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Abstract
We study the interplay between geometrically-Bott–Chern-formal metrics and SKT
metrics.We prove that a 6-dimensional nilmanifold endowed with a invariant complex
structure admits an SKT metric if and only if it is geometrically-Bott–Chern-formal.
We also provide some partial results in higher dimensions for nilmanifolds endowed
with a class of suitable complex structures. Furthermore, we prove that any Kähler
solvmanifold is geometrically formal. Finally, we explicitly construct lattices for a
complex solvable Lie group in the list of Nakamura (J Differ Geom 10:85–112, 1975)
on which we provide a non vanishing quadruple ABC-Massey product.

Keywords SKT metric · ABC-Massey product · Geometrically formal ·
Nilmanifold · Solvmanifold

Mathematics Subject Classification 53C55 · 53B35 · 22E25

1 Introduction

Let (M, J ) be a compact complex manifold of real dimension 2n. Dolbeault, Bott–
Chern, and Aeppli cohomologies play a relevant role in the study of the holomorphic
invariants and provide obstructions for the existence of further structures. For example,
the existence of a Kähler metric on (M, J ) implies that the (p, p)-Hodge numbers are
positive, the ∂∂-Lemma holds, the de Rham complex is a formal DGA [10, 33, 34]
and M satisfies the Hard Lefschetz condition. When (M, J ) admits a Kähler metric,
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all these cohomology groups are isomorphic. This fact is no longer true for compact
non Kähler manifolds; in such a case, Bott–Chern cohomology may yield further
information on the complex geometry of the manifold.

Compact quotients of simply connected nilpotent Lie groups by a lattice, namely
nilmanifolds, endowedwith an invariant complex structure, are one of themain sources
of concrete examples on which explicit cohomological computations can be carried
out. Due to Benson and Gordon [7], such manifolds never admit a Kähler structure
unless they are tori. Nevertheless, nilmanifolds can admit special Hermitian metrics,
e.g., strong Kähler with torsion metrics, shortly SKT metrics (see [4, 8, 14, 18, 19,
21] for general results on SKT geometry and generalized Kähler geometry and [13,
15–17, 28] for existence results on nilmanifolds).

Bott–Chern cohomology provides an obstruction to the existence of curves of SKT
metrics starting from a SKT metric (see [26]). Another relation between Bott–Chern
cohomology and metric properties is given by the notion of Bott–Chern formality.
More precisely, following Kotschick [23], in [3] the notion of geometrically-Bott–
Chern-formal metrics, shortly geometrically-BC-formal metrics, is defined. In the
samework, as an obstruction to the existence of geometrically-BC-formal metrics, the
authors introduced the triple Aeppli–Bott–Chern–Massey products, shortly triple ABC-
Massey products; such products are defined by three cohomology Bott–Chern classes
satisfying suitable conditions which produce a coholomogy class living in a quotient
of Aeppli cohomology modulo an ideal of indeterminacy. Recently, Milivojevic and
Stelzig [24] introduced the n-fold Aeppli–Bott–Chern–Massey products, generalizing
the triple ABC-Massey products in [3].

In the first part of the present paper, we investigate possible further interplays
between SKTmetrics and geometrically-BC-formalmetrics on nilmanifolds endowed
with an invariant complex structure. We prove the following.

Theorem (see Theorem 3.1) Let (�\G := M, J ) be a 6-dimensional nilmanifold
endowed with an invariant complex structure J . Then, (M, J ) is SKT if, and only if,
it is geometrically-BC-formal. In particular, every Hermitian invariant metric is SKT
if, and only if, it is geometrically-BC-formal.

For complex dimension n > 3, there exists SKT nilmanifolds with no
geometrically-BC-formal metrics (see Proposition 4.8). Consequently, for n > 3,
it is natural to look for special classes of complex structures, in order to extend Theo-
rem 3.1. In Proposition 4.2 we prove that, under suitable assumptions on the complex
structure, see (2.4), if the nilmanifold has an invariant geometrically-BC-formal met-
ric, then it also admits an SKT metric. This is a partial converse of [32, Theorem
7.4].

The second part of the paper is devoted to the investigation of cohomological proper-
ties of solvmanifolds endowedwith an invariant complex structure. By a solvmanifold,
we mean a compact quotient of a simply connected solvable Lie group by a lattice.
In [20], Hasegawa fully characterized solvmanifolds admitting a Kähler structure.
Namely, he proved that solvmanifolds admit a Kähler structure if and only if they are
finite quotients of a tori with a structure of a holomorphic bundle over a torus with
fiber a torus. Following the explicit description by Hasegawa, we prove

123



Bott–Chern Formality and Massey Products Page 3 of 42 348

Theorem (see Theorem 5.10 and Corollary 5.11) Let X be any Kähler solvmanifold.
Then, X is geometrically-BC-formal and, consequently, every ABC-Massey on X
vanishes.

Therefore, the vanishing of ABC-Massey products provides an obstruction to the
Kählerianity of solvmanifolds. It is useful to observe that in [31], the authors con-
struct an explicit example of a compact complex manifold satisfying the ∂∂-lemma
and admitting a triple non vanishing ABC-Massey product. As already asked by
Milivojevic and Stelzig in [24], it is natural to rise the following

Question Is the non vanishing of an ABC-Massey product an obstruction to the
existence of a Kähler metric on a given compact complex manifold?

Concerning the explicit construction of higher ABC-Massey products, we provide a
nonvanishingquadruple ABC-Masseyproduct on a complex solvmanifold of complex
dimension 4.

The work is organized as follows. In Sect. 2 we start by fixing the notation and
recalling the basic facts on ABC-Massey products. Section3 is devoted to the proof
of Theorem 3.1. The argument relies on the characterization, due to Ugarte [37], of
global frames for which J can be written in a convenient way, following the paper
of Salamon [29]. In Sect. 4, complex structures of special type on nilmanifolds are
introduced. For such complex structures, Lemma 4.3 gives a concrete description of
their Bott–Chern cohomology and Theorem 4.5 gives a sufficient condition for the
existence of a non vanishing ABC-Massey product on nilmanifolds endowed with
complex structures of special type. Theorem 4.5 is then applied explicitly in Example
4.6 and Example 4.7. Section5 contains the proof of Theorem 5.10. Such a result
follows from the full description of the cohomology of Kähler solvmanifolds proved in
Theorem 5.8. Finally, in Sect. 6 we construct a non vanishing quadruple ABC-Massey
product of the quotient of a complex Lie group of complex dimension 4 in the list of
Nakamura [25, IV 6., p. 108]. We explicitly describe two families of lattices (Lemma
6.1) giving rise to two complex parallelizable manifolds with different Dolbeault and
Bott–Chern cohomologies (Tables 1, 2) which have a structure of holomorphic fiber
bundle over a complex torus with non Kähler typical fiber, i.e., the Iwasawa manifold.

2 Notation and Preliminary

Wedenote by M = �\G the quotient of a simply connected solvable Lie group G with
Lie algebra g by a lattice � and by J an invariant complex structure, i.e., a complex
structure on g. Let g∗ be the dual of g and let J define a complex structure as usual
on g∗ by Jα(X) = α(J X), for every α ∈ g∗, X ∈ g. Then, the space g∗

C
:= g∗ ⊗ C

decomposes as

g∗
C

= (g∗
C
)1,0 ⊕ (g∗

C
)0,1

where (g∗
C
)1,0 = {α − i Jα : α ∈ g∗} and (g∗

C
)0,1 = {α + i Jα : α ∈ g∗} are,

respectively, the ±i-eigenspaces of the C-linear extension of J on g∗
C
.
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4
∧d

z 2
3
,

ez 1
d

z 1
23

∧ϕ
4

∧d
z 2

∧ϕ
4
,

e−
z 1

d
z 1

23
∧ϕ

4
∧d

z 3
∧ϕ

4
〉

(3
,3
)

C
〈e

z 1
d

z 1
23
12

∧ϕ
4
,

e−
z 1

d
z 1

23
13

∧ϕ
4
,

d
z 1

23
23
4
,

ez 1
d

z 1
2

∧ϕ
4

∧d
z 1

23
,

e2
z 1

d
z 1

2
∧ϕ

4
∧d

z 1
2

∧ϕ
4
,

e2
z 1

d
z 1

2
∧ϕ

4
∧d

z 1
2

∧ϕ
4
,
d

z 1
2

∧ϕ
4

∧d
z 1

3
∧ϕ

4
,
ez 1

d
z 1

2
∧ϕ

4
∧d

z 2
3

∧ϕ
4
,

e−
z 1

d
z 1

3
∧ϕ

4
∧d

z 1
23

,

d
z 1

3
∧ϕ

4
∧d

z 1
2

∧ϕ
4
,

e−
2z

1
d

z 1
3

∧ϕ
4

∧d
z 1

3
∧ϕ

4
,

e−
2z

1
d

z 1
3

∧ϕ
4

∧d
z 1

3
∧ϕ

4
,

e−
z 1

d
z 1

3
∧ϕ

4
∧d

z 2
3

∧ϕ
4
,

d
z 2

3
∧ϕ

4
∧d

z 1
23

,
ez 1

d
z 2

3
∧ϕ

4
∧d

z 1
2

∧ϕ
4
,

e−
z 1

d
z 2

3
∧ϕ

4
∧d

z 1
3

∧ϕ
4
,

d
z 2

3
∧ϕ

4
∧d

z 2
3

∧ϕ
4
〉

(2
,4
)

C
〈e

z 1
d

z 1
21

23
∧ϕ

4
,

ez 1
d

z 1
21

23
∧ϕ

4
,

e−
z 1

d
z 1

31
23

∧ϕ
4
,

e−
z 1

d
z 1

31
23

∧ϕ
4
,

d
z 2

31
23

∧ϕ
4
,

ez 1
d

z 2
∧ϕ

4
∧d

z 1
23

∧ϕ
4
,

e−
z 1

d
z 3

∧ϕ
4

∧d
z 1

23
∧ϕ

4
〉

(4
,3
)

C
〈d

z 1
23

∧ϕ
4

∧d
z 1

23
,

ez 1
d

z 1
23

∧ϕ
4

∧d
z 1

2
∧ϕ

4
,

ez 1
d

z 1
23

∧ϕ
4

∧d
z 1

2
∧ϕ

4
,

e−
z 1

d
z 1

23
∧ϕ

4
∧d

z 1
3

∧ϕ
4
,

e−
z 1

d
z 1

23
∧ϕ

4
∧d

z 1
3

∧ϕ
4
,
d

z 1
23

∧ϕ
4

∧d
z 2

3
∧ϕ

4
〉

(3
,4
)

C
〈d

z 1
23
12
3

∧ϕ
4
,

ez 1
d

z 1
2

∧ϕ
4

∧d
z 1

23
∧ϕ

4
,

ez 1
d

z 1
2

∧ϕ
4

∧d
z 1

23
∧ϕ

4
,
e−

z 1
d

z 1
3

∧ϕ
4

∧d
z 1

23
∧ϕ

4
,

e−
z 1

d
z 1

3
∧ϕ

4
∧d

z 1
23

∧ϕ
4
,

d
z 2

3
∧ϕ

4
∧d

z 1
23

∧ϕ
4
〉

(4
,4
)

C
〈d

z 1
23

∧ϕ
4

∧d
z 1

23
∧ϕ

4
〉
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For a compact complex manifold (M, J ), we denote by A•
C
(M) and A•,•(M)

respectively, the space of complex-valued differential forms on (M, J ), and the space
of (p, q)-forms on (M, J ). Set, as usual,

∂ = �1,0 ◦ d : Ap,q(M) → Ap+1,q(M) ∂ = �0,1 ◦ d : Ap,q(M) → Ap,q+1(M).

Accordingly, the exterior differential decomposes as d = ∂ + ∂ . Then,

H•,•
BC (M) := ker ∂ ∩ ker ∂

Im ∂∂
∩ A•,•(M)

is the Bott–Chern cohomology of (M, J ) and we denote by

H•,•
A (M) := ker ∂∂

Im ∂ + Im ∂
∩ A•,•(M)

the Aeppli cohomology of (M, J ).
According to [30], once fixed an Hermitian metric g on (M, J ), setting the Bott–

Chern Laplacian and the Aeppli Laplacian respectively as

�BC := ∂∂∂
∗
∂∗ + ∂

∗
∂∗∂∂ + ∂

∗
∂∂∗∂ + ∂∗∂∂

∗
∂ + ∂

∗
∂ + ∂∗∂,

�A := ∂∂∗ + ∂∂
∗ + ∂

∗
∂∗∂∂ + ∂∂∂

∗
∂∗ + ∂∂

∗
∂∂∗ + ∂∂∗∂∂

∗
,

it turns out that �BC and �A are fourth order self-adjonint elliptic operators and,
consequently, the following isomorphisms of vector spaces hold

ker�BC ∼= HBC (M), ker�A ∼= HA(M).

In particular, a (p, q)-form is Bott–Chern harmonic (respectively, Aeppli harmonic)
with respect to a fixed a Hermitian metric g on (M, J ) if it holds

dα = 0, ∂∂ ∗g α = 0,

respectively,

∂∂α = 0, ∂ ∗g α = 0, ∂ ∗g α = 0.

The Bott–Chern (respectively, Aeppli) cohomology of a compact complex manifold
has a structure of algebra (respectively, HBC -module) induced by the ∪ product,
whereas this is no longer true for their harmonic representatives. Therefore, along
the lines of [23] and [36], the authors in [3] define a Hermitian metric g on
compact complex manifold (M, J ) to be geometrically-Bott–Chern-formal (shortly,
geometrically-BC-formal) if the space of Bott–Chern harmonic forms H•,•

�BC
(M) :=

ker�BC has a structure of algebra induced by the ∧ product.
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348 Page 10 of 42 T. Sferruzza, A. Tomassini

We recall the construction of triple ABC-Massey products and quadruple ABC-
Massey products (see, respectively, [3] and [24] for further details). Let [α] ∈
H p,q

BC (M), [β] ∈ Hr ,s
BC (M), and [γ ] ∈ Hu,v

BC (M) such that

α ∧ β = (−1)p+q∂∂ fαβ, β ∧ γ = (−1)r+s∂∂ fβγ .

Then, the triple ABC-Massey product 〈[α], [β], [γ ]〉ABC is represented by

〈[α], [β], [γ ]〉ABC = [(−1)p+qα ∧ fβγ − (−1)r+s fαβ ∧ γ ]

∈ H p+r+u−1,q+s+v−1
A (M)

[α] ∪ Hr+u−1,s+v−1
A (M) + [γ ] ∪ H p+r−1,q+s−1

A (M)
.

Lemma 2.1 Let (M = �\G, J ) be the compact quotient of simply connected Lie group
G by a discrete co-compact subgroup � and let J be an invariant complex structure
on M, i.e., induced by an invariant structure J on the Lie algebra g of G. Then, the
map

i : {triple ABC-Massey products on (g, J )} ↪→ {triple ABC-Massey products on (M,

J )}

is injective.

Proof Let [α], [β], [γ ] ∈ HBC (g) so that P := 〈[α], [β], [γ ]〉ABC is a non van-
ishing triple ABC-Massey product on g with fαβ and fβγ its associated invariant
∂∂-primitives. Being P non vanishing, for the representative of P it holds that

(−1)|α|α ∧ fβγ − (−1)|β| fαβ ∧ γ /∈ [α] ∪ HA(g) + [γ ] ∪ HA(g). (2.1)

By contradiction let us assume that i(P) is trivial as a triple ABC-Massey product on
(M, J ). We can choose again fαβ and fβγ as ∂∂-primitives, as any other choice of
(not necessarily invariant) primitives, by definition of ABC-Massey product, would
yield terms of the representative that still belong to the indeterminacy ideal. Since
i(P) is trivial on (M, J ), there exist ξ, η, R, S ∈ A(M) such that

0 �= (−1)|α|α ∧ fβγ − (−1)|β| fαβ ∧ γ = α ∧ ξ + γ ∧ η + ∂ R + ∂S.

Note that at least one form in {ξ, η, R, S} is not left-invariant. However, by applying
a symmetrization process (see, e.g., [6, 12, 37]) on both sides of the above equation,
we obtain

0 �= (−1)|α|α ∧ fβγ − (−1)|β| fαβ ∧ γ = α ∧ ξ̃ + γ ∧ η̃ + ∂ R̃ + ∂ S̃.

The right-hand side of the equations, however, has to be non vanishing and it belongs
to [α] ∪ HA(g) + [γ ] ∪ HA(g), contraddicting (2.1), which concludes the proof. ��
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We now recall the construction of quadruple ABC-Massey products. The
Schweitzer complex Sk

p,q is defined for every pair (p, q) as

. . .
∂∂−→ S−2

p,q = Ap−2,q−2(M)
∂+∂−−→ S−1

p,q = Ap−1,q−2(M) ⊕ Ap−2,q−1(M)

pr◦d−−→ S0
p,q = Ap−1,q−1

∂∂−→ S1
p,q = Ap,q(M)

∂+∂−−→ . . .

so that

H1
Sp,q

= H p,q
BC (M), H0

Sp,q
= H p−1,q−1

A (M).

Let [α] ∈ HBC (M), [β] ∈ HBC (M), [γ ] ∈ HBC (M), and [δ] ∈ HBC (M) such that
α ∧ β ∧ γ ∧ δ ∈ Ap,q(M). Let x, y, z, η, η′, ξ, ξ ′ ∈ A•,•(M) such that

∂∂x = α ∧ β, ∂∂ y = β ∧ γ, ∂∂z = γ ∧ δ

and

xγ − αy = ∂η + ∂η′, yδ − βz = ∂ξ + ∂ξ ′.

Then the quadruple ABC-Massey product 〈[α], [β], [γ ], [δ]〉ABC is represented by

[(−1)|α|α ∧ (ξ + ξ ′) − (∂x) ∧ z + (−1)|x |+1x ∧ ∂z + (η + η′) ∧ δ] (2.2)

in

H−1
Sp,q

(A•,•(M))

= ker(pr ◦ d : Ap−2,q−1(M) ⊕ Ap−1,q−2(M) → Ap−1,q−1(M))

Im(pr ◦ d : Ap−3,q−1(M) ⊕ Ap−2,q−2(M) ⊕ Ap−1,q−3(M) → Ap−2,q−1(M) ⊕ Ap−1,q−2(M))
.

(2.3)

Let (M = �\G, J ) be a 2k-dimensional nilmanifold. An invariant almost complex
structure J on M is said to benilpotent [9] if there exists a frame {η1, . . . , ηk} of (g∗

C
)1,0

such that dηl ∈ SpanC〈ηi j , ηi j 〉i, j=1,...,l−1. If the coframe {η1, . . . , ηk} satisfies
{

dη j = 0, j ∈ {1, . . . , k − 1}
dηk ∈ SpanC〈ηi j , ηi j 〉i, j=1,...,k−1,

(2.4)

wewill call J a special type complex structure on M . Finally, we recall that aHermitian
metric g on a complexmanifold (M, J ) is said to be strong Kähler with torsion, shortly
SKT, if its fundamental form ω satisfies ∂∂ω = 0.
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348 Page 12 of 42 T. Sferruzza, A. Tomassini

3 SKTMetrics and Geometrically-BC-Formal Metrics in Complex
Dimension 3

In this section, we prove that the property of admitting a geometrically-BC-formal
metric is equivalent to the property of admitting a SKT metric on any six-dimensional
nilmanifold endowed with an invariant complex structure.

Theorem 3.1 Let (�\G := M, J ) be a 6-dimensional nilmanifold endowed with an
invariant complex structure J . Then, (M, J ) is SKT if, and only if, it is geometrically-
BC-formal. In particular, every Hermitian invariant metric is SKT if, and only if, it is
geometrically-BC-formal.

Proof Let us first assume that (M, J ) admits a SKT metric, which we can assume to
be invariant by the symmetrization process. By [16, Theorem 1.2], then (M, J ) admits
a basis {α1, α2, α3} of invariant (1, 0)-forms such that

dα1 = 0, dα2 = 0, dα3 = Aα12 + Bα11 + Cα12 + Dα21 + Eα22,

with A, B, C, D, E ∈ C satisfying |A|2 + |C |2 + |D|2 = 2Re(B E). In particular,
every invariant metric on (M, J ) is SKT. But then, in [32, Theorem 7.3] it was shown
that every invariant Hermitian metric on (M, J ) is also geometrically-BC-formal.

Viceversa, let us assume that the nilmanifold (M = �\G, J ) is geometrically-BC-
formal. Since the nilmanifold M = �\G admits an invariant complex structure J , by
[37, Proposition 2], there exists a invariant (1, 0)-coframe {ω1, ω2, ω3} such that it
satisfies the following structure equations

(a) if J is nonnilpotent:

⎧⎪⎨
⎪⎩

dω1 = 0,

dω2 = Eω13 + ω13,

dω3 = Aω11 + ibω12 − ibEω21,

(3.1)

with A, E ∈ C, |E | = 1, and b ∈ R\{0},
(b) if J is nilpotent:

⎧⎪⎨
⎪⎩

dω1 = 0,

dω2 = εω11,

dω3 = ρω12 + (1 − ε)Aω11 + Bω12 + Cω21 + (1 − ε)Dω22,

(3.2)

with A, B, C, D ∈ C and ε, ρ ∈ {0, 1}.
We claim that J is nilpotent. By contradiction, let us assume that J is nonnilpotent.
But then, by (3.1),

∂∂ω33 = −2b2ω1212.
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and the Bott–Chern cohomology classes [ω12] ∈ H2,0
BC (g) and [ω12] ∈ H0,2

BC (g) are
well defined. Then, the following ABC-Massey product on (g, J ) is well defined

〈
[ω12], [ω12], [ω12]

〉
ABC

=
[

1

2b2
ω3123
]

A
∈ H2,2

A (g)

[ω12] ∪ H1,1
A (g)

.

Moreover, Im ∂|∧1,2 g∗
C

+ Im ∂|∧0,3 g∗
C

⊂ Span〈ω1123, ω2123〉, hence [ 1
2b2

ω3123]A �= 0

as an Aeppli cohomology class.

Suppose that
[

1
2b2

ω3123
]

A
∈ [ω12]∪H1,1

A (g), i.e., there existμ j ∈ C, R ∈∧0,3 g∗
C
,

and S ∈∧1,2 g∗
C
such that

1

2b2
ω3123 =

h1,1A∑
j=1

μ jω
12 ∧ ξ j + ∂ R + ∂S, (3.3)

where {ξ j }h1,1A
j=1 is a basis of H1,1

�A
(g). We take the usual left-invariant extension to

(M, J ) of the forms and the metric on (g, J ). By multiplying by ω12 and integrating
over M each side of equation (3.3), we obtain

0 �= 1

2b2
||ω3123||2L2(M)

=
∫

M

h1,1A∑
j=1

μ jω
1212 ∧ ξ j +

∫
M

∂ R ∧ ω12 +
∫

M
∂S ∧ ω12.

Since dω12 = 0, the last two terms on the right hand side of the equation vanish by
Stokes’ theorem, yielding

0 �=
∫

M

h1,1A∑
j=1

μ jω
1212 ∧ ξ j =

h1,1A∑
j=1

μ j

∫
M

ω1212 ∧ ∗(∗ξ j )

=
h1,1A∑
j=1

μ j 〈〈ω1212, ∗ξ j 〉〉L2(M) = 0,

where the last equation holds since {∗ξ j }h1,1A
j=1 areBott–Chern harmonic andω1212 is ∂∂-

exact. This is absurd, therefore, 〈[ω12], [ω12], [ω12]〉ABC gives rise via Lemma 2.1 to a
non vanishing ABC-Massey product on (M, J ), which contradicts the assumption that
(M, J ) is geometrically-BC-formal. Hence, if (M, J ) is geometrically-BC-formal,
J is nilpotent and we can assume the existence of a (1, 0)-coframe {ω1, ω2, ω3} as in
(3.2).
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By assumption, there exists an invariant geometrically-BC-formal metric g on
(M, J ) whose fundamental form F can be written as

F = i

2

3∑
j=1

Fj jω
j j + 1

2

∑
1≤i< j≤k

(Fi j ωi j − Fi j ω j i ).

From (3.2), we immediately compute

∂∂ F = − i F33

2
(ρ2 + |B|2 + |C |2 − 2(1 − ε)2Re(AD))ω1212.

By contradiction, if ∂∂ F �= 0, setting L := ρ2+|B|2+|C |2−2(1−ε)2Re(AD) �= 0,
then one can show, by using the same argument as above, that

〈
[ω12], [ω12], [ω12]

〉
ABC

=
[
1

L
ω3312
]

A
∈ H2,2

A (g)

[ω12] ∪ H1,1
A (g)

gives rise via Lemma 2.1 to a non vanishing ABC-Massey product on (M, J ). This
is absurd, therefore ∂∂ F = 0 and g is SKT. The theorem is proved. ��
Remark 3.2 The SKT nilmanifolds are at most 2-step by Arroyo and Nicolini in [5], as
conjectured by Enrietti, Fino, and Vezzoni in [11]. Moreover, as proved by Rollenske
in [27, Proposition 3.3], every complex structure on a 2-step nilpotent Lie algebra is
nilpotent. So, every invariant complex structure on SKT nilmanifolds is nilpotent.

Remark 3.3 If (�\G = M, J ) is either a 6-dimensional nilmanifold M with an
SKT invariant complex structure J or, more generally, a 2n-dimensional nilmani-
fold endowed with a SKT special complex structure, then from Theorem 3.1 (see also
[32, Theorem 7.2] and [32, Theorem 7.4]) we know that (M, J ) is geometrically-
BC-formal. Since J is nipotent, by [1], the Aeppli cohomology and the Bott–Chern
cohomology of (M, J ) are computed, respectively, by the space of invariant Aeppli
(respectively, Bott–Chern) harmonic forms with respect to a fixed invariant SKT met-
ric g on (M, J ). Moreover, the spaceH := H�A (g)+H�BC (g) is closed under � and
since [32, Lemma 7.3] ∂∂ ≡ 0 on left-invariant forms on G, then ∂∂|H ≡ 0. Hence,
any invariant SKT is, in particular, an ABC-geometrically formal metric in the sense
of [24] and (M, J ) is weakly formal in the sense of [24].

4 SKTMetrics and Bott–Cher-Geometrically Formal Metrics in Higher
Dimensions

In this section we further study the relation between SKT metrics and geometrically-
BC-formal metrics for nilmanifolds of complex dimension strictly higher than 3.

As proved in [32], for the class of nilmanifolds endowed with special type com-
plex structures, in any complex dimension the existence of a SKT metric implies the
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existence of a geometrically-BC-formal metric. In Proposition 4.2, we prove a par-
tial converse of this result by showing that, if a nilmanifold endowed with a special
type complex structure admits no SKT metric, then it does not admit any invariant
geometrically-BC-formal metric. However, this does not suffice to show that there
exist no (not necessarily invariant) geometrically-BC-formal metrics. Thus, in The-
orem 4.5, we give explicit sufficient conditions on the Bott–Chern cohomology for
the existence of a non vanishing ABC-Massey product; hence, under such conditions,
there cannot exist geometrically-BC-formal metrics on such a class of manifolds.

Finally, in Proposition 4.8 we show that by dropping the hypothesis of special type
complex structure, we can construct a nilmanifold with invariant nilpotent complex
structure which is SKT but admits a non trivial ABC-Massey product.

Let now (M, J ) be a 2n-dimensional nilmanifold endowedwith a complex structure
of special type, see (2.4). Then, the complex structure J is nilpotent [9] on M . By
[1, Theorem 2.8], the Aeppli cohomology and the Bott–Chern cohomology of (M, J )

are computed via the complex of left-invariant forms on G. As a consequence, by
Lemma 2.1, ABC-Massey products on (g, J ) corresponds bijectively to ABC-Massey
products on (M, J ).

Let g be an invariant Hermitian metric on (M, J ) and denote by

ω = i

2

k∑
j=1

ω j jη
j j + 1

2

∑
1≤i< j≤k

(ωi j ηi j − ωi j η j i ).

its fundamental form.
For this family of nilmanifolds, by structure equations (2.4), the metric g is SKT if

and only if ∂∂ηkk = 0, i.e., the SKT condition does not depend on the choice of the
Hermitian metric.

In that case, it was shown in [32] that if J is such that every invariant Hermitian
metric on (M, J ) is SKT, the manifold (M, J ) is geometrically-BC-formal, hence
[35] every ABC-Massey product vanishes.

Remark 4.1 As a consequence of [32, Theorem 7.4], a necessary condition for the
existence of non vanishing triple ABC-Massey products is that (M, J ) does not admit
any SKT metric.

Furthermore, we observe the following result.

Proposition 4.2 For nilmanifolds endowed with complex structure of special type, if
there exists an invariant geometrically-BC-formal metric, then it is also SKT.

Proof Let us fix {η1, . . . , ηk} a coframe of invariant (1, 0)-forms on (M, J ) satisfying
(2.4). By Gram-Schmidt, we can assume that the coframe {η1, . . . , ηk} is unitary and
still satisfy structure equations of type (2.4). In this situation, the fundamental form
of g can be written as ω = i

2

∑k
j=1 η j j . Let us assume that g is not SKT, i.e.,

0 �= ∂∂ηkk =
∑

1≤r ,u<s,v≤k−1

Lrsuvη
rsuv.
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We can then choose r0, s0, u0.v0 such that Lr0s0u0v0 �= 0. By structure equations
and bidegree reasons, the forms α := ηr0s0 and β := ηu0v0 are both d-closed and
∂∂∗-closed, so they are Bott–Chern harmonic. We check whether this holds also for
the wedge product α ∧ β. By Leibniz rule, the form α ∧ β is d-closed. However,
∗(α ∧ β) = εη1...r

∗
0 ...s∗

0 ...k1...u∗
0...v

∗
0...k , with ε a sign constant, so that

∂∂ ∗ (α ∧ β) = (−1)k−3εη1...r
∗
0 ...s∗

0 ...k−11...u∗
0...v

∗
0...k−1 ∧ ∂∂(ηkk)

= ε′Lr0s0u0v0η
1...k−11...k−1 �= 0,

with ε′ a sign constant. As a consequence, the form α∧β is not Bott–Chern harmonic,
i.e., the invariant metric g is not geometrically-BC-formal. ��

We now prove a sufficient condition for the existence of a non trivial ABC-Massey
product on nilmanifolds endowed with a special type complex structure.

Recall that, in our notation, a real 2k-dimensional nilmanifold M = �\G admits
a special type complex structure J if it admits a coframe of invariant (1, 0)-forms
{η1, . . . , ηk} such that

{
dη j = 0, j ∈ {1, . . . , k − 1}
dηk ∈ SpanC〈ηi j , ηi j 〉i, j=1,...,k−1

. (4.1)

Let g be a fixed invariant Hermitian metric on (M, J ) (which we can always assume
to be diagonal) and let ω = i

2

∑k
j=1 η j j be its fundamental form.

By Remark 4.1, we assume that (M, J ) is not SKT, i.e., ∂∂ηkk �= 0. In this case,
the ∂∂-operator on invariant forms is not zero only on I(ηkk). Moreover, structure
equations (4.1) imply that

Im ∂∂ ⊂∧•,• (SpanC〈η1, . . . , ηk−1, η1, . . . , ηk−1〉
)

. (4.2)

Since the Bott–Chern cohomology and the Aeppli cohomology of (M, J ) are com-
puted via the complex of left-invariant forms on G, by further exploiting the structure
equations (4.1), straightforward computations allow us to describe the structures of
Bott–Chern and Aeppli cohomologies of (M, J ).

Lemma 4.3 The Bott–Chern cohomology of (M, J ) of any bidegree (p, q) admits the
following decomposition

H p,q
BC (M) ∼= H1

I1
⊕ H2 ⊕ H3,

where

H1 = SpanC〈ηi1...i p ∧ η j1... jq 〉il , jl �=k

I1 = Im ∂∂
(
SpanC〈ηkk ∧ ηi1...i p−2 ∧ η j1... jq−2〉

)
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H2 = Ker d ∩
(
SpanC〈ηk ∧ ηi1...i p−1 ∧ η j1... jq 〉 ⊕ SpanC〈ηk ∧ ηi1...i p ∧ η j1... jq−1〉

)
H3 = Ker d ∩ SpanC〈ηkk ∧ ηi1...i p−1 ∧ η j1... jq−1〉.

In particular, if either p < 2 or q < 2, we have that

H p,q
BC (M) ∼= H1 ⊕ H2 ⊕ H3.

Proof By [1, Theorem 2.8], we have that H p,q
BC (M) ∼= H p,q

BC (g), where

H p,q
BC (g) = Ker(d : ∧p,q g∗

C
→∧p+1,q g∗

C
⊕∧p,q+1 g∗

C
)

Im(∂∂ : ∧p−1,q−1 g∗
C

→∧p,q g∗
C
)

.

But then the following decomposition holds

Ker
(

d : ∧p,q g∗
C

→∧p+1,q g∗
C

⊕∧p,q+1 g∗
C

)
= H1 ⊕ H2 ⊕ H3.

By (4.2), we have that

Im
(
∂∂ : ∧p−1,q−1 g∗

C
→∧p,q g∗

C

)
= I1.

Then, since I1 ∩ H2 = {0} and I1 ∩ H3 = {0}, we can conclude that

H p,q
BC (g) = H1 ⊕ H2 ⊕ H3

I1
∼= H1

I1
⊕ H2 ⊕ H3.

Note that if either p < 2 or q < 2, then I1 = {0}, which concludes the proof. ��
Lemma 4.4 The Aeppli cohomology of (M, J ) of any bidegree (p, q) admits the
following decomposition

H p,q
A (M) ∼= K1

L1
⊕ K2

L2
⊕ K3,

where

K1 =SpanC〈ηi1...i p j1... jq 〉il , jl �=k

L1 = Im ∂
(
SpanC〈ηki1...i p−2 j1... jq 〉

)
⊕ Im ∂

(
SpanC〈ηki1...i p−1 j1... jq−1〉

)
⊕ Im ∂

(
SpanC〈ηki1...i p−1 j1... jq−1〉

)
⊕ Im ∂

(
SpanC〈ηki1...i p j1... jq−1〉

)
K2 =SpanC〈ηki1...i p−1 j1... jq , ηki1...i p j1... jq−1〉
L2 = Im ∂

(
SpanC〈ηkki1...i p−2 j1... jq−1〉

)
⊕ Im ∂

(
SpanC〈ηkki1...i p−1 j1... jq−2〉

)
K3 =Ker ∂∂ ∩ SpanC〈ηkki1...i p−1 j1... jq−1〉.
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Proof The proof is analogous to the proof of Lemma 4.3. ��
We will now work at the level of the Lie algebra g of the universal cover G of M .

We note that g is endowed with a special type complex structure inherited by (M, J ),
which we will still denote by J . Therefore, there exists a basis {η1, . . . , ηk} of (1, 0)-
forms on (g, J ) satisfying (4.1) and the fixed invariant Hermitian metric g on (M, J )

descends to a Hermitian metric on (g, J ) with fundamental form ω = i
2

∑k
j=1 η j j .

Let us then consider a ABC-Massey product P on (g, J ) given by the following
expression

P =
〈
[α], [β], [β]

〉
ABC

,

where [α] ∈ H p,q
BC (g), [β] ∈ Hr ,s

BC (g). We assume that the representatives α and β

satisfy the following properties

α = ηi1...i p ∧ η j1... jq , β = ηl1...lr ∧ ηm1...ms , α ∧ β �= 0.

In order for P to be a well defined non trivial ABC-Massey product, by (4.2), it must
hold that

• α, β ∈ H1 of Lemma 4.3, i.e.,

α ∈∧p,q
(
SpanC〈η1, . . . , ηk−1, η1, . . . , ηk−1〉

)
,

β ∈
r ,s∧(

SpanC〈η1, . . . , ηk−1, η1, . . . , ηk−1〉
)

,

• there exists a form f = ηkk ∧ γ̃ ∈∧p+r−1,q+s−1 g∗
C
with γ̃ ∈∧p+r−2,q+s−2 g∗

C

such that

(−1)p+q∂∂ f = α ∧ β.

We assume that γ̃ can be written as γ̃ := ηt1...tp+r−2 ∧ηv1...vq+s−2 and, up to a constant,
it is the only (p + r − 2, q + s − 2)-form ϕ which satisfies

0 �= ∂∂(ηkk) ∧ ϕ ∈ SpanC〈α ∧ β〉.

Then the ABC-Massey product P is represented, up to constant, by the Aeppli
cohomology class

[ηkk ∧ γ̃ ∧ β] ∈ H p+2r−1,q+2s−1
A (g).

Note that, since the form ∗(ηkk ∧ γ̃ ∧ β) does not contain ηk nor ηk , then by structure
equations ∗(ηkk ∧ γ̃ ∧ β) is ∂-closed and ∂-closed; hence, the form ηkk ∧ γ̃ ∧ β is
Aeppli harmonic and, as a Aeppli cohomology class, [ηkk ∧ γ̃ ∧ β]A �= 0.
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As a ABC-Massey product, P is non vanishing if and only if [ηkk ∧ γ̃ ∧ β]A /∈ J,
where J is the ideal

[α]BC ∪ H2r−1,2s−1
A (g) + [β]BC ∪ H p+r−1,q+s−1

A (g).

Let us suppose by contradiction that this is the case, i.e., there exists λ j , μl ∈ C and
R ∈∧p+2r−2,q+2s−1 g∗

C
, S ∈∧p+2r−1,q+2s−2 g∗

C
such that

ηkk ∧ γ̃ ∧ β =
h2r−1,2s−1

A∑
j=1

λ j α ∧ ξ j +
h p+r−1,q+s−1

A ∑
l=1

μl β ∧ ψ l + ∂ R + ∂S, (4.3)

with {ξ j }h2r−1,2s−1
A

j=1 and {ψ l}h p+r−1,q+s−1
A

l=1 bases of H2r−1,2s−1
A (g) and, respectively, of

Hp+r−1,q+s−1
A (g).
Considering now the usual extension to left-invariant tensors of the forms and the

metric on (g, J ), by taking the L2-product of equation (4.3) with ηkk ∧ γ̃ ∧ β, we
obtain

0 �= ||ηkk ∧ γ̃ ∧ β||2L2 =
∫

M

⎛
⎝∑

j

λ jα ∧ ξ j

⎞
⎠ ∧ ∗(ηkk ∧ γ̃ ∧ β)

+
∫

M

(∑
l

μlβ ∧ ψ l

)
∧ ∗(ηkk ∧ γ̃ ∧ β)

+
∫

M
∂ R ∧ ∗(ηkk ∧ γ̃ ∧ β) +

∫
M

∂S ∧ ∗(ηkk ∧ γ̃ ∧ β).

Being ∗ηkk ∧ γ̃ ∧ β a d-closed form, by Stokes’ theorem the last two terms vanish,
hence yielding

0 �=
∫

M

⎛
⎝∑

j

λ jα ∧ ξ j

⎞
⎠∧∗(ηkk ∧ γ̃ ∧ β) +

∫
M

(∑
l

μlβ ∧ ψ l

)
∧ ∗(ηkk ∧ γ̃ ∧ β).

Then, it must exist j0 ∈ {1, . . . , h2r−1,2s−1
A } (or l0 ∈ {1, . . . , h p+r−1,q+s−1

A }), such
that either

α ∧ ξ j0 ∧ ∗(ηkk ∧ γ̃ ∧ β) �= 0

or

β ∧ ψ l0 ∧ ∗(ηkk ∧ γ̃ ∧ β) �= 0.
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Suppose the first case holds. By definition of Hodge ∗-operator, this is equivalent
to

g(α ∧ ξ j0 , ηkk ∧ γ̃ ∧ β) �= 0

Since the product g is diagonal with respect to the basis {η1, . . . , ηk}, by Lemma 4.4
this forces ξ j0 ∈ K3, i.e., ξ j0 = ηkk ∧ ω̃, with ω̃ ∈∧2r−2,2s−2 g∗

C
, which yields

g(ηkk ∧ α ∧ ω̃, ηkk ∧ γ̃ ∧ β) �= 0.

Since α ∧β �= 0 and α /∈ I(ηk, ηk), then γ = α ∧ ζ , for some ζ ∈∧r−2,s−2 g∗
C
. Note

that if either r < 2 or s < 2, we obtain a contradiction. Let us assume the opposite,
i.e., r , s ≥ 2. Then,

(−1)p+qα ∧ β = ∂∂(ηkk) ∧ γ̃ = ∂∂(ηkk) ∧ α ∧ ζ,

which implies thatβ = ∂∂
(
(−1)p+q+1ηkk ∧ ζ

)
, which leads to a contradiction, since

β is a Bott–Chern harmonic form, i.e., β cannot be ∂∂-exact.
On the other hand, let us assume that β ∧ ψ l0 ∧ ∗(ηkk ∧ γ̃ ∧ β) �= 0, which is

equivalent to

g(β ∧ ψ l0 , ηkk ∧ γ̃ ∧ β) �= 0.

Since β does not contain ηkk , again by Lemma 4.4 the form ψ l0 ∈ K3, i.e., ψ l0 =
ηkk ∧ ω̃, with ω̃ = ω̃1 + · · · + ω̃d ∈ ∧p+r−2,q+s−2 g∗

C
and each form ω̃i = Ciη

I J

for Ci ∈ C and I , J ⊂ {1, . . . , k}, |I | = p + r − 2, |J | = q + s − 2. We obtain

0 �= g(β ∧ ηkk ∧ ω̃, ηkk ∧ γ̃ ∧ β) = (−1)|β|·|ω̃|g(ω̃, γ̃ )

which then implies that there exists 1 ≤ d0 ≤ d and 0 �= C ∈ C such that ω̃d0 = C γ̃ .
So, we have that

0 = ∂∂ψ l0 = ∂∂(ηkk) ∧ (ω̃1 + · · · + ω̃d − ω̃d0) + ∂∂(ηkk) ∧ ω̃d0

= ∂∂(ηkk) ∧ (ω̃ − ω̃d0) + (−1)p+qCα ∧ β.

Consequently, − 1
C ηkk ∧ (ω̃ − γ̃ ) is a ∂∂-primitive of (−1)p+qα ∧ β. However, by

unicity of the ∂∂-primitive γ̃ , we obtain a contradiction.
As a result, theAeppli cohomology class [ηkk ∧γ̃ ∧β] /∈ J, hence the ABC-Massey

product on (g, J )

P =
〈
[α], [β], [β]

〉
ABC

∈ H p+2r−1,q+2s−1
A (g)

[α] ∪ H2r−1,2s−1
A (g) + [β] ∪ H p+r−1,q+s−1

A (g)
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is not vanishing. Finally, by Lemma 2.1, we have that P corresponds to a non trivial
ABC-Massey product on (M, J ).

To summarize, we have proved the following.

Theorem 4.5 Let (M = �\G, J ) be a nilmanifold of complex dimension k with a
invariant complex structure J determined by a basis {η1, . . . , ηk} of (1, 0)-forms such
that

{
dη j = 0, j ∈ {1, . . . , k − 1},
dηk ∈ SpanC〈η jl , η jl〉k−1

j,l=1.

If there exist forms α := ηi1...i p j1... jq ∈ ∧p,q g∗
C

, β := ηl1...lr m1...ms ∈ ∧r ,s g∗
C

and a

unique form (up to constant) γ̃ = ηt1...tp+r−2v1...vq+s−2 ∈∧p+r−2,q+s−2 g∗
C

, such that

(1) the forms α and β are Bott–Chern harmonic and α ∧ β �= 0,
(2) the form ηkk ∧ γ̃ is a ∂∂-primitive of α ∧ β, i.e., (−1)p+qα ∧ β = ∂∂(ηkk) ∧ γ̃ ,

and γ̃ ∧ β �= 0,

then (M, J ) admits a non vanishing ABC-Massey product given by

〈
[α]BC , [β]BC , [β]BC

〉
ABC

.

As an immediate application of Theorem 4.5 we provide the explicit examples of
two families of nilmanifolds admitting non trivial ABC-Massey products.

Example 4.6 Consider the family of nilmanifolds (�\G = M, J ) endowedwith invari-
ant complex structure J characterized by a basis {η1, η2, η3, η4} of left-invariant
(1, 0)-forms on G such that

{
dη1 = dη2 = dη3 = 0,

dη4 = Aη12 + Bη13 + Cη21,

with A, B, C ∈ Q[i] \ {0}. Note that

0 �= ∂∂(η44) = −(|A|2 + |C |2)η1212 − |B|2η1313.

Then

〈
[η122]BC , [η31]BC , [η31]BC

〉
ABC

is a non vanishing triple ABC-Massey product. It suffices to set γ̃ = − 1
|B|2 η

2 and
then Theorem 4.5 directly applies.
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Example 4.7 Consider the family of nilmanifolds (�\G = M, J ) endowedwith invari-
ant complex structure J characterized by a basis {η1, η2, η3, η4, η5} of left-invariant
(1, 0)-forms on G such that{

dη1 = dη2 = dη3 = dη4 = 0,

dη5 = Dη12 + Eη32 + Fη43,

with E, F, G ∈ Q[i] \ {0}. Note that

0 �= ∂∂(η55) = −|D|2η1212 − |E |2η2323 − |F |2η3434.

Then, 〈
[η341]BC , [η112]BC , [η112]BC

〉
ABC

is a non vanishing triple ABC-Massey product. In this case, it suffices to set γ̃ =
− 1

|D|2 η
34 and Theorem 4.5 directly follows.

However, by dropping the hypotesis of special type complex structure, we show
that there exist families of nilmanifolds endowed with nilpotent complex structures
which admit SKT metrics but are never geometrically-BC-formal.

Proposition 4.8 There exist SKT nilmanifolds with nilpotent complex structures
admitting no geometrically-BC-formal metrics.

Proof Let (M = �\G, J ) be a family of nilmanifolds of complex dimension 4
endowedwith an invariant complex structure J characterizedby abasis {η1, η2, η3, η4}
of (g(1,0))∗ such that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dη1 = 0

dη2 = 0

dη3 = B1η
21

dη4 = G1η
12 + D1η

11 + D2η
12 + E2η

22,

(4.4)

with B1, G1, D1, D2, D3 ∈ Q[i] \ {0}. Let ω = i
2 (η

11 + η22 + η33 + η44) be the
fundamental form of the diagonal Hermitian metric g on g. Then, g is SKT if, and
only if, it holds ∂∂ω = 0, i.e.,

|B1|2 + |G1|2 + |D2|2 − 2Re(D1E2) = 0. (4.5)

Assume that (4.5) holds. We now construct a non trivial ABC-Massey product.
Consider the forms η1241 and η2.Note that, by structure equations, dη1241 = dη2 =

0, hence

[η1241]BC ∈ H3,1
BC (g), [η2] ∈ H0,1

BC (g)
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arewell definedBott–Chern cohomology classes.Moreover, the forms ∗η1241 = η3234

and ∗η2 = −η1234134 are ∂∂-closed, thus the forms η1241 and η2 are Bott–Chern
harmonic forms and they define non vanishing Bott–Chern cohomology classes, i.e.,

[η1241]BC �= 0, [η2]BC �= 0.

Now, η1241 ∧ η2 = ∂∂(− 1
|B1|2 η

343), so that the ABC-Massey product

P =
〈
[η1241], [η2], [η2]

〉
ABC

∈ H2,2
A (g)

[η2] ∪ H2,1
A (g)

is well defined and represented by the Aeppli cohomology class

[
1

|B1|2 η3423
]

A
∈ H2,2

A (g).

Note that ∗η3423 = η1214, which is d-closed, hence, as a Aeppli-cohomology class,[
1

|B1|2 η
3423
]

A
�= 0. We claim that

[
1

|B1|2 η
3423
]

A
does not belong to the ideal [η2] ∪

H2,1
A (g).
Assume, by contradiction, that this is the case, i.e., there exist constants λ j ∈ C

and forms R ∈∧1,2 g∗
C
, S ∈∧2,1 g∗

C
such that

1

|B1|2 η3423 =
h2,1A∑
j=1

λ jη
2 ∧ ξ j + ∂ R + ∂S, (4.6)

where {ξ j }h2,1A
j=1 is a basis of H2,1

A (g). By multiplying both sides of (4.6) by η1214,

integrating over M , and observing that η1214 is d-closed, we obtain

0 �= 1

|B1|2 ||η3423||2L2(M)
=

h2,1A∑
j=1

∫
M

η2 ∧ ξ j ∧ η1214

= −
h2,1A∑
j=1

λ j 〈〈η12124, ∗ξ j 〉〉L2(M) = 0,

where the last equality holds being η12124 a ∂∂-exact form and {∗ξ j }h2,1A
j=1 Bott–Chern

harmonic forms. This is absurd.
Therefore, the ABC-Massey product on (g, J )

P :=
〈
[η1241]BC , [η2]BC , [η2]BC

〉
ABC

�= 0,
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is not vanishing. Thus, by Lemma 2.1, the product P corresponds to non vanishing
ABC-Massey product on (M, J ), which, consequently, is never geometrically-BC-
formal.

As a result, each element of the family of manifolds (4.4) satisfying assumption
(4.5) admits a SKT metric, i.e., the diagonal metric with respect to the coframe
{η1, η2, η3, η4}, but it admits a non vanishing ABC-Massey product, so it is never
geometrically-BC-formal. ��

5 Kähler Solvmanifolds and Bott–Chern Formality

In this section, we prove that every Kähler solvmanifold is geometrically-BC-formal,
hence answering a question in [24]: despite the existence of a manifold satisfying the
∂∂-lemma and yet admitting a non vanishing ABC-Massey product [31], it remains
unclear whether ABC-Massey product provide an obstruction to stronger cohomolog-
ical properties on a compact complex manifold. As a starting point, the authors in [24]
suggest that one may look at the class of Kähler solvmanifolds, although they seem
inclined to think that this class of manifolds might not be decisive. We will indeed
prove that Kähler solvmanifolds are metrically formal, so that every ABC-Massey
product vanishes.

We start by recalling the fundamental result of Hasegawa on the structure of Kähler
solvmanifolds.

Theorem 5.1 A compact solvmanifold admits a Kähler structure if and only if it is a
finite quotient of a complex torus which has a structure of a complex torus bundle over
a complex torus. In particular, a compact solvmanifold of completely solvable type
has a Kähler structure if and only if it is a complex torus.

In [20, Example 4], the author gives a characterization of the geometric structure
of a Kähler non toric solvmanifold, which we now recall.

AKähler solvmanifold X arises as the compact quotient�\G of a simply connected
solvable Lie group G = C

l
�φ R

2k defined by a map

φ : R
2k → Aut(Cl)

φ(ti Ei ) · t (z1, . . . , zl) := t
(

e
√−1γ i ti z1, . . . , e

√−1γ i ti zl

)
=e

√−1γ i ti I · t (z1, . . . , zl),

where Ei is the i-th unit vector of R
2k and e

√−1γ i
is the si -th root of unity, for i =

1, . . . , 2k. Thediscrete subgroup� := Z
2l

�φZ
2k is defined so thatφ(Z2k)(Z2l) ⊂ Z

2l

and, hence, � a lattice of G.
Under the natural identification R

2k � C
k , let W = (zl+1, . . . , zl+k) ∈ C

k be the
coordinates of a point in C

k with respect to the standard basis of C
k . Then, the map φ

can be extended to

φ(W ) · t (z1, . . . , zl) = e
√−1(
∑k

i=1 Re(zl+i )γ
2l+2i−1−Im(zl+i )γ

2l+2i )
I · t (z1, . . . , zl).

(5.1)
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In particular, if z =t (z1, . . . , zl , zl+1, . . . , zl+k), z′ =t (z′
1, . . . , z′

l , z′
l+1, . . . , z′

l+k) ∈
G, then the product rule ∗ of G is defined as

z′ ∗ z = (φ(z′
l+1, . . . , z′

l+k) · t (z1, . . . , zl)

+t (z′
1, . . . , z′

l),
t (zl+i + z′

l+1, . . . , zl+k + z′
l+k)
)
.

The Lie algebra g of G is spanned by the set of G-left-invariant vector fields

{X1, . . . X2l , X2l+1 . . . , X2l+2k}

which satisfy the bracket relations

[X2l+2i , X2 j−1] = −X2 j , [X2l+2i , X2 j ] = X2 j−1, (5.2)

for i = 1, . . . , k, j = 1, . . . , l, whereas any other bracket vanishes. The standard
G-left-invariant almost complex structure J on G is defined by

J X2 j−1 = X2 j , J X2 j = −X2 j−1,

J X2l+2i−1 = X2l+2i , J X2l+2i = −X2l+2i−1, (5.3)

for i = 1, . . . , k, j = 1, . . . , k, so that gC decomposes as

gC = g1,0 ⊕ g0,1,

whereg1,0 = 〈Z1, . . . , Zl , Zl+1, . . . , Zl+k〉 andg0,1 = 〈Z1, . . . , Zl , Zl+1, . . . , Zl+k〉
are, respectively, the ±i-eigenspaces of J and

Z j := 1

2

(
X2 j−1 − i X2 j

)
, Zl+i := 1

2
(X2l+2i−1 − i X2l+2i )

for i = 1, . . . , k, j = 1, . . . , l.

If we denote by
{

e1, . . . , e2 l , e2 l+1, . . . , e2 l+2k
}
the coframe of G-left-invariant

forms on G dual to {X1, . . . , X2l , X2l+1, . . . , X2l+2k}, dualizing the relations (5.2),
we obtain the structure equations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

de2 j−1 = −
k∑

i=1

e2 j ∧ e2l+2i , j = 1, . . . , l,

de2 j =
k∑

i=1

e2 j−1 ∧ e2l+2i , j = 1, . . . , l,

de2l+2i−1 = 0, i = 1, . . . , k

de2l+2i = 0, i = 1, . . . , k.
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The complex structure J defined in (5.3) determines the basis of (g∗
C
)1,0 which we

denote by
{
ϕ1, . . . , ϕl , ϕl+1, . . . , ϕl+k

}
, where

ϕ j := e2 j−1 + ie2 j , ϕl+i := e2l+2i−1 + ie2l+2i , (5.4)

for j = 1, . . . , l, i = 1, . . . , k, which satisfy the complex structure equations⎧⎪⎪⎨
⎪⎪⎩

dϕ j = 1

2

k∑
i=1

ϕ j ∧ ϕl+i − ϕ j ∧ ϕl+i , j = 1, . . . , l

dϕl+i = 0, i = 1, . . . , k.

(5.5)

As a result, the manifold X = (�\G, J ) is a Kähler solvmanifold endowed with a
G-invariant complex structure, since J is G-left-invariant and hence descends to�\G.
An invariant Kähler metric on X is, for example, the canonical diagonal with respect
to the coframe {ϕ1, . . . , ϕl+k}, as we will prove in Corollary 5.4.

We now give an explicit expression for the differential of any G-left-invariant
(p, q)-form on X . At this level, we consider the elements of the natural basis

{
ϕa1 ∧ · · · ∧ ϕap ∧ ϕb1 ∧ · · · ∧ ϕbq : 1 ≤ a1 < · · · < ap ≤ l + k,

1 ≤ b1 < · · · < bq ≤ l + k
}
. (5.6)

Notation From now on, wewill write the holomorphic and the anti-holomorphic com-
ponents of any element of the basis (5.6) by listing first the (1, 0)-forms (respectively,
(0, 1)-forms) belonging to {ϕ j }l

j=1 (respectively, {ϕ j }l
j=1) and then the (1, 0)-forms

(respectively, the (0, 1)-forms) belonging to {ϕl+i }k
i=1 (respectively, to {ϕl+i }k

i=1), i.e.,
we will adopt the following notation

α = ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...ms ∧ ϕl+n1...l+nq−s , (5.7)

with r ∈ {max(0, p−k), . . . , p}, s ∈ {max(0, q −k), . . . , q}, j1, . . . , jr ∈ {1, . . . , l},
i1, . . . , i p−r ∈ {1, . . . , k}, m1, . . . , ms ∈ {1, . . . , l}, n1, . . . , nq−s ∈ {1, . . . , k}.

With respect to this notation the differential acts as in the following lemma.

Lemma 5.2 For any invariant (p, q)-form α ∈ X written as in (5.7), it holds

dα = s − r

2

(
k∑

i=1

ϕl+i

)
∧ α + r − s

2

(
k∑

i=1

ϕl+i

)
∧ α.

In particular,

∂α = s − r

2

(
k∑

i=1

ϕl+i

)
∧ α, ∂α = r − s

2

(
k∑

i=1

ϕl+i

)
∧ α.
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Proof We see that, by Leibniz rule, we have

dα = d
(
ϕ j1... jr ∧ ϕl+i1...l+i p−r

)
∧ ϕm1...ms ∧ ϕl+n1...l+nq−s

+ (−1)pϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ d
(
ϕm1...ms ∧ ϕl+n1...l+nq−s

)

Let us first focus on the first term �1 = d
(
ϕ j1... jr ∧ ϕl+i1...l+i p−r

) ∧ ϕm1...ms ∧
ϕl+n1...l+nq−s . By the structure equations and graded-commutativity of the wedge
product, it holds that

�1 = − r

2

(
k∑

i=1

ϕl+i − ϕl+i

)
∧ ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...ms ∧ ϕl+n1...l+nq−s .

Analogously, for the other summand �2 = ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧
d
(
ϕm1...ms ∧ ϕl+n1...l+nq−s

)
we obtain the explicit expression

�2 = (−1)p s

2

(
k∑

i=1

ϕl+i − ϕl+i

)
∧ ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...ms ∧ ϕl+n1...l+nq−s .

Hence, by adding �1 and (−1)p�2, we obtain

dα = s − r

2

(
k∑

i=1

ϕl+i

)
∧ ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...ms ∧ ϕl+n1...l+nq−s

+ r − s

2

(
k∑

i=1

ϕl+i

)
∧ ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...ms ∧ ϕl+n1...l+nq−s ,

which yields the thesis. ��
As an immediate application of Lemma 5.2, we observe the following.

Corollary 5.3 Let α be any invariant (p, q)-form on X, written as in (5.7). If r = s,
then dα = 0.

We have then an explicit expression for an invariant Kähler metric on X .

Corollary 5.4 The canonical Hermitian metric g on X with fundamental form

ω = i

2

l∑
j=1

ϕ j j + i

2

k∑
i=1

ϕl+i l+i

is Kähler.
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Proof By structure equations (5.3) and Lemma 5.2, we have that dϕl+i l+i = 0, for
every i ∈ {1, . . . , k}, and

dϕ j j = 1 − 1

2

k∑
i=1

ϕl+i ∧ ϕ j j + 1 − 1

2

k∑
i=1

ϕl+i ∧ ϕ j j = 0,

for every j ∈ {1, . . . , l}. Hence, dω = 0. ��
We now adapt the techniques in [2, Section 2.5] to compute the cohomology of X .

We preliminarly observe the following.

Lemma 5.5 X is a complex solvmanifold of splitting type, i.e., X is a solvmanifold
X = �\G endowed with a G-left-invariant complex structure J such that G is the
semidirect product C

n
�φ N so that:

(i) N is a simply connected 2m-dimensional nilpotent Lie group endowed with an
N-left-invariant complex structure JN ; (denote the Lie algebras of C

n and N by
a and, respectively, n),

(ii) For any t ∈ C
n, it holds that φ(t) ∈ GL(N ) is a holomorphic automorphism of N

with respect to JN ;
(iii) φ induces a semisimple action on n;
(iv) G has a lattice �; (then � can be written as � = �Cn �φ �N such that �Cn

and �N are lattices of C
n and, respectively, N , and, for any t ∈ �Cn , it holds

φ(t)(�N ) ⊆ �N );
(v) The inclusion

∧•,• n∗
C

↪→ A•,•(�N \N ) induces the isomorphism

H•(
∧•,• n∗

C
, ∂) � H•,•

∂
(�N \N ).

Proof We recall that X is a solvmanifold �\G endowed with a G-invariant complex
structure J . The universal cover of X is the Lie group G = C

l
�φ C

k which admits
the lattice � = Z

l
�φ Z

k . Note that C
l is the nilradical of G with Lie algebra n and

C
k is the factor with Lie algebra a, so that the Lie algebra of G decomposes as

g = n ⊕ a.

(i) The factorC
l is a simply connected abelian Lie group of real dimension 2l, i.e., it is

clearly a simply connected nilpotent Lie group of real dimension 2l. The standard
complex structure JCl of C

l is determined by the standard frame { ∂
∂z j

}l
j=1 and its

dual frame {dz j }l
j=1 and it is clearly invariant under the action of C

l on itself by

traslation, i.e., JCl is C
l -left-invariant.

(ii) For any W = (zl+1, . . . , zl+k) ∈ C
k , the map φ(W ) with expression (5.1) is

clearly a holomorphic automorphism of C
l with respect to JCl .

(iii) For every W = (zl+1, . . . , zl+k) ∈ C
k map φ induces a semisimple action on n

by

(dφ(W ))e = e
√−1(
∑k

i=1 Re(zl+i )γ
2l+2i−1−Im(zl+i )γ

2l+2i )
I ∈ Gl(n). (5.8)
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(iv) The universal cover G admits a lattice � by hypotesis.
(v) Since Z

l\C
l is biholomorphic to a complex l-dimensional torus T

l , the inclusion∧•,• n∗
C

↪→ A•,•(Tl) induces an isomorphism in the Dolbeault cohomology, i.e.,

H•(
∧•,• n∗

C
, ∂) = (

∧•,• n∗
C
, ∂ ≡ 0) � H•,•

∂
(Tl).

��
We are in the position to apply the results for complex solvmanifolds of splitting

type as in [2, Section 2.5]. With respect to the standard frame ∂
∂z j

of C
l -left-invariant

(1, 0)-vector fields, the induced action (5.8) of φ on n1,0 is given by

C
l � W = (zl+1, . . . , zl+k) �→ χ(W )I,

with χ the character of C
k determined by χ(W ) =

e
√−1(
∑k

i=1 Re(zl+i )γ
2l+2i−1−Im(zl+i )γ

2l+2i ). Then, χ can be extended to a character
of G and the set

{χ−1dz1, . . . , χ−1dzl ,
√−1(γ 2l+1 + √−1γ 2l+2)dzl+1,

. . . ,
√−1(γ 2l+2k−1 + √−1γ 2l+2k)dzl+k} (5.9)

is a coframe of G-left-invariant (1, 0)-forms on G. More precisely, the coframe (5.9)
coincides with the coframe of G-left-invariant (1, 0)-forms defined in (5.4) with
structure equations (5.5), i.e.,

{
ϕ j = χ−1dz j , j ∈ {1, . . . , k}
ϕl+i = √−1(γ 2l+2i−1 + √−1γ 2l+2i )dzl+i , i ∈ {1, . . . , k}.

By Lemma [2, Lemma 2.12] (see also the proof of [22, Lemma 2.2]), the unique
unitary charactersβ1, β2 ∈ Hom(Ck, C

∗) such thatχ ·β−1
1 andχ ·β−1

2 are holomorphic
characters are exactly

β1 = χ, β2 = χ = χ−1,

since both χ and χ are unitary and holomorphic characters. For any multi-index
J = ( j1, . . . , jp) ⊂ {1, . . . , l} of length |J | = p and set of characters {δ1, . . . , δl},
we set δJ := δ j1 · · · · · δ jp .

In the adapted notation, the bi-complex B•,•
� [2, Theorem 2.13] which computes

the Dolbeault cohomology is

B p,q
� = C

〈
ϕ J ∧ ϕl+I ∧ ϕM ∧ ϕl+N : |J | + |I | = p, |M | + |N | = q, χJ · χ−1

M |� ≡ 1
〉

⊂∧p,q g∗
C
. (5.10)
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Note that χJ = χ |J | and χ−1
M = χ−|M|, so the condition χJ · χ−1

M |� ≡ 1 reduces to

χ |J |−|M||� ≡ 1,

which is satisfied if and only if |J | = |M |.
Remark 5.6 Note that the defining property of the complex B•,•

� actually does not
depend on the choice of the lattice �, therefore we will omit the dependency on �

from the notation and we will write only B•,•.

The complex B•,• is given by

B p,q = C

〈
ϕ J ∧ ϕl+I ∧ ϕM ∧ ϕl+N : |J | + |I | = p, |M | + |N | = q, |J | = |M |

〉
.

Note that the invariant diagonal Kähler metric g on X defines, by restriction, a metric
for the complex B•,•, which we still denote by g.

Lemma 5.7 The exterior differential on the complex B•,• is identically zero, i.e,
d|B•,• ≡ 0. Moreover, the complex B•,• is closed under conjugation, i.e., B p,q = Bq,p,
and it is closed with respect to ∗g and has a structure of an algebra with respect to ∧.

Proof Let α be an element of the natural basis B p,q , i.e.,

α = ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r , (5.11)

with respect to the usual decomposition (5.7). By Lemma 5.2, it is immediate that
dα = 0, hence, by linearity of the exterior differential, we obtain d|B•,• ≡ 0.

Note that for any α of the form (5.11), the complex conjugation acts as

α = ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r .

Hence α ∈ Bq,p and B p,q = Bq,p.
If g is the invariant diagonal Kähler metric for B•,•, the coframe {ϕ1, . . . , ϕl+k}

is orthonormal with respect to g. Let us denote by ∗ := ∗g the C-antilinear Hodge
operator

∗: ∧p,q g∗
C

→∧l+k−p,l+k−q g∗
C
.

In particular, if { jr+1, . . . , jl} and {mr+1, . . . , ml} are the complementary sets
in {1, . . . , l} of { j1, . . . , jr } and, respectively, {m1, . . . , mr }, and {i p−r+1, . . . , ik}
and {nq−r+1, . . . , nk} are the complementary sets in {1, . . . , k} of {i1, . . . , ik} and,
respectively, of {n1, . . . , nq−r }, then for any element of the natural basis of B•,• with
expression as in (5.11), up to a sign, the Hodge ∗ operator operates as

∗α = ϕ jr+1... jl ∧ ϕl+i p−r+1...l+ik ∧ ϕmr+1...ml ∧ ϕl+nq−r+1...l+nk ,
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i.e., for every α ∈ B•,•, also ∗α ∈ B•,•. Moreover, taking any two elements α and β

of the natural basis of B•,•, i.e.,

α = ϕ J ∧ ϕl+I ∧ ϕM ∧ ϕl+N , β = ϕ J ′ ∧ ϕl+I ′ ∧ ϕM
′ ∧ ϕl+N ′

with |J |+|I | = p, |M |+|N | = q, and |J | = |M |, and |J ′|+|I ′| = r , |M ′|+|N ′| = s,
and |J ′| = |M ′|, then the expression of the wedge product of α and β is given by

α ∧ β = (−1)|J ′|(|M|+|I |)+|I |′(|M|+|N |)ϕ J ∧ ϕ J ′ ∧ ϕl+I ∧ ϕl+I ′ ∧ ϕM ∧ ϕM
′

∧ϕl+N ∧ ϕl+N ′
.

Since |J | + |J ′| = |M | + |M |′, the form α ∧ β ∈ B•,•, i.e, (B•,•,∧) is an algebra. ��
We are now finally ready to describe explicitly the Dolbeault cohomology of any

Kähler solvmanifold and, hence, by the Hodge decomposition and the Kähler iden-
tities, also its de Rham cohomology, the Bott–Chern cohomology and the Aeppli
cohomology.

Theorem 5.8 Let X = (�\G, J ) be a Kähler solvmanifold with G = C
l
� C

k and J
the associated invariant complex structure. Let also {ϕ1, . . . , ϕl , ϕl+1, . . . , ϕl+k} be
the coframe of G-invariant forms on X determined by the structure equations

⎧⎪⎪⎨
⎪⎪⎩

dϕ j = 1

2
ϕ j ∧
(

k∑
i=1

ϕl+i − ϕl+i

)
, j = 1, . . . , l,

dϕl+i = 0, i = 1, . . . , k.

Then, the Dolbeault cohomology spaces of X are

H p,q
∂

(X) ∼= C

〈[
ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r

]〉
max(0,p−k,q−k)≤r≤min(p,q)

and the de Rham cohomology spaces of X

Hs
d R(X; C)

∼=
⊕

p+q=s

C

〈[
ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r

]〉
max(0,p−k,q−k)≤r≤min(p,q)

.

In particular, the Hodge numbers of X are

h p,q
∂

=
min(p,q)∑

r=max(0,p−k,q−k)

(
l
r

)[(
k

p − r

)
+
(

k
q − r

)]
. (5.12)
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Proof Let us start by fixing g the invariant diagonal Kähler metric on B•,•. Then, by
Lemma 5.7, if α ∈ B•,•, then ∂α = 0 and ∂ ∗ α = 0, hence

B•,• = H•,•
∂

(B•,•) ∼= H•,•(B•,•, ∂), (5.13)

where the isomorphism is given by the projection onto the Dolbeault cohomology of
the complex B•,•. By [2, Theorem 2.14], the inclusion B•,• ↪→ A•,• X induces the
isomorphism in Dolbeault cohomology

H•,•(B•,•, ∂) ∼= H•,•
∂

(X), (5.14)

so we obtain that each for every p, q, for the Dolbeault cohomology spaces H p,q
∂

(X)

of X satisfy

H p,q
∂

(X)

∼= C

〈[
ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r

]〉
max(0,p−k,q−k)≤r≤min(p,q)

,

(5.15)

and, by the Hodge decomposition, for every k, the de Rham cohomology of X is

Hk
d R(X; C)

=
⊕

p+q=k

〈[
ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r

]〉
max(0,p−k,q−k)≤r≤min(p,q)

.

As a straightforward consequence, the explicit description (5.15) shows that theHodge
numbers of X are given by

h p,q
∂

=
min(p,q)∑

r=max(0,p−k,q−k)

(
l
r

)(
k

p − r

)
·

max(p,q)∑
r=max(0,p−k,q−k)

(
l
r

)(
k

q − r

)
,

which concludes the proof. ��
Since X is compact Kähler manifold, X satisfies the ∂∂-lemma. Therefore, we have

the following isomorphisms between the complex cohomologies of X , i.e.,

H•,•
∂

(M) ∼= H•,•
BC (X) ∼= H•,•

A (X).

Thus, from Theorem 5.8 we immediately obtain the following.

Corollary 5.9

H p,q
BC (X) = H p,q

A (X)

∼= C

〈[
ϕ j1... jr ∧ ϕl+i1...l+i p−r ∧ ϕm1...mr ∧ ϕl+n1...l+nq−r

]〉
max(0,p−k,q−k)≤r≤min(p,q)

.
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Moreover, by the Kähler identities, it turns out that the spaces of harmonic forms
with respect to the complex Laplacians coincide, i.e.,

H•,•
� (X) = H•,•

�∂
(X) = H•,•

�BC
(X) = H•,•

�A
(X).

Therefore, the following result holds for any type of geometric formality (Kotschick,
Dolbeault, Bott–Chern, and ABC).

Theorem 5.10 Let X be any Kähler solvmanifold. Then X is geometrically formal.

Proof Since every map of (5.13) and (5.14) is induced by either an inclusion or a
projection in cohomology, we obtain that the space of harmonic forms of X coincides
with B•,•, i.e.,

H•,•
� (X) = B•,•, � ∈ {�,�∂,�BC ,�A}.

By Lemma 5.7, the pair (B•,•,∧) is an algebra, so that also the spaces

(H•,•
� (X),∧), � ∈ {�,�∂,�BC ,�A}

are an algebra, which proves that X is geometrically formal. ��
Asadirect consequence ofTheorem5.10,we are able to prove that the nonvanishing

of ABC-Massey products is an obstruction for the existence of a Kähler metric on
solvmanifolds.

Corollary 5.11 Let X be any Kähler solvmanifold. Then every ABC-Massey product
vanishes.

Proof By Theorem 5.10 and [24, Remark 4.7], X is also weakly formal in the sense
of [24]. Since X satisfies the ∂∂-lemma, then X is also strongly formal. But by [24,
Proposition 4.4], we can conclude that every ABC-Massey product on X vanishes.
In particular, every triple ABC-Massey product on X vanishes (see also [3, Theorem
2.4]). ��

6 Quadruple ABC-Massey Product

In this section, we explicitly construct two families of solvmanifolds admitting a non
vanishing quadruple ABC-Massey product.

Let G ′ := (C4, ∗′) be the complex Lie group with operation ∗′ : C
4 × C

4 → C
4

defined by

t (y1, y2, y3, y4) ∗′ t (z1, z2, z3, z4)

:=t (z1 + y1, e−y1 z2 + y2, ey1 z3 + y3, z4 + w4 + ey1 y2z3
)
.
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More precisely, G ′ is the element 6 of the characterization of 4-dimensional complex
Lie groups by Nakamura in [25, Section 6]. Let now G = (C4, ∗) be the complex Lie
group endowed with the operation ∗: C

4 × C
4 → C

4 defined by

t (y1, y2, y3, y4) ∗ t (z1, z2, z3, z4) := t
(

z1 + y1, e−y1 z2 + y2, ey1 z3 + y3, z4 + y4

+1

2
ey1 y2z3 − 1

2
e−y1 y3z2

)
.

Then, one can see thatG andG ′ are isomorphic as complexLie groups via the invertible
Lie group homomorphism F : G ′ → G given by

F(z1, z2, z3, z4) :=
(

z1, z2, z3, z4 − 1

2
z2z3

)
. (6.1)

From now on, we choose to use the presentation G = (C4, ∗). Note that the operation
∗ of G can be written as

t (y1, y2, y3, y4) ∗ t (z1, z2, z3, z4)

:= t
(

z1 + y1,
t
((

e−y1 0
0 ey1

)(
z2
z3

)
+
(

y2
y3

))
,

y4 + 1

2
(y2, y3)

(
0 1

−1 0

)(
e−y1 0
0 ey1

)(
z2
z3

)
+ z4

)
. (6.2)

It is straightforward to check that a coframe of left-invariant holomorphic forms on G
is given in the standard coordinates {z1, z2, z3, z4} of C

4 by

ϕ1 = dz1, ϕ2 = ez1dz2, ϕ3 = e−z1dz3, ϕ4 = dz4 − 1

2
z2dz3 + 1

2
z3dz2,

(6.3)

and they satisfy the structure equations

dϕ1 = 0, dϕ2 = ϕ12, dϕ3 = −ϕ13, dϕ4 = −ϕ23.

Note that the dual g∗
C
of the complexified Lie algebra gC of G decomposes as

g∗
C

= g∗+ ⊕ g∗−,

where we denote by g∗+ = 〈ϕ1, ϕ2, ϕ3, ϕ4〉 the subspace of holomorphic left-invariant

1-forms on G and by g∗− = 〈ϕ1, ϕ2, ϕ3, ϕ4, 〉 the subspace of anti-holomorphic left-
invariant 1-forms on G.
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The frame {Z1, Z2, Z3, Z4} of g+ dual to (6.3) is then given in holomorphic
coordinates by

Z1 = ∂

∂z1
, Z2 = e−z1 ∂

∂z2
+ e−z1 z3

∂

∂z4
, Z3 = ez1 ∂

∂z3
+ ez1 z2

∂

∂z4
, Z4 = ∂

∂z4
,

and by dualizing (6.3), the only non vanishing brackets are

[Z1, Z2] = −Z2, [Z1, Z3] = Z3, [Z2, Z3] = Z4. (6.4)

By complex conjugation, we obtain the frame {Z1, Z2, Z3, Z4} for g− and their
brackets, so to obtain the analogous decomposition

gC = g+ ⊕ g−.

We recover the dual g∗ = 〈e1, . . . , e8〉R of the underying real Lie algebra of G by
defining the complex structure J as Je2 j := e2 j−1, for j ∈ {1, . . . , 4}, so that

ϕ j =: e2 j−1 + ie2 j ,

for j ∈ {1, . . . , 4}. In particular, the real structure equations of g are

de1 = 0, de2 = 0, de3 = e13 − e24, de4 = e14 + e23,

de5 = −e15 + e26, de6 = −e16 − e25, de7 = −e35 + e46, de8 = −e36 − e45,

and the real Lie algebra g of G is then spanned by the left-invariant vector fields
e1, . . . , e8 on G which satisfy the bracket relations

[e1, e3] = −e3, [e1, e4] = −e4, [e1, e5] = e5,
[e1, e6] = e6, [e2, e3] = −e4, [e2, e4] = e3,
[e2, e5] = e6, [e2, e6] = −e5, [e3, e5] = e7,
[e3, e6] = e8, [e4, e5] = e8, [e4, e6] = −e7.

It follows immediately that g1 = [g, g] = 〈e3, e4, e5, e6, e7, e8〉 and g2 = [g1, g1] =
〈e7, e8〉 and g3 = 0. Hence, G is a 3-step solvable non nilpotent complex Lie group.

We point out that G has a structure of semidirect product, i.e., G can be presented
as

G ∼= C �φ N ,

where the factor C is simply-connected abelian (hence, nilpotent) and corresponds to
the subalgebra c = 〈Z1〉 ⊂ g∗+, whereas N = {(0, z2, z3, z4)} ≤ G is the nilradical of
G and corresponds to the ideal n = 〈Z2, Z3, Z4〉 ⊂ g∗+. Note that, via the isomorphism
(6.1), N is isomorphic to the 3-dimensional complex Heisenberg group i.e., N ∼=
H(3; C).
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The semidirect product map φ : C → Aut(N ) is defined, according to (6.2), by

φ(y1)
t (z2, z3, z4) =t (e−y1 y2, ey1 z3, z4),

for every z1 ∈ C, t (z2, z3, z4) ∈ N , where we have identified N with (C3, �) and

t (y2, y3, y4)�
t (z2, z3, z4) :=t (z2 + y2, z3 + y3, z4 + y4 + 1

2
y2z3 − 1

2
z2y3)

for every t (y2, y3, y4), t (z2, z3, z4) ∈ C
3.

We now construct a lattice for the Lie group G. Let us fix A ∈ SL(2; Z) and
e−λ, eλ ∈ R its real eigenvalues, with λ > 0. In particular, there exists a matrix
P ∈ GL(2; R) such that

P · A · P−1 =
(

e−λ 0
0 eλ

)
=: �. (6.5)

Set |P| := det(P). Along the lines of [38, Example 3.4], we define the discrete subset
� of C

4 as

�μ :=
⎧⎨
⎩
⎛
⎝ λa + iμb

P(m1 + im2)
1
2 |P|(h + ik)

⎞
⎠ : a, b, h, k ∈ Z, m1, m2 ∈ Z

2

⎫⎬
⎭ , μ ∈ R.

Lemma 6.1 For μ = π and μ = π
2 , �μ is a lattice of G.

Proof First of all we prove that �π is a subgroup of G. Clearly the identity e =t

(0, 0, 0, 0) of G belongs to � by choosing a = b = h = k = 0 and m1 = m2 =
(
0
0

)
.

Taking γ, γ ′ ∈ �, then by using the formula (6.2) for ∗, we obtain

γ ∗ γ ′ =
⎛
⎝ λa + i2πb

P(m1 + im2)
1
2 |P|(h + ik)

⎞
⎠ ∗
⎛
⎝ λa′ + i2πb′

P(m′
1 + im′

2)
1
2 |P|(h′ + ik′)

⎞
⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ(a + a′) + i2π(b + b′)(
e−λa−2π ib 0

0 eλa+i2πb

)
P(m′

1 + im′
2) + P(m1 + im2)

1
2 |P|(h + ik) + 1

2
t (P(m1 + im2))

(
0 1

−1 0

)
(

e−λa−2π ib 0
0 eλa+i2πb

)
P(m′

1 + im′
2) + 1

2 |P|(h′ + ik′)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Since ei2πb = 1 for every b ∈ Z, and by (6.5),

(
e−λa−i2πb 0

0 eλa+i2πb

)
· P =
(

(e−λ)a 0
0 (eλ)a

)
· P = �a · P = P · Aa,
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then (
e−λa−i2πb 0

0 eλa+i2πb

)
P(m1 + im2) + P(m′

1 + im′
2)

= P Aa(m1 + im2) + P(m′
1 + im′

2) ∈ P(Z + iZ)

and

1

2
t (P(m1 + im2))

(
0 1

−1 0

)
�a P(m′

1 + im′
2)

= 1

2
t (m1 + im2)

t P

(
0 1

−1 0

)
P Aa(m′

1 + im′
2)

= 1

2
t (m1 + im2)

(
0 |P|

−|P| 0

)
Aa(m′

1 + im′
2) ∈ 1

2
|P|(Z + iZ).

Hence, γ ∗ γ ′ ∈ �. Finally, for any given z =t (z1, z2, z3, z4) ∈ G, the inverse with
respect to ∗ is

z−1 =t (−z1,− t
((

ez1 0
0 e−z1

)(
z2
z3

))
,−z4).

Then, if γ =
⎛
⎝ λa + i2πb

P(m1 + im2)
1
2 |P|(h + ik)

⎞
⎠ ∈ �, its inverse with respect to ∗ is

γ −1 =

⎛
⎜⎜⎝

−λa − i2πb

−
(

eλa+i2πb 0
0 e−λa−i2πb

)
P(m1 + im2)

− 1
2 |P|(h + ik)

⎞
⎟⎟⎠

=
⎛
⎝ −λa − i2πb

−�−a P(m1 + im2)

− 1
2 |P|(h + ik)

⎞
⎠
⎛
⎝ −λa − i2πb

−P A−a(m1 + im2)

− 1
2 |P|(h + ik)

⎞
⎠ ∈ �.

Therefore �π is a discrete subgroup of G and it is straightforward to prove that Mπ :=
�π\G is a compact manifold, that is, �π is a lattice of G. The proof that �π

2
is a lattice

of G is similar and it is omitted. ��
As a consequence, Mμ := �μ\G is a compact complex parallelizable manifold,

for μ ∈ {π, π
2 }.

Remark 6.2 The map π : G → C defined that π(z1, . . . , z4) = z1 induces a
holomorphic map

π : Mμ → (λZ + iμZ)\C

withfiber biholomorphic to the Iwasawamanifold (H(3; C) ∩ GL(3; Z[i])) \H(3; C).
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We nowmake us of the results in [2] to construct the subcomplex C•.•
�μ

ofA•,•(Mμ)

which computes the Bott–Chern cohomology of Mμ. We recall that for every g ∈ G,
the adjoint respresentationAd : G → Aut(g) ofG is defined asAdg := d(Lg ◦Rg−1)e,
where e = (0, 0, 0, 0) is the identity element of G. By restricting Ad to C, for every
y1 ∈ C we have that (L y1 ◦ Ry−1

1
)(z1, z2, z3, z4) = (z1, e−y1 z2, ey1 z3, z4), so that

Ady1 = d(IdC, φ(y1)).

Hence, for any y1 ∈ C, we obtain the following expression of the semisimple part of
Ady1 with respect to the frame {Z1, Z2, Z3, Z4}

(Ady1)s = diag(1, e−y1 , ey1 , 1),

where α1 ≡ α4 ≡ 1, α3(y1) = e−y1 , and α4(y1) = ey1 are characters of C. Let us
denote by the same symbols α1, α2, α3, α4 their trivial extentions to characters of G.

Let us then define, as in [2, Theorem 2.20], the subcomplex ofA0,•(Mμ) given by

B•
�μ

:=
〈(

α I

αI

)
ϕ I : I = {i1, . . . , ik} ⊂ {1, . . . 4} such that

(
α I

αI

)
|�μ

= 1

〉
,

where αI := αi1 · · ·αik .

6.1 Case:� = �

Note that α2
α2 |�π

= ez1−z1 |�π
= e2π ib = 1 and, analogously, α2

α2 |�π
= ez1−z1 |�π

=
e−2π ib = 1. Hence, we can describe explicity B•

�π
as

B0
�π

= 〈1〉, B1
�π

= 〈ϕ1, ez1−z1ϕ2, ez1−z1ϕ3, ϕ4〉,
B2

�π
= 〈ez1−z1ϕ12, ez1−z1ϕ13, ϕ14, ϕ23, ez1−z1ϕ24, ez1−z1ϕ34〉,

B3
�π

= 〈ϕ123, ez1−z1ϕ124, ez1−z1ϕ134, ϕ234〉, B4
�π

= 〈ϕ1234〉.

6.2 Case:� = �
2

In this case, α2
α2 |� π

2

= ez1−z1 |� π
2

= eiπb �≡ 1 and, analogously, α2
α2 |�π

= e−π ib �≡ 1.

In particular, unlike the previous case, the function ez1−z1 and its inverse are not defined
on M π

2
. Hence, we can describe explicity B•

� π
2
as

B0
� π

2
= 〈1〉, B1

� π
2

= 〈ϕ1, ϕ4〉, B2
� π

2
= 〈ϕ14, ϕ23〉,

B3
� π

2
= 〈ϕ123, ϕ234〉 B4

� π
2

= 〈ϕ1234〉.
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Furthermore, let us define the subcomplex of A•,•(Mμ) given by

C•1,•2
�μ

:=∧•1 g∗+ ⊗C B•2
�μ

+ B
•1
�μ

⊗C

∧•2 g∗−.

From [2, Theorem 2.22], the inclusion

C•,•
�μ

↪→ A•,•(Mμ)

induces the isomorphism

H(C•−1,•−1
�μ

∂∂−→ C•,•
�μ

∂+∂−−→ C•+1,•
�μ

⊕ C•,•+1
�μ

)
∼=−→ H•,•

BC (Mμ).

As a result, we are able to describe the Bott–Chern cohomology of Mμ for μ = π and
μ = π

2 , see Tables 1 and 2.

Theorem 6.3 The solvmanifold Mμ admits a non vanishing quadruple ABC-Massey
product for μ = π and μ = π

2 .

Proof Wewill exhibit explictly the non vanishing quadruple ABC-Massey product on
Mπ and M π

2
. The construction will not depend on the choice of the lattice �π or �π

2
,

so that we will use the generic notation Mμ. Let us consider the following invariant
forms on Mμ

α = ϕ12, β = ϕ23, γ = ϕ13, δ = ϕ12.

By structure equations (6.3), they are all d-closed forms and with respect to any
Hermitian metric g on �\G, they are all ∂∂∗g-closed by bidegree reasons. Hence, the
formsα, β, γ , and δ are all Bott–Chern harmonic and define non vanishingBott–Chern
cohomology classes

[α] ∈ H2,0
BC (Mμ), [β], [γ ], [δ] ∈ H0,2

BC (Mμ).

From now on, we will fix g to be the invariant diagonal Hermitian metric on (Mμ, J )

with fundamental form ω = i
2

∑4
j=1 ϕ j j . Let us then consider the quadruple ABC-

Massey product on Mμ

P :=
〈
[ϕ12], [ϕ23], [ϕ13], [ϕ12]

〉
ABC

.

We claim that P is a well defined non vanishing quadruple ABC-Massey product. In
fact, since

α ∧ β = ∂∂ϕ24, β ∧ γ = 0, γ ∧ δ = 0,
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we can set x := ϕ24, and y := 0, z := 0. Note that

x ∧ γ − α ∧ y = x ∧ γ = ϕ2134, yδ − βz = 0,

hence, we can fix

η = 0, η′ = ϕ234, ξ = ξ ′ = 0.

Thus, by the formula (2.2), P is we defined and represented by the form ϕ21234.

Moreover, with respect to g, the form ∗ϕ21234 = ϕ134 is d-closed, i.e., the form
ϕ21234 is �A-harmonic and its Aeppli cohomology class [ϕ21234]A is non vanishing.
Furthermore, the space HS−1

p,q
defined by (2.3) restricts in our case to

H−1
S2,6

(A•,•(Mμ)) = ker(pr ◦ d : A1,4(Mμ) → {0})
Im(pr ◦ d : A0,4(Mμ) ⊕ A1,3(Mμ) → A1,4(Mμ))

,

and hence coincides with the Aeppli cohomology space

H1,4
A (Mμ) = ker(∂∂A1,4(Mμ) → {0})

Im ∂|A0,4(Mμ)
+ Im ∂|A1,3(Mμ)

.

As a consequence, the representative ϕ11234 defines a non vanishing element in
H−1

S2,6
(A•,•(Mμ)). Furthermore, no other choice of primitives for x∧γ yields the trivial

class, proving that [ϕ11234] is not trivial also as a equivalence class of H−1
S2,6

(A•,•(Mμ)).
As a result, the product P is a well defined non vanishing quadruple ABC-Massey
product on Mμ. ��
Acknowledgements The first author would like to thank Jonas Stelzig for his kind hospitality at Ludwig-
Maximilians-Universität München and the authors would like to thank him for many useful discussions
and remarks. The authors would also like to thank Beatrice Brienza for pointing out reference [38]. The
authors would like to thank the anonymous referees for their comments and suggestions, which improved
the presentation of the results.

Funding Open access funding provided by Università degli Studi di Parma within the CRUI-CARE
Agreement.

Data Availability Not applicable.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

123

http://creativecommons.org/licenses/by/4.0/


Bott–Chern Formality and Massey Products Page 41 of 42 348

References

1. Angella, D.: The cohomologies of the Iwasawa manifold and its small deformations. J. Geom. Anal.
23, 1355–1378 (2013)

2. Angella, D., Kasuya, H.: Bott-Chern cohomology of solvmanifolds. Ann. Glob. Anal. Geom. 52,
363–411 (2017)

3. Angella, D., Tomassini, A.: On Bott-Chern cohomology and formality. J. Geom. Phys. 93, 52–61
(2015)

4. Apostolov, V., Gualtieri, M.: Generalized Kähler manifolds with split tangent bundle. Commun. Math.
Phys. 271, 561–575 (2007)

5. Arroyo, R., Nicolini, R.M.: SKT structures on nilmanifolds. Math. Z. 302, 1307–1320 (2022)
6. Belgun, F.: On the metric structure of non-Kähler complex surfaces. Math. Ann. 317, 1–40 (2000)
7. Benson, C., Gordon, C.S.: Kähler and symplectic structures on nilmanifolds. Topology 27, 513–518

(1988)
8. Cavalcanti, G.R., Gualtieri, M.: Generalized complex structures on nilmanifolds. J. Symplect. Geom.

2, 393–410 (2004)
9. Cordero, L.A., Fernandez, M., Gray, A., Ugarte, L.: Compact nilmanifolds with nilpotent complex

structures: Dolbeault cohomology. Trans. Am. Math. Soc. 352(12), 5405–5433 (2000)
10. Deligne, P., Griffiths, P.A., Morgan, J., Sullivan, D.P.: Real homotopy theory of Kähler manifolds.

Invent. Math. 29(3), 245–274 (1975)
11. Enrietti, N., Fino, A., Vezzoni, L.: Tamed symplectic forms and strong Kähler with torsion metrics. J.

Symplect. Geom. 10(2), 203–223 (2012)
12. Fino, A., Grantcharov, G.: On some properties of the manifolds with skew symmetric torsion and

special holonomy. Adv. Math. 189, 439–450 (2004)
13. Fino, A., Tomassini, A.: Blow-ups and resolutions of strong Kähler with torsion metrics. Adv. Math.

221(3), 914–935 (2009)
14. Fino, A., Tomassini, A.: Non Kähler solvmanifolds with generalized Kähler structure. J. Symplect.

Geom. 7, 1–14 (2009)
15. Fino, A., Vezzoni, L.: Special Hermitian metrics on compact solvmanifolds. J. Geom. Phys. 91, 40–53

(2015)
16. Fino, A., Parton,M., Salamon, S.: Families of strong KT structures in six dimensions. Comment.Math.

Helv. 79, 317–340 (2004)
17. Fino, A., Grantcharov, G., Vezzoni, L.: Astheno-Kähler and balanced structures on fibrations. Int.

Math. Res. Not. IMRN 2019(22), 7093–7117 (2018)
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