
UNIVERSITÀ DEGLI STUDI DI PARMA

DOTTORATO DI RICERCA IN “FISICA”

CICLO XXXVIII

Solving N = 2 gauge theories through matrix models
on the sphere

Coordinatore:
Chiar.ma Prof. Raffaella Burioni

Tutore:

Chiar.mo Prof. Luca Griguolo

Dottorando
Alessandro Testa

Anni Accademici 2022/2023 – 2024/2025



Abstract
In this thesis, we study different classes of four-dimensional N = 2 super-Yang–Mills (SYM)
theories, including both conformal and non-conformal setups. The extended but non-maximal
supersymmetry of these models enables the development of non-perturbative approaches, such as
integrability, gauge-gravity dualities, and localization techniques, while retaining a non-trivial
low-energy dynamics. As a result, N = 2 SYM theories provide an interpolating framework
between maximally supersymmetric N = 4 configurations and more realistic scenarios where we
can improve our understanding of quantum field theory beyond usual perturbative regimes.

In the first part of this work, we study special N = 2 superconformal models known as quiver
theories. These setups offer a controlled playground for investigating several non-perturbative as-
pects of quantum field theory and are expected to exhibit higher-dimensional dynamics in certain
regions of their parameter space. This phenomenon, known as deconstruction, was originally
studied in ordinary (quiver-like) Yang–Mills theories where, however, the higher-dimensional
dynamics appears in the low-energy regimes, thereby preventing explicit computations. In con-
trast, the N = 2 quiver theories combine supersymmetry and conformal invariance, allowing us
to explore their quantum dynamics through powerful non-perturbative tools, such as supersym-
metric localization. More specifically, we study protected correlation functions which, in the ’t
Hooft limit, are mapped by localization to special Fredholm determinants of Bessel operators.
These determinants are closely related to the celebrated Tracy–Widom distributions of random
matrix theory and provide a representation of the observables valid for arbitrary parameter
values. By exploiting the determinant formalism, we systematically explore the dynamics of
quiver theories and obtain closed-form results at strong coupling. In particular, we show that in
the deconstruction limit these models display effective five-dimensional dynamics with massive
excitations propagating along an emergent dimension. The corresponding mass spectrum is de-
scribed analytically by the zeros of Bessel functions and can be interpreted within an effective
one-dimensional field theory.

The remarkable effectiveness of the matrix model description in conformal scenarios natu-
rally raises the question of whether it can be extended to non-conformal theories in flat space.
To address this problem, we consider N = 2 models with massless matter and non-vanishing
β-function, where conformal symmetry is dynamically broken at the quantum level. We study
two classes of localizable observables: the expectation value of supersymmetric (half-BPS) Wil-
son loops and the correlation functions of chiral operators. In flat space, these quantities are
computed through standard Feynman diagram techniques and renormalization procedures. De-
spite the breaking of conformal invariance, we demonstrate that supersymmetric localization on
S4 reproduces the corresponding perturbative results in flat space within a specific regime of
validity. This agreement extends the applicability of matrix-model methods beyond conformal
settings and opens new directions for exploring the strong-coupling regimes of N = 2 theories
with non-vanishing β-function and their possible holographic duals.
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Introduction

Quantum field theory (QFT) represents the fundamental language in which modern theoretical
physics is formulated. Historically, it emerged from the attempt to reconcile the principles
of quantum mechanics with those of special relativity within the study of elementary particle
physics. While traditional quantum mechanics provides remarkable predictions for the dynamics
of atomic and molecular systems, it fails to describe relativistic phenomena. Quantum field
theory resolves this limitation by promoting particles to excitations of spacetime fields, thereby
offering a unified framework for describing interactions and revealing that the true fundamental
building blocks of nature are, in fact, the fields themselves rather than particles.

Within this framework, a fundamental class of models is represented by gauge theories, where
interactions are determined by local symmetries. The Standard Model of particle physics, our
best description of the electromagnetic, weak, and strong forces to date, is formulated entirely us-
ing this language. Among its components, Quantum Chromodynamics (QCD), the non-Abelian
gauge theory of strong interactions, provides a striking example of the complexity of such mod-
els. At high energies, interactions are weak and can be consistently treated by perturbation
theory, allowing precise predictions for particle processes. At low energies, however, the theory
becomes strongly coupled and involves non-perturbative phenomena, such as confinement.

The theoretical understanding of the low-energy dynamics of non-Abelian gauge theories
remains one of the most intricate open problems in modern physics, reflecting the structural
richness and complexity of quantum field theory. Except for free models and a few integrable
cases, solving a quantum field theory exactly is notoriously difficult. Nevertheless, several pow-
erful methods have been developed to improve our understanding of this formalism.

Among these, symmetries play a central role: they restrict the possible form of interactions,
give rise to conservation laws and selection rules, and, in the case of spontaneous symme-
try breaking, predict the appearance of Goldstone modes. Closely related to symmetries are
anomalies, which in the modern formulation are understood as obstructions to gauging a global
symmetry [1, 2]. They provide deep insights into the internal consistency and global structure
of a theory, especially along its renormalization group flow [3].

Other remarkable and powerful tools are provided by dualities and enhanced spacetime sym-
metries. More specifically, dualities allow us to reformulate strongly coupled theories in terms of
weakly coupled ones, which can then be treated with standard perturbative techniques. Concrete
realizations of this principle range from the Kramers–Wannier duality in statistical systems [4]
to the celebrated AdS/CFT correspondence [5–8]. Conversely, enhanced spacetime symmetries
allow us to gain insights into the quantum dynamics of fields by introducing additional con-
straints in the theory. An explicit realization of this method is provided by supersymmetry and
conformal symmetry, which lie at the heart of this thesis.

Supersymmetry is an enhanced spacetime symmetry that establishes a connection between
bosons and fermions, making their dynamics more constrained than in standard gauge theories.
In certain cases, the rigid constraints imposed by supersymmetry lead to remarkable cancella-
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Introduction

tions of quantum corrections, stabilizing the calculation of specific observables and allowing them
to be exactly computed in regimes that would otherwise be intractable in ordinary models. These
features make supersymmetric setups an ideal playground for exploring strong-coupling dynam-
ics and developing non-perturbative techniques, including supersymmetric localization [9, 10]
and integrability [11].

Conversely, conformal symmetry extends spacetime invariance by including scale and special
conformal transformations. It emerges in various areas of theoretical physics, from the descrip-
tion of critical phenomena in statistical systems to two-dimensional models, where the conformal
algebra becomes infinite-dimensional [12]. In higher dimensions, the conformal group is finite
but still imposes strong constraints that can be exploited to develop powerful non-perturbative
techniques, such as the conformal bootstrap.

When conformal symmetry is combined with supersymmetry, the resulting theories exhibit
superconformal invariance. The natural framework where such models arise is string theory,
which provides an exceptionally powerful theoretical laboratory where the interactions of the
Standard Model can be reconciled with gravity at the quantum level. In this context, one of the
most remarkable and successful dualities in theoretical physics was discovered: the AdS/CFT
correspondence. In its canonical formulation, it relates a four-dimensional superconformal gauge
theory with maximal supersymmetry, namely N = 4 super-Yang–Mills, to a Type IIB string
propagating on AdS5×S5, providing a concrete realization of the long-sought connection between
gauge and gravitational dynamics.

Although supersymmetry does not appear to be realized in nature at experimentally ac-
cessible scales, four-dimensional supersymmetric gauge theories, especially N = 2 and N = 4
super-Yang–Mills, provide an effective framework to explore non-perturbative dynamics at the
quantum level. Moreover, these idealized models can also shed light on more realistic scenarios,
such as QCD. A notable example is the empirical principle of maximal transcendentality [13],
which relates the term of highest transcendental weight for several perturbative quantities com-
puted in N = 4 SYM, such as the cusp and twist-two anomalous dimensions [13–18], to the
corresponding counterparts in QCD.

While this principle is not universal, it highlights the effectiveness of supersymmetric gauge
theories as theoretical laboratories to improve our understanding of quantum field theory. These
considerations naturally motivate the study of models with a lower degree of supersymmetry,
i.e. N = 2 super-Yang–Mills theories. With their extended, yet not maximal, supersymmetry
these models provide an interpolating framework between maximally supersymmetric N = 4
theories and more physical scenarios, allowing the development of non-perturbative methods
and exhibiting rich low-energy dynamics, such as confinement [19] and the Seiberg electric-
magnetic dualities [20–22].

A remarkable feature of N = 2 supersymmetric gauge theories is that they exhibit a rich
and elegant mathematical structure, connected with different areas of research, including ge-
ometry, topology, and the study of random matrices. We will discuss explicit examples of such
correspondences throughout this thesis, whose primary goal is to study the dynamics of various
N = 2 models, including conformal and non-conformal setups. More specifically, we focus on
special classes of N = 2 superconformal theories, known as quiver models, which arise from orb-
ifold projections of the maximally supersymmetric N = 4 configuration, and on N = 2 theories
with massless matter and non-vanishing β-function, where conformal symmetry is dynamically
broken at the quantum level.
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Outline
The content of this thesis builds upon the original analyses developed in the following works
[23–28]:

• M. Billo’, L. Griguolo, A. Lerda, and A. Testa, “Correlators in non-conformal N = 2
gauge theories from localization”, JHEP 08 (2025) 282, arXiv: 2505.03940.

• G. P. Korchemsky and A. Testa, “Correlation functions in four-dimensional superconformal
long circular quivers”, JHEP 07 (2025) 223, arXiv: 2501.17223.

• L. Griguolo, L. Guerrini, and A. Testa, “Into the wedge of N = 2 superconformal gauge
theories”, JHEP 07 (2025) 125, arXiv: 2411.04043.

• M. Billo’, L. Griguolo, and A. Testa, “1/2 BPS Wilson loops in non-conformal N = 2 gauge
theories and localization: a three-loop analysis”, JHEP 02 (2025) 076, arXiv: 2410.14847.

• M. Billo’, L. Griguolo, and A. Testa. “Supersymmetric Localization and Nonconformal
N=2 Supersymmetric Yang-Mills Theories in the Perturbative Regime”, Phys. Rev. Lett.
134 (2024), arXiv: 2407.11222.

• M. Billo’, L. Griguolo, and A. Testa. “Remarks on BPS Wilson loops in non-conformal
N = 2 gauge theories and localization”, JHEP 01 (2024) 160, arXiv: 2311.17692.

These papers are distributed by the Journal of High Energy Physics (JHEP) and Physical
Review Letters (PRL) under the Creative Commons license CC BY 4.0. This license permits
any use, distribution, and reproduction in any medium, provided that the original author(s) and
source are credited. Accordingly, copyright is retained by the authors, and I have permission to
use the results of these papers (or portions thereof) in my dissertation.

This thesis is organised as follows. We begin in Chapter 1 by reviewing the essential features
of supersymmetry and conformal symmetry in four dimensions. After recalling the structure
of the supersymmetry algebra, we introduce N = 2 and N = 4 super-Yang–Mills theories and
the corresponding irreducible representations of the supersymmetry algebras. We emphasise the
role of supersymmetry in constraining these models by providing a general overview of their
properties at the quantum level.

Chapter 2 is devoted to the technique of supersymmetric localization on the four-sphere S4.
We first review the general principles underlying localization and describe how path integrals in
N = 2 gauge theories reduce to finite-dimensional matrix models. We then discuss the specific
form of these matrix models, highlighting both the similarities and key differences between
conformal and asymptotically free setups, where the β-function is non-vanishing. This framework
provides the starting point for the analyses presented in the following chapters.

In Chapter 3, we turn our attention to a class of N = 2 superconformal gauge theories known
as quiver models. After introducing their structure and main features, we focus on special
correlation functions of chiral operators, which serve as powerful probes for the underlying
dynamics. We show how these quantities can be computed via localization and how, in the
planar limit, their matrix-model representation can be reformulated in terms of special Fredholm
determinants, also known in this context as generalisedd Tracy–Widom distributions. These
tools allow us to probe interesting phenomena and limits, such as deconstruction mechanisms
at strong coupling, where quiver theories are expected to exhibit higher-dimensional dynamics.

Chapter 4 develops this analysis further by employing the determinant formalism to explicitly
compute the correlation functions introduced in the previous chapter across the parameter space
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Introduction

of the theory. We present explicit results at both weak and strong coupling, discussing the
emergence of an extra dimension and interpreting the resulting massive excitations within an
effective field theory. In particular, we provide an analytic expression of the corresponding mass
spectrum, thereby giving a concrete realization of the deconstruction mechanism in this class of
models.

In Chapters 5 and 6, we move beyond conformal setups and investigate N = 2 super-Yang–
Mills theories with massless hypermultiplets and non-vanishing β-function. Within the matrix-
model description, we analyse two classes of localizable observables, namely chiral correlators
and half-BPS Wilson loops, with the aim of understanding whether, and under which conditions,
the results obtained on the four-sphere can still be related to their flat-space counterparts despite
the quantum breaking of conformal symmetry. We show that, within well-defined perturbative
regimes, this correspondence persists, thus extending the range of applicability of localization
techniques beyond the conventional conformal domain.

Finally, in Chapter 7, we summarise the main results of this work and outline several possi-
ble directions for future research. A number of technical details are collected in the appendices,
where we summarise the conventions used throughout the thesis and present perturbative cal-
culations.
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Chapter 1

Supersymmetric gauge theories in
four dimensions

In this chapter, we present a self-contained overview of four-dimensional super-Yang–Mills the-
ories with extended supersymmetry algebras. The aim of the following sections is to outline
the fundamental features of these models, which form the main building blocks of the analysis
developed throughout this thesis. Specifically, Section 1.1 discusses the general structure of
supersymmetry in four dimensions, briefly describing its algebraic structure and some founda-
tional concepts that play a central role in this work. Section 1.2 reviews conformal symmetry
and outlines the peculiar features of conformal field theories in four dimensions, while Sec-
tion 1.3 introduces supersymmetric gauge theories, describing the irreducible representations of
the corresponding supersymmetry algebras and the distinctive aspects of these models.

1.1 Supersymmetry in four dimensions

Supersymmetry is a novel spacetime symmetry that extends the conventional framework of
quantum field theory by unifying bosons and fermions within a common algebraic structure 1.
It was originally introduced to evade the constraints of the Coleman-Mandula no-go theorem [32],
which states that under certain assumptions, such as analyticity of the S-matrix, locality, and
the presence of non-trivial scattering processes, the symmetry group of an interacting quantum
field theory in any spacetime dimension greater than d = 1 + 1 necessarily factorizes as

Poincaré × Internal Symmetries . (1.1)

In four-dimensional Minkowski spacetime with metric ηµν
2, the Poincaré group encodes

translations and Lorentz transformations. These are generated, respectively, by the four-momentum
operator Pµ and by the antisymmetric tensor Mµν . Conversely, the internal symmetries are gen-
erated by a set of conserved charges, such as the isospin or baryon number, which are Lorentz
scalars and collectively denoted by T . The complete symmetry algebra is then spanned by the

1For a detailed review, we refer the reader to [29–31].
2In this section we follow the notations and conventions of [33].
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1.1. Supersymmetry in four dimensions

generators Pµ,Mµν , T , which satisfy the following commutation relations

[Pµ, Pν] = 0 , (1.2a)
[Mµν ,Mρσ] = i(ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ) , (1.2b)
[Mµν , Pρ] = i(ηρνPµ − ηρµPν) . (1.2c)
[T,Pµ] = [T,Mµν] = 0 . (1.2d)

As already anticipated, the factorized structure imposed by the Coleman-Mandula theorem
(1.1) relies on several key assumptions. Some of these are deeply physical, such as locality and
causality, while others can be relaxed, leading to interesting loopholes. Historically, two of these
loopholes have proven particularly relevant.

The first concerns the existence of a mass gap. Since the theorem is formulated in terms
of the S-matrix, it presupposes the presence of asymptotic states, which are well-defined only
in massive theories. However, many important models in modern theoretical physics, including
those describing critical phenomena in statistical systems, are massless. Such theories frequently
exhibit conformal invariance, which extends the usual spacetime symmetries of the Poincaré
group (1.2) in a non-trivial way.

The second loophole is supersymmetry, which bypasses the Coleman-Mandula theorem by
introducing a fundamentally different type of spacetime symmetry. Algebraically, its underlying
structure is not a standard Lie algebra, as in the Poincaré case (1.2), but a Z2-graded Lie algebra,
in which the generators obey both commutation and anticommutation relations.

More concretely, in a four-dimensional Minkowski spacetime the supersymmetry algebra is
generated by the Poincaré charges (1.2) together with a set of left- and right-handed Weyl
spinors (QI

α, Q̄
I
α̇), where I = 1, . . . ,N labels the number of independent supersymmetries (or

supercharges), while α, α̇ = 1,2 are spinor indices associated with the fundamental and complex-
conjugate representation of the double covering group SL(2,C) 3. Explicitly, we have

[Pµ,Q
I
α] = 0 , (1.3a)

[Mµν ,Q
I
α] = i (σµν)

β
α QI

β , (1.3b)

[Mµν , Q̄
I,α̇] = i (σ̄µν)α̇ β̇

Q̄I,β̇ , (1.3c)

{QI
α, Q̄

J
α̇} = 2σ

µ
αα̇Pµδ

IJ , (1.3d)
{QI

α,Q
J
β} = εαβZIJ , ZIJ = −ZJI , (1.3e)

[QI
α, Ta] = (Ba)IJ QJ

α . (1.3f)

Quantum field theories equipped with supersymmetry display novel structural properties.
Some of them can be inferred directly from the algebra (1.3).

First, equation (1.3a) guarantees that P 2 = PµP
µ is a Casimir operator. As a result, irre-

ducible representations of the supersymmetry algebra, also known in this context as supermul-
tiplets, retain the standard particle-state interpretation of Poincaré representations. However,
unlike ordinary multiplets, supermultiplets necessarily contain both bosons and fermions. This
follows from the relations (1.3b) and (1.3c), which show that the supercharges have spin 1

2 . As
a result, acting with them on a bosonic state yields a fermion, and vice versa. Moreover, all
states within a given supermultiplet satisfy the identity

nf = nb , (1.4)
3The spinor conventions of this section follow those presented in the second chapter of [33].
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Chapter 1. Supersymmetric gauge theories in four dimensions

where nf and nb denote the number of fermionic and bosonic states, respectively. This equality
is a direct consequence of the anticommutation relation (1.3d), which captures the fundamental
idea that supercharges act as “square roots” of translations. At the level of quantum field
theory, the balance (1.4) manifests itself through remarkable cancellations of divergences, making
supersymmetric models considerably more tractable.

Furthermore, in theories with extended supersymmetry (N > 1), the algebra may include
additional antisymmetric central charges ZIJ (1.3e), which are Lorentz scalars that commute
with all other generators. Their precise form and physical interpretation are model-dependent.

Finally, relation (1.3f) clarifies the interplay between supersymmetry and internal symme-
tries. Unlike the ordinary Poincaré charges, which commute with the internal symmetries (1.2d),
supercharges may carry a representation of the internal symmetry group, known in this context
as the R-symmetry group. In four dimensions, the maximal R-symmetry group consistent with
the spinor structure is U(N)R

1.2 Conformal symmetry and correlation functions in CFTs

In the previous section, we introduced supersymmetry as a way to evade the constraints of
the Coleman-Mandula theorem (1.1). Another possibility to extend the Poincaré group arises
from including spacetime symmetries that preserve angles but not necessarily distances. These
transformations appear naturally in massless theories and, together with translations, rotations,
and boosts, form the conformal group.

The goal of this section is to introduce conformal symmetry in flat spacetime, focusing on the
relevant aspects for the remainder of this work. For a more detailed review, we refer to [34–36].

For concreteness, we consider a d-dimensional Minkowski spacetime with metric ηµν =
diag(−1,1, . . . ,1). A coordinate transformation xµ ↦ x′µ is conformal if its Jacobian satisfies 4

∂xα

∂x′µ
= Ω(x)Λα

µ(x) , where Λ ∈ O(1, d − 1) . (1.5)

This condition ensures that the metric transforms by a local rescaling, i.e. η′µν = Ω2(x)ηµν .
Moreover, it is straightforward to observe that both Poincaré transformations and dilatations
satisfy (1.5) with Ω(x) = 1 and Ω(x) = const, respectively.

To study the conformal algebra, we consider infinitesimal transformations

xµ = x′µ + δµ(x) +O(δ2) . (1.6)

By imposing (1.5), it is straightforward to derive the following conformal Killing equation

∂µδν + ∂νδµ =
2

d
(∂αδα)ηµν . (1.7)

In two dimensions, (1.7) admits infinitely many solutions [37], while for d > 2, we find that

δµ(x) = aµ + ωµνxν + αηµνxν + bµx2 − 2xµ(b ⋅ x) . (1.8)

In the previous expression, aµ generate translations, ωµν Lorentz transformations, α dilata-
tions, and bµ special conformal transformations. Denoting the generators of special conformal

4In Euclidean space, the conformal group is defined by the condition (1.5) with Λ ∈ O(d).
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1.2. Conformal symmetry and correlation functions in CFTs

transformations and dilatations by Kµ and D, respectively, we find that they satisfy 5

[Kµ, Pν] = 2i(ηµνD −Mµν) ,
[Kρ,Mµν] = i(ηρµKν − ηρνKµ) ,
[D,Pµ] = iPµ ,

[D,Kµ] = −iKµ ,

[Kµ,Kν] = [D,Mµν] = [Pµ, Pν] = 0 .

(1.10)

Combined with the Poincaré algebra (1.2), the commutation relations (1.10) generate the
full conformal algebra in d dimensions, which possesses (d+2)(d+1)/2 generators and is locally
isomorphic to the Lie algebra so(1, d + 1). The structure of (1.10) allows us to deduce some
interesting features of conformal field theories (CFTs).

First, unlike ordinary quantum field theories, CFTs do not admit the usual interpretation in
terms of particle states. This follows from the fact that P 2 is not an invariant Casimir of the
conformal algebra, meaning that asymptotic states and an S-matrix description are no longer
meaningful. Instead, all physical information is encoded in local correlation functions.

Moreover, the algebra (1.10) reveals that scale invariance, generated by the dilatation oper-
ator D, does not automatically imply conformal invariance. Indeed, the generators Mµν , Pµ,D
form a closed subalgebra, and the full conformal group arises only if the theory satisfies addi-
tional consistency conditions [38,39].

Finally, it is important to emphasise that classical conformal symmetry does not necessarily
survive quantization. The prototypical example is provided by pure Yang–Mills theories. Clas-
sically, these models exhibit conformal invariance, while at the quantum level this symmetry
is broken as a mass scale is generated. In general, a quantum field theory preserves conformal
symmetry only if it lies at a renormalization-group fixed point, where both the β-function and
the trace of the stress-energy tensor vanish [40,41].

Correlation functions

We previously mentioned that in conformal field theories, physical observables are encoded in
correlation functions. However, only correlators of primary operators are fundamental quantities.
To clarify this aspect, we have to discuss the irreducible representations of the conformal algebra
(1.10). These are completely specified by the representations of the subalgebra {Kµ,Mµν ,D}
which, when exponentiated, leaves the origin invariant.

To study the representations of such a subalgebra, we consider a generic local operator φ(x)
inserted at the origin. Under Lorentz transformations and dilatations, we have

Mµνφ(0) = Sµνφ(0) , (1.11a)
Dφ(0) = −i∆φ(0) , (1.11b)

5We obtained the conformal algebra (1.10) by representing the generators as differential operators acting on
functions of spacetime

Pµ = −i∂µ ,

Mµν = i(xµ∂ν − xν∂µ) ,
D = −ixµ∂µ ,

Kµ = −i(2xµx
ν∂ν − x2∂µ) .

(1.9)
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Chapter 1. Supersymmetric gauge theories in four dimensions

where Sµν is the spin matrix, describing the irreducible representation of the Lorentz group car-
ried by φ, while ∆ defines the conformal dimension of the operator, which controls its behaviour
under dilatations x→ λx, i.e.

φ(x) → λ−∆φ(λx) .
It remains to specify the action of Kµ. According to (1.5), Kµ lowers the scaling dimension of
a local operator. However, in unitary conformal field theories, the spectrum of scaling dimen-
sions is bounded from below. This means that any (unitary) irreducible representation of the
conformal algebra must contain a lowest-weight operator Φ(x) such that

KµΦ(0) = 0 . (1.12)

Local fields satisfying this condition are called primary operators which, together with their
quantum numbers {Sµν ,∆}, entirely determine the unitary representations of the conformal
algebra (1.10). The remaining elements of the representations are obtained by repeatedly acting
on the primary with the momentum generator Pµ. This action generates an infinite tower of
local fields with increasing scaling dimension known as descendants.

This construction clarifies why the only fundamental correlations in CFTs are those involving
primary operators. Therefore, our final goal is to show how we can constrain the structure of
these correlation functions by imposing conformal invariance. To begin with, we consider the
one-point function of a primary operator Φ(x) with scaling dimension ∆. By requiring invariance
under the Poincaré group and dilatations, it is straightforward to show that

⟨Φ∆(x)⟩ = 0 . (1.13)

The first non-vanishing correlator of primary operators is the two-point function. This is con-
strained by translational and Lorentz invariance to depend on

x12 ≡ ∣x1 − x2∣ , (1.14)

while dilatations and special conformal transformations impose the conservation of the scaling
dimension. As a result, the two-point function of primary operators takes the following form

⟨Φ∆1(x1)Φ∆2(x2)⟩ =
G
(2)
∆1
δ∆1,∆2

x∆1+∆2
12

, (1.15)

where G(2)∆1
is usually a function of the theory parameters, which can always be reabsorbed into

a redefinition of the fields Φ but is not fixed by symmetry arguments.
Finally, we consider the three-point functions. Their kinematic structure is still fixed by

conformal symmetry which leads to the following expression

⟨Φ1(x1)Φ2(x2)Φ3(x3)⟩ =
G
(3)
∆1,∆2,∆3

x∆1+∆2−∆3
12 x∆2+∆3−∆1

23 x∆1+∆3−∆2
13

, (1.16)

where G
(3)
∆1,∆2,∆3

is a theory-dependent factor which, in contrast to the two-point functions,
cannot be eliminated by a field redefinition.

Nevertheless, we can remove the operator-normalization dependence of two- and three-point
functions by considering the ratio

C∆1,∆2,∆3 =
G
(3)
∆1,∆2,∆3√
∏3

i=1G
(2)∆i

, (1.17)
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1.3. Super-Yang–Mills theories with extended supersymmetry

which defines the structure constants of the theory. These play a fundamental role in conformal
field theories as they enter the Operator Product Expansion (OPE). This is a powerful method to
constrain higher-point functions [42], which relies on the idea that the product of two operators
inserted at nearby points can be expressed as a sum of local fields at a single point. Schematically,
if we denote by Φ∆1(x) and Φ∆2(0) two scalar primaries, then their OPE is

Φ∆1(x)Φ∆2(0) = ∑
primaries Φ

C∆1,∆2,∆Φ
,CΦ(y, ∂y),Φ(y)∣

y=0
. (1.18)

In generic quantum field theories, the OPE usually leads to an asymptotic series, whereas in
conformal field theories the expansion (1.18) is convergent and provides the starting point for
powerful non-perturbative techniques, such as conformal bootstrap.

1.3 Super-Yang–Mills theories with extended supersymmetry
The supersymmetry algebra (1.3) is characterized by a certain number N of supercharges, which
defines the degree of supersymmetry. In four dimensions, the minimal supersymmetric models
are based on the N = 1 super-Poincaré algebra. This can feature a U(1)R R-symmetry and its ir-
reducible representations include the N = 1 vector, chiral, and supergravity multiplet. The latter
corresponds to locally supersymmetric theories, which involve dynamical gravity with particles
of spin higher than one. In this thesis, however, we are interested in globally supersymmetric
gauge models, which are commonly denoted as super-Yang–Mills (SYM) theories and do not
comprise dynamical gravity.

The fundamental building blocks of N = 1 super-Yang–Mills theories are the vector and
chiral multiplets, whose (on-shell) field contents are

N = 1 vector-multiplet = (Aµ, λα) , (1.19a)
N = 1 chiral multiplet = (φ,ψα) . (1.19b)

In (1.19a), Aµ is the usual Yang–Mills field, while λα is a two-component Weyl fermion, also
known as the gaugino in this context. Both fields transform in the adjoint representation of the
gauge group and are necessarily massless. Conversely, the components of the chiral multiplet
(1.19b) may acquire a mass and transform in some representation of the gauge group. In general,
the N = 1 supersymmetry and the associated U(1)R R-symmetry allow us to specify the gauge
group, (properly complexified) couplings and mass terms, as well as superpotential interactions.
As a consequence, it is possible to construct chiral N = 1 gauge theories, where left- and right-
handed components experience different forces in analogy to the Standard Model.

Increasing the number of supercharges, we obtain more constrained theories. In four dimen-
sions, the only models with global extended supersymmetry are those with N = 2 and N = 4
algebra. Both play a central role in this thesis, and in the rest of this section we will discuss
their underlying structure and properties.

N = 2 super-Yang–Mills theories

N = 2 super-Yang–Mills theories are built from two types of irreducible representations: the
vector multiplet, which encodes radiation, and the hypermultiplets, which describe the matter
sector. More specifically, the (on-shell) field content of an N = 2 vector multiplet can be obtained
by combining one N = 1 vector multiplet with one adjoint N = 1 chiral multiplet, i.e.

N = 2 vector multiplet = (Aµ, λα) ⊕ (φ,ψα) . (1.20)

11



Chapter 1. Supersymmetric gauge theories in four dimensions

All fields in (1.20) are massless and transform in the adjoint representation of the gauge group.
Similarly, the (on-shell) spectrum of an N = 2 hypermultiplet in a representation R of the gauge
group is described by two independent N = 1 chiral multiplets

N = 2 hypermultiplet = (q, ηα) ⊕ (q̃, η̃α) , (1.21)

where q and q̃ are complex scalars, while ηα and η̃α are their fermionic partners.
In N = 2 field theories, the R-symmetry group is realized as follows

U(2)R ≃ SU(2)R ×U(1)R . (1.22)

In particular, the two gauginos of the vector multiplet (1.20) and the two matter scalars q, q̃ form
doublets of the non-Abelian factor SU(2)R, while the remaining fields are singlets but can carry
a U(1)R charge. Importantly, this R-symmetry forbids self-interactions among hypermultiplets,
meaning that N = 2 theories admit only gauge–matter interactions. More generally, an N = 2
theory is completely specified by the gauge group and the representation R in which matter
transforms. As a result, it is not possible to construct N = 2 chiral models.

The extended supersymmetry ofN = 2 theories makes them powerful laboratories for control-
ling the dynamics of fields at the quantum level, while still permitting rich low-energy physics.
In particular, the non-Abelian R-symmetry and non-renormalization theorems ensure that N = 2
theories are one-loop exact [43–48]. Perturbatively, this means the β-function takes this form

β(g∗) = µ
dg∗
dµ
= − β0

16π2
g3∗ , (1.23)

where g∗ denotes the renormalized coupling evaluated at the renormalization scale µ, while β0 is
a group-theoretic coefficient depending on the gauge group and the matter representation. For
a general Yang–Mills theory with simple gauge group G, real scalars and Weyl fermions, the
general form of β0 is given by [49]

β0 =
11

3
C2(G) − ∑

scalars

1

6
iRs − ∑

fermions

2

3
iRf

, (1.24)

where C2(G) is the quadratic Casimir (B.2b) of the adjoint representation, while iRs and iRf

denote the Dynkin indices (B.2a) of the scalar and fermion representations, respectively.
Throughout this thesis, we will consider theories with gauge group SU(N) and massless

hypermultiplets in a generic representation R. In this case, replacing in (1.24) the matter
content of the N = 2 supermultiplets (1.20,1.21) and using the group information summarised
in Appendix (B.1), we find that β0 takes the following form [23–26]

β0 = 2N − 2iR . (1.25)

As a consequence, massless theories with matter content such that iR = N are conformal at the
quantum level. Conversely, when the β-function does not vanish classical conformal invariance is
broken by quantum effects. In what follows, we will analyse asymptotically free theories, where
β0 > 0. These models are weakly coupled at high energies, while in the infrared interactions
become strong. The dividing line is the physical 6 energy scale

Λ = µe
− 8π2

β0g
2
∗ , (1.26)

6The mass scale Λ (1.26) is a physical quantity as it is invariant under the renormalization group flow.
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1.3. Super-Yang–Mills theories with extended supersymmetry

generated by dimensional transmutation.
A remarkable feature of N = 2 SYM theories is that, despite their strongly coupled nature in

the infrared, their dynamics can still be captured exactly. This breakthrough was achieved in the
seminal work of Seiberg and Witten [19,20], who derived the low-energy effective action of N = 2
gauge theories by exploiting holomorphy, electric–magnetic duality and the special geometry of
the moduli space of vacua. In particular, they showed that the physical information of the low-
energy description is encoded in a family of Riemann surfaces, known as Seiberg–Witten curves.
Subsequently, the Seiberg–Witten prepotential was derived through equivariant localization by
Nekrasov [10,50], who provided a non-perturbative confirmation of the Seiberg–Witten solution.

N = 4 super-Yang–Mills

Finally, we turn our attention to N = 4 super-Yang–Mills, which represents the maximally
supersymmetric gauge theory with global supersymmetry in four dimensions. These models
consist of a single irreducible representation, i.e. the N = 4 vector multiplet, constructed by
combining one N = 2 vector multiplet (1.20) with an adjoint N = 2 hypermultiplet (1.21)

N = 4 vector multiplet = (Aµ, φ
m, ψI

α) , (1.27)

where we denoted with φm six real scalars (m = 1, . . . ,6) and with ψI four Weyl spinors (I =
1, . . . ,4). All fields are massless and transform in the adjoint representation of the gauge group.
The R-symmetry group is SU(4), with fermions and scalars transforming in the fundamental
and in the rank two antisymmetric representation, respectively.

Unlike the N = 2 case, where the interplay between supersymmetry and gauge dynamics still
allows a non-trivial renormalization group flow and rich low-energy dynamics, N = 4 super-Yang–
Mills theories enjoy remarkable simplifications: they are perturbatively finite and conformal at
the quantum level, as the β-function vanishes identically [51–54]. These unique properties
make N = 4 SYM an ideal laboratory for developing non-perturbative approaches, such as
supersymmetric localization [55], integrability [11] and gauge-gravity dualities [5, 6].
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Chapter 2

Matrix models on S4

In this chapter, we discuss the framework of supersymmetric localization in the context of N = 2
super-Yang–Mills theories. More specifically, Section 2.1 introduces the general principles of
this technique, which can be applied to N = 2 theories on S4 to reduce the computation of
a broad class of protected observables to interacting matrix models. Two distinct cases will
be considered: theories with a vanishing β-function, for which the resulting matrix model is
well-defined and presented in Section 2.2, and theories with a non-vanishing β-function, where
a suitable regularization procedure is required. The latter case will be discussed in Section 2.3.

2.1 Supersymmetric localization
Supersymmetric localization can be understood through the deformation-invariance approach
[9,55–57]. We consider a Lagrangian theory with a global fermionic symmetry Q, such that Q2

generates a bosonic charge, and we deform the Euclidean path integral as follows

Z(t) = ∫ D [Φ] e−S[Φ]−tQV [Φ] , (2.1)

where t is a real parameter and V is a functional which preserves the asymptotic behaviour
of the path integral and such that Q2V = 0. Assuming that D [Φ] is invariant under Q, it is
straightforward to show that Z(t) is independent of t

d

dt
Z = −∫ D [Φ]Q(V [Φ]e−S[Φ]−tQV [Φ]) = 0 , (2.2)

where the last equality follows from Stokes’ theorem. Obviously, the same argument holds if we
insert an arbitrary operator O[Φ] which is annihilated by Q.

If the bosonic part of QV is semi-positive definite, we can safely take the limit t→∞, thereby
constraining the original path integral to localize over the bosonic zeros Φ0 of the localizing action
QV . This is usually achieved by the following canonical choice of V

V = ∑
Ψ∈fermions

[(QΨ)†Ψ +Ψ†(QΨ)] , (2.3)

where the sum extends over all fermions of the theory. With this choice, the bosonic part
of QV is a sum of absolute squares of supersymmetry variations, and is therefore manifestly
semi-positive definite.

Expanding the fields about the configurations Φ0 as

Φ = Φ0 +
1√
t
Φ′ , (2.4)
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2.2. The general structure of the matrix model on S4

we find that

S + tQV = S + 1

2

δ2 (QV )
δΦ2

RRRRRRRRRRRΦ=Φ0

Φ′ +O(t−1/2) . (2.5)

Substituting (2.5) into (2.1), the integral over Φ′ becomes Gaussian and leads to

Z = ∫
B
D [Φ0] e−S[Φ0]Z1−loop [Φ0]ZInst [Φ0] . (2.6)

In the previous expression, B denotes the space of configurations Φ0, sometimes known as the
localization locus, ZInst encodes possible instanton solutions of the equationQV = 0, while Z1−loop

is schematically given by

Z1−loop =
det (DFer)
det (DBos)

, (2.7)

where DBos and DFer are the quadratic operators for bosonic and fermionic fluctuations, respec-
tively. Computing (2.7) is generally challenging and requires an infrared (IR) regulator. For
this reason, supersymmetric localization is usually applied on compact manifolds.

Finally, we observe that when the configurations Φ0 are constant, the dimension of the locus
B is finite, and the partition function (2.6) reduces to a matrix model. This is precisely what
occurs when localizing N = 2 super-Yang–Mills theories on the four-sphere S4.

2.2 The general structure of the matrix model on S4

We consider an N = 2 theory with gauge group SU(N) and massless hypermultiplets in an
arbitrary representation R. When these models are defined on a four-sphere of radius R, super-
symmetric localization reduces the path integral describing the partition function and certain
protected observables to an interacting matrix model [55]. This arises from the specific struc-
ture of the localizing action of these theories 1, which forces all fields to vanish except for the
complex scalar φ of the N = 2 vector multiplet and gauge field Aµ. The latter is restricted to an
(anti-)instanton contribution, while the scalar φ reduces to a constant N ×N traceless Hermitian
matrix a ∈ su(N). Upon integrating and summing over this set of critical configurations, the
partition function takes the following form

Z = ∫ Da Z(a,R, g) , (2.8)

where g is the coupling constant of the theory.
In this work, we employ the so-called full Lie algebra approach [58], where the partition

function (2.8) is obtained by integrating over the components ab (with b = 1, . . . ,N2 − 1) of the
matrix a with respect to a basis of fundamental su(N) generators ta 2, i.e. a = abtb. In this
parametrization, the integration measure is flat and takes the following form

Da =
N2−1

∏
b=1

dab . (2.9)

The integrand in (2.8) consists of three different factors

Z = ZclZ1−loop ∣ZInst∣2 , (2.10)
1See in particular Section 3 of [55] for more details.
2We summarise in Appendix B.1 our notations and conventions for the SU(N) group.
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Chapter 2. Matrix models on S4

where Z1−loop and Zinst encode, respectively, the one-loop determinants and the instanton con-
tributions, while Zcl denotes the classical term of the partition function. The latter arises when
we evaluate the action on S4 at the localization locus and takes the following form [55]

Zcl(a, g,R) ≡ e−Scl(a,g,R)

= e−
8π2R2

g2
tra2

.
(2.11)

The dependence on the radius R highlights that Zcl is determined by the coupling of the vector-
multiplet scalar φ with the curvature of the four-sphere 3.

The presence of non-trivial one-loop determinants and instanton corrections is one of the
distinctive features of the partition function (2.10). Nevertheless, the instanton contribution
to (2.10) is irrelevant for our purposes, as we will primarily work either in perturbation theory
or in the large-N limit, where ZInst → 1. To see this, we expand ZInst over different instanton
sectors [10]

ZInst(a, g,R) =
∞

∑
k=0

e2πiτk Zk(a,R) , (2.12)

where τ = 4πi
g2
+ θ

2π , while the functions Zk arise from the integration over the multi-instanton
(quasi)-moduli [10]. Independently of the presence of the θ-angle, which we will set to zero
throughout this work, we observe that both in perturbation theory, where g → 0, and in the
large-N limit, where N → ∞ and λ = g2N remains fixed, the functions Zk are exponentially
suppressed except for Zk=0 = 1. Therefore, we can set ZInst = 1 in these regimes.

Let us finally turn our attention to the structure of the fluctuation determinants. Accord-
ing to the results derived in [55], the function Z1−loop receives contributions from the N = 2
vector multiplet and from the matter sector of the theory. If the latter only involves massless
hypermultiplets in an arbitrary representation R of the gauge group, then we find that [55]

Z1−loop =
∞

∏
n=1

⎛
⎝
∏α∈ΦR

2 (α ⋅ a)2 + n2

∏ω∈W (R)R
2 (ω ⋅ a)2 + n2

⎞
⎠

n

, (2.13)

where Φ denotes the root space of the Lie algebra su(N), W (R) is the weight space of the
representation R, while α ⋅ a denotes the eigenvalue of the matrix a acting on the eigenspace of
the adjoint representation corresponding to the root α. Similarly, ω ⋅ a denotes the eigenvalue
acting on the eigenspace of the representation R corresponding to weight ω.

An immediate consequence of (2.13) is that the matrix model of N = 4 SYM does not receive
one-loop contributions. Indeed, this theory is characterized by a single massless hypermultiplet
in the adjoint representation, which compensates the contributions of the vector multiplet and
leads to Z1−loop = 1.

The infinite products in (2.13) are divergent and must be regularised. To do so, we replace
them by [55]

H(z) =
∞

∏
n=1

(1 + z
2

n2
)
n

e−
z2

n , (2.14a)

logH(z) =
∞

∑
p=1

(−1)p ζ2p+1
p + 1 z

2p+2 , (2.14b)

3The coupling between the vector-multiplet scalar field φ and the curvature of the four-sphere, given by 2
R2 φ

2,
is essential to preserve rigid supersymmetry [59].
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2.2. The general structure of the matrix model on S4

where (2.14b) is valid for z → 0. Going through the calculation, we find that

Z1−loop = e
β0(∑n≥1

1
n)R

2 tra2 ∏α∈ΦH(Rα ⋅ a)
∏ω∈W (R)H(Rω ⋅ a)

, (2.15)

where we recall that β0 is the one-loop coefficient (1.25). Importantly, (2.15) is affected by a
divergent 4 a-dependent factor that only disappears when β0 = 0, that is when the β-function
(1.25) vanishes. When β0 ≠ 0, the matrix model requires an additional regularization which we
will discuss in the next section.

If we assume that the β-function vanishes but R is not the adjoint representation, we can
express the contribution of the one-loop determinants (2.15) by a ratio of functions H (2.14)

Z1−loop =
∏α∈ΦH(α ⋅ a)
∏ω∈W (R)H(ω ⋅ a)

, (2.16)

where we set R = 1 since the theory is conformal in flat space. Combining together (2.11) and
(2.16), we obtain the matrix model of an SU(N) N = 2 gauge theory with massless hypermul-
tiplets in an arbitrary representation R and vanishing β-function 5

Z = ∫ Da e− tra
2−SInt(a,g)

= ⟨e−SInt⟩
0
.

(2.17)

In the previous expression, we neglected the instanton contribution and we used the subscript
0 to indicate that the expectation value is evaluated with the Gaussian measure

∫ Da e− tra
2 = 1 ,

∫ Da e− tra
2

ab ac = δbc ≡ ⟨abac⟩
0
,

(2.18)

where we recall that the subscripts b, c = 1, . . . ,N2 − 1 denote the components of the su(N)
matrix a.

The interaction potential SInt of the matrix model (2.17) encodes the contribution of the
fluctuation determinants and takes the following form

SInt(a, g) = − logZ1−loop(a, g)

= (TrR −TrAdj) logH
⎛
⎝

√
g2

8π2
a
⎞
⎠

= Tr′R logH
⎛
⎝

√
g2

8π2
a
⎞
⎠
,

(2.19)

where we introduced the primed trace Tr′R [60]. At weak coupling, we can use (2.14b) to expand
the interaction action (2.19) in powers of g

SInt(a, g) = −
∞

∑
m=2

(− g
2

8π2
)
m
ζ2m−1
m

Tr′R a
2m . (2.20)

4The divergence arises from the pole of the Riemann function ζz = ∑n≥1
1

mz in z = 1.
5To derive (2.17), we rescaled the integration variable as a → g

2
√

2π
a to obtain a unit Gaussian term and we

omitted the Jacobian of the transformation since it disappears in any properly normalized observable.
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For an arbitrary representation R, the primed trace Tr′R in (2.20) is non-vanishing and
precisely describes the matter sector of the so-called difference theory [60,61]. This arises when
we subtract the field content of N = 4 SYM from that of N = 2 theories with hypermultiplets in
the representation R. This means that in perturbative field theory, the matrix model suggests
that the relevant interaction contributions can be constructed by considering diagrams with
matter lines in the representation R to which we subtract identical corrections with R = Adj.

In N = 2 superconformal theories, the matrix model predictions have been tested at high
orders in perturbation theory for various observables [60–64], confirming the effectiveness of the
interaction potential in organizing Feynman diagrams. These results further support the natural
expectation that, in conformal setups, the localization predictions on S4 can be extended to the
flat space and exploited to probe the dynamics of the underlying theory. This approach gives
access to interesting regimes, such as the strong coupling dynamics in the large-N limit, where
certain models are expected to admit dual holographic descriptions [58,65–70].

The success of the matrix model in superconformal theories naturally raises the question of
whether it can also be employed to probe non-conformal models in flat space. A natural first
step in this direction consists of considering N = 2 theories with massless hypermultiplets in an
arbitrary representation R and non-vanishing β-function, where classical conformal symmetry
is broken at the quantum level. These models bring us closer to more realistic scenarios, such as
QCD, where the coupling constant runs and the low-energy dynamics involves non-perturbative
effects that cannot be described within the framework of perturbation theory. However, due to
a non-vanishing β-function, it is no longer obvious whether the localization predictions on S4

extend to R4. We consider this problem in Chapters 5 and 6, where we show that, within a
specific regime of validity, the matrix model on S4 still captures perturbation theory in flat space
at high orders. Therefore, our next goal is to introduce a regularization procedure to properly
define the matrix model for theories with β0 ≠ 0.

2.3 The matrix model of N = 2 theories with non-vanishing β-
function

Let us consider an SU(N) N = 2 theory with massless hypermultiplets in a representation R
such that the associated β-function is non-vanishing. Due to the lack of UV finiteness, the
matrix model generated by supersymmetric localization on S4 is ill-defined (2.15).

To avoid this issue, we introduce additional hypermultiplets of mass M in a representation
R̃, such that the total matter content transforms in the direct sum

R̂ = R⊕ R̃ . (2.21)

The key idea is to choose R̃ such that the corresponding β-function vanishes, i.e. i
R̂
= N . This

set of massless and massive hypermultiplets defines the matter content of a new UV-finite model,
denoted as the regulating theory, which triggers a flow from a superconformal configuration in
the ultraviolet to the original asymptotically free theory in the infrared. Indeed, at energy scales
much higher than M , the mass terms are negligible and the theory is effectively superconformal.
In contrast, at energies much lower than M , the massive hypermultiplets decouple and can be
integrated out, leaving a theory with only the original massless hypermultiplets in the repre-
sentation R. Since the regulating theory has a vanishing β-function, the corresponding matrix
model on S4 is well-defined. This strategy provides a controlled framework to regularise the
matrix models of N = 2 theories with non-vanishing β-function [23,55].

Let us therefore consider an SU(N) N = 2 theory on S4 with matter representation R̂
(2.21). We denote with M the mass of the hypermultiplets in the representation R̃ and with g∗
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2.3. The matrix model of N = 2 theories with non-vanishing β-function

UV ∶ Conformal Theory

Regulating theory

IR ∶ N = 2 theory with massless matter

Figure 2.1: Flow triggered by a partial massive deformation of a superconformal N = 2 theory. At high
energies, the deformation is irrelevant, and the theory flows to a conformal point. At low energies, the
massive sector decouples, leaving a non-conformal theory with massless matter. This picture is inspired
by the one employed in [71].

the coupling constant. The matrix model generated by supersymmetric localization takes the
following form

Z(M) = ∫ Da e
− 8π2R2

g2∗
tra2

Z∗1−loop(M) ∣Z∗Inst(M)∣
2
. (2.22)

According to [55], the function Z∗1−loop(M) is given by

Z∗1−loop(M) =
∞

∏
n=1

Z1−loop

(∏ω∈W (R̃) (R2 (ω ⋅ a +M)2 + n2) (R2 (ω ⋅ a −M)2 + n2))
n
2

, (2.23)

where Z1−loop is defined in (2.15) and encodes the contribution of the massless hypermultiplets
in the representation R and the N = 2 vector multiplet. By expressing the infinite products in
terms of the H-function (2.14), the final result reads

Z∗1−loop(M) ∝
∏α∈ΦH(Rα ⋅ a)
∏ω∈W (R)H(Rω ⋅ a)

⎛
⎜
⎝
∏

ω∈W (R̃)

H (R (ω ⋅ a +M))H (R (ω ⋅ a −M))
⎞
⎟
⎠

− 1
2

, (2.24)

where the overall proportionality constant depends on M and is still divergent but, in contrast
to (2.15), is independent of a. Consequently, any properly normalized observable is unaffected
by this divergent term, and we are free to redefine the partition function by omitting it.

To derive the matrix model for N = 2 theories with massless hypermultiplets, we decouple
the massive degrees of freedom by taking the low-energy limit. On the four-sphere S4, this
corresponds to MR →∞. Going through the calculation, we find that

e
− 8π2R2

g2∗
tra2

Z∗1−loop(M) = e
− 8π2R2

g2∗
tra2−S∗Int(M)

= e
− 8π2R2

g2∗
tra2+(N−iR)R

2 log(RM)2 tra2−SInt+...

= e−
8π2

g2
tra2−SInt .

(2.25)

In the previous expression, the logarithmically enhanced term in the second line arises from the
large argument expansion of the H-function 6 (2.14), SInt is the interaction potential (2.19) and

6The asymptotic expansion of the H-function (2.14) for large values of the argument is

logH(z) = −1
2
z2 log z + z2

2
(1 − 2γE) +O(log z2) , (2.26)

where γE is the Euler constant.
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Chapter 2. Matrix models on S4

we introduced
1

g2
= 1

g2∗
− β0
16π2

log (RM)2 , (2.27)

where the colour factor β0 is given by (1.25).
From the field theory perspective, g is known as the running coupling constant evaluated

at the scale 1/R. Its dependence on R is determined by one-loop exact β-function

1

M

∂g

∂R
= β(g) = − β0

16π2
g3 . (2.28)

Integrating the previous expression from the reference value g∗ at the scale M to g at the scale
1/R, we reproduce (2.27). As a result, in the asymptotically free theory, g∗ is no longer a
constant but rather is interpreted as the renormalized coupling evaluated at the scale M .

The evolution equation (2.28) can be used to construct the usual strong coupling scale Λ
(1.26) which separates the non-perturbative and perturbative regimes. The latter correspond to
the range

Λ≪ 1

R
≪M , (2.29)

where g → 0 and we can suppress the instanton contributions Z∗Inst(M) in (2.22). To see this,
we expand again Z∗Inst(M) over different instanton sectors and we find that

Z ∗Inst (M) =
∞

∑
k=0

e
−
8π2

g2∗
k
Zk(a,R,M)

=
∞

∑
k=0

( Λ
M
)
β0k

Zk(a,R,M)
(2.30)

where in the second line the exponential factor is replaced by the strong coupling scale Λ (1.26)
due to dimensional transmutation. As a result, in the perturbative regime (2.29), all the contri-
butions with k > 0 are suppressed, while Zk=0 = 1 and we can set Z∗Inst(M) = 1.

Combining everything together, the perturbative matrix model for an SU(N) asymptotically-
free N = 2 theory with massless hypermultiplets in an arbitrary representation R reads [23,60]

Z(g) = ∫ Da e− tra
2−SInt(a,g)

= ⟨e−SInt⟩
0
, (2.31)

where we recall that the interaction action is given by (2.20).
It is interesting to observe that, in the perturbative regime (2.29), the structure of the

matrix model (2.31) coincides with that of superconformal N = 2 theories (2.17). The key
difference between the conformal and non-conformal scenario is that in the latter case g is no
longer a constant but rather, it evolves with the scale 1/R according to (2.27). Nevertheless, the
similarity between the two matrix models suggests a partial restoration of conformal symmetry
in the perturbative regime (2.29) and therefore a possible connection with the results in flat
space. In Chapter 6, we will demonstrate this explicitly by computing two classes of observables
in perturbation theory: the expectation value of supersymmetric Wilson loops and correlators
of extremal operators.
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Part II

Solving N = 2 quiver theories by
Tracy–Widom distributions
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Chapter 3

N = 2 quiver theories

Info: Part of the content and figures of this chapter have been published together with G.P.
Korchemsky in [28].

i

3.1 Motivations
In this chapter, we begin the analysis of special superconformal N = 2 theories known as circular
quivers. These setups arise from an orbifold projection of N = 4 SYM and provide a rich
framework to study various non-perturbative aspects of N = 2 models [65, 66, 72–82], through
gauge-gravity dualities [6], integrability [11] and localization techniques [9], but also to explore
ideas that remain inaccessible in realistic theories, such as deconstruction effects [83,84].

The field content of the N = 2 quiver theories is conveniently described by the diagram de-
picted in Fig. 3.1, where each node represents an SU(N) vector multiplet with coupling constant
gI (with I = 1, . . . L), while lines connecting neighbouring nodes denote massless hypermultiplets
in the bi-fundamental representation of SU(N) × SU(N). As a result, each coupling constant
gI receives contributions from 2N fundamental flavours and the corresponding β-function (1.23)
vanishes, implying that classical conformal symmetry is preserved at the quantum level.

Figure 3.1: Diagrammatic representation of the circular quiver theory. Each node represents a
SU(N) vector multiplet, while lines connecting neighbouring nodes represent hypermultiplets in the
bi-fundamental representation of SU(N) × SU(N).

The N = 2 quiver theories are closely related to N = 4 SYM and this connection becomes

22



3.1. Motivations

more evident when all the L gauge couplings are equal g1 = ⋅ ⋅ ⋅ = gL = gY.M.
. In this case, the

resulting model, denoted by QL, exhibits an additional symmetry under the cyclic shift of the
nodes I → I + 1, which drastically simplifies its properties. Indeed, at the leading order in the
large-N limit, certain observables, such as the free energy on a four-sphere and the circular
half-BPS Wilson loop, coincide with their N = 4 counterparts for arbitrary ’t Hooft coupling
λ = g2

Y.M.
N [69, 77, 78, 81]. Nevertheless, the two theories are not planar equivalent, as specific

classes of protected correlation functions differ between the two models. These observables play
a fundamental role in our analysis and provide an effective tool to probe the relationship among
theories that exhibit different degrees of supersymmetry [65,66,80,85,86].

For our purposes, the quiver QL theories are particularly interesting because they are ex-
pected to exhibit novel properties in the limit L→∞ [70,87–93]. In this regime, the nodes of the
quiver diagram in Fig. 3.1 become continuously distributed along a circle, suggesting the emer-
gence of an additional dimension. This mechanism, known as deconstruction, was originally
proposed in conventional four-dimensional gauge theories [83, 84] defined on quiver diagrams
analogous to that shown in Fig. 3.1. In the limit L →∞, such models remain four-dimensional
at high energies, while their low-energy effective action describes a higher-dimensional gauge the-
ory with a discretized extra dimension. The transition scale between the regimes is determined
by the vacuum expectation value (v.e.v) of the link fields.

The same mechanism was later extended to N = 2 superconformal quiver theories [94]. In
this case, the fifth dimension emerges on the Higgs branch, where all chiral multiplets acquire the
same vacuum expectation value and conformal symmetry is spontaneously broken. The resulting
low-energy effective action describes a five-dimensional Lorentz-invariant supersymmetric gauge
theory, in which the effective lattice spacing along the fifth dimension is inversely proportional
to the ’t Hooft coupling and to the chiral multiplet v.e.v [95–97]. In these deconstruction
scenarios, the emergent higher-dimensional theories are typically strongly coupled, precluding
explicit computations of observables.

The situation changes drastically in the case of N = 2 superconformal QL theories, where we
insist on working at the origin of the moduli space. As a result, conformal invariance is not broken
and holds for an arbitrary number of nodes L, forbidding the appearance of a dimensionful lattice
spacing. This indicates that if the theory exhibits higher-dimensional dynamics, its properties
are expected to be different from the examples previously described. Nevertheless, the main
advantage of working in these setups is that the limit L → ∞ can be effectively studied by
supersymmetric localization on the four-sphere, which provides complete control over both the
weak and strong coupling regimes.

The remainder of this chapter is structured into four sections, which together lay the foun-
dations for our analysis of N = 2 quiver theories. More specifically, Section 3.2 introduces a
special class of correlation functions that encodes the parameter space of the theory. These ob-
servables play the role of probes for studying the dynamics of the model and can be evaluated by
supersymmetric localization on S4. The details of the calculations are reported in Section 3.3,
while in Section 3.4, we show that the planar limit of these observables can be expressed in
terms of special Fredholm determinants that are closely related to the celebrated Tracy–Widom
distributions. Finally, Section 3.5 describes the parameter space of these observables and the
associated quiver theories, highlighting the different regimes we are interested in exploring.
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Chapter 3. N = 2 quiver theories

3.2 Twisted correlators
We consider correlation functions of local gauge-invariant operators [65,66]

OI
n(x) = trφnI (x) ,

OI
n(x) = trφn

I (x) , (3.1)

where φI(x) and its complex conjugate φI(x) are scalars fields of the I-th vector multiplet taking
values in the su(N) Lie algebra. These operators are conformal primaries of dimension ∆ = n
and annihilate supersymmetry charges (1.3) of fixed chirality, i.e.

[Q̄,OI
n(x)] = 0 , [Q, ŌI

n(x)] = 0 . (3.2)

As a result, OI
n(x) and its complex conjugate are half-BPS and possess a fixed chirality. More-

over, one can show that the constraint (3.2) relates the U(1)R-charge r of the R-symmetry group
SU(2)R ×U(1)R to the conformal dimension ∆ through the relation ∆ = r.

As we previously observed, the QL quiver theory is invariant under the cyclic shift I → I + 1
of the diagram nodes. This suggests to expand the operators (3.1) over Fourier modes of definite
quasimomentum pα = 2πα

L by the relation

Tα,n(x) =
1√
L

L−1

∑
I=0

e−ipαIOI
n(x) , (3.3)

where α = 0, . . . , L−1. The operators Tα,n are conformal primaries with scaling dimension ∆α = n
and transform non-trivially under the ZL group. Indeed, shifting φI → φI+1, we find that

Tα,n(x) → e
2πiα
L Tα,n(x) . (3.4)

Depending on the corresponding value of the quasimomentum pα = 2πα
L , it is convenient to

distinguish between twisted (pα ≠ 0) and untwisted (pα = 0) conformal primary operators. The
latter transform trivially under the action of the group ZL and their correlation functions exhibit
the same properties of the half-BPS single-trace operators in N = 4 SYM [65,66].

Conformal symmetry dictates the structure of the two- and three-point functions of primary
operators (see (1.15) and (1.16)). As a result, we can use these constraints in addition to the
invariance under the ZL group to construct the correlators of twisted operators (3.5), i.e. 1

⟨Tα1,n1(x1)T †
α2,n2
(x2)⟩ = G(2)α1,n1

δn1,n2δ(pα1 − pα2)
∣x1 − x2∣2n1

, (3.5a)

⟨Tα1,n1(x1)Tα2,n2(x2)T †
α3,n3
(x3)⟩ = G(3)αi,ni

δn1+n2,n3δ(pα1 + pα2 − pα3)
∣x1 − x3∣2n1 ∣x2 − x3∣2n2

. (3.5b)

In the previous expression, the normalization factors G(2)α,n and G
(3)
αi,ni depend on the quantum

numbers ni and pα, the number of nodes L and the coupling constant g
Y.M,

. Moreover, they
carry an intrinsic dependence on the normalization of the operators which, however, can be
removed by considering the structure constants (1.17), i.e.

Cαi,ni =
G
(3)
αi,ni√

G
(2)
α1,n1G

(2)
α2,n2G

(2)
α3,n3

. (3.6)

1The delta-functions in (3.5) fix the conservation of the quasimomentum pα modulo 2π and arise from the
requirement that the correlation functions are invariant under the action of the group ZL.
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Although the correlation functions (3.5) are an extremely natural family of observables in
quiver theories, their dual counterparts, described by the correlators of chiral operators (3.1),
play an equally important role in our analysis. For this reason, we conclude this section by
presenting their explicit form. In particular, applying the discrete Fourier transform (3.3) to
(3.5), we find that

⟨OI
n(x1)OJ

m(x2)⟩ = G
(2)
IJ

δnm
∣x1 − x2∣2n

, (3.7a)

⟨OI
n1
(x1)OJ

n2
(x2)O

K
n3
(x3)⟩ = G(3)IJK

δn1+n2,n3

∣x1 − x3∣2n1 ∣x2 − x3∣2n2
. (3.7b)

Obviously, the normalization factors G(2)IJ and G
(3)
IJK are related to G

(2)
α,n and G

(3)
αi,ni by (3.5)

and carry the dependence on the diagram sites, the number of nodes L and the gauge coupling
constant g

YM
.

In the following sections, we will show how the matrix model generated by supersymmet-
ric localization on S4 allows us to naturally calculate the structure constants (3.6) and the
normalization factors G(2)α,n and G

(3)
αi,ni (3.5) in the large-N limit.

3.3 The matrix model of the quiver theories in the large-N limit
In this section, we introduce the matrix model describing the QL quiver theory on S4. We work
in the large-N limit, where N → ∞ and λ = g2

Y.M.
N remains fixed. Within this regime, we

apply the formalism developed in [69, 70] to compute the correlation functions (3.5). We also
develop a new technique to handle the normal-ordering procedure of single-trace operators as
N →∞. This method allows us to reproduce the planar predictions for the structure constants
(3.6) obtained in [66, 67, 82] and provides a systematic framework to include subleading 1/N
corrections.

Using (2.17), we deduce that the partition function of the QL theory on S4 is given by

ZQL
= ∫ DA exp(−

L

∑
I=1

(tra2I + SInt (aI , aI+1)))

= ⟨
L

∏
I=1

e−SInt(aI ,aI+1)⟩
0

,

(3.8)

where the subscript 0 emphasises that the expectation value is evaluated with a Gaussian mea-
sure. Moreover, the matrices aI are subjected to the boundary condition aI+L = aI , while the
integration measure is given by DA = ∏I DaI and satisfies the normalization condition (2.18).

In the large-N limit, the interaction potential SInt(aI , aI+1) takes the following form [70]

SInt = −
1

8

∞

∑
i,j=2

Cij (λ) (Oi(aI) −Oi(aI+1)) (Oj(aI) −Oj(aI+1)) , (3.9)

where Oi(aI) denotes the normalized single-trace operator

Oi(a) = tr(
a√
N
)
i

. (3.10)

The expansion coefficients in (3.9) are encoded in a semi-infinite matrix Cij that depends on
the ’t Hooft coupling λ and is non-vanishing only for indices i and j with the same parity.
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Chapter 3. N = 2 quiver theories

Introducing the notation C2i,2j ≡ C+ij and C2i+1,2j+1 ≡ C−ij , we find [70]

C−ij(λ) = 8 (
λ

8π2
)
i+j+1

(−1)i−j+1 ζ(2(i+j)+1)
Γ(2(i + j) + 2)

Γ(2i + 2)Γ(2j + 2) , (3.11a)

C+ij(λ) = 8 (
λ

8π2
)
i+j
(−1)i−j+1 ζ(2(i+j)−1)

Γ(2(i + j))
Γ(2i + 1)Γ(2j + 1) . (3.11b)

Exploiting the invariance under the cyclic shift aI → aI+1, we can simplify the interaction
action by expanding it over Fourier modes of definite quasimomentum pα = 2πα

L , i.e.

Oi(aI) =
1√
L

L−1

∑
α=0

eipαIÕα,i , (3.12a)

Õα,i =
1√
L

L

∑
I=1

e−ipαIOi(aI) . (3.12b)

The reality constraint O†
i (aI) = Oi(aI) implies that Õ†

i,α = Õ−α,i. Substituting (3.12) into (3.9),
we finally find that SInt becomes quadratic, i.e.

L

∑
I=1

SInt(aI , aI+1) = −
1

2

L−1

∑
α=1

Cij(λ) sin2
pα
2
Õi,αÕj,−α

= −1
2

L−1

∑
α=1

Cij(λ)sαÕi,αÕj,−α ,

(3.13)

where the sum over repeated indices i, j ≥ 1 is understood and we introduced the notation
sα = sin2 pα

2 . Note that in (3.9) the Fourier mode Õi,0 does not contribute since sα = 0.

Hubbard-Stratonovich linearization

Since the interaction potential (3.13) is quadratic, we can linearize it by a Hubbard-Stratonovich
transformation [69,70]

exp(1
2

L−1

∑
α=1

CijÕi,αÕj,−α) = ∫ DJ̃
L−1

∏
α=1

exp(J̃i(−pα)Õi,α −
1

2sα
C−1ij J̃i(pα)J̃j(−pα)) , (3.14)

where the integration measure is defined as follows

DJ̃ = 1√
detCs1 . . . sL−1

∏
i,α

dJ̃i(pα)√
2π

dJ̃i(−pα)√
2π

. (3.15a)

Combining together (3.14) with (3.8), we find that the integration over the matrices aI can be
performed straightforwardly and the final result takes the following form

ZQL
= ∫ DJ̃ exp(−

L−1

∑
α=1

1

2sα
C−1ij J̃i(pα)J̃j(−pα) + Seff(J̃)) , (3.16)

where the effective action Seff is induced by the potential (3.13) and is given by [70]

exp(Seff(J̃)) = exp
⎛
⎝
∞

∑
n=2

1

n!Ln/2−1
Gi1...in

L−1

∑
α1,...,αn=1

J̃i1(pα1) . . . J̃i3(pαn)δ(pα1 + . . . + pαn)
⎞
⎠

≡ exp(
∞

∑
n=2

1

n!Ln/2−1
Gi1...in J̃i1 ⋆ . . . ⋆ J̃in) .

(3.17)
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3.3. The matrix model of the quiver theories in the large-N limit

In the previous expression, the δ-function enforces the conservation of the quasimomentum pα,
while Gi1,...,in denotes a general connected correlator evaluated with a Gaussian measure, i.e.

Gi1,...,in = ⟨Oi1(a) . . .Oin(a)⟩0,c . (3.18)

The net effect of the transformation (3.14) is to map the partition function of the QL model
to an effective theory in the variables J̃ . This description involves an infinite tower of interaction
vertices, captured by the effective action Seff (3.17) and proportional to the Gaussian correlators
(3.18). In the large-N limit, these functions scale as (see in particular Appendix A of [69] for
more details)

Gi1,...,in =
βi1 . . . βin
Nn−2

(Pn−3 +
1

N2
Pn +

1

N4
Pn+3 + . . .) , (3.19)

and consequently, they can naturally be interpreted as coupling constants for the effective theory
(3.16). In particular, we denoted with PK a symmetric polynomial in the variables i1, i2, . . . , in
of degree K 2, while the factors βi are explicitly given by

β2i ≡ β+i = 21/2−i
Γ(2i)
Γ(i)2 , β2i+1 ≡ β−i = 2−1−i

Γ(2i + 2)
Γ(i + 2)Γ(i) . (3.20)

3.3.1 Matrix correlators of twisted operators

To compute the correlators (3.5), we first need to identify the matrix counterparts of the op-
erators Tα,i (3.3). At first sight, the Fourier modes Õi,α (3.12b) might appear to be a natural
choice. However, their two-point function violates the charge conservation and therefore cannot
reproduce the correlator (3.5a). The reason is that, within the matrix model of the QL theory
(3.8), the operators Õi,α (3.12b) mix with those of lower dimension.

To clarify these aspects, we consider in detail the two-point function

⟨Õi1,α1Õi2,α2⟩ =
1

ZQL

⟨
L

∏
I=1

e−SInt(aI ,aI+1)Õi1,α1Õi2,α2⟩
0

. (3.21)

To systematically expand the matrix integrals in the large-N limit, we observe that Õi,α couples
to the field J̃i(−pα) by (3.14). As a result, we can express (3.21) as follows

⟨Õi1,α1Õi2,α2⟩ =
1

ZQL

∫ DJ̃
L−1

∏
α=1

e−
1
2

1
sα

C−1ij J̃i(pα)J̃j(−pα)
2

∏
`=1

∂

∂J̃i`(−pα`
)

RRRRRRRRRRRJ̃=0
eSeff(J̃) , (3.22)

where Seff(J̃) is the effective action (3.17).
To proceed with the calculation, we observe that the planar correction to (3.22) is determined

by contributions that do not involve the functions Gi1,...,in (3.18) with n ≥ 3, since they scale as
1/Nn−2. Going through the calculation, we find that

⟨Õi1,α1Õi2,α2⟩ = δ(pα1 − pα2)Gi1i2 +Gi1mGi2n ⟨J̃i(−pα1)J̃j(pα2)⟩ + . . . . (3.23)

The expectation value in the second line of (3.23) is the two-point function of the field J̃i(−pα),
which can be evaluated by standard Feynman diagram techniques. Following [69,70], we combine

2In particular, for K = −1, we have P−1 = 2/(i + j + c), where c = 1 if the indices are odd and c = 0 if they are
even.

27



Chapter 3. N = 2 quiver theories

the quadratic term in the effective action Seff (3.17) with that in (3.23) which involves the matrix
C−1, and we introduce the free propagator

⟨J̃i(pα)J̃j(pβ)⟩0 = [sαC (1 − sαGC)
−1]

ij
δ(pα + pβ)

≡Xij(sα)δ(pα + pβ) ,
(3.24)

where we recall that the matrix C is defined in (3.11), while Gij is a two-point correlator in the
Gaussian matrix model (3.18). Diagrammatically, we can represent (3.24) as follows

Xij(sα) = ji

pα
. (3.25)

Using (3.25), we can construct the usual Feynman rules resulting from the effective action
Seff (3.17) and calculate arbitrary correlation functions. For instance, the two-point function in
the second line of (3.23) admits the following diagrammatic expansion

⟨J̃i(−pα1)J̃j(pα2)⟩ =
ji

pα1

+
pα1pα1

i j
+ . . . ,

(3.26)

where the black dot depicts the interaction vertices arising from effective action Seff (3.17).
According to the structure of the effective action Seff (3.17), we observe that the second

diagram in (3.26) is proportional to the Gaussian correlator Gijkl, which scales as 1/N2 (3.19).
Consequently, the planar correction to (3.26) arises from the first diagram, i.e. from the free
propagator (3.24). This involves the Gaussian correlator Gij which, in the large-N limit, scales
as N0 and takes the following form [65,69]

G−ij = β−i β−j
2

i + j + 1 + . . . ,

G+ij = β+i β+j
2

i + j + . . . ,
(3.27)

where the notation was introduced for G−ij = G2i+1,2j+1 and G+ij = G2i,2j and we recall that the
β-factors are defined in (3.20). Moreover, we can decompose these correlators as follows 3

Gij = (UUT )ij +O(1/N2) . (3.29)

In the previous expression, Uij denotes a lower triangular matrix which vanishes when its indices
have different parity and its explicit form is given by [69]

U−ij =
√
2j + 1Γ(2i + 2)

2i+1/2Γ(i − j + 1)Γ(i + j + 2)
, (U−)−1ji = (−1)i+j

2i+1/2
√
2j + 1Γ(i + j + 1)

Γ(2i + 2)Γ(−i + j + 1) , (3.30a)

U+ij =
√
2j Γ(2i + 1)

2iΓ(i − j + 1)Γ(i + j + 1) , (U+)−1ji = (−1)i+j
2i
√
2j Γ(i + j)

Γ(2i + 1)Γ(−i + j + 1) , (3.30b)

3The matrix U in (3.29) has a simple meaning: it allows us to construct an orthonormal basis of operator
Ôi(a) with canonically normalized two-point function in the Gaussian ensemble, i.e.

Ôi(a) = (U)−1ij Oj(a) ,

⟨Ôi(a)Ôj(a)⟩0,c = δij .
(3.28)
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3.3. The matrix model of the quiver theories in the large-N limit

where we employed the usual notation U+ij ≡ U2i,2j and U−ij ≡ U2i+1,2j+1.
Substituting (3.29) into (3.24) and introducing the matrix K = (UTCU), we finally find that

Xij(sα) = (U−,T sαK
1

1 − sαK
U−1)

ij
+O(1/N2) . (3.31)

Combining the previous expression with (3.23) and taking into account (3.29), we can determine
the planar approximation of the two-point function (3.22), i.e.

⟨Õi,α1Õ
†
j,α2
⟩ = δ(pα1 − pα2)UirDrs(pα)UT

sj , where Dmn(pα) = (
1

1 − sαK
)
mn

(3.32)

depends on the quasimomentum pα and on the ’t Hooft coupling λ through the function sα
(3.13) and the matrix K, respectively. In what follows, we will omit the dependence on pα of
the matrix D to avoid cumbersome notations.

A remarkable property of the matrix K is that it can be expressed as a convolution of
Bessel functions. Indeed, recalling that the matrices C and U are defined in (3.11) and (3.30),
respectively, and vanish for indices of different parities, we find thatK inherits the same structure
and takes the following form [66,69]

Kij = (UTCU)
ij
= (−1)i+j

√
ij ∫

∞

0

dt

t
Ji(
√
t)Jj(

√
t)χ(

√
t

2λ̂
) , (3.33)

where the notation was introduced for

λ̂ =
√
λ

4π
, (3.34)

χ(x) = − 1

sinh2 x
2

. (3.35)

As we will shortly see, it is convenient to describe the matrix K with even and odd indices by
introducing

(K`)ij = (−1)i+j
√
2i + ` − 1

√
2j + ` − 1∫

∞

0

dt

t
J2i+`−1(

√
t)J2j+`−1(

√
t)χ(

√
t

2λ̂
) . (3.36)

As a result, it is straightforward to show that

K2i,2j = (K`=1)ij ≡K+ij , K2i+1,2j+1 = (K`=2)ij ≡K−ij . (3.37)

Normal ordering procedure

As we previously anticipated, the two-point function (3.32) violates the charge conservation
since it is not diagonal in the indices i and j. To circumvent this problem, we introduce a basis
of normal-ordered operators. These are constructed through a Gram–Schmidt orthogonalization
procedure [62,98–100] and represent the proper matrix counterparts of the operators (3.3).

Although the Gram–Schmidt procedure is algorithmic, a closed-form expression for the
normal-ordered operators, valid for arbitrary values of the parameters, is typically not avail-
able and requires a case-by-case analysis. However, in the large-N limit, the orthogonalization
drastically simplifies. In fact, at leading order, Õi,α only receives contributions from its lower-
dimensional counterparts, while composite 4 operators only contribute at the non-planar level.

4Here “composite” refers to products of several modes Õi,α, such as Õi,αÕj,β . . ..
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Chapter 3. N = 2 quiver theories

To see this explicitly, we introduce the normal-ordered basis at leading order in the large-N
limit as a linear combination of the operators Õi,α (3.12b)

Ti,α =M (α)
ij Õj,α + . . . , (3.38)

where the coefficients M (α)
ij form a lower triangular matrix that depends on λ and the sector

index α, but is independent of N . Their explicit form is fixed by the orthonormality condition

⟨Ti,αT †
j,β⟩ =M

(α)
im M

(β)
jn ⟨Õm,αÕ†

n,β⟩ + . . .

=M (α)
im M

(β)
jn UmrDrsU

T
snδ(pα − pβ) + . . .

= V (α)im V
(β)
jn Dmnδ(pα − pβ) + . . .

= δijδ (pα − pβ) ,

(3.39)

where in the second line we substituted the correlator with its leading-order expression (3.32)
and introduced the lower triangular matrix V (α) = M (α)U . Since U (3.30) vanishes when its
indices have different parities, V (α) inherits the same structure.

In this construction, we work with a unitary normalization of the operators, such that the
two-point functions of the normal-ordered basis Ti,α are canonically normalized. This choice
is particularly convenient, as it provides a powerful framework to systematically expand the
structure constants (3.6) in the large-N limit (see (3.45)).

However, since our goal is to explore the behaviour of quiver theories across their parameter
space, we are also interested in determining the un-normalized two-point functions G(2)α,n (3.5),
which exhibit a non-trivial dependence on the number of nodes L. However, computing these
functions does not require a separate formalism since the same mixing coefficients that define
the normalized (normal-ordered) operators (3.38) can be used to reconstruct the un-normalized
correlators. At the planar level, it is straightforward to see that

G
(2)
α,i = (M

(α)
ii )

−2 + . . . . (3.40)

We will now verify that the previous expression indeed reproduces the results derived in [82,85].
The lower triangular matrix M (α) is defined by the relation (3.39), in which it enters through

the matrix V (α) =M (α)U , where U is defined in (3.30). To calculate (3.40), we have to determine
the diagonal elements of M (α) which, in turn, are related to the diagonal elements of V (α) by
the relation V

(α)
ii =M (α)

ii Uii.
We begin by considering the case in which V α has odd indices, i.e. V

(α)
2i+1,2j+1 ≡ V

(α),−
ij .

Since this matrix is lower triangular, its diagonal elements coincide with its eigenvalues and
consequently, they take the following form

⎛
⎝

1

V
(α),−
ii

⎞
⎠

2

=
detD−

(i)

detD−
(i−1)

≡ Rα,2i+1 . (3.41)

where D−ij = D2i+1,2j+1, while D−
(i) denotes the i×i upper-left submatrix of D−, with the convention

D−
(0) = I. As a result, we find that

⎛
⎝

1

M
(α),−
ii

⎞
⎠

2

= (U−)iiRα,2i+1

= 2i + 1
2

Rα,2i+1 ,

(3.42)
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3.3. The matrix model of the quiver theories in the large-N limit

where M (α),−
ii =M (α)

2i+1,2i+1 and we obtained the last equality by the explicit form of the matrix
elements U−ii ≡ U2i+1,2i+1 (3.30a). The calculation of the even case yields an identical result with
the replacement 2i + 1→ 2i. Consequently, the two-point function (3.40) is simply given by

G(2)α,n = GnRα,n + . . . , where Gn =
n

2n
, (3.43)

in agreement with the result derived in 5 [82, 85]. Finally, using (3.17) of [85], we find that the
ratio (3.41) can be expressed in terms of the matrices K± (3.37) as follows

Rα,2i+1 =
det (1 − sαK−[i+1])

det (1 − sαK−[i])
, Rα,2i =

det (1 − sαK+[i+1])

det (1 − sαK+[i])
, (3.44)

where K±
[i] denotes the matrix obtained by removing the first k − 1 rows and columns from K±.

Three-point functions and structure constants The advantage of working with the nor-
malization (3.39) is that the three-point functions of normal-ordered operators (3.38) are already
normalized with respect to the two-point functions. As a result, we can extract the leading planar
correction to structure constants (3.6) by examining the correlator

⟨Ti1,α1Ti2,α2T
†
i3,α3
⟩ =M (α1)

i1m
M
(α2)

i2n
M
(α3)

i3p
⟨Õm,α1Õn,α2Õ†

p,α3
⟩ + . . . = Cαi,ii , (3.45)

where we recall that the mixing coefficients M (α)
ij are defined through the relation (3.38).

The calculation of the three-point correlator on the right-hand side of (3.45) is similar to
(3.22). The starting point is

⟨Õi1,α1Õi2,α2Õ
†
i3,α3
⟩ = 1

ZQL

∫ DJ̃
L−1

∏
α=1

e−
1
2

1
sα

C−1ij J̃i(pα)J̃j(−pα)
2

∏
`=1

∂

∂J̃i`(−pα`
)

RRRRRRRRRRRJ̃=0
eSeff(J̃) , (3.46)

where we recall that the effective action Seff(J̃) is given by (3.17). Going through the calculation
of (3.46) by using the free propagator (3.31), we find that the leading contribution in the large-N
limit takes the following form

⟨Õi1,α1Õi2,α2Õ
†
i3,α3
⟩ = 1√

L
× (Ui1m1D(pα1)m1n1U

−1
n1r1) × (Ui2m2D(pα2)m2n2U

−1
n2r2)×

× (Ui3m3D(pα3)m3n3U
−1
n3r3)Gr1r2r3δ(pα1 + pα2 − pα3) + . . . ,

(3.47)

where we recall that the matrices D(pα) and U are defined, respectively, in (3.30), while Gijk is
the three-point Gaussian correlator (3.18). In the large-N limit, we apply (3.19) to deduce that

Gijk =
2

3
2

N
βiβjβk +O(1/N3) , (3.48)

where we recall that the explicit expression of the β-factors depends on the index parity and is
given by (3.20). Substituting (3.48) into (3.47), we encounter the combination

√
2U−1imβm =

√
i . (3.49)

5To be precise, in [82, 85] the function Gn also involves the factor Nn. In our case, we reabsorbed it into the
definition of the matrix operators (3.10). Moreover, since it is independent of λ and the number of nodes L, it is
irrelevant for our analysis.
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Chapter 3. N = 2 quiver theories

Substituting the previous expression into (3.47), we find that the leading contribution to the
three-point correlator takes the following form

⟨Õi1,α1Õi2,α2Õ
†
i3,α3
⟩ = 1

N
√
L
(Ui1m1d

(α1)
m1
) (Ui2m2d

(α2)
m2
) (Ui3m3d

(α3)
m3
) δ(pα1 + pα2 − pα3) + . . . ,

(3.50)
where we introduced

d
(α)
i =

∞

∑
m=2

D
(α)
im

√
m . (3.51)

Finally, to obtain the structure constants (3.45), we contract (3.50) with the mixing coeffi-
cients (3.38). The final result factorizes into the product of three functions, i.e.

Cαi,ni =
√
n1n2n3√
LN

Vα1,n1Vα2,n2Vα3,n3 . (3.52)

In the previous expression, each factor Vαi,ni is given by

Vα,i =
1√
i

∞

∑
m=2

Vimd(α)m , (3.53)

where we recall that the matrix V (α) was introduced in (3.39). This factorized structure matches
the results derived in [66, 82, 85] and, as we will shortly see, it is connected to the two-point
functions.

3.4 Relation to Fredholm determinants

In this section, we relate the results obtained by the matrix model on S4 to a special class of
determinants, also known as generalisedd Tracy–Widom distributions [101]. This formulation
turns out to be extremely useful to study the correlation functions G(2)α,n (3.5a) and G(3)αi,ni (3.5b)
across the parameter space of the theory.

For simplicity, we begin with discussing the two-point function G
(2)
α,n which, at the planar

level, is explicitly given by (3.43) and involves the ratios Rα,n (3.44). These can be treated in a
unified manner by employing the one-parameter matrices (3.36) as follows

Rα,n =
det(1 − sαKn+1)
det(1 − sαKn−1)

, (3.54)

where we recall that sα is defined in (3.13). This function captures the dependence of Rα,n on
α and L. As a result, it is straightforward to observe that the correlation functions of untwisted
operators, i.e. G(2)α=0,n ∼ Rα=0,n, are independent of λ [66, 82,85] and Rα,n satisfies the relations

Rα,n = RL−α,n = R−α,n . (3.55)

Conversely, the dependence of (3.54) on the ’t Hooft coupling λ is encoded in the matrix K`

(3.36). At finite coupling, such dependence can be properly understood by relating K` to an
integrable Bessel operator K` [70, 102]. This acts on a smooth function f as follows

K`f(x) = ∫
∞

0
dy K`(x, y)χ(

√
y

2λ̂
) f(y) , (3.56)
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3.4. Relation to Fredholm determinants

where we recall that χ is defined in (3.35), while the kernel K`(x, y) is expressed in terms of the
Bessel functions [28,102]

K`(x, y) = ∑
i≥1

ψi(x)ψi(y) =
√
xJ`+1(

√
x)J`(

√
y) −√yJ`+1(

√
y)J`(

√
x)

2(x − y) . (3.57)

In the previous expression, ψi(x) denotes an orthonormal basis of functions

ψi(x) = (−1)i
√
2i + ` − 1J2i+`−1(

√
x)√

x
,

⟨ψi∣ψj⟩ = ∫
∞

0
dxψi(x)ψj(x) = δij . (3.58)

Using these relations, it is straightforward to show that (K`)ij = ⟨ψi∣K`∣ψj⟩. As a result, (3.54)
can be written as a ratio of Fredholm determinants

Rα,n = eFn+1−Fn−1 , (3.59)

eF` = det(1 − sαK`) . (3.60)

The function F` is extremely special as we can identify it with a generalisedd Tracy–Widom
distribution. Indeed, the determinant eF` evaluated for the special symbol χ(x) = θ(1 − x)
determines the probability that all the eigenvalues of a random matrix in the Laguerre ensemble
fall outside the interval [0, λ̂2] [103]. Remarkably, eF` can be found in terms of a Painlevé
transcendent [101, 104]. In our case, however, the symbol χ is the rapidly decreasing function
(3.35) for which F` cannot be found in closed form. However, the method of differential equations
[105–110], allows us to determine the strong expansion of the determinant. Moreover, exploiting
(3.60) and the properties of the Bessel functions, it is possible to show that 6 [28, 111,112]

λ̂
∂

∂λ̂
(F`+1 −F`−1) = 2` (e2F`−F`−1−F`+1 − 1) . (3.61)

This relation holds for arbitrary values of the parameters and symbol χ and as we will shortly
see, it allows to express the structure constants (3.52) in terms of the two-point function G

(2)
α,n.

Three-point functions Having determined the two-point function G
(2)
α,n, we can combine its

expression with the structure constants (3.6) and derive the planar correction to the three-point
functions G(3)αi,ni (3.5b). By inverting the relation (3.6), we find that

G(3)αi,ni
= 1√

LN

3

∏
i=1

√
niG

(2)
αi,niVα1,n1Vα2,n2Vα3,n3 + . . . , (3.62)

where we recall that Vα,n is defined in (3.53).
The function Vα,n is closely related to the two-point correlator G(2)α,n (3.43). We can show

this by using the constraints imposed by the normal ordering condition (3.39). To begin with,
we recall that Vα,n involves the function d

(α)
i (3.51), which satisfies the following functional

6An explicit proof of the relation (3.61) can be found in Appendix A of [111].
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relations (see (B.3) of [85])

d
(α)
2n d

(α)
2m =

√
2m

m−1

∑
s=1

√
2sD+sn(pα) +

√
2n

n−1

∑
s=1

√
2sD+sm(pα) + (n +m + λ∂λ)D+nm(pα) , (3.63a)

d
(α)
2n+1d

(α)
2m+1 =

√
2m + 1

m−1

∑
s=1

√
2s + 1D−sn(pα) +

√
2n + 1

n−1

∑
s=1

√
2s + 1D−sm(pα)

+ (n +m + 1 + λ∂λ)D−nm(pα) , (3.63b)

d
(α)
2n d

(α)
2m+1 =

√
2m + 1

m

∑
s=1

√
2sD+sn(pα) +

√
2n

n−1

∑
s=1

√
2s + 1D−sm(pα) , (3.63c)

where we employed the usual notations D2m,2n(pα) =D+mn(pα) and D2m+1,2n+1(pα) =D−mn(pα),
with Dmn(pα) being defined in (3.32) and vanishes when its indices have different parities. For
concreteness, we begin with considering the odd case and analyse the quantity

V2α,2i+1 =
1

2i + 1 (
∞

∑
m=2

V
(α)
2i+1md(α)m )

2

= 1

2i + 1 (
∞

∑
m=1

V
(α),−
im d

(α)
2m+1)

2

= 1

2i + 1
i

∑
m,n=1

V
(α),−
im V

(α),−
in d

(α)
2m+1d

(α)
2n+1 ,

(3.64)

where V (α)2i+1,2j+1 = V
(α),−
ij and we obtained the second line by recalling that V (α)ij = 0 for j > i.

To proceed with the computation, we need the explicit form of the matrix elements V (α),−im ,
which can be extracted from the defining condition (3.39). It is straightforward to show that

V
(α),−
im = 1

V
(α),−
ii

(D−(i))
−1

im
(pα) , (3.65)

for i ≥ m and we recall that M(i) denotes the i × i upper-left submatrix. Substituting (3.63b)
into (3.64) and using the explicit form of the matrix elements V (α),−m (3.65), we find that only
the derivative term survives, i.e.

V2α,2i+1 =
1

2i + 1
⎛
⎝

i

∑
m,n=1

V
(α),−
im V

(α),−
in (n +m + 1 + λ∂λ)D−nm(pα)

⎞
⎠

= 1

2i + 1
⎛
⎝

i

∑
m,n=1

V
(α),−
im V

(α),−
in (2m + 1 + λ∂λ)D−nm(pα)

⎞
⎠

= 1 + 1

2i + 1
i

∑
m,n=1

V
(α),−
im V

(α),−
in λ∂λD

−
nm(pα) ,

(3.66)

where the second equality follows from the fact that D− is symmetric, while in the last line we
exploited the explicit form of the matrix elements V (α)ij (3.65). Similarly, the last term can be
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3.5. The long-quiver regime as a continuum limit of a 1d periodic lattice

manipulated as follows

i

∑
m,n=1

V
(α),−
im V

(α),−
in λ∂λD

−
nm(pα) = −

i

∑
m,n=1

(D−(i))nm (pα)λ∂λV
(α),−
im V

(α),−
in

= −2
i

∑
m,n=1

V
(α),−
in (D−(i))nm (pα)λ∂λV

(α),−
im

= −2 1

V
(α),−
ii

λ∂λV
(α),−
ii

= λ∂λ log
1

(V (α),−ii )
2

= λ∂λ logRα,2i+1 ,

(3.67)

where the last line follows from (3.41). Combining everything together, we finally find that

V2α,2i+1 = 1 +
1

2i + 1λ∂λRα,2i+1 . (3.68)

The calculation of the even case goes along the same lines and result is given by (3.68) with the
replacement 2i + 1→ 2i. As a result, the different cases can be treated in a unified manner as

Vα,n =
√

1 + 1

2n
λ̂
∂

∂λ̂
logRα,n . (3.69)

Finally, we employ the Toda-like equation (3.61) to express all the relevant quantities in
terms of the functions F` (3.60), i.e.

Vα,n = exp(Fn −
1

2
Fn−1 −

1

2
Fn+1) , (3.70a)

G(2)α,n = G
(2)
0 exp (Fn+1 −Fn−1) , (3.70b)

G(3)αi,ni
= G

(3)
0√
L

3

∏
i=1

exp (Fni −Fni−1) . (3.70c)

In the previous expression, we denoted with G
(2)
0 and G

(3)
0 the two- and three-point functions

evaluated at λ = 0. Being independent of the number of nodes L, their explicit form is not
relevant to our analysis. Finally, let us note that the right-hand side of (3.70c) and (3.70b)
are invariant under the interchange of any pair (αi, ni) and well-defined for arbitrary αi and
ni. However, according to (3.5), we are interested in the specific case where n3 = n1 + n2 and
α1 + α2 − α3 ≡ 0 (mod L).

3.5 The long-quiver regime as a continuum limit of a 1d periodic
lattice

The correlation functions (3.5) depend non-trivially on different parameters: the ’t Hooft cou-
pling λ, the scaling dimension of the operators ∆i = ni, and the number of nodes L. Crucially,
the hierarchy of these parameters governs the behaviour of these observables.
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To make this point concrete, we consider the two-point function G
(2)
α,n ∼ Rα,n (3.5a). The

parameter space of this observable is spanned by (λ, a, n), with a = α
L , and we can identify the

following physical regimes [28]

(i) generic operators: n finite , a finite , (3.71)
(ii) heavy operators: n→∞ , a finite , (3.72)

(iii) long-quiver limit: a→ 0 , n finite . (3.73)

In regime (i), the correlation functions are controlled directly by the Fredholm determinants
(3.60). The weak and strong coupling limit of this regime provides the starting point for under-
standing the long-quiver scenario and the infinitely heavy operators. The latter arise when we
send n →∞ at fixed a. In this limit, the weak-coupling corrections to the correlation functions
vanish (see (4.20)), while the entire 1√

λ
expansion breaks down, requiring a complete resum-

mation to obtain a consistent result. Finally, regime (iii) is the long-quiver limit, defined by
α
L → 0 at fixed n. This case is of primary interest as we expect that the theory can undergo the
deconstruction mechanism and be approximated by a five-dimensional model.

3.5.1 A first look at the long-quiver limit

We can gain some intuition into the physical properties of the long-quiver limit by observing
that the matrix integral (3.8) can be interpreted as the partition function of a one-dimensional
periodic lattice model of length L. The nodes of the quiver diagram depicted in Fig. 3.1
correspond to the sites of this lattice, which possess N2 − 1 degrees of freedom represented by
the su(N) matrices aI , whose dynamics is determined by the interaction potential SInt (3.9).
Intuitively, for L → ∞ the nodes of the quiver diagram become continuously distributed along
a circle, suggesting that this regime can naturally be interpreted as the continuum limit of the
discrete lattice. The crucial question is whether this continuum picture indeed corresponds to a
local theory, and if so, what its properties are. It turns out that the answer depends sensitively
on the ratio

√
λ

L .
A qualitative explanation of this result, for which we will provide an analytical proof in

what follows, can be inferred from the structure of the interaction potential SInt (3.9) of the
matrix-model, which involves the coefficients Cij . These scale as ∼ λ(i+j)/2 (3.11) and govern
the interaction strength between two lattice sites I and J which, in turn, scales as C ∣I−J ∣. As
a result, at weak coupling and fixed L, where λ → 0 and λ≪ L, we expect that the interaction
strength rapidly decreases with node separation. Indeed, in this regime the correlation functions
are exponentially suppressed as the node separation increases (see (4.19)). Viewed through
the lens of the dual lattice description, this implies that the system is characterized by short-
ranged interactions. In the limit L → ∞, excitations propagate along the lattice with small
quasimomenta pα and the system can be effectively described by a one-dimensional field theory,
implying that the quiver model involves a higher-dimensional dynamics. However, the emergence
of the additional dimension occurs differently than in usual lattice models, where one recovers
the continuum limit by sending to zero the lattice spacing. Indeed, in this context the lattice
spacing is a dimensionless fixed quantity and the emergence of an additional dimension occurs
through an effective description of short-ranged interactions by means of a local field theory.

At strong coupling the situation changes dramatically. Indeed, for
√
λ ≫ L ≫ 1 the in-

teraction strength becomes nearly uniform across all sites. Correlation functions grow polyno-
mially with the separation of sites (see (4.49)), and the notion of spatial ordering along the
quiver diagram is lost. In this case, excitations propagate with finite quasimomentum and the
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lattice collapses onto a point, while the quiver theory remains a genuinely strongly coupled
four-dimensional model.

L

λ̂

√ λ
L

∼ 1
long-ranged correlations

five-dimensional model

Figure 3.2: Phase diagram of the long-quiver limit in the (L,
√
λ) plane. The dashed line marks the

crossover
√
λ

L
∼ 1. For

√
λ

L
≪ 1 (red region) interactions are short-ranged and the quiver admits a five-

dimensional effective description. For
√
λ

L
≫ 1 (blue region) interactions are long-ranged, the lattice

effectively collapses, and the theory remains four-dimensional

This analysis suggests that a five-dimensional description emerges in the limit L→∞ when
√
λ

L remains finite. This is equivalent to moving along the dashed line in the phase diagram
depicted in Fig. 3.2. In this case, the quasimomentum pα becomes continuous and the operators
(3.3) and (3.1) are promoted to their five-dimensional counterparts, i.e.

Tα,n(x) ↦ Tn(x, p) , OI
n(x) ↦ On(x, y) , (3.74)

where p is the excitation momentum and y is the emergent fifth coordinate. Of course, On(x, y)
and Tn(x, p) are related by a Fourier transform and their correlation functions inherit the same
structure of (3.5) and (3.7).

For instance, the correlator of two operators On(x, y) is expected to take the following form

⟨On(x1, y1)On(x2, y2)⟩ ∼
Gn(y1 − y2)
∣x1 − x2∣2n

, (3.75)

where Gn(y) is obtained from the normalization factor G(2)IJ (3.7) by the long-quiver limit.
From the viewpoint of the five-dimensional description, the factorization of the correlators

(3.75) into a product of functions that depend separately on the four-dimensional coordinates x
and y, implies that the Lorentz group is broken. Physically, this means that the four-dimensional
modes remain massless, thereby preserving the conformal invariance of the QL theory, whereas
the excitations propagating along the emergent fifth dimension become massive. This decoupling
signals that the resulting five-dimensional model is intrinsically non-relativistic. The aim of the
following chapter is to make these considerations quantitative by explicitly determining the
function Gn(y) at weak and strong coupling.
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Chapter 4

Correlation functions in the
long-quiver limit

Info: Part of the content and figures of this chapter have been published together with G.P.
Korchemsky in [28].

i

In this chapter, we analyse the correlation functions introduced in Section 3.2 across the pa-
rameter space of the theory. The weak coupling regime is discussed in Section 4.1, while the
strong coupling limits are analysed in Sections 4.2 and 4.3. Our analysis reveals the presence
of deconstruction effects, where the theory exhibits an additional dimension. This manifests
through a local effective field theory describing massive excitations propagating along the emer-
gent direction. These phenomena and the properties of the effective description are analysed in
Section 4.4. Finally, Section 4.5 presents the study of three-point functions at strong coupling,
Section 4.6 provides a connection between our analysis and the dual holographic description of
the QL theories, while Section 4.7 outlines some future directions that our analysis naturally
hints at.

4.1 Weak coupling regimes

In this section, we compute the two-point correlation functions (3.5a) and (3.7a) at weak coupling
and analyse their behaviour across the different regimes outlined in (3.71).

4.1.1 Fredholm determinants at weak coupling

We begin with considering the two-point function G(2)α,n (3.5a). In the large-N limit, the depen-
dence of the observable on the ’t Hooft coupling constant λ is encoded in the ratio of Fredholm
determinants (3.40). At weak coupling, they can be approximated by an expansion in powers of
the matrix K` (3.36). Changing the integration variable in (3.36) according to t → (2λ̂t)2 and
replacing the Bessel functions with their expansion around the origin, we find that 1 the ratio
(3.54) takes the following form

Rα,n = 1 − sα( trKn+1 − trKn−1) +O(λ̂4n) , (4.1)

1Note that the matrix elements scale as (K`)ij = O(λ̂2(`+i+j−1))(3.36) after the rescaling t→ (2λ̂t)2.
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4.1. Weak coupling regimes

where the last term describes the subleading corrections. These are suppressed by a factor
λ̂4n relative to the first contribution and their structure involves products of traces with higher
powers of the matrices K`.

The traces appearing at the leading order in (4.1) can be calculated by employing the defi-
nition of the matrix K` (3.36). Going through the calculation, we find that [102]

trK` = 4λ̂2(`+1)
∞

∑
m=0

(−1)m+1λ̂2m (2` + 2m)!(2` + 2m + 2)!ζ2`+2m+1
m![(m + ` + 1)!]2(2` +m)! , (4.2)

where we recall that the symbol χ is defined in (3.35). Being combined with (4.1), the previous
expression allows us to derive the perturbative expansion of (4.1), i.e.

Rα,n = 1 − 4λ̂2nsα(
2n

n
)ζ(2n − 1) + 8λ̂2n+2sα(

2n + 2
n + 1 )nζ(2n + 1) +O(λ̂

2n+4) . (4.3)

This relation coincides with the result derived in [65] by a diagrammatic calculation of the
two-point function ⟨Tα,n(x)T †

α,n(0)⟩. In this approach, the O(λ̂2n) term in (4.3) arises from a
Feynman diagram in which n scalar lines connect the points x and 0 via an irreducible n → n
transition vertex (see Section 3 of [85] for details).

The subleading corrections to (4.3) can be organised according to the power of sα. Specifi-
cally, the terms proportional to smα arise from traces of m matrices (3.36) and their contribution
to (4.3) starts at order O(λ̂2mn). As a result, the expansion (4.3) takes the form of a double
series in λ̂ and sα (3.13), i.e.

Rα,n = 1 + ∑
m≥1

(sα λ̂2n)
m
Qm(λ̂2) , (4.4)

whereQm(λ̂2) can be expanded in powers of λ̂2, with expansion coefficients expressed as multilin-
ear combinations of odd Riemann zeta-values of a homogeneous transcendental weight (see [106]
for details). Schematically, the general structure of the expansion functions Qm is

Qm = ∑
p≥0

λ̂2p∑
{k}

ck1,k2,...,kmζ2k1−1ζ2k2−1 . . . ζ2km−1 , (4.5)

where the sum goes over m positive integers k1 ≥ k2 ≥ . . . km ≥ n satisfying the relation

m

∑
i=1

(2ki − 1) =m(2n − 1) + 2p . (4.6)

The expansion coefficients ck1,k2,...,km in (4.5) are rational numbers depending on p and they
can be calculated by matching (4.3) with the general form (4.4) order-by-order in perturbation
theory. For instance, the simplest example is the m = 1 case. Replacing Q1(λ̂2) in (4.4) with its
general expression (4.5), we find that

cn = −4(
2n

n
) , cn+1 = 8n(

2n + 2
n + 1 ) , . . . . (4.7)

For arbitrary m ≥ 2, the leading O(λ̂0) term in (4.5) has k1 = ⋅ ⋅ ⋅ = km = 2n − 1 and the
corresponding coefficient takes a remarkably simple form cn,...,n = cmn leading to

Qm = [cnζ2n−1]m +O(λ̂2) , (4.8)
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Chapter 4. Correlation functions in the long-quiver limit

where cn is given by (4.7). Substituting this relation into (4.4) and neglecting O(λ̂2) correc-
tions to Qm, we find that the different contributions can be resummed in terms of a geometric
progression

Rα,n =
1

1 − sαλ̂2ncnζ2n−1
+ . . . , (4.9)

where sα is defined in (3.13) and encodes the dependence on the quasimomentum pα.
A distinctive feature of (4.9) is that it develops poles for complex values of the quasimomen-

tum pα, in analogy to the usual one-dimensional massive Euclidean propagator

D(x,m) = ∫
dp

2π

eipx

p2 +m2
= 1

2m
e−m∣x∣ . (4.10)

It is however interesting to observe that the singularities of (4.9) are not present at any fixed order
in the weak coupling expansion of Rα,n (4.3) but rather, they only emerge upon the resummation.
In particular, the closest pole to the origin is located at pα = ±iµn, where µn ∼ n log(1/λ) sets
the weak-coupling mass scale and grows logarithmically.

The appearance of singularities in (4.9) implies that the excitations propagating across the
quiver diagram acquire non-zero masses and correlations between different sites of the lattice
quiver model are suppressed as a function of their separation. This is what we anticipated in
Section 3.5 and our next task is to make the analysis quantitative.

4.1.2 Correlation functions at weak coupling

The correlations between different sites of the quiver diagram depicted in Fig. 3.1 are encoded
in the two-point function G

(2)
IJ (3.7), which is connected to G

(2)
α,n (3.5a) by a discrete Fourier

transform. The cyclic symmetry of the QL theory implies that G(2)IJ actually depends on the
separation Y = ∣I − J ∣ and takes the following form

G
(2)
Y = 1

L

L−1

∑
α=0

eipαYG(2)α,n

≃ Gn
L−1

∑
α=0

eipαYRα,n + . . . = GnfY + . . . ,
(4.11)

where in the second line we replaced G(2)α,n with its leading behaviour in the large-N limit (3.54)
and introduced the function fY , which tacitly also depends on L and on n.

We can combine (4.3) with (4.4) to derive the perturbative expansion of the function fY
(4.11). For instance, the first two terms look as

fY = δY,0 + (δY,1 − 2δY,0 + δY,−1) λ̂2n(
2n

n
)ζ2n−1 +O(λ̂2n+2) , (4.12)

where the Kronecker delta-function δY,p imposes the condition Y = p (mod L) on the lattice.
From a physical point of view, the three terms inside the brackets in (4.12) describe the prop-
agation of excitations to the adjacent sites on the lattice. Similarly, the corrections in the sum
(4.4) describe the propagation of excitations to the adjacent m sites and they contribute to fY
as

fY = δY,0 + ∑
m≥1

λ̂2nmfm,YQm(λ̂2) . (4.13)
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4.1. Weak coupling regimes

In the previous expression, the partial waves fm,Y arise from the discrete Fourier transform of
the function smα (3.13), i.e.

fm,Y =
1

L

L−1

∑
α=0

e
2πi
L

Y αsmα

=
∞

∑
`=−∞

(−1)Y −`L Γ(2m + 1)
4mΓ(m + Y − `L + 1)Γ(m − Y + `L + 1) . (4.14)

The previous expression holds for arbitrary integer Y and non-negative integers m. Moreover,
the sum over ` ensures that fm,Y is periodic on the lattice, fm,Y = fm,Y +L, and satisfies the
relations fm,Y = fm,−Y = fm,L−Y . As a result, fY inherits the same structure and we can restrict
the node separation Y to the interval 0 ≤ Y ≤ L

2 .
Combining (4.13) with (4.14) and replacing the functions Qm(λ̂2) with their perturbative

expansion (4.5), we determine the function fY at weak coupling for arbitrary number of nodes
L, and the scaling dimension of the operators, n. In particular, the leading behaviour of fY
comes from the first term in the sum in (4.13) and takes the following form

fY = λ̂2nY fY,YQY (λ̂2) + ⋅ ⋅ ⋅ = [λ̂2nζ2n−1(
2n

n
)]

Y

+ . . . , (4.15)

for 0 < Y ≤ L
2 . Conversely, when Y > L

2 we have fY = fL−Y .
It follows from (4.15) that the correlation function decays exponentially fast with the sepa-

ration Y between the two sites in the weak coupling regimes, i.e.

fY = e−µnY , µn = − log (λ̂2nζ2n−1(
2n

n
)) . (4.16)

This relation holds for arbitrary 0 < Y ≤ L
2 up to corrections suppressed by powers of λ̂2 and

confirms that the parameter µn defines the ‘mass scale’ (or inverse correlation length) at weak
coupling.
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Figure 4.1: Dependence of the correlation function (4.11) on the distance between the sites Y = ∣I − J ∣
for n = 2, λ̂ = 0.1 and L = 10. The horizontal and vertical axis represent Y and log fY , respectively. The
correlation function is symmetric about Y = L/2.

To test (4.16), we set n = 2 and L = 10, and compute fY for λ̂ = 0.1 and integer Y s within
the interval 0 ≤ Y ≤ 10. The results are shown in Fig. 4.1 and in agreement with (4.16).

4.1.3 The long-quiver limit at weak coupling

The relation (4.15) accounts for the leading correction to fY at weak coupling. This poses the
question of whether higher-order corrections to (4.15) alter the exponential behaviour described
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Chapter 4. Correlation functions in the long-quiver limit

in (4.16). To address this question, we consider the resummation (4.9) and calculate its discrete
Fourier transform 2

fY =
1

L

L/2−1

∑
α=−L/2

e
2πiα
L

Y

1 + 4 sin2 (παL ) e−µn
, (4.17)

where µn is defined in (4.16). Going through the calculation, we find that this sum can be
calculated in closed form

fY = e−µnY
( 2

1+
√
1+4e−µn

)
2Y

√
1 + 4e−µn [1 − ( 2e−µn

1+
√
1+4e−µn+2e−µn

)
L
]
+ (Y → L − Y ) , (4.18)

where µn is defined in (4.16). This relation is valid for 0 ≤ Y ≤ L and it is obtained by neglecting
O(λ̂2) corrections in (4.9). Moreover, the two terms in (4.18) correspond to the two different
paths that excitations can follow to propagate between sites I and J across the quiver diagram
in Fig. 3.1 and ensure the invariance of fY under Y → L − Y .

At weak coupling, the mass scale in (4.16) becomes large and the relation (4.18) can be
expanded in powers of e−µn

fY = e−µnY [1 − 2(1 + Y )e−µn + (2 + Y )(3 + 2Y )e−2µn +O(e−3µn)] + (Y → L − Y ) . (4.19)

The first term dominates for 0 < Y < L
2 and the second one for L

2 < Y < L. The turnover
occurs at Y = L

2 . Importantly, the first term in (4.19) differs from (4.16) only by the subleading
corrections to fY , which are given by a series in e−µn = O(λ̂2n). Since the coefficients of this
series are polynomials in Y , the asymptotic behaviour of fY at large Y is unchanged.

As we previously remarked, the expression (4.18) holds for arbitrary conformal dimension n
and consequently, it can be employed to study the heavy-operator regime (3.71). In particular,
the dependence of (4.19) on n, enters through the mass scale µn (4.16). At fixed coupling and
large n, this parameter scales as µn ∼ n log 4λ̂2 and grows linearly with n. Consequently, for
fixed Y ≠ 0 the function fY vanishes exponentially fast at large n, i.e.

lim
n→∞

fY = δY,0 . (4.20)

This relation also follows immediately from (4.12).
Let us conclude the weak coupling analysis by considering the long-quiver limit L → ∞.

In this regime, the sum (4.17) can be approximated by an integral, suggesting that the quasi-
momentum pα becomes continuous and takes values within the first Brillouin zone [−π,π).
Consequently, in the continuum limit, for L→∞, and for fixed Y the relation (4.17) reduces to

lim
L→∞

fY = ∫
π

−π

dp

2π

eipY

1 + 4 sin2(p/2)e−µn
= e−µnY

( 2

1+
√
1+4e−µn

)
2Y

√
1 + 4e−µn

. (4.21)

We verify that this relation is in a perfect agreement with (4.18).
We conclude that, in the weak coupling regime, the correlations between different sites in

the quiver diagram in Fig. 3.1 decrease exponentially with site separation Y . The corresponding
2We use the symmetry of the sum in (4.11) under α→ L − α to change the range of α.
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4.2. Twisted correlators at strong coupling

mass scale (4.16) depends on the scaling dimension of the operators ∆ = n and scales logarith-
mically with the coupling constant, µn ∼ n log 4λ̂2. By combining together (4.21) and (4.19), we
find that fY can be effectively described by the one-dimensional Feynman propagator (4.10)

lim
L→∞

fY ∼D(Y,µn) , (4.22)

with mass scale µn (4.16) and separation Y , which can be now continued to arbitrary real values.
Let us finally observe that the structure of (4.22) confirms the qualitative discussion we pre-

sented in Section 3.5. However, the effective description collapses to a free propagation without
interactions. As we will shortly see, the strong coupling regimes possess a richer structure.

4.2 Twisted correlators at strong coupling

We now turn our attention to the strong coupling regime of the correlation functions (3.70). In
this limit, it is convenient to regard the determinants in (3.54) as generalisedd Tracy–Widom
distributions (3.60). Our first goal is to review the properties of these distributions in the large−λ
limit and then, compute the correlation functions across the different regimes (3.71).

4.2.1 Asymptotic behaviour of the generalisedd Tracy–Widom distributions

For arbitrary values of the parameters, the strong coupling expansion of the function F` (3.60)
was determined in [69, 102, 109, 110]. In terms of the ratio a = α

L and the rescaled ’t Hooft
coupling λ̂ (3.34), we find the following general form

F` = 4πλ̂ a(1 − a) −
1

2
(2` − 1) log λ̂ +B` +∆F`(λ̂) . (4.23)

Each successive term on the right-hand side of (4.23) is smaller than the preceding one. The
constant term B` can be expressed in terms of Barnes−G functions [70] and satisfies the relation

B`+1 −B` = log ` −
1

2
log(4sα) , (4.24)

while the logarithmic enhanced term log λ̂ arises from the singular behaviour of the combination
1 − χ(x) around the origin [113].

The function ∆F`(λ̂) vanishes as λ̂ → ∞. It accounts for subleading terms in (4.23) of two
different types: ‘perturbative’ corrections, proportional to powers of 1/λ̂, and ‘non-perturbative’,
exponentially small contributions that are proportional to

Λ2
− = e−8πλ̂a , Λ2

+ = e−8πλ̂(1−a) . (4.25)

These parameters are related by the transformation α → L − α and satisfy the relation Λ2
−Λ

2
+ =

e−8πλ̂. The resulting expression for ∆F`(λ̂) takes the form of a transseries

∆F`(λ̂) = F(0,0)` (λ̂) + ∑
n,m

Λ2n
− Λ2m

+ F
(n,m)
` (λ̂) , (4.26)

where the coefficient functions F(0,0)` (λ̂) and F(n,m)` (λ̂) are asymptotic series in powers of 1/λ̂
and related to each other by transformation α → L − α.
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Chapter 4. Correlation functions in the long-quiver limit

The first term on the right-hand side of (4.26) encodes the perturbative corrections at strong
coupling

F(0,0)` = − 1

16λ̂
(2` − 1)(2` − 3)I1 −

1

64λ̂2
(2` − 1)(2` − 3)I21

− 1

3072λ̂3
(2` − 1)(2` − 3)[(2` − 5)(2` + 1)I2 + 16I31 ]

− 1

2048λ̂4
(2` − 1)(2` − 3) [(2` − 5)(2` + 1)I1I2 + 4I41 ] + O(1/λ̂5) , (4.27)

where the expression for the subleading terms in the previous expression can be found in [106].
To all orders in 1/λ̂, the expansion coefficients in (4.27) are proportional to (2`− 1)(2`− 3) and
they are given by multilinear combinations of the shape functions In = In(a)

In =
(−1)n

(2π)2n−1(2n − 2)! [ψ
(2n−2) (a) + ψ(2n−2) (1 − a) − 2ψ(2n−2)(1)] , (4.28)

where ψ(n)(x) = (d/dx)nψ(x) is a derivative of Euler function ψ(x) = (log Γ(x))′. Note that the
expansion coefficients in (4.27) involve powers of I1. All such terms depending on this function
can be eliminated through the redefinition of the coupling constant

λ̂′ = λ̂ − 1

2
I1(a) . (4.29)

The reason why (4.26) takes the form of a transseries is that the expansion coefficients in
(4.27) grow factorially at large orders [102,109,110], making the series divergent and necessitating
a regularization. The non-perturbative terms in (4.26) compensate the inherent ambiguities
arising from the choice of Borel resummation for the functions F(0,0)` (λ̂) and F(n,m)` (λ̂), which
are related to each other by resurgence relations [114, 115]. In particular, the leading non-
perturbative function in (4.26) is given by

F(1,0)` = − i(−1)`S(a)[1 + (2` − 3)(2` − 1)
16πaλ̂′

+ (2` − 5)(2` − 3)(2` − 1)(2` + 1)
512(πaλ̂′)2

+ (2` − 5)(2` − 3)(2` − 1)(2` + 1)((2` − 7)(2` + 3) + 6)
24576(πaλ̂′)3

+
(2` − 5)(2` − 3)(2` − 1)(2` + 1) ((2` − 7)2(2` + 3)2 + 768(πa)3I2)

1572864(πaλ̂′)4
+O(1/λ̂5)],

(4.30)

where the coupling λ̂′ = λ̂′(a) is defined in (4.29) and S(a) is the Stokes constant

S(a) = Γ(1 − 2a)Γ2(1 + a)
Γ(1 + 2a)Γ2(1 − a) . (4.31)

Using the transformation a→ 1 − a in (4.30) we can determine F(0,1)` , while the explicit expres-
sions for the subleading corrections to (4.30) can be found in [109,110].
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4.2. Twisted correlators at strong coupling

Correlation functions of twisted operators at strong coupling

Using the expressions for the strong coupling expansion of the function F` (4.23), we determine
the large-λ̂ behaviour of Rα,n (3.54) and Vα,n (3.69), i.e.

Rα,n =
(n − 1)n
4λ̂2sα

×R(0,0) [1 + e−8πλ̂aR(1,0) + e−8πλ̂(1−a)R(0,1) + . . . ] ,

Vα,n =
√

n − 1
n
× V(0,0) [1 + e−8πλ̂a V(1,0) + e−8πλ̂(1−a) V(0,1) + . . . ] . (4.32)

In the previous expression, R(0,0) and V(0,0) are connected to F(0,0)` by (3.70) and yield the
leading asymptotic behaviour at large λ̂, while the subleading corrections are suppressed by
powers of the non-perturbative parameters Λ2

± (4.25).
The perturbative functions R(0,0) and V(0,0) are given by an asymptotic series in 1/λ̂ with

coefficients that are polynomial in In(a). Going through the calculation, we find that

R(0,0) = ( λ̂
′

λ̂
)
2(n−1)

[1 − (n − 1)(2n − 3)(2n − 1)
96λ̂′3

I2(a)

− 3(n − 1)(2n − 5)(2n − 3)(2n − 1)(2n + 1)
10240λ̂′5

I3(a) +O(1/λ̂′6)],

V(0,0) = ( λ̂
λ̂′
)
1/2

[1 + (2n − 3)(2n − 1)
128λ̂′3

I2(a)

+ 3(2n − 5)(2n − 3)(2n − 1)(2n + 1)
8192λ̂′5

I3(a) +O(1/λ̂′,6)] . (4.33)

Note that the expansion coefficients of the series within the brackets are polynomials in n with
a degree that matches the power of 1/λ̂′ for R(0,0), while it is one degree lower for V(0,0).

Turning our attention to the first non-perturbative contributions in (4.32), we find that their
expressions are given by

R(1,0) = i(−1)nS(a)(n − 1)
πaλ̂′

[1 + (2n − 3)(2n − 1)
16πaλ̂′

+
(2n − 3)(2n − 1) (4n2 − 8n − 1)

512(πaλ̂′)2
+O(1/λ̂3)],

V(1,0) = −2i(−1)nS(a)[1 + 4n2 − 8n + 5
16πaλ̂′

+
(2n − 3)(2n − 1) (4n2 − 8n + 7)

512(πaλ̂′)2
+O(1/λ̂3)], (4.34)

where S(a) is given by (4.31) and we note that the expansion coefficients in (4.34) are polyno-
mials in n with a degree that is twice the power of 1/λ̂′. The functions R(0,1) and V(0,1) can be
obtained from (4.34) by replacing a→ 1 − a.

For finite a = α
L , the relations (4.32) can be used to describe the functions Rα,n and Vα,n

at strong coupling. In this regime, the non-perturbative corrections to (4.32) are exponentially
suppressed at large λ̂, while they become significant in the transition region where λ̂ = O(1).

The situation changes significantly for small a, or equivalently, in the long-quiver limit
L→∞. First, the expansion coefficients in the perturbative functions (4.33) become singular as
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Chapter 4. Correlation functions in the long-quiver limit

a → 0. Second, the parameter Λ2
− = e−8πλ̂a approaches 1 in the limit a → 0. Consequently, the

non-perturbative corrections to (4.32) proportional to powers of Λ2
−, become indistinguishable

from the perturbative contributions. Moreover, the functions (4.34) develop 1/a poles, similar
to their perturbative counterparts in (4.33). Therefore, determining the functions Rα,n and Vα,n
in the long-quiver limit L→∞ requires the resummation of an infinite series of non-perturbative
contributions in (4.32). As we will shortly see, this scenario mirrors the resummation we per-
formed in the weak coupling regime (4.9).

4.2.2 The long-quiver limit

The relations (4.32) are valid at strong coupling for arbitrary a = α
L and n. Our next goal is to

examine their behaviour in the long-quiver limit L→∞, or equivalently, a→ 0. As follows from
(4.28), the functions In(a) diverge in this limit as

In(a) =
(−1)n+1

(2πa)2n−1
+O (a2) . (4.35)

Substituting this relation into (4.33) and (4.34), we find that the strong coupling expansion
effectively runs in powers of 1/(aλ̂). This suggests to consider the following double scaling limit

L→∞ , λ̂→∞ , ξ = 2παλ̂

L
= fixed . (4.36)

As a non-trivial test, we verify that the expressions in (4.32) approach a finite value in this
regime. In particular, the function Rα,n takes the following form

R̃α,n = (n − 1)nξ−2 R̃(0,0) [1 + e−2ξ R̃(1,0) +O(e−4ξ)] , (4.37)

where we introduced a tilde to indicate that this relation only holds in the limit (4.36). Since
the parameter Λ2

+ = e−8πλ̂(1−a) vanishes in the limit (4.36), we find that the non-perturbative
corrections to (4.37) run in powers of Λ2

− = e−2ξ with coefficient functions expressed in terms of
asymptotic series in 1/ξ. For instance,

R̃(0,0) = 1 − (n − 1)
ξ

+ 1

4ξ2
(n − 1)(2n − 3) − 1

32ξ3
(n − 1)(2n − 5)(2n − 3) +O(1/ξ4) ,

R̃(1,0) = 2i(−1)n(n − 1)[1
ξ
+ 1

8ξ2
(4n2 − 8n + 7) + 1

128ξ3
(4n2 − 8n + 7)(4n2 − 8n + 11) +O (1/ξ4) ] .

(4.38)

It follows from (4.37) and (4.38) that the function R̃α,n has a different behaviour at small
and large ξ. Indeed, at large ξ, the non-perturbative corrections in (4.37) are exponentially
suppressed and the resulting expansion of Rα,n is in one-to-one correspondence with the conven-
tional 1/λ̂ expansion of the AdS/CFT duality. This regime describes the correlation function
(3.5a) of twisted operators (3.3) at strong coupling in a quiver theory with a large number of
nodes. At small ξ, all terms inside the brackets of (4.37) become equally important, requiring
the resummation of an infinite series of non-perturbative corrections to find Rα,n in this limit.
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4.2. Twisted correlators at strong coupling

Resummation in the long-quiver limit

The resummation of (4.37) in the small-ξ limit can be performed by observing that the functions
(4.32) can be found in a closed form for arbitrary ξ. The key observation is that, in the dual
lattice model description of the quiver theory, the limit (4.36) corresponds to describe excitations
that propagate across the quiver diagram with vanishing quasimomentum pα (3.12b). As a result,
we can simplify the integral representation of the matrix (3.36) by replacing the symbol χ(x)
(3.35) by its leading behaviour at large λ̂ [28, 70], i.e.

sαχ(
√
t

2λ̂
) → −(2ξ)

2

t
, (4.39)

where we used (3.35) and took the limit (4.36). Applying this transformation to (3.36), the
matrix K` becomes tridiagonal and its Fredholm determinant (3.60) is given by [70]

F̃` = log (Γ(`) ξ1−` I`−1(2ξ)) , (4.40)

where I`−1(2ξ) is a modified Bessel function of the first kind. Finally, we substitute (4.40) into
(3.70) and we find that

R̃α,n = (n − 1)n
In(2ξ)

ξ2In−2(2ξ)
,

Ṽα,n =
√

n − 1
n
[ I2n−1(2ξ)
In−2(2ξ)In(2ξ)

]
1/2

. (4.41)

These relations hold in the double scaling limit (4.36) for arbitrary ξ. The dependence of the
functions (4.41) on ξ is shown in Fig. 4.2. At large ξ, they behave differently, while for small ξ
they approach the same value.
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Figure 4.2: The dependence of the functions R̃α,n (blue curve) and Ṽα,n (red curve) defined in (4.41)
on ξ for n = 2. The dashed line indicates the limiting value of Ṽα,n for ξ →∞.

Replacing the Bessel functions in (4.41) by their asymptotic behaviour at infinity, we verified
that the expansion of R̃α,n at large ξ is in agreement with (4.37) and (4.38). Similarly, the large-ξ
expansion of Ṽα,n coincides with (4.32) in the limit (4.36).

At small ξ, or equivalently for L≫ λ̂, we find from (4.41)

R̃α,n = 1 −
2ξ2

(n − 1)(n + 1) +
(5n + 1)ξ4

(n − 1)2n(n + 1)(n + 2) +O(ξ
6) ,

Ṽα,n = 1 −
ξ2

(n − 1)n(n + 1) +
3(2n + 1)ξ4

2(n − 1)2n(n + 1)2(n + 2) +O(ξ
6) . (4.42)
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Chapter 4. Correlation functions in the long-quiver limit

It is interesting to note that, although this relation was derived in the strong coupling regime, the
asymptotic behaviour of the functions R̃α,n and Ṽα,n as ξ → 0 closely resembles the weak coupling
expansion (4.3). This universality arises because, in both regimes, the coupling constant is much
smaller than the quiver length. Consequently, for L ≫ λ̂, the correlation functions (4.11) are
expected to exhibit the same exponential behaviour (4.16) with respect to the distance between
sites, regardless of the value of the coupling constant. We explicitly demonstrate this in the
next section and calculate the mass scale µn(λ̂) in the strong coupling regime.

4.2.3 Heavy operators limit

Following the analysis of the weak-coupling regime, we discuss the heavy-operator limit n ≫ 1
(3.71) before entering the analysis of the correlations in the long-quiver limit.

To begin with, we observe from (4.33) that, at large n, the strong coupling expansion of the
perturbative functions R(0,0) and V(0,0) runs in powers of n

λ̂
. As a result, we find it convenient

to consider the double scaling limit

n→∞ , λ̂→∞ , n̂ = n

2λ̂
= fixed . (4.43)

It follows from (4.32) that for finite a = α
L the non-perturbative corrections vanish in this limit

and the functions Rα,n and Vα,n only receive perturbative contributions. In particular, we use
(4.32) and (4.33) to obtain in the limit (4.43)

log R̂α,n = 2 log n̂ − log sα − 2n̂I1(a) −
1

3
n̂3I2(a) +O(n̂5) , (4.44)

where the hat on the left-hand side indicates that this relation holds in the regime (4.43).
The subleading terms in (4.44) involve odd powers of n̂ accompanied by functions Ik(a)

defined in (4.28). Following [106], we can show that the series in (4.44) admits the following
compact integral representation

log R̂n,α = −
2n̂

π
∫
∞

n̂

dz

z

log(1 − sαχ(z))√
z2 − n̂2

+O(1/λ̂)

= −2n̂
π
∫
∞

n̂

dz

z
√
z2 − n̂2

log(cosh z − cos(2πa)
cosh z − 1 ) +O(1/λ̂) , (4.45)

where we replaced χ(z) and sα by their expressions (3.35) and (3.13). The corresponding
expression for the function V̂n,α(λ̂) can be obtained by the relation (3.69), i.e.

V̂α,n = 1 −
1

2πλ̂
∫
∞

n̂

dz√
z2 − n̂2

sin2(πa) coth(z/2)
cosh z − cos(2πa) +O(1/λ̂

2) . (4.46)

We stress that the previous expressions are valid up to corrections that vanish in the limit (4.43).
The relations (4.45) and (4.46) hold in the limit (4.43) for arbitrary a = α

L . For a = 1
2 , or

equivalently sα = 1, the relation (4.45) coincides with the result derived in [102]. For a = 0
both functions coincide with their value in a free theory, R̂0,n = V̂0,n = 1, in agreement with the
properties of untwisted operators.

Let us conclude the analysis by examining the behaviour of the functions (4.45) and (4.46)
in the limit L →∞. This regime is closely related to the long-quiver limit (4.36). We therefore
expect that the relations (4.45) and (4.46) have to match (4.41) upon appropriate identification
of the parameters. To observe this agreement, it is important to note that (4.41) was derived
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4.3. Correlations at strong coupling

at large coupling λ̂ with n kept fixed. To reconcile this with the regime specified in (4.43), we
consider n to be large but much smaller than λ̂. This corresponds to the limit of small n̂ in
(4.43), where the dominant contribution to (4.45) and (4.46) comes from integration around
z = n̂. We find at small a = α

L

R̂n,α =
⎡⎢⎢⎢⎣

2

1 +
√
1 + 4ξ2/n2

⎤⎥⎥⎥⎦

2

,

V̂α,n =
⎡⎢⎢⎢⎣
n − 1
n
+ 1

n
√
1 + 4ξ2/n2

⎤⎥⎥⎥⎦

1/2

, (4.47)

where ξ is defined in (4.36). This relation holds for 1 ≪ n ≪ λ̂ and a ≪ 1 with fixed ratio
ξ
n = 2πa

λ̂
n .

It is straightforward to verify that the expansion of (4.47) for small and large ξ
n aligns with

the relations (4.42) and (4.38), respectively, up to subleading corrections suppressed by powers
of 1

n and 1
ξ . For arbitrary ξ = O(n) and large n, the equivalence of the relations (4.41) and

(4.47) can be established by the asymptotic behaviour of the Bessel functions in (4.41) at large
order.

4.3 Correlations at strong coupling

We now turn our attention to the strong coupling behaviour of correlations between different
nodes of the lattice model in the long-quiver limit. According to (4.11), these correlations
are encoded in the function fY , which is given by the sum of Rα,n over possible values of
the quasimomentum pα. In particular, Rα=0,n is protected, while for 1 ≤ α ≤ L − 1 the ratio
Rα,n admits the strong coupling expansion (4.32). Substituting Rα,n in (4.11) with its leading
behaviour at strong coupling (4.32), we get

fY =
1

L
+ 1

L

L−1

∑
α=1

e
2πiα
L

Y (n − 1)n
4λ̂2sα

+O(1/λ̂3) , (4.48)

where the first term on the right-hand side comes from α = 0.
Replacing sα with its definition (3.13), we find that at large L the sum (4.48) receives the

dominant contribution from α≪ L and (L − α) ≪ L. Going through the calculation, we find

fY =
1

L
+ (n − 1)nL

4λ̂2
[1
3
− 2Y (L − Y )

L2
] +O(1/λ̂3) . (4.49)

We observe that, at large λ̂ and L, the second term on the right-hand side behaves as O(L/λ̂2).
Furthermore, taking into account (4.32), we find from the original definition of the function fY
(4.11) that the subleading corrections to (4.49) scale as O(Lk/λ̂k+1). Consequently, the strong
coupling expansion (4.49) is well-defined for L < λ̂. In this regime, (4.49) reveals that correlations
between different sites of the lattice grow polynomially with their separation Y . This means that
all the sites of the lattice model are equally correlated and interactions are not short-ranged. As
a result, we do not expect the emergence of an additional dimension.

In the opposite limit, for L > λ̂, the non-perturbative corrections in (4.32) become comparable
to the 1/λ̂ contributions and the strong coupling expansion diverges. Computing the function
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Chapter 4. Correlation functions in the long-quiver limit

fY for L > λ̂ requires a resummation of the series (4.49) to all orders in 1/λ̂. To start with, we
use (3.55) to rewrite the sum in (4.11) in a more symmetric form

fY =
1

L

L/2−1

∑
α=−L/2

e
2πiα
L

YRα,n(λ̂) . (4.50)

At large λ̂ and L, the dominant contribution to the sum comes from small α
L . In this region,

the function Rα,n can be replaced by its asymptotic expression (4.41) in the limit (4.36), i.e.

fY =
(n − 1)n
λ̂2L

L/2−1

∑
α=−L/2

eipαY
In(2λ̂pα)

p2α In−2(2λ̂pα)
, (4.51)

where the sum runs over possible values of the quasimomentum in the first Brillouin zone
−π ≤ pα < π. To be precise, the sum should be restricted to ∣αL ∣ ≪ 1, which corresponds to
∣pα∣ ≪ 1. However, at large λ̂, the contribution from pα = O(1) to (4.51) is suppressed by a
factor of 1/λ̂2 compared to contribution from small pα and consequently, it does not affect the
leading behaviour of (4.51).

The relation (4.51) holds for large λ̂ and L with their ratio L

λ̂
held fixed. Consequently,

it can be used to interpolate between L ≫ λ̂ and L ≪ λ̂. In the latter case, by isolating the
α = 0 term in the sum (4.51) and replacing the ratio of the Bessel functions for α ≠ 0 with
their expansion at large argument, we arrive at (4.49). Conversely, for L≫ λ̂, the sum in (4.51)
becomes independent of L and can be approximated by an integral over the quasimomentum

fY =
(n − 1)n
λ̂2

∫
π

−π

dp

2π
eipY

In(2λ̂p)
p2 In−2(2λ̂p)

. (4.52)

This relation is valid at strong coupling for λ̂≪ L as L→∞.
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Figure 4.3: The dependence of the function fY (black line) defined in (4.51) on the coupling constant
1 ≤ λ̂ ≤ 100 for L = 50, Y = 10 and n = 2. The red and blue lines represent its asymptotic expressions for
λ̂≫ L and λ̂≪ L given by (4.49) and (4.52), respectively.

The dependence of the function (4.51) on the coupling constant is shown in Fig. 4.3. We
observe that it agrees with the asymptotic expressions (4.49) and (4.52) for λ̂ ≫ L and λ̂ ≪ L,
respectively.

4.3.1 Correlations in the long-quiver limit

We showed in Sect. 4.1 that the function fY decreases exponentially with the distance Y (4.51)
at weak coupling. Moreover, in the long-quiver limit, it collapses to a free one-dimensional
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4.3. Correlations at strong coupling

massive propagator D(y, µn) (4.22). This behaviour of the function fY is intimately related to
the fact that λ̂≪ L.

At strong coupling, the situation changes drastically. Indeed, our analysis emphasises that
the behaviour of fY crucially depends on the ratio L

λ̂
. For L≪ λ̂, the function fY is described by

(4.49). It depends on the quiver length L and its leading O(1/λ̂2) correction displays polynomial
dependence on Y . This implies that correlations in the lattice model spread uniformly and the
quiver theory remains a strongly coupled four-dimensional model. Conversely, for L ≫ λ̂, we
apply (4.52) and change the integration variable p→ p/(2λ̂) to find at large λ̂

fY =
2(n − 1)n

λ̂
∫
∞

−∞

dp

2π
eipy

In(p)
p2 In−2(p)

, (4.53)

where y = Y /(2λ̂) is kept fixed in the large−λ̂ limit.
The relation (4.53) should be compared with the analogous result (4.21) in the weak coupling

regime. In both cases, the leading large-Y behaviour of the integral over p is determined by
the singularity of the integrand closest to the origin. At weak coupling, this singularity arises
from a pole at p = iµn, where µn is the weak coupling mass scale (4.16). At strong coupling,
the singularities originate from the zeros of In−2(p) in the integrand of (4.53). They are located
along the imaginary axis at p = imk, where mk is the k-th zero of the Bessel function Jn−2(x)

Jn−2(mk) = 0 , (k = 1,2, . . . ) . (4.54)

To avoid clutter, we do not display the dependence of mk on n.
To calculate the integral (4.53), it is convenient to express the ratio of Bessel functions in

terms of an infinite sum over poles at p = ±imk

In(p)
p2In−2(p)

=
∞

∑
k=1

4(n − 1)
m2

k (p2 +m2
k)
. (4.55)

Each term on the right-hand side contains the factor of (p2+m2
k)−1, describing a one-dimensional

Euclidean propagator (4.10) of a particle with momentum p and mass mk. Substituting (4.55)
into (4.53) and closing the integration contour in the upper half-plane, we find for y > 0

fY =
4n(n − 1)2

λ̂

∞

∑
k=1

e−ymk

m3
k

. (4.56)

At large y, the sum is dominated by the term involving the minimal mass m1, i.e.

fY ∼ e−ym1 = e−Y
m1

2λ̂ . (4.57)

Remarkably, this relation exhibits the same exponential dependence on the distance between
the nodes Y as in the weak coupling regime (4.16). According to (4.57), the corresponding mass
scale µn at strong coupling is given by

µn =
m1

2λ̂
, (4.58)

which decreases as λ̂→∞.
The function (4.56) describes the correlation function (4.11) of two operators inserted at

different nodes Y = ∣I − J ∣ in the limit L ≫ λ̂ ≫ 1. Viewed through the lens of the quiver
lattice model, the exponential suppression of correlations (4.57) at large separations Y indicates
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Chapter 4. Correlation functions in the long-quiver limit

the presence of short-ranged interactions, with correlation length 1/µn = O(λ̂). This result is
in agreement with the findings of [70] and suggests the emergence of an additional dimension
through a local description of these interactions.

Before turning our attention to this aspect, we examine the relation (4.56) in the limit
(4.43), where the scaling dimensions of the operators in (4.11) become large. The dependence
on n enters the sum (4.56) through the zeros of the Bessel function (4.54). In the limit of large
n, the zeros of the Bessel functions Jn−2(x) have the following properties. The minimal zero m1

is given by (see [116], Eq. (10.21.32))

m1 = n + cn1/3 +O(n0) , (4.59)

where c is a real positive number, while the remaining zeros approach a nearly uniform distri-
bution with a spacing of approximately π. Taking these properties into account we get from
(4.56)

fY =
4

λ̂
e−yn + ⋅ ⋅ ⋅ = 4

λ̂
e
−Y

n

2λ̂ + . . . , (4.60)

where the dots denote subleading corrections suppressed by powers of 1/n and e−y. The corre-
sponding mass scale (4.58) approaches a finite value in the limit (4.43)

µn =
n

2λ̂
= n̂ . (4.61)

Thus, for the operators with large scaling dimension the correlation length 1/µn remains finite
at strong coupling.

4.4 Constructing a five-dimensional theory

In the previous sections, we computed the correlation fY (4.11) between two different nodes of
the quiver diagram in Fig. 3.1 across the different regimes (3.71). We determined the dependence
of fY on the node separation Y and showed that in the long-quiver limit L→∞, fY approaches
a finite value both at weak- and strong-coupling. This suggests that fY can be interpreted as a
correlation function in a one-dimensional field theory, which arises as an effective description of
the lattice model when L→∞. Our final goal is to identify the properties of this theory.

At weak coupling, where λ → 0, fY reduces to a massive free propagator on the real line
(4.22). This means that the lattice model is essentially described by a free model at the leading
order of the long-quiver limit. Moreover, combining (4.22) with (4.11), we can identify the
function Gn(y) (3.75) at weak coupling, i.e.

Gn(y) ∼ GnD(y, µn) , (4.62)

where Gn is the colour factor introduced in (3.54), D(x,m) is the massive one-dimensional
Feynman propagator defined in (4.10), while µn is the weak-coupling mass scale (4.16).

The situation changes drastically at strong coupling, where the two-point function fY is given
by a linear combination of one-dimensional free propagators (4.56). This structure suggests to
introduce a spectral density

ρn(µ2) =
4(n − 1)
µ2

∞

∑
k=1

δ(µ2 −m2
k) , (4.63)
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where the sum runs over zeros of the Bessel function (4.54). Moreover, by examining the leading
asymptotic behaviour on both sides of (4.55) for p→∞, we find that ρn is properly normalized

∫
∞

0
dµ2ρn(µ2) = 1 . (4.64)

As a result, the two-point function fY (4.56) takes the form of a Källén-Lehmann representation
[117]

fn(y) =
2n(n − 1)

λ̂
∫
∞

0
dµ2ρn(µ2)D(y, µ) , (4.65)

where the masses of the excited states are identified with the zero of the Bessel functions (4.54).
As a result, at strong coupling the effective description is interacting and by substituting the
previous relation into (3.75), we determine the function Gn(y), i.e.

Gn(y) ∼ ∫
∞

0
dµ2ρn(µ2)D(y, µ) . (4.66)

4.5 Three-point functions
So far our discussion was restricted to the two-point functions (4.11). We observed that in the
long-quiver limit, these observables behave differently at weak and strong coupling. In the latter
case, we showed that the effective theory describing the lattice model as L→∞ is interacting and
we determined the spectrum of excitations. To gain some further intuition into the interaction
structures of this effective field theory, we extend analysis to the three-point function (3.7b) in
the long-quiver limit at strong coupling.

Applying the discrete Fourier transform (3.3) to each operator in (3.5b), we obtain the
following representation for the three-point function in the long-quiver limit

⟨On1(x1, y1)On2(x2, y2)Ōn3(x3, y3)⟩ = Gn1n2n3

√
n1n2n3

N

fn(y1, y2, y3)
∣x1 − x3∣2n1 ∣x2 − x3∣2n2

. (4.67)

The normalization factor Gn1n2n3 = δn1+n2,n3

√
Gn1Gn2Gn3 , where Gn is defined in (3.54), is non-

vanishing only when n3 = n1 + n2, while the function fn(y1, y2, y3) depends on the separations
between the operators yij = yi − yj and their scaling dimensions n = (n1, n2, n3). In particular,
fn arises from the long-quiver limit of (3.70c), i.e.

fn(y1, y2, y3) =
1

L2

L−1

∑
α1,α2=0

e
2πi
L
(α1Y13+α2Y23)

3

∏
i=1

eFni−Fni−1 , (4.68)

where we keep fixed Yij = Ii − Ij = 2λ̂(yi − yj), and we recall that Fni (3.60) depends on the
quasimomenta pi = 2παi

L through the function sα (3.13). Following the approach we developed
for the two-point functions, we can replace the sums in (4.68) by integrals over a continuum
variable p as follows

fn(y1, y2, y3) = ∫
∞

−∞
dy0Gn1(y1 − y0)Gn2(y2 − y0)Gn3(y3 − y0) . (4.69)

The function Gn(y) is given by a Fourier integral

Gn(y) = ∫
π

−π

dp

2π
eipY eF̃n−F̃n−1 = n − 1

λ̂
∫
∞

−∞

dp

2π
eipy

In−1(p)
p In−2(p)

, (4.70)
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where in the second relation we replaced F̃n with its expression (4.40), changed the integration
variable as p → p/(2λ̂) and took the limit of large λ̂. The integral in (4.70) is similar to that in
(4.53) and it can be evaluated in the same manner. We use the properties of the Bessel function
to replace in (4.70)

In−1(p)
pIn−2(p)

= ∑
k≥1

2

p2 +m2
k

, (4.71)

where the sum runs over zeros of the Bessel function (4.54). In this way, we obtain the following
representation of the function (4.70)

Gn(y) =
n − 1
λ̂

∞

∑
k=1

e−mk ∣y∣

mk

= 1

2λ̂
∫
∞

0
dµµ2 ρn(µ2)D(y, µ) , (4.72)

where the spectral density ρn is given by (4.63), while D(x,m) is the usual massive propagator
on the real line (4.10). Similar to (4.57), the leading behaviour of Gn(y) at large y is determined
by the minimal zero m1 of the Bessel function (4.54)

Gn(y) ∼
n − 1
λ̂νn

e−νn∣y∣ , (4.73)

where νn =m1 depends on n (see (4.59)). Substituting this relation into (4.69) we find that the
three-point function (4.69) rapidly decreases for y1 ≫ y2, y3 as follows

fn(y1, y2, y3) ∼ e−ν y1 , (4.74)

where ν =min(νn1 , νn2 + νn3).
The relations (4.73) and (4.74) are in agreement with our expectations that, due to a fi-

nite mass of excitations propagating in the fifth dimension, the correlation functions should be
exponentially decreasing functions of the separations of the operators.

4.6 Dual holographic description

The N = 2 quiver theories under examination admit a dual holographic description in terms of
an AdS5 ×S5 geometry [118,119]. We now want to compare the results of our analysis at strong
coupling with those previously obtained using the AdS/CFT correspondence.

The correlation functions (3.5) are holographically described by the dynamics of fields propa-
gating in the AdS space [6]. The effective action for the supergravity modes dual to the operators
Tα,n(x) (3.3) was derived in [66,82,119,120]. Using this effective action, the two- and three-point
correlation functions (3.5) were computed in [66] in terms of effective Witten diagrams. The
resulting expression for the OPE coefficients (3.52) obtained in the AdS/CFT approach is 3

Cαi,ni =
√
(n1 − 1)(n2 − 1)(n3 − 1)√

LN
+O(1/λ̂) , (4.75)

3Strictly speaking, this relation only holds for the twisted operators with αi ≠ 0. For the untwisted operators
with αi = 0 one has to replace

√
ni − 1→

√
ni in (4.75).
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where the last term describes the subleading correction coming from the stringy modes. This
relation aligns with the analogous result (3.52), derived from localization, after replacing the
functions Vαi,ni (3.69) with their leading behaviour at strong coupling (4.32).

An important question is whether (4.75) provides a good approximation for the OPE coef-
ficients at strong coupling. We observe that the leading term in (4.75) is independent of the
quasimomenta pαi = 2παi/L of the operators. This dependence arises when we account for the
subleading corrections to (4.75) in 1/λ̂. We demonstrated in the previous sections that for small
values of the quasimomenta, or equivalently in the large L limit, these corrections run in powers
of 1/(λ̂pα). As a result, for L ≫ λ, the subleading corrections become comparable with the
leading term in (4.75), thus invalidating the strong coupling expansion of Cαi,ni .

Applying (4.41), we find that the structure constants (3.52) are given in the long-quiver limit
by

C3 =
√
(n1 − 1)(n2 − 1)(n3 − 1)√

LN

3

∏
i=1

[ I2n−1(2ξi)
In−2(2ξi)In(2ξi)

]
1/2

, (4.76)

where ξi = 2παiλ̂/L. As we previously explained, the last factor in this relation takes into
account both perturbative corrections in 1/λ̂ as well as non-perturbative exponentially small
contributions.

The relation (4.75) corresponds to the limit of (4.76) when all ξi are sent to infinity. Another
interesting feature of the relation (4.76) is that for αi → 0 (or equivalently ξi → 0) it correctly
reproduces the OPE coefficient for the untwisted operators

lim
αi→0

C3 =
√
n1n2n3√
LN

. (4.77)

In the dual holographic description, the last factor in (4.76) should arise from the effective
action of the Kaluza-Klein (KK) mode ηαi,ni dual to the operators Tαi,ni(x) (3.3). We can use
the results of the previous sections to construct this action.

In the long-quiver limit, the QL theory living at the boundary of the AdS5 becomes effectively
five-dimensional. This suggests to interpret the quasimomentum pα carried by the conformal
primary operator as a momentum in the fifth dimension Tαi,ni → Tni(pαi). Consequently, the
KK modes also carry this momentum ηαi,ni → ηni(pαi) and their effective action depends on
pαi .

Due to the factorized dependence of the two- and three-point correlation functions on the
quasimomentum and the space-time coordinates of operators, the dynamics of the KK modes in
the fifth dimension is decoupled from the one in AdS5. This allows us to neglect the dependence
of Tn(p) and ηn(p) on the AdS coordinates and concentrate on their dependence on p. The
resulting effective action of the KK modes takes the form

Seff = Sbdry + S(2) + S(3) + . . . . (4.78)

The first term describes the coupling of the local operators with the KK modes at the boundary
of the AdS space

Sbdry = ∑
n
∫

dp

2π
[η̄n(p)Tn(−p) + T̄n(p)ηn(−p)] . (4.79)

The two additional terms in (4.78) are quadratic and cubic in the KK modes, respectively. Their
general form, consistent with the conservation of U(1) charge and momentum along the fifth
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dimension, is given by

S(2) = ∑
n
∫

dp

2π
S(p)ηn(p)η̄n(−p) , (4.80a)

S(3) = ∑
ni

∫
3

∏
i=1

dpi
2π

S(p1, p2, p3)ηn1(p1)ηn2(p2)η̄n3(p3)δn1+n2,n3δ(p1 + p2 + p3) + c.c. , (4.80b)

where the dependence of S(p) and S(p1, p2, p3) on the charges ni is tacitly assumed. We would
like to emphasise that these relations hold for small values of the momenta pi.

The S−functions in (4.80) can be determined by comparing the correlators ⟨0∣Tn1(p1)T
†
n2(p2)∣0⟩

and ⟨0∣Tn1(p1)Tn2(p2)T
†
n3(p3)∣0⟩ computed within the effective theory (4.78) with their expres-

sions predicted by the localization in the long-quiver limit. This procedure yields

S(p) = ω2N2L
(n − 1)In(2λ̂p)
(λ̂p)2 In−2(2λ̂p)

, (4.81a)

S(p1, p2, p3) = ω3N2L
3

∏
i=1

(ni − 1)Ini−1(2λ̂pi)
λ̂pi Ini−2(2λ̂pi)

, (4.81b)

where ω is a normalization factor. The OPE coefficients (4.76) are given by

C3 =
S(p1, p2, p3)√

S(p1)S(p2)S(p3)
. (4.82)

We recall that the untwisted operators carry vanishing momenta along fifth dimension. The
effective action of the corresponding KK modes ηn(0) should be independent of the coupling
constant. Indeed, we verify that for pi → 0 both relations in (4.81) cease to depend on g and C3

coincides with its value (4.77) in a free theory. For nonzero p and g →∞ the function S(0, p,−p)
coincides (up to a normalization factor) with the analogous function defining the cubic term in
the effective action proportional to η0,n1ηα,n2 η̄−α,n3 and involving one untwisted and two twisted
KK modes carrying small quasimomentum pα = 2πα/L (see (5.64) in [66]).

4.7 Discussions and Future Directions

In this second part of the thesis, we analysed a special class of superconformal N = 2 theories,
known as quiver models. Our purpose was to employ these setups as protected playgrounds for
exploring physical effects that remain elusive in more realistic scenarios. The primary example
we considered in our analysis is the limit of long-quiver, where the theory is expected to undergo
the deconstruction mechanism [94] and behaves as a higher-dimensional model.

We revisit this mechanism by investigating protected correlation functions (3.5) of chiral pri-
mary half-BPS operators. Using supersymmetric localization, these observables can be expressed
as matrix integrals which, in the planar limit, reduce to Fredholm determinants of semi-infinite
matrices (3.36). This powerful representation, which is closely related to the celebrated Tracy–
Widom distributions [104], allowed us to investigate the properties of the correlation functions
across the parameter space of the theory.

We analysed the correlation functions at weak and strong coupling, and in various limits of
the number of nodes and the operator scaling dimensions. We showed that their properties are
naturally interpreted in terms of a one-dimensional lattice model (3.8) defined on the quiver
diagram (Fig. 3.1). The emergence of a fifth dimension in the long-quiver limit, understood
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as the continuum limit of this lattice model, crucially depends on the hierarchy between the
’t Hooft coupling λ and the number of nodes L. A fifth dimension arises only in the regime
L≫

√
λ, where interactions in the lattice model become short-ranged and can be described by

an effective local field theory. This involves massive degrees of freedom which remain, however,
decoupled from the four-dimensional ones. Consequently, for L≫

√
λ the quiver theory behaves

as a five-dimensional model in which Lorentz invariance is broken.
At weak coupling, the two-point correlation functions have a well-defined scaling behaviour in

the limit L→∞. They decay exponentially fast with the node separation and the characteristic
mass scale grows logarithmically with λ. This scaling is consistent with the propagation of
massive particles along the emergent fifth dimension. In this case, the effective description
collapses to a free field theory as the interaction strength between the diagram nodes goes to
zero.

At strong coupling, the semi-classical AdS/CFT expansion of the correlation functions di-
verges as L → ∞. By including both perturbative corrections in 1/

√
λ and an infinite tower

of non-perturbative, exponentially suppressed contributions, we derived a remarkably simple
expression for the observables in the long-quiver limit. These exhibit an exponential behaviour
with the node separation which is analogous to that of the weak coupling regime. In this case,
however, the effective description is interacting and possesses a well-defined spectrum of masses
which are in one-to-one correspondence with the zeros of Bessel functions.

Our analysis poses the natural question of whether the behaviour in the long-quiver limit is
preserved at the non-planar level. To address this question, the method developed in Section 3.3
to calculate the observable at the planar level can provide an efficient approach to systematically
include the non-planar corrections. For the free energy and expectation value of circular Wilson
loops this was done in [69, 70, 81]. Determining these observables at the non-planar level can
shed new light on the holographic description of the emergent five-dimensional theory describing
quiver models in the deconstruction limit.
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Part III

Probing non-conformal N = 2 gauge
theories by localization
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Chapter 5

Localization predictions in
non-conformal theories

Info: Part of the content and figures of this chapter have been published together with
M. Billo’, L. Griguolo and A. Lerda in [23–26].

i

5.1 Motivations

In the previous chapters, we applied supersymmetric localization on the four-sphere S4 to study
special N = 2 superconformal models. In this case, conformal invariance ensures that the ob-
servables computed on the sphere can be naturally related to their flat-space counterparts. This
correspondence allows us to exploit the matrix model derived from localization to explore regions
of the parameter space that are otherwise inaccessible by standard perturbative techniques.

In four-dimensional superconformal N = 2 and N = 4 super-Yang–Mills theories, the corre-
spondence between matrix models on the sphere and flat-space dynamics has been extensively
explored for a wide range of observables, including BPS Wilson loops [27, 55, 121–123], families
of BPS local operators [58,62,63,80,124–128], and Bremsstrahlung functions [75,129–132].

The remarkable effectiveness of the matrix model description in these conformal settings
naturally raises the question of whether supersymmetric localization predictions on S4 retain a
physical meaning in flat space when we move beyond conformal setups.

When the theory involves dimensionful parameters, such as a mass term in N = 2∗ models
or a scale generated by dimensional transmutation, the properties of the theory at short and
long distances change, and we generally expect a mismatch between the results in flat space
and on the sphere. In particular, in massive theories, observables on S4 exhibit a dependence
on both the mass scale and the radius through their product, which is usually different from
the flat-space counterparts. This scenario was analysed in [133], where the authors studied the
half-BPS Wilson loop in N = 2∗ SYM and found that two-loop perturbative computations on
S4 match the matrix model predictions, whereas the analogous flat-space calculation exhibits a
distinct behaviour.

While a mass deformation explicitly breaks conformal symmetry, in theories with massless
matter and a non-vanishing β-function, the breaking occurs dynamically at the quantum level.
Nevertheless, as we showed in Section 2.3, supersymmetric localization on S4 remains applicable
and maps the expectation values of protected operators to a matrix model whose effective
coupling depends on the radius of the sphere through the one-loop exact running coupling
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Chapter 5. Localization predictions in non-conformal theories

g (2.27). This mirrors the usual structure of flat-space renormalization, naturally leading to
the question of whether the two descriptions remain connected despite conformal symmetry
breaking.

In this final part of the thesis, we address this question by studying localizable observables
in N = 2 SYM theories with gauge group SU(N) and massless hypermultiplets in a generic
representation R. Within this framework, we focus on two classes of observables: correlators of
multi-trace chiral operators and the expectation value of half-BPS Wilson loops. On the four-
sphere, supersymmetric localization maps these quantities to the matrix model (2.31) discussed
in Section 2.3. Our analysis demonstrates that, within a specific regime of validity, the flat-space
computations of these observables at high orders in perturbation theory precisely match the
matrix model predictions, establishing a non-trivial bridge between supersymmetric localization
on S4 and flat-space dynamics beyond the conformal domain.

The remainder of this chapter is organised as follows. In Section 5.2, we introduce the
observables under consideration, namely, the half-BPS Wilson loops and the chiral correlators,
and in Section 5.4 we present their evaluation within the matrix model framework on S4.

5.2 Supersymmetric Wilson loops and chiral operators
The high-energy behaviour of non-Abelian gauge theories, such as QCD, is well understood
within the framework of perturbation theory through the mechanism of asymptotic freedom. In
this regime, dynamical quarks are treated as light degrees of freedom in the action and the theory
can be probed perturbatively. At low energies, however, these models exhibit confinement:
quarks cannot freely propagate and only appear as bound states.

An efficient approach to probe the strongly coupled regimes of non-Abelian gauge theories
consists of introducing external heavy quarks, which are no longer dynamical but are kept at a
fixed distance in time. The physical observable that naturally encodes their interaction potential
Vqq̄(r) is the expectation value of the Wilson loop.

Originally introduced in [134], this operator captures the phase factor acquired by an external
quark moving along a closed path. In non-Abelian theories, it provides one of the most general
non-local (gauge-invariant) observables, and it is defined as the holonomy of the connection
Aµ(x) = Aa

µ(x)T a
R

W = 1

dimR
TrR P exp{ig

Y.M. ∫
C
dτ Aµ(x(τ))ẋµ(τ)} . (5.1)

Here, g
Y.M.

is the gauge coupling constant, dimR denotes the dimension of the representation
R, and C is a closed curve parametrized by the coordinates xµ(τ). Moreover, P denotes the
path-ordering symbol, which accounts for the non-commutativity of the gauge-algebra valued
matrices Aµ(x(τ)) and acts as

P
n

∏
i=1

Aµ(x(τi)) = Aµ(x(τ1))Aµ(x(τ2)) . . .Aµ(x(τn))θ(τ12) . . . θ(τn−1,n) + . . . , (5.2)

where θ(x) is the Heaviside step function and τij = τi − τj . The path-ordering operator P is
required to define the non-Abelian holonomy consistently, while the trace over the representation
R ensures gauge invariance of W .

One of the reasons why the expectation value of the Wilson loop (5.1) is extremely important
in gauge theories is that it can be interpreted as an order parameter for confinement. To see
this, we consider a rectangular Wilson loop in Euclidean space with temporal extent T and
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5.2. Supersymmetric Wilson loops and chiral operators

spatial separation r, which describes a quark-antiquark (qq̄) pair created at t = 0 and held fixed
at distance r (see Fig. 5.1). In this setup, one can show that

⟨W ⟩ ≃ e−TVqq̄(r) , (5.3)

where Vqq̄(r) is the static potential of the quark pair at distance r in the limit T → ∞. In the
confining phase, the potential grows linearly with the distance, Vqq̄(r) ∼ r, meaning that quarks
cannot be separated by a finite amount of energy. Conversely, in the deconfined (or Coulomb-
like) phase, the behaviour is similar to electrodynamics, with Vqq̄(r) ∼ 1/r. These two regimes
translate into distinct behaviours of (5.3): in the confined phase the observable follows an area
law, depending on A = rT , while in the deconfined phase it scales as k = T /r. Accordingly,

lim
r→∞
⟨W ⟩ ∼ e−A → 0 , confined phase,

lim
r→∞
⟨W ⟩ ∼ e−k ≠ 0 , unconfined phase.

(5.4)

This illustrates why the Wilson loop expectation value serves as an order parameter for confine-
ment.

x

t

q

T

q̄

r

Figure 5.1: Rectangular Wilson loop in the (x, t) plane.

5.2.1 Supersymmetric Wilson loops

In supersymmetric gauge theories, one can construct generalisedd versions of the Wilson loop
(5.1) that preserve part of the underlying supersymmetry. This idea, originally developed by
Maldacena in the context of the AdS/CFT correspondence [5, 6], consists of modifying the
operator (5.1) by introducing additional couplings to the scalar fields of the vector multiplet.

In N = 4 super-Yang–Mills theory, the resulting operator, known as the Maldacena–Wilson
loop, takes the following form [135]

WN=4 =
1

dimR
TrR P exp(g

Y.M. ∮
C
dτ (iẋµ(τ)Aµ(x(τ)) + ∣ẋ(τ)∣nuφu(x(τ)))) , (5.5)

where g
Y.M.

is the gauge coupling constant, nu (with u = 1, . . . ,6) is a unit vector in the internal
space of scalar fields, and C is a closed contour parametrized by xµ(τ).

Under supersymmetry transformations, the variation of the gauge term in (5.5) can be
compensated by the scalar coupling. This mechanism imposes non-trivial constraints on the
contour C and on the choice of the vector nu, determining the preserved fraction of supercharges.
For example, if C is a straight line or a circle in R4 and nu is constant, the operator (5.5) preserves
half of the global supersymmetry. More general contours usually preserve smaller fractions of
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Chapter 5. Localization predictions in non-conformal theories

supersymmetry and were systematically classified in [136–138], revealing a rich interplay between
geometry and supersymmetry.

In this section, we focus on N = 2 super-Yang–Mills theories, where only two real scalars
from the vector multiplet are available to couple to the Wilson loop and the general construction
reduces to (5.5) with u = 1,2, i.e.

WN=2 =
TrR
dimR

P exp(g
Y.M. ∮

C
dτ (iẋµ(τ)Aµ(x(τ)) + ∣ẋ(τ)∣ (n1(τ)φ1(x(τ)) + n2(τ)φ2(xτ)) )) .

(5.6)
Despite the lower amount of supersymmetry than the N = 4 case, one can still construct

half- and quarter-BPS Wilson loops: the former are associated with straight lines or circles,
whereas the latter correspond to special contours lying on a two-sphere S2 [27, 61].

For our purposes, the half-BPS circular Wilson loop serves as an effective probe to examine
the dynamics of N = 2 theories. Its expectation value is a non-trivial function of the theory
parameters and, remarkably, can be computed exactly through supersymmetric localization on
S4 [55]. This makes it a natural candidate for testing the relation between localization results
on S4 and standard field-theory techniques in flat space beyond conformal settings.

In general SU(N) N = 2 SYM theories defined in Euclidean space, the half-BPS circular
Wilson loop in the fundamental representation is given by

W = 1

N
tr P exp{gB ∫

C
dτ [iAµ(x(τ))ẋµ(τ) +

R√
2
(φ̄(x(τ)) + φ(x(τ)))]} , (5.7)

where gB is the bare coupling constant, while tr denotes the trace in the fundamental represen-
tation. Moreover, the gauge field Aµ and the complex scalar φ are integrated over a circle C of
radius R, canonically parametrized by

xµ(τ) = R(cos τ, sin τ,0,0) , with 0 ≤ τ < 2π . (5.8)

In theories with a non-vanishing β-function, conformal invariance is broken at the quantum
level, making the agreement between the flat-space predictions and those on the four-sphere S4

no longer automatic. Nevertheless, the half-BPS circular Wilson loop can still be consistently
defined on both manifolds. In particular, to apply supersymmetric localization on S4, the
operator must be placed on a maximal circle of S4 [55]. This requirement fixes the configuration
in flat space, where we consider a circular loop of radius R such that, under stereographic
projection, is mapped to the equator of S4. As a result, the radii in the two geometries coincide
(see Fig. 5.2), providing a clear and natural geometric bridge between flat space and the sphere.

5.3 Chiral and anti-chiral correlators

The second class of observables we consider are the correlation functions of gauge-invariant
multi-trace operators

On⃗(x) =
`

∏
i=1

gni
B trφni(x) , (5.9)

where φ denotes the complex scalar field in the vector multiplet, gB is the bare coupling, and
the integers ni are collectively encoded in n⃗ = (n1, n2, . . . , n`). These operators belong to the
chiral ring of the theory, whose structure is protected by supersymmetry.
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Figure 5.2: Relation between the circular Wilson loop defined on R4 and its counterpart on S4. A
circle of radius R in flat space is mapped to the equator of S4, which is the configuration required by
supersymmetric localization.

The operator On⃗(x) preserves half of the supercharges, as it arises from a composition of
chiral single-trace operators (3.1), and possesses a bare scaling dimension

n =
`

∑
i=1

ni , (5.10)

together with a U(1) charge which, in our conventions, coincides with n.
Since the scalar φ(x) takes values in the gauge algebra su(N), it can be expressed as a linear

combination of generators 1 T a (with a = 1, . . . ,N2 − 1), i.e. φ(x) = φa(x)T a. Consequently,
On⃗(x) can be expanded as

On⃗(x) = gnB Ra1...an
n⃗ φa1(x) . . . φan(x) , (5.11)

where Ra1...an
n⃗ is an SU(N) completely symmetric tensor defined as

Ra1...an
n⃗ = trT (a1⋯T an1 trT an1+1⋯T an1+n2 . . . trT an1+...+n`−1+1⋯T an) . (5.12)

By replacing φ with its complex conjugate φ in (5.9), one obtains the anti-chiral operators On⃗,
characterized by the same scaling dimension of On⃗(x) but negative U(1)-charge.

The object of interest is the two-point correlator ⟨On⃗(x)Om⃗(0) ⟩. In N = 2 superconformal
theories, the operator On⃗(x) is a conformal primary. This implies that the kinematic structure
of the two-point function is fixed by conformal symmetry (1.15), i.e.

⟨On⃗(x)Om⃗(0) ⟩ =
Gn⃗,m⃗

(4π2x2)n δnm , (5.13)

where the normalization factor Gn⃗,m⃗ is a non-trivial function of the gauge coupling and of the
rank of the gauge groupN . In these setups, Gn⃗,m⃗ can be computed from the partition function on
S4 with insertions of chiral and anti-chiral operators at the north and south poles, respectively;
supersymmetric localization reduces this observable to a matrix model [62,98–100,139–143].

1Our conventions for the generators of su(N) are outlined in Appendix B.1
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By contrast, in theories with non-vanishing β-function, conformal invariance is broken at
the quantum level. As a result, Gn⃗,m⃗ acquires a dependence on the separation x2 through the
running coupling, which signals the presence of anomalous dimensions [26, 144]. Nevertheless,
the matrix model on S4 can still be employed to compute Gn⃗,m⃗, provided that the chiral and
anti-chiral operators (5.9) are inserted at antipodal points on S4 [98, 143]. This requirement
sets the scale of the observable and provides the geometric connection between the description
in flat space and that on S4. More concretely, the operator separation in flat space ∣x∣ is related
to the radius R of S4 by the relation (see Fig. 5.3)

∣x∣ = 2R . (5.14)

Figure 5.3: A three-dimensional representation of the relation between operators at antipodal points
on the sphere are related to those in flat space by a separation ∣x∣ = 2R.

In the following, we will provide a detailed analysis of the supersymmetric Wilson loop and
the correlator (5.13) both in flat space and on the four-sphere. Working in N = 2 theories with
non-vanishing β-function, we will show a non-trivial agreement at high orders in perturbation
theory between the predictions in the two descriptions.

5.4 Localization predictions
In this section, we analyse the vacuum expectation value of the half-BPS Wilson loop (5.7) and
the two-point function Gn⃗,m⃗ (5.13) using the matrix model generated by supersymmetric local-
ization on S4. We consider N = 2 SYM theories with massless hypermultiplets in an arbitrary
representation R and non-vanishing β-function, for which the matrix model was extensively
discussed in Section 2.3. Although our analysis is completely general, we sometimes focus on
theories with Nf fundamental, Ns symmetric and Na anti-symmetric flavours, where the matter
representation R takes the following form

R̂ = Nf ⊕Ns ⊕Na . (5.15)

The corresponding one-loop coefficient β0 (1.25) of the β-function can be calculated by applying
the group information outlined in Appendix B.1 and is given by

β̂0 = 2N − 2iR̂
= 2N −Nf −Na(N − 2) −Ns(N + 2) .

(5.16)

5.4.1 Supersymmetric Wilson loop

We begin with considering the vacuum expectation value of the half-BPS circular Wilson loop
on S4. Defining the operator (5.7) on the equator of a four-dimensional sphere S4 of radius R,
supersymmetric localization maps the observable to a matrix model [55].
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In the N = 2 theories under examination, the observable can be written as follows 2 [23, 24]

W (g) = 1

Z ∫ Da e− tra
2−SInt(a,g)W(a, g)

= 1

Z ∫ Da e− tra
2−SInt(a,g) ( 1

N
tr exp( ag√

2
)) ,

(5.17)

where Z is the partition function (2.31), g is the running coupling constant (2.27), while tr
denotes the fundamental trace of su(N).

At weak coupling, we can expand the matrix integral (5.17) in powers of the interaction
action SInt(a, g) (2.20) and reduce the calculation to a set of expectation values evaluated with
a Gaussian measure, i.e.

W (g) =W0(g) − ⟨W(a, g)SInt(a, g)⟩0,c + . . .

=W0(g) + (
g2

8π2
)
2
ζ3
2
⟨W(a, g) Tr′R a4⟩0,c + . . . ,

(5.18)

where to obtain the second line we replaced the interaction action SInt with its perturbative
expansion (2.20). Moreover, we denoted with a subscript c the connected part of the correlator
and with W0 the expectation value of the half-BPS Wilson loop in the free matrix model or,
equivalently, in N = 4 SYM. By employing the recursive relations of [62], we find that

W0 = ∫ Da e− tra
2W(a, g)

= 1 + g
2CF

4
+ g

4CF (2N2 − 3)
192N

+ g
6CF (N4 − 3N2 + 3)

4608N2
+ . . . , (5.19)

where CF = (N2 − 1)/2N is the fundamental Casimir. Crucially, W0 can be expressed in terms
of the first generalisedd Laguerre polynomials of N2 − 1 [121,122]

W0 =
1

N
L1
N−1 (−

g2

4
) exp(g

2

8
(1 − 1

N
)) . (5.20)

As we will shortly see, each contribution in (5.19) corresponds to a ladder-like corrections in
perturbative field theory 3. These contributions are associated with Feynman diagrams that only
involve the free propagations of the gauge field Aµ and the scalar φ on the Wilson loop contour
(5.7). Remarkably, this implies that the observable does not receive quantum corrections in
N = 4 SYM [121,122].

Turning our attention to the contributions of the interaction action (5.18), we note that
these become evident only at three loops, i.e.

( g
2

8π2
)
2
ζ3
2
⟨W(a, g) Tr′R a4⟩0,c = (

g2

8π2
)
2
ζ3
2

g2

4N
⟨tra2 Tr′R a

4⟩
0,c
+O(g8)

= g
6ζ3CF

29π4
(12 (CRiR −N2) +Nβ0) +O(g8) , (5.21)

where β0 is defined in (1.25), while iR and CR are, respectively, the Dynkin index and the
quadratic Casimir of the representation R (see (B.2)). Moreover, to obtain the second line of
(5.21), we evaluated the correlator by Wick’s theorem with the basic contraction (2.18).

2In (5.17), we suppressed the instanton contributions as we work in the perturbative regime (2.29).
3See (6.11) and (6.19) for explicit examples of ladder-like diagrams.
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Combining together (5.21) and (5.19), we derive the three-loop prediction of the matrix
model for the circular half-BPS Wilson loop [24,25], i.e.

W (g) =W0(g) +
g6ζ3CF

29π4
(12 (CRiR −N2) +Nβ0) +O(g8) . (5.22)

The structure of the term proportional to ζ3 in (5.22) consists of two contributions. The first
one involves the combination CRiR−N2 and was originally reproduced in superconformal models
defined in Euclidean space by standard perturbative techniques in [60,61]. Conversely, the term
involving the coefficient β0 (1.25) of the β-function is a distinctive feature of non-conformal
theories, and its presence makes the agreement with flat-space results highly non-trivial.

Finally, we stress that (5.22) is valid only within the perturbative regime (2.29). Beyond
this limit, the observable receives power-like corrections of the form Cn (ΛR)n, where Λ is the
strong coupling scale (1.26). Since these terms are infrared contributions 4, we expect that they
take a different form on the sphere and in flat space.

5.4.2 Chiral correlators

We now turn our attention to the calculation of the two-point correlator Gn⃗,m⃗ (5.13). In order
to compute this observable on S4, we need to identify the matrix counterparts of the chiral
operators On⃗(x) (5.9). As we already observed in Section 3, this identification requires us to
apply a Gram-Schmidt procedure on the basis of operators

On⃗(a) =
`

∏
i=1

gni trani . (5.23)

This procedure leads us to a normal-ordered basis, in which each element is orthogonal to those of
lower dimension. To maintain the analysis completely general, we can keep the orthogonalization
implicit and represent the normal ordered version of the operator (5.9) as follows

On⃗(a) = ∶ On⃗(a) ∶

= ∶
`

∏
i=1

gni trani ∶

= gnRa1...an
n⃗ ∶ aa1 . . . aan ∶ ,

(5.24)

where the fully symmetric R tensor is defined as in (5.12), while g is the running coupling
constant (2.27). The use of colons stresses that On⃗(a) is orthogonal to the operators of lower
dimensions.

In the N = 2 SYM theory under examination, the correlator (5.9) on S4 can be represented
by the following matrix integral [26]

Gn⃗,m⃗ =
1

Z ∫ Da e− tra
2−SInt(a,g)On⃗(a)Om⃗(a) , (5.25)

where we did not include the contribution of the instantons as we are working in the perturbative
regime (2.29) and we recall that Z is given by (2.31).

At weak coupling, we can evaluate (5.25) by following the approach employed for the Wilson
loop. We expand the integrand in powers of the interaction action and we find that

4In certain models, such as N = 2∗ or the massive deformation of conformal N = 2 SQCD, the coefficients
Cn were calculated by the matrix model on S4 [71]. Let us note that the instantons, which we neglected in our
analysis, also contribute to the observable by power-like corrections.
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Gn⃗,m⃗ = ⟨On⃗(a)Om⃗(a)⟩0 − ⟨On⃗(a)Om⃗(a)SInt(a, g)⟩0,c + . . .

= ⟨On⃗(a)Om⃗(a)⟩0 + (
g2

8π2
)
2 ζ3
2
⟨On⃗(a)Om⃗(a) Tr′R a4⟩0,c + . . . ,

(5.26)

where to obtain the second line we replaced the interaction action with its perturbative expansion
(2.20) and we employed the subscript c to denote the connected part of the correlator.

The first contribution on the right-hand side of (5.26) is the chiral correlator in the free
matrix model. It can be computed by Wick’s theorem and the contraction (2.18), i.e.

⟨On⃗(a)Om⃗(a)⟩0 = g
2n n!Ra1...an

n⃗ Ra1...an
m⃗ ≡ g2nG(0)n⃗,m⃗ . (5.27)

In the previous expression, the factor of n! counts the different ways in which the n indices of the
two symmetric tensors Rn⃗ and Rm⃗ can be contracted. Notice that the vectors n⃗ and m⃗ can be
different, but the sum of their components must be equal because of U(1) charge conservation.
For future reference, we provide a few explicit values of G(0)n⃗,m⃗ for operators of low dimensions

G
(0)
2,2 =

N2 − 1
2

, G
(0)
3,3 =

3(N2 − 1)(N2 − 4)
8N

, G
(0)
(2,2),(2,2)

= N
4 − 1
2

(5.28a)

G
(0)
4,(2,2)

= (N
2 − 1)(2N2 − 3)

2N
, G

(0)
4,4 =

(N2 − 1)(N4 − 6N2 + 18)
4N2

. (5.28b)

The expressions of G(0)n⃗,m⃗ for higher dimensional operators can be calculated straightforwardly
using the fusion/fission identities presented in [62].

Let us now consider the interacting part in (5.26) proportional to ζ3. The calculation of this
connected correlator is more involved than (5.21). Therefore, we find it convenient to adopt a
diagrammatic approach to highlight the nature of the different contributions. We depict the
quartic vertex as

Tr′R a
4 ↔ , (5.29)

while the operator Om⃗(a) is represented by a black dot with m lines. Computing all possible
Wick’s contractions then corresponds to connecting the lines between the vertex and the oper-
ators with the free propagator (2.18). However, it is important to recall that self-contractions
between lines belonging to the same operators On⃗(a) are forbidden, as they are normal or-
dered (5.24). Conversely, the quartic vertex (5.29) it is not normal ordered and admits self-
contractions. Going through the calculation, we find that the final result is given by the sum of
two diagrams

● ●... Om⃗(a)On⃗(a) = g2n 12nn! Ĉa1b1dd
s Ra1c1...cn−1

n⃗ Rb1c1...cn−1
m⃗ , (5.30a)

Om⃗(a)On⃗(a) ...
● ● = g2n 6n(n − 1)n! Ĉa1a2b1b2

s Ra1a2c1...cn−2
n⃗ Rb1b2c1...cn−2

m⃗ . (5.30b)
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In the previous expression, the notation was introduced for

Ĉabcd
s = 1

6
(Ĉabcd + Ĉacdb + Ĉadbc + Ĉabdc + Ĉacbd + Ĉadcb) , (5.31a)

Ĉabcd = (TrR T aT bT cT c −TrAdj T
aT bT cT c) . (5.31b)

The overall coefficients on the right-hand side of the diagrams in (5.30) correspond to the
symmetry factors arising from the different ways of contracting the operators with the vertex
(5.31a). For instance, the factor 12nn! corresponds to 2 (42) ways of selecting an ordered pair of
indices in the tensor Ĉs (5.31a), n ways of connecting one index of Rn⃗ (5.12) with Ĉs, n ways
of connecting one index of Rm⃗ with Ĉs and (n − 1)! ways of contracting the remaining indices
of Rn⃗ and Rm⃗ with each other. The coefficient 6n(n − 1) follows from similar arguments.

Combining together (5.30a) and (5.30b), we find

⟨On⃗(a)Om⃗(a) Tr′R a4⟩
c

0
= 6g2n[2nn! Ĉa1b1dd

s Ra1c1...cn−1
n⃗ Rb1c1...cn−1

m⃗

+ n(n − 1)n! Ĉa1a2b1b2
s Ra1a2c1...cn−2

n⃗ Rb1b2c1...cn−2
m⃗ ] . (5.32)

The contributions appearing in the previous expression can be further simplified by employing
the following relations that we will prove in Appendix B.2

2nn! Ĉa1b1dd
s Ra1c1...cn−1

n⃗ Rb1c1...cn−1
m⃗ = 2n (CR iR −N2 + Nβ0

12
)G(0)n⃗,m⃗ , (5.33a)

n(n − 1)n! Ĉa1a2b1b2
s Ra1a2c1...cn−2

n⃗ Rb1b2c1...cn−2
m⃗ = Ĝn⃗,m⃗ − n

Nβ0
6

G
(0)
n⃗,m⃗ , (5.33b)

where G(0)n⃗,m⃗ is the tree-level coefficient we introduced in (5.27), while Ĝn⃗,m⃗ is given by

Ĝn⃗,m⃗ = n(n − 1)n!Ĉa1a2b1b2Ra1a2c1,...,cn−2
n⃗ Ra1a2c1,...,cn−2

m⃗ . (5.34)

Combining together (5.33) with (5.32), we find that the terms proportional to Nβ0 cancel
each other and the final result takes the following form

Gn⃗,m⃗ = g2nG(0)n⃗,m⃗ + g
2n( g

2

8π2
)
2
3 ζ3[2n(CR iR −N2)G(0)n⃗,m⃗ + Ĝn⃗,m⃗]

= g2nG(0)n⃗,m⃗ [1 + (
g2

8π2
)
2
3ζ3 C(2)n⃗,m⃗ +O(g

6)] , (5.35)

where

C(2)n⃗,m⃗ = 2n (CR iR −N
2) + Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

. (5.36)

As we already remarked in the case of the supersymmetric Wilson loop, the prediction
(5.35) is valid within the perturbative regime (2.29). By relaxing this condition, the observable
receives additional non-perturbative infrared corrections of the form Cn (ΛR)n that we expect
to be different in flat space and on the sphere.
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Chapter 6

Chiral correlators and BPS Wilson
loop in perturbation theory

Info: Part of the content and figures of this chapter have been published together with
M. Billo’, L. Griguolo and A. Lerda in [23–26].

i

In this chapter, we turn our attention to the calculation of the chiral correlators and the expec-
tation value of the half-BPS Wilson loop in flat space. We provide a detailed analysis of the
half-BPS Wilson loop in Section 6.1, while the chiral correlators are considered in Section 6.2.

6.1 Half-BPS circular Wilson loops in perturbation theory

We now turn our attention to the calculation of the half-BPS circular Wilson loop (5.7) in flat
space by standard perturbative approaches. Before turning our attention to the calculation of
the observable, we present the Euclidean actions for SU(N) N = 2 SYM theories with massless
hypermultiplets in arbitrary representation R.

Let us recall that the N = 2 vector multiplet (1.20) consists of one gauge field and one
complex scalar, denoted as Aµ and φ respectively, along with their fermionic partners ψ and λ,
known in this context as the gauginos. In Euclidean space, the dynamics of this supermultiplet
is described by the following gauge-fixed action [24]

Sgauge
0 =∫ d4x Tr[ − 1

2
FµνF

µν − 2iλσµDµλ̄ − 2iψσµDµψ̄ − 2Dµφ̄D
µφ − 2∂µc̄Dµc] ,

Sint =∫ d4x Tr[2igB
√
2(φ̄{λα, ψα} − φ{ψ̄α̇, λ̄

α̇}) − ξ(∂µAµ)2 − g2B[φ, φ̄]
2] ,

(6.1)

where the intertwining matrix σµ is defined in (A.6), while c denotes the ghost field. Let us note
that with these conventions the actions are negative-definite and consequently, they appear as
eS in the path integral. The field-strength and the adjoint covariant derivatives are given by

Fµν = ∂µAν − ∂νAµ − igB[Aµ,Aν] , Dµ = ∂µ − igB[Aµ, ●] . (6.2)

In the N = 2 language matter sits in the hypermultiplets (1.21). The field content of this
supermultiplet consists of two complex scalars, denoted as q and q̃, along with their fermionic
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partners η and η̃. In particular, q and η transform in the representation R, while the q̃ and η̃ in
the conjugate one, i.e. R∗. The spacetime dynamics of these fields is encoded in the actions

SQ
0 = ∫ d4x[ −Dµq̄D

µq − iη̄σ̄µDµη −Dµq̃D
µ ¯̃q − iη̃σµDµ

¯̃η] ,

SQ
int = ∫ d4x [i

√
2gB(q̃λ̄¯̃η − η̃λ ¯̃q) + i

√
2gB(η̄φ̄¯̃η − η̃φη) + i

√
2gB(η̄ψ̄ ¯̃q − q̃ψη) ,

+ i
√
2gB(q̄ψ̄ ¯̃η − η̃ψq) + i

√
2gB(q̄λη − η̄λ̄q) − g2BV (φ, q̃, q)] ,

(6.3)

where V (φ, q̃, q) is the scalar potential describing quartic interactions

V = q̃{φ, φ̄}¯̃q + q̄{φ̄, φ}q − (q̃T a
R
¯̃q) (q̄T a

Rq) + 2 (q̄T a
R
¯̃q) (q̃T a

Rq)

+ 1

2
(q̄T a

Rq) (q̄T a
Rq) +

1

2
(q̃T a

R
˜̄q) (q̃T a

R
˜̄q) .

(6.4)

In the previous expressions, T a
R denotes the generators of the Lie algebra su(n) in the rep-

resentation R of the gauge group. The covariant derivative for a field transforming in this
representation is defined as

Dµ = ∂µ − igBAa
µT

a
R . (6.5)

Organizing perturbation theory We begin by observing that, in theories with non-vanishing
β-function, the expectation value of the half-BPS circular Wilson loop (5.7) receives ultraviolet-
divergent contributions. To regularise these singularities while preserving the extended super-
symmetry, we dimensionally reduce the theory from four to d = 4 − 2ε dimensions [121]. In
this scheme, the gauge field Aµ is a d-dimensional vector, while the real scalars generated by
the reduction are denoted by Ai, with i = 1, . . . ,2ε. Since the bare coupling constant gB is
dimensionless only when d = 4, this regularization scheme breaks classical conformal symmetry,
implying that the dimensionally regularised observable can only depend on the radius of the
supersymmetric Wilson loop R by the combination

ĝB = RεgB . (6.6)

Perturbatively, we expand the expectation value of the half-BPS Wilson loop (5.7) as follows

⟨W ⟩ ≡ W = W1 +W2 +W4 +W6 +O(ĝ8B) , (6.7)

where the quantities W2k are proportional to ĝ2kB (6.6) and can be organised as follows

W2k = W`.`.
2k +Wv.m.

2k +WR2k . (6.8)

The first two contributions capture, respectively, the ladder-like diagrams, in which the gauge
field Aµ and the scalar field φ freely propagate on the Wilson loop contour, and the interaction
corrections involving internal vertices and lines of the vector multiplet only. These contributions
are in common with the N = 4 theory. By contrast, WR2k denotes the diagrams with internal
lines associated with the matter hypermultiplets in the representation R.

In N = 4 SYM, where matter transforms in the adjoint representation, only the ladder-like
diagrams contribute to the expectation value of the Wilson loop in the limit d → 4 [121, 122].
This means that the interaction contributions have to satisfy the general identity

Wv.m.
2k = −WAdj

2k + δW
v.m.
2k , (6.9)
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where δWv.m.
2k denotes an evanescent correction: it vanishes for d = 4 and can be expanded in

power series of ε = (4 − d)/2. As we will discuss in Section 6.1.4, upon renormalization, the
ultraviolet poles of the bare coupling constant ĝB can interfere with these evanescent terms,
producing finite higher-loop corrections. In particular, the renormalized expectation value at
three loops receives non-trivial contributions from the evanescent corrections δWv.m.

4 .
Substituting (6.9) into (6.8), we find that

W2k = W`.`.
2k +W ′2k + δWv.m.

2k , where W ′2k ≡ WR2k −W
Adj
2k . (6.10)

By definition, the interaction term W ′2k is constructed by subtracting from WR2k analogous cor-
rections with R = Adj and consequently, it precisely encodes the difference-theory contributions
predicted by interaction potential (2.19) of the matrix model.

6.1.1 One- and two-loop corrections

At order ĝ2B, the expectation value of the half-BPS Wilson loop only involves the following
ladder-like contributions

W`.`.
2 = + ≡ , (6.11)

where we depicted with a straight and wiggly line the tree-level propagators of the adjoint scalar
and of the gauge-field, respectively. In d dimensions, we find that 1

⟨φa(x1)φ̄b(x2)⟩0 = δ
ab∆(x12) ,

⟨Aa
µ(x1)Ab

ν(x2)⟩0 = δµνδ
ab∆(x12) , (6.12)

where we introduced the notation x12 ≡ x1 − x2, while the function ∆(x12) is given by 2

∆(x12) =
Γ(1 − ε)

4π2−ε (x212)
1−ε

. (6.13)

Expanding the Wilson loop (5.7) at order g2B, and employing the free Wick contractions
(6.12), we obtain the following representation for the diagrams (6.11)

W`.`.
2 = g

2
BCF

2
∮ d2τ (R2 − ẋ1 ⋅ ẋ2)∆(x12)

= g
2
BCF

2
∮ d2τ∆̂(x12) .

(6.14)

In the second line of the previous expression, we introduced the effective (tree-level) propa-
gator ∆̂(x12), which can be expressed in terms of trigonometric functions by employing the
parametrization (5.8), i.e.

∆̂(x12) =
Γ(1 − ε)
8π2−ε

(4R2 sin2 (τ12
2
))

ε

. (6.15)

1We perform the calculations in the Feynman gauge.
2This corresponds to the s = 1 case in (C.14), since in momentum space the tree-level propagator is simply

1/p2.
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Substituting (6.15) into (6.14), we can perform the integration over the contour by (6.23b).
The final result takes the following form

W`.`.
2 = ĝ2B CFB1 , (6.16)

Bn(ε) =
Γn(1 − ε)
8π−nε

sec(nε)Γ(−nε)
Γ(1 + nε)Γ(−2nε) . (6.17)

As we will shortly see, diagrams dressed with higher-loop corrections to the propagators can be
expressed in terms of the function Bn(ε) with n > 1.

6.1.2 Two-loop corrections

At two loops, the expectation value of the supersymmetric Wilson loop receives contributions
from the following class of diagrams

, 1-loop , , (6.18)

which we will analyse in turn.

Ladder-like diagrams Expanding the Wilson loop operator (5.7) at order g4B and employing
the tree-level propagators of the adjoint scalar and gauge field (6.12), we find that the two-loop
ladder-like diagrams can be expressed as follows

= g
4
B

N
∮
D
d4τ
⎛
⎝
Caabb (∆̂(x12)∆̂(x34) + ∆̂(x14)∆̂(x23)) +Cabab∆̂(x13)∆̂(x24)

⎞
⎠
,

(6.19)

where the domain of integration D denotes the ordered region τ1 > τ2 > τ3 > τ4, the effective
propagator ∆̂(x) is defined in (6.15) and we introduced the SU(N) tensor

Cabcd = trT aT bT cT d . (6.20)

Using the non-Abelian exponentiation of the Wilson loop [145,146], we find that (6.19) takes
the following form

= 1

2
(W`.`.

2 )
2 + ĝ

4
B

2N
tr ([T b, T a])2∮

D
d4τ∆̂(x13)∆̂(x24) , (6.21)

whereW`.`
2 is the one-loop ladder-like contribution (6.16), while the second term in (6.21) defines

the so-called maximally non-Abelian part of the diagram. This involves the trigonometric integral

∫
D
d4τ (4 sin2 τ13

2
)
2−d/2

(4 sin2 τ24
2
)
2−d/2

, (6.22)
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which arises when we replace the effective propagators ∆̂(x) (6.15) with their explicit form and
employ the coordinate parametrization (5.8). The nested integration in (6.22) can be performed
in arbitrary dimension d by the Fourier expansion of the real even function 1/ sin2α(x2) [147],
i.e.

1

(4 sin2 x
2
)α
= 1

2
a0(α) +

∞

∑
n=1

an(α) cosnx , (6.23a)

an(α) =
sec(πα)Γ(n + α)
Γ(2α)Γ(1 − α + n) . (6.23b)

Applying the identities (6.23) to the calculation of (6.22), we find that the nested integration
becomes elementary and (6.21) assumes a remarkably simple form

W`.`.
4 = ĝ4B

CF (2N2 − 3)
12N

B2
1 − εĝ4B

CFNζ3
16π2

+O(ε)2 , (6.24)

where the function B1(x) (6.17) emerges from the ladder-like correction W`.`.
2 (6.16), while the

term proportional to ζ3 arises from the maximally non-Abelian part of the diagram.

Interacting diagrams We now turn our attention to the interacting diagrams in (6.18),
starting from the contribution that involves internal virtual corrections to the propagators.

In the Feynman gauge, the expectation based on supersymmetry is that the one-loop prop-
agators of the gauge field Aµ and the adjoint scalar φ coincide up to spacetime indices. Indeed,
the detailed analysis of these corrections, reported in Appendix C, shows that

1-loop = =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δabg
2
B

(p2) (δµν −
pµpν

p2
)π(1)(p2) ,

δabg
2
B

(p2) π
(1)(p2) ,

(6.25)

where the one-loop polarization operator π(1)(p2) takes the following form

π(1)(p2) = −2iRg2B
1

p2ε
Γ(ε)
(4π)2−ε

Γ2(1 − ε)
Γ(2 − 2ε) . (6.26)

The previous expression only depends on the matter content of the theory through the Dynkin
index iR of the representation R. This result is emphasised in (6.25) by the dashed lines, which
signal that only matter fields run in the virtual loop.

Substituting (6.25) into the second diagram in (6.18), we find that

1-loop = = WR4 . (6.27)

Since the bubble-like contribution (6.27) is the only two-loop diagram with internal lines in the
representation R we denoted it by WR4 according to the decomposition (6.8).
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Before analysing (6.27) in detail, we consider the third class of diagrams in (6.18), i.e.

Wv.m.
4 = . (6.28)

The correction Wv.m.
4 only involves internal interactions associated with the N = 2 vector mul-

tiplet and consequently, it is in common with N = 4 SYM. In this theory, the diagrams (6.28)
were originally studied in [121], where it was shown that

= − + δWv.m.
4 = −WAdj

4 + δWv.m.
4 . (6.29)

In the previous expression, the internal bubble denotes the one-loop corrections to the adjoint
scalar and gauge field propagator in N = 4 SYM, where we have a single adjoint hypermultiplet.
Consequently, this class of corrections can be deduced by (6.25) with R = Adj.

Let us observe that (6.29) provides a concrete realization of the relation (6.9) at two loops
with the evanescent correction δWv.m.

4 that takes the following form [121]

δWv.m.
4 = ε ĝ

4
BCFNΓ(1 − 2ε)
(2π)−2ε128π4 ∫

1

0
dF (αβγ)−ε ∮ d3τ ε(τ) sin τ13

Q1−2ε
+O(ε)2 . (6.30)

In the previous expression, the notation was introduced for

Q = αβ(1 − cos τ12) + βγ(1 − cos τ23) + γα(1 − cos τ13) , (6.31)

dF = dαdβ dγ δ(1 − α − β − γ) , (6.32)

ε(τ) = θ(τ12)θ(τ23) − θ(τ13)θ(τ32) + permutations . (6.33)

The path-ordered integral in (6.30) is completely regular in the limit ε→ 0 and is evaluated
in Appendix C.4.1. Using (C.148), we find that

∫
1

0
dF (αβγ)−ε ∮ d3τ ε(τ)sin τ13

Q1−2ε
= −16π2 ζ3 +O(ε) . (6.34)

Substituting this expression into (6.30) and expanding the prefactor about ε → 0, we finally
arrive at the following result

δWv.m.
4 = −ε ĝ

4
BCFNζ3

8π2
+O(ε)2 . (6.35)

Finally, we discuss the bubble-like contributions in (6.27) and (6.29). By combining together
these corrections, we find that they take the form of difference-theory diagrams, i.e.

W ′4 = WR4 −W
Adj
4 = − ≡ . (6.36)
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6.1. Half-BPS circular Wilson loops in perturbation theory

This class of diagrams naturally arises from subtracting the corrections of the N = 4 theory
from those of N = 2 SYM, and precisely describes the content of the interaction potential of the
matrix model (2.20). Consequently, one might expect that it provides a complete description of
the two-loop interaction contributions. However, this is not the case as it does not account for
corrections (6.28) which give rise to the evanescent term (6.35). In theories with a non-vanishing
β-function, such contributions become relevant: they interfere with the ultraviolet poles of the
bare coupling and yield finite effects at higher orders, whereas in superconformal setups they
can be safely neglected.

The contribution (6.36) involves the one-loop propagators of the adjoint scalar and gauge
field propagator in the difference-theory approach. The explicit form of such corrections is
obtained by subtracting from (6.25) an identical contribution with R = Adj, namely

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δabg
2
B

(p2) (δµν −
pµpν

p2
)Π(1)(p2) ,

δabg
2
B

(p2) Π
(1)(p2) .

(6.37)

In the previous expression, we denoted by Π(2) the one-loop polarization operator in the difference-
theory approach, i.e.

Π(1)(p2) = β0g2B
1

p2ε
Γ(ε)
(4π)2−ε

Γ2(1 − ε)
Γ(2 − 2ε) ,

(6.38)

which depends on the coefficient β0 (1.25) of the β-function and consequently, it vanishes in
superconformal models. Switching to configuration space by (C.14) and expanding the Wilson
loop (5.7) at order g2B, we finally find that 3

W ′4 =
g2B CF

2
∮ d2τ ∆̂(1)(x12) . (6.39)

In the previous expression, we introduced the one-loop effective propagator on the Wilson loop
contour

∆̂(1)(x12) =
g2Bβ0

27π4−2ε
Γ2(1 − ε)
ε(1 − 2ε)

(x212)
2ε

= g2Bβ0

27π4−2ε
Γ2(1 − ε)
ε(1 − 2ε) (4R

2 sin2 (τ12
2
))

2ε

, (6.40)

where to obtain the second line we employed the parametrization (5.8). Performing the integra-
tion over the contour by (6.23), we finally arrive at the following result

W ′4 = ĝ4BCF P2B2 , where P2(ε) =
β0

16π2ε(1 − 2ε) (6.41)

captures the ultraviolet pole of the diagram and we recall that B2 is given by (6.17). Since P2

involves the coefficient β0 (1.25), it vanishes in superconformal theories.
Combining together the relations we derived in this subsection, we find that the two-loop

corrections to the observable can be written as follows

W4 = ĝ4B
CF (2N2 − 3)

12N
B2

1 + ĝ4BCF P2B2 − εĝ4B
3CFNζ3
16π2

+O(ε)2 . (6.42)
3Let us note that the one-loop correction to the gluon propagator (6.25) involves the tensor structure pµpν . In

the bubble-like contribution (6.36), this is contracted with the tangent vectors ẋµ
1 ẋ

ν
2 and, upon Fourier transform,

gives rise to total derivatives integrated over a closed path. These contributions obviously vanish.
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6.1.3 Three-loop corrections

The calculation of the three-loop diagrams is significantly more involved and technical than its
two-loop counterpart. However, the logical steps are identical except for the fact that we do
not have to calculate the evanescent corrections since they contribute to four loops. This means
that we can apply (6.10) to cast the three-loop corrections as follows

W6 = W`.`.
6 ∣ε=0 +W

′
6 +O(ε) . (6.43)

The ladder-like diagrams W`.`.
6 in d = 4 dimensions are captured by (5.19), i.e.

= ĝ
6
BCF (N4 − 3N2 + 3)

4608N2
+O(ε) , (6.44)

while the three-loop interaction contributions are encoded in the difference-theory term W ′6 =
WR6 −W

Adj
6 . This consists of the following diagrams

2-loop , , , . (6.45)

To facilitate the analysis, we organise these corrections in three families of diagrams according
to the number of insertions on the Wilson loop contour.

Diagrams with two insertions We begin by considering the first contribution in (6.45).
This diagram is a single-exchange correction dressed with the two-loop corrections to the adjoint
scalar and gauge field propagator in the difference-theory approach. The relevant self-energies
are extensively discussed in Appendix C.1.2, while here we only present the final result. In
momentum space, it follows from (C.35a) and (C.35b) that

2-loop =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δabg
2
B

(p2)2 (δµν −
pµpν

p2
)Π(2)(p2) ,

δabg
2
B

(p2)2Π
(2)(p2) ,

(6.46)

where Π(2)(p2) is the two-loop polarization operator. According to (C.36) and (C.44), the
polarization operator takes the following form

Π(2)(p2) =
4

∑
i=1

f
(2)
i (ε) (p

2)1−2ε , (6.47)

where we denoted with f
(2)
i (ε) a set of meromorphic functions of the analytical continuation

parameter ε, which are explicitly given by (C.45) and depend on the matter representation R.
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Switching to configuration space by (C.14) and expanding the Wilson loop operator (5.7) at
order g2B, we find that

W ′6(2) = 2-loop = g
2
B CF

2
∮ d2τ ∆̂(2)(x12) , (6.48)

where, in analogy to the corrections (6.14) and (6.36), we defined a two-loop effective propagator
on the Wilson loop contour

∆̂(2)(x12) =
4

∑
i=1

f
(2)
i (ε)

g4BΓ(1 − 3ε)
23+4επ2−εΓ(1 + 2ε)

1

(x212)
−3ε

,

=
4

∑
i=1

f
(2)
i (ε)

g4BΓ(1 − 3ε)
23+4επ2−εΓ(1 + 2ε)

1

(4R2 sin2 τ12
2
)−3ε

,

(6.49)

where to obtain the second equality we employed the parametrization (5.8). Substituting (6.49)
into (6.48) and performing the integration over the contour by (6.23), we find that

W ′6(2) = ĝ
6
B

4

∑
i=1

F
(2)
i , (6.50)

F
(2)
i = f (2)i (ε)

CFΓ(1 − 3ε)
23+4επ−εΓ(1 + 2ε)

sec (3ε)Γ(−3ε)
Γ(−6ε)Γ(1 − 3ε) . (6.51)

Finally, by replacing the functions f (2)i (ε) with their explicit form (C.45), we obtain

F
(2)
1 = −CF iR

8π2
P2B3

ε(1 − 2ε) +O(ε) ,

F
(2)
2 = −CF N

16π2
P2B3

ε(1 − 3ε) ,

F
(2)
3 = CF N

32π2
P2B3

ε(1 + ε) ,

F
(2)
4 = C

′
4

N

3ζ3
(4π)4 +O(ε) , (6.52)

where we recall that the functions Bn(ε) and P2(ε) are defined in (6.17) and (6.41), respectively,
while C′4 is a colour factor which depends on the Dynkin index iR (B.2a) and the quadratic
Casimir CR (B.2b) of the representation R as

C′4 = 2NCF (CRiR −
NiR
2
− N

2

2
) . (6.53)

Diagrams with three insertions We now turn our attention to the three-loop diagrams
with three insertions on the Wilson loop contour i.e.

, . (6.54)
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The first contribution describes the reducible corrections to the pure-gauge and gauge-scalar
vertex. It arises when we dress the internal lines of the diagram (6.28) with the one-loop correc-
tion to the propagators of the adjoint scalar and gauge field in the difference-theory approach
(C.28). The analysis of these diagrams is described in Appendix C.2 and closely resembles that
presented in [121] for the analogous one-loop corrections (6.29). The calculation shows that

= −ĝ6B (2F
(2)
2 + 2F (2)3 + N

iR
F
(2)
1 + 9β0CFN

28π4
ζ3) + . . . , (6.55)

where we recall that the functions F (2)i are defined in (6.52) and describe single-exchange con-
tributions at three loops (6.48). It is interesting to observe that the structure of (6.55) mirrors
(6.29). In that case, however, the term proportional to ζ3 involves an evanescent factor which,
according to (6.30), is generated by an integration over the contour. Conversely, in (6.55) the
ζ3 term is finite. The reason is that the diagrams (6.55) naturally come with an ultraviolet
pole associated with the one-loop self-energy which compensates the evanescent ζ3-like factor
generated by integration over the contour. This interference effect leaves a finite result.

The second class of diagrams in (6.54) describes the irreducible corrections to the pure-gauge
and gauge-scalar vertex in the difference method. These corrections are one of the novelties of
this analysis and are evaluated in Appendix C.3. The complexity of the calculation arises from
the structure of the internal interactions, which involves the famous triangle-like integrals [148].
These have to be integrated over a path-ordered contour in arbitrary dimension d due to the
presence of UV singularities. Although the computations are extremely technical, the final result
is remarkably simple, i.e.

= ĝ6BF
(2)
2 + ĝ6B

5CFNβ0ζ3
28π4

+ . . . . (6.56)

The structure of the result is extremely similar to (6.55) and the meaning of the different
contributions is analogous as well.

By combining together (6.55) and (6.56), we finally find that

+ = ĝ6B (
N

iR
F
(2)
1 − F (2)2 − 2F (2)3 − CFNβ0

26π4
ζ3) +O(ε) . (6.57)

Diagrams with four insertions Finally, we consider the three-loop corrections in (6.45)
that involve four insertions on the Wilson loop contour. This class of contributions is obtained
by dressing the internal lines of the two-loop ladder-like diagrams (6.19) with the one-loop
correction to the adjoint scalar and gauge field propagator in the difference approach (C.28).
The intermediate steps of the calculation are reported in Appendix C.4, where we show that
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6.1. Half-BPS circular Wilson loops in perturbation theory

(C.133)

= ĝ6B (F
(2)
3 + CF (2N2 − 3)

6N
B1(ε)B2P2 −CFN

3ζ3β0
28π4

) +O(ε) , (6.58)

where we recall that F (2)3 is the three-loop bubble-like contribution defined in (6.52).

6.1.4 Renormalization

Combining together (6.50), (6.57) and (6.58), we observe partial cancellations between the
bubble-like contributions F (2)i (6.52) and the three-loop correction (6.43) takes the following
form

W ′6 = ĝ6BCF (P 2
2B3 +

2N2 − 3
6N

B1B2P2 −N
7ζ3β0
28π4

+ C
′
4

N

3ζ3
28π4CF

) +O(ε) , (6.59)

where we recall that the functions Bn(ε) and P2(ε) are defined, respectively, in (6.17) and (6.41),
while the colour factor C′4 is given by (6.53). Being combined with the one-loop (6.14) and two-
loop corrections (6.42), the previous expression allows us to derive the dimensionally regularised
observable at three-loop accuracy

W = 1 + ĝ2BCFB1 + ĝ4BCF (
2N2 − 3
12N

B2
1 + P2B2 − εN

3ζ3
16π2

)

+ ĝ6BCF (
N4 − 3N2 + 3

4608N2
+ 2N2 − 3

6N
B1B2P2 + P 2

2B3 −N
7ζ3β0
28π4

+ 3ζ3C′4
28π4NCF

) , (6.60)

where we suppressed terms of order O(ε) as they are irrelevant for our analysis.
The expectation value of the supersymmetric Wilson loop (6.60) develops both simple and

double poles in the ε → 0 limit, through its dependence on P2(ε) and P 2
2 (ε) (6.41). Since the

operator is defined over a smooth curve, the singularities must be reabsorbed by the charge
renormalization [149–151] which, in terms of ĝB = gBRε, is given by 4

ĝB = g∗(RM e−
1
2
(2+γ+logπ))εZg∗ ≡ (RM)

ε
Zg∗ , (6.61)

where γ is the Euler-Mascheroni constant, g∗ is the renormalized coupling evaluated at the
renormalization scale M , namely the mass scale used to regularise the matrix model on S4, while
Zg∗(ε) encodes the so-called subtraction terms. These can be easily calculated by employing the
explicit expression of the β-function (1.25). We find that [23,24,144]

Zg∗(ε) = exp(−∫
g∗

0

dt

t

(εt + β(t)
β(t) )

= (1 + β0g
2
∗

16π2ε
)
− 1

2

= 1 − β0g
2
∗

32π2ε
+ . . . .

(6.62)

4In (6.61), we included the exponential factor e−
1
2
(2+γ+logπ) to remove scheme-dependent contributions.
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The renormalized Wilson loop average is obtained by replacing in (6.60) the bare coupling
ĝB with the renormalized one g∗ and taking the limit ε→ 0, i.e.

W∗ = lim
ε→0
W(gB)∣

ĝB=g∗(RM̄)εZg∗
. (6.63)

As a result, the overall dependence on the renormalization scale M vanishes and W∗ satisfies a
Callan-Symanzik equation [23]. This constrains the dependence of the observable on M , g∗ and
R, making these parameters appear in the running coupling constant g (2.27).

To see this more explicitly, we begin by examining the terms

ĝ2BCF (B1 + ĝ2BP2B2 + ĝ4BP 2
2B3) . (6.64)

To proceed with the computation, we use (6.17) and (6.41) to expand the functions Bn(ε) and
P2(ε) in the limit ε→ 0 and we replace the bare coupling constant in (6.64) with the renormalized
one (6.61). Using the explicit expression for the subtraction terms Zg∗(ε) (6.62), we find that
the final result is finite in four dimensions and takes the following form

lim
ε→0

ĝ2B(B1 + ĝ2BP2B2 + ĝ4BP 2
2B3)∣

ĝB=g∗(RM)εZg∗

= g
2
∗

4
(1 − β0g2∗ logM2R2 + β20g4∗ ((logM2R2)2 + π

2

3
)) +O(g8∗)

= g
2

4
+O(g8) +O(log0RM) , (6.65)

where we recall that β0 is the one-loop coefficient (1.25) of the β-function, while g is the running
coupling constant (2.27). To obtain the last equality, we exploited the fact that the radius of the
Wilson loop, identified with the radius of S4 under the stereographic projection (see Fig. 5.2),
has to satisfy the condition (2.29). As a result, the logarithmic contributions logRM , associated
with the short-distance behaviour of the theory, grow and dominate over the constant term of
order O(log0RM) in the second line of (6.65). To keep the perturbative expansion under control,
these logarithmic corrections must be resummed into the running coupling g, as predicted by
the Callan-Symanzik equations [23].

Repeating the calculation for the divergent terms proportional to the colour factor (2N2−3)
in (6.60), we find that

lim
ε→0

ĝ4B (B2
1 + 2ĝ2BB1B2P2) ∣

ĝB=g∗(RM)εZg∗
= g

4

16
+O(g8) . (6.66)

As we anticipated, the result is free of divergences and all the singularities were reabsorbed
via the charge renormalization (6.62). Finally, we consider the regular corrections in (6.60).
These are proportional to ζ3 and contribute to the renormalized observable as follows

lim
ε→0

ĝ4B (ĝ2B
C′4
N

3ζ3
28π4

− CFNζ3
16π2

(3ε + 7 β0
16π2

ĝ2B))
RRRRRRRRRRRĝB=g∗(RM)εZg∗

= −g6β0
CFNζ3
28π4

+ g6C
′
4

N

3ζ3
28π4

.

(6.67)

Crucially, the term proportional to β0 arises from an interference effect between the evanescent
contribution 3ε and the ultraviolet poles of the bare coupling encoded in the subtraction terms
(6.62). Importantly, the interference is only sensitive to the short-distance properties of the
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theory, as it involves ultraviolet poles, and consequently, we expect that the contributions to
the observable associated with these effects take the same form in flat space and on the sphere.
Indeed, collecting all the results we derived in this subsection, we find that the renormalized
observable within the regime (2.29) is given by

W∗ =W0 + g6
C′4
N

3ζ3
28π4

− g6CFNβ0
ζ3

28π4
+O(g8)

=W0(g) +
g6ζ3CF

29π4
(12 (CRiR −N2) +Nβ0) + . . . , (6.68)

where W0 was introduced in (5.19) and to obtain the second line we replaced the colour factor C′4
with its explicit form (6.53). As anticipated, (6.68) precisely matches the three-loop prediction
of localization (5.22) within the perturbative regime (2.29). Although restricted to this range,
the agreement of the calculation in flat space (6.68) with the results on S4 provides a non-trivial
extension of the localization results beyond the usual conformal settings.

6.2 Chiral correlators in perturbation theory
We now turn our attention to the calculation of the two-point function (6.80) in flat space. For
this class of observables, we can employ the N = 1 superfield formalism 5 [30,60,62,152–155] to
simplify the analysis.

In this approach, the adjoint scalar field φ(x) of the N = 2 vector multiplet corresponds to
the lowest component of an adjoint N = 1 chiral superfield Φ, i.e.

φ(x) = Φ(x, θ, θ̄)
RRRRRRRRRRRθ=θ̄=0

, (6.69)

where θ and θ̄ are complex-valued Grassmann coordinates. Similarly, the complex conjugate
scalar φ̄(x) sits in an anti-chiral adjoint superfield, i.e.

φ̄(x) = Φ†(x, θ, θ̄)
RRRRRRRRRRRθ=θ̄=0

. (6.70)

The dynamics of an SU(N) N = 2 vector multiplet (1.20) can be described through the
N = 1 formalism by combining together an N = 1 vector and an adjoint N = 1 chiral superfield.
In Euclidean space, the gauge-fixed action takes the following form 6

Sgauge =
1

8g2B
(∫ d4xd2θ tr(WαWα) + h.c.)+ 2∫ d4xd2θ d2θ̄ tr(e−2gBV Φ† e2gBV Φ)

− ξ
4
∫ d4xd2θ d2θ̄ tr(D̄2V D2V ) ,

(6.71)

where Wα is the chiral superfield-strength of V , namely

Wα = −
1

4
D̄2(e−2gVDα e

2gV ) , (6.72)

5Note that the superfield formalism cannot be applied to the perturbative calculation of the supersymmetric
Wilson loops (5.7), as it is not manifestly expressed in terms of fundamental superfields.

6We summarise in Section A.1 our convention for the integration of Grassmann variables.
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with
Dα = +

∂

∂θα
+ iσµαα̇θ̄

α̇∂µ , D̄α̇ = −
∂

∂θ̄α̇
− i θασµαα̇∂µ . (6.73)

The last term in (6.71) implements the gauge fixing, with ξ = 1 corresponding to the Feynman
gauge 7. With our conventions, the action Sgauge, as well as the matter actions we will shortly
describe, are negative-definite and consequently, they appear in the path integral as eSgauge .

Expanding the superfields on a basis of fundamental generators ta of SU(N) as V = V ata
and Φ = Φata, we find that the action (6.71) up to second order in V with ξ = 1 becomes

Sgauge =∫ d4xd2θ d2θ̄ (− V a ◻ V a +Φ†aΦa + 2igBfabcΦ†aV bΦc − 2g2BfabefecdΦ†aV bV cΦd +⋯) ,
(6.74)

where fabc are the structure constants of SU(N) (B.1).
In the N = 1 language, the dynamics of an N = 2 massless hypermultiplet in an arbitrary

representation R of the gauge group consists of two chiral multiplets Q and Q̃ transforming
in the representation R and in the conjugate R∗, respectively, together with their anti-chiral
partners Q† and Q̃†. The action for these massless hypermultiplets is

SQ = ∫ d4xd2θ d2θ̄ (Q† e2gBVQ + Q̃ e−2gBV Q̃†) + (i
√
2gB∫ d4xd2θ Q̃ΦQ + h.c.) , (6.75)

which, up to second order in V , explicitly reads

SQ =∫ d4xd2θ d2θ̄ (Q†
uQu+2gBQ†

uV
aT a

uvQv+2g2BQ†
uV

aT a
uwV

bT b
wvQv

+ Q̃uQ̃
†
u − 2gBQ̃uV

aT a
uvQ̃

†
v + 2g2B Q̃uV

aT a
uwV

bT b
wvQ̃

†
v +⋯

+ i
√
2gB Q̃uΦ

aT a
uvQv θ̄

2 − i
√
2gBQ

†
uΦ

†aT a
uvQ̃

†
v θ

2) . (6.76)

In the previous expression, u and v are the indices of the representationR, i.e. u, v = 1, . . . ,dimR.
In the N = 1 superfield formalism, we regularise Feynman diagrams in superspace by first

integrating over the Grassmann-valued coordinates in four dimensions and subsequently, con-
tinuing the resulting momentum integrals to d = 4− 2ε dimensions [60,62,144,156]. Most of the
diagrams we will consider in what follows were originally calculated in [144], where the authors
studied the correlators (6.80) in non-conformal N = 2 SQCD. Here we generalised those results
to theories with massless matter in an arbitrary representation R, by including novel classes of
diagrams that were not considered in [60].

Before entering the analysis of the chiral correlator (6.80), we report the explicit expression
for the propagators in superspace. These are a straightforward generalization of those considered
in ordinary spacetime and can be extracted from the actions (6.74) and (6.75). For instance,
the free propagators of the N = 1 vector and N = 1 chiral superfield take the following form

V b(z2)V a(z1)
= −δab

2
θ212θ̄

2
12∆(x12) , (6.77a)

Φ†,b(z2)Φa(z1)
= δab∆(z1, z2) , (6.77b)

7While in general the gauge choice (i.e. different values of ξ in (6.71)) is a matter of taste, in a supersymmetric
field theory the choice of the Fermi-Feynman gauge (ξ = 1) is obligatory, since otherwise the auxiliary field in the
vector multiplet with zero canonical dimension has a logarithmic propagator. Note that Sgauge should contain
also a ghost contribution, which however is not relevant for our calculations, and thus we omit it.
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where ∆(x) is defined in (6.13) and we introduced

∆(zi, zj) = ei(θiσ θ̄i+θjσ θ̄j−2 θiσ θ̄j)⋅∂xi ∫
ddp

(2π)d
eip⋅x

(p2)
= ei(θiσ θ̄i+θjσ θ̄j−2 θiσ θ̄j)⋅∂xi∆(xij) . (6.78)

In the previous expression, we introduced the notation zi = (xµ, θi, θ̄i), the intertwining matrix
σ is explicitly given by (A.6), while to obtain the second equality we performed the integration
over p and expressed the result in terms of the massless propagator ∆(x) (6.13).

Analogously, the Feynman propagators for the N = 1 matter superfields are given by

Q†,v(z2)Qu(z1)
= δuv∆(z1, z2) , (6.79a)

Q̃†,v(z2)Q̃u(z1)
= δuv∆(z1, z2) . (6.79b)

Organizing perturbation theory In theories with a non-vanishing β-function, the (dimen-
sionally regularised) correlator (6.80) takes the following form [144]

⟨On⃗(x)Om⃗(0) ⟩ = Gn⃗,m⃗(gB, x, ε)∆n(x) δnm , (6.80)

where ∆(x) is the massless scalar propagator in d = 4− 2ε dimensions (6.13), while the function
Gn⃗,m⃗ depends non-trivially on the spacetime separation of the operator, signalling the presence
of anomalous dimensions. In perturbation theory, it can be expanded in powers of gB as follows

Gn⃗,m⃗(gB, x, ε) = g2nB G
(0)
n⃗,m⃗[1 +

∞

∑
k=1

g2kB G
(k)
n⃗,m⃗(x, ε)] , (6.81)

where we factorized the tree-level contribution G
(0)
n⃗,m⃗ (5.27) while G(k)n⃗,m⃗ denotes the corrections

at k loops. When the notation is not ambiguous, we will omit the dependence on n⃗ and m⃗.
Following the approach developed in Section 6.1 for the supersymmetric Wilson loop, we

decompose the loop corrections G(k) as

G(k) = G(k)
R
+ G(k)v.m. , (6.82)

where G(k)
R

and G(k)v.m. capture, respectively, the diagrams with internal hypermultiplet lines in the
representation R and those involving vector-multiplet lines only. Of course, the decomposition
(6.82) also holds for N = 4 SYM, which can be seen as an N = 2 theory with an adjoint
hypermultiplet. This means that in the maximally supersymmetric model we can write (6.8)
with R = Adj. On the other hand, it is well-known that in N = 4 SYM the loop corrections to
the correlator (6.80) identically vanish in d = 4 and consequently, we must have

G(k)v.m. = −G
(k)
Adj + δ

′G(k) , (6.83)

where G(k)Adj captures all the corrections with internal hypermultiplet lines in the adjoint repre-
sentation, while the second term is an evanescent correction in four dimensions.

In a generic N = 2 gauge theory, the contribution arising from the N = 2 vector multiplet
G(k)v.m. is in common with N = 4 SYM and consequently, we find that

G(k) = G(k)
R
− G(k)Adj + δ

′G(k) ≡ G′ (k) + δ′G(k) , (6.84)

83



Chapter 6. Chiral correlators and BPS Wilson loop in perturbation theory

where G′ (k) encodes the usual difference-theory corrections, analogous to those encountered in
the analysis of the supersymmetric Wilson loop.

For non-conformal N = 2 SQCD, the functions G′ (k) were computed in [144] for k = 1,2, while
the evanescent corrections δ′G(k) are a novelty. In what follows, we generalised the calculations
of [144] to an arbitrary matter representation R, and show that, by including interference effects
between the evanescent contributions and the UV poles of the bare coupling, the renormalized
correlators perfectly match the localization predictions up to two loops.

6.2.1 Tree-level

At tree-level, we find a unique diagram which can be simply computed by using the free propa-
gator of the adjoint scalar field (6.12). Going through the calculation, we obtain

⟨On⃗(x)Om⃗(0) ⟩∣
tree
= ● ● 0x .

.

. = g2nB G
(0)
n⃗,m⃗∆n(x, ε) δnm , (6.85)

where we recall that G(0)n⃗,m⃗ is given by (5.27). The previous expression encodes tree-level correc-
tion to the correlator (6.80), which is regular in four dimensions and matches the structure of
(6.81).

6.2.2 One-loop corrections

At one-loop accuracy (k = 1), the two-point function (6.80) receives contributions from the
following classes of diagrams

● ●.. 0x , ● ●
... 0x , ● ●...

0x , (6.86)

where the internal interactions involve the propagation of virtual N = 1 superfields. More
precisely, the dashed and dotted lines represent, respectively, the N = 1 chiral superfields in the
representation R and R∗, which give rise to the N = 2 matter hypermultiplets, while the wavy
line denotes the propagation of the N = 1 vector multiplet (1.19) sitting inside the N = 2 vector
multiplet (1.20). In terms of the decomposition (6.8), the first diagram accounts for G(1)

R
, while

the second and third diagram yield G(1)v.m..
We can conveniently combine together the first two contributions in (6.86) and represent

their sum as

● ●... 0x

v2,1

, (6.87)

where the grey bubble stands for the one-loop correction to the propagator of the adjoint scalar.
Thus, our task is to evaluate diagrams dressed with a one-loop scalar self-energy and with an
internal vector exchange.
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6.2. Chiral correlators in perturbation theory

Diagrams with a one-loop correction to the propagators The one-loop correction to
the scalar propagator in the N = 1 superfield formalism receives contributions from the following
diagrams

x, a 0, bv2,1 =
x, a 0, b +

x, a 0, b
. (6.88)

To simplify the calculation, we observe that in the N = 1 superfield formalism the total one-loop
correction to the scalar propagator N = 4 SYM identically vanishes in any dimension 8. As a
result, we can write

x, a 0, b = −
x, a 0, b

, (6.89)

where the loop on the right-hand side is associated with the hypermultiplet in the adjoint
representation. Substituting the previous expression into (6.88), we find that

x, a 0, bv2,1 =
x, a 0, b −

x, a 0, b

≡
x, a 0, b = g2B v2,1(x, ε)∆(x, ε) δab ,

(6.90)

where we employed the familiar double dashed/continuous line to emphasise that this combina-
tion of diagrams is a difference-theory contribution and defined

v2,1(x, ε) = β0
(πx2)ε
8π2

Γ(1 − ε)
2ε(1 − 2ε) , (6.91)

where β0 is the β-function coefficient (1.25). This function exhibits a UV divergence, associated
with the pole in ε, and vanishes in superconformal models where β0 = 0.

Using (6.90), it is straightforward to find that

● ●... 0x

v2,1

= g2n+2B nv2,1(x, ε)G(0)n⃗,m⃗∆n(x, ε) , (6.92)

where n is the symmetry factor corresponding to the insertion of the bubble in each of the n
propagators. According to the decomposition (6.84), we have

G′ (1)n⃗,m⃗ (x, ε) = nv2,1(x, ε) , (6.93)

since (6.92) is a pure difference-theory contribution.

8This is a peculiar feature of the N = 1 superfield formalism, which maintains manifest supersymmetry. In
contrast, working in the Wess-Zumino gauge, as we did in Appendix C, the propagator of the adjoint scalar field
receives non-trivial contributions from the matter sector. These different results are expected as propagators are
not gauge-invariant quantities. For a more advanced analysis of these effects we refer to [157–161]
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Diagrams with internal vector lines We finally turn our attention to the rightmost diagram
in (6.86). Since this correction was not considered in [60], we present a detailed derivation of
the calculation.

To begin with, we consider the building block diagram

x, a1

x, a2

0, b1

0, b2

≡ Σa1a2b1b2(x) , (6.94)

which arises from the cubic interaction Φ†V Φ of the pure-gauge action (6.74). In particular, by
employing the propagators in superspace (6.77), we find that

Σa1a2b1b2 = −Ng2B Ca1a2b1b2∫ dz3dz4 θ
2
34 θ̄

2
34∆(z3, z4)∆(x, z3)∆(x, z4)∆(z3,0)∆(z4,0)

≡ g2B Ca1a2b1b2 Σ(x) , (6.95)

where the functions ∆(zi, zj) are defined in (6.78), the integration measure dz is given by
dzi = d4xi d2θi d2θ̄i, while the colour structure of the diagram is encoded in the SU(N) tensor

Ca1a2b1b2 = − 1

N
fa1b1c fa2b2c . (6.96)

To proceed with the calculation of (6.95), we replace the functions ∆(zi, zj) with their integral
representation in momentum space (6.78) and we obtain

Σ = −N∫ d2θ4 d
2θ̄24 ∫

ddp

(2π)d
ddk

(2π)d
dd`

(2π)d
e−2θ4 p θ̄4 eipx

`2 k2 (` − k)2 (k + p)2 (` + p)2

= N∫
ddp

(2π)d
ddk

(2π)d
dd`

(2π)d
p2 eipx

`2 k2 (` − k)2 (k + p)2 (` + p)2 ,
(6.97)

where to obtain the second line we integrated over the Grassmann variables θ4 and θ̄4 by Taylor
expanding the exponential factor. The resulting integrations over the momenta k and ` are
considered in Section C.1. In particular, using (C.12) and (C.13), we finally find that 9

Σ(x) = e2,1(x, ε)∆2(x, ε) with e2,1(x, ε) =
3N ζ3 ε (x2)ε Γ(2 − 3ε)

41+2ε π2+ε Γ(1 − ε)2 Γ(1 + 2ε) . (6.98)

Combining together (6.98) with (6.94) and exploiting the fusion/fission rules of SU(N) to
compute the colour factor of the corresponding correlator as explained in [144] 10, we obtain

● ●...
0x = −g2n+2B ne2,1(x, ε)G(0)n⃗,m⃗∆n(x, ε) . (6.99)

9We checked that the expansion around ε→ 0 in (6.98) coincides with the result reported in [162].
10See in particular Eqs. (2.36)–(2.39) of [144].
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This is an explicit realization of an evanescent contribution and thus, according to (6.84), we
can write

δ′G(1)n⃗,m⃗(x, ε) = −ne2,1(x, ε) . (6.100)

Combining together (6.93) and (6.100), we find that the total one-loop result is given by

G(1)n⃗,m⃗(x, ε) = G
′ (1)
n⃗,m⃗ (x, ε) + δ

′G(1)n⃗,m⃗(x, ε) = n[v2,1(x, ε) − e2,1(x, ε)] . (6.101)

The previous expression confirms that, up to evanescent terms, the one-loop corrections are
encoded in the difference-theory term G′ (1)n⃗,m⃗ given in (6.93). At two loops, we exploit this fact to
reduce the number of diagrams we have to compute.

6.2.3 Two loops

We now consider the two-loop contributions (k = 2). Since we are interested in computing
correlators up to order g2n+4B , we can focus on the difference-theory terms and discard the two-
loop evanescent parts which only affect the result at order g2n+6B . Most of the difference-theory
diagrams at this order were already computed in [144] for the non-conformal N = 2 SQCD.
In what follows, we will generalised these results to a generic representation R, including the
one-loop evanescent factor e2,1(x, ε) that was not considered in [144].

Diagrams with one-loop propagators At two loops, the correlator (6.80) receives contri-
butions from diagrams in which lines are dressed with the one-loop self-energy (6.90). We find
two distinct classes of corrections. The first one takes the following form

● ● 0x ⋮

v2,1

v2,1

= g2n+4B

n(n − 1)
2

v22,1(x, ε)G
(0)
n⃗,m⃗∆n(x, ε) , (6.102)

where the symmetry factor n(n−1)
2 encodes the combinatorics of the possible bubble insertions,

while the second class of corrections is described by

● ● 0x ⋮

v2,1v2,1

= g2n+4B nv22,1(x, ε)G
(0)
n⃗,m⃗∆n(x, ε) . (6.103)
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Diagrams with two-loop corrections to the propagators The two-loop correction to the
scalar propagator is described by the following diagrams evaluated in [144]

x, a 0, bv2,2 =
x, a 0, b +

x, a 0, b

+
x, a 0, b +

x, a 0, b

= g4B v2,2(x, ε)∆(x, ε) δab ,

(6.104)

where

v2,2(x, ε) =
(πx2)2ε
(8π2)2 [6 ζ3(CR iR −N

2 + Nβ0
4
) + Nβ0 Γ

2(1 − ε)
4ε2 (1 − 2ε)(1 + ε)] +O(ε) . (6.105)

In the previous expression, CR denotes the quadratic Casimir of the representationR (B.2b). For
the specific matter representation (5.15), the overall coefficient of ζ3 inside the square brackets
becomes

−3(Nf

2N
+ Na(N − 2)(4 + 2N −N2)

2N
+ Ns(N + 2)(4 − 2N −N2)

2N
+N2) , (6.106)

which reduces to the one given in [144] for SQCD. Notice that the term in (6.105) proportional
to ζ3 is regular when ε → 0, while the second term proportional to Nβ0 exhibits a double pole
in ε. Using this result, it is immediate to find that

● ●... 0x

v2,2

= g2n+4B nv2,2(x, ε)G(0)n⃗,m⃗∆n(x, ε) , (6.107)

where n is the symmetry factor of the diagram.

Diagrams with internal vector lines and one-loop self-energies At two loops, the cor-
relator (6.80) receives contributions also from diagrams involving vector-multiplet propagation
and a single self-energy (6.90). These contributions can be organised into two distinct families
according to the insertion of the self-energy. For instance, when dressing with the one-loop
correction (6.90) the lines of the diagram (6.94), we obtain the contributions originally analysed
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in [144], namely

x, a1

x, a2

0, b1

0, b2

v4,2 ≡

x, a1

x, a2

0, b1

0, b2

+

x, a1

x, a2

0, b1

0, b2

+

x, a1

x, a2

0, b1

0, b2

= g4B Ca1a2b1b2 v4,2(x, ε)∆2(x, ε) +⋯ .

(6.108)

Here, the colour tensor is defined in (6.96) and the function v4,2(x, ε) is given by 11

v4,2(x, ε) =
(πx2)2ε
(8π2)2 Nβ0[

21 ζ3
2
+ Γ2(1 − ε)
4ε2 (1 − 2ε)(1 + ε)] +O(ε) . (6.109)

Finally, the ellipses on right-hand side of (6.108) stand for terms that are anti-symmetric in
(a1, a2) and (b1, b2). Since they do not contribute when this sub-diagram is inserted in a chi-
ral/anti-chiral correlator, they can be neglected. Using this result and the fusion/fission identities
of SU(N) to compute the overall colour factor, we find

● ●x 0⋮

v4,2

= −g2n+4B nv4,2(x, ε)G(0)n⃗,m⃗∆n(x, ε) . (6.110)

The second class of contributions arises from diagrams where the one-loop correction is
inserted in one of the scalar propagators that are not involved in the vector exchange, i.e.

● ● 0x ⋮

v2,1

= −g2n+4B n(n − 2) v2,1(x, ε) e2,1(x, ε)G(0)n⃗,m⃗∆n(x, ε) . (6.111)

The overall symmetry factor can be explained as follows. The sign and the coefficient n are
analogous to those appearing in the vector-exchange diagram at one loop (6.99), while the
factor of (n − 2) arises from the possibilities of inserting the one-loop self-energy in each of the
(n − 2) remaining propagators. Importantly, the function appearing in (6.111) is finite in the
limit ε → 0, since the pole of v2,1(x, ε) (6.90) is compensated by the evanescent term e2,1(x, ε)
(6.98). Therefore, this contribution is regular at this order.

11In [144] this function is denoted by v
(A)
4,2 (x, ε) and contains also a factor of g4B which instead here we have

explicitly put in front of the whole amplitude.
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Diagram with a scalar box The last two-loop correction to the correlator (6.80) we have
to consider corresponds to diagrams with an internal loop of hypermultiplets in the difference
theory [62,144]. The basic building block is

x, a1

x, a2

0, b1

0, b2

v̂4,2 ≡

x, a1

x, b1

0, a2

0, b2

= g4B Ĉ a1a2b1b2 v̂4,2(x, ε)∆2(x, ε) ,

(6.112)

where we recall that the tensor Ĉ a1a2b1b2 is defined in (5.31b), while the function v̂4,2(x, ε) is 12

v̂4,2(x, ε) =
(πx2)2ε
(8π2)2 3 ζ3 +O(ε) . (6.113)

Inserting this diagram in the two-point correlator, we find

● ●x 0⋮

v̂4,2

= g2n+4B v̂4,2(x, ε) Ĝn⃗,m⃗∆n(x, ε) , (6.114)

where we recall that Ĝn⃗,m⃗ is defined in (5.34).
Combining all two-loop contributions together, we obtain

G(2)n⃗,m⃗(x, ε) =
n(n + 1)

2
v22,1(x, ε) + n[v2,2(x, ε) − v4,2(x, ε)]

− n(n − 2) v2,1(x, ε) e2,1(x, ε) + v̂4,2(x, ε)
Ĝn⃗,m⃗
G
(0)
n⃗,m⃗

+O(ε) .
(6.115)

These terms define the difference-theory part G′ (2), while the O(ε) term is the two-loop evanes-
cent contribution δ′G(2). Since this is relevant only at the next perturbative order, its explicit
expression is not needed. Note that the combination [v2,2(x, ε) − v4,2(x, ε)] is finite when ε→ 0,
as it follows from (6.105) and (6.109). This means that the UV singularities are entirely encoded
in the one-loop function v2,1(x, ε), as expected from the one-loop exactness of the β-function.

6.2.4 Renormalized correlators

Collecting all contributions up to two loops, we find that the correlator (6.80) is given by

Gn⃗,m⃗(gB, x, ε) = G(0)n⃗,m⃗ [
g2nB

(1 − g2B v2,1(x, ε))
n − g2n+2B ne2,1(x, ε)

+ g2n+4B n[v2,2(x, ε) − v4,2(x, ε)] − g2n+4B n (n − 2) v2,1(x, ε) e2,1(x, ε)

+ g2n+4B v̂4,2(x, ε)
Ĝn⃗,m⃗
G
(0)
n⃗,m⃗

] +O(g2n+6B ) . (6.116)

12In [144], the function v̂4,2(x, ε), originally computed in [62], is denoted by v
(B)
4,2 and contains also a factor of

g4B .
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In the previous expression, the terms proportional to g2n+4B are finite in the limit ε → 0, while
the UV singularities are captured by the geometric progression

1

(1 − g2B v2,1(x, ε))
n = 1 + ng2B v2,1(x, ε) +

1

2
n(n + 1) g4B v2,1(x, ε)2 + . . . . (6.117)

To remove these divergences, we follow the procedure outlined in Section 6.1.4 for the super-
symmetric Wilson loop case. We introduce the renormalized coupling constant g∗ according to
(6.61) and we define the renormalized correlator G∗n⃗,m⃗ as 13

G∗n⃗,m⃗ = lim
ε→0

Gn⃗,m⃗(gB, x, ε)∣
gB=g∗M

ε
Zg∗

, (6.118)

where we recall that Zg∗ is defined in (6.62), while M =Me−
1
2 (2+γ+logπ), with M being the mass

scale we employed to regularise the matrix model on S4.
Going through the calculation, we find that the ε-poles of Zg∗ (6.62) precisely remove those

appearing in (6.117), leading to a finite result in d = 4. Indeed, we find that

lim
ε→0

g2nB
(1 − g2B v2,1(x, ε))

n ∣
gB=g∗ µ̄ε Zg∗

= ( g2∗

1 − g2∗ β0

16π2 log(M2x2)
)
n

≡ g2nx , (6.119)

where gx defines the running coupling evaluated at the energy scale 1/∣x∣. Furthermore, using
(6.98) one can show that

lim
ε→0

g2n+2B ne2,1(x, ε)∣
gB=g∗ µ̄ε Zg∗

= −g2n+4x

3Nζ3β0
64π4

n(n + 1) +O(g2n+6x ) . (6.120)

Here we explicitly see that the one-loop evanescent contribution e2,1 (6.98), upon renormal-
ization, produces a finite term at two loops. Finally, as already anticipated, the remaining
contributions in (6.116) are regular in the limit ε → 0. So for them we can safely set ε = 0 and
replace the bare coupling with the running one gx (6.119) and we find that

lim
ε→0

g2n+4B v2,1(x, ε) e2,1(x, ε)∣
gB=g∗M

ε
Zg∗
= g2n+4x

3Nζ3β0
64π4

+O(g2n+6x ) . (6.121)

The two contributions (6.120) and (6.121), produced by the evanescent function e2,1, are new
with respect to the analysis of [144]. Being combined with the other corrections, they allow us
to determine the renormalized correlator (6.118) at two loops, i.e.

G∗n⃗,m⃗ = g2nx G
(0)
n⃗,m⃗ [1 + (

g2x
8π2
)
2
3ζ3 C(2)n⃗,m⃗ +O(g

6
x)] , (6.122)

where

C(2)n⃗,m⃗ = 2n (CR iR −N
2) + Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

, (6.123)

with Ĝn⃗,m⃗ defined in (5.34). We would like to remark that in (6.122) there is a hidden dependence
on x since the running coupling g is evaluated at the scale ∣x∣. Of course, in conformal theories,
where β0 = 0 and the coupling does not run, this dependence is absent.

13For composite operators a separate renormalization function is in general required. The reason why in our
case we can reabsorb all singularities with the subtraction terms Zg∗ (6.62) is because the operators On⃗ have an
overall factor of gnB as one can see from (5.9).
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Finally, to connect the results in flat space with those on the four-sphere S4, we recall that
the operator separation ∣x∣ is related to the radius R of S4 by the relation ∣x∣ = 2R (see Fig. 5.3).
Using this information and taking into account the perturbative regime (2.29), we find that

g2x = g2 +O(log0(RM)) , (6.124)

where we recall that g is the running coupling constant evaluated at the scale 1/R (2.27). Sub-
stituting (6.124) into (6.122), we find that the final results coincide with the matrix model
predictions (5.35). As in the Wilson loop case, the agreement is strictly limited to the pertur-
bative regime (2.29). As we already remarked several times along the discussion, outside this
range the observable receives additional infrared corrections of the form Cn (ΛR)n, with Λ being
the strong coupling scale (1.26), that we expect to be different in flat space and on the sphere.

For completeness and to facilitate the comparison with existing results in the literature, we
provide the explicit expressions of the renormalized correlator (6.122) for the lowest dimensional
operators when the representation R is (5.15). Evaluating Ĝn⃗,m⃗ (5.34) and using the results in
(5.28a), we obtain

G∗2,2 = g4
N2 − 1

2
{1 + ( g

2

8π2
)
2 3ζ3
2N
[Nf(2N2 − 3) − 10N3 (6.125a)

+Na(N − 2)(5N2 − 6N − 12) +Ns(N + 2)(5N2 + 6N − 12)] + O(g6)} ,

G∗3,3 = g6
3(N2 − 1)(N2 − 4)

8N
{1 + ( g

2

8π2
)
2 9ζ3
2N
[Nf(N2 − 3) − 4N3 (6.125b)

+ 2Na(N3 − 4N2 + 12) + 2Ns(N3 + 4N2 − 12)] + O(g6)} .

6.3 Discussions and Future Directions
In this third part of the thesis, we have addressed the question of whether and to what extent
supersymmetric localization on the four-sphere can be extended beyond the usual conformal se-
tups in flat space. We focused on N = 2 super-Yang–Mills theories with massless hypermultiplets
and a non-vanishing β-function, where classical conformal symmetry is dynamically broken at
the quantum level.

Within this framework, we evaluated two classes of observables: the expectation value of
the half-BPS Wilson loop (5.7) and the correlation functions of chiral operators (6.80). Our
analysis shows that, within the specific regime of validity (2.29), the ζ3-like contributions arising
from the interaction potential of the matrix model on the four-sphere S4 precisely reproduce the
perturbative results obtained in flat space.

From the field-theoretic perspective, this agreement originates from interference effects be-
tween the ultraviolet pole of the bare coupling and certain evanescent terms. The corresponding
contributions to the observables are sensitive only to the short-distance structure of the the-
ory, thereby explaining this highly non-trivial matching between localization and perturbative
computations.

Based on these consistency checks, we can conjecture that the localization matrix model
correctly captures protected observables within the regime specified by (2.29) even in N = 2
SYM theories with massless matter and a non-zero β-function. This opens the door to using the
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matrix model as a tool for deriving new non-trivial results in such theories. We mention two of
them below.

Higher order diagrammatic computations: Computations in the matrix model are less
intricate than in field theory and we can probe higher perturbative orders without much effort.
For instance, in the diagrammatic approach, we can take into account the sextic vertex in the
interaction action (2.20), namely

a

b

cd

e

f

= ( g
2

8π2
)
3
ζ5
3
Ĉabcdef
s , (6.126)

where Ĉabcdef
s = Tr′ (T (aT bT cT dT eT f)) is a completely symmetric tensor of rank six that gener-

aliseds the one in (5.31a). This diagram can be used to predict the ζ5-like contributions to the
observables. For instance, in the case of the chiral two-point function ⟨On⃗(a)Om⃗(a)⟩ we find
that the matrix model predicts the following corrections

● ●.
.
. + ● ●.

.

. + ● ●.
.
. , (6.127)

where we recall that black dots represent the two operators On⃗ and Om⃗. Keeping track of the
combinatorics of the Wick contractions in the three diagrams, we find

( g
2

8π2
)
3
ζ5 n![

20

3
n(n − 1)(n − 2)Ra1a2a3c1...cn−3

n⃗ Rb1b2b3c1...cn−3
m⃗ Ĉa1a2a3b1b2b3

s

+ 30n(n − 1)Ra1a2c1...cn−2
n⃗ Rb1b2c1...cn−2

m⃗ Ĉa1a2b1b2dd
s

+ 30nRa1c1...cn−1
n⃗ Rb1c1...cn−1

m⃗ Ĉa1b1ddee
s ] . (6.128)

This matrix model prediction could possibly be checked against direct Feynman diagram com-
putations in the superfield formalism for which a computerized approach suitable for this kind of
correlators has been proposed in [155]. It is however rather difficult to push Feynman diagram
computations at even higher orders, while it is straightforward to extend the calculation by the
matrix-model approach.

Specializing the tensors Rn⃗ and Rm⃗, and evaluating the tensor Ĉs for a given matter repre-
sentationR, we can easily derive explicit results. For instance, if we consider the low dimensional
operators O2 and O3 in SQCD with Nf flavors (and Na = Ns = 0), from (6.125a), (6.125b) and
the above formula (6.128), we get

G2,2 = g4
N2 − 1

2
{1 + ( g

2

8π2
)
2 3ζ3
2N
[Nf(2N2 − 3) − 10N3]

− ( g
2

8π2
)
3 5ζ5
N2
[Nf(N4 − 3N2 + 3) − 14N5] +O(g8)} (6.129)
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and

G3,3 = g6
3(N2 − 1)(N2 − 4)

8N
{1 + ( g

2

8π2
)
2 9ζ3
2N
[Nf(N2 − 3) − 4N3]

− ( g
2

8π2
)
3 5ζ5
4N2

[Nf(6N4 − 31N2 + 53) − 56N5] +O(g8)} . (6.130)

For the dimension 4 operators, we have

G∗4,4 = g8
(N2−1)(N4−6N2+18)

4N2
{1+( g

2

8π2
)
2 6 ζ3
N(N4−6N2+18)×

× [Nf (N6−8N4+45N2−81) − 4N7+12N5−54N3 (6.131)

+Na (N − 2)(2N6−4N5−14N4+36N3+99N2−162N−324)

+Ns (N + 2)(2N6+4N5−14N4−36N3+99N2+162N−324)]+O(g6)} ,

G∗4,(2,2) = g
8 (N2−1)(2N2−3)

2N
{1+( g

2

8π2
)
2 3 ζ3
N(2N2−3)×

× [Nf (5N4−18N2+27)+18N3−22N5 (6.132)

+Na (N − 2)(11N4−18N3−45N2+54N+108)

+Ns (N + 2)(11N4+18N3−45N2−54N+108)] + O(g6)} ,

G∗(2,2),(2,2) = g
8 (N4−1)

2
{1+( g

2

8π2
)
2 3 ζ3(N2+3)
N(N2+1) ×

× [Nf (2N2−3) − 10N3 +Na (N − 2)(5N2−6N−12) (6.133)

+Ns (N + 2)(5N2+6N−12)] + O(g6)} .

For the dimension 5 operators, we have

G∗5,5 = g10
5(N2−1)(N2−4)(N4+24)

32N3
{1+( g

2

8π2
)
2 15 ζ3
2N(N4+24)×

× [Nf (N6+N4+24N2−144) − 4N7−24N5−48N3 (6.134)

+Na (2N7−8N6+12N5−8N4+24N3−192N2+1152)

+Ns (2N7+8N6+12N5+8N4+24N3+192N2−1152)] + O(g6)} ,

G∗5,(3,2) = g
10 15(N2−1)(N2−2)(N2−2)

16N2
{1+( g

2

8π2
)
2 3 ζ3
N(N2−2)×

× [Nf (N4−14N2+30) + 10N3−12N5 (6.135)

+Na (6N5−24N4−5N3+112N2−240)

+Ns (6N5+24N4−5N3−112N2+240)] + O(g6)} ,
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G∗(3,2),(3,2) = g
10 3(N2−1)(N2 −4)(N2+5)

16N
{1+( g

2

8π2
)
2 3 ζ3
2N(N2+5)×

× [Nf (5N4+37N2−150) − 22N5−194N3 (6.136)

+Na (11N5−40N4+97N3−296N2+1200)

+Ns (11N5+40N4+97N3+296N2−1200)] + O(g6)} .

Large-N and strong coupling analysis: The matrix-model description leads, for certain
classes of conformal N = 2 theories, to powerful results in the large-N ’t Hooft limit in which the
coupling λ = g2N is kept fixed while N tends to infinity [58,72,77,100,108,139,140,163–167]. In
these cases, the λ-perturbative expansion of correlators involving single-trace operators can be
resummed and even continued to strong coupling, allowing us to compare the result with dual
holographic descriptions [65–67,82]. In the light of our analysis, it is natural to pose the question
of whether such strong-coupling results can be extended to some classes of theories with non-
vanishing β-function. Let us note that in the ’t Hooft limit the coupling g must be sent to zero
in order to keep λ constant when N →∞. The scale 1/R must therefore satisfy (2.29), meaning
that we can neglect the instanton contributions and consider just the perturbative interaction
action as we did here. This is a very interesting direction since it could lead to new insights into
the holographic description of theories with a non-vanishing β-function.
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Conclusions

In this thesis, we presented several results regardingN = 2 supersymmetric gauge theories in four
dimensions, encompassing both conformal and non-conformal models. The extended, though
not maximal, supersymmetry of these theories allows for non-trivial low-energy dynamics while
still admitting powerful non-perturbative techniques, such as gauge-gravity dualities, integrabil-
ity, and supersymmetric localization. As a result, N = 2 models serve as powerful theoretical
laboratories where we can explore phenomena that are otherwise inaccessible in realistic settings.

This general philosophy guided the analyses developed in Chapters 3 and 4, where we in-
vestigated a particular class of superconformal SU(N) N = 2 quiver theories, known as the QL

models. These arise from an orbifold projection of SU(NL) N = 4 super-Yang–Mills theory
and provide a rich framework for probing non-perturbative aspects of N = 2 dynamics. In par-
ticular, in the limit L → ∞, these setups are expected to exhibit novel properties through the
deconstruction mechanism, which makes emerge an additional dimension from lower-dimensional
dynamics and was originally studied in ordinary Yang–Mills theories [83,84]. In this context, the
emergent higher-dimensional dynamics involves strong interactions, preventing explicit compu-
tations of physical observables. Conversely, in the QL models the situation changes drastically:
by exploiting conformal invariance and supersymmetric localization on the four-sphere S4, we
computed protected correlation functions that act as probes to investigate the theory across its
parameter space. These observables can be mapped via localization to finite-dimensional matrix
integrals which, in the planar limit, reduces to special Fredholm determinants closely related to
the celebrated Tracy–Widom distributions [101]. The determinant formalism allows the study of
observables at both weak and strong coupling, providing access to the deconstruction limit. We
performed a quantitative analysis of these regimes and showed that when L ≫

√
λ, where λ is

the ’t Hooft coupling, the QL theory effectively behaves as a five-dimensional model. The emer-
gent dimension manifests through the propagation of massive excitations, interpretable within
a local effective field theory. At weak coupling, this effective theory is free, while at strong
coupling it becomes interacting, exhibiting a mass spectrum which is described by the zeros of
Bessel functions. These results hold within the planar approximation, and it remains an open
question whether such behaviour persists beyond it. Extending the formalism of Chapter 4 to
incorporate non-planar corrections to two- and three-point functions would not only provide a
systematic approach to these higher-order effects, but also offer valuable insights into the nature
of the dual description in the long-quiver limit.

The remarkable effectiveness of supersymmetric localization in conformal theories, where
the results on S4 automatically connect to flat-space dynamics, naturally raises the question of
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whether this technique retains physical meaning in non-conformal settings. Indeed, conformal
invariance represents a very special symmetry, absent in realistic contexts such as Quantum
Chromodynamics. Understanding to what extent the localization framework survives away
from conformality therefore becomes a physically meaningful challenge.

This motivated the second part of the thesis, where we considered N = 2 supersymmetric
Yang–Mills theories with massless hypermultiplets and a non-vanishing β-function. In these
models, classical conformal symmetry is broken at the quantum level through the mechanism of
dimensional transmutation. Nevertheless, the theory remains supersymmetric and can still be
consistently defined on S4, allowing the application of localization methods.

Within this framework, we analysed two classes of observables: the expectation value of the
half-BPS Wilson loop, and the correlation functions of chiral operators. On the four-sphere,
localization maps these observables to the same class of matrix models that describe conformal
theories, but now with an interaction potential depending on a running coupling constant that
evolves with the radius of the sphere. The central question addressed in this part of the work
was whether the results extracted from the S4 matrix model continue to capture the physical
content of the corresponding flat-space quantities, despite the absence of conformal symmetry.

To answer this, we performed a detailed comparison between the matrix model predictions
and explicit perturbative computations in flat space for the aforementioned observables. Re-
markably, within a specific perturbative regime associated with the short-distance properties
of the theory, we found precise agreement between the two approaches. In particular, the
ζ3-like terms emerging from the matrix model’s interaction potential on S4 reproduce exactly
the perturbative contributions computed in flat space. In field theory, these terms arise from
interferences between the ultraviolet poles of the bare coupling and certain evanescent terms
emerging from dimensional regularization. Their matching with localization results provides a
highly non-trivial check of the consistency of this framework beyond the conformal domain and
it is natural to exploit this technique to study the ’t Hooft limit at strong coupling in theories
with non-vanishing β-function, which can shed new light on possible holographic descriptions.
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Appendix A

Conventions on spinors and
Grassmann variables

A.1 Spinors in four dimensions
In four-dimensional Euclidean space, the rotation group is SO(4), while the spin group is
Spin(4) ≃ SU(2)α ⊗SU(2)α̇. We denote by ψ a chiral spinor of components ψα, where α = 1,2,
and by ψ̄ an anti-chiral spinor of components ψ̄α̇, with α̇ = 1,2. The spinor indices are raised
and lowered by following rules

ψα = εαβ ψβ , ψα = εαβ ψβ , ψ̄α̇ = εα̇β̇ ψ̄β̇ , ψ̄α̇ = εα̇β̇ ψ̄
β̇ , (A.1)

where
ε12 = ε1̇2̇ = ε21 = ε2̇1̇ = 1 . (A.2)

Using the ε-symbol (A.2), we can construct SO(4) invariants by contracting chiral/anti-chiral
spinors as follows

(ψχ) ≡ ψα χα = εαβ ψβ χα = ψα χβ εαβ , (A.3)

(ψ̄χ̄) ≡ ψ̄α̇ χ̄
α̇ = εα̇β̇ ψ̄

β̇ χ̄α̇ = ψ̄α̇ χ̄β̇ ε
α̇β̇ . (A.4)

In contrast to their Minkowskian counterparts, chiral and anti-chiral spinors are independent
in Euclidean spacetime as they satisfy a pseudoreality condition

(ψα)† = ψα . (A.5)

Nevertheless, the two copies of SU(2) are intertwined by the matrices (σ̄µ)α̇α and (σµ)αβ̇

σµ = (τ⃗ ,−iI) , σ̄µ = (−τ⃗ ,−iI) , (A.6)

where τ⃗ denotes the ordinary Pauli matrices. Furthermore, it is straightforward to show that
the following relations hold

(σ̄µ)α̇α = εα̇β̇εαβ(σµ)ββ̇ , (A.7)

σµσ̄ν + σν σ̄µ = −2δµνI , (A.8)

σ̄µσν + σ̄νσµ = −2δµνI . (A.9)
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Finally, by employing the Clifford algebra (A.7), we find that

Trσµσ̄ν = −2δµν , (A.10)
tr(σ̄µσν σ̄ρσσ) = 2(δµνδρσ − δµρδνσ + δµσδνρ + εµνρσ) ,
tr(σµσ̄νσρσ̄σ) = 2(δµνδρσ − δµρδνσ + δµσδνρ − εµνρσ) , (A.11)

σ̄µσν σ̄ρ = −δµν σ̄ρ + δµρσ̄ν − δνρσ̄µ − εµνρασ̄α ,

where we normalize ε1234 = ε1234 = 1.

A.2 Grassmann integration formulæ and spinor derivatives
The basic integration formulæ for Grassmann variables are

∫ d2θ θ2 = 1 , ∫ d2θ̄ θ̄2 = 1 , (A.12)

where θαθα and θ̄α̇θ̄α̇. As a result, θ2 and θ̄2 act as fermionic δ-functions. In particular, writing
θij = θi − θj , we have

θ2ij = δ2(θij) , θ̄ 2ij = δ2(θ̄ij) . (A.13)

For spinor derivatives we use the notation ∂α ≡
∂

∂θα
and ∂̄α̇ ≡

∂

∂θ̄α̇
. Using (A.3), it is

straightforward to prove that

∂α θ
2 = 2 θα , ∂∂ θ2 = −4

∂̄α̇ θ̄
2 = −2 θ̄α̇ , ∂̄∂̄ θ̄ 2 = −4 .

(A.14)

The covariant spinor derivatives are defined as

Dα = ∂α + i (σµ)α α̇ θ̄
α̇ ∂µ , (A.15)

D̄α̇ = −∂̄α̇ − i θα (σµ)α α̇ ∂µ , (A.16)

where the matrix σµ is defined in (A.6).
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Group Theory conventions

B.1 The Lie algebra su(N)
In this section, we summarise the relevant notations and conventions for the Lie algebra su(N).
This is spanned by a set of (Hermitian) generators T a, with a = 1, . . .N2 − 1, satisfying the
relation

[T a, T b] = ifabcT c , (B.1)

where the coefficients fabc are completely antisymmetric and go under the name of structure
constants. In a generic representation R, we define the Dynkin index iR and the quadratic
Casimir CR as follows

TrR T
aT b = iRδab , (B.2a)

T a
RT

a
R = CRI . (B.2b)

Combining together (B.2a) and (B.2b), we find the following relation

CR =
N2 − 1
dR

iR , (B.3)

where dR is the dimension of the representation R.
In the fundamental representation (R = F ), we denote the generators as ta and we normalize

them in such a way that iF = 1/2. For the anti-fundamental and adjoint representation, we use
the notation t̄a and T a

Adj, respectively. These matrices satisfy

t̄a = −ta,T , (B.4)
(T a

Adj)bc = if
abc , (B.5)

where T denotes the transpose matrix and we recall that fabc are the structure constants (B.1).
We summarise in table B.1 the relevant group information for the adjoint (R = Adj), sym-

metric (R = ) and the antisymmetric (R = ) representation of SU(N).

B.2 Identities for colour factors
In this appendix, we prove the relations (5.33). We begin with considering the amplitude

An⃗,m⃗ = 2nn! Ĉa1b1dd
s Ra1c1...cn−1

n⃗ Rb1c1...cn−1
m⃗ , (B.6)
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Representation R dR iR

N 1/2

Adj N2 − 1 N

N(N + 1)/2 (N + 2)/2

N(N − 1)/2 (N − 2)/2

Table B.1: Relevant group information for different representations of SU(N).

which coincides with (5.30a) up to an overall factor of 6 g2n. Taking into account the definition
(5.31a) of the symmetric tensor Ĉs we find

An⃗,m⃗ =
2nn!

3
[Tr′R T a1T b1T dT d+Tr′R T a1T dT b1T d+Tr′ T b1T a1T dT d]Ra1c1...cn−1

n⃗ Rb1c1...cn−1
m⃗ ,

(B.7)

where we recall that the primed trace is given by Tr′R = TrR −TrAdj. Recalling the definition of
the quadratic Casimir (B.2b) and of the Dynkin index (B.2a), the first primed trace in (B.7)
can be replaced by

Tr′R T
aT bT dT d = (CR iR −N2) δab , (B.8)

where we used CAdj = iAdj = N . By similar manipulations and employing (B.1), the second
primed trace (B.7) takes the following form

Tr′R T
a1T dT b1T d = Tr′R T a1T b1T dT d + i fd b1c Tr′R T a1T cT d , (B.9)

where fd b1c are the structure constants (B.1). The previous expression can be further manipu-
lated by observing the following decomposition

Tr′R T
aT bT c = i (iR −N)

2
fabc + x′ dabc = −i β0

4
fabc + x′ dabc , (B.10)

where dabc is fully symmetric, we used β0 = 2(N − iR), x′ is a group factor whose explicit
expression is not relevant. As a result, we find that (B.9) can be written as follows

Tr′R T
a1T dT b1T d = Tr′R T a1T b1T dT d + β0

4
fd b1cfa1cd = [CR iR −N2 + Nβ0

4
] δa1b1 , (B.11)

where we observed that fabcfabd = N δcd. Combining everything together, we find that the
amplitude (B.7) coincides with the identity (5.33a). Indeed, we apply (5.27) to find that

An⃗,m⃗ =
2nn!

3
[3(CR iR −N2) + Nβ0

4
] δa1b1 Ra1c1...cn−1

n⃗ Rb1c1...cn−1
m⃗

= 2n (CR iR −N2 + Nβ0
12
)G(0)n⃗,m⃗ . (B.12)

We now turn our attention to the amplitude

Bn⃗,m⃗ = n(n − 1)n! Ĉa1a2b1b2
s Ra1a2c1...cn−2

n⃗ Rb1b2c1...cn−2
m⃗ , (B.13)
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which coincides with (5.30b), up to an overall factor of 6 g2n. Using (5.31a), we express Bn⃗,m⃗ as
follows

Bn⃗,m⃗ =
n(n − 1)n!

3
[Ĉa1a2b1b2 + 2Tr′R T a1T a2T b1T b2]Ra1a2c1...cn−2

n⃗ Rb1b2c1...cn−2
m⃗ . (B.14)

The second primed trace in the previous expression can be manipulated as follows

Tr′R T
a1T a2T b1T b2 = Tr′R T a1T b1T a2T b2 + ifa2b1c Tr′R T a1T cT b2

= Ĉa1a2b1b2 − β0
4
fa2b1cfa1c b2 + ix′fa2b1cda1c b2

= Ĉa1a2b1b2 + Nβ0
4

Ca1a2b1b2 + ix′fa2b1cda1c b2 , (B.15)

where we recall that Cabcd is defined in (5.31b). We note that the part proportional to x′ can
be discarded since it gives rise to structures that are anti-symmetric in (a1, a2) and (b1, b2) and
consequently, it vanishes when contracted with the symmetric tensors Rn⃗ and Rm⃗. Using the
identity (B.15), we obtain

Bn⃗,m⃗ =
n(n − 1)n!

3
[3 Ĉa1a2b1b2 + Nβ0

2
Ca1a2b1b2]Ra1a2c1...cn−2

n⃗ Rb1b2c1...cn−2
m⃗

= n(n − 1)n! Ĉa1a2b1b2 Ra1a2c1...cn−2
n⃗ Rb1b2c1...cn−2

m⃗

+ Nβ0
6

n(n − 1)n!Ca1a2b1b2 Ra1a2c1...cn−2
n⃗ Rb1b2c1...cn−2

m⃗ . (B.16)

The term proportional to Ĉ is exactly Ĝn⃗,m⃗ defined in (5.34), while the term proportional to C
can be evaluated using the fusion/fission identities as described in [144] and provides us with

n(n − 1)n!Ca1a2b1b2 Ra1a2c1...cn−2
n⃗ Rb1b2c1...cn−2

m⃗ = −nG(0)n⃗,m⃗ . (B.17)

Therefore, collecting all terms we have

Bn⃗,m⃗ = Ĝn⃗,m⃗ − n
Nβ0
6

G
(0)
n⃗,m⃗ (B.18)

which is the relation written in (5.33b).
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Appendix C

Supersymmetric Wilson loop in
perturbation theory

In this appendix, we provide a detailed analysis of the perturbative corrections to the expectation
value of the half-BPS Wilson loop (5.7). We work in SU(N) N = 2 SYM theories with massless
hypermultiplets in an arbitrary representation R and non-vanishing β-function. The actions of
these theories in Euclidean space are reported in Section 6.1.

Before entering the details of analysis, we consider the explicit expression for the Feynman
propagators, starting from the N = 2 vector multiplet. The dynamics of these fields is described
by the gauge-fixed action (6.1). In the Feynman gauge, i.e. ξ = 1, the tree-level propagator of
the adjoint scalar φ and of the gauge field Aµ are identical up to spacetime indices. We have

Aa
µAb

ν

= δ
ab

p2
δµν ,

φaφ̄b
= δ

ab

p2
. (C.1)

On the other hand, the tree-level propagators of the two gauginos λ and ψ exhibit a more
complicated structure. Here we consider in detail the relevant expressions for the Weyl spinor
λ but analogous results hold for ψ. We have two relevant Wick contractions, i.e.

⟨λaα(x)λ̄bα̇(y)⟩0 , ⟨λ̄α̇b (y)λαa(x)⟩0 . (C.2)

In our conventions, the arrow associated with the particle flow always goes from the dotted
index to the undotted one. As a result, in momentum space we represent the first contraction
as follows

⟨λaα(x)λ̄bα̇(y)⟩0 ↔
α, aα̇, b

p

= δ
abσαα̇ ⋅ p
p2

, (C.3)

where σαα̇ ⋅ p = σµαα̇ pµ, with σµαα̇ defined in (A.6). The tree-level propagator with raised indices
in (C.2) is obtained from the previous expression by employing the ε-tensor and following the
rule (A.1). We find

⟨λ̄α̇b (y)λαa(x)⟩0 ↔
α, aα̇, b

p

= δ
abσ̄α̇α ⋅ p
p2

. (C.4)

105



Appendix C. Supersymmetric Wilson loop in perturbation theory

The propagators associated with the spacetime fields of the massless hypermultiplets in the
representation R have a similar structure. For the complex scalars q and q̃ we have

qvq̄u
= δ

u
v

p2
,

q̃v¯̃qu
= δ

v
u

p2
,

(C.5)

where u, v = 1, . . . ,dimR, while for the fermions η and η̃ we find

ηα,uη̄vα̇

p

= δ
v

u σαα̇ ⋅ p
p2

, (C.6)

η̃uα¯̃ηα̇,v

p

= δ
u

v σαα̇ ⋅ p
p2

. (C.7)

The propagators with raised indices are analogous to those presented in (C.4).

C.1 Perturbative corrections to the propagators
In this subsection, we focus on the one- and two-loop corrections to the propagators. We will
work in momentum space and follow the formalism of [168], which we briefly review below.

In Euclidean space, the basis one-loop integral is

G(n1, n2) = ∫
ddk

(2π)d
1

(k2)n1((k + p)2)n2
= (p2)d/2−n1−n2G̃(n1, n2) , (C.8)

where d is the spacetime dimension, the overall dependence on external momentum p2 follows
from dimensional analysis, while G̃(n1, n2) is a function of d and of the integers n1 and n2

1.
Going through the calculation of (C.8), we find that it can be expressed in terms of Euler gamma
functions as follows

G̃(n1, n2) =
Γ(n1 + n1 − d/2)
(4π)d/2Γ(n1)Γ(n2)

Γ(d/2 − n1)Γ(d/2 − n2)
Γ(d − n1 − n2)

, (C.9)

At two-loop accuracy, the basis integral we consider is [61,168]

G(n1, n2, n3, n4, n5) = ∫
ddk

(2π)d
ddl

(2π)d
1

((k + p)2)n1((l + p)2)n2(k2)n3(l2)n4((l − k)2)n5

= (p2)d−∑niG̃(n1, n2, n3, n4, n5) ,

where ni are integers. We note that (C.10) is symmetric under the interchanges (1↔ 2,3↔ 4)
and (1 ↔ 3,2 ↔ 4). Moreover, when one of the parameters ni vanishes, (C.10) reduces to a
product of one-loop integrals (C.8). In particular, we will use the identities

G̃(n1, n2, n3, n4,0) = G̃(n1, n3)G̃(n2, n4) , (C.10)

G̃(0, n2, n3, n4, n5) = G̃(n3, n5)G̃(n2, n3 + n4 + n5 − d/2) , (C.11)
1Let us note that when n1 ≤ 0 or n2 ≤ 0 (C.8) vanishes.
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which can be derived by repeated applications of (C.8). When all the indices ni in (C.10) are
equal to one, it is possible to show that (see Section 5.1 of [168])

G(d) ≡ G(1,1,1,1,1) = 2G(1,1)
d − 4 (G(2,1) − (p2)2−d/2G(2,3 − d/2)) . (C.12)

Using (C.8), it is straightforward to prove that the previous expression is regular in the limit
d→ 4 and is proportional to ζ3

G(d) = (p2)d−5G̃(d) = 6ζ3
(4π)4p2 +O(d − 4) . (C.13)

Finally, we switch to configuration space by the Fourier transform

D(x, s) ≡ ∫
ddp

(2π)d
eip⋅x

(p2)s =
Γ(d/2 − s)
4sπd/2Γ(s)

1

(x2)d/2−s
. (C.14)

The tree-level propagators in configuration space are given by ∆(x) =D(x,1).

C.1.1 One-loop corrections to the propagators

In this subsection, we analyse the one-loop corrections to the propagators entering the compu-
tation of the supersymmetric Wilson loop. We recall that ultraviolet divergent diagrams are
regularised by dimensionally reducing the theory from four to d = 4 − 2ε dimensions [121]. In
this scheme, the gauge field Aµ is a d-dimensional vector, while the real scalars generated by the
reduction are denoted by Ai, with i = 1, . . . ,4 − d. Unless explicitly stated otherwise, we shall
work in the Feynman gauge.

One-loop corrections to the scalar and gluon propagator

We begin by considering the corrections to the propagators of the adjoint scalar φ and the gauge
field Aµ. Gauge invariance dictates that these corrections must take the following form

= δ
abg2B
(p2)2 π

(1)
S (p

2) , (C.15)

= δ
abg2B
(p2)2 (δµν −

pµpν

p2
)π(1)G (p

2) , (C.16)

where π(1)G and π
(1)
S denote the gluon and scalar polarization, respectively. The expectation

based on supersymmetry is that
π
(1)
G = π(1)S ≡ π(1) . (C.17)

We will now verify this identity explicitly by considering the relevant diagrams separately.

The scalar polarization The relevant Feynman diagrams contributing to the scalar polar-
ization π(1)S (p2) can be deduced from the explicit form of actions (6.1) and (6.3). We find three
contributions

=

AA

+

ψψ̄

λλ̄

+

ηη̄

η̃ ¯̃η

, (C.18)
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where we recall that ψ and λ denote the two gauginos of the N = 2 vector multiplet, while η
and η̃ are the Weyl fermions associated with the massless hypermultiplets in the representation
R. Going through the calculation, we obtain

AA

= g
2
Bδ

abN

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d)p6−d 4(d − 1) ,

ψψ̄

λλ̄

= −g
2
Bδ

abN

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d)p6−d 4(d − 1) ,

ηη̄

η̃ ¯̃η

= −iR
g2Bδ

ab

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d)p6−d 4(d − 1) ,

(C.19)

where we recall iR is the Dynkin index of the representation R (B.2a). Note that the first two-
diagrams cancel each other out and consequently, the one-loop scalar polarization π

(1)
S (C.15)

only receives corrections from the matter sector of the theory. Expressing the last diagram in
(C.19) by the basis integral (C.8), we find that

=

ηη̄

η̃ ¯̃η

≡ = −2δabg
2
B

p2
iRG(1,1) . (C.20)

The gluon polarization The calculation of the gluon π
(1)
G goes along the same lines. In

particular, the N = 2 vector multiplet contributes to π(1)G through: the gauge and ghost fields

AA

+

cc̄

= g
2δabN

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d) (3d − 2) Pµν

p6−d
,

(C.21)

one complex and 4 − d real adjoint scalar fields 2

φφ̄

+

AiAi

= g
2δabN

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d) (d − 6) Pµν

p6−d
,

(C.22)

and two gauginos λ and ψ

λλ̄

+

ψψ̄

= g
2δabN

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d) (8 − 4d) Pµν

p6−d
.

(C.23)
2These scalars result from dimensional reduction.
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In the previous expression, we denoted with Pµν = δµν − pµpν/p2 the transverse projector, which
ensures that each correction is gauge invariant. Moreover, combining together (C.21), (C.22),
and (C.23), we find that they cancel each other out, as in the scalar case (C.19).

Finally, we consider the diagrams resulting from the matter sector. We find that the polar-
ization π

(1)
G (C.16) receives contributions from the fermions through the diagrams

ηη̄

+

η̃ ¯̃η

= g
2δab4iR

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d) (2 − d) Pµν

p6−d
,

(C.24)

and from the scalars q and q̃

qq̄

+

q̃ ¯̃q

= −4g
2δabiR

(4π)d/2
Γ(d/2)Γ(2 − d/2)Γ(d/2 − 1)

Γ(d)
Pµν

p6−d
.

(C.25)

Combining together (C.24) and (C.25), we finally arrive at the following result

= = −2iR
δabg

2
B

(p2) (δµν −
pµpν

p2
)G(1,1) . (C.26)

The previous expression coincides with (C.20) up to the transverse projector Pµν , confirming
the expectation based on supersymmetry (C.17), and leads to the following expression for the
polarization operator

π(1)(p2) = −2iRg2B
Γ(2 − d/2)
(4π)d/2

Γ(d/2 − 1)Γ(d/2 − 1)
Γ(d − 2) (p2)d/2−2 , (C.27)

where we recall that iR is the Dynkin index of the representation R (B.2a).
Using (C.20) and (C.26), we can easily derive the one-loop corrections to the propagators

in the difference-theory method. Subtracting off the contributions of N = 4 SYM, where the
hypermultiplets transform in the adjoint representation, we find that

= δab
g2BΠ

(1)(p2)
(p2)2 , (C.28a)

= δab (δµν −
pµpν

p2
) g

2
BΠ
(1)(p2)
(p2)2 , (C.28b)

where we employed a double dashed/continuous line to emphasise that the diagram is con-
structed by using the difference method. Moreover, the polarization operator Π(1) is given
by

Π(1)(p2) = f (1)(d)(p2)d/2−1 ,
f (1)(d) = β0G̃(1,1) ,

(C.29)

where G̃(1,1) is defined in (C.8), while β0 is the one-loop coefficient (1.25) of the β-function.
Finally, by applying the Fourier transform (C.14) to the corrections (C.28), we switch to con-
figuration space. For the scalar propagator, we find the following result

x1 x2
= f (1)(d)g2BD(x12,3 − d/2) ≡∆(1)(x12) . (C.30)
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Repeating the same calculation for the correction (C.28b), we obtain

x1 x2
= g2Bf (1)(d) (δµνD(x12,3 − d/2) − ∂1,µ∂2,νD(x12,4 − d/2))

≡ δµν∆(1)(x12) − ∂1,µ∂2,ν∆(1),g(x12) .
(C.31)

By gauge invariance, we expect that all the Wilson loop diagrams which involve the gauge-
like term ∂1,µ∂2,ν∆

(1),g(x12) do not contribute to the final results and in the following, we will
verify this property explicitly.

One-loop corrections to the fermion propagators

We conclude this subsection by considering the one-loop corrections to the fermion propaga-
tors. These corrections are essential to determine the two-loop scalar propagator, which will be
considered in the following subsection.

We begin with the one-loop corrections to the propagators of the gaugino ψ. The relevant
Feynman diagrams are

= +
λλ̄

φφ̄

+

qq̄

η̃ ¯̃η

+

ηη̄

q̃ ¯̃q

= −2(N + iR)δab
g2B /p
p2

G(1,1) ,

(C.32)

where /p ≡ pµσµ, with σµ given by (A.6). Moreover, the virtual emission in the first diagram,
depicted by a wiggly/dashed line, arises from the interaction of the fermion ψ with the gauge
field Aµ and with the real scalars Ai generated by dimensional reduction.

Going through the calculations of the corrections to the propagator of the gaugino λ, we
find that they coincide with (C.32). This result is expected as these fields belong to the same
supermultiplet. Moreover, we can use (C.32) to deduce the one-loop correction to the fermion
propagators in the difference method

= 2(N − iR)δab
g2B /p
p2

G(1,1) , (C.33)

where we employed the graphical notation of (C.28).
Finally, we consider the corrections to the propagators of the matter fermions η and η̃. For

instance, the relevant Feynman diagrams contributing to η are given by

= +

ψψ̄

qq̄

+
λλ̄

qq̄

+

φφ̄

η̃ ¯̃η

= −4CRδuv
g2B/p
p2

G(1,1) ,

(C.34)
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where u, v = 1, . . . ,dimR and we recall that CR is the quadratic Casimir (B.2b). Going through
the calculations of the corrections to the propagators of η̃ we find that they coincide with (C.34),
as expected from supersymmetry.

C.1.2 Two-loop corrections to the propagators

At three loops, the expectation value of the supersymmetric Wilson loop receives contributions
from diagrams involving the two-loop corrections to the propagators of the adjoint scalar and
gauge field in the difference-theory approach 3 (6.48). The expectation based on supersymmetry
is that these corrections coincide up to spacetime indices 4, as we already observed at one loop
(see (C.28a) and (C.28b)). Therefore, we can assume that

2-loop = 2-loop
R − 2-loop

Adj = δabg
4
B

(p2)2Π
(2)(p2) , (C.35a)

2-loop = 2-loop
R − 2-loop

Adj = δabg
4
B

(p2)2 (δµν −
pµpν

p2
)Π(2)(p2) , (C.35b)

and determine the two-loop polarization operator Π(2)(p2) by considering (C.35a). In (C.35a)
and (C.35b), the diagrams labelled by R capture all the two-loop corrections in which the scalar
φ (or the gluon) interacts with matter fields in the representation R, while those labelled by
Adj denote the same corrections with R = Adj.

By simple dimensional arguments, we deduce that the polarization operator can be written
as follows

Π(2)(p2) = (p2)d−3 f (2)(d) , (C.36)

where f (2)(d) depends on the spacetime dimension d and includes colour factors. To avoid
cumbersome expressions, we will express the different diagrams that enter (C.35a) by the basis
integrals (C.8) and (C.10), and we will directly provide their contributions to f (2)(d) by omitting
the overall prefactor g4Bδab/(p2)5−d.

We find that the two-loop scalar polarization Π(2)(p2) involves both reducible and irreducible
diagrams. The former are simply given by

− = 4(i2R −N2)G̃(1,1)2 , (C.37)

where we used (C.20). Conversely, the irreducible contributions can be grouped into two classes
of corrections. The first one arises when we dress the internal lines of the diagrams in (C.18)

3Let us recall that in this scheme we consider diagrams with internal lines in the representation R and we
subtract identical contributions with R = Adj.

4An explicit test of this property at two-loop accuracy can be found in [61], where the authors studied the 1/2
BPS Wilson loop in superconformal N = 2 QCD.
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with proper one-loop self-energies, i.e.

+ +

= 2N(N − iR) (5G̃(0,1,1,0,1) − G̃(0,1,1,2,1)) , (C.38)

= 16 (CRiR −N2) (G̃(0,1,1,1,1) − G̃(0,1,1,0,1)) . (C.39)

In (C.38), the internal dashed/continuous bubbles denote, respectively, the one-loop correction
to the propagators of the adjoint scalar, gauge field and gaugino in the difference-theory method
(see, respectively, (C.28a), (C.28b) and (C.33)). Similarly, the correction (C.39) is obtained
by dressing the matter loop in (C.20) with the one-loop correction (C.34) and subtracting the
contribution of N = 4 SYM.

The second class of irreducible corrections emerges from pure two-loop diagrams, i.e.

= 2C′4
NCF

(G̃(d) − G̃(1,0,1,1,1) + 2G̃(0,1,1,0,1) ) , (C.40)

= −4N(iR −N) (G̃(0,1,1,1,1) − G̃(1,1)2) , (C.41)

= 4N(iR −N) (4G̃(0,1,1,0,1) − 2G̃(1,1)2) , (C.42)

= (8(CRiR −N2) − 2N(iR −N))G̃(0,1,1,0,1) , (C.43)

where we recall that the colour factor C′4 in (C.40) is defined in (6.53). In (C.40), we employed a
double wiggly/continuous line to depict the propagation of the gauge field Aµ and the 4−d real
scalars arising from dimensional reduction. Similarly, the diagrams in (C.42) are constructed
from Yukawa-like vertices, where the adjoint scalar φ interacts with the matter fermions (de-
picted by a thick dashed line), the two gauginos (shown as a thick continuous line), and the
matter scalars (represented by a thin dashed line).

Combining together the results we derived in this subsection, we can express f (2)(d) (C.36)
as the sum of four different terms

f (2)(d) = f (2)1 (d) + f
(2)
2 (d) + f

(2)
3 (d) + f

(2)
4 (d) . (C.44)

Recalling the explicit definition of the coefficient β0 (1.25), we finally find that

f
(2)
1 (d) = −2β0 iR G̃(1,1)

2 ,

f
(2)
2 (d) = −2β0N G̃(0,1,1,1,1) ,
f
(2)
3 (d) = −β0N G̃(0,1,1,2,1) ,

f
(2)
4 (d) =

2C′4
NCF

G̃(d) , (C.45)
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where we recall that the dimensionless G̃-functions are defined in Section C.1
Finally, we switch to configuration space by employing (C.14). We find that the two-loop

corrections to the propagator of the scalar φ take the following form

x1
2-loop

x2
= g4Bf (2)(d)D(x12,5 − d) ≡∆(2)(x12) . (C.46)

Conversely, the gluon propagator involves two terms

x1
2-loop

x2
= g4Bf (2)(d) (δµνD(x12,5 − d) − ∂1,µ∂2,νD(x12,6 − d))

≡ δµν∆(2)(x12) − ∂1,µ∂2,ν∆(2),g(x12) . (C.47)

Note that the gauge-like term ∂1,µ∂2,ν∆
(2),g(x12) is completely irrelevant when inserted in the

single-exchange correction (6.48), as it provides total derivatives integrated over a closed path.

C.2 Mercedes-like diagrams
We now turn our attention to the Mercedes-like correction

M ≡ , (C.48)

where the internal bubble denotes the one-loop correction (C.28) to the propagator of the adjoint
scalar and gauge field in the difference-theory approach.

By expanding the Wilson loop operator (5.7) at order g3B, we obtain the following represen-
tation for (C.48)

M = ∮ d3τ
⎛
⎝
(igB)3
3!N

⟨trPA(τ1)A(τ2)A(τ3)⟩M +
ig3BR

2

2N
⟨trPA(τ1)Φ(τ2)Φ̄(τ3)⟩M

⎞
⎠
, (C.49)

where we introduced the notation Ai ≡ ẋµ(τi)Aa
µ(x(τi))T a and Φi ≡ φa(x(τi))T a and we recall

that P denotes the path-ordering operator (5.2). In the previous expression, we used the sub-
scriptM to indicate that only the reducible contributions to the internal vertices of (C.48) are
retained when we evaluate the correlators.

Before entering the calculation of (C.48), we recall that the one-loop correction to the gauge-
field propagator (C.31) consists of two different tensor structures. One of them is the gauge-like
term ∂1,µ∂2,ν∆

(2),g(x12), while the second one involves the metric δµν . Within the Mercedes-like
diagrams (C.48) these structures behave differently and consequently, we find it convenient to
separate them. To do so, we represent (C.31) as follows

x1 x2
= δabδµν∆(1)(x12) + δab∂1,µ∂1,ν∆(1),gµν (x12)

≡
x1

δ x2
+
x1

∂ x2
,

(C.50)
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where we recall that ∆(1)(x) and ∆(1),g(x) are defined in (C.30) and (C.31) respectively.
Exploiting (C.50), we can express (C.48) as

M =M1 +M2 , (C.51)

M1 ≡
δ

+
δ

+ , (C.52)

M2 ≡
∂

+
∂

. (C.53)

Computing M1

The explicit form of the diagrams contributing to M1 (C.52) can be deduced by interaction
vertices

Sgs = gB ∫ ddωfabc (∂µφ̄bAµ
aφc − φ̄bAµ

a∂µφc) (ω) , (C.54)

Sgg = gB ∫ ddωfacb (∂µAν,cA
µ
aA

b
ν) (ω) , (C.55)

emerging from the action of pure N = 2 super-Yang–Mills (6.1).
Substituting (C.54) into (C.49) and isolating the Wick contractions which involve the one-

loop correction to the scalar propagator δab∆(1)(x) (C.30) and the tensor structure δµν∆(1)(x),
we obtain

M1 = −
g4BCFN

2
∮ d3τε(τ) (R2 − ẋ1 ⋅ ẋ3) (ẋ2 ⋅ ∂x1)∫ ddω

3

∑
i=1
∏
j≠i

∆(1)(xiω)∆(xjω) , (C.56)

where xiω ≡ xi −ω, while the tree-level propagator ∆(x) and the path-ordering symbol ε(τ) are
defined in (6.13) and (6.33), respectively.

To proceed with the calculation, we replace the propagators ∆(x) and ∆(1)(x) (C.30) by
their explicit forms and we integrate over ω by means of usual Feynman parameters. The final
result can be written as follows

M1 = Ad∫
1

0
dF ∮ d3τε(τ) (1 − cos (τ13))(α(1 − α) sin (τ12) − αγ sin (τ32))

Q3d/2−4
, (C.57)

where we recall that Q is defined in (6.31) and the notation was introduced for 5

dF = dαdβdγδ(1 − α − β − γ)(αβγ)d/2−2 (αd/2−2 + βd/2−2 + γd/2−2) , (C.58)

Ad = −
ĝ6BCFNβ0 Γ(3d/2 − 4)Γ2(d/2 − 1)
(d/2 − 2)Γ(d − 2) π3d/223d/2+6

. (C.59)

5Recall that ĝB = gBR2−d/2.
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We note that Ad exhibits a pole in four dimensions and depends on the coefficient β0 (1.25) of
the β-function. This means that in superconformal theories the previous expression vanishes.

To perform the contour integration in (C.57), we employ the identities [121,169]

∮ d3τ
∂

∂τ1

⎛
⎝
ε(τ)(1 − cos τ13)

Q3d/2−5

⎞
⎠
= 0 , (C.60)

∂τ1ε(τ) − 2(δ(τ12) − δ(τ13)) = 0 . (C.61)

The advantage of these relations is that they allow us to reduce M1 (C.56) to a linear combi-
nation of bubble-like contributions (6.52), analogous to those arising from the single-exchange
contributions dressed with the two-loop correction (6.48). To see this, we insert (C.60) into
(C.57) and exploit the fact that dF (C.58) is fully symmetric. As a result, we can relabel the
variables τi while keeping Q (6.31) unchanged and find that

M1 =
2Ad

3d/2 − 5 ∫
1

0
dF ∮ d2τ

(1 − cos τ23)6−3d/2

(γ(1 − γ))3d/2−5
−Ad (

3d − 12
3d − 10)∫

1

0
dF ∮ d3τ

ε(τ) sin τ13
Q3d/2−5

= −ĝ6N (2F
(2)
2 + N

iR
F
(2)
1 + ĝ

6
Bβ0CFN9ζ3

28π4
) , (C.62)

where F (2)1 and F (2)2 are the (UV divergent) bubble-like contributions (6.52) which arise from the
integration over the measure dF (C.58) in the first term of the previous expression. Conversely,
by applying the master integral (6.34) to the second term in the first line of (C.62), we find the
ζ3-like term. This is finite in four dimensions as it results from an interference effect between
the ultraviolet pole of the amplitude Ad (C.59) and the evanescent term (3d − 12).

Computing M2

Finally, we discuss the correction M2 (C.53).
We begin with considering the diagrams involving three gauge fields. Inserting the pure-

gauge vertex (C.54) into the first correlator of (C.49) and decorating the Wick contractions with
the tensor ∂1,µ∂2,ν∆(2),g(x12) (C.50) we arrive at the following representation

∂
= g

4
BCFN

2
∮ d3τε(τ) ∫ ddω

d

dτ1
(O(xj)∆(x3ω)∆(x2ω)∆(1),g(x1ω)) , (C.63)

where O(xj) denotes the following differential operator

O(xj) = [ (ẋ3 ⋅ ∂1) (∂1 − ∂3) ⋅ ẋ2 + (ẋ2 ⋅ ẋ3) (∂3 ⋅ ∂1) ] . (C.64)

The diagrams involving both the adjoint scalars and the gauge field possess a similar struc-
ture. Indeed, inserting (C.55) into the second correlator of (C.49), and decorating the Wick
contraction of the gauge field with the tensor ∂1,µ∂1,ν∆(1),g(x1ω), we find

∂
= −g

4
BCFR

2N

2
∮ d3τε(τ) d

dτ1
∂3 ⋅ ∂1 (∆(x3ω)∆(x2ω)∆(1),g(x1ω)) . (C.65)
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By combining together (C.63) and (C.65) and neglecting terms which provide total deriva-
tives integrated over closed paths, we obtain the following result

M2 =
g4BCFN

2
∮ d3τε(τ) (ẋ2 ⋅ ẋ3 −R2) d

dτ1
∂3 ⋅ ∂1∫ ddω∆(x2ω)∆(x3ω)∆(1),g(x1ω)

= g4BCFN ∮ d3τ(δ(τ12) − δ(τ13)) (R2 − ẋ2 ⋅ ẋ3)∂3 ⋅ ∂1∫ ddω∆(x2ω)∆(x3ω)∆(1),g(x1ω)

= −2ĝ6BF
(2)
3 ,

(C.66)

where F (2)3 denotes the bubble-like contribution (6.52) and we obtained the second line by using
the identity (C.61).

Combining (C.66) with (C.62), we find that the Mercedes-like diagrams (C.48) take the
following form

M =M1 +M2 = −ĝ6B (2F
(2)
2 + 2F (2)3 + N

iR
F
(2)
1 + 9β0ĝ

6
BCFN

28π4
ζ3) + . . . , (C.67)

where the ellipses stand for evanescent corrections that contribute to higher orders in perturba-
tion theory.

C.3 Lifesaver diagrams

We now examine in detail the lifesaver-like diagrams

L = , (C.68)

where the internal bubble captures the one-loop irreducible corrections to the gauge-scalar and
pure-gauge vertex in the difference-theory approach.

To simplify the initial stages of the analysis, we find it convenient to express (C.68) as the
sum of two terms

L = Lg +Lgs , (C.69)

where Lg denotes the corrections that solely depend on the gauge field Aµ, while Lgs captures
those involving the adjoint scalar φ. To determine Lg and Lgs, we expand the Wilson loop at
order g3B and we find that

Lg = (
(igB)3
3!N

)(∮ d3τ⟨trPA(τ1)A(τ2)A(τ3)⟩L) , (C.70)

Lgs = (
ig3BR

2

2N
)(∮ d3τ⟨trPA(τ1)Φ(τ2)Φ̄(τ3)⟩L) , (C.71)

where the subscript L indicates that only the irreducible corrections to the internal vertices of
(C.48) are retained when we evaluate the correlators.
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The irreducible corrections to gauge-scalar vertex Our first goal is to determine the
explicit form of the correlator in (C.71). To do so, we have to identify the relevant Feynman
diagrams that contribute to the irreducible correction to the gauge-scalar vertex in the difference-
theory approach. Using the actions of the matter sector (6.3), we find that

⟨Aµ
a(x1)φb(x2)φ̄c(x3)⟩L =

Aµ
a(x1)

φ̄c(x3) φb(x2)

+

Aµ
a(x1)

φ̄c(x3) φb(x2)

− (R = Adj)

= fabc (Sµ1 (xi) + S
µ
2 (xi)) .

(C.72)

In the previous expression, fabc are the structure constants of SU(N) (B.1) and we defined

Sµ1 (xi) = (2ig
3
B)(iR −N)∫ dP ∫

ddk

(2π)d
pµ2k

2 − pµ3(k − p1)2

k2(k − p1)2(k + p3)2
, (C.73a)

Sµ2 (xi) = (2ig
3
B)(iR −N)∫ dP ∫

ddk

(2π)d
p21(k + p3)µ − p23(k − p1)µ − p22kµ

k2(k − p1)2(k + p3)2
, (C.73b)

where dP denotes the integration measure over the external momenta pi

dP =
3

∏
i=1

ddpi
(2π)d

e−ipi⋅xi

p2i
(2π)dδd (Σj pj) . (C.74)

The functions Sµ1 (C.73a) and Sµ2 (C.73b) display distinct behaviours in the limit d → 4.
Indeed, Sµ1 can be evaluated in terms of usual gamma functions by (C.8) and develops a UV
1/(d− 4) pole as d→ 4, whereas Sµ2 (xi) reduces to a combination of triangle-like integrals [148],
which are regular in four dimensions.

The different behaviour of the functions (C.73) d → 4 suggests that they contribute to the
observable in a different manner and consequently, it is convenient to express Lgs as

Lgs = L(1)gs +L(2)gs , (C.75a)

L(1)gs = −
g3BR

2

4
NCF ∮ d3τε(τ) (ẋ1 ⋅ S1) , (C.75b)

L(2)gs = −
g3BR

2

4
NCF ∮ d3τε(τ) (ẋ1 ⋅ S2) . (C.75c)

Replacing Sµ1 with its integral representation (C.73a), we find that the loop integration over
the momentum k can be evaluated in terms of (C.8), while the Fourier transform (C.74) can be
expressed by the functions ∆(1)(x) and ∆(x) defined, respectively, in (C.30) and (6.13). The
final result takes the following form

L(1)gs = A(1)R2∮ d3τε(τ) (ẋ2 ⋅ ∂1)∫ ddω∆(1)(x1ω)∆(x2ω)∆(x3ω) . (C.76)

Similarly, the calculation of L(2)gs leads to

L(2)gs = A(2)∮ d3τε(τ)∫ dP (−ip22)∫
ddk

(2π)2
R2 (2k ⋅ ẋ1 − k ⋅ ẋ2)
k2(k + p1)2(k − p3)2

, (C.77)
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where we employed the explicit form of the function Sµ2 (C.73b) and exploited the antisymmetry
of the ε-symbol (6.33). Moreover, the notation was introduced for the amplitudes

A(1) = CFNg
4
B

2
, (C.78)

A(2) = −β0
4
CFNg

6
B . (C.79)

The one-loop corrections to pure-gauge vertex Our second goal is to evaluate the cor-
relator in (C.70), which encodes the one-loop irreducible corrections to the pure-gauge vertex
in the difference-theory approach. The Feynman diagrams contributing to this correlator arise
from both matter scalars and fermions, which we treat separately.

Using the action (6.3), we find that the matter scalars contribute to the pure-gauge vertex
via the following diagrams

Sabcµνρ(xi) =

Aa
µ(x1)

Ab
ν(x2) Ac

ρ(x3)

+

Aa
µ(x1)

Ac
ρ(x3) Ab

ν(x2)

− (R = Adj)

= 2ig3Bfabc (N − iR)∫ dP ∫
ddk

(2π)d
(2k + p1)µ (2k + p1 − p3)µ(2k − p3)ρ

k2(k + p1)2(k − p3)2
,

(C.80)

where the dashed and dotted lines denote the scalar q and q̃, respectively.
The matter fermions contribute to the correlator in (C.70) via the following diagrams

Fabc
µνρ(xi) =

Aa
µ(x1)

Ab
ν(x2) Ac

ρ(x3)

+

Aa
µ(x1)

Ac
ρ(x3) Ab

ν(x2)

− (R = Adj)

= ig3Bfabc (N − iR)∫ dP ∫
ddk

(2π)d
(Tr σ̄µ/kσ̄ρ(/k − /p3)σ̄ν(/k + /p1))

k2(k + p1)2(k − p3)2

+ ig3Bfabc (N − iR)∫ dP ∫
ddk

(2π)d
(Tr σ̄ρ/kσ̄µ(/k + /p1)σ̄ν(/k − /p3))

k2(k + p1)2(k − p3)2
,

(C.81)

where the dashed and dotted lines denote the fermion η and η̃, respectively. Employing the
identities in (A.11), we can simplify the traces in (C.81) and obtain 6

Fabc
µνρ(xi) = −Sabcµνρ(xi) + fabc (G(1)µνρ(xi) + G(2)µνρ(xi)) , (C.82)

where Sabcµνρ(xi) is the correction to the pure-gauge vertex resulting from the matter scalars
(C.80), while G(1)µνρ and G(2)µνρ are the counterparts of the functions Sµ1 and Sµ2 (C.73). As we will

6To arrive at (C.82), we neglected terms that, when integrated over the Wilson loop contour in (C.70), provides
total derivatives.
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shortly see, they exhibit the same behaviour in the limit d → 4 and are related to (C.73) by
supersymmetry. In particular, G(1)µνρ takes the following form

G(1)µνρ(xi) = −2ig3B(iR −N)∫ dP ∫
ddk

(2π)d
⎡⎢⎢⎢⎢⎣

δµν (k2p2,ρ − p1,ρ(k − p3)2)
k2(k + p1)2(k − p3)2

+
δµρ (p1,ν(k − p3)2 − p3,ν(k + p1)2)

k2(k + p1)2(k − p3)2
+
δνρ (p3,µ(k + p1)2 − p2,µk2)

k2(k + p1)2(k − p3)2
⎤⎥⎥⎥⎥⎦
.

(C.83)

Integrating over large loop momentum k, (C.83) develops a UV pole, in close analogy to Sµ1
(C.73a), while G(2)µνρ(xi) reduces to a combination of triangle-like integrals [148], i.e.

G(2)µνρ(xi) = 2ig3B(iR −N)∫ dP ∫
ddk

(2π)d
⎡⎢⎢⎢⎢⎣

δµν (p21(k − p3)ρ + p22kρ − p23(k + p1)ρ)
k2(k + p1)2(k − p3)2

+
δµρ (p23(k + p1)ν − p22kν + p21(k − p3)ν)

k2(k + p1)2(k − p3)2
−
δνρ (p21(k − p3)µ − p22kµ − p23(k + p1)µ)

k2(k + p1)2(k − p3)2
⎤⎥⎥⎥⎥⎦
.

(C.84)
Combining together (C.82) with (C.80), we observe a partial cancellation between the bosonic

and fermionic degrees of freedom, as expected in supersymmetric theories, and we find that the
correlator in (C.70) is given by

⟨Aa
µ(x1)Ab

ν(x2)Ac
ρ(x3)⟩L = f

abc (G(1)µνρ(xi) + G(2)µνρ(xi)) . (C.85)

Following the analysis of the gauge-scalar vertex (C.75), we substitute (C.85) into (C.70) and
we express the result as follows

Lg = L(1)g +L(2)g , (C.86a)

L(1)g = g
3
B

12
NCF ∮ d3τε(τ) (ẋµ1 ẋ

ν
2 ẋ

ρ
3)G

(1)
µνρ , (C.86b)

L(2)g = g
3
B

12
NCF ∮ d3τε(τ) (ẋµ1 ẋ

ν
2 ẋ

ρ
3)G

(2)
µνρ . (C.86c)

Replacing G(1)µνρ with its integral representation (C.83), we find that the loop integration over
the momentum k reduces to the basis integral (C.8), while the Fourier transform (C.74) can be
expressed by the functions ∆(1)(x) and ∆(x) defined, respectively, in (C.30) and (6.13). The
final result takes the following form

L(1)g = A(1)∮ d3τε(τ) (−ẋ1 ⋅ ẋ3) (ẋ2 ⋅ ∂1)∫ ddω∆(1)(x1ω)∆(x2ω)∆(x3ω) , (C.87)

where A(1) is defined in (C.78). We emphasise that (C.87) has the same structure of (C.76), up
to the replacement R2 → −ẋi ⋅ ẋj . This can be regarded as a supersymmetry relation between
the two different classes of corrections and justifies the decomposition (C.86).

Analogously, we find the following expression for L(2)g

L(2)g = A(2)∮ d3τε(τ)∫ dP (ip22)∫
ddk

(2π)d
(2k ⋅ ẋ1) (ẋ2 ⋅ ẋ3) − (k ⋅ ẋ2) (ẋ1 ⋅ ẋ3)

k2(k + p1)2(k − p3)2
, (C.88)

where the coefficient A(2) is defined in (C.79). As we already observed for L(1)g , the contribution
L(2)g is related to L(2)gs (C.77) by the relation R2 → −ẋi ⋅ ẋj .
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Summary of the results Using the results we derived above, we can construct the integral
representations for the lifesaver-like diagrams (C.68). We have

(C.69)= Lg +Lgs

(C.75,C.86)= (L(1)g +L(1)gs ) + (L(2)g +L(2)gs ) ≡ (L(1) +L(2)) .

(C.89)

In the previous expression, we grouped the different contributions into two terms in such a way
that L(1) and L(2) naturally involve the combination R2 → −ẋi ⋅ ẋj , i.e.

L(1) = A(1)∮ d3τε(τ) (R2 − ẋ1 ⋅ ẋ3) ẋ2 ⋅ ∂1∫ ddω∆(1)(x1ω)∆(x2ω)∆(x3ω) , (C.90a)

L(2) = A(2)∮ d3τε(τ)∫ dP (ip22)∫
ddk

(2π)d
(2k ⋅ ẋ1) (ẋ2 ⋅ ẋ3 −R2) − (k ⋅ ẋ2) (ẋ1 ⋅ ẋ3 −R2)

k2(k + p1)2(k − p3)2
.

(C.90b)

Our next goal is to develop a technique to calculate these two functions.

C.3.0.1 Computing L(1)

Let us begin by considering the calculation of L(1) (C.90a). Integrating over ω, we obtain

L(1) = −Ad∫
1

0
dF (α2βγ)d/2−2∮ d3τ

ε(τ) (1 − cos τ13) (α(1 − α) sin τ12 + αγ sin τ23)
Q3d/2−4

, (C.91)

where dF is the usual measure over the unit cube (6.32), while Q is defined in (6.31). The
previous expression is divergent in the limit d → 4, as it involves the amplitude Ad (C.59).
Moreover, its structure is extremely similar to the correctionM(1) (C.56) and consequently, we
can integrate over the contour by similar manipulations. We apply (C.60) and we obtain

L(1) = Ad
2

5 − 3d/2 ∫
1

0
dF (α2βγ)d/2−2∮ d2τ

(1 − cos τ23)6−3d/2

(γ(1 − γ))3d/2−5

+Ad
6 − 3d/2
5 − 3d/2 ∫

1

0
dF (α2βγ)d/2−2∮ d3τ

ε(τ) sin τ13
Q3d/2−5

− δL(1) , (C.92)

where

δL(1) = Ad∫
1

0
dF (αd−4(βγ)d/2−1 − βd−3αd/2−2γd/2−1)∮ d3τε(τ)(1 − cos τ23) sin τ13

Q3d/2−4
. (C.93)

Comparing (C.92) with (C.62), we observe that the term δL(1) is a novelty. It arises because
the integrand in (C.90a) is not fully symmetric in the exchange of the coordinates xi. However,
we now show that (C.93) vanishes in four dimensions, and consequently, it is irrelevant for the
three-loop analysis. To see this, we replace Q3d/2−4 (6.31) with a two-fold Mellin-Barnes integral
via (C.140) and we find that

1

Q3d/2−4
= 24−3d/2

Γ(3d/2 − 4) ∫
dudv

(2πi)2
Γ(3d/2 − 4 + u + v)Γ(−u)Γ(−v) (βγ sin2 τ23

2
)u

(αβ sin2 τ12
2
)3d/2−4+u+v (αγ sin2 τ13

2
)−v

, (C.94)
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where the integration contour runs parallel to the imaginary axis and separates the increasing
and decreasing poles of the gamma function. Substituting the previous expression into (C.93),
we integrate over the Wilson loop contour via (C.139) and we obtain

δL(1) = Ad∫
dudv

(2πi)2
Γ(3d/2 − 4 + u + v)Γ(−u)Γ(−v)Γ(d/2 + u + v)

23d/2−5Γ(3d/2 − 4)Γ(5 − d)

× J (4 − 3d/2 − u − v, u + 1, v)(Γ(1 − d/2 − u)Γ(4 − d − v) − Γ(2 − d/2 − v)Γ(3 − d − u)) ,
(C.95)

where J (x, y, z) is defined in (C.139). Expanding the integrand around d = 4 and using the
explicit expression for the amplitude Ad (C.59), it is straightforward to verify

δL(1) = O(d − 4) . (C.96)

As a result, we can neglect this contribtuon for the three-loop analysis.
Finally, we consider the first two terms in (C.92). Performing the integration over the

Feynman parameters and applying the master integral (6.34), we find that

L(1) = ĝ6BF
(2)
2 + ĝ6B

3CFNβ0ζ3
28π4

+O(d − 4) , (C.97)

where ĝ6B = R2−d/2gB and we recall that F (2)2 is the bubble-like contribution (6.52).

C.3.0.2 Computing L(2)

The calculation of the correction L(2) (C.90b) is way more complicated. To begin with, we
integrate over the internal momentum k by introducing the usual Feynman parameters for the
propagators and we find that

L(2) = 2A(2) iΓ(3 − d/2)
(4π)d/2 ∮

d3τε(τ)(R2 − ẋ1 ⋅ ẋ3)∫ dPdX
p23 (zẋ2 ⋅ p2 − xẋ2 ⋅ p1) + zp22 ẋ2 ⋅ p3
(xyp21 + zyp22 + zxp23)

3−d/2
,

(C.98)

with dX denoting the usual measure over the unit cube (6.32). The previous expression involves
the quantity p2 ⋅ ẋ2 which, upon integration over the external momenta dP (C.74), yields a
total derivative with respect to the variable τ2. As a result, the contour integration of this
contribution is technically simpler to treat. For this reason, we decompose (C.98) as the sum of
two terms

L(2) = L(2)1 +L
(2)
2 , (C.99a)

L(2)1 = 2A(2) iΓ(3 − d/2)
(4π)d/2 ∮ d3τε(τ)(R2 − ẋ1 ⋅ ẋ3)∫ dP ∫

1

0
dX

p23 (zẋ2 ⋅ p2)
M3−d/2

, (C.99b)

L(2)2 = 2A(2) iΓ(3 − d/2)
(4π)d/2 ∮ d3τε(τ)(R2 − ẋ1 ⋅ ẋ3)∫ dP ∫

1

0
dX

zp22 (ẋ2 ⋅ p3) − p23x(ẋ2 ⋅ p1)
M3−d/2

,

(C.99c)

where M is given by
M = xyp21 + zyp22 + zxp23 . (C.100)
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Computing L(2)1 As we already observed, the calculation of (C.99b) is technically simpler as
the combination p2 ⋅ ẋ2 becomes a total derivative upon integration over dP (C.74). Indeed, by
relabelling τ1 ↔ τ2 and recalling that ε(τ) (6.33) is antisymmetric, we find that

L(2)1 = 2A(2)Γ(3 − d/2)
(4π)d/2 ∮

d3τε(τ)(R2 − ẋ2 ⋅ ẋ3)
d

dτ1
∫ dP ∫

1

0
dX

xp23
M3−d/2

= 4A(2)Γ(3 − d/2)
(4π)d/2 ∮

d3τ (δ(τ13) − δ(τ12)) (R2 − ẋ2 ⋅ ẋ3)∫ dP ∫
1

0
dX

xp23
M3−d/2

,

(C.101)

where we obtained the second line via integration by parts and (C.61). To perform the Fourier
transform dP (C.74), we apply (C.146) to represent M (C.100) by a two-fold Mellin-Barnes
integral

Γ(3 − d/2)
M3−d/2

= ∫
dudv

(2πi)2
Γ(3 − d/2 + u + v)Γ(−u)Γ(−v)

x3−d/2+uy3−d/2+vz−u−v
(p22)u(p23)v
(p21)3−d/2+u+v

, (C.102)

where the integration contour separates the increasing and decreasing poles of the Γ-functions.
Substituting the previous expression into (C.101) and sequentially performing the integration
over the Feynman parameters and the momenta dP (C.74), we find that

L(2)1 = A(2)
Γ(3d/2 − 5) (M(ii)(d) −M(i)(d))

44π3d/2Γ(d − 2)Γ(5 − d) ∮
R2 − ẋ2 ⋅ ẋ3
(x223)

3d/2−5
. (C.103)

where the amplitudes

M(i) = ∫
dudv

(2πi)2
Γ(d − 4 − u − v)Γ(d/2 − 1 + u)Γ(5 − d + v)Γ(−v)Γ(1 + u + v)

u(d/2 − 3 − u − v)Γ(3d/2 − 5 − v)[Γ(d/2 − 2 − v)Γ(d/2 − 1 − u)]−1 , (C.104a)

M(ii) = ∫
dudv

(2πi)2
Γ(−u)Γ(4 − d + u)Γ(1 + u + v)Γ(d/2 − 1 − u)Γ(d/2 − 2 − v)

Γ(3d/2 − 4 − u)(3 − d/2 + u + v)[Γ(d − 4 − u − v)Γ(d/2 + v)]−1 . (C.104b)

It is interesting to note thatM(i) andM(ii) exhibit different behaviours when d→ 4. On the
one hand, (C.104b) becomes singular in four dimensions, due to the product Γ(−u)Γ(4− d+u).
Indeed, in the limit d → 4, the first increasing and the first decreasing pole of the gamma
functions cannot be separated. This gives rise to a pinching effect, which manifests as 1/(d− 4)
pole. On the other hand, (C.104a) is perfectly finite in four dimensions and for future reference,
we provide its expansion around d = 4

M(i)(d) = ∫
δ+i∞

δ−i∞

dudv

(2πi)2
π3 csc(πu) csc(πv) csc(π(u + v))

v(u + v + 1) + . . . = 2ζ3 + . . . , (C.105)

where δ ∈ (−1,0) represents the real part of the variables u and v. As we will shortly see, similar
quantities will also arise from the integral L(2)2 (C.99c).

Computing L(2)2 The calculation of (C.99c) goes along the same lines. We replace M3−d/2

(C.100) with its Mellin-Barnes representation (C.102) and we perform the integration over the
external momenta pi (C.74) in terms of the generalisedd propagators (C.14). The final result
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can be written as an integration contour analogous to (C.91) weighted by functions in Mellin
space that depends on the Feynman parameters α,β and γ, i.e.

L(2)2 = A
(2)Γ(3d/2 − 4)R12−3d

Γ(d − 2)29π3d/223d/2−5 ∫
dM∮ d3τ

ε(τ)(cos τ13 − 1) (α(1 − α) sin τ12 + αγ sin τ23)
Q3d/2−4

.

(C.106)
In the previous expression, Q is defined in (6.31), while dM is given by

dM= dudv

(2πi)2
dF αd−5−u−vβd/2−2+uγd/2−2+v(f̃(u, v)γ + f̃(v, u)β) , (C.107)

f̃(u, v) = −Γ(d/2 − 1 − v)Γ(d/2 − 2 − u)Γ(1 + u + v)
u(3 − d/2 + u + v) , (C.108)

where dF denotes the usual measure over the unit cube (6.32). Importantly, dM is symmetric
under the simultaneous exchange of β ↔ γ and u↔ v.

As we anticipated, the structure of (C.106) is analogous to (C.91) and we can integrate over
the Wilson loop contour by the identity (C.60). We find that

L(2)2 = −A(2) Γ(3d/2 − 4)R12−3d

Γ(d − 2)29π3d/223d/2−5 ∫
dM( 2

3d/2 − 5 ∮ d2τ
(1 − cos τ12)6−3d/2
[γ(1 − γ)]3d/2−5

)

−A(2) Γ(3d/2 − 4)R12−3d

Γ(d − 2)29π3d/223d/2−5
3(2 − d/2)
3d/2 − 5 ∫ dM∮ d3τε(τ) sin τ13

Q3d/2−5
− δL(2)2 ,

(C.109)

where

δL(2)2 = A(2) Γ(3d/2 − 4)R12−3d

Γ(d − 2)29π3d/223d/2−5 ∫
dMT (2)(α,β, γ) , (C.110a)

T (2)(α,β, γ) = ∮ d3τε(τ)βγ sin τ13(1 − cos τ23) + αγ sin τ23(1 − cos τ13)
Q3d/2−4

. (C.110b)

The first term in the second line of (C.109) is proportional to (d−4): it vanishes in the limit d→ 4
since the path-ordered integral is regular and consequently, it can be neglected for the three-loop
analysis. Actually, as we will shortly see, also δL(2)2 is of order (d− 4) and consequently, we can
write

L(2)2 = −A(2) Γ(3d/2 − 4)R12−3d

Γ(d − 2)29π3d/223d/2−5 ∫
dM( 2

3d/2 − 5 ∮ d2τ
(1 − cos τ12)6−3d/2
[γ(1 − γ)]3d/2−5

) +O(d − 4)

= −A(2)
Γ(3d/2 − 5) (M(ii)(d) +M(i)(d))

44π3d/2Γ(d − 2)Γ(5 − d) ∮ d2τ
R2 − ẋ2 ⋅ ẋ3
(x223)3d/2−5

+O(d − 4) ,

(C.111)
where to obtain the second line we performed the integration by employing the explicit form of
the measure dM (C.107), and we recall that M(i)(d) and M(ii)(d) are given by (C.104).

Finally, combining (C.111) with (C.103), we find that

L(2) (C.99a)= L(2)1 +L
(2)
2

(C.103,C.111)= −A
(2)Γ(3d/2 − 5)M(i)(d)

27π3d/2Γ(d − 2)Γ(5 − d) ∮
d2τ

R2 − ẋ2 ⋅ ẋ3
(x223)3d/2−5

+O(d − 4)

= β0
CFNĝ

6
Bζ3

27π4
+O(d − 4) ,

(C.112)
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where we obtained the last equality by expanding the amplitude M(i)(d) around d = 4 through
(C.105) and recalling the definition of A(2) (C.79). Remarkably, when combining together
(C.103) and (C.111), the divergent amplitudes M(ii) (C.104b) cancel each other out, leaving a
finite result.

Evanescent integrals We conclude the analysis by explicitly showing that δL(2)2 (C.110) is
of order O(d − 4). We begin by observing that (C.110) can be written as

δL(2)2 ∝ ∫ dMT (2)(α,β, γ)

∝ ∫
1

0
dF ∫

dudv

(2πi)2
αd−5−u−vβd/2−2+uγd/2−2+v (γf̃(u, v) + βf̃(v, u))T (2)(α,β, γ) ,

(C.113)

where the proportionality constant is regular in the limit d→ 4, and we obtained the second line
by replacing the measure dM with its explicit form (C.107).

We begin with showing that

∫
1

0
dF ∫

dudv

(2πi)2
αd−5−u−vβd/2−2+uγd/2−1+vf̃(u, v)T (2)(α,β, γ) (C.114)

vanishes for arbitrary d. To see this, we express T (2)(α,β, γ) by its integral representation
(C.93) and exploit the antisymmetry of the ε-symbol (6.33) to rewrite (C.114) as follows

∫
dFdudv

(2πi)2
( γd/2+vf̃(u, v)
α5−d+u+vβ1−d/2−u

− γd/2+vf̃(u, v)
β4−d+u+vα2−d/2−u

)∮ d3τε(τ)
sin τ13 sin

2 τ23
2

Q3d/2−4
. (C.115)

Changing variable according to u′ = d/2 − 3 − u − v in the second term, we observe that the
function f̃(u, v) (C.108) is left unchanged and the integral vanishes identically. Thus, (C.113)
reduces to

δL(2)2 ∝ ∫
1

0
dF ∫

dudv

(2πi)2
αd−5−u−vβd/2−1+uγd/2−2+vf̃(v, u)T (2)(α,β, γ)

∝2∫
dFdudv

(2πi)2
( γ

d/2−1+vf̃(v, u)
α5−d+u+vβ−d/2−u

− γd/2−1+vf̃(v, u)
β4−d+u+vα1−d/2−u

)∮ d3τε(τ)
sin τ13 sin

2 τ23
2

Q3d/2−4

∝ 2 (E(2)1 (d) − E
(2)
2 (d)) ,

(C.116)

where we used (C.93) and introduced the functions

E(2)1 (d) = ∫
dFdudv

(2πi)2
γd/2−1+vf̃(v, u)
α5−d+u+vβ−d/2−u

∮ d3τε(τ)sin τ13 (1 − cos τ23)
Q3d/2−4

, (C.117)

E(2)2 (d) = ∫
dFdudv

(2πi)2
γd/2−1+vf̃(v, u)
β4−d+u+vα1−d/2−u ∮ d3τε(τ)sin τ13 (1 − cos τ23)

Q3d/2−4
. (C.118)

Let us consider E(2)1 (d). Replacing Q3d/2−4 with its Mellin-Barnes representation (C.94), we
can integrate over the contour by (C.139). As a result, (C.117) can be expressed as a four-fold
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Mellin-Barnes integral

E(2)1 (d) = ∫
dudvdsdt

(2πi)4
Γ(3d/2 − 4 − s − t)Γ(−s)Γ(−t)Γ(−d/2 − u − v − s)Γ(5 − d − t + u)

23d/2−5Γ(5 − d)Γ(3d/2 − 4)
× Γ(d/2 + v + t + s)J (3d/2 − 4 − s − t, s + 1, t) ,

(C.119)

where J (x, y, z) is given by (C.139). Expanding the previous expression around d = 4, we can
integrate over s and t by a repeated application of Barnes’s first lemma and we find

E(2)1 (d) = 8π
2∫

δ+i∞

δ−i∞

dudv

(2πi)2
Γ(1 − u)Γ(u + 2)Γ(−v)Γ(v)Γ(−u − v)Γ(u + v + 1)

v (1 + u + v) +O(d − 4) ,

(C.120)
where δ ∈ (−1,0) is the real part of the variables u and v. The integration over u and v is not
necessary as E(2)2 (d) (C.118) reduces to the same integral in the limit d→ 4, i.e.

E(2)2 (d) ≃ E
(2)
1 (d)∣

d=4
+O(d − 4) . (C.121)

Substituting the previous expression into (C.116), we find that (C.113) vanishes in four-dimensions.

C.3.0.3 Summary of the results

Using the relations obtained in the previous subsections, we can derive the final results for the
lifesaver diagrams (C.68). Although the calculations required intricate manipulations, we obtain
a remarkably simple form

(C.89)= L(1) +L(2)

(C.97,C.112)= ĝ6BF
(2)
2 + ĝ6B

5CFNβ0ζ3
28π4

+O(d − 4) ,

(C.122)

where we recall that F (2)2 is the bubble-like contribution (6.52).

C.4 Diagrams with four emissions

Let us now consider the following class of three-loop diagrams

W = , (C.123)

where we recall that the double dashed/continuous internal bubble denotes the one-loop correc-
tion to the propagators of the adjoint scalar and gauge field in the difference approach (C.28).
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Appendix C. Supersymmetric Wilson loop in perturbation theory

Following the approach outlined in Section C.2, we can apply the decomposition (C.50) and
organise the correction (C.123) as follows

W =W1 +W2 , (C.124a)

W1 = δ + δ + + , (C.124b)

W2 = ∂ + ∂ . (C.124c)

Computing W1

Expanding the Wilson loop operator at order g4B and dressing the Wick contractions with the
one-loop correction to the scalar propagator ∆(1)(x) (C.30) and with the tensor δµν∆(1)(x), we
find that

W1 =
g4B
N
∫
τ1>τ2>τ3>τ4

d4τ Caabb (∆̂(x12)∆̂(1)(x34) + ∆̂(x34)∆̂(1)(x12))+

Caabb (∆̂(x14)∆̂(1)(x23) + ∆̂(x23)∆̂(1)(x14))+

Cabab (∆̂(x13)∆̂(1)(x14) + ∆̂(x34)∆̂(1)(x12)) ,

(C.125)

where we recall that the tensor Cabcd is given by (6.20), while ∆̂(x) and ∆̂(1)(x) are the effective
propagators defined in (6.15) and (6.40), respectively.

To further simplify (C.125), we use the non-Abelian exponentiation rules for the Wilson loop
and we obtain

W1 = W2W ′4 +
g4B
2N

tr ([T b, T a])2∫
D
d4τ (∆̂(x13)∆̂(1)(x24) + ∆̂(x24)∆̂(1)(x13)) , (C.126)

where D denotes the ordered region τ1 > τ2 > τ3 > τ4, the functions W2 and W ′4 are, respectively,
defined in (6.16) and (6.41), while the second term in (C.126) defines the maximally non-Abelian
part of the diagram.

Going through the calculation of (C.126), we encounter the integral

∫
D

d4τ

(4 sin2 τ13
2
)d/2−2 (4 sin2 τ24

2
)d−4

+ d4τ

(4 sin2 τ24
2
)d/2−2 (4 sin2 τ12

2
)d−4

, (C.127)

which arises when the effective propagators ∆̂(x) (6.15) and ∆̂(1)(x) (6.40) are replaced with
their explicit expressions and by employing the coordinate parametrization (5.8). This integral
can be calculated following the approach outlined in Section 6.1.2.

In particular, replacing the trigonometric functions in (C.127) by their Fourier expansions
(6.23), we find that the nested integration becomes elementary and the correction W1 (C.126)
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assumes a remarkably simple form

W1 = ĝ6BCF
2N2 − 3
6N

P2(d)B1(d)B2(d) −
ĝ6Bβ0CFN3ζ3

28π4
+O((d − 4)2) , (C.128)

where the functions Bn(x) and P2(x) are defined in (6.16) and (6.41), respectively.
Crucially, the ζ3-term in (C.128) mirrors the contribution generated by the maximally non-

Abelian part of the two-loop ladder-like diagram (6.24). In that case, the result was proportional
to the evanescent factor ε = 2 − d/2 originating from the contour integration. The same factor
appears in (C.128), but it cancels against the ultraviolet pole of the one-loop correction ∆(1)(x)
(C.30), leaving a finite contribution.

Computing W2

Finally, we turn our attention to the correction W2 (C.124c).
We begin with considering in detail the diagram that only involves the propagation of gauge

fields. We expand the Wilson loop operator at order g4B, and we dress the relevant Wick
contractions by the tensor ∆

(1),g
µν (x) ≡ ∂1,µ∂1,ν∆(1),g(x) (C.31). We have

∂ = g4B ∮
D
d4τ Caabb (ẋµ1 ẋ

ν
2∆
(1),g
µν (x12)∆(x34)(ẋ3 ⋅ ẋ4) + (

1↔ 3

2↔ 4
))+

g4B ∮
D
d4τ Cabab (ẋµ1 ẋ

ν
3∆
(1),g
µν (x13)∆(x24)(ẋ2 ⋅ ẋ4) + (

1↔ 2

3↔ 4
))+

(C.129)

g4B ∮
D
d4τ Caabb (ẋµ1 ẋ

ν
4∆
(1),g
µν (x14)∆(x23)(ẋ3 ⋅ ẋ2) + (

1↔ 2

4↔ 3
)) .

The previous expression can be further simplified by employing again the non-Abelian exponen-
tiation properties of the Wilson loop. We find that 7

∂ = g
4
B

2N
tr ([T a, T b])2∫

D
d4τ (ẋµ1 ẋ

ν
3∆
(1),g
µν (x13)∆(x24)(ẋ2 ⋅ ẋ4) + (

1↔ 2

3↔ 4
))

= g4B
CFN

2
∮ d2τ (ẋ1 ⋅ ẋ2)∆(1),g(x12)∆(x12) , (C.130)

where we obtained the second equality by integrating by parts twice.
Repeating the same analysis for the second diagram in (C.124c), we find that

∂ = g4B
CFN

2
∮ d2τ (−R2)∆(1),g(x12)∆(x12) . (C.131)

7To obtain (C.130), we neglected terms which yield total derivatives integrated over a closed path.
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Combining together (C.130) and (C.131), we find that

W2 = −g4B
CFN

2
∮ d2τ (R2 − ẋ1 ⋅ ẋ2)∆(1),g(x12)∆(x12) = ĝ6BF

(2)
3 , (C.132)

where ĝB = R2−d/2gB and we recall that F (2)3 is the bubble-like contribution (6.52). The last
equality can be proved by replacing ∆(x) and ∆(1),g(x) with their explicit forms. These are
defined in (6.13) and (C.31), respectively.

Employing (C.132) and (C.128), we finally find that

W =W1+W2 = ĝ6BF
(2)
3 +ĝ

6
BCF

2N2 − 3
6N

P2(d)B1(d)B2(d)−
ĝ6Bβ0CFN3ζ3

28π4
+O((d−4)2) . (C.133)

C.4.1 Trigonometric integrals

As observed in the previous subsections, the perturbative corrections to the expectation value of
the supersymmetric Wilson loop involve various trigonometric integrals. The aim of this section
is to provide a detailed derivation of those integrals. Our first goal is to review some identities,
starting from

M(a, b, c) = ∫
2π

0
d3τ( sin2 τ12

2
)
a
( sin2 τ13

2
)
b
( sin2 τ23

2
)
c

= 8π3/2Γ(a + 1/2)Γ(b + 1/2)Γ(c + 1/2)Γ(1 + a + b + c)
Γ(1 + a + c)Γ(1 + b + c)Γ(1 + a + b) ,

(C.134)

which was originally derived in [147] and can be used to evaluate

I[α,β, γ] = ∫
τ1>τ2>τ3

d3τ[(sin2 τ12
2
)
α

(sin2 τ13
2
)
β

(sin2 τ23
2
)
γ

cos
τ23
2

− (sin2 τ23
2
)
α

(sin2 τ12
2
)
β

(sin2 τ13
2
)
γ

cos
τ13
2

(sin2 τ13
2
)
α

(sin2 τ23
2
)
β

(sin2 τ12
2
)
γ

cos
τ12
2
] ,

(C.135)

as explained in Appendix G of [170]. Indeed, we find that (C.135) can be reduced to a linear
combination of functions (C.134) and the net result takes the following form

I[α,β, γ] = 4π3/2Γ(1 + α + β + γ)Γ(1 + α)Γ(1 + β)Γ (1/2 + γ)
Γ (3/2 + α + γ)Γ (3/2 + β + γ)Γ(1 + α + β) . (C.136)

The three-loop corrections to the Wilson loop expectation value involve the following class
of path-ordered integrals

J (α,β, γ) = ∮ d3τε(τ) sin τ13 (sin2
τ12
2
)
α

(sin2 τ13
2
)
γ

(sin2 τ23
2
)
β

, (C.137)

where ε(τ) ≡ ε(τ1, τ2, τ3) is the antisymmetric symbol (6.33). Replacing ε(τ) with its explicit
form (6.33) and relabelling the integration variables, we find that

J (α,β, γ) = −2I(β,α, γ + 1/2) − 2I(α,β, γ + 1/2) = −4I(α,β, γ + 1/2) , (C.138)
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where we obtained the last line by observing that I(β,α, γ) = I(α,β, γ). Using (C.137), we
finally find that

J (α,β, γ) = −16π3/2Γ(3/2 + α + β + γ)Γ(1 + α)Γ(1 + β)Γ(1 + γ)
Γ(2 + α + γ)Γ(2 + β + γ)Γ(1 + α + β) . (C.139)

Finally, we will extensively use the identity

1

(A +B +C)σ =
1

Γ(σ) ∫
+i∞

−i∞

dudv

(2πi)2
BuCv

Aσ+u+v
Γ(σ + u + v)Γ(−u)Γ(−v) , (C.140)

where the integration contour runs parallel to imaginary axis in such a way that the increasing
and decreasing poles of the gamma functions are separated.

C.4.1.1 Path-ordered integrals

Let us consider the path-ordered integral

Q(d) = ∫
1

0
dαdβdγδ(1 − α − β − γ) (αβγ)d/2−2 ∮ d3τ ε(τ)sin τ13

Qd−3

= −8∫
1

0
dαdβdγδ(1 − α − β − γ) (αβγ)d/2−2 ∫

τ1>τ2>τ3
d3τ

sin τ13
2 sin τ12

2 sin τ23
2

Qd−3
,

(C.141)

where Q is defined in (6.31) and we obtained the second line by replacing the ε-symbol with its
explicit form (6.33).

To proceed with the calculation, we use (C.140) to express Qd−3 (6.31) as a two-fold Mellin-
Barnes integral

1

Qσ
= 2−σ

Γ(σ) ∫
+i∞

−i∞

dudv

(2πi)2
Γ(σ + u + v)Γ(−u)Γ(−v)

(βα sin2 τ12
2
)σ+u+v (βγ sin2 τ23

2
)−u (γα sin2 τ31

2
)−v

, (C.142)

where the integration path runs parallel to the imaginary axes and separates the increasing and
the decreasing poles of the gamma functions.

Substituting (C.142) into (C.141) and performing the integration over α,β and γ, we arrive
at the following result

Q(d) = ∫
dudv

(2πi)2
Γ(d − 3 + u + v)Γ(−u)Γ(−v)Γ(2 − d/2 − u)
(Γ(2 − d/2 − v)Γ(d/2 − 1 + u + v))−1

Q(u, v, d) , (C.143)

where we introduced

Q(u, v, d) = − 26−d

Γ(3 − d/2)Γ(d − 3) ∫τ1>τ2>τ3
d3τ
(sin2 τ23

2
)u+1/2 (sin2 τ31

2
)v+1/2

(sin2 τ12
2
)d−3+u+v−1/2

= − 26−d

Γ(3 − d/2)Γ(d − 3)3! ∮ d3τ
(sin2 τ23

2
)u+1/2 (sin2 τ31

2
)v+1/2

(sin2 τ12
2
)d−3+u+v−1/2

= − 2
9−dπ3/2Γ(11/2 − d)

Γ(3 − d/2)Γ(d − 3)3!
Γ(u + 1)Γ(v + 1)Γ(4 − d − u − v)

Γ(2 + u + v)Γ(5 − d − u)Γ(5 − d − v) .

(C.144)
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In the previous expression, we obtained the second line by replacing the nested integration with
an integral over the complete circle 8 and we integrated over τi by using (C.134).

Substituting (C.144) into (C.143), we find that

Q(d) = − 2
9−dπ3/2Γ(11/2 − d)

Γ(3 − d/2)Γ(d − 3)3! M(d) , (C.145)

where the Mellin amplitudeM(d) is a meromorphic function of the dimension d and is given by

M(d) = ∫
dudv

(2πi)2
Γ(v + 1)Γ(−v)Γ(2 − d/2 − v)Γ(−u)Γ(u + 1)Γ(2 − d/2 − u)

Γ(5 − d − v) ×

×Γ(d − 3 + u + v)Γ(4 − d − u − v)Γ(d/2 − 1 + u + v)
Γ(2 + u + v)Γ(5 − d − u) .

(C.146)

Since Q(d) appears in the calculation of the Wilson loop with an evanescent coefficient (see
(6.29)), we only have to determine its behaviour in four dimensions. To do so, we expand the
amplitude M(d) (C.146) around d = 4 and we obtain

M(d)∣
d=4
= ∫

δ+i∞

δ−i∞

dv du

(2πi)2
−π3 csc(πu) csc(πv) csc(π(u + v))

(1 + u + v)uv

= 6ζ3 ,
(C.147)

where δ =Re(u) =Re(v) ∈ (−1,0). Combining everything together, we finally arrive at

Q(d) = −16π2ζ3 +O(d − 4) . (C.148)

8By properly shifting the integration variables u and v, it is straightforward to show that the integrand is
fully symmetric under the exchange of the variables τi. This means that the integration over the ordered region
τ1 > τ2 > τ3 is equivalent to one-sixth of the integral over the complete circle.
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