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Abstract

We consider solutions of p(x)-Laplacian systems with coefficients and we show that their gradient is con-
tinuous provided that the variable exponent has distributional gradient belonging to the Lorentz-Zygmund
space Ll log L and that the gradient of the coefficient belongs to the Lorentz space L™ ! The result is new
since the use of the sharp Sobolev embedding in rearrangement invariant spaces does not ensure the unique
(up to now) known assumption for such result, namely the log-Dini continuity of p(-) and the plain Dini
continuity of the coefficient. Our approach relies on perturbation arguments and allows to slightly improve
results in dimension two even for the case where p(-) is constant.
© 2023 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
We consider weak solutions to the p(x)-Laplacian system with coefficients
div[a(x)|Du|/’(x)_2Du] —0, InQCR".n>2, (1.1)

2 bounded domain, defined for functions in WI’P(')(Q; RN ), N > 1 (see Section 2 for the nec-
essary definitions) and we start by supposing the variable exponent p : 2 — R measurable and
satisfying the basic assumptions
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l<y1 <p() <y <oo, (1.2)

while we require the coefficient a : 2 — R to be measurable and bounded, above and away from
Zero:

a e L®(Q), O<v<a()<L <oo. (1.3)

Problems with p(x)-growth are one of the main models embraced by the more general class of
so-called problems with (p, g)-growth whose origin goes back to the work of Marcellini starting
in the late eighties [30-33]; their peculiarity, namely the fact that the nonuniform ellipticity is
mild (see the nice description via pointwise and nonlocal ellipticity ratios in [21]), has ensured
then a prominent position as an active research argument almost constantly for the last twenty
years. The literature on p(x)-problems is therefore too wide to even attempt to make a reasonable
list of selected references; we only recommend [25] for a somehow already outdated survey and
the seminal contributions [2,24,1,16] proving, respectively C 0.2 for some o € o, 1, C 0.2 for all
o € (0,1) and C"# for some B € (0, 1) regularity for local solutions to (1.1); all these results
have as common background (1.2)-(1.3), but different assumptions need to be further considered
on both the regularity of the coefficient and the variable exponent, the latter in terms of the
behavior for p ~ 0 of the quantity

1
wlog(p) = wp(p) log (;) (1.4)
Here wp : [0, 1] — [0, 2 — 1] is a modulus of continuity for p(-), that is a concave function
with w,(0) = 0, continuous in zero and such that

Ip(x) — pWI < wp(lx —y)) for all x,y € Q with [x — y| <. (1.5)

More in detail, supposing (1.2)-(1.3), one has the following schematic description of the regular-
ity of (local) solutions to (1.1) in terms of the behavior of wieg(+) and of w,(-) as p 0 (being
g [0, 17— [0, L — v] a modulus of continuity for a(-), if any - simply adapt the definition in

(1.5)):

o limsupwipg(p) <00 = u € CIOO’E‘(Q;RN), |Du|1’(') € Lllot’s"(Q) for some constants «,
PN\O
8o € (0, 1) depending on the data;
e limsup (wiog(p) + wa(p)) =0 = u € CIOO’S(SZ; RY) for every a € (0, 1);
PN\O
e Wiog(p) + wa(p) <cp? forsomey € (0,1)andc >0 = u e Cltf(Q; RY) for some ex-
ponent B € (0, 1) depending on the data.

A natural but interesting borderline result, of particular interest in our context and lying in be-
tween the second and the third result above, has been recently obtained by Ok in [34] (see also
[35]): if the exponent p(-) is log-Dini continuous and the coefficient a(-) is Dini continuous, then
ue CIIOC(Q; RY). Dini continuity is a classical and almost ubiquitous assumptions in borderline
cases of the regularity theory and consists in the fact that the modulus of continuity of the func-
tion one considers is integrable in zero with respect to the measure dp/p; in other words, a(-) is

Dini continuous if
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1

/wa(p) ar < 00.
o)

0

The variable exponent p(-) is said to be log-Dini continuous if wjeg(-) is Dini continuous, that is,
if

1

1\ d
/a)p(p) log (;) 7’0 < 00; (1.6)

0

it is evident a parallel between the regularity of the coefficient and that, corrected by a logarithmic
factor, of the exponent. This fact is also described in [4]: notice that in [4] the differential operator
is slightly different however a simple heuristic explanation based on Taylor expansions justifies
the formal similitude of the two. This formal relation continues to hold true also in the case of
the assumption of this paper, even if in a different setting: see (1.7) and (1.8)-(1.9). The Dini and
log-Dini assumptions are extensively used in every other aspect related to gradient continuity,
for instance gradient potential estimates, see [7,10,11]. An interesting variant, mixing the Dini
condition with a modulus of continuity for the integral oscillation and strictly related to the
approach developed in this paper, can be found in [22,23] related to solutions to linear equations.

We prove here gradient continuity for local solutions to (1.1) under a new integral assumption
on the regularity of both the coefficient and the variable exponent. More precisely, we suppose
(1.2)-(1.3) and moreover we assume that

a,peWhl(Q)  with  DaeL™'(Q;R"), DpeL"'logL(X;R"). (1.7)

We recall that Da belongs to the Lorentz space L™ !(Q2; R") if
o0
1
/|{xesz:|Da(x)|>A}yndx<oo; (1.8)
0

such space, besides being fundamental as borderline rearrangement invariant space between the
classic Sobolev and Morrey embeddings, has attracted lot of attention in the last years as signif-
icant, differential-operator invariant borderline space ensuring gradient continuity for solutions;
see for instance [8,12,17,21,28,34,35] for details in several contexts, from non-uniformly general
elliptic operators to parabolic and variational ones. In view of a characterization by O’Neil, Dp
belongs to the Lorentz-Zygmund space L™ !log L(€2; R") if

o

1
/\{er:|Dp(x)|>x}|ﬂog+)\dx<oo, (1.9)
0

where log™ A = max{log A, 0} is the positive part of log A; very roughly, it can be seen as a space
encoding a logarithmic correction in the decay of the measure of the super-levels sets defining
L™, and this is needed in order to locally rebalance the non-uniform ellipticity of the operator
(compare with [8,17,19,21,26,34,35]).
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An important point we want to stress is that the sharp, generalized Sobolev’s embedding
by Cianchi & Pick (see [13,14]) ensures that functions in wipnt log L are continuous (see
(1.10) below and notice that it therefore makes sense to mention the pointwise value of p(-)),
but it does not guarantee that their modulus of continuity satisfies (1.6). Even more dramatically,
functions in L™!, while being continuous, are not uniformly equicontinuous, in the sense that it
is not possible to guarantee the embedding of W!L™! into any space of uniformly continuous
functions sharing the same modulus of continuity; see [14, Remark 3.6]. Therefore, since these
results are known to be optimal, Theorems 1.1-1.2 do not follow from continuity properties for
a(-), p(-) inferred via Sobolev’s embedding and their proofs require an ad-hoc approach. For X
a rearrangement invariant space, we shall sometimes denote with W!X the space of functions
whose distributional gradients (better, their components) belong to X.

Anyway, not everything is lost: the aforementioned result shows (for details we refer [3]) that
if the variable exponent p(-) has gradient belonging to L™!log L C L™, then it has a modulus
of continuity w,(-) satisfying

lim sup atog (p) = <Pl 1og ) = (1. PC) (1.10)
P

(we are not interested here in Sobolev-Lorentz-Zygmund norms, defined in terms of rearrange-
ments), at least if 92 is Lipschitz; therefore, the sole use of (generalized) Sobolev’s embedding
for p(-) ensures that solutions to (1.1) under the assumptions (1.2)-(1.3) and (1.7) have gradi-
ent that is higher integrable, that is, there exists a small positive constant §o > 0, depending on
n,N,y1,y2, L/vand i, such that

|DulP® e LIE0(Q) (1.11)

(see Paragraph 2.5 for more details). In this paper we want to show that a more careful analysis'
leads to a much better regularity result for the gradient:

Theorem 1.1. Ler u € WLPO(Q; RN) be a weak solution to the system (1.1); suppose that
(1.2), (1.3) and (1.7) hold. Then Du is locally bounded: there exists a radius Ro depending
ondata, p(-),a(-) and |||Du|”(')||L1(Q) such that if Byg(xo) C Q2 is a ball with R < Ry, then

sup |Du| <c ][ (14 |Dul)dx, (1.12)

B
rGo0) Bag(x0)

for a constant ¢ depending on the data.

(see (2.1) for the meaning of data) and

Theorem 1.2. Let u € WP (2 RN) be as in Theorem 1.1. Then Du coincides almost every-
where in Q with a continuous function.

' The results and the techniques of this paper were first announced in the online seminar available at https:/www?2.
karlin.mff.cuni.cz/~pick/2022-01-13-baroni.mp4.
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Enlarging for a moment the perspective from which we describe our results, the study of
problems with coefficients having assumption of Sobolev-Lorentz type is attracting more and
more interest in the very last years, even for problems satisfying classic growth assumptions; in
[21] it is shown that solutions to uniformly elliptic vectorial problems of the type

div(b(x)%lzr”Du) —f inQCR" (1.13)

are Lipschitz (and therefore C!, after computation of standard flavor) regular if f € L™!($2) and
| Db| belongs to

L"H(Q) ifn>3

L2og LYY (Q) y =2, ifh=2

Here the scalar positive function ¢’ has growth of Orlicz type and the coefficient b is elliptic, that
is, it satisfies the assumptions in (1.3); for p > 1,y € R, L? log” L(S2) is the space of measurable
functions f : € — R such that | f|?log” (e + | f]) belongs to L!(2). Note that L>(log L)Y €
L%! (see [36, Theorem 9.5.14]); therefore our result slightly improves [21, Theorem 1.8] in
dimension 2 when ¢(¢t) =t”, p > 1; a perturbation approach similar to ours would lead to the
result also for the more general growth conditions considered in [21].

We complete this introductory chapter stressing that an approach similar to that of this paper
has been applied by the author to a borderline case of so-called double phase problems, see [3,6].
Double phase problems are problems of the Calculus of the Variations of the form

ue w“(sz)»»/[F(Du>+s(x)G(Du)]dx’ sz 0,
Q

with the peculiarity that G grows faster than F at infinity; they are the object of a substantial
amount of research nowadays and for particular choices of F, G, they share many aspects of
regularity with p(x) problems, see [3,6,4,11,20,37]. Also in this setting borderline cases are
often difficult and require subtle arguments, see for instance [18,19] and compare with [5,15]
and [26,27]. We are convinced that the perturbative approach developed in this paper could find
some applications leading to a deeper understanding of borderline cases in this research area
and, as consequence, a deeper insight for the general theory; for more detail we again refer to
[3,6,11,26,27,37].

Technical novelty of the paper

The approach we follow in this paper is of perturbative type: using appropriate liftings,
we classically relate the regularity of solutions of (1.1) to the good, known C!-#-regularity of
solutions to systems with p-Laplacian growth, see (2.13)-(3.6). The novelty is twofold: the local-
ization around the average of the variable functions p(-), a(-) and the use of the Sobolev-Poincaré
inequality. The former replaces the classic freezing of the variable functions a(-) and p(-) in the
center of the ball considered (see essentially all the references in the bibliography regarding
p(x) problems); the use of the latter is allowed by the use of Holder inequality with conjugate
exponents (1 + 1/8o, 1 + 8p), where 8 & 0 is the higher integrability exponent from (1.11), and
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this replaces the classic use of Holder’s inequality in the form L> — L!. Needless to say, we
need to heavily use the fact that the gradient is higher integrable: this follows from (1.10), see
(1.11). These two facts allow to make use of Lemma 2.1, enconding an independently interesting
discretization of Lorentz-Zygmund spaces. Our approach also requires some localization effort
(averages change at different steps of usual iteration procedures along sequences of shrinking
balls) and we decided to solve the problem by performing the iteration at L' level: the linearized
estimate we are able to get (see for instance (4.6)) could be useful in future advances in the the-
ory and we think this could justify our effort. See [3] for a different solution to this localization
problem.

To the best of our knowledge, this is the first time such a perturbative argument is carried on,
despite being inspired by the techniques in [28].

Extension to local solutions and more general structures

In order to avoid unessential complication we suppose that the solution u is globally inte-
grable, that is, |Du|”(') elL! (£2); accordingly, we set

M:/(1+|Du|p(x))dx. (1.14)
Q

Clearly all the forthcoming results are local in nature and therefore it is possible to suppose u
local solution (that is, | Du|P) € LIIOC(Q)) and relax in an appropriate local way the assumptions
in (1.7). Easy, minor modifications of the current proof would lead to the same results in this
case.

Possible extensions of our results involve more general differential, or variational, structures
of p(x)-type. We prefer to focus here on the simple model case (1.1) and leave such extensions
to future contributions.

Acknowledgments
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2. Preliminaries
2.1. Notation

In this paper we are going to denote by c¢ a positive constant possibly varying from line to
line; special occurrences will be denoted by ¢y, c4, ¢ or the like. All such constants will always
be larger or equal than one; moreover relevant dependencies on parameters will be emphasized

in parentheses, i.e., c; = c1(n, p) means that c¢; depends on n and p. By data we denote the set
of parameters

{n, N, yl,yz,L/v,I:} 2.1
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(with L that is going to be defined in (2.2)2 so that by writing c(data) we shall mean that the
constant depends on n, N, y1, ¥2, L /v and L. The dependencies of the radii on p(-) and a(-) will
all derive only from the use of (1.10) and Corollary 2.2. We denote by

Br(x0):={x eR" : |x —x9| < R}

the open ball with center x( and radius R > 0; when not important, or clear from the context, we
shall omit denoting the center just denoting Bg = B (xo). With B C R” being a measurable set
with positive, finite measure |B| > 0, and with g: B — R, £ > I, being a measurable map, we
shall denote by

1
(&)= ][g(x)dx = Bl /g(x)dx
B B

its integral average. Moreover, oscillation of g on B is defined as

oscg = sup [g(x) =gyl

x,yeB

A great importance will have the (L) excess: for g, B as above, it is defined by

][!g— ()| dx;
B

note that by triangle’s inequality we have

][|g—(g)3|dx§2][|g—5|dx for all & € RY,
B B

a property we are going to use very often.

Forx > 0, y € R, we denote by log” (e + x) the quantity [log(e+x)]” and log” (¢) = | log(#)|”
for t > 0. We use the agreement that N is the set {1,2, 3, ...} and Ny := N U {0}; by an interval
in No we mean the intersection of an interval in R with No. We use the notation y(—0,2)(p) for
the characteristic function of the set (—o0, 2), that is

(p) = 0 ifp>2
HEeoDWP) =0 ifp<2’
similarly for x[; o0) With # € R. For 1 < p < oo we denote with p’ the Holder conjugate of p;
for 1 < p < n with p* its Sobolev conjugate and for p > 1 with p, the quantity you can see
below:
/ P * np np

p:ﬁ’ p:n—p’ p*=n+p’

notice that p* = ¢ if and only if p = g« (if p <n).
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2.2. Function spaces, variable exponents and weak solutions

The variable exponent Lebesgue space LP) (Q; RY), £ > 1, for a variable exponent as in (1.2),
is defined as the space of measurable functions f : Q2 — R¢ such that |Du|P) e LY(Q); it is
endowed with the Luxemburg norm

u(x)

p(x)
||14||Lp<.)=inf{)h>02/‘T dxfl},
Q

We define W70 (Q; RY) as the space of weakly differentiable functions whose distributional
derivatives belong to L”)(2) and W(}’p(')(Q; RY) as the closure of C2°(2; RY) with respect
to the norm ||u|ly 1.0 = Ul pe» + [|Dullype); local variants of such spaces are defined in the
usual way. Note that the extension to zero outside €2 of a function in WO1 P0) (Q:; RY) belongs to

W1LPO) of any superset of Q.
By a weak solution to (1.1) we mean a function u € whrO(Q; RV such that

/(a(x)|Du|P(x>*2Du, Dg)dx =0  forall g € C2°(2; R™)
Q

and, by density, for every ¢ € W(} PO (Q; R™). (., -) denotes the scalar product in R"" (or better
the Frobenius product).

We shall denote for a ball Bg = Br(xp) C 2 (its center will always be clear from the context)
and forradii r < R

pr=sup p(),  p;= inf p().
By (x0) By (x0)

As a consequence of (1.10) we can assume that there exists L > 0 such that

1 -
sup ,(p)log (—) <i, 2.2)
0€(0,1] 1Y

a fact that we are going to use often. We also remark that, using (2.2), we have that if p <1 then
perP) = g PN8E) < (). 2.3)
2.3. Discretization of Lorentz-Zygmund spaces
For a function f : Bg(xg) C R" — R, ¢ € N, the sum
00 1 1
Spp (N0, R)i= Y Rtog (- )(f 117ax)". gedm.per. @
j=0 7 B0
where
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Re(,1), 0€(01), Rj=0/R, Bj(xo)=Bg,(x0), jeNo,

will take on great importance in view of the following lemma; see [3] and compare with [28,
Lemma 1].

Lemma 2.1. Let f € L”’llogﬁ L(Br(x0)) for B € {0, 1} being R <1 and let q € (1,n) and
o €(0,1); then

Sq,ﬁ(f)(xo’ R) <c(n,q, U)||f||Ln.l log? (Bg (x0))*

As a consequence, since the Lorentz norm L™ log? L is defined in terms of an integral, by
absolute continuity (cf. [36, Paragraph 9.9]) it follows that we can make, taking the initial radius
R sufficiently small, the sum S, g(f)(xo) small (locally) uniformly in xg.

Corollary 2.2. Let Q C R" and f € L' logl3 L(2) for B € {0, 1}, let moreover o € (0, 1) and

q € (1,n) be fixed. For every K € Q and € > 0, there exists a radius R, > 0 depending on
n,q,o, f and € such that if R € (0, R;] and R < dist(02, K), then

sup Sq.5(f)(x0, R) <e&.

xoeK
2.4. Auxiliary vector fields
We will work often with a classic nonlinear expression of the gradient encoding in a precise

way the monotonicity properties of the differential operator considered. In detail, for p € [y1, y21,
we set

p2 ¢
Vp)=151"7§, &eR".
For &1, & € R¢ and p(x) > 1 we have the estimate
1 2 _ _
Vo @) = Vo @[ = (18179726 — 18176, & - &), (2.5)

for a constant ¢ = c(y1, y2) > 1. A basic property of the map V,(-) is the following local bi-
Lipschitz character: indeed, for &1, & € R¢ and p > 1itholds

1 2 2 -2

S(al 1) T ia —aP < V@) - V@[ sc (@l +1&)" e -ar. 20
The constant ¢ here depends only on p and we stress that for p € [y, y2] it can be replaced
by one depending only on y; and y»; in other words, in case of a function p : Q — [y1, »2l,

estimate (2.6) can be written with p = p(x) and the constant ¢ will depend only on y; and y».
As a consequence, if 2 < p <y, < oo then

&1 — &1 < c()|Vp(E) = VD 2.7
while if 1 < y; < p <2 then
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151 = &2l =c|Vp(81) — Vp(Sz)I% +C|‘§l|27Tp|Vp($l) = Vp(&2)I. (2.8)

for a constant depending only on y;. For these properties, see for instance [7,28,34].

2.4.1. Logs
We have the following useful properties of the logarithm we are often going to use without
explicit reference:

log (;—f) < (1 —log¥)logx for every x > e and for all £ € (0, 1];
log(e +x?) <1+ max{1, o}log(e + x) forall x >0and o > 0; 2.9)
log(e + xy) <log(e + x) + log(e + y) forall x,y >0

log(e + Ax) < Alog(e + x) forallx >0and A > 1.

The proofs are very simple, see for instance [6].

The following lemma is an appropriate version of a well-known estimate for the treatment of
such operators; for the simple proof in this general form see [6, Lemma 2.1].

Lemma 2.3.Let &> 1, 0, 8,0 > 0 and let f be a positive function in LS (B,) for some ball
B, = B, (xq) with radius r < e~ L. Then there exists a constant ¢ depending on n, 8,0,60 and ¢
such that

| NG
][flog/S (e+ ) dx <c(1+r2 1 fll1s,)" log? (;)<][f§dx> .

B, B,
2.5. Reference estimates for solutions to (1.1)

We consider here solutions to (1.1) under the assumptions (1.2)-(1.3) and (2.2) that, we recall,
holds by embedding as a consequence of our main assumption (1.7).

The basic assumptions deduced by Sobolev’s embedding, despite not allowing to get the re-
sults stated in our main Theorems 1.1-1.2, still allow to catch some gradient regularity in terms
of its higher integrability. As a reference for the following result we suggest [7,9,34,38] even if
we are going to sketch a proof, since we need the local estimate (2.10) in a particular form not
present in the literature.

Theorem 2.4. Let E C R" and u € WHPO(E; RN) be a solution to (1.1) under the assumptions

(1.2)-(1.3) and (2.2). Then there exists an exponent &y € (0, 1), depending on the data such that
|Du|PO) e L%:;‘SO(E); moreover; for

M= / (1+DulP™) dx,
E

there exists a threshold R = ﬁ(n, p(), M) <1 such that the local estimate
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1
T+ (x)
<][ |Du|P(x)(1+50)dx) Ofc( ][ (1+|Du|)dx)” (2.10)

Br(xo) Bag(x0)

holds if R < R and Bag(xo) C E, for a constant ¢ depending on data and for every X €
Bar (x0). In particular we also have

-1 1
R:—min{—,Rl,l} with sup w,(p) < — (2.11)
4 M 0€(0,2R1] P c(n)
Proof. The local estimate
e
( ][ | Dy [P (1+50) dx) ‘<¢ ][ (1+ | Dul)?™ dx (2.12)

BRr(x0) Bar(x0)
and, as customary consequence of the self-improving character of the reverse Holder inequalities,

+

1
(][ |Du|p(x)(1+8°)dx>l+50§c< ][ (1+|Du|)dx>p2R

Bgr(x0) Bag (x0)
are well-founded for every ball Byr(xp) C E with radius R < R (R, 8y > 0 and the constant ¢

as in the statement) and their proof is quite standard, see for instance [34, Theorem 3.1] for a
transparent form. To prove (2.10) we need to show that we can bound

Pig—pP()
( ][ (1+ |Du|)dx> 2K
Byr(x0)
by a constant independent of R; we have, with ¢ = c(n, y1, y») and if p2+ r—Px)>0

(f o+ Dufdx)* " < ((ZAI;I)n)PIR—p(f)

Bag(x0)

A

<c@R)THDrCR < c(n, 1, 2, D)
thanks to (2.11) and (2.3). O
2.6. Excess decay estimates for reference problems
We consider the classic p-Laplacian system

div[|Dw|P_2Dw] —0 inECR", (2.13)

for p > 1. It is well known that solutions to (2.13) are locally C!¢ regular: see [29, Theorem
3.1] for the following precise form of the excess decay.
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Theorem 2.5. Let w € WP (E; RN) be a weak solution to (2.13). There exist constants Cph >
1,9 € (0, 1), 00 € (0, 1], depending on n, N and p, such that for every ball Bg(xo) C E and for
all o € (0, o9]

osc Dw <cppo® ][ |Dw - (Dw)BR(x0)|dx'
By r(x0)
BR(x0)

3. Comparison results

We start this section by fixing a solution u € WP (Q; RV) to (1.1) and a ball Bg =
Br(xg) C @ with radius R smaller than a threshold Ry whose value will be reduced several
times in the course of the proof; all the balls we are going to work with in this section will have
the same center xo. We start setting Ry = min{R, e~ '}, where R = R(n, p(-), M) is the radius
appearing in Theorem 2.4 for M = M as defined in (1.14); in particular we have Ry < 1 so (2.2)
is at our disposal. Moreover, we denote for radii » < R

ar:=(a)p, = ][a(x)dx, pri=(p)p, = ][p(x)dx. 3.1

B, B,

We also set, for g € (1,n)

Uy =r(][ |Dal dx)é, Py =rlog (%)(][ \Dp|? dx)é. (3.2)
B, B,

We immediately stress that we are going to work with the following additional assumption (later
we will show how to guarantee this by appropriately reducing the value of Ry):

Aqg<1, Pry=<l1 if < Ry. (3.3)

Next we further reduce the value of the R so that

wp(Ro) <

6 1) 1)
V1 0 <min{)/1 0 Y1 0 } (3.4)

2max{2, y{} 2480 ~ 4 2max{2,y{} 2+

where § is the positive constant appearing in the higher-integrability result of Theorem 2.4; this
makes Ry ultimately depend only on data, p(-) and M.

First we are going to consider the solution to the comparison problem

div|ar2| DvP®2Do] =0 in Bg)2
; (3.5)
v=u on 0BRr2

later we are going to consider the solution to the problem with standard p-Laplacian growth
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div[|Dw|ﬁR/4—ZDw] -0 in Brs
. (3.6)
w="v on aBR/4

Notice that both problems are well posed and have a unique solution: the boundary datum of (3.5)
is a function in W70 (Bg /25 RN) that is exactly the energy space of the differential operator in
(3.5)1, while for the second we observe that the local higher integrability result in Theorem 2.4
implies that v € WP+ (BL s RV) and the smallness assumption of the radius (3.4) en-
sures that for all x € Bg/4

PR/ — li;nf p() S wp(Ro) < y1do = Prja < p(x)(1 + o)
R/4
and therefore

whrOU+0 (e, RN € WPRA(Bg s RY):; (3.7)

again monotonicity methods apply. In particular, by density, the weak formulation of the system
(3.5) can be tested with the function p =u — v € W(}’p(')(BR/g; R™) and that of (3.6) with the

. 1,p
function p =v —w € W, pR/4(BR/4; RM).
3.1. Basic results

Note the solving (3.5) is equivalent to finding the minimizer of the energy v > || B | DVIP @)y

p(x)dx in the Dirichlet class u + W(}’p(')(BR/z; RY); thus

][ |Dv|P® dx < c(y1, y2) ][ |Du|P™ dx. (3.8)
Bg2 Bgr)2

Moreover, since the differential operator in (3.5) satisfies (1.2), (1.3) and (2.2), the higher inte-
grability result of Theorem 2.4 applies to Dv too with the same constant and exponent. However,
the critical radius for which the local estimate (2.10) holds depends on M = f By (1+|Dv|)dx.

Anyway, due to the previous inequality (3.8) and the explicit monotonicity of R with respect to
the energy (2.11), we can possibly reduce the value of R (and therefore of Ry) so that Theo-
rem 2.4 is at our disposal for both Du and Dv with a constant depending on data and for radii
smaller than the threshold Ry = Ro(n, p(-), M). In particular

146
][ |DU|P(x)(1+80) dx < C( ][ (1 + |Dv|)p(x) dx) 0

BRya Bg)2
1446
5(;( ][ (1 +|Du|)p(x)dx) oo
BRr)2
x) (146
< c(][(l n |Du|)dx)p(x)( o (3.9)
Bpg
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holds true for every x € Bg; ¢ here depends only on the data. We used (2.12) for Dv, (3.8) and
(2.10) for Du.

We can finally start by deriving a first comparison estimate.

Lemma 3.1 (Comparison ). Let v € u + W(;’p(')(BR/Q; RN be the solution to (3.5); there exists
an exponent

g =q(data) <n (3.10)
such that
) 5 ()
|Vi()(Du) = V() (Dv)| " dx < cmmq( (1+ |Du|)dx) 3.1
Bg)2 Bg
holds true for a constant c depending only on the data and for every x € Bp.

Proof. We subtract the weak formulations of the systems solved by u and v and we test such
difference with ¢ = u — v. We have, after some simple computations

I = ][ (@ry2) DulP™~2Du — ag>| Dv|? "2 Dv, Du — Dv)dx
Br2
= ][ (@r2) DulP®~2Du — a(x)| Du|” =2 Du, Du — Dv)dx

Br)2

< ][ lar/2 — a(x)||DulP® ' Du — Dv|dx =1I1. (3.12)

Br2
We use the monotonicity in (2.5) and (1.3) to estimate from below

R/2

1> ][yv(x)(Du)— o (DV)|? dx>— ][ V) (Dut) = Vi) (D) | dx.

BRr)2 BR/Z
To estimate /1 we need to distinguish two cases:

In the case p(x) > 2 we can estimate pointwise, using Young’s inequality for € € (0, 1) to be
chosen later and (2.6)

=lag), — a<x>||Du|f’<*>‘1|Du — Dv|

px)—2
IaR/z—a(X)IIDul [IDM|+|DUI] S IDM—DUI

< &| V(o) (Du) = Vo (DV)|* + c(e, yo)ax) — agyl?| DulP™.
If on the other hand p(x) < 2 using (2.8), twice Young’s inequality and (1.3)
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2
p(x)

ii < clagry —a@)||Dul”O 7|V, (Du) — V() (D)

_ px)
+ clars2 —a()||Dul 7 |Vp)(Du) — Vpx)(D)|

2 -
< &| V() (Du) = V() (DV)|* + cela(x) — agpa|*| DulP™

with ¢ depending on yi, L and ¢; notice that [p(x)]’ > 2 in this case and therefore

_ / 2=y B )
la(x) —agp PN < LT a(x) —agpl*

Combining the two cases we get

II<¢ ][ |Vp(x)(Du)—Vp(x)(Dv)|2dx+c€ ][ la(x) — agy2)?| Du|P™ dx.

Bg)2 Br)2

At this point we estimate the last integral: for §p € (0, 1) the higher integrability exponent of
Theorem 2.4,

][ la(x) — a2 Dul?® dx
Br)2
1

1 1
5( ][ |a(x)_&R/2|2(1+50)/dx)(1+50) ( ][ |Du|p(x)(1+50)dx) 1+50;

Bg)2 Bg)2

we use now Sobolev-Poincaré’s inequality recalling that ag > is the average of a(-) on Bg/> and
that, belonging a(-) in particular to W'"(Bg /2), it is possible to choose an arbitrarily large value
for the exponent of a(-) — ag2. This is to say, we can select ¢ = g(n, §9) < n such that

n
2(1+80)’=q*=n—q — q:[Z

(3.13)

1+80] _2n(1 + &)
So Jx So(n+2)+2

so that
/ % 2
( ][ la(x) = ag2 P dx) T < e, 50) (R ][ |Dal? dx)” =,

BR/2 BR/Z

We complete the estimate for /7 using the local estimate from Theorem 2.4
2 2 px)
[1<e 4 Vo (Du) = Vo) (D) *dx + cemmq< (1+ |Du|)dx)
Br)2 Br

ce depends on the data and ¢. Inserting this estimate into (3.12) together with the estimate for
I, choosing ¢ sufficiently small and reabsorbing gives (3.11). O
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Lemma 3.2 (Comparison I localized). Let v € u + W(}’p(')(BR/z; RN)Y be as in Lemma 3.1 and
let x € Bg and p < R/4; then

][ [Vp, (Dw) = Vg, (Dv)*dx < e[, + (%)s_lmi,q](][ (1+ |Du|)dx)p(i) (3.14)

BR)s Bg

holds true for a constant ¢ depending only on the data and for (a possibly different than that in
(3.10)) constant q € (1, n), still depending on the data.

Proof. Let us denote F' = |Du(x)| + |Dv(x)|, p = p, and @ = w,(R) in short; suppose F # 0.
The trivial estimate (we use triangle’s inequality here)

FP~2|Du(x) — Dv(x)|> < FPY72|Du(x) — Dv(x)|?

px) p(x)—2

+FT|F13_1’(") - I‘F 2 |Du(x) — Dv(x)|

together with (2.6) and Young’s inequality implies that
[V (Du(x)) — Va(Dv()|* < ¢| Voo (Du(x)) — Vo) (Du(x)) | + ¢ FPO| FP=PO) _ 1)
with ¢ = c¢(y1, 2). Now we notice that the mean value theorem yields
|F13*p(X) _ 1| =|p(x) — p|F*P=PD|Jog F| (3.15)

with A, € (0, 1). Now we estimate the quantity F?)+24:(P=P() 1992 F distinguishing the two
cases FF = F(x) € (0, e) and F > e: in the first one

FP(X)+2)~x([7—P(X)) 10g2 F S C()/l , )/2)
thanks to the estimate

1
sup t°|logs| < — +¢®  forallo €[a, b, (3.16)
te(0,e) ae

with 0 < a < b (simply consider the cases € (0, 1] an ¢ € [1, ¢)) and the fact
_ Y1
|)\x (P - P(x))| = wp(RO) = Z
- we are using (3.4) here. If F > e, using the bound above,
FP(X)+2M([7—P(X)) 10g F < FP(X)+2w 10g2 (e + FP(X)+2w).
Merging these two cases gives
5 2 _
FPOLFP=PO 17 < c(p1, y)| p(x) = pI*(1 4 FPO29) log? (e + 1 + FPOIT20);
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averaging the previous inequality over Bg,4 and using Holder’s inequality with conjugate expo-
nents (1 +6,1+ 1/8) for § € (0, 1) to be chosen gives

5
FErwIprr i av=eonom( f 1pe - 5P ar) T

Br4 BRys
1

% ( ][ (1 + FP(x)+2w)1+5 ]Og2(1+8) (e +1+ Fp(x)+2w) dx) 2y (3.17)

Br/a

Now, for §p the higher integrability exponent appearing in Theorem 2.4, we notice that choosing
3, depending only on 8g and sufficiently small, we have (after setting @ = 2w/y1):

- ~ 2 So 2
A+a)1+8) <1 +a)(1+8)>< (1 n E)(1 +8)2 <148 (3.18)

taking also into account (3.4). In order to estimate the last integral in (3.17) with the correct
dependence of the exponent we estimate, we use (3.9)-(2.12), to infer

][ (14 FPO+20) 150 g ][ (14 FPOUFE) I g, (3.19)

BRya Bga

=< (¥2,00) ][ (1 + FP(X)(1+80))dx
BRry4
=c ][ (1—|—|Du|,l7(x)(l+80)+|Dv|p(x)(l+30))dx
Bra

< c(data) ( ][ (1 + 1Dul)?™ dx>l+80

Br)2
< ¢ R—"U+50) 1480 < o g=(n+D(+80)

In light of Lemma 2.3 with the choices f = (1 + FPOTH)IT 81185 6 =1/(1+46),0 =
(n+1)§p + 1, ¢ =1 4+ § and the previous estimate (3.19) we have now

][ (1 +Fp(x)+2w)l+5 log"*? (e + 1 4 FPC29) gy

Br/a

§c<1+R("“)(1+50) ][ (Fp(x)+w)1+5dx)l+ax

BRrys
1

% log!*? (%)( ][ (1+Fp<x>+zw)(1+a)2dx)m

BRrya
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L
< clog'™ (%)( ][ (1_|_F17(X)(l+w))(1+5)2d ) +0

BR/a

and the constant depends on data, § and &g - that is, on data only. Now we can continue to
estimate the integral on the right-hand side using (3.18) similarly as what done in (3.19):

) (1+@)(1+8)2
][ (1 + F[’(X)(l-‘rc:)))(l'i'a) dx <C( ][ (1 + FP(X)(1+50))dx> ) (320)
BR/a BR/a
(1+®)(148)
5c( ][ (1+|Du|”(x))dx>
Brya
pXx)(1+3)
EC(][(1+|DM|)d)C> .
Bg
We justify now the last inequality: we have
O(1+8) M\ w,(R)2%0
( ][ (14 1Dur@)ax) " < ()" = etn.do) (3.21)

Br2

using (2.3) as in the proof of Theorem 2.4; we also used (2.10). The constant in (3.20), finally
and in view of this, depends on data and M. Plugging (3.20) into (3.17) gives

][ FPO|FPr® _ 1] g

BRrys

<clog ][ IpG) — pIP ) dx )1+5°(][(1+|Du|)dx)p(X)

Bry4 Bg

with ¢ depending on data and M. Now, as in (3.13), for ¢ = g(n, §9) < n such that

1 1 2n(1+ 8p)
1+5)=a" = a=[2(1+5)] =50 5>

50/ 1 K 50/ 1+~ So(n +2)+2
we have, enlarging the integral over B):

2
2(1 a*

][ P — I d’“)w" = ][ P = (), 17 )

BRs BR/4

=

<2 f 1) = Pl dx) "o ][ 1)~ (Pl dx)’

BRrya
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2n

<cn, 30)(1 + g)q—* (Rq ][ |Dp|? dx)é.

BR/a
Therefore
- ) RA\2(2—1) ) px)
][ FP(X)|FP P(x)_1| deC(;) K ‘Bq,R/4< (1+|Du|)dx)
Brya Br

We conclude the proof noticing that (see (2.9))

Ar/,q <cn, q)Ar 4, PBriag <cn,q)BPry. O
Now we derive a second comparison estimate for the solution of (3.6).

Lemma 3.3 (Comparison II). Let w € W-Pr/4 (BRry4; RN) be the solution to (3.6); there exists
an exponent

g =q(data) <n
such that
2 ) p()
|V (DV) = Vi (Dw)|* dx < cqu,q( (1+ |Du|)dx) (3.22)
BRrys Bg

holds true for a constant c depending only on the data and for every x € Br(xo).

Proof. We use in the proof the short notation p := pg/4. Similarly as before we subtract the
weak formulations of the systems solved by v and w and we use as a test function ¢ = v — w;
this function is allowed thanks to the discussion after (3.6), see in particular (3.7).

I= ][ (IDUIﬁ_ZDv — |Dw|”2Dw, Dv — Dw)dx

Bg/a

- ][ (IDv|P=2Dv — | D[P ~2 Dy, Dv — Dw)dx
Bg/a

< ][ ||Dv|P® =7 — 1]|Dv|P~! | Dv — Dv|dx = I1.
Bra

Using again (2.5) we get

1 ) . 2
1> R ][ |V5(Dv) — V(Dw)|” dx. (3.23)

BRrya
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In order to get an estimate for /1 we estimate similarly to what done for (3.15): for almost every
X € Bgya with |Dv(x)| # 0 it holds

[IDv()[PD~P — 1| = |p(x) — pl|Dv|** PO =P | log | Dy||

for A, € (0, 1). Now we distinguish two cases: if p > 2 then

2-p

|Dv — Dv| < c(y2)|Dv| 2 |V5(Dv) — V(Dw)|

by (2.6) and using Young’s inequality we have

1< ][ [p() = IIDv| & PP log | Du| [V (Dv) — Vi (Dw)| dx

BRrya

<c ][ |p(x) — l}|2|Dv|P_+2)»x(P(X)*P_) 10g2 |Dv|dx
BRrys
+% ][ |Vs(Dv) — Vs (Dw)|* dx.
BRrya

If p <2 on the other hand we use (2.8) and Young’s inequality twice so that

_ _ 2
11 <c(y) ][ |p(x) — pl|Dv|P~ 1T PO=P)| 1og | Dy || V5(Dv) — V5(Dw)|7 dx

BRra
+cn) ][ |p(x) — plIDv| 5T (PO~ | log | Du| | |V(Dv) — Vi (Dw) | dx
BRa
< 1) = 5P |DulP PO tog? | Dul
Bra

te ][ |p(x) — pI*| Do|PTA+2(PO)=P) 1062 | Dy dx

Bra

1
+ 32 ][ |Vs(Dv) = Vs(Dw)[Pdx = ITT +1V +V
c
BR/a
using again, twice, Young’s inequality.
Now we pointwise estimate in both cases, distinguishing the two cases |Dv(x)| € (0, e) and
|Dv(x)| > e: in the first one, for t =2, p’
| Do(x)|PH PP log! | Du()] < ey, v2)

thanks to the estimate (3.16), since using (3.4) we infer
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[0 (p(x) — P)| < twpey(R/4) <max{2, v} wpe) (Ro) < %

In the second one, when |Dv(x)| > e, using the previous bound and denoting in short w =
wp(R/4)

|Dv(x)|l_7+f)\x(17(x)*[3) 10gt |DU(.X)| < (1 + |Dv(x)|)ﬁ+tw logt (e 4 (l 4 |Dv(x)|)[3+ta))

Thus 111 + 1V is bounded by

¢ Y ARteo) () ][ |p(x) = Bl (14 1Dv])"log' (e + (1 + [ Dv))? ) dx.

1€{2,p'} Brja
We estimate in the same way the two averaged integrals: being §y the positive constant from
Theorem 2.4, we use Holder’s inequality with conjugate exponents (1 + §p/4, 1 + 4/8p) and
then Lemma 2.3 with the choices f = (1 4 |Dv|)PHOU+0/D g — 1(1 4 §y/4),0 = (1 +
80/4)71,60 = (n+ 1)89/2 + 1 and & = 13202 5o that

][ Ip(x) — ﬁlt(l + |Dv|)ﬁ+tw log’ (e +(1+ |Dv|)ﬁ+tw) dx

BRrya
< Rt( ][ px)—p
- R/4

Bga

4 )
l‘(1+%) )WX

_ 5 5 B _4_
< ( ][ (14 1Dol) PHOE D 10g 15 (¢ 4 (14 |Du7+) dx ) T

BRrys
1 — P+ L
<cR'log' (—)(][ ‘Lx) Py dx)“”ox
R R
BRya
~ )
o« (1+R(n+l)(l+570) ][ (l+|Dv|)(p+la))(1+TO)dx>tX
BRya
_ 5 2
< ( ][ (14 1Dol) PHOR ax) T 3.24)
Bra

for t € {2, p’}; similarly as described in the proof of Lemma 3.2, we can take the constant de-
pending only on the data (up to possibly further reduce the value of the radius Ro(n, p(-), M)).

For the first integrals appearing in the addendi of the display above, we can choose g =
g(data) large enough so that

g = [t(4+80)]* _ nt(4+3)

4
(1 —): Y= =
( + 9 50 (t +n)do + 4t

o
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(remember that 7 can only take the values 2 and p’ and therefore ¢ > 1); hence

P@) =B o i
( ][ 7( 0 dx) %0 fc(data)(][|Dp|‘1dx>q (3.25)
R/4
Bgya Bg
for the choice of ¢ = ¢ (#) made above. Clearly we can take an exponent ¢ valid for the two cases
simply choosing the largest of the ones corresponding to the choices r = 2 and ¢ = p’. For the

second integrals we can estimate (with the compact notation p~ = p, / 4)

pHtow (1+570)

— 8
][ (1Jr|Dv|)<p+zw><1+7°>dxS ][ (1+|Dv|)”()‘) =

BRr/a BRrya

dx

and we notice that thanks to (3.4) it holds

p+ ta)( 80) ( max{2, y} )( 80) ( 8o )( 80)
1+—)<(14+ —— R/4 1+—)<|(1 1+ —) <1+ dp;
o) =t e RS ) = U+ 5 ) =1+

p

therefore for x € By

_ 5 2 b _1_
(][ (1+1Dwl) PHONTR 42 ) T < o ][ (1+ 1 Dol) "I g) 77 TR
Bra BRrys
pHtw
< c( ][ (1+ |Dv|)p(x) dx) -
Br)2
(x)
<c min{(f (1 + |Du|)dx)P x ’ R—(n+l)} (3.26)

Bg
for ¢ = c(data) since we can use (3.8)-(2.10) and estimate (see the similar (3.21))

( ][(1+|Du|)”<)“>dx)p_”ﬂ_l 5( ][ (1+|Du|)p(x)dx>

Bgr)2 Bg2

41
"<

Merging the estimates from (3.23) to (3.26) and recalling the notation in (3.2) we come up with

1 1
- ][ |V5(Dv) — Vi(Dw)[*dx <1 <II < > ][ |V5(Dv) — Vz(Dw)|* dx
Cc C

BRya

te [m%,q + X(~0,2) (ﬁ)mg’q](][ (1 + |Du|) dx)P(i)

Br

BRrya

and this, after reabsorbing and taking into account (3.3), concludes the proof. O
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Remark 3.1. We can suppose, possibly enlarging the smaller of the two, that the two exponents
defined in Lemmas 3.2 and 3.3 do coincide.

We make explicit a consequence of a simple estimate in the previous proof; notice that the
assumption (3.30) here is not needed (and this is the reason why (3.28) will be used before
(3.31), in order to ensure that (3.30) holds).

Lemma 3.4 (Rough comparison). Let w be the solution to (3.6) as in Lemma 3.3. For every
&1 € (0, 1) there exists a constant M1 = Mi(data, 1) > 1 such that if

1

][IDuldx <A, Ar.g +Prg < A (3.27)
1

Br

for some ) > 1, then

][ |Du — Dw|dx < ejA. (3.28)
Bra

Proof. We denote p = pg/4; merging (3.14) and (3.22) for appropriate choices of p, x, then
using (3.27) yields

) _
][ |V,;(Du) — V,‘,(Dw)|2dx < CI:QLR'q +q3R,qj| (][ (1 + |Du|)dx)p
Bra Bgr
c(data) _ ;
< le)\p (3.29)

and this, in view of (2.7), gives (3.28) with M? = c(y2)¢/el” if p > 2 (c(y») is the constant
appearing in (2.7)). If p < 2 we use (2.8), Holder’s inequality and the reverse Holder’s inequality
(2.10):

][|Du—Dw|ﬁdxgc ][ |Vis(Du) — Vi (Dw)|* dx

Br/4 Bra
+c( ][ |Du|de) <][ |Vs(Du) — Vy(Dw)] dx)
BRrys BRys
S(data) - ¢&(dat P5E
gc( aza))w+c( a_a)<][(1+|Du|)dx> v
M; Mll’ .
R

again using (3.29), and this gives (3.28) for M" = 25/81’1 . We choose the value
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o2 G

€]

to conclude the proof. O

In this paper we want to follow a similar, but different, route with respect to that taken in
[3]. We have different comparison estimates involving two different V-functions and we do not
want here to localize such estimates at every step of the iteration; we better linearize those es-
timates in order to be able to perform the iteration at L'-level. Therefore the following refined
comparison lemma will be necessary: for a constant ¢ € (0, 1/4) to be chosen, suppose that
B,-1g = B,-15(x0) C 2 and let

Geut+WHOB, gy, Wev+ W PTIRA(B, g )

be the solutions to (3.5)-(3.6) with B, i, replacing Bg. Suppose moreover o "' R < Ry for
Ry = Ro(data, p(-), M) the constant defined at the beginning of Section 3 and subsequently
reduced. Lemma 3.5 can be seen as a quantitative version of Lemma 3.4.

Lemma 3.5 (Linearized comparison). Suppose that there exist constants A, . > 1 such that

A
— < inf |Dw| and ][ |Duldx < A; (3.30)
A BRrys
BO‘_IR
then
][ |Du — Dw|dx < c[mqu,q +m071R’q]x (3.31)
BR/a

holds true for a constant ¢ depending only on data, A and o; q < n is the exponent mentioned
in Remark 3.1.

Proof. We again denote p = pg/4 and we start noticing that Lemma 3.2 for appropriate choices
of p and x yields

][ [Vp(Dw) = Vp(Dv)|*dx < [ %k, + ¥, |27 (3.32)
BRra

and

][ |V,3(Du)—Vﬁ(Dﬁ)|2dxfc[Ql§,1R’q+‘B§71R’q])\ﬁ;

Brr_lR/4

moreover merging the previous estimate and (3.22) we have (3.29) and
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][ Vs (Du) — V(D) |* dx < c(n, o) ][ |Vs(Du) — V(D) dx

BRr/a Bn_lR/4
<c[2t2 e A2 ]xﬁ. (3.33)
- o 'R,q o~1Rq

The four constants depend on data and o; we also used (3.30). In order to prove (3.31), we
separately consider the cases where p > 2 and p < 2 (being the case p = 2 a trivial consequence
of (3.29), since V(&) = &). In the first one, using our assumption (3.30)

][ |Du — Dw|? dx < c(y», AW D ][ |Dw| PP | Du — Dw|? dx;

BR/a BRya

then we use triangle’s inequality several times to estimate

][ |D®| P27 | Du — Dw|? dx < c(y2) ][ |Dv|P=2P | Dy — Du|P dx

BRrys BRrys

+c(yn) ][ |Dv| P27 | Dy — Dw|? dx + c(y») ][ |Du — Dv|?~2?7 | Dy — Dw|? dx

BRrya BRrya

+c(y) ][ |Du — Dw| P27 |Du— Dw|? dx = c[I + 11 + 111 +1V].

Br/a

Since p > 2, due to (2.6), as after (3.23)

1DV P27 | Du — Dv|?’ < c|Vy(Du) — Vi (Dv)|” | Do) T,

therefore, using Holder’s inequality with conjugate exponents (2(p — 1)/p,2(p — 1)/(p —2)),
(3.32), (3.26) and (3.30)

P_ =2
][ ‘VP(DM) VP(DU)‘ dx 2 f |Dv|pdx)2(p 1)

Bra BRr/a

=2

[ P ] %(][(1 + |Du|)dx)ﬁz<ﬁ*‘) 55[9(1;’# +gp§”q]xp

Br

with ¢ depending on data and o, since A > 1. Similarly, using this time (3.22) and again
(3.26)-(3.30)

p_ p=2 =/ =/
1= ( ][ |Vs(Dv) = Va(Dw)|*dx) * ][ Dol dx )7 < c[uh, + 9, |7

BR/a BRr/a
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Finally, we use Holder’s inequality, (2.7), (3.32) to estimate the first integral and (3.29) for the
secondin I11:

=2 =
_ 1 5 p-l p
1= ][ Du— Dol dx) " ( ][ Du—DwlPdx)" <[, F ¥, |4
BRrja Brys

Similarly, using (3.29)-(3.33)

p=2 1

p—1

s 5\ 5
v < ( ][ |Du—Dw|pdx> (][ |Du—Dw|pdx> 5c[mi_1R,q+mi_1R’q]ﬂ.
Bra Bra

This essentially concludes the proof in the super-quadratic case, up to some algebraic manipula-

/

tions, after noticing that 2 _, Rg = A thanks to (3.3), and similarly for B,-1p ,.

71R,q
If, on the other hand, p < 2, we use (2.8) and Holder’s inequality:

][ |Du — Dw|P dx < ¢ ][ |V3(Du) — Vs (Dw)|* dx
Br/a BRya
2— D

+c( ][ |Du|ﬁdx) 2,;( ][ |V,;(Du)—V,—,(Dw)|2dx)%.

Bra BRrys

Next we plug in the estimate (3.29) obtaining

_ _ _ _ 52 _ 25
][|Du—Dw|pdxSC[QI%W—i—‘ﬁ%’q]k”—i-c[glﬁ’q—i—%ﬁ,q]k%( ][ |Du|l’dx) 2
Bra BRr)2

P
< C[Q[R,q + mR,q] )Mp»
were we again used the higher integrability (2.10) and (3.3) thanks to p <2. O
4. Excess decay and conclusion

Once having at hand the comparison estimates of the previous section, the proof follows the
lines of the similar ones in [28,3]; we however re-propose it to highlight several different points.

As a first result of this section, we show how the previous comparison estimates translate into
a precise decay inequality for the L!-excess. We start from a ball Bg(xo) C Q with R < Ry, with
Ry defined in the previous section as a function of data, p(-) and M and we immediately stress
we are going to further decrease the value of Ry in a way depending only on data, p(-), a(:)
and M.

For o € (0, 1/4) (that we are going to choose explicitly soon, see (4.9)), we define

Rj=0’'R, 0Bj = Byr, (x0). jeNg, 6>0; @.1)
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accordingly we call v; the comparison function defined for Br/, = B;/2 in (3.5) and w; the
solution to (3.6) over B /4. We also define, g as in Remark 3.1,

aj= ‘][Dudx
Bj

A =Ar, g = R;(][ |Dal? dx)%, Bj =Pr,.g = R log (Ri])(][ |Dpl dx)‘l’. 42)

Bj Bj

, E; =][|Du—(Du)Bj|dx,
B.

J

Notice that with this notation, for j € N we have o~ IR i < R < Ro; therefore the pre-requisite
for Lemma 3.5 is satisfied and we can prove the following lemma (see [34, Lemma 4.2], [10,
After (4.14)], [29, Lemma 8.5] for related results).

Lemmad4.1. Let j €N, g3,63€(0,1) and A > 1.
e (Qualitative excess smallness) There exists a threshold o1 € (0, 1/4), depending on data

and &3, such that for any o € (0, o1] there exists a large constant My = Mp(data, e,0) > 1
such that if

1
][|Du|dxsx, i1+ %P1 < — 43)
M,
Bj
for some ) > 1, then
][ |Du — (Du)g;,,|dx < e (4.4)
Bj+1

e (Quantitative excess smallness) There exists a threshold oy = 02(data, 3, A) € (0,1/4)
such that for o € (0, 03] there exists M3 = M3(data, o, A) > 1 such that if

1
][ |Du|dx, ][ |Duldx < A, Qlj,1+fﬁpj,1§ﬁ 4.5)
3

A

- =

A
Bjt1 Bj_i

for some X > 1, then
][ |Du— (Du)p;.,|dx < &3 ][ |Du — (Du), | dx + czd[m,»_l +‘13,-_1]/\ (4.6)
Bj+1 Bj
with cj4 depending on data, A and o.

Proof. Using several times a standard property of the excess and being o < op (the constant
appearing in Theorem 2.5)
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][ |Du - (Du)3j+l|dx

Bjti
<2 ][ |Du — (Dw))p,,, | dx
Bj+1
<2 ][ |Dw; — (Dwj)p;,,|dx +2 ][ |Du — Dw;|dx
Bjti Bjti

<4cpp (4o)*0 ][ |Dwj — (Du)g,|dx +2(40) ™" ][ |Du — Dw;|dx

Bj/4 B(,~/4
<4"le,p (4o)%0 ][ |Du — (Du)p;|dx + 207" ][ |Du — Dwj|dx. 4.7)
B;j Bj/4

To prove (4.4) we observe that if o1 < oy is such that 4”+chh (401)% < g; then, using (4.3)

&
][|Du|dx§ ?ZA

4" ey (40)% 4 |Du — (Du)g;|dx <2- 4"V ey (401)™
. B_]

Bj

for every o < o1; now we take M; as the constant given by Lemma 3.4 for the choice &1 =
&3/[40 "] and we have (4.4).
To prove (4.6) we take

oy <min{og, [ ———— , = ——— , =
2= O \antée,,a) a\@tic,, ) 08
(cpr and ag are from Theorem 2.5) and for o < o7 let M3 be the constant M} from Lemma 3.4

corresponding to the choice &1 = (402)" /[2A]: using our assumption, (3.28) and triangle’s in-
equality we have

A 1
XS ][ |Du|dx§m ][ |Du — Dwj_1|dx + ][ [Dw;_1|dx

Bjt Bj_1/4 Bjti
A
< 5A + [Dw;_1|dx
Bji

and therefore
][ |D |dx > -
wi_q|dx > —.
=N =9a
Bj+1

Thus there exists a point X € B such that (remember that | Dw;_1] is continuous) |[Dw 1 (X)|
> A/[3A] and
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][ |ij_1|dx§4” ][ |Du|dx + ][ |D”_ij—1|dx§4n+1)\_
B.

Bj_1/4 1 Bj_1/4

Collecting this information and using Theorem 2.5 yields
inf [Dw;_1|>|Dw;j_1(x)| — osc Dw;_
inf 1Dwj1| = |Dwj1 (D) = gse Dwj-

A A A
+2 a
Z3—A—2Cpho'a0 |ij_1|dx23—A—4n Cpho’zo)uza
Bj-1/4
and we can use Lemma 3.5 (with Bg = B; and 4A replacing A) to bound the second term
appearing in the right-hand side of (4.7); for the first term is simply note that the coefficient of
the excess is smaller than &3 due to our choice of oo. O

We also recall the notation introduced in (2.4): in this setting we have, for ¢ the constant of
Remak 3.1

Sqo(Da, R)(x0) =Y ;. Sp1(Dp, R)(xo) =Y F;.

j=0 Jj=0
4.1. Gradient boundedness

We here suppose that xq € €2 is such that the limit

lim Dudx
AN
B (x0)

exists; notice that this holds for a.e. xg € 2 by Lebesgue’s differentiation theorem. We want to
prove that

lim ‘][Dudx‘szzé][(l+|Du|)dx (4.8)
B.

Jj—>+o00
J Br

with ¢ > 1 depending on data to be chosen (see (4.9)); this would ensure the local boundedness
of the gradient thanks to Lebesgue’s differentiation theorem and the local estimate (1.12) would
follow by a standard covering argument.

In order to prove (4.8) we choose €3 = 1/4, A = 80 in (4.5), take the corresponding constant
07 depending on data and choose

0 = min

1 _ -3

with cpp, o the constants appearing in Theorem 2.5; note that also ¢, o both depend only on
data. Next we fix the value of M3 in (4.5) corresponding to this choice of o; then we take
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€1 = (40)?/160 and the corresponding constant M; from Lemma 3.4. We also take M, cor-
responding to &5 = 6" /80 in (4.4). Thanks to Lemma 2.1 and the absolute continuity of the
Lorentz-Zygmund norm, we then reduce the radius Ry, depending on data, p(-) and a(-) so
that

o0 o0
1 1 1 on
Sg.0(Da)(xo, R) + Sg.1(Dp)(xo, R) = Y "2, < {____}
4.0(Da)(x0, R) + S4.1(Dp)(x0. R) ;0 ,+§0q31 min {4 i T
— AP <m'n{1 L1 1}f0rall'eN (4.10)
j j 1 e N . .
/ I My My Mj 4cy / 0

We then set for j € Ng

A
Cj ;:][|Du|dx+o—2”][]Du — (Du)g,|dx, J:= [j eNp:Cj < E};
B;j Bj

note that 7 # ¥ (since 0 € J due to the choice of ¢) and that if 7 is infinite we are done, since
along some subsequence JCB,— |Duldx < A and therefore the (existing) limit of the averages

would be less or equal than . Therefore to complete the boundedness proof we can suppose J
to be non-empty and finite and accordingly set j, = max J; in particular we have

Cj, = 1 |Duldx +0o7>" { |Du — (Du) |dx<i
Je Bj, = 40’
B./e B./e

Y
][|Du|dx+a—2n][|Du—(Du)Bj|dxzE for j> jo+1. (4.11)
Bj B;

To prove (4.8) we want to show by induction that
aj+Ej<x for all j > j,.

Note that the base of induction is true (notice thataj, + Ej, < C;, < A by the definition of C; and
(4.11)) and we are thus left to prove that if for some k > j, a; + E; <A forall j € {j,, ..., k},
then ag4+1 + Ex4+1 < A.

For the inductive step, we notice that for j € {j,, ..., k}

][|Du|dx§ ’][Dudx‘+][|Du—(Du)Bj|dx:aj+Ej <X
B; B; B;

J J J

on the other hand by (4.11) and (4.4) for j € {j,, ..., k} we also have

A _ A
%f ][ |Du|dx + o~ " ][ |Du—(Du)Bj+l‘dx§ ][ |Du|dx+%;

Bjt1 Bji Bji
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therefore
A .
|Du|dx > 20 for the same indexes.
Bjt1
We are thus in position to use (4.6) with A = 80 uniformly for j € {j. + 1, ..., k}; in particular

Eiy1 = ][ |Du — (DM)Bk+1|dx

Biet1

A A
4 2

al>

1
< Z][‘Du — (Du) g, | dx + cia[Ap—1 + Pr—1]A < = +

By

thanks to our inductive assumption and (4.10). On the other hand summing up for j € {j. +

1,..., k} (and performing some simple algebraic manipulations) gives
k+1 1 k+1
> ][|Du — (Dup;|dx < - > ][|Du — (Du),| dx
j:je+1Bj j:je+lBj
k—1
+ ][ |Du - (Du)Bje+1|dx +cra M Z [Qlj +‘I§j]
Bj,+1 J=Je
from which
k+1 k—1
> ][ |Du — (Du)p,|dx <2 ][ |Du— (Du)g,, | dx +2cian Y [2; +F;]
J':J'eJFlBj Bje+1 J=Je
and manipulating the integrals defining the excesses over Bj, and B}, ;1
k+1 00
Z ][|Du — (Du)p,|dx <50~" ][ |Du — (Du)p,, |dx + 201d/\2 (2 + %]
j=jij Bj, j=0

Now we see that (4.11) together with (4.10) guarantees

k+1

Z ][ \Du - (Du)3j|dx < [% + %]a”.
/:/ij

Finally we can estimate by telescopic summation and triangle’s inequality
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k

A A A
akp1 <aj, +o " Z][’DM—(DM)B,\dx§Z+_:

i=3 4.12)

j:jij
and the boundedness proof is concluded.
4.2. Gradient continuity

Now that we have proved that the gradient is locally bounded, we proceed with its continuity,
with a proof similar to that of the previous section; in particular, we are going to prove that
the gradient is continuous being the local uniform limit of continuous functions - namely, its
averages on small balls. Therefore, for a compactly supported subset K € 2, we here take an
intermediate subset K € K €  such that d = dist(K, K )= dlst(K 0€2); we then set

»o= [ Dull ooz + 1

and we take balls with center in K and radius smaller than d.

We start fixing ¢ > 0 and a radius Ry = min{d /2, Ro}, being Ry the threshold from Section 3;
we are going to further reduce its value. Then we choose 3 =1/2, A =48/¢ in (4.6), we define
the corresponding small constant o»(data, ¢), set ¢ = o2 and finally take the corresponding
M3 = M3(data, ¢).

We begin the proof noticing that for every €4 > 0, it is possible to find a threshold R», de-
pending on data, a(-), p(-), M, d and &4 such that

sup sup ][ ‘Du - (Du)BR(xO)]dx < &4r: (4.13)
R<R; xpeK
Bg(x0)

we simply take R = o2min{R;, R} where R = R(data, p(-),a(-), &4) is such that

o0 o0

1 ) .

S,.0(Da)(xo, R) + S,.1(Dp)(xo, R) = Zom,- + ;mj <., fR=R
J= J=

being M the constant provided by Lemma 4.1 for the value &3 = &4 (2(;, 3 built starting from a
generic radius R < R as in (4.2)). We have Bg(xo) = B 7+1 with j > 1 for an appropriate choice
of the starting radius r € (0, min{R;, E}] and this proves (4.13); note that the first condition in
(4.3) is satisfied by our choice of A.

Now we take a generic but fixed radius R < o R; and a point xp € K and we build the sequence
of balls B; as the quantities 2;,B; as in (4.1)-(4.2). For ¢ > 0, we reduce R, again thanks to
Corollary 2.2 and the previous result, so that

o

e
Z [Qlj + m,-] <o" for every starting radius R < R
o 48ciq

and (4.13) holds with &4 = 02"¢ /48 for R < Ry; in particular
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][ |Du — (Du)g,|dx < 02":—Sx for all j € Ny. (4.14)

B;

This makes R depend on data, p(-),a(-), M, d and . We also define

ming,  ifJ #0

&
Jg::{jeNo: |Du|dx§&)»}, o

e +o00 if 7. =0

and we write N \ J; as disjoint union of nonempty (possibly infinite) maximal intervals C; (i € Z
for some set of indexes Z C Ny) so that C; C N N\ ¢, i = minC; and C; is maximal with respect
to the inclusion. In particular, fori € Z ~ {0}, i — 1 € J,. What we want to prove here is that

|(Du)p, — (Du)p,| <er  forl<k<{; (4.15)
later we will show how does this lead to the conclusion of the proof.

We prove the estimate in the display above distinguishing three cases. The first one is when
k < £ < j.: in this case we aim at linearizing the system due to the fact that, by definition,

][|Du|dx>%x forall jefk—1,...,6—1)
Bjt1
and, obviously
][ |Duldx <A for j € N.
Bj_1
Summing (4.6) for j € {k, ..., £ — 1} and reabsorbing yields
2 0o
Z][ |Du — (Du)p,|dx < 2][ |Du— (Du)p, | dx +2c1a Y [ +B;]x
j=k3j By j=0
ga"ik—i—anikga”ik
24 24 12

using also the smallness information given by our choice of Ry; hence, by telescopic summation,
asin (4.12)

-1
e
|(Du)g, — (Du)p,| <o Z][ [Du— (Duyg,|dx < =2 <ot
j:kBj
The second case we consider is when j, <k < £ (if j, < +00); in this case we prove
& &
|(Du)p,| < 5)», |(Du)p, | < 5)» (4.16)
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and (4.15) will follow by triangle’s inequality. The proof of the first of the previous inequality
(being the second one the same) is anyway simple: if £ € 7., then simply

&
(Dwa| = f 1Duldx = o3
By

if £ ¢ 7., on the other hand, we can consider the maximal interval C; containing £ and we redo
the argument of the previous case, replacing k with 7 — 1 (notice that 7 > j, > 0 since £ > 7 and
£ > j,), to get

4
|(Du)g, — (Du)p,_ | <o Y ][ |Du — (Du)p, | dx

=i—1
J B;

o
<207 " ][ |Du — (Du)p;_, | dx +207"ciy Z [Qlj —i—‘ﬁj]k
By j=0

and therefore, since 1 — 1 € J; by definition of C;,

& & &
(D, | < [(Dw)p, = (Dwys,_, |+ |(Dw)g_, | < 72+ TR

We complete the proof of (4.15) by showing that also in the case k < j, < £ (4.16) holds. Indeed
we can proceed as in the first case replacing £ with j, — 1 > 1 getting

&
[(Dwg, =D | <52 =

|(DM)B,-€ _(Du)Bk’50_"][’Du—(Du)Bje‘dx+lg_2)‘ =
Bj,

|(Du)g, | < |(Du)g, — (Duyg, | +|(Duyg, | < —ht —dt k< 2k
K Je k el =48" T 12" T 48" =2

using (4.14) too and recalling that j, € J; on the other hand, if we proceed as in the second one
we directly have

e
|(DM)BZ | S E
and also in this last case we have (4.15).
To conclude, we notice that the previous result implies that for every ¢ > 0 there exists a

constant R, > 0 depending on data, p(-),a(-), M, d and ¢ but uniform with respect to xo € K
such that

|(Du) By, (xg) — (Du) Brzuo)} <er 4.17)
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for all 0 < r; < rp < Rg; as a direct consequence Du is continuous for every xo € K and thus in
Q. Let indeed be R, = o R;: there exist two indexes 1 < k < £ such that

OHIRZ <r < O'ZRQ, 0k+1R2 <r < akR2;

we have by (4.13)

_ &
\(DM)B,I (x0) — (DM)BZ-H | <o n ][ \Du — (Du)Brl (x0) | dx < @,
Brl (x0)

|(Du)p,, (xy) — (D), ,, | < %
and these two estimates, together with (4.15), give (4.17).
Data availability
No data was used for the research described in the article.

References

[1] E. Acerbi, G. Mingione, Regularity results for a class of functionals with non-standard growth, Arch. Ration. Mech.
Anal. 156 (2) (2001) 121-140.
[2] Y.A. Alkhutov, The Harnack inequality and the Holder property of solutions of non-linear elliptic equations with a
non-standard growth condition, Differ. Equ. 33 (1997) 1653-1663.
[3] P. Baroni, A new condition ensuring gradient continuity for minimizers of non-autonomous functionals with mild
phase transition, preprint.
[4] P. Baroni, M. Colombo, G. Mingione, Non-autonomous functionals, borderline cases and related function classes,
in: Special Issue for N. Ural’tseva, St. Petersburg Math. J. 27 (3) (2016) 347-379.
[5] P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. Var. 57 (2018)
62.
[6] P. Baroni, A. Coscia, Gradient regularity for non-autonomous functionals with Dini or non-Dini continuous coeffi-
cients, Electron. J. Differ. Equ. 2022 (80) (2022) 1-30.
[7] P. Baroni, J. Habermann, Elliptic interpolation estimates for non-standard growth operators, Ann. Acad. Sci. Fenn.,
Math. 39 (2014) 119-162.
[8] L. Beck, G. Mingione, Lipschitz bounds and nonuniform ellipticity, Commun. Pure Appl. Math. 73 (5) (2020)
944-1034.
[9] V. Bogelein, J. Habermann, Gradient estimates via non-standard potentials and continuity, Ann. Acad. Sci. Fenn.,
Math. 35 (2) (2010) 641-678.
[10] S.-S. Byun, Y. Youn, Optimal gradient estimates via Riesz potentials for p(-)-Laplacian type equations, Q. J. Math.
68 (4) (2017) 1071-1115.
[11] S.-S. Byun, Y. Youn, Riesz potential estimates for a class of double phase problems, J. Differ. Equ. 264 (2) (2018)
1263-1316.
[12] S.-S. Byun, K. Song, Y. Youn, Potential estimates for elliptic measure data problems with irregular obstacles, Math.
Ann. (2022), https://doi.org/10.1007/s00208-022-02471-z.
[13] A. Cianchi, L. Pick, Sobolev embeddings into spaces of Campanato, Morrey, and Holder type, J. Math. Anal. Appl.
282 (1) (2003) 128-150.
[14] A. Cianchi, M. Randolfi, On the modulus of continuity of weakly differentiable functions, Indiana Univ. Math. J.
60 (6) (2011) 1939-1973.
[15] M. Colombo, G. Mingione, Calderén—Zygmund estimates and non-uniformly elliptic operators, J. Funct. Anal.
270 (4) (2016) 1416-1478.

449


http://refhub.elsevier.com/S0022-0396(23)00328-5/bib25EC916D56B8212E569DBF2E4E4B51D4s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib25EC916D56B8212E569DBF2E4E4B51D4s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibFFCA631E8E623C643F1AC7E0756683D7s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibFFCA631E8E623C643F1AC7E0756683D7s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibD52134A7984E1A3DE137E982BCBEB7F0s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibD52134A7984E1A3DE137E982BCBEB7F0s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib3103A74AAFCF6D044296FCA59994A018s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib3103A74AAFCF6D044296FCA59994A018s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib41D1B1D38355122F914D8B28D97A6357s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib41D1B1D38355122F914D8B28D97A6357s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibC48F4C5324C2ED0637A24BB04BF707EAs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibC48F4C5324C2ED0637A24BB04BF707EAs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib573F3F9644341570C4989CB3D1F486D6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib573F3F9644341570C4989CB3D1F486D6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibB09AA31610AD17567D7189A2EA501A8Es1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibB09AA31610AD17567D7189A2EA501A8Es1
https://doi.org/10.1007/s00208-022-02471-z
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibB78CC6909042016DAAA04D83BAC97E90s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibB78CC6909042016DAAA04D83BAC97E90s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53288EA8886629305B9A6A1ECD6AAE33s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53288EA8886629305B9A6A1ECD6AAE33s1

P. Baroni Journal of Differential Equations 367 (2023) 415-450

[16] A. Coscia, G. Mingione, Holder continuity of the gradient of p(x)-harmonic mappings, C. R. Acad. Sci., Paris I
328 (1) (1999) 363-368.

[17] C. De Filippis, Quasiconvexity and partial regularity via nonlinear potentials, J. Math. Pures Appl. 163 (2022)
11-82.

[18] C. De Filippis, G. Mingione, A borderline case of Calderén-Zygmund estimates for nonuniformly elliptic problems,
St. Petersburg Math. J. 31 (3) (2020) 455-477.

[19] C. De Filippis, G. Mingione, On the regularity of minima of non-autonomous functionals, J. Geom. Anal. 30 (2)
(2020) 1584-1626.

[20] C. De Filippis, G. Mingione, Manifold constrained non-uniformly elliptic problems, J. Geom. Anal. 30 (2) (2020)
1661-1723.

[21] C. De Filippis, G. Mingione, Lipschitz bounds and nonautonomous integrals, Arch. Ration. Mech. Anal. 242 (2)
(2021) 973-1057.

[22] H. Dong, S. Kim, On C I €2, and weak type-(1, 1) estimates for linear elliptic operators, Commun. Partial Differ.
Equ. 42 (3) (2017) 417-435.

[23] H. Dong, L. Escauriaza, S. Kim, On ¢!, €2, and weak type-(1, 1) estimates for linear elliptic operators: part II,
Math. Ann. 370 (1-2) (2018) 447-489.

[24] X. Fan, D. Zhao, A class of De Giorgi type and Holder continuity, Nonlinear Anal. 36(A) (1999) 295-318.

[25] P. Harjulehto, P. Hésto, U.V. Le, M. Nuortio, Overview of differential equations with non-standard growth, Nonlin-
ear Anal. 72 (12) (2010) 4551-4574.

[26] P. Histo, J. Ok, Maximal regularity for local minimizers of non-autonomous functionals, J. Eur. Math. Soc. 24 (4)
(2022) 1285-1334.

[27] P. Histo, J. Ok, Regularity theory for non-autonomous partial differential equations without Uhlenbeck structure,
Arch. Ration. Mech. Anal. 245 (2022) 1401-1436.

[28] T. Kuusi, G. Mingione, A nonlinear Stein theorem, Calc. Var. 51 (1) (2014) 45-86.

[29] T. Kuusi, G. Mingione, Vectorial nonlinear potential theory, J. Eur. Math. Soc. 20 (2018) 929-1004.

[30] P. Marcellini, On the definition and the lower semicontinuity of certain quasiconvex integrals, Ann. Inst. Henri
Poincaré, Anal. Non Linéaire 3 (5) (1986) 391-409.

[31] P. Marcellini, The stored-energy for some discontinuous deformations in nonlinear elasticity, in: F. Colombini, A.
Marino, L. Modica, S. Spagnolo (Eds.), Partial Differential Equations and the Calculus of Variations, in: Progress
in Nonlinear Differential Equations and Their Applications, vol. 1, Birkhéduser, Boston, MA, 1989.

[32] P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with non standard growth conditions,
Arch. Ration. Mech. Anal. 105 (3) (1989) 267-284.

[33] P. Marcellini, Regularity and existence of solutions of elliptic equations with (p, g)-growth conditions, J. Differ.
Equ. 90 (1) (1991) 1-30.

[34] J. Ok, Gradient continuity for p(-)-Laplace systems, Nonlinear Anal. 141 (2016) 139-166.

[35] J. Ok, C 1-regularity for minima of functionals with p(x)-growth, J. Fixed Point Theory Appl. 19 (4) (2017)
2697-2731.

[36] L. Pick, A. Kufner, O. John, S. Fucik, Function Spaces, Walter de Gruyter, Berlin - New York, 2013.

[37] M. Ragusa, A. Tachikawa, Regularity for minimizers for functionals of double phase with variable exponents, Adv.
Nonlinear Anal. 9 (1) (2020) 710-728.

[38] V.V. Zhikov, On some variational problems, Russ. J. Math. Phys. 5 (1997) 105-116.

450


http://refhub.elsevier.com/S0022-0396(23)00328-5/bib4F5FCA8380158F42E0CEAE33AF00CD93s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib4F5FCA8380158F42E0CEAE33AF00CD93s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib6AE72C66DEDBECC302D610A3ED1167ABs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib6AE72C66DEDBECC302D610A3ED1167ABs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib9BFED3C060E1F32F06BFDE815BF4CEE6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib9BFED3C060E1F32F06BFDE815BF4CEE6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib4A0418E9571120166FD5D660F1637C76s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib4A0418E9571120166FD5D660F1637C76s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib0ACFDACA11E37C4A1B7E0A48D6485946s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib0ACFDACA11E37C4A1B7E0A48D6485946s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibE33A46097862EBA0165B637E51356629s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibE33A46097862EBA0165B637E51356629s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib06DBA0C480883FA564E442FF922B7198s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib06DBA0C480883FA564E442FF922B7198s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib19E538EC0219B603C4084FF59466EEC3s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibFF7A7D0EA68CF95F3D4B14E3F2A30767s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibFF7A7D0EA68CF95F3D4B14E3F2A30767s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibDFA4440ED522B2B043440B43C7935656s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibDFA4440ED522B2B043440B43C7935656s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib54B3D21887062CE2EAAD4BEF543D884Fs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib54B3D21887062CE2EAAD4BEF543D884Fs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibCC230EAC1B872CA1082A0B043ED2484Fs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib58ACDF36025744CC922AFDFE162A9B82s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53073B2FCBC4534098AB2B2EB12DEBEFs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53073B2FCBC4534098AB2B2EB12DEBEFs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib3233F82B36D1768FC53A7E3EF42FD2ACs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib3233F82B36D1768FC53A7E3EF42FD2ACs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib3233F82B36D1768FC53A7E3EF42FD2ACs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53A39F646B349057AE8F47789629F48Fs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib53A39F646B349057AE8F47789629F48Fs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib65870CD035ECC09199DF26F6F4CFFE42s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib65870CD035ECC09199DF26F6F4CFFE42s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibA60852F204ED8028C1C58808B746D115s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibEFC4A039282CC6244CF31ABF267BCDFEs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bibEFC4A039282CC6244CF31ABF267BCDFEs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib57107163072F788CCDE704EEDC055BBDs1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib9ED6A3617DC190C6FDA47F50AD4DC947s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib9ED6A3617DC190C6FDA47F50AD4DC947s1
http://refhub.elsevier.com/S0022-0396(23)00328-5/bib21C2E59531C8710156D34A3C30AC81D5s1

	Gradient continuity for p(x)-Laplacian systems under minimal conditions on the exponent
	1 Introduction
	Acknowledgments

	2 Preliminaries
	2.1 Notation
	2.2 Function spaces, variable exponents and weak solutions
	2.3 Discretization of Lorentz-Zygmund spaces
	2.4 Auxiliary vector fields
	2.4.1 Logs

	2.5 Reference estimates for solutions to (1.1)
	2.6 Excess decay estimates for reference problems

	3 Comparison results
	3.1 Basic results

	4 Excess decay and conclusion
	4.1 Gradient boundedness
	4.2 Gradient continuity

	Data availability
	References


