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GENERATION OF SEMIGROUPS ASSOCIATED TO STRONGLY

COUPLED ELLIPTIC OPERATORS IN Lp(Rd;Rm)

LUCIANA ANGIULI∗, LUCA LORENZI, ELISABETTA M. MANGINO

Abstract. A class of vector-valued elliptic operators with unbounded coef-
ficients, coupled up to the second-order is investigated in the Lebesgue space

Lp(Rd;Rm) with p ∈ (1,∞), providing sufficient conditions for the generation

of an analytic C0-semigroup T (t). Under further assumptions, a characteriza-
tion of the domain of the infinitesimal generator is given.

1. Introduction

In this paper we deal with second-order elliptic operators acting on smooth
vector-valued functions u : Rd → Rm as follows:

Au =

d∑
h,k=1

Dh(Q
hkDku)− V u = A0u− V u, (1.1)

where Qhk, (h, k = 1, . . . , d) and V are m × m matrix-valued functions. More
precisely, we are interested in studying when these operators generate strongly
continuous semigroups in the framework of Lp-spaces with respect to the Lebesgue
measure, achieving also information on the regularity of the semigroups and a
description of the domain of their generators. We emphasize that the systems
associated with these operators can be strongly coupled, i.e., the second-order terms
can be coupled to each other, and that the matrix-valued functions Qhk and V are
allowed to be unbounded.

The study of operators with a second-order coupling gives rise to several techni-
cal obstacles. The first one relies in the study of the dissipativity in Lp, thoroughly
investigated in the monograph [13, Section 4.3]: one cannot expect dissipativity to
hold true in Lp for any 1 ≤ p ≤ ∞, unlessQhk = qhkI, where qhk is a scalar function.
This feature is connected with the lack of a “parabolic maximum modulus principle”
for the systems associated with (1.1) (see [22]), which prevents from using extrapo-
lation arguments from L∞ or from the space of bounded and continuous functions
(where some results are available when a variant of the maximum principle holds,
see e.g., [1, 6, 15]) to Lp-spaces and conversely. These obstructions have been high-
lighted in several papers about elliptic operators with complex coefficients, which
can be clearly interpreted as vector-valued operators with real coefficients. For e.g.,
it is known that if Ω is an open subset of Rd and Q ∈ L∞(Ω,Cd×d) is a matrix-
valued function satisfying suitable assumptions, then there exists ε0 = ε0(Q) > 0
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2 L. ANGIULI, L. LORENZI AND E.M. MANGINO

such that the operator A = div(Q∇), endowed with appropriate boundary condi-
tions, generates an analytic semigroup in Lp(Ω,C) if∣∣∣∣1p − 1

2

∣∣∣∣ ≤ 1

d
+ ε0

(see [11, 14, 16, 30]). In general this condition is sharp in the sense that, if
∣∣∣ 1p− 1

2

∣∣∣ >
1
d , then there exists a matrix-valued function Q such that A does not generate a

semigroup in Lp(Ω) (also when Ω = Rd), see [21]. In order to give lower bounds
for ε0, the notion of p-ellipticity for the matrix-valued function Q was introduced
in [12], and the estimates therein contained were improved and generalized e.g., in
[17, 29]. We stress that the operators in the previous papers are pure second-order
operators with bounded coefficients.

Various cases of operators with unbounded coefficients and coupled up to the first
order have been studied in the Lp-setting, adopting diversified techniques, e.g., a
Dore-Venni type theorem on sums of noncommuting operators due to Monniaux
and Prüss ([28]) in [20, 23], a scalar perturbation argument in the potential in
[7, 26], an extrapolation argument from the L2-setting in [24] and from the set of
bounded and continuous functions in [10]. In [8], using quantitative assumptions
on the coefficients that allow to suitably control the growth of the coefficients of
the operator in terms of a scalar smooth function v, the generation of an analytic
semigroup, a description of the domain of the generator and integrability conditions
on the semigroup are proved. Moreover, in [9] Gaussian estimates are provided. We
refer to [8] for a detailed and exhaustive comparison of all these results.

To the authors’ best knowledge, the case of operators with second-order coupling
and unbounded coefficients has not been yet considered in the literature.

As is to be expected in view of the preceding considerations, the results in this
paper will hold true for p varying in a bounded neighbourhood of 2, which depends
on the coefficients of the operator, and, unless considering operators coupled up to
the first order, it will be not possible to extend the results to the whole interval
(1,∞).

As in the scalar case, also the Lp-spaces related to the so-called systems of
invariant measures are of particular interest. Unfortunately, at the best of our
knowledge only few results are available in the literature (see [2, 3, 6]).

The paper is organized as follows. The second section is devoted to some prepara-
tory results that however have their own independent interest. Indeed, we prove
local regularity results for the distributional solutions of elliptic systems with possi-
bly unbounded coefficients. In the third section the main assumptions on operators
(1.1) are introduced: we assume that the matrices appearing in the second-order
part of the operator are tamed, in the sense of sesquilinear forms, by a single
definite positive matrix. The hypotheses allow to use a suitable Cauchy-Schwarz
inequality that will be crucial in proving that operator (1.1), endowed with its max-
imal domain, generates an analytic semigroup in Lp(Rd,Cm), with p satisfying the
condition ∣∣∣∣1p − 1

2

∣∣∣∣ ≤ K,

whereK is a constant depending on the coefficients of the second-order part of (1.1).
It is worth observing that our techniques differ from those adopted in [12, 17, 29],
where the authors proceed with an extrapolation argument from the space L2 using
Sobolev embeddings.

Assuming further hypotheses on the growth of the coefficients of (1.1), it is
possible to show that actually the maximal domain coincides with the minimal
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domain. This is the content of Section 4. Section 5 is devoted to describe some
classes of examples. Finally, two appendices with auxiliary results from Linear
Algebra and some technicalities close the paper.

Notation. Let d,m ∈ N and let K = R or K = C. We denote by (·, ·) and
by | · |, respectively, the Euclidean inner product and the Euclidean norm in Km.
Vector-valued functions are displayed in bold style. Given a function u : Ω ⊆
Rd → Km, we denote by uk its k-th component. For every p ∈ [1,∞), Lp(Rd,Km)
denotes the classical vector-valued Lebesgue space endowed with the norm ∥f∥p =
(
∫
Rd |f(x)|pdx)1/p. The canonical pairing between Lp(Rd,Km) and Lp

′
(Rd,Km)

(p′ being the index conjugate to p), i.e., the integral over Rd of the function x 7→
(u(x),v(x)) when u ∈ Lp(Rd,Km) and v ∈ Lp

′
(Rd,Km), is denoted by ⟨u,v⟩p,p′ .

For k ∈ N,W k,p(Rd,Km) is the classical vector-valued Sobolev space, i.e., the space
of all functions u ∈ Lp(Rd,Km) whose components have distributional derivatives
up to the order k, which belong to Lp(Rd,Km). The norm of W k,p(Rd,Km) is
denoted by ∥·∥k,p. When K = R andm = 1, we simply write Lp(Rd) andW k,p(Rd).
By C∞

c (Rd;Km), we denote the set all the vector-valued functions which have
compact support in Rd and are infinitely many times differentiable. Similarly, for
every k ∈ N, Ckc (Rd;Km) denotes the set of all the compactly supported functions
u : Rd → Km which are continuously differentiable on Rd up to the k-th order. We
use the subscript “b” to stress that the functions that we consider are bounded on
Rd, together with their derivatives up to the order k. When K = R and m = 1,
we simply write C∞

c (Rd) and Ckc (Rd). If X(Rd;Km) is one of the functional spaces
above, we use the notationXloc(Rd;Km) to denote the set of functions which belong
to X(K;Km) for every compact set K ⊂ Rd.

Finally, given a vector-valued function u and ε > 0, we denote by |u|ε the
real-valued function defined by

|u|ε =

{
(|u|2 + ε)

1
2 , p ∈ (1, 2),

|u|, p ∈ [2,+∞).

2. Preliminary results

Before stating our main assumptions on the coefficients of the operator A in
(1.1), we provide some regularity results for distributional solutions to systems of
elliptic equations. The scalar counterpart of such results can be found, for instance,
in [25, Theorem D.1.4].

Proposition 2.1. Fix p ∈ (1,∞) and assume that the diffusion coefficients of the
operator (1.1) satisfy the Legendre-Hadamard condition, i.e., there exists a positive
constant C such that

Re

d∑
h,k=1

m∑
i,j=1

Qhkij (x)ξhξkηiηj ≥ C|η|2

for any x, ξ ∈ Rd, |ξ| = 1 and η ∈ Cm. Then, the following properties are satisfied:

(i) if qhkij ∈ C1
b (Rd), vij ∈ L∞(Rd) for every h, k = 1, . . . .d, i, j = 1, . . . ,m, and

u ∈ Lp(Rd;Rm) satisfies the estimate∣∣∣∣ ∫
Rd

(u,Aφ)dx

∣∣∣∣ ≤ C∥φ∥W 1,p′ (Rd;Rm) (2.1)

for every φ ∈ C∞
c (Rd;Rm) and some positive constant C, independent of φ,

then u belongs to W 1,p(Rd;Rm);
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(ii) if qhkij ∈ C1(Rd), vij ∈ L∞
loc(Rd), for every h, k = 1, . . . , d, i, j = 1, . . . ,m, and

u ∈ Lploc(Rd;Rm) satisfies estimate (2.1) for every φ ∈ C∞
c (Rd;Rm), then u

belongs to W 1,p
loc (Rd;Rm);

(iii) if qhkij ∈ C1
b (Rd), vij ∈ L∞(Rd), for every h, k = 1, . . . , d i, j = 1, . . . ,m, and

f ,u ∈ Lp(Rd;Rm) satisfy the condition∫
Rd

(u,Aφ)dx =

∫
Rd

(f ,φ)dx (2.2)

for every φ ∈ C∞
c (Rd;Rm), then u ∈W 2,p(Rd;Rm);

(iv) if qhkij ∈ C1(Rd), vij ∈ L∞
loc(Rd) for every h, k = 1, . . . , d and i, j = 1, . . . ,m,

and f ,u ∈ Lploc(Rd;Rm) satisfy equation (2.2) for any φ ∈ C∞
c (Rd;Rm), then

u ∈W 2,p
loc (Rd;Rm).

Proof. (i) Let Ã0 :W 2,p′(Rd;Rm) → Lp
′
(Rd;Rm) be the operator defined by

Ã0u =

d∑
h,k=1

QhkDhku

for every u ∈ W 2,p′(Rd;Rm). From estimate (2.1) and the boundedness of the
coefficients vij , we infer that∣∣∣∣ ∫

Rd

(u, Ã0φ)dx

∣∣∣∣ ≤∣∣∣∣ ∫
Rd

(u,Aφ)dx

∣∣∣∣+ ∣∣∣∣ ∫
Rd

d∑
h,k=1

(u, DhQ
hkDkφ)dx

∣∣∣∣
+

∣∣∣∣ ∫
Rd

(u, Vφ)dx

∣∣∣∣
≤C1∥φ∥W 1,p′ (Rd;Rm) (2.3)

for every φ ∈ C∞
c (Rd;Rm) and a positive constant C1, independent of φ.

For every s ∈ Rd we set τsu = |s|−1(u(·+ s)− u). A straightforward change of
variables shows that∫

Rd

(τsu, Ã0φ)dx = |s|−1
m∑

i,j=1

d∑
h,k=1

∫
Rd

ui[q
hk
ij (· − s)Dhkφj(· − s)− qhkij Dhkφj ]dx.

Adding and subtracting the term |s|−1
m∑

i,j=1

d∑
h,k=1

∫
Rd

uiq
hk
ij Dhkφj(·−s)dx and using

(2.3) and the fact that the coefficients qhkij belong to C1
b (Rd), we obtain∣∣∣∣ ∫

Rd

(τsu, Ã0φ)dx

∣∣∣∣ ≤∣∣∣∣ ∫
Rd

(u, Ã0(τ−sφ))dx

∣∣∣∣
+

∣∣∣∣ ∫
Rd

(
u,

d∑
h,k=1

(τ−sQ
hk)Dhkφ(· − s)

)
dx

∣∣∣∣
≤C1∥τ−sφ∥W 1,p′ (Rd;Rm)

+ ∥u∥Lp(Rd;Rm)

d∑
h,k=1

∥τ−sQhk∥∞∥Dhkφ∥Lp′ (Rd;Rm)

≤C2∥φ∥W 2,p′ (Rd;Rm)

for every φ ∈ C∞
c (Rd;Rm) and some positive constant C2 independent of s and φ.

Thus, ∣∣∣∣ ∫
Rd

(τsu, λφ− Ã0φ)dx

∣∣∣∣ =∣∣∣∣ ∫
Rd

[λ(u, τ−sφ)− (τsu, Ã0φ)]dx

∣∣∣∣
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≤C3∥φ∥W 2,p′ (Rd;Rm) (2.4)

for every φ ∈ C∞
c (Rd;Rm), every λ > 0 and some positive constant C3, independent

of φ and s.
Estimate (2.4) can be extended by density to any φ ∈ W 2,p′(Rd;Rm). Thus,

since the operator λ − Ã0 is invertible from W 2,p′(Rd;Rm) to Lp
′
(Rd;Rm) for a

large λ, thanks to [27, Theorem 2.1], we can take φ = (λ − Ã0)
−1(τsu|τsu|p−2)

and get

∥φ∥W 2,p′ (Rd;Rm) ≤ C3∥τsu|τsu|p−2∥Lp′ (Rd;Rm) = C4∥τsu∥p−1
Lp(Rd;Rm)

(2.5)

for some positive constants C3 and C4, independent of s. Replacing such a function
φ in (2.4), thanks to estimate (2.5) we deduce that ∥τsu∥Lp(Rd;Rm) ≤ C5 for some

positive constant C5, independent of s. Consequently u ∈W 1,p(Rd;Rm).
(ii) Fix φ ∈ C∞

c (Rd;Rm) and, for a fixed r > 0, let us consider a function
ψr ∈ C∞

c (Rd) such that χB(0,r) ≤ ψr ≤ χB(0,2r). It is straightforward to deduce
that

ψrAφ = A(ψrφ)−
d∑

h,k=1

QhkDkφDhψr (2.6)

so that ∫
Rd

(u, ψrAφ)dx =

∫
Rd

(
u,A(ψrφ)−

d∑
h,k=1

QhkDkφDhψr

)
dx

and taking (2.1) and the local boundedness of the coefficients of the operator A

into account, we get∣∣∣∣ ∫
Rd

(u, ψrAφ)dx

∣∣∣∣ ≤ ∣∣∣∣ ∫
Rd

(u,A(ψrφ))dx

∣∣∣∣+ ∣∣∣∣ ∫
Rd

(
u,

d∑
h,k=1

QhkDkφDhψr

)
dx

∣∣∣∣
≤ C6∥φ∥W 1,p′ (Rd;Rm)

for some positive constant C6, independent of φ.
Now, let us consider a function η ∈ C∞

c (Rd) such that χB(0,2r) ≤ η ≤ χB(0,4r)

and set

Q̃hk = ηQhk + (1− η)δhkIm, Ṽ = ηV (2.7)

for any h, k = 1, . . . , d, where Im denotes the m ×m identity matrix. Clearly, the
coefficients of the operator

Ã =

d∑
h,k=1

Dh(Q̃
hkDk)− Ṽ

satisfy the assumptions in (i) and, since∫
Rd

(u, ψrAφ)dx =

∫
Rd

(u, ψrÃφ)dx =

∫
Rd

(ψru, Ãφ)dx,

applying property (i), we deduce that uψr ∈ W 1,p(Rd;Rm), that implies that
u ∈ W 1,p(B(0, r);Rm). By the arbitrariness of r > 0 we conclude that u ∈
W 1,p

loc (Rd;Rm).
(iii) Starting from (2.2), we obtain∫

Rd

(u,A0φ)dx =

∫
Rd

(f1,φ)dx (2.8)
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for any φ ∈ C∞
c (Rd;Rm), where f1 = f + V Tu belongs to Lp(Rd;Rm). Moreover,

from the previous identity we get∫
Rd

(u, λφ−A0φ)dx =

∫
Rd

(λu− f1,φ)dx =:

∫
Rd

(g,φ)dx (2.9)

for any φ ∈ C∞
c (Rd;Rm) and, by density, for any φ ∈ W 2,p′(Rd;Rm). Now, fix

λ > 0 in the resolvent sets of both A0 and of its adjoint A∗
0, defined by

A∗
0u =

d∑
h,k=1

Dh((Q
kh)TDku)

(to which the results in [27, Theorem 2.1] can be applied). Then, to prove the
claim, after observing that g ∈ Lp(Rd;Rm) we show that u = (λ − A∗

0)
−1g. In

this case u will belong to the domain of the realization of A∗
0 in Lp(Rd;Rm),

which is W 2,p(Rd;Rm), thanks again to [27, Theorem 2.1]. To this aim we set
z = u− (λ−A∗

0)
−1g and observe that by (2.9) it holds that∫

Rd

(z, λφ−A0φ)dx = 0

for anyφ ∈W 2,p′(Rd;Rm). The surjectivity of λI−A0 as a map fromW 2,p′(Rd;Rm)

into Lp
′
(Rd;Rm) allows us to conclude that z ≡ 0.

(iv) Formula (2.2) together with the assertion in (ii) yield immediately that u ∈
W 1,p

loc (Rd;Rm). Further, formula (2.8) continues to hold for any φ ∈ C∞
c (Rd;Rm)

with f1 that now belongs to Lploc(Rd;Rm). We set v = ψru, where ψr is defined
in the proof of claim (ii) and observe that formula (2.6) holds true also with A0 in
place of A. Thus, using (2.8) and the integration by parts formula, we get∫

Rd

(λφ−A0φ,v)dx

=

∫
Rd

λ(φ,v)− (ψrA0φ,u)dx

=

∫
Rd

λ(φ,v)−
(
A0(ψrφ)−

d∑
h,k=1

QhkDkφDhψr,u
)
dx

=

∫
Rd

(φ, λv − ψrf1)dx+

∫
Rd

( d∑
h,k=1

QhkDkφDhψr,u

)
dx

=

∫
Rd

(φ, λv − ψrf1)dx−
∫
Rd

(
φ,

d∑
h,k=1

Dk((Q
hk)TuDhψr)

)
dx

=:

∫
Rd

(φ, λv − ψrf1 + f2)dx,

whence, since all the functions under the integral sign are supported on B(0, 2r),∫
Rd

(v,A1φ)dx =

∫
Rd

(φ, ψrf1 − f2)dx,

where A1 =
∑d
h,k=1Dh(Q̃

hkDk) and Q̃
hk are the matrix-valued functions defined

in (2.7). Note that the function ψrf1 − f2 belongs to Lp(Rd;Rm), thus, using
property (iii), we conclude that v belongs to W 2,p(Rd;Rm) or, equivalently, that

u ∈ W 2,p(B(0, r);Rm). The arbitrariness of r > 0 shows that u ∈ W 2,p
loc (Rd;Rm),

and we are done. □
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3. Assumptions and main results

In this section we state the main assumptions on the coefficients of the operators
A defined in (1.1).

Hypotheses 3.1. (i) For every h, k = 1, . . . , d, the matrix-valued function Qhk =
qhkI +Ahk satisfies the following conditions:

⋄ qhk ∈ C1(Rd) and the matrix-valued function Q = (qhk) satisfies the
condition Re (Q(x)ξ, ξ) > 0 for every x ∈ Rd and ξ ∈ Cd\{0}. Moreover,
there exists a positive constant c0 such that

|(Im(Q(x)ξ, ξ)| ≤ c0Re(Q(x)ξ, ξ), x ∈ Rd, ξ ∈ Cd; (3.1)

⋄ the matrix-valued functions Ahk = (ahkij ) have entries ahkij ∈ C1(Rd),
for every i, j = 1, . . . ,m and h, k = 1, . . . , d, and satisfy the following
condition:

0 ≤ Re

d∑
h,k=1

(Ahk(x)θk, θh) ≤ C Re

m∑
i=1

d∑
h,k=1

qhk(x)θ
k
i θ
h
i (3.2)

for some constant C > 0, every θ1, . . . , θd ∈ Cm and x ∈ Rd;
(ii) for every θ1, . . . , θd ∈ Cm and x ∈ Rd it holds that∣∣∣∣Im d∑

h,k=1

(Ahk(x)θk, θh)

∣∣∣∣ ≤ C Re

m∑
i=1

d∑
h,k=1

qhk(x)θ
k
i θ
h
i , (3.3)

where C is the constant in (3.2);
(iii) vij ∈ L∞

loc(Rd) for every i, j = 1, . . . ,m and Re(V (x)ξ, ξ) ≥ 0 for every x ∈ Rd
and ξ ∈ Cm.

Remark 3.2. Note that Hypothesis 3.1(i) implies the Legendre-Hadamard condi-
tion, i.e.,

d∑
h,k=1

m∑
i,j=1

Qhkij ξiξjηhηk ≥ 0, ξ ∈ Rm, η ∈ Rd,

which is usually assumed in the classical theory of strongly coupled systems of
elliptic equations with bounded coefficients. Moreover, assuming further Hypothesis
3.1(ii), Proposition A.1 yields the Cauchy-Schwarz inequalities

|(Q(x)ξ, ζ)| ≤ (1 + c0) (Re(Q(x)ξ, ξ))
1
2 (Re(Q(x)ζ, ζ))

1
2 (3.4)

and∣∣∣∣ d∑
h,k=1

(Ahk(x)ϑk, ηh)

∣∣∣∣ ≤ 2C

(
Re

m∑
i=1

d∑
h,k=1

qhk(x)ϑ
k
i ϑ

h
i

) 1
2
(
Re

m∑
i=1

d∑
h,k=1

qhk(x)η
k
i η

h
i

) 1
2

(3.5)
for every ξ, ζ ∈ Cd, ϑ1, . . . ϑd, η1, . . . , ηd ∈ Cm and x ∈ Rd.

In what follows, we will use the following formulas, which hold true for every
smooth function u ∈ C∞

c (Rd,Cm):

Dh|u|2 = 2Re

m∑
i=1

uiDhui = 2Re(u, Dhu), (3.6)

(Q∇|u|2,∇|u|2) = Re(Q∇|u|2,∇|u|2) ≤ 4|u|2
m∑
i=1

Re(Q∇ui,∇ui). (3.7)
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Lemma 3.3. Let us assume that Hypotheses 3.1 are satisfied. If p ∈ J , where

J :=


[
2− 1

2C + 1
, 2 +

1

C 2

]
, C ∈ (0, 1),[

2− 1

2C + 1
, 2 +

1

2C − 1

]
, C ∈ [1,+∞),

then (A, C∞
c (Rd;Rm)) is Lp-dissipative, i.e., for every u ∈ C∞

c (Rd;Cm) it holds
that

Re

∫
Rd

(Au,u)|u|p−2dx ≤ 0. (3.8)

Moreover, if p belongs to

J̃ :=


[
2− 1

2C + 1
, 2 +

1

C 2

)
, C ∈ (0, 1),[

2− 1

2C + 1
, 2 +

1

2C − 1

)
, C ∈ [1,+∞),

(3.9)

then there exists a positive constant δ such that

Re

∫
Rd

(Au,u)|u|p−2
ε dx ≤ −δ

m∑
i=1

∫
Rd

Re(Q∇ui,∇ui)|u|p−2
ε dx (3.10)

for every u ∈ C∞
c (Rd;Cm) and ε > 0.

Proof. Fix u ∈ C∞
c (Rd;Cm). A straightforward computation shows that∫

Rd

(Au,u|u|p−2
ε )dx

=−
∫
Rd

d∑
h,k=1

(QhkDku, Dhu)|u|p−2
ε dx

− p− 2

2

∫
Rd

d∑
h,k=1

(QhkDku,u)|u|p−4
ε Dh|u|2dx−

∫
Rd

(V u,u)|u|p−2
ε dx

=−
∫
Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε dx−

∫
Rd

d∑
h,k=1

(AhkDku, Dhu)|u|p−2
ε dx

− p− 2

2

∫
Rd

m∑
i=1

(Q∇ui,∇|u|2)ui|u|p−4
ε dx−

∫
Rd

(V u,u)|u|p−2
ε dx

− p− 2

2

∫
Rd

d∑
h,k=1

(AhkDku,u)|u|p−4
ε Dh|u|2dx. (3.11)

Hence, using formula (3.6) and Hypothesis 3.1(i) and (iii), we can estimate

Re

∫
Rd

(Au,u|u|p−2
ε )dx

≤−
∫
Rd

Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε dx− p− 2

4

∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε dx

− p− 2

2

∫
Rd

Re

d∑
h,k=1

(AhkDku,u)|u|p−4
ε Dh|u|2dx. (3.12)
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By (3.5) and Young inequality, we get∣∣∣∣ ∫
Rd

Re

d∑
h,k=1

(AhkDku,u)|u|p−4
ε Dh|u|2dx

∣∣∣∣
=

∣∣∣∣ ∫
Rd

Re

d∑
h,k=1

(Ahk(Dku)|u|
p−2
2

ε , (|u|
p−6
2

ε Dh|u|2)u)dx
∣∣∣∣

≤2C

(∫
Rd

Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε dx

) 1
2
(∫

Rd

(Q∇|u|2,∇|u|2)|u|2|u|p−6
ε dx

) 1
2

≤2Cσ

∫
Rd

Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε dx+

C

2σ

∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε dx (3.13)

for every σ > 0. From (3.12) and (3.13), it follows that

Re

∫
Rd

(Au,u)|u|p−2
ε dx

≤(−1 + |p− 2|Cσ)
∫
Rd

m∑
i=1

Re(Q∇ui,∇ui)|u|p−2
ε dx

+

(
|p− 2|C

4σ
− p− 2

4

)∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε dx =: gp(σ). (3.14)

Now, let us set

A :=

m∑
i=1

∫
Rd

Re(Q∇ui,∇ui)|u|p−2
ε dx, B :=

∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε dx

and observe that B ≤ 4A, thanks to estimate (3.7). Therefore, if A = 0 then B = 0
as well. In this case, the right hand-side in (3.14) is identically zero for any σ > 0.
In the non trivial case, i.e., A ̸= 0, then

min{gp(σ) : σ > 0} = gp

(√
B

4A

)
= −A− p− 2

4
B + |p− 2|C

√
AB.

Now, we look for the values of p such that gp

(√
B
4A

)
≤ −δA for any A,B > 0,

such that B ≤ 4A, and some constant δ ∈ [0, 1). Clearly, if B = 0, then min gp ≤
−A. Otherwise, if B > 0, then setting t =

√
A
B we need to study the inequality

(1− δ)t2 − |p− 2|C t+ p− 2

4
≥ 0, t ≥ 1

2
. (3.15)

If C 2(p − 2)2 − (1 − δ)(p − 2) ≤ 0, i.e., 0 ≤ p − 2 ≤ (1 − δ)C−2, then (3.15) is
satisfied for any t ∈ R. If C 2(p − 2)2 − (1 − δ)(p − 2) > 0, then (3.15) is satisfied
for any t ≥ 1

2 if and only if

|p− 2|C +
√

C 2(p− 2)2 − (1− δ)(p− 2) ≤ 1

or, equivalently, 
x(C 2x− (1− δ)) ≥ 0,

1− |x|C ≥ 0,

2|x|C − (1− δ)x ≤ 1,

(3.16)

where we set x = p − 2. Since the inequality 2|x|C − (1 − δ)x ≤ 1 is satisfied for
x ≥ −(2C +1− δ)−1, if C ≤ 1

2 −
δ
2 , and for −(2C +1− δ)−1 ≤ x ≤ (2C − 1+ δ)−1
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otherwise, we conclude that (3.16) is satisfied if and only if x ∈
[
− 1

2C+1−δ , 0
]
if

C ∈ (0, 1− δ) and x ∈
[
− 1

2C+1−δ , 0
]
∪
[
1−δ
C 2 ,

1
2C−1+δ

]
if C ≥ 1− δ.

Adding also the first case and writing the latter conditions in terms of p, we
conclude that min gp ≤ −δA if and only if p ∈ Jδ, where

Jδ =


[
2− 1

2C + 1− δ
, 2 +

1− δ

C 2

]
, C ∈ (0, 1− δ),[

2− 1

2C + 1− δ
, 2 +

1

2C − 1 + δ

]
, C ∈ [1− δ,+∞).

From the previous computations, it follows that estimate (3.8) is satisfied if p ∈ J .

On the other hand, if p belongs to J̃ , then condition (3.10) is satisfied for some δ > 0.
Indeed, suppose that C ∈ (0, 1). Then, C ∈ (0, 1− δ) for every δ ∈ (0, 1−C ). The

above results show that (3.10) holds true for every p ∈
[
2− 1

2C + 1− δ
, 2 +

1− δ

C 2

]
.

If p ∈
[
2− 1

2C + 1
, 2 +

1

C 2

)
, then we can determine δ ∈ (0, 1 − C ) such that

p ∈ Jδ and, consequently, (3.10) follows with this δ. On the other hand, if C ≥ 1,
then, C > 1 − δ for every δ > 0 and (3.10) is satisfied for every p ∈ Jδ. If

p ∈
[
2− 1

2C + 1
, 2 +

1

2C − 1

)
, then, we can find δ > 0 such that p ∈ Jδ and

(3.10) follows with this δ. The proof is complete. □

Now we prove that the realization of operator A in Lp(Rd;Rm) with domain

Dp,max(A) = {u ∈ Lp(Rd;Rm) ∩W 2,p
loc (Rd;Rm) : Au ∈ Lp(Rd;Rm)} generates a

strongly continuous semigroup of contractions in Lp(Rd;Rm).

Theorem 3.4. Assume that Hypotheses 3.1 are satisfied and that there exist a
positive function ψ ∈ C1(Rd), blowing up at ∞, and K > 0 such that

(Q∇ψ,∇ψ)
(ψ logψ)2

≤ K. (3.17)

Then, for any p ∈ (1,∞), satisfying the condition∣∣∣∣1p − 1

2

∣∣∣∣ ≤ 1

2(4C + 1)
, (3.18)

the realization Ap of the operator A in Lp(Rd;Rm), with domain Dp,max(A), gen-
erates a strongly continuous semigroup of contraction in Lp(Rd;Rm). Moreover,
the space C∞

c (Rd;Rm) is a core of (Ap, Dp,max(A)).

Proof. Due to its length we split the proof into two steps.
Step 1. Here, we prove that (A, C∞

c (Rd;Rm)) is a closable operator in Lp(Rd;Rm)
and its closure generates a strongly continuous semigroup.

To this aim, first note that, for any C > 0, the set of p’s satisfying condition

(3.18) is a subset of the set J̃ introduced in Lemma 3.3. Then, (A, C∞
c (Rd;Rm))

is Lp-dissipative and the assertion will follow from the Lumer-Phillips theorem
(see e.g., [18, Theorem 3.15]) if we prove that (λI −A)(C∞

c (Rd;Rm)) is dense in

Lp(Rd;Rm) for some λ > 0. Thus, we fix λ > 0 and u ∈ Lp
′
(Rd;Rm) such that

⟨Aφ,u⟩p,p′ = λ⟨φ,u⟩p,p′ (3.19)

for every φ ∈ C∞
c (Rd;Rm). We have to show that u ≡ 0. The main step consists

in showing that

λ

∫
Rd

ζ2n|u|2|u|p
′−2
ε dx ≤ C∗

∫
Rd

(Q∇ζn,∇ζn)|u|p
′

ε dx (3.20)
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for some positive constant C∗ and every n ∈ N, where ζn = ζ(n−1 logψ) and
ζ : [0,∞) → [0, 1] is a smooth function such that ζ(s) = 1 if s ∈ [0, 1] and ζ(s) = 0
if s ∈ [2,∞). Once this inequality is proved, the assumption (3.17) will be crucial to
conclude. Indeed, letting ε tend to 0 and using the dominated convergence theorem
we obtain

λ

∫
Rd

ζ2n|u|p
′
dx ≤ C∗

∫
Rd

(Q∇ζn,∇ζn)|u|p
′
dx

=
C∗

n2

∫
Rd

(ζ ′(n−1 logψ))2ψ−2(Q∇ψ,∇ψ)|u|p
′
dx

≤ C∗K

n2

∫
Rd

(ζ ′(n−1 logψ))2(logψ)2|u|p
′
dx, (3.21)

thanks to (3.17). Thus, since the support of ζ ′ is contained in the set {x ∈ Rd :
n ≤ logψ(x) ≤ 2n}, we can use again the dominated convergence theorem to let n
tend to +∞ in (3.21) and deduce that λ∥u∥Lp′ (Rd;Cm) ≤ 0, whence u ≡ 0.

So, let us prove (3.20) starting from (3.19). Using Proposition 2.1(iv), we deduce

that u ∈ W 2,p′

loc (Rd;Rm). Clearly, we can extend the validity of (3.19) to every

function φ ∈ W 2,p(Rd;Rm) with compact support. Thus, we can write (3.19)

with the function φ being replaced by φn := ζ2nu|u|p
′−2
ε . Integrating by parts the

second-order term in the left-hand side of such a formula and using the first part
of (3.2) and Hypothesis 3.1(iii), we get

λ

∫
Rd

ζ2n|u|2|u|p
′−2
ε dx

=−
∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p
′−2
ε dx− p′ − 2

2

∫
Rd

m∑
i=1

(Q∇|u|2,∇ui)uiζ2n|u|p
′−4
ε dx

−
∫
Rd

m∑
i=1

(Q∇(ζ2n),∇ui)ui|u|p
′−2
ε dx−

∫
Rd

d∑
h,k=1

(AhkDku, Dhu)ζ
2
n|u|p

′−2
ε dx

− p′ − 2

2

∫
Rd

d∑
h,k=1

(AhkuDk|u|2, Dhu)ζ
2
n|u|p

′−4
ε dx

−
∫
Rd

d∑
h,k=1

(AhkuDkζ
2
n, Dhu)|u|p

′−2
ε dx−

∫
Rd

ζ2n(V u,u)|u|p
′−2
ε dx

≤−
∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p
′−2
ε dx− p′ − 2

4

∫
Rd

(Q∇|u|2,∇|u|2)ζ2n|u|p
′−4
ε dx

− 1

2

∫
Rd

(Q∇ζ2n,∇|u|2)|u|p
′−2
ε dx−

∫
Rd

d∑
h,k=1

(AhkuDkζ
2
n, Dhu)|u|p

′−2
ε dx

− p′ − 2

2

∫
Rd

d∑
h,k=1

(AhkuDk|u|2, Dhu)ζ
2
n|u|p

′−4
ε dx, (3.22)

where we used also the fact that ∇|u|2 = 2

m∑
i=1

ui∇ui and
d∑

h,k=1

(AhkDku, Dhu) ≥ 0

on Rd. Thanks to (3.4) and (3.5), we can estimate∣∣∣∣ ∫
Rd

(Q∇ζ2n,∇|u|2)|u|p
′−2
ε dx

∣∣∣∣
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=2

∣∣∣∣ ∫
Rd

ζn(Q∇ζn,∇|u|2)|u|p
′−2
ε dx

∣∣∣∣
≤2ε1

∫
Rd

(Q∇|u|2,∇|u|2)ζ2n|u|p
′−4
ε dx+

(1 + c0)
2

2ε1

∫
Rd

(Q∇ζn,∇ζn)|u|p
′

ε dx, (3.23)

∣∣∣∣ ∫
Rd

d∑
h,k=1

(AhkuDkζ
2
n, Dhu)|u|p

′−2
ε dx

∣∣∣∣
=2

∣∣∣∣ ∫
Rd

ζn

d∑
h,k=1

(AhkuDkζn, Dhu)|u|p
′−2
ε dx

∣∣∣∣
≤C ε1

∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p
′−2
ε dx+

4C

ε1

∫
Rd

(Q∇ζn,∇ζn)|u|p
′

ε dx (3.24)

∣∣∣∣ ∫
Rd

d∑
h,k=1

(AhkuDk|u|2, Dhu)ζ
2
n|u|p

′−4
ε dx

∣∣∣∣
≤2C ε2

∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p
′−2
ε dx+

C

2ε2

∫
Rd

(Q∇|u|2,∇|u|2)ζ2n|u|p
′−4
ε dx,

(3.25)

for every ε1, ε2 > 0. Replacing (3.23)-(3.25) in the last side of (3.22), we get

λ

∫
Rd

ζ2n|u|2|u|p
′−2
ε dx

≤ (−1 + C ε1 + C ε2|p′ − 2|)
∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p
′−2
ε dx

+

(
−p

′ − 2

4
+ ε1 +

C |p′ − 2|
4ε2

)∫
Rd

(Q∇|u|2,∇|u|2)ζ2n|u|p
′−4
ε dx

+

(
(1 + c0)

2

4ε1
+

4C

ε1

)∫
Rd

(Q∇ζn,∇ζn)|u|p
′

ε dx =: hp′(ε1, ε2).

Setting

An =

∫
Rd

m∑
i=1

(Q∇ui,∇ui)ζ2n|u|p−2
ε dx,

Bn =

∫
Rd

(Q∇|u|2,∇|u|2)ζ2n|u|p−4
ε dx,

Cn =

∫
Rd

(Q∇ζn,∇ζn)|u|p
′

ε dx

and arguing as in the proof of Lemma 3.3 and recalling that Bn ≤ 4An, we conclude
that

λ

∫
Rd

ζ2n|u|2|u|p
′−2
ε dx ≤ (−1 + C ε2|p′ − 2|)An +

(
−p

′ − 2

4
+

C |p′ − 2|
4ε2

)
Bn

+ 4(C + 1)ε1An +

(
(1 + c0)

2

4ε1
+

4C

ε1

)
Cn.

Now, we observe that condition (3.18) implies that p′ belongs to the set J̃ (defined
in (3.9)). Therefore, applying the same arguments as in the proof of Lemma 3.3,
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we conclude that there exists a positive constant δ such that

(−1 + C ε2|p′ − 2|)An +

(
−p

′ − 2

4
+

C |p′ − 2|
4ε2

)
Bn ≤ −δAn

and, using this inequality, we can infer that

λ

∫
Rd

ζ2n|u|2|u|p
′−2
ε dx ≤[−δ + 4(C + 1)ε1]An +

(
(1 + c0)

2

4ε1
+

4C

ε1

)
Cn.

Taking ε1 =
δ

4(C + 1)
, estimate (3.20) follows at once.

Step 2. Here, we complete the proof showing that the realization of the operator
A in Lp(Rd;Cm), with maximal domain, generates a strongly continuous semigroup.

First of all, let us observe that Hypotheses 3.1 allow to apply the results in
Proposition 2.1, in Lemma 3.3 and in Step 1 also to the operator

A∗ =

d∑
h,k=1

Dh((Q
kh)TDk)− V T .

Now, let (A, D) be the closure of (A, C∞
c (Rd;Rm)) in Lp(Rd;Rm) and fix u ∈ D.

Then, there exists a sequence (un) ∈ C∞
c (Rd;Rm) such that un converges to u

and Aun converges to g =: Au in Lp(Rd;Rm). Moreover, taking the limit as n
tends to +∞ in the equality ⟨un,A∗φ⟩p,p′ = ⟨Aun,φ⟩p,p′ , which holds true for
any φ ∈ C∞

c (Rd;Rm), we deduce∫
Rd

(u,A∗φ)dx =

∫
Rd

(g,φ)dx (3.26)

for any φ ∈ C∞
c (Rd;Rm). The equality (3.26) and Proposition 2.1(iv) imply that

u ∈ W 2,p
loc (Rd;Rm) and that Au = g = Au; hence Au ∈ Lp(Rd;Rm). Conse-

quently, u ∈ Dp,max(A). To prove that Dp,max(A) ⊂ D, first we show that λI −A

is injective on Dp,max(A) for some λ > 0. Indeed, let u ∈ Dp,max(A) be such that
(λI −A)u = 0. Then,∫

Rd

(u, λφ−A∗φ)dx =

∫
Rd

(λu−Au,φ)dx = 0, φ ∈ C∞
c (Rd;Rm). (3.27)

Since C∞
c (Rd;Rm) is a core of the closure of (A∗, C∞

c (Rd;Rm)) in Lp
′
(Rd;Rm),

from equality (3.27) we deduce that u ≡ 0.
Now, we are almost done. Indeed, fix u ∈ Dp,max(A) and set v = λu − Au.

Then, v ∈ Lp(Rd;Rm) and Step 1 guarantees the existence of a function z ∈
D such that λz − Az = v = λu − Au. Since D ⊂ Dp,max(A), the function
w = z − u belongs to Dp,max(A) and satisfies the equation λw − Aw = 0. The
injectivity of λ −A on Dp,max(A) yields immediately that w = 0 or equivalently
that u = z ∈ D. The last assertion of the claim then easily follows by the equality
D = Dp,max(A). □

Remark 3.5. (i) If we take vij ≡ 0 for any i, j = 1, . . . ,m in Theorem 3.4

then we deduce that the realization A0,p of A0 =
∑d
h,k=1Dh(Q

hkDk) in

Lp(Rd;Rm) endowed with the maximal domain Dp,max(A0) generates a con-
tractive semigroup in Lp(Rd;Rm). As a consequence, (A0,p, Dp,max(A0)) is a
closed operator in Lp(Rd;Rm).

(ii) Condition (3.17) has been already considered in [5] in the scalar case and in
the context of Lp-spaces related to invariant measures.

(iii) Condition (3.18) is the best condition on p which guarantees that both p and

p′ belong to J̃ .
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Theorem 3.6. Besides the assumptions of Theorem 3.4, assume that

|Im(V ζ, ζ)| ≤ cV Re(V ζ, ζ) (3.28)

in Rd, for every ζ ∈ Cm and some positive constant cV . Then, for every p which
satisfies (3.18), the operator Ap generates an analytic semigroup in Lp(Rd;Cm).

Proof. By [19, Chapter I, Section 5.8] and taking into account that C∞
c (Rd;Cm) is

a core of Ap, it suffices to show that there exists a positive constant Cp such that∣∣∣∣Im ∫
Rd

(Au,u)|u|p−2dx

∣∣∣∣ ≤ −CpRe
∫
Rd

(Au,u)|u|p−2dx

for every u ∈ C∞
c (Rd,Cm).

First of all, we point out that, thanks to (3.4) we can estimate∣∣∣∣ m∑
i=1

(Qϑi, ηi)

∣∣∣∣ ≤ m∑
i=1

|(Qϑi, ηi)|

≤(1 + c0)

m∑
i=1

(Re(Qϑi, ϑi))
1
2 (Re(Qηi, ηi))

1
2

≤(1 + c0)

(
Re

m∑
i=1

(Qϑi, ϑi)

) 1
2
(
Re

m∑
i=1

(Qηi, ηi)

) 1
2

(3.29)

for any ϑi, ηi ∈ Cd, (i = 1, . . . ,m). Moreover, from Hypothesis 3.1(iii) and the
formula (V u,u) = (A0u,u)− (Au,u), it follows that

0 ≤Re

∫
Rd

( m∑
i=1

(Q∇ui,∇ui) + (V u,u)

)
|u|p−2

ε dx

=Re

∫
Rd

( m∑
i=1

(Q∇ui,∇ui) + (A0u,u)− (Au,u)

)
|u|p−2

ε dx

≤Re

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)− (Au,u)

)
|u|p−2

ε dx

for any u ∈ C∞
c (Rd;Cm), where we have used Lemma 3.3 to deduce that

Re

∫
Rd

(A0u,u)|u|p−2
ε dx ≤ 0.

Hence, taking advantage of formula (3.10), we can infer that for any p, which
satisfies condition (3.18), there exists a positive constant cp such that

Re

∫
Rd

( m∑
i=1

(Q∇ui,∇ui) + (V u,u)

)
|u|p−2

ε dx ≤ −cp
∫
Rd

Re(Au,u)|u|p−2
ε dx

(3.30)
for all u ∈ C∞

c (Rd,Cm). Thus, taking formula (3.11) into account and using the
assumptions (3.1), (3.3) and also condition (3.28), we obtain∣∣∣∣Im ∫

Rd

(Au,u)|u|p−2
ε dx

∣∣∣∣ ≤∫
Rd

m∑
i=1

|Im(Q∇ui,∇ui)||u|p−2
ε dx

+

∫
Rd

∣∣∣∣Im d∑
h,k=1

(AhkDku, Dhu)

∣∣∣∣|u|p−2
ε dx

+
|p− 2|

2

∫
Rd

∣∣∣∣Im m∑
i=1

(Q∇ui,∇|u|2)ui
∣∣∣∣|u|p−4

ε dx
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+
|p− 2|

2

∫
Rd

∣∣∣∣Im d∑
h,k=1

(AhkDku,u)Dh|u|2
∣∣∣∣|u|p−4

ε dx

+

∫
Rd

|Im(V u,u)||u|p−2
ε dx

≤(c0 + C )

∫
Rd

m∑
i=1

Re(Q∇ui,∇ui)|u|p−2
ε dx

+
|p− 2|

2

∫
Rd

∣∣∣∣Im m∑
i=1

(Q∇ui,∇|u|2)ui
∣∣∣∣|u|p−4

ε dx

+
|p− 2|

2

∫
Rd

∣∣∣∣Im d∑
h,k=1

(AhkDku,u)Dh|u|2
∣∣∣∣|u|p−4

ε dx

+ cV

∫
Rd

Re(V u,u)|u|p−2
ε dx.

Now, using the Cauchy-Schwarz inequalities (3.5) and (3.29), we can estimate∣∣∣∣Im m∑
i=1

(Q∇ui,∇|u|2)ui
∣∣∣∣|u|p−4

ε +

∣∣∣∣Im d∑
h,k=1

(AhkDku,uDh|u|2)
∣∣∣|u|p−4

ε

≤(1 + c0 + 2C )|u|
(
Re

m∑
i=1

(Q∇ui,∇ui)
) 1

2

(Q∇|u|2,∇|u|2) 1
2 |u|p−4

ε

≤(1 + c0 + 2C )

(
Re

m∑
i=1

(Q∇ui,∇ui)
) 1

2

(Q∇|u|2,∇|u|2) 1
2 |u|p−3

ε

≤
(
1 + c0

2
+ C

)(
Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε + (Q∇|u|2,∇|u|2)|u|p−4

ε

)

≤5

(
1 + c0

2
+ C

)
Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε ,

where in the last line we used estimate (3.7). Summing up, we obtain∣∣∣∣Im ∫
Rd

(Au,u)|u|p−2
ε dx

∣∣∣∣ ≤C1

∫
Rd

Re

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε dx

+ cV

∫
Rd

Re(V u,u)|u|p−2
ε dx,

where C1 is a positive constant depending only on c0, C and p. Using estimate
(3.30) and letting ε tend to 0, we conclude the proof. □

4. Domain characterization

In this section, under additional conditions on the matrix-valued functions Q and
V we provide a characterization of the domain of Ap. We start by a preliminary
result.

Proposition 4.1. Under Hypothesis 3.1, assume that there exist a function v ∈
C1(Rd), with positive infimum v0, and two positive constants γ and Cγ such that

(i) (Q∇v,∇v) 1
2 ≤ γv

3
2 + Cγ , (ii) (V ξ, ξ) ≥ v|ξ|2 (4.1)
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in Rd for any ξ ∈ Rm. Further, assume that C ∈ (0, 12 ), p ∈
(
1 + 6C

4C+1 ,
3
2 + 1

4C

)
and

Λp := 1− (p− 1)2(γv
3/2
0 + Cγ)

2(1 + c0 + 2C )2

4v30Θp,C
> 0, (4.2)

where

Θp,C =

{
p− 1− 2C (5− 2p), p ∈ (1, 2),

1− 2C (2p− 3), p ∈ [2,∞).

Then, there exists a positive constant K such that

∥vu∥p ≤ K∥Au∥p, u ∈ C∞
c (Rd;Cm). (4.3)

Proof. Since the coefficients of the operatorA are real-valued, we can limit ourselves
to considering functions with values in Rm. We fix u ∈ C∞

c (Rd;Rm), ε > 0 and set
f = −Au. Then,∫

Rd

(f ,u)|u|p−2
ε vp−1dx =−

∫
Rd

(Au,u)|u|p−2
ε vp−1dx

=
m∑
i=1

∫
Rd

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

+
p− 2

4

∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε vp−1dx

+
p− 1

2

∫
Rd

(Q∇|u|2,∇v)|u|p−2
ε vp−2dx

+

d∑
h,k=1

∫
Rd

(AhkDku, Dhu)|u|p−2
ε vp−1dx

+
p− 2

2

d∑
h,k=1

∫
Rd

(AhkDku,u)(Dh|u|2)|u|p−4
ε vp−1dx

+ (p− 1)

d∑
h,k=1

∫
Rd

(AhkDku,u)|u|p−2
ε vp−2Dhvdx

+

∫
Rd

(V u,u)|u|p−2
ε vp−1dx. (4.4)

We denote by Γi (i = 1, . . . .5) the last five terms in the right-hand side of (4.4)
and estimate them. Let us start from Γ1 that, thanks to the Cauchy-Schwartz
inequality (3.4), the inequality (3.7) and condition (4.1)(i), can be estimated as
follows:

Γ1 ≥− p− 1

2
(1 + c0)

∫
Rd

(Q∇|u|2,∇|u|2) 1
2 (Q∇v,∇v) 1

2 |u|p−2
ε vp−2dx

≥− (p− 1)(1 + c0)γ

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

|u||u|p−2
ε vp−

1
2 dx

− (p− 1)(1 + c0)Cγ

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

|u||u|p−2
ε vp−2dx

≥− (p− 1)(1 + c0)γ

(∫
Rd

vp|u|2|u|p−2
ε dx

) 1
2
(∫

Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

) 1
2

− (p− 1)(1 + c0)Cγ

(∫
Rd

vp−3|u|2|u|p−2
ε dx

) 1
2
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×
(∫

Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

) 1
2

≥− (p− 1)(1 + c0)

(
γ

4ε0
+

Cγ
4v30ε1

)∫
Rd

vp|u|2|u|p−2
ε dx

− (p− 1)(1 + c0)(γε0 + Cγε1)

∫
Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

for every ε0, ε1 > 0. Moreover, using the Cauchy-Schwarz inequality (3.5) and the

inequality |u| ≤ (|u|2 + ε)
1
2 , we can estimate

Γ2 ≥−
d∑

h,k=1

∫
Rd

|(AhkDku, Dhu)||u|p−2
ε vp−1dx

≥− 2C

∫
Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

Γ3 ≥− |p− 2|
2

d∑
h,k=1

∫
Rd

|(AhkDku,uDh|u|2)||u|p−4
ε vp−1dx

≥− 2C |p− 2|
∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

(Q∇|u|2,∇|u|2) 1
2 |u||u|p−4

ε vp−1dx

≥− 4C |p− 2|
∫
Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx.

Further, arguing as in the estimate of Γ1, we get

Γ4 ≥− (p− 1)

∫
Rd

∣∣∣ d∑
h,k=1

(AhkDku,uDhv)
∣∣∣|u|p−2

ε vp−2dx

≥− 2C (p− 1)

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

(Q∇v,∇v) 1
2 |u||u|p−2

ε vp−2dx

≥− 2C (p− 1)γ

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

|u||u|p−2
ε vp−

1
2 dx

− 2CCγ(p− 1)

∫
Rd

( m∑
i=1

(Q∇ui,∇ui)
) 1

2

|u||u|p−2
ε vp−2dx

≥− C (p− 1)(γε2 + Cγε3)

∫
Rd

m∑
i=1

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

− C (p− 1)

(
γ

ε2
+

Cγ
v30ε3

)∫
Rd

|u|2|u|p−2
ε vpdx

for every ε2, ε3 > 0. Finally, using (4.1)(ii) it follows that

Γ5 =

∫
Rd

(V u,u)|u|p−2
ε vp−1dx ≥

∫
Rd

|u|2|u|p−2
ε vpdx.

Summing up, we have proved that∫
Rd

(f ,u)|u|p−2
ε vp−1dx ≥ ψ1

m∑
i=1

∫
Rd

(Q∇ui,∇ui)|u|p−2
ε vp−1dx
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+
p− 2

4

∫
Rd

(Q∇|u|2,∇|u|2)|u|p−4
ε vp−1dx

+ ψ2

∫
Rd

|u|2|u|p−2
ε vpdx, (4.5)

where

ψ1 =ψ1(ε0, ε1, ε2, ε3)

= [1− (p− 1)(1 + c0)(γε0 + Cγε1)− 2C − 4C |p− 2| − C (p− 1)(γε2 + Cγε3)]

and

ψ2 =ψ2(ε0, ε1, ε2, ε3)

=

[
1− (p− 1)(1 + c0)

(
γ

4ε0
+

Cγ
4v30ε1

)
− C (p− 1)

(
γ

ε2
+

Cγ
v30ε3

)]
. (4.6)

Thus, combining (4.5) with the estimate∫
Rd

(f ,u)|u|p−2
ε vp−1dx ≤ δ

∫
B(0,R)

|u|pεvpdx+ C(δ, p)

∫
Rd

|f |pdx,

which holds true for any δ > 0 and some positive constant C(δ, p), where R > 0 is
such that supp(f) ⊂ B(0, R), we deduce

ψ1

m∑
i=1

∫
Rd

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

+
p− 2

4

∫
Rd

(Q∇|u|2,∇|u|2⟩|u|p−4
ε vp−1dx

+ ψ2

∫
Rd

|u|2|u|p−2
ε vpdx− δ

∫
B(0,R)

|u|pεvpdx ≤ C(δ, p)

∫
Rd

|f |pdx. (4.7)

Now, we distinguish the cases p ≥ 2 and p ∈ (1, 2). In the first case, neglecting
the second term in the left-hand side of the previous inequality, we deduce that

ψ1

m∑
i=1

∫
Rd

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

+ ψ2

∫
Rd

|u|2|u|p−2
ε vpdx− δ

∫
B(0,R)

|u|pεvpdx ≤ C(δ, p)

∫
Rd

|f |pdx.

On the other hand, if p < 2 then starting from (4.7) and using (3.7) we deduce that

(ψ1 + p− 2)

m∑
i=1

∫
Rd

(Q∇ui,∇ui)|u|p−2
ε vp−1dx

+ ψ2

∫
Rd

vp|u|2|u|p−2
ε dx− δ

∫
B(0,R)

vp|u|pεdx ≤ C(δ, p)

∫
Rd

|f |pdx.

Now, computing the supremum of the function ψ2 in the set Ω = {(ε0, ε1, ε2, ε3) ∈
(0,+∞)4 : ψ1(ε0, ε1, ε2, ε3) ≥ 0}, if p ≥ 2, and on the set Ω̃ = {(ε0, ε1, ε2, ε3) ∈
(0,+∞)4 : ψ1(ε0, ε1, ε2, ε3) + p− 2 ≥ 0}, if p ∈ (1, 2), we get

Λp

∫
Rd

vp|u|2|u|p−2
ε dx− δ

∫
B(0,R)

vp|u|pεdx ≤ C(δ, p)

∫
Rd

|f |pdx

(We refer the reader to Appendix B for further details). Due to the positivity of
Λp (see its definition in (4.2)), letting ε tend to 0 and choosing δ small enough, we
get (4.3), completing the proof. □
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Now, invoking [19, Theorem 5.9] we prove our main generation result which
provides also a domain characterization. We recall that A0 is the operator de-

fined in Remark 3.5(i) by A0 =
∑d
h,k=1Dh(Q

hkDk) and A0,p is its realization in

Lp(Rd;Cm).

Theorem 4.2. Let Hypotheses 3.1 be satisfied with C ∈ (0, 1/2). Further, assume
that conditions (3.17), (3.28) and (4.1) are satisfied and that there exists a positive
constant c1 such that |V (x)ξ| ≤ c1v(x)|ξ| for every x ∈ Rd and ξ ∈ Rm. Then, for

every p ∈
(
1 + 6C

4C+1 ,
3
2 + 1

4C

)
, which satisfies (4.2), it holds that

Dp,max(A) = {u ∈W 2,p
loc (R

d;Cm) : vu,A0u ∈ Lp(Rd;Cm)} =: Dp.

Consequently, (Ap, Dp) generates an analytic contraction semigroup in Lp(Rd;Cm).

Proof. First of all let us observe that all the assumptions in Theorems 3.4, 3.6 and
Proposition 4.1 are satisfied; hence all the results therein hold true.

Now, let us fix p ∈ (1,∞) and observe that, if we endow Dp with the norm
∥u∥Dp

:= ∥vu∥Lp(Rd;Cm) + ∥A0u∥Lp(Rd;Cm), then (Dp, ∥ · ∥Dp
) is a Banach space.

Indeed, let (un) be a Cauchy sequence in Dp. Since the infimum over Rd of v
is strictly positive, (un) and (A0un) are Cauchy sequences in Lp(Rd;Cm). In
addition, since Dp ⊂ Dp,max(A0) and (A0,p, Dp,max(A0)) is closed in Lp(Rd;Cm)
(see Remark 3.5(i)), it follows that there exists u ∈ Dp,max(A0) such that un and
A0un converge to u and A0u in Lp(Rd;Cm), respectively. The closedness of the
multiplication operator u 7→ vu allows us to conclude that vun converges to vu in
Lp(Rd;Cm) and, consequently, that u belongs to Dp.

Denote by Ap the realization of A in Lp(Rd;Cm) with domain Dp. In view of
[19, Theorem 5.9] and since C∞

c (Rd,Cm) is dense in Lp(Rd;Cm), we only need to
prove that 1 ∈ ρ(Ap). To complete the proof, we first show that there exist two
positive constants M1,M2 such that

M1∥u∥Dp ≤ ∥Au− u∥Lp(Rd;Cm) ≤M2∥u∥Dp , u ∈ C∞
c (Rd;Cm). (4.8)

To prove (4.8) we can limit ourselves to considering functions which take values
in Rm. Fix u ∈ C∞

c (Rd;Rm). Using the assumption on V , we can estimate
∥A0u∥p ≤ ∥Au∥p + ∥V u∥p ≤ ∥Au∥p + c1∥vu∥p. Hence, thanks to (4.3) and the
previous estimate, we get

∥u∥Dp =∥vu∥p + ∥A0u∥p ≤ [1 + (c1 + 1)K]∥Au∥p.
Thus, using the Lp-dissipativity of the operator A (see Lemma 3.3), which implies
that ∥u∥p ≤ ∥u−Au∥p for any u ∈ C∞

c (Rd;Rm), we deduce that

∥u∥Dp
≤ [1 + (c1 + 1)K](∥Au− u∥p + ∥u∥p) ≤ 2[1 + (c1 + 1)K]∥Au− u∥p.

Hence, the first inequality in (4.8) follows with M1 = [2(1 +K + c1K)]−1. On the
other hand, using again the assumption on V , we get

∥Au− u∥p ≤∥A0u∥p + ∥V u∥p + ∥u∥p
≤∥A0u∥p + c1∥vu∥p + v−1

0 ∥vu∥p
≤(1 + c1 + v−1

0 )∥u∥Dp
,

where v0 is the positive infimum over Rd of v. Hence, the second inequality in (4.8)
holds true with M2 = 1 + c1 + v−1

0 .
Using (4.8) we can now prove that

Dp = Dp,max(A) = {u ∈W 2,p
loc (R

d;Cm) ∩ Lp(Rd;Cm) : Au ∈ Lp(Rd;Cm)}.
Clearly, Dp is contained in Dp,max(A). To prove the other inclusion, let us fix

u ∈ Dp,max(A). Since C∞
c (Rd;Cm) is a core of (Ap, Dp,max(A)), there exists a
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sequence (un) ⊂ C∞
c (Rd;Cm) such that un converges to u and Aun converges to

Au in Lp(Rd;Cm), as n tends to ∞. From (4.8) we deduce that (un) is a Cauchy
sequence in (Dp, ∥ · ∥Dp) and, since (Dp, ∥ · ∥Dp) is a Banach space, we conclude
that u belongs to Dp showing that Dp,max(A) ⊂ Dp. Now, Theorem 3.4 yields the
claim. □

5. Examples

In this section we provide classes of operators to which our results can be applied.
Recall that the matrix-valued functions Qhk (h, k = 1, . . . , d) can be written as
qhkI + Ahk where qhk : Rd → R and Ahk are m ×m matrix-valued functions. In
the following examples, we assume that qhk, a

hk
ij ∈ C1(Rd), vij ∈ L∞

loc(Rd), for any
i, j = 1, . . . ,m, h, k = 1, . . . , d, and that Re(V (x)ζ, ζ) ≥ 0 for any x ∈ Rd and
ζ ∈ Cm.

We also recall that the main assumptions required on the d × d matrix-valued
functions Q = (qhk)

d
h,k=1 are the following ones:

(i) Re (Q(x)ξ, ξ) > 0, (ii) |(Im(Q(x)ξ, ξ)| ≤ c0Re(Q(x)ξ, ξ) (5.1)

for any x ∈ Rd, ξ ∈ Cd \ {0} and some positive constant c0. Conditions (5.1) are
satisfied, for instance, when

(1) Q(x) is a positive definite and symmetric real-valued matrix for any x ∈ Rd
and infx∈Rd λQ(x) > 0, where λQ(x) denotes the minimum eigenvalue of Q(x);

(2) Q(x) is a diagonal perturbation of an antisymmetric matrix-valued function for
any x ∈ Rd, i.e.,

Q(x) = diag(q11(x), . . . , qdd(x)) +Q0(x), x ∈ Rd,

where Q0(x) is an antisymmetric matrix for any x ∈ Rd, and there exist positive
constants k1, k2 such that

inf
x∈Rd

qii(x) > k1, i = 1, . . . , d,

and ∑
j∈{1,...,d}\{i}

|qij(x)| ≤ k2qii(x), i ∈ {1, . . . , d}, x ∈ Rd.

In the latter case

Re(Q(x)ζ, ζ) =

d∑
i=1

qii(x)|ζi|2 > k1|ζ|2 (5.2)

and

Im(Q(x)ζ, ζ) =

d∑
i=1

∑
j∈{1,...,d}\{i}

qij(x)ζiζj

for every x ∈ Rd and ζ = (ζ1, . . . , ζd) ∈ Cd. Thus, it follows that

|Im(Q(x)ζ, ζ)| ≤ 1

2

d∑
i=1

∑
j∈{1,...,d}\{i}

|qij(x)|(|ζi|2 + |ζj |2)

=

d∑
i=1

|ζi|2
∑

j∈{1,...,d}\{i}

|qij(x)|

≤ k2Re (Q(x)ζ, ζ)

for every ζ = (ζ1, . . . , ζd) ∈ Cd and x ∈ Rd, whence condition (5.1)(ii) is satisfied
with c0 = k2.
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5.1. The symmetric case I. Here, we assume that Q is as described in (1).
Clearly, condition (5.1)(i) is trivially satisfied as well as condition (5.1)(ii) holds
true with c0 = 0. Concerning the matrices Ahk, assume that

d∑
h,k=1

(Ahk(x)ϑk, ϑh) ≥ 0, x ∈ Rd, (5.3)

for any ϑk, ϑh ∈ Rm and that there exists a positive constant k0 such that

|ahkij (x)| ≤ k0λQ(x), x ∈ Rd, (5.4)

for any i, j = 1, . . . ,m and h, k = 1, . . . , d. Under these assumptions, we can prove
that conditions (3.2) and (3.3) are both satisfied with C = mdk0. Indeed by (5.3)
we get immediately that

Re

d∑
h,k=1

(Ahk(x)ϑk, ϑh) ≥ 0, ϑk, ϑh ∈ Cm,

for every x ∈ Rd, proving the first inequality in (3.2). Further, using (5.4) we can
estimate

Re

d∑
h,k=1

(Ahk(x)ϑk, ϑh) ≤
d∑

h,k=1

m∑
i,j=1

|ahkij (x)||ϑkj ||ϑhi |

≤ k0λQ(x)

( d∑
k=1

m∑
i=1

|ϑki |
)2

≤ mdk0λQ(x)

d∑
k=1

m∑
i=1

|ϑki |2

≤ mdk0Re

m∑
i=1

d∑
h,k=1

(qhk(x)ϑ
k
i , ϑ

h
i ) (5.5)

for any ϑk = (ϑk1 , . . . , ϑ
k
m), ϑh = (ϑh1 , . . . , ϑ

h
m) ∈ Cm and x ∈ Rd, and the second

part of (3.2) follows. using again (5.4), we can estimate∣∣∣∣Im d∑
h,k=1

(Ahk(x)ϑk, ϑh)

∣∣∣∣
≤

d∑
h,k=1

m∑
i,j=1

|ahkij |
(
|Imϑkj ||Reϑhi |+ |Reϑkj |Imϑhi |

)
≤1

2

d∑
h,k=1

m∑
i,j=1

|ahkij |
(
|Imϑkj |2 + |Reϑhi |2 + |Reϑkj |2 + Imϑhi |2

)
=mdk0λQ(x)

d∑
k=1

m∑
i=1

[(Reϑki )
2 + (Imϑki )

2]

≤mdk0
m∑
i=1

d∑
h,k=1

qhk[Reϑ
k
iReϑ

h
i + Imϑki Imϑhi ]

=mdk0Re

m∑
i=1

(Q(x)ϑi, ϑi), (5.6)

whence also condition (3.3) is satisfied with C = mdk0. Further, if 2mdk0 < 1, then
also the results in Section 4 apply. This is the case, for instance, of the operator
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(1.1) with Qhkij (x) = δhk
(
(1 + |x|2)γδij + (1 + |x|2)ηi+ηjcij(x)

)
for any x ∈ Rd,

h, k = 1, . . . , d, i, j = 1, . . . ,m where γ, ηi (i = 1, . . . ,m) are positive constants,
C = (cij) is any semidefinite positive (m×m)-matrix-valued function with bounded
entries, which belong to C1(Rd), and max

i,j=1,...,m
(ηi + ηj) ≤ γ.

5.2. The symmetric case II. Here, we assume again that Q is as described in
(1) and that the m×m matrices Ahk have the form

Ahk = qhkG, h, k = 1, . . . , d,

where G is am×m matrix-valued function having nonnegative and bounded entries
gij : Rd → R and (G(x)ξ, ξ) ≥ 0 for any x ∈ Rd and ξ ∈ Rm. In this case there
exists a positive constant ΛG such that (G(x)ξ, ξ) ≤ ΛG|ξ|2 for any ξ ∈ Rm. In
order to check conditions (3.2) and (3.3), we observe that

d∑
h,k=1

(Ahkθk, θh) =

d∑
h,k=1

m∑
i,j=1

qhkgijθ
k
i θ
h

j =

m∑
i,j=1

gij(Qθi, θj)

for any θ1, . . . , θd ∈ Cm, where by θi we denote the vector in Cd having coordinates
(θ1i , . . . , θ

d
i ) for any i ∈ {1, . . . ,m}. Thus, we obtain that

Re

d∑
h,k=1

(Ahkθk, θh) =

m∑
i,j=1

gij
(
(Q1/2Re θi, Q

1/2Re θj) + (Q1/2Im θi, Q
1/2Im θj)

)
,

which is nonnegative by the assumption on the matrix-valued functionG. Moreover,
since for any ξ ∈ Rm

m∑
i,j=1

gij(Q
1/2ξi, Q

1/2ξj) =

d∑
ℓ=1

(G(x)ηℓ, ηℓ) ≤ ΛG

d∑
ℓ=1

|ηℓ|2,

where ηℓ = (ηℓ1, . . . , η
ℓ
m) and ηℓi = (Q1/2ξi)ℓ for any i = 1, . . . ,m and ℓ = 1, . . . , d,

we conclude that

Re

d∑
h,k=1

(Ahkθk, θh) ≤ ΛG

( d∑
ℓ=1

m∑
i=1

(Q1/2Re θi)
2
ℓ + (Q1/2Im θi)

2
ℓ

)

= ΛGRe

m∑
i=1

d∑
h,k=1

qhkθ
k
i θ
h

i

Analogously, taking into account that gij are nonnegative functions, we can estimate∣∣∣∣∣∣Im
d∑

h,k=1

(Ahkθk, θh)

∣∣∣∣∣∣ ≤
m∑

i,j=1

gij |Im (Qθi, θj)|

≤
m∑

i,j=1

gij |Q1/2θi||Q1/2θj |

≤ ΛG

m∑
i=1

|Q1/2θi|2

= ΛG

m∑
i=1

(Qθi, θi),

whence conditions (3.2) and (3.3) are both satisfied with C = ΛG. An example
of the operator of this form can be obtained, for instance, considering as Qhk the

(m×m)-matrix-valued function Qhk(x) = δhk(1+e
|x|2)γ(I+G(x)) for any x ∈ Rd,
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h, k = 1, . . . , d, where γ is a positive constant and G is any semidefinite positive
(m×m)-matrix-valued functions with bounded entries which belong to C1(Rd).

Finally, we consider the case when Q is as described in (2), i.e., Q is a diagonal
perturbation of an antysimmetric matrix. We show how the form of the matrix Q,
in this case, allows us to require slightly weaker assumptions on the entries of the
matrices Ahh.

5.3. Diagonal perturbation of the antysimmetric case. Here, we suppose
that Q is as described in (2) and, concerning the entries of the matrices Ahk,
besides (5.3), we assume the following conditions:

(i) 0 ≤ ahhij ≤ k2qhh for any i, j = 1, . . . ,m, h = 1, . . . , d and some positive
constant k2;

(ii) there exists a positive constant k3 such that |ahkij | ≤ k3 minr=1,...,m qrr for any
i, j = 1 . . . ,m and h, k = 1, . . . , d with h ̸= k.

In this case, arguing as in (5.5) for the terms (Ahkϑk, ϑh) when h ̸= k, we can
estimate

d∑
h,k=1

m∑
i,j=1

ahkij (x)ζ
k
j ζ

h
i =

d∑
h=1

m∑
i,j=1

ahhij (x)ζ
h
j ζ

h
i +

∑
h̸=k

m∑
i,j=1

ahkij (x)ζ
k
j ζ

h
i

≤ 1

2

d∑
h=1

m∑
i,j=1

ahhij [(ζ
h
j )

2 + (ζhi )
2] +mdk3

m∑
i=1

d∑
h=1

qhh(ζ
h
i )

2

≤ mk2

d∑
h=1

m∑
i=1

qhh(ζ
h
i )

2 +mdk3

m∑
i=1

qhh(ζ
h
i )

2

≤ (k2 + dk3)

m∑
i=1

d∑
h,k=1

qhkζ
k
i ζ

h
i

for any ζk = (ζk1 , . . . , ϑ
k
m), ζh = (ζh1 , . . . , ζ

h
m) ∈ Rm, where in the last equality we

used (5.2). Applying this chain of inequalities first with ζh = Reϑh (h = 1, . . . , d)
and then with ζh = Imϑh (h = 1, . . . , d) and ϑ1, . . . , ϑd ∈ Cm, we conclude that

Re

d∑
h,k=1

(Ahkϑk, ϑh) ≤ m(k2 + dk3)

m∑
i=1

d∑
h,k=1

qhkϑ
k
i ϑ

h

i

for every ϑ1, . . . , ϑd ∈ Cm.
Analogously, repeating the same arguments in the proof of (5.6), for the terms

(Ahkϑk, ϑh) with h ̸= k, we get∣∣∣∣Im d∑
h,k=1

(Ahkϑk, ϑh)

∣∣∣∣ ≤ d∑
h=1

m∑
i,j=1

ahhij
∣∣(ImϑhjReϑ

h
i − Reϑhj Imϑhi

)∣∣
+mdk3

m∑
i=1

d∑
h=1

qhh(ϑ
h
i )

2

≤1

2

d∑
h=1

m∑
i,j=1

ahhij (|ϑhj |2 + |ϑhi |2) +mdk3

m∑
i=1

d∑
h=1

qhh(ϑ
h
i )

2

≤k2
2

d∑
h=1

qhh

m∑
i,j=1

(|ϑhj |2 + |ϑhi |2) +mdk3

m∑
i=1

d∑
h=1

qhh(ϑ
h
i )

2



24 L. ANGIULI, L. LORENZI AND E.M. MANGINO

=m(k2 + dk3)Re

d∑
h,k=1

m∑
i=1

qhkϑ
k
i ϑ

h
i ,

where, in the last equality we used (5.2). Thus, conditions (3.2) and (3.3) are both
satisfied with C = md(k2+k3). Further, if md(k2+k3) < 1/2, then also the results
in Section 4 apply. All the results above can be applied, for instance, when

qhk(x) = δhk(1 + e|x|
2

)γh + ηhk(1− δhk)(1 + e|x|
2

)γhk ,

and

ahkij (x) = (1 + |x|2)βahk(x)bij(x),
for any x ∈ Rd, h, k = 1, . . . , d and i, j = 1, . . . ,m where γh, γhk (h, k = 1, . . . , d)
and β are positive constants, with γhk = γkh ≤ γh, ηhk = −ηkh for any h, k =
1, . . . , d and A = (ahk) and B = (bij) are respectively (d×d)- and (m×m)-matrix-
valued functions with bounded entries, which belong to C1(Rd).

Appendix A. Auxiliary results from Linear Algebra

For every h, k = 1, . . . , d, let Ahk be a m ×m real-valued matrix, with entries
ahkij , such that

ahkij = akhji , h, k = 1, . . . , d, i, j = 1, . . .m. (A.1)

Then,
∑d
h,k=1(A

hkθk, θh) ∈ R for every θ1, . . . θd ∈ Cm.

Further, if we assume the positivity condition
∑d
h,k=1(A

hkθk, θh) ≥ 0 for every

θ1, . . . , θd ∈ Cm, then the Cauchy Schwarz inequality∣∣∣∣ d∑
h,k=1

(Ahkθk, ηh)

∣∣∣∣ ≤ ( d∑
h,k=1

(Ahkθk, θh)

) 1
2
( d∑
h,k=1

(Ahkηk, ηh)

) 1
2

(A.2)

holds true for every θ1, . . . , θd ∈ Cm.
On the other hand, if the matrices Ahk satisfy the condition

ahkij = −akhji , h, k = 1, . . . , d, i, j = 1, . . .m, (A.3)

then

d∑
h,k=1

(Ahkθk, θh) ∈ iR.

More generally, every real matrix Ahk can be split into the sum Ahk = Ahks +Ahkas ,
where

Ahks =
Ahk + (Akh)t

2
, Ahkas =

Ahk − (Akh)t

2
.

It is clear that Ahks satisfies condition (A.1) and (Ahkas )h,k=1,...,d satisfies condition
(A.3). Moreover,

Re

d∑
h,k=1

(Ahkθk, θh) =

d∑
h,k=1

(Ahks θk, θh),

Im

d∑
h,k=1

(Ahkθk, θh) =
1

i

d∑
h,k=1

(Ahkas θ
k, θh) (A.4)

for every θ1, . . . , θd ∈ Cm.
Next proposition yields a sort of mixed Cauchy-Schwarz inequality which is cru-

cial in this paper. Although it is based on essentially known techniques, by sake of
completeness, we provide a sketch of the proof.
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Proposition A.1. For every h, k = 1. . . ., let Ahk and Mhk be two m ×m real-
valued matrices such that∣∣∣∣Im d∑

h,k=1

(Ahkθk, θh)

∣∣∣∣ ≤ C0Re

d∑
h,k=1

(Mhkθk, θh) (A.5)

for some positive constant C0 and every θ1, . . . , θd ∈ Cm. Then, the inequality∣∣∣∣ d∑
h,k=1

(Ahkas θ
k, ηh)

∣∣∣∣ ≤ C0

(
Re

d∑
h,k=1

(Mhkθk, θh)

) 1
2
(
Re

d∑
h,k=1

(Mhkηk, ηh)

) 1
2

(A.6)

holds true for every θ1, . . . , θd and η1, . . . , ηd in Cm.
If, in addition,

0 ≤ Re

d∑
h,k=1

(Ahkθk, θh) ≤ C1Re

d∑
h,k=1

(Mhkθk, θh) (A.7)

for some positive constant C1 and every θ1, . . . .θd ∈ Cm, then (A.6) holds true with
the matrices Ahkas being replaced by Ahk and with the constant C0 being replaced by
the constant C0 + C1.

Proof. Assume first that
∑d
h,k=1(A

hk
as η

k, θh) ∈ iR. Then, by (A.4) and observing

that
∑d
h,k=1(A

hk
as η

k, θh) = −
∑d
h,k=1(A

hk
as θ

k, ηh), it follows that

i

4

(
Im

d∑
h,k=1

(Ahk(ηk + θk), ηh + θh)− Im

d∑
h,k=1

(Ahk(ηk − θk), ηh − θh)

)
1

4

( d∑
h,k=1

(Ahkas (η
k + θk), ηh + θh)−

d∑
h,k=1

(Ahkas (η
k − θk), ηh − θh)

)

=
1

2

( d∑
h,k=1

(Ahkas θ
k, ηh)−

d∑
h,k=1

(Ahkas θ
k, ηh)

)
=

d∑
h,k=1

(Ahkas θ
k, ηh).

Hence, using (A.5) we obtain∣∣∣∣ d∑
h,k=1

(Ahkas θ
k, ηh)

∣∣∣∣
≤C0

4

( d∑
h,k=1

Re
(
Mhk(ηk + θk), ηh + θh

)
+

d∑
h,k=1

Re
(
Mhk(ηk − θk), ηh − θh

))

=
C0

2
Re

d∑
h,k=1

(Mhkηk, ηh) +
C0

2
Re

d∑
h,k=1

(Mhkθk, θh). (A.8)

Writing (A.8) with θk and ηh being replaced, respectively, by to
√
εθk and

√
εηh,

we get∣∣∣∣ d∑
h,k=1

(Ahkas θ
k, ηh)

∣∣∣∣ ≤ c0
2
√
ε
Re

d∑
h,k=1

(Mhkηk, ηh) +
√
ε
c0
2
Re

d∑
h,k=1

(Mhkθk, θh)

for every ε > 0. By taking the minimum over ε > 0, estimate (A.6) follows in this
particular case.

To get estimate (A.6) in the general case, we assume that
∑d
h,k=1(A

hk
as θ

k, ηh)

does not belong to iR and write
∑d
h,k=1(A

hk
as θ

k, ηh) = reiψ for some ψ ∈ R
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and r ≥ 0. Since
∑d
h,k=1(A

hk
as θ

k, ieiψηh) ∈ iR, applying (A.6) to θ1, . . . , θd and

ieiψη1, . . . , ieiψηd, estimate (A.6) follows in its full generality.
Finally, we assume that condition (A.7) is satisfied. Then, combining (A.2) and

(A.7), we can estimate∣∣∣∣ d∑
h,k=1

(Ahks θk, ηh)

∣∣∣∣ ≤ C1

(
Re

d∑
h,k=1

(Mhkθk, θh)

) 1
2
(
Re

d∑
h,k=1

(Mhkηk, ηh)

) 1
2

. (A.9)

Hence, from (A.6) and (A.9) and recalling that Ahk = Ahks + Ahkas for every h, k =
1, . . . , d, we conclude that∣∣∣∣ d∑
h,k=1

(Ahkθk, ηh)

∣∣∣∣ ≤(C0 + C1)

(
Re

d∑
h,k=1

(Mhkθk, θh)

) 1
2
(
Re

d∑
h,k=1

(Mhkηk, ηh)

) 1
2

.

The proof is complete. □

By applying Proposition A.1 with Mhk = Ahk, we get the following result.

Corollary A.2. Suppose that there exists a positive constant C0 > 0 such that∣∣∣∣Im d∑
h,k=1

(Ahkθk, θh)

∣∣∣∣ ≤ C0Re

d∑
h,k=1

(Ahkθk, θh)

for every θ1, . . . , θd ∈ Cm. Then,∣∣∣∣ d∑
h,k=1

(Ahkθk, ηh)

∣∣∣∣ ≤ (1 + C0)

(
Re

d∑
h,k=1

(Ahkθk, θh)

) 1
2
(
Re

d∑
h,k=1

(Ahkηk, ηh)

) 1
2

for every θ1, . . . , θd, η1, . . . , ηd ∈ Cm.

Remark A.3. If (Ahk)T = Akh for every h, k = 1, . . . , d, then the imaginary

part of
∑d
h,k=1(A

hkθk, θh) is zero, by (A.4). So, if estimate (3.2) holds true, then

condition (3.3) is satisfied if the real part of
∑d
h,k=1(A

hkθk, θh) is nonnegative for

every θ1, . . . , θd ∈ Cm.

Appendix B. Derivation of Λp

We need to compute the supremum of ψ2 defined in (4.6) on the set

Ωp = {(ε0, ε1, ε2, ε3) ∈ (0,+∞)4 : ψ̃1(ε0, ε1, ε2, ε3) ≥ 0},

where ψ̃1 = ψ1 if p ≥ 2 and ψ̃1 = ψ1 + p− 2 if p ∈ (1, 2). Since ψ2 is continuous on
Ω, the supremum of ψ2 on Ωp is achieved on ∂Ω. To simplify the notation, we set

ψ̃1 = e1 − a1ε0 − b1ε1 − c1ε2 − d1ε3

and

ψ2 = 1− a2
ε0

− b2
ε1

− c2
ε2

− d2
ε3
,

where

a1 = 4a2 = (p− 1)(1 + c0)γ, b1 = 4b2v
3
0 = (p− 1)(1 + c0)Cγ ,

c2 = c1 = C (p− 1)γ, d1 = v30d2 = C (p− 1)Cγ ,

e1 =

{
1− 2C (2p− 3), p ≥ 2

p− 1− 2C (5− 2p), p ∈ (1, 2),

a2 =
(p− 1)(1 + c0)γ

4
, b2 =

(p− 1)(1 + c0)Cγ
4v30

,
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c2 = c1 = C (p− 1)γ, d2 =
C (p− 1)Cγ

v30
.

Since the function ψ2 does not admit stationary points in the interior of Ω and it
is continuous over the closed and bounded set Ω, it achieves its maximum value at
the boundary of Ω. Hence, we can assume that ε0 = a−1

1 (e1 − b1ε1 − c1ε2 − d1ε3)
and compute the supremum of the function

ψ̃2(ε1, ε2, ε3) = 1− a1a2
e1 − b1ε1 − c1ε2 − d1ε3

− b2
ε1

− c2
ε2

− d2
ε3

on the set

Γ = {(ε1, ε2, ε3) ∈ (0,+∞)3 : e1 − b1ε1 − c1ε2 − d1ε3 > 0}.

The coefficient e1 is strictly positive due to condition p ∈
(
1 + 6C

4C+1 ,
3
2 + 1

4C

)
and

allows us to consider simultaneously the cases p ≥ 2 and p ∈ (1, 2). Since ψ̃2

diverges to −∞ on ∂Γ, it achieves its supremum on Γ. To find it, we solve the

system ∇f̃2 = (0, 0, 0), i.e.,
b2(e1 − b1ε1 − c1ε2 − d1ε3)

2 = ε21a1a2b1,

c2(e1 − b1ε1 − c1ε2 − d1ε3)
2 = ε22a1a2c1,

d2(e1 − b1ε1 − c1ε2 − d1ε3)
2 = ε23a1a2d1,

whence 
(
√
a1a2 +

√
b1b2)ε1 + c1

√
b2
b1
ε2 + d1

√
b2
b1
ε3 = e1

√
b2
b1
,

b1
√

c2
c1
ε1 + (

√
a1a2 +

√
c1c2)ε2 + d1

√
c2
c1
ε3 = e1

√
c2
c1
,

b1

√
d2
d1
ε1 + c1

√
d2
d1
ε2 + (

√
a1a2 +

√
d1d2)ε3 = e1

√
d2
d1
,

which yields

ε1 =
e1
√
b2√

b1(
√
a1a2 +

√
b1b2 +

√
c1c2 +

√
d1d2)

,

ε2 =
e1
√
c2√

c1(
√
a1a2 +

√
b1b2 +

√
c1c2 +

√
d1d2)

,

ε3 =
e1
√
d2√

d1(
√
a1a2 +

√
b1b2 +

√
c1c2 +

√
d1d2)

and, consequently, we infer that the supremum of ψ2 is given by

1−
(
√
a1a2 +

√
b1b2 +

√
c1c2 +

√
d1d2)

2

e1

=


1− (p− 1)2(γ + Cγv

−3/2
0 )2(1 + c0 + 2C )2

4[p− 1− 2C (5− 2p)]
, p ∈ (1, 2),

1− (p− 1)2(γ + Cγv
−3/2
0 )2(1 + c0 + 2C )2

4[(1− 2C (2p− 3)]
, p ≥ 2.
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matica, Università degli Studi di Parma, Parco Area delle Scienze 53/A, I-43124 PARMA,

Italy
Email address: luciana.angiuli@unisalento.it

Email address: luca.lorenzi@unipr.it

Email address: elisabetta.mangino@unisalento.it


