Definition 5.1.1. Let x € X. Then:
a) x is stable if G- x N ,up_l(O) # 0 and g, is conjugate to a Lie subalgebra of €.
b) x is polystable if G - x Ny, (0) # 0.
¢) x is semistable if G - x 0 py '(0) # 0.

We denote by X e Xy X the set of stable, respectively semistable, polystable,

points. It follows directly from the definitions above that the conditions are G-invariant
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in the sense that if a point satisfies one of the conditions, then every point in its orbit
satisfies the same condition, and for stability, recall that g,, = Ad(g)(g.)-

One may define a relation ~ on X;* where x ~ y if ,up_l(O) NG-zNG-y# (. This
relation is indeed an equivalence relation [11] and we denote the corresponding quotient
by X i //G and call it the topological Hilbert quotient of X 1, by the action of G. Let
m: X, — X;°//G denote the quotient map. The results of Heinzner-Schwarz-Stétzel

[15, Quotient Theorem p.164| and |14, 17], show the following theorem.

Theorem 5.1.1. The subsets bep, Xﬁj are open subset in X. Moreover, the topological

Hilbert quotient XZj//G has the following properties.

a) Every fiber contains a unique closed G-orbit. Any other orbit in the fiber has strictly

larger dimension.
b) The closure of every G-orbit in a fiber of m contains the closed G-orbit.

c) every fiber of m intersects up_l(O) i a unique K-orbit which lies in the unique closed

G-orbit.
d) the inclusion ju,"(0) — X induces a homeomorphism p, ' (0)/K = X2/ /G.

Therefore X i //G can be identified with the space of polystable orbits. On the other
hand the set of polystable points is in general neither open nor closed. The following result

establishes a relation between the Kempf-Ness function and the polystability condition.
Proposition 5.1.2. Let x € X and let g € G. The following conditions are equivalent:
a) pyp(gz) = 0.
b) g is a critical point of ®(z,-).
c) g 'K is a critical point of ®,.

Proof. Lemma 2.2.1 proves (a) is equivalent to (c). Since ®(z,-) is K-invariant it follows

that (b) is equivalent to (c), concluding the proof. O
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Proposition 5.1.3. Let x € X.
o [f x is polystable, then G, is reductive.
o [f x is stable, then G, is compact.

Proof. Assume p,(z) = 0. By Lemma 1.6.8, G, is compatible. Therefore if x is stable,
respectively polystable, then G, is compact, respectively reductive. Since Gy, = G9!,

the result follows. O]

5.1.1 Maximal Weight Function

In this section, we introduce the numerical invariants A(z, 5) associated to an element
xr € X and 8 € p.
For any t € R, define A(x, 3,t) = (uy(exp(tf)z), B).

A, 6,8) = (ep(t9)2), 6) = 5 (e, expltB)),

where ® : X x G — R is the Kempf-Ness function. By the properties of the Kempf-Ness

function,
2

d d
a)‘@jvﬁﬂf) = @@(m,exp(tﬁ)) > 0.

This means that A(z, §,t) is a non decreasing function as a function of t.

Definition 5.1.2. The maximal weight of x € X in the direction of B € p is the numerical

value

Mz, B) = tlim Az, B,t) € RU{oo}.

From the proof of Lemma 1.6.3 we have

D2 .1) =I BxexptB)) |

and so,

N 5ut) = (o)) + [ Bx(exp(sB)e) | ds
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For any » € X and 3 € p, we consider the curve ¢ : [0, +00) — X defined by c?(t) =

exp(tf)z. The energy functional of the curve ¢? is given by

400
B() = / | Bx (exp(tB)a) | dt.

Thus,
Az, B) = Az, 8,0) + B(c7), (5.1)

Lemma 5.1.4. Let x € X and let f € p. Then the function (0,00) — R : ¢ —

t=1®(z,exp(tf)) is nondecreasing and

Az, f) = lim

®(z, exp(tf))
t—o0 t )
Proof. Since

d
E(I)(x,exp(tﬁ)) = Az, B,1),

we have
t
Blr,exp(t9) = [ Alw,5.5)ds.
0
Since A(z, 3, s) is nondecreasing and by definition of maximal weight, we have

Mz, B) = lim — t)\(a:,ﬁ,s)ds _ Jim 2 P(5))

t—oo ¢ 0 t—o0 t

That the function ¢ — ¢t '®(z, exp(t3)) is nondecreasing follows from the fact that the

function t — ®(z, exp(tf)) is convex. O
The following Lemma will be needed [4]. We include the proof for completeness.
Lemma 5.1.5. Let V' be a subspace of p. The following are equivalent for a point v € X :

a) The map ®(x,-) is linearly proper on 'V, i.e. there exist positive constants Cy and
C5 such that:
[v][< Ci1®(z,exp(v)) + C2, Vv eV

b) Mz, B) > 0 V8 € V\{0}.
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Proof. (a) implies (b): By the inequality in (a), for any g € V, t € R, ¢t || g ||<
C19(x, exp(tf)) + Cy. This shows that

(ar,exp(t5) = Mz, 5,1) > 0

for 5 # 0 and sufficiently large ¢. Since the function s — A(z, [, s) is nondecreasing,
keeping in mind the definition of A\(x, ), (b) holds.

Suppose A(z, #) > 0,V8 € V\{0}. Suppose by contradiction that there are no positive
constants (C4, Cy) for which the inequality in (a) holds. Then that will implies that there

is a sequence (8,), in V such that

n®(x, exp(Ba)) +n* <[| B || - (5-2)

Observe that lim,,_, || 5, ||= oo, otherwise, (5,), would have a bounded subsequence
(Bn,, )m- It will then follow that (®(x,exp(f,,,))m would also be bounded which will
contradict (5.2).

From (5.2), we have

O(x,exp(Bn)) n? 1

AR

In particular,
O(x,exp(f,)) 1
— <
| B | n

Set a, =|| B ||, bn = ”g:”, and choose tg € R. By the convexity property of ®,

O (z, exp(ayby,)) > O(x, exp(toby)) + (an, — to)i

o O (z, exp(thy,))

t=0

= CI)(,I', eXp(Bn)) > CI)(.%‘, eXp(tObn)) + (an - to))\(ft, bTLu tO) van > 1o
(I)(‘Ta eXP(tobn)) + (an — t0>/\<x’ bn7 tO) CI)(:E: eXp(Bn)) 1

— < < -
I Bn | I Ba | n
We get,
O (z, exp(toby)) ( to ) 1
+ {1 ——— ) M, by, ty) < — (5.3)
| B | | Bn | n
The sequence (b,), has a subsequence which converges to, say by € V with || by ||= 1.

Taking the limit of (5.3), we have A(z, by, o) < 0. But this implies that A(z, by) < 0, which

contradicts the assumption. O]
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We conclude this section proving a numerical criterium for the stability condition. We

start with the following Lemma.

Lemma 5.1.6. Let x € X be such that py(x) = 0. Then A(z,5) > 0 for any 5 € p and
Mz, B) = 0 if and only if Bx(x) = 0. In particular, x is stable if and only if \(x, ) > 0
for any B € p\{0}.

Proof. Let B € p and let
p(t) : R — R, t — O(x,exp(tf)).
p is a convex function and

Az, B) = p'(t) = (up(exp(tB)z), B).

Since p'(0) = (up(z), B) = 0, keeping in mind that p'(¢) is nondecreasing, it follows that
Az, 8) > 0 and A(z, 8) = 0 if and only if p'(¢f) = 0 and hence if and only if Sx(z) = 0.
By Proposition 1.6.8, GG, is compatible. Hence x is stable if and only if G, C K and so if
and only if A(z, 5) > 0 for any 8 € p\{0}. O

Theorem 5.1.7. Let x € X. Then x is stable if and only if \(x, 5) > 0 for any 5 € p\{0}.

Proof. Assume A\(z, ) > 0 for any 5 € p\{0}. By Lemma 5.1.5, keeping in mind that
exp : p —» G/ K is a diffeomorphism, it follows that ®, is an exhaustion. Hence ®, has a
minimum and so a critical point. By Proposition 5.1.2, z is polystable. Hence there exists
g € G such that p,(gr) = 0. We claim that ®(gz, -) is linearly properly on p. Indeed, by

cocycle condition, we get
O (gx,exp(§)) = P(x,exp(§)g) — P(z, g).

Write exp(§)g = k(£) exp(0(€)). Then ®(gz,exp(§)) = @(x, exp(0(£)) — @(z,g). In [6],
the author proves that there exist A; and Ay such that || € |2< Ay || 0(€) ||* +As. Since

®(x,-) is linearly proper on p, it follows that ®(gx,-) is linearly proper on p as well. By

Lemma 5.1.5 and 5.1.6, it follows that gz is stable and so z is stable as well.
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Assume that z is stable. Then there exists g € G such that p,(gz) = 0. By Lemma
5.1.6, A\(gz, ) > 0 for any 5 € p\{0}. By Lemma 5.1.5, ®(gz, ) is linearly proper on
p. As in the previous part of the proof, one has ®(x,-) is linearly proper on p and so

Az, B) > 0 for any 5 € p\{0}. O

5.2 Energy Complete

Let p, : X — p denote the G-gradient map associated with the momentum map u :

Z — u.

Definition 5.2.1. The G-action on X is called energy complete if for any v € X and for
any B € p, If B(c?) < oo then lim; o exp(tB)x exists.

By Corollary 1.6.9.2, if there exists a sequence {t, }nen such that lim,, | ¢, = co and
lim,, o0 exp(t,B)x converges then the curve ¢, (t) = exp(tf)x has a limit as t — oo. The

proof of the following result is similar to [/, Proposition 3.9].
Proposition 5.2.1.
a) If X is compact, then the G-action is energy complete;

b) if G acts on a complex vector space (V,h), where h is a K-invariant Hermitian

scalar product, then the G-action is energy complete;

c) if G C SL(n,R) is a closed and compatible, then the G-action on R™ is energy

complete.

Proposition 5.2.2. Let z € X and let 5 € p. Then A(z,3) < 400, if and only if
E(c?) < co. Moreover, if E(c?) < oo, denoting by y = limy,,,  exp(tB)x, then y € X
and Mz, B) = (up(y), 5).

Proof. Since
Mz, B) = (pp(2), B) + E(c7),
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it follows that \(x, 3) < +oo if and only if F(c?) < +00. Assume that E(c?) < +oo. Let

y = limy, o exp(t5)x. Since fx is the gradient of uf, it follows that y € X? and

Az, ) (pp(exp(tB)x), B) = (up(y), B)-

= lim
t——o00

]

We claim that the maximal weight satisfies a G-equivariant property. We start with

the following Lemma.
Lemma 5.2.3. Let ¢ and let g € GP~. If E(cf]) < 400, then E(c},) < +oo0.

Proof. Since E(c?) < 400, it follows that limy_, ;. exp(t3)z exists. The element g € G~

and so the limy,, o, exp(tf) g exp(—tf) exists. This implies that

t’Liinw exp(tf)gr = t£+moo (exp(t,@) g exp(—tﬁ)) exp(tf)x exists.

By the definition of the maximal weight, it follows that A(gz, 8) < +00. By Proposition
5.2.2, we get E(cgz) < 400, concluding the proof. ]

Lemma 5.2.4. Let g € G°~. Then gz, B) = Nz, B).

Proof. Assume E(c?) < 4o0. Then limy o exp(tf)z =y and y € XP. Since g € G77,
it follows that limy,, ., exp(t3) g exp(—t3) exists and it belongs to G®. Hence

lim exp(tB)gz = lim (exp(tB) g exp(—tB)) exp(tB)r = goy,

t——+00

for some g, € G?. By Proposition 1.6.11, it follows that

M, B) = (p(y), B) = (p(90y), B) = Mg, B).

If E(cf) = oo, then A(«,3) = +oo. By Lemma 5.2.3, E(c},) = +oo as well and so
Mgz, B) = +o0. O

Let g € G. By Proposition 1.5.1, g = kh, where h € G®~ and k € K. The following

two propositions are similar to the results stated in |4, Propostion 2.11].
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Proposition 5.2.5. In the above assumption, we have

Mgz, B) = Ma, Ad(k™1)(8)).

Proof. By the above Lemma, it is enough to prove that A(kx,3) = Az, Ad(k~1)(B)).
Since py(exp(tB)kz) = kup(exp(tAd(k1)(5))), it follows

Ak, B) = (tp (exp(tAd (k™) (B)x), Ad(k™1)(8)) = A, Ad(k1)(B))-

lim
t—+o00
]

Proposition 5.2.6. If (x,, 5,), converges to (x, ) then A(z,f) < liminf, . A(zn, Bn).

Proof. We prove by contradiction. If the statement was false there would exist € > 0 and
a subsequence (T, , Bn, )m Of (Zn, Bn)n such that the limit lim,, o A2y, , 5y, ) exists,
finite and A(z,5) > limy— 100 AM(@n,,, Bn,,) + €. We can choose sufficiently large t such
that A(z, 8,t) > limy,—yo0 AM(@n,,,, Bn,,) + 5. However, since A(n,,, Bnn) = MZns Bos £,
(because A(z, 3, t) is an increasing function) and (z, 8) — A(z, §,t) is continuous on X X p,

we have

im Azn,, Be) > Hm AN, B t) = Ma, B,t) > Lm Azn,, o) + <.

m——+00 m——+00 m——+00 2

which is not possible. O

The following result is the moment weight inequality which is an important ingredient
to prove our results. We give a proof of this inequality applying the idea in [30, 23] which

was due to Xiuxiong Chen to our case.

Theorem 5.2.7. (Moment-Weight Inequality). For every x € X, 8 € p\{0} and g € G,

—)\(37,5) T
Al <[ pp(g) || -

Proof. Let € X and g € p\{0}, and g € G. If A\(z, ) = +00, then the result follows.
Assume that \(x, 5) < +00. By Proposition 5.2.2, limy,,, o, exp(t3)z exists.
Define « : [0,00) — p and k : [0, 00) — K such that

exp(a(t) k(t) = exp(tB)g~". (5.4)
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We claim that
lim a(t) = p .
tooe [ a(t) | [ B
To prove this, observe that exp(—a(t))exp(t8)g~' € K. Then from Lemma C.2 in [30],

there is a positive constant ¢ such that || t5 — a(t) ||[< ¢ for all ¢ € [0, 00). Therefore, for

any t € (0,+00), we have

a1 reernl = ez o, ol
181~ H ol ETA] tHBH twu tu
_lts—a@ | ‘ - ‘
< ey Tle® Ht||6|| ]
B —a@ |l 1181~ @]
B 8]
2c
< .
S ENB]
Therefore
Looalt) B
e [a@) [~ 1A

For any ¢ € (0, +00), applying Lemma 1.6.3, the function

s g(s) = (up(exp (sk™ ()a(t)k(t)) gz), k= (H)a(t)k(t))

is nondecreasing. In particular

9(0) = (pp(g), k™ (H)a(t)k(t)) < g(1) = (py (exp(k™ (H)a(t)k(t))gz) , k™ (H)a(t)k(L)).
Therefore, keeping in mind that exp (k™ (¢t)a(t)k(t)) = k~1(t) exp(¢3) and py, is K-equivariant,
we have

— I i(g) | <l et) 77 (p(g), k™ (D alt)k(L)
<[ a(t) [I7" (pp(exp(A™ ()a(t)k(t))g), k™ (H)a(t)k(t))
=[ a(t) |71 {up(k ™ (1) exp(tB)z), k™ (H)a(t)k(1))

i ot) 88
= {mleste) o ~ T T
= -1 ex x ex x a(t) — ﬁ
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Since limy, , o, exp(tf)x exists, taking the limit ¢ — 400, we have

_ . L ((exp(tB)a), B) _ Alz, B)
I i(g) < Jim T3] 5T

Hence,

—)\(ZB,B) ~
Al <l ppg) |l

As an application of the general moment-weight inequality, we have the following:
Theorem 5.2.8. If z € X is semistable, then \(x, ) > 0 for any f € p

Proof. If x € X is semistable, then infs || py(g9z) ||= 0. Suppose by contradiction that
there exists a # € p\{0} such that A(z,3) < 0. Then by Theorem 5.2.7, for any g € G,

we have

—A(JZ‘,B)

0< N <|l py(g) |

and so infg || pp(gz) ||> 0. which is a contradiction. Therefore A(z,3) > 0 for any
gep. m

5.3 Analytic semistability and Polystability

Definition 5.3.1. A point x € X is called:
a) analytically stable if A(z, ) > 0 for any 5 € p\{0};
b) analytically semi-stable if AN(z, ) > 0 for any § € p;

c¢) analytically polystable if N(x,3) > 0 for any B € p and the condition \(z,3) = 0
holds if and only if limy ., exp(tf) € G - .

Theorem 5.1.7 proves that x is stable if and only if z is analytically stable. From
now on, we assume that the G-action on X is energy complete. What follows are the
Hilbert numerical criteria for polystability and semistability under the assumption that

X is energy complete. We begin with the following Lemma.
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Lemma 5.3.1. Let x € X and B,« € p be such that [B,a] = 0. Suppose that limits y :=
limy o exp(tfB)z, z = limy, o exp(ta)y exists. By the energy completeness property
the lemma will be needed only when these limits exist. Then there exists o > 0 such that
for 0 < e <9, we have

lim exp(t(B + ea))z = z.

t—+o0

Proof. Fix x € X. Then y € X? and 2z € X* N X?. Let a = span(a, ) and A = exp(a).
Since the exponential map is a diffeomorphism restricted on p, it follows that A is a closed
and compatible subgroup of G. Then z is fixed by A and by the linearization theorem,
Corollary 1.6.9.2, there exists A-invariant open subsets 2 C X and S C T.X and a A-
equivariant diffeomorphism ¢ : S — Q such that 0 € S, z € Q, p(0) = z, dpy = idr. x.
Since z = limy_, | o, exp(ta)y, there is ty such that exp(topa)y € Q. Since  is A-invariant,
we get y € () and also, x € ). Thus we can study all the limits in the linearization
S. Hence, keeping in mind Proposition 1.6.10, we may assume that (2 = R", o, are
symmetric matrices of order n satisfying [a, ] = 0. From now on, the proof is similar to
one given in [22, pag. 1036]. For sake of completeness we give the proof.

The matrices o and 3 are simultaneously diagonalizable. Decompose V' = €@ AeSpec(8) Vi.
This means ), = Agldy,, . Since limy, 4o exp(t3)x = y, it follows that = vo+v1, where
vg € Vo and vy is the sum of some eigenvetors corresponding to negative eigenvalues.
Therefore limy,, o exp(tf)x = vo + limy, 1 o exp(tS)vy and limy,,, o exp(t5)v; = 0. This
implies vy = y.

Let

i A ec —00 ec(«
5:m1n{m.)\68p (8) N (0, ), 1 € Sp ()\{0}}

If A € Spec(B) N (0, —c0), then

=NV @ (anw,),
peESpec(a)\{0}

where W, = Ker«a and Yy, = pldy,. Let € < 6 and let v € V). Then v = wy +

2 pespee(a)\ {0y Wu and so

(a+€ef)v = dwy + Z (A + ep)w,
peSpec(a)\{0}

86



with A+ ep < 0 for every p € Spec(a)\{0}. Therefore limy,, exp(t(5+ €ea))v = 0. This
holds for any A € Spec(3) N (—o0,0). Now, keeping in mind that x = y + vy, where v; is

the sum of eigenvectors of 3 associated to negative eigenvalues, we have

lim exp(t(8 + ex))x = tiEEloo exp(t(8 + ea))(y + v1)

t—+00

= lim exp(tea))y + tliin exp(t(B + ea))ny
400

t—+00

= lim exp(ta))y

t—+-00

= Z.

]

Lemma 5.3.2. Let v € X be an analytically semistable point. Let B € p be such that
Mz, B) = 0. Let y = limy,, oo exp(tB)x. Then Ay, ) >0 for any o € p°.

Proof. Suppose by contradiction, there exists o € p® with A(y, ) < 0. By Proposition
5.2.2,

lim exp(ta)y = z

t—+o0
exists. Let A = exp(span(83,a)), [3,a] = 0 by the choice of a. Since y € X? and the flow
exp(ta preserves X7, it follows that z € X4, where XA ={z € X : A-x = x}.

By Lemma 5.3.1, for all sufficiently small € > 0,

lim exp(t(8 + ea))r = 2.

t—+o00

Hence,

M, B+ ea) = lim (py(exp(t(5 + ea)z)), B + eq)
= (p(2), B + €)
= 11y (2) + €(p(2), @)
= 1p(2) + € Tim (py(exp(ta)y), a) = 1 (2) + Ay, ).

But by the choice of 3,

0=Az,8) = lim (u(exp(tB)z), B) = (1u(y), 8) = 115 (y)

t—+o00

87



and iy is constant along the curve exp (ta)y. This implies yy (2) = 0. Hence,
Az, B+ ea) = Ay, a) < 0,
which contradicts the analytic semistability of x. O

Lemma 5.3.3. Let x € XP. If x is G®-semistable, polystable or stable then x is G-

semistable.

Proof. Let x € X?. Assume GP -2 N N;BI(O) # (). Then there exists a sequence g, € G
such that 14,(g,7) — 0. By Proposition 1.6.12 it follows j1,(gn®) = pps(gn) +— 0 and so
the result follows. O

Theorem 5.3.4. Let x € X. The following conditions are equivalent:

(1) z is semistable.

(2) Infg || p(gz) [|= 0.

(3) x is analytically semistable.

Proof. (1) = (2) is obvious.

(2) = (3) follows by Theorem 5.2.8.

(3) = (1). If A(z, B) > 0 for any 8 € p\{0}, then by Theorem 5.1.7, x is stable and hence
semistable. Assume there exists 5 € p\{0} such that A(x, 8) = 0. By Proposition 5.2.2

lim exp(tf)x =y,

t—+400

y € G-z and Bx(y) = 0.

Let X# = {2z € X : Bx(2) = 0}. X? is disjoint, union of closed submanifold of X.
By Proposition 1.6.11, G® preserves X?. By Lemma 5.3.3 if y is (G?)° stable, then y is
semistable and so x is semistable as well.

Let Y be the connected component of X? containing y. Now, g’ = € @ p® and K”
preserves p°. Since K? - 3 = 3, it follows that we can write p” = span(8) ® p’, where p’
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is a KP-invariant subspace of p’. Now, keeping in mind that (G®)° = Z((G?)°)°(G")?,,
Z((GP)°)° is compatible and exp(t3) € Z((G?)°)°, it follows that

(G”)” = exp(RA)H,

where H is a closed, connected and compatible Lie group of (G#)° with Lie algebra
h =€’ @p'. In particular,

H = (K")° exp(p')
and g° = span(8) @ bh. Consider the H-action on Y. By Lemma 5.3.2, A(y, 3") > 0 for

every 3" € p”. We separate the two cases:

a) Ay, 8') > 0,v8" € p"\{0}.
b) There exists 51 € p’ such that \(y, 81) = 0.

Assume (a) holds. We claim that y is stable with respect to (G”)°.

Let @, : p# — R; £ = ®(y, exp(€)) be the associated Kempf-Ness function. By Lemma
5.1.5, ®, is linearly proper on p". This implies that ®(y, exp(.)) is bounded from below
onp’. Let

m = infe. P(y, exp(§)).
We claim that

m = infec,s ®(y, exp(§)). (5.5)

Indeed, ¢ € p°® can be written as £ = & + &; & € span(B), & € p', [€1,&] = 0. By the

cocycle condition of the Kempf-Ness function, keeping in mind that exp(&;)y = y, we have

D(y, exp(§)) = @(y, exp(&a + &1)) = Py, exp(&2) exp(&1)) = Py, exp(&1)) + P(y, exp(&2)).

We claim that ®(y,exp(&1)) = 0. Indeed, let s(t) = ®(y,exp(tf)). Applying again the
cocycle condition, keeping in mind that exp(¢f)y = y, one can check that s(t) is a linear

function. Therefore s(t) = at, for some a € R. On the other hand

0= A, 8) = {1p(w). B) = Alw. ) = lim_S(y.exp(16)) = a
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Therefore,

P(y, exp(§)) = P(y, exp(&2))-

This proves (5.5). This means ®, has a critical point. By Proposition 5.1.2, there exists
g € (G”)° such that ,5(g9y) = pp(gy) = 0. Hence,

lim exp(tf)gzr = gtEeroo exp(tf)e =gy € G-z Ny, ' (0).

t——+o0

Suppose (b) holds. Let 8; € p’\{0} be such that \(y, 51) = 0. Since p® = span(3) Dy,
it follows that |3, £1] = 0 and a; := span(f3, 51) has dimension 2. By energy completeness,

lim exp(t)y =y €Y

Yy—>—+00

exists, (B1)x(y1) = 0 and y; € G - . Let Y] be the connected component of YA containing
y1. We may split p’ = span(fy) @ p” as (K*)-modules. As before, Hg, = (K")° exp(p”)
is a compatible Lie subgroup of G” with Lie algebra hs, = € @ p”. The Hp,-action on
X preserves Y;. Hence, one can repeat the above procedure for the Hg, -action on Y;. On
the other hand, if a C p is a maximal Abelian subalgebra, then dim(a) is an invariant
of the K-action on p [27, 56]. This means that the above procedure will iterate at most

dim(a). This shows that G - N u, *(0) # 0. O

Corollary 5.3.4.1. Let x € X. Then x is semistable if and only if there exists € € p and
g € (G*) such that limy, o exp(t&) gz € p, ' (0).

We now consider the polystable condition.
Let v € g. We may split v = 14 + 1, € € p. The following Lemma is proved in [30]
for G = UC.

Lemma 5.3.5. Let x € X and let 5 € p. If Bx(x) =0, then

(kp(), B) = (pp(g), (Ad(9)(8))p),

for any g € G.
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Proof. If g = k, then the result follows from the K-equivariance property of the gradient
map. Hence we may assume g = exp(v). Let g(t) = exp(tv) and let z(t) = g(t)x. Let
(-,-) denote the real part of the fixed Ad(U®)-invariant inner product of Euclidean type

on u€. We claim that

f@) = (up(g(t)z), (Ad(g(£))(8))p),

is constant. Let £(t) = Ad(g(t))(8). Then
£(t) = [v,€(t)],
and so &,(t) = [v, &(t)]. Therefore

F() = ((Aup)any (v (1)), E(E)p) + (p((1)), v, &(B)]).
The first term is given by

Ay (vx (e (1)) = du™ O (wx (w(1)))
= w( = J((&)x (@ () vx(x(1))
= w((&)x (@), I (vx (@ (2))))-

The second term is given by

(pp(2(1)), [, &(B)]) = (ip(a(t)), [v, &(1)])
= —(u(x(t)), [—iv, &(1)]).
Now, & —iv € €@ ip C u. Using the U-equivariant property of the momentum map,

keeping in mind that we think the momentum map as u-valued map by means of the

Ad(U)-invariant scalar product —(-,-) on u, we have

—(u(z(t)), [—iv, &(1)]) = —%

= iAd(exp(sin))e(6), &)

dS s=0

= w((&)x(z(t)), Jvx(x(t))).

(u(x(t)), Ad(exp(—siv))(&(1)))

s=0
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Therefore, keeping in mind that {x(z(t)) = (dg(t)).(Bx(x)) = 0, we get

F) = w((&)x (@), J(rx (x(1))) + w((E)x (@(t)), T (vx(2(t)))
= w(((&x(x(1))), J(vx(2(1))))
= 0.
This implies f(1) = f(0) and the result follows. O

Corollary 5.3.5.1. Let z € X be polystable. Then Xz, ) > 0 for any 5 € p. Moreover,
Az, B) = 0 if and only if limy ., exp(tl) € G - x.

Proof. Assume that p,(z) = 0. By Lemma 5.1.6 A(z, 3) > 0 and A(z, 5) = 0 if and only
if Bx(z) = 0 and so limy,,, exp(t5)z = x.

Assume limy, o exp(tf)z = gz, for some g € G. Then fx(gx) = 0 and

)\(ZE, 6) - </~Lp(g$)a 6)

By Lemma 5.3.5, we have

A&, 8) = (p(g2), B) = {11p(), Ad(g™")(B)y) = 0.

Let y = gz. Let 8 € p. Then g = hk, where h € G°~ and k € K. By Proposition 5.2.5,

we have
Mg, B) = Mz, Ad(k71)(8)) > 0.
By the above step, A\(gz, 3) = 0 if and only if limy,, o, exp(tAd(k~)(8))x € G - . Since

exp(tf)gr = (exp(tB) hexp(—tB))k exp(tAd(k™")(8)),

keeping in mind that h € G°~ it follows that A\(gz, 8) = 0 if and only if limy,, , o, exp(t3)x €
G- m

Corollary 5.3.5.2. If x € X s analytically polystable then for any g € G, gx is analyti-
cally polystable as well.
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Proof. Let y = gz. Let B € p. Then g = hk, where h € G~ and k € K. By Proposition
5.2.5, we have

Mgz, 8) = )‘(mﬂAd(kil)(ﬁ)) = 0.

Therefore A(gz, 3) = 0 if and only if limy,, 1o, exp(tAd(k™1))z € G - z. Since

exp(tB) gz = (exp(tB) hexp(—tS3))kexp(tAd(k~")(B))z,
we get that A(gz, ) = 0 if and only if limy,,, o exp(t5)gz € G - . O
Theorem 5.3.6. Let x € X. Then x is analytically polystable if and only if x is polystable.

Proof. By Corollary 5.3.5.1, if € X is polystable then z is analytically polystable.
Assume that x € X is analytically polystable. If A(z, ) > 0 for any § € p\{0}, then
x is stable and so the result is proved. Assume that A(z,3) = 0 for some 5 € p\{0}.
Then limy,, o exp(tf)x =y € G -2 and Sx(y) = 0. By Corollary 5.3.5.2, y is analytically
polystable. By Lemma 5.3.3, if y is G’-stable then x is G-polystable. As in the proof of
Theorem 5.3.4, we may decompose p” = span() @ p’ as K”-modules and we consider the
compatible subgroup H = (K?)°exp(p’) of G®. H preserves the connected component Y
of X? containing y. By Lemma 5.3.2 \(y, 3') > 0 for any 3 € p”. We separate the two

cases:

a) Ay, ') > 0,5 € p'\{0}
b) There exists 51 € p’ such that \(y, 8;) = 0.

If (a) holds then as in the previous proof, y is (G#)° stable and so there exists g € (G#)°

such that p,s(g2) = pp(gr) = 0. In particular,

: -1
tigrnoo exp(tB)gr € G- x M, (0).

Otherwise, there exists ; € p’\{0} such that A(y, 51) = 0. Then

lim exp(tf1)y =y € G -z,
Yy—+00

93



(B1)x(y1) = 0 and y; € G - z. By Corollary 5.3.5.2, y; is analytically polystable. Let Y}
be the connected component of Y2 containing ;. Let p’ = span(53;) @ p” be a splitting
of K*-modules. As in the proof of Theorem 5.3.4, we repeat the procedure for the action
of the compatible subgroup Hg, = (K )%exp(p”) on Yi, where a; = span(f, 51). Since
the dimension of a maximal Abelian subalgebra contained in p is an invariant of the K-

action on p [27, 56|, the above procedure will iterate at most dim(a). This shows that

G-z p, ' (0) # 0. O

Corollary 5.3.6.1. Let x € X. Then x is polystable if and only if there exists & € p and
g € (G*)° such that limy_, o exp(t&)gzr € G-z N p, ' (0).

5.4 Linear examples

Let Z = Hom(C",C™*™). We consider the natural action of GL(n,C) on Z: (g,L) :=
Log™'. We fix the Ad(GL(n, C))-invariant inner product of Euclidean type on gl(n, C)
given by B(X,Y) = Tr(XY). The maximal compact subgroup U(n) of GL(n,C) acts in

a Hamiltonian fashion on Z with momentum map
ML):%(LNJL—M¢J,hGR,
see for instance [22, p. 1043]. Therefore

Gr,(C™") >0
WH0)/U(m) = { {0} h=0
0 h <0

where Gr,,(C™"") denotes the Grassmannian of the n dimensional subspaces of C"*™.
Assume h > 0. If L is injective, then L is polystable. Indeed, L* o L = P2, where P
is a positive Hermitian endomorphism of C* and S = L o P~! satisfies S* o S = Idcn.
Therefore g = vVhP € GL(n,C), g- L = v/hS and so u(v/hS) = 0. Since the stabilizer of
L is trivial, it follows that L is stable. If Ker L # {0}, then it is easy to check that L is
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not semistable. Indeed, as in [22, p. 1043|, let § € iu(n) be such that V; C Ker L, where

and hTr(f) < 0. Then A(L,B) < 0.

GL(n,R) € GL(n,C) is compatible. Indeed, GL(n,R) = O(n) exp(p), where O(n) =
GL(n,R) N U(n) and p = gNiu(n) = Sym(n), i.e., the set of the symmetric matrices of
order n. GL(n,R) leaves Hom(R", R™*") C Hom(C"™, C"™*") invariant. The associated

GL(n,R)-gradient map is given by

1
pe(L) = 3 <—LT oL+ hIdn), h e R.
Therefore,
Gr,(R™™) h >0
15(0)/0(m) = { {0} h=0

0 h<0

where Gr,,(R™"") denotes the Grassmannian of the n dimensional subspaces of R™*". If
h > 0, then it is easy to check that L is stable if and only if L is injective. As in the
previous example, one can check that if Ker L # {0}, then L is not semistable.

The GL(n,R)-gradient map associated to the GL(n,R) action on Hom(C", C™*™) is
given by

2
where A = Re(L*oL). Indeed, since L*oL is Hermitian, we have L*oL = A+iC, where A is

1
pp(L) = = (—A + hldn), heR,

a symmetric matrix and C' is anti-symmetric matrix. Since (A,iC) = 0, it follows that the
orthogonal projection of L*oL onto p is given by A. Assume that h > 0. Let g € GL(n,R).
Then (Log ') o(Log™) = (¢7") o(L*oL)og™ = (¢7")"Ag~ +i((¢7)"Cy™).
This implies that L is polystable if and only if Re(L* o L) is a positive-define symmetric
matrix. If Re(L*o L) is not injective, then one can check that L is not semistable. Indeed,
let 8 € p be such that V; C Ker Re(L* o L), where

V= @ Wi,

X € Spec(B)
A<0
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and hTr(f) < 0. Then A(L,B) < 0.

5.5 Semistable points

In this section, we continue to study the semistable set of the gradient map using the result
in the previous section. Therefore we always assume that the G-action on X is energy
complete. Let u, : X — p denote the G-gradient map associated with the momentum
map p: Z — u. Let a C p a maximal Abelian subalgebra and let A = exp(a). Then
fa : X — a given by 7y o p, is the A-gradient map associated to y, where 7, : p — a

is the orthogonal projection of p onto a. Let
Xpe={re X :G xnpu, (0)#0}

X2 ={reX:A-znu'(0)+#0}.

Let @’ C p be another maximal Abelian subalgebra. Since the K-action on p is polar
and both a and a’ are section then there exists k € K such that Ad(k)(a) = o' [50]. In
particular,

A" = exp(a') = exp(Ad(k)(a)) = kexp(a)k™ = kAk™.
Lemma 5.5.1. The A’-gradient map py : X — ' associated to p is such that
po =Ad(k)opgo k™, ke K

Proof. Let & € . Then, there exist kK € K such that ¢ = Ad(k)(§) where & € a. So that
by the K-equivariant property of the gradient map,

(tp(2),8) = (pp(k~"2), €)
= (Ad(k) (1 (k™" 2)), ).

The result follow.
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Lemma 5.5.2. There exists k € K such that
X = X

Proof. Since A" = kAk™!, and by Lemma 5.5.1, py(z) = 0 if and only if pu4(k~'x) = 0.
This implies that p_'(0) = kug *(0). The sequence (exp(&,)x),, converges in u;*(0) if and
only if (kexp(&,)z), converges in u,'(0). But

kexp(&,)x = kexp(&p)k™ ke = exp(Ad(k) (&) k.

This implies that A~z Ny *(0) # 0 if and only if A"+ (kz) N py,'(0) # 0. Hence kX3 =
X352 O

fho*

Proposition 5.5.3. X* = (., kX2

Proof. By Theorem 5.3.4, x € X if and only if A(z, 3) > 0. Since the K-action on p is
polar, by [44, 13.1]

p=J Ad(k)(a).

keK

Then by Lemma 5.5.2, we have

€ X = AMz,)|admy@ =0 VEkeEK

— e X?, d=Adk)(a)Vke K

Ma/7

— kreX; VkekK.
Therefore, X* = (o kX0 O
Proposition 5.5.4. Let H C G be a compatible subgroup such that H = K'exp(p’). Then
Xy C X0

Proof. Let x € X°. By Theorem 5.3.4 it follows that A(z,3) > 0 for any 8 € p.
Hence A(z, ) > 0 for any § € p’ C p and so, applying again Theorem 5.3.4, we have
S in/. [
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Theorem 5.5.5. Let (Z,w) be a compact connected Kéhler manifold and let G C UC be

a compatible subgroup. If Z7° # (0, then Z5 is an open dense connected subset of Z.

Proof. By Proposition 5.5.4, Z;* C Z. Since Z;* is open and dense in Z, it follows that
Z,5 1s open and dense. Suppose

ij = Tl L TQ,
where 17 and T, are open. Then Zy C T, or Zy C T, If Zy C T, this implies that

Ty, C Z\ Z?. Since Z3° is open and dense, then (Z'\ Z3*)° = ). This implies that Ty = ().

The case Z;* C Ty is similar. Therefore, Z;* is connected, open and dense. O

5.6 Final Remark

Let (Z,w) be a Kihler manifold and U® acts holomorphically on Z with a U-equivariant
momentum map u : Z — u. The stabilities conditions depend on the choice of a maximal
compact subgroup U of U®, a U-invariant Kihler metric and the momentum map pu.
It is well-known that two maximal compact subgroups are conjugate. Let G C U® be
compatible. Let g € G and let U’ = gUg™'. Then w, = (¢~')*w is a Kéhler form
and U’ preserves w,. Since B is Ad(U®)-invariant, B restricted to v/, respectively iw’, is

negative-define, respectively positive-define.

Lemma 5.6.1. The U'-action on (Z,w,) is Hamiltonian with momentum map p' : Z —

W, given by u' = Ad(g)opogt.

Proof. We prove that i/ is U'-equivariant. Let h € U. Then

(W (ghg™'x) = Ad(g)(u(hg’lw))
Ad(g)(Ad(h)(u(g "))
Ad(ghg™ )( ()(u(g‘lx)))
Ad(ghg™")(1/'(x)))
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Let £ € u. Then

(1)MOO (2) = —(4i(2), Ad(g) (€))
— —(ulg™2),9),

and so d(u/)*49E) = du o dg~'. Therefore

Ad() MO = y(e4(g712),dg ")
= w(dg ™" ((Ad(9)(€) (), dg ")
= wy(Ad(9)(§)z(2),)-
]

Let X be a G-invariant submanifold. Let g denote the Riemannian metric induced by
the Kihler form w. For any g € G, we have a triple (U’, (¢7!)*g, ¢/), where U’ = gUg ™.
Note that G is also compatible with respect to the Cartan decomposition U® = U’ exp(p’).
Indeed, G = gGg~! = K’ exp(p’), where K' = gKg~! = GNU' and p’ = Ad(g)(p) = gniv’.
The associated gradient map p’ : X — p’ is the orthogonal projection of iy’ onto p’ with

respect to B. One can check

pp = Ad(g) o 0 g™,

Following Teleman ||, we say that such triples define a symplectization of the UC-action
on Z with respect to G. A priori the concept of energy completeness condition depends on
the choice of a triple. The following result shows that the notion of energy completeness

does not depend on the triple chosen.

Lemma 5.6.2. If (U, g, i) is energy complete then (U, (g7 )*g, i') is energy complete as

well.

Proof. Let £ € g and let * € X. We recall that ¢§ denotes the curve ¢§(t) = exp(tf)x.
Let € € p. Since

AdD© — g o Cf}flx’
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it follows that the energy of 9O with respect to (¢7')*g coincides with the energy of

13 Ad(g)(§) (t)

Comty with respect to g. Moreover, the limit limy, , . ¢z exists if and only if the

limit limy, oo cg,lm(t) does. O

We claim that the stable, polystable and semistable conditions do not depend on the

triple chosen. It is a consequence of the following easy Lemma.
Lemma 5.6.3. Let x € X. Then x € ,u;l(O) if and only if g~'x € p, ' (0).

Proof. py(z) =0 if and only if for any £ € p we have ((py (x), Ad(g)(€)) = 0 hence if and
only if (uy(g7'x),€&) = 0 and so the result follows. O

Corollary 5.6.3.1. Let x € X. Then
a) G-z 0yt 0) # 0 if and only if G- N ()~ (0) # 0;
b) G-z, (0) # 0 if and only if G-z 0 ()1 (0) # 0.

The norm square gradient map depends on the choice of a triple (U, g, it). Indeed,

F(a) = glul), my ().

Let g € G and let (U, (¢7')*g, i') another triple. We denote by f’ the norm square of .
Since (-, -) is Ad(G)-invariant, it follows that f'(x) = f(g~'z). Moreover, x is a critical
point of f’if and only if ¢!z is a critical point of f. This implies that K - 3 is a critical
orbit of f if and only if K”-Ad(g)(p) is a critical orbit of f’. From now on, we assume that
X is compact and connected. Then the negative gradient flow line of the norm square is
defined in all the real line. Moreover, if x : R — X denotes the negative gradient flow
line, then limy, , o, x(t) exists [17]. It is a straightforward computation that the gradient
of f'(z) with respect to (¢7*)*g is given by (dg),-1,(grad f(g~'z)). Therefore, if x(t) is
the negative gradient flow line of f, then g(z(t)) is the negative gradient flow line of f’.
Let Zoo = limy,, 1o (t) and let 8 = pip(20). Then py(92+) = Ad(g)(5) and f(zs) =
' (97s). By [17, Theorem 4.9, the stratum of associated to K - with respect to f
coincides with the stratum associated to K’ - Ad(g)(8) with respect to f’. Summing up

we have proved the following result.
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Theorem 5.6.4. If X is connected and compact, then the decomposition of X in strata
associated to critical orbits of the norm square gradient map does not depend on the triple

chosen.

5.7 Stability Conditions in Term of Kempf-Ness Func-
tion

In this section, we characterise the stability conditions in term of the Kempf-Ness function
if X is compact. For simplicity, G is assumed to be connected. The section is concluded
with the Hilbert criterion for semistability condition with the compactness of X. The
discussion in this section is a work in progress.

The following Theorem characterises the semistability condition in term of the limit

of a negative gradient flow lines of the norm square of the gradient map.

Theorem 5.7.1. Suppose X is compact. Let xyg € X and x : R — X be the solution of

the negative gradient flow lines of the norm square through xq. Define

Too 1= tliglo z(t).

xg s semistability if and only if p,(ro) = 0.

Proof. Since X is compact, x¢ is semistable if and only if infe|u,(g20)| = 0. By Theorem

2.2.9, |pp(2s0)| = infe|py(g20)|. The result follows. O

Fix zyp € X and let ®,, : M — R be the Kempf-Ness function. Let x : R — X
be the solution of the negative gradient flow of the norm square of the gradient map
through xy, g : R — G be such that v(t) = w o g(t), where 7 : G — M is the projection.
The limit o, = limy_,, 2(t) exists by Theorem 2.1.3 and by Theorem 2.2.9, we have that
|t (To0)| = infe| 4y (9o)|. The theorem below characterizes the semistability of an element

in terms of the Kempf-Ness function.

Theorem 5.7.2. Suppose X is compact. Let x € X and @, : M — R be the Kempf-Ness

function of x. Then x is semistable if and only if @, is bounded below.
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Proof. Suppose zy € X is semistable. Then by Theorem 5.7.1, y,(zs) = 0. By the
Lojaseiwicz gradient inequality for f = % | wp ||* there exists constants T, a > 0 and a

constant ¢ € (3,1) such that
/(@) = f(2s0)|° < af V()]
Since fip(2s0) = 0, then f(2se) = & || f1p(20) ||2= 0 and so,
lp()]* = 2| f(2)] < 2|f(2)|° < C|Vf(2)] = OlBx(2)| = Cli(t)], C =2a,8=py(z) Vt>T.

The function ¢ — |%(¢)| is integrable over the positive real axis and so is the function
t — |pp(2(t))]? but by Remark 2.2.3

d

(@2, o)1) = lip(a(®) < Cli)].

This implies that the limit
@ = lim @y, (+(1)
exists in R and by Theorem 2.2.7, a = inf;;®,, and so ®,, is bounded below.

We proof the other direction by contradiction. Suppose zy is unstable. Then p,(z+) #
0. By Remark 2.2.3 and Theorem 2.2.9

d

2 (Pag07) = —(p (g 20), 97 9) = — e (2 () > < —|p(200)]*.

This implies that
Dy 07 < —tfpp(z0)[* VL= 0.

Thus ®,, is unbounded below. ]

Theorem 5.7.3. Suppose X is compact. Let x € X and ®, : M — R be the Kempf-Ness

function of x. Then x is polystable if and only if ®, has a critical point.

Proof. The result follows from the fact that 7(g) is a critical point of ®,, if and only if
f15(g~ " w9) = 0. o

Theorem 5.7.4. Suppose X is compact. Let x € X and ®, : M — R be the Kempf-Ness

function of x. Then x is stable if and only if ®, is bounded below and proper.

102



Proof. Suppose ®,, is bounded below and proper. =z, is semistable by Theorem 5.7.2.
From the definition of Kempf-Ness function, we have @, (v(0)) = 0. Let

¢ = infy@,, € (—o00,0].

®,, 0 : R — R is nonincreasing. Since ®,, is proper, then ®_!([c,0]) is compact and
v(t) € @, ([c,0]) for all ¢ € [0,00). There exists a sequence t; — oo such that (t;)
converges. Therefore, @, has a critical point and by Theorem 5.7.3, z, is polystable. Let
g € G be such that u,(gx¢) = 0. Suppose by contradiction, , is not stable. Then g, is
not conjugate to a subspace of €. This means that there exists £ € g,, such that £ # 0,
hence there exists o € ggy, such that o # 0. But gguy = €y + Pgao- Let 8 € p\ {0}
such that Sx(gzo) = 0. Then exp(t3) - gro = gro and so p,(exp(tf) - gxo) = pp(gro) = 0.
Therefore, the curve

() =7 (g~ exp(—t))

consists of critical points of ®,, and hence, by Theorem 2.2.7, ®,,(v(t)) = ¢ for all ¢. This
implies that @;Ol(c) is not compact which contradict the assumption that ®,, is proper.
Hence, g is stable.

Suppose xg is stable. By Theorem 5.7.2, @, is bounded below and we only need to
show that it is proper. We can assume that j,(z9) = 0. Let ¢ := w(e) € M where e is
the identity element of G. Let p = w(g) € M \ {¢}. Choose 5 € p and k € K such that
g = exp(p)k. Then, 8 # 0 and let y(t) := exp(tf)xo, and z(t) := D, (7w(exp(—tS))). The

function z : R — R is convex and

2= {u(y(®)), 8), 2=1B8x(y(®))>

Since y(0) = o, we have 2(0) = 0, 2(0) = (y(y(0)). B) = (1p(w0), B) = 0 and 2(0)
|Bx (20)]? > 0. Hence, 2(t) > 0 for every t € R\ 0 and in particular, ®,,(p) = z(—1) > 0.
This shows that ¢ is the unique point at which ®,, attains its minimum miny,®,, = 0.
For every r positive, let ¢ € B, C M be the ball of radius r centered at q. Let ¢ :=
infyp, @,, > 0. Then, by convexity, we have d(q,p) > 1 implies that &, (p) > ddu(q,p)
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for all p € M. Therefore, for every ¢ > 0,
c>6 = ¢,.1([0,d) C Be.

This shows that, for every positive ¢, ®,1([0, ¢]) is closed and bounded, and hence compact

since M is complete. Therefore, ®,, is proper. This conclude the proof. O

Theorem 5.7.5. Suppose X is compact. Then x € X is semistable if and only if \(x, 5) >
0 for any B € p\ {0}.

Remark 5.7.6. Theorem 5.7.5 also hold if we just assume that the gradient map is
proper even if X is not compact. The main required assumption is the existence of the
stratification of X in order for semistability condition to be equivalent to a condition on

the infimum of the Kempf-ness function.

Proof. Suppose x € X is semistable. Since X is compact, © € X is semistable if and only
if infe|py(go)| = 0. Then by Theorem 5.2.8, A(z, 5) > 0 for any 8 € p \ {0}.

Let zo € X be such that A(zg, ) > 0 for any 5 € p \ {0}. Suppose by contradiction
that xq is such that

m := infq|p,(gz0)| > 0.

Let x : R — X be the solution of the negative gradient flow of the norm square of the
gradient map through zg, g : R — G be such that z(t) = g(t) ‘2 and v(t) = 7 o g(t),
where 7 : G — M is the projection. The limit 2., = lim;_,,, x(t) exists by Theorem 2.1.3.
Define 5 : R — p;t — [(t) and k: R — p;t — k() by

g(t) =: exp(=B(t))k(?).

The limit
B(t)

Boo = lim —=

exists by Proposition 2.2.15. By Theorem 2.2.9, |u,(z)| = m. Fix a real number s > 0

and let H o : [s,00) — M be a geodesic define as
H; oo(r) == m(g(s) exp((s — r)fxo(s))) = 75lim Hgi(r) for r>s.
— 00
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By (2.18),

As t — oo,

Ay (Y(1), Hyoo(r)) < C(r'™* — s7%) for r>s>0. (5.6)
Now the Kempf-Ness function is globally Lipschitz continuous with Lipschitz constant
L := sup el p(gzo)|. Hence it follows that

|0 (V(t)) — Py (Hs 0o (t))| < LOC(r' ™ — 7)) for t > s> 0. (5.7)

Integrate the equation
@ () = Ay
to obtain
D, (1(1)) = By (1)) [ liglar)) Pl (58)

By Lemma 5.1.4, (5.7) and (5.8), then

Ax(s), Boo(8)) = tlif?o o (Hs oto(s +1))
iy Do (Haoo(t)) = @y (1(5))
t—00 PR
i 220 (V1) = @0y (7(5))
t—o0 t_ 3
- _tlggot— : | (2(r)) [ dr
= _|Hp($oo)|2

Let ((s,t) be as in Proposition 2.2.15. By the choice of 3(s, 1),
1B(s: 1) _ din(v(5),7(1))

t—s t—s
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So that,

|5oo(5)| - tli |ﬁt(i Z) t%oo t— / |p“p |dT - |Mp(xoo>| -

Also, by Theorem 5.2.7,
m? = =\(#(5), Boo(5)) < [Boo(8)] inf |p1p(920)| = m|Boc(s)] = m < foo(s).
Therefore, | (s)| = m. Hence,

)\<$07ﬂoo) = _m2 < 07 ’ﬁoo‘ =1m,

which contradict the assumption on A(z, 8). This concludes the proof of the theorem.
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