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Abstract

This work focuses on the structural and thermal analysis of layered structures.
The first half is dedicated to studying the structural response of laminated glass
beams through both analytical and numerical methods. My primary contribution in
this area is the introduction of the ”Special Zigzag” theory. In addition to providing
analytical solutions for common engineering problems, I developed a finite element
to address more general cases.

The second half of the work concentrates on the transient heat conduction prob-
lem. My contribution here involves developing a novel flux-based variational princi-
ple, which builds on the original variational /Lagrangian analysis of heat conduction
formalized by M. Biot. This new variational principle greatly simplifies the thermal
analysis of composite structures made from materials with varying thermal proper-
ties. It also facilitates the formulation of a simple and accurate C° isoparametric
finite element.

The work is further supported by a variety of examples that serve both as vali-
dation and practical applications for the developed concepts.
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Chapter 1

Introduction

I present here my modest contribution to the development of thermoelastic models
for layered structures. The work can be divided into two major parts: the devel-
opment of the ”Special Zigzag” theory for inflexed laminated glass beams and the
formulation of the "neat” flux-based weak formulation for transient thermal analysis.

1.0.1 Objectives

The primary objectives of this thesis can be outlined as follows:

e Development of a Novel Model for Inflexed Laminated Glass Beams: This in-
cludes the introduction of the ”Special Zigzag” theory, which provides a frame-
work for understanding the mechanical behavior of laminated glass beams by
integrating both classical and advanced modeling techniques.

e Innovation in Thermal Analysis via Variational Principles: This involves ex-
tending M. Biot’s framework for transient thermal analysis through the pro-
posal of a novel flux-based weak formulation, thereby enhancing the analysis
of inhomogeneous materials and complex thermal conditions.

1.0.2 Outline

Here is a short outline of the work done in the thesis, divided into six chapters.
The work includes a novel model for inflexed laminated beams and a variational
treatment of the thermal problem in solids and composites.

Chapter 2: Advanced theories for laminated beams: This chapter provides a

review of the treatment of laminated beams, tracing the evolution of modeling tech-
niques from classical approaches to advanced theories. Starting with Timoshenko’s

13



Chapter 1. Introduction

beam theory and progressing through the development of layer-wise and zigzag the-
ories, ending with introducing the author’s novel contribution, the “Special Zigzag”
theory. The analytical solution based on the special zigzag theory is specific to
a certain configuration, while the Finite Element based on the special zigzag the-
ory can handle a variety of cases with different loading configuration and boundary
conditions.

Chapter 3: Laminated glass beams: In this chapter, a straightforward model
for inflexed multilayered laminated glass beams based on the Special Zigzag theory
is developed. The analytical solution for multilayer laminated glass balustrades is
derived. This solution eliminates the need to consider the effective thickness—the
thickness of a monolithic beam with equivalent bending properties in terms of stress
and deflection—and the complications related to it. The chapter includes practical
examples and numerical experiments to illustrate the application and efficiency of
the proposed model.

Chapter 4: Thermal analysis via variational principles: In this chapter,
the ingenious approach developed by M. Biot in the 1950s for transient thermal
analysis in solids is presented. Biot sought to create a comprehensive framework
for analyzing irreversible phenomena by transforming the classical mechanics con-
cept of virtual work. He introduced a broader perspective through the variational
scalar product, which serves as an advanced extension of the principle of virtual
work within functional space. This opened the door to developing a treatment of
irreversible phenomena that involves Lagrangian-type equations and generalized co-
ordinates. The resulting equations are, in part, a true variation of scalars, and the
other part is similar to generalized forces in Lagrangian mechanics.

Here, the author’s contribution, summarized by a novel flux-based weak formula-
tion for thermal problems, is presented. This formulation develops Biot’s variational
principle by considering the "heat displacement” field, whose time derivative is the
heat flux, as a primary variable, while the temperature only appears as a boundary
term. The fact that the heat displacement field is more regular than the temperature
field allows for the natural treatment of inhomogeneous materials, thermal shocks,
and uneven heating conditions. Additionally, a comparison between the neat vari-
ational principle and the classical one developed by Biot, along with the numerical
implementation of the neat flux-based variational principle in a C° isoparametric
FE framework, is presented.

Chapter 5: Validation and Numerical Examples: The novel variational princi-
ple presented in Chapter 4 is validated through several examples from the literature.
The remainder of this chapter includes examples related to laminated glass under

convective boundary conditions and composites with Interfacial Thermal Resistance
(ITR).

Chapter 6: Final remarks. The concluding chapter offers a summary of the
contributions and conclusions derived from this study.

14



Chapter 2

Advanced Theories for Laminated
Beams

2.1 Modeling of Plain Laminated Beams

A review of the theories related to modeling of plain laminated beams is in order.
This will help to build a coherent understanding of beam theories arriving to the
novel contribution the author has suggested. This chapter is mainly concentrating
on theories that are formulated in terms of displacement fields.

2.1.1 Timoshenko Beams

Beam bending problems are analyzed based on assumptions about the displace-
ment field, influenced by beam properties affecting its structural response. Bending
characteristics are affected by the beam dimensions, loading configuration, and the
amount of deflection it undergoes. In the small deflection regime, a main distinction
has been made regarding the dimensions of the beam, the slender beams, and the
thick beams. The former’s structural response to lateral loads is characterized by an
insignificant effect of shear stress and deformations, consequently, the main assump-
tion is that a plain cross-section that is perpendicular to the beam axis remains plain
and perpendicular to that axis after deformation (normal orthogonality condition).
This assumption characterizes the behavior of Euler—-Bernoulli beams. Additionally,
these beams are characterized by two more assumptions: the deflection of a point
that belongs to a cross-section is small and equal to the deflection of the beam axis,
and the lateral displacements are negligible. From a finite elements perspective, the
aforementioned assumptions result in a definition of strains that involves the second
derivative of deflection; consequently a C' continuity is required. The geometri-
cal degrees of freedom (DOFs) are the deflection and it’s first derivative, and the
determination of the deflection is sufficient to assess the stress state in the structure.

15



Chapter 2. Advanced Theories for Laminated Beams

This approximation, which works well for slender beams, becomes unreliable for
considerably thick beams or beams that are axially loaded with significant eccentric-
ity, and for composite beams where the shear deformation and stresses are signifi-
cant. In these cases, the normal orthogonality condition no longer holds. Instead,
it is assumed that a plain cross-section normal to the beam axis before deformation
remains plain but not necessarily perpendicular to the beam axis after deformation.
This assumption characterizes what is commonly known as Timonshenko’s beam
theory. In this theory, the displacement field takes the following form :

u(z, z) = ug(x) — 260(z) ; w(x,z) = wo(x) (2.1)

Here, u(x, z) represents the displacement in the axial direction, ug(z) is the axial
displacement of the beam axis, 0(x) is the rotation angle, and w(z, z) denotes the
transverse displacement.

The rotation angle (x) represents an average rotation of the deformed cross section,
which remains plain after deformation Figure 2.1.

z
A
\\\\\-—/\\( //l x
o |2
zA L
0 b dw
dx
dw
¢ dx
Actual deformation of — \ g — dw
transverse cross section ~ - - — dx + ¢
— N\
- l e d_W/
x = %>

Plane (average) deformation
of transverse cross section

Normal to the deformation
of beam axis

Figure 2.1: Timoshenko beam theory. Rotation of the transverse cross section[1].

The strains, under the assumptions of Timoshenko’s theory, are all functions of
the first derivatives of the displacement variables; consequently, the finite element
formulation requires C° continuity. Nonetheless, the finite element suffers from shear

16



Chapter 2. Advanced Theories for Laminated Beams

locking problems, resulting in unrealistic stiffness of slender beams. This issue has
many solutions, like reduced integration, linked interpolations, etc. A noteworthy
issue with Timoshenko’s beam theory is that it provides inadequate predictions when
applied to relatively thick composite beams with material layers that have a high
difference in stiffness characteristics: even with a well-chosen shear correction factor,
the axial stress at the extrados and the intrados is underestimated. Furthermore,
the transverse shear stress at the interface between the layers exhibits erroneous
discontinuities. The main reason for these shortcomings is related to the fact that
the real variation of in-plain displacement is more complex than that considered
in Timoshenko’s theory, especially when the layers of a composite beam have high
differences in shear stiffness as in laminated glass. Although Timoshenko’s theory
has significantly improved predictions by considering shear deformation and stress,
the shortcomings mentioned above required further developments. Timoshenko’s
theory can also be called the first order shear deformation theory, next section
presents a glance at the higher-order shear deformation theories.

2.1.2 Higher-order Shear Deformation Theories

Considering that the first-order shear deformation theory predicted a uniform shear
stress through the thickness, which is generally in violation of the surface conditions,
this theory required correction factors derived from a comparison with elastic solu-
tions. Lo et al. [2] suggested the addition of higher-order terms as a function of the
thickness coordinate to the displacement field in order to better approximate the
shear stress distribution. Reddy [3] developed a higher-order shear deformation the-
ory for laminated elastic shells, in which he accounted for the parabolic distribution
of shear strains through the thickness. [4] demonstrated a generalized expression for
the displacement field in higher-order shear deformation theories:

u(z,2) = up(w) + Y(x)z + €22 + ¢2° ; w(x, 2) = wo(x). (2.2)

Many other similar theories are reported in the literature. Theories with a dis-
placement field of a degree higher than the third order are also reported; nonetheless,
all these theories that consider a continuous displacement field over the thickness
had difficulties approximating the zigzag distribution of the axial displacement, es-
pecially in the case of laminated structures with highly heterogeneous layers.

2.1.3 Layer-Wise Theories

The special structural response of laminated beams with highly heterogeneous lay-
ers requires a more detailed representation of the displacement field; consequently,
layer-wise theories emerged during the 1980s, as formulated by Reddy and Barebo
[5]. Layer-wise theories describe the displacement field individually for each layer
of the laminate; consequently, the displacement field for the laminate results from
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Chapter 2. Advanced Theories for Laminated Beams

the assembly of these displacement fields. Theories that assume a continuous ax-
ial displacement field on the entire laminate, like Shear Deformation theories, lose
the ability to capture the zigzagging distribution of axial displacement through the
beam’s thickness and produce an incorrect stress on the interface between the lam-
inate’s layers. Different physical continuity requirements are enforced, including
the interfacial continuity of displacement as in [5] and interlaminar continuity of
the shear and axial stresses as in [6]. The displacement field in layer-wise theories
can be seen as a linear combination of a known function of the thickness and an
independent function of the position within each layer.

The displacement field in layer-wise theories takes the form:

N

u(x,z) =Y ! (1)Nj(2) 5 w(x,2) = wo(x) (2.3)

Where N is the number of analysis layers, v and w are the axial and vertical
displacements respectively, and N; is the linear shape function for each layer, Figure
2.2 shows the axial displacement field. On the contrary to Timoshenko’s theory

Axial
displacement N.(z)

u’ j j=3 1

x =
Layer3 13 ' u> /&

z,w|

Layer 2

Layer 1 p!

Figure 2.2: Distribution of the axial displacement field for three-layered beam in layer-wise
theory [1].

and Shear Deformation theories, the layer-wise theory doesn’t require any shear
correction factors and the resulting equations of motion include the same variables,
as in the first-order shear deformation theory. It was found that the layer-wise
theory by [6] is the most accurate theory among all laminate theories available
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Chapter 2. Advanced Theories for Laminated Beams

in the literature [4]. Nonetheless the computational efficiency is low because the
number of kinematic variables increases with the number of the laminate’s layers.

2.1.4 Zigzag Theories

The inefficiency of Layer-Wise theories due to the increment of kinematic variables
with the increase in the number of layers was addressed by zigzag theories. These
theories can be considered a subclass of Layer-Wise theories because they describe
the displacement field of the individual layers. By assuming a piecewise zigzag
axial displacement, these theories break the dependence of the number of kinematic
variables on the number of laminate layers.

In early zigzag theories [7], [8], only the displacement continuity condition on
the interfaces of the layers was considered. Capturing the zigzag distribution of
displacement in the thickness direction was the main advantage of these theories;
consequently, the C? assumption of the zigzag displacement results in constant shear
stress in each layer. In both cases, a post-processing technique had to be used to
obtain the true values of shear stress. The theory by [8] relied on a variational
principle by Reissner [9] and demonstrated that including a zigzag-shaped C° func-
tion improves the prediction of the axial displacement over the thickness much better
than including higher-order smooth functions, even for thick beams. Although layer-
wise theories like [10] can capture the zigzag distributions of the axial displacement
through the thickness, assuming the zigzag distribution ab initio as in [7] allows the
contact condition on transverse shear stress to be automatically satisfied.

The aforementioned first-order zigzag theories [7], [8] produce good predictions of
global behavior, i.e., buckling loads and natural frequencies; nonetheless, this is only
true in the case of symmetric laminates. Some zigzag theories have added higher-
order terms to approximate the zigzag distribution of axial displacement but still
had problems predicting the correct transverse shear stresses and suffered theoretical
difficulties in satisfying equilibrium at fixed supports. The displacement field by [7]
requires C'! continuity to approximate the deflection field, which is a drawback with
respect to theories based on Timoshenko’s assumptions. The kinematic field in
zigzag beam theories is written as follows:

uF (2, 2) = up(w) — 20(x) + 0¥ (z,2) ; w(x,2) = wo(w), (2.4)

where
it = ¢ (2)y (), (2.5)
The uniform axial displacement wug(x), the rotation #(x), and the transverse deflec-
tion wp(z) are the primary kinematic variables of the underlying single-layer Timo-
shenko beam theory. The function ¢*(z) denotes a piecewise linear zigzag function,
yet to be established, and #(x) is a primary kinematic variable that defines the
amplitude of the zigzag function along the beam’s axis.

Averill [11] has proposed a finite element based on a generalized form of linear
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Chapter 2. Advanced Theories for Laminated Beams

zigzag theory, where the number of kinematic variables is independent of the num-
ber of laminate layers. Using a penalty function and an interdependent element
interpolation scheme, he enforced the continuity of transverse shear stress, which
allowed for the formulation of a C° finite element. In a later work, Averill et al.
[12] developed another C? finite element based on a quadratic layer-wise zigzag the-
ory, and by enforcing the consistency of the shear strain field, they eliminated the
shear locking problem. Despite these improvements, these works suffer from errors
in modeling clamped supports. Cho et al. [13] suggested a higher-order theory for
general lamination by superimposing a cubic displacement field on the linear zigzag
displacement, in which the choice of a cubic displacement field was made to account
for the parabolic distribution of the transverse shear stress, and the linear zigzag
distribution is needed to accommodate strain discontinuities necessary for account-
ing for the contact stress continuity. The displacement field of Cho’s theory [13] can
be expressed in a generalized form as follows:

uF (2, 2) = uf(v) + uf(2)2 + ug(2)2? + uz(2)2* 5 wh(x, 2) = wo(x) . (2.6)

Cho’s theory represents the first zigzag approach that enables direct and accurate
calculations of shear stresses derived from constitutive equations. However, it has
two main drawbacks: first, the natural boundary conditions necessitate a higher-
order resultant due to the self-equilibrating stress distribution through the thickness;
second, the transverse shear stresses calculated from the constitutive equations er-
roneously vanish at the clamped boundary.

2.1.5 Refined Zigzag Theory (RFT)

Tessler et al. [14], [15] developed a variationally consistent refined zigzag beam the-
ory for composite and sandwich beams, relying primarily on the kinematic variables
of first-order shear deformation theory and on a piecewise-linear zigzag displacement
field. The proposed linear zigzag function vanishes at the top and bottom surfaces
of the beam, and the continuity of transverse shear stress across the beam section is
not enforced; consequently, the true shear stress distribution is approximated cor-
rectly by a simple piecewise-constant function. The refined zigzag theory doesn’t
face any issues in correctly modeling clamped supports. The displacement field of
RFT takes the following form:

ub (2, 2) = up(x) — 20(x) + " (2)V(z) ; w(z,2) = wo(z), (2.7)
where the zigzag function ¢* is expressed in the following manner
1 — 1 -
¢ = 5(1—§)¢k 1+§(1+§)¢k- (2.8)
Here ¢* and ¢*~! are the values of the zigzag function at the kth and k — 1th

interfaces. Figure 2.3 demonstrates the main feature of the refined zigzag theory,
where the value of the zigzag function vanishes at the external and internal surfaces
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Figure 2.3: Refined zigzag theory. (a) Distribution of zigzag function ¢* ,(b) zigzag
displacement u* and (c) axial displacement u, for a 3 layered section [1].

2(z—zF—

of the beam, i.e. ¢° = ¢™ = 0. The non dimensional coordinate ¢ = =% D

(—1,1) is depicted in Figure 2.3.

In a more recent work, Tessler et al. [16] relied on the concept of limiting homo-
geneity as a way to determine appropriate zigzag functions, resulting in four distinct
sets of zigzag functions, including the above-mentioned zigzag function [15]. They
also utilized the concept of limiting homogeneity in the analysis of homogeneous
plates using zigzag kinematics. Many FEs based on the RZT were developed. Gher-
lone et al. [17] introduced two- and three-node C° beam elements for multilayered
composite and sandwich laminates, in which they applied three different types of
constraints and non-isoparametric interpolation to avoid the shear stiffening issue
in slender beams. Consequently, it was found that the two-node element with con-
stant shear-force constraint is the most accurate element among the formulations
they proposed. A simpler derivation of an accurate finite element based on the RZT
was developed in [18]; in this element, the shear stiffening issue was resolved using
reduced integration.

2.2 Special Zigzag Theory

To address highly heterogeneous laminates with significantly differing shear stiffness
properties between adjacent layers, the author recently developed the Special Zigzag
theory [19]. This theory is displacement-based and models laminates consisting of
alternating stiff and soft layers, assuming that cross-sectional warping is a piecewise
linear function of the beam’s thickness, akin to the RZT. However, unlike the RZT,
the Special Zigzag theory treats the stiff layers as Euler-Bernoulli beams, neglecting
their shear deformation, while the soft layers are considered to have no bending or
axial stiffness. Thus, these soft layers solely facilitate shear coupling between the
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stiff layers. The proposed displacement field of the Special Zigzag theory is

ur(7, 2) = uo(x) — 2wy (@) — V(@) + Gu(2)(2) 3 w(z, 2) =wo(z),  (2.9)

where the rotation wj(z) = dd% is combined with the amplitude of the zigzag func-
tion ¥ (z) to account for average rotation due to deflection and shear. The variable
uo(x) is the axial displacement of the section’s centroid, and ¢g(z) is the zigzag
function of the kth layer. One can note that the number of variables is similar to

the number of variables in the first-order shear deformation theory.

The axial displacement of the special zigzag theory equation 2.9 can be written
in a generalized form to relate to the other displacement-based theories mentioned
previously:

uF(z,2) = uf () +ui(z)z + ub(x, 2) (2.10)

The Special Zigzag theory allows for analytic solutions in specific loading and bound-
ary conditions; however, a notable drawback is its requirement for C! continuity in
interpolating the transverse deflection wg(z). As a result, developing a plate finite
element becomes a challenging endeavor.
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Laminated Glass Beams

3.1 Laminated Glass

Laminated glass, a type of safety glass, consists of two or more glass plies bonded
together with a polymeric interlayer, typically polyvinyl butyral (PVB). This com-
posite is manufactured by bonding the glass plies and interlayers in an autoclave
under high temperature and pressure. The interlayers enhance safety by providing
post-breakage bonding, which prevents large, sharp glass fragments from forming,
thereby reducing injury risk and maintaining load-bearing capacity [20]. Laminated
glass is widely used in architecture, glazing, automobile safety, photovoltaic appli-
cations, and UV protection, and is particularly valuable in hurricane-prone areas.
Additionally, it improves sound isolation, with the interlayer contributing to sound
attenuation. In the following sections, I will delve into the conceptualization of
the Special Zigzag theory, which offers a simplified model for inflexed multilayered
laminated glass beams based on the refined zigzag theory. This chapter includes
the underlying assumptions, the development of an analytic solution for simply sup-
ported beams, the numerical implementation in a finite element framework, and
an analytic solution for the effective thickness of multilayered laminated glass can-
tilevered balustrades.

3.2 A Simple Model For Inflexed Multilayered
Laminated Glass Beams Based on Refined Zigzag
Theory

Section 2.2 provided a brief presentation of the Special Zigzag theory, and here is
a comprehensive exploration of the theory and its applications. The primary focus
is on the unique configuration of laminated glass, consisting of stiff glass layers sur-
rounding compliant polymeric interlayers. This discussion addresses the pre-glass-
breakage phase under the assumption of linear elastic behavior for the interlayer,
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where its elastic modulus varies with time and environmental temperature. Our ap-
proach employs a specialized version of the refined zigzag theory [14] for composites.
The bending response of a laminated glass beam is defined by this configuration,
where the thin interlayer is too compliant to contribute to bending or axial stiffness,
yet it effectively facilitates shear coupling between the glass plies. Consequently,
the bending response in terms of strength and stiffness falls between two extremes:
the layered limit, where the interlayer is perfectly compliant, providing no shear
coupling, and the monolithic limit, where the interlayer is rigid, preventing relative
shearing between the bonded glass surfaces. Thus, a crucial aspect of glass engi-
neering is determining the degree of shear coupling between the glass layers due to
the interlayer [21], [22].

The quantification of shear coupling depends on various factors, including the
shear stiffness of the interlayer, its thickness, the type and size of the structural
element, as well as the constraint and loading conditions [23]. The shear stiffness
properties of the interlayer are influenced by the material’s viscoelasticity, which
can be modeled using the Boltzmann superposition principle. This is often achieved
through an expansion of the relaxation function via Prony’s series [24] or by em-
ploying fractional calculus [25]-[27]. However, in this work, the quasi-elastic ap-
proximation for the interlayer [28] is adobted, neglecting the memory effect of the
polymer and treating it as a linear elastic material. The effective shear modulus is
considered to depend on temperature and the duration of the applied loads.

Various models have been developed to address the problem, primarily catego-
rized into two main approaches. The first is the effective thickness approach, which
represents the thickness of a monolith with properties equivalent to those of the
laminate in terms of stress and deflections. This concept was adapted by Bennison
et al. [29] from arguments for composite beams by Wolfel [30]. A simple formule
for calculating effective thickness was included in the ASTM guidelines [31], initially
applicable only to three-layered simply supported laminates, but it has since been
extended experimentally to more general cases. Another method within this cat-
egory is the enhanced effective thickness developed by Galuppi et al. [32], which
was derived variationally for three-layered beams under various static schemes and
loading configurations, and further adapted for plates [33] and different laminated
sections [34]. The enhanced effective thickness has also been adopted by the Eu-
rocode for glass structures [35]. These effective thickness approaches often rely on
tabulated coefficients for different cases [36], [37]; if the specific case of interest is
not included in the tables, calculations may be required that are not always familiar
to structural engineers.

The other category of solutions to this problem involves solving the governing
equations either analytically or numerically. This approach is more general and
can accommodate a wider range of situations. Various assumptions underpin these
models, primarily the work by Newmark et al. [38], which has been extended to
triple-layered statically determinate beams [32]. Enhanced shear-deformation theo-
ries also fall into this category [39], [40], developed initially for laminated structures
and later adapted for laminated glass [41]. However, as noted in section 2.1.3 these
theories assume a smooth continuous function across the beam’s thickness, failing

24



Chapter 3. Laminated Glass Beams

to capture the zigzag distribution of axial displacement caused by the highly het-
erogeneous properties of laminated glass layers.

In contrast, layer-wise theories effectively capture this zigzag distribution but
are computationally expensive [42] since the number of kinematic variables increases
with the number of layers. The inefficiencies of layer-wise theories were later ad-
dressed by zigzag theories [43], which incorporate a piecewise linear zigzag function,
thereby decoupling the number of kinematic variables from the number of layers and
allowing for more efficient numerical implementation. Nonetheless, these theories
faced challenges in modeling clamped supports [43], [44], an issue resolved by the
Refined Zigzag Theory (RZT) [45].

Recently, Haydar et al. introduced the Special Zigzag Theory (SZT), which is
based on RZT assumptions and specifically tailored for laminated glass sections [19].
This theory models laminated glass beams with arbitrary section compositions and
differs from RZT by treating the glass layers as Euler-Bernoulli beams while con-
sidering the polymeric interlayer to have no bending capacity, functioning solely to
provide shear coupling between the glass plies. This assumption accurately repre-
sents a laminated glass section, where the shear deformation of the glass layers can
be neglected due to their slenderness, and the shear stiffness of the interlayer is the
primary contributor to the laminate’s bending response.

The main advantage of SZT is its simplified displacement field, independent of
the laminated section’s composition. While several simple models for laminated
glass have been developed [46], these models typically handle only triple laminates.
In contrast, SZT can manage any laminated glass section and, due to its simplicity,
allows for closed-form solutions for basic static configurations like simply supported
and cantilevered beams. In this work, I also present the development of a finite
element model capable of addressing more complex cases. The following sections
will detail the development of the SZT model.

3.2.1 The Mechanical Model

The most general cross section for a multi-laminated glass beams is composed of
N layers, with N odd, specifically of (N + 1)/2 glass plies bonded by (N — 1)/2
polymeric interlayers. The generic layer k, for k = 1... N, of thickness hy, is made
of glass (polymer) when k is odd (even). As represented in Figure 3.1, introduce the
sectional reference system (y, z), with origin in the geometric centroid G of the cross
section, so that the k-th layer is comprised between z; and zxy;. Let h = Zf[ hy,
denote the total height of the laminated beam and b its width.
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Figure 3.1: Schematics of the cross section of a multi-laminated glass beam of total height
h, composed of N layers, with representation of the reference frame. The layer k of height
hi, for k=1... N, is made of glass for k odd, and of polymer for k even.

3.2.2 Kinematic Hypotheses

The warping of the cross-section due to bending is approximated as a piecewise linear
function, dependent on the kinematic fields. Unlike the traditional approach of RZT,
which treats all laminate layers as Timoshenko beams, the current model considers
the glass plies as Euler-Bernoulli beams, neglecting their shear deformation. The
interlayers are assumed to have no bending or axial stiffness, primarily providing
shear coupling for the glass plies. This assumption is based on the fact that glass
plies are generally much stiffer than the interlayer, and the ratio of glass thickness
to span is typically low, leading to significant model simplifications.

The description of the section properties is introduced in a reference system where
the z axis is orthogonal to the y and z axes, as shown in Figure 3.1. Here, x € (0,1)
represents the straight line passing through the centroid of the undistorted beam
sections. The axial displacement ug(z, z) and the transverse displacement wy(x, z)
at point (z,z) of the kth layer, where k € (1,N), are defined. The kinematic
description for the kth layer is derived from the vertical displacement wy(x, z) in the
z direction and the horizontal displacement wuy(x, z) in the x direction. Consequently,
the displacement field takes the following form:

uk (7, 2) = uo(x) — 2 [wo(x) — ¥ (@)] + ¢ (2) ¥ (x)

wg(z, 2) = wo(x)

(3.1)
where w((z,z) = dwy/dz. The vertical displacement wy(z, z) is the same for all
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the layers, and the horizontal displacement comprise three terms: ug(z) being the
displacement of the sectional centeroid; —z[wj(z) — ¢ (x)], is analogous to axial
displacement of Timoshenko’s beam when () is related to the average shear angle;
¢(2)(x) is the zigzag displacement, where ¢(x) is the zigzag function and ¥ (x)
implies the amplitude of the zigzag function.

The proposed zigzag function is similar to the one in RZT and is a continous
piecewise linear, and has the following form over the layer k

_&k‘i‘ﬁgk—l Ok — Pr1
B 2 + 2

o £, (3.2)

2(z — zk—1)
_ _ hy,

¢ and ¢_1 the values at the interfaces with the neighboring layers k+1 and k — 1,
as per Figure 3.1. Consequently, the gradient is constant in each layer, i.e.,

where the non dimensional coordinate of the layer k is & = — 1, being

dor. _ Gr — Pr—1

ap = (3.3)

k

xT

From (3.1), the axial strain €(x,z) and the shear strain 7% (z,z) in the k-th

layer, take the form

hr,2) = 2wl 2) = hla) — 20h(e) + 2+ 0 ), (340)
v (z,2) = wh(z) + %uk(aj, z) = (1 + ag)(x). (3.4b)

Taking into consideration that the zigzag function shall vanish at the top and
bottom surfaces of the beam cross-section, one can write:

h/2 h/2
b/ %dz:b/ akdz:/ade:O. (3.5)
- A

h/2 dz h/2

Therefore, integrating (3.60b) over the cross section and using (3.5), one has

vie) = 5 [ k) da. (3.6)

This confirms that (x) indeed represents the weighted average transverse shear
strain of the cross section.
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3.2.3 Computation of the Zigzag Function.

Following the RZT [14], [15], the value of the zigzag function at the top and bottom
surfaces of the laminate should vanish, i.e., ¢g = 0 and ¢y = 0 in (3.2). Addition-
ally, the gradient of the zigzag function a4 for £ = 1... N is obtained considering
the continuity of shear stress at the interface of various layers, as known from the
elasticity solution. However, in this model, the assumption is that the glass plies
are behaving as Fuler-Bernoulli beams with negligible shear strain; consequently,
the shear stress in glass layers cannot be calculated from shear strain. The for-
mal derivation of the gradient relies on the assumption that the shear modulus of
glass plies has a finite value; then eventually, one can calculate the limit when this
modulus goes to infinity.

Let Gy represent the shear modulus of the k-th layer. From (3.60b) the corre-

sponding shear stress 77, reads

T = Gk, = GL 1+ aiv(a) . (3.7)

The interfacial continuity of shear stress at each cross section z requires that

Gr[l+ar] =Gri1 [1 +apy1) =const. =G, fork=1...N —1. (3.8)

This implies that

Substituting in (3.5), one finds

A
G= N .
A G Z G
k=1

For a glass ply, identified by k odd. Let Gy — oo so that, from (3.9), oy, — —1.
Moreover in (3.10) only the terms with & even survive.

(3.10)

Therefore, from (3.10), one can write

— — 1= ——— forkeven (G finite),
a Gl > /G (3.11)

-1 for kodd (G — 0).
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Using (3.3) in (3.5), the following recursion relation holds:

k
&k = Z h;o;  with (50 =0 and (5N =0. (3.12)

i=1

The zigzag function can also be conveniently expressed as a function of the local
coordinate £ € (—1,1), defined in (3.2), as

O, =

k
hy 2 : i i

A noteworthy consequence is the expression for the term [z + ¢x(2)], which

appears in the axial strain ¥(z, z) which reads:

z+op(z — 2p-1) + or_1  forkeven,

Zj—1 + Pp—1 = const. = ¢y forkodd. (3.14)

Z+¢k={

Observe that the contribution of ¥ (x) to the axial displacement, as per equation
(3.1), is constant in the glass layers (with & odd) and equal to ¢,_;. This constant
depends on the cross-sectional geometry and shear properties of the interlayers.

3.2.4 Strain Energy

The contributions to the strain energy consist of the bending contributions from the
glass layers when k is odd and the shear contributions from the interlayers when k
is even. The bending energy of the interlayers is neglected by taking E, = 0 when
k is even, while the shear energy of the glass plies is considered to be negligible.
Hence the strain energy function reads:

=% /V k 5 B () — 2 wl(x) + s 0/ () Vi

) (3.15)
+ % [ 60+ v v

k even

where V}, is the volume of the k-th layer.

If one considers a multimaterial cross-section where, in general, the elastic moduli
are not the same for the glass layers and polymer layers, the procedure of choosing
a value for the elastic modulus as a reference and defining other values as a ratio to
this reference is a common practice. Therefore, set
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E
B = —k forkodd, f = ﬂ for keven . 3.16
E G

T T
where F,. and G, are the reference Young’s modulus and shear modulus, respectively,

for the odd and even layers. The shear contribution to the strain energy (3.15),
provided by the interlayers, is given by

S [5G [+ ) v av

k even ¥ V&
] ; (3.17)
_—G bz 1+Oék hkﬁk/¢2 :—GTA*/ID2($)CZJI
k even 2 0
where
A =0 ) [+ ) hi B - (3.18)
k even
The part of the energy associated with the normal strains takes the form:
1 / " /
> 5 Br Be [ug(w) — 2 wf(2) + cuoa ¥ ()] dV
kodd ¥ Ve
1 : 2
:—Er/ 5/ ug(x) — 2wy (x) + ey Y¥'(2))" dA| dx
1 : "
=5 B [ Mg (@ + 1, w0 + T /(0 = 2Q, i) wio)
= 21, ¥/ () wi(x) + 25, up(x) ¢ (x)] dx
with
A= Y b = Y0 [ Faat= Yp [ s
k odd k odd k odd
Zﬁk/ zdA, I, Zﬂk/ 2z dA, Sy = Zﬁk/ ch1 dA.
k odd k odd k odd Ak
(3.20)

The section properties Ay, Iy, Iy, Qg Iy,, and S, reduce to area, moments of inertia,
and first moments of area When the cross-section is homogeneous (B, = 1). In a
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laminated package, these properties correspond to the geometric characteristics of
the section, homogenized with respect to the reference materials, as is classically
done in layered composites.

In conclusion, the strain energy can be expressed as:

l
v=tg, / Ay (@) + Iy wl (@) + I, ¥/ (2)? — 2Q, ub(x) w)(x)
2 " Jo (3.21)

!
— 21, V' (z) wi(x) + 28, ug(x) Y’ (x)]|dx + % G, A*/O V*(z) dr .

Hereafter, is the analytic solution of the corresponding Fuler-Lagrange equations.
The variational approach will also be used for the FEM implementation.

3.2.5 Analytic Solution

The simple case of a straight, simply supported laminated-glass beam, x € (0,1),
is solved explicitly. The cross-section is composed of an arbitrary number N of
layers, and the beam is loaded by a transverse distributed load ¢(x). Generally, a
solution can be obtained for other configurations of statically determinate beams,
where the bending moment is calculated from static equilibrium. In the case of
statically indeterminate beams, the equations can still be solved explicitly, but the
numerical approach implemented in the next section is much more convenient.

From (3.21), considering the work of the external loads, the total energy func-
tional becomes

1 ! / " /
E 25 Er/ [Ag UO(IE)Q + 1, wy (J:)Q + 1y ¥ (@2
0

— 2Q up(x) wo(z) — 21, ¥'(x) wi(z) + 25, ug(x) ¥/ (z)]dx (3.22)

+ % G, A* /Ol V*(x) dr — /Ol q(z) wo(z) du.

The first variation with respect to wug, provides the field equation and boundary
conditions

— B, [Ag ug(x) — Qquyg' () + S (x)] =0, 2 €(0,1), (3.23a)
B, ( Ay up(z) — Qqwi(x) + Sy () dug(z)]y = 0. (3.23D)

The first variation in wq gives
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B, [l wf(x) — Iy ¥/(2) = Quup(a)) —q(e) =0, =€ (0,]),  (3.24n)
(B, (I, wi(2) — I, ¢/ (z) — Qqup(x)) dwy(z)]y = 0, (3.24b)
[—E, (I, wi(x) — Iy, ' (2) — Qquh(x)) Swo(w)], = 0. (3.24c)

Finally, the first variation in v implies

B, [I,, w)(z) — I, ¥'(x) — Syup(z)] + G, A*(x) =0, € (0,1), (3.25a)

B (Sy u(w) = Iy wi(@) + Iy, ¥/ (2)) 60b(@)]y = 0. (3.25b)

Equation (3.23) show that E, [A, ug(x) — Q4 w((x) + Sy ¢’ (x)] represents the ax-
ial force in the beam. Equations (3.24) show that E, [, w((z) — Iy, V' (x) — Qg ug(x)]
is the bending moment in the beam, and its derivative is associated with the shear
force. The amplitude of the zigzag function () incorporates the relative slip be-
tween glass plies, which occurs due to the compliance of the interlayer. Equation
(3.25a) represents the equilibrium of the interlayer. A slipping constraint can be
imposed by setting ¢ (x) = 0 at either end of the beam, z = 0 or x = [. This can be
achieved by gluing a rigid block of the same thickness as the interlayer, as discussed
in [47]. On the same note, if slipping is allowed at the beam ends, the variation 0t (z)
at the boundary can be non-zero, and the force E, (1, ¢'(x) — Iy, w((x) — Sy uj(x))
in equation (3.25b) shall vanish.

Generally, the system of equations (3.23a), (3.24a), and (3.25a) requires eight
boundary conditions to be solved explicitly, considering that this system is fourth
order in wy(z) and second order in both ug(x) and ¥ (x). In fact, although (3.24a)
apparently shows a higher degree of differentiation in both ug(x) and ¥ (x), substi-
tution from the other equations and manipulation can eliminate this dependence.

For the case at hand, the geometric boundary conditions are wy(z) = 0 at =0
and x = [. When the value of ¢(x) is not prescribed at the supports, the remaining
boundary conditions can be derived from (3.23b), (3.24b), and (3.25b), and can be
stated as

Ay —Qg 5 ug () 0
—Qy I, —I,|wi(z)p=<0p, atz=0andz =1. (3.26)
Sg _Ig2 Ig1 ¢/(x) 0

From the expression (3.20), one can directly verify that the determinant of the
matrix is not zero. Hence, the boundary conditions w{(z) = 0, ¢'(z) = 0, and
up(z) = 0 hold at z = 0 and = = [. If, on the other hand, one assumes that the
value of ¢(x) = 0 is assigned at the beam ends x = 0 or x = [, one must consider
only the conditions that correspond to the first two equations of (3.26).

32



Chapter 3. Laminated Glass Beams

The equations can be easily solved when the moment equation (3.24a) can be
integrated directly. This is certainly possible when the bending moment in the beam
is known, as in the problem at hand. Here, the calculations are made explicit for
the case of a uniformly distributed load ¢(z) = p.

Since the beam is simply supported at the ends, (3.24b) can be satisfied if, at
r=0and z =, E, ({,wj(z) — I,V (x) — Qgup(x)) = 0. This is the moment
boundary condition at the simple supports, where M(z) = 0 at x = 0 and = = [.
Consequently, (3.24a) can be integrated for ¢(z) = p and provides

B, (I, uf (@) = Quup(w) = I ¥/(2)) = (@ =) =0 we(0,0).  (3:27)

Isolating wg(x) from (3.27), and substituting it in (3.23a), and (3.25a), one obtain
the system of differential equations

1
wp(x) = %w'@) + %ug(:ﬂ) + 2Ep 7 (2 — 21), (3.28a)
: I l
E, (% —Ag) "2)+ E, ( H}QQQ - sg> () + Q;gp ( _ 5) — 0, (3.28h)

2
B, (ﬁ - Igl) V(@) E, (% - Sg> ul(2)+As G, () + 222 (a: - —) =
g

One can substitute wuj(x) from (3.28b) into (3.28¢), and find a second order
differential equation in the sole ¢ (x), which can be solved because the boundary
conditions are assigned. In fact, in the case in which the slip is constrained at the
ends, one has ¥(0) = ¢(I) = 0. If this is not the case, one has from (3.26) that
' (0) = ¥'(I) = 0. Then, the so found ¢ (x) is substituted in (3.28b), to obtain a
second order differential equation in ug(z), which can be integrated. Finally, the so
obtained expressions of ¢(x) and ug(x) are used in (3.28a), to define the conclusive
differential equation for wy(z), which is solved under the conditions wy(0) = wy(l) =
0.

The layered limit is obtained in the case G, = 0. Thus, from (3.25a), one obtains

I

S,
V() = 72 up' (@) = Frug (o). (3.29)
g1 g1

Substituting in (3.24a), one finds
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[!]2 Sg
gl
in the layered limit, the axial displacement wuy(z) is decoupled from transverse dis-
placement wg(x), because each layer deform independently from the other layers.

The bending equilibrium thus reduces to

Recalling (3.20), it is readily proved that (Qg — ) = 0. This confirms that,

E, ([g - §—922> w"(z) — q(z) = 0. (3.31)

gl

Observe, from (3.20), that when all the plies are made of the same glass (8, = 1),
one has

[2

g2 __ =2 __
Ig—j—gl—fg—ZAka —]l, (332)
k odd

where 2, = %(zkﬂ + zi) is the distance, measured along the z axis of Figure 3.1, of
the centroid of the k-th glass layer. Therefore, I; is the layered moment of inertia,
i.e., the sum of the centroidal moments of inertia of the glass plies.

The monolithic limit is related to the value of the interlayer’s shear modulus and
theoretically occurs when G, — +oo. This can be understood by observing equation
(3.22), which implies that ¢(z) = 0, € (0,(); otherwise, the energy function would
become unbounded. The actual implication of this observation is that the value
of the zigzag function goes to zero when the rigid interlayer prevents the relative
sliding of the glass plies. Equation (3.20) shows that I, is the moment of inertia of
the cross-section of the glass plies, spaced by the thickness of the interlayers. This
is the cross-sectional inertia to be considered in the monolithic limit [32].

It should also be remarked, from (3.20), that ), = 0 when, for example, the
cross-section of the laminate is symmetric with respect to the y axis of Figure 3.1.
In this case, it can be proven that the axial strain is zero, and (3.27) reduces to the
classical equilibrium equation in bending. When @, # 0, equation (3.27) indicates
that the axial strain is generally not null; this is because the x axis is not centroidal
for the homogenized cross-section. In other words, the neutral axis of the cross-
section does not coincide with the y axis.

In the next section, the numerical implementation of the model is presented, for
which the cases analytically solved here will be used as benchmark problems.

3.2.6 Finite Element Implementation

The standard procedure in finite elements is based on the interpolation of the dis-
placement field and substituting the corresponding strains into the energy equation
(3.21). The integration of strain expressions over the cross-section gives the work
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conjugates, which are in this case the axial force IV, the bending moment M, the
shear-induced moment M, and the shear force @),,. These are, respectively, work
conjugates with dug(x), dwy(x), 6¢'(x), and 6y (x). The generalized constitutive
relationships read

N
O, — Mwo = DEEE , O = Qw = Dtgt , (333)
My,
where, from (3.21),
Ag _Qg Sg
D.=E |-Q, 1, —I, , D, =G, A", (3.34)
Sg _192 ]91
and
ug(z)
g. = S w(z) , e =1(x) . (3.35)
Y'(z)

Considering that the first variation of (3.21) is of fourth order with respect to
wo(z) and of second order with respect to uy(z) and ¥(x), the essential boundary
conditions are ug(x), wo(z), wi(x), and ¢ (x) at the first and second nodes, = = x;
and x = z;, respectively. These indicate the nodal degrees of freedom for the finite
element. Consequently, the two-node Refined Zigzag (BRZ) beam FE has eight

degrees of freedom, a'? and a'”, at nodes i and 7, as schematically indicated in

) j
Figure 3.2.
Ug ]
a;(®) = w? O O aj(e) = w9
Wo ; 1(e) j Wy
v ), v,

Figure 3.2: BRZ beam finite element of length [(¢), with indication of the degrees of

(e) (e)

freedom a;’ and a;’ at nodes ¢ and j, respectively.

The continuity requirements for the interpolation of the unknowns are C* for
the deflection wy(x) and C? for the axial displacement ug(z) and the average shear
angle 1(z). A cubic Hermite interpolation is chosen for wg(z), whereas ug(z) and
Y (x) are described by a standard linear approximation. The shape functions are
represented in terms of the local coordinate £ € (—1,1) in such a way that, denoting
z; and x; as the nodal coordinates of the beam element of length (),
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; , o 1€
Tt a x € (x;,x)). (3.36)

Hence, the linear and Hermite interpolations can be written as

1 1
_ 1 _ 1 .
N121(2—3€+53), N221(55—€2—5+1)7
B 1 ) 1 (3.37b)
N3:Z(2+3§_§3)7 N421(§3+§2—§—1)-
Consequently, one can approximate the displacement field as
uo() Ne
u = wo(l') = Niage) + Nja§e) = |:Nz , NJ] Ee) =N a(e) s (338)
() E
where
N0 0 Ny 0000
N;,=|10 Ny Ny 0 ,N;j=10 Ny Ny 0] . (3.39)
0O 0 0 M 0O 0 0 N
It follows from (3.35) that
a,” @ Ta(0)
e. = [B;, Bj] aze) =Ba', g =¢(r)=N,a", (3.40)
J
with
dN.
ey, 0 0 -2 0 0 0
B; eN, ENy B, — &Ny &N,
' dz?  dx? 7 dz?  dx? ’
le dN2
0 0 0o — 0 0 0o —
dz dz
(3.41a)
T Q;
N,=[0 00 N, 00 0 N {aj}‘ (3.41b)
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The strain energy U of (3.21) and the work W of the external forces can be
rewritten in matrix form. If the element is subjected to a distributed transverse
load ¢(z), recalling (3.34) and (3.35), the total energy reads

1 (% @
EzU—Wzi/ D553+Dtafdx—/ q(z) wo(x) dx . (3.42)

i

From (3.40) and (3.41), the stiffness matrix at the element level takes the form

K=K, +K;, (3.43)
Where
+1 1(e)
K, = [E K] K, = / BID.By —df hk=ij,  (344)
Pji Pjj -1
+1 - 1(e)

-1

The external work can be expressed in terms of shape functions as follows

+1 l(e)
W= [ ) NLa® i —rgT ), (3.46)
—1

where

NO=[0 Ny N, 00 N3 Ny 0]. (3.47)

w

Consequently the energy expression reduces to

1 1
E= 5 a®" Kal® — qu al® = a@" (5 K al® — rq) ) (3.48)

The necessary condition associated with minimizers of the potential energy pro-
vides the equations

o€ 1 1
=z (e) _ “Kal® — (&) _p —
Pl (2 K a rq> + 2Ka =Ka r,=0. (3.49)

The stiffness matrix can be integrated either analytically or numerically, There
is no need to reduce the integration because the assumed regularity of the shape
functions rules out the possibility of shear locking. The assembly of the global
stiffness matrix for a given mesh follows the standard procedure.
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3.2.7 Examples

Here, the evaluation of the numerical convergence of the proposed finite element.
The numerical solution is tested against a benchmark problem that has an ana-
lytical solution. Additionally, an example of an asymmetrical composite package is
presented.The numerical model is based on several assumptions, including the linear
elastic behavior of the materials, homogeneity and isotropy of the laminated layers,
and perfect bonding between the layers. Additionally, it is assumed that the loads
are applied gradually, corresponding to quasi static loading conditions.

3.2.8 Convergence of the Finite Element

The benchmark problem is that of a simply supported beam with a width of b =
1000 mm and a length of [ = 3000 mm, subjected to a uniformly distributed load
per unit length of ¢ = 2 N/mm. The cross-section is a laminate, symmetric with
respect to the y axis of Figure 3.1, composed of N = 5 layers: specifically, three plies
of glass with a thickness of h, = 6 mm and Young’s modulus £, = 70 GPa, bonded
by two interlayers of Poly Vinyl Butyral (PVB) with a thickness of h; = 0.76 mm,
whose shear modulus is assumed to vary within the range G, = (107° — 10%) MPa.

Regarding the boundary conditions, in addition to those corresponding to the
simple support, the shear sliding between the glass layers at the beam supports is
blocked, so that 1(0) = ¢(I) = 0. For this problem, the analytical solution can
be directly found using the procedure outlined in Section 3.2.5. Note that, for the
case of a symmetric laminated package, the equations (3.28) are greatly simplified
because, from (3.20) @), = 0 and S, = 0. The numerical models are obtained by
considering an increasing number of points for the mesh, with the shear modulus
G, within the prescribed range. The nodal values of the numerical solution were
interpolated using the shape functions (3.37), as in [48].

The measure of convergence used here is the maximum relative error, defined as

= el (3.50)

where v, is the value of interest obtained from the analytic solution, while v, is
the corresponding value obtained with a mesh composed of n elements, with n €
(3 —300). The convergence is tested for the values of the deflection wy(x) and the
average shear angle ¢ (x), while the value of ug(z) is not important for this example,
considering that the section is symmetric.

Figure 3.3 shows that the shear modulus has little to no effect on convergence
in terms of deflection. Generally, the convergence is fast, and the maximum error is
less than 0.01% when the number of elements exceeds five. Considering the lowest
number of elements, n = 3, the largest error is observed in correspondence with
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the lower values of the shear modulus G,. In contrast, for high values of G, the
error is considerably lower; for the highest values of G, very good convergence is
achieved even for the coarsest meshes. This can be attributed to the fact that when
the shear modulus is large, the structural response of the beam tends towards the
monolithic limit, where ¢ (z) — 0. In this limit case, the composite beam behaves
like an Euler-Bernoulli beam with a compact cross-section.

The relative sliding of the layers is captured by the average shear angle 1 (z),
which also serves as an indicator of the degree of shear coupling between the glass
plies through the interlayers.

0.3r
—4— G =1e-05 MPa
+Gp=0.01 MPa
0.25 G,=0.1 MPa
%Gpﬂ MPa
xX 02r +Gp=10 MPa
= G =100 MPa
o p
[}
3
% 0.15F
g
S
S 01f
0.05 -
5 10 15 20 25

Number of elements

Figure 3.3: Relative error, with respect to the analytical solution, for the maximum deflec-
tion max,¢ (g [wo(z)], as a function of the number of elements used for the discretization,
for the various values of the interlayer shear modulus G).

Consequently, the deflection is affected by the value of ¢ (z), and the state of
stress in the cross-section is also dependent on this value. Figure 3.4 demonstrates
the dependence of the relative error on the value of the shear modulus and the
number of finite elements. As noted, the number of elements required to obtain the
smallest error is much higher than in the case of deflection shown in Figure 3.3.
Nonetheless, the relative error for the smallest number of elements is acceptable by
the standards of numerical approximation.

The dependence of the relative error on the shear modulus is reversed compared
to the case of deflection; as shown in Figure 3.4, the higher the shear modulus, the
slower the convergence. This can be explained by the fact that when G, — oo,
the structural response of the cross-section tends to the monolithic limit, and the
average shear angle ¢ (z) tends to zero. Since, in the expression (3.50) for the relative

39



Chapter 3. Laminated Glass Beams

error, the denominator is close to zero, even a very small variation of the value of
interest can yield noteworthy errors. Although the error is relevant in relative terms,
its absolute value is limited and has a mild influence on the deflection, as can be
deduced from Figure 3.3.

T

0.9

—5— Gp=1e-05 MPa
—— Gp=0.01 MPa
Gp=0.1 MPa

—8— Gp=1 MPa

vl

0.8

0.7 +Gp=10 MPa

Gp=100 MPa

0.6 f

0.5

¥ (z) max error %

50 100 150 200 250 300
Number of elements

Figure 3.4: Relative error, with respect to the analytical solution, for the maximum value
of the average shear angle max,¢ (o) [¢(7)], as a function of the number of elements used
for the discretization, for the various values of the interlayer shear modulus G,,.

3.2.9 A Complex Composite Package

Here is a detailed discussion of the structural response of a complex laminated
package, for which the composition, with reference to the layer numbering in Figure
3.1, is reported in Table 3.1. In this configuration, glass plies are used in combination
with transparent polycarbonate, while the interlayers can be made of either silicone
or polymers, with representative shear modulus values of G, = (0.1,1,100) MPa.
The laminated beam, with a width of b = 1000 mm and a span of [ = 5000 mm,
is again simply supported at the ends and subjected to a uniformly distributed
transverse load per unit length of ¢ = 1 N/mm.

Regarding the boundary conditions related to the relative slippage between the
layers, two possible scenarios are considered: i) blocked slippage at the ends, such
that ¢(z) = 0 at x = 0 and « = [; ii) unconstrained slippage at the ends, for which
the value of ¢ (z) is not prescribed at © = 0 and = = [. These boundary conditions
will be referred to in the graph legends as “¢b = 07 or “¢» # 07, respectively.
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H Layer ‘ h [mm)] ‘ E [GPa] ‘ G [MPa] ‘ Type H
7 5 70 - Glass
6 1.52 - G variable | silicone/polymer
5 10 2 - poly-carbonate
4 1.52 - G, variable | silicone/polymer
3 2 70 - Glass
2 1.52 - G, variable | silicone/polymer
1 2 70 - Glass

Table 3.1: Composition, with reference to the layer numbering of Figure 3.1, of the lami-
nated package in the proposed example.

This case study demonstrates six combinations of boundary conditions and values
of shear modulus G,,. As shown in Figure 3.10(a), three values of the shear modulus
are combined with two possible boundary conditions in terms of the average shear
angle: vy =0and ¢ #0 at x =0 and = = [.

Considering the boundary condition ¢ = 0 at the beam ends, a notable stiffen-
ing of the structure occurs when the shear modulus is low (G, = 0.1 MPa). This
effect is mild for an intermediate shear modulus (G, = 1 MPa), while the bound-
ary condition has almost no effect on the response when the shear modulus is large
(G, = 100MPa). This can be attributed to the fact that when the shear modulus
is large, the section’s behavior tends to the monolithic limit, and the average shear
angle 1 () approaches zero everywhere, not just at the boundaries.

This phenomenon can be better appreciated from Figure 3.10(b), where the
graphs of ¢ (x) are reported for the aforementioned combinations of boundary con-
ditions and shear modulus values. For the case when G), = 100 MPa, the value of
the average shear angle is nearly nil, indicating proximity to the monolithic limit.
In the intermediate case with G, = 1 MPa, the value of ¢)(z) is not close to zero;
nonetheless, the difference in response between ¢ = 0 and ¥ # 0 at the boundaries
is negligible.

In the case when the interlayer is soft, i.e., G;, = 0.1 MPa, it is evident that the
boundary condition ¢ = 0 plays a significant role in stiffening the response. This
can be quantitatively appreciated by observing the change in the area under the
curves when 1) = 0 and when 1) # 0.

Figure 3.6(a) demonstrates the normal stress 0., along the beam axis at the in-
trados of the beam, where the stress is always positive. When the free end condition
is applied with ¢ # 0, the stress value aligns with the simple support condition,
where 0,, = 0 at x = 0 and « = [. The stress value is negatively correlated with
the interlayer’s shear modulus; as the shear modulus increases, the section’s re-
sponse approaches the monolithic limit, resulting in a higher resistance moment of
the cross-section and lower stress values.
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Figure 3.5: (a) Graph of the transversal displacement wq(x), for z € (0,1), of beam axis in
the six considered cases Gp = (0.1, 1,100) MPa with constrained (1) = 0) or unconstrained
(1 # 0) slip of the plies at the ends. (b) Corresponding plots of the average shear angle
Y(x), for x € (0,1).

When ¢ = 0, the beam is no longer simply supported, and the axial stress
is different from zero. This occurs because this constraint induces a concentrated
shear reaction between the glass plies, leading to stress at the beam ends. This
effect corresponds with expected results, as discussed in [47]. The impact of the
constrained boundary condition ¢ = 0 is more pronounced for low values of the
shear modulus, while it becomes negligible for high values.

These deductions also apply to Figure 3.6(b), which represents the normal stress
at the beam’s extrados. Notably, the shear constraint v» = 0 has an unexpected
effect on the stress at the extrados; this stress remains positive along a portion
of the beam near the constraints. This is again due to the internal reactions of
the slip constraint, which stresses the ends of the plies. Specifically, referring to
the numbering in Table 3.1, one finds that plies 1 and 7 are subjected to tensile
end-forces, while plies 3 and 5 are under compression. Indeed, the resultant of the
normal forces in the plies must be zero to maintain equilibrium with the external
actions.

Graphs of the distribution of normal stress in the thickness direction, correspond-
ing to the z axis of Figure 3.1, are demonstrated in Figure 3.7(a) for ¢» = 0 and
Figure 3.7(b) for v # 0. The stress distribution is piecewise linear in the glass plies,
consistent with the zigzag wrapping of the cross-section. The axial stress is null in
the interlayers, aligning with the assumptions made in the theory regarding the lack
of axial stiffness of the interlayer. The axial stress in layer 5 is significantly lower
than that in the glass plies, considering that this layer has a low elastic modulus
as per Table 3.1. Qualitatively, there are no obvious differences in the axial stress
between the cases with ¢» = 0 and ¢ # 0; however, the stress values are lower for
1 = 0, as the slip constraint at the beam ends encourages behavior closer to the
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Figure 3.6: Normal stress at (a) the intrados and (b) the extrados at the various sections
x € (0,1) of the beam, in the six considered cases Gp = (0.1, 1, 100) MPa with constrained
(» = 0) or unconstrained (¢ # 0) slip of the plies at the ends.
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Figure 3.7: Distribution of the normal stress in the thickness of the beam at the cross
section x = [/4, for Gp = (0.1,1,100) and slip condition (a) ¢ # 0 and (b) ¢ = 0 at ends.
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monolithic limit.

In the following section, the solution of a multilayered laminated glass can-
tilevered balustrade based on the SZT is presented.

3.3 Analytical Solution and Exact Effective Thick-
ness of Multilayered Laminated Glass Can-
tilevered Balustrade

The alternation of stiff and soft layers in laminated glass causes a variety of effects
on its structural response: (i) the transverse shear strain is primarily constant in the
thickness and concentrated in the soft layers, while the stiff layers do not experience
any shear strain; (ii) the thickness of the soft layers remains constant under bending
or shear deformation, consequently maintaining a constant distance between the
stiff layers; (iii) the rotation of the stiff layers is largely identical, while the shear
strain in the soft layers is independent. A comprehensive review of mathematical
models used to study this specific case of laminated structures was presented in
Section 3.2. In this section, the particular case of cantilevered laminated glass,
often used as balustrades in prestigious buildings is presented. The deformation of
a glass balustrade under design actions (barrier load, wind) is cylindrical, thus the
structure can be modeled as a one-dimensional cantilevered beam.

In addition to the aforementioned peculiarities of laminated glass, a major diffi-
culty consists in the assessment of the proper boundary conditions at the clamped
edge. The boundary conditions in this case are not only limited to fixed rotation
and zero displacement; these conditions should also include the warping of the cross-
section, i.e., the relative end displacement of the glass plies. The clamped support
for glass balustrades usually consists of inserting the glass plate inside U-profile base
shoes for a depth of a few inches [49]. This kind of configuration does not prevent
the relative sliding between the glass plies; consequently, the resulting warping of
the end cross-section has a major influence on the structural response of the en-
tire cantilever. Methods reported in standards, like the enhanced effective thickness
(EET) method, lack the required accuracy to model such conditions, especially be-
cause shear coupling through the interlayer is highly variable along the beam axis
and strongly influenced by the warping of the end cross-section.

Other methods have been developed to address these limitations; namely, the
conjugate beam effective thickness (CBET) [50] was developed as an extension of
the EET method. The improved accuracy of the CBET was demonstrated in [50] by
comparing paradigmatic examples. Nonetheless, the CBET method is limited to a
three-layered cross-section. This section introduces an application of the SPT, where
the problem of cantilevered glass balustrades discussed in [50] is solved analytically.
This work has been developed by Haydar et al. [51] for multilaminates with an
arbitrary number and thicknesses of glass and polymer plies. This work is based
on the SPT developed in [19], in which the glass (stiff) plies are considered to
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behave as Euler-Bernoulli beams, while the polymer interlayers (soft) are treated as
Timoshenko beams with no bending or axial stiffness.

This work assumes equal rotation of the stiff plies and a constant shear strain
through the thickness in the soft layers, which provides fairly simple governing equa-
tions that can be solved analytically for the case of a statically determinate beam.
The case under consideration has significant practical relevance for the design and
verification of laminated glass structures. The theoretical model is based on the SPT
[19]; however, the solution of this problem requires variational determination of spe-
cific boundary conditions and matching conditions at points where the solution is not
regular. The novel aspect of this work also includes the definition of geometric and
elastic parameters that provide a tool for understanding the analytic solution. The
simplicity of the solution allows it to be implemented in a straightforward EXCEL™
spreadsheet.

The explicit solution provided here enables the derivation of effective thickness
formulas for stress and deflection, although these formulas are not the primary
focus here, as the analytic solution contains all the required information necessary
for design. Nonetheless, the effective thickness formulas are useful for comparing
the current approach with other methods reported in the literature. Due to the
limitations inherent in the triple laminate solution [50], the comparison with this
solution had to be conducted for a three-layered laminate; nonetheless, the proposed
solution is applicable to multilayer laminated packages.

3.3.1 The Model

The laminated package and geometric parameters are presented in Figure 3.1 and
Section 3.2.1, while the zigzag function considered for this case is the one introduced
in the SZT, as presented in Equations (3.11), (3.12), and (3.13). The geometrical
properties of the cross-section are reported in Equation (3.20), where Q, = S, =0
when the cross-section is symmetric.

3.3.2 Static Schemes and Governing Equations

As illustrated in Figure 3.8(a), the laminated glass balustrade under consideration
consists of vertical glass panels supported at the bottom by a base shoe, typically
a U-shaped cross-section channel made of aluminum. The portion of the glass ply
inside the channel varies from 2% to 10% of the cantilever’s free length.

The cantilever is usually subjected to the barrier load, a distributed force applied
at the top of the cantilever, as well as the wind load, which is a distributed pressure
uniformly acting over the exposed area. As shown in Figure 3.8(b), due to the
nature of the support, the contact between the glass and the U-shaped support can
be considered point-wise. Generally, this constraint does not prevent the warping
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of the end cross-section.

(a) (b)

Figure 3.8: Schematic representation of cantilevered laminated-glass balustrade inserted
in an U-shaped base-shoe: (a) undistorted configuration and (b) point-wise contact under
the applied load, with evidence of the warping of the end cross section.

The static scheme commonly adapted to represent this type of U-shaped support
[50] is presented in Figure 3.9. The distributed load represents the wind pressure,
while the concentrated force represents the barrier load; both loads are multiplied
by the width of the balustrade.

z

Figure 3.9: Static scheme for cantilevered LG balustrades, made of glass panes continu-
ously supported at one edge by U-profile base-shoes.

The solution is obtained separately for each load case, and then the principle of
superposition can be applied to obtain the structural response under the combined
action of these loads, considering that the deformation is in the linear elastic regime.
Following the SZT, the kinematic variables are the deflection wg(z) of the beam axis
and the function ¥ (x), which is related to the average shear angle and represents
the amplitude of the zigzag function along the beam axis. Here, is a presentation of
the solution for a symmetric package, as it is the case of interest for design practice.
The case of an asymmetrical section can be treated similarly, although the resulting
expressions are much more lengthy.

Let Er be the Young’s modulus of glass, and Gp the elastic shear modulus of the
polymer forming the interlayer. The energy functional takes the following form:
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1 ! 2 2
= Er | |Ig (wy(x))” +1g; (V' (2))” — 21gy wg(x) ¥ () |dx
2 /0 | (3.51)

1 /! !
+§/ ASGp@Z)(x)de+/ quo (z)dz + Fwy (1),
0 a

where ' denotes differentiation with respect to the variable . Observe that the
positive direction of deflection wy(z) is along the axis z, whereas both ¢ and F' are
positive in the opposite direction.

The first variation of the energy functional with respect to wy(z) and ¥ (x) pro-
vides the Euler-Lagrange equations:

Erlgwy”(z) — Erlgy " (z) + ¢H (z —a) =0, (3.52a)
Erlg, wy () — Erlg, ¢"(z) + AsGp¢(z) =0, (3.52Db)

where H(-) is the Heaviside unit step function.

The system (3.52) has to be distinctly integrated in the domains 0 < z < a and
a < x < [, and the solution is found by using boundary conditions at x = 0 and
x = [, as well as matching conditions at x = a~ and z = a’. These can be either
of geometric or natural type. Observe that the warping of the cross section is not
assigned at z = 0 and x = [: this implies that the variations §¢(z),—o and 61(x),—;
are arbitrary. Obviously, also dw{(x),=0, 6wo(z)y=;, and dw((x),—; are not assigned.

In conclusion, one has two geometric boundary conditions, i.e.,

wp(0) =0, (3.53a)
wo(a) =0, (3.53b)
and, five natural boundary conditions of the form

Er [Ig wg(0) — Ig2 ¥/(0)] = 0, (3.54a)
Br [lgwi(l) —Ig2¢'(D)] = 0, (3.54b)
Er[Igwy (1) — Iga " ()] = F, (3.54c)
Er [Ig2 wi(0) — Ig19/(0)] =0, (3.54d)
B [Tgs (1) — gy o/(1)] = 0. (3.54¢)

The geometric matching conditions at the interface point x = a involve, apart from
the continuity of the displacement field wy(x) and its first derivative w((x), the
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continuity of the shear function ¢ (z). In fact, this is associated with the warping
of the cross sections: if 1(x) were not continuous, there would be a mismatch in
the cross-sectional deformation at the interface point. In conclusion, the geometric
matching conditions read

wo(a™) = wo(a™), (3.55a)
wy(a™) = wy(a™), (3.55b)
P(a”) =y(a’), (3.55¢)

and the corresponding natural matching conditions

Igy w(a”) —Igiv'(a”) = Igaw)(a™) — Igay/(a™) | (3.56a)
Igwg(a™) —Igy'(a”) = Igwg(a®) —Ig2 ¢/ (a™). (3.56b)

Consequently, in total, one has 12 conditions. The system of differential equa-
tions (3.52) is of the fourth order in wy(z) and of the second order in ¢(x). In
fact, one can differentiate (3.52b), find from this ¢"(x), and substitute it in (3.52a)
to eliminate the third-order dependence in t¢(z). Therefore, the number of condi-
tions matches the order of the equations, which are to be integrated in two distinct
domains.

The matching conditions (3.56), since IgIg, —Ig3 # 0, as detailed in the 3.4, can
be restated as

wg (a7) = wj (a*) , (3.57a)
Y (a7) =9 (ab) . (3.57b)

wy(0) =0, (3.58a)

W(0) =0, (3.58b)
and from (3.54b) and (3.54e) that

wy(l) =0, (3.59a)

Y1) =0. (3.59b)

It is useful to recall, from [19], the expressions for normal stress in the k-th glass
ply (k odd) and shear stresses in the k-th interlayer (k even), which take the form
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ok (x,2) = Br[—zw}(z) + (z + ¢u(2)) &' (2)] , (3.60a)
7h.(x) = Gprh.(z) = Gp (1 4 ax) ¥(x), (3.60b)

where ¢ (2) is the zigzag function defined in (3.13).

3.3.3 Solution of the Differential Equations

The analytic solution of the governing equations presented in Section 3.3.2 is now
illustrated. This will be successively used to derive exact expressions for the effective
thickness of the cantilevered laminate. The solution is produced separately for each
load configuration of Figure 3.9, associated with either ¢ (Case 1) or F' (Case 2).

Case 1: uniformaly distributed load

Let FF = 0 and ¢ # 0. Equation (3.52a) can be integrated twice on the domain
xz € (0,a) and = € (a,l), obtaining four constants that can be determined by using
the boundary conditions (3.54c), (3.58), (3.59), and the matching condition (3.57).
Hence, one obtains

Er[Igw!(z) — Ig, ¢'(x)] + q<l2—_a“)2 =0, z€(0,a), (3.61a)
Er [Igwg(x) — Igy o' (z)] + M =0, =z¢€(al)), (3.61Db)

Observe that

q(l—a)?
Ri=—" 3.62
1 %2 ) ( )

represents the constrain reaction at the Lh.s. support, as indicated in Figure (3.9).

Substituting wy’(z) from (3.61) in (3.52b), provides

Ig,? I
Er (Ig_g - gl) W (z) + AsGp ) () — 1%2 Ry =0, z€(0,a),  (3.63a)

2
Br (2~ 1g,) 070 + AsCpu () + g (1-0) =0, w€(al). (03D
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Since, as shown in the 3.4, it can the proved that (Ig Ig, — Ig22) > (, one can define
the length scale A > 0 such that

Er (Ig Ig, — Ig22)

2= 3.64
GpAslg (3.642)
It is also convenient to introduce the force Ry in the form
AsGpl
Ry=227P8 (3.64b)
Ig,
so that (3.63) becomes
2 1 Ry
@Z)(l’)—)\ ¢ (x>_R_:0’ 2 (0,(1), (365&)
0
I —
b(w) — N2 (z) + Q(R 20, we(al). (3.65b)
0

Applying the boundary conditions (3.58b) and (3.59b), one obtains an expression
for ¢(x) that contains one integration constant for each domain, i.e.,

Qb(m):C’l(ex/’\vLe_”“/)‘)—l—%, x € (0,a), (3.66a)
0

_ .Z‘/)\ 2l—x _i . . l—x
b(z) 02(e +e's ) i (z z— e ) e (al). (3.66b)

The constants C , C5 can be found with the matching conditions(3.55¢), and (3.57b),
as

((l—a+)\)e27a—(l—a—)\)e%—2)\eHTa> q+<eQTa—e%> Ry
Cy = 5 . (3.67a)
2Roea/’\<eT—1)

C ((l—a—l—)\)eQTa —(l—a—/\)—2/\ei+xa> q+ (e%a —1> Rl. (3.67b)
2 Ry ea/> (1 — e27>

Now that v (z) is known on both domains, it can be substituted in (3.61), so to
find

Ig, C' z R
wy(x) = % (e"* —e™3) — Erllz , x€(0,a), (3.68a)
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Ig q l—z CQ Ig 2(—z) q (l — l')z

" 2 2 A

=~ 1o Re 1 - ) ——=2 " (1— >_—E , ).

wq () e o< ex )+ 79 e e X 2Erle z € (a,l)
(3.68b)

Integrating (3.68a) twice and considering the boundary conditions (3.53), one
finds

On the other hand, from integration of (3.68b) one obtains

Colgo X 2(-2) lgoq (2% 5 e qr? (2> —4lz +61?)
= 2828 aix (1 ) T -
wo (7) = = ( © )T R, ¢’ 24 Frlg

2
+Cg$+04, I'E(a,l).

(3.70)
From the matching condition (3.55b) one can calculate the constant Cj, i.e.
2041 Cy1 —a
Co = 2908 (oun (£) = 2giun (£) ) - Lo (252 1)
Ig A a A Ig

) ) ) (3.71)

Ig2q< L z—Aa>+aq(a —3al+3l*) Rja
— a e - .

Ig Ry 6 Erlg 3Erlg

Finally, from (3.53b), one obtains that C reads

Cy

_ Igygq (/\281_; B aQ)_CQIg2)\ea//\ <1_ez<zka>>+qa2 (a2—4la+6l2)_03a'

~ Ig Ry 2 Ig 24 Erlg

(3.72)

The resulting expressions are quite lengthy, but can be easily calculated with an
Excel spreadsheet as functions of the geometric and elastic parameters.

Case 2: concentrated tip force

Let now ¢ = 0 and F' # 0. The integration of the system (3.52) follows the same
procedure detailed above.
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The expression of ¢(x) for x € (0, a) takes the same form (3.66a) provided that
the value of R; is substituted with

P Gl , (3.73)

and the constant C'; with

C, = . (3.74)

On the other hand, the expression for ¢(x) for z € (a,l) will change because this
portion of the beam has a different load. One obtains

W) = O (P 4 e™) — L re(al), (3.75)

where

02:

(F'+ Ry) sinh(§) (3.76)

Ry (e 1)

Similarly, the expression for wg(x) for x € (0,a) is the same of (3.69), pro-
vided that the new value (3.73) is substituted for R;. Instead, for z € (a,l), the
displacement wy(z) takes the form

CsIgy A —o
wo(z) = %ex/k (1 2 >> N

Fa?(x—31)

6 Erlg +C52+Cy, x€ (a,l), (377)

where

Cs _2Gle Crley cosh <2> _2 sinh (2) _Coley e/ (ez(l;a) + 1)
Ig A a A Ig

Fa(a—2l) Ria®
2FErlg  3Erlg

(3.78)

and
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Colgy A //\< 2(1—a) ) Fa?(a—-3I)
= 2 24 ¢ — 1 B — . .
Cy e e e X GErle Csa (3.79)

It is logical that the form of the solutions coincides for x € (0, a) because, here,
the shape of the shear and bending moment diagrams is the same for the two load
conditions. This is not true for x € (a, ).

3.3.4 Exact Effective Thickness

The expressions for deflection effective thickness and stress effective thickness are
now obtained from the analytic solution.

Deflection effective thickness

The deflection effective thickness is calculated by comparing the mazimum deflection
Omax Of a beam with a laminated cross section with that of a beam with a mono-
lithic cross section. Considering the beam represented in Figure 3.9, the maximum
displacement occurs at the tip of the cantilevered portion z = [.

Let I,, be the moment of inertia of a monolithic cross section; thus, the maximum
deflection of a beam with this section is given by

_FP
" 3B, I,

where F' is the applied concentrated force at the tip, F,, is the Young’s modulus of
the monolithic material, and [ is the length of the cantilever.

B q(l—a)3(3l—|—a)
bas = LI (3.80)

Comparing with the value of the maximum deflection of a laminated beam from
(3.70), one can find that the two values coincide provided that

o IgRy (I —a)® (31 +a) | (3.81)

C
Ry (a* —20a21% — 314) + 24 Er g, 2 + 24 — Erlg Ry |
q

Observe that I, is not a function of the external load because C3/q does not depend
on ¢, as per (3.71).

Under the concentrated load F', one obtains for the monolith
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F(l—a)’l
Omaz = T3EL (3.82)

whereas the deflection of the laminate is given by (3.77) for x = [. Equating the
two values, one finds

21 —a)®
I = g fo (1= a) , (3.83)

C
6 Erlg, — Ry (212 + a?) +6F3ErIgRo

Observe that also here I, is independent of F' because so is C5/F, as per (3.78).

Once I, has been calculated, the effective thickness h, for deflection can be
expressed as

12 \3

These formulae can be readily used in the design process.

Stress effective thickness

The thickness of a beam with a homogeneous section that undergoes the same
maximum tensile stress of a beam with an inhomogeneous cross section, under the
same static configuration, is the stress effective thickness, denoted as hy. Considering
the static scheme of Figure 3.9, the maximum tensile stress occurs at x = a, at the
extrados of the laminated beam.

Let M,,., be the bending moment at the critical section of a beam with a ho-
mogeneous section; the maximum stress is given by

6 M0
Omax = .
bh2

(3.85)

From (3.60a), one can calculate the maximum stress in a beam with an inhomoge-
neous cross section. This stress occurs at = a; consequently, one can equivalently
use the solution from either of the domains = € (0,a) or = € (a,l).

For the case with distributed load ¢, the effective thickness hy is
12\1g (I — a)®

h? =

bh (A(l2+a2 —2al)+4ﬁEr sinh (%) (Ig—1g2))
q

(3.86)
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And for the case with concentrated load F' it becomes

12 M g (I —
h? = Mg (l—a) . (3.87)

bh (/\ (l—a)+2 % Er sinh (%) (Ig — Igg))

Again, observe from (3.67a) and (3.74) that, since Cy/q and C,/F are independent
of ¢ and F', respectively, the stress effective thickness does not depend on the value
of the applied load.

3.3.5 Examples

The analytic solution obtained in previous sections is applied here to a particular
geometry under two loading conditions. Consider the static scheme in Figure 3.9,
where ¢ = 0.1m and [ = 1.1m. The laminated beam, of width b = 1m, is made
of two external glass plies with a thickness of h, = 12mm and Young’s modulus
Er = 70 GPa, while the interlayer has a thickness of ¢ = 1.52 mm and varying shear
modulus Gp = 0.1, 1, 10, 100 MPa.

Beam under uniformly distributed load

Here the beam is subject to a uniformly distributed load ¢ = 1kN/m. Figures
3.10(a) and 3.10(b) respectively show the graphs of the transverse displacement
wo(z) and the average shear angle ¢(z) at x € (0,1) for different values of Gp.
When the value of the interlayer’s shear modulus Gp is high, the monolithic limit
is reached and the average shear angle ¥ (z) approaches zero. From Figure 3.10(b),
one can see that when Gp = 100 MPa, the monolithic limit is achieved for z € (a, ),
whereas in the simply supported portion of the beam, x € (0, a), where the maximum
shear force is present, even when the value of Gp is high, the monolithic limit is
not reached and the warping of the cross section is still evident. Considering the
curve with the minimum value of shear modulus Gp = 0.1 MPa, the response of the
laminated section approaches the layered limit. In this case, the relative in-plane
displacement of the glass surfaces is evident in the trend of ¢)(x). The highest value
of 1(x) occurs at x = 0, where the cross section experiences maximum warping. It
is clear that the warping of the cross section has a dominant effect on the entire
structural response. The asymmetric distribution of () presents the main reason
why the EET approach [52] cannot accurately represent a laminated balustrade,
considering that the assumed shape function in the EET cannot accommodate such
strong shearing of the interlayers.

Figure 3.11 shows the maximum tensile stress o(x) present at the extrados of

the upper glass ply of the cross-section. The shape of these graphs deviates slightly
from that of the bending moment. This is because the warping of the cross-section
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Figure 3.10: Laminated beam under distributed load ¢ = 1KN/m. Graphs of (a) the
transversal displacement wg(x) and (b) the average shear angle ¥ (x), for z € (0,1) (a =
0.1m, and [ = 1.1m) and for Gp = 0.1, 1, 10, 100 MPa.

is variable along the beam axis, making this response equivalent to that of a beam
with a variable cross-section. When the shear modulus Gp = 1, 10 MPa, one can
notice that the stress value at the extrados can take negative values near the free
end x = [. This is an expected result, justified by the straining of the interlayer,
which causes compression in both glass plies when the curvature vanishes in the
proximity of the free end.

Section 3.3.4 demonstrated the calculation of the exact effective thickness, and
the corresponding results for this particular static scheme are reported as semi-
logarithmic plots in Figure 3.12. The stress- and deflection-effective thicknesses
are denoted as h, and h,,, respectively. From this figure, one can note that the
monolithic limit is not reached even for high values of the shear modulus (Gp ~
102 MPa). This is due to the peculiar static scheme, where the high shear stress in
the interlayer is concentrated in the simply supported portion of the beam = € (0, a),
causing relative sliding of the glass plies. Similarly, even for low values of the
shear modulus, it is observed that the interlayer provides a modest degree of shear
coupling; hence, the layered limit is not completely reached.

A comparison between the effective thickness calculated using the proposed
model, labeled SZ (Special Zigzag), and other approaches reported in the literature
is presented in Figure 3.13. The SZ solution is compared to the CBET approach
[53], the W-B method [54], and the EET method [52]. Despite the differences in the
analytic expressions, a perfect agreement between the SZ and the CBET is found.
In fact, the CBET method is based on an approximate solution, while the SZ relies
on an exact solution. Moreover, the SZ framework is much more general, as it ap-
plies to multi-laminates of arbitrary composition. However, the example presented
here is a three-layered laminate to permit comparison with the only case that the
CBET method can handle. It should also be mentioned that the CBET method has
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Figure 3.11: Laminated beam under distributed load q. Graphs of the maximum stress at
the extrados as a function of = € (0,1), for Gp = 0.1, 1, 10, 100 MPa.

been corroborated [53] by numerical simulations with Strand7 (2015); therefore, the
excellent fit also provides further proof of the validity of the SZ approach.

One can see that both the EET and the W-B approaches overestimated the
effective thickness, resulting in an underestimation of deflection and stress. This
can be explained by the fact that these approaches cannot properly consider the
strong effect of the asymmetrical deformation of the beam on the warping of the
cross section at the supported end.

Beam under concentrated tip force

The beam in Figure 3.9 is subject to a concentrated force F' = 2kN at the tip
x = 1. The graphs of wy(x) and 1(x) are presented in Figures 3.14(a) and 3.14(b),
respectively. While the deflection under the concentrated load is considerably higher
than in the distributed load case shown in Figure 3.10(a), there are no appreciable
differences at the qualitative level. Concerning the average shear angle trend in
the case of distributed load in Figure 3.10(b), the graph now shows higher absolute
values. The ratio |1 (1)/1(0)| is much higher than under distributed loads, evidently
because the overall shear force in the beam is now constant in x € (a,l). In contrast,
it was linearly decreasing in the previous case.

In Figure 3.15, the graphs for the stress at the extrados of the upper glass ply are

reported. It is found that in this case, the deviation of these graphs from the graph
of bending moment is much more evident than in the case with the distributed load
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Figure 3.12: Laminated beam under distributed load ¢. Graph of deflection-effective-
thickness h,, and stress-effective-thickness h; as a function of the shear modulus Gp of the
interlayer (semi-log plot).

shown in Figure 3.11, especially for high values of the shear modulus G,,, particularly
in the proximity of the middle support x = a. Contrary to the case with distributed
load in Figure 3.11, the graphs do not show any negative values of stress, because
the effect of beam curvature is always dominant in comparison to the axial force
induced by the straining of the interlayer.

The deflection-effective thickness h,, and the stress-effective thickness h, are
shown in Figure 3.16. With respect to their counterparts in Figure 3.12 for the
distributed load, there are no appreciable differences. The same conclusions from
the previous section hold.

Figure 3.17 is the counterpart of Figure 3.13 for the case of a concentrated
tip force. Again, one can notice the perfect agreement of the proposed SZ with
the CBET model. Similarly to the distributed load case, the effective thicknesses
calculated using the W-B and EET methods are overestimated.

3.4 Demonstration of the Inequality Iglg; > Ig22

Hereafter we prove that the constant \?, defined in (3.64a), is positive, because
Iglg; > Ig,®. We use an argument similar to that often used to demontrate the
Cauchy-Schwarz-Bunyakovsky inequality.
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Figure 3.13: Deflection effective thickness h,, and stress effective thickness hs of the lam-

inated beam under distributed load gq. Graphs of comparison between the proposed ap-
proach (SZ) and other methods (CBET, W-B, ETT).

Clearly

VseR : (sz+ (z+dr1)’ >0, (3.88)
However, assigned any s € R, one has that

N

Z/A (52 + (2 + dpn)) dA > 0, (3.89)

where the strict sign of inequality is due to the fact that z; + ¢x_; is a constant that
cannot vanish in all the domains Ay, whereas z is the variable, so that the integrand
cannot be identically zero everywhere.

Expanding, one obtains

+ > 0.

N
br_1)’dA
ZAk(Zk+¢k )

k=1

N
ZAkz(zk+¢k_1)dA

(3.90)
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Figure 3.14: Laminated beam under concentrated tip force F' = 2KN. Graphs of (a)
the transversal displacement wg(x) and (b) the average shear angle ¥ (x), for = € (0,1)
(a=0.1m, and [ = 1.1 m) and for Gp = 0.1, 1, 10, 100 MPa.
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Figure 3.15: Laminated beam under concentrated tip force F. Graphs of the maximum
stress at the extrados as a function of 2 € (0,1), for Gp = 0.1, 1, 10, 100 MPa.
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Figure 3.16: Laminated beam under concentrated tip force F. Graph of deflection-
effective-thickness h,, and stress-effective-thickness hs as a function of the shear modulus
Gp of the interlayer (semi-log plot).
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Figure 3.17: Deflection effective thickness h,, and stress effective thickness hg of the lami-
nated beam under concentrated tip force F'. Graphs of comparison between the proposed
approach (SZ), and other methods (CBET, W-B, ETT).
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Recalling (3.20), this relationship is equivalent to

s?Ig+2slgy +1gy >0, VseR. (3.91)

Since Ig > 0, this condition is satisfied for any given s € R provided that the
discriminant of the second-order algebraic equation in the variable s is negative, i.e.,

(21gy)* —4Iglg < 0, (3.92)

which is the sought inequality IgIg, > Igy”.
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Chapter 4

Thermal Analysis via Variational
Principles

The interest in the thermal analysis of solids arises from the importance of thermally
induced strain and stress in the structural and mechanical response of a given struc-
ture or structural element. When a structure is subject to “thermal loads” inducing
temperature variations and consequent thermal strain, if the strains are incompati-
ble with the constraints, the structure might undergo stress that is well beyond the
material strength. Additionally, thermal stresses can arise due to uneven tempera-
ture distributions (thermal gradients) or differences in thermal expansion coefficients
within a composite structure, causing differential expansion or contraction between
its constituent components. This can produce an eigenstress state that might cause
raptures, delamination, and cracking.

Understanding and managing thermal stress is important to ensure the struc-
tural integrity and longevity of materials subjected to varying thermal conditions,
particularly in designing composites for applications that face thermal cycling or
extreme temperatures, such as aerospace, automotive, and electronics industries,
where durability and performance are key aspects. In this chapter, a review of
methods and solutions utilized for the determination of temperature distribution in
solids, with a specific concentration on the variational principles, will be presented.

4.1 Introduction

In the sequel, the thermoelastic problem is treated as an uncoupled problem [55],
[56], where the thermal distribution in the body is considered independent of the
stress and displacement fields. The stress and strain fields, which depend on the
temperature distribution, may be determined a posteriori by treating the thermal
strain as a (possibly time-dependent) applied action. Nevertheless, a fully coupled
analysis of the thermoelastic problem is necessary when the thermal properties of
the materials considered are less precise, as in geological materials; thus, the semi-
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coupled approach is not guaranteed to be adequate, according to Carter et al. [56].
In this introduction, the general theory of heat conduction and its governing equa-
tions, as well as a brief review of thermal analysis via variational principles, are
presented.

4.1.1 The Heat Conduction Equation

In this section, a summary of the mathematical foundation of heat conduction is
presented, following the seminal book “Conduction of Heat in Solids” by Carslaw
and Jaeger [57].

Heat flow occurs between parts of a body that have different temperatures, via
three different mechanisms: conduction, convection, and radiation. Conduction is
the process by which heat energy is transmitted through collisions between neigh-
boring atoms or molecules, and mainly occurs in solids and liquids. In convection,
heat is transferred by the relative motion of parts of the heated body, which pri-
marily occurs in gases and liquids. In radiation, heat is transferred remotely by
electromagnetic waves.

To illustrate, consider an isotropic plate bounded by two infinite planes, with a
thickness d. The upper and lower surfaces are maintained at temperatures 6, and
601, with 6y > 6;. If this condition is maintained long enough to reach a steady state,
the quantity of heat flowing through the plate, @, is proportional to the temperature
difference across it. A mathematical expression for ) can be derived by imagining
a cylinder with a cross-sectional area S, bounded by the plate surfaces and with its
axis perpendicular to them. By assuming that the cylinder is located in the center
of the plate, so that it may be assumed no heat is flowing across its lateral surface,
the heat flowing through S during a time period t is equal to

(6, — 6,)St

Q=-ATt— (4.1)

where X is the thermal conductivity of the material from which the plate is made.
In general, thermal conductivity is a function of temperature. Nonetheless, if the
temperature variation is small, A can be considered constant.

Define a coordinate system with axis x perpendicular to the surface of the plate
and directed from the bottom surface to the upper surface, so that these are identified
by x = 0 and x = d, respectively. Let, again, the bounding surfaces of the plate
be isothermal surfaces, consequently, at steady state other isothermal surfaces will
constitute parallel planes to the bounding surfaces, the problem can be modeled as
1-D. By considering the limit for d — 0 and S to be a unit area, the heat flow per
unit area ¢, i.e., the heat flux in the direction of increasing x, is defined as follows:
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de
=—-A—. 4.2
q o (4.2)
This may be generalized for any isothermal surface in a 3-D space, where the heat
flux through a surface with outward normal n is

00

In a solid body, the heat flux ¢ is continuous. This may be easily demonstrated,
following again [57], by considering, again, an infinitesimal cylinder with length d
and cross-sectional area S. By denoting by ¢; and ¢s the heat flux across the plain
surfaces of this cylinder, the heat flow into the cylinder is equal to S(¢; — ¢2). By
denoting by c the specific heat per unit volume of the considered material, and by 6
the average temperature of the cylinder, the rate at which the infinitesimal cylinder
gains heat is

cSdf = S(q1 — qa), (4.4)

where Sd is the volume of the cylinder, and () indicates time differentiation. This
corresponds to the energy conservation in the considered cylinder. As the thickness
d — 0, the fluxes q; — ¢o, ergo, the flux is continuous. Notice that discontinuous
thermal properties in the body do not invalidate this argument: the only require-
ment is that these properties have finite values. Consequently, the heat flux is also
continuous at the surface of separation between two media.

Furthermore, by setting now d = Az, so that ¢; = ¢(x) and ¢ = ¢(x + Az), and
by taking the limit for Az — 0, eq. 4.4 may be rewritten as

o et Ar) —qg(x)  dg(x)
0= Alggo Ax  dx (45)

Consider, now, the full 3-D problem, and denote by x = (z,y, z) the position
of the generic point P. Traditionally, the “elementary tetrahedron argument” [56]
is used to demonstrate that knowing the values of heat fluxes at three mutually
perpendicular planes meeting at a point is sufficient to calculate the flux passing
through an arbitrarily oriented plane that intersects this point. From this, the heat
flux through any surface, even if it is not isothermal, can be calculated. Denoting
the heat flux vector by q(x,t), whose components are the fluxes through surfaces
parallel to the coordinate axes (x,y, z), the relationship between the rate of change
of temperature 6(x, t) along the coordinate axes and the flux vector is expressed by

AVO(x,t) +q(x,t) =0, (4.6)

that may be regarded ad the 3-D generalization of eq. (4.2). This is the law of heat
conduction, also known as Fourier’s law [58], stating that the rate of heat transfer

65



Chapter 4. Thermal Analysis via Variational Principles

through a material is proportional to the negative gradient in the temperature, and
to the material thermal conductivity.

The mathematical derivation of the heat conduction equation follows from con-
sidering the energy balance in an infinitesimal parallelepiped, part of a solid, where
no heat is generated nor dissipated. It may be demonstrated that this provides

V-q(x,t) + cf(x,t) =0, (4.7)
that is the 3-D counterpart of (4.5).

In the case of a homogeneous isotropic body, by substituting (4.6) in (4.7), one
obtains the equation of heat conduction in a 3-D solid body

—AAO(x,t) + cl(x,t) =0, (4.8)

that is a parabolic partial differential equation, relating the time dependence and
the spatial distribution of the temperature field.

In some particular conditions, a steady state condition can be reached, where
the temperature at any given point remains constant over time, and the amount of
heat entering any region of the system is exactly balanced by the amount of heat
leaving, i.e., no accumulation of heat occurs. In this case, eq. (4.8) reduces to the
Laplace’s equation

Af(x,t) = 0. (4.9)

Consider now the case where heat is generated or absorbed in the solid, at a
given rate ¢*(x,t) per unit volume. This might be the result of chemical or nuclear
reaction, of electrical resistance heating, of external radiation into the region, or
of still other causes [59]. In this case, the heat generated (or consumed) in the
considered infinitesimal volume must be added (or subtracted) to the total heat
flow into the volume to get the overall rate of heat addition. Consequently, the heat
conduction equation becomes

—AAO(x, 1) + cB(x,1) = ¢F(x,1). (4.10)

At the steady state, i.e., when the time variation of temperature is nil, this
equation reduces to the Poisson’s equation

—MI(x,t) = ¢*(x,1). (4.11)

In summary, the 3-D thermal problem in solids is governed by the heat conduc-
tion equation (4.10), which combines the conservation of energy (4.7) and Fourier’s
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heat conduction equation (4.6). Any solution of these equations must satisfy the
initial and boundary conditions. The initial condition on temperature can be an
arbitrary spatial distribution at ¢ = 0, defined as

0(x,0) = 0(x). (4.12)

On the other hand, the boundary conditions for the temperature field can be of
different types [57], summarized as follows:

A. Prescribed surface temperature (Dirichlet boundary condition): In this case,
the temperature is specified at a portion of the domain’s boundary 02 or at
the entire boundary. The prescribed temperature, denoted as 6(x,t), can be
time-dependent.

0(x,t) = 0(x,t), Vx €O, Vt. (4.13)

This corresponds to a Dirichlet boundary condition for the heat conduction
equation (4.10).

B. Prescribed heat fluz at the boundary (Neumann boundary condition): A heat
flux g(x,t), possibly time-dependent, is specified on (a portion of) the domain
boundary. In this case, accounting for (4.3), the boundary condition is

00(x,t)
on
where, again, n denotes the normal to the boundary surface. Condition (4.14)
corresponds to a Neumann boundary condition for the heat conduction equa-
tion (4.10). This includes, as a particular case, the case of an insulated bound-

ary, preventing the heat flux, so that g(x,t) = 0.

-A = q(x,t), Vxe€ oV, (4.14)

C. Linear convective heat transfer (Robin boundary condition): In this condition,
the flux across a surface is proportional to the temperature difference between
the boundary and the surrounding medium. This is the most common bound-
ary condition for thermal problems, also known as Newton’s law of cooling [60].
This occurs when forced convection is present, i.e., a fluid at a temperature
0. is forced to flow quickly on the boundary of the solid, or when a layer of
poor heat conductor, like scale, grease, or oxide, is present on the surface of
the solid. The boundary condition is expressed as

00(x,t)
on

) = h0(x, 1) — 0.(x,1)], Vx € OV, (4.15)

Here, 6.(x,t) is the temperature of the surrounding medium, and A is the
convective surface heat transfer coefficient, so that the right-hand side of (4.15)
represents the convective heat exchange at the domain boundary.

If an additional heat flux g(x,t) is prescribed at the boundary, (4.15) becomes
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—A%gz D hoex ) — 0., 0)] + Gx.1), ¥x € O, V. (4.16)

This boundary condition reduces to a boundary condition of type B when
h — 0, and to a condition of type A when h — oo.

D. Non-linear heat transfer: This boundary condition comprises the case of black
body radiation, where the heat flux from the boundary at absolute temperature
0(x,t) to a black body at temperature 6, is

00(x, 1)
on

where o is the Stefan-Boltzmann constant, and ¢ is the material’s emissivity.
If the difference between 6(x,t) and 6y(t) is small compared to their mean
value, condition (4.17) may be approximated as a condition of type C.

- = oe[0(x,t)* — 0p(t)Y], Vx € 00, Vt, (4.17)

Non-linear heat transfer also occurs when a body is surrounded by a fluid
undergoing natural convection, caused by the heating of the fluid near the
body, which makes the warmer portion rise and be replaced by a cooler portion.
The heat flux due to natural convection from a boundary to a fluid at a
temperature 6 is

00(x,t)
on

where k is a constant that depends on the nature of the fluid.

) = k[0(x,t) — 60]”%, Vx € dQ,Vt,, (4.18)

E. Interface between two media with different thermal conductivities: The conti-
nuity of heat flux has been proven based on the energy conservation argument
(4.4). Consequently, at the interface 0§25 between two materials with different
thermal conductivities A\; # Ay, at temperatures 6, (x,t) and 02(x,t), respec-
tively, the following condition holds

y, )y 080 o aa, (4.19)
on on

Note that the continuity of temperature at the interface can be assumed in the
case of perfect contact, as in soldered joints or laminated glass (where strong
bonding between the glass and polymer layers is achieved in an autoclave, due
to the chemical affinity between the hydroxyl groups of the polymer and the
silanol groups on the glass surface). In such cases, in addition to the condition
(4.19), the temperature is continuous at the bi-material interface, i.e.,

01(x,t) = 02(x,t), Vx € 0Qs,Vt. (4.20)

On the contrary, when the bonding between the two materials cannot be con-
sidered perfect, the condition at the interface should be of type C or type D.
For the case where the heat transfer at the interface is approximated by a
linear relationship one gets
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—Alw =)\ % = h(01(x,t) — O5(x,1)), Vx €I, Vt, (4.21)
where h is a measure of the interfacial thermal impedance, representing the
constant of proportionality between the heat flux and the temperature jump
at the interface, and it depends on the nature of the materials in contact and
on the amount of pressure applied to achieve the contact. However, regardless
of what is the condition on temperature, the continuity of heat flux at the
interface (4.19) holds.

F. Interfacial thermal resistance (ITR), i.e., Kapitza resistance: Interfacial ther-
mal resistance was discovered by P. L. Kapitza in the 1940s [61], while studying
the capillary flow of Helium II. This phenomenon involves a thermal impedance
at the surface of contact between two materials, arising from the combination
of poor mechanical or chemical adherence at the interface and/or thermal
expansion mismatch—phenomena that can be encountered in composite ma-
terials [62]-[64]. Contrary to the phenomena described in conditions of type
E, this impedance occurs even when a perfect bonding between the materi-
als is present. I'TR is generally more significant for solid-gas and solid-liquid
interfaces than for solid-solid interfaces [65].

Many models have been proposed to interpret the ITR, such as the acous-
tic mismatch model [66], which attributes this phenomenon to an increased
probability of phonon reflection at the interface due to the acoustic mismatch
between the solid and the surrounding fluid. The ITR has also been observed
at the interface between dissimilar solids at low temperatures [67], conclud-
ing that this phenomenon does not significantly affect heat transfer unless the
densities or acoustic velocities in the considered media are highly different.

The result is a jump in the temperature profile, proportional to the heat flux
normal to the interface, providing an interface condition whose mathematical
expression is formally similar to the condition of type F (4.21).

891()(, t) . 882(}{, t) . 1
—Ala—n = —)\2 8—11 = E(Ql(x, t)-eg(x, t)), Vx € 3QS,Vt (422)
where R is the thermal impedance coefficient, dependent on the properties of

the media in contact.

4.1.2 Thermal Analysis Via Variational Principles

After having gone through the foundations of the mathematical theory of heat con-
duction, a brief review of variational methods in heat conduction is presented here-
after. Due to the large number and broad scope of variational principles in heat
conduction, this review cannot be considered exhaustive: the aim is to illustrate the
historical context in which the author’s contribution to variational principles in heat
conduction is situated.
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Based on the principle of microscopic reversibility applied to fluctuations, On-
sager [68], [69] derived a set of reciprocal relationships for heat conduction in an
anisotropic medium. These relationships can be expressed in terms of a potential,
allowing for the formulation of the minimum dissipation variational principle, in
which this potential is a generalization of the dissipation function introduced by
Rayleigh [70]. The dissipation function equals half the rate of production of irre-
versible entropy generated in a volume due to heat flow across that volume.

Another variational principle for heat conduction was suggested by Rosen [71],
where a new dissipation function was introduced, resulting in a simple variational
principle for unsteady heat flow in isotropic media. In this work, the variation of
the dissipation function with respect to heat flux, under the constraint of energy
conservation, resulted in the Fourier equation. Subsequently, the temperature was
varied while keeping the heat flux constant, allowing the formulation of a variational
principle where temperature is the only quantity subjected to variations. On the
other hand, Chambers [72] has proven the existence of a variational principle in heat
conduction, where only the time derivative of temperature is varied.

Biot developed an ingenious variational approach to heat conduction [73], based
on the original concept of a heat displacement field. An extension to Biot’s vari-
ational principle was developed by Nigam and Agrawal [74], by considering the
transient heat transfer in fluids under forced flow, including the heat generated by
viscous dissipation. A more general variational principle was developed by Sparrow
et al. [75] for steady-state laminar heat transfer in ducts. A variety of variational
principles were derived for heat conduction with temperature-dependent material
properties [60], [76], [77]. In the next section, a detailed presentation of Biot’s
variational principle is provided to illustrate the foundations on which the novel
variational principle is built.

4.2 The Approach by Biot

The ingenious approach by Biot [73] relies on the introduction of the heat displace-
ment vector field, whose time derivative is the heat flux field. This allows for the
definition of a fundamental variational principle, in which the temperature and the
heat displacement field are work-conjugated, similarly to force and displacement in
mechanics.

Biot’s variational principle corresponds to the weak form of Fourier’s equation
(4.6), where the energy conservation law (4.7) serves as a constraint . This means
that the heat conduction law is verified approximately, while energy conservation is
rigorously satisfied at each time and each point. In particular, the conservation of
energy is identically verified by the choice of generalized coordinates, analogous to
holonomic constraints in mechanics.

This variational principle extends the principles of virtual works and generalized
forces to thermodynamics. Notably, the fundamental variational principle does not
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contain the spatial derivatives of temperature field; this enhances the accuracy of ap-
proximate solutions, particularly in scenarios with significant temperature gradients.
By representing the heat displacement field with generalized coordinates, one can
derive Lagrangian-type equations analogous to those in mechanics, utilizing poten-
tials, generalized forces, and a Rayleigh-type dissipation function. It is important to
highlight that, in the context of anisotropic thermal properties, the definition of the
dissipation function is grounded in the reciprocity relations introduced by Onsager
[69].

4.2.1 The Classical Variational Principle

The heat displacement field H(x, t) is defined such that its time derivative H(x, t)
corresponds to the local rate of heat flow per unit area q(x,t). By recalling (4.6),
the heat displacement field is defined, as a function of the temperature field 0(x, t)
and the thermal conductivity A, by

H(x, ) — /0 A VO1). (4.23)

Denoting, again, by c the heat capacity per unit volume, the energy conservation
(4.7) can be written in terms of the ”excess temperature” §(x,t), over an equilibrium
temperature 6y(x) giving:

cd(x,t) = -V -H(x,1). (4.24)

Notice that this relation does not involve any time derivative and may be re-
garded as a holonomic constraint in the sense of classical mechanics. Furthermore,
the heat displacements will be defined up to an additive time-independent solenoidal
vector field; however, this indeterminacy is inessential in the solution of the thermal
problem. This form of energy conservation is also verified by the variation of the
heat displacement dH(x,¢) and the variation of temperature 60(x,t), i.e.,

c0f(x,t) = -V - 6H(x,1). (4.25)

Based on the definition of the heat displacement field, and denoting again the
(constant and uniform) thermal conductivity by A, the law of heat conduction (4.6)
can be written as

AVO(x,t) + H(x,t) = 0. (4.26)

The Biot’s variational principle corresponds to the weak form of the heat con-
duction equation (4.26), i.e., it is obtained by multiplying (4.26) by 6H, and by
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integrating by parts over the volume €2, accounting for (4.25). Notice that, in such
a way, the contribution of 0y(x,t) is lost. By omitting, hereafter, the dependence of
the variables on space and time, for the sake of brevity, this reads

/ceaedv+/1H-5Hdvz—/ 0 6H -nds, (4.27)
Q Q>\ o0

where, again, n is the outward normal to the surface.

Biot then defined the thermal potential V as

y-1 / ct*dV (4.28)
2 Ja

and the variational invariant 0D, related to the concept of dissipation function, as

52):/l H-SHdV. (4.29)
Y

The relationship between the invariant 0D to the dissipation function will be clarified
later on, when introducing the generalized coordinates.

The right-hand side of (4.27) is interpreted as thermal driving forces

(5Q=—/ 00H -nds. (4.30)
20

The contribution (4.30) was interpreted by Biot as the equivalent of the virtual
work done by a pressure € on a volume inflow of fluid n - )H. After substituting
(4.32) into the variational principle (4.27), it may be rewritten as

5V + 0D =6Q. (4.31)

As highlighted in [78], a major drawback of the variational principle (4.27) is the
coexistence of variations of the temperature and the displacement field.

The displacement field H(x, t) can be linearly represented as a sum of a number

n of "fixed configurations” IN(x), with a variable amplitude identified by a set of n
time-dependent generalized coordinates f(t), in the form

H(x,t) = N(x) - £(t). (4.32)

In the more general case, these coordinates need not be related linearly to H(x, t),
i.e., N(x) may depend on time. This representation (4.32) includes, as a particular
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case, the Fourier series and expansions in orthogonal functions. It can be readily
deduced from this representation that

it _on

(4.33)

Consequently, the variational invariant (4.29) can be interpreted as a variation
of a dissipation function, defined as

1 /1.
D==[| = H>dJV. 4.34
2/9A (4.34)

The representation (4.32) allows to rewrite the variational principle (4.27) as a
set of n Lagrangian equations in the form

oV 0D
9D _ o 4.35
of T a7 < (4.35)

where Q; = — [, 0 n- (OH/0f;) ds.

These equations are analogous to the Lagrangian equations for the slow motion
of dissipative systems with negligible inertia forces. Any solution of (4.35) that
satisfies the boundary conditions will yield the temperature distribution. The heat
displacement can be determined up to an additive function, which depends upon
the boundary conditions. This indeterminacy, though inessential, is congenital in
Biot’s variational principle.

4.2.2 Heat Sources

In the classical approach by Biot, the rate of heat generation ¢*(x,t) (see eq. (4.10))
in the generic volume (2 is represented using a fictitious heat displacement field H*,
defined by

t
V- -H = / ¢idt . (4.36)
0

Notice that H*, which can be considered as a given function of time and co-
ordinates, is defined up to an additive time-independent solenoidal vector field.
Nonetheless, this indeterminacy has no effect on the solution.

Define a new heat displacement field H, represented by the superposition of two
separate fields
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H=H'"+H", (4.37)

where H™ is the part of the heat displacement related to the temperature field by
the energy conservation law (4.24), i.e.,

V- -H" =cf, (4.38)

while Fourier’s law is written as

AVO+HT +H" =0. (4.39)

This allows to generalize the variational principle (4.27) to the case of bodies
with the presence of heat generation, in the form

1. 1.
/959dV+/—H+ 5H+:—/—H* 5H+—/ 0 SH' -nds,  (4.40)
Q Q)‘ Q>‘ o0

where the right-hand side accounts for the thermal driving force and the generated
heat.

Notice that the field HY is a fictitious field, not directly correlated to the heat
flux. For this reason, a better definition that preserves the physical meaning of the
heat displacement field related to heat generation will be presented in Sect. 4.3,
describing the novel variational principle suggested by the author.

4.2.3 Boundary Conditions

The boundary conditions for the thermal problem are listed in section 4.1.1. Here,
a brief description of how these may be considered in the framework of the classical
variational principle by Biot is presented.

e Boundary conditions of type A (eq. (4.13)) are accounted for as natural bound-
ary conditions simply by substituting the known temperature on the boundary
in the thermal driving force term (4.30). Similar to the mechanical problem,
when a natural boundary condition is specified on the boundary, the displace-
ment 0H - n is not constrained at the boundary.

e Boundary conditions of type B: in this case, a normal heat flux I:In is assigned
on the boundary. Boundary condition (4.14) may be written as

DY g vxeonvt, (4.41)
on
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This condition can be integrated in time to get the geometrical boundary
condition H - n = H,,, which can be enforced in a variety of ways, depending
on the solution procedure. For instance, if the equations are solved by means
of a finite element approximation, where degrees of freedom correspond to
the nodal heat displacements, (4.61) can be represented by substituting the
prescribed values of heat displacement in the corresponding degrees of freedom,
or by using Lagrange multipliers in the case of miscellaneous constraints.

e Boundary conditions of type C. For this common case, an analytical treatment
allowing for the incorporation of this condition into the classical variational
principle was proposed by Biot [79]. This may be done by expressing the
boundary temperature 6 equation(4.15) as a function of the normal heat flux
H and of the temperature of the surrounding medium 6., as

1.
9 - EHn + 96. (442)
By substituting (4.42) in (4.30), the expression for the thermal driving force

term can be rewritten as

1.
0Q=— | -H/H nds— | 0.n-5Hds. (4.43)
o9 o9
By considering the linear representation of the displacement field H as in
(4.32), and the related expression for the variational principle (4.35), the vector
of the thermal driving forces may be split into two different terms, in the form

1 . OH OH

Q= — —H ds — / . n - ds. (4.44)
oo b 0f; o0 ofi

The first contribution may be regarded as the variation of a boundary dissipa-

tion function Dy, accounting for the boundary heat transfer, defined as

1 1 ..
D, == — H?*d 4.45
=5 [ s, (4.45)

while the second contribution in (4.44) represents a boundary thermal driving
force, denoted as 0Q;;, = faQ 0. n- (OH/0f;) ds.

The variational principle, with embedded boundary condition of type C, can
hence be written in the following form:

ov 0D, 0D

of: " of; " of; " (449
From the point of view of the variational principle, there is no difference be-
tween this boundary condition and the one of type F.

The classical variational principle by Biot didn’t address the non-linear boundary
conditions of type D; nonetheless, they were incorporated later on by Lardner [60].
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4.3 A Novel Neat Flux-Based Weak Formulation

Relying on Biot’s concept of the heat displacement field, the author has proposed
a novel variational principle [78]. The main difference with respect to the classical
Biot’s principle presented in Sect. 4.2 lies in the role of the governing equations.
Indeed, here the energy conservation is used as a field equation, and Fourier’s law
is incorporated as a holonomic constraint in the weak form of energy conservation,
where the displacement field is the only varied quantity. Hence, the name “neat”.

In contrast to the classical Biot’s approach described in the previous section, this
will not consider an “excess temperature”, but the initial, arbitrary, temperature
field 0y(x) = 0(x,t = 0) is directly included in the variational formulation. The fact
that only the heat displacement is varied enables the development of an approxi-
mate method, based on the description of the field through generalized coordinates,
allowing for the development of a numerical approach entailing the use of a simple
isoparametric linear finite element.

4.3.1 The Neat Variational Approach

Here, the notation and the governing equations of the neat variational principle
are presented. Consider the general case of a body with thermal conductivity A
and specific heat ¢, with generated/absorbed heat per unit volume and unit time
denoted again by ¢*(x,t). Define, in this general case, the total heat displacement
H(x,t) through Fourier’s law, as

t
AWVO+H=0 = H:—/)\VHdt, (4.47)
0

for which the value at ¢t = 0 can be assumed to be null, without loss of generality.
Again, the dependence of the variables on space and time is here omitted, for the
sake of brevity. Energy conservation provides, for a sub-body B € ) with outer
normal n,

- H-nds+/q”dvz/ce'dv. (4.48)
oB B B

Integrating (4.48) by parts, since the sub-body B € € is arbitrary, the local form
of energy conservation can be written as

V- H+¢=ch. (4.49)

Following Biot, a fictitious heat flux HF(x, t) associated to ¢f(x,t), is defined as
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/qﬂdvz— H* nds = V. -H =—¢, (4.50)
B oB

and the related heat displacement field, hence defined as

t
V-Hﬁz—/ ¢ dt. (4.51)
0

By integrating (4.49) in time, and accounting for definition (4.51), the integral
and local form of the energy conservation, not containing any time derivative, is
obtained

~V-[H+H] =cl0—0], (4.52)

The neat variational principle corresponds to the weak form of the energy con-
servation (4.52), i.e., it is obtained by multiplying (4.52) by the variation V - 0H,
and by integrating it over the domain :

/[9—90]V~(5Hdv+ 1V~[H+HﬂV~5HdV:0. (4.53)
Q

oC

By using the divergence theorem on the first term, and by accounting for Fourier’s
law (4.47), the weak form (4.53) may be rearranged in the form

1 1 .
—V-HV-(SHdV—i—/—H-(SHdV:
ocC QA

— 96H~nds+/60V'(5HdV— 1V‘H’jv'éHdV. (4.54)
o0 Q QC

The terms appearing on the right-hand side of (4.54) represent the thermal
driving forces. In particular, the first accounts for the effect of the temperature
distribution at the domain boundaries, the second indicates the contribution due
to the initial temperature distribution, while the latter is related to the energy
generated in the volume.

The field H is required to be at least C° continuous, and its variation JH must
satisfy the geometrical boundary conditions. Notice that, in (4.54), only the diver-
gence of H* appears, indicating the quantity of heat generated or absorbed up to
the current moment (4.51). The variational principle can be expressed in a clearer
way by applying the divergence theorem to (4.54), providing
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/g {—lv V- [H+H]] + §H+veo} SH AV

C

1
+/ {9_9°+EV' [H+Hﬁ}}5H-nds:o. (4.55)
oN

Remarkably, only the variation of heat displacement is present, and the tempera-
ture is included only in the boundary term. The variation dH is arbitrary; therefore,
the strong form of the governing equation is

1

AH:V %v-[H+Hﬁ]—90 : (4.56)

Once the heat displacement field is found by solving the governing equation
with appropriate boundary conditions, the temperature field can be obtained a
posteriori from the holonomic constraint (4.47). Therefore, any heat displacement
and temperature fields must satisfy

-V =V %v [H+H] -6 . (4.57)

This implies that the quantity

1
0—6y+-V-[H+H]=F() (4.58)
c
is a function of time only, because its gradient is null in the whole domain.
When the variation 6H - n is not zero on a part 9,{2 of the boundary 0f2, the

natural boundary condition provided by the boundary term of (4.55) readily implies
that

9—90+%v- [H+H] =F(@) =0. (4.59)

Therefore, one obtains F'(t) = 0 in the whole domain € and, consequently,

0—00+%V-[H+Hﬁ}:0. (4.60)

This is the energy conservation law (4.52). The case in which 0H - n = 0 on the
whole boundary 0f) deserves a particular attention, because it entails an intrinsic
indeterminacy in the temperature field 6 — 6.
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4.3.2 Boundary Conditions in the ”Neat” Principle

Boundary conditions of type A, B, and C may be managed, in the neat variational
principle, in a manner analogous to that described in Sect. 4.2.3 for the classical
Biot’s principle. In particular, for conditions of type C, the linear heat transfer
between the body and the surrounding medium with assigned temperature was
incorporated using a boundary dissipation function [78]. However, there are two
exceptions, that deserve a particular attention:

e Where boundary conditions of type B are prescribed on the whole boundary,
ie.,

H, =q,vx € 00Q,Vt, (4.61)
and 0H - n = 0 on the whole boundary 0f).

In this case, the whole heat displacement field is found by solving the varia-
tional problem. However, there is an intrinsic indeterminacy in the tempera-
ture field: a uniform temperature field can be added to the solution without
invalidating the constraint. The only way to resolve this indeterminacy is by
using the conservation of energy on a part of the boundary, even if it is not
the natural boundary condition in the variational principle.

e Boundary conditions of type E or type F' may be treated in a manner similar
to type C. In particular, from the analytical point of view, the only difference
between the condition of type C and types E and F is that the temperature on
both sides of the interface is unknown. Here, the incorporation of these kinds
of conditions in the neat variational principle is presented.

Consider a smooth surface of separation 0. Introduce a local orthogonal
curvilinear system of coordinates (&,7,(), with arc-length parametrization,
such that 02, corresponds to ¢ = 0, the axis ( is orthogonal to 0€2,, whereas
the axes associated with £ and 7 are tangent to 0€2;. The heat flux across the
interface in the direction of ( is

HC(& n, 07 t) =-T [9(57 7, 0+7 t) - 9(57 7, O_v t)] ) (462)

where T can be either equal to A from equation (4.21) or to 1/R from equation
(4.22), while 6(&,n, 0%, t) represents the temperatures on the two sides of the
interface.

In the proposed approach, this contribution affects the dissipation term in
(4.54), i.e., the one where the coefficient 1/\ appears. One can interpret the
resistant interface as a thermally anisotropic ply, as per [79], of very small
thickness A(, i.e., ¢ € (—A(/2,A(/2), and very low thermal conductivity A
in the ¢ direction. There are no internal heat sources; no heat is stored!, so
that the heat fluxes, assuming that A( is very small, are uniform in the (

IThis is equivalent [80] to assuming that ¢ = 0 in (4.49).
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direction. Consequently, from (4.47), the temperature is linearly distributed
in the thickness.

Consider now the limit for A¢ — 0 and A\; — 0, while A{/\; — % Therefore,
the contribution in the dissipative term of (4.54) reads

AC/2 1 .
lim —/ / He(€,0,¢,t) 6H, d¢ dA = He(&n,0,t)0H; dA.
00, J—AC/2 r 00
(4.63)

The numerical implementation of this type of interface conditions will be re-
ported later on.

4.3.3 Comparison with Biot’s Approach

Here, the similarities and differences between the neat, and the classical variational
principle by Biot, presented in Sect. 4.2, are discussed.

Mechanical interpretation of the neat principle

The variational principle (4.54) can be expressed in compact form as

§Vi + 0D = 6Q + 6Qq + 6QF (4.64)

where, in analogy with the Biot’s definitions of thermal potential (4.28) and variation
of dissipation function (4.29), Vg and §D are defined as

oV = Ly .uv.oH v, (4.65a)
oC
0D = / % H JH dV . (4.65b)
Q

On the other hand, the thermal driving forces appearing on the right-hand side
of (4.64) are given by

0Q:=— [ 6dH -nds, (4.66a)
o0
0Qy = / 0V - SH dV (4.66b)
Q
5QF ::—/%V-H”V-(SH dv . (4.66¢)
Q
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These account for the effects of initial temperature distribution (6Qy), the energy
generated in the volume (§QF), and the effect of the temperature distribution at the
domain’s boundaries (6Q).

Equation (4.64) is analogous to that governing the mechanics of an elastic sys-
tem with viscous dissipation and negligible inertia force. The main difference with
respect to the classical principle is the definition of the thermal potential and the
definition of the displacement field that represents energy generation. This latter
point will be explained thoroughly later on.

Displacement field for energy generation/absorption

As discussed before, the heat generation in the volume is considered in the clas-
sical principle by means of the fictitious H* displacement field of (4.36), while in
the neat variational principle, it is described through the field H*, (4.51). It is easy
to verify that

H* = —H*. (4.67)

Recall that, in the Biot’s principle, energy conservation (4.38) and Fourier’s law
(4.39) are respectively expressed as

cld—6)]=-V-H", A\WO+H"+H =0, (4.68)

while in the neat variational principle they are given by (4.52) and (4.47), respec-
tively, i.e.,

cl0—0)=-V-[H+H], AVI+H=0. (4.69)

By comparing these expressions, it is evident that Ht = H+H* and H* + H* = H.
Furthermore, by comparing the two variational principles (4.40) and (4.53), it is
evident that they coincide when H* = Hf = 0, so that H* = H. Anyway, the
definition of heat generation in the neat principle preserves the physical meaning of
the heat displacement field.

The ”Neat” variational principle in Biot’s notation
The neat variational principle can be expressed in the classical Biot’s notation
by multiplying the energy conservation equation (4.38) by the variation V - dH™T
giving
1
/ [0 —6))V-H" dV + | = V-H*V-6H dV =0. (4.70)
Q ¢

Considering the weak form of the Fourier’s equation (4.39), and integrating by
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parts, the variational principle can be stated as

1 1.
—V-H+V-5H+dV—i—/—H+- SJH' dV =
o€ oA

1.
—/ 9(5H-nds+/90(x)V~(5H dV—/—H*- SHT dV . (4.71)
o0 Q Q)‘

Hence, the neat variational principle is not complementary to the classical one,
but it may be considered dual, because the roles of the governing equations is re-
versed. Roughly speaking, in the neat principle energy conservation (4.52) is the
”Euler-Lagrange equation”, while Fourier’s law (4.39) is the ”constraint”, while the
viceversa holds for the Biot’s principle.

4.3.4 A Mechanical Analogy for the One-Dimensional Case

Considering the neat variational principle in the simple 1-D case suggests an in-
teresting mechanical analogy that also serves as an illustration in the mechanical
language. Considering, as a reference configuration, the 1-D domain 2 of length
s, defined by z € [0, s]. The heat flux H(z,t) and the temperature field 6(z,t) are
related by the 1-D Fourier equation

N0+ H=0, (4.72)

where (') denotes the derivative with respect to z. The energy conservation equation
in 1-D becomes

—[H'+ H") = c[f — 6,]. (4.73)

Following the same procedure for deriving the neat principle explained in section
4.3.1 one gets

1 51 .
~ H'6H' dz+/ — HéH dz =
o € 0 A

s s (4.74)
—[06H): + | 6,0H' dz — 1 HYSH' dz .
[ 0 c
0 0

Consider now a linear elastic bar z € [0, s], with Young’s modulus E and cross
sectional area A. Figure 4.1 shows that each infinitesimal section between z and
2z + dz, is grounded by a dashpot with viscous constant ndz. Suppose that each
point z where the dashpot is anchored undergoes the displacement u*(z,t), positive
if in the direction of positive z, and let u(z, t) denote the elongation of the end points
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Figure 4.1: Mechanical analogy for the one dimensional thermal problem: linear elastic
bar connected to the ground by an array of dashpots.

of the dashpot, so that u*(z,t) + u(z,t) is the total displacement of the point z of
the bar.

In the initial reference configuration, at t = 0, the bar is subjected to distributed
forces per unit length fy(z). Define

2= [ Q) dc+ o, (4.75)

such that Fy(0) = Ny and Fy(s fo fo(¢) d¢ + Fy(0) are the normal forces acting
at the bar ends at ¢t = 0. Furthermore as shown in Figure 4.1, time-dependent
compression forces F'(0,t) and F(s,t) are applied at the bar ends.

The equilibrium equation for an infinitesimal segment comprised between the
generic section z and z + dz reads

EA [ (2,t) +u*"(2,t)] —ni(z,t) — Fj(2) =0, (4.76)

with boundary conditions

EA[W'(0,t) +u*(0,1)] = —F(0,t) + Fy(0
EA [ (s, t) +u?(s,t)] = —F(s,t) + Fy(s).

~—

’ (4.77)

To state the equivalence with the thermal problem, in which the temperature is
prescribed at the boundary z = 0 and z = s, it is sufficient to set

1
EA="
C

1
==, 4.

From the analogy, it is evident that the displacement fields u(z,t) and u*(z,t) cor-
respond to H(z,t) and H¥(z,t), respectively, while Fy(z) is the counterpart of the
initial temperature 6y(z).
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More in particular, denoting with N(z,t) = F(z,t) — Fy(z) the axial force in the
bar, assumed positive if compressive, the constitutive law is in the form

N(z,t) = F(z,t) — Fy(2) = —EA [/ (2,t) + u¥(z,1)] , (4.79)

corresponding to the energy conservation law (4.73), while the axial equilibrium
equation is

ni(z,t) = —F'(2,t), (4.80)

which is the counterpart of the Fourier’s equation (4.72). Clearly, F(z,t) corresponds
to the temperature field 6(z,t). Hence, the compression forces F'(0,t) and F(s,t)
applied at the bar ends play the role of the boundary temperatures.

The condition (4.80) implies that any solution for which u(z,t) = 0, such that
u(z,t) = u(z), shall be characterized by F’(z,t) = 0. This means that the heat flux
is null: when the steady state condition is reached the temperature field is uniform.
More generally, the analogy between the equations for the elastic and the thermal
cases suggests that, in a finite element implementation of the thermoelastic problem,
the same shape functions can be considered to approximate both the elastic and the
heat displacements.

4.3.5 Numerical Implementation

The one-dimensional classical form of the variational principle was recently imple-
mented by Galuppi et al. [81]. Due to the presence of the temperature field in
the classical principle (4.40), the Finite Element (FE) implementation required C!
continuous shape functions. This FE solution was applied to multilayered plates,
consisting of an arbitrary number of plies having different physical and thermal
properties. The method was later extended to the three-dimensional case of a ho-
mogeneous plate subjected to time-dependent, non-uniform thermal loads [82], [83].

However, this implementation faced significant challenges, primarily due to the
need to approximate both the temperature field and the heat displacement field.
In contrast, in the “neat” variational principle, only the heat displacement field
requires approximation, leading to a simpler and more efficient FE implementation.
Furthermore, the variational principle (4.53) involves only first-order differentiation
of the heat displacement field H, meaning that it needs to be only C° continuous.
As a result, the degrees of freedom are simply the time-dependent values of the heat
displacement field components at the nodes.

The finite element used here is the standard 8-node, 24-degree-of-freedom hex-

ahedral linear element. Denoting by H,(t) the (24 x 1) vector containing the ele-
ment’s degrees of freedom, and by ¢(x) the (3 x 24) matrix collecting the tri-linear
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Lagrangian shape functions, the heat displacement field and its time derivative can
be expressed as

H.(x,t) = ¢(x) HL(t) , H.(x,t) = ¢(x) H.(t). (4.81)

This approximation is also valid for describing the variation of the displacement
field, in the form

SHL (x, 1) = ¢(x) SEL(1) . (4.82)

By substituting (4.81) and (4.82) in (4.54), the variational principle in the finite
element may be written as

K, H,(t) + C. H(t) = q.(t) + doe + &(t), (4.83)

where, by denoting by ¢, and A, the heat capacity and the thermal conductivity of
the element, K. and C, are the stiffness and damping matrices at the element level,
ie.

K=o [ [V7o@)]" Ve av, C.= 5 [ 6T el dv. (s

Ce Ae

e

Furthermore, q.(t), qo.(t) and gf(t) are the counterpart of the thermal driving
forces defined by (4.66), i.e.

qe(t) = — 0(x,t) p(x) -nds, dqoe(t) = HO(X)VTqb(x) av,
éﬂe /Q (4.85)
d(t)=—— [ V- H(x,t) VIg(x) dV,

Ce Q.

Notice that the term q.(t) in (4.85) accounts for the temperatures at the element
boundaries.

Unless a matching condition of type E or type F (see Sect. 4.1.1) is present, the
matching conditions of the variational principle, derived from the continuity of the
heat displacement and its variation, imply that the temperature field is continuous.
Thanks to this, all the terms cancel out after assembling the q.(¢) vectors, except
on the external domain boundary 0f).

By following the standard procedure in finite element analysis [84], the element
matrices and load vectors are assembled to arrive at the equations of the entire body
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KH(t) + CH(t) = q(t) + qo + ¢} (1) , (4.86)

where H(t) is the vector collecting all the nodal degrees of freedom, while K, and
C are the global stiffness and damping square matrices, respectively, while q(t), qo
and g*(t) are the global vectors containing the thermal driving forces. Once ﬁ(t) is
found by solving (4.86) with proper boundary conditions, the temperature field can
be evaluated by integrating Fourier’s equation (4.47). The integration constants
in space can be found from the boundary conditions, while the time integration

constant comes from the initial conditions on the temperature field.

Regarding the matching conditions of types E and F, explained in Sect. 4.3.2, the
interface condition resulting in a discontinuous temperature field is considered, in
the numerical implementation, by placing nodes in correspondence of the interface,
so to represent the interface and its properties. In this case, the matrix form (4.86)
of the variational principle becomes

KH(t) + [C + CJ] H(t) = q(t) + a0 + q’(t), (4.87)

where C; is a square matrix, where the only non-zero terms are those corresponding
to the degrees of freedom associated with H¢(£,7,0,t) of the interfacial nodes (see
eq. (4.62)), in the direction normal to the interface, which are set equal to 1/T.

When boundary temperatures are given functions of the environmental temper-
atures and of the heat flux (boundary conditions of type C, see Sect. 4.3.2), one can
substitute the value of the temperature as a function of H,, and the external tem-
perature in the boundary term of (4.55). To make the calculation explicit, consider
the boundary conditions in the form (4.15). Solving for (x,t) and substituting in
the boundary term of (4.55), using the discretization (4.81), one finds that (4.86)
becomes

KH(t) + [C + Cy] H(t) = au(t) + a0 + &' (t), (4.88)
where
Cy = % o' (x) ¢(x) -nds, (4.89a)
0
an(t) = — /8 0.(x.) 9() m s, (4.89b)

Observe that the term associated with C, accounts for boundary dissipation [79].
The proposed FE approach can be particularized to two- and one-dimensional

problems by reducing the number of degrees of freedom associated to each node. In
the simplest one-dimensional case, the finite element is a 1-D bar, with two nodes
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and two degrees of freedom. After solving the problem, one obtains the time history
of the heat displacement field in the body. To compute the temperature field, the 1-D
version of the Fourier’s law (4.8) must be integrated, with the constant of integration
determined from the boundary conditions. Alternatively, the temperature at the
nodes can be calculated using the element equations, as the temperature in this
case is analogous to the internal force in a similar mechanical problem.

A group of examples is presented in the next Chapter 5, to serve as validation
for an in-house made FE code, implementing the neat variational principle.
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Validation and Numerical
Examples

Here, four different examples and case studies are solved by means of an in-house-
made code implementing the neat variational principle of Sect. 4.3, through the
procedure detailed in Sect. 4.3.5. First, two simple one-dimensional examples, pre-
viously solved in the literature using other methods, are presented with the aim of
validating the neat variational principle. Then, a few more examples are consid-
ered to demonstrate the application of the neat variational principle to laminated
glass [78], [85], with particular reference to uneven heating conditions. The main
assumptions of the model include the isotropy of the thermal properties within each
material and their independence from temperature variations.

5.1 Example 1: Plate with Prescribed Tempera-
ture at One Face, Insulated at the Other

Consider a homogeneous pane of thickness s = 50mm, initially at the uniform
temperature 0y(z) = 0°C. No heat sources are present. At t = 0, the face z = 0
is suddenly brought to the temperature 80°C, while the face z = s is thermally
insulated. These correspond to boundary conditions of types A and B, respectively,
as explained in Sect. 4.1.1.

0(0,t) =0 =80°C, H(s,t)=0, Vt. (5.1)

Biot solved the problem [79] by approximating the temperature field with a
parabolic function, and by dividing the heating process into two phases. First, heat
penetrates up to a depth z = s, called the penetration depth. This phase ends at
t = ¢, when the penetration depth equals the plate thickness (5§ = s). In the second
phase, for ¢ > ¢, the temperature rises at the insulated boundary.
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In our numerical solution, the mesh is refined in the neighborhood of z = 0 since
the temperature presents a discontinuity here at ¢ = 0: 20 elements, 0.5 mm thick,
are used for 0 < z < 10 mm, while 8 elements, 5 mm thick, compose the remaining
part. The obtained results in terms of the temperature profile 6(z,t) at different
t, evaluated by setting A = 200 W/(m K) and ¢ = 2.7 - 10° J/(m? K), are plotted
in Figure 5.1. For the sake of comparison, the same figure shows Biot’s solution
[79] and the results obtained by solving the differential form of the heat conduction
equations via Fourier series expansion (first 30 terms of the series), as in [57]. The
results show excellent agreement.

T T T T

80 8
\ — — — - Approximated solution by Biot

%  Fourier Series solution
Proposed method

z [m]

Figure 5.1: Example 1. Temperature profile at different times evaluated with the proposed
approach, compared with Biot’s solutions [79], and with the solution of the differential form
of the thermal problem obtained in Fourier series expansion [57].

5.2 Example 2: FElement with Interfacial Ther-
mal Resistance

This example considers the matching condition of type F, where the temperature
profile is discontinuous at the interface between two different materials due to the
effect of an I'TR. Here, the results obtained through the proposed method are com-
pared with a solution proposed by Yuan et al. in [80].

The considered example is a composite plate made of two layers of thickness
s1 =89 = 0.5 m, with \; = 200 W/(m K), Ay = 100 W/(m K), and ¢; = ¢5 = 2.7-10°
J/(m3 K), with an Interfacial Thermal Resistance R = 1/500 m? K/W. The initial
temperature is assumed uniform and equal to 20 °C. At ¢t = 0, the temperature is
suddenly raised to 480°C on the side z = 0, whereas it is kept fixed at 20°C at
Z =81+ 82 =S5s.

In [80], different 1D modeling strategies, solved with finite differences, were devel-

oped to account for the ITR: i) numerically implementing the ITR relation (4.62) in
terms of the temperature derivative; i) creating a “virtual layer” with a very small
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thermal conductivity A¢ (compare eq. (4.63)) at the interface to represent the ITR;
iii) using a local “artificial layer” surrounding the interface with modified thermal
properties to reflect the influence of the ITR on the heat transfer through the inter-
face. These approaches are reliable but require a very fine mesh: by changing the
mesh size, the temperature profile does change. Convergence is reached using 500
elements, 2 mm thick, with a time step of 0.001 h.

In the proposed variational approach, it may be verified that convergence is
reached with only 20 elements, 50 mm thick, with a time step of 0.01 h. Accurate
results may also be obtained with only four elements, but this mesh is not accurate
for the evaluation of the interfacial temperatures in the first minutes of the “loading”
history, when the temperature profile presents a high slope in proximity to the
surface z = 0, where the temperature jump is instantaneous. Therefore, at the
beginning of the transient state, a finer mesh is required to correctly reproduce the
temperature profile. When the temperature profile smooths out as a consequence of
heat conduction, a coarse mesh is sufficient for good accuracy.

500 4 v v v v 1
%  Model by Yuan et al.
Proposed model
400 r
300t ITR
© e
=
200 r
! M
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

z [m]

Figure 5.2: Example 2. Comparison between the solution obtained with the proposed
approach and that proposed by Yuan et al [80]. Temperature profile at ¢ = 1500

Figure 5.2 shows a comparison of the temperature profiles at ¢ = 1500 s, also
recorded in [80], with evidence of the temperature jump at the ITR surface. Figure
5.3 shows the time evolution of the temperatures on the two faces of the ITR,
i.e., Orrry(t) = 0(sy,t) and O;rr,(t) = 0(s{,t). The difference with the solution
proposed in [80] is of the order of 0.5°C.
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Figure 5.3: Example 2. Comparison between the solution obtained with the proposed
approach and that proposed by Yuan et al [80]. time evolution of the temperatures on the
two faces of the ITR.

5.3 Example 3: Partially Shaded Laminated Glass
Pane

The third, 3-D example is representative of a window glass pane, unevenly irradi-
ated by the sun due to cast shadows on its surface, which separates environments at
different temperatures. At ¢t = 0, the temperature of the pane is assumed to be uni-
form; at t = 07, the body is put in contact with the environments and is (unevenly)
irradiated by the sun. The solution provides the transient thermal state until the
steady-state condition is reached. The model could also account for seasonal or daily
varying boundary conditions, but this analysis is not conducted here.

Consider the 1m x 1.5m rectangular laminated glass pane represented in Fig-
ure 5.4, composed of alternating glass plies with a PVB polymeric interlayer, with
very different physical and thermal properties [81], [86], as indicated in Table 5.1.
It is assumed that the interfacial thermal resistance at the glass-PVB interface is
negligible. This practice is followed in most technical articles, even if the presence
of an ITR cannot a priori be ruled out. According to [87], the ITR is low in the
case of a "good” mechanical and chemical bonding between constituent phases, as
for well-made laminated glass. There are cases, however, in which partial delami-
nation occurs, either because of poor manufacturing or exposure to an aggressive
environment. In such cases, the I'TR comes into play.

A reference system is introduced, such that z,y are the in-plane directions and
z is along the thickness. The panel is defined by 0 < z < 1.0m, 0 <y < 1.5m.
The laminate is made of one glass ply (0 < z < s7) of thickness s; = 12mm, the
PVB interlayer (s; < z < s; + sg) of thickness sy = 1.5mm, and the third glass
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ply (s1+ s < 2z < 81+ S2 + s3 = s) of thickness s3 = 6 mm. The shaded region is
rectangular and identified by the domain 0 < x < 0.5m and 0 < y < 0.5m.

Table 5.1: Values of physical and thermal properties for the materials considered in Ex-
ample 3.

Material Reference ¢ [J/(m® K)] A [W/(m K)] o [-] 7 [-]
glass  [88], [89] 1800 10° 1 023  0.67
PVB  [86], [00] 1478.3 10°  0.236 0.01  0.99

As shown in Figure 5.4, the panel is discretized by using one element in the
thickness for each layer (three elements in total) and by dividing the surface into 30
and 50 elements, respectively, in the z and y directions (resulting in 4500 elements
and 6324 nodes). The mesh is refined in the neighborhood of the interface between
shaded and unshaded regions, where conduction heat exchange occurs. Tri-linear
shape functions have been used.

®

Figure 5.4: Example 3. Laminated glass pane with unshaded and shaded portions: geom-
etry and mesh used in the FEM implementation, plotted with the GiD pre-processor.

The panel exchanges heat via convection (with the external and internal air)
and radiation (with the sky vault and external surfaces [91], and with other internal
surfaces [92] assumed to be at the same temperature 6;(t) of the internal air [93]),
possibly time-dependent. Although the radiant energy exchange is proportional to
the fourth power of the absolute temperatures [60], since the temperature difference
between the panel and the environment is small, the expressions can be linearized
[59]. The conclusion is that all the heat-exchange contributions at the panel surfaces
provide boundary conditions of the Robin kind, (4.15). This can be written in the
form
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H.(z,y,0,t) = he [0.(t) — 0(z,y,0,t)] , H.(z,y,s,t)=h[0(x,y,s,t)—6;(t)], Vt,

(5.2)
where h. and h; are the total heat transfer coeflicients on the external and internal
surfaces, respectively, simultaneously accounting for both convection and radiation,
while 6. is the “nominal” external temperature, accounting for both convection and
radiation, defined to provide formal equivalence according to [81].

The solar radiation, here denoted as G(t), can be modeled as an internal heat
source [59], [81], possibly time-dependent. The total density of heat flow rate de-
pends on several factors, such as season, time of day, panel orientation, and inclina-
tion [94], [95]. A commonly used approach [96] consists of assuming that the heat
flux varies linearly in the thickness of each layer [82]. In our notation, this repre-
sents a heat source ¢*(z,t) of uniform magnitude in each layer, independent of z, y.
This also justifies the use of linear shape functions for approximating H*(x,t), while
setting H¥(x,t) = Hg(x, t) = 0. The assumption here, following [81], is that part of
the energy hitting the external ply at z = 0 is absorbed, another part is reflected,
and the remaining part is transmitted to the second layer. Similarly, the energy
hitting layer 2 splits into an absorbed part, a reflected part, and a part transmitted
to layer 3. Denoting with a; and 7; the absorptivity and transmissivity with respect
to the solar radiation of the ith ply, the heat it absorbs is

# _ Tt _ i o 1'f0ri:17
dhx.t) = B ) = “ i) Glo). where%.—{ o i,

(5.3)

where ¢;(t) is a coefficient accounting for the possible presence of shadows. In-
deed, the presence of shadows is considered by assigning to elements belonging to
different-in-type regions (fully irradiated, shaded, regions shielded by the frame)
different values for ¢;(t). The flux-based FEM can readily consider the mobility of
the shadows, simply by imposing a time-varying coefficient ¢;(t).

However, due to thermal inertia, mobile shadows are considered less critical
than static shadows [97], [98], which can generate a cooler area in the glass and,
consequently, higher thermal stresses. Here, static shadows are considered and,
according to the French standard NF DTU 39 P3 2006 [99], ¢; has been set equal
to 0.1 for the regions where there are projected shadows.

Equation (5.3) allows to define the heat displacement field H%(x) through its
nodal values. Here, it has been set to be zero at the external surface z = 0,
while Hi(z,y,51) = arm [y G)dt, Hi(w,y,51 + s2) = (aum + o) [; G(t)dt,
Hi(2,y,8) = (a1 + vz + azys) fg G(t)dt. An arbitrary additive constant could
be added to this field (for example, so to have H%(z,t) = 0 at the internal surface
z = s), without affecting the final results.

First, the case of constant environmental parameters is considered, i.e., 6;(t) = 6;,
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0.(t) = 0., G(t) = G, for which realistic values for a winter scenario have been consid-
ered: G = 800 V\//m27 0. =-12°C and 6; =25°C. The total external and internal heat
transfer coefficients, respectively h, = 11.926 W/(m°K) and h; = 8.375 W/(m?K),
have been calculated following [81]. The initial temperature is assumed to be 6y = 0
°C.

The heat displacement field has been evaluated by solving the matrix problem
(4.88), accounting for the Robin boundary conditions at the two panel surfaces. The
panel edges have been assumed to be perfectly insulated, i.e., the normal heat flux
is zero on the panel borders. Once the heat displacement field is known, the tem-
perature distribution has been recovered by integrating the internal constrain (4.47)
(Fourier’s law), calculating the integration constants from the boundary conditions.

Figure 5.5 shows the qualitative temperature distribution at the steady state,
at the external (z = s) and internal (z = 0) surfaces. It is evident that they
are both approximately uniform in the shaded and not-shaded regions, left aside a
thin strip in correspondence of the interface. A similar example with a partially
shaded rectangular portion, but in which the pane is monolithic, was considered
in [83], by considering the classical version of Biot’s variational principle and a
different FEM implementation. In that simulation, the temperature field presented
singularities at the corner, which were attributed to the irregularity (sharp angle)
of the interface boundary [100], [101]. Now, it has been verified that the solution
presents a very slight peak in the temperature field at the corner of the shaded
region, but apparently does not grow unboundedly. Remarkably, the temperature
peak disappears if the angle formed by the interface lines at the corners is just
slightly different from 90 °: the plots in Figure 5.5 have been obtained for an 89.5°
angle. However, the discussion about the potential concentration of temperatures
in areas of high curvature is beyond the scope of this thesis.

b

(a) (b)

Figure 5.5: Example 3. Temperature distribution at the steady state, at (a) the internal
z =0 and (b) the external z = s surfaces, plotted with the GiD post-processor.

The obtained results are compared with a direct numerical solution of the differ-
ential form of the heat-conduction equations, under the aforementioned boundary
and initial conditions. This is done with the "pdepe” Matlab tool [102], based on a
finite difference approach in both space and time. In this case, the plate has been
discretized by using tetrahedral elements, with max size of 15 mm and minimum
size of 1 mm, for a total of 129328 elements and 219004 nodes.

Figure 5.6 shows the time variation of the temperatures at the internal (z = 0)
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Figure 5.6: Example 3. Temperature as a function of time ¢ on the external (z = s) and
internal (z = 0) surfaces and at the interfaces (z = s1 and z = s3), in the a) irradiated and
b) shaded regions. Comparisons between the proposed approach (lines) and the numerical
solution of the differential form of the heat-conduction equations (markers).
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Figure 5.7: Example 3. Through-the-thickness temperature profile at different times at
the same points considered in Figure 5.6. Comparisons between the proposed solutions
(lines) and the numerical solution of the differential form of the heat-conduction equations
(markers).

and external (z = s) surfaces, as well as of the interface temperatures at z = s
and z = s, at two different (z,y) coordinates of the laminated panel. Figure
5.6(a) considers a point A of the shaded region far from the interface (where the
temperature is constant in practice at the steady state), whereas Figure 5.6(b) refers
to a point B of the fully irradiated region, again far from the interface, both indicated
in Figure 5.4. The graphs also show the comparison with the direct numerical
solution, plotted with markers. The steady state condition is achieved in about two
hours.

For the same points A and B, Figure 5.7 records the temperature profile across
the thickness of the laminated glass element, for different time instants.

To analyze the in-plane temperature distribution, Figure 5.8 shows the surface

and interface temperatures, at the steady state (f =2 h), on the lines Ly and L,
indicated in Figure 5.4. These graphs emphasize the sigmoidal temperature profile
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Figure 5.8: Example 3. In-plane temperature distribution at the steady state, on the
external and internal surfaces and at the interfaces, calculated on the lines a) L; and b)
Lo of Figure 5.4. Comparisons between the proposed approach (lines) and the numerical
solution of the differential form of the heat-conduction equations (markers).

in proximity of the interfaces. The transition zone has a width of about ten times
the thickness of the whole laminated panel, which confirms the findings of [83].

The comparison with the solution obtained from the differential form of the ther-
mal problem indicates an excellent agreement with our method, being the maximum
difference less than 0.2 °C. It has also been verified, in a simpler model problem,
that the pde solution requires a much higher number of elements than the proposed
approach to obtain comparable results. Since the computational time is compa-
rable for the two methods kept fixed the number of nodes, the novel approach is
computationally much more efficient.

5.4 Example 4: Laminated Glass Panel Under
Time Dependent Uneven Heating Conditions

The developed in-house made code is now used to analyze architectural glazing un-
der varying environmental conditions (temperature and solar radiation), specifically
considering the partial shading of the surfaces due by external obstacles (adjacent
buildings, trees, sunshades, etc.) and blinds or backups [103]. Indeed, the past
experience has evidenced that many failures in building glazing are due to an inho-
mogeneous temperature distribution in the glass panes consequent to the presence
of shadows, which produces the incompatible material straining [104] and, therefore,
an eigenstress state that may overcome the glass strength. This represents the root
cause of glass failures in architecture [103], [105], [L06]. The goal, here, is to inves-
tigate how the temperature field is influenced by the amount of shaded area and by
its shape.

Reference is made to a rectangular laminated glass element, of size a = 1 m X
b = 1.5 m, composed of two glass plies of thickness s; = 6 mm (on the external side)
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and s3 = 12 mm, bonded by a PVB interlayer of thickness s, = 1.5 mm, whose cross
section is schematically shown in Figure 5.9.
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Figure 5.9: Schematics of the cross section of the considered laminated glass element.

Considered values for physical and thermal properties, appearing in the heat
conduction equation (4.10), for glass [88], [89] and interlayer [86], [90] are ¢; =
ey = 1800 10° J/(m® K), s = 1478.3 10° J/(m® K), A = Ay = 1 W/(m K),
Ao = 0.236 W/(m K). The material absorptivity and transmissivity, appearing in
(5.3), respectively, are a; = ag = 0.23, ag = 0.01, 74 = 73 = 0.67 and 75 = 0.99 [81].
According to French NF DTU 39 P3 2006 [99], it is assumed that only the 10 % of
the solar radiation strikes the shaded parts of the panel, ¢;(t) = 0.1 in (5.3) in the
shaded regions.

This example certainly represents a very simplified view of a real case. In par-
ticular, the presence of a contouring frame, or other types of fixing devices, which
certainly contribute to heat transfer, are not considered. Nonetheless, I believe that
it is an interesting example for testing the code, because it has been analyzed in
other articles with other methods. The results that can be drawn from it are also of
a certain practical importance, especially in the characterization of the temperature
profile in the transition zone between shaded and irradiated regions.

1. Influence of the size of the shaded area

To investigate the influence of the size of the shaded area, the model problem is
that of Figure 5.10: the rectangular a x b laminated glass pane has a shaded portion
of width fa, with a =1 m, b=15m , 5 € [0,1]. Denote with “A” the irradiated
region, and with “B” the shaded region.

The solar radiation G(t) and the external temperature 6.(t) are made to vary
according to daily variations, the same considered in [99]. For a winter scenario,
the time dependence of G(t) is approximated [107] with a parabolic law, while 6,(t)
is assumed sinusoidal in time, as shown in Figure 5.11. The internal and external
heat transfer coefficients are h; = 8.375 W/(m?K) and h. = 11.926 W/(m?K),
respectively.

In the numerical model, the normal heat displacement is prescribed to be null at
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Figure 5.10: Model problem for the evaluation of the effect of shadow size on the temper-
ature distribution of a partially irradiated laminated glass panel.
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Figure 5.11: Example 4. Daily variation of solar radiation G(t) and external temperature
0 (t), for a winter scenario.

the plate edges, while boundary conditions of type C (Robin boundary conditions,
(4.15)) are prescribed on the plate surfaces. In the z direction, the plate has been
discretized by using one element for each composing layer, while it has been verified
that the the convergence is reached! by dividing both the shaded and the irradiated
region in 10 elements in the x direction. Since, thanks to symmetry, the temperature
field is expected to be independent of y, a coarser mesh can be adopted in this
direction, and it has been verified that accurate results are obtained with only one
element. This results in a total number of only 20 elements.

When half of the pane is shaded (8 = 0.5), Figures 5.12(a) and 5.12(b) show
the spatial temperature distribution along z during the light hours (9 A.M., 12
A.M., 3 P.M.), at the external and internal surfaces, respectively. Observe that the
temperature is uniform in the two regions, except in a strip across the interface
between them. where heat conduction takes place. In this interface region, whose
width is of the order of 0.2 m, in agreement with the results of [83], the temperature
profile can be well approximated by a sigmoidal curve, whose qualitative shape is
the same for the different hours of the day.

IConvergence analyses has been performed by increasing the number of elements until the
results present an error lower than 0.1 °C with respect to the solution obtained by refining the
mesh.
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Figure 5.12: Example 4. Spatial temperature distribution, in the x direction, at the a)
external and b) internal pane surfaces, at various light hours of the day.
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Figure 5.13: Example 4. Time evolution of the temperature on the external, internal and
interface surfaces, in the a) irradiated and b) shaded regions.

Figure 5.13 shows the time evolution along a day of the temperature at the
external (z = 0) and internal (z = s := s1 + $3 + s3) panel surfaces, as well as
the temperatures at the two glass-polymer interfaces z = s; and z = s1 + S9,
again for § = 0.5, evaluated at points of the regions A and B sufficiently far from
the interface, where the temperature is substantially uniform. In agreement with
[107], the temperature time-evolution is influenced by the parabolic variation of
G(t) and the sinusoidal trend of 6.(¢). In general, the temperature 64(z,t) in the
fully irradiated region is more affected by G(t) than by 6.(t); the vice-versa for the
temperature 0p(z,t) in the shaded region, which presents a pseudo-sinusoidal trend.

Figures 5.14(a) and 5.14(b) respectively indicate, as a function of 3, the maxi-
mum and minimum temperatures recorded along a day at the internal and external
surfaces on regions A and B, again evaluated where they are substantially uniform.
The size of the shadow is varied from the 10 % to the 90 % of the panel area.
Observe that the temperatures are substantially independent of the percentage of
shaded area. Furthermore, the minimum temperatures of regions A and B coin-
cide, both on the internal and the external glass surfaces, because these are reached
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Figure 5.14: Example 4. a) Maximum and b) minimum temperatures in the regions A
and B (internal and external surfaces), sufficiently far from the interface, as a function of
the amount of shaded area

during the night hours when the solar radiation is nihil.

Figure 5.15 reports the maximum temperature difference A6,,,, between the
exposed and shaded areas of glass, recorded along the 24 hours, again as a function
of the amount of shaded area and evaluated at both the internal and external panel
surface. Thermal stress can only be calculated with an elastic analysis taking into
account the thermal strain but, kept fixed the geometry, it is certainly related to
Abpar [99], [107]. Observe that Ab,,,, is only slightly affected by the percentage of
shaded area.

Figure 5.15: Example 4. Maximum temperature difference between regions A and B
(internal and external surfaces), as a function of the amount of shaded area

These results would indicate that, in order to evaluate the maximum tempera-
ture difference, it is not necessary to consider all possible configurations, since the
temperature difference is only mildly affected by the size of the shadow. However,
this problem does not consider the effects of heat conduction through contouring
frame or fixing device, which can certainly be of importance. Nevertheless, this ex-
ample was chosen because of its symmetry for code verification: the results obtained
with a 3D mesh indeed respect the expected symmetry.
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2.Influence of the shadow shape

Consider now different shadow shapes, as indicated shown in Figure 5.16. These
have been selected from the qualitative classification of dangerousness indicated in
[108], where it is stated that the most critical, for the thermal stress, are the “V-
shaped” shadows. Similar were studied in [107], but with a simplified engineering
model.

Figure 5.16: Example 4. Different shadow shapes considered in the study: a) L-shaped,
b) T-shaped and c) V-shaped.

.. i..
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Figure 5.17: Example 4. In-plane mesh considered in the numerical analyses: a) L-shaped,
b) T-shaped and c) V-shaped.

The results presented above indicate that, at a distance from the interfaces,
the temperatures are homogeneous in both regions A and B, and that their time
evolution along the 24 hours is only mildly affected by the shadow size. Therefore,
here the shadowed regions have a fixed area. Furthermore, since the width of the
strip across the interface where heat conduction occurs is independent of the time-
evolution of the temperature, as per Figure 5.12, here only constant environmental
conditions are considered. Assumed environmental parameters are G=800 W/m?,
6. =-12 °C. For the external and internal heat transfer coefficients, the same values
considered before have been used. Figure 5.17 show the adopted in-plane mesh,
while, again, in the out-of-plane direction only one element has been used, for each
layer. The total number of elements is 1200 for the L-shaped, 1800 for the T-shaped,
and 2400 for the V-shaped case. The mesh is refined near the interface between
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the shaded and unshaded areas, specifically in the direction perpendicular to the
interface, where the heat flux variation is the greatest. A uniformly refined mesh
yielded similar results but proved to be unnecessarily computationally expensive.

Figures 5.18, 5.19 and 5.20 show the spatial temperature distribution for the
three considered shadow shapes after 2 hours, when a steady-state condition has
been reached. Plots on the left- and right-hand-side refer to the external and internal
panel surfaces, respectively.
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Figure 5.18: Example 4. L-shaped shadow. Steady-state temperature distribution in
correspondence of the a) external and b) internal glass surfaces.
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Figure 5.19: Example 4. T-shaped shadow. Steady-state temperature distribution in
correspondence of the a) external and b) internal glass surfaces.

Observe that the temperatures on the homogeneous parts of both regions A and
B take the same values for the three cases. The temperature transition between the
two regions has the same sigmoidal shape shown in Figure 5.12. This is emphasized
by the graphs of Figure 5.21, showing the steady state temperature distribution
across the lines Ly, Ly and Lj indicated in Figure 5.16, at both the external (z = 0)
and internal (z = s) surfaces.

These results confirm that the sigmoidal trend in the transition region, and the
width of the region itself, of about 0.2 m, do not depend on the shape of the shadow.
However, one can expect that, when the shaded region is “thin” (its width is lower
than 0.2 m), the sigmoid cannot completely develop. Morever, when regions A and
B present re-entrant corners, as it is the case for the panel with a V-shaped shadow
of Figure 5.20, the temperature distribution can be quite complicated at the corner
points.
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Figure 5.20: Example 4. V-shaped shadow. Steady-state temperature distribution in
correspondence of the a) external and b) internal glass surfaces.
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Figure 5.21: Example 4. Temperature distribution at the external (z = 0) and internal
(z = s) surfaces, for the pane with a) L-shaped, b) T-shaped and c¢) V-shaped shadow.

Modulo the fact that in these examples the heat transmission through the fixing
systems is neglected, a possible general conclusion would be that the temperatures
in the irradiated and shaded regions are practically independent of the size and
shape of the shadow. The temperatures are substantially uniform in each region A
or B, apart from a strip across the interface, where they connect with a sigmoidal
curve. However, this does not imply at all that the thermal stress is independent of
the shape and size of the shadows, since, as confirmed by a recent study [109], this is
certainly influenced by possible sources of concentrations. The stress concentrations
depend upon the shape of regions A and B, and are particularly sensitive to the
presence of corner points and their opening angle.
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3.Influence of the glazing thickness

In previous studies [83], it was proposed that the width of the conductive strip,
representing the region of transition between fully irradiated and shaded zones, is
one order of magnitude greater than the thickness of the plate s. This datum is
important because it is used in simplified engineering models [107], [110] to estimate
the temperature distribution in architectural glazing. Constant environmental con-
ditions, with the same parameters considered before, were assumed. A parametric
analysis has been made, to evaluate the relation between the width of the transition
region, hereafter denoted to as w, and the panel thickness s.

Preliminary analyses provided evidence that w is approximatively the same in
monolithic glass and laminated glass with the same total thickness. For the sake
of example, Figure 5.22 shows the temperature distribution at the steady state, for
the geometry of Figure 5.10, with 5 = 0.5, obtained for a laminated glass composed
of two glass plies of thickness s; = 6 mm, and s3 = 12 mm, and a PVB interlayer
of thickness s = 1.5 mm, and for a monolithic element 19.5 mm thick. The results
confirm that, even if surface temperature are different, the width of the transition
region is approximately the same in the two cases.
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Figure 5.22: Example 4. Spatial temperature distribution at the a) external and b) internal
panel surfaces, in steady-state conditions, for 6 mm + 1.5 mm + 12 mm laminated and
19 mm thick monolithic element. Same geometry of Figure 5.10 for 5 = 0.5.

Therefore, the parametric analysis is reported for monolithic panes with thickness
varying in the standard range for architectural glazing (s = 3 + 19 mm). Figures
5.23(a) and 5.23(b) respectively show the temperature profile along = on the external
an internal panel surfaces, for different values of s in steady-state condition. Observe
that the width of the conductive strip, where 6(x,t) presents the sigmoidal trend,
increases with s. By comparing the Figures observe that, as expected, thick panes
present an higher temperature difference between external and internal surfaces than
thin panes. Indeed, for a given through-the-thickness heat flux, the temperature
variation is higher for higher values of s.

The width of the transition zone is defined as that for which the temperatures
differs from those of the neighboring homogeneous parts of regions A and B of more
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Figure 5.23: Example 4. Spatial temperature distribution at the a) external and b) internal
panel surfaces, in steady-state conditions, for different monolithic panel thicknesses s.
Same geometry of Figure 5.10 for § = 0.5.

than a fixed value (tolerance), here assumed to be 0.1 °C. To accurately capture the
trend, the mesh was refined by placing 5 mm thick elements in the = direction in a
strip 300 mm width, across the interface , while only one element was used in the
glass thickness. Figure 5.24 shows such width of the transition region on both the
external (wey) and the internal (wy,,) surfaces, as a function of s.
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Figure 5.24: Example 4. Width of the temperature transition region, as a function of the
monolithic plate thickness on the external (wey¢) and the internal (w;,) surfaces. Same
geometry of Figure 5.10 for 5 = 0.5

Observe that we,; = w;,; and their trend is approximately linearly dependent on
s. As an engineering rule of practice, it is reasonable to assume that w = we,; =
Wine is about 15 times the thickness of the plate. This indication is of paramount
importance, because simplified models, such as those presented in [107], [110], [111],
allow to estimate, with reasonable accuracy, the temperatures at a distance from the
interface in the regions A and B, where they are uniform: one can thus connect such
temperatures with a sigmoidal profile in the transition zone once w is known, to
completely define the temperature field. Then, a commercial FEM code can be used
to calculate the thermal stress. Naturally, the state of stress depends on the gradient
of the thermal strain, and for this reason it is important to carefully evaluate the
temperature profile in the transition zone.
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Conclusions

This thesis presents an investigation into the thermoelastic analysis of laminated
structures, offering insights into design, analysis, and practical implications. The
research focused on the structural response of laminated glass beams and transient
heat conduction analysis in composite structures, primarily utilizing variational ap-
proaches. This final section summarizes the key findings, evaluates the extent to
which the objectives were achieved, and discusses the implications of the results, in-
cluding potential applications and limitations. Lastly, recommendations for future
research are proposed to further advance the field and address remaining challenges.

6.1 The Special Zigzag Theory for Inflexed Lam-
inates

This research has successfully developed the ”Special Zigzag” theory, a simplified
version of the refined zigzag theory that effectively captures the mechanical response
of laminated composites. It is particularly applicable to laminated glass beams
during the pre-breakage phase. The theory accounts for the slenderness of the glass
plies and their high shear modulus relative to the polymeric interlayer, as well as
the interlayer’s softness. It models the glass plies as Euler-Bernoulli beams, coupled
in shear through the soft interlayer, and approximates the viscoelastic response of
the interlayer by neglecting its memory and using a quasi-elastic approach.

The straightforward nature of this theory enables the formulation of differential
equations that can be solved analytically for statically determinate beams. Slip
between glass plies at the beam ends is managed as a geometrical boundary condi-
tion, represented by a field corresponding to the average shear angle. Furthermore,
the research incorporates a numerical implementation of the theory within a Finite
Element (FE) model, facilitating the analysis of more complex scenarios.

The primary benefit of the Special Zigzag theory lies in its simplicity, making it
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highly valuable for engineering applications. The analytical solutions can be easily
integrated into Excel spreadsheets for designing and verifying various laminated
glass configurations. Nevertheless, this approach is confined to the linear regime;
exploring geometrical non-linearities and the interlayer’s viscoelastic effects through
fractional calculus represents a promising avenue for future research.

In the specific context of a glass balustrade, the intermediate constraints neces-
sitated segmenting the solution domain into two parts, which were later assembled
using appropriate matching conditions. Geometric boundary conditions were ap-
plied to the kinematic variables based on the static configuration of the structure,
while natural boundary conditions were derived from the relevant variational prin-
ciple. The model accommodates cross-sectional warping at the beam ends, thereby
capturing the real-world scenario of imperfect constraints.

The analysis revealed that significant shear stress concentration in the simply
supported section of the balustrade leads to substantial straining of the interlayer,
which greatly influences the overall structural behavior. The findings include explicit
formulas for deflection and average shear angle, enabling comprehensive stress state
calculations for the laminated beam. We derived an exact expression for ”effective
thickness,” defined as the thickness of a monolithic beam with equivalent bending
properties regarding stress and deflection. However, the comprehensive explicit
solution reduces the necessity for effective thickness. Nonetheless, this derived metric
was utilized to compare our approach, which can handle laminates of arbitrary
composition, with existing methods in the literature that are limited to three-layer
laminated sections.

This investigation operates within the linear regime, where moderate deflection
occurs. The impact of geometrical non-linearity is minimal, and second-order effects
have negligible influence on the bending and shear diagrams. The viscoelastic re-
sponse of the polymeric interlayer has not been incorporated, which could enhance
the model’s development. However, this response is not likely to significantly affect
the results due to the brief duration of the applied loads. Thus, a linear elastic as-
sumption for the interlayer, based on a secant shear modulus derived from relaxation
tests, is a valid approximation for this problem.

A limitation of this model is its restriction to the linear case. While it is feasible
to account for geometric nonlinearity, doing so would lead to a system of differential
equations that are challenging to solve analytically. Another potential enhancement
involves incorporating the viscoelastic properties of the interlayers, which could be
effectively modeled using fractional calculus to describe the viscoelastic response

[27].
Additionally, it will be valuable to explore the effects of the model’s assump-
tions on the global behavior of a structure, such as its buckling loads and dynamic

response.

Although these refinements will be explored in future developments, the true
strength of the proposed approach lies in its simplicity, making it particularly useful
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Chapter 6. Conclusions

for engineering applications.

6.2 The Neat Variational Principle for Thermal
Problems in Solids

A novel flux-based variational principle has been developed, representing an ad-
vancement of Biot’s ingenious variational principle for thermal analysis. This new
"neat” principle relies on the weak form of conservation of energy, wherein the
Fourier equation serves as a holonomic constraint. This approach emphasizes the
heat displacement field—whose time derivative is the heat flux—as the primary
variable, contrasting with Biot’s method, which incorporates the temperature field
into the variational principle. After determining the unknown heat displacement
field, the temperature field is retrieved from Fourier’s law, along with appropriate
boundary and initial conditions.

An interesting formal similarity is observed between the heat displacement field
in the thermal problem and the displacement field in mechanical problems, sug-
gesting a commonality in the numerical formulation of thermoelastic problems that
warrants further exploration in future research. Based on this, a mechanical anal-
ogy is presented for the 1-D case, where the variational principle aligns formally
with the equations governing the equilibrium of an elastic bar subjected to viscous
constraints.

Furthermore, the flux-based approach allows for a natural treatment of flux
boundary conditions, the fourth-order radiation law, and interfacial thermal re-
sistance. However, further investigations are needed regarding the stability of the
flux-based formulation to ensure the absence of spurious solutions. This should
include studying the Ladyzhenskaya—Babuska—Brezzi (LBB) or inf-sup conditions,
performing patch tests, and conducting convergence analyses with a higher number
of numerical experiments.

This novel variational principle facilitates the formulation of a C° isoparametric
finite element. In comparison to standard approaches, where the scalar temperature
field is approximated using finite elements or finite differences, the new method relies
on approximating the heat displacement vector field, which is much more regular
than the temperature field. This allows for a clean treatment of problems with
significant temperature gradients, which are challenging to address using traditional
methods due to the spatial derivative of temperature requiring higher refinement of
the solution domain. The finite element approach, implemented in a custom code,
was employed to solve numerous benchmark examples, showing increased accuracy
compared to Biot’s original approach and excellent agreement with Fourier’s series
solution, along with improved efficiency.

The neat flux-based variational principle is also used to study specific problems
related to laminated glass, particularly concerning uneven heating conditions caused
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by shadows and supporting frames that block solar radiation. This work is critical
for practical engineering problems, as thermally induced stress is a major cause of
glass breakage, especially under uneven irradiation conditions. A variety of real-
world examples have been considered to provide a comprehensive analysis of these
practical issues.

The effects of shadow size and shape on temperature distribution are analyzed
for both monolithic and laminated glass. The temperature is found to be regular
in regions distant from the interface between shaded and unshaded areas, while in
the transition area, the temperature profile exhibits a sigmoidal shape. The size of
this transition area is approximately an order of magnitude larger than the glass
thickness, typically around 10-15 times. Furthermore, the results indicate that the
temperature difference between shadowed and unshaded areas is minimally affected
by the size and shape of the shadow. This finding is significant for design and analysis
purposes, as it reduces the number of scenarios that require evaluation. However,
this does not imply that thermal stress is independent of shadow shape and size;
it is expected that thermal stress will concentrate at the corners of shaded areas.
This work confirms the usability of simplified models for architectural glazing,where
these simple models assume a uniform temperature in areas far from the interface,
with an approximation of the size of the transient area; the uniform profiles can be
connected by a sigmoidal curve.

Future developments should focus on incorporating materials with temperature-
dependent thermal properties and integrating convection between a solid and a
moving fluid without relying on the local heat transfer coefficient at the surface,
which presents significant challenges. Notably, even in the subsonic flow regime, the
local heat transfer coefficient can be out of phase with temperature by 45 degrees.
This implies that, on a quarter of the boundary surface between the solid and the
fluid, the heat flow direction may erroneously oppose the temperature difference
between them. Additionally, incorporating the non-linear radiation law into the
model will enable the simulation of problems with high temperature variations, as
present in extreme environments like outer space.
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