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Introduction

In this work we present some new results about the Ornstein-Uhlenbeck oper-
ator L, and of the semigroup (T (t))s>o generated by it, in L2(£2,v). Here
is an open convex subset of an infinite dimensional separable Banach space
X endowed with a centered non-degenerate Gaussian measure. The first
chapter contains basic notions of measure theory and properties of Gaussian
measures, first in finite dimension and then in infinite dimension. In this
chapter, we also define the Cameron-Martin space H, the H—gradient and
the Sobolev spaces W'P(€,~). Moreover we define the Ornstein-Uhlenbeck
operator, L, as the operator associated to the quadratic form

Ean(u,v) = /(VHU, Vuvygdy for u,v e WhH(Q,7).
0

Precisely, we set
D(L®) = {u e W'(Q,~) : 3f € L*(Q,7) s.t.

Eaq(u,v) = —/ fody, Vv € WI’Q(Q,V)}
Q

and we put L%u := f.

In the second Chapter we describe some properties of the Ornstein-
Uhlenbeck operator. To this aim we approximate L’ by finite-dimensional
Ornstein-Uhlenbeck operators, by using the cylindrical approximation of 2
made in [20]. For finite dimensional Ornstein-Uhlenbeck operators we use
the results of [2] and some properties that we show here. In particular we
prove that

[T (fg)? < TH)(fA)T(t)(g%), ae. in Q, Vf, g€ L*(Q,7), Vt >0,
and

IVaTY) (Hla < e ' T\ Vafla, ae inQ, Vf € WH(Q,7), Vt > 0.



Moreover we prove that (T}(t)),>¢ is a positive semigroup of contraction that
satisfies the Beurling-Deny conditions. These properties are used to show the
Poincaré inequality

1
/Q 1 — ma(f)Pdy < / Vi, where mg =~ / f .

and the Logarithmic-Sobolev inequality

/Q log(f2)dy < / Vb Ty + 112200 10801 F122(),

that hold for every f € Wh2(Q,~).

Such inequalities can also be deduced from the theorems shown in [I8]
Section 6] where the proofs make heavy use of Malliavin calculus and Stochas-
tic Analysis. Our proof is much simpler and relies on analytic tools and on
a classical method that goes back to [12].

Infinite dimensional Poincaré and Log-Sobolev inequalities are proved in
3] for @ = X through the Wiener chaos decomposition (see Appendix [B]). In
our case we don’t have an explicit representation formula for the semigroup
neither any sort of Wiener chaos decomposition or explicit expression of the
eigenfunctions. As expected, thanks to the Poincaré inequality we prove
spectral properties of L.

In the third chapter we consider the equation

M — L= f inQ, (1)

where A > 0 and f € L*(€,~) are given, and {2 is an open convex set of X.
It is not hard to see that for every A > 0 and f € L*(Q,~), problem has
a unique weak solution u, that is

/Awp dv+/<VHu,VHsO>Hd7=/f<p dry
Q Q Q

for all € WH2(Q, 7).

Here we prove a maximal regularity result for the weak solution u of ,
that is for every f € L?(Q, ) the weak solution u belongs to W22(£2,~) and
there exists C' > 0 independent of f such that

[ullw220) < CllfllL2@)- (2)

It is sufficient to prove that holds if f is a cylindrical smooth bounded
function (see Section [L.8), because the space of such functions is dense in
L*(£2,7). In this case, we define a sequence of cylindrical functions {u, }nen,
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by using the cylindrical approximation {€,},en of Q made in [20]. In par-
ticular,

Up = P O Ty,
where 7, (X) is a finite dimensional subspace of H, identified in an obvious
way with R? with ¢ = q(n, f). So 7,(£2,) is identified with an open subset
O, of R? and ¢, : O, C R? — R solves

My —LO =f in0O, CRY

3
8_w:0 on 00, )
ov

where fvis a suitable smooth bounded function. Here, the reference measure
is the standard Gaussian measure N(0, /), and Vg is the usual gradient. For
the finite dimensional problems (3)) we prove dimension free W22 estimates.
Therefore the sequence {u, }nen is bounded in W%2(£2,~), and a subsequence
weakly converges to u € W22?(Q,~). Eventually we prove that u is a weak
solution of ([I)).

Moreover, under some regularity assumption on the boundary of 2, we
prove that the weak solution of satisfies

(Vuu,Vug)g =0 (4)

on 0, in the sense of traces, and g : X — R is a suitable convex function such
that ¢71(0) = 9. This identity plays the role of the Neumann boundary
condition. We use the same sequence {u, },en defined above, and we show
that

/(Aun — L%y, )p dy = / fo dy,
Q Q

for all smooth cylindrical functions ¢, where L is the Ornstein-Uhlenbeck
operator associated to the quadratic form &g, ., see (1.21)). Applying the
integration by parts formula (1.20]) we get

\V/
/M)un dv+/<VHun,VHsO>Hd7 = / fo d7+/ <VHUn>—Hg>HSO dp,
Q Q Q a0 ’VHQIH

where p is the surface measure associated to the Gaussian measure, see [17].
Taking the limit along a weakly convergent subsequence, we obtain

\Y
/ASDU d7+/<vHU, VH@)HdWZ/fSO d7+/ <VHU>—HQ>H90 dp,
Q Q Q o0 ’VHQIH

for all smooth cylindrical functions ¢. Since u is the weak solution of
then we can conclude that



for all smooth cylindrical functions ¢, that is equivalent to (|4).

The maximal L? regularity for Ornstein-Uhlenbeck equations was estab-
lished in [24] by Meyer when € is the whole space X for 1 < p < co.

When 2 is a bounded smooth convex set of an Hilbert space, and p = 2
the maximal regularity problem was studied by Barbu, Da Prato and Tubaro
in [I] for a more general class Ornstein-Uhlenbeck operators. They approach
the weak solution of by a sequence of solutions of penalized problems, in
the whole space, that involves the Yosida approximations. They showed, for
each of these functions, a maximal regularity estimate, and that the sequence
strongly converges to the solution of . This allowed them to prove that
the weak solution of belongs to W22(€2, v) and satisfies (). In our work
we consider a simpler Ornstein-Uhlenbeck operator but we study in a
separable Banach space, and €2 can possibly be unbounded.

Maximal L?—regularity is also studied in Hilbert spaces by Da Prato and
Lunardi in [9] with Dirichlet boundary condition and in [10] with Neumann
boundary condition for a different class of differential operators that doesn’t
contain the classical Ornstein-Uhlenbeck operator. Also, the proof in [10] is
different from ours because it uses a penalization method approaching the
weak solution by a sequence of solutions of problems on whole X.

In finite dimension more results are available. Maximal LP regularity, for
p € (1,00), was studied by Metafune, Pruess, Rhandi, and Schnaubelt in
[23] when ©Q = R" for a class of second order differential operators with un-
bounded coefficients that contains symmetric Ornstein-Uhlenbeck operators.
Maximal L? regularity in open convex sets of R", with Neumann boundary
condition, was established in [§] again by penalization methods.

The second and third chapter contain new results that have been the
subject of two articles.

The properties of the Ornstein-Uhlenbeck semigroup in an open convex
set of a separable Banach space, the Logarithmic-Sobolev inequality, the
Poincaré inequality and the spectral properties of the Ornstein-Uhlenbeck
operator were proved in [3].

The maximal L?—regularity for the Ornstein-Uhlenbeck problem of
Chapter [3| was proved in [6].



Chapter 1

Preliminaries

This chapter is devoted to introduce the main tools that will be used later,
with the aim of fixing the notation. In the first section we present finite
real measures and the related notions of LP space, absolute continuous and
singular measure, the Radon-Nikodym theorem, weak convergence and we
introduce the Gaussian measures in R?. In the second section we define the
working environment, that is an infinite dimensional separable Banach space
endowed with a centered non-degenerate Gaussian measure. The following
sections contain definitions and properties of the main tools of this work: the
Cameron-Martin space, Sobolev spaces, Ornstein-Uhlenbeck operators, and
cylindrical approximations.

1.1 Basic notions of measure theory

We introduce sets equipped with a o—algebra, that is measurable spaces.

Definition 1. Let F be a collection of subsets of a nonempty set X. We say
that F is a o—algebra if:

e ) e F;
e VE, e F=>E1\XeF
o VE,Eh e F= FE NEy,eF
o W{E,}uen C F = U,en Bn € F.
If F is a o—algebra in X, we call the pair (X, F) a measurable space.

Definition 2. For any collection G of subsets of a nonempty set X, the
o—algebra generated by G is the smallest o—algebra containing G. If (X, 7)
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is a topological space, we denote by B(X) the o—algebra of Borel subsets of
X, i.e., the o—algebra generated by the open subsets of X.

By using the De Morgan laws we get that oc—algebras are closed under
countable intersections. Since the intersection of any family of o—algebras
is a o—algebra and the powerset of X (i.e. the set of all subsets of X) is
a o—algebra, the definition of generated o—algebra is well posed. Once we
fixed a o—algebra, we can introduce positive measures.

Definition 3. Let (X, F) be a measurable space and p : F — [0, +00).
We say that p is a positive finite measure if (@) = 0, u(X) < +oo and pu
is o—additive on F, that is, for any sequence {E,},en of pairwise disjoint
elements of F the equality

u (U En) = u(Ey)
neN neN
holds. We say that p is a probability measure if p(X) = 1.

Definition 4. A positive finite measure p on the Borel sets of a topological
space X is called a real Radon measure if for every B € B(X) and ¢ > 0
there is a compact set K C B such that pu(B\ K) < e.

A measure is tight if the same property holds with B = X.

Proposition 1. If (X,d) is a separable complete metric space then every
positive finite measure on (X, B(X)) is Radon.

Definition 5. Let (X, F), (Y,G) be two measurable spaces. We say that a
function f: X — Y is measurable if f~'(A) € F for every A € G.

Now we denote by 1g the characteristic function of £ C X defined below

L) {1 T EE
) .=
i 0 ifa#E.

We say that f: X — R is a simple function if

f(l') = Z ailp,
i=1

where o; € R for all i = 1,...,n, and {E;}}, is a finite partition of X.
We introduce the LP norms and spaces as follows,

[l o py = (/X |U($)|pu(dx)>l/p
10



for 1 < p < oo, and
|| oo (x,py == Inf{C € [0,400] : |u(x)| < C for p-a.e. z € X}.

The space LP(X, i) is the space of equivalence classes of measurable functions
agreeing p-a.e. such that ||u||rr(x ) < 0o. It is well known that |u|rr(x ) is
a norm and LP(X, u) is a Banach space, see e.g. [14, Theorem 5.2.1].

We remark that the continuous and bounded functions belong to L' (X, p)
and we define the weak convergence of measures by

Mj—w*:)/Xf duj—>/Xf du, Vf € GyX). (L.1)

Let p, v be two positive finite measures on the measurable space (X, F).
We say that v is absolutely continuous with respect to p, and we write v < p,
if w(E) = 0 implies v(F) = 0 for all E € F. We say that they are mutually
singular, and write v L p, if there exists £ € F such that u(E) = 0 and
v(X\E)=0.If t < v and v < p we say that u and v are equivalent and
write pu ~ v. If j4 is a positive measure and f € L'(X, i), then the measure
v defined as

W(E) = [ fdu
E
is absolutely continuous with respect to p.

Theorem 1 (Radon-Nikodym theorem). Let pi, v be two positive finite mea-
sures on the measurable space (X,F). If v is absolutely continuous with
respect to j then exists a measurable function f : X — [0,+00) , such that

wE) = [ 1 dn

for all E € F. The function f is called the Radon-Nikodym derivative and
denoted by g—z.

The following theorem is a useful criterion of mutual singularity.

Theorem 2. Let pu, v be two probability measures on a measurable space
(X, F), and let X be a positive measure such that p < X and v < X. Then

the integral
dup dv
H = ——dA\
)= [\
is independent of X and

20 = H(p,v)) <|lp—v| <2v1—-H(p,v)

where ||p—v|| = H% — %l 1(x,y) is called variation distance.

11



Corollary 1. If u and v are probability measures, then p 1 v if and only if
H(p,v)=0.

Now we recall the notions of image measure that generalizes the classical
change of variable formula.

Definition 6 (Image measure). Let (X, F) and (Y, G) be measurable spaces,
and let f : X — Y be a measurable function. For any positive finite measure
pon (X, F) we define the image law of y under f, po f~1, in (Y, G) by

(o fHB):=u(f(B)),foral Bcg.

The change of variables formula follows from the previous definition. If
we LYY, po f~1), then uo f € L' (X, ) and

Jwidtwo = [ wop) du

We introduce the cartesian product between two measure spaces.

Definition 7. Let (Xi,F;) and (X3, F2) be measure spaces. The product
o—algebra of F; and F3, denoted by F; x Fo, is the o—algebra generated in
X1 x X5 by

{E1XE21 Elefl, EQE.FQ}.

Theorem 3 (Fubini). Let (X, Fi, 1), (Xa, Fa, p2) be measure spaces with
11, pe positive finite measures. Then, there is a unique positive finite measure
woon (Xy x Xo, F1 X JFa), denoted also by py & po, such that

,u(E1 X EQ) = /vbl(El) . /,LQ(EQ) VE, € fl, VE, € F;.

Moreover, for any measurable function f: X1 x Xo — [0,00) the functions

e | f(zy) pe(dy), y— [ flz,y) p(dz)
Xo X1

are measurable and

/;<1Xx2f = /X (/Xzf(w) uz(dy)) 1 (d)
- /X (/X fz.y) “1<dx>) pa(dy)

12



Remark 1. It is possible to construct a product measure on infinite cartesian
products. If I is a set of indices, typically I = [0,1] or I = N, and (X;, Fy, i),
t € I, is a family of measure spaces, the product oc—algebra is that generated
by the family of sets of the form

B=B;X...x B, x X Xy, BpeF,,
tEI\{tl,-n:tn}

whose measure is u(B) = g, (By) - -« g, (Bn)-

Now we introduce the Fourier transform of measures. Let p be a proba-
bility measure on (R? B(R%)). We define its Fourier transform by setting

w(g) = /Rd @8 (dx) for € € RY

Proposition 2. Let u be a probability measure on (R, B(R?)), then

e 71 is uniformly continuous on R%;

e 1(0) =1;
o if yi1, po are two probability measures on (R4, B(RY)) such that fi; = fia,
then py = pa;

o if {1;}jen s a sequence of probability measures on (R B(R?)) such
that p; — p in the sense of (1.1), then fi; — [ uniformly on compacts;

o if {u;}jen is a sequence of probability measures on (RY, B(RY)) and
there is ¢ : R — C continuous at & = 0 such that fi; — ¢ pointwise,
then there is a probability measure p such that i = .

Now we define the Gaussian measures. They are among the most impor-
tant finite measures. In this section we consider only the finite dimensional
case.

Definition 8. A probability measure 7 on (R, B(R)) is called Gaussian if
it is either a Dirac measure 9, at a point a or if it is a measure absolutely
continuous with respect to the Lebesgue measure A\; with density

1 (x —a)?
expl —————
ovV2w P 202

In this case a is called the mean, o the mean-square deviation and o2 the
variance of v and we say that 7 is centered if a = 0 and standard if o = 1.

13



It is easy to verify that

o= [aatdn). o= [ (=af )
" 3(€) = exp {5 - %a%?} |

Moreover by Proposition [2| a probability measure on R is Gaussian if and
only if its Fourier transform has this form. Now we give the definition of
Gaussian measure on R

Definition 9. A probability measure v on R? is said to be Gaussian if for
every linear functional [ on R? the measure v o [~! is Gaussian on R.

Proposition 3. A measure v on R? is Gaussian if and only if its Fourier
transform is

16 —ew {06 - 50} cert

for some a € R? and Q nonnegative d x d symmetric matriz. Moreover, vy is
absolutely continuous with respect to the Lebesque measure \g if and only if

det Q # 0.

1.2 Infinite dimensional spaces

In this section we introduce our framework. Let X be an infinite dimensional
separable real Banach space, with norm || - ||, and let X™* be its topological
dual.

Definition 10. We denote by £(X) the o—algebra generated by the cylin-
drical sets, i.e, the sets of the form

C = {[L’ e X (ll(a:), c. ,ln(ﬂj)) S CU}, ll € )(*7 C(] € B(Rn),
and C is called base of C.
Theorem 4. If X is a separable Banach space, then E(X) = B(X).

Now we define, as in R?, the Fourier transform of a finite measure ; on

E(X), by
Af) = /X exp{if (2)}uldzr), f € X"

We extend Proposition |2 to the present context. In particular we recall the
injectivity of Fourier transform.

14



Proposition 4. Let uy, po be two probability measures on (X,B(X)). If
Ji1 = Hiy then py = pia.

Now we introduce Gaussian measures.

Definition 11. A probability measure -y defined on the o—algebra £(X), is
called Gaussian if for all f € X* the induced measure o f~! is Gaussian on
R. The measure 7 is called centered if all the measures yo f~1, with f € X*,
are centered and it is called non-degenerate if for any f # 0 the measure
v o f~! is non-degenerate.

First we remark that if f € X* then f € LP(X,~) for all p > 1, indeed

/X ()P (de) = / HP(y 0 F1)(dt) < 400

since v o f~! is Gaussian on R.

Definition 12. Let v be a Gaussian measure on £(X). The element a, in
the algebraic dual (X*)" to X*, defined as

0 (f) = /X f() A(de)

is called mean of ~.
The operator R, : X* — (X*)" defined by the formula

R,(f)(g) = /X (@) — ()] [9(x) — as (g)] 7(de)

is called covariance operator of v; the corresponding quadratic form on X*
is called covariance of ~.

Theorem 5. A probability measure v on X is Gaussian if and only if its
Fourier transform is given by

~ : 1 .

) = e {ialh) - BN Fex
where a is a linear functional on X* and B is a nonnegative symmetric
bilinear form on X*.

In the following proposition we show some important results about Gaus-
sian measures.

Proposition 5. Let v be a centered Gaussian measure on X.

15



e For any 0 € R the image measure (y ® ) o p, " in X x X under the
map

g XXX —=>XxX
(z,y) — (zcosh + ysinf, —xsinf + y cos )

coincides with 7.

e For any 0 € R the image measures (y @) o p;*, i = 1,2 in X under
the map p; : X x X — X,

o1(x,y) :=xcosl + ysinb, po(x,y):= —xsind + ycosh
coincide with .
We show the useful Fernique Theorem proved in [16].

Theorem 6 (Fernique Theorem). Let v be a centered Gaussian measure on
a separable Banach space X. Then there exists a > 0 such that

/Xexp{aH:L’HQ}'y(dx) < +00.

As a first application of the Fernique theorem, we notice that for every
1 < p < oo we have

/X lelPy(dz) < oo 12)

since [|z]|P < cnpexp{al|/z]|®} for all x € X and for some constant ¢, , > 0
depending on o and p only. We already know, through the definition of
Gaussian measure, that the functions f € X* belong to all LP(X,~) spaces,
for 1 < p < oo. The Fernique Theorem tells us much more, since it gives a
rather precise description of the allowed growth of the functions in LP(X,~).
Moreover, estimate has important consequences on the functions a., and

B

-

Proposition 6. If v is a Gaussian measure on a separable Banach space X,
then a, : X* = R and R, : X* x X* = R are continuous. Moreover, there
exists a € X such that

ay(f) = f(a), forall f e X*.

Now we define an important space that will be used several times.
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Definition 13. We denote by X7 the reproducing kernel of the measure 7,
defined as the closure of the set

{f - a’Y(f)u f € X*}
in L*(X, 7).
The mapping R, is extended to X7, setting

R,: XJ — (X"

o(f) =/ By(f)(f) = \//X(f(lv) —ay(f))*y(dx),  fe X7,

a(g) = \//X g(@)*y(dr) = (|9l 2xy), 9 € X

The following proposition shows that R, maps X7 into X.

Proposition 7. For every f € X there exists y € X such that R,(f)(g) =
g(y) for all g € X*. Therefore R, (X>) C (X*)*.

Remark 2. We set R,(f) = y. In fact, thanks to Proposition [, we can
identify R.(f) with the element y € X representing it, i.e. we shall write

R(f)(9) = g (R,(f)),Yg € X*.

1.3 The Cameron-Martin space

This section is devoted to introduce one of the most important tools for the
study of infinite dimensional Gaussian analysis, the Cameron-Martin space.
Proofs and more details can be found in [3].

Definition 14. Let h € X we define
\h|g ==sup{l(h): 1€ X", R,())(]) <1}

and
H:={heX: |hlun < +oo}.

The space H = H(7) is called the Cameron-Martin space.

17



Remark 3. The following identity holds

I(h
|h|g = sup Q (1.3)
lex™, o(l)
o()#0
Indeed
[(h) L(h)
hligy = sup l(h) < sup —~% < sup —=%
| |H leXB, ( )_ leXB, o l) o leXIZ, U(l)
0<o()<1 0<o(l)<1 o(l)#0
= sup I(h) < sup (k)= |hlu.
0AlEX™, lex~,
I=1/a(l) 0<o()<1

Lemma 1. A vector h € X belongs to the Cameron Martin space H if and
only if there exists g € X with h = R.,(g). In this case,

|l =gl 2 x)-

If h =R,(g), we put b= g. Moreover, the relationship determining h is

-~

£ = [ B@)lf@) = a(Plria). e X"

On the Cameron-Martin space we define the inner product

~

(hok) g = (K oy = /X h(z)k(z) y(dz), h, k€ H.

From Lemma (1] it follows that R,(X}) = H. Therefore the Cameron-

Martin space H, equipped with the norm |R,(f)|n = \/R,(f)(f) is a Hilbert
space, and R, is an isomorphism between X7 and H.

Proposition 8. Let g € X7, then the measure v on X gwen by the density

o(a) = exp (ole) — 5010

with respect to the measure v is a Gaussian measure.
Now we get a characterization of the Cameron-Martin space.

Theorem 7. Let v be a Gaussian measure on X :

18



1. let h € X be a vector such that

\hlg =sup{f(h): fe X", R,(f)(f) <1} =00
then vy, := (- — h) and v are mutually singular;

2. If |h|g < oo then the measures 7y, and vy are equivalent and the corre-
sponding Radon-Nikodym density is given by the expression

(o) = exp ()~ 310k )

In particular
H={heX: yw~~v}={heX: |hlg < oo}.

Proposition 9. Let v be a centered Gaussian measure on a separable Banach
space X. The Cameron-Martin space H coincides with the intersection of
all linear subspaces of full y—measure (and also with the intersection of all
linear subspaces from E(X) of full y—measure). In addition, y(H) = 0 if X
is infinite dimensional.

Lemma 2. There exists an orthonormal basis of X7 contained in X*.

Proof. Let {fi}ren be an orthonormal basis of X». Each f, is the limit,

in L*(X,v) of a sequence {gq(lk)}keN C X*. On span{gq(f), n,k € N} we
construct an orthonormal basis V', by the Gram-Schmidt procedure. The
linear combinations of the elements of such a basis approach every ggk) and
hence every f; in L?(X, ). Therefore, the linear space spanned by V is dense
in X7. O

1.4 Examples

Now we present two basic examples of infinite dimensional spaces: R*°, and a
Hilbert space. For both cases we describe the relevant Gaussian measures,the
Reproducing Kernel X and the Cameron-Martin space H.

1.4.1 The product R*

We define R* as the space of all the real sequences © = {x, }nen. Let R be
the subspace of finite sequences, that is the sequences {&,} ey that vanish

19



eventually. Under the map

R —R
{gn}nEN = Zgnajna
n=1

where the sum is finite, RS° is isomorphic to the topological dual of R*.

R*® is separable, indeed the elements of R with rational entries are a
countable dense set. The cylindrical c—algebra £(R*) is generated by the
sets of the form

{r eR*: (21,...,2,) €U, U € BR")}.

We equip R* with the product measure

Y= ®’Yl

neN

where ~; is the standard Gaussian measure. As in the Banach space case,
we say that a probability measure p in R* is Gaussian if for every £ € R2°
the measure p o £ is Gaussian on R.

Theorem [5|is also true in R> |, see for instance [3, Theorem 2.2.4].

Proposition 10. The countable product measure v on R* s a centered
Gaussian measure. Its Fourier transform is

3(6) = exp {—%ZW} —ewp{-3lel2}, cerx,
n=1

The Reproducing Kernel is

{f € L2(ROO77 Zgnxm {gn}nEN Gl }

and the Cameron-Martin space H is [2.

Proof. First we compute the Fourier transform of v. For f(z) =" {2,
r € R* and {R2°, we have

F(f) = /Oo expq{if(x)}y(dx) :/ exp{ Z{nxn} ®71 (dx)

neN

—H [ [ exp iz} () = 1_1 p{ gt} = e {-Jlei}
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By Theorem [5, v is a Gaussian measure with mean a, = 0 and covariance
B, (&,€) = |I€]|%- Now we consider the Cameron-Martin space. Since a., = 0,
for every f = {&.}nen € R we have

o0 2 oo
2 _ _ 2., |2 o
1f11Z2 () /X n§:1€nxn 7(dx) /X <n§:1 Eallznl® +) &%) 7(dx)

i#]

— ° 2 2 . . ) ] ‘ ’
_§n1 I /]R 2| 71(d:vn)+;fg /R zy(dx;) & /R zey(dz;)
= > 1&al = liel.

n=1

Therefore X3 consists of all the functions f (z) = >°07 &y for {&n }nen € 12
If h ={h,}nen € R, then we have

Wl =sup {f(h): fe X |flle2xq <1}
= sup {anhn RS Rgoa Z |€n|2 < 1} = ||h||127
n=1 n=1

Therefore H and [? coincide. O

Remark 4. More generally
=) N(an, \n), (1.4)
n=1
with {a, }nen C R and {\, }nen C RT, is a Gaussian measures on R*. Then

i(§) = exp {Zgnan - %anwnﬁ} ;&= {&tnen ERY,
n=1 n=1

where all the sums contain a finite number of nonzero elements. Moreover
if {an}tnen € 1* and > 07 N, < 0o then p is concentrated on (2, that is,
w(l?) = 1. Indeed

/ S oal2u(da) = Z/ 202N (am M) () = 3 A+ 3 Jaf? < 00,
Roe n=1 n=1 R n=1 n=1

Then [|z]/z < co p—a.e. in R, therefore u(I?) = 1.
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1.4.2 The Hilbert space

In this section we consider an infinite dimensional separable Hilbert space X.
We denote by (-, ) its inner product and by || - ||x its norm. Moreover we
identify X™* with X via the Riesz representation. We recall that the spectrum
of a compact operator A on X, 0(A), is at most countable. If o(A) is infinite
it consists of a sequence of eigenvalues {\, },en that can cluster only at 0.

Moreover, for a compact and self-adjoint operator A, there exists an or-
thonormal basis {e, },en of X consisting of eigenvectors, that is Ae,, = A\,e,
for all n € N (see [4, Theorem 6.11]), and A has the representation

Ax = Z)\n(x,en>Xen, reX,

n=1

Furthermore if A is nonnegative, that is (Az,z), > 0 for every z € X,
then its eigenvalues are nonnegative and we may define the square root of A

by

AV = Z \/)\_n<x, €n) x€n-
n=1

We recall that if a linear operator B is such that

Bz = Zan<x7 €n>X€na {an}nEN CR,

n=1

for some orthonormal basis {e, },en with limy_, a, = 0, then B is compact.
Indeed, if we set

k
Bix = Zan<x, €n) x€n
n=1
then
o0
HB:L‘ — BkiL‘HX = Z Cln<£C, €n>Xen < sup |an’ ’ H‘CC”X7
.t X n>k
hence

|B — Bi|lzx) < suplan| — 0, asn — oo.
n>k
Therefore B is the limit in the operator norm of the sequence of finite rank
operators, that is B is compact. This shows that the operator AY? is self-
adjoint, and compact.
Now we define an important class of nonnegative self-adjoint operators.
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Definition 15. A nonnegative self-adjoint operator A € L(X) is of trace-
class if there exists an orthonormal basis {e, },en of X such that

(e o]

Z(Aen,en>x < 00.

n=1

Now we show that the sum of the series in Definition [15| does not depen-
dent of the basis. Let {fx}ren be another orthonormal basis of X, then we
have

NE

D (Aen,en) = <A ( (Afkyfk>X> 7Z<Afk>€k>x>

n=1 n=1 k=1 1
- ZZ Z <<€n7 fk>XAfk7 <en7fm>Xfm>
n=1 k=1 m=1 X
=22 (Zm fidxen fm>X> (Afvs b
k=1 m=1 \n=1

[
WE
o

(fis Fon) x (AT Fndx = D (Ao fi)

k=1

e
Il

3
I

1

we recall that since A is a nonnegative operator, then we can exchange the
order of summation. We define the trace of A as

o0

Tr(A) = > (Aen,en)y

n=1
for any orthonormal basis {e, },en of X.

Proposition 11. If A is a nonnegative self-adjoint trace-class operator then
it 18 compact.

Let v be a Gaussian measure in X. By Theorem |5 we have

) =exo{iar (1) - 3B, Fex

where the linear function a, : X* — R and the bilinear symmetric function
B, : X* x X* — R are continuous by Proposition [f} Then, there exists
a € X and a self-adjoint ) € £(X) such that a,(f) = (f,a)y and B,(f,g) =
(Qf, g)y for every f,g € X* = X. Therefore,

(Qf9)x = / (o2 —a)ylg.x —a)yr(dz), fgeX, (L)

X
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and

) = expilfa) - 3@ Dx |, feX, (16)

We denote by N(a,Q) the Gaussian measure v whose Fourier transform is
given by (|1.6)), a is called the mean and @ is called the covariance of ~.
With the following theorem we can characterize all Gaussian measures in

X.

Theorem 8. If v is a Gaussian measure on X then its Fourier transform is
given by , where a € X and Q) is a self-adjoint nonnegative trace-class
operator. Conversely, for every a € X and for every nonnegative self-adjoint
trace-class operator Q, the function 5 in is the Fourier transform of a
Gaussian measure with mean a and covariance operator Q).

Proof. Let 4 be the Fourier transform of the Gaussian measure ~, given by
(1.6). Then a is the mean of v by definition. Since the bilinear form B, is
symmetric, then @) is symmetric too. By it follows that () is nonnegative.
Let {e, }nen an orthonormal basis of X, then we have

S (Qerex) « Z / —a,e)idn) = [ o= alfrtdn)
n=1

which is finite by estimate (1.2)). This shows that @ is a trace-class operator.
On the other hand, if @) is a self-adjoint nonnegative trace-class operator,
then @ is given by

Ql’ = Z )\n<Qek7 ek)xen
n=1

where {e, }nen is an orthonormal basis of eigenvectors of @), that is, Qe, =
ey, for all n € N,
Let p be the measure on R*™ defined by ([1.4)) and its Fourier transform

1
= exp{ Zgnan - 5)\"|§n|2} , £eRZ,

where the series contains only a finite number of nonzero terms. We define

w:l?>— X by
= Zynerr
n=1

By Remark 4| we can extend arbitrarily in R \ /2, since u(R> \ [?) =
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If we define v := powu™! then v =
z = u(y) we have

poul(z) = / exp{ < Za:nen>

N(a

,@). Indeed for = € R, setting

} (1o u™)(dz)

X

/ wp{§:%%}

[e.e]

QN

n=1

(an, An)(dy)

:exp{innan—%i 721}
n=1 =1

= exp {i(x,a)X -

j@ra)

By Theorem , (1o u~1t) is the Fourier transform of a unique Gaussian mea-

sure with mean a and covariance Q).

]

Remark 5. In infinite dimensions the identity is not a trace-class operator,

therefore the map = — exp {—
Gaussian measure on X.

Lllzll% } is not the characteristic function of a

Thanks to Theorem [§| we can find the best constant in Fernique Theorem.

Proposition 12. Let v =

N(a,Q) be a Gaussian measure on X and let

{A\n}nen be the sequence of the eigenvalues of Q. If v is not a Dirac measure,

Apm{mm@}wm>

then the integral

15 finite if and only if

<'f1'
a<infqoi—:

n

/\n>0}.

Proof. Let {e, }nen be an orthonormal basis of X such that Qe, = \,e,, for
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all n € N. Then, for a > 0, we have

/Xexp{aHxH?X}fy(dx):/Rm exp{agxg}(%N(an,An)(dx
_ lj / exp {2} N{an, An)(da)
= [] exp{aa} ] m/eXp{w }eXp{ 2i\ (zn an)2}d%-

n: An=0 n: Ap >0

If @ > 55— for some n € N then the integral with respect to dw,, is infinite,
and the functlon z — exp {—1|lz|%} does not belong to L*(X,7). If a <

inf {ﬁ DA > 0} then each integral is finite and we have

1 Ol(l2 1
2 2 n
—— (2, — ay d n =

for all n € N. Then

/X exp {allz]% } 7(dz)
:exp{a Z ai}exp{a Z 1_617"&/\”}

n: Ap >0

exp {n;obg <m>} < o0,

The convergence of last two series follows from y > A, < co. O]

Now we characterize X7 and the Cameron-Martin space H. Hereafter, if
v = N(a, Q) we fix an orthonormal basis {e, },en of eigenvectors of @, that
is Qe, = A\ye, for all n € N. Moreover we set z,, := (x,e,)y for all z € X
and n € N.

Theorem 9. Let v = N(a, Q) be a non-degenerate Gaussian measure on X .
The space X7 is

:{f:X—>R: f(m):i(x — Qp)Zp A\, 172 ZEX}

n=1
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and the Cameron-Martin space is the range of Q'/?, that is,

H:{xeX: in)\n1<oo}.
n=1

For h = Q'?z € H, we have

o0

ﬁ(x) = Z(xn — an)zn/\;l/2

n=1
Proof. Let z € X. We set

k

Fe(2)i= (w0 — an)zA,

n=1

Then for every k € N, fp € X*. Moreover {f;}ren converges in L*(X,7),
since for ¢ > 7,

)

|fi — fj”%?(Xﬁ) - Z )\;12721 /R(xn - an)QN(an,)\n)(d:En) - Z 272‘

n=j+1 n=j+1

and the limit function

F@) = 30— an)zar;
n=1
satisfies
£ 122 (x) = i Az, /R(xn — )N (an, M) (dan) = || 2% (1.7)
n=1
We define

V= {f:X%R: f(x):i(xn—an)zn/\nl/z, ZEX}.

n=1

Then V is contained in the closure of X* in L*(X, ), that is V' C X*.
Now we show that X* C V. Let g € X and let {w®™},ey C X be a
sequence such that

gr(@) = (& — a,w®)
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converges to g in L2(X, 7). If we set z*) ;= QY2w™® | then we have

o0

gi(x) =Y (w0 —an)2PAY2,

n=1

and by (L.7),
129 — 29| x = [|lgi — gill2xqyys 45 €N,

then {2("},en ) is a Cauchy sequence, and it converges to some z € X. By

7
/ (g<x>—2<xn—an>znxgl/2) 1 (da)

n=1

= lim ; (Z(mn —a,) (2P — zn))\nl/Q) v(dz)

k—oo
n=1

= lim ||z® — z||% =0,
k—oo

that is g € V.

Now we consider the Cameron-Martin space. We recall that H is the
range of R, : X7 — X, moreover R, f = hif and only if <f,g—a7(g)>L2(Xﬁ) =
g(h) for all g € X™*.

Let f be an element of X, that is, f(z) = > 07 (zn — an)zn)\,fl/Q, for
some z € X, and let g € X*, g(x) = >~ gxxx. Recalling that a,(g) = g(a)
we have

/X f(@)(g(x) = ay(g))(dx) = /X D (= )z A Y (e — an) gy (d)

= / Z(a:n — an)? 2\ 2 gy (da) = Z 2, Y2,
X p=1 n=1

This is equal to g(h) for h = > "7 | zn/\fbl/Qen, that is h = Q'/?z. By definition
R,f = QY22 therefore H = QY%(X) and for h = Q'/?z we have h(z) =
S0 (T — an)znAn 2 O

n=1

1.5 Basic properties of linear operators

This section is devoted to show some definition and properties of linear op-
erators. As a rule, we refer to the textbooks like [4], [15], [19] .
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Let X be a Banach space on C. Let £(X) be the set of linear continuous
operator A : X — X. We recall that a linear operator A is continuous if and
only if

Ax X
[Allzcx)y = sup  [JAz|x = sup Az
zeX: ||z|x=1 e X\ {0} ]| x

Let D(L) be a subspace of X and let L : D(L) — X be a linear operator.

Definition 16. A linear operator L : D(L) C X — X, is closed if it satisfies
one of the following equivalent properties.

1. {zn}neny € D(L), ©, > x, Lo, > y=a¢€ D(L), y= L.
2. The graph G(L) = {(z,Lz): x € D(L)} is closed in X x X.
3. (D(L), || - |px)) is a Banach space for the graph norm

[ellpey = llzllx + [|Le]x, = € D(L).

Definition 17. Any subspace D C D(L) dense in (D(L), || - | p(z)) is called
core of L.

Definition 18. We call
p(L) :={ e C: (A\=L): D(L) — X is bijective}

the resolvent set and its complement, (L) := C\ p(L) the spectrum of L.
For A € p(L), the inverse

R(\L) == (M — L)

is, by the closed graph theorem, a bounded operator on X and will be called
the resolvent (of L at the point \). Each A € C such that A\l — A is not
injective is called an eigenvalue, and each 0 # = € D(A) satisfying (AI —
A)x =0 is an eigenvector of L (corresponding to \).

It follows immediately from the definition that the identity
LR\, L) = AR\ L) —1

holds for every A € p(L). The next identity is the reason for many of the
nice properties of the resolvent set p(L) and the resolvent map

p(L) 3 A RO\ L) € L(X).
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Proposition 13 (Resolvent Identity). For A\, u € p(L), one has
R(A L) = R(p, L) = (= A R(A, L) R(p, L) (1.8)
Proof. The definition of the resolvent implies
[AR(A, L) — LR(A, L)|R(p, L) = R(p, L),

and
R(/\v L) [:U’R(p“7 L) - LR(M? L)] = R(/\7 L)

If we subtract these equations and use the fact that R(\ L) and R(u, L)
commute, we get (|1.8)). ]

We say that a family of operators in £(X), (T(t))+>0 is a semigroup if
1. T(0) =1,
2. T(t+s)=T()T(s), Vt,s > 0.
A semigroup is called strongly continuous (or Cj) if
T()z:[0,4+00) = X
is continuous for all x € X.

Definition 19. We say that the semigroup (7(¢)):>o belongs to G(M,w) if
and only if
1T ()| cx) < Me®! ¥t > 0.

If M =1 and w = 0 we say that (7'(t)):>0 is a contraction semigroup.
Let (T'(t))i>0 & Co—semigroup on X. We define the infinitesimal generator
L of (T'(t))>0 by setting
T(t)r —
D(L) == {xeX: 3 lim Wex},

and o
Lz := lim M
t—0+ t

Proposition 14. If L is the infinitesimal generator of a Cy—semigroup,
(T(t))tZO; then

e L is a closed linear operator;

e D(L) is dense in X;
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e ifx € D(L) then T(-)x is differentiable for all t > 0 and we have

%T(t)m = LT(t)x =T(t)Lx, t > 0;

o if (T'(t))e>0 belongs to G(M,w) then
{Ae C: ReX >w} Cp(L),

and

M
—, Vn €N, VReA > w.

A L))" <
||R( ) ) ||C(X)— (RB/\—OJ)

Theorem 10 (Hille-Yosida). A linear operator L : D(L) C X — X is the
infinitesimal generator of a Co—semigroup, (T'(t))i>0 € G(M,w) if and only
if

1 D) - X

2. (w,+00) C p(L) and

%, Vn e N, VA > w.
—w)"

Now we want to solve a differential equation. More precisely, we look at
abstract (i.e., Banach-space-valued) linear initial value problems of the form

IR L)l <

u(0) s (1.9)

where the independent variable t represents time, u(-) is a function with
values in a Banach space X, L : D(L) C X — X is a linear operator, and
x € X is the initial value.

Definition 20. A function u : R* — X is called a strict solution of ([1.9)) if
u is continuously differentiable, u(t) € D(L) for all ¢ > 0, and (1.9) holds.

Proposition 15. Let (L, D(L)) be the generator of the strongly continuous
semigroup (T'(t))i>0. Then, for every x € D(L), the function

u :[0,4+00) = D(L)
t—u(t) =Ttz

is the unique strict solution of (1.9)).
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1.5.1 Sectorial operators and analytic semigroups

Now we introduce a class of semigroups enjoying a rather strong regularity
property.

Definition 21. A closed linear operator (L, D(L)) with dense domain D(L)
in a Banach space X is called sectorial if there exists M > 0, w € R and
0 € (m/2,7) such that

1. Sppw:={AeC: |arg X —w| <0} C p(L);

M
2. ||R(\, L < — VA€ Sy
IR L)llex) < Do e

Let (L, D(L)) be a sectorial operator. We define T'(0) := I and

() = MR, L), £ > 0, (1.10)

- 271'2 Fr,n+w
where r > 0, n € (7/2,0), and

Ly ={A€C: A=se", s>r}U{AeC: A=se", s>}
U{reC: X=re?, |¢| <n}.

Proposition 16. Let (L, D(L)) be a sectorial operator (with w and 0 as in
the previous definition). Then the maps T(t), defined in (1.10), satisfy the
following properties.

e T(t)x € D(L¥) for allt >0, z € X and k € N. Moreover if x € D(LF)
then LET(t)x = T(t)L*x.

o (T'(t))i>0 is a semigroup.
e For all k € NU{0} there exists My > 0 such that

M,
(L = @D T(O)]lex) < Zes Ve >0

e the function t — T'(t) belongs to C*((0,+00); L(X)) and

dk
ﬁT(t) = LFT(t), Vt >0, Vk € N.
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e the function t — T(t) admits an analytic extension in the sector
{z € C: arg(z) <0—m/2},

and )
T(z) = — e R(\, L)d.

- 27TZ FT777+UJ
o L is the infinitesimal generator of (T(t))i>o-

Definition 22. We say that (7'(t));>0, defined in ([1.10), is an analytic semi-
group.

Theorem 11. Let X = H be a Hilbert space. Let L : D(L) C H — H be a
linear operator such that

1. L is self-adjoint;
2. L is dissipative.

Then L is sectorial, o(L) C (—o0,0] and, for all 0 € (7/2,7), there exists
My > 0 such that
M,
IR\, L) || 2oy < yTT VA € Sop.
Let L : D(L) C X — X be a sectorial operator. We consider the Cauchy
problem

{u’(t) = Lu(t), t€(0,7] (1.11)

u(0) ==z

Definition 23. For € X, we say that a function v € C*((0,T]; X)
C([0,T]; D(L))NC([0,T7], X) is a classical solution of (1.11)) in [0, 77 if u'(t)
Lu(t) and u(0) = .

Theorem 12. Let x € X. A function u is a classical solution of (1.11)) if
and only if

>

We recall the Lax-Milgram lemma.

Proposition 17 (Lax-Milgram). Let H be a Hilbert real space, and let a :
H x H — R be a continuous and coercive bilinear form, that is there exist
two constants Cy,Cy > 0 such that

la(u, v)| < Cillullul|v]lm, Yu,v e H,
a(u,u) > Cyl|ull, Yu € H.
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Then for all linear continuous functional F : H — R there exists a unique
w € H such that
a(u,v) = F(v), Yv € H,

and there exists a constant C' > 0 such that
[ullr < CF[lzxm)-

By using the representation theorem of continuous linear functional, we have
that for every ¢ € H there exists a unique w € H such that

alu,v) = (,0), Vo € I,

moreover
[ull < Clll|a-

1.6 Sobolev Spaces

In this section we introduce the notions of gradient and Sobolev spaces. First
we define the cylindrical functions, and we give two definitions of differentia-
bility. We recall that, for X and Y Banach spaces, £(X,Y) is the set of all
linear continuous operator from X to Y. In particular £(X,R) = X* and we

put L(X) = L(X, X).

Definition 24. We denote by FC¥(X), k € N, the set of cylindrical bounded
k times differentiable function, that is

FCHX) :={f: X = R: f(z) = p(la(),...,la(x)), L € X*, p € 05(21%‘6}j
1.12

Definition 25. Let X be a separable Banach space endowed with a centered
non-degenerate Gaussian measure v, and let H be its Cameron-Martin space.

(i) We say that a function f : X — R is Fréchet differentiable at = € X if
there exists A € L(X,R) such that

fle+y)— flz) = Ay=o(lyll), y—0in X. (1.13)

In this case, A is unique, and we set f'(z) := A.

(ii) We say that a function f : X — R is H—Fréchet differentiable at x € X
if there exists Ay € L(H,R) such that

Fla+h) — f(h) — Aoh = o(|h|y), h —0in H. (1.14)
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Most of the properties of differentiable functions can be proved as in the
case X = R?. For instance, if f is Fréchet differentiable at x it is continuous
at . Moreover, for all v € X the directional derivatives

0F 1) gy F2+10) = I
ov t—0 t

exists and is equal to f'(z)(v). If f € FCL(X), then f is differentiable at
every x and

f/(q;)(v) = Z ZZ((ll(JJ), o la(@))l(v), v e X

If f: X — R is H—differentiable at x, the operator Ay in the definition
is called H—derivative of f at x, and there exists a unique y € H such that
Ay(h) = (h,y) for every h € H. We put

Viuf(z) :=y.

Proposition 18. If f : X — R is Fréchet differentiable at x € X, then is
H—Fréchet differentiable at x, with H—derivative given by h — f'(x)(h) for
all h € H. In particular, we have

Vi f(r) =R, [ (z).
If f is H—differentiable at z, the directional derivative %(1‘) exists for
every v € H, and
of

L ) = (V) )
holds. Let {h,}nen be an orthonormal basis of H, we set

O0if(x) == 3}{ (x), ieN.

Therefore we get
Vuf(x)=> 0f(x)h
n=1

where the series converges in H.

Remark 6. Let X be a Hilbert space. In general gradient and H —gradient
do not coincide. Let f be differentiable function at z, if v = N(0,Q), then
we have Vg f(z) = QV f(z). Let {e, }nen be an orthonormal basis of X such
that is Qe, = A,e,, then a canonical orthonormal basis of H is {hy}nen,

with h,, = v/ \,en, and
~—O0f
holds for n € N.
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1.6.1 Sobolev spaces of order 1

Let v be a centered Gaussian measure on a separable Banach space X. First
we define integrals and L spaces of Y —valued functions where Y is a Hilbert
space. We refer to the books [13] for a detailed treatment. We set

LP(X,v;Y) = {f : X — Y, measurable and such that

L1y = /X 1 (@)L (de) < oo} / N

where f ~ g if and only if

V(e eX: flz)#g(x) =0.

Now we show an integration formula for FC} functions.

Proposition 19. For any f € FC}(X) and h € H we have

; %(w)v(dw) = /X f(@)h(z)y(d). (1.15)

Moreover for any f,g € FCH(X) and h € H we have

[ @ ale)2(de) =~ [ f@) 582 tde) + [ (o) gla) i) 2 (o),

We recall the definition of a closable operator. Let F, F' be Banach spaces
and let A : D(A) C E — F be a linear operator. A is called closable (in
E) if there exists a linear operator A : D(A) C E — F whose graph is the
closure of the graph of A in E x F. Equivalently, A is closable if for any
sequence {x, tneny C D(A) such that

lim x, =0in F, and lim Az, =0in F
n—o0 n—o0

it follows that z = 0. If A is closable, the domain of the closure A of A is
the set

D(A) = {:1: € E: H{x,tnen € D(A), lim z,, =z, Az, converges in F}
n—o0

and for x € D(A) we have

Ar = lim Ax,.

n—oo
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Proposition 20. For every 1 < p < oo, the operator Vg : FCHX) —
LP(X,~; H) is closable in LP(X, 7).

Definition 26. For each 1 < p < oo, we denote by W1?(X,v) the domain
of the closure of Vg : FOL(X) — LP(X,~; H) in LP(X,~), still denoted by
V. Hence f € LP(X, ) belongs to W1?(X,~) if and only if there exists a
sequence of functions {f, }neny C FCL(X) such that f, — f in LP(X,v) and
Vi fn converges in LP(X,v; H). In this case we set Vg f = lim, oo Vi frn.

The space W'P(X, ) is complete with the graph norm

I fllwiexqy = 1 flleoxy + IVEFllorcqm

= ( / |f|f’dfy)1/p+ ( / |va|Zdv>1/p.

W12(X, ) is a Hilbert space with the inner product

(f, Dwrexq :Z/ fgd7+/<VHf, Viug)y dv,
X X

which gives an equivalent norm.
For any orthonormal basis {h,, }ney of H and any f € WH?(X, v) we have

Onf(x) = (Vaf(z),hn)y, neN.
In general, for h € H we have
Onf(z) = (Vuf(x),h)y.
Therefore
00 p/2 oo p/2
Iz (Dva, hn>2> ar= [ (Z(anfﬁ) &
X X \ =1 X \n=1
We give some properties of the spaces W'P(X, ~).

Proposition 21. Let 1 < p < oo. Then

1. the integration formula (1.15)) holds for every f € W'P(X,~) and h €
H:

2.4f f € WH(X,~) and g € WYX, v) with %4—% = 1 <1, then
fg€ WH(X,7) and

Vu(fg) =Vufg+ fVnug;
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3. the space WP (X, ) is reflexive;
4. if fo = fin LP(X, ) and sup,cy || fllwie(x,y) < 00 then f € WHP(X,5).

Remark 7. Let X be a Hilbert space and let v = N(0,Q) with @ positive
definite. For every f € FCL(X) we have Vi f(z) = Qf'(x), then

Vi f (@) = (Q72Qf (), Q72Qf () x = QY2 F' ()%,
and

— 1/2 g1 2 Vp
I llwsocer = 1 llrcen +{ | NQTEF @I Ade) )

Let us fix any orthonormal basis {e,},en of X consisting of eigenvectors of
Q, Qe, = \ye,. Then a canonical basis of H is {hy, }neny with by, = vV Anen,

hence of
3¢f($) =V )\n%,

and

o) p/2
of )2
1,p — P )\n — d
ooy = 1o + | [ (Z (52 ) 7(do)

1/p

1.6.2 Sobolev spaces of order 2

First we recall some basic definition and properties of Hilbert-Schmidt oper-
ators. We refer to the book [3, A.2| for a detailed treatment. Hereafter X is
a separable Banach space endowed with a non-degenerate centered Gaussian
measure and H is the Cameron-Martin space associated to 7.

Definition 27. We say that A € L(H) is a Hilbert-Schmidt operator if there
exists an orthonormal basis {h, }nen of H such that

[e.9]

> A, [} < oo (1.16)

n=1

Proposition 22. If the series in (1.16)) converges for some orthonormal basis
of H, then it also converges for every orthonormal basis H and its sum does
not depend on the chosen basis.
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We denote by H = H(H) the class of all Hilbert-Schmidt operators from
H to H. Moreover, for A € H we put

2

AN =D ARz = |[D (A(hn), hi) g i
n=1 n=1 || =1 H

= > (Alhn), hi)py)?

Remark 8. If X = R?, then A is associated to the matrix a;; = (A(&;), &) gas
¢ € R% and

HAHg-t(Rd) = Z(%’)Z
ij=1
Let h € H. Then we have
TAM T = (Y AW hn) gy o) D (B hn) gy Aha)
n=1 H n=1 H
< (St tan nH) < S bt S IAI
n=1 n=1
= ||hll - 1Al
Therefore
[AM 17 < (1717 - ([l
forall h € H.
Remark 9. 1. It is obvious that the identity on H is not a Hilbert-Schmidt
operator.
2. fw,v € H*, v = (v1,...,v,) and w = (wy, ..., w,), then the operator
defined by

n

A(h) = Z(wi, h)v;

i=1
belongs to H, and
1Al < Mol n 0] -
3. H is a Hilbert space equipped with the inner product

[e.9]

(A1, Ay = Y (Ar(hn), As(hn)) g

n=1
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Let f : X — R be Fréchet differentiable in a neighborhood of z. We
suppose that the function

X - X
y = f'(y)

is Fréchet differentiable at x. Then there exist L € £(X, X*) such that:

I (2 +v) = f'(x) — Lv]

x-=o(||v|lx), asv— 0.
In this case we say that f is twice Fréchet differentiable at x and we put
f"(z) :== L.

Let f: X — R be H—differentiable at each point of X. We say that f is
twice H—differentiable at x if there exists Ly € £(H) such that

If f is twice Fréchet differentiable at x, then it is twice H—differentiable
at x and
Vif(z) = Byf'(x), Ly = R,L.
Let f € FC}(X). Then f(z) = p(li(z),...,la(x)), l; € X* for i =
1,...,d, and ¢ € C}(R?). Therefore f is twice Fréchet differentiable at any
point z, and

d

ot
L(v)(w) = li(x),...,lg(x)) l;(v) [;(w
(0) = 3 e o) ) L )
holds for every v,w € X.
Moreover, for all h, k € H, we have

(L), Ky = 3 G () @) b W) (oK)

Now we show that Ly is an Hilbert-Schmidt operator. Let {h,}nen be
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an orthonormal basis of H. Then

0o 00 d 92 2
Z LH hl Z [ 8552 (l ( ) : ald(x))u%'ylhhl>H<R7ljahk>H]
Lk=1 Lk=1 vrsg

s d 92 2 d
< [;(a&gg(h(x), );Rlz,hl Z<R¢j,hk>§{]

l,k=1 L3 7j=1

i,7=1

oo d

oo d
= |D*o(li(@), .. la(@)) ey - D> (Bl )y ZZle,hk

=1 =1

d
= [D*(li(2), .. ., la(x)) [l3gqma) ZIRHH ZlRl\H<OO
Proposition 23. For every 1 < p < oo, the operator (Vg, Ly) : FCF(X) —
LP(X,~v; H) x LP(X,~v;H) is closable in LP(X, 7).

Definition 28. For each 1 < p < oo, we denote by W??(X,~) the domain of
the closure of (Vy, Ly) in LP(X, ), and we denote the closure of (Vy, Ly)

W?2P(X,~) is a Banach space with the graph norm

1 2 x,) = /X f @7+ [V f (@) + 1D f (@)[15] v(d)

W?22(X,~) is a Hilbert space with the inner product

(f, Dweexq rz/ fgd7+/<VHf7ng>Hd7+/<D12ﬂlf7D%{g>Hd7>
X X X

which gives an equivalent norm.
For any orthonormal basis {h,, }ney of H and any f € W2P(X, v) we have
0% f
Oh;0hy,
Remark 10. Let X be a Hilbert space and let v = N(0, Q) with @ positive
definite. Asin Remark |7} we fix an orthonormal basis {e, },en of X consisting

of eigenvectors of @), Qe, = A\,e,, and {h, }nen With b, = /e, is a basis
of H. Then for all f € FC?(X) we have

1037, = lfj (rod-@) - Zm(aelafek< )
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Therefore

»/ 1/p

oo 82 2

1,k=1

1.6.3 Sobolev space on convex set and traces

Let v be a non-degenerate centered Gaussian measure on a separable Banach
space X, and let H be the Cameron-Martin space related to . Let €2 be an
open convex set of X, with v(€2) > 0. In this section we fix any orthonormal
basis {h,}nen of H. First we define the Sobolev space on €2, then, under
some assumption of regularity of €2, we introduce the trace operator. We
refer to [7] for a detailed treatment and proofs.

Since €2 is convex, we fix any zy € ) and we define the Minkowski function

m(z) :=inf{A>0:2—x29€ ANQ—x0)}
which is Lipschitz continuous. Then Q = {z € X : g(z) < 0}, where
g(x) :=m(x) — 1 (1.17)

belongs WP(X, ~) for every p > 1. In particular, since g is continuous, we
have 9Q = g=1(0).

Let FCF(X)jo be the set of the restrictions to Q of the elements of
FCE(X).

Proposition 24. For everyp > 1, the operator Vg : FCJ(X) 1o — LP(Q,v; H)
is closable in LP(S),~). Moreover the operator

(Vi, D) « FCH(X)ig — LP(Q, 7 H) x LP(Q, 71 H)
v = (Vipi, Diyp)
is closable in LP(2,7). The closure is still denoted by (V g, D%).

Proof. Let {¢rtren C FCy(X) be such that ¢rq — 0 in LP(Q,v) and
Vmpkm — Fin LP(Q),v; H), k — 0co. We claim that

/(F, hi) g dy =0
Q
for all 1 € LP'(€2,7) and i € N. We remark that the restrictions to € of the

elements of FC}(X) are dense in LP (£2,) (this is a consequence Corollary
. Then it is sufficient to prove that

/(F, hiyytbdy =0, Vi € FC(X). (1.18)
Q
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Let ¢ € FCOL(X). Let 0 € C2°(R) be such that 8(r) =0 for r > —1, 0(r) = 1
for r < —2, and we set

0,.(r) :=0(nr), ,(z) =v(x)0,(9(x)), neN, z € X.

By dominated convergence the sequence {9, }nen goes to ¥jg in LP(9,7)
as n — 0o. Then

Ry R
We remark that 1, vanishes in ¢g7'([—1/n, +oc]) and

Vath, = Vgt 0,09+ 0,09 Vgg,

then ¢ € W (X, v) for all r > 1. Therefore oy, € W1 (X, ) for all r > 1,
and k € N. By applying the integration by parts formula (.15 we have

Q Q

then
/ U e dy = — / Dt oy + / B o thn . (1.19)
Q Q Q

We recall that

lim | G pndy =0, lim / s or o dy = 0,

k—o0

and
lim [ 1, &sokcw:/wn(F, hi) gy

Then [, ¥ (F, h;) ydy =0 for all n € N and holds.

Now let {¢y }ren C FC3(X) be such that ¢rq — 0in LP(, ), Viaprg —
Fin LP(Q,7; H), and Dyprq — @ in LP(Q,7;H) as k — co. By the first
part of the proof, F' = 0; we apply formula to 0;¢y instead of ¢y, and
we get

/ U Dusion dy — — / D506 Doy + / s Dson tn .
Q Q Q

We remark that

QO Q

k—00
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and
lim [ 01, Oppdy =0, lim / hi 01 b dry = 0.
k—o0 0

k—o0 0

Then [, ¢, (Phi, h;)y dy = 0 for all n € N, and for every ¢ € FC;(X) we

have
Q n—oo Q
which implies that ® = 0. [

Definition 29. For 1 < p < oo, we denote by WP(Q,~) the domain of the
closure of Vg : FCH(X)jq — LP(Q,v; H) in LP(€,7), still denoted by V.
Similarly, we denote by W*P(Q, ) the domain of the closure of (Vg, D%) in
LP(£2,7), still denoted by (Vy, D%).

We remark that W1?(Q,~v) and W*P((Q, ) are Banach spaces with their
graphs norm respectively:

LA iy = 1 i + / Vit (@) (de),
T / D% £ () [ ().

Moreover
Onf(x) = (Vuf(®), hn) g,
and
O f (@) := (D f(2)hns ) -

Finally, for p = 2, WY2(Q,7) and W?2%(Q,~) are Hilbert spaces with the
inner products:

(f Dy rz/ﬂfgd%L/Q(VHf, Vug)ydv,
(f, 9wz :Z/fgd7+/<VHf, VH9>Hd7+/<D?If, Diyg)y dv.
Q Q Q

Our leading assumptions will be the following.

Assumption 1. We suppose that there exists a continuous and convex func-
tion g : X — R, such that

e = gil((_oov O)),

o gc W?P(X,y) for all p > 1;
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e there exists & > 0 such that

c Lk 0,0 for all p > 1.
T € (o7 (=0.0).9) for il p

These conditions allow the definition of traces of Sobolev functions at
g~ 1(0). Now we show some properties that are proved in [7]. We recall that
Lip(X) is the space of Lipschitz functions.

Proposition 25. For each p > 1 and ¢ € WMP(Q,v) there exists 1 €
Nygep LU0, p) with the following property: for every {¢n}nen C FCLH(X)
such that {ong}nen converges to @ in € WH(Q,), then {@naqnen con-
verges to ¢ in L1(0SQ, p), for every q < p. Here p is the the Hausdorff-Gauss
surface measure on 0S) studied in [17].

Definition 30. For any ¢ € WP(Q,v), p > 1, we define the trace Tr¢ of
@ at 09 as the function ¢ given by Proposition 25

In [7] was proved that the trace operator is bounded from W'?(Q,~) to
L1(09, p) for all ¢ € [1,p).

Theorem 13. Let p > 1. For each ¢ € WP(Q,~), and n € N we have

Ong
/8 pdy = / godv—f—/ Tr ¢ dp.
o0 |Vrglu

Now we show a version of the integration by parts formula.

Proposition 26. Let o € WHP(Q, ) and ¢ € WH(Q, ~) with pg/(p+q) > 1.
Then for k € N

/ O b dy = — / SO dy + / o0 Ty + / TrpTry .
Q Q Q

IVHIH
The following proposition describes the kernel of the trace operator.

Proposition 27. For everyp > 1 the kernel of the trace operator in WHP(§2, )
consist of the elements ¢ € W'P(Q,~) whose null extension g to the whole
X belongs to WHP(X 7).

1.7 Construction of Ornstein-Uhlenbeck oper-
ator

In this section we describe the construction of the Ornstein-Uhlenbeck opera-
tor. Let 2 C X be an open convex set, and let v be a centered non-degenerate
Gaussian measure on X.
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First we recall the integration by parts formula. Let ¢ € W12(€Q,~) and
Y € FCHX). Then

~ 0
Jowvar== [ eow s [ poh / TepTeo 29— dp, (1.20)
Q Q Q Vugln
where in the last integral p is the surface measure associated to the Gaussian
measure and Tr ¢, Tr 1) = 1))9q are the traces of the function ¢, 1 (see Section
1.6.3).

The quadratic form
Ean(u,v) = /(VHU, Vuv)gy(dz)  with u,v € WH(Q, ), (1.21)
Q
is used to define the Ornstein-Uhlenbeck operator L : D(L®) C L*(Q,v) —
L?(£2,7) by setting
D(L?) :={u e W"(Q,v) : 3f € L*(Q,7) s.t.
fonu) = - [ utvwewan)  2)
Q
and L%u = f.
The proof of the following properties can be found in [21].
Proposition 28. The operator (L, D(L*)) satisfies the following properties:
1. it is self-adjoint in L*(Q,7);
2. it is dissipative (that is (Lu,u)r2(0.) < 0 for every u € D(L?)).

Proposition implies that L is the infinitesimal generator of an analytic
contraction semigroup (T (t))¢o in L*(€2, ). We also recall that, since T%(t)
is an analytic semigroup, then T%(t) f € D(L®) for every t > 0, f € L*(Q2,7),
moreover 5

50O = LT (0)(f) VS € L(Q7). (1.23)

The following lemma holds also for more general linear operators in spaces
LP space.

Lemma 3. The following conditions are equivalent:

1. /TQ( v(dz) /f y(dx) for all f € L*(2,7);
2. / L%u(z) y(dz) = 0 for all u € D(L%).
Q
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Proof. We show the implications separately.

1. = 2. For u € D(L®) we have

T —
L% = lim M,
t—0t t
where the limit is in L?(£2,~). Then
T(t)u — I
% — L% = n / (T (s) L% — L®u) ds.
0

Integrating over 2, we get

Q —
/ (M — LQu) dy = —/ L% dry,
Q t Q
and

/Q G /Ot(TQ(S)LQ“ — L) ds) dy = %/Ot/Q(TQ(S)LQU—LQu) dyds =0

by hypothesis.

. First we take f € D(L"). Then

d

I REOIE /ﬂ LOTO () f dy = 0,

for all ¢ > 0. Therefore, the function ¢ — [, T*}(t)f dv is constant,

that is
Q _ Q _
/QT (t)fdfy_/QT (O)fd’y—/gfd'y.

Now, by using the density of D(L%}) in L*(9,7), we get our claim.
L]

Proposition 29. The measure 7y is invariant for the semigroup (T} (t))>0,
that is

[ W@ = [ f@atd, vre @)

Proof. For all u € D(L%), by construction of L ,we have

/Lﬂudfy:/Lled’y:—/(VHU,VHDHCIV:O.
Q Q Q

By applying Lemma [3] we obtain our claim. O
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Remark 11. We recall that D((I — L?)'/?) is the completion of D(L%}) with
respect to the norm
1/2
(/ (I — LQ)uud’y> : (1.24)
Q
We remark that

/(I — LYuudy = /(\u|2 — L*uud)y = /(\u|2 + (Vuu, Vyu),, )dy
0 0 0
= [ ul? + Vi
Q

Then ((1.24)) is an equivalent norm of W12(Q, ).
Since W2(Q,v) = D((I — L®)"/?), the restriction of T(t) to W'2(€, )
is an analytic semigroup, and D(L?) is also dense in W12(Q, 7).

Now we consider the differential equation ({1
M — L% = f
where A > 0 and f € L%*(€,) are given.

Definition 31 (Weak solution). The function v € W'%(Q,v) is a weak
solution of ([1)) if

/Auso d7+/<VHu,VHs0>Hd’y=/f<p dy Yo e FCy(X)  (1.25)
Q Q Q

or equivalently, (1.25]) holds for all ¢ € W2(Q,~).

By applying Proposition L7, with

a(u,v) 3:>\/qud7+/g<vHU,VHU>HdV

we have that there exists a unique weak solution of .

1.7.1 Ornstein-Uhlenbeck operators in finite dimension

Now we recall some properties of Ornstein-Uhlenbeck operators in finite di-
mension. Let O be a smooth convex set of R® and let i be the standard
Gaussian measure in R™. Let L® be the Ornstein-Uhlenbeck operator asso-
ciated to the quadratic form

Eou(u,v) ::/(Vu,Vv)du for u,v € WO, ),
o
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since in this case we have Vg = V.
It is known, see [§], that

D(L°) = {f c W*2(O, ) : (z,Vf) € L*(O,p) and % = O} (1.26)

where v(x) is the exterior normal vector to 0O at z. Moreover
LPf(z) = Af(z) — (x,Vf(z)) for every f € D(L°). (1.27)

We recall the finite dimensional logarithmic Sobolev inequality

/@ Flog(f2)dp < /O IV a f i+ 1220 108 (1 f o), (1.25)

that holds for each f € W'2(O, u), see [§].

1.8 Cylindrical approximations

In this section we present an important tool that will be used several times
in the following. Let €2 C X an open convex set. First we recall Proposition

A5 in [20].

Proposition 30. Let 2 C X be an open convexr set. Then there exists
a sequence of open convex cylindrical sets 0, D Q.11 D Q with smooth
boundaries, such that

lim (22, \ Q) = 0.
n—oo
In [20], for each n € N, the sets Q,, are given by
Q, = ng(on)

where O,, is an open smooth convex subset of a finite dimensional subspace
F, C H, of dimension j = j(n), moreover F,, C F,,; for all n € N. Let
{hi}ien be an orthonormal basis of the Cameron-Martin space H, , h, =
Rﬁn with /f;n € X*, such that

F, =span{hi,..., hjm}.
Finally 7w, : X — F), is the finite dimensional projection defined as

i(n)

() = Z?Li(x)hi.
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Moreover €2,,.1 C €2, 90, is smooth, Q C €2, and we have

Q= ﬂ Q,,  7(09Q) =~4(0Q,) =0, and v (ﬂ Qn\Q> = 0.

neN neN

Remark 12. If x € H then E(az) = (x, h;);; and m,(x) is a orthogonal projec-

~

tion of X on span{hy,...,hjm)}. Since h; € X* for all i € N, we have that
7 : X — X is a linear bounded operator moreover m,(m,(x)) = m,(x).

A proof of the following two results can be found in [3].

Lemma 4. Let X be a separable Banach space. Then

lim 7,(x) =z a.e. v € X.
n—00

Now we show a useful approximation property.

Proposition 31. Let f € LP(X,v) (respectively, W'P(X,~)) then f, — f
in LP(X, ), (W'2(X, 7)), where

falz) == /Xf(ﬂn:ch (I —mn)y) dvy(y),z € X.

Moreover, f, is a cylindrical function for all n € N.

Corollary 2. The space FCF(X) is dense in LP(X,~) with respect to the
norm || - || r(x,7) -

Proof. Let f € LP(X,~). We fix € > 0, then, by Proposition there exists
a cylindrical function f., such that ||f — f|lr(xy) < €/2. Thank to the

results of Section , we have f. = fom,, where f € LP(R",~,). Therefore,
there exists g € Cy (R™) such that || f, — gl| Lo @n ) < €/2. Weset ¢ 1= gom,,
then

”f - ‘PHLP(X,W) < ||f - fEHLP(Xﬂ) + ||fs - SOHLP(XN)

8 ~
<5+ 1f = gllr@n ) < e

[]

Let L™ : D(L™) — L%(Q,, ) be the self-adjoint operator associated to
the quadratic form with Q = Q,,, and D(L™) is defined by with
Q = Q,. Let (T™(t));>0 be the semigroup generated by L™ in L?(9,,7).

We recall Proposition 3.3 proved in [20]:
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Proposition 32. For any f € L*(X,v) and any A € C\(—o0, 0],
lim (RO, L) (o)) = BOLL) () in WI(9, ),

n—oo

and
(T B)ua, e = T Oug  in WH(Q,7)

for any u € L*(X,v) and t > 0.

Remark 13. We identify F,, with R/ by using function
z(hk):ek:(O,..., 1 ,...,O),
k-th position

linearly extended to the whole space, that is
j(n)
i) &bk | = (& &)
k=1

Then the image measure vy o 7, ' on R/™ is the standard Gaussian measure
Ti(n)-

1.9 Factorization of the Gaussian measure

Let v be a centered non-degenerate Gaussian measure. We study the decom-
position of vy as the product of two Gaussian measures on subspaces. We
fix an orthonormal basis {h, },en. By Lemma , we may assume that each
/f;n belongs to X*. We recall that the set {h,}nen, with h, = Rvﬁn, is an
orthonormal basis of H.

Let G C R,(X*) be an g—dimensional subspace and let us denote by 7¢
the projection given by

me(x) = iﬁn@)hn, reX. (1.29)

n=1

For f € X*, we use the notation 75 f = f o 7g.
We define ¢ = yon,' and we remark that 4o (G) = 1 since 7' (G) = X.
For f € X*, we have

() = /X exp i f (me ()} (dr) = /X expling f(2)}(dx)

—exp{ =3B, ) |

51



By Theorem [f] it follow that ¢ is a centered Gaussian measure, with
Bl ) = Bl wife) = [ whi(@)misfa(o) (o
D'

- /X Fi(ma (@) folma (@) y(dz) = /G J1(€) f2(&)va(dE)

= (/1, f2>L2(G,7G)a

for all fi, fo € X*.

Similarly we define the measure 75 = vo (I — mg)™!

and we set G =
(I — m) ' (X). Then 75(G) = 1, and 5 is again a centered Gaussian
measure with

B’Y@(fl; f2) = B~y<<[ —76)" i, I = 7c)" f2)
_ /X (I = 7e) fi(@)(I — 76)" falx)y(dz)

_ /X AU = 76) @) fo((I - 76)(2))7(dz)

_ /é A W) f2(y)ra(dy)
— (fl, f2>L2(C~J,vg;)’

for all fi, fo € X*. Then the Cameron-Martin spaces of 7¢ is equal to G,
while the Cameron-Martin spaces of is G. Moreover G is the orthogonal
complement of G in H.

Lemma 5. For any f € X*, we have
ma(By(f)) = By(mo(f)), (I —7e)(Ry(f)) = By((I = 7a)"(f))-
As a consequence
1By (Dl = & (D22 6ne) + 1T =76) (D@,

Proof. We recall that G =span{h,, ..., h,}. By (1.29) and Remark , for all
g € X* we have

g(m Zh Z(ﬂ n) L2 Xy)g(hn)-

n=1

Moreover



Therefore for any g € X*, we have

g<R’Y(7T2'(f)> =49 <R’Y (Z<f7 ﬁn>L2(X7,y) /Hn>>

n=1

<Z<f h >L2 (X,y) h ) Z<f h >L2 (X,y) g(hn),

n=1 n=1

and then ¢ (R, (f)) = R (n&(f)). Furthermore

(I = 76)(Ry(f)) = By (f) — ma(R,(f))
= R,(f) = By(m¢(f)) = Ry (I — 7a)"(f))-
We recall that H = G & 6’, then for f € X* we have

1Ry (D)l = ma(By (M + [ = 7a) (B, (F)
= Im&(NNz2 e + 1= 76)" (D2,

Now we give the main result of this section.

Theorem 14. The equality yq ® v5 = 7y holds.
Proof. We recall that X = G ® G. For any f € X* we have

—

e ®@7a(f) = /G L OPUf(E+ e ©ag(dE y)
- / exp{if(&)}ve(dE) - /~ exp{if(y)}1a(dy)
a G
= exp {_% (ch(fnf) + BV@(fvf))} :

Moreover we have

Boo(f, )+ B (f, ) = / (€6 (de) + / £ ()5 (dy)
G G
- /X (@) + (U — 76)(x))?) 7(dz)
- /X (F(me(@)? + (f() — [(ra()?)?) ~(dz)
/ (Fra(@))? + f(@)? — 2f(2) f(me(@)) + Flra(0)?) (d)

/f d:c—2/f7rc — f(ra(@))) y(do)
= B,(f, f).
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since

[ (r(@)) (f(z) - Vde) = | Fra@)F((T - 76) (@) (dx)
/. -/,
/fm (I — ) (@)1 (dx)
/f?rc (I = ) (@))y(d) = 0

This prove that 'y;@\vé( f) =7, and by Proposition E we get our claim. [J
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Chapter 2

The Ornstein-Uhlenbeck operator
and the Ornstein-Uhlenbeck
semigroup

In this chapter we study the Ornstein-Uhlenbeck operator and the Ornstein-
Uhlenbeck semigroup in an open convex subset §2 of an infinite dimensional
separable Banach space X. This is done by finite dimensional approximation.
In particular we prove Logarithmic-Sobolev and Poincaré inequalities, and
thanks to these inequalities we deduce the spectral properties of the Ornstein-
Uhlenbeck operator.

2.1 The Ornstein-Uhlenbeck semigroups

First we recall Theorem 1.3.3 and Theorem 1.4.1 proved in [I1].

Theorem 15 (Beurling-Deny conditions). Let L > 0 be a self-adjoint op-
erator on L*(Q, ). Then the following are equivalent:

1. TY(t) may be extended to a contraction semigroup on L>().

2. T(t) may be extended to a contraction semigroup on LP(Q2,~) for all
1 <p<oo.

3. Let f € WY2(Q,v) and g € L*(Q,~) satisfy

g(z)| < [f(z)]
l9(x) — g(y)| < [f(z) = f(y)]
for a.e. z,y € Q. Then g € WH3(Q,v) and

gﬂ,’y(ga g) S gQ,’y(fa .f)
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4. If0 < fe Wh2(Q, ) then f A1 lies in WH2(Q,7) and

8Q,7<f A 17f A 1) S gQ,'y(f7 f)

Theorem 16. If (T(t));>0 is a symmetric semigroup on L*(Q,~) then
LY(Q, ) N L(Q) is invariant under (T(t));>0, and (T(t))i>0 may be ea-
tended from L*(2,v) N L>(Q) to a positive one-parameter contraction semi-
group (T3(t))e=0 on LP(Q,7) for all 1 < p < oo. These semigroups are
strongly continuous if 1 < p < 0o, and are consistent in the sense that

Q Q
T, f =T, t)f
if f € LP(Q,y)NLYQ, 7). They are self adjoint in the sense that

T () =T;'(t)

p
ifl<p<ooandpt+qgt=1.

Let L be the Ornstein-Uhlenbeck operator defined in Section [1.7, and
let (T}(t));>0 its semigroup. Now we prove that (T}(t));>o satisfies the
Beurling-Deny conditions:

Proposition 33. If f € W 2(Q,~) then f A1 e WH2(Q,~) and

/ Va(f A)Pdy < / V2.
Q Q

Proof. We recall that f A1 =min(f,1) and

~la+0| B la — b
) 2

Jervre b Je-nee

Let {f,} € FC!(X) be a sequence that approaches f in W'?(Q,~) and
pointwise a.e. in €. Then the function g, o f, belongs to FC!(X) and
it approaches min(f,1) in W12(Q,~). Indeed this sequence converges to
min(f, 1) in L?*(€,v) by the Dominated Convergence Theorem, and V (g, o

fn) = (g\, 0 fn)Vfn converge to

min(a, b)

Set

gn(g) = s f € R.

N

(%(sign(f + 1) — sign(f — 1))) Vi f
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in L?(Q,~; H). Therefore
f+1 f—1
[19atra vty = [ 19a (-2

— / sign(f + 1)—va — sign(f — 1)—va
Q

- / Vi f[?
Q

2 2
< / Vo f Py,
Q

2

dy

2

S (sian(f + 1) — sign(f — 1))| dy

]

Therefore applying Theorem [15{ we have that (T}(¢));>¢ can be extended
to a semigroup of contractions (7,(t))i>o on LP(€2,7) for all 1 < p < 0.
(Tp(t))i=0 is strongly continuous for 1 < p < oo thanks to Theorem [16]

2.2 Properties in finite dimension

Let O C R? be a smooth open convex set, let v; be the standard Gaussian
measure on R? and let LY be the Ornstein-Uhlenbeck operator defined in
Section [L.7| with Q = O and v = 4.

In [8] it is shown that

D(L0) = {f € W20, 70) 1 Af — (2, V]) € IO, 7g) and 2L — o}

o
where v(x) is the exterior normal vector to 0O at z. Moreover
LOf(x) = Af(z) — (x,Vf(x)) for every f € D(L°). (2.1)
We put
C1(0) = {g @) Ly =n, ac 80} | (2.2)

We show some useful properties proved in [2].

Proposition 34 (Proposition 2.1 of [2]). Let z € C([0,T] x O)NC*((0,T] x
O)NCY2([0,T] x O) be a bounded function satisfying

z(t,x) — LP2(t,2) <0 0<t<T, z€O,
% (t,2) <0 0<t<T, x €00,
2(0,2) <0 z € 00.

Then z(t,x) <0 for all0 <t <T, and x € O.
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Proposition 35 (Corollary 3.3 of [2]). For all w > 0 there ezists C,, > 0
such that

ewt .
IVTO () flloo < CoZlfllee, £> 0, f € C(O).

Proposition 36 (Proposition 4.1 of [2]). For every p > 1 and f € C}(O)
we have

VT (1) f(2)]” < e TOW)(IVIP) (@), t >0, x € O.

Then C}(O) is dense in W2(0,,), see Lemma |§|, and thanks to Propo-
sition [35] we have

TO(t) : Co(O) — CHO) for all t > 0. (2.3)

L is one of the operators studied in [2]; thanks to Proposition @ we can
conclude that

IVTO () f(z)| < e 'TO )|V f(z)] VfeCHO), VzecO, t>0
Such estimate may be extended to Sobolev functions, as follows.
Lemma 6. For all f € W12(O,~,) we have
VTP (1) f(2)] < e TO(t)|V f ()]
fora.e. x € O andt > 0.

Proof. If f € WY3(O,~4) there exists {f,} € C}(O) such that f, — f
in W'?(0,v4) and, up to a subsequence, a.e. in O; now TO(t)f, — f, for
t — 07 and thanks to (2.3) we have T°(t) f,, € CL(O). If weset g, = T°(L) f,

then g, € C}(O) for all n € N and g, — f in WH%(O). Along a subsequgnce
{gn, } we have
IVTO(t)gn, (x)| = |[VTC () f(z)| ae. in O
and again, up to a subsequence
(T°()|Vgn,|) (z) = (TC(1)|Vf]) (z) ae. in O.
Therefore
VIO ()| = lim [VTO(0)gs, (1)
< lim ™" (T9(t)|Vgn,|) () = e (TO(t)|Vf]) ()

k—oo

for a.e. x € O. O]
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Proposition 37. For all f, g € L*(O,~4) we have
[T°(1)(f9)]” < TOW(fHTO(1)(G?)  ae. in O
Proof. First we consider f,g € C}(O). We fix ¢ > 0 and we put
v (tx) = V(T () (@) +2) - (TO)(6?) () + &)

For convenience we set

o =alt,x) = TOW)(f2) (@), B = B(t,x) = TO(t)(g")(x).

Then v¥ = /(a +¢)(B + ), and we remark that

Diw* = Di(v/(a+e)(B+e))

1
— N CETIED) (B+e)Dia+ (a+¢e)D;f)
. or(ta) ! da ate)?
T T o _2\/(a+5)(5+6)<3t<ﬁ+6)+( +€)8t)
_ ! &)L+ (a+¢)L°
_2\/(a+€)(5+5)((6+ Lo+ (e e)L76)
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Then

d d
LOv® = Z Div* — 2 Div* = ) Dy( Dyv®) — i Do
=1

1
—Z (2\/a+5 ﬁ+€)((ﬂ+s>Dia+(a+e>Diﬁ>>

1
T (MQ T LR 8)%))

d
Z (a+e) 15 oy LB +e)Dia)* + (o + ) Diff)’]

1
+ 2\/(O‘+5)(6+5)(a+5)(5+5) (B+¢)Dsa- (o +¢)D; 8
_Ut+z ((a +2)( 1ﬁ+e))3/2 [((8 +€)Dia)* + (o +£) DiB)?

(ﬁ+€)Da (a+¢€)D; ]

1 2
i3S 4 ADa kD)

3
<.

Therefore v > LO(v°), v°(0,2) = /(f(z)2+¢)(g(x)? +¢) and v° satis-
fies the Neumann boundary condition, thus for the maximum principle (see
Proposition we have v¥(t,z) > TO(t)[\/(f2 +¢)(g? + ¢)](z) for all (¢,z)
and all € > 0, that is
70(0) (VTP + ) (g@P +9) («)
< V(TOW)(f2)(2) +e) - (TO(1)(9?)(x) + ).

Taking the limit as ¢ — 0" we obtain

TOW(If9l)(@) < VT (f2)(@) - TO(t)(9%) (@)

for all (t,2), t > 0 and f, g € CLO). Now if f, g € L*(O,~,) there
exist {fn}, {g.} C C(O) such that f, — f and g, — g in L*(O,~4). For
subsequences { fy, }, {gn,} we have

T2t (| fuegul) = TOWO(Ifgl)  ace. in O
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and again, up to subsequences we have
TO@) (f2) = T(t)(f*) ae. inO.

TO(t) (g2) — T°(t)(g*) a.e. in O.
Therefore

T(t)(1fg)(x) = lim T(t) (|fn, gnc) ()

< Jim \/TO) (£2,) (@) - T9(8) (63,) (@)
= VIOW(P)@) - TO(0)() (@)

for a.e. z € O. O

2.3 Properties in infinite dimension

The following lemma will be used several times.

Lemma 7. If u € L*(Q,~) and

/Wm dy <0, Ve FCX), ¢ >0,
Q

then u <0 a.e. in €.

Proof. First we show that

/w/J dy <0, Yy e L*(Q,7), ¥>0ae.
Q

We remark that if ¢ € L*(Q,7), ¢ > 0 a.e., then there exists a sequence
{en} C FCy(X) such that ¢, g — ¢ a.e and in L*(Q,7). Now we consider
o (x) = max{0,p,(z)} > 0 and we prove that ¢, — ¢ in L3(2,7).
Indeed,

/ o —v? dy =/ lon — V| dv+/ V? dy.
Q {zeQ: pn(z)>0} {zeQ: pn(z)<0}

the first term goes to zero as n — oo thanks to the L?-convergence of
{¢n}. Concerning the second one we have X(zcq: ¢n(2)<0} — X{zeq: w(z)<0}
a.e. thanks to the a.e.-convergence of {¢,}, and ¥*X(zeq: pn(x)<0y < ¢* €
L*(€,v). By the Dominated Convergence Theorem,

/ oy = V) (dy) =0,
{zeQ: on(x)<0} {zeQ: ¢Y(x)<0}
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so that
/ w) dy = li_)rn upy g dy < 0.
Q n—=oo Jo

Now we prove the statement by contradiction: if there exists a measurable set
A such that y(A4) > 0 and uj4 > 0, then we take ¢ () = xa(z) € L®(Q) C

L*(€2,7). Then
/u¢d7:/ud7>0
Q A

that is a contradiction. O

Now we use the cylindrical approximation defined in Section [1.8, Fix
n €N, let ¢ € N with ¢ > j(n) = dim F,, and let G = span{hy,...,h,}. Let
7o : X — G be the finite rank projection defined by

q
TQT = Z hi(x)h
i=1

We denote by 7 the induced measure « o 7rG in G. If G is identified with

RY through the isomorphism x (hl( )y ,h (x)) then 74 is the standard
Gaussian measure in R?. Setting d = q — dlm F,,let O := O, x R? so that
7¢(Q,) = O; we remark that O is an open convex subset of G. Let LY be
the Ornstein-Uhlenbeck operator defined by with Q = O and v = 4
and let T%(t) be the associated semigroup.

Lemma 8. If w € D(L%) then the map x — w(ra(x)) belongs to D(L™)
and
LMW (womg) = (L%w) o g

Proof. We show that there exists f € L?(Q,,~) such that, given o € W12(Q,,,7)
we have

| (Vatra@). Vg = [ f@e@nm.  @a)

We remark that

(Viw(re(x)), Vae(@)n = Z (33)

afz i

Moreover p(z) = (g (x)+ (I —7g)(z)), the space X can be split X = G x €
where G = (I — 7g)(X) and also v = 75 ® 75, see section . Let £ € RY
and for every y € G let

9y(§) == o(§ihy + ...+ Ehg + 1),
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then

/ (Viw(me(x)), V() ay(de)

[ X
/ / Za@ 32? Ene(de) va(dy)
:/é/OLGw )9y(§)7a(dS) v (dy) :/QH(LGU})(WG(‘T))SO(QU)V(d%).

(WG( ) + (I = mg)(x))y(dr)

Then w o 7 € D(L™) and L™ (w o 7¢) = (L%w) o 7. O
Lemma 9. Let v € C°(G). Then the function defined by

g(t)(@) =T (o(ma(2)), =€,
belongs to C((0,00); D(L™)).

Proof. By Lemma it follows that g(t) € D(L™) for all t > 0. Let us prove
that g is continuous at ¢y > 0. For £ > 0 we have

[ Jg(0)a) = glt0) @) ()
- / 1T (1) (me(2)) — T (t0) o (m ()P (d)
- /O ITC(£)7i0(€) — T (t0)T0 () P (de)

that goes to zero as t — t, thanks to the strong continuity of T(¢) in
L*(0,~g). Moreover

[ 1L0(0)(a) = LOg(t0) @) P ()
/ LT (t)Fi0(na(x)) — LT (t0)Ti0(me(x))*(dx)
_ /O LOTC (£)0(€) — LT (t0)Ti0 (€) Pre(de)

that goes to zero as t — 1y since t — T%(¢)v belongs to C((0,00), D(LY)).
Then g € C((0,00), D(L™)). O
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Theorem 17. For all f € W'2(Q,~) and all t > 0 we have
IVuT) flag < e T )|Vuflg ae on Q. (2.5)

Proof. First we prove that (2.5) holds true for the restriction to 2 of any
cylindrical regular function. Let f € FCp°(X) and ¢ € FCy(X) with ¢ > 0.
Then

flz) =v(li(x),... k()
o) = Wl (2), - Ly ()

with [; € X*, v € Cf°(R*) and w € Cy(R™), w > 0. We want to estimate
the integral

/Q (@) [V a T (1) fio, () 7 (d).

Let G := span{F,, R,(l1),..., Ry(lt4+m)}. Then G is a subspace of H of
dimension ¢ < n + k + m; setting d = ¢ — dim F, let O := O, x R%. Let
{hi}_, C X* be an orthonormal basis of G such that {hy,...,h;} is an
orthonormal basis of F), if dim F}, = j.

Finally we consider:

where v € Cy°(G), w € Cy(G).
Now we prove that

(T™(1) fin,) (@) = T (o (r6(2)) = g()(z) t>0, €D (26)

We know that the function ¢ — T(t)7,0 belongs to C([0,00) ; L*(O,v¢)) N
C((0,00); L2(0,7¢)) N C((0,00); D(LY)) and it is the unique classical solu-

tion of
u'(t) = L%(t), t>0
u(0) = 7o

in the space L2(0, ). Then for fixed #, € [0, +00) we have
| 1660)@) = gtto)@)Pa )
_ / [T @io(na(+) = (0o (ma(e)) Py (de)
_ /o T ()50(E) — T (to)Ti0(€) Pre(dé)
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that goes to zero for t — t; thanks to the strong continuity of T¢(¢) in
L?*(0,~g). Let us prove the differentiability of ¢ at to € (0, +00). For any ¢
such that ¢ + ¢35 > 0 we have

J.
[
-,

which tends to zero as t — 0. Then ¢'(t) = LYT%(ty)0j0(mg(+)). Moreover
¢’ is continuous at any t, > 0 with values in L?(2,,~) since

2

g(t + to)(x) — g(to)(z) v(dx)

t
TY(t + to)vjo(1a(x)) — T (to)Vjo(Ta(x))
t
Tt + to)vj0(€) — T (to)Vjo(€)
t

— LT (to)0jo (g (z))

— LT (to)vjo(ma(x))| v(dz)

2

— LT (to)vj0(¢)| ve(d€)

= | 1T o () ~ LT oo () ()
= [ IE9TC @00 — 19T 1) ) Prc(ds)
that goes to zero as t — to. By Lemma[f] g € C((0,00); D(L™)) and
¢(t) = LTE (10 (a(x)) = LO(TEWio(re(x)) = LVg(), t > 0.

Moreover

9(0) = TG(O)@O(WG(@) = 5|O(WG(I)) = f(x)mn-

Therefore g is a classical solution to

g (t)=LMg(t), t>0

so that g(t) = T™(t) fia, and (2.6) is proved.
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Now using Lemma [ we have

/ o) [T u T (1) fo, ()| ()

n

_ /Q B (76 (@) |V T () (T0) (ra(@)) iy (de)
- /O W(&)|IVTE () (@10)(E) e (dE)
< [ @(©e TV o) O holde)

O

— / W(mg(x))e " T (1) |V (Vo) (re(2)) | gy (dr)

n

:/Q P(2)e T )|V i fia, ()| gy (dr)

Therefore for every f € FC(X) and ¢ € FCW(X), ¢ > 0 and every n
we have

/ () [V T (1) i, ()| (d) < / (@) T WV i fio, (2) |1 (d2).
Qn Qnp

Now thanks to Proposition [32] we can take the limit as n — oo obtaining

/ p(@)[VaT(t) fia(x)ly(dr) < / p(2)e™ T (t)| Vi fia (@) (dx)
0 0
and by Lemma

\VuaT(t) fo(z)| < e T )|V fia(z)|] for ae. x € Q.

If f € WH?(Q,v) then there exists {f,} € FCp°(X) such that f,q — f
in W12(€2,v); along a subsequence {f,, } we have

IV aTE) fo, (0) | r = [VaT () f(2)|g  ae. inQ
and again up to a subsequence we have
TV g fo, ()| g — TV f(x)|g  ae. in Q.
Therefore
VT ) f (@)l = lim [VaT(1) o (2)]
< lim ¢ TVt f, ()11 = ¢ TH0 V(2 1

for a.e. x € Q. O
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Proposition 38. For all f, g € L*(Q,~) we have
[T°@)(f9)]” < T O(T0)(9)  ace. inQ

Proof. As before we consider f, g, € FCy(X) and using Proposition [37] we
prove that

| elalr @)
< / () TO)(£2) (@) - TO (1) (g2) (@) (d).

The proof is similar to the previous one with the only difference that now
there are more functions but there aren’t gradients. Then taking the limit
for n — oo we get

/Q p(@)[T(1)(f9)(@)]*y(dz) < /ﬂ () T (f2)(w) - T) (g?) (@) (dx).

Since the restrictions to 2 of the functions of FCy(X) are dense in L?(£2,7)
we obtain our claim. O

Now we turn to the Poincaré inequality. We set

mg(g@)Zﬁ/QSOd% p € LHQ,7).

We recall that if @ C R¥ is an open convex set the then the Poincaré
inequality holds (see Proposition 4.2 in [§]), that is

/ 1 — mo () Py < / VolPdyy, Yo e W2(0,).  (27)
O O

Proposition 39. For each ¢ € W'%(Q,~) we have

/leo—mn(@)lzdv S/QIVHQOI?MV (2.8)
Proof. First we prove that (2.8)) holds for every f € FC}(X). Therefore

flz)=v(ly(x),...,lk(x))

with v € C}(R*) and [y, ...,l; € X*. Let G := span{F,, R,(l), ..., R, (lx)}.
Let {h;}{_, € X* be an orthonormal basis of G such that {hy,..., h;} is
an orthonormal basis of F,, if dim F,, = j. Then G is a subspace of H of
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dimension ¢ < n + k; setting d = ¢ — dim F, let O := O,, x R%. Let {ﬁi}gzl
be an orthonormal basis of G such that {hq,...,h;} is an orthonormal basis
of F, if dim F,, = j. Then we have

f(x) = p(na(x)), ¢ e Cy(G),
1 1

T}E{)lomﬂn(f) = mq(f).
Applying we obtain
/ (@) — ma, (f)P(da)
- / (@) = 02 () P (der) = /O (€)= Mo 16 () Pralde)
< /0 V(&) Pro(de) = / S @)l).

Taking the limit as n — oo we get

1) = ma(DPotde) < [ 1Vasta)itdo),

Let now f € W2(Q,~). There exists a sequence {f,,} C FC}(X) such that
fajg = fin WH2(Q, ). Tt follows that

[ 1 = malnPay = i [ 15, = ma(r) Py
Q Q
<t [ Futifuy = [ 1Vasfyn

n—o0

]

The Poincaré inequality implies that if Vg vanishes a.e. in ,
then ¢ is constant a.e. in (2. By the definition of L, this implies that the
kernel of L consists of constant functions. As a consequence of the Poincaré
inequality other spectral properties of L follow.

Proposition 40. For all ¢ € L*(Q,~) we have

IT%() e = ma(@) ]l 20 < € lellr2@qy (2.9)
and consequently

F(L\{0} C {A € C:ReX < —1}. (2.10)
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Proof. Let f € D(L?) be such that mq(f) = 0. By using (2.8)) we have

/ Lo - fdy = — / (Vi s Vir )y = — / Va iy < —[f s
Q Q Q

For every ¢ € L*(Q,7), ma(p) =0, T%(t)p € D(L?) for t > 0. Therefore

d
allTQ(t)SOHiz(m) = Q/QLQTQ(t)w T(t)e dy < =2|T*(t)el 2., > 0.
It follows that

IT* ) elliz 0 < e lellizqy, > 0. (2.11)

Let now ¢ € L*(€,v). Then
/Q IT(t)p — malp)|2dy = / ITt)(p — ma(@)Pdy < e / o — male)|
- ( [ty - v(ﬂ)[mww) <o [ o

Note that ¢ — mq(p) is the orthogonal projection on Ker(Lf). Splitting
L*(Q,7) = Ker(L?) & (Ker(L?))*, T%(t) maps (Ker(L?))+ = Ker(mgq) into
itself and the infinitesimal generator of the restriction of T%(¢) to (Ker(L®))*
is the part Ly of L in (Ker(L%))*. By (2.11), the spectrum of Ly is contained
in {\ € C: Re(\) < —1}. Since the spectrum of L® consists of the spectrum
of Lo plus the eigenvalue 0, follows. n

Lemma 10. If ¢ € FCH(X), ¢ >0, then T ()i > 0 a.e. in .
Proof. Let p € FC}(X), ¢ > 0, then
o(x) =v(li(z),. .., lk(x))

with I1,...,l;, € X* and v € C}(RF) with v > 0. First we prove that
T™(t)p > 0 ae. in Q,. Let G := span{F,, R,(l,),...,R,(Ix)}. Then G
is a subspace of H of dimension ¢ < n + k; setting d = ¢ — dim F}, let
O =0, x R4 Let {h;}2, C X* be an orthonormal basis of G such that
{h1,...,h;} is an orthonormal basis of F,, if dim F;, = j. Then we have

p(z) = v(ma(r))
where ¥ € C}(R?) and v > 0 in R?. Therefore, by

(T (t) i, ) () = TC(t)vo(ra(z)), fort >0, and x € Q,,.
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By Proposition [34] we have
(T™ (t) i, ) (z) > 0 for all z € Q.
Thanks to Proposition [32] up to a subsequence,
(T (i) (@) = lim (T™(t)@p,)(x) = 0 ae. in Q.

]

Now we have all the ingredients to prove the logarithmic Sobolev inequal-
ity by the Deuschel-Strook’s method (see [12]).

Proposition 41. For all f € W12(Q,~) we have

/Q 2 log(f)d < / Vi + 2 g1 lz@n). (212)

Proof. First we suppose that f € FCLH(Q) and f > ¢ > 0 in Q. Setting

o = f? we have

1Vge
Vuf=-—=
H 2\/_

so (2.12) is equivalent to

1 /1
/s@log(w)dv—/s@dﬂog (/ wdv) < 5/ —|Vueplydy.
Q Q Q Q@

We remark that
d

a )T (1) () log(T(t)(¢))dy = /Q LET(t) (i) Log (T () (1)) dy

- /Q LT (1) (p)dry.

The second term vanishes for the invariance of v while for the first we recall
that

[w0gwiy == [ §w)IVaviay
Q Q
with g(&) = log & and v = T(t)p. Hence

d 1

& [T s enn = - |

Since

(IVaT®)(@)n)* < (T OV u(p)ln)’
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and

Q 2 Q |VH90|H ? Q Q ’VH@H
(T°() [V () ) —[T (0 (ﬁ—ﬁ )} < T(1) ()T <t>( - )
we have

& [ 0@ e =~ [ 120 (T2l 4y

o [ Vil (2.13)
o Q 2 d

We recall that, by (2.9),

t—o00

T == ma(p), in L*(Q,7).

Moreover

lim [ |log(T(t)¢) — log(may)|*dy = 0
t—o00 Q

indeed by assumption, we have ¢ > ¢? and, by Lemma , it follows that
T(t)p > . Moreover mq(p) > 2, and

ma(e) |
/ Lat
(1)

= W7 (0)p, mal)
< SIT%(Wp ~ ma(o)]

|log(T*(t)¢) — log(ma(p))| =

}|T9(t)30 — ma(p)]

Then

/QT”a)(go) log(T(t)(p))dy =% ma(y) log (ma(y))

Then integrating (2.13)) with respect to ¢ between 0 and oo we get

1 Ve 2
ma(p) log (ma(y)) — / plog |p|dy > _5/ Vi ‘Hd%
Q Q )

Now let f € W'2(Q,v) and f > 0 a.e. in Q. Then there exists a sequence
{fn} € FCL(Q) such that f, > 1/n and f, — f in WH?(Q,~) and almost
everywhere. Since t?log(t) > —1 for all ¢+ > 0, we can apply the Fatou’s
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lemma and obtain

/f2log(f)d7§ lim /fﬁlog(fn)dv
Q n—oo Q
< Jin | [ 1Vafulhdy + 1l 081 loc)

- / V0 By + 12200 Lom (1L z2(01m))-

For a general f € W12(0,7), (2.12) follows from the fact that |f| € W12(Q, )
and |V|f||g = |V f|n almost everywhere. O

Remark 14. The Log-Sob inequality allows to prove an interesting property
of the space W2(Q,v), namely if f € W1%(Q,~) and v is a measurable
function with |v(z)| < k(||z]|x + 1) for some & > 0 and for a.e. = € Q,
then fv € L*(€Q, ). To this aim we recall that, by Theorem @, there exists a

constant a > 0 such that
/ el gy < oo,
X

Fix ¢ < a/4. Then we have
| @p@yia

< [ f@P(lel+ Vdy <2 [ faPlaliay + 20 [ flapdy
Q Q Q

- [ F@)2lzl%dy
{ze c|lz||% >log|f ()}

i PRy + 22 sy
{ze: c|l2||% <log|f(x)]}

2 k?
<& [ falf ety + = [ @) og F@ldy + 2870 1o

1/2 . 1/2
<# ([ lalan) ([ i)
X X

k’2
+ 5 [ 1@ P1og @)l + 220

]{72
<04 5 ([ 19ty 18 11 20) ) + 21
that is fv € L*(£2,~). The previous estimates shows that the linear function

A, : f+— fv, maps bounded subsets of W'%(€,v) into bounded subsets of
L?(£2,); this implies that A, is continuous.
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Chapter 3

Maximal Sobolev Regularity for
Ornstein-Uhlenbeck equation

In this chapter we study the elliptic equation A\u—L%u = f in an open convex
subset {2 of an infinite dimensional separable Banach space X endowed with
a centered non-degenerate Gaussian measure v, where L% is the Ornstein-
Uhlenbeck operator. We prove that for A > 0 and f € L*(,v) the weak
solution u belongs to the Sobolev space W22(),v). Moreover, under some
regularity assumption on the boundary of {2, we prove that u satisfies a gen-
eralized Neumann boundary condition in the sense of traces at the boundary

of 0.

3.1 Finite-dimensional estimates

Let O be an open smooth convex subset of R”, with fixed n. We assume that
O={zeR": g(x) <0}

where ¢ is a smooth convex function whose gradient does not vanish at the
boundary 00O. We denote by v(z) the exterior normal vector to 0O at z,

v(z) = gzgg‘. Let u be the standard Gaussian measure in R™ and let L© be

the associated Ornstein-Uhlenbeck operator, that is

LO%() = 3 Dith(w) = Y _wiDitp(w) for v € D(LE).

In this section we consider the following problem
Mp— L% =f in O cCR"
0 3.1
0 on 00 (3.
v
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where f € L*(O, p) and A > 0.
Let us introduce a weighted surface measure on 0O:

do = N(z)dH"!

where N(z) = (27) ™2 exp(—|z|?/2) is the Gaussian weight and dH™! is
the usual Hausdorff (n — 1) dimensional measure. Using the surface measure
do the integration by parts formula reads as:

[ Drevdu=— [ oDt du+ [(mpv dus [ Hovdo, (32

o o o a0 | V9l

for each p, v € W12(O, u) one of which with bounded support, so the bound-

ary integral is meaningful. Indeed W2(O, ) € WA2(O, dz) and the trace

at the boundary of any function in W2?(QO, i) belongs to L2, (00, dH" ') =

L} (00, do).

Applying with ¢ replaced by Dy and summing up, we find
[oovtn=— [ wevnaes [ B2 @y
o o o0 |Vl

for every ¢ € W2*(O,u) , v € W?(O,u) one of which with bounded

support.

Now we give dimension free estimates for the weak solution u € W2(O, )
to with A > 0 and f € L*(O, ). We can suppose f € C>°(0O) because
C>(0) is dense in L?(O, u). In this case, thanks to classical results about
elliptic equations with smooth coefficients we know that the weak solution
u of belongs to C®°(0) € W2*(O, ). Since O can be unbounded, we

loc
introduce a smooth cutoff function 6 : R™ — R such that

0<6(zx) <1, |VOx)| <2VxeR", 6=1in B(0,1), 6 =0 outside B(0,2)
and we set, for R > 0
Or(x) =0(z/R), x€R"

For the W2 estimates we take u as a test function in the definition of
weak solution and we get

/\/u2du+/ |Vu|2du:/fu du, (3.4)
@] @] @]

1 1
[dn < 1o [ IVuPdu< S, (39
@] @

The following lemma takes into the account the convexity of O.

then
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Lemma 11. If u € C?(0) satisfies (Vu,v) = 0 on 0O then
(D*u - Vu,v) <0 on 00.

Proof. We recall that 00 = ¢g~1(0) where g : R — R is a smooth convex
function. Let 7 € R™ such that (r,v(x)) = 0 for z € 0O, then we have

ov

or

(), 7) >0 Va € do. (3.6)

Indeed

v 9 (Vg\ 1 0 o (1
ar  or (w) = Vaar V9 T s (\vm) Vo

1 1
B EEARA (Nq\) IV,

then for z € 90 we have

aV L 2 T T, T L T xX), T
(o)1) = s (DPg(a) - 77) + (7 (1 ) 7 (Vata), )
- g k) ) 2

since D?g is a positive semi-definite symmetric matrix. Now we recall that

(Vu,v) =0 on 9O therefore

S ((Vula),v(2)) = (DPu(z) 7,0(a)) + (Vula), 922) =0, = € 0

for each 7 € R™ such that (r,v) = 0 on 0O. If we take 7 = Vu(x) then we

get

(D*u(x) - Vu(x),v(z)) = —(T, %(x)) <0, z€00.

Now we can give an estimate of the second order derivatives of u.

Proposition 42. For every f € C°(O) and € > 0 there exists Ry > 0 such
that for R > Ry the solution u to (3.1)) satisfies

(1-2) [ Dl < (24 5) Wlron  GO)
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Proof. Recall that u € C>=(0); differentiating with respect to x;, yields
ADpu — ADpu — (x,V(Dpu)) + Dpu = Dy f.
Multiplying by Djuf% we obtain
(A + 1) (Dyu)?0% — ADyu - Dyubs, — (x, V(Dyu)) Dyubt = Dy, f Dyubs.

Integrating over O and using (3.3) yields

/ (A + 1)(Dyu)?0%dp + / V(D) 26 + 2 / 61 (V(Dyut), VOr) Dru dp
(@) (@] O

_ / (V(Dyu),Vg)Dpu
90 V|

0%do + / Dy, f Dpubdye.
o
Summing over h we obtain

/ (A + 1)|Vul*0%dp + / Tr[(D?*u)?)0%du + 2/ (D*u - Vu,VOg)0r du
@ @ @

D2u.-
= / (D% V. V) go 4 4 / (Vf, Vu)0%dp.
o0 V| o

Since f has compact support, for R large enough 6z = 1 on the support of
f. For such R we obtain

(v, Vu>9édu] - ‘— / LOdeu‘ -
(@] (@]

[ f)fdu‘ < Ao,

Moreover

/(D2uVu VOr)0r du‘ / Z |Dy;u Dyju Difg|0r du
@

i,7=1

/ Z | Dyjul?| Difg|0% dp+ = / Z |D;u|?| Difg| dp

3,j=1 t,j=1
1 01|00 1 0| o
LSOl | o+ JUZ2 [
2 R o

1 212 2 11Vl
< <§/C)Tr[(D2u) |0%dp + ﬁ”fum(o,u)) R

Taking R large enough, such that |||V0|||./R < e, we get

D?*u - Vu,V
(-0 [ Bl < (24 3) Mo + [ 5P
} 00 Vgl
By using Lemma [11] the statement follows. 0
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Theorem 18. For each A > 0 there exists C' = C(\) > 0, independent of n
and O, such that for each f € L*(O,u) the weak solution u of problem (3.1)
belongs to W*2(O, i), and satisfies

ullw220.0 < Cllfllz2ow- (3.8)

Proof. Let f € C(0O). Taking the limit as R — oo in (3.7) and using the
monotone convergence theorem, we get

(1=2) [ D0 < (24 5) I o,

Now taking the limit as ¢ — 0 we get
[ < 2o (3.9

Taking into account (3.4)), (3.5)), and (3.9) we obtain

ulli220, = lullz20m + VUl 0,0 + ITE(D*0)*] [l 2(0 4
1 1

2
< (p 1t 2) £l 720,

which is (3.8) with C(\) = 5543 +2. For f € L?(O, u) the statement follows
approaching it by a sequence of functions belonging to C'°(O). O

We recall that ((1.26)) holds, and we prove that the condition (-, Vf(-)) €
L?*(O, i) can be omitted.

Proposition 43. If f € W?%(O, i) then the map x — {x,V f(z)) belongs to
L*(O, i), moreover the map

is continuous from W22(O, u) to L*(O, u).

Proof. Let f € W?%(O, p), then

/O|<Vfa$>|2dlt=/Og;(Difxi)Qdu
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by assumption D;f € WH2(O, u) and if ¢ < 1/4, by using (1.28)), we have

/ (Dyf (@))wie 2 da
@

(D, f(x))2a2e 124y

/{xEO: ca2>log |D; f ()|}

-/ (Dif (@)t 2
{z€0: cx?<log|D;f(z)[}

1
g/e%”"?x?e_xF/devL/ Z|Dif P log | Ds fle™ =2 dy
o oc¢

< —l—% </@ |VDif\du+%/(9(Dif)2dulog (/O(Diffdu)) .

Summing over i from 1 to n we have (Vf,z) € L*(O, u). O

3.2 Maximal Sobolev regularity for infinite di-
mensional problem

Now we consider the infinite dimensional problem. We use the cylindrical
approximation defined in Section [I.§ First we show that the restriction
to € of cylindrical continuous smooth functions is dense in L?(€,7). Let
Y € L*(€),7), then the zero extension outside €, 7, belongs to L?(X, ). By
Proposition , there exists a sequence of L? cylindrical functions 1, that
converges to 1 in L?(X,v). In its turn, each 1, may be approached by a
sequence of Cp;° functions.
Therefore we suppose f € FCp°(X). Then, for some k € N,

f(@) =w(ly(z),...,lk(x))

where w € C°(RF), I, € X* fori=1,... k.

Let G = G(n, f) := span{F,, R,(l1), ..., Ry(lx)}. Then G is a subspace
of H of dimension ¢ = q(n, f) < j(n) + k; setting d := ¢ — j(n) let O =
O(n, f) := O, x R% If we denote by

q

re(z) = Zﬁi(x)hi

then



where f € C(@). Let v be the induced measure v o 7' in G; if G is
identified with R? through the isomorphism = (ﬁl(x), . ,ﬁq(x)) then g
is the standard Gaussian measure in RY.

We recall that L is the Ornstein-Uhlenbeck operator associated to the
quadratic form &g, , while LP is Ornstein-Uhlenbeck operator associated to
the quadratic form &p .

Proposition 44. Let v be the weak solution of the finite dimensional problem
)\v—Lov:ﬁ@ m O

Then u(z) := v(ng(x)) is the weak solution of
\u— L%y = fianin €2,

Proof. We remark that the space X can be split as X = G x X where
X = (I —7)(X), and v = y¢ ®7g where 7g = vo (I —mg) ™! is the measure
induced on X by the projection I — mg. Let ¢ € W12(Q,, ), then

o

p(x) + (Vuu(e), Vae(r))n) y(dr)

()
/ (ra(@) + (I = 76) (&)
+ (Viv(ra(@)), Vig(ra(w) + (I = 76) (@) u(do)
Xo(€)3(E + 1)
(), VB(E + )1a(de)Taldy)  (where B(- +y) € W'(0,7¢))
= [ FOPE+ y)re(d)Fa(dy)

OxX

- / Flre () () (dx)
— [ f@el)(de),

Qp

s
+ (Vo

and the statement follows. O
Proposition 45. The function u satisfies
ullw220y) < K

where
K = C||fllr2(01.)
and C' is the constant of Theorem [18
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Proof. We recall that u(x) = v(mg(x)). Then
ul*w2200) < [lullfy22iq, )

- /Q u(z))? + Z |Diu()]” + ) |Diju(z)* v(dz)

-/ <|v<f>|2+2|aiv<g>|2

q
+ Z |8ijv(§)|2) w(d€) (By using Theorem

ij=1
< CzHJ?H%%o,M) = C?|I 12200, 2 < CPNF 720 )
O
If we consider the sequence {u, },en of weak solutions of the problems
My — Lap = fiq,  in Q.
By Proposition [45] it follows
[unllwz20,y) < K.

Possibly replacing u,, by a subsequence, there exists u € W22(, v) such that
Up — win W22(Q, ).

Proposition 46. The function u is the weak solution of ().

Proof. We know that for all ¢ € FCL(X)

/ N dy + / (V st V1) sy — / Jo dv.
Qn Qn Qn

We claim that

n—o0

lim Ay dy = / Au dry.
Q, Q

Indeed,

/ Mupp dy = / Aupp dy +/ A dy; (3.10)
Qn Q AN\,

by the weak convergence

lim | Auyp dy = / Aup dry
Q Q

n—oo
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while

1/2 1/2 1/2
/ Aunm]@(/ run|2dv> (/ de) SAK(/ lezdv)
O\ 0\ 0\, 0\Q,

that goes to zero as n — oo by the absolute continuity of the integral. Now
we claim that

lim [ (Vyu,, Vi) pdy = / (Viu, V) pdy.
Q

n—oo 0
n

In fact,

/ (Vau,, Vap)pdy = /(VHUmVH90>Hd’Y+/ (VHun, Vae)ady.
N Q 0\

By the weak convergence in W12(Q, v)

lim | (Vgu,, Vee)udy = / (Vuu, Vip)ndy

while

1/2 1/2
/ (V. wmm\ <A ( / |vHun\%Idv) ( / |ng0|de)
0\ O\, 0\

1/2
< AK </ \Vlefqdv)
N\

that goes to zero as n — oo.

Moreover,
im [ fodr= [ redr
Therefore letting n — oo in (3.10]) we get that u satisfies (1.25]). O

Finally we give the maximal regularity result.

Theorem 19. If u is the weak solution of \u — L%u = f on Q then u €
W22(Q,7) and
[ullw220.) < Cllfllz2)

Proof. By Proposition [45|it follows

n w2200 < Cllfllz2( 0 (3.11)

where C' = C()) is the constant of the Theorem [18]
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We remark that
nhj& 112220 = I f 222

since y(£2,\§2) — 0.
By the weak convergence of u,, to u we have

lullwzz20) < limsup ||un|lwz2@q)-
n—oo

Letting n — oo in (3.11]) we get our claim. ]

3.3 The Neumann boundary condition

In this section we put under Assumption [I] and we prove that the weak
solution u of satisfies a Neumann type boundary condition.
First we prove a useful lemma.

Proposition 47. If u € LP(0%, p) and

/ up dp=0 Vo€ FOHX),
o0N

then u =0 p—a.e. in OS).

Proof. Since the map

v uv dp
onN

is continuous from W14(Q, ~) to R for all ¢ > p/, and FC}(X) is dense in
Wha(€, ~), it follows that

/ wp dp =0 Yip € WH(Q,~).
o0

In particular, since the restrictions to 2 of the Lipschitz continuous and
bounded functions 1 : X — R belong to W14(Q,~), we have

/ wp dp=0 Y € Lipy(X).
o0

Lemma [13] yields
wp dp =0 Ve LY0Q,p)
09
and this implies that v = 0 p—a.e.. [
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Now we are ready to prove that the weak solution of (|1]) satisfies a bound-
ary condition similar to the Neumann boundary condition.

Proposition 48. If u is the weak solution of A\u — Lu = f on €0 then

Vig(r)
| Vag(e)|a

Proof. We fix ¢ € FC}(X). We denote by u,, the solution to

(Vgu(z) yu=0 p—aexecdfd (3.12)

My — Lp = fiq,  in Q. (3.13)

We recall that u,, is a cylindrical function and, thanks to the result of Section
1.8 we have u,, € W?%(Q,,v). We multiply the differential equation (3.13)
by ¢ and we integrate on €2, getting

/(Aun - Lﬂnun)SD dy = / fedy.
Q Q
We recall that L%, is cylindrical, then

q ~

L% uy(x) =Y O (r) — ()1 ().

i=1

Therefore, by using (1.20]), we obtain
o Vg
Apuy dy+ | (Vuun, Vap)udy = | fedy+ | (Vaun, o —)uy dp,
Q Q 0 o9 IVuglu

where

q

i=1

and )
(Viuun, Vag)n = Z Oiun0;g.

i=1

As in the previous section we have

lim | Apu, dy = / Apu dry,
Q Q

n—oo

and
lim [ (Vgu,, Vap)gdy = / (Vau, Vie)udy,
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We claim that the map

Vg
vis | (Vao,—19 0 d
aQ< " |VH9|H>HSD P

from W%2(£2,7) to R belongs to (W*2(£2,~))’. Indeed, the function

z— (Vyo(z),

@
ot wplo) = F(a)

IVug(x)|u
belongs to W14(Q, ~) for all ¢ € (1,2). Moreover | Fllwia@y) < ’CV'HUHWZZ(Q,'Y),

and the trace operator is linear and continuous from Wh4(Q, ) to L' (99, p).
Therefore, since u,, — u in W2(Q, ),

. Vg / Vg
lim Vuu,, ———— dp = Ve, ——— dp.
< " |VH9‘H>HS0 P 8Q< " |ng|H>HSD p

Then we have

\Y
/ Augp dry + /(VHu, Vup)ndy = / fo dy+ / (Virtt, o) o dp
0 Q Q ) \Vugla
and since u is a weak solution of we get
Vg
Vyu, = dp=10
/aQ< " ‘VH9|H>HS0 g
for all ¢ € FC(X). By using Proposition |47 we obtain (3.12)). O

Therefore, if uw € D(L) then u € W*2(£2,v) and u satisfies the Neumann
boundary condition (3.12)).
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Appendix A

Density properties

In this appendix we show some density results for which we thank Simone
Ferrari. Let (Y,d) be a complete metric space and let p be a finite Radon
measure defined on the Borel sets of Y. Let BUC(Y') be the set of real
value uniformly bounded continuous functions and let Lip,(Y) be the set of
Lipschitz bounded functions.

Lemma 12. Let f : Y — R be a bounded p—measurable function. Then for
all € > 0 there exists g € BUC(Y') such that

p{zeY: f(z)# f(z)}) <e

and

sup [g(x)| < 2sup|f(z)|.
€Y zeY

Proof. We fix ¢ > 0. Since p is a Radon measure then there exists Ky,
compact subset of Y, such that p(Y \ Kj) < e. By the Lusin theorem there
exists a function fy € C(Ky) = BUC(K)) such that:

p({z € Ko folx) # fie(2)}) < ¢

and
sup |fo(z)] < sup |f(z)] < sgglf(fv)!-

€K z€Kyp

We define the following function, studied in [22],

f([L') ifx e K()
g(x) = ) d(z,y) .
B o) g A € Ko
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then g is a BUC extension of f; to the whole Y. We remark that for z ¢ K,
there exists y. € Ky such that

d(z, Ko) = inf d(z,y) > d(z,yc) — ¢,

y€Ko
therefore for x ¢ Ky we have
: d(l’7y) d(xayE) d(xaKO) +e
— | inf ) | < e del < koAl 2 B
o) = | . o) oo < sup ) R < sup ()| <

for all e. Then for all z ¢ Ky we have

g(x) < Sup |f(y)]-

Finally

sup [g(z)| = sup |9k, () + gpy\k, (2)] < sup [g(x)] + sup |g(x)]
€Y €Y z€Ko €Y\ Ko

= sup |fo(z)[ + sup [g(x)| < 2sup|f(z)].
z€Ko €Y\ Ko z€Y

Moreover

pz Y : g(x) # f(2)}) < p({x € Ko : g(z) # f(2)})
+p{z e Y\ Ko g(z) # f(2)})
< p({z € Ko: folz) # f(2)}) +p(Y \ Ko) < 2¢.

]

Lemma 13. The subspace Lipy(Y) is dense in LP(Y, p) with respect the norm

I ey
Proof. Let f € LP(Y,p). For k € N we put
k if f(x) >k
fulx) = q fz) if f(z) € [k K]
—k if f(x) < —k

so that fx(z) is bounded and measurable. Then by Lemma (12| there exists
fr € BUC(Y) such that
1

pl{e €Y: ful@) # ful@)}) < 5
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Then by [25] there exists gy € Lipy(Y') such that

1

gk = fullLeyy < oF

Now we estimate

gk — fllzeevp) < Mgk — felleoovip) + 1fx = felleeviy + L fx = fllzeevp)s

1/p
ot — Tell v ( [ loto) = Feols <d:v>)

7, p(Y)"
<o~ Follmonotryr < 207

where

Concerning the second term we recall that

sup | fi(2)| < 2sup | fu(z)| = 2k

zeY z€Y

then

1/p
||fk_kaLP(Yp </ |fk x)|[Pp (dx))

- 1/p
_ ( | Fala) — fk<x>|pp<dx>)
{ze€Y: fi(x)#fr(x)}

<3k p({z €Y fula) # fiulr) )P < ;’fp

Finally we remark that since f, — f p-a.e. for k& — oo, and |fi(x)| <
|f(z)| € LP(Y, p), then the Lebesgue theorem yields

| fr = fllzeeyvpy = 0, kB — oo.
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Appendix B

Hermite polynomials and Wiener
chaos decomposition

In this chapter we introduce the Hermite polynomials and their link with the
Ornstein-Uhlenbeck operator in the whole space X. We refer to the books
[3] for a detailed treatment.

First we define the Hermite polynomials in finite dimension.

Definition 32. For £ € N, we define the Hermite polynomials of degree k

B £ W s A

We set Hy(t) = 1.

The first Hermite polynomials are

Hi(x) =z, Hs(z)= (% - 1),

Sl

H;(z) = %(x?’ —3z), Hy(z)= %(m4 — 627 + 3).

Now give some properties of Hermite polynomials.

Proposition 49. The Hermite polynomials on R satisfy the following prop-
erties:

1. {Hk}keNU{Q} is an orthonormal basis of L*(R,v);
2. Hllf(l‘) = \/EHk—l(l'), for all k Z 1}.

3. H(z) = vHy(z) — Vk + 1Hp 1 (x), for all k > 1;
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4. H!(x) = —H(x) — kH(x), for all k > 1.

Definition 33. Let o« = (ky, ..., k,,) be a multi-index. We define the Hermite
polynomials on R" as

Ho(x) = Hy, (1) - - Hi, (20),
where Hj, is the Hermite polynomial on R of degree &; .

We set

X, :=span{H, : |a| =k} in L*(R",7,).
Proposition 50. For all h,k € NU{0} with h # k, we have X LX}.

Proof. Tt is sufficient to prove that for |a| = k and || = h, with h # k, we
have

Ha(z)Hp(x)ym(dz) = 0.

R”

Recalling Definition [33] we have

Haola)Ha(a)a(ds) = [ [ Ho, (o) o (das) =
since h # k implies that there exists j € {1,...,n} such that a; # f;. n

Proposition 51. {H,}aeuon» is an orthonormal basis of L*(R", ). More-
over

L*(R",7,) = P X
k=0

B.1 Hermite polynomials in infinite dimension

Let X be a separable Banach space endowed with a non-degenerate centered
Gaussian measure v. Let {h,}n,en be an orthonormal basis of H such that

{?Ln}neN C X* is a basis of X7.

Definition 34. The Hermite polynomials are function of the type
@ = Hy, (hy(2)) - - Hy,, (ho()), @ € X,

with m € N and ky, ..., &k, € NU{0}.

Proposition 52. The space generated by the Hermite polynomaials is dense
in L*(X,7).
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Proposition 53. The Hermite polynomials are orthonormal in L*(X, 7).

Proof. We fix n,m € N, n > m. Let «, § be two multi-indices, with |a| = m

and || = n. Then
Lmﬁm»w%@m»%ﬁm»wm@wmm

= | Hai(&) - Hap (&) - Hp (€0) - Hi, (6) a(dE)

1 if (a,0) =B
= H Q1,...,0m 9 H 2 n = '
(Ha.om0....0), Ha) 1 (R™n) {() otherwise

Now we consider « € (NU {0}, o = (a1, ..., ap,...), and

oo
la| = Z Q.
n=1

Then |a| < oo if and only if «,, # 0 for a finite number if n. In this case we
put

Ho() = [ ] Hew (b)),

For k € NU {0} we set

X = span{H, : |a| =k} in L*(X,7).

Then
Xy = P A (B.2)

keNU{0}

The identity (B.2)) is called Wiener chaos decomposition. For f € L*(X,~),
the orthogonal projection of f on A} is given by

Ik(f) = Z <f7 HO‘>L2(X,')/) ° Ha.

laf=Fk

We define a family of operators (T'(t));>0 C L(L*(X,7)) as
10)7(0) = [ f (et + VI=eTy) o(d)
X

One can prove that (7()):>o is a Cop—semigroup named Ornstein-Uhlenbeck
semigroup (see [3]).
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Let L be the infinitesimal generator of (T'(t));>o in L*(X,~), with

D(L) = {f € 12(X,~): 3 lim LW/ =T

t—0+ t

in L*(X, fy)} .

We call L the Ornstein-Uhlenbeck operator.

Proposition 54. If L is the infinitesimal generator of (T(t))i>o, then
D(L) ={ue W"(X,v): Jge L*(X,7):

/<VHu,VH¢)Hd7—/gsod7 WGWI’Q(Xw)},
X X

moreover

D(L) = W**(X, ),
with equivalence of the norms.

The following property links the Ornstein-Uhlenbeck semigroup and the
Hermite polynomials.

Proposition 55. For allt >0 and f € L*(X,7), we have

() f =Y e™n(f)
k=0

As a consequence of Proposition [55] we have

D(L) = {f€L2 X,7): ZkZHIk M Zzcxq) <OO}

and
Lf=)_—kL(f), YfeD(L).
k=0

Therefore —k is eigenvalue of L, and the corresponding eigenspace is X} N
D(L).
Lemma 14. For all k € N, we have X}, C D(L).

Proof. It f € Xy, then I(f) = f while L,(f) = 0 for all n # k. Moreover
the function T'(t)f = e " f is differentiable at ¢ = 0. O

Proposition 56. The following identity

W1’2(X77> = {f € L2 X ’}/ Zk“]k HL2 (X,7) < OO}

holds.
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