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Abstract

We study the interplay between geometrically-Bott—Chern-formal metrics and SKT
metrics. We prove that a 6-dimensional nilmanifold endowed with a invariant complex
structure admits an SKT metric if and only if it is geometrically-Bott—Chern-formal.
We also provide some partial results in higher dimensions for nilmanifolds endowed
with a class of suitable complex structures. Furthermore, we prove that any Kihler
solvmanifold is geometrically formal. Finally, we explicitly construct lattices for a
complex solvable Lie group in the list of Nakamura (J Differ Geom 10:85-112, 1975)
on which we provide a non vanishing quadruple A BC-Massey product.

Keywords SKT metric - ABC-Massey product - Geometrically formal -
Nilmanifold - Solvmanifold

Mathematics Subject Classification 53C55 - 53B35 - 22E25

1 Introduction

Let (M, J) be a compact complex manifold of real dimension 2n. Dolbeault, Bott—
Chern, and Aeppli cohomologies play a relevant role in the study of the holomorphic
invariants and provide obstructions for the existence of further structures. For example,
the existence of a Kihler metric on (M, J) implies that the (p, p)-Hodge numbers are
positive, the 99-Lemma holds, the de Rham complex is a formal DGA [10, 33, 34]
and M satisfies the Hard Lefschetz condition. When (M, J) admits a Kihler metric,
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all these cohomology groups are isomorphic. This fact is no longer true for compact
non Kiahler manifolds; in such a case, Bott—Chern cohomology may yield further
information on the complex geometry of the manifold.

Compact quotients of simply connected nilpotent Lie groups by a lattice, namely
nilmanifolds, endowed with an invariant complex structure, are one of the main sources
of concrete examples on which explicit cohomological computations can be carried
out. Due to Benson and Gordon [7], such manifolds never admit a Kihler structure
unless they are tori. Nevertheless, nilmanifolds can admit special Hermitian metrics,
e.g., strong Kdhler with torsion metrics, shortly SKT metrics (see [4, 8, 14, 18, 19,
21] for general results on SKT geometry and generalized Kihler geometry and [13,
15-17, 28] for existence results on nilmanifolds).

Bott—Chern cohomology provides an obstruction to the existence of curves of SKT
metrics starting from a SKT metric (see [26]). Another relation between Bott—Chern
cohomology and metric properties is given by the notion of Bott—Chern formality.
More precisely, following Kotschick [23], in [3] the notion of geometrically-Bott—
Chern-formal metrics, shortly geometrically-BC-formal metrics, is defined. In the
same work, as an obstruction to the existence of geometrically- BC-formal metrics, the
authors introduced the triple Aeppli-Bott—Chern—Massey products, shortly triple ABC-
Massey products; such products are defined by three cohomology Bott—Chern classes
satisfying suitable conditions which produce a coholomogy class living in a quotient
of Aeppli cohomology modulo an ideal of indeterminacy. Recently, Milivojevic and
Stelzig [24] introduced the n-fold Aeppli-Bott—Chern—Massey products, generalizing
the triple ABC-Massey products in [3].

In the first part of the present paper, we investigate possible further interplays
between SKT metrics and geometrically- B C-formal metrics on nilmanifolds endowed
with an invariant complex structure. We prove the following.

Theorem (see Theorem 3.1) Let (I'\G := M, J) be a 6-dimensional nilmanifold
endowed with an invariant complex structure J. Then, (M, J) is SKT if, and only if,
it is geometrically- BC-formal. In particular, every Hermitian invariant metric is SKT
if, and only if, it is geometrically- BC-formal.

For complex dimension n > 3, there exists SKT nilmanifolds with no
geometrically- BC-formal metrics (see Proposition 4.8). Consequently, for n > 3,
it is natural to look for special classes of complex structures, in order to extend Theo-
rem 3.1. In Proposition 4.2 we prove that, under suitable assumptions on the complex
structure, see (2.4), if the nilmanifold has an invariant geometrically- B C-formal met-
ric, then it also admits an SKT metric. This is a partial converse of [32, Theorem
7.4].

The second part of the paper is devoted to the investigation of cohomological proper-
ties of solvmanifolds endowed with an invariant complex structure. By a solvmanifold,
we mean a compact quotient of a simply connected solvable Lie group by a lattice.
In [20], Hasegawa fully characterized solvmanifolds admitting a Kéhler structure.
Namely, he proved that solvmanifolds admit a Kéhler structure if and only if they are
finite quotients of a tori with a structure of a holomorphic bundle over a torus with
fiber a torus. Following the explicit description by Hasegawa, we prove
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Theorem (see Theorem 5.10 and Corollary 5.11) Let X be any Kdhler solvmanifold.
Then, X is geometrically-BC-formal and, consequently, every ABC-Massey on X
vanishes.

Therefore, the vanishing of A BC-Massey products provides an obstruction to the
Kéhlerianity of solvmanifolds. It is useful to observe that in [31], the authors con-
struct an explicit example of a compact complex manifold satisfying the 99-lemma
and admitting a triple non vanishing ABC-Massey product. As already asked by
Milivojevic and Stelzig in [24], it is natural to rise the following

Question Is the non vanishing of an ABC-Massey product an obstruction to the
existence of a Kihler metric on a given compact complex manifold?

Concerning the explicit construction of higher A BC-Massey products, we provide a
non vanishing quadruple A BC-Massey product on acomplex solvmanifold of complex
dimension 4.

The work is organized as follows. In Sect.2 we start by fixing the notation and
recalling the basic facts on ABC-Massey products. Section 3 is devoted to the proof
of Theorem 3.1. The argument relies on the characterization, due to Ugarte [37], of
global frames for which J can be written in a convenient way, following the paper
of Salamon [29]. In Sect.4, complex structures of special type on nilmanifolds are
introduced. For such complex structures, Lemma 4.3 gives a concrete description of
their Bott—Chern cohomology and Theorem 4.5 gives a sufficient condition for the
existence of a non vanishing A BC-Massey product on nilmanifolds endowed with
complex structures of special type. Theorem 4.5 is then applied explicitly in Example
4.6 and Example 4.7. Section5 contains the proof of Theorem 5.10. Such a result
follows from the full description of the cohomology of Kéhler solvmanifolds proved in
Theorem 5.8. Finally, in Sect. 6 we construct a non vanishing quadruple A BC-Massey
product of the quotient of a complex Lie group of complex dimension 4 in the list of
Nakamura [25, IV 6., p. 108]. We explicitly describe two families of lattices (Lemma
6.1) giving rise to two complex parallelizable manifolds with different Dolbeault and
Bott—Chern cohomologies (Tables 1, 2) which have a structure of holomorphic fiber
bundle over a complex torus with non Kihler typical fiber, i.e., the Iwasawa manifold.

2 Notation and Preliminary

We denote by M = I'\ G the quotient of a simply connected solvable Lie group G with
Lie algebra g by a lattice I" and by J an invariant complex structure, i.e., a complex
structure on g. Let g* be the dual of g and let J define a complex structure as usual
on g* by Ja(X) = a(JX), for every a € g*, X € g. Then, the space gi. := g* ® C
decomposes as

gt = @) @ (gr)"!

where (g(*c)l’0 ={a —iJa : a € g*} and (g(“f:)o’1 ={a+iJa : a € g*} are,
respectively, the +i-eigenspaces of the C-linear extension of J on g¢..
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For a compact complex manifold (M, J), we denote by Az (M) and A**(M)
respectively, the space of complex-valued differential forms on (M, J), and the space
of (p, g)-forms on (M, J). Set, as usual,

d=T"00d: APIM) > AP M) §=T1" od: API(M) — APITI(M).
Accordingly, the exterior differential decomposes as d = 8 + 9. Then,

ker 8 Nker 9

Hg (M) = =
scM) Im 99

N A**(M)

is the Bott—Chern cohomology of (M, J) and we denote by

ker 99
HY* (M) = ———— N A**(M
A M) Imd + Imd (M)

the Aeppli cohomology of (M, J).
According to [30], once fixed an Hermitian metric g on (M, J), setting the Bott—
Chern Laplacian and the Aeppli Laplacian respectively as

Apc =900 0% +0 009+ 9 99*9 + 9790 0+ 0 0+ 0%,
Ap =00 +00 +9 0599 + 900 0+ 00 99" + 99*39 ",

it turns out that Apc and A4 are fourth order self-adjonint elliptic operators and,
consequently, the following isomorphisms of vector spaces hold

ker Agc = Hpc (M), ker Ap = Hy(M).

In particular, a (p, g)-form is Bott—Chern harmonic (respectively, Aeppli harmonic)
with respect to a fixed a Hermitian metric g on (M, J) if it holds

da=0, 9*,0=0,
respectively,
3da =0, dx;a=0, d*ea=0.

The Bott—Chern (respectively, Aeppli) cohomology of a compact complex manifold
has a structure of algebra (respectively, Hpc-module) induced by the U product,
whereas this is no longer true for their harmonic representatives. Therefore, along
the lines of [23] and [36], the authors in [3] define a Hermitian metric g on
compact complex manifold (M, J) to be geometrically-Bott—Chern-formal (shortly,
geometrically- BC-formal) if the space of Bott—Chern harmonic forms HX;C M) =
ker A pc has a structure of algebra induced by the A product.

@ Springer



348 Page 10 0f 42 T. Sferruzza, A. Tomassini

We recall the construction of triple ABC-Massey products and quadruple ABC-
Massey products (see, respectively, [3] and [24] for further details). Let [«] €
HEA (M), [B] € Hg (M), and [y] € Hy (M) such that

aAB= (DT80 fp.  BAy=(—1)"030fs,.
Then, the triple ABC-Massey product {[«], [B], [Y])aBc is represented by

([a], [Bl, [yDasc = [(=DPTa A fp, — (=1 fup A y]
H£+r+lt—1,q+s+v—1(M)

€ .
—1,s+v— —1, -1
[a] U H:‘+u 1,s4+v I(M) +IylU H£+r q+s (M)

Lemma 2.1 Let (M = I'\G, J) be the compact quotient of simply connected Lie group
G by a discrete co-compact subgroup T and let J be an invariant complex structure
on M, i.e., induced by an invariant structure J on the Lie algebra g of G. Then, the
map

i: {triple ABC-Massey products on (g, J)} — {triple ABC-Massey products on (M,
N}

is injective.

Proof Let [a], [B], [y] € Hpc(g) so that P := ([a], [B], [y])asc is a non van-
ishing triple ABC-Massey product on g with fus and fg, its associated invariant

90-primitives. Being P non vanishing, for the representative of 7 it holds that

(Do A fg, — (=DPfap Ay ¢ [@] U Ha(g) + [y]1U Ha(g).  (2.1)

By contradiction let us assume that i (P) is trivial as a triple A BC-Massey product on
(M, J). We can choose again fyg and fg, as d0-primitives, as any other choice of
(not necessarily invariant) primitives, by definition of A BC-Massey product, would
yield terms of the representative that still belong to the indeterminacy ideal. Since
i(P) is trivial on (M, J), there exist &, n, R, S € A(M) such that

0# (=D¥a A fg —(~DPlfug Ay =a AE+y An+dR+3S.
Note that at least one form in {£, n, R, S} is not left-invariant. However, by applying
a symmetrization process (see, e.g., [6, 12, 37]) on both sides of the above equation,
we obtain

0# (=D¥an fz —(~DPlfug Ay =a AE+y Alj+ IR +3S.

The right-hand side of the equations, however, has to be non vanishing and it belongs
to [a] U Ha(g) 4+ [v]1U Ha(g), contraddicting (2.1), which concludes the proof. O

@ Springer



Bott-Chern Formality and Massey Products Page 11 0f42 348

We now recall the construction of quadruple ABC-Massey products. The
Schweitzer complex Sf,’ ¢ 18 defined for every pair (p, ¢) as

B —arraon B gl = arha2 (@ AP ()

rod
LGN Sg g = Ap~la=l

X5l = Araon 25
so that
1 Pq 0 p—1,g-1
H = Hpr (M), Hs,,,q =H, (M).

Sl’v‘i

Let [a] € Hpc (M), [B] € Hpc(M), [y] € Hpc(M), and [8] € Hpc (M) such that
aANBAYyASeAPI(M). Letx,y,z,n, 1,8, & € A**(M) such that

ddx =aAB, ddy=PBAy, 00z=yAS
and

xy —ay =an+93n, ys— Bz =0E + 9.
Then the quadruple A BC-Massey product ([«], [B], [v], [6]) apc is represented by

(DA€ +E) = @0 Az+ DT e Adz+ m+0) A8 22)
in
H,! (A™* (M)
ker(prod: AP~2971 (M) @ AP~1I72(M) — APT1ITI(M))

T Im(prod: AP 3N (M) @ APEE(M) @ AP (M) — AP2T (M) @ AP 2 (M)
2.3)

Let (M =T'\G, J) be a 2k-dimensional nilmanifold. An invariant almost complex

structure J on M is said to be nilpotent [9] if there exists a frame {n', . .., n¥} of (g(*c)l'0
such that dn' € Spanc(n™/, n'/); j=1...;—1.If the coframe {n', ..., n*} satisfies
dn/ =0, jell,....k—1
n Jed } 2.4)

dn* € Spanc(n'/, nil); j=1...k-1,
we will call J a special type complex structure on M . Finally, we recall that a Hermitian
metric g on a complex manifold (M, J) is said to be strong Kdhler with torsion, shortly

SKT, if its fundamental form o satisfies 99w = 0.
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3 SKT Metrics and Geometrically-BC-Formal Metrics in Complex
Dimension 3

In this section, we prove that the property of admitting a geometrically- B C-formal
metric is equivalent to the property of admitting a SKT metric on any six-dimensional
nilmanifold endowed with an invariant complex structure.

Theorem 3.1 Let (I'\G := M, J) be a 6-dimensional nilmanifold endowed with an
invariant complex structure J. Then, (M, J) is SKT if, and only if, it is geometrically-
BC-formal. In particular, every Hermitian invariant metric is SKT if, and only if, it is
geometrically- BC-formal.

Proof Let us first assume that (M, J) admits a SKT metric, which we can assume to

be invariant by the symmetrization process. By [16, Theorem 1.2], then (M, J) admits

a basis {a!, o?, a3} of invariant (1, 0)-forms such that

do! =0, da? =0, da’ = Aalz+BalT+Cocl§+Da2T+Ea2§,

with A, B, C, D, E e C satisfying |A|* + |C|?> + |D|> = 2%R¢(BE). In particular,
every invariant metric on (M, J) is SKT. But then, in [32, Theorem 7.3] it was shown
that every invariant Hermitian metric on (M, J) is also geometrically- B C-formal.

Viceversa, let us assume that the nilmanifold (M = I'\G, J) is geometrically-BC-
formal. Since the nilmanifold M = I'\G admits an invariant complex structure J, by
[37, Proposition 2], there exists a invariant (1, 0)-coframe {a)l, ?, a)3} such that it
satisfies the following structure equations

(a) if J is nonnilpotent:
do' =0,

do? = Eo" + w3, 3.1
dw® = Aw'! + ibw'? — ibEw?!,

with A, E € C, |E| = 1, and b € R\{0},
(b) if J is nilpotent:

do' =0,
do? = ew'l, (3.2)
dw?® = po'? + (1 — €)Aw" + Bo'? + Co?' + (1 — €) Dw??,

with A, B,C, D € Cande, p € {0, 1}.

We claim that J is nilpotent. By contradiction, let us assume that J is nonnilpotent.
But then, by (3.1),

000> = —2b%0! 12,

@ Springer
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and the Bott—Chern cohomology classes [w!?] € HBC (g) and [a) 1 e Hg’g(g) are
well defined. Then, the following A BC-Massey product on (g, J) is well defined

12 I v 1 3123 ﬂ
<[w 1 @7, [ ])ABC [2b2w ]AE [a)ﬁ]UH/i’l(g).

Moreover, Im§| 12 .« +Im8| 03 « C Span(wlm, a)2123) hence [ 2a)3123]A #0
AR ANt 2b
as an Aeppli cohomology class.
Supposethat[ 11’20)3]23],4 € [wlz]UHj"l(g),i.e.,thereexistuj eC,Re /\O’3 ac

and S € \'? g¢ such that

1,1
hA

1 o = _
2—bzw3123 = § njo'* AE+ 3R +3S, (3.3)
j=1

1 1
where {£7} Al is a basis of HL A (g) We take the usual left- mvarlant extension to
(M, J)of the forms and the metric on (g, J). By multiplying by »'? and integrating
over M each side of equation (3.3), we obtain

hl.l
1 31232 : 1212 j
0% 55l ||L2(M)=/leujw nel+
]:

M

M

Since dw'? = 0, the last two terms on the right hand side of the equation vanish by
Stokes’ theorem, yielding

075/ Z“l 7AEJ—ZM,/ 12 8 w(x67)

hll

= Z“J EN 2y =0,

] .1 —
where the last equation holds since {x&/ } hi 4 , are Bott—Chern harmonic and »'?12i599-

exact. This is absurd, therefore, ([a)lz], [w 12], [w 12])ABC givesrise viaLemma2.1toa
non vanishing A BC-Massey producton (M, J), which contradicts the assumption that
(M, J) is geometrically- BC-formal. Hence, if (M, J) is geometrically- B C-formal,
J is nilpotent and we can assume the existence of a (1, 0)-coframe {a)] , w2, a)3} as in
3.2).
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By assumption, there exists an invariant geometrically-BC-formal metric g on
(M, J) whose fundamental form F can be written as

. 3
; ~- 1 - -
— _ —m/J _ — i — — ot
F=3) Fgoll+ Y (Fjoll = Fjo’).
j=1

I<i<j<k

From (3.2), we immediately compute

_ | Foy _
93F = —l%(pz 1B +CI? = 2(1 — €)*Re(AD))w' 2.

By contradiction, if 39 F # 0, setting L := p*+|B|*+|C|> —2(1 —€)*Re(AD) # 0,
then one can show, by using the same argument as above, that

(101, 1071, 1) z[lwzm} ()
’ ’ ABC L 4 [02]1U H/I{I(g)

gives rise via Lemma 2.1 to a non vanishing ABC-Massey product on (M, J). This
is absurd, therefore 00 F = 0 and g is SKT. The theorem is proved. O

Remark 3.2 The SKT nilmanifolds are at most 2-step by Arroyo and Nicolini in [5], as
conjectured by Enrietti, Fino, and Vezzoni in [11]. Moreover, as proved by Rollenske
in [27, Proposition 3.3], every complex structure on a 2-step nilpotent Lie algebra is
nilpotent. So, every invariant complex structure on SKT nilmanifolds is nilpotent.

Remark 3.3 If ('\G = M, J) is either a 6-dimensional nilmanifold M with an
SKT invariant complex structure J or, more generally, a 2n-dimensional nilmani-
fold endowed with a SKT special complex structure, then from Theorem 3.1 (see also
[32, Theorem 7.2] and [32, Theorem 7.4]) we know that (M, J) is geometrically-
BC-formal. Since J is nipotent, by [1], the Aeppli cohomology and the Bott—Chern
cohomology of (M, J) are computed, respectively, by the space of invariant Aeppli
(respectively, Bott—Chern) harmonic forms with respect to a fixed invariant SKT met-
ric g on (M, J). Moreover, the space H := Ha ,(9) + Ha p (9) is closed under » and
since [32, Lemma 7.3] 39 = 0 on left-invariant forms on G, then 85| y= 0. Hence,
any invariant SKT is, in particular, an ABC-geometrically formal metric in the sense
of [24] and (M, J) is weakly formal in the sense of [24].

4 SKT Metrics and Bott-Cher-Geometrically Formal Metrics in Higher
Dimensions

In this section we further study the relation between SKT metrics and geometrically-
B C-formal metrics for nilmanifolds of complex dimension strictly higher than 3.

As proved in [32], for the class of nilmanifolds endowed with special type com-
plex structures, in any complex dimension the existence of a SKT metric implies the
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existence of a geometrically-BC-formal metric. In Proposition 4.2, we prove a par-
tial converse of this result by showing that, if a nilmanifold endowed with a special
type complex structure admits no SKT metric, then it does not admit any invariant
geometrically- BC-formal metric. However, this does not suffice to show that there
exist no (not necessarily invariant) geometrically- B C-formal metrics. Thus, in The-
orem 4.5, we give explicit sufficient conditions on the Bott—Chern cohomology for
the existence of a non vanishing A BC-Massey product; hence, under such conditions,
there cannot exist geometrically- B C-formal metrics on such a class of manifolds.

Finally, in Proposition 4.8 we show that by dropping the hypothesis of special type
complex structure, we can construct a nilmanifold with invariant nilpotent complex
structure which is SKT but admits a non trivial A BC-Massey product.

Letnow (M, J) be a 2n-dimensional nilmanifold endowed with a complex structure
of special type, see (2.4). Then, the complex structure J is nilpotent [9] on M. By
[1, Theorem 2.8], the Aeppli cohomology and the Bott—Chern cohomology of (M, J)
are computed via the complex of left-invariant forms on G. As a consequence, by
Lemma?2.1, ABC-Massey products on (g, J) corresponds bijectively to A BC-Massey
products on (M, J).

Let g be an invariant Hermitian metric on (M, J) and denote by

.k
1A Pars 1 Pary _ s
w = E E wjjr]“ + E E (a)l7 rll,/ _ wi; n,/l)'
j=1

1<i<j<k

its fundamental form.

For this family of nilmanifolds, by structure equations (2.4), the metric g is SKT if
and only if 39n** = 0, i.e., the SKT condition does not depend on the choice of the
Hermitian metric.

In that case, it was shown in [32] that if J is such that every invariant Hermitian
metric on (M, J) is SKT, the manifold (M, J) is geometrically-BC-formal, hence
[35] every A BC-Massey product vanishes.

Remark 4.1 As a consequence of [32, Theorem 7.4], a necessary condition for the
existence of non vanishing triple A BC-Massey products is that (M, J) does not admit
any SKT metric.

Furthermore, we observe the following result.

Proposition 4.2 For nilmanifolds endowed with complex structure of special type, if
there exists an invariant geometrically- B C-formal metric, then it is also SKT.

Proof Letus fix {n', ..., n*} acoframe of invariant (1, 0)-forms on (M, J) satisfying
(2.4). By Gram-Schmidt, we can assume that the coframe {nl, e, r)k } is unitary and
still satisfy structure equations of type (2.4). In this situation, the fundamental form

of g can be written as w = ’§ Zﬁ:l n’/J. Let us assume that g is not SKT, i.e.,

0 * 35’7@ = Z LrsﬁanW~

1<r,u<s,v<k—1
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We can then choose ry, so, g.vg such that L, 57,5, 7= 0. By structure equations
and bidegree reasons, the forms o := 7’% and g := 5¥“°% are both d-closed and
d9x-closed, so they are Bott—Chern harmonic. We check whether this holds also for
the wedge product ¢ A B. By Leibniz rule, the form o A 8 is d-closed. However,

*(a A B) = 87)1“'r5"‘53“'kl“‘uz;“jé“'k, with ¢ a sign constant, so that

85* (Ol A /3) — (_1)k—38nl...i’g...sg.A.k—lT...ESA..ﬁs.“m A ag(nkﬁ)

/ L.k—11..k—1
=& Lrosoﬁoﬁon # O,

with &’ a sign constant. As a consequence, the form a A 8 is not Bott—Chern harmonic,
i.e., the invariant metric g is not geometrically- B C-formal. O

We now prove a sufficient condition for the existence of a non trivial A BC-Massey
product on nilmanifolds endowed with a special type complex structure.

Recall that, in our notation, a real 2k-dimensional nilmanifold M = I'\G admits
a special type complex structure J if it admits a coframe of invariant (1, 0)-forms
{n', ..., n*} such that

dn/ =0, jef{l,....,k—1}

k ij 7 4.1)
dn® € Spanc(n"/, n'/); j=1,.. k-1

Let g be a fixed invariant Hermitian metric on (M, J) (which we can always assume
to be diagonal) and let » = £ Zl;zl n/J be its fundamental form.

By Remark 4.1, we assume that (M, J) is not SKT, i.e., 8577"% # 0. In this case,

the dd-operator on invariant forms is not zero only on I(nkE). Moreover, structure
equations (4.1) imply that

mad c A\~ (Span(c(nl, U L I LA nm)> . 42)

Since the Bott—Chern cohomology and the Aeppli cohomology of (M, J) are com-
puted via the complex of left-invariant forms on G, by further exploiting the structure
equations (4.1), straightforward computations allow us to describe the structures of
Bott—Chern and Aeppli cohomologies of (M, J).

Lemma 4.3 The Bott—Chern cohomology of (M, J) of any bidegree (p, q) admits the
following decomposition

p.q ~ H
Hpc (M) = 1—169H2€BH3,

where

Hy = Spang{nt =7 A p/tJa); oy
I =Imd3 (span(C(nkE A gitin=2 A n71~~-7q—2>>
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H, =Kerd N (Span(c(r/k A pitie=t A 7771"'74) @ Span(c(r/z A it A rﬁl"jq*l)>
H3z =Kerd N Span(c(nk; A piti=t A nj'"jq—' ).
In particular, if either p < 2 or g < 2, we have that

Hpd (M) = H, & H, ® H;.

Proof By [1, Theorem 2.8], we have that Hp? (M) = H} [ (g), where

Ker(d: NP7 gf — G ac @ AP [5))
m@3: AP gh — AP gl

Hpl(9) =
But then the following decomposition holds
Ker (d: NP7 gt — NPT gt ® NPT g(’{:) =H & H, d H;.
By (4.2), we have that
Im (85: AP~ gE s AP gj‘é) = 1.

Then, since I1 N H, = {0} and I} N H3 = {0}, we can conclude that

HeH,®&Hy _H
H @ =""" ="l gmeH.
I I
Note that if either p < 2 or ¢ < 2, then I} = {0}, which concludes the proof. O

Lemma 4.4 The Aeppli cohomology of (M, J) of any bidegree (p, q) admits the
following decomposition

K1 K>
H (M) = — @ —= & K3,
A (M) L @D L @ K3
where
Ky =Spang(n't-ir/i-ay, ooy
Li=Imoa (Spanc(nki‘"'iﬁ_z;l"'?q)> ®Ima (Spanc(nkil'-~ip—171~-74—1))
@ Ima (Span(c(n%il"'il’*lj'"‘7’1—‘ )) ®Ima (Spanc(nEi"“il’jl"'7‘1—‘ ))
K2 — Span(c(nkil“‘il’”?l“'j‘i , nzil.“ipfl..jq,w
L, =Ima (Spanc(nkﬁil"'il’—ﬁl"'?qfl )) ®Ima (Spanc(nkﬁ] "'i”"jl"j‘i*2)>

K3 =Kerdd N Spanc(nkzi""il’*ljl g1 )
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Proof The proof is analogous to the proof of Lemma 4.3. O

We will now work at the level of the Lie algebra g of the universal cover G of M.
We note that g is endowed with a special type complex structure inherited by (M, J),
which we will still denote by J. Therefore, there exists a basis {', ..., 7} of (1, 0)-
forms on (g, J) satisfying (4.1) and the fixed invariant Hermitian metric g on (M, J)

descends to a Hermitian metric on (g, J) with fundamental form w = li 21;21 nii.
Let us then consider a ABC-Massey product P on (g, J) given by the following
expression

P =l 181, 18)

ABC’

where [a] € H gé] (9), [B] € Hg’é(g). We assume that the representatives « and 8

satisfy the following properties
L N R e N L N N F

In order for P to be a well defined non trivial A BC-Massey product, by (4.2), it must
hold that

e o, € H of Lemma4.3,i.e.,

ae \P (Spandnl,..-,nk‘l, nl,..-,nk_l>),
r,s o

Be N\ (Spandnl,...,nk_l, nl,...,nk_1>),

o there exists a form f = gk A7 € NPT lats=l g withy € NPT 2ats=2 e
such that

(—1DPH99 f =a A B.

We assume that J can be written as 7 := n/t'r+r-2 AnV1Ya+s-2 and, up to a constant,
itistheonly (p +r — 2, g + s — 2)-form ¢ which satisfies

0 # 39(n**) A ¢ € Spang(a A B).

Then the ABC-Massey product P is represented, up to constant, by the Aeppli
cohomology class

T ~ 2r—1,q+2s—1
A7 ABlLe HEFTHITET1(g),

Note that, since the form *(nkz A7 A B) does not contain ¥ nor 7%, then by structure

equations *(n ¢ A A B) is d-closed and 9-closed; hence, the form NN B
Aeppli harmonic and, as a Aeppli cohomology class, [755 A 7 A 14 # 0.
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As a ABC-Massey product, P is non vanishing if and only if I A7 ABlA & T,
where Jis the ideal

[alpe UHY 727 @) + [Blpc U HYT 147 (g),

Let us suppose by contradiction that this is the case, i.e., there exists A, u; € C and
+2r—2,g4+2s—1 +2r—1,q+2s—-2
Re \PTT72475 7 gt S e A\PTT7047577 g such that

2r—1,2s—1 p+r—1,g+s—1
hA hA

A ap= 3 rantl+ > wpAy +oR+DS. 43)
j=1 =1

X h2r—1,25—1 hp+r711q+3v,1
with {£/};24,  and {y'}; 2,
/A AR ()}

Considering now the usual extension to left-invariant tensors of the forms and the

bases of Hf{_l’%_l(g) and, respectively, of

metric on (g, J), by taking the L2-product of equation (4.3) with n* A 7 A B, we
obtain

0;é||n""AJ7Aﬂ|I§z=/M Y rja A& | A AT AP
j

+f <Zmﬂ/\wl> IS
1
+/ BR/\*(nkE/\);/\ﬂ)-I-f S Ax AT A B).
M M

Being *nkE Ay A B ad-closed form, by Stokes’ theorem the last two terms vanish,
hence yielding

07&/ Y hjeng A*(nkﬂwﬂwf (Zmﬁ/\l/fl)/\*(nkk/\f/\ﬂ)-
M | M i

Then, it must exist jo € {1,..., A2 "> orly € {1,..., K571 such
that either

a AR AKX AT AB) #0
or

BAYY Ax(E AT A B) #0.
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Suppose the first case holds. By definition of Hodge *-operator, this is equivalent
to

ganER AT AB) £0

Since the product g is diagonal with respect to the basis {n', ..., 7*}, by Lemma 4.4

this forces £/0 € K3, i.e., £/ = "k A &, with & € NZTRE2 ¢ which yields

g  nana. Ay AB)#O0.

Sincea AB # Oand o ¢ Z(n¥, ), theny = a AL, forsome ¢ € \" 272 g Note
that if either r < 2 or s < 2, we obtain a contradiction. Let us assume the opposite,
i.e., r,s > 2. Then,

(—DPTa A B =000 ) A7 =000 A AL,

which implies that 8 = 99 <(— 1rtatl nkE AL ) which leads to a contradiction, since

B is a Bott—Chern harmonic form, i.e., 8 cannot be 85—exa£ct.
On the other hand, let us assume that 8 A ¥ A x(n** A 7 A B) # 0, which is
equivalent to

gBAY AT AB) £0.

Since B does not contain nki, again by Lemma 4.4 the form 1//10 e Ks, ie., WO =
kk A 2 with & — 7 ~ p+r=2,qg+s=2 _x s o ld

Ao, with®d =1+ ---+dg € N\ g¢ and each form o; = Cin

forC;eCandl,J C{l,....k},|I|l=p+r—2,]J] =q +s — 2. We obtain

0#£gBAN A@, A7 AB) = (1)o@, 1)

which then implies that there exists 1 < dy < d and 0 # C € C such that vy, = Cy.
So, we have that

0= 309" = 09 ) A @1 + -+ + @a — @ay) + 00() A @,
= 30" A (@& — @qy) + (=1)PTICa A B

Consequently, —énkE A (& — ) is a d0-primitive of (—1)?t9a A B. However, by
unicity of the d3-primitive 7, we obtain a contradiction.

As aresult, the Aeppli cohomology class [nkEA y AB] ¢ J, hence the ABC-Massey
product on (g, J)

+2r—1,g+2s—1
HY 1 (9)

P = 9 9
(1 (81, 181),., < — e RSP e
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is not vanishing. Finally, by Lemma 2.1, we have that P corresponds to a non trivial
ABC-Massey product on (M, J).
To summarize, we have proved the following.

Theorem 4.5 Let (M = I'\G, J) be a nilmanifold of complex dimension k with a
invariant complex structure J determined by a basis {n', ..., 7} of (1, 0)-forms such
that

dn/ =0, jefl,....k—1},
dn* e Spanc(n/!, n/1)7L,.

; e piledp 1], . S SR A S r.s
If there exist forms a := n'''r/1Ja ¢ /\pig(*g, B =yt e AT g and a
unique form (up to constant) y = n'l--Ip+r=2V1--Vg+s=2 ¢ /\‘”4"_2"”'3_2 g such that

(1) the forms o and B are Bott—Chern harmonic and a A B # 0, -
(2) the form n** A 7 is a 89-primitive of a A B, i.e., (—1)PHa A B = 3d(n**) A 7,
andy N B #0,

then (M, J) admits a non vanishing ABC-Massey product given by

<[01]ch [Blscs [,3]Bc>

ABC’

As an immediate application of Theorem 4.5 we provide the explicit examples of
two families of nilmanifolds admitting non trivial A BC-Massey products.

Example 4.6 Consider the family of nilmanifolds (I'\G = M, J) endowed with invari-
ant complex structure J characterized by a basis {n', %, n°, n*} of left-invariant
(1, 0)-forms on G such that

dn' =dn* = dn’ =0,

with A, B, C € Q[i] \ {0}. Note that
0 # 09(n*™) = (AP + |CP)n'?2 — |B 2B,
Then

(t115c, 0 1se. 07 Iac)

is a non vanishing triple A BC-Massey product. It suffices to set y = —#nz and

then Theorem 4.5 directly applies.
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Example 4.7 Consider the family of nilmanifolds (I'\G = M, J) endowed with invari-
ant complex structure J characterized by a basis {n', n%, n>, n*, n°} of left-invariant
(1, 0)-forms on G such that

dn' =dn? =dn® =dn* =0,
dnS — D’?12+ En32+ Fn43v

with E, F, G € Q[i] \ {0}. Note that
0 ;é 85(7}55) — _|D|2n12§ _ |E|27]23E _ |F|2n34ﬁ~
Then,

([7734T]BC» [nlﬁ]Bc, [nlﬁ]Bc>ABC

is a non vanishing triple ABC-Massey product. In this case, it suffices to set y =

- ﬁ n3* and Theorem 4.5 directly follows.

However, by dropping the hypotesis of special type complex structure, we show
that there exist families of nilmanifolds endowed with nilpotent complex structures
which admit SKT metrics but are never geometrically- B C-formal.

Proposition 4.8 There exist SKT nilmanifolds with nilpotent complex structures
admitting no geometrically-BC-formal metrics.

Proof Let (M = I'\G, J) be a family of nilmanifolds of complex dimension 4
endowed with an invariant complex structure J characterized by abasis {n', %, n°, n*}
of (g"9)* such that

dn'=0
dn®> =0
dp® = Biy*! @9

dn* = Gin'? + Din'' + Dan'? + Eon??,

with By, G, Dy, D2, D3 € Qi \ {0}. Let 0 = 5" + 22 + 133 + 5*) be the
fundamental form of the diagonal Hermitian metric g on g. Then, g is SKT if, and
only if, it holds 90w = 0, i.e.,

|B11> +1G1*> + | D2|* — 2%e(D E2) = 0. (4.5)

Assume that (4.5) holds. We now construct a non trivial A BC-Massey product.

Consider the forms 1712‘ﬁ
0, hence

and n2. Note that, by structure equations, dn ' = dn? =

' %gc € HyM@),  [n°] € Hyo(9)
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are well defined Bott—Chern cohomology classes. Moreover, the forms *nlz‘ﬁ = 713ﬁ

and #n2 = —n123413% gre §3-closed, thus the forms 1'24! and n? are Bott—Chern

harmonic forms and they define non vanishing Bott—Chern cohomology classes, i.e.,

' 1sc £0,  [n*lc #0.

Now, 17124T A 17j = 85(—#77345), so that the A BC-Massey product

T3 7 Hy*(9)

P=(0n" 107 1Y) e A
ABC [n*]UHy (9)

is well defined and represented by the Aeppli cohomology class

1 o) 2.2
[—|Bl|2n3423} e H>?(g).
A

Note that 73423 = 1214 which is d-closed, hence, as a Aeppli-cohomology class,
[ﬁ 173423]A # 0. We claim that [ﬁ 173423]A does not belong to the ideal [7%] U
2,1
Hy ' (9).
Assume, by contradiction, that this is the case, i.e., there exist constants A; € C
and forms R € \!? 95 S € N> g¢ such that

2,1
hA

1 a3 5 _
MB =Nt AT+ R 43S, (4.6)
=1

B2

2,1 _
where {Ef}?il is a basis of Hi’l(g). By multiplying both sides of (4.6) by n'?14,

integrating over M, and observing that n'2!# is d-closed, we obtain

n>!
L : IR
- — J
%! o .
== a0 ) iy =0,
j=1

—_ o2
where the last equality holds being n'?!2* a 99-exact form and {x&/ }];.A: | Bott—Chern

harmonic forms. This is absurd.
Therefore, the A BC-Massey product on (g, J)

Pi= (0" Msc. 1 lac. n'lsc)  #0.
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is not vanishing. Thus, by Lemma 2.1, the product P corresponds to non vanishing
ABC-Massey product on (M, J), which, consequently, is never geometrically-BC-
formal.

As a result, each element of the family of manifolds (4.4) satisfying assumption
(4.5) admits a SKT metric, i.e., the diagonal metric with respect to the coframe
{r;l, nz, n3, 174}, but it admits a non vanishing A BC-Massey product, so it is never
geometrically- B C-formal. O

5 Kahler Solvmanifolds and Bott—-Chern Formality

In this section, we prove that every Kéhler solvmanifold is geometrically- B C-formal,
hence answering a question in [24]: despite the existence of a manifold satisfying the
99-lemma and yet admitting a non vanishing A BC-Massey product [31], it remains
unclear whether A BC-Massey product provide an obstruction to stronger cohomolog-
ical properties on a compact complex manifold. As a starting point, the authors in [24]
suggest that one may look at the class of Kéhler solvmanifolds, although they seem
inclined to think that this class of manifolds might not be decisive. We will indeed
prove that Kéhler solvmanifolds are metrically formal, so that every A BC-Massey
product vanishes.

We start by recalling the fundamental result of Hasegawa on the structure of Kihler
solvmanifolds.

Theorem 5.1 A compact solvmanifold admits a Kihler structure if and only if it is a
finite quotient of a complex torus which has a structure of a complex torus bundle over
a complex torus. In particular, a compact solvmanifold of completely solvable type
has a Kahler structure if and only if it is a complex torus.

In [20, Example 4], the author gives a characterization of the geometric structure
of a Kihler non toric solvmanifold, which we now recall.

A Kihler solvmanifold X arises as the compact quotient I'\ G of a simply connected
solvable Lie group G = C! P R?* defined by a map

é: R* — Aut(Ch
¢(tlEl) . I(Z], o ZZ):ZT <€«/—71]/il,'zl’ el e\/jl)/ilizl> Ze«/jl]/ili]l . l(zl’ o Zl)7

where E; is the i-th unit vector of R and V=1 is the si-th root of unity, for i =
1, ..., 2k. Thediscrete subgroup I' := z4 ><1¢,Z2k isdefined so that ¢ (Z%) (2% c 7%
and, hence, I" a lattice of G.

Under the natural identification R?* ~ CK, let W = (z/41, ..., z14x) € CF be the
coordinates of a point in CX with respect to the standard basis of CX. Then, the map ¢
can be extended to

k Ny, 2 +2i—1 _ 1\, 20+2i
dW) - "(z1,....21) = oV 1o Rez)y Ima)y 2] "1y 20).
5.1
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In particular, if 7 =! (z1, s T T k), 7 =@ T s Tg) €
G, then the product rule * of G is defined as

t
Zxz= (@) @2
t
@) @i+ 2y e Tk 20 -

The Lie algebra g of G is spanned by the set of G-left-invariant vector fields
{X1, .. Xor, Xor41 -, Xorqox}
which satisfy the bracket relations
[Xoi42i Xoj—11 = —Xoj, [ Xot2i, Xoj] = X2j-1, (5.2)

fori =1,...,k, j = 1,...,1, whereas any other bracket vanishes. The standard
G-left-invariant almost complex structure J on G is defined by

JXoj—1 = X35, JXo; =—X2j-1,

JXo140i1 = Xopy2in I Xoig2i = —Xoi42i-1, (5.3)
fori=1,...,k,j=1,...,k,sothat gc decomposes as
gc=g"@g",

Wheregl'o =(Z1,.- 21,2141, ..., Zl+k)andgo’1 = (Z_l, ... ,Z, Zit1y - Zitk)
are, respectively, the +i-eigenspaces of J and

1

. 1 .
Z;j:= 3 (X2j—1 —iX2j), Ziyi:= 3 (Xo142i—1 — i X2142i)

fori=1,...,k,j=1,...,L

21, e”“, e, Q2lt2k } the coframe of G-left-invariant

If we denote by {el, ...,e
forms on G dual to {X1, ..., X2, X2141, - - - » X2142k}, dualizing the relations (5.2),

we obtain the structure equations

k

de2i—1 :_Ze%mﬂ“i, j=1,...,1,
i=1
k

de? :Ze2j_lAeZI+2[, j=1,...,1,
i=1

de¥+2-1 =0, i=1,...,k

de?t =0, i=1,....k
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The complex structure J defined in (5.3) determines the basis of (g(*c)l’o which we
denote by {p!, ..., ¢/, ¢!*!, ... o!**}, where

YT P R e (5.4)
forj=1,...,1,i =1,...,k, which satisfy the complex structure equations
1< —
dol =23 ¢ ng T =gl AT =1 (5.5)
i=1 ’
do'tt =0, i=1,... k.

As a result, the manifold X = (I'\G, J) is a Kéhler solvmanifold endowed with a
G-invariant complex structure, since J is G-left-invariant and hence descends to '\ G.
An invariant Kéhler metric on X is, for example, the canonical diagonal with respect
to the coframe {¢!, ..., ¢'T*}, as we will prove in Corollary 5.4.

We now give an explicit expression for the differential of any G-left-invariant
(p, q)-form on X. At this level, we consider the elements of the natural basis

{wal/\.../\(p“p/\(pa/\.../\(pbq;1501 <...<ap§l+k’
1<by < <by<l+k}. (5.6)

Notation From now on, we will write the holomorphic and the anti-holomorphic com-
ponents of any element of the basis (5.6) by listing first the (1, 0)-forms (respectively,

(0, 1)-forms) belonging to {¢/ }lj:1 (respectively, {¢/ }lj:1) and then the (1, 0)-forms
(respectively, the (0, 1)-forms) belonging to {¢!** }f‘zl (respectively, to {¢! ™ }f?zl), ie.,
we will adopt the following notation

[+iy..I+ip—r

o= g0]1/, AQ A wﬁl...% A §01+n]...l-‘,—nq,X7 (57)

withr € {max(0, p—k), ..., p},s € {max(0,qg—k),...,q}, j1,--., jr € {1,...,1},
i, ooyipyp €{l, .. k},my, ... omg e {1,..., 0}, ny,...,ngs €{1,...,k}.

With respect to this notation the differential acts as in the following lemma.
Lemma 5.2 For any invariant (p, q)-form o € X written as in (5.7), it holds

k k
_s-r I+i r—s I+i
da = > (Elfp )Aa+—2 (E ® )/\a.
i=

i=1

In particular,
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Proof We see that, by Leibniz rule, we have
do =d (gﬂjljr A ¢l+i1..‘l+ip_r) A (pml.‘.m_r A (pl""”lml“‘"q—s
( l)p JleJjr /\¢I+ll l+’p r /\d( my...mg /\(pl+nl l+nq s)

Let us first focus on the first term @ = d (p/1=Jr A @ Tit-Hip=r) A @15 A

g!tmFnq-5 By the structure equations and graded-commutativity of the wedge
product, it holds that

— _ <Z€0 ) A QDJI Jr A (pl+i1.‘.l+ip_, A (pﬁl.‘.ﬁs A (pl+n1‘..l+nq__v'
i=1

Analogously, for the other summand Qp = @/l A @Htiltipr A

d ((pml"ﬁs N "'l+”‘1—5) we obtain the explicit expression

k

Q= (_Dpf Zwm _ ¢l+i A (pjl...j,. A (pl+i1...1+i,,,,. A (pﬁl...ﬁs A g01+m...l+nqﬂ..

2
i=1

Hence, by adding 2| and (—1)”2;, we obtain

k
=2 ; : (Z g01+i) A @tdr p @i ip=r A il plAn g —s

i=1

k

r—s ey L : :

+ 5 <§ :(pl-‘rl) ij].../,- /\(pl—Hl.A.l—Hp,,- /\(P e /\(pl—i-nl l+nq,&’
i=1

which yields the thesis. O
As an immediate application of Lemma 5.2, we observe the following.

Corollary 5.3 Let a be any invariant (p, q)-form on X, written as in (5.7). If r = s,
then do = 0.

We have then an explicit expression for an invariant Kidhler metric on X.

Corollary 5.4 The canonical Hermitian metric g on X with fundamental form

— Z‘p“ + - Z¢1+:1+,
l—]

is Kdihler.
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Proof By structure equations (5.3) and Lemma 5.2, we have that d(p”im = 0, for
everyi € {1,...,k}, and

= 1-1

k k
. = 1—-1 — =
d(pjj: 5 § :(pl+lA¢]]+T§ :¢l+1/\(/)”201

i=1 i=1
for every j € {1, ...,/}. Hence, dw = 0. O

We now adapt the techniques in [2, Section 2.5] to compute the cohomology of X.
We preliminarly observe the following.

Lemma5.5 X is a complex solvmanifold of splitting type, i.e., X is a solvmanifold
X = I'\G endowed with a G-left-invariant complex structure J such that G is the
semidirect product C" x4 N so that:

(i) N is a simply connected 2m-dimensional nilpotent Lie group endowed with an
N-left-invariant complex structure Jy, (denote the Lie algebras of C" and N by
a and, respectively, n),

(ii) Foranyt € C", it holds that ¢ (t) € GL(N) is a holomorphic automorphism of N
with respect to Jy;

(iii) ¢ induces a semisimple action on n;

(iv) G has a lattice I'; (then T’ can be written as I' = I'cn Xy I'y such that I'cn
and Ty are lattices of C" and, respectively, N, and, for any t € Tcn, it holds
d@®)(Ty) S Ty);

(v) The inclusion \** ng, < A®*(Tn\N) induces the isomorphism

H*(A\** 0, 0) = H2* (DN \N).

Proof We recall that X is a solvmanifold '\ G endowed with a G-invariant complex
structure J. The universal cover of X is the Lie group G = C! X Ck which admits
the lattice I' = 7' X 7. Note that C' is the nilradical of G with Lie algebra n and
CK is the factor with Lie algebra a, so that the Lie algebra of G decomposes as

g=nda.

(i) The factor C! is a simply connected abelian Lie group of real dimension 2/, i.e., it is
clearly a simply connected nilpotent Lie group of real dimension 2/. The standard
complex structure Jr of C! is determined by the standard frame {a‘%}lj_1 and its

Tlj=

dual frame {dz j}lj=1 and it is clearly invariant under the action of C! on itself by
traslation, i.e., Jgr is C!-left-invariant.

(ii) For any W = (zj41,...,21+k) € C*k, the map ¢ (W) with expression (5.1) is
clearly a holomorphic automorphism of C/ with respect to Joi

(iii) For every W = (241, ..., 21+k) € Ck map ¢ induces a semisimple action on n
by

(dP(W)), = eV~ TEin ey 21 =ImGy™ 201 ¢ GIm), (5.8)
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(iv) The universal cover G admits a lattice I" by hypotesis.
(v) Since Z'\C! is biholomorphic to a complex /-dimensional torus T, the inclusion
A**n¥ — A**(T') induces an isomorphism in the Dolbeault cohomology, i.c.,

Ho(/\o,o n?é,g) — (/\o,. n?&,gz O) ~ Hg‘,O(Tl)'
]

We are in the position to apply the results for complex solvmanifolds of splitting
type as in [2, Section 2.5]. With respect to the standard frame % of C'-left-invariant
+J

(1, 0)-vector fields, the induced action (5.8) of ¢ on nl0is given by
C'>W = (Zs1, .- 240 = X (W,

with the  character of Ck determined by  x (W) =
oV Ty ReCar)y? P21 —Tm(a4)y? 2 Then, x can be extended to a character
of G and the set

{Xﬁldzl, e Xﬁldzl, \/__l(y21+] + \/__1]/2[+2)dzl+l,
. \/__1(‘)/214_2]{_1 + «/—_17/21+2k)dzl+k} (59)

is a coframe of G-left-invariant (1, 0)-forms on G. More precisely, the coframe (5.9)
coincides with the coframe of G-left-invariant (1, 0)-forms defined in (5.4) with
structure equations (5.5), i.e.,

o/ =x"1dd,  jell.... k)
(pl+i — /_1(y21+2i71 + /—1)/2[+2i)dzl+i, ie{l,... k).

By Lemma [2, Lemma 2.12] (see also the proof of [22, Lemma 2.2]), the unique
unitary characters 1, 2 € Hom(C¥, C*) suchthat x -8 1_1 andy-B, Vare holomorphic
characters are exactly

Bi=x. P=x=x"",

since both y and ¥ are unitary and holomorphic characters. For any multi-index
J =(1,...,jp) C{l,...,1} of length |J| = p and set of characters {31, ..., §;},
wesetdy =6 -+ 6j,.

In the adapted notation, the bi-complex B;" [2, Theorem 2.13] which computes
the Dolbeault cohomology is

B =Clp? Ag! T AT ATV T4 11 = p MU+ INI =4, 0 ' = 1)
C APgL. (5.10)
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Note that x; = x /I and x;,' = x 7'M, so the condition x - XA_41|F = 1 reduces to

[JI=IM|,
X Ir=1

which is satisfied if and only if |J| = |M]|.

Remark 5.6 Note that the defining property of the complex Br actually does not
depend on the choice of the lattice I', therefore we will omit the dependency on I
from the notation and we will write only B*®.

The complex B*® is given by
B = Clo! AT A AGTN I 11 = p, IMI+ INI =g, 1J] = M]).

Note that the invariant diagonal Kéhler metric g on X defines, by restriction, a metric
for the complex B**, which we still denote by g.

Lemma 5.7 The exterior differential on the complex B** is identically zero, i.e,
d|B" = 0. Moreover, the complex B*® is closed under conjugation, i.e., B4 = B9P,
and it is closed with respect to g and has a structure of an algebra with respect to A.

Proof Let o be an element of the natural basis B”4, i.e.,
a = (pjljr A ¢l+i1‘..l+ip_,~ A (pﬁl...m, A (pl+n1...l+nq_r’ (511)

with respect to the usual decomposition (5.7). By Lemma 5.2, it is immediate that
da = 0, hence, by linearity of the exterior differential, we obtain d| poe = 0.
Note that for any « of the form (5.11), the complex conjugation acts as

o =(p“ Jr /\@H‘ll Itip—y

A wml...m,- A (pl+n1...l+nq,r.

Hence o € BY°? and BP9 = B%:P.
If g is the invariant diagonal Kahler metric for B*®, the coframe {(pl, R

is orthonormal with respect to g. Let us denote by * := *, the C-antilinear Hodge
operator

l+k}

. , I4+k—p,I+k—
% /\’“’gée/\ p q9<*c~

In particular, if {j-41,..., ji} and {m,41,...,m;} are the complementary sets
in {1,...,1} of {j1,..., jr} and, respectively, {my,...,m;}, and {ip,—r41,..., ik}
and {ny_r41,...,n} are the complementary sets in {1, ..., k} of {i1,..., ik} and,
respectively, of {ny, ..., ny_,}, then for any element of the natural basis of B** with
expression as in (5.11), up to a sign, the Hodge * operator operates as

*Q = wjr+l~--jl A gl)l-‘:-l‘pfwrl--.l-‘rik A (pﬁrﬂ-.-ﬁl A (pl+nq7r+1--.l+nk’

@ Springer



Bott-Chern Formality and Massey Products Page310f42 348

i.e., for every @ € B**, also *a € B**. Moreover, taking any two elements « and
of the natural basis of B*'®, i.e.,

1 [+N’

I+1 M . IIN / I+1 M
a=¢! NG AT AGTN B=gT AT AM A g

with |J|+|I| = p, IM|+|N| =g,and |J| = |[M|,and |J'|+|I'| = r, |M'|+|N'| = s,
and |J'| = |M’|, then the expression of the wedge product of « and 8 is given by

/

aAp = (_1)|J [(AMI+TD+IT] (\M|+|N|)(pf A gz)j A (pl+[ A (pl+1 A gz)M A (pM

I+N

TN
AN A GV

Since |J| + |J'| = |[M| + M|, the form o A B € B**,i.e, (B**®, A) is an algebra. O

We are now finally ready to describe explicitly the Dolbeault cohomology of any
Kihler solvmanifold and, hence, by the Hodge decomposition and the Kéhler iden-
tities, also its de Rham cohomology, the Bott—Chern cohomology and the Aeppli
cohomology.

Theorem 5.8 Let X = (I'\G, J) be a Kiihler solvmanifold with G = C! x CK and J

the associated invariant complex structure. Let also {(pl, R <pl, gol“, R <pl+k} be
the coframe of G-invariant forms on X determined by the structure equations

k

1 , _—

d(pJZE(p]/\(Z(pl—H_(pl—H)’ j=1,....1
i=1

de'ti =0, i=1,...,k.
Then, the Dolbeault cohomology spaces of X are

HP (X %(C<[ e p it Fip—r o P15 1+n1”.1+n,,_,]>
9 @ ¢ ¢ ¢ ¢ max (0, p—k,g—k)<r<min(p,q)

and the de Rham cohomology spaces of X
HiR(X; C)

~ @ C([(pjl...jr PN s NP T NPT

.1+Ilq_,-]> )
v max(0, p—k,q—k)<r<min(p,q)

In particular, the Hodge numbers of X are

min(p,q)
g _ [ k k
hgq_ Z (r) |:<p—r>+<q—r>:|' (5.12)

r=max (0, p—k,q—k)

@ Springer



348 Page320f42 T. Sferruzza, A. Tomassini

Proof Let us start by fixing g the invariant diagonal Kéhler metric on B**. Then, by
Lemma 5.7, if « € B**®, then da = 0 and 0 * o = 0, hence

B = HIN(B**) = H**(B**.9), (5.13)

where the isomorphism is given by the projection onto the Dolbeault cohomology of
the complex B**. By [2, Theorem 2.14], the inclusion B** — A**X induces the
isomorphism in Dolbeault cohomology

H**(B**,8) = Hy*(X), (5.14)

so we obtain that each for every p, g, for the Dolbeault cohomology spaces ng 1(X)
of X satisfy

HP(X)
E(C([ e p Qi dFip—r A LT 1+n1...1+nq,,.]> ,
¥ ¢ ¢ ¢ max(0, p—k,q—k)<r<min(p,q)
(5.15)

and, by the Hodge decomposition, for every k, the de Rham cohomology of X is

Hjp(X; C)

_ @ <[¢j1.4.j, A lFidipr A T /\(p1+n14.41+nq,,:|>

max (0, p—k,qg—k)<r<min(p, )
pHq=k 0.p—k.q—k) (p.q)

As a straightforward consequence, the explicit description (5.15) shows that the Hodge
numbers of X are given by

min(p.q) max(p.q)
l k l k
Pq _ .
CERTI SN O | (0 S S 01 P
r=max (0, p—k,q—k) r=max(0,p—k,q—k)
which concludes the proof. O

Since X is compact Kihler manifold, X satisfies the 99-lemma. Therefore, we have
the following isomorphisms between the complex cohomologies of X, i.e.,

H* (M) = Hy2(X) = Hy*(X).

Thus, from Theorem 5.8 we immediately obtain the following.
Corollary 5.9
HEA(X) = HY(X)

~ C([(pjl.,.jr A @l g T A ¢1+n1..41+nq,,]> )
max (0, p—k,q—k)<r <min(p,q)
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Moreover, by the Kihler identities, it turns out that the spaces of harmonic forms
with respect to the complex Laplacians coincide, i.e.,

HR™(X) = HRT(X0) = HyS () = HE ().

Apc

Therefore, the following result holds for any type of geometric formality (Kotschick,
Dolbeault, Bott—Chern, and ABC).

Theorem 5.10 Let X be any Kiihler solvmanifold. Then X is geometrically formal.
Proof Since every map of (5.13) and (5.14) is induced by either an inclusion or a

projection in cohomology, we obtain that the space of harmonic forms of X coincides
with B**, i.e.,

My (X) = B**, D€ (A, Ay Apc, Aa).
By Lemma 5.7, the pair (B**, A) is an algebra, so that also the spaces
(HE'(X), A, Oe{A, Az, Apc, Aa}

are an algebra, which proves that X is geometrically formal. O

Asadirect consequence of Theorem 5.10, we are able to prove that the non vanishing
of ABC-Massey products is an obstruction for the existence of a Kéhler metric on
solvmanifolds.

Corollary 5.11 Let X be any Kiihler solvmanifold. Then every ABC-Massey product
vanishes.

Proof By Theorem 5.10 and [24, Remark 4.7], X is also weakly formal in the sense
of [24]. Since X satisfies the 33-lemma, then X is also strongly formal. But by [24,
Proposition 4.4], we can conclude that every ABC-Massey product on X vanishes.
In particular, every triple A BC-Massey product on X vanishes (see also [3, Theorem
2.4). O

6 Quadruple ABC-Massey Product

In this section, we explicitly construct two families of solvmanifolds admitting a non
vanishing quadruple A BC-Massey product.

Let G’ := (C*, «) be the complex Lie group with operation %' : C* x C* — C*
defined by

"1 y2. y3. ya) ¥ 1(z1, 22, 23, 24)
= (2t y e M+, e 23+ y3, 24 + wa + € yaz3)
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More precisely, G’ is the element 6 of the characterization of 4-dimensional complex
Lie groups by Nakamura in [25, Section 6]. Let now G = (C*, %) be the complex Lie
group endowed with the operation s: C* x C* — C* defined by

"1y y2. ¥3. 94) * (21,22, 23, 24) =1 <Zl +y.e M+ v, e’z + 33,24 + s

1 1
+§ey' Y223 — Eefy‘ y322) .

Then, one can see that G and G’ are isomorphic as complex Lie groups via the invertible
Lie group homomorphism F: G’ — G given by

1
F(z1,22,23,24) == (Zl, 22,23, 24 — Ezzz3> . (6.1)

From now on, we choose to use the presentation G = (C*, %). Note that the operation
* of G can be written as

"1, y2, v3. v4) * (21, 22, 23, 24)

- O
= (oo (€ 2) () ()
1 -1
M+§(mdﬂ<gé>60 £J(Z>+u) (6.2)

It is straightforward to check that a coframe of left-invariant holomorphic forms on G
is given in the standard coordinates {z1, z2, z3, z4} of ct by

1 1
o' =dz, ¢*=edn, ¢ =edz, ¢ =dzg— Ezzdza + Ezsdzz,
(6.3)

and they satisfy the structure equations

Note that the dual g, of the complexified Lie algebra g¢ of G decomposes as

gr=gL®g",

where we denote by g% = (o', 9%, @3, ¢*) the subspace of holomorphic left-invariant
T 2 3

1-forms on G and by g* = (¢!, 92, >, ¢*, ) the subspace of anti-holomorphic left-

invariant 1-forms on G.
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The frame (Zy, Z, Z3, Z4} of g, dual to (6.3) is then given in holomorphic
coordinates by

L R N NS N L
dz1’ 922 924 023 dz4’ 024

and by dualizing (6.3), the only non vanishing brackets are
(Z1, Z2] = =22, [Z1,Z3] =23, (22, Z3] = Z4. (6.4)

By complex conjugation, we obtain the frame {Z;, Z», Z3, Z4) for g_ and their
brackets, so to obtain the analogous decomposition

gc=9+Dg_.
We recover the dual g* = (e!, ..., eS)R of the underying real Lie algebra of G by
defining the complex structure J as Je2 = eri-1 for j € {1,...,4}, sothat

@l =P i,

for j € {1, ..., 4}. In particular, the real structure equations of g are
de' = 0, de* = 0, de’ =el3 — 624, de* = e + 623,
ded = —e15 4+ 620, geb = —o16 _ 025 g7 = o35 4 40 g8 — 36 _ 45

and the real Lie algebra g of G is then spanned by the left-invariant vector fields

e, ..., egon G which satisfy the bracket relations
[e1, e3] = —e3, [e1, ea]l = —ey, [e1, e5] = e5,
[e1,ec] = es, [e2, e3] = —eu, [e2, e4] = €3,
[e2, es] = es, [e2, ec] = —es, [e3, e5] = e7,
[e3, ec] = es, [es4,es5] =eg, [e4,e6] = —e7.

It follows immediately that gl = [g, g] = (e3, e4, e5, €6, €7, €g) and 92 = [gl, gl] =
(e”, e®) and g* = 0. Hence, G is a 3-step solvable non nilpotent complex Lie group.

We point out that G has a structure of semidirect product, i.e., G can be presented
as

G%(CD((];N,

where the factor C is simply-connected abelian (hence, nilpotent) and corresponds to
the subalgebra ¢ = (Z1) C g7, whereas N = {(0, 22, z3, 24)} < G is the nilradical of
G and corresponds to theidealn = (Z», Z3, Z4) C g*+. Note that, via the isomorphism
(6.1), N is isomorphic to the 3-dimensional complex Heisenberg group i.e., N =
H(3; C).
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The semidirect product map ¢ : C — Aut(N) is defined, according to (6.2), by

d(y1) (22,23, 24) =" (e y2, ¥23, 24),
for every z1 € C, (22, z3, z4) € N, where we have identified N with (C3, ») and

1

1
"2, y3, ya)* (22,23, 24) =" (2 + y2. 23+ y3, 24 + ya + 5Y2%3 = 512y3)

for every (2, y3, y4), (22, 23, z4) € C.

We now construct a lattice for the Lie group G. Let us fix A € SL(2;Z) and

e *, ¢* € R its real eigenvalues, with A > 0. In particular, there exists a matrix

P € GL(2; R) such that

—A
P-A-P ' = <€0 3) — A. (6.5)

Set | P| := det(P). Along the lines of [38, Example 3.4], we define the discrete subset
I of C* as

ra +iub
= P(my +im») :a,b,h,keZ,m1,m2o€Z2 , u e R.
$IP|(h + ik)

Lemma 6.1 For u =m and n = %, Ty, is a lattice of G.

Proof First of all we prove that I'; is a subgroup of G. Clearly the identity e ="
(0,0,0,0) of G belongsto I" by choosinga =b=h =k =0andm| =my = <8) .

Taking y, y’ € T, then by using the formula (6.2) for x, we obtain

ra +i2wh ra' +i2wb’
yxy' = | Pmi+imp) | x| P(m}+im))
SIP|(h +ik) SIP|(h +ik)
AMa+d)+i2n(b+ D)
e—ka—Znih 0 , ., )
( 0 eka+i2nb> P(my +imjy) 4 P(my +im3)
- 3IPI(h +ik) + 5 (P (my + im2)) <_01 (1))
e—ka—Zm’b 0 , ., 1 , o
( 0 eM_Hzﬂb) P(m'| +im5) + 5| P|(h +ik")

Since ¢!2™" = 1 for every b € Z, and by (6.5),
e—ka—i2nb 0 (e—k)a 0
< 0 eka+i2nb> <P = ( 0 (e)\)a) P=A"-P=P. Aa,
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then

e—la—izﬂb 0 ] , .,
< 0 exa+52nb> P(my +im2) + P(m} +im5)
= PA“(my +imy) + P(m}| +im}) € P(Z+iZ)
and

01

1

) AP(m) +im})

0 1

= lt(m +imy)'P

) PA%(m| + im})

1 1
Et(ml + imy) <_|OP| 'g') A%y + imb) € 3| PIZ+i2).

Hence, y * ¥’ € T. Finally, for any given z =' (z1, 22, 23, 24) € G, the inverse with

respect to * is
-1 _t ot et 0 22 _
¢ B ( Z]’ << O eZl) <Z3)) ' 24)‘

Aa+i2nh
Then, if y = | P(m1 +imy) | € T, its inverse with respect to * is
$IP|(h + ik)
—la —i2nb
: eka+i2nb 0
y =1 ( 0 e—Aa—ian) P(my +ima)
— 2P| (h + ik)
—Aa —i2mh —Aa —i2nb
=|—-A"*P(my +imy) —PA m; +imy) | €.
—3PI(h +ik) —LP|(h + ik)

Therefore I';; is a discrete subgroup of G and it is straightforward to prove that M, :=
I'7\G is a compact manifold, that is, I';; is a lattice of G. The proof that I" z is a lattice
of G is similar and it is omitted. O

As a consequence, M, := I',\G is a compact complex parallelizable manifold,
for u € {m, 3}.

Remark 6.2 The map w: G — C defined that 7(zy,...,24) = 2z induces a
holomorphic map

w: My — AL+ ipZ)\C

with fiber biholomorphic to the Iwasawa manifold (H (3; C) N GL(3; Z[i])) \H (3; C).
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We now make us of the results in [2] to construct the subcomplex C ;;: of A>*(M,)
which computes the Bott—Chern cohomology of M,,. We recall that for every g € G,
the adjoint respresentation Ad: G — Aut(g) of G is defined as Adg := d (L, ORg—l )es
where e = (0, 0, 0, 0) is the identity element of G. By restricting Ad to C, for every
v1 € C we have that (L, o Ryl—l)(Zl, 20,23, 24) = (21, € Y122, €¥123, z4), so that

Ady, =d(Idc, ¢ (y1).

Hence, for any y; € C, we obtain the following expression of the semisimple part of
Ad,, with respect to the frame {Z1, Z;, Z3, Z4})

(Adyl)s = dlag(l ’ eiyl ’ ey' ’ ])7
where @) = a4 = 1, a3(y1) = ¢!, and a4(y;) = €' are characters of C. Let us

denote by the same symbols 1, a2, @3, o4 their trivial extentions to characters of G.
Let us then define, as in [2, Theorem 2.20], the subcomplex of A% (M «) given by

Br = or ¢)7;1={i1,,.,,ik}c{1,...4}suchthat o . =1),
" o o ry

where oy == o4, - o,

6.1 Case:u =1

o _ ,21—21 _ 2mib __ a —_ ,71—21 _
Note.that o |Fﬂ =e |1",, =e = 1 and, analogously, @ |1",, =e¢ |F7r =
e~27ib = 1. Hence, we can describe explicity By as

0 1 1 a1-71,2 ,Zi—21,3 4

Br_=(1), Br = (p,e' o7 e o7, 97,

2 _ u-u,12 zZi—u, 13 14 23 z-7 24 71—z 34

B = (e et T e 0 o et T g™ e T ),

3 _ ;123 z1—71,, 124 Z1—z1,.134 234 4 ;1234

BF]T_(QD 161 ](p 1e| ](/) % >’ BI‘”—<(;0 >

cyu="=x
6.2 Case: 4 = 5
: ay _ ,21—21 __ inh %) _ _—mib
In this case, o |F% =e |F% = e'"” #£ 1 and, analogously, wlr, =€ # 1.

In particular, unlike the previous case, the function ¢! ~%! and its inverse are not defined
on Mz . Hence, we can describe explicity Bf.  as
2 7
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Furthermore, let us define the subcomplex of A®**(M,,) given by
Cl::;.z = /\‘] gj_ Rc B;i +E;~L Qc /\’2 gi
From [2, Theorem 2.22], the inclusion
CF’M — A**(M,)
induces the isomorphism

o—1,0—1 90 [N} 3+9 o+1,e o0l = o0
H(CY, Soepr S ertt e ontth S H (M),

As aresult, we are able to describe the Bott—Chern cohomology of M/, for 1 = 7 and
u = 7%, see Tables 1 and 2.

Theorem 6.3 The solvmanifold M, admits a non vanishing quadruple ABC-Massey
product for u = 7 and p = 7.

Proof We will exhibit explictly the non vanishing quadruple A BC-Massey product on
M, and M z. The construction will not depend on the choice of the lattice I';; or F%,
so that we will use the generic notation M. Let us consider the following invariant
forms on M,

By structure equations (6.3), they are all d-closed forms and with respect to any
Hermitian metric g on I'\ G, they are all 39 g¢-closed by bidegree reasons. Hence, the
forms «, B, y,and § are all Bott—Chern harmonic and define non vanishing Bott—Chern
cohomology classes

[l € HF2(M,), [B],[y],[8] € Hyo(M,).

From now on, we will fix g to be the invariant diagonal Hermitian metric on (M, J)

with fundamental form o = ’5 Z?:l (p/?. Let us then consider the quadruple ABC-
Massey product on M,

— 12 23 13 12
Pi=(lg" 11071 10 1 07)

We claim that P is a well defined non vanishing quadruple A BC-Massey product. In
fact, since

aAB =030, BAy=0 yAs=0,
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we can set x 1= <p21, and y := 0, z := 0. Note that

x/\y—aAy—x/\y—<p2134 yé — Bz =0,

hence, we can fix

Thus, by the formula (2.2), P is we defined and represented by the form wz@'

Moreover, with respect to g, the form *<p21234 = g0134 is d-closed, i.e., the form

<p21234 is A 4-harmonic and its Aeppli cohomology class [¢2!2*]4 is non vanishing.

Furthermore, the space H-1 defined by (2.3) restricts in our case to
p.q

ker(prod: AY*(M,) — {0})

A. L] M — s
oAV O,) = Im(prod: A%*(M,) @ A3 (M,) — AV (M,))

Szo

and hence coincides with the Aeppli cohomology space

ker(39.A"*(M,,) — {0})

1,4
H (M) = _ :
A Im 3|A014(M#) +Im3|A1,3(MM)

As a consequence, the representative ¢!!?3* defines a non vanishing element in
52 . (.A' *(M,)). Furthermore, no other choice of primitives for x Ay ylelds the trivial

class, proving that [¢! 1234] is not trivial also as a equivalence class of Hg, (A’ *(Mp)).
As a result, the product P is a well defined non vanishing quadnlple ABC -Massey
product on M,,. O
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