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Introduction

In this work we present some new results about the Ornstein-Uhlenbeck oper-
ator LΩ, and of the semigroup (TΩ(t))t≥0 generated by it, in L2(Ω, γ). Here Ω
is an open convex subset of an infinite dimensional separable Banach space
X endowed with a centered non-degenerate Gaussian measure. The first
chapter contains basic notions of measure theory and properties of Gaussian
measures, first in finite dimension and then in infinite dimension. In this
chapter, we also define the Cameron-Martin space H, the H−gradient and
the Sobolev spaces W 1,p(Ω, γ). Moreover we define the Ornstein-Uhlenbeck
operator, LΩ, as the operator associated to the quadratic form

EΩ,γ(u, v) :=

∫
Ω

〈∇Hu,∇Hv〉Hdγ for u, v ∈ W 1,2(Ω, γ).

Precisely, we set

D(LΩ) := {u ∈ W 1,2(Ω, γ) : ∃f ∈ L2(Ω, γ) s.t.

EΩ,γ(u, v) = −
∫

Ω

fvdγ, ∀v ∈ W 1,2(Ω, γ)

}
and we put LΩu := f .

In the second Chapter we describe some properties of the Ornstein-
Uhlenbeck operator. To this aim we approximate LΩ by finite-dimensional
Ornstein-Uhlenbeck operators, by using the cylindrical approximation of Ω
made in [20]. For finite dimensional Ornstein-Uhlenbeck operators we use
the results of [2] and some properties that we show here. In particular we
prove that

[TΩ(t)(fg)]2 ≤ TΩ(t)(f 2)TΩ(t)(g2), a.e. in Ω, ∀f, g ∈ L2(Ω, γ), ∀t ≥ 0,

and

|∇HT
Ω(t)(f)|H ≤ e−tTΩ(t)|∇Hf |H , a.e. in Ω, ∀f ∈ W 1,2(Ω, γ), ∀t ≥ 0.
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Moreover we prove that (TΩ(t))t≥0 is a positive semigroup of contraction that
satisfies the Beurling-Deny conditions. These properties are used to show the
Poincaré inequality∫

Ω

|f −mΩ(f)|2dγ ≤
∫

Ω

|∇Hf |2Hdγ, where mΩ =
1

γ(Ω)

∫
Ω

f dγ,

and the Logarithmic-Sobolev inequality∫
Ω

f 2 log(f 2)dγ ≤
∫

Ω

|∇Hf |2Hdγ + ‖f‖2
L2(Ω,γ) log(‖f‖2

L2(Ω,γ)),

that hold for every f ∈ W 1,2(Ω, γ).
Such inequalities can also be deduced from the theorems shown in [18,

Section 6] where the proofs make heavy use of Malliavin calculus and Stochas-
tic Analysis. Our proof is much simpler and relies on analytic tools and on
a classical method that goes back to [12].

Infinite dimensional Poincaré and Log-Sobolev inequalities are proved in
[3] for Ω = X through the Wiener chaos decomposition (see Appendix B). In
our case we don’t have an explicit representation formula for the semigroup
neither any sort of Wiener chaos decomposition or explicit expression of the
eigenfunctions. As expected, thanks to the Poincaré inequality we prove
spectral properties of LΩ.

In the third chapter we consider the equation

λu− LΩu = f in Ω, (1)

where λ > 0 and f ∈ L2(Ω, γ) are given, and Ω is an open convex set of X.
It is not hard to see that for every λ > 0 and f ∈ L2(Ω, γ), problem (1) has
a unique weak solution u, that is∫

Ω

λuϕ dγ +

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ

for all ϕ ∈ W 1,2(Ω, γ).
Here we prove a maximal regularity result for the weak solution u of (1),

that is for every f ∈ L2(Ω, γ) the weak solution u belongs to W 2,2(Ω, γ) and
there exists C > 0 independent of f such that

‖u‖W 2,2(Ω,γ) ≤ C‖f‖L2(Ω,γ). (2)

It is sufficient to prove that (2) holds if f is a cylindrical smooth bounded
function (see Section 1.8), because the space of such functions is dense in
L2(Ω, γ). In this case, we define a sequence of cylindrical functions {un}n∈N,
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by using the cylindrical approximation {Ωn}n∈N of Ω made in [20]. In par-
ticular,

un = ϕn ◦ πn
where πn(X) is a finite dimensional subspace of H, identified in an obvious
way with Rq with q = q(n, f). So πn(Ωn) is identified with an open subset
On of Rq, and ϕn : On ⊂ Rq → R solvesλψ − LOnψ = f̃ in On ⊂ Rq,

∂ψ

∂ν
= 0 on ∂On

(3)

where f̃ is a suitable smooth bounded function. Here, the reference measure
is the standard Gaussian measure N(0, I), and ∇H is the usual gradient. For
the finite dimensional problems (3) we prove dimension free W 2,2 estimates.
Therefore the sequence {un}n∈N is bounded inW 2,2(Ω, γ), and a subsequence
weakly converges to u ∈ W 2,2(Ω, γ). Eventually we prove that u is a weak
solution of (1).

Moreover, under some regularity assumption on the boundary of Ω, we
prove that the weak solution of (1) satisfies

〈∇Hu,∇Hg〉H = 0 (4)

on ∂Ω, in the sense of traces, and g : X → R is a suitable convex function such
that g−1(0) = ∂Ω. This identity plays the role of the Neumann boundary
condition. We use the same sequence {un}n∈N defined above, and we show
that ∫

Ω

(λun − LΩnun)ϕ dγ =

∫
Ω

fϕ dγ,

for all smooth cylindrical functions ϕ, where LΩn is the Ornstein-Uhlenbeck
operator associated to the quadratic form EΩn,γ, see (1.21). Applying the
integration by parts formula (1.20) we get∫

Ω

λϕun dγ+

∫
Ω

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ+

∫
∂Ω

〈∇Hun,
∇Hg

|∇Hg|H
〉Hϕ dρ,

where ρ is the surface measure associated to the Gaussian measure, see [17].
Taking the limit along a weakly convergent subsequence, we obtain∫

Ω

λϕu dγ +

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ +

∫
∂Ω

〈∇Hu,
∇Hg

|∇Hg|H
〉Hϕ dρ,

for all smooth cylindrical functions ϕ. Since u is the weak solution of (1)
then we can conclude that∫

∂Ω

〈∇Hu,
∇Hg

|∇Hg|H
〉Hϕ dρ = 0
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for all smooth cylindrical functions ϕ, that is equivalent to (4).
The maximal Lp regularity for Ornstein-Uhlenbeck equations was estab-

lished in [24] by Meyer when Ω is the whole space X for 1 < p <∞.
When Ω is a bounded smooth convex set of an Hilbert space, and p = 2

the maximal regularity problem was studied by Barbu, Da Prato and Tubaro
in [1] for a more general class Ornstein-Uhlenbeck operators. They approach
the weak solution of (1) by a sequence of solutions of penalized problems, in
the whole space, that involves the Yosida approximations. They showed, for
each of these functions, a maximal regularity estimate, and that the sequence
strongly converges to the solution of (1). This allowed them to prove that
the weak solution of (1) belongs to W 2,2(Ω, γ) and satisfies (4). In our work
we consider a simpler Ornstein-Uhlenbeck operator but we study (1) in a
separable Banach space, and Ω can possibly be unbounded.

Maximal L2−regularity is also studied in Hilbert spaces by Da Prato and
Lunardi in [9] with Dirichlet boundary condition and in [10] with Neumann
boundary condition for a different class of differential operators that doesn’t
contain the classical Ornstein-Uhlenbeck operator. Also, the proof in [10] is
different from ours because it uses a penalization method approaching the
weak solution by a sequence of solutions of problems on whole X.

In finite dimension more results are available. Maximal Lp regularity, for
p ∈ (1,∞), was studied by Metafune, Pruess, Rhandi, and Schnaubelt in
[23] when Ω = Rn for a class of second order differential operators with un-
bounded coefficients that contains symmetric Ornstein-Uhlenbeck operators.
Maximal L2 regularity in open convex sets of Rn, with Neumann boundary
condition, was established in [8] again by penalization methods.

The second and third chapter contain new results that have been the
subject of two articles.

The properties of the Ornstein-Uhlenbeck semigroup in an open convex
set of a separable Banach space, the Logarithmic-Sobolev inequality, the
Poincaré inequality and the spectral properties of the Ornstein-Uhlenbeck
operator were proved in [5].

The maximal L2−regularity for the Ornstein-Uhlenbeck problem (1) of
Chapter 3 was proved in [6].
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Chapter 1

Preliminaries

This chapter is devoted to introduce the main tools that will be used later,
with the aim of fixing the notation. In the first section we present finite
real measures and the related notions of Lp space, absolute continuous and
singular measure, the Radon-Nikodym theorem, weak convergence and we
introduce the Gaussian measures in Rd. In the second section we define the
working environment, that is an infinite dimensional separable Banach space
endowed with a centered non-degenerate Gaussian measure. The following
sections contain definitions and properties of the main tools of this work: the
Cameron-Martin space, Sobolev spaces, Ornstein-Uhlenbeck operators, and
cylindrical approximations.

1.1 Basic notions of measure theory
We introduce sets equipped with a σ−algebra, that is measurable spaces.

Definition 1. Let F be a collection of subsets of a nonempty set X. We say
that F is a σ−algebra if:

• ∅ ∈ F ;

• ∀E1 ∈ F ⇒ E1 \X ∈ F

• ∀E1, E2 ∈ F ⇒ E1 ∩ E2 ∈ F

• ∀{En}n∈N ⊂ F ⇒
⋃
n∈NEn ∈ F .

If F is a σ−algebra in X, we call the pair (X,F) a measurable space.

Definition 2. For any collection G of subsets of a nonempty set X, the
σ−algebra generated by G is the smallest σ−algebra containing G. If (X, τ)
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is a topological space, we denote by B(X) the σ−algebra of Borel subsets of
X, i.e., the σ−algebra generated by the open subsets of X.

By using the De Morgan laws we get that σ−algebras are closed under
countable intersections. Since the intersection of any family of σ−algebras
is a σ−algebra and the powerset of X (i.e. the set of all subsets of X) is
a σ−algebra, the definition of generated σ−algebra is well posed. Once we
fixed a σ−algebra, we can introduce positive measures.

Definition 3. Let (X,F) be a measurable space and µ : F → [0,+∞).
We say that µ is a positive finite measure if µ(∅) = 0, µ(X) < +∞ and µ
is σ−additive on F , that is, for any sequence {En}n∈N of pairwise disjoint
elements of F the equality

µ

(⋃
n∈N

En

)
=
∑
n∈N

µ(En)

holds. We say that µ is a probability measure if µ(X) = 1.

Definition 4. A positive finite measure µ on the Borel sets of a topological
space X is called a real Radon measure if for every B ∈ B(X) and ε > 0
there is a compact set K ⊂ B such that µ(B \K) < ε.

A measure is tight if the same property holds with B = X.

Proposition 1. If (X, d) is a separable complete metric space then every
positive finite measure on (X,B(X)) is Radon.

Definition 5. Let (X,F), (Y,G) be two measurable spaces. We say that a
function f : X → Y is measurable if f−1(A) ∈ F for every A ∈ G.

Now we denote by 1E the characteristic function of E ⊂ X defined below

1E(x) :=

{
1 if x ∈ E
0 if x 6= E.

We say that f : X → R is a simple function if

f(x) =
n∑
i=1

αi1Ei

where αi ∈ R for all i = 1, . . . , n, and {Ei}ni=1 is a finite partition of X.
We introduce the Lp norms and spaces as follows,

‖u‖Lp(X,µ) :=

(∫
X

|u(x)|pµ(dx)

)1/p
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for 1 ≤ p <∞, and

‖u‖L∞(X,µ) := inf{C ∈ [0,+∞] : |u(x)| ≤ C for µ-a.e. x ∈ X}.

The space Lp(X,µ) is the space of equivalence classes of measurable functions
agreeing µ-a.e. such that ‖u‖Lp(X,µ) <∞. It is well known that ‖u‖Lp(X,µ) is
a norm and Lp(X,µ) is a Banach space, see e.g. [14, Theorem 5.2.1].

We remark that the continuous and bounded functions belong to L1(X,µ)
and we define the weak convergence of measures by

µj → µ⇔
∫
X

f dµj →
∫
X

f dµ, ∀f ∈ Cb(X). (1.1)

Let µ, ν be two positive finite measures on the measurable space (X,F).
We say that ν is absolutely continuous with respect to µ, and we write ν � µ,
if µ(E) = 0 implies ν(E) = 0 for all E ∈ F . We say that they are mutually
singular, and write ν ⊥ µ, if there exists E ∈ F such that µ(E) = 0 and
ν(X \ E) = 0. If µ� ν and ν � µ we say that µ and ν are equivalent and
write µ ∼ ν. If µ is a positive measure and f ∈ L1(X,µ), then the measure
ν defined as

ν(E) =

∫
E

f dµ

is absolutely continuous with respect to µ.

Theorem 1 (Radon-Nikodym theorem). Let µ, ν be two positive finite mea-
sures on the measurable space (X,F). If ν is absolutely continuous with
respect to µ then exists a measurable function f : X → [0,+∞) , such that

ν(E) =

∫
E

f dµ

for all E ∈ F . The function f is called the Radon-Nikodym derivative and
denoted by dν

dµ
.

The following theorem is a useful criterion of mutual singularity.

Theorem 2. Let µ, ν be two probability measures on a measurable space
(X,F), and let λ be a positive measure such that µ � λ and ν � λ. Then
the integral

H(µ, ν) :=

∫
X

√
dµ

dλ

dν

dλ
dλ

is independent of λ and

2(1−H(µ, ν)) ≤ ‖µ− ν‖ ≤ 2
√

1−H(µ, ν)2

where ‖µ− ν‖ = ‖dµ
dλ
− dν

dλ
‖L1(X,λ) is called variation distance.
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Corollary 1. If µ and ν are probability measures, then µ ⊥ ν if and only if
H(µ, ν) = 0.

Now we recall the notions of image measure that generalizes the classical
change of variable formula.

Definition 6 (Image measure). Let (X,F) and (Y,G) be measurable spaces,
and let f : X → Y be a measurable function. For any positive finite measure
µ on (X,F) we define the image law of µ under f , µ ◦ f−1, in (Y,G) by

(µ ◦ f−1)(B) := µ(f−1(B)), for all B ∈ G.

The change of variables formula follows from the previous definition. If
u ∈ L1(Y, µ ◦ f−1), then u ◦ f ∈ L1(X,µ) and∫

Y

u d(µ ◦ f−1) =

∫
X

(u ◦ f) dµ

We introduce the cartesian product between two measure spaces.

Definition 7. Let (X1,F1) and (X2,F2) be measure spaces. The product
σ−algebra of F1 and F2, denoted by F1×F2, is the σ−algebra generated in
X1 ×X2 by

{E1 × E2 : E1 ∈ F1, E2 ∈ F2}.

Theorem 3 (Fubini). Let (X1,F1, µ1), (X2,F2, µ2) be measure spaces with
µ1, µ2 positive finite measures. Then, there is a unique positive finite measure
µ on (X1 ×X2,F1 ×F2), denoted also by µ1 ⊗ µ2, such that

µ(E1 × E2) = µ1(E1) · µ2(E2) ∀E1 ∈ F1, ∀E2 ∈ F2.

Moreover, for any measurable function f : X1 ×X2 → [0,∞) the functions

x 7→
∫
X2

f(x, y) µ2(dy), y 7→
∫
X1

f(x, y) µ1(dx)

are measurable and∫
X1×X2

f dµ =

∫
X1

(∫
X2

f(x, y) µ2(dy)

)
µ1(dx)

=

∫
X2

(∫
X1

f(x, y) µ1(dx)

)
µ2(dy)
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Remark 1. It is possible to construct a product measure on infinite cartesian
products. If I is a set of indices, typically I = [0, 1] or I = N, and (Xt,Ft, µt),
t ∈ I, is a family of measure spaces, the product σ−algebra is that generated
by the family of sets of the form

B = B1 × . . .×Bn × ×
t∈I\{t1,...,tn}

Xt, Bk ∈ Ftk ,

whose measure is µ(B) = µt1(B1) · · ·µtn(Bn).

Now we introduce the Fourier transform of measures. Let µ be a proba-
bility measure on (Rd,B(Rd)). We define its Fourier transform by setting

µ̂(ξ) :=

∫
Rd
ei〈x,ξ〉µ(dx) for ξ ∈ Rd.

Proposition 2. Let µ be a probability measure on (Rd,B(Rd)), then

• µ̂ is uniformly continuous on Rd;

• µ̂(0) = 1;

• if µ1, µ2 are two probability measures on (Rd,B(Rd)) such that µ̂1 = µ̂2,
then µ1 = µ2;

• if {µj}j∈N is a sequence of probability measures on (Rd,B(Rd)) such
that µj → µ in the sense of (1.1), then µ̂j → µ̂ uniformly on compacts;

• if {µj}j∈N is a sequence of probability measures on (Rd,B(Rd)) and
there is ϕ : Rd → C continuous at ξ = 0 such that µ̂j → ϕ pointwise,
then there is a probability measure µ such that µ̂ = ϕ.

Now we define the Gaussian measures. They are among the most impor-
tant finite measures. In this section we consider only the finite dimensional
case.

Definition 8. A probability measure γ on (R,B(R)) is called Gaussian if
it is either a Dirac measure δa at a point a or if it is a measure absolutely
continuous with respect to the Lebesgue measure λ1 with density

1

σ
√

2π
exp

{
−(x− a)2

2σ2

}
In this case a is called the mean, σ the mean-square deviation and σ2 the
variance of γ and we say that γ is centered if a = 0 and standard if σ = 1.
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It is easy to verify that

a =

∫
R
x γ(dx), σ2 =

∫
R
(x− a)2 γ(dx),

and
γ̂(ξ) = exp

{
iaξ − 1

2
σ2ξ2

}
.

Moreover by Proposition 2 a probability measure on R is Gaussian if and
only if its Fourier transform has this form. Now we give the definition of
Gaussian measure on Rd.

Definition 9. A probability measure γ on Rd is said to be Gaussian if for
every linear functional l on Rd the measure γ ◦ l−1 is Gaussian on R.

Proposition 3. A measure γ on Rd is Gaussian if and only if its Fourier
transform is

γ̂(ξ) = exp

{
i〈a, ξ〉 − 1

2
〈Qξ, ξ〉

}
, ξ ∈ Rd,

for some a ∈ Rd and Q nonnegative d× d symmetric matrix. Moreover, γ is
absolutely continuous with respect to the Lebesgue measure λd if and only if
detQ 6= 0.

1.2 Infinite dimensional spaces
In this section we introduce our framework. Let X be an infinite dimensional
separable real Banach space, with norm ‖ · ‖, and let X∗ be its topological
dual.

Definition 10. We denote by E(X) the σ−algebra generated by the cylin-
drical sets, i.e, the sets of the form

C = {x ∈ X : (l1(x), . . . , ln(x)) ∈ C0}, li ∈ X∗, C0 ∈ B(Rn),

and C0 is called base of C.

Theorem 4. If X is a separable Banach space, then E(X) = B(X).

Now we define, as in Rd, the Fourier transform of a finite measure µ on
E(X), by

µ̂(f) :=

∫
X

exp{if(x)}µ(dx), f ∈ X∗.

We extend Proposition 2 to the present context. In particular we recall the
injectivity of Fourier transform.
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Proposition 4. Let µ1, µ2 be two probability measures on (X,B(X)). If
µ̂1 = µ̂2 then µ1 = µ2.

Now we introduce Gaussian measures.

Definition 11. A probability measure γ defined on the σ−algebra E(X), is
called Gaussian if for all f ∈ X∗ the induced measure γ ◦ f−1 is Gaussian on
R. The measure γ is called centered if all the measures γ ◦f−1, with f ∈ X∗,
are centered and it is called non-degenerate if for any f 6= 0 the measure
γ ◦ f−1 is non-degenerate.

First we remark that if f ∈ X∗ then f ∈ Lp(X, γ) for all p ≥ 1, indeed∫
X

|f(x)|pγ(dx) =

∫
R
|t|p(γ ◦ f−1)(dt) < +∞

since γ ◦ f−1 is Gaussian on R.

Definition 12. Let γ be a Gaussian measure on E(X). The element aγ in
the algebraic dual (X∗)′ to X∗, defined as

aγ(f) =

∫
X

f(x) γ(dx)

is called mean of γ.
The operator Rγ : X∗ → (X∗)′ defined by the formula

Rγ(f)(g) :=

∫
X

[f(x)− aγ(f)] [g(x)− aγ(g)] γ(dx)

is called covariance operator of γ; the corresponding quadratic form on X∗
is called covariance of γ.

Theorem 5. A probability measure γ on X is Gaussian if and only if its
Fourier transform is given by

γ̂(f) = exp

{
ia(f)− 1

2
B(f, f)

}
f ∈ X∗,

where a is a linear functional on X∗ and B is a nonnegative symmetric
bilinear form on X∗.

In the following proposition we show some important results about Gaus-
sian measures.

Proposition 5. Let γ be a centered Gaussian measure on X.

15



• For any θ ∈ R the image measure (γ ⊗ γ) ◦ ϕ−1
θ in X × X under the

map

ϕθ : X ×X → X ×X
(x, y) 7→ (x cos θ + y sin θ,−x sin θ + y cos θ)

coincides with γ.

• For any θ ∈ R the image measures (γ ⊗ γ) ◦ ϕ−1
i , i = 1, 2 in X under

the map ϕi : X ×X → X,

ϕ1(x, y) := x cos θ + y sin θ, ϕ2(x, y) := −x sin θ + y cos θ

coincide with γ.

We show the useful Fernique Theorem proved in [16].

Theorem 6 (Fernique Theorem). Let γ be a centered Gaussian measure on
a separable Banach space X. Then there exists α > 0 such that∫

X

exp{α‖x‖2}γ(dx) < +∞.

As a first application of the Fernique theorem, we notice that for every
1 < p <∞ we have ∫

X

‖x‖pγ(dx) <∞ (1.2)

since ‖x‖p ≤ cα,p exp{α‖x‖2} for all x ∈ X and for some constant cα,p > 0
depending on α and p only. We already know, through the definition of
Gaussian measure, that the functions f ∈ X∗ belong to all Lp(X, γ) spaces,
for 1 < p < ∞. The Fernique Theorem tells us much more, since it gives a
rather precise description of the allowed growth of the functions in Lp(X, γ).
Moreover, estimate (1.2) has important consequences on the functions aγ and
Bγ.

Proposition 6. If γ is a Gaussian measure on a separable Banach space X,
then aγ : X∗ → R and Rγ : X∗ ×X∗ → R are continuous. Moreover, there
exists a ∈ X such that

aγ(f) = f(a), for all f ∈ X∗.

Now we define an important space that will be used several times.
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Definition 13. We denote by X∗γ the reproducing kernel of the measure γ,
defined as the closure of the set

{f − aγ(f), f ∈ X∗}

in L2(X, γ).

The mapping Rγ is extended to X∗γ , setting

Rγ : X∗γ → (X∗)′

Rγ(f)(g) =

∫
X

f(x) [g(x)− aγ(g)] γ(dx), f ∈ X∗γ , g ∈ X∗.

We put

σ(f) :=
√
Rγ(f)(f) =

√∫
X

(f(x)− aγ(f))2γ(dx), f ∈ X∗,

σ(g) :=

√∫
X

g(x)2γ(dx) = ‖g‖L2(X,γ), g ∈ X∗γ .

The following proposition shows that Rγ maps X∗γ into X.

Proposition 7. For every f ∈ X∗γ there exists y ∈ X such that Rγ(f)(g) =
g(y) for all g ∈ X∗. Therefore Rγ(X

∗
γ) ⊂ (X∗)∗.

Remark 2. We set Rγ(f) = y. In fact, thanks to Proposition 7, we can
identify Rγ(f) with the element y ∈ X representing it, i.e. we shall write

Rγ(f)(g) = g (Rγ(f)) ,∀g ∈ X∗.

1.3 The Cameron-Martin space
This section is devoted to introduce one of the most important tools for the
study of infinite dimensional Gaussian analysis, the Cameron-Martin space.
Proofs and more details can be found in [3].

Definition 14. Let h ∈ X we define

|h|H := sup{l(h) : l ∈ X∗, Rγ(l)(l) ≤ 1}

and
H := {h ∈ X : |h|H(γ) < +∞}.

The space H = H(γ) is called the Cameron-Martin space.

17



Remark 3. The following identity holds

|h|H = sup
l∈X∗,
σ(l)6=0

l(h)

σ(l)
. (1.3)

Indeed

|h|H = sup
l∈X∗,

0<σ(l)≤1

l(h) ≤ sup
l∈X∗,

0<σ(l)≤1

l(h)

σ(l)
≤ sup

l∈X∗,
σ(l)6=0

l(h)

σ(l)

= sup
06=l∈X∗,
l̃=l/σ(l)

l̃(h) ≤ sup
l∈X∗,

0<σ(l)≤1

l(h) = |h|H .

Lemma 1. A vector h ∈ X belongs to the Cameron Martin space H if and
only if there exists g ∈ X∗γ with h = Rγ(g). In this case,

|h|H = ‖g‖L2(X,γ).

If h = Rγ(g), we put ĥ := g. Moreover, the relationship determining ĥ is

f(h) =

∫
X

ĥ(x)[f(x)− aγ(f)]dγ(x), f ∈ X∗.

On the Cameron-Martin space we define the inner product

〈h, k〉H := 〈ĥ, k̂〉L2(X,γ) =

∫
X

ĥ(x)k̂(x) γ(dx), h, k ∈ H.

From Lemma 1 it follows that Rγ(X
∗
γ) = H. Therefore the Cameron-

Martin space H, equipped with the norm |Rγ(f)|H =
√
Rγ(f)(f) is a Hilbert

space, and Rγ is an isomorphism between X∗γ and H.

Proposition 8. Let g ∈ X∗γ , then the measure ν on X given by the density

%(x) = exp

(
g(x)− 1

2
σ(g)2

)
with respect to the measure γ is a Gaussian measure.

Now we get a characterization of the Cameron-Martin space.

Theorem 7. Let γ be a Gaussian measure on X:
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1. let h ∈ X be a vector such that

|h|H = sup {f(h) : f ∈ X∗, Rγ(f)(f) ≤ 1} =∞

then γh := γ(· − h) and γ are mutually singular;

2. If |h|H < ∞ then the measures γh and γ are equivalent and the corre-
sponding Radon-Nikodym density is given by the expression

%h(x) = exp

(
ĥ(x)− 1

2
|h|2H

)
.

In particular

H = {h ∈ X : γh ∼ γ} = {h ∈ X : |h|H <∞} .

Proposition 9. Let γ be a centered Gaussian measure on a separable Banach
space X. The Cameron-Martin space H coincides with the intersection of
all linear subspaces of full γ−measure (and also with the intersection of all
linear subspaces from E(X) of full γ−measure). In addition, γ(H) = 0 if X∗γ
is infinite dimensional.

Lemma 2. There exists an orthonormal basis of X∗γ contained in X∗.

Proof. Let {fk}k∈N be an orthonormal basis of X∗γ . Each fk is the limit,
in L2(X, γ) of a sequence {g(k)

n }k∈N ⊂ X∗. On span{g(k)
n , n, k ∈ N} we

construct an orthonormal basis V , by the Gram-Schmidt procedure. The
linear combinations of the elements of such a basis approach every g(k)

n and
hence every fk in L2(X, γ). Therefore, the linear space spanned by V is dense
in X∗γ .

1.4 Examples
Now we present two basic examples of infinite dimensional spaces: R∞, and a
Hilbert space. For both cases we describe the relevant Gaussian measures,the
Reproducing Kernel X∗γ and the Cameron-Martin space H.

1.4.1 The product R∞

We define R∞ as the space of all the real sequences x = {xn}n∈N. Let R∞c be
the subspace of finite sequences, that is the sequences {ξn}n∈N that vanish
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eventually. Under the map

R∞c → R

{ξn}n∈N 7→
∞∑
n=1

ξnxn,

where the sum is finite, R∞c is isomorphic to the topological dual of R∞.
R∞ is separable, indeed the elements of R∞c with rational entries are a

countable dense set. The cylindrical σ−algebra E(R∞) is generated by the
sets of the form

{x ∈ R∞ : (x1, . . . , xn) ∈ U, U ∈ B(Rn)} .

We equip R∞ with the product measure

γ :=
⊗
n∈N

γ1

where γ1 is the standard Gaussian measure. As in the Banach space case,
we say that a probability measure µ in R∞ is Gaussian if for every ξ ∈ R∞c
the measure µ ◦ ξ−1 is Gaussian on R.

Theorem 5 is also true in R∞ , see for instance [3, Theorem 2.2.4].

Proposition 10. The countable product measure γ on R∞ is a centered
Gaussian measure. Its Fourier transform is

γ̂(ξ) = exp

{
−1

2

∞∑
n=1

|ξn|2
}

= exp

{
−1

2
‖ξ‖2

l2

}
, ξ ∈ R∞c .

The Reproducing Kernel is

X∗γ =

{
f ∈ L2(R∞, γ) : f(x) =

∞∑
n=1

ξnxn, {ξn}n∈N ∈ l2
}

and the Cameron-Martin space H is l2.

Proof. First we compute the Fourier transform of γ. For f(x) =
∑∞

n=1 ξnxn,
x ∈ R∞ and ξR∞c , we have

γ̂(f) =

∫
R∞

exp{if(x)}γ(dx) =

∫
R∞

exp

{
i
∞∑
n=1

ξnxn

}⊗
n∈N

γ1(dx)

=
∞∏
n=1

∫
R

exp {iξnxn} γ1(dxn) =
∞∏
n=1

exp

{
−1

2
|ξn|2

}
= exp

{
−1

2
‖ξ‖2

l2

}
.
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By Theorem 5, γ is a Gaussian measure with mean aγ = 0 and covariance
Bγ(ξ, ξ) = ‖ξ‖2

l2 . Now we consider the Cameron-Martin space. Since aγ = 0,
for every f = {ξn}n∈N ∈ R∞c we have

‖f‖2
L2(X,γ) =

∫
X

∣∣∣∣∣
∞∑
n=1

ξnxn

∣∣∣∣∣
2

γ(dx) =

∫
X

(
∞∑
n=1

|ξn|2|xn|2 +
∑
i 6=j

ξixj

)
γ(dx)

=
∞∑
n=1

|ξn|2
∫
R
|xn|2γ1(dxn) +

∑
i 6=j

ξj

∫
R
xjγ(dxj) ξi

∫
R
xiγ(dxi)

=
∞∑
n=1

|ξn|2 = ‖ξ‖2
l2 .

Therefore X∗γ consists of all the functions f(x) =
∑∞

n=1 ξnxn for {ξn}n∈N ∈ l2.
If h = {hn}n∈N ∈ R∞, then we have

|h|H = sup
{
f(h) : f ∈ X∗, ‖f‖L2(X,γ) ≤ 1

}
= sup

{
∞∑
n=1

ξnhn : ξ ∈ R∞c ,
∞∑
n=1

|ξn|2 ≤ 1

}
= ‖h‖l2 ,

Therefore H and l2 coincide.

Remark 4. More generally

µ =
∞⊗
n=1

N(an, λn), (1.4)

with {an}n∈N ⊂ R and {λn}n∈N ⊂ R+, is a Gaussian measures on R∞. Then

µ̂(ξ) = exp

{
∞∑
n=1

ξnan −
1

2

∞∑
n=1

λn|ξn|2
}
, ξ = {ξn}n∈N ∈ R∞c ,

where all the sums contain a finite number of nonzero elements. Moreover
if {an}n∈N ∈ l2 and

∑∞
n=1 λn < ∞ then µ is concentrated on l2, that is,

µ(l2) = 1. Indeed∫
R∞

∞∑
n=1

|xn|2µ(dx) =
∞∑
n=1

∫
R
|xn|2N(an, λn)(dxn) =

∞∑
n=1

λn +
∞∑
n=1

|an|2 <∞.

Then ‖x‖l2 <∞ µ−a.e. in R∞, therefore µ(l2) = 1.
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1.4.2 The Hilbert space

In this section we consider an infinite dimensional separable Hilbert space X.
We denote by 〈·, ·〉X its inner product and by ‖ · ‖X its norm. Moreover we
identify X∗ with X via the Riesz representation. We recall that the spectrum
of a compact operator A on X, σ(A), is at most countable. If σ(A) is infinite
it consists of a sequence of eigenvalues {λn}n∈N that can cluster only at 0.

Moreover, for a compact and self-adjoint operator A, there exists an or-
thonormal basis {en}n∈N of X consisting of eigenvectors, that is Aen = λnen
for all n ∈ N (see [4, Theorem 6.11]), and A has the representation

Ax =
∞∑
n=1

λn〈x, en〉Xen, x ∈ X,

Furthermore if A is nonnegative, that is 〈Ax, x〉X ≥ 0 for every x ∈ X,
then its eigenvalues are nonnegative and we may define the square root of A
by

A1/2x =
∞∑
n=1

√
λn〈x, en〉Xen.

We recall that if a linear operator B is such that

Bx =
∞∑
n=1

an〈x, en〉Xen, {an}n∈N ⊂ R,

for some orthonormal basis {en}n∈N with limk→∞ an = 0, then B is compact.
Indeed, if we set

Bkx :=
k∑

n=1

an〈x, en〉Xen

then

‖Bx−Bkx‖X =

∥∥∥∥∥
∞∑

n=k+1

an〈x, en〉Xen

∥∥∥∥∥
X

≤ sup
n>k
|an| · ‖x‖X ,

hence
‖B −Bk‖L(X) ≤ sup

n>k
|an| → 0, asn→∞.

Therefore B is the limit in the operator norm of the sequence of finite rank
operators, that is B is compact. This shows that the operator A1/2 is self-
adjoint, and compact.

Now we define an important class of nonnegative self-adjoint operators.
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Definition 15. A nonnegative self-adjoint operator A ∈ L(X) is of trace-
class if there exists an orthonormal basis {en}n∈N of X such that

∞∑
n=1

〈Aen, en〉X <∞.

Now we show that the sum of the series in Definition 15 does not depen-
dent of the basis. Let {fk}k∈N be another orthonormal basis of X, then we
have

∞∑
n=1

〈Aen, en〉X =
∞∑
n=1

〈
A

(
∞∑
k=1

〈Afk, fk〉X

)
,
∞∑
k=1

〈Afk, ek〉X

〉
X

=
∞∑
n=1

∞∑
k=1

∞∑
m=1

〈
〈en, fk〉XAfk, 〈en, fm〉Xfm

〉
X

=
∞∑
k=1

∞∑
m=1

(
∞∑
n=1

〈en, fk〉X〈en, fm〉X

)
〈Afk, fm〉X

=
∞∑
k=1

∞∑
m=1

〈fk, fm〉X〈Afk, fm〉X =
∞∑
k=1

〈Afk, fk〉X

we recall that since A is a nonnegative operator, then we can exchange the
order of summation. We define the trace of A as

Tr(A) :=
∞∑
n=1

〈Aen, en〉X

for any orthonormal basis {en}n∈N of X.

Proposition 11. If A is a nonnegative self-adjoint trace-class operator then
it is compact.

Let γ be a Gaussian measure in X. By Theorem 5 we have

γ̂(f) = exp

{
iaγ(f)− 1

2
Bγ(f, f)

}
, f ∈ X∗,

where the linear function aγ : X∗ → R and the bilinear symmetric function
Bγ : X∗ × X∗ → R are continuous by Proposition 6. Then, there exists
a ∈ X and a self-adjoint Q ∈ L(X) such that aγ(f) = 〈f, a〉X and Bγ(f, g) =
〈Qf, g〉X for every f, g ∈ X∗ = X. Therefore,

〈Qf, g〉X =

∫
X

〈f, x− a〉X〈g, x− a〉Xγ(dx), f, g ∈ X, (1.5)
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and
γ̂(f) = exp

{
i〈f, a〉X −

1

2
〈Qf, f〉X

}
, f ∈ X. (1.6)

We denote by N(a,Q) the Gaussian measure γ whose Fourier transform is
given by (1.6), a is called the mean and Q is called the covariance of γ.

With the following theorem we can characterize all Gaussian measures in
X.

Theorem 8. If γ is a Gaussian measure on X then its Fourier transform is
given by (1.6), where a ∈ X and Q is a self-adjoint nonnegative trace-class
operator. Conversely, for every a ∈ X and for every nonnegative self-adjoint
trace-class operator Q, the function γ̂ in (1.6) is the Fourier transform of a
Gaussian measure with mean a and covariance operator Q.

Proof. Let γ̂ be the Fourier transform of the Gaussian measure γ, given by
(1.6). Then a is the mean of γ by definition. Since the bilinear form Bγ is
symmetric, then Q is symmetric too. By it follows that Q is nonnegative.
Let {en}n∈N an orthonormal basis of X, then we have

∞∑
n=1

〈Qek, ek〉X =
∞∑
n=1

∫
X

〈x− a, en〉2Xγ(dx) =

∫
X

‖x− a‖2
Xγ(dx)

which is finite by estimate (1.2). This shows that Q is a trace-class operator.
On the other hand, if Q is a self-adjoint nonnegative trace-class operator,

then Q is given by

Qx =
∞∑
n=1

λn〈Qek, ek〉Xen

where {en}n∈N is an orthonormal basis of eigenvectors of Q, that is, Qen =
λnen for all n ∈ N.

Let µ be the measure on R∞ defined by (1.4) and its Fourier transform

µ̂(ξ) = exp

{
i
∞∑
n=1

ξnan −
1

2
λn|ξn|2

}
, ξ ∈ R∞c ,

where the series contains only a finite number of nonzero terms. We define
u : l2 → X by

u(y) :=
∞∑
n=1

ynen.

By Remark 4 we can extend arbitrarily in R∞ \ l2, since µ(R∞ \ l2) = 0.
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If we define γ := µ ◦ u−1 then γ = N(a,Q). Indeed for x ∈ R∞c , setting
z = u(y) we have

µ̂ ◦ u−1(x) =

∫
X

exp

{
i

〈
z,

∞∑
n=1

xnen

〉
X

}
(µ ◦ u−1)(dx)

=

∫
R∞

exp

{
i

∞∑
n=1

ynxn

}
µ(dy)

=

∫
l2

exp

{
i
∞∑
n=1

ynxn

}
∞⊗
n=1

N(an, λn)(dy)

= exp

{
i
∞∑
n=1

xnan −
1

2

∞∑
n=1

λnx
2
n

}

= exp

{
i〈x, a〉X −

1

2
〈Qx, x〉X

}
By Theorem 5, (µ̂ ◦ u−1) is the Fourier transform of a unique Gaussian mea-
sure with mean a and covariance Q.

Remark 5. In infinite dimensions the identity is not a trace-class operator,
therefore the map x 7→ exp

{
−1

2
‖x‖2

X

}
is not the characteristic function of a

Gaussian measure on X.

Thanks to Theorem 8 we can find the best constant in Fernique Theorem.

Proposition 12. Let γ = N(a,Q) be a Gaussian measure on X and let
{λn}n∈N be the sequence of the eigenvalues of Q. If γ is not a Dirac measure,
then the integral ∫

X

exp
{
α‖x‖2

X

}
γ(dx)

is finite if and only if

α < inf

{
1

2λn
: λn > 0

}
.

Proof. Let {en}n∈N be an orthonormal basis of X such that Qen = λnen, for
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all n ∈ N. Then, for α > 0, we have∫
X

exp
{
α‖x‖2

X

}
γ(dx) =

∫
R∞

exp

{
α
∞∑
n=1

x2
n

}
∞⊗
n=1

N(an, λn)(dx)

=
∞∏
n=1

∫
R

exp
{
αx2

n

}
N(an, λn)(dxn)

=
∏

n:λn=0

exp
{
αa2

n

} ∏
n:λn>0

1√
2πλn

∫
R

exp
{
αx2

n

}
exp

{
− 1

2λn
(xn − an)2

}
dxn.

If α ≥ 1
2λn

for some n ∈ N then the integral with respect to dxn is infinite,
and the function x 7→ exp

{
−1

2
‖x‖2

X

}
does not belong to L1(X, γ). If α <

inf
{

1
2λn

: λn > 0
}

then each integral is finite and we have∫
R

exp
{
αx2

n

}
exp

{
− 1

2λn
(xn − an)2

}
dxn = exp

{
αa2

n

1− 2αλn

}
1√

1− 2αλn
}

for all n ∈ N. Then∫
X

exp
{
α‖x‖2

X

}
γ(dx)

= exp

{
α
∑

n:λn=0

a2
n

}
exp

{
α
∑

n:λn>0

a2
n

1− 2αλn

}

exp

{ ∑
n:λn>0

log

(
1√

1− 2αλn

)}
<∞,

The convergence of last two series follows from
∑∞

n=1 λn <∞.

Now we characterize X∗γ and the Cameron-Martin space H. Hereafter, if
γ = N(a,Q) we fix an orthonormal basis {en}n∈N of eigenvectors of Q, that
is Qen = λnen for all n ∈ N. Moreover we set xn := 〈x, en〉X for all x ∈ X
and n ∈ N.

Theorem 9. Let γ = N(a,Q) be a non-degenerate Gaussian measure on X.
The space X∗γ is

X∗γ =

{
f : X → R : f(x) =

∞∑
n=1

(xn − an)znλ
−1/2
n , z ∈ X

}
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and the Cameron-Martin space is the range of Q1/2, that is,

H =

{
x ∈ X :

∞∑
n=1

x2
nλ
−1
n <∞

}
.

For h = Q1/2z ∈ H, we have

ĥ(x) =
∞∑
n=1

(xn − an)znλ
−1/2
n

Proof. Let z ∈ X. We set

fk(z); =
k∑

n=1

(xn − an)znλ
−1/2
n .

Then for every k ∈ N , fk ∈ X∗. Moreover {fk}k∈N converges in L2(X, γ),
since for i > j,

‖fi − fj‖2
L2(X,γ) =

i∑
n=j+1

λ−1
n z2

n

∫
R
(xn − an)2N(an, λn)(dxn) =

i∑
n=j+1

z2
n

and the limit function

f(x) =
∞∑
n=1

(xn − an)znλ
−1/2
n

satisfies

‖f‖2
L2(X,γ) =

∞∑
n=1

λ−1
n z2

n

∫
R
(xn − an)2N(an, λn)(dxn) = ‖z‖2

X . (1.7)

We define

V :=

{
f : X → R : f(x) =

∞∑
n=1

(xn − an)znλ
−1/2
n , z ∈ X

}
.

Then V is contained in the closure of X∗ in L2(X, γ), that is V ⊆ X∗γ .
Now we show that X∗γ ⊆ V . Let g ∈ X∗γ and let {w(k)}k∈N ⊂ X be a

sequence such that
gk(x) := 〈x− a, w(k)〉X
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converges to g in L2(X, γ). If we set z(k) := Q1/2w(k), then we have

gk(x) =
∞∑
n=1

(xn − an)z(k)
n λ−1/2

n ,

and by (1.7),

‖z(i) − z(j)‖X = ‖gi − gj‖L2(X,γ), i, j ∈ N,

then {z(k)}k∈N ) is a Cauchy sequence, and it converges to some z ∈ X. By
(1.7), ∫

X

(
g(x)−

∞∑
n=1

(xn − an)znλ
−1/2
n

)2

γ(dx)

= lim
k→∞

∫
X

(
∞∑
n=1

(xn − an)(z(k)
n − zn)λ−1/2

n

)2

γ(dx)

= lim
k→∞
‖z(k) − z‖2

X = 0,

that is g ∈ V .
Now we consider the Cameron-Martin space. We recall that H is the

range of Rγ : X∗γ → X, moreover Rγf = h if and only if 〈f, g−aγ(g)〉L2(X,γ) =
g(h) for all g ∈ X∗.

Let f be an element of X∗γ , that is, f(x) =
∑∞

n=1(xn − an)znλ
−1/2
n , for

some z ∈ X, and let g ∈ X∗, g(x) =
∑∞

k=1 gkxk. Recalling that aγ(g) = g(a)
we have∫
X

f(x)(g(x)− aγ(g))γ(dx) =

∫
X

∞∑
n=1

(xn − an)znλ
−1/2
n ·

∞∑
k=1

(xk − ak)gkγ(dx)

=

∫
X

∞∑
n=1

(xn − an)2znλ
−1/2
n gnγ(dx) =

∞∑
n=1

znλ
−1/2
n gn.

This is equal to g(h) for h =
∑∞

n=1 znλ
−1/2
n en, that is h = Q1/2z. By definition

Rγf = Q1/2z, therefore H = Q1/2(X) and for h = Q1/2z we have ĥ(x) =∑∞
n=1(xn − an)znλ

−1/2
n .

1.5 Basic properties of linear operators
This section is devoted to show some definition and properties of linear op-
erators. As a rule, we refer to the textbooks like [4], [15], [19] .
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Let X be a Banach space on C. Let L(X) be the set of linear continuous
operator A : X → X. We recall that a linear operator A is continuous if and
only if

‖A‖L(X) = sup
x∈X: ‖x‖X=1

‖Ax‖X = sup
x∈X\{0}

‖Ax‖X
‖x‖X

<∞.

Let D(L) be a subspace of X and let L : D(L)→ X be a linear operator.

Definition 16. A linear operator L : D(L) ⊂ X → X, is closed if it satisfies
one of the following equivalent properties.

1. {xn}n∈N ∈ D(L), xn → x, Lxn → y ⇒ x ∈ D(L), y = Lx.

2. The graph G(L) = {(x, Lx) : x ∈ D(L)} is closed in X ×X.

3. (D(L), ‖ · ‖D(L)) is a Banach space for the graph norm

‖x‖D(L) := ‖x‖X + ‖Lx‖X , x ∈ D(L).

Definition 17. Any subspace D ⊂ D(L) dense in (D(L), ‖ · ‖D(L)) is called
core of L.

Definition 18. We call

ρ(L) := {λ ∈ C : (λ− L) : D(L)→ X is bijective}

the resolvent set and its complement, σ(L) := C \ ρ(L) the spectrum of L.
For λ ∈ ρ(L), the inverse

R(λ, L) := (λI − L)−1

is, by the closed graph theorem, a bounded operator on X and will be called
the resolvent (of L at the point λ). Each λ ∈ C such that λI − A is not
injective is called an eigenvalue, and each 0 6= x ∈ D(A) satisfying (λI −
A)x = 0 is an eigenvector of L (corresponding to λ).

It follows immediately from the definition that the identity

LR(λ, L) = λR(λ, L)− I

holds for every λ ∈ ρ(L). The next identity is the reason for many of the
nice properties of the resolvent set ρ(L) and the resolvent map

ρ(L) 3 λ 7→ R(λ, L) ∈ L(X).
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Proposition 13 (Resolvent Identity). For λ, µ ∈ ρ(L), one has

R(λ, L)−R(µ, L) = (µ− λ)R(λ, L)R(µ, L). (1.8)

Proof. The definition of the resolvent implies

[λR(λ, L)− LR(λ, L)]R(µ, L) = R(µ, L),

and
R(λ, L)[µR(µ, L)− LR(µ, L)] = R(λ, L).

If we subtract these equations and use the fact that R(λ, L) and R(µ, L)
commute, we get (1.8).

We say that a family of operators in L(X), (T (t))t≥0 is a semigroup if

1. T (0) = I,

2. T (t+ s) = T (t)T (s), ∀t, s ≥ 0.

A semigroup is called strongly continuous (or C0) if

T (·)x : [0,+∞)→ X

is continuous for all x ∈ X.

Definition 19. We say that the semigroup (T (t))t≥0 belongs to G(M,ω) if
and only if

‖T (t)‖L(X) ≤Meωt ∀t ≥ 0.

If M = 1 and ω = 0 we say that (T (t))t≥0 is a contraction semigroup.

Let (T (t))t≥0 a C0−semigroup onX. We define the infinitesimal generator
L of (T (t))t≥0 by setting

D(L) :=

{
x ∈ X : ∃ lim

t→0+

T (t)x− x
t

∈ X
}
,

and
Lx := lim

t→0+

T (t)x− x
t

.

Proposition 14. If L is the infinitesimal generator of a C0−semigroup,
(T (t))t≥0, then

• L is a closed linear operator;

• D(L) is dense in X;
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• if x ∈ D(L) then T (·)x is differentiable for all t ≥ 0 and we have

d

dt
T (t)x = LT (t)x = T (t)Lx, t ≥ 0;

• if (T (t))t≥0 belongs to G(M,ω) then

{λ ∈ C : Reλ > ω} ⊂ ρ(L),

and
‖R(λ, L)n‖L(X) ≤

M

(Reλ− ω)n
, ∀n ∈ N, ∀Reλ > ω.

Theorem 10 (Hille-Yosida). A linear operator L : D(L) ⊂ X → X is the
infinitesimal generator of a C0−semigroup, (T (t))t≥0 ∈ G(M,ω) if and only
if

1. D(L) = X

2. (ω,+∞) ⊂ ρ(L) and

‖R(λ, L)n‖L(X) ≤
M

(λ− ω)n
, ∀n ∈ N, ∀λ > ω.

Now we want to solve a differential equation. More precisely, we look at
abstract (i.e., Banach-space-valued) linear initial value problems of the form{

u′(t) = Lu(t), t > 0

u(0) = x
(1.9)

where the independent variable t represents time, u(·) is a function with
values in a Banach space X, L : D(L) ⊂ X → X is a linear operator, and
x ∈ X is the initial value.

Definition 20. A function u : R+ → X is called a strict solution of (1.9) if
u is continuously differentiable, u(t) ∈ D(L) for all t ≥ 0, and (1.9) holds.

Proposition 15. Let (L,D(L)) be the generator of the strongly continuous
semigroup (T (t))t≥0. Then, for every x ∈ D(L), the function

u :[0,+∞)→ D(L)

t 7→ u(t) := T (t)x

is the unique strict solution of (1.9).
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1.5.1 Sectorial operators and analytic semigroups

Now we introduce a class of semigroups enjoying a rather strong regularity
property.

Definition 21. A closed linear operator (L,D(L)) with dense domain D(L)
in a Banach space X is called sectorial if there exists M > 0, ω ∈ R and
θ ∈ (π/2, π) such that

1. Sθ,ω := {λ ∈ C : | arg λ− ω| < θ} ⊂ ρ(L);

2. ‖R(λ, L)‖L(X) ≤
M

|λ− ω|
, ∀λ ∈ Sθ,ω.

Let (L,D(L)) be a sectorial operator. We define T (0) := I and

T (t) :=
1

2πi

∫
Γr,η+ω

eλtR(λ, L)dλ, t ≥ 0, (1.10)

where r > 0, η ∈ (π/2, θ), and

Γr,η ={λ ∈ C : λ = seiη, s ≥ r} ∪ {λ ∈ C : λ = se−iη, s ≥ r}
∪ {λ ∈ C : λ = reiφ, |φ| ≤ η}.

Proposition 16. Let (L,D(L)) be a sectorial operator (with ω and θ as in
the previous definition). Then the maps T (t), defined in (1.10), satisfy the
following properties.

• T (t)x ∈ D(Lk) for all t > 0, x ∈ X and k ∈ N. Moreover if x ∈ D(Lk)
then LkT (t)x = T (t)Lkx.

• (T (t))t≥0 is a semigroup.

• For all k ∈ N ∪ {0} there exists Mk > 0 such that

‖(L− ωI)kT (t)‖L(X) ≤
Mk

tk
eωt, ∀t > 0

• the function t 7→ T (t) belongs to C∞((0,+∞);L(X)) and

dk

dtk
T (t) = LkT (t), ∀t > 0, ∀k ∈ N.
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• the function t 7→ T (t) admits an analytic extension in the sector

{z ∈ C : arg(z) < θ − π/2},

and
T (z) :=

1

2πi

∫
Γr,η+ω

eλzR(λ, L)dλ.

• L is the infinitesimal generator of (T (t))t≥0.

Definition 22. We say that (T (t))t≥0, defined in (1.10), is an analytic semi-
group.

Theorem 11. Let X = H be a Hilbert space. Let L : D(L) ⊂ H → H be a
linear operator such that

1. L is self-adjoint;

2. L is dissipative.

Then L is sectorial, σ(L) ⊂ (−∞, 0] and, for all θ ∈ (π/2, π), there exists
Mθ > 0 such that

‖R(λ, L)‖L(H) ≤
Mθ

|λ|
, ∀λ ∈ S0,θ.

Let L : D(L) ⊂ X → X be a sectorial operator. We consider the Cauchy
problem {

u′(t) = Lu(t), t ∈ (0, T ]

u(0) = x
(1.11)

Definition 23. For x ∈ X, we say that a function u ∈ C1((0, T ];X) ∩
C([0, T ];D(L))∩C([0, T ], X) is a classical solution of (1.11) in [0, T ] if u′(t) =
Lu(t) and u(0) = x.

Theorem 12. Let x ∈ X. A function u is a classical solution of (1.11) if
and only if

u(t) = T (t)x.

We recall the Lax-Milgram lemma.

Proposition 17 (Lax-Milgram). Let H be a Hilbert real space, and let a :
H × H → R be a continuous and coercive bilinear form, that is there exist
two constants C1, C2 > 0 such that

|a(u, v)| ≤ C1‖u‖H‖v‖H , ∀u, v ∈ H,
a(u, u) ≥ C2‖u‖2

H , ∀u ∈ H.
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Then for all linear continuous functional F : H → R there exists a unique
u ∈ H such that

a(u, v) = F (v), ∀v ∈ H,

and there exists a constant C > 0 such that

‖u‖H ≤ C‖F‖L(X;R).

By using the representation theorem of continuous linear functional, we have
that for every ϕ ∈ H there exists a unique u ∈ H such that

a(u, v) = 〈ϕ, v〉H , ∀v ∈ H,

moreover
‖u‖H ≤ C‖ϕ‖H .

1.6 Sobolev Spaces
In this section we introduce the notions of gradient and Sobolev spaces. First
we define the cylindrical functions, and we give two definitions of differentia-
bility. We recall that, for X and Y Banach spaces, L(X, Y ) is the set of all
linear continuous operator from X to Y . In particular L(X,R) = X∗ and we
put L(X) := L(X,X).

Definition 24. We denote by FCk
b (X), k ∈ N, the set of cylindrical bounded

k times differentiable function, that is

FCk
b (X) := {f : X → R : f(x) = ϕ(l1(x), . . . , ld(x)), li ∈ X∗, ϕ ∈ Ck

b (Rd)}.
(1.12)

Definition 25. Let X be a separable Banach space endowed with a centered
non-degenerate Gaussian measure γ, and let H be its Cameron-Martin space.

(i) We say that a function f : X → R is Fréchet differentiable at x ∈ X if
there exists A ∈ L(X,R) such that

f(x+ y)− f(x)− Ay = o(‖y‖), y → 0 in X. (1.13)

In this case, A is unique, and we set f ′(x) := A.

(ii) We say that a function f : X → R is H−Fréchet differentiable at x ∈ X
if there exists A0 ∈ L(H,R) such that

f(x+ h)− f(h)− A0h = o(|h|H), h→ 0 in H. (1.14)
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Most of the properties of differentiable functions can be proved as in the
case X = Rd. For instance, if f is Fréchet differentiable at x it is continuous
at x. Moreover, for all v ∈ X the directional derivatives

∂f

∂v
(x) := lim

t→0

f(x+ tv)− f(x)

t

exists and is equal to f ′(x)(v). If f ∈ FC1
b (X), then f is differentiable at

every x and

f ′(x)(v) =
d∑
i=1

∂ϕ

∂ξi
((l1(x), . . . , ld(x)))li(v), x, v ∈ X.

If f : X → R is H−differentiable at x, the operator A0 in the definition
is called H−derivative of f at x, and there exists a unique y ∈ H such that
A0(h) = 〈h, y〉H for every h ∈ H. We put

∇Hf(x) := y.

Proposition 18. If f : X → R is Fréchet differentiable at x ∈ X, then is
H−Fréchet differentiable at x, with H−derivative given by h 7→ f ′(x)(h) for
all h ∈ H. In particular, we have

∇Hf(x) = Rγf
′(x).

If f is H−differentiable at x, the directional derivative ∂f
∂v

(x) exists for
every v ∈ H, and

∂f

∂v
(x) = 〈∇Hf(x), v〉H

holds. Let {hn}n∈N be an orthonormal basis of H, we set

∂if(x) :=
∂f

∂hi
(x), i ∈ N.

Therefore we get

∇Hf(x) =
∞∑
n=1

∂if(x)hi

where the series converges in H.
Remark 6. Let X be a Hilbert space. In general gradient and H−gradient
do not coincide. Let f be differentiable function at x, if γ = N(0, Q), then
we have ∇Hf(x) = Q∇f(x). Let {en}n∈N be an orthonormal basis of X such
that is Qen = λnen, then a canonical orthonormal basis of H is {hn}n∈N,
with hn =

√
λnen, and

∂nf(x) =
√
λn

∂f

∂en
(x)

holds for n ∈ N.
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1.6.1 Sobolev spaces of order 1

Let γ be a centered Gaussian measure on a separable Banach space X. First
we define integrals and Lp spaces of Y−valued functions where Y is a Hilbert
space. We refer to the books [13] for a detailed treatment. We set

Lp(X, γ;Y ) =

{
f : X → Y, measurable and such that

‖f‖pLp(X,γ;Y ) =

∫
X

‖f(x)‖pY γ(dx) <∞
}/

∼

where f ∼ g if and only if

γ(x ∈ X : f(x) 6= g(x)) = 0.

Now we show an integration formula for FC1
b functions.

Proposition 19. For any f ∈ FC1
b (X) and h ∈ H we have∫

X

∂f

∂h
(x)γ(dx) =

∫
X

f(x)ĥ(x)γ(dx). (1.15)

Moreover for any f, g ∈ FC1
b (X) and h ∈ H we have∫

X

∂f

∂h
(x) g(x) γ(dx) = −

∫
X

f(x )
∂g

∂h
(x) γ(dx) +

∫
X

f(x) g(x) ĥ(x) γ(dx).

We recall the definition of a closable operator. Let E, F be Banach spaces
and let A : D(A) ⊂ E → F be a linear operator. A is called closable (in
E) if there exists a linear operator Ā : D(Ā) ⊂ E → F whose graph is the
closure of the graph of A in E × F . Equivalently, A is closable if for any
sequence {xn}n∈N ⊂ D(A) such that

lim
n→∞

xn = 0 in E, and lim
n→∞

Axn = 0 in F

it follows that z = 0. If A is closable, the domain of the closure A of Ā is
the set

D(Ā) =
{
x ∈ E : ∃{xn}n∈N ⊂ D(A), lim

n→∞
xn = x, Axn converges in F

}
and for x ∈ D(Ā) we have

Āx = lim
n→∞

Axn.
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Proposition 20. For every 1 ≤ p < ∞, the operator ∇H : FC1
b (X) →

Lp(X, γ;H) is closable in Lp(X, γ).

Definition 26. For each 1 ≤ p < ∞, we denote by W 1,p(X, γ) the domain
of the closure of ∇H : FC1

b (X) → Lp(X, γ;H) in Lp(X, γ), still denoted by
∇H . Hence f ∈ Lp(X, γ) belongs to W 1,p(X, γ) if and only if there exists a
sequence of functions {fn}n∈N ⊂ FC1

b (X) such that fn → f in Lp(X, γ) and
∇Hfn converges in Lp(X, γ;H). In this case we set ∇Hf = limn→∞∇Hfn.

The space W 1,p(X, γ) is complete with the graph norm

‖f‖W 1,p(X,γ) := ‖f‖Lp(X,γ) + ‖∇Hf‖Lp(X,γ;H)

=

(∫
X

|f |pdγ
)1/p

+

(∫
X

|∇Hf |pHdγ
)1/p

.

W 1,2(X, γ) is a Hilbert space with the inner product

〈f, g〉W 1,2(X,γ) :=

∫
X

f g dγ +

∫
X

〈∇Hf,∇Hg〉H dγ,

which gives an equivalent norm.
For any orthonormal basis {hn}n∈N of H and any f ∈ W 1,p(X, γ) we have

∂nf(x) = 〈∇Hf(x), hn〉H , n ∈ N.

In general, for h ∈ H we have

∂hf(x) = 〈∇Hf(x), h〉H .

Therefore∫
X

|∇Hf |pH =

∫
X

(
∞∑
n=1

〈∇Hf, hn〉2
)p/2

dγ =

∫
X

(
∞∑
n=1

(∂nf)2

)p/2

dγ.

We give some properties of the spaces W 1,p(X, γ).

Proposition 21. Let 1 < p <∞. Then

1. the integration formula (1.15) holds for every f ∈ W 1,p(X, γ) and h ∈
H;

2. if f ∈ W 1,p(X, γ) and g ∈ W 1,q(X, γ) with 1
p

+ 1
q

= 1
s
≤ 1, then

fg ∈ W 1,s(X, γ) and

∇H(fg) = ∇Hf g + f ∇Hg;
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3. the space W 1,p(X, γ) is reflexive;

4. if fn → f in Lp(X, γ) and supn∈N ‖f‖W 1,p(X,γ) <∞ then f ∈ W 1,p(X, γ).

Remark 7. Let X be a Hilbert space and let γ = N(0, Q) with Q positive
definite. For every f ∈ FC1

b (X) we have ∇Hf(x) = Qf ′(x), then

|∇Hf(x)|2H = 〈Q−1/2Qf ′(x), Q−1/2Qf ′(x)〉X = ‖Q1/2f ′(x)‖2
X ,

and

‖f‖W 1,p(X,γ) = ‖f‖Lp(X,γ) +

(∫
X

‖Q1/2f ′(x)‖2
X γ(dx)

)1/p

.

Let us fix any orthonormal basis {en}n∈N of X consisting of eigenvectors of
Q, Qen = λnen. Then a canonical basis of H is {hn}n∈N with hn =

√
λnen,

hence
∂if(x) =

√
λn

∂f

∂en
,

and

‖f‖W 1,p(X,γ) = ‖f‖Lp(X,γ) +

∫
X

(
∞∑
n=1

λn

(
∂f

∂en
(x)

)2
)p/2

γ(dx)

1/p

.

1.6.2 Sobolev spaces of order 2

First we recall some basic definition and properties of Hilbert-Schmidt oper-
ators. We refer to the book [3, A.2] for a detailed treatment. Hereafter X is
a separable Banach space endowed with a non-degenerate centered Gaussian
measure and H is the Cameron-Martin space associated to γ.

Definition 27. We say that A ∈ L(H) is a Hilbert-Schmidt operator if there
exists an orthonormal basis {hn}n∈N of H such that

∞∑
n=1

|Ahn|2H <∞. (1.16)

Proposition 22. If the series in (1.16) converges for some orthonormal basis
of H, then it also converges for every orthonormal basis H and its sum does
not depend on the chosen basis.
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We denote by H = H(H) the class of all Hilbert-Schmidt operators from
H to H. Moreover, for A ∈ H we put

‖A‖2
H =

∞∑
n=1

|Ahn|2H =
∞∑
n=1

∥∥∥∥∥
∞∑
i=1

〈A(hn), hi〉H hi

∥∥∥∥∥
2

H

=
∞∑

n,i=1

(〈A(hn), hi〉H)2

Remark 8. If X = Rd, then A is associated to the matrix aij = 〈A(ξj), ξi〉Rd ,
ξ ∈ Rd and

‖A‖2
H(Rd) =

∞∑
i,j=1

(aij)
2

Let h ∈ H. Then we have

‖A(h)‖2
H =

∥∥∥∥∥
∞∑
n=1

A(〈h, hn〉H hn)

∥∥∥∥∥
2

H

=

∥∥∥∥∥
∞∑
n=1

〈h, hn〉H A(hn)

∥∥∥∥∥
2

H

≤

(
∞∑
n=1

〈h, hn〉H‖A(hn)‖H

)2

≤
∞∑
n=1

〈h, hn〉2H ·
∞∑
n=1

‖A(hn)‖2
H

= ‖h‖2
H · ‖A‖H.

Therefore
‖A(h)‖2

H ≤ ‖h‖2
H · ‖A‖H

for all h ∈ H.

Remark 9. 1. It is obvious that the identity on H is not a Hilbert-Schmidt
operator.

2. If w, v ∈ Hn, v = (v1, . . . , vn) and w = (w1, . . . , wn), then the operator
defined by

A(h) :=
n∑
i=1

〈wi, h〉vi

belongs to H, and
‖A‖H ≤ ‖v‖Hn‖w‖Hn .

3. H is a Hilbert space equipped with the inner product

〈A1, A2〉H =
∞∑
n=1

〈A1(hn), A2(hn)〉H .
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Let f : X → R be Fréchet differentiable in a neighborhood of x. We
suppose that the function

X → X∗

y 7→ f ′(y)

is Fréchet differentiable at x. Then there exist L ∈ L(X,X∗) such that:

‖f ′(x+ v)− f ′(x)− Lv‖X∗ = o(‖v‖X ), as v → 0 .

In this case we say that f is twice Fréchet differentiable at x and we put

f ′′(x) := L.

Let f : X → R be H−differentiable at each point of X. We say that f is
twice H−differentiable at x if there exists LH ∈ L(H) such that

‖∇Hf(x+ h)−∇Hf(x)− LHh‖H = o(|h|H ), as h → 0 .

If f is twice Fréchet differentiable at x, then it is twice H−differentiable
at x and

∇Hf(x) = Rγf
′(x), LH = RγL.

Let f ∈ FC2
b (X). Then f(x) = ϕ(l1(x), . . . , ld(x)), li ∈ X∗ for i =

1, . . . , d, and ϕ ∈ C2
b (Rd). Therefore f is twice Fréchet differentiable at any

point x, and

L(v)(w) =
d∑

i,j=1

∂2ϕ

∂ξi∂ξj
(l1(x), . . . , ld(x)) li(v) lj(w)

holds for every v, w ∈ X.
Moreover, for all h, k ∈ H, we have

〈LH(h), k〉H =
d∑

i,j=1

∂2ϕ

∂ξi∂ξj
(l1(x), . . . , ld(x))〈Rγli, h〉H〈Rγlj, k〉H

Now we show that LH is an Hilbert-Schmidt operator. Let {hn}h∈N be
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an orthonormal basis of H. Then

∞∑
l,k=1

〈LH(hl), hk〉2H =
∞∑

l,k=1

[
d∑

i,j=1

∂2ϕ

∂ξi∂ξj
(l1(x), . . . , ld(x))〈Rγli, hl〉H〈Rγlj, hk〉H

]2

≤
∞∑

l,k=1

[
d∑

i,j=1

(
∂2ϕ

∂ξi∂ξj
(l1(x), . . . , ld(x))

)2

·
d∑
i=1

〈Rγli, hl〉2H ·
d∑
j=1

〈Rγlj, hk〉2H

]

= ‖D2ϕ(l1(x), . . . , ld(x))‖H(Rd) ·
∞∑
l=1

d∑
i=1

〈Rγli, hl〉2H ·
∞∑
k=1

d∑
j=1

〈Rγlj, hk〉2H

= ‖D2ϕ(l1(x), . . . , ld(x))‖H(Rd) ·
d∑
i=1

|Rγli|2H ·
d∑
j=1

|Rγlj|2H <∞.

Proposition 23. For every 1 ≤ p <∞, the operator (∇H , LH) : FC2
b (X)→

Lp(X, γ;H)× Lp(X, γ;H) is closable in Lp(X, γ).

Definition 28. For each 1 ≤ p <∞, we denote byW 2,p(X, γ) the domain of
the closure of (∇H , LH) in Lp(X, γ), and we denote the closure of (∇H , LH)
by (∇H , D

2
H).

W 2,p(X, γ) is a Banach space with the graph norm

‖f‖pW 2,p(X,γ) =

∫
X

[
|f(x)|p + |∇Hf(x)|pH + ‖D2

Hf(x)‖pH
]
γ(dx)

W 2,2(X, γ) is a Hilbert space with the inner product

〈f, g〉W 2,2(X,γ) :=

∫
X

f g dγ +

∫
X

〈∇Hf,∇Hg〉H dγ +

∫
X

〈D2
Hf,D

2
Hg〉H dγ,

which gives an equivalent norm.
For any orthonormal basis {hn}n∈N of H and any f ∈ W 2,p(X, γ) we have

∂2f

∂hl∂hk
(x) = 〈D2

Hf(x)hl, hk〉H .

Remark 10. Let X be a Hilbert space and let γ = N(0, Q) with Q positive
definite. As in Remark 7, we fix an orthonormal basis {en}n∈N ofX consisting
of eigenvectors of Q, Qen = λnen, and {hn}n∈N with hn =

√
λnen is a basis

of H. Then for all f ∈ FC2
b (X) we have

‖D2
Hf(x)‖2

H =
∞∑

l,k=1

(
∂2f

∂hl∂hk
(x)

)2

=
∞∑

l,k=1

λl λk

(
∂2f

∂el∂ek
(x)

)2

.
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Therefore

‖f‖W 2,p(X,γ) = ‖f‖W 1,p(X,γ) +

∫
X

(
∞∑

l,k=1

λl λk

(
∂2f

∂el∂ek
(x)

)2
)p/2

γ(dx)

1/p

.

1.6.3 Sobolev space on convex set and traces

Let γ be a non-degenerate centered Gaussian measure on a separable Banach
space X, and let H be the Cameron-Martin space related to γ. Let Ω be an
open convex set of X, with γ(Ω) > 0. In this section we fix any orthonormal
basis {hn}n∈N of H. First we define the Sobolev space on Ω, then, under
some assumption of regularity of Ω, we introduce the trace operator. We
refer to [7] for a detailed treatment and proofs.

Since Ω is convex, we fix any x0 ∈ Ω and we define the Minkowski function

m(x) := inf {λ ≥ 0 : x− x0 ∈ λ(Ω− x0)}

which is Lipschitz continuous. Then Ω = {x ∈ X : g(x) < 0}, where

g(x) := m(x)− 1 (1.17)

belongs W 1,p(X, γ) for every p > 1. In particular, since g is continuous, we
have ∂Ω = g−1(0).

Let FCk
b (X)|Ω be the set of the restrictions to Ω of the elements of

FCk
b (X).

Proposition 24. For every p > 1, the operator∇H : FC1
b (X)|Ω → Lp(Ω, γ;H)

is closable in Lp(Ω, γ). Moreover the operator

(∇H , D
2
H) : FC2

b (X)|Ω → Lp(Ω, γ;H)× Lp(Ω, γ;H)

ϕ 7→ (∇Hϕ|Ω, D
2
Hϕ|Ω)

is closable in Lp(Ω, γ). The closure is still denoted by (∇H , D
2
H).

Proof. Let {ϕk}k∈N ⊂ FC1
b (X) be such that ϕk |Ω → 0 in Lp(Ω, γ) and

∇Hϕk |Ω → F in Lp(Ω, γ;H), k →∞. We claim that∫
Ω

〈F, hi〉Hψ dγ = 0

for all ψ ∈ Lp′(Ω, γ) and i ∈ N. We remark that the restrictions to Ω of the
elements of FC1

b (X) are dense in Lp′(Ω, γ) (this is a consequence Corollary
2). Then it is sufficient to prove that∫

Ω

〈F, hi〉Hψ dγ = 0, ∀ψ ∈ FC1
b (X). (1.18)
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Let ψ ∈ FC1
b (X). Let θ ∈ C∞c (R) be such that θ(r) = 0 for r ≥ −1, θ(r) = 1

for r ≤ −2, and we set

θn(r) := θ(nr), ψn(x) = ψ(x)θn(g(x)), n ∈ N, x ∈ X.

By dominated convergence the sequence {ψn|Ω}n∈N goes to ψ|Ω in Lp′(Ω, γ)
as n→∞. Then ∫

Ω

〈F, hi〉Hψ dγ = lim
n→∞

∫
Ω

〈F, hi〉Hψn dγ.

We remark that ψn vanishes in g−1([−1/n,+∞]) and

∇Hψn = ∇Hψ θn ◦ g + ψθ′n ◦ g ∇Hg,

then ψ ∈ W 1,r(X, γ) for all r > 1. Therefore ϕkψn ∈ W 1,r(X, γ) for all r > 1,
and k ∈ N. By applying the integration by parts formula (1.15) we have∫

Ω

∂i(ϕkψn)dγ =

∫
Ω

ĥi ϕk ψn dγ,

then ∫
Ω

ψn ∂iϕk dγ = −
∫

Ω

∂iψn ϕk dγ +

∫
Ω

ĥi ϕk ψn dγ. (1.19)

We recall that

lim
k→∞

∫
Ω

∂iψn ϕk dγ = 0, lim
k→∞

∫
Ω

ĥi ϕk ψn dγ = 0,

and
lim
k→∞

∫
Ω

ψn ∂iϕk dγ =

∫
Ω

ψn〈F, hi〉Hdγ.

Then
∫

Ω
ψn〈F, hi〉Hdγ = 0 for all n ∈ N and (1.18) holds.

Now let {ϕk}k∈N ⊂ FC2
b (X) be such that ϕk |Ω → 0 in Lp(Ω, γ),∇Hϕk |Ω →

F in Lp(Ω, γ;H), and D2
Hϕk |Ω → Φ in Lp(Ω, γ;H) as k → ∞. By the first

part of the proof, F = 0; we apply formula (1.19) to ∂jϕk instead of ϕk and
we get ∫

Ω

ψn ∂ijϕk dγ = −
∫

Ω

∂jψn ∂iϕk dγ +

∫
Ω

ĥi ∂jϕk ψn dγ.

We remark that

lim
k→∞

∫
Ω

ψn ∂ijϕk dγ =

∫
Ω

ψn 〈Φhi, hj〉H dγ,
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and
lim
k→∞

∫
Ω

∂jψn ∂iϕk dγ = 0, lim
k→∞

∫
Ω

ĥi ∂jϕk ψn dγ = 0.

Then
∫

Ω
ψn 〈Φhi, hj〉H dγ = 0 for all n ∈ N, and for every ψ ∈ FC1

b (X) we
have ∫

Ω

ψ 〈Φhi, hj〉H dγ = lim
n→∞

∫
Ω

ψn 〈Φhi, hj〉H dγ = 0,

which implies that Φ = 0.

Definition 29. For 1 < p <∞, we denote by W 1,p(Ω, γ) the domain of the
closure of ∇H : FC1

b (X)|Ω → Lp(Ω, γ;H) in Lp(Ω, γ), still denoted by ∇H .
Similarly, we denote by W 2,p(Ω, γ) the domain of the closure of (∇H , D

2
H) in

Lp(Ω, γ), still denoted by (∇H , D
2
H).

We remark that W 1,p(Ω, γ) and W 2,p(Ω, γ) are Banach spaces with their
graphs norm respectively:

‖f‖pW 1,p(Ω,γ) := ‖f‖pLp(Ω,γ) +

∫
Ω

|∇Hf(x)|pHγ(dx),

‖f‖pW 2,p(Ω,γ) := ‖f‖pW 1,p(Ω,γ) +

∫
Ω

‖D2
Hf(x)‖pHγ(dx).

Moreover
∂nf(x) := 〈∇Hf(x), hn〉H ,

and
∂2
nmf(x) := 〈D2

Hf(x)hn, hm〉H .

Finally, for p = 2, W 1,2(Ω, γ) and W 2,2(Ω, γ) are Hilbert spaces with the
inner products:

〈f, g〉W 1,2(Ω,γ) :=

∫
Ω

f g dγ +

∫
Ω

〈∇Hf,∇Hg〉H dγ,

〈f, g〉W 2,2(Ω,γ) :=

∫
Ω

f g dγ +

∫
Ω

〈∇Hf,∇Hg〉H dγ +

∫
Ω

〈D2
Hf,D

2
Hg〉H dγ.

Our leading assumptions will be the following.

Assumption 1. We suppose that there exists a continuous and convex func-
tion g : X → R, such that

• Ω = g−1((−∞, 0));

• g ∈ W 2,p(X, γ) for all p > 1;
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• there exists δ > 0 such that
1

|∇Hg|H
∈ Lp(g−1(−δ, δ), γ) for all p > 1.

These conditions allow the definition of traces of Sobolev functions at
g−1(0). Now we show some properties that are proved in [7]. We recall that
Lip(X) is the space of Lipschitz functions.

Proposition 25. For each p > 1 and ϕ ∈ W 1,p(Ω, γ) there exists ψ ∈
∩q<pLq(∂Ω, ρ) with the following property: for every {ϕn}n∈N ⊂ FC1

b (X)
such that {ϕn|Ω}n∈N converges to ϕ in ∈ W 1,p(Ω, γ), then {ϕn|∂Ω}n∈N con-
verges to ψ in Lq(∂Ω, ρ), for every q < p. Here ρ is the the Hausdorff-Gauss
surface measure on ∂Ω studied in [17].

Definition 30. For any ϕ ∈ W 1,p(Ω, γ), p > 1, we define the trace Trϕ of
ϕ at ∂Ω as the function ψ given by Proposition 25.

In [7] was proved that the trace operator is bounded from W 1,p(Ω, γ) to
Lq(∂Ω, ρ) for all q ∈ [1, p).

Theorem 13. Let p > 1. For each ϕ ∈ W 1,p(Ω, γ), and n ∈ N we have∫
Ω

∂nϕdγ =

∫
Ω

ĥnϕdγ +

∫
∂Ω

∂ng

|∇Hg|H
Trϕdρ.

Now we show a version of the integration by parts formula.

Proposition 26. Let ϕ ∈ W 1,p(Ω, γ) and ψ ∈ W 1,q(Ω, γ) with pq/(p+q) > 1.
Then for k ∈ N∫

Ω

∂kϕ ψ dγ = −
∫

Ω

ϕ∂kψ dγ +

∫
Ω

ϕψ ĥkdγ +

∫
∂Ω

TrϕTrψ
∂kg

|∇Hg|H
dρ.

The following proposition describes the kernel of the trace operator.

Proposition 27. For every p > 1 the kernel of the trace operator inW 1,p(Ω, γ)
consist of the elements ϕ ∈ W 1,p(Ω, γ) whose null extension ϕ0 to the whole
X belongs to W 1,p(X, γ).

1.7 Construction of Ornstein-Uhlenbeck oper-
ator

In this section we describe the construction of the Ornstein-Uhlenbeck opera-
tor. Let Ω ⊂ X be an open convex set, and let γ be a centered non-degenerate
Gaussian measure on X.
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First we recall the integration by parts formula. Let ϕ ∈ W 1,2(Ω, γ) and
ψ ∈ FC1

b (X). Then∫
Ω

∂kϕ ψ dγ = −
∫

Ω

ϕ∂kψ dγ+

∫
Ω

ϕψ ĥkdγ+

∫
∂Ω

TrϕTrψ
∂kg

|∇Hg|H
dρ, (1.20)

where in the last integral ρ is the surface measure associated to the Gaussian
measure and Trϕ, Trψ = ψ|∂Ω are the traces of the function ϕ, ψ (see Section
1.6.3).

The quadratic form

EΩ,γ(u, v) :=

∫
Ω

〈∇Hu,∇Hv〉Hγ(dx) with u, v ∈ W 1,2(Ω, γ), (1.21)

is used to define the Ornstein-Uhlenbeck operator LΩ : D(LΩ) ⊂ L2(Ω, γ)→
L2(Ω, γ) by setting

D(LΩ) :=
{
u ∈ W 1,2(Ω, γ) : ∃f ∈ L2(Ω, γ) s.t.

EΩ,γ(u, v) = −
∫

Ω

fvdγ, ∀v ∈ W 1,2(Ω, γ)

}
(1.22)

and LΩu = f .
The proof of the following properties can be found in [21].

Proposition 28. The operator (LΩ, D(LΩ)) satisfies the following properties:

1. it is self-adjoint in L2(Ω, γ);

2. it is dissipative (that is 〈LΩu, u〉L2(Ω,γ) ≤ 0 for every u ∈ D(LΩ)).

Proposition 28 implies that LΩ is the infinitesimal generator of an analytic
contraction semigroup (TΩ(t))t≥0 in L2(Ω, γ). We also recall that, since TΩ(t)
is an analytic semigroup, then TΩ(t)f ∈ D(LΩ) for every t > 0, f ∈ L2(Ω, γ),
moreover

∂

∂t
TΩ(t)(f) = LΩTΩ(t)(f) ∀f ∈ L2(Ω, γ). (1.23)

The following lemma holds also for more general linear operators in spaces
Lp space.

Lemma 3. The following conditions are equivalent:

1.
∫

Ω

TΩ(t)f(x) γ(dx) =

∫
Ω

f(x) γ(dx) for all f ∈ L2(Ω, γ);

2.
∫

Ω

LΩu(x) γ(dx) = 0 for all u ∈ D(LΩ).
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Proof. We show the implications separately.

1.⇒ 2. For u ∈ D(LΩ) we have

LΩu = lim
t→0+

TΩ(t)u− u
t

,

where the limit is in L2(Ω, γ). Then

TΩ(t)u− u
t

− LΩu =
1

t

∫ t

0

(TΩ(s)LΩu− LΩu) ds.

Integrating over Ω, we get∫
Ω

(
TΩ(t)u− u

t
− LΩu

)
dγ = −

∫
Ω

LΩu dγ,

and∫
Ω

(
1

t

∫ t

0

(TΩ(s)LΩu− LΩu) ds

)
dγ =

1

t

∫ t

0

∫
Ω

(TΩ(s)LΩu−LΩu) dγ ds = 0

by hypothesis.

2.⇒ 1. First we take f ∈ D(LΩ). Then

d

dt

∫
Ω

TΩ(t)f dγ =

∫
Ω

LΩTΩ(t)f dγ = 0,

for all t ≥ 0. Therefore, the function t 7→
∫

Ω
TΩ(t)f dγ is constant,

that is ∫
Ω

TΩ(t)f dγ =

∫
Ω

TΩ(0)f dγ =

∫
Ω

f dγ.

Now, by using the density of D(LΩ) in L2(Ω, γ), we get our claim.

Proposition 29. The measure γ is invariant for the semigroup (TΩ(t))t≥0,
that is ∫

Ω

TΩ(t)f(x) γ(dx) =

∫
Ω

f(x) γ(dx), ∀f ∈ L2(Ω, γ).

Proof. For all u ∈ D(LΩ), by construction of LΩ,we have∫
Ω

LΩu dγ =

∫
Ω

LΩu · 1 dγ = −
∫

Ω

〈∇Hu,∇H1〉H dγ = 0.

By applying Lemma 3 we obtain our claim.

47



Remark 11. We recall that D((I − LΩ)1/2) is the completion of D(LΩ) with
respect to the norm (∫

Ω

(I − LΩ)uu dγ

)1/2

. (1.24)

We remark that∫
Ω

(I − LΩ)uu dγ =

∫
Ω

(|u|2 − LΩuu d)γ =

∫
Ω

(|u|2 + 〈∇Hu,∇Hu〉H )dγ

=

∫
Ω

(|u|2 + |∇Hu|2H )dγ.

Then (1.24) is an equivalent norm of W 1,2(Ω, γ).
Since W 1,2(Ω, γ) = D((I −LΩ)1/2), the restriction of TΩ(t) to W 1,2(Ω, γ)

is an analytic semigroup, and D(LΩ) is also dense in W 1,2(Ω, γ).

Now we consider the differential equation (1)

λu− LΩu = f

where λ > 0 and f ∈ L2(Ω, γ) are given.

Definition 31 (Weak solution). The function u ∈ W 1,2(Ω, γ) is a weak
solution of (1) if∫

Ω

λuϕ dγ +

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ ∀ϕ ∈ FC1
b (X) (1.25)

or equivalently, (1.25) holds for all ϕ ∈ W 1,2(Ω, γ).

By applying Proposition 17, with

a(u, v) := λ

∫
Ω

u v dγ +

∫
Ω

〈∇Hu,∇Hv〉H dγ

we have that there exists a unique weak solution of (1).

1.7.1 Ornstein-Uhlenbeck operators in finite dimension

Now we recall some properties of Ornstein-Uhlenbeck operators in finite di-
mension. Let O be a smooth convex set of Rn and let µ be the standard
Gaussian measure in Rn. Let LO be the Ornstein-Uhlenbeck operator asso-
ciated to the quadratic form

EO,µ(u, v) :=

∫
O
〈∇u,∇v〉dµ for u, v ∈ W 1,2(O, µ),
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since in this case we have ∇H = ∇.
It is known, see [8], that

D(LO) =

{
f ∈ W 2,2(O, µ) : 〈x,∇f〉 ∈ L2(O, µ) and

∂f

∂ν
= 0

}
(1.26)

where ν(x) is the exterior normal vector to ∂O at x. Moreover

LOf(x) = ∆f(x)− 〈x,∇f(x)〉 for every f ∈ D(LO). (1.27)

We recall the finite dimensional logarithmic Sobolev inequality∫
O
f 2 log(f 2)dµ ≤

∫
O
|∇Hf |2Hdµ+ ‖f‖2

L2(O,µ) log(‖f‖2
L2(O,µ)), (1.28)

that holds for each f ∈ W 1,2(O, µ), see [8].

1.8 Cylindrical approximations
In this section we present an important tool that will be used several times
in the following. Let Ω ⊂ X an open convex set. First we recall Proposition
A.5 in [20].

Proposition 30. Let Ω ⊂ X be an open convex set. Then there exists
a sequence of open convex cylindrical sets Ωn ⊃ Ωn+1 ⊃ Ω with smooth
boundaries, such that

lim
n→∞

γ(Ωn \ Ω) = 0.

In [20], for each n ∈ N, the sets Ωn are given by

Ωn = π−1
n (On)

where On is an open smooth convex subset of a finite dimensional subspace
Fn ⊂ H, of dimension j = j(n), moreover Fn ⊂ Fn+1 for all n ∈ N. Let
{hi}i∈N be an orthonormal basis of the Cameron-Martin space H, , hn =

Rγĥn with ĥn ∈ X∗, such that

Fn = span{h1, . . . , hj(n)}.

Finally πn : X → Fn is the finite dimensional projection defined as

πn(x) =

j(n)∑
i=1

ĥi(x)hi.
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Moreover Ωn+1 ⊂ Ωn, ∂On is smooth, Ω ⊂ Ωn and we have

Ω =
⋂
n∈N

Ωn, γ(∂Ω) = γ(∂Ωn) = 0, and γ

(⋂
n∈N

Ωn\Ω

)
= 0.

Remark 12. If x ∈ H then ĥi(x) = 〈x, hi〉H and πn(x) is a orthogonal projec-
tion of X on span{h1, . . . , hj(n)}. Since ĥi ∈ X∗ for all i ∈ N, we have that
πn : X → X is a linear bounded operator moreover πn(πn(x)) = πn(x).

A proof of the following two results can be found in [3].

Lemma 4. Let X be a separable Banach space. Then

lim
n→∞

πn(x) = x a.e. x ∈ X.

Now we show a useful approximation property.

Proposition 31. Let f ∈ Lp(X, γ) (respectively, W 1,p(X, γ)) then fn → f
in Lp(X, γ), (W 1,p(X, γ)), where

fn(x) :=

∫
X

f (πnx+ (I − πn)y) dγ(y), x ∈ X.

Moreover, fn is a cylindrical function for all n ∈ N.

Corollary 2. The space FCk
b (X) is dense in Lp(X, γ) with respect to the

norm ‖ · ‖Lp(X,γ).

Proof. Let f ∈ Lp(X, γ). We fix ε > 0, then, by Proposition 31, there exists
a cylindrical function fε, such that ‖f − fε‖Lp(X,γ) < ε/2. Thank to the
results of Section 1.9, we have fε = f̃ ◦ πn, where f̃ ∈ Lp(Rn, γn). Therefore,
there exists g ∈ Ck

b (Rn) such that ‖f̃n−g‖Lp(Rn,γn) < ε/2. We set ϕ := g◦πn,
then

‖f − ϕ‖Lp(X,γ) ≤ ‖f − fε‖Lp(X,γ) + ‖fε − ϕ‖Lp(X,γ)

≤ ε

2
+ ‖f̃ − g‖Lp(Rn,γn) < ε.

Let L(n) : D(L(n))→ L2(Ωn, γ) be the self-adjoint operator associated to
the quadratic form (1.21) with Ω = Ωn, and D(L(n)) is defined by (1.22) with
Ω = Ωn. Let (T (n)(t))t≥0 be the semigroup generated by L(n) in L2(Ωn, γ).

We recall Proposition 3.3 proved in [20]:
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Proposition 32. For any f ∈ L2(X, γ) and any λ ∈ C\(−∞, 0],

lim
n→∞

(
R(λ, L(n))(f|Ωn)

)
= R(λ, LΩ)(f|Ω) in W 1,2(Ω, γ),

and
(T (n)(t)u|Ωn)|Ω → TΩ(t)u|Ω in W 1,2(Ω, γ)

for any u ∈ L2(X, γ) and t > 0.

Remark 13. We identify Fn with Rj(n) by using function

i(hk) = ek = (0, . . . , 1︸︷︷︸
k-th position

, . . . , 0),

linearly extended to the whole space, that is

i

j(n)∑
k=1

ξkhk

 = (ξ1, . . . , ξj(n)).

Then the image measure γ ◦ π−1
n on Rj(n) is the standard Gaussian measure

γj(n).

1.9 Factorization of the Gaussian measure
Let γ be a centered non-degenerate Gaussian measure. We study the decom-
position of γ as the product of two Gaussian measures on subspaces. We
fix an orthonormal basis {ĥn}n∈N. By Lemma 2, we may assume that each
ĥn belongs to X∗. We recall that the set {hn}n∈N, with hn = Rγĥn, is an
orthonormal basis of H.

Let G ⊂ Rγ(X
∗) be an q−dimensional subspace and let us denote by πG

the projection given by

πG(x) :=

q∑
n=1

ĥn(x)hn, x ∈ X. (1.29)

For f ∈ X∗, we use the notation π∗Gf = f ◦ πG.
We define γG = γ ◦π−1

G and we remark that γG(G) = 1 since π−1
G (G) = X.

For f ∈ X∗, we have

γ̂G(f) =

∫
X

exp{if(πG(x))}γ(dx) =

∫
X

exp{iπ∗Gf(x)}γ(dx)

= exp

{
−1

2
Bγ(π

∗
Gf, π

∗
Gf)

}
.
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By Theorem 5, it follow that γG is a centered Gaussian measure, with

BγG(f1, f2) = Bγ(π
∗
Gf1, π

∗
Gf2) =

∫
X

π∗Gf1(x)π∗Gf2(x)γ(dx)

=

∫
X

f1(πG(x))f2(πG(x))γ(dx) =

∫
G

f1(ξ)f2(ξ)γG(dξ)

= 〈f1, f2〉L2(G,γG),

for all f1, f2 ∈ X∗.
Similarly we define the measure γG̃ = γ ◦ (I − πG)−1 and we set G̃ :=

(I − πG)−1(X). Then γG̃(G̃) = 1, and γG̃ is again a centered Gaussian
measure with

Bγ
G̃

(f1, f2) = Bγ((I − πG)∗f1, (I − πG)∗f2)

=

∫
X

(I − πG)∗f1(x)(I − πG)∗f2(x)γ(dx)

=

∫
X

f1((I − πG)(x))f2((I − πG)(x))γ(dx)

=

∫
G̃

f1(y)f2(y)γG̃(dy)

= 〈f1, f2〉L2(G̃,γ
G̃

),

for all f1, f2 ∈ X∗. Then the Cameron-Martin spaces of γG is equal to G,
while the Cameron-Martin spaces of is G̃. Moreover G̃ is the orthogonal
complement of G in H.

Lemma 5. For any f ∈ X∗, we have

πG(Rγ(f)) = Rγ(π
∗
G(f)), (I − πG)(Rγ(f)) = Rγ((I − πG)∗(f)).

As a consequence

|Rγ(f)|2H = ‖π∗G(f)‖2
L2(G,γG) + ‖(I − πG)∗(f)‖2

L2(G̃,γ
G̃

)
.

Proof. We recall that G =span{h1, . . . , hq}. By (1.29) and Remark 2, for all
g ∈ X∗ we have

g(πG(Rγ(f))) =

q∑
n=1

ĥ(Rγ(f))g(hn) =

q∑
n=1

〈f, ĥn〉L2(X,γ) g(hn).

Moreover

π∗G(f)(x) = f(πG(x)) =

q∑
n=1

ĥ(x)f(hn) =

q∑
n=1

ĥn(x)〈f, ĥn〉L2(X,γ).
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Therefore for any g ∈ X∗, we have

g(Rγ(π
∗
G(f)) = g

(
Rγ

(
q∑

n=1

〈f, ĥn〉L2(X,γ) ĥn

))

= g

(
q∑

n=1

〈f, ĥn〉L2(X,γ) hn

)
=

q∑
n=1

〈f, ĥn〉L2(X,γ) g(hn),

and then πG(Rγ(f)) = Rγ(π
∗
G(f)). Furthermore

(I − πG)(Rγ(f)) = Rγ(f)− πG(Rγ(f))

= Rγ(f)−Rγ(π
∗
G(f)) = Rγ((I − πG)∗(f)).

We recall that H = G⊕ G̃, then for f ∈ X∗ we have

|Rγ(f)|2H = |πG(Rγ(f))|2H + |I − πG)(Rγ(f))|2H
= ‖π∗G(f)‖2

L2(G,γG) + ‖(I − πG)∗(f)‖2
L2(G̃,γ

G̃
)

Now we give the main result of this section.

Theorem 14. The equality γG ⊗ γG̃ = γ holds.

Proof. We recall that X = G⊕ G̃. For any f ∈ X∗ we have

̂γG ⊗ γG̃(f) =

∫
G×G̃

exp{if(ξ + y)}γG ⊗ γG̃(d(ξ, y))

=

∫
G

exp{if(ξ)}γG(dξ) ·
∫
G̃

exp{if(y)}γG̃(dy)

= exp

{
−1

2

(
BγG(f, f) +Bγ

G̃
(f, f)

)}
.

Moreover we have

BγG(f, f)+Bγ
G̃

(f, f) =

∫
G

f(ξ)2γG(dξ) +

∫
G̃

f(y)2γG̃(dy)

=

∫
X

(
f(πG(x))2 + f((I − πG)(x))2

)
γ(dx)

=

∫
X

(
f(πG(x))2 + (f(x)− f(πG(x))2)2

)
γ(dx)

=

∫
X

(
f(πG(x))2 + f(x)2 − 2f(x)f(πG(x)) + f(πG(x))2

)
γ(dx)

=

∫
X

f(x)2γ(dx)− 2

∫
X

f(πG(x)) (f(x)− f(πG(x))) γ(dx)

= Bγ(f, f),
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since∫
X

f(πG(x)) (f(x)− f(πG(x)))γ(dx) =

∫
X

f(πG(x))f((I − πG)(x))γ(dx)

=

∫
G

f(πG(x))f((I − πG)(x))γ(dx)

+

∫
G̃

f(πG(x))f((I − πG)(x))γ(dx) = 0

This prove that ̂γG ⊗ γG̃(f) = γ̂, and by Proposition 4 we get our claim.
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Chapter 2

The Ornstein-Uhlenbeck operator
and the Ornstein-Uhlenbeck
semigroup

In this chapter we study the Ornstein-Uhlenbeck operator and the Ornstein-
Uhlenbeck semigroup in an open convex subset Ω of an infinite dimensional
separable Banach spaceX. This is done by finite dimensional approximation.
In particular we prove Logarithmic-Sobolev and Poincaré inequalities, and
thanks to these inequalities we deduce the spectral properties of the Ornstein-
Uhlenbeck operator.

2.1 The Ornstein-Uhlenbeck semigroups
First we recall Theorem 1.3.3 and Theorem 1.4.1 proved in [11].

Theorem 15 (Beurling-Deny conditions). Let LΩ ≥ 0 be a self-adjoint op-
erator on L2(Ω, γ). Then the following are equivalent:

1. TΩ(t) may be extended to a contraction semigroup on L∞(Ω).

2. TΩ(t) may be extended to a contraction semigroup on Lp(Ω, γ) for all
1 ≤ p ≤ ∞.

3. Let f ∈ W 1,2(Ω, γ) and g ∈ L2(Ω, γ) satisfy

|g(x)| ≤ |f(x)|
|g(x)− g(y)| ≤ |f(x)− f(y)|

for a.e. x, y ∈ Ω. Then g ∈ W 1,2(Ω, γ) and

EΩ,γ(g, g) ≤ EΩ,γ(f, f).
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4. If 0 ≤ f ∈ W 1,2(Ω, γ) then f ∧ 1 lies in W 1,2(Ω, γ) and

EΩ,γ(f ∧ 1, f ∧ 1) ≤ EΩ,γ(f, f).

Theorem 16. If (TΩ(t))t≥0 is a symmetric semigroup on L2(Ω, γ) then
L1(Ω, γ) ∩ L∞(Ω) is invariant under (TΩ(t))t≥0, and (TΩ(t))t≥0 may be ex-
tended from L1(Ω, γ)∩L∞(Ω) to a positive one-parameter contraction semi-
group (TΩ

p (t))t≥0 on Lp(Ω, γ) for all 1 ≤ p ≤ ∞. These semigroups are
strongly continuous if 1 ≤ p <∞, and are consistent in the sense that

TΩ
p (t)f = TΩ

q (t)f

if f ∈ Lp(Ω, γ) ∩ Lq(Ω, γ). They are self adjoint in the sense that

TΩ
p (t)∗ = TΩ

q (t)

if 1 ≤ p <∞ and p−1 + q−1 = 1.

Let LΩ be the Ornstein-Uhlenbeck operator defined in Section 1.7, and
let (TΩ(t))t≥0 its semigroup. Now we prove that (TΩ(t))t≥0 satisfies the
Beurling-Deny conditions:

Proposition 33. If f ∈ W 1,2(Ω, γ) then f ∧ 1 ∈ W 1,2(Ω, γ) and∫
Ω

|∇H(f ∧ 1)|2dγ ≤
∫

Ω

|∇Hf |2dγ.

Proof. We recall that f ∧ 1 = min(f, 1) and

min(a, b) =
|a+ b|

2
− |a− b|

2
.

Set

gn(ξ) =
1

2

[√
(ξ + 1)2 +

1

n
−
√

(ξ − 1)2 +
1

n

]
, ξ ∈ R.

Let {fn} ⊂ FC1
b (X) be a sequence that approaches f in W 1,2(Ω, γ) and

pointwise a.e. in Ω. Then the function gn ◦ fn belongs to FC1
b (X) and

it approaches min(f, 1) in W 1,2(Ω, γ). Indeed this sequence converges to
min(f, 1) in L2(Ω, γ) by the Dominated Convergence Theorem, and ∇H(gn ◦
fn) = (g′n ◦ fn)∇Hfn converge to(

1

2
(sign(f + 1)− sign(f − 1))

)
∇Hf
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in L2(Ω, γ;H). Therefore∫
Ω

|∇H(f ∧ 1)|2Hdγ =

∫
Ω

|∇H

(
|f + 1|

2
− |f − 1|

2

)
|2Hdγ

=

∫
Ω

∣∣∣∣sign(f + 1)
∇Hf

2
− sign(f − 1)

∇Hf

2

∣∣∣∣2 dγ
=

∫
Ω

|∇Hf |2
∣∣∣∣12(sign(f + 1)− sign(f − 1))

∣∣∣∣2 dγ
≤
∫

Ω

|∇Hf |2dγ.

Therefore applying Theorem 15 we have that (TΩ(t))t≥0 can be extended
to a semigroup of contractions (Tp(t))t≥0 on Lp(Ω, γ) for all 1 ≤ p ≤ ∞.
(Tp(t))t≥0 is strongly continuous for 1 ≤ p <∞ thanks to Theorem 16.

2.2 Properties in finite dimension
Let O ⊂ Rd be a smooth open convex set, let γd be the standard Gaussian
measure on Rd and let LO be the Ornstein-Uhlenbeck operator defined in
Section 1.7 with Ω = O and γ = γd.

In [8] it is shown that

D(LO) =

{
f ∈ W 2,2(O, γd) : ∆f − 〈x,∇f〉 ∈ L2(O, γd) and

∂f

∂ν
= 0

}
where ν(x) is the exterior normal vector to ∂O at x. Moreover

LOf(x) = ∆f(x)− 〈x,∇f(x)〉 for every f ∈ D(LO). (2.1)

We put

C1
ν (O) =

{
g ∈ C1

b (O) :
∂g

∂ν
(x) = 0, x ∈ ∂O

}
. (2.2)

We show some useful properties proved in [2].

Proposition 34 (Proposition 2.1 of [2]). Let z ∈ C([0, T ]×O)∩C1((0, T ]×
O) ∩ C1,2([0, T ]×O) be a bounded function satisfying

zt(t, x)− LOz(t, x) ≤ 0 0 < t ≤ T, x ∈ O,
∂z
∂ν

(t, x) ≤ 0 0 < t ≤ T, x ∈ ∂O,
z(0, x) ≤ 0 x ∈ ∂O.

Then z(t, x) ≤ 0 for all 0 ≤ t ≤ T , and x ∈ O.
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Proposition 35 (Corollary 3.3 of [2]). For all ω > 0 there exists Cω > 0
such that

‖∇TO(t)f‖∞ ≤ Cω
eωt√
t
‖f‖∞, t > 0, f ∈ Cb(O).

Proposition 36 (Proposition 4.1 of [2]). For every p ≥ 1 and f ∈ C1
ν (O)

we have

|∇TO(t)f(x)|p ≤ e−ptTO(t)(|∇f |p)(x), t ≥ 0, x ∈ O.

Then C1
ν (O) is dense in W 1,2(O, γd), see Lemma 6, and thanks to Propo-

sition 35, we have

TO(t) : Cb(O)→ C1
ν (O) for all t > 0. (2.3)

LO is one of the operators studied in [2]; thanks to Proposition 36 we can
conclude that

|∇TO(t)f(x)| ≤ e−tTO(t)|∇f(x)| ∀f ∈ C1
ν (O), ∀x ∈ O, t ≥ 0

Such estimate may be extended to Sobolev functions, as follows.

Lemma 6. For all f ∈ W 1,2(O, γd) we have

|∇TO(t)f(x)| ≤ e−tTO(t)|∇f(x)|

for a.e. x ∈ O and t ≥ 0.

Proof. If f ∈ W 1,2(O, γd) there exists {fn} ⊂ C1
b (O) such that fn → f

in W 1,2(O, γd) and, up to a subsequence, a.e. in O; now TO(t)fn → fn for
t→ 0+ and thanks to (2.3) we have TO(t)fn ∈ C1

ν (O). If we set gn = TO( 1
n
)fn

then gn ∈ C1
ν (O) for all n ∈ N and gn → f in W 1,2(O). Along a subsequence

{gnk} we have

|∇TO(t)gnk(x)| → |∇TO(t)f(x)| a.e. in O

and again, up to a subsequence(
TO(t)|∇gnk |

)
(x)→

(
TO(t)|∇f |

)
(x) a.e. in O.

Therefore

|∇TO(t)f(x)| = lim
k→∞
|∇TO(t)gnk(x)|

≤ lim
k→∞

e−t
(
TO(t)|∇gnk |

)
(x) = e−t

(
TO(t)|∇f |

)
(x)

for a.e. x ∈ O.
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Proposition 37. For all f , g ∈ L2(O, γd) we have[
TO(t)(fg)

]2 ≤ TO(t)(f 2)TO(t)(g2) a.e. in O

Proof. First we consider f, g ∈ C1
ν (O). We fix ε > 0 and we put

vε(t, x) =
√

(TO(t)(f 2)(x) + ε) · (TO(t)(g2)(x) + ε).

For convenience we set

α = α(t, x) = TO(t)(f 2)(x), β = β(t, x) = TO(t)(g2)(x).

Then vε =
√

(α + ε)(β + ε), and we remark that

Div
ε = Di(

√
(α + ε)(β + ε))

=
1

2
√

(α + ε)(β + ε)
((β + ε)Diα + (α + ε)Diβ)

moreover

vεt =
∂vε(t, x)

∂t
=

1

2
√

(α + ε)(β + ε)

(
∂α

∂t
(β + ε) + (α + ε)

∂β

∂t

)
=

1

2
√

(α + ε)(β + ε)
((β + ε)LOα + (α + ε)LOβ)

.
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Then

LOvε =
d∑
i=1

Diiv
ε − xiDiv

ε =
d∑
i=1

Di(Div
ε)− xiDiv

ε

=
d∑
i=1

Di

(
1

2
√

(α + ε)(β + ε)
((β + ε)Diα + (α + ε)Diβ)

)

− xi

(
1

2
√

(α + ε)(β + ε)
((β + ε)Diα + (α + ε)Diβ)

)

= vεt +
d∑
i=1

−1

4

1

((α + ε)(β + ε))3/2

[
((β + ε)Diα)2 + ((α + ε)Diβ)2

]
+

1

2
√

(α + ε)(β + ε)(α + ε)(β + ε)
(β + ε)Diα · (α + ε)Diβ

= vεt +
d∑
i=1

−1

4

1

((α + ε)(β + ε))3/2

[
((β + ε)Diα)2 + ((α + ε)Diβ)2

−2(β + ε)Diα · (α + ε)Diβ]

= vεt +
d∑
i=1

−1

4

1

((α + ε)(β + ε))3/2
((β + ε)Diα− (α + ε)Diβ)2

≤ vεt .

Therefore vεt ≥ LO(vε), vε(0, x) =
√

(f(x)2 + ε)(g(x)2 + ε) and vε satis-
fies the Neumann boundary condition, thus for the maximum principle (see
Proposition 34) we have vε(t, x) ≥ TO(t)[

√
(f 2 + ε)(g2 + ε)](x) for all (t, x)

and all ε > 0, that is

TO(t)
(√

(f(x)2 + ε)(g(x)2 + ε)
)

(x)

≤
√

(TO(t)(f 2)(x) + ε) · (TO(t)(g2)(x) + ε).

Taking the limit as ε→ 0+ we obtain

TO(t)(|fg|)(x) ≤
√
TO(t)(f 2)(x) · TO(t)(g2)(x)

for all (t, x), t ≥ 0 and f , g ∈ C1
ν (O). Now if f , g ∈ L2(O, γd) there

exist {fn}, {gn} ⊂ C1
ν (O) such that fn → f and gn → g in L2(O, γd). For

subsequences {fnk}, {gnk} we have

TO(t)(|fnkgnk |)→ TO(t)(|fg|) a.e. in O
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and again, up to subsequences we have

TO(t)
(
f 2
nk

)
→ TO(t)(f 2) a.e. in O.

TO(t)
(
g2
nk

)
→ TO(t)(g2) a.e. in O.

Therefore

TO(t)(|fg|)(x) = lim
k→∞

TO(t) (|fnkgnk |) (x)

≤ lim
k→∞

√
TO(t)

(
f 2
nk

)
(x) · TO(t)

(
g2
nk

)
(x)

=
√
TO(t)(f 2)(x) · TO(t)(g2)(x)

for a.e. x ∈ O.

2.3 Properties in infinite dimension
The following lemma will be used several times.

Lemma 7. If u ∈ L2(Ω, γ) and∫
Ω

uϕ|Ω dγ ≤ 0, ∀ϕ ∈ FCb(X), ϕ ≥ 0,

then u ≤ 0 a.e. in Ω.

Proof. First we show that∫
Ω

uψ dγ ≤ 0, ∀ψ ∈ L2(Ω, γ), ψ ≥ 0 a.e.

We remark that if ψ ∈ L2(Ω, γ), ψ ≥ 0 a.e., then there exists a sequence
{ϕn} ⊂ FCb(X) such that ϕn|Ω → ψ a.e and in L2(Ω, γ). Now we consider
ϕ+
n (x) = max{0, ϕn(x)} ≥ 0 and we prove that ϕ+

n |Ω → ψ in L2(Ω, γ).
Indeed,∫

Ω

|ϕ+
n − ψ|2 dγ =

∫
{x∈Ω: ϕn(x)≥0}

|ϕn − ψ|2 dγ +

∫
{x∈Ω: ϕn(x)<0}

ψ2 dγ.

the first term goes to zero as n → ∞ thanks to the L2-convergence of
{ϕn}. Concerning the second one we have χ{x∈Ω: ϕn(x)<0} → χ{x∈Ω: ψ(x)≤0}
a.e. thanks to the a.e.-convergence of {ϕn}, and ψ2χ{x∈Ω: ϕn(x)<0} ≤ ψ2 ∈
L1(Ω, γ). By the Dominated Convergence Theorem,∫

{x∈Ω: ϕn(x)<0}
ψ2 dγ

n→∞−−−→
∫
{x∈Ω: ψ(x)≤0}

ψ2(y)γ(dy) = 0,
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so that ∫
Ω

uψ dγ = lim
n→∞

∫
Ω

uϕ+
n |Ω dγ ≤ 0.

Now we prove the statement by contradiction: if there exists a measurable set
A such that γ(A) > 0 and u|A > 0, then we take ψ(x) = χA(x) ∈ L∞(Ω) ⊂
L2(Ω, γ). Then ∫

Ω

uψ dγ =

∫
A

u dγ > 0

that is a contradiction.

Now we use the cylindrical approximation defined in Section 1.8. Fix
n ∈ N, let q ∈ N with q ≥ j(n) = dimFn and let G = span{h1, . . . , hq}. Let
πG : X → G be the finite rank projection defined by

πGx =

q∑
i=1

ĥi(x)hi.

We denote by γG the induced measure γ ◦ π−1
G in G. If G is identified with

Rq through the isomorphism x 7→ (ĥ1(x), . . . , ĥq(x)) then γG is the standard
Gaussian measure in Rq. Setting d = q − dimFn, let O := On × Rd so that
πG(Ωn) = O; we remark that O is an open convex subset of G. Let LG be
the Ornstein-Uhlenbeck operator defined by (1.21) with Ω = O and γ = γG
and let TG(t) be the associated semigroup.

Lemma 8. If w ∈ D(LG) then the map x 7→ w(πG(x)) belongs to D(L(n))
and

L(n)(w ◦ πG) = (LGw) ◦ πG.

Proof. We show that there exists f ∈ L2(Ωn, γ) such that, given ϕ ∈ W 1,2(Ωn, γ)
we have∫

Ωn

〈∇Hw(πG(x)),∇Hϕ(x)〉Hγ(dx) =

∫
Ωn

f(x)ϕ(x)γ(dx). (2.4)

We remark that

〈∇Hw(πG(x)),∇Hϕ(x)〉H =

q∑
i=1

∂w

∂ξi
(πG(x))

∂ϕ

∂hi
(x)

Moreover ϕ(x) = ϕ(πG(x)+(I−πG)(x)), the space X can be split X = G×G̃
where G̃ = (I − πG)(X) and also γ = γG ⊗ γG̃, see section 1.9. Let ξ ∈ Rq

and for every y ∈ G̃ let

gy(ξ) := ϕ(ξ1h1 + . . .+ ξqhq + y),
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then∫
Ωn

〈∇Hw(πG(x)),∇Hϕ(x)〉Hγ(dx)

=

∫
Ωn

q∑
i=1

∂w

∂ξi
(πG(x))

∂ϕ

∂hi
(πG(x) + (I − πG)(x))γ(dx)

=

∫
G̃

∫
O

q∑
i=1

∂w

∂ξi
(ξ)

∂gy
∂ξi

(ξ)γG(dξ) γG̃(dy)

=

∫
G̃

∫
O
LGw(ξ)gy(ξ)γG(dξ) γG̃(dy) =

∫
Ωn

(LGw)(πG(x))ϕ(x)γ(dx).

Then w ◦ πG ∈ D(L(n)) and L(n)(w ◦ πG) = (LGw) ◦ πG.

Lemma 9. Let ṽ ∈ C∞b (G). Then the function defined by

g(t)(x) := TG(t)ṽ|O(πG(x)), x ∈ Ωn

belongs to C((0,∞);D(L(n))).

Proof. By Lemma 8 it follows that g(t) ∈ D(L(n)) for all t > 0. Let us prove
that g is continuous at t0 > 0. For t > 0 we have∫

Ωn

|g(t)(x)− g(t0)(x)|2γ(dx)

=

∫
Ωn

|TG(t)ṽ|O(πG(x))− TG(t0)ṽ|O(πG(x))|2γ(dx)

=

∫
O
|TG(t)ṽ|O(ξ)− TG(t0)ṽ|O(ξ)|2γG(dξ)

that goes to zero as t → t0 thanks to the strong continuity of TG(t) in
L2(O, γG). Moreover∫

Ωn

|L(n)g(t)(x)− L(n)g(t0)(x)|2γ(dx)

=

∫
Ωn

|L(n)TG(t)ṽ|O(πG(x))− L(n)TG(t0)ṽ|O(πG(x))|2γ(dx)

=

∫
O
|LGTG(t)ṽ|O(ξ)− LGTG(t0)ṽ|O(ξ)|2γG(dξ)

that goes to zero as t → t0 since t 7→ TG(t)ṽ belongs to C((0,∞), D(LG)).
Then g ∈ C((0,∞), D(L(n))).
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Theorem 17. For all f ∈ W 1,2(Ω, γ) and all t ≥ 0 we have

|∇HT
Ω(t)f |H ≤ e−tTΩ(t)|∇Hf |H a.e. on Ω. (2.5)

Proof. First we prove that (2.5) holds true for the restriction to Ω of any
cylindrical regular function. Let f ∈ FC∞b (X) and ϕ ∈ FCb(X) with ϕ ≥ 0.
Then

f(x) = v(l1(x), . . . , lk(x))

ϕ(x) = w(lk+1(x), . . . , lk+m(x))

with li ∈ X∗, v ∈ C∞b (Rk) and w ∈ Cb(Rm), w ≥ 0. We want to estimate
the integral ∫

Ωn

ϕ(x)|∇HT
(n)(t)f|Ωn(x)|γ(dx).

Let G := span{Fn, Rγ(l1), . . . , Rγ(lk+m)}. Then G is a subspace of H of
dimension q ≤ n + k + m; setting d = q − dimFn let O := On × Rd. Let
{hi}qi=1 ⊂ X∗ be an orthonormal basis of G such that {h1, . . . , hj} is an
orthonormal basis of Fn if dimFn = j.

Finally we consider:

f(x) = ṽ(πG(x))

ϕ(x) = w̃(πG(x))

where ṽ ∈ C∞b (G), w̃ ∈ Cb(G).
Now we prove that

(T (n)(t)f|Ωn)(x) = TG(t)ṽ|O(πG(x)) := g(t)(x) t > 0, x ∈ Ωn. (2.6)

We know that the function t 7→ TG(t)ṽ|O belongs to C([0,∞) ;L2(O, γG)) ∩
C1((0,∞);L2(O, γG))∩C((0,∞);D(LG)) and it is the unique classical solu-
tion of {

u′(t) = LGu(t), t > 0

u(0) = ṽ|O

in the space L2(O, γG). Then for fixed t0 ∈ [0,+∞) we have∫
Ωn

|g(t)(x)− g(t0)(x)|2γ(dx)

=

∫
Ωn

|TG(t)ṽ|O(πG(x))− TG(t0)ṽ|O(πG(x))|2γ(dx)

=

∫
O
|TG(t)ṽ|O(ξ)− TG(t0)ṽ|O(ξ)|2γG(dξ)
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that goes to zero for t → t0 thanks to the strong continuity of TG(t) in
L2(O, γG). Let us prove the differentiability of g at t0 ∈ (0,+∞). For any t
such that t+ t0 > 0 we have∫

Ωn

∣∣∣∣g(t+ t0)(x)− g(t0)(x)

t
− LGTG(t0)ṽ|O(πG(x))

∣∣∣∣2 γ(dx)

=

∫
Ωn

∣∣∣∣TG(t+ t0)ṽ|O(πG(x))− TG(t0)ṽ|O(πG(x))

t
− LGTG(t0)ṽ|O(πG(x))

∣∣∣∣2 γ(dx)

=

∫
O

∣∣∣∣TG(t+ t0)ṽ|O(ξ)− TG(t0)ṽ|O(ξ)

t
− LGTG(t0)ṽ|O(ξ)

∣∣∣∣2 γG(dξ)

which tends to zero as t → 0. Then g′(t0) = LGTG(t0)ṽ|O(πG(·)). Moreover
g′ is continuous at any t0 > 0 with values in L2(Ωn, γ) since∫

Ωn

|g′(t)(x)− g′(t0)(x)|2γ(dx)

=

∫
Ωn

|LGTG(t)ṽ|O(πG(x))− LGTG(t0)ṽ|O(πG(x))|2γ(dx)

=

∫
O
|LGTG(t)ṽ|O(ξ)− LGTG(t0)ṽ|O(ξ)|2γG(dξ)

that goes to zero as t→ t0. By Lemma 9, g ∈ C((0,∞);D(L(n))) and

g′(t) = LG(TG(t)ṽ|O)(πG(x)) = L(n)(TG(t)ṽ|O(πG(x))) = L(n)g(t), t > 0.

Moreover

g(0) = TG(0)ṽ|O(πG(x)) = ṽ|O(πG(x)) = f(x)|Ωn .

Therefore g is a classical solution to{
g′(t) = L(n)g(t), t > 0

g(0) = f|Ωn ,

so that g(t) = T (n)(t)f|Ωn and (2.6) is proved.
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Now using Lemma 6 we have∫
Ωn

ϕ(x)|∇HT
(n)(t)f|Ωn(x)|Hγ(dx)

=

∫
Ωn

w̃(πG(x))|∇HT
G(t)(ṽ|O)(πG(x))|Hγ(dx)

=

∫
O
w̃(ξ)|∇TG(t)(ṽ|O)(ξ)|γG(dξ)

≤
∫
O
w̃(ξ)e−tTG(t)|∇(ṽ|O)(ξ)|γG(dξ)

=

∫
Ωn

w̃(πG(x))e−tTG(t)|∇H(ṽ|O)(πG(x))|Hγ(dx)

=

∫
Ωn

ϕ(x)e−tT (n)(t)|∇Hf|Ωn(x)|Hγ(dx)

Therefore for every f ∈ FC∞b (X) and ϕ ∈ FCb(X), ϕ ≥ 0 and every n
we have∫

Ωn

ϕ(x)|∇HT
(n)(t)f|Ωn(x)|γ(dx) ≤

∫
Ωn

ϕ(x)e−tT (n)(t)|∇Hf|Ωn(x)|γ(dx).

Now thanks to Proposition 32 we can take the limit as n→∞ obtaining∫
Ω

ϕ(x)|∇HT
Ω(t)f|Ω(x)|γ(dx) ≤

∫
Ω

ϕ(x)e−tTΩ(t)|∇Hf|Ω(x)|γ(dx)

and by Lemma 7

|∇HT
Ω(t)f|Ω(x)| ≤ e−tTΩ(t)|∇Hf|Ω(x)| for a.e. x ∈ Ω.

If f ∈ W 1,2(Ω, γ) then there exists {fn} ∈ FC∞b (X) such that fn|Ω → f
in W 1,2(Ω, γ); along a subsequence {fnk} we have

|∇HT
Ω(t)fnk(x)|H → |∇HT

Ω(t)f(x)|H a.e. in Ω

and again up to a subsequence we have

TΩ(t)|∇Hfnk(x)|H → TΩ(t)|∇Hf(x)|H a.e. in Ω.

Therefore

|∇HT
Ω(t)f(x)|H = lim

k→∞
|∇HT

Ω(t)fnk(x)|H

≤ lim
k→∞

e−tTΩ(t)|∇Hfnk(x)|H = e−tTΩ(t)|∇Hf(x)|H

for a.e. x ∈ Ω.
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Proposition 38. For all f , g ∈ L2(Ω, γ) we have[
TΩ(t)(fg)

]2 ≤ TΩ(t)(f 2)TΩ(t)(g2) a.e. in Ω

Proof. As before we consider f, g, ϕ ∈ FCb(X) and using Proposition 37 we
prove that∫

Ωn

ϕ(x)[T (n)(t)(fg)(x)]2γ(dx)

≤
∫

Ωn

ϕ(x)
√
T (n)(t)(f 2)(x) · T (n)(t)(g2)(x)γ(dx).

The proof is similar to the previous one with the only difference that now
there are more functions but there aren’t gradients. Then taking the limit
for n→∞ we get∫

Ω

ϕ(x)[TΩ(t)(fg)(x)]2γ(dx) ≤
∫

Ω

ϕ(x)
√
TΩ(t)(f 2)(x) · TΩ(t)(g2)(x)γ(dx).

Since the restrictions to Ω of the functions of FCb(X) are dense in L2(Ω, γ)
we obtain our claim.

Now we turn to the Poincaré inequality. We set

mΩ(ϕ) =
1

γ(Ω)

∫
Ω

ϕ dγ, ϕ ∈ L1(Ω, γ).

We recall that if O ⊂ RN is an open convex set the then the Poincarè
inequality holds (see Proposition 4.2 in [8]), that is∫

O
|ψ −mO(ψ)|2dγN ≤

∫
O
|∇ψ|2dγN , ∀ψ ∈ W 1,2(O, γN). (2.7)

Proposition 39. For each ϕ ∈ W 1,2(Ω, γ) we have∫
Ω

|ϕ−mΩ(ϕ)|2dγ ≤
∫

Ω

|∇Hϕ|2Hdγ (2.8)

Proof. First we prove that (2.8) holds for every f ∈ FC1
b (X). Therefore

f(x) = v(l1(x), . . . , lk(x))

with v ∈ C1
b (Rk) and l1, . . . , lk ∈ X∗. Let G := span{Fn, Rγ(l1), . . . , Rγ(lk)}.

Let {hi}qi=1 ⊂ X∗ be an orthonormal basis of G such that {h1, . . . , hj} is
an orthonormal basis of Fn if dimFn = j. Then G is a subspace of H of
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dimension q ≤ n + k; setting d = q − dimFn let O := On × Rd. Let {ĥi}qi=1

be an orthonormal basis of G such that {ĥ1, . . . , ĥj} is an orthonormal basis
of Fn if dimFn = j. Then we have

f(x) = ϕ(πG(x)), ϕ ∈ C1
b (G),

mΩn(f) =
1

γ(Ωn)

∫
Ωn

f(x) γ(dx) =
1

γG(O)

∫
O
ϕ(ξ) γG(dξ) =: mO,γG(ϕ),

lim
n→∞

mΩn(f) = mΩ(f).

Applying (2.7) we obtain∫
Ωn

|f(x)−mΩn(f)|2γ(dx)

=

∫
Ωn

|f(x)−mO,γG(ϕ)|2γ(dx) =

∫
O
|ϕ(ξ)−mO,γG(ϕ)|2γG(dξ)

≤
∫
O
|∇ϕ(ξ)|2γG(dξ) =

∫
Ωn

|∇Hf(x)|2Hγ(dx).

Taking the limit as n→∞ we get∫
Ω

|f(x)−mΩ(f)|2γ(dx) ≤
∫

Ω

|∇Hf(x)|2Hγ(dx).

Let now f ∈ W 1,2(Ω, γ). There exists a sequence {fn} ⊂ FC1
b (X) such that

fn|Ω → f in W 1,2(Ω, γ). It follows that∫
Ω

|f −mΩ(f)|2dγ = lim
n→∞

∫
Ω

|fn −mΩ(f)|2dγ

≤ lim
n→∞

∫
Ω

|∇Hfn|2Hdγ =

∫
Ω

|∇Hf |2Hdγ.

The Poincaré inequality (2.8) implies that if ∇Hϕ vanishes a.e. in Ω,
then ϕ is constant a.e. in Ω. By the definition of L, this implies that the
kernel of L consists of constant functions. As a consequence of the Poincaré
inequality other spectral properties of L follow.

Proposition 40. For all ϕ ∈ L2(Ω, γ) we have

‖TΩ(t)ϕ−mΩ(ϕ)‖L2(Ω,γ) ≤ e−t‖ϕ‖L2(Ω,γ) (2.9)

and consequently

σ(L)\{0} ⊂ {λ ∈ C : Reλ ≤ −1}. (2.10)
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Proof. Let f ∈ D(LΩ) be such that mΩ(f) = 0. By using (2.8) we have∫
Ω

LΩf · fdγ = −
∫

Ω

〈∇Hf,∇Hf〉Hdγ = −
∫

Ω

|∇Hf |2Hdγ ≤ −‖f‖2
L2(Ω,γ).

For every ϕ ∈ L2(Ω, γ), mΩ(ϕ) = 0, TΩ(t)ϕ ∈ D(LΩ) for t > 0. Therefore

d

dt
‖TΩ(t)ϕ‖2

L2(Ω,γ) = 2

∫
Ω

LΩTΩ(t)ϕ TΩ(t)ϕ dγ ≤ −2‖TΩ(t)ϕ‖2
L2(Ω,γ), t > 0.

It follows that

‖TΩ(t)ϕ‖2
L2(Ω,γ) ≤ e−2t‖ϕ‖2

L2(Ω,γ), t > 0. (2.11)

Let now ϕ ∈ L2(Ω, γ). Then∫
Ω

|TΩ(t)ϕ−mΩ(ϕ)|2dγ =

∫
Ω

|TΩ(t)(ϕ−mΩ(ϕ))|2dγ ≤ e−2t

∫
Ω

|ϕ−mΩ(ϕ)|2

= e−2t

(∫
Ω

|ϕ|2dγ − γ(Ω)[mΩ(ϕ)]2
)
≤ e−2t

∫
Ω

|ϕ|2dγ.

Note that ϕ 7→ mΩ(ϕ) is the orthogonal projection on Ker(LΩ). Splitting
L2(Ω, γ) = Ker(LΩ)⊕ (Ker(LΩ))⊥, TΩ(t) maps (Ker(LΩ))⊥ = Ker(mΩ) into
itself and the infinitesimal generator of the restriction of TΩ(t) to (Ker(LΩ))⊥

is the part L0 of LΩ in (Ker(LΩ))⊥. By (2.11), the spectrum of L0 is contained
in {λ ∈ C : Re(λ) ≤ −1}. Since the spectrum of LΩ consists of the spectrum
of L0 plus the eigenvalue 0, (2.10) follows.

Lemma 10. If ϕ ∈ FC1
b (X), ϕ ≥ 0, then TΩ(t)ϕ|Ω ≥ 0 a.e. in Ω.

Proof. Let ϕ ∈ FC1
b (X), ϕ ≥ 0, then

ϕ(x) = v(l1(x), . . . , lk(x))

with l1, . . . , lk ∈ X∗ and v ∈ C1
b (Rk) with v ≥ 0. First we prove that

T (n)(t)ϕ ≥ 0 a.e. in Ωn. Let G := span{Fn, Rγ(l1), . . . , Rγ(lk)}. Then G
is a subspace of H of dimension q ≤ n + k; setting d = q − dimFn let
O := On × Rd. Let {hi}qi=1 ⊂ X∗ be an orthonormal basis of G such that
{h1, . . . , hj} is an orthonormal basis of Fn if dimFn = j. Then we have

ϕ(x) = ṽ(πG(x))

where ṽ ∈ C1
b (Rq) and ṽ ≥ 0 in Rq. Therefore, by

(T (n)(t)ϕ|Ωn)(x) = TG(t)ṽO(πG(x)), for t > 0, and x ∈ Ωn.
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By Proposition 34 we have

(T (n)(t)ϕ|Ωn)(x) ≥ 0 for all x ∈ Ωn.

Thanks to Proposition 32, up to a subsequence,

(TΩ(t)ϕ|Ω)(x) = lim
n→∞

(T (n)(t)ϕ|Ωn)(x) ≥ 0 a.e. in Ω.

Now we have all the ingredients to prove the logarithmic Sobolev inequal-
ity by the Deuschel-Strook’s method (see [12]).

Proposition 41. For all f ∈ W 1,2(Ω, γ) we have∫
Ω

f 2 log(f)dγ ≤
∫

Ω

|∇Hf |2Hdγ + ‖f‖2
L2(Ω,γ) log(‖f‖L2(Ω,γ)). (2.12)

Proof. First we suppose that f ∈ FC1
b (Ω) and f ≥ c > 0 in Ω. Setting

ϕ = f 2 we have

∇Hf =
1

2

∇Hϕ√
ϕ

so (2.12) is equivalent to∫
Ω

ϕ log(ϕ)dγ −
∫

Ω

ϕdγ log

(∫
Ω

ϕdγ

)
≤ 1

2

∫
Ω

1

ϕ
|∇Hϕ|2Hdγ.

We remark that

d

dt

∫
Ω

TΩ(t)(ϕ) log(TΩ(t)(ϕ))dγ =

∫
Ω

LΩTΩ(t)(ϕ) log(TΩ(t)(ϕ))dγ

+

∫
Ω

LΩTΩ(t)(ϕ)dγ.

The second term vanishes for the invariance of γ while for the first we recall
that ∫

Ω

(LΩψ)g(ψ)dγ = −
∫

Ω

g′(ψ)|∇Hψ|2dγ

with g(ξ) = log ξ and ψ = TΩ(t)ϕ. Hence

d

dt

∫
Ω

TΩ(t)(ϕ) log(TΩ(t)(ϕ))dγ = −
∫

Ω

1

TΩ(t)(ϕ)
|∇HT

Ω(t)(ϕ)|2dγ.

Since
(|∇HT

Ω(t)(ϕ)|H)2 ≤
(
e−tTΩ(t)|∇H(ϕ)|H

)2
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and

(
TΩ(t)|∇H(ϕ)|H

)2
=

[
TΩ(t)

(
√
ϕ
|∇Hϕ|H√

ϕ

)]2

≤ TΩ(t)(ϕ)TΩ(t)

(
|∇Hϕ|2H

ϕ

)
,

we have

d

dt

∫
Ω

TΩ(t)(ϕ) log(TΩ(t)(ϕ))dγ ≥ −e−2t

∫
Ω

TΩ(t)

(
|∇Hϕ|2H

ϕ

)
dγ

= −e−2t

∫
Ω

|∇Hϕ|2H
ϕ

dγ.

(2.13)

We recall that, by (2.9),

TΩ(t)ϕ
t→∞−−−→ mΩ(ϕ), in L2(Ω, γ).

Moreover
lim
t→∞

∫
Ω

| log(TΩ(t)ϕ)− log(mΩϕ)|2dγ = 0

indeed by assumption, we have ϕ ≥ c2 and, by Lemma 10, it follows that
TΩ(t)ϕ ≥ c2. Moreover mΩ(ϕ) ≥ c2, and

∣∣log(TΩ(t)ϕ)− log(mΩ(ϕ))
∣∣ =

∣∣∣∣∣
∫ mΩ(ϕ)

TΩ(t)ϕ

1

t
dt

∣∣∣∣∣
≤ 1

min{TΩ(t)ϕ,mΩ(ϕ)}
|TΩ(t)ϕ−mΩ(ϕ)|

≤ 1

c2
|TΩ(t)ϕ−mΩ(ϕ)|.

Then ∫
Ω

TΩ(t)(ϕ) log(TΩ(t)(ϕ))dγ
t→∞−−−→ mΩ(ϕ) log (mΩ(ϕ))

Then integrating (2.13) with respect to t between 0 and ∞ we get

mΩ(ϕ) log (mΩ(ϕ))−
∫

Ω

ϕ log |ϕ|dγ ≥ −1

2

∫
Ω

|∇Hϕ|2H
ϕ

dγ.

Now let f ∈ W 1,2(Ω, γ) and f ≥ 0 a.e. in Ω. Then there exists a sequence
{fn} ⊂ FC1

b (Ω) such that fn ≥ 1/n and fn → f in W 1,2(Ω, γ) and almost
everywhere. Since t2 log(t) > −1 for all t > 0, we can apply the Fatou’s
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lemma and obtain∫
Ω

f 2 log(f)dγ ≤ lim
n→∞

∫
Ω

f 2
n log(fn)dγ

≤ lim
n→∞

[∫
Ω

|∇Hfn|2Hdγ + ‖fn‖2
L2(Ω,γ) log(‖fn‖L2(Ω,γ))

]
=

∫
Ω

|∇Hf |2Hdγ + ‖f‖2
L2(Ω,γ) log(‖f‖L2(Ω,γ)).

For a general f ∈ W 1,2(Ω, γ), (2.12) follows from the fact that |f | ∈ W 1,2(Ω, γ)
and |∇|f ||H = |∇f |H almost everywhere.

Remark 14. The Log-Sob inequality allows to prove an interesting property
of the space W 1,2(Ω, γ), namely if f ∈ W 1,2(Ω, γ) and v is a measurable
function with |v(x)| ≤ k(‖x‖X + 1) for some k > 0 and for a.e. x ∈ Ω,
then fv ∈ L2(Ω, γ). To this aim we recall that, by Theorem 6, there exists a
constant α > 0 such that ∫

X

eα‖x‖
2
Xdγ <∞.

Fix c < α/4. Then we have∫
Ω

(f(x)v(x))2dγ

≤ k2

∫
Ω

f(x)2(‖x‖X + 1)2dγ ≤ 2k2

∫
Ω

f(x)2‖x‖2
Xdγ + 2k2

∫
Ω

f(x)2dγ

= k2

∫
{x∈Ω: c‖x‖2X>log |f(x)|}

f(x)2‖x‖2
Xdγ

+ k2

∫
{x∈Ω: c‖x‖2X≤log |f(x)|}

f(x)2‖x‖2
Xdγ + 2k2‖f‖2

L2(Ω,γ)

≤ k2

∫
X

‖x‖2
X e2c‖x‖2Xdγ +

k2

c

∫
Ω

|f(x)|2 log |f(x)|dγ + 2k2‖f‖2
L2(Ω,γ)

≤ k2

(∫
X

‖x‖4
Xdγ

)1/2(∫
X

e4c‖x‖2Xdγ

)1/2

+
k2

c

∫
Ω

|f(x)|2 log |f(x)|dγ + 2k2‖f‖2
L2(Ω,γ)

≤ C +
k2

c

(∫
Ω

|∇Hf |2Hdγ + ‖f‖2
L2(Ω,γ) log(‖f‖L2(Ω,γ))

)
+ 2k2‖f‖2

L2(Ω,γ),

that is fv ∈ L2(Ω, γ). The previous estimates shows that the linear function
Λv : f 7→ fv, maps bounded subsets of W 1,2(Ω, γ) into bounded subsets of
L2(Ω, γ); this implies that Λv is continuous.
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Chapter 3

Maximal Sobolev Regularity for
Ornstein-Uhlenbeck equation

In this chapter we study the elliptic equation λu−LΩu = f in an open convex
subset Ω of an infinite dimensional separable Banach space X endowed with
a centered non-degenerate Gaussian measure γ, where LΩ is the Ornstein-
Uhlenbeck operator. We prove that for λ > 0 and f ∈ L2(Ω, γ) the weak
solution u belongs to the Sobolev space W 2,2(Ω, γ). Moreover, under some
regularity assumption on the boundary of Ω, we prove that u satisfies a gen-
eralized Neumann boundary condition in the sense of traces at the boundary
of Ω.

3.1 Finite-dimensional estimates
Let O be an open smooth convex subset of Rn, with fixed n. We assume that

O = {x ∈ Rn : g(x) < 0}

where g is a smooth convex function whose gradient does not vanish at the
boundary ∂O. We denote by ν(x) the exterior normal vector to ∂O at x,
ν(x) = ∇g(x)

|∇g(x)| . Let µ be the standard Gaussian measure in Rn and let LO be
the associated Ornstein-Uhlenbeck operator, that is

LOψ(x) =
n∑
i=1

Diiψ(x)−
n∑
i=1

xiDiψ(x) for ψ ∈ D(LO).

In this section we consider the following problemλψ − LOψ = f in O ⊂ Rn,

∂u

∂ν
= 0 on ∂O

(3.1)
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where f ∈ L2(O, µ) and λ > 0.
Let us introduce a weighted surface measure on ∂O:

dσ = N(x)dHn−1

where N(x) = (2π)−n/2 exp(−|x|2/2) is the Gaussian weight and dHn−1 is
the usual Hausdorff (n− 1) dimensional measure. Using the surface measure
dσ the integration by parts formula reads as:∫

O
Dkϕ ψ dµ = −

∫
O
ϕDkψ dµ+

∫
O
xkϕψ dµ+

∫
∂O

Dkg

|∇g|
ϕψ dσ, (3.2)

for each ϕ, ψ ∈ W 1,2(O, µ) one of which with bounded support, so the bound-
ary integral is meaningful. Indeed W 1,2(O, µ) ⊂ W 1,2

loc (O, dx) and the trace
at the boundary of any function in W 1,2(O, µ) belongs to L2

loc(∂O, dHn−1) =
L2
loc(∂O, dσ).
Applying (3.2) with ϕ replaced by Dkϕ and summing up, we find∫

O
LOϕψ dµ = −

∫
O
〈∇ϕ,∇ψ〉dµ+

∫
∂O

〈∇ϕ,∇g〉
|∇g|

ψ dσ (3.3)

for every ϕ ∈ W 2,2(O, µ) , ψ ∈ W 1,2(O, µ) one of which with bounded
support.

Now we give dimension free estimates for the weak solution u ∈ W 1,2(O, µ)
to (3.1) with λ > 0 and f ∈ L2(O, µ). We can suppose f ∈ C∞c (O) because
C∞c (O) is dense in L2(O, µ). In this case, thanks to classical results about
elliptic equations with smooth coefficients we know that the weak solution
u of (3.1) belongs to C∞(O) ⊂ W 2,2

loc (O, µ). Since O can be unbounded, we
introduce a smooth cutoff function θ : Rn → R such that

0 ≤ θ(x) ≤ 1, |∇θ(x)| ≤ 2 ∀x ∈ Rn, θ ≡ 1 in B(0, 1), θ ≡ 0 outside B(0, 2)

and we set, for R > 0

θR(x) = θ(x/R), x ∈ Rn.

For the W 1,2 estimates we take u as a test function in the definition of
weak solution and we get

λ

∫
O
u2dµ+

∫
O
|∇u|2dµ =

∫
O
fu dµ, (3.4)

then ∫
O
u2dµ ≤ 1

λ2
‖f‖2

L2(O,µ),

∫
O
|∇u|2dµ ≤ 1

λ
‖f‖2

L2(O,µ). (3.5)

The following lemma takes into the account the convexity of O.
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Lemma 11. If u ∈ C2(O) satisfies 〈∇u, ν〉 = 0 on ∂O then

〈D2u · ∇u, ν〉 ≤ 0 on ∂O.

Proof. We recall that ∂O = g−1(0) where g : Rn → R is a smooth convex
function. Let τ ∈ Rn such that 〈τ, ν(x)〉 = 0 for x ∈ ∂O, then we have

〈∂ν
∂τ

(x), τ〉 ≥ 0 ∀x ∈ ∂O. (3.6)

Indeed

∂ν

∂τ
=

∂

∂τ

(
∇g
|∇g|

)
=

1

|∇g|
∂

∂τ
(∇g) +

∂

∂τ

(
1

|∇g|

)
∇g

=
1

|∇g|
D2g · τ + 〈∇

(
1

|∇g|

)
, τ〉∇g,

then for x ∈ ∂O we have

〈∂ν
∂τ

(x), τ〉 =
1

|∇g(x)|
〈D2g(x) · τ, τ〉+ 〈∇

(
1

|∇g(x)|

)
, τ〉〈∇g(x), τ〉

=
1

|∇g(x)|
〈D2g(x) · τ, τ〉 ≥ 0

since D2g is a positive semi-definite symmetric matrix. Now we recall that
〈∇u, ν〉 = 0 on ∂O therefore

∂

∂τ
(〈∇u(x), ν(x)〉) = 〈D2u(x) τ, ν(x)〉+ 〈∇u(x),

∂ν

∂τ
(x)〉 = 0, x ∈ ∂O

for each τ ∈ Rn such that 〈τ, ν〉 = 0 on ∂O. If we take τ = ∇u(x) then we
get

〈D2u(x) · ∇u(x), ν(x)〉 = −〈τ, ∂ν
∂τ

(x)〉 ≤ 0, x ∈ ∂O.

Now we can give an estimate of the second order derivatives of u.

Proposition 42. For every f ∈ C∞c (O) and ε > 0 there exists R0 > 0 such
that for R > R0 the solution u to (3.1) satisfies

(1− ε)
∫
O
θ2
RTr[(D2u)2]dµ ≤

(
2 +

ε

λ

)
‖f‖2

L2(O,µ). (3.7)
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Proof. Recall that u ∈ C∞(O); differentiating (3.1) with respect to xh yields

λDhu−∆Dhu− 〈x,∇(Dhu)〉+Dhu = Dhf.

Multiplying by Dhuθ
2
R we obtain

(λ+ 1) (Dhu)2θ2
R −∆Dhu ·Dhuθ

2
R − 〈x,∇(Dhu)〉Dhuθ

2
R = DhfDhuθ

2
R.

Integrating over O and using (3.3) yields∫
O

(λ+ 1)(Dhu)2θ2
Rdµ+

∫
O
|∇(Dhu)|2θ2

Rdµ+ 2

∫
O
θR〈∇(Dhu),∇θR〉Dhu dµ

=

∫
∂O

〈∇(Dhu),∇g〉Dhu

|∇g|
θ2
Rdσ +

∫
O
DhfDhuθ

2
Rdµ.

Summing over h we obtain∫
O

(λ+ 1)|∇u|2θ2
Rdµ+

∫
O

Tr[(D2u)2]θ2
Rdµ+ 2

∫
O
〈D2u · ∇u,∇θR〉θR dµ

=

∫
∂O

〈D2u · ∇u,∇g〉
|∇g|

θ2
Rdσ +

∫
O
〈∇f,∇u〉θ2

Rdµ.

Since f has compact support, for R large enough θR ≡ 1 on the support of
f . For such R we obtain∣∣∣∣∫

O
〈∇f,∇u〉θ2

Rdµ

∣∣∣∣ =

∣∣∣∣−∫
O
LOufdµ

∣∣∣∣ =

∣∣∣∣∫
O

(λu− f)fdµ

∣∣∣∣ ≤ 2‖f‖2
L2(O,µ).

Moreover∣∣∣∣∫
O
〈D2u∇u,∇θR〉θR dµ

∣∣∣∣ ≤ ∫
O

n∑
i,j=1

|Diju Dju DiθR|θR dµ

≤ 1

2

∫
O

n∑
i,j=1

|Diju|2|DiθR|θ2
R dµ+

1

2

∫
O

n∑
i,j=1

|Dju|2|DiθR| dµ

≤ 1

2

‖|∇θ|‖∞
R

∫
O
θ2
RTr[(D2u)2]dµ+

1

2

‖|∇θ|‖∞
R

∫
O
|∇u|2dµ

≤
(

1

2

∫
O

Tr[(D2u)2]θ2
Rdµ+

1

2λ
‖f‖2

L2(O,µ)

)
‖|∇θ|‖∞

R
.

Taking R large enough, such that ‖|∇θ|‖∞/R ≤ ε, we get

(1− ε)
∫
O
θ2
RTr[(D2u)2]dµ ≤

(
2 +

ε

λ

)
‖f‖2

L2(O,µ) +

∫
∂O
θ2
R

〈D2u · ∇u,∇g〉
|∇g|

dσ.

By using Lemma 11, the statement follows.
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Theorem 18. For each λ > 0 there exists C = C(λ) > 0, independent of n
and O, such that for each f ∈ L2(O, µ) the weak solution u of problem (3.1)
belongs to W 2,2(O, µ), and satisfies

‖u‖W 2,2(O,µ) ≤ C‖f‖L2(O,µ). (3.8)

Proof. Let f ∈ C∞c (O). Taking the limit as R → ∞ in (3.7) and using the
monotone convergence theorem, we get

(1− ε)
∫
O

Tr[(D2u)2]dµ ≤
(

2 +
ε

λ

)
‖f‖2

L2(O,µ).

Now taking the limit as ε→ 0 we get∫
O

Tr[(D2u)2]dµ ≤ 2‖f‖2
L2(O,µ). (3.9)

Taking into account (3.4), (3.5), and (3.9) we obtain

‖u‖2
W 2,2(O,µ) = ‖u‖L2(O,µ) + ‖|∇u|‖L2(O,µ) + ‖Tr[(D2u)2]‖L2(O,µ)

≤
(

1

λ2
+

1

λ
+ 2

)
‖f‖2

L2(O,µ)

which is (3.8) with C(λ) = 1
λ2 + 1

λ
+2. For f ∈ L2(O, µ) the statement follows

approaching it by a sequence of functions belonging to C∞c (O).

We recall that (1.26) holds, and we prove that the condition 〈·,∇f(·)〉 ∈
L2(O, µ) can be omitted.

Proposition 43. If f ∈ W 2,2(O, µ) then the map x 7→ 〈x,∇f(x)〉 belongs to
L2(O, µ), moreover the map

f 7→ 〈·,∇f(·)〉

is continuous from W 2,2(O, µ) to L2(O, µ).

Proof. Let f ∈ W 2,2(O, µ), then∫
O
|〈∇f, x〉|2dµ =

∫
O

n∑
i=1

(Difxi)
2dµ
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by assumption Dif ∈ W 1,2(O, µ) and if c < 1/4, by using (1.28), we have∫
O

(Dif(x))2x2
i e
−|x|2/2dx

=

∫
{x∈O: cx2

i>log |Dif(x)|}
(Dif(x))2x2

i e
−|x|2/2dx

+

∫
{x∈O: cx2

i≤log |Dif(x)|}
(Dif(x))2x2

i e
−|x|2/2dx

≤
∫
O
e2cx2

ix2
i e
−|x|2/2dx+

∫
O

1

c
|Dif |2 log |Dif |e−|x|

2/2dx

≤ C1 +
1

c

(∫
O
|∇Dif |dµ+

1

2

∫
O

(Dif)2dµ log

(∫
O

(Dif)2dµ

))
.

Summing over i from 1 to n we have 〈∇f, x〉 ∈ L2(O, µ).

3.2 Maximal Sobolev regularity for infinite di-
mensional problem

Now we consider the infinite dimensional problem. We use the cylindrical
approximation defined in Section 1.8. First we show that the restriction
to Ω of cylindrical continuous smooth functions is dense in L2(Ω, γ). Let
ψ ∈ L2(Ω, γ), then the zero extension outside Ω, ψ, belongs to L2(X, γ). By
Proposition 31, there exists a sequence of L2 cylindrical functions ψn that
converges to ψ in L2(X, γ). In its turn, each ψn may be approached by a
sequence of C∞b functions.

Therefore we suppose f ∈ FC∞b (X). Then, for some k ∈ N,

f(x) = w(l1(x), . . . , lk(x))

where w ∈ C∞b (Rk), li ∈ X∗ for i = 1, . . . , k.
Let G = G(n, f) := span{Fn, Rγ(l1), . . . , Rγ(lk)}. Then G is a subspace

of H of dimension q = q(n, f) ≤ j(n) + k; setting d := q − j(n) let O =
O(n, f) := On × Rd. If we denote by

πG(x) =

q∑
i=1

ĥi(x)hi

then
f(x) = f̃(πG(x))
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where f̃ ∈ C∞b (G). Let γG be the induced measure γ ◦ π−1
G in G; if G is

identified with Rq through the isomorphism x 7→ (ĥ1(x), . . . , ĥq(x)) then γG
is the standard Gaussian measure in Rq.

We recall that LΩn is the Ornstein-Uhlenbeck operator associated to the
quadratic form EΩn,γ while LO is Ornstein-Uhlenbeck operator associated to
the quadratic form EO,γG .

Proposition 44. Let v be the weak solution of the finite dimensional problem

λv − LOv = f̃|O in O

Then u(x) := v(πG(x)) is the weak solution of

λu− LΩnu = f|Ωnin Ωn

Proof. We remark that the space X can be split as X = G × X̃ where
X̃ = (I−πG)(X), and γ = γG⊗ γ̃G where γ̃G = γ ◦ (I−πG)−1 is the measure
induced on X̃ by the projection I − πG. Let ϕ ∈ W 1,2(Ωn, γ), then∫

Ωn

(λu(x)ϕ(x) + 〈∇Hu(x),∇Hϕ(x)〉H) γ(dx)

=

∫
Ωn

λv(πG(x))ϕ(πG(x) + (I − πG)(x))

+ 〈∇Hv(πG(x)),∇Hϕ(πG(x) + (I − πG)(x))〉Hγ(dx)

=

∫
O×X̃

λv(ξ)ϕ̃(ξ + y)

+ 〈∇v(ξ),∇ϕ̃(ξ + y)〉γG(dξ)γ̃G(dy) (where ϕ̃(·+ y) ∈ W 1,2(O, γG))

=

∫
O×X̃

f̃(ξ)ϕ̃(ξ + y)γG(dξ)γ̃G(dy)

=

∫
Ωn

f̃(πG(x))ϕ(x)γ(dx)

=

∫
Ωn

f(x)ϕ(x)γ(dx),

and the statement follows.

Proposition 45. The function u satisfies

‖u‖W 2,2(Ω,γ) ≤ K

where
K := C‖f‖L2(Ω1,γ)

and C is the constant of Theorem 18.
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Proof. We recall that u(x) = v(πG(x)). Then

‖u‖2
W 2,2(Ω,γ) ≤ ‖u‖2

W 2,2(Ωn,γ)

=

∫
Ωn

|u(x)|2 +
∞∑
i=1

|Diu(x)|2 +
∞∑

i,j=1

|Diju(x)|2 γ(dx)

=

∫
O

(
|v(ξ)|2 +

q∑
i=1

|∂iv(ξ)|2

+

q∑
i,j=1

|∂ijv(ξ)|2
)
µ(dξ) (By using Theorem 18)

≤ C2‖f̃‖2
L2(O,µ) = C2‖f‖2

L2(Ωn,γ) ≤ C2‖f‖2
L2(Ω1,γ)

If we consider the sequence {un}n∈N of weak solutions of the problems

λψ − LΩnψ = f|Ωn in Ωn.

By Proposition 45 it follows

‖un‖W 2,2(Ω,γ) ≤ K.

Possibly replacing un by a subsequence, there exists u ∈ W 2,2(Ω, γ) such that
un ⇀ u in W 2,2(Ω, γ).

Proposition 46. The function u is the weak solution of (1).

Proof. We know that for all ϕ ∈ FC1
b (X)∫

Ωn

λunϕ dγ +

∫
Ωn

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ωn

fϕ dγ.

We claim that
lim
n→∞

∫
Ωn

λunϕ dγ =

∫
Ω

λuϕ dγ.

Indeed, ∫
Ωn

λunϕ dγ =

∫
Ω

λunϕ dγ +

∫
Ω\Ωn

λunϕ dγ; (3.10)

by the weak convergence

lim
n→∞

∫
Ω

λunϕ dγ =

∫
Ω

λuϕ dγ
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while∣∣∣∣∫
Ω\Ωn

λunϕ dγ

∣∣∣∣ ≤ λ

(∫
Ω\Ωn

|un|2dγ
)1/2(∫

Ω\Ωn
|ϕ|2dγ

)1/2

≤ λK

(∫
Ω\Ωn

|ϕ|2dγ
)1/2

that goes to zero as n→∞ by the absolute continuity of the integral. Now
we claim that

lim
n→∞

∫
Ωn

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ.

In fact,∫
Ωn

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

〈∇Hun,∇Hϕ〉Hdγ +

∫
Ω\Ωn
〈∇Hun,∇Hϕ〉Hdγ.

By the weak convergence in W 1,2(Ω, γ)

lim
n→∞

∫
Ω

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ

while∣∣∣∣∫
Ω\Ωn
〈∇Hun,∇Hϕ〉Hdγ

∣∣∣∣ ≤ λ

(∫
Ω\Ωn

|∇Hun|2Hdγ
)1/2(∫

Ω\Ωn
|∇Hϕ|2Hdγ

)1/2

≤ λK

(∫
Ω\Ωn

|∇Hϕ|2Hdγ
)1/2

that goes to zero as n→∞.
Moreover,

lim
n→∞

∫
Ωn

fϕ dγ =

∫
Ω

fϕ dγ.

Therefore letting n→∞ in (3.10) we get that u satisfies (1.25).

Finally we give the maximal regularity result.

Theorem 19. If u is the weak solution of λu − LΩu = f on Ω then u ∈
W 2,2(Ω, γ) and

‖u‖W 2,2(Ω,γ) ≤ C‖f‖L2(Ω,γ)

Proof. By Proposition 45 it follows

‖un‖W 2,2(Ω,γ) ≤ C‖f‖L2(Ωn,γ) (3.11)

where C = C(λ) is the constant of the Theorem 18.
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We remark that

lim
n→∞

‖f‖L2(Ωn,γ) = ‖f‖L2(Ω,γ)

since γ(Ωn\Ω)→ 0.
By the weak convergence of un to u we have

‖u‖W 2,2(Ω,γ) ≤ lim sup
n→∞

‖un‖W 2,2(Ω,γ).

Letting n→∞ in (3.11) we get our claim.

3.3 The Neumann boundary condition
In this section we put under Assumption 1 and we prove that the weak
solution u of (1) satisfies a Neumann type boundary condition.

First we prove a useful lemma.

Proposition 47. If u ∈ Lp(∂Ω, ρ) and∫
∂Ω

uϕ dρ = 0 ∀ϕ ∈ FC1
b (X),

then u = 0 ρ−a.e. in ∂Ω.

Proof. Since the map

v 7→
∫
∂Ω

uv dρ

is continuous from W 1,q(Ω, γ) to R for all q > p′, and FC1
b (X) is dense in

W 1,q(Ω, γ), it follows that∫
∂Ω

uψ dρ = 0 ∀ψ ∈ W 1,q(Ω, γ).

In particular, since the restrictions to Ω of the Lipschitz continuous and
bounded functions ψ : X → R belong to W 1,q(Ω, γ), we have∫

∂Ω

uψ dρ = 0 ∀ψ ∈ Lipb(X).

Lemma 13 yields ∫
∂Ω

uψ dρ = 0 ∀ψ ∈ Lq(∂Ω, ρ)

and this implies that u = 0 ρ−a.e..
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Now we are ready to prove that the weak solution of (1) satisfies a bound-
ary condition similar to the Neumann boundary condition.

Proposition 48. If u is the weak solution of λu− Lu = f on Ω then

〈∇Hu(x),
∇Hg(x)

|∇Hg(x)|H
〉H = 0 ρ− a.e x ∈ ∂Ω. (3.12)

Proof. We fix ϕ ∈ FC1
b (X). We denote by un the solution to

λψ − LΩnψ = f|Ωn in Ωn. (3.13)

We recall that un is a cylindrical function and, thanks to the result of Section
1.8, we have un ∈ W 2,2(Ωn, γ). We multiply the differential equation (3.13)
by ϕ and we integrate on Ω, getting∫

Ω

(λun − LΩnun)ϕ dγ =

∫
Ω

fϕ dγ.

We recall that LΩnun is cylindrical, then

LΩnun(x) =

q∑
i=1

∂iiun(x)− ĥi(x)∂iun(x).

Therefore, by using (1.20), we obtain∫
Ω

λϕun dγ+

∫
Ω

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ+

∫
∂Ω

〈∇Hun,
∇Hg

|∇Hg|H
〉Hϕ dρ,

where

〈∇Hun,∇Hϕ〉H =

q∑
i=1

∂iun∂iϕ,

and

〈∇Hun,∇Hg〉H =

q∑
i=1

∂iun∂ig.

As in the previous section we have

lim
n→∞

∫
Ω

λϕun dγ =

∫
Ω

λϕu dγ,

and
lim
n→∞

∫
Ω

〈∇Hun,∇Hϕ〉Hdγ =

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ,
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We claim that the map

v 7→
∫
∂Ω

〈∇Hv,
∇Hg

|∇Hg|H
〉Hϕ dρ

from W 2,2(Ω, γ) to R belongs to (W 2,2(Ω, γ))′. Indeed, the function

x 7→ 〈∇Hv(x),
∇Hg(x)

|∇Hg(x)|H
〉Hϕ(x) =: F (x)

belongs toW 1,q(Ω, γ) for all q ∈ (1, 2). Moreover ‖F‖W 1,q(Ω,γ) ≤ C̃‖v‖W 2,2(Ω,γ),
and the trace operator is linear and continuous fromW 1,q(Ω, γ) to L1(∂Ω, ρ).
Therefore, since un ⇀ u in W 2,2(Ω, γ),

lim
n→∞

∫
∂Ω

〈∇Hun,
∇Hg

|∇Hg|H
〉Hϕ dρ =

∫
∂Ω

〈∇Hu,
∇Hg

|∇Hg|H
〉Hϕ dρ.

Then we have∫
Ω

λuϕ dγ +

∫
Ω

〈∇Hu,∇Hϕ〉Hdγ =

∫
Ω

fϕ dγ +

∫
∂Ω

〈∇Hu,
∇Hg

|∇Hg|H
〉Hϕ dρ

and since u is a weak solution of (1) we get∫
∂Ω

〈∇Hu,
∇Hg

|∇Hg|H
〉Hϕ dρ = 0

for all ϕ ∈ FC1
b (X). By using Proposition 47 we obtain (3.12).

Therefore, if u ∈ D(L) then u ∈ W 2,2(Ω, γ) and u satisfies the Neumann
boundary condition (3.12).
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Appendix A

Density properties

In this appendix we show some density results for which we thank Simone
Ferrari. Let (Y, d) be a complete metric space and let ρ be a finite Radon
measure defined on the Borel sets of Y . Let BUC(Y ) be the set of real
value uniformly bounded continuous functions and let Lipb(Y ) be the set of
Lipschitz bounded functions.

Lemma 12. Let f : Y → R be a bounded ρ−measurable function. Then for
all ε > 0 there exists g ∈ BUC(Y ) such that

ρ({x ∈ Y : f(x) 6= fε(x)}) < ε

and
sup
x∈Y
|g(x)| ≤ 2 sup

x∈Y
|f(x)|.

Proof. We fix ε > 0. Since ρ is a Radon measure then there exists K0,
compact subset of Y , such that ρ(Y \K0) < ε. By the Lusin theorem there
exists a function f0 ∈ C(K0) = BUC(K0) such that:

ρ({x ∈ K0 : f0(x) 6= f|K0(x)}) < ε

and
sup
x∈K0

|f0(x)| ≤ sup
x∈K0

|f(x)| ≤ sup
x∈Y
|f(x)|.

We define the following function, studied in [22],

g(x) =


f(x) if x ∈ K0

inf
y∈K0

f0(y)
d(x, y)

d(x,K0)
if x 6∈ K0
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then g is a BUC extension of f0 to the whole Y . We remark that for x 6∈ K0

there exists yε ∈ K0 such that

d(x,K0) = inf
y∈K0

d(x, y) ≥ d(x, yε)− ε,

therefore for x 6∈ K0 we have

|g(x)| =
∣∣∣∣ inf
y∈K0

f0(y)
d(x, y)

d(x,K0)

∣∣∣∣ ≤ sup
x∈Y
|f(x)| d(x, yε)

d(x,K0)
≤ sup

x∈Y
|f(x)|d(x,K0) + ε

d(x,K0)

for all ε. Then for all x 6∈ K0 we have

g(x) ≤ sup
y∈Y
|f(y)|.

Finally

sup
x∈Y
|g(x)| = sup

x∈Y
|g|K0(x) + g|Y \K0(x)| ≤ sup

x∈K0

|g(x)|+ sup
x∈Y \K0

|g(x)|

= sup
x∈K0

|f0(x)|+ sup
x∈Y \K0

|g(x)| ≤ 2 sup
x∈Y
|f(x)|.

Moreover

ρ({x ∈ Y : g(x) 6= f(x)}) ≤ ρ({x ∈ K0 : g(x) 6= f(x)})
+ ρ({x ∈ Y \K0 : g(x) 6= f(x)})
≤ ρ({x ∈ K0 : f0(x) 6= f(x)}) + ρ(Y \K0) < 2ε.

Lemma 13. The subspace Lipb(Y ) is dense in Lp(Y, ρ) with respect the norm
‖ · ‖Lp(Y,ρ).

Proof. Let f ∈ Lp(Y, ρ). For k ∈ N we put

fk(x) =


k if f(x) > k

f(x) if f(x) ∈ [−k, k]

− k if f(x) < −k

so that fk(x) is bounded and measurable. Then by Lemma 12 there exists
f̃k ∈ BUC(Y ) such that

ρ({x ∈ Y : f̃k(x) 6= fk(x)}) ≤ 1

2k
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Then by [25] there exists gk ∈ Lipb(Y ) such that

‖gk − f̃k‖L∞(Y ) ≤
1

2k
.

Now we estimate

‖gk − f‖Lp(Y,ρ) ≤ ‖gk − f̃k‖Lp(Y,ρ) + ‖f̃k − fk‖Lp(Y,ρ) + ‖fk − f‖Lp(Y,ρ),

where

‖gk − f̃k‖Lp(Y,ρ) =

(∫
Y

|gk(x)− f̃k(x)|pρ(dx)

)1/p

≤ ‖gk − f̃k‖L∞(Y )ρ(Y )1/p ≤ ρ(Y )1/p

2k
.

Concerning the second term we recall that

sup
x∈Y
|f̃k(x)| ≤ 2 sup

x∈Y
|fk(x)| = 2k

then

‖f̃k − fk‖Lp(Y,ρ) =

(∫
Y

|f̃k(x)− fk(x)|pρ(dx)

)1/p

=

(∫
{x∈Y : f̃k(x)6=fk(x)}

|f̃k(x)− fk(x)|pρ(dx)

)1/p

≤ 3k ρ({x ∈ Y : f̃k(x) 6= fk(x)})1/p ≤ 3k

2k/p
.

Finally we remark that since fk → f ρ-a.e. for k → ∞, and |fk(x)| ≤
|f(x)| ∈ Lp(Y, ρ), then the Lebesgue theorem yields

‖fk − f‖Lp(Y,ρ) → 0, k →∞.
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Appendix B

Hermite polynomials and Wiener
chaos decomposition

In this chapter we introduce the Hermite polynomials and their link with the
Ornstein-Uhlenbeck operator in the whole space X. We refer to the books
[3] for a detailed treatment.

First we define the Hermite polynomials in finite dimension.

Definition 32. For k ∈ N, we define the Hermite polynomials of degree k
by

Hk(x) :=
(−1)k√
k!

exp

{
x2

2

}
dk

dxk

(
exp

{
−x

2

2

})
. (B.1)

We set H0(t) = 1.

The first Hermite polynomials are

H1(x) = x, H2(x) =
1√
2

(x2 − 1),

H3(x) =
1√
6

(x3 − 3x), H4(x) =
1

2
√

6
(x4 − 6x2 + 3).

Now give some properties of Hermite polynomials.

Proposition 49. The Hermite polynomials on R satisfy the following prop-
erties:

1. {Hk}k∈N∪{0} is an orthonormal basis of L2(R, γ1);

2. H ′k(x) =
√
kHk−1(x), for all k ≥ 1;

3. H ′k(x) = xHk(x)−
√
k + 1Hk+1(x), for all k ≥ 1;
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4. H ′′k (x) = −H ′k(x)− kHk(x), for all k ≥ 1.

Definition 33. Let α = (k1, . . . , kn) be a multi-index. We define the Hermite
polynomials on Rn as

Hα(x) = Hk1(x1) · · ·Hkn(xn),

where Hki is the Hermite polynomial on R of degree ki .

We set
Xk := span{Hα : |α| = k} in L2(Rn, γn).

Proposition 50. For all h, k ∈ N ∪ {0} with h 6= k, we have Xh⊥Xk.

Proof. It is sufficient to prove that for |α| = k and |β| = h, with h 6= k, we
have ∫

Rn
Hα(x)Hβ(x)γn(dx) = 0.

Recalling Definition 33, we have∫
Rn
Hα(x)Hβ(x)γn(dx) =

n∏
i=1

∫
R
Hαi(xi)Hβi(xi)γ1(dxi) = 0,

since h 6= k implies that there exists j ∈ {1, . . . , n} such that αj 6= βj.

Proposition 51. {Hα}α∈(N∪{0})n is an orthonormal basis of L2(Rn, γn). More-
over

L2(Rn, γn) =
∞⊕
k=0

Xk.

B.1 Hermite polynomials in infinite dimension
Let X be a separable Banach space endowed with a non-degenerate centered
Gaussian measure γ. Let {hn}n∈N be an orthonormal basis of H such that
{ĥn}n∈N ⊂ X∗ is a basis of X∗γ .

Definition 34. The Hermite polynomials are function of the type

x 7→ Hk1(ĥ1(x)) · · ·Hkm(ĥm(x)), x ∈ X,

with m ∈ N and k1, . . . , km ∈ N ∪ {0}.

Proposition 52. The space generated by the Hermite polynomials is dense
in L2(X, γ).
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Proposition 53. The Hermite polynomials are orthonormal in L2(X, γ).

Proof. We fix n,m ∈ N, n ≥ m. Let α, β be two multi-indices, with |α| = m
and |β| = n. Then∫

X

Hα1(ĥ1(x)) · · ·Hαm(ĥm(x)) ·Hβ1(ĥ1(x)) · · ·Hβn(ĥn(x)) γ(dx)

=

∫
Rn
Hα1(ξ1) · · ·Hαm(ξm) ·Hβ1(ξ1) · · ·Hβn(ξn) γn(dξ)

= 〈H(α1,...,αm,0,...,0), Hβ〉L2(Rn,γn) =

{
1 if (α, 0) = β

0 otherwise
.

Now we consider α ∈ (N ∪ {0})N, α = (α1, . . . , αn, . . .), and

|α| =
∞∑
n=1

αn.

Then |α| <∞ if and only if αn 6= 0 for a finite number if n. In this case we
put

Hα(x) =
∞∏
n=1

Hαn(ĥn(x)).

For k ∈ N ∪ {0} we set

Xk := span{Hα : |α| = k} in L2(X, γ).

Then
L2(X, γ) =

⊕
k∈N∪{0}

Xk. (B.2)

The identity (B.2) is called Wiener chaos decomposition. For f ∈ L2(X, γ),
the orthogonal projection of f on Xk is given by

Ik(f) =
∑
|α|=k

〈f,Hα〉L2(X,γ) ·Hα.

We define a family of operators (T (t))t≥0 ⊂ L(L2(X, γ)) as

T (t)f(x) =

∫
X

f
(
e−tx+

√
1− e−2ty

)
γ(dy).

One can prove that (T (t))t≥0 is a C0−semigroup named Ornstein-Uhlenbeck
semigroup (see [3]).
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Let L be the infinitesimal generator of (T (t))t≥0 in L2(X, γ), with

D(L) :=

{
f ∈ L2(X, γ) : ∃ lim

t→0+

T (t)f − f
t

in L2(X, γ)

}
.

We call L the Ornstein-Uhlenbeck operator.

Proposition 54. If L is the infinitesimal generator of (T (t))t≥0, then

D(L) =
{
u ∈ W 1,2(X, γ) : ∃g ∈ L2(X, γ) :∫
X

〈∇Hu,∇Hϕ〉H dγ =

∫
X

g ϕ dγ ∀ϕ ∈ W 1,2(X, γ)

}
,

moreover
D(L) = W 2,2(X, γ),

with equivalence of the norms.

The following property links the Ornstein-Uhlenbeck semigroup and the
Hermite polynomials.

Proposition 55. For all t ≥ 0 and f ∈ L2(X, γ), we have

T (t)f =
∞∑
k=0

e−ktIk(f).

As a consequence of Proposition 55, we have

D(L) =

{
f ∈ L2(X, γ) :

∞∑
k=0

k2‖Ik(f)‖2
L2(X,γ) <∞

}
,

and

Lf =
∞∑
k=0

−kIk(f), ∀f ∈ D(L).

Therefore −k is eigenvalue of L, and the corresponding eigenspace is Xk ∩
D(L).

Lemma 14. For all k ∈ N, we have Xk ⊂ D(L).

Proof. If f ∈ Xk, then Ik(f) = f while In(f) = 0 for all n 6= k. Moreover
the function T (t)f = e−ktf is differentiable at t = 0.

Proposition 56. The following identity

W 1,2(X, γ) =

{
f ∈ L2(X, γ) :

∞∑
k=0

k‖Ik(f)‖2
L2(X,γ) <∞

}
,

holds.
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