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GENERATION OF SEMIGROUPS ASSOCIATED TO STRONGLY
COUPLED ELLIPTIC OPERATORS IN LP(R%R™)

LUCIANA ANGIULI*, LUCA LORENZI, ELISABETTA M. MANGINO

ABSTRACT. A class of vector-valued elliptic operators with unbounded coef-
ficients, coupled up to the second-order is investigated in the Lebesgue space
LP(R% R™) with p € (1, 00), providing sufficient conditions for the generation
of an analytic Cp-semigroup T'(t). Under further assumptions, a characteriza-
tion of the domain of the infinitesimal generator is given.

1. INTRODUCTION

In this paper we deal with second-order elliptic operators acting on smooth
vector-valued functions u : R — R™ as follows:

d
Au = Z Dh(Qthku) —Vu=Apu— Vu, (1.1)
hok=1
where Q"*, (h,k = 1,...,d) and V are m x m matrix-valued functions. More

precisely, we are interested in studying when these operators generate strongly
continuous semigroups in the framework of LP-spaces with respect to the Lebesgue
measure, achieving also information on the regularity of the semigroups and a
description of the domain of their generators. We emphasize that the systems
associated with these operators can be strongly coupled, i.e., the second-order terms
can be coupled to each other, and that the matrix-valued functions Q™* and V are
allowed to be unbounded.

The study of operators with a second-order coupling gives rise to several techni-
cal obstacles. The first one relies in the study of the dissipativity in LP, thoroughly
investigated in the monograph [13, Section 4.3]: one cannot expect dissipativity to
hold true in LP for any 1 < p < oo, unless Q"* = g, I, where gy, is a scalar function.
This feature is connected with the lack of a “parabolic maximum modulus principle”
for the systems associated with (1.1) (see [22]), which prevents from using extrapo-
lation arguments from L or from the space of bounded and continuous functions
(where some results are available when a variant of the maximum principle holds,
see e.g., [1, 6, 15]) to LP-spaces and conversely. These obstructions have been high-
lighted in several papers about elliptic operators with complex coefficients, which
can be clearly interpreted as vector-valued operators with real coefficients. For e.g.,
it is known that if © is an open subset of R% and Q € L>(Q,C%*9) is a matrix-
valued function satisfying suitable assumptions, then there exists g = £¢(Q) > 0
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2 L. ANGIULI, L. LORENZI AND E.M. MANGINO

such that the operator A = div(QV), endowed with appropriate boundary condi-
tions, generates an analytic semigroup in LP(Q), C) if
‘ 1 1‘ 1

» 2<,+50

—d
. e . el 1
(see [11, 14, 16, 30]). In general this condition is sharp in the sense that, if ‘5 — 5’ >

%, then there exists a matrix-valued function @ such that A does not generate a
semigroup in LP(Q) (also when = R9), see [21]. In order to give lower bounds
for g, the notion of p-ellipticity for the matrix-valued function @ was introduced
in [12], and the estimates therein contained were improved and generalized e.g., in
[17, 29]. We stress that the operators in the previous papers are pure second-order
operators with bounded coefficients.

Various cases of operators with unbounded coefficients and coupled up to the first
order have been studied in the LP-setting, adopting diversified techniques, e.g., a
Dore-Venni type theorem on sums of noncommuting operators due to Monniaux
and Priiss ([28]) in [20, 23], a scalar perturbation argument in the potential in
[7, 26], an extrapolation argument from the L2-setting in [24] and from the set of
bounded and continuous functions in [10]. In [8], using quantitative assumptions
on the coefficients that allow to suitably control the growth of the coefficients of
the operator in terms of a scalar smooth function v, the generation of an analytic
semigroup, a description of the domain of the generator and integrability conditions
on the semigroup are proved. Moreover, in [9] Gaussian estimates are provided. We
refer to [8] for a detailed and exhaustive comparison of all these results.

To the authors’ best knowledge, the case of operators with second-order coupling
and unbounded coefficients has not been yet considered in the literature.

As is to be expected in view of the preceding considerations, the results in this
paper will hold true for p varying in a bounded neighbourhood of 2, which depends
on the coefficients of the operator, and, unless considering operators coupled up to
the first order, it will be not possible to extend the results to the whole interval
(1,00).

As in the scalar case, also the LP-spaces related to the so-called systems of
invariant measures are of particular interest. Unfortunately, at the best of our
knowledge only few results are available in the literature (see [2, 3, 6]).

The paper is organized as follows. The second section is devoted to some prepara-
tory results that however have their own independent interest. Indeed, we prove
local regularity results for the distributional solutions of elliptic systems with possi-
bly unbounded coefficients. In the third section the main assumptions on operators
(1.1) are introduced: we assume that the matrices appearing in the second-order
part of the operator are tamed, in the sense of sesquilinear forms, by a single
definite positive matrix. The hypotheses allow to use a suitable Cauchy-Schwarz
inequality that will be crucial in proving that operator (1.1), endowed with its max-
imal domain, generates an analytic semigroup in LP(R?, C™), with p satisfying the
condition

1-Yex
p 2
where K is a constant depending on the coefficients of the second-order part of (1.1).
It is worth observing that our techniques differ from those adopted in [12, 17, 29],
where the authors proceed with an extrapolation argument from the space L? using
Sobolev embeddings.

Assuming further hypotheses on the growth of the coefficients of (1.1), it is

possible to show that actually the maximal domain coincides with the minimal
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domain. This is the content of Section 4. Section 5 is devoted to describe some
classes of examples. Finally, two appendices with auxiliary results from Linear
Algebra and some technicalities close the paper.

Notation. Let d,m € N and let K = R or K = C. We denote by (-,-) and
by | - |, respectively, the Euclidean inner product and the Euclidean norm in K.
Vector-valued functions are displayed in bold style. Given a function uw : 2 C
R? — K™, we denote by uy, its k-th component. For every p € [1,00), LP(R? K™)
denotes the classical vector-valued Lebesgue space endowed with the norm || f||, =
(fga | £(z)|Pdz)'/P. The canonical pairing between LP(R? K™) and LP (R%, K™)
(p’ being the index conjugate to p), i.e., the integral over R? of the function z ~
(u(z),v(x)) when w € LP(RY, K™) and v € L (R4, K™), is denoted by (u,v), .
For k € N, W’“’p(Rd, K™) is the classical vector-valued Sobolev space, i.e., the space
of all functions w € LP(RY, K™) whose components have distributional derivatives
up to the order k, which belong to LP(R? K™). The norm of W*? (R4 K™) is
denoted by ||-||x,p- When K = R and m = 1, we simply write LP(R?) and WP (R?).
By C®(R%K™), we denote the set all the vector-valued functions which have
compact support in R? and are infinitely many times differentiable. Similarly, for
every k € N, CF(R% K™) denotes the set of all the compactly supported functions
u : R — K™ which are continuously differentiable on R? up to the k-th order. We
use the subscript “b” to stress that the functions that we consider are bounded on
R?, together with their derivatives up to the order k. When K = R and m = 1,
we simply write C2°(R?) and C*(R9). If X (R¢; K™) is one of the functional spaces
above, we use the notation Xj..(R% K™) to denote the set of functions which belong
to X (X;K™) for every compact set X C R?.

Finally, given a vector-valued function w and & > 0, we denote by |u|. the
real-valued function defined by

1
u _{ (luP+2)%,  pe(2)
-

|ul, p € [2,+00).

2. PRELIMINARY RESULTS

Before stating our main assumptions on the coefficients of the operator A in
(1.1), we provide some regularity results for distributional solutions to systems of
elliptic equations. The scalar counterpart of such results can be found, for instance,
in [25, Theorem D.1.4].

Proposition 2.1. Fiz p € (1,00) and assume that the diffusion coefficients of the
operator (1.1) satisfy the Legendre-Hadamard condition, i.e., there exists a positive
constant C' such that

d m
Re > > QM(x)én&nim; > Clnl?
hok=11,j=1

for any z,6 € R, || = 1 and n € C™. Then, the following properties are satisfied:

(i) if qf‘jk € CL(RY), v;; € L>®(RY) for every hk =1,....d, i,j =1,...,m, and

u € LP(R%R™) satisfies the estimate

| Ao

< Cllellyre vagm) (2.1)

for every ¢ € C°(R%R™) and some positive constant C, independent of ¢,
then u belongs to WP (R4 R™);
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(ii) iquljk € CHRY), vi; € L (RY), for every bk =1,...,d, i,j5=1,...,m, and
u € LV (RYGR™) satisfies estimate (2.1) for every ¢ € C°(R%GR™), then u
belongs to W,-P(R%R™);

(iii) of quk € CLHRY), v;; € L=(RY), for every h,k=1,...,di,j=1,...,m, and
f,u € LP(R%R™) satisfy the condition

| gyt = [ (5.0 (2:2)

for every ¢ € C(R4GR™), then u € WHP(REGR™);
(iv) if qihjk € CY(RY), v;; € LS (RY) for every hyk =1,...,d and i,j = 1,...,m,

loc

and f,u € LY. _(R%R™) satisfy equation (2.2) for any ¢ € C°(R%R™), then

loc

u e W2P(RER™).

loc

Proof. (i) Let Ay : W2# (R4 R™) — L¥ (R4 R™) be the operator defined by
d

Ao’u: Z Qthhk’U,
h,k=1

for every w € W2? (R%R™). From estimate (2.1) and the boundedness of the
coefficients v;;, we infer that

d
/ (u, App)dx —l—‘/ Z (u, D, Q" Dyp)dz
R4 R4

h,k=1
/ (u, Vp)dx
Rd

SCIHLPHWLP’(Rd;]RWL) (2.3)

for every ¢ € C2°(R%;R™) and a positive constant C;, independent of (.
For every s € R? we set 7;u = |s| 7! (u(- + s) — u). A straightforward change of
variables shows that

m d
/Rd (Tsw, Agp)dr = |s|~* Z Z /]Rd ui[q?jk( — 8)Dprp(- —s) — q?jthkgoj]dx.

i,j=1h,k=1

§‘ / (u, Ap)dx
Rd

+

m d
Adding and subtracting the term |s| ™ Z Z /]Rd uiquthk%(. —s)dz and using
ij=1h,k=1
(2.3) and the fact that the coefficients ¢/ belong to C} (R?), we obtain

ij
[ dgits) <| [ dotrpyas

d

/Rd <u7 Z (T—sQ"™ ) Dpiep(- — s))dm

h,k=1

+

Scl ||7_—S<PHW1‘p’ (Rd;Rm)

d
hk
+ ||luf e ra;mm) Z [7-s@Q HooHthSOHLp/(Rd;Rm)
hk=1

<ol ellyzmr (R4;R™)

for every ¢ € C°(R% R™) and some positive constant Cy independent of s and ¢.
Thus,

/ (Teu, \p — Agp)dz :‘/ A, T_sp) — (Tsu, Agep)]da
R R4
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gcgll‘pHWZP/(]Rd;an) (24)

for every ¢ € C2°(R% R™), every A > 0 and some positive constant C3, independent
of ¢ and s.

Estimate (2.4) can be extended by density to any ¢ € W2¥ (]Rd R™). Thus,
since the operator A — Ay is invertible from W2 (R4 R™) to LP (Rd R™) for a
large ), thanks to [27, Theorem 2.1], we can take ¢ = (A — Ag)~ ! (Tou|rsulP~2)
and get

HS"HWM (Rd;Rm) = < Cs|rsu|TsulP™ 2||LP (Rd;Rm) = C’4||T§u||Lp(R,i R™) (2.5)

for some positive constants C's and Cy, independent of s. Replacing such a function
% in (2.4), thanks to estimate (2.5) we deduce that [Tl prga;gm) < C5 for some
positive constant Cs, independent of s. Consequently u € WP (R R™).

(ii) Fix ¢ € C®(R%R™) and, for a fixed 7 > 0, let us consider a function
U € C°(R?) such that xpo,) < ¥r < XB(0,2r)- 1t is straightforward to deduce
that

U A = A(,p) Z Q" Dy D, (2.6)
h,k=1
so that
d
/ (U,%A‘P)dl“:/ (%-A(T/MP) - Z Qthk¢thr)d$
Rd Rd b k=1

and taking (2.1) and the local boundedness of the coefficients of the operator A

into account, we get
‘ / u, A(rp))dx| +

< CG”SOHWLD’(W;RM)

’ / , hr Ap)da

’/ ( QthkSODhiﬁr)div
hk=1

for some positive constant Cg, independent of ¢.
Now, let us consider a function n € C>°(R?) such that XB(0,2r) < 1N < XB(0,4r)
and set

QM = Q" + (1 — n)dnsLm, V=V (2.7)

for any h,k = 1,...,d, where I,, denotes the m x m identity matrix. Clearly, the
coefficients of the operator

d
A= > Dy(@"™Dy) -V
hk=1

satisfy the assumptions in (i) and, since

/(u,wrﬂcp)dx:/ (u,wrjlgo)dx:/ (zljru,;lcp)dx
Rd Rd Rd

applying property (i), we deduce that uy, € W1P(RYR™), that implies that
u € WHP(B(0,7);R™). By the arbitrariness of r > 0 we conclude that u €
Wit (R:R™).

(iii) Starting from (2.2), we obtain

/Rd (u, Aop)dr = /Rd(fl,go)dx (2.8)
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for any ¢ € C°(R% R™), where f; = f + VT u belongs to LP(R?; R™). Moreover,
from the previous identity we get

/ (u, Ap — App)da = / (Au — f1, p)dz =: / (g, p)dz (2.9)
R4 Rd R4

for any ¢ € C*°(R%R™) and, by density, for any ¢ € w2 (R4 R™). Now, fix
A > 0 in the resolvent sets of both Ay and of its adjoint Ay, defined by

d

Agu= Y Di((Q*")" Dyu)

h,k=1

(to which the results in [27, Theorem 2.1] can be applied). Then, to prove the
claim, after observing that g € LP(R%R™) we show that u = (A — Ag)"lg. In
this case u will belong to the domain of the realization of Aj in LP(RY;R™),
which is W2P(R?%;R™), thanks again to [27, Theorem 2.1]. To this aim we set
z=u— (A—Aj)"tg and observe that by (2.9) it holds that

/ (z,\p — Agp)dz =0
Rd
for any @ € W2 (R?;R™). The surjectivity of \I—Ajg as a map from W22 (R%; R™)
into L?' (R%; R™) allows us to conclude that z = 0.

(iv) Formula (2.2) together with the assertion in (ii) yield immediately that u €
WLP(R%R™). Further, formula (2.8) continues to hold for any ¢ € C°(R%:R™)
with fi that now belongs to L (R%R™). We set v = ¢, u, where ¢, is defined

in the proof of claim (ii) and observe that formula (2.6) holds true also with Ag in
place of A. Thus, using (2.8) and the integration by parts formula, we get

[ 0o~ Ao )i
]Rd

- /}R Ap,v) — (Ao, w)da

= [ Aev) = (Aowrp) = Y- Q" DipDipy u)de

Rd

d
= v — U, f1)d " Do Dby, >d
/Rd(so v ¢fl)$+/w<ZQ kP Dnthr, w | du

:/Rd(%)\v—wrﬁ)dx—/w

=: /Rd(cp,)\v — Yrf1 + fo)du,

d
e Y Dk«Qh’“)Tqur))dx

>
]
Il
—

whence, since all the functions under the integral sign are supported on B(0, 2r),
/ ('U,.AICP)dI‘ = / (vawrfl - f2)d$,
R Rd

where A, = Zfbk:l Dy (Q" Dy,) and Q" are the matrix-valued functions defined
in (2.7). Note that the function w,f; — f» belongs to LP(R% R™), thus, using
property (iii), we conclude that v belongs to W2P?(R%;R™) or, equivalently, that
w € W2P(B(0,r); R™). The arbitrariness of 7 > 0 shows that u € W2 (R%;R™),

loc
and we are done. O
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3. ASSUMPTIONS AND MAIN RESULTS

In this section we state the main assumptions on the coefficients of the operators
A defined in (1.1).

Hypotheses 3.1. (i) Foreveryh,k=1,...,d, the matriz-valued function Q"% =
anil + AP satisfies the following conditions:
o qne € CHRY) and the matriz-valued function Q = (qni) satisfies the
condition Re (Q(x)&,€) > 0 for every x € RY and & € C?\{0}. Moreover,
there exists a positive constant co such that

|(Im(Q(2)&, )| < coRe(Q(2)E,€), zeR?% ¢ eCY (3.1)
o the matriz-valued functions A = (a?jk) have entries afjk € CHR?),
for every i,5 = 1,....,m and h,k = 1,...,d, and satisfy the following
condition:
d
0<Re Y (A" (x)0" 0") < %Rez Z ani ()0} 0] (3.2)
ho k=1 i=1 h,k=1
for some constant € > 0, every 0*,...,0%0 € C™ and x € R?;

(ii) for every 0%,...,09 € C™ and x € R? it holds that

| <6me> S g (3.3)

i=1 h,k=1

d
‘Im > (A (@)0", 0")
h,k=1

where € 1is the constant in (3.2);
(iii) vi; € LS (RY) for everyi,j =1,...,m and Re(V (z)&,€) > 0 for every x € R?

and £ € C™.

Remark 3.2. Note that Hypothesis 3.1(i) implies the Legendre-Hadamard condi-
tion, i.e.,

d m
Z Z QUF&E mmme > 0, £eR™, neR?,
hk=11,j=1

which is usually assumed in the classical theory of strongly coupled systems of
elliptic equations with bounded coefficients. Moreover, assuming further Hypothesis
3.1(ii), Proposition A.1 yields the Cauchy-Schwarz inequalities

(Q(2)€,¢)] < (1+ co) (Re(Q(x)€, €))* (Re(Q(2)¢, () ? (3.4)
and
d m d L m d
Ahk < 2‘5<Rez Z ani(z ﬂkﬂh) < GZ Z qni(T)n; 771>
h,k= 1=1 h,k=1 1=1 h,k=1

for every &,¢ € C4, 9%, ... 9%, 9!, ... ,n? € C™ and z € R™.

In what follows, we will use the following formulas, which hold true for every
smooth function u € C°(R%,C™):

Dplul? = 2ReZuiDhu7 = 2Re(u, Dpu), (3.6)
i=1
(QV|ul?, VIu*) = Re(QV |ul?, VIu[*) < 4[ul* Y Re(QVus, Vuy). (3.7)

i=1
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Lemma 3.3. Let us assume that Hypotheses 3.1 are satisfied. If p € J, where

1 1
2 — ——. 24 — 1
|: 2%_’_1’ +<g2:|a Cge(o? )a
J =
2 — ! 2+ ! € € [1,4+00)
2¢ + 17 2¢ — 1]’ ’ ’
then (A,C®(R%R™)) is LP-dissipative, i.c., for every u € C° (R C™) it holds
that
Re / (Aw, w)ulP~2dz < 0. (3.8)
Rd
Moreover, if p belongs to
1 1
2—— 24+ — € 1
. [ 2%+ 1 +<g2)’ € 0.1),
J: ) . (3.9
{22%+1,2+2%_1>, € € [1,+00),
then there exists a positive constant § such that
Re / (Au, u)|ulP?de < —6) / Re(QVu;, Vuy)|ulP~2dx (3.10)
Rd = JRd

for every u € C*(R4;C™) and € > 0.

Proof. Fix u € C°(R%;C™). A straightforward computation shows that

/Rd (Au, u|lulP?)dx

/ Z (Q"* Dyu, Dyu)|u|P~2da
Rd

h,k=1

/ Z (Q"* Dyu, w)|ulP~ Dy |ul? dac—/ (Vu,w)|ulP2dx
R4 R4

h,k=1

/ Z QVu;, Vu;)|ulP2dx — / Z (A" Dyu, Dypu)|ulP~2dx
R4 R

¢ hk=1

- T Z QVu;, Viu|?) | ulP~ 4d:cf/Rd(Vu,u)\u|§72d:z:

1=

p72

2
RY b =1

Hence, using formula (3.6) and Hypothesis 3.1(i) and (iii), we can estimate

Re/ (Aw, ulu|P~?)dzx
Rd
G 2
< [ Red(@Vun Valup e - 2 [ (QVIul, ViuP)fultds
R =1 Re

p—2

Z (A" Dyw, w)|ulP =4 Dy |ul?dz. (3.11)

d
——= [ Re > (A" Dyu,u)lult*Dylul*dz. (3.12)

2
R =1
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By (3.5) and Young inequality, we get

d
‘/ Re Z (A" Dyw, w)|ulP~2 Dy, |u|?dx
RY g k=1

¢ p=2 p=6
[ Re S Dl (Gl Dy
R =1

<2<€</ RGZ(QVUi,VUi)|U|§2d£L’) (/ (QV|u2,V|u2)|u2|u§6d:c>
R4 R4

i=1

32%/ Re  (QVus, Vu)|ulP~2dz + Cg/ (QV|ul?, V]ul*)|uf~*dz (3.13)
I —— R4

20
for every ¢ > 0. From (3.12) and (3.13), it follows that

Re / (Au, u)|uf?dx
R4

<(~1+|p— ZI%U)/ ZRG(QV@% Vu,)|uP2dx
R4 527

-2 -2
(P20 222 [ QUeP Tl s = (o). (314)
g Rd

Now, let us set

A= /R Re(QVui, Vi) ul? Pz, Bi= /R (@QVIuP, Vi) ulde
i=1

and observe that B < 4A, thanks to estimate (3.7). Therefore, if A =0 then B =0
as well. In this case, the right hand-side in (3.14) is identically zero for any o > 0.
In the non trivial case, i.e., A # 0, then

B -2
min{g,(c) : 0 > 0} = g, (\/ 4A> =-A- pTB +|p—2|¢VAB.

Now, we look for the values of p such that g, (, / ﬁ) < —)A for any A, B > 0,
such that B < 44, and some constant ¢ € [0,1). Clearly, if B = 0, then ming, <

—A. Otherwise, if B > 0, then setting t = 1/% we need to study the inequality

—2
(1—6) —|p—2/%t+ pT >0,  t>-. (3.15)

N | =

If6%(p—22—-(1-6)(p—2) <0,ie,0<p—2<(1-6% 2 then (3.15) is
satisfied for any ¢t € R. If €%(p — 2)? — (1 — 0)(p — 2) > 0, then (3.15) is satisfied
for any t > % if and only if

p =21+ V62 (p-2?2-(1-6)(p-2) <1
or, equivalently,
z(€?%z — (1 -6)) >0,
1—|z|% >0, (3.16)
2|z|€ — (1 =)z < 1,

where we set x = p — 2. Since the inequality 2|z|% — (1 — §)a < 1 is satisfied for
> -(2¢+1-0)"Lif¥<i-% andfor —(2¢6+1-0)"t <z < (24 —1+4)""
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otherwise, we conclude that (3.16) is satisfied if and only if z € {—m7 0} if
Adding also the first case and writing the latter conditions in terms of p, we
conclude that min g, < —§A if and only if p € Js5, where

1 1-5
[2—2%+1_5,2+ %2], @ e (0,1-0),
Js = 1 1
[2—2%+1_5,2+%_1+5} % c[1— 5, +00).

From the previous computations, it follows that estimate (3.8) is satisfied if p € J.

On the other hand, if p belongs to J, then condition (3.10) is satisfied for some § > 0.

Indeed, suppose that ¢ € (0,1). Then, € € (0,1 —0) for every 6 € (0,1 —%). The
1 1-96

above results show that (3.10) holds true for every p € |2 — T 1_3 24 72
1

1
If p e [2 — mﬂ + %2)’ then we can determine 6 € (0,1 — %) such that
p € Js and, consequently, (3.10) follows with this §. On the other hand, if € > 1,
then, € > 1 — 0 for every 6 > 0 and (3.10) is satisfied for every p € Js. If
1 1
2— 2
e [ 211 T2 1
(3.10) follows with this . The proof is complete. O

, then, we can find § > 0 such that p € Js and

Now we prove that the realization of operator A in LP(R?; R™) with domain
Dy max(A) = {u € LP(REGR™) N VVi’f(Rd;Rm) : Au € LP(R%R™)} generates a
strongly continuous semigroup of contractions in LP(R%; R™).

Theorem 3.4. Assume that Hypotheses 3.1 are satisfied and that there exist a
positive function 1 € C1(R?), blowing up at co, and K > 0 such that

(@VY, Vi)

<K. 3.17
(¢ logy)? 3.17)
Then, for any p € (1,00), satisfying the condition

1 1 1

S [ G 3.18

p 2‘—2(4%+1)’ (3.18)

the realization A, of the operator A in LP(R%R™), with domain D, max(A), gen-
erates a strongly continuous semigroup of contraction in LP(R% R™). Moreover,
the space C2°(R%R™) is a core of (Ap, Dp max(A)).

Proof. Due to its length we split the proof into two steps.

Step 1. Here, we prove that (A, C2°(R%; R™)) is a closable operator in LP(R%; R™)
and its closure generates a strongly continuous semigroup.

To this aim, first note that, for any ¥ > 0, the set of p’s satisfying condition
(3.18) is a subset of the set J introduced in Lemma 3.3. Then, (A, C2°(R%R™))
is LP-dissipative and the assertion will follow from the Lumer-Phillips theorem
(see e.g., [18, Theorem 3.15]) if we prove that (Al — A)(C°(R%; R™)) is dense in
LP(R%R™) for some A > 0. Thus, we fix A > 0 and u € L* (R% R™) such that

(Ap, u)pp = A, u)p (3.19)
for every ¢ € C°(R% R™). We have to show that u = 0. The main step consists
in showing that

3 [ Gl e < c [ (@6, VGl ds (320)
R4 R4
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for some positive constant C, and every n € N, where ¢, = ((n"!logt) and
¢ :[0,00) — [0,1] is a smooth function such that {(s) =1if s € [0,1] and ((s) =0
if s € [2,00). Once this inequality is proved, the assumption (3.17) will be crucial to
conclude. Indeed, letting € tend to 0 and using the dominated convergence theorem
we obtain

)\/ Cﬁ\u|p/dx§0*/ (QVCr, Vo) |ul? do
R R

= % Rd(C'(n‘llogw))zw‘z(QVw,W)\uv'/dx
50;2[( Rd(C’(ﬂ_llogw))z(logw)Qlulp'dax (3.21)

thanks to (3.17). Thus, since the support of ¢’ is contained in the set {z € R? :
n < logy(z) < 2n}, we can use again the dominated convergence theorem to let n
tend to +oo in (3.21) and deduce that Allu|[ ;. ga,cmy < 0, whence u = 0.

So, let us prove (3.20) starting from (3.19). Using Proposition 2.1(iv), we deduce
that u € VVIQOCP / (R4 R™). Clearly, we can extend the validity of (3.19) to every
function ¢ € W2P(R%R™) with compact support. Thus, we can write (3.19)
with the function ¢ being replaced by ¢, = C§u|u|§l_2. Integrating by parts the
second-order term in the left-hand side of such a formula and using the first part
of (3.2) and Hypothesis 3.1(iii), we get

A / C2Juf2[uf? ~2dx
Rd

i - ) = -
— [ Y @u vugul e -T2 [ S @Vl Vil o
=1 1=1

m d
- [ Y@V Vaulult s~ [ Y (A D, Dy a2
R G21 Re

h,k=1

/o 2 d ,
SE22 ST (Dl Dyl s
R k=1

d
- [ 3 Atun Dyl e = [ Gl s

h,k=1

“ / =) ,
< [ > @V vulult e - P [ (@I Vi)l s
Rd i—1 4 Rd
1 d
- 5/ (QVCE, V|ul*)|ulP ~2dx f/ > (A" uDy(?, Dyu)lul? ~*da
R4 RY b =1
/o 2 d
_P Z (A" uDy|ul?, Dpu)C|ulP ~*d, (3.22)
2 Jpa
h,k=1
m d
where we used also the fact that V|u|? = 2 Zul-Vui and Z (A" Dyu, Dpu) >0
i=1 h,k=1

on R?. Thanks to (3.4) and (3.5), we can estimate

] [ @Ve Tl
Rd
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:2\ / @V, V) [l ~2de
Rd

(1 + 60)2

<221 [ (@VIuP V) o+
R4 €1

/R (@Yo, Vulult d, (3.23)

d
‘/ Z (A" uDy, Z,Dhu)\u|§'*2dac
R4

h,k=1

d

/d Cn Z (A" 4Dy, D) |ul? ~2da
R

k=1

=2

S , 4¢ ,
g%l/ > (QVus, Vi) |ul? —de+—/ (QVCn, VG ulP de (3.24)
Rd im1 &1 JRrd

d
L3 (A uDgful, Dy lul? - ds
Ry k=1

- , ¢ :
<26er [ 3 (@Vu Vu)Gilult o+ o [ (@Il VIl Glul? s,
Rd im1 252 R
(3.25)
for every £1,e2 > 0. Replacing (3.23)-(3.25) in the last side of (3.22), we get

A / C2luf?[uf? ~2dx
Rd

<(=1+Cer + Cealp’ —2|) /d Z(QVum Vui)CElulf 2 da
R =1

1_9 Ll — 92 /
+ Pz +e1 + M / (QV|U|2,V|U|2)C2|U|§ 4
4 452 R
1+¢o)? 4% )
i ((4) " > [ Q96 T ult'de = s, 20).
€1 €1 R4

Setting

An:/ Y (QVus, Vi) lulP 2 da,

L

B, :/ (QV|ul®, VIu*)(ut*dx,
Rd

C, = / (QVCo, VE)|ul? da
R4

and arguing as in the proof of Lemma 3.3 and recalling that B,, < 4A,,, we conclude
that

, 9 gl —2
)\/ g§|u|2|u|g—2dxg(—1+<552|p’—2|)An+(_p I |>Bn
Rd 4 462

2
+4(C + 1)e1 Ay + ((1+C°) + M) C,.
4€1 €1

Now, we observe that condition (3.18) implies that p’ belongs to the set J (defined
in (3.9)). Therefore, applying the same arguments as in the proof of Lemma 3.3,
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we conclude that there exists a positive constant d such that

P=2 Zpp -2
—14Ceslp’ —2]) A, —
(-1 G/ —2) (L2 4 B

and, using this inequality, we can infer that

2
)\/ Clullult ~2dz <[5 + 4% + D)er]An + ((”C”) n 4(g)cn.
Rd'

461 €1

Taking e = , estimate (3.20) follows at once.

0
46 +1)
Step 2. Here, we complete the proof showing that the realization of the operator
Ain LP(R?; C™), with maximal domain, generates a strongly continuous semigroup.
First of all, let us observe that Hypotheses 3.1 allow to apply the results in

Proposition 2.1, in Lemma 3.3 and in Step 1 also to the operator

d
A" = > Da(Q™)"Dy) - VT.
hok=1
Now, let (A, D) be the closure of (A, C®(R% R™)) in LP(R% R™) and fix u € D.
Then, there exists a sequence (u,) € CZ° (R4 R™) such that u, converges to u
and Awu,, converges to g =: Awu in LP(R% R™). Moreover, taking the limit as n

tends to +oo in the equality (w,, A" @), = (Aw,,p),,, which holds true for
any ¢ € C*(R%R™), we deduce

| wAgyin= [ (g.0)is (3.26)

for any ¢ € C°(R%R™). The equality (3.26) and Proposition 2.1(iv) imply that
u € VVi’f(Rd;Rm) and that Au = g = Au; hence Au € LP(R%R™). Conse-
quently, w € Dy max(A). To prove that Dy ax(A) C D, first we show that AT —A
is injective on Dy max(A) for some A > 0. Indeed, let u € Dy, 1yax(A) be such that
(M — A)u = 0. Then,

/ (u, \p — A p)dx = / (A\u — Au, p)dz = 0, @ € C°(RLR™). (3.27)
Rd R4

Since C°(R%R™) is a core of the closure of (A*, C°(R%R™)) in LP' (R R™),
from equality (3.27) we deduce that u = 0.

Now, we are almost done. Indeed, fix w € D ax(A) and set v = Au — Au.
Then, v € LP(R%R™) and Step 1 guarantees the existence of a function z €
D such that Az — Az = v = Au — Au. Since D C D, max(A), the function
w = z — u belongs to Dy max(A) and satisfies the equation Aw — Aw = 0. The
injectivity of A — A on D ax(A) yields immediately that w = 0 or equivalently
that w = z € D. The last assertion of the claim then easily follows by the equality
D = Dy max(A). O

Remark 3.5. (i) If we take v;; = 0 for any ¢, = 1,...,m in Theorem 3.4
then we deduce that the realization Ay, of Ay = szkzl Dp(Q" Dy) in
LP(R% R™) endowed with the maximal domain D, max(Ao) generates a con-
tractive semigroup in LP(R% R™). As a consequence, (Ag ,, Dp max(Ao)) is a
closed operator in LP(R%; R™).

(ii) Condition (3.17) has been already considered in [5] in the scalar case and in
the context of LP-spaces related to invariant measures.

(iii) Condition (3.18) is the best condition on p which guarantees that both p and
p’ belong to J.
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Theorem 3.6. Besides the assumptions of Theorem 3.4, assume that
Tm(V(, Q)| < evRe(V(, () (3.28)

in R, for every ¢ € C™ and some positive constant cy. Then, for every p which
satisfies (3.18), the operator A, generates an analytic semigroup in LP(R?;C™).

Proof. By [19, Chapter I, Section 5.8] and taking into account that C°(R%; C™) is
a core of A, it suffices to show that there exists a positive constant C}, such that

‘Im/ (Au, w)|uP~?dx
Rd

for every u € C2°(R?,C™).
First of all, we point out that, thanks to (3.4) we can estimate

> (@i, mi) ZI QUi mi)|
=1

(Re(QV;,9;))% (Re(Qns, 1:))

< —CpRe /Rd(./lu,u)|u|p*2da:

N|=

NE

(]. + Co)
1

o
I

1
m 2

Z(Qm,m)) (3.29)

i=1

<(1+¢) <Rez QV;,9; ) (Re

i=1
for any 9;,7; € C%, (i = 1,...,m). Moreover, from Hypothesis 3.1(iii) and the
formula (Vu,u) = (Agu,u) — (Au, u), it follows that

m

0<Re [ (V. V) + (Vaw) )l
R NG

—re [ (D@7 o) + (Ao — ()l

i=1
SRe/ (Z (QVu;, Vu;) — (Au, u))|u|p 2dx
Rd \
for any u € C2°(R%;C™), where we have used Lemma 3.3 to deduce that
Re/ (Ao, w)|ulP~?dz < 0.
Rd

Hence, taking advantage of formula (3.10), we can infer that for any p, which
satisfies condition (3.18), there exists a positive constant ¢, such that

m

RC/ (Z(QVUi,VUi) + (Vu,u)) |u[P~2dx < —cp/ Re(Au, u)|ulf?dx
R NTT Re

(3.30)
for all uw € C2°(R4,C™). Thus, taking formula (3.11) into account and using the
assumptions (3.1), (3.3) and also condition (3.28), we obtain

</ Zum QVus, Vuy)| [uff 2da

/Rd

‘ / (Au, u)|uP?dz| <
Rd

d
Z (A" Dy, Dhu)‘u|p 2dx
hok=

e

(QVus, VIul*)as| [ult ™ da
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Ip — 2|

_|_
2 Jpa

d
Im Z (A" Dyw, w)

h,k=1

+/ |Im(Vu,u)||u|’E’*2dx
Rd

<(co+ %) / d z Re(QVus, Vuy) ul22da

2 m
4= '/ ‘ Z QVui, V]u|?)@ | [ulP~4dz
=1
L =2 Ip zd:
h,k=

+ cV/ Re(Vu,u)|u|P~2dx.
R4
Now, using the Cauchy-Schwarz inequalities (3.5) and (3.29), we can estimate

m d
’ImZ(QVui,WuP)W luP~* + ‘Im > (A" Dyw, uDplul?)|[ul?™*

i=1 h,k=1
<(1—|—co—|—2‘€)|u|<ReZ(QVul,Vul) QV|u\2,V|u\2)%|u|§—4
i=1
S(l+CO+2‘€)<ReZ(QVUi,VUi)> (QV\u|2,V\u|2)%|u\§*3
i=1

1 m
g( ;CO +<g) (ReZ(Qwi,wi)ul€‘2+(QV|u2,V|u2)|u|§_4>

=1

1+ ¢y - _9
§5< 5 +(5>ReZ(QVui,Vui)u|g )

i=1

where in the last line we used estimate (3.7). Summing up, we obtain

‘Im/ (Au, u)|uf?dx
Rd

<c, / Re > (QVui, Vuy)[ul?*da
R 50

+ev / Re(Vu, w)[ul?~2dz,
Rd

where (1 is a positive constant depending only on ¢y, ¢ and p. Using estimate
(3.30) and letting ¢ tend to 0, we conclude the proof. O

4. DOMAIN CHARACTERIZATION

In this section, under additional conditions on the matrix-valued functions Q) and
V' we provide a characterization of the domain of A,. We start by a preliminary
result.

Proposition 4.1. Under Hypothesis 3.1, assume that there exist a function v €
CY(R?), with positive infimum vo, and two positive constants v and C, such that

(i) (QVv, V)2 < v 4+ C,, (i) (VE€) > vl¢)? (4.1)
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in R? for any & € R™. Further, assume that € € (0, %), pE (1 + %, % + é)
and
(p = 1)*(yog? + C4)*(1 + co + 26)?

Api=1- 106, > 0, (4.2)
where
O = p—1—2%(5—-2p), p € (1,2),
”"”&_{ 1—2%(2p—3), pE[2,00).
Then, there exists a positive constant K such that
loull, < K| Aul,,  weCRE®REC™). (4.3)

Proof. Since the coefficients of the operator A are real-valued, we can limit ourselves
to considering functions with values in R™. We fix u € C2°(R% R™), ¢ > 0 and set
f = —Au. Then,

/ (F u)lult 200 de = — / (A, ) [ufp~20rdz
R4 Rd

:Z/ (QVuy, Vu;) |uf 20~ tde
i=1 /R?

-2
+ 5= [ @V Vi) fufz o e
Rd

-1
I ke / (QV[uf?, Vo) ul? 2P 2du
2 Joa

d
+ Z / (A" Dyu, Dypw)|ulP~20P " Lda
k=17 R

d
-2
HEE S [ A D) (Dn )l s
2 hk=1"R?

d
+(p—1) Z / (A" Dyu, w)|[u|P~20P =2 Dy vde
k=17 R?

+ / (Vu, w)|u[P~?0P tda. (4.4)
Rd

We denote by T'; (i = 1,....5) the last five terms in the right-hand side of (4.4)
and estimate them. Let us start from I'; that, thanks to the Cauchy-Schwartz
inequality (3.4), the inequality (3.7) and condition (4.1)(i), can be estimated as
follows:

-1
Lz =Pt a) [ (@Il Vi) (@, Tt ulz o 2o
Rd

>—(p-11+ co)’y/ <Z(Qwi,vui)) §|u|\u|§*2vpfédx
RE NG
— -1+ CO)CW/ (Z(Qwi, Vui)> 5|u||u\-§*2vp72dx
RY N3

>—(p—1)(1+co)y / VP |ul?|ulP 2 dx / Z(QVW, V) |ulP~ 0P de
R ReG

_ (p — 1)(1 + Co)C»y (/ Up_3|u|2|u|7€’_2dl')
R4

1
2
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X (/ E (QVui,Vui)|u§_2vp_1dx)
RE S
Y C"/ Dlor|200, [P—2
>—(p-1)14c) | —+ Rdv |u|*|ulf™*dx

deg  Avder

= DL+ )z + Coer) [ QW V)l 2o s
L)

for every £¢,e1 > 0. Moreover, using the Cauchy-Schwarz inequality (3.5) and the
inequality |u| < (Ju|? 4+ €)7, we can estimate

d
Iy >— Z/ |(A"* Dy, Dyw)|[wlP~ 20" da
hk=1"R?

> — 2%/ Z(QVui,Vui)|u|§_2vp_ldx
Re 59

d
-2
Iy >— % > / |(A"™ Dy, uDp|u|?)|ju|P~ 40P~ da
hk=1"R
1

272%|p72|/ (Z(QVui,Vui)> (QV|U|27V|u|2)%\u||u|§*4vzﬂfld$
RN =

m
> _a%lp— 2| / S (QVui, V) w2207
R 52
Further, arguing as in the estimate of I'1, we get

d
T, > (p—1) / S (A" Dy, wDyo)fuf? 0%
R =1
m 1

>—-2¢(p-1) / (Z(QVW, V%)) : (QVv, Vv)%|u||u|§*2vp72d:v

R NG

2

> — 2%(17 - 1)’}// (Z(QVu“ Vuz)> ‘u”ulé’*?UP*%dx
R4

i=1

— 260, (p—1) /

Rd

(Z(QVW, Vul)> [u||u|P~ 2P 2de

i=1

>—€(p—1)(vea + Cyes) / Z(QVUZ-, V) |ulP~ 2P da
R =1

) [ a2
R4

for every e3,e3 > 0. Finally, using (4.1)(ii) it follows that

-%(p-1) (7+

C’Y
c 3
2 UpEs

U= [ Vw2 e [ jul .
R4 Rd

Summing up, we have proved that

/ (f s w)|uf2™ 0" do > 1/)12/ (QVus, V) Julf ™20~ da
R4 = JRd
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p—2 2 2 p—4, p—1
+ 0 d(QV|U| VIl 0P da
R

+w2/ |u|?|u|P~ 2P de, (4.5)
Rd
where

Y1 =v1(c0, €1, €2, €3)
=[1-(p—1)1+4co)(veo + Cye1) —2¢ —4€|p — 2| — € (p — 1)(ye2 + C,e3)]

and

o =tha(€0,€1,€2,€3)

:[1—(2?—1)(1—1—60)(7-1- & >—<f(p—1)<’y+c”>] (4.6)

460 4’0881 €2 ’1}82’:‘3

Thus, combining (4.5) with the estimate
[ o tae<s [ qupeds s o) [ 1P,
Rd B(0,R) Rd

which holds true for any 6 > 0 and some positive constant C(d,p), where R > 0 is
such that supp(f) C B(0, R), we deduce

m

1/)12/ (QVui, Vug) |[uf 0P da
i—1 /R

—2
+ 22 [ @V, VIu) ul~ 0P de
4 Jra

+ / P2 da — 6 / ufPoPdz < C(6,p) / flPde. (A7)
Rd B(0,R) R

Now, we distinguish the cases p > 2 and p € (1,2). In the first case, neglecting
the second term in the left-hand side of the previous inequality, we deduce that

Yn Z/Rd(QVui,Vui)|u|§*2vp*1dz
i=1

T / fuf? [P~ 20Pds — 6 lulPvPde < C(3, p) / \F|Pdz.
Rd R4

B(0,R)

On the other hand, if p < 2 then starting from (4.7) and using (3.7) we deduce that
(W1 +p—2) / (QVu;, V) |ulP 2P dz
i=1 /R

o [ e =5 [ ulpde < CGp) [ 150
Rl B(0,R) Re

Now, computing the supremum of the function 5 in the set Q = {(e0,1,€2,¢3) €
(0, +00)* : 91(e0,61,€2,63) > 0}, if p > 2, and on the set Q = {(g¢,1,62,23) €
(0, +00)* : by (0, €1,€2,€3) +p—2 > 0}, if p € (1,2), we get

A [ orluPlu =5 [ ofude <@ [ |f1ds
Rd B(0,R) Rd
(We refer the reader to Appendix B for further details). Due to the positivity of

A, (see its definition in (4.2)), letting € tend to 0 and choosing ¢ small enough, we
get (4.3), completing the proof. O
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Now, invoking [19, Theorem 5.9] we prove our main generation result which
provides also a domain characterization. We recall that A is the operator de-
fined in Remark 3.5(i) by Ay = Ez,kﬂ Dy (Q"* Dy) and Ay, is its realization in
LP(R%; C™).

Theorem 4.2. Let Hypotheses 3.1 be satisfied with € € (0,1/2). Further, assume
that conditions (3.17), (3.28) and (4.1) are satisfied and that there exists a positive
constant c1 such that |V (x)¢| < cyv(x)|€| for every x € R? and € € R™. Then, for

every p € (1 + 4%ﬁ1, % + é), which satisfies (4.2), it holds that

Dy max(A) = {u € W2P(R%C™) : vu, Agu € LP(REGC™)} =: D,

C

Consequently, (A,, D,) generates an analytic contraction semigroup in LP(R%; C™).

Proof. First of all let us observe that all the assumptions in Theorems 3.4, 3.6 and
Proposition 4.1 are satisfied; hence all the results therein hold true.

Now, let us fix p € (1,00) and observe that, if we endow D, with the norm
llullp, = Hvu||Lp(Rd;Cm) + ||A0u|\Lp(Rd;cm), then (Dp,| - ||p,) is a Banach space.
Indeed, let (u,) be a Cauchy sequence in D,. Since the infimum over R? of v
is strictly positive, (u,) and (Agu,) are Cauchy sequences in LP(R%; C™). In
addition, since D), C Dy max(Ao) and (Ao p, Dpmax(Ao)) is closed in LP(RY;C™)
(see Remark 3.5(i)), it follows that there exists u € Dp max(Ao) such that u,, and
Agu,, converge to u and Apu in LP(R%; C™), respectively. The closedness of the
multiplication operator u +— vu allows us to conclude that vu,, converges to vu in
LP(R%;C™) and, consequently, that u belongs to D,,.

Denote by A, the realization of A in LP(R?;C™) with domain D,. In view of
[19, Theorem 5.9] and since C2°(R4, C™) is dense in LP(R%; C™), we only need to
prove that 1 € p(A,). To complete the proof, we first show that there exist two
positive constants M7, My such that

Mi|lulp, < [Aw = 1o @acm) < Maullp,, ue CERLC™).  (48)
To prove (4.8) we can limit ourselves to considering functions which take values
in R™. Fix u € C®(R%R™). Using the assumption on V, we can estimate
Aoullp, < [Aullp, + [[Vul, < |Aull, + c1lvull,. Hence, thanks to (4.3) and the
previous estimate, we get
[ullp, =llvull, + [[Aoull, < 1+ (e + K] Aullp.
Thus, using the LP-dissipativity of the operator A (see Lemma 3.3), which implies
that [|ull, < ||u — Aul, for any u € C°(R%R™), we deduce that
lullp, <1+ (cr + DE](Aw = ull, + [lull,) < 2[1 + (e1 + D K] Au — ul),.
Hence, the first inequality in (4.8) follows with M; = [2(1 + K + ¢1 K)]™!. On the
other hand, using again the assumption on V', we get
[Aw —ull, <[[Aoull, + [[Vull, + [ull,
<[l Aoullp + erllvull, + vy lvul,
<(1+eci+v5)llulp,,

where vy is the positive infimum over R? of v. Hence, the second inequality in (4.8)
holds true with My =1+ ¢; + vo_l.
Using (4.8) we can now prove that

Dy = Dp max(A) = {u € W2P(RE:C™) N LP(REC™) : Au € LP(REC™)}.

C
Clearly, D, is contained in Dj max(A). To prove the other inclusion, let us fix
U € Dy max(A). Since C°(R%C™) is a core of (A,, Dy max(A)), there exists a
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sequence (u,) C C°(R?; C™) such that u, converges to u and Au, converges to
Awu in LP(R%;C™), as n tends to co. From (4.8) we deduce that (u,) is a Cauchy

sequence in (Dp, || - [[p,) and, since (D,,| - ||p,) is a Banach space, we conclude
that u belongs to D, showing that Dp max(A) C D,. Now, Theorem 3.4 yields the
claim. (]

5. EXAMPLES

In this section we provide classes of operators to which our results can be applied.
Recall that the matrix-valued functions Q"* (h,k = 1,...,d) can be written as
gl + A" where gni : R* — R and A" are m x m matrix-valued functions. In

the following examples, we assume that qhk,a?j’“ € C1(RY), v;; € LS (RY), for any
i,j = 1,...,m, h,k = 1,....d, and that Re(V(x)¢,¢) > 0 for any + € R? and
¢ecCm.

We also recall that the main assumptions required on the d x d matrix-valued
functions @ = (gk) ,—, are the following ones:

(1) Re (Q(z)¢,€) >0, (1) [(Tm(Q(2)€, §)| < coRe(Q(x)¢, §) (5.1)

for any x € R%, ¢ € C?\ {0} and some positive constant cy. Conditions (5.1) are
satisfied, for instance, when

(1) Q(x) is a positive definite and symmetric real-valued matrix for any = € R?
and inf,cga Ag(z) > 0, where Ag(x) denotes the minimum eigenvalue of Q(x);

(2) Q(z) is a diagonal perturbation of an antisymmetric matrix-valued function for
any z € R?, ie.,

Q(r) = diag(q11(2), - . -, qaa()) + Qo(x), z €RY,

where Qg () is an antisymmetric matrix for any € R?, and there exist positive
constants ki, ko such that

inf gi(x) >k, i=1,...,d,
xequ”() 1

and

Z |qij(n;)| < k‘gqii(l‘), 1€ {1, .. .,d}, T € Rd.
JE{L,....d}\{i}
In the latter case

d
Re(Q(x)¢,¢) = Z%(@\QF > k1 [¢[? (5.2)
i=1

and

d
m(Q(z)¢,¢) = Z Z Qij(x)gzzj'
=1 je{1,....d}\{i}
for every z € R? and ¢ = ((1,...,(s) € C% Thus, it follows that

d
S0 a@IGP + 112

i=1je{1,....d}\{i}

d

=>01GP > e
i=1 Je{1,....d\{i}

S kQRe (Q(z)C7 C)

for every ¢ = (C1,...,¢s) € C? and = € R, whence condition (5.1)(ii) is satisfied
with ¢g = ks.

DN =

I (Q()¢, Q) <
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5.1. The symmetric case I. Here, we assume that @ is as described in (1).
Clearly, condition (5.1)(i) is trivially satisfied as well as condition (5.1)(ii) holds
true with ¢y = 0. Concerning the matrices A"*, assume that

d
> (A (@)ok, o) > 0, z e RY, (5.3)
h,k=1

for any 9%, 9" € R™ and that there exists a positive constant ko such that
|a?jk(x)| < koAg(x), z e RY, (5.4)

forany i,7=1,...,m and h,k =1,...,d. Under these assumptions, we can prove
that conditions (3.2) and (3.3) are both satisfied with ¥ = mdky. Indeed by (5.3)
we get immediately that

Re Z (AP (z)o*, 0" >0, okt ecm,
h,k=1

for every z € R?, proving the first inequality in (3.2). Further, using (5.4) we can
estimate

d d m
Re Y (A" (@)™, 0") < Y7 D Jalf(@)[[0f|19]]
h,k=1 h,k=14,j=

=1

< mdkOReZ > (ani(x)0f,97) (5.5)
i=1 h,k=1
for any 9¥ = (9%,... 9%), 9" = (Wh, ..., 9") € C™ and z € R?, and the second
part of (3.2) follows. using again (5.4), we can estimate
d
‘Im > (A (@)o*, M)

h,k=1

Z Z |af | (ITm 9% |[Re 97| + [Re 9% [Tm 9}'|)

h,k=11,j=1

Z Z |alF|(Tm 95 [* + [Re 9} [* + [Re 0% |* + Imv}|?)
hk 14,5=1

d m
=mdkorq(z) > > [(Re¥})? + (Im)?]
k=11=1

m d
<mdko Y > que[Re9fRed! + Im 0¥ Im ]

i=1 h,k=1
=mdkoRe » (Q(z)9;,1;), (5.6)
i=1

whence also condition (3.3) is satisfied with € = mdkg. Further, if 2mdk < 1, then
also the results in Section 4 apply. This is the case, for instance, of the operator
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(L1) with QF(x) = dnp ((1+ [2[*)705 + (1 + |z[?)7H 0 ¢i5(x)) for any x € RY,
hk=1,...,d,i,7 =1,...,m where v, n; (¢ = 1,...,m) are positive constants,
C= (cij) is any semidefinite positive (m x m)-matrix-valued function with bounded
entries, which belong to C'*(R%), and L, (mi +n5) <.

5.2. The symmetric case II. Here, we assume again that ) is as described in
(1) and that the m x m matrices A"* have the form

A = g1 G, hk=1,...,d,

where G is a m X m matrix-valued function having nonnegative and bounded entries
gij : R 5 R and (G(z)&,€) > 0 for any 2 € R? and £ € R™. In this case there
exists a positive constant Ag such that (G(z)€,€) < Ag|€]? for any € € R™. In
order to check conditions (3.2) and (3.3), we observe that

d d m m
—h
(A"0,0") = D" > ankgii050; = D 9:5(Q6i,05)
h k=1 hk=1i,j=1 ij=1
for any 6',...,0% € C™, where by 6; we denote the vector in C? having coordinates

(01,...,0%) for any i € {1,...,m}. Thus, we obtain that

d m
Re Y (AM™6%,60") =Y g:;((Q*Reb;, Q'*Re6;) + (Q'/*Im6;,Q"/*Im b)),
h,k=1 i,j=1

which is nonnegative by the assumption on the matrix-valued function G. Moreover,
since for any £ € R™

d

m d
> 95(QV6,QV2¢) =Y (G’ n') < Ay In'P,

i,j=1 =1 =1

where n° = (nf,...,n%) and ! = (QY/2&), forany i = 1,...,m and £ = 1,...,d,
we conclude that

Re Z (Ahkgk gh) < AG(ZZ (Q'/?Reb;)? (Ql/zlm@-)?)

h,k=1 =1 1:1=1

m d
= Re Z Z Qhkeﬁﬁ

i=1 h,k=1

Analogously, taking into account that g;; are nonnegative functions, we can estimate

d m
Im Y (A"050M)| < Y gi;[Im (Q6;, ;)|
h,k=1 4,j=1
< Y 951QY%60:]1QV?0]
i,j=1
<Ae )y Q0,7
i=1
= Ac ) (Q:.0:),
=1

whence conditions (3.2) and (3.3) are both satisfied with 4 = Ag. An example
of the operator of this form can be obtained, for instance, considering as Q"* the
(m x m)-matrix-valued function Q"*(z) = 8,4 (1 + €17 (I +G(2)) for any z € R?,



GENERATION RESULTS FOR STRONGLY COUPLED ELLIPTIC OPERATORS 23

h,k =1,...,d, where v is a positive constant and G is any semidefinite positive
(m x m)-matrix-valued functions with bounded entries which belong to C'*(R%).

Finally, we consider the case when @ is as described in (2), i.e., @ is a diagonal
perturbation of an antysimmetric matrix. We show how the form of the matrix @,
in this case, allows us to require slightly weaker assumptions on the entries of the
matrices A"

5.3. Diagonal perturbation of the antysimmetric case. Here, we suppose
that Q is as described in (2) and, concerning the entries of the matrices A"
besides (5.3), we assume the following conditions:

(i) 0 < a?jh < kogpp for any i,7 = 1,...,m, h = 1,...,d and some positive
constant ko;

(ii) there exists a positive constant k3 such that \a | < ksminy—1, . m ¢ for any
i,j=1...,mand h,k=1,...,d with h # k.

In this case, arguing as in (5.5) for the terms (A" 9% ¥") when h # k, we can
estimate

ZZ Hgd = ZZ W+ Y3 (@)t

h,k=114,5=1 h=11,5=1 h#k i,j=1
1 d m m d
<500 D G+ (G mdks YD ann(G)?
h—1z‘,j—1 i=1 h=1
< mky Z Z ann(G1)? + mdks Z ann (€
h=11i=1
m d
< (ka+dks) > Y qnkClCl
i=1 h,k=1
for any ¢¥ = (¢F,... 9E),¢h = (¢h, ..., ¢) € R™, where in the last equality we

used (5.2). Applylng thlb chain of inequalities first with ¢(* = Red" (h =1,...,d)
and then with ¢" =Imv" (h=1,...,d) and 91,...,9% € C™, we conclude that

d m d
Re Y (A% o) <miky +dks)y > 950"
h,k=1 1=1 h,k=1

for every 9',... 9% € C™.
Analogously, repeating the same arguments in the proof of (5.6), for the terms
(AMFYE 9 with h # k, we get

m

d
‘Im D (AR M) ZZ |(Im 9 Re 9! — Re " Im o}
h,k=1

h=114,j=1
m d
+mdks YY" qun(97)
i=1 h=1
d m
géz S alh(j9h2 + 9t 2) +mdkgz§:qhh
h=114,j5=1 =1 h=1

d
S% D ann > (98P + R + mdk3ZZth

h=1 i,j=1 i=1 h=1
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d m
=m(ks + dks)Re Z Z k050,
h,k=11i=1

where, in the last equality we used (5.2). Thus, conditions (3.2) and (3.3) are both
satisfied with € = md(ke + k3). Further, if md(ks+ks) < 1/2, then also the results
in Section 4 apply. All the results above can be applied, for instance, when

Qhk(x) = 5hk(1 + e|!17‘2)’7h + nhk(l _ 5hk)(1 + e|$‘2)7hk’

and
aif (@) = (1+ [2) 0" (@)biy (),
for any x € R, b,k =1,...,d and i,j = 1,...,m where v, yux (h,k =1,...,d)
and [ are positive constants, with var = Yen < Vh, Nk = —Nrp for any h k =
.,dand A = (a"*) and B = (b;;) are respectively (d x d)- and (m x m)-matrix-
valued functions with bounded entries, which belong to C'*(R9).

APPENDIX A. AUXILIARY RESULTS FROM LINEAR ALGEBRA

For every h,k = 1,...,d, let A" be a m x m real-valued matrix, with entries

a}¥, such that

alt = ghh hk=1,...,d, i,j=1,...m. (A1)

1] ]1, )
Then, Zikzl(Ahk&k, 6") € R for every 0',...0% € C™.
Further, if we assume the positivity condition ZZ,k:l(Ahkekv 6") > 0 for every
6',...,0% € C™, then the Cauchy Schwarz inequality

d d % d %
Ahkek < ( Z (Ahlcak7 0h)> ( Z (Ahknkanh)> (A2)
hk= hk=1 hk=1

holds true for every #',...,0% € C™.
On the other hand, if the matrices A"* satisfy the condition

alf = —all, hk=1,...,d, i,j=1,...m, (A.3)
d
then Y (A"6* 0") € iR.
h,k=1

More generally, every real matrix A" can be split into the sum A"* = AlF 4 Alk
where
Ahk 4 (Akh)t Ahk _ Ahk _ (Akh)t
o Aes T
It is clear that A"F satisfies condition (A.1) and (A"*)), 11,
(A.3). Moreover,

hk __
Abk =

4 satisfies condition

.....

d
Re (Ahkek’ eh Z Ahkek eh

1 k=1

=
—_

= =
= M=

d
m (AMkQR o) = = N~ (AlFok, o) (A.4)

)
1 h,k=1

for every 6',...,0% € C™.

Next proposition yields a sort of mixed Cauchy-Schwarz inequality which is cru-
cial in this paper. Although it is based on essentially known techniques, by sake of
completeness, we provide a sketch of the proof.
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Proposition A.1. For every h,k = 1...., let AM and M"* be two m x m real-
valued matrices such that
d d
’Im D (AMGR, M) < CoRe > (M"F6F,0") (A5)
h,k=1 h,k=1
for some positive constant Cy and every 0',...,0% € C™. Then, the inequality
d d 1 d 1
> altotf)| < co(Re Y- oo ) (Re S i) (a)
h,k=1 h,k=1 h,k=1

holds true for every 0*,...,0% and n',...,n® in C™.
If, in addition,

d d
0<Re Y (A"™0"0") < CiRe Y  (M" 0" 0") (A7)
h,k=1 h,k=1

for some positive constant Cy and every 0',....0% € C™, then (A.6) holds true with
the matrices A" being replaced by A" and with the constant Cy being replaced by
the constant Cy + C1.

Proof. Assume first that Zh pp (AlEpE ghy € 4R. Then, by (A.4) and observing
that Zh o (AlEnE ghy = —Eh’kzl(A%Qk',nh), it follows that

. d d
(m > (AM@E +0%), 0" +0") —Im > (A (F - 0%),n" —eh))

hk=1 hk=1

d d
1
4( D (AEME +05), "+ 6" = D (ARE(F —6%), " —eh))
h,k=1 h,k=1
1 d d d
=3 (3 o 3 castonn) = 3 (ot
h,k=1 h,k=1 h,k=1
Hence, using (A.5) we obtain
d
> (AlkeR )
h,k=1
C d d
§4°( > Re (M"™ (0 +6%), 0" +6") + > Re (M"(y ak),nh—ah))
h,k=1 h,k=1

d d
Co hk ko by o CO hkpk gh
7ReZ(M n,n)+7ReZ(M 0k, 0"). (A.8)
h,k=1 h,k=1
Writing (A.8) with #¥ and 1" being replaced, respectively, by to /0% and \/zn",
we get

d d d
Ahkak < Mk gk ok o Mhkgk ph
3 2fReh§;1< n",n )+\@2Reh§1( ,0")

for every £ > 0. By taking the minimum over ¢ > 0, estimate (A.6) follows in this
particular case.

To get estimate (A.6) in the general case, we assume that Zi,kzl(Agfek,nh)
does not belong to iR and write Zi,k=1(AZ§9k,ﬂh) = re™ for some ¢ € R
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and r > 0. Since Ei,k:1(142§9k7i6w77h) € iR, applying (A.6) to 6%,...,0% and
ie¥nt, ... ie"¥n?, estimate (A.6) follows in its full generality.

Finally, we assume that condition (A.7) is satisfied. Then, combining (A.2) and
(A.?) we can estimate

d 1 d 1

Z (ARkgE phy| < ¢y (Re > (thek,ah)) <Re > (thnk,nh)> . (A.9)
h,k= h,k=1 h,k=1

Hence, from (A.6) and (A.9) and recalling that A" = A" 4 ARk for every b, k =
1,...,d, we conclude that

d d 1 d 1
Ahkok,n (Co+01)<Re > (thek,oh)> (Re > (thnk,nh))
h,k= hk=1 hk=1
The proof is complete. O

By applying Proposition A.1 with M" = A"* we get the following result.
Corollary A.2. Suppose that there exists a positive constant Cy > 0 such that

d d
’Im > (AR, 0M)| < CoRe Y (AM6F,0)
h,k=1 h,k=1
for every 01,...,07 € C™. Then,

=

(1+Co)<Re Xd: (AMFR oy )1(Re Zd: (AMkpk )

h,k=1 h,k=1

d
Z (AlkgE phy
h,k=1

for every 0, ....0% n', ... ,n?ecC™.

Remark A.3. If (A")T = A*h for every h,k = 1,...,d, then the imaginary
part of Zik:l(Ahkﬁk,Gh) is zero, by (A.4). So, if estimate (3.2) holds true, then
condition (3.3) is satisfied if the real part of ZZ,,CZI(A’““H’“, ") is nonnegative for
every 0',...,0¢ ¢ C™.

APPENDIX B. DERIVATION OF A,
We need to compute the supremum of ¥ defined in (4.6) on the set
Q, = {(c0,€1,€2,3) € (0,+00)* : 1;1(60,51362753) > 0},

where 1;1 =) if p > 2 and zzl =Y +p—2if p € (1,2). Since ¥, is continuous on
(2, the supremum of 12 on Q,, is achieved on 99Q. To simplify the notation, we set

Y1 = e1 —a1gg — bie1 — cre2 — dies

and

a1 =4az = (p—1)(1+co)7, by = 4bovi = (p— 1)(1 4 ¢)C5,

co=ca=%p-1), di = vidy =€ (p—1)C,,
1_2%(2])_3)? p22
el =
P p-1-29(5 - 2p), pe(1,2),

p-Dl+ak . @=D1+a)C

as =
4 ’ 4v8’ ’
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¢ (p—1)C,

3
Yo

co=c1 =%(p— 1), doy =

Since the function 1, does not admit stationary points in the interior of {2 and it
is continuous over the closed and bounded set €2, it achieves its maximum value at
the boundary of 2. Hence, we can assume that g = afl(el — bie1 — 182 — dy€3)
and compute the supremum of the function

a1a9 by co do

Yo(e1,€2,83) =1 - —/——————— — — — — — -
(1, €2,€5) e1 —biey —ciea —digg €1 €2 €3

on the set

I'= {(61,82,63) € (0,+OO)3 te1 —bier — ci1e9 — dies > 0}

The coefficient e; is strictly positive due to condition p € (1 + ) and

allows us to consider simultaneously the cases p > 2 and p € (1,2). Since {/ng
diverges to —oo on JI', it achieves its supremum on I'. To find it, we solve the
system V fo = (0,0,0), i.e.,

4<g-s-17 5 + 46

2 _ 2

b2(61 — blEl — C1€2 — d1€3) = Elalagbl,
2 _ 2

02(61 — b1€1 — C1€2 — d1€3) = £5a10a2Cq,

2 _ 2
da(er — bier — c1e2 — die3)® = €5a1a2dy,

(\/er\/@)ffl +Cl\/%€2+d1\/%€3 = \/bZ
biy/2e1 + (Varas + eaic)es +diy [2es = o1, [2,
bl\/>€1 + Cl\/%g2 + (Vaiaz + Vdidy)es = 61\/%,

whence

which yields

61\/@

€1 = ,
! Vbi(y/a1az ++/biba + \/cicz + Vdida)
ey — €14/C2
2 — )
Ve (vaiaz ++/biba + \/cicz + Vdids)
o erv d2
g3 =

\/dil(\/alag + vV b1b2 + 4/ C1C2 + vV dldg)

and, consequently, we infer that the supremum of ¢ is given by

(varaz ++/bibs + (/cica + Vdidy)?

1—
e
(p—1)%(y+ Cyuy )2(1+c +2%)?
_ 1= Alp—1 —02%( 2p)] » pel2),
(p— 1)2(y + Covg */*)2(1 + co + 26)?
b 11— 260p—3) o pe2
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