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STRUWE’S GLOBAL COMPACTNESS
AND ENERGY APPROXIMATION OF THE CRITICAL
SOBOLEV EMBEDDING IN THE HEISENBERG GROUP

GIAMPIERO PALATUCCI, MIRCO PICCININI, AND LETIZIA TEMPERINI

ABSTRACT. We investigate some of the effects of the lack of compactness in
the critical Folland-Stein-Sobolev embedding in very general (possible non-
smooth) domains, by proving via De Giorgi’s I'-convergence techniques that
optimal functions for a natural subcritical approximations of the Sobolev
quotient concentrate energy at one point. In the second part of the paper,
we try to restore the compactness by extending the celebrated Global Com-
pactness result to the Heisenberg group via a completely different approach
with respect to the original one by Struwe [41].

1. INTRODUCTION

The aim of this paper is to investigate some of the effects of the lack of com-
pactness in the critical Folland-Stein-Sobolev embedding in general domains. Let
H" := (R?"xR, 0,4y ) denote the Heisenberg-Weyl group, and consider the standard
Folland-Stein-Sobolev space S}(H™) defined as the completion of C§°(H") with
respect to the homogeneous subgradient norm [Dp - || L2(mny. As well known, the
following Sobolev-type inequality, first proved in [13], asserts that for a positive
constant S* it holds

(1.1) [ Z0r gy < 871Dl Fagueny  Vuue SHH™),

where we denote by 2* = 2*(Q) = 2Q/(Q - 2) the Folland-Stein-Sobolev criti-
cal exponent which depends on the homogeneous dimension Q = 2n + 2 of the
Heisenberg group H"™.

Over the past decades, the critical Sobolev inequality (1.1) has garnered signif-
icant attention as a captivating subject of study. Given the extent of the litera-
ture, providing an exhaustive treatment here is not feasible. We just mention the
highly significant papers [7,16,17,23,25], the recent book [22], and the references
therein for in-depth insights. The main reasons for studying the critical Sobolev
inequality lie in its close association with the lack of compactness of the related
critical Folland-Stein-Sobolev embedding and its connection to the corresponding
Euler-Lagrange equation. This, in turn, addresses the significant CR Yamabe
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2 G. PALATUCCI, M. PICCININI, AND L. TEMPERINI

problem. Numerous results have been established, indicating compliance with the
classical critical inequality in the Euclidean framework, despite the complexities
posed by the sub-Riemannian geometry of the Heisenberg setting; see for instance
the aforementioned list of papers above as well as the very recent ones [5,12,38],
where the solutions to the critical Yamabe equation in H™ are classified, and the
references therein. However, many expected results remain open due to substan-
tial differences from the Euclidean framework, stemming from the complex metric
structure of the Heisenberg setting and the presence of characteristic points in
the domains involved.

The contribution of the present paper is twofold. Firstly, we investigate a
natural approximation to (1.1) via subcritical Sobolev inequalities. Our approach
is variational. For this, it is convenient to consider the following maximization
problem,

(12) s sl [ ©OF agcuesi@E), [ Dpu©Pac<1}.

Clearly, the validity of (1.1) is equivalent to the finiteness of the constant S*,
defined in (1.2). The existence of maximizers in (1.2) poses a challenging problem
due to the intrinsic dilations and translations invariance of this inequality, anal-
ogous to the difficulties encountered in the classical critical Sobolev inequality.
However, the situation becomes even more delicate in this context, given the un-
derlying non-Euclidean geometry of the Heisenberg group and the obstacles aris-
ing from non-commutativity. The groundbreaking paper by Jerison and Lee [23]
has provided explicit forms of the maximizers, along with the computation of the
optimal constant in (1.2). We also refer to the fundamental paper [15] where
sharp constants for inequalities on the Heisenberg group have been derived for
even more general cases, in turn obtaining sharp constants for the corresponding
duals, which are the Sobolev inequalities for the sub-Laplacian and the conformal
fractional Laplacians. Additionally, related investigations on the Moser-Trudinger
inequality in the sub-Riemannian setting can be found in [3,24], and also in [15]
via a limiting process and duality (the logarithmic Hardy-Littlewood-Sobolev in-
equality).

Similarly, for any bounded domain €2 c H", we consider the following Sobolev
embedding in the same variational form as the one in (1.2),

13 Sh=swp{ [J@OF ¢ uesi@), [ IDau(©Pds <1,

where now the Folland-Stein-Sobolev space S3(Q2) is given as the closure of
Ce () with respect to the homogeneous L?-subgradient norm in . It can
be verified that Sg = S* using a standard scaling argument on compactly sup-
ported smooth functions. However, in contrast to the critical case presented in
(1.2), the variational problem (1.3) has no maximizers, as evidenced by the ex-
plicit form of the optimal functions in (1.2) (see, for instance, Theorem 2.1). The
scenario changes drastically for the subcritical embeddings. In this case, due to
the boundedness of , the embedding S (Q) = L ~5(Q2) becomes compact, given
that £ < 2% -2, ensuring the existence of a maximizer u. € S§(Q) for the associated
variational problem

) szesup| [ u©F < dg s uesi@), [ IDau(©)Pdg <1,

In the same fashion, in the Euler-Lagrange equation for the energy functionals
n (1.4), that is

(1.5) ~Aprue = Nuel* = 2u. in (S5(Q)),
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where A is a suitable Lagrange multiplier, we spot a different behaviour for € >0
and € =0 . Whereas when ¢ >0 the problem above has a solution u., it becomes
very delicate when € = 0: even the existence of solutions is not granted. In
particular, the existence and various properties of the solutions strongly depend
on both the geometry and the topology of the domain Q. We refer to the following
papers: [25] for nonexistence of nonnegative solutions when € is a particular half-
space of H™ with boundary parallel to the center {(0,0,t)|t € R} of H" ; [44]
for the extension to general half-spaces transverse to the center of H"; [16] for
existence and nonexistence results for even more general nonlinearity; [7] where
the authors show the existence of a solution in the case when the domain 2 has
at least a nontrivial suitable homology group.

In view of such a qualitative change when € =0 in both (1.4) and (1.5), in the
present paper we analyze the asymptotic behaviour as € goes to 0 of both the
subcritical Sobolev constant S in the Heisenberg group given in (1.4) and of the
corresponding optimal functions u. of the embedding S§(Q) = L ~5(9Q).

Regarding the Fuclidean counterpart of this investigation, several results have

been obtained, mostly via fine estimates and a standard elliptic regularity ap-
proach. These investigations primarily focus on a special class of solutions of
equation (1.5), which serve as maximizers for the corresponding Sobolev embed-
ding. Energy concentration results for these sequences, along with the subse-
quent localization of such concentration on specific points, have been established
in [4,21,40], among other works.
However, the situation is quite different in the Heisenberg panorama due to the
numerous inherent challenges in this framework. Indeed, the sub-Riemannian ge-
ometry prevents a straightforward generalization of several tools and symmetriza-
tion techniques, as well as regularity approximations. As a result, the Heisenberg
setting remains relatively unexplored in comparison, leaving the field with sig-
nificant research opportunities. It is worth mentioning a first important result
in the recent paper [26], where the authors are able to construct a concentrat-
ing sequence of solutions to (1.5) for certain non-degenerate critical point of the
regular part of the Green function of €.

Our first main result is the subcritical approximation of the Sobolev quo-
tient S* in the Heisenberg group described below.

Theorem 1.1. Let Q c H" be a bounded domain, and denote by M(Q) the set
of nonnegative Radon measures in Q. Let X = X(Q) be the space

X = {(u“u) € Sp(Q) x M(Q) : p > |DyulPde, u(Q) < 1},
endowed with the product topology t such that

def | up —u in LQ*(Q),
1.6 , - (u, " —
(16) (o) (o) & {MRMM(Q»

Let us consider the following family of functionals,
(1.7) Folu, p) = fg|u|2*‘fdg V(u, ) € X .

Then, as € - 0, the T'*-limit of the family of functionals F. with respect to the
topology t given by (1.6) is the functional F defined by

(1.8) Fup) = [ Jufdg+ S Y n7 V(up)eX.
j=1
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Here 8% is the best Sobolev constant in H™, 2* =2Q/(Q —2) is the Folland-Stein-
Sobolev critical exponent, and the numbers p; are the coefficients of the atomic
part of the measure p.

In order to prove such a result in the most general situation — thus requiring no
additional regularity assumptions nor special geometric features on the domains
— we attack the problem pursuing a new approach and for this we rely on De
Giorgi’s I'-convergence techniques. This is in the same spirit of previous results
regarding the classical Sobolev embedding in the Euclidean framework, as seen
in [1,28,29]. However, our main proof deviates significantly, as we explicitly
construct the optimal recovery sequences: a departure from the implicit existence
results demonstrated in the aforementioned papers, which rely on compactness
and locality properties of the I'-limit energy functional. Interestingly, our strategy
bears resemblance to the fractional Sobolev spaces scenario in [36], although
notable differences inevitably arise due to the natural discrepancy between the
involved frameworks.

As a corollary of Theorem 1.1 above, we can deduce that the sequences of
maximizers {u.} for the subcritical Sobolev quotient S¥ do concentrate energy at
one point &, € 2, in clear accordance with the analogous result in the Euclidean
case.

Theorem 1.2. Let Q2 c H" be a bounded domain and let u. € S;(Q) be a mazi-
mizer for SZ. Then, as € =€ - 0, up to subsequences, we have that there exists
& € Q such that

ug = ug, =~ 0 in LQ*(Q),
and
|Diug|*dé = b¢, in M(Q),
with d¢, being the Dirac mass at &,.

The concentration result above in very general domains was in fact one of
our first goals, as well as the veritable guideline to the choice of the topology in
the I'-convergence Theorem 1.1 in order to provide a convergence of functionals
which guarantees that maximizers of the approximating functionals converge to
maximizers of a precise limit functional. Indeed, at this stage the proof of
Theorem 1.2 does reduce to a fine analysis of the form of the maxima of the
functional F defined by (1.7); see Section 4. For further related results, we refer
to the very recent paper [32], where two of the authors were able to localize the
concentration point in terms of the Green function associated to the domain €.

In the second part of the present paper, we investigate a way to circumvent the
lack of compactness in the critical Folland-Stein-Sobolev embedding, by proving
the validity of the so-called Global Compactness in the Heisenberg framework.

Since the seminal paper [41] by Struwe, the celebrated Global Compactness
in the Sobolev space H! has become a fundamental tool in Analysis. It has
played a crucial role in numerous existence results, such as e. g. for ground
states solutions for nonlinear Schrodinger equations, for solutions of Yamabe-type
equations in conformal geometry, for prescribing @-curvature problems, harmonic
maps from Riemann surfaces into Riemannian manifolds, Yang-Mills connections
over four-manifolds, planar Toda systems, etc. The involved literature is really
too wide to attempt any reasonable account here. In Theorem 1.3 below, we
state the counterpart of Struwe’s Global Compactness in the Heisenberg group
setting.
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In order to precisely state our result, consider for any fixed A € R the problem,
(Py) “Agu-du—-u? 2u=0 i (SH(Q)),

together with its corresponding Euler-Lagrange functional £ : S§(Q) — R given

by
1 A 1 *
=2 [ Doul? _7/ 2 _7f 2 4e.
extw) =5 [[1DmuPac -2 [ ac [ i ae

Consider also the following limiting problem,
(Po) ~Agu-u Pu=0  in (S5()),

where ), is either a half-space or the whole H"; i.e., the Euler-Lagrange equation
corresponding to the energy functional £* : S} (Q,) — R,

. 1 1 .
£ (u):§/Q |DHu|2d§—2—*/Q luf?” dé.

Before stating the next result, we just recall that an half-space of H" is simply
an half-space of R?"*! according to the definition in [25], see also [7]. We have
the following

Theorem 1.3 (Global Compactness in the Heisenberg group).
Let {uy} c S3(Q) be a Palais-Smale sequence for Ex; i. e., such that
(1.9) Ex(uk) <c  for all k,
(1.10) d&x(ug) -0 as k—oo in (S3(Q)).
Then, there exists a (possibly trivial) solution u(®) € SL(Q) to (P\) such that, up
to a subsequences, we have

up —~u®  as k—>oo in SH(Q).
Moreover, either the convergence is strong or there is a finite set of indexes I =
{1,...,J} such that for all j € I there exist a nontrivial solution u®) e S&(Q(()]))
to (Py) with ng) being either a half-space or the whole H™, a sequence of non-

negative numbers {/\,(Cj)} converging to zero and a sequences of points {§,§j)} cQ
such that, for a renumbered subsequence, we have for any j eI

u’ ()= A un(reo (8,0.())) =~ uP () in SHH")  as k- co.

In addition, as k - oo we have

J L 2=Q
(A1) w0 =u @O XN T (8,00 (7eh ) +o(1) - in S5

0
(1.12) Zk
)\](f])

log +

=1 .
3, o (€ og,(ﬁ)‘ o0 fori#j, i,jel
A i

J .
L13)  JuilZy = 3 [u@ 3 +0(1):
j=0

(1.14)  Ex(ug) = Ex(u®) + Z]:é'*(u(j)) +0(1).

The original proof by Struwe in [41] consists of a subtle analysis concerning
how the Palais-Smale condition does fail for the functional £*, based on rescaling
arguments, used in an iterated way to extract convergent subsequences with non-
trivial limit, together with some slicing and extension procedures on the sequence
of approximate solutions to (Py). Such a proof revealed to be very difficult to
extend to different frameworks, and the aforementioned strategy seems even more
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cumbersome to be adapted to the Heisenberg framework considered here. How-
ever, several remarkable investigations regarding the behaviour of Palais-Smale
sequences for the critical energy £*(-) can be still found in [6] where the author
proves an analogous representation result for nonnegative Palais-Smale sequences
in order to prove existence results of positive solutions to a class of semilinear
Dirichlet problem involving critical growth, in the same spirit of the well-known
Brezis-Nirenberg result for the classical Laplacian. Moreover, it is worth mention-
ing the relevant paper [20], where the authors deduce the desired Global Com-
pactness in the important case of critical energies on the (2n + 1)-dimensional
sphere (equipped with the CR structure) associated to the sub-elliptic intertwin-
ing operator Lo, of order 2k, with x € R being such that 0 < 2x < Q); also covering
fractional CR Yamabe energies.

In the present manuscript, we completely changes the approach to the problem,
and we will be able to show how to deduce the Global Compactness result in
Theorem 1.3 for very general domains €2 c H” in quite a simple way by means of
the so-called Profile Decomposition, firstly proven by Gérard in [19] for bounded
sequences in the fractional (Euclidean) space H”.

To summarize, the contribution of the present paper is twofold: we investigate
the De Giorgi’s I'-convergence energy approximation of the critical Folland-Stein-
Sobolev embedding in turn implying an expected concentration result in very
general (possibly non smooth) domains; we extend the Global Compactness to
the Heisenberg group framework.

1.1. Related open problems and further developments. Starting from the
results proven in the present paper, several questions naturally arise.

e One can consider to investigate the fractional counterpart of the results
proven here; that is, by replacing the Si-norm in (1.1) by the Sj-norm of differ-
entiability order s € (0,1). Some of the main tools developed in the present paper
and the general approach in the proof of the I'-convergence theorem appear to
be repeatable at some extents; as well as some of the tools in order to achieve
the concentration result; e. g., the very general Profile Decomposition theorem by
Gérard which is natively presented in the fractional framework. However, most
of the proofs in order to get the precise localization result would require a com-
pletely new approach because of the nonlocality of the fractional sub-Laplacian
operator. In this respect, one should deal with truncations and the resulting
error term in the same flavour of the papers [27,30,31], where a precise quantity,
the so-called “nonlocal tail”, has been firstly introduced to attack very general
equations led by fractional sub-Laplacian-type operators. On the same line of
thought, important related results can be find in [20].

Otherwise, quite a different energy approach in the nonlocal framework could
be carried out via an auxiliary harmonic extension problem to the Siegel upper
half-space, by taking into account that conformally invariant fractional powers of
the sub-Laplacian on the Heisenberg group can be given in terms of the scattering
operator, as seen in the relevant paper [14].

e It could be interesting to study the nonlinear counterpart of both the local
and the nonlocal Heisenberg framework. We believe that some of the results could
be extended in the same spirit of the Euclidean counterpart, as for instance the
T'-convergence subcritical approximation scheme and the related concentration
result; see [29]. In order to do this, one would need to change the approach
to the I'-liminf proof by possibly making use of the precious results regarding
the lack of compactness for the related p-sub-Laplacian energy in [17,45], and
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some very recent result regarding the (s,p)-sub-Laplacian (as for instance the
aforementioned “nonlocal tail” approach in [30]), respectively.

e A more challenging extension could be that in the very general H-type
groups setting. Within this framework, numerous expected results, particularly
concerning important properties of the associated extremal functions, remain
largely unexplored. A starting point could be the investigation of their sub-
class of groups of Iwasawa type. For this, one can take advantage of the involved
group structure, as well as of important results present in the literature; that is,
the investigation in [18], where positive solutions to the CR Yamabe equations
being invariant with respect to the action of the orthogonal group in the first
layer of the Lie algebra have been precisely characterized.

o It is worth stressing that the limiting domain €2, in the Global Compact-
ness Theorem 1.3 can be either the whole H" or a half-space. On the contrary,
in the original proof in the Euclidean case by Struwe in [41] one can exclude
the existence of nontrivial solutions to the limiting problems in the half-space by
Pohozaev identity and unique continuation. This is still the case when dealing
with nonnegative solutions in the fractional framework H{; see [35]. However,
in all the remaining Euclidean cases (as, e. g., in W*P, in HZ, and so on), this
possibility cannot be a priori excluded. The same happens in the sub-Riemannian
setting, even in the very special case when a complete characterization of the lim-
iting sets is possible under further regularity assumptions on Q (see forthcoming
Lemma 5.3). In such a Heisenberg framework, a very few nonexistence results
are known, basically only in the case when the domain reduces to a half-plane
parallel or transverse to the group center; see [7,25,44]. Further nonexistence
results are known in the class of groups of Iwasawa-type (see [17]).

e Related concentration phenomena could be investigated in the sub-Riemannian
setting by considering the second critical exponent, see [37], in the same spirit
of [9,10], where the authors are able to prove the existence of solutions whose
energy concentrates to a Dirac measure of given geodesics of the boundary of
domains with negative inner normal curvature.

e The critical LQ*—energy in (1.2) could be replaced by an even more general
nonconvex and discontinuous energy with critical growth, as in the Euclidean
framework studied in [11], in clear accordance with certain free-boundary prob-
lems; in the sub-Riemannian framework, this will lead to the class of problems
carefully studied in [8]. For what concerns our approach to the I'-convergence
result, the techniques appear to be adaptable to some extent, but surely they
cannot be repeated in order to achieve the I'-liminf inequality because of the
lack of the explicit form of the involved extremal functions. For a new proof,
one can possibly develop a suitable strategy by density and compactness in clear
accordance with the strategy in [1,28].

1.2. The paper is organized as follows. In Section 2 below we briefly fix the
notation. In Section 3 we perform the analysis of the Sobolev embedding via the
I’-convergence approximations, which we can apply in Section 4 in order to get
the expected concentration results in very general domains. Section 5 is devoted
to the proof of the Global Compactness in the Heisenberg group.

2. PRELIMINARIES

In this section, we clarify the notation used throughout the paper by briefly
revisiting essential properties of the Heisenberg group. Additionally, we present
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some well-known results concerning the lack of compactness in the critical Sobolev
embedding within the Folland-Stein spaces of the Heisenberg group.

2.1. The Heisenberg-Weyl group. We start by summarily recalling a few well-
known facts about the Heisenberg group.

We denote points ¢ in C" x R ~ R*"*1 by
£:=(2,t) = (2 +iy,t) = (L1, ., Tn, Y1,- - > Y, ) € R x R™ x R.
For any &,&" € R*™1 the group multiplication law o is defined by
Eog = (e yry b4t +2pa') - 2ay)).

Given ¢ e H", the left translation 1¢ is defined by

(2.1) Ter(€) := ot VE e H™.
The group of non-isotropic dilations {dy}x>0 on R?"*! is defined by
(22) f e 6>\(£) = ()\.’E, )‘ya Azt)a

and, as customary, Q = 2n + 2 is the homogeneous dimension of R?*"*! with
respect to {0x}as0, so that the Heisenberg-Weyl group H" := (R*"*! 0 4,) is a
homogeneous Lie group.

The Jacobian base of the Heisenberg Lie algebra J#™ is given by
Zj = 0p; +2yj0¢,  Znyji=0y, =220, 1<j<n, T:=0;.
Since [Z;, Zy+j] = —40, for every 1< j <mn, it plainly follows that
rank(Lie{Zl, . ,ngT}(0,0)) - I+,
so that H™ is a Carnot group with the following stratification of the algebra
H" =span{Zi,..., Loy} ®span{T}.
The horizontal (or intrinsic) gradient Dy of the group is given by

Dru(§) = (Z1u(8), - -, Zanu(§)) -
The Kohn Laplacian (or sub-Laplacian) Ay on H™ is the second order operator
invariant with respect to the left-translations 7¢ defined in (2.1) and homogeneous
of degree 2 with respect to the dilations d defined in (2.2),

2n
AH = ZZ;

j=1
A homogeneous norm on H"™ is a continuous function (with respect to the
Euclidean topology) |- |gn» : H™ — [0, +00) such that:
(i) [0x(&)|mn = M&|mn, for every A >0 and every & e H;
(ii) [€]mn = 0 if and only if & = 0.
We say that the homogeneous norm |-|g» is symmetric if | |gn = [¢|gn for all
& e " If |-|gn is a homogeneous norm on H", then the function (£,7) ~

In"to€|gn is a pseudometric on H". In particular, we will work with the standard
homogeneous norm on H", also known as Kordnyi gauge,

€l = (|2[* +t2)% VE = (z,t) e H™.

As customary, we will denote by B, = B,(1,) the ball with center 7, ¢ H" and a
radius o > 0 given by

By(no) = {€ e H" : ;" o €l < o}
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2.2. Lack of compactness in the critical Sobolev embedding. In this sub-
section, we revisit crucial results within the Heisenberg framework, focusing on
the analysis of the impact of the lack of compactness in the critical Sobolev
embedding.

Firstly, we state (in the form adapted to our framework) the aforementioned
pioneering result by Jerison and Lee [23] which gives the optimal constant in the
critical Sobolev inequality together with the explicit expression of the functions
giving the equality in (1.2).

Theorem 2.1 (Corollary C in [23]). Let 2* = 2Q/(Q —2). Then for any A >0
and any &, e H", the function Uy¢, defined by

(2.3) Ure, = U (01 (76:1(9))
where
(2.4) UE) =co((1+]2P) +#2) © veemr,

is solution to the variational problem (1.2).

As in the classical Euclidean setting, the Concentration-compactness alterna-
tive in the Heisenberg framework, see Theorem 2.2 below, has been shown to
be crucial for analyzing the asymptotic behaviour of bounded sequences in the
Folland-Stein space. We also refer to [39] for related results.

Theorem 2.2 (Lemma 1.4.5 in [22]). Let Q ¢ H" be an open subset and let {uy}

be a sequence in S§(Q) weakly converging to u as k — oo and such that
IDyugl?dé > p and  |upl dé S v in M(Q).

Then, either ux — u in L (Q) or there exists a (at most countable) set of distinct

points {&;}jes and positive numbers {v;} e such that we have

v= |u|2*d§ + Zujégj.
j

Moreover, there exist a positive measure i € M(Q) with supp fi ¢ Q and positive
numbers {p;}jes such that

N e N
p=Dyuldg + i+ 3 pide,, vy <S™(1y) 7
J

We conclude this section by presenting an expected convergence result for the
Sobolev quotients.

Proposition 2.3. Let S¥ be defined by (1.4) and let S* be defined by (1.3). Then
lim SI=5".

Proof. We were not able to find a precise reference to the literature in the Heisen-
berg setting, thus we reproduce here a classical elementary proof. Firstly, since €2
is bounded, the Holder inequality yields

(2.5) limsup S < S™.

e—>0

Indeed, take the maximizers u. € S}(Q) for S*; one has

g

2% ¢
JoeP g < ([ el ag)” il
Q Q

2

SZ

*
21€|Q|2%,

IN

(57)



10 G. PALATUCCI, M. PICCININI, AND L. TEMPERINI

It suffices to pass to the limit as € goes to zero, and the inequality in (2.5) will
follow.

The remaining inequality is a mere consequence of the pointwise convergence
of the energy functional [|-[*~ to [|-]*". This is standard: for every v > 0
there exists u, € S} (Q) such that | Dgu, H%Z(Q) <1 and

(2.6) fQ luy|? dE > §* - v.
Clearly, for such a function u,, one has
5> / |22 dE.
Q

Then, combining the preeceding inequality with (2.6) and passing to the limit as
€ goes to zero, we get

minfS* > li f 2% _¢ _ f o*
im in S o> lim | |uy|” ~5dE o |uy|* €

> S"-w
which gives the desired inequality in view of the arbitrariness of v. O

3. PROOF OF THE I'-CONVERGENCE RESULT IN THEOREM 1.1

First, we present the functional setting in which we will perform the asymptotic
analysis of the Sobolev embeddings via I'-convergence.

3.1. The functional setting. Let us describe the asymptotic behaviour as &
goes to 0 of the maximizers of the Sobolev constant S} associated to the em-
bedding S3(€2) - L?~¢. Tt is convenient to restate the variational form of the
problem from the introduction; that is,

(3.1) SZ =sup {fg(u) tueSp(Q), fQ |Dgul*dé < 1},
where F. denotes the following family of energy functionals,

Folw) = [ e,

on the set {u € S5(9), [H |D grul?dé < 1}.

As mentioned, the main tool will be the I'-convergence in the sense of De
Giorgi. For this, it is crucial to introduce a convenient functional setting, that
is, the functional space X with the choice of the topology t as presented in
Theorem 1.1. In particular, the topology has to be sufficiently weak to assure the
convergence of maximizing sequences and sufficiently strong to allow us to find
the desired energy concentration.

The reason for the choice of such a space X is very natural. First of all, we
are interested in the asymptotic behaviour of the sequence {F.(uc)} for every
sequence {u} such that HDHuEH%Q(Q) < 1. Such a constraint on the horizontal

Dirichlet energy of u. implies that, up to subsequences, there exists u e M(Q)
and u € S}(Q) such that u(Q) <1, |Dyul?dé = pin M(Q) and u, - u in S3.
Clearly, by the Sobolev embedding, we also get u. — wu in LQ*(Q). By Fatou’s

Lemma, we can then deduce that p > |Dyul?d€, so that we can always decompose
u as follows,

(3.2) = |Dyuldé + i + DT
j=1
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where 1 € [0,1] and {{;} ¢ Q are distinct points; the positive measure /i can be
viewed as the non-atomic part of the measure (u —|Dgul?d€). In view of such a
decomposition, the definition of the space X given in Theorem 1.1 is extremally
natural. Also, the space X is sequentially compact in the topology t. Indeed,
if we take a sequence {(us,ur)} € X, then {u;} is bounded in S}(Q). Up to
subsequences, g — p in M(Q) and u - u in SH(Q) (and in L2 (Q) by the
Sobolev embedding) and the inequalities defining X do still hold for (u,u) by
weak lower semicontinuity. In view of the previous analysis, the space X appears
as a sort of completion of the unit ball of S3(2) in the weak topology of the
product L2'(Q)x M(2).

We now recall the definition of I'*-convergence adapted to our specific frame-
work.

Definition 3.1. We say that the family {F.} T"-converges to a functional F :
X > [0,00) as € > 0 if for every (u,p) € X the following conditions hold:

(i) for every sequence {(uc,pc)} c X such that ue —u in L¥(Q) and pe =~ p
F(u, ) > limsup Fe (ue, f1e );
e—0

(i) there exists a sequence {(uc,fic)} ¢ X such that . —u in L¥(Q), fic —~
in M(Q) and
F(u, p) < limiglf Fe(te, [ie)-
Pt
3.2. Proof of the I'*-limsup inequality. The I'*-limsup inequality (i) follows

from the Concentration-compactness alternative stated in Section 2 via plain
application of the Holder inequality; we have the following

Proposition 3.2. Let {F.} be the family defined in (1.7), and let F be the
functional defined in (1.8). Then, for every (u,u) € X and for every se-
quence {(ue, pe)} € X such that (ue, pe) 5 (u, 1),

F(u, ) > limsup Fe (ue, pre).-
e—0

Proof. Let {(uc,pe)} be a sequence in X such that (u, pc) 5 (u, ). This yields,
as in (3.2), that = [Dgul?dé+/i+ ¥, p;0e,, for some positive measure fi € M(Q),
{p;} < (0,1] and {¢;} € Q. Then, up to subsequences, there exists a measure v €
M(Q) such that |u.[>'d€ = v, and by the Concentration-compactness alternative
in Theorem 2.2 there exist nonnegative numbers {v;} such that (up to reordering
the points {¢;} and the {4;})

*

(3.3) v=|uf d¢ + > vide, and vy <STu .
J
We now apply the Hélder inequality, which yields

Folwepe) = [ uf g < ([ el ag)” 0F

oF

Thus, in view of the definition of v and the decomposition (3.3) in Theorem 2.2,
we have

2% ¢

limsup([|u€|2*d§ - Q2 < v(Q)
e—0 Q

IA

lim sSup Fe (u€7 ,us)

e—07%
2*
2

[ e+ 5t 0T < Fap),
i=1

IA
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which gives the desired T'*-limsup inequality (i). O

3.3. Proof of the I'*-liminf inequality. The proof of the I'*-liminf inequal-
ity (ii) is extremely delicate, and it differs considerably from the Euclidean case
(see, e. g., [1,28]) where it has been proven via compactness and locality prop-
erties of the I'*-limit. Here, we are closer to the strategy presented in the
fractional framework in [36], though in the various steps of our proof we need to
deal with the Heisenberg framework, and we cannot make use of some fractional
workarounds and well-established results for the fractional optimal maximizers.

For any fixed N € N, the proof will be performed in the auxiliary space of
configurations Xy € X defined as follows,

N
(34) Xy :={(u,p)€ S(2) x M(D) : pu = [Dyuldé + i+ e,

j=1
with g1 € [0,1], {&} € Q, fie M(Q), u(Q) < 1}.

Since Xy is t-sequentially dense in X by a precise approximation, and F is
continuous with respect to such an approximation — see the computations below —
the I'*-liminf inequality will immediately follow by a standard diagonal argument.

Indeed, for any pair (u,u) € X, with pu decomposed as in (3.2), it suffices to
consider the sequence {(un,un)} defined as follows,

N
uy =anu  and  py = ax|DpulPdé + ai i+ aky D Hid,
j=1

where {an} c (0,1) is any increasing sequence such that ay — 1 as N — oo.

By definition, the sequence {(upn,pun)} belongs to Xy, since, for any N € N,
uny € S§(Q) and py is a measure with a finite number of atoms such that

pn(Q) < ad () < a < 1. Also, (un, uin) 5 (u,p) as N — oo, because uy — u
in S§(Q) (hence weakly in L?'(2)), and, for any ¢ € C(9Q),

/ﬁ¢dﬂN

N
JobadDmud + [ oakdi a3 o (6)

N
- N—oo
@ ( [ eipmulag+ [ sap+ u@(@-)) =2 [ odu.
Q Q i Q
With such an approximation in mind, we also have

N *
Fluyoun) = [ aluag+s* Y (aku) ™

J=1

N o
ax (fQ|u|2 d§+S*Z,uj2) - F(u,p), as n— oo.

J=1

We are in a position to perform the I'*-liminf inequality in the auxiliary
space Xy; i.e.,

Proposition 3.3. Let {F.} be the family defined in (1.7), and let F be the
functional defined in (1.8). Then, for every (u,u) in the auziliary space Xy
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defined in (3.4) there exists a sequence {(ue,fic)} ¢ X such that (U, i) 5 (u, )
and

(3.5) Fu, p) < limigﬁ]-}(ﬂa,ﬂg).

The proof consists of the following steps:

e For any point & € Q, we construct a sequence {ugj )} that concentrates

energy at {;; see Lemma 3.4.

e For any pair (0,u) such that u =3 ;u; is purely atomic, we show how
to glue the concentrating sequences of the previous step into an approxi-
mating sequence

[, 1D ruPde)}..
See Lemma 3.5 below.

o We present a cut-off argument in order to finally construct the desired

recovery sequence (e, i) for any pair (u, p) in the auxiliary space Xy .

Lemma 3.4. For any &; € Q there exists a sequence {uéj)} c S3(2) such that
(3.6) X2 {(ugj),|DHu§j)|2df)} t-converges to (0,0¢,) as € — 0.
Moreover, the sequence {ugj)} satisfies

: (D2 ge _ o
(3.7) lim [ dg - 57,
with S* being the best Sobolev constant in H™.

Proof. We begin by assuming that &; belongs to the interior of {2, and we modify
the extremal functions U given by Theorem 2.1. Define

_Q-=2
wa(f) =€ 2 E,fj (5)7 V£EHn
It follows by the very definition that, for any ¢ > 0, the function w, satisfies

(3.8) we -0 in L¥ (H" \ B,(£;))
and
(3.9) |Dpwe]* -0 in L'(H"\ B,(&;))

whenever € - 0. Indeed, a change of variables yields

. Qs (e o*

]]I-‘]I"\m|w6| dé_ Aﬂ"\BQ(fj) c |U(6E (gj ° g))| dé-
-Q . 2%

/Hn\mg v dn

2% e—0
Un)|” dn — 0.
Sy PO

In a similar way, the convergence |Dywe|* — 0 in L'(H™ \ B,(¢;)) follows by
a change of variables and recalling the one djy-homogeneity of the horizontal
gradient.

Fix 0 > 0 and take ¢ € C5°(H"™) such that ¢ = 0 on H" \ By,(§;), ¢ =1
on B,(&;) and 0 < ¢ <1. We use the cut-off function ¢ to localize w. in a smaller
neighborhood of ;. In particular, we set

a9 (&) = p(Owe(€),

and we claim that as € > 0 the following convergence results do hold,

(3.10) a9 ~0 in L¥(Q),
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(3.11) | Dgal | 2y > 1,
and
(3.12) fﬂ|a§j)|2“€ ¢ > §*.

The first convergence in (3.10) plainly follows from (3.8).
In order to prove the claim in (3.11), it suffices to carefully estimate the
horizontal Dirichlet energy; we have

pyi¥Pdg = [ DyiPdg+ [ [Dpwd
an' wi[de Baatey ey DHUE | 9EF o oy IPHwel A

Dra@P e+ [ IDRUE de,

~/Bzg(§j)\Bg(5])

where the last identity plainly follows in view of the dx-homogeneity of the hor-
izontal gradient. Hence, (3.11) is satisfied once we proved that the first integral
in the preceding identity goes to 0 whenever ¢ — 0. We have form (3.9)

D a(j)g(jg
L2Q(5j)\BQ(§j)| e |
S2<,02zx»/ Dyw 2d€+2DH902°°[ wel* de
ol [ oo PP e 20Dl [ ]

< cf |DHw5|2d§+ce2f UPRde =% 0.
EONNCD Hr\ B (0)

As for the claim in (3.12), it is convenient to split the integral as follows,

[op=as = [ poprace [ R
Q Qn{w<1} Qn{w:>1}

(313) =: Il,f;‘ +1275.

Firstly, note that [o(&)w.(€)[* ¢ <1 on Qn {w. < 1} uniformly with respect to e,
and p(&)w.(€) = 0(e¥7?) as € - 0, since in Qn {w. < 1} it is away from the
concentration point. This yields

(3.14) Iie—0ase—0.
Now, recall that for ¢ sufficiently small, Qn{w. > 1} c B,(&;) and
2" —¢
1
(3.15) y  1=—-1.
we we

Also, on Qn{w. >1} we have

(3.16) 1 <ws < (maxw.)® < cég_a% =0

We are finally ready to estimate the integral s . in (3.13); we have

2% —¢

e < ‘“’E - [ e e
We Lo ({we21}) Qn{w:>1}
* e—0
3.17 +f 24 = s,
(3:.17) Qn{w€21}|ws| ¢

where we used (3.15)-(3.16) and also the definition of w, in view of the optimality
of the extremal functions U in Theorem 2.1.

Passing to the limit as ¢ - 0, by a diagonal argument, for any € >0, we now
set ugj) = aﬁ”/\|DHa§”\|Lz(Hn). Clearly, it holds that the pair (ugj)7 |DHu£J)|2d§)
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belongs to the space X. Indeed,
(u) | DyulPde) € SL(Q) x M(Q), and f§|DHu§j)|2d§s 1.
All in all, combining (3.10)-(3.12) and (3.13) with (3.14) and (3.17), the desired

I*-liminf result does follow in the case when ¢; is an interior point.

The case when §; belongs to 02 can be recovered by considering an approx-
imating sequence of interior points f}“ converging to {; and their corresponding
optimal functions. O

We are now ready to construct a suitable recovery sequence for pairs (0, )
having a purely atomic measure component.

Lemma 3.5. For any finite set of distinct points {£1,&,...,En} € Q and for any
set of positive numbers {p1, pa, ..., un} S R such that ¥;p; < 1, there exists a
sequence {uéz)} c S§(Q) such that

N
(3.18) {(uéz), |DHU§E)|2d€)} cX and (u22)7 |DHU£E)|2d§) 5 (O, > ujégj)
j=1

as € > 0. Moreover, the sequence {ugz)} satisfies

- LA
(3.19) hmfg|u§2)|2 fd¢= S j;u; .

e—0

Proof. Put Bj = B, (§;)nQ for any j =1,2,..., N, for suitable radii r; and r;
such that dist(Bj, B;) > 0. By Lemma 3.4 there exists a sequence {ugj)} c SH(Q)
such that (ugj),|DHu§j)|2d§) 5 (0,0¢;) as € - 0. Moreover, from the proof of
Lemma 3.4 we immediately deduce that spt ugj) c B, dist(supp uéj), {fj}) -0 as
e —0, and

fQ|u£j)|2*_€d§ =20 8% for j=1,2,...,N.

Let us set ugz) = Zjl\il ,ujugj DA simple computation gives

N , N _ 4
[Hn|DHU§E)|2d§ = W an|DHU§])|2d§+2 > ViR an Dpu Dyul) dg
j=1

i,7=1
i<j

N
(3.20) - Sy [ IDru)Pde,

i H»
since [ DHugi)DHugj) d¢ = 0 for ¢ # j, being uéi) and ugj) with disjoint support
whenever i # j. Combining (3.20) with the convergence in (3.6), we deduce that

. * N —
IDrulPPAE = Y pyde, in M(S).
j=1
Finally, since }; p; <1, we deduce by (3.20) that Jin DHugz)Fdf <1 for € small

enough. Consequently, {(ugz),|DHu£E)|2d§)} c X, as required. This completes
the proof of (3.18). The last claim given in (3.19) is a plain consequence of (3.7);
we have

(B)2"-e q¢ = S — (N2 -egqe 20 S %S*
Q ot Q =
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*
Proof of Proposition 3.3. Fix (u,u) € Xy; i.e., ue L? (Q) and

N JR—
p = |Dpufdé + i+ Y pide; € M(Q),

J=1

such that () < 1, and consider radius g converging to 0 such that the balls Ba,(&;)n
By, (&) =@, for any i,j€{1,...,N} with ¢ # j. Denote with

N
Byji= By(&) 00 and () =1 2(5; (75 (€)))

where 1 € C§°(Bz), ¢ =1 on By, 0 < <1, with By = By(0). Note that ¢, =0
in B, j, for j=1,...,N, and ¢,=1 in ﬁ\Ué\ilng)j.

Now denote with ugz) the sequence given by Lemma 3.5 and define

e =y +ul®,  fie = fi+ | D (up, + ul™)PdE.

Taking first the limit as ¢ - 0 and then for ¢ — 0, by a diagonal argument, we
prove that the above sequence is a recovery sequence for (u, u).

First we prove that (u., ie) for € and ¢ sufficiently small belongs to the space
X. By construction we are only left to prove that

(3.21) f(Q)<1.
Indeed, for any ¢, 0 >0 we have that

@ = @@+ [ [Di(up, +ul)Rag
= @@+ [ [Dalup)Pds+ [ [Drul™ e,

where we have used the fact that fQ Dyup, - DHugz) d¢ = 0, for e sufficiently
small. Moreover, by Lemma 3.5 we have that

N
; (32 g¢ = )
(322) iy [ DR = 3

On the other hand, we have that

N
Dyu*dé + f D 24
\/S;\Uj Bzg,j| HU| ¢ Z:l B, j\B | H(Usﬁg)| 3

%]

[ 1Dn (g, ag

(3.23) - fﬁ|DHu|2 d¢ as o~ 0,

since for any j € {1,..., N} the integral fBzg_j\ng|DH(uapg)|2d§ tends to 0 with
respect to p. S
Indeed, since ¢ € C5°(Bs), we have

D *d
o 1DmCupe) e

Q-2
N 2HDHUH2Lz(BZQM,.\BQ,j) +20°7 |ulr2) I | L2(BonBy) »

which goes to 0 as ¢ - 0. It is now sufficient to combine (3.22) with (3.23) to
get that (3.21) holds true.

We show now that {(ue,fic)} t-converges to (u,p); i.e.,
(3.24) . ~u in L¥(Q) and jic ~p in M(Q).

Note that (3.24), follows from the fact that ™ ~0in L (), as shown in
Lemma 3.5, and uep, converges (strongly) to u as ¢ - 0. Indeed, on € we have
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that |ug,—ul? = [1-@,|* |u[*" <|u*", thus by Lebesgue’s Dominated Convergence
Theorem we obtain that up, - u in L* (22).
The second convergence in (3.24), follows also from Lemma 3.5. Indeed, once

fixed ¢ € CJ(Q), we get that

limlim [_¢dp. = ﬁ¢dﬂ+limlim[ é| D (up, +ul™)|Pde
o Q Q

0—0e—0 0—0e—-0

Joan+tm [ 61D (up,)Pag

: ()2
+lim [ 9|Dyul g

N
/Q¢>dﬂ+[Q¢|DHu|2d§+jZ=:1/Q¢/¢jd5§j

d
fﬁfb Iz
where we also used (3.22) and (3.23).

It remains to prove the liminf inequality in (3.5). Firstly, note that the integral
in the definition of F.(u., i) can be splitted as follows

Foliicsie) = [ Jug™ =g+ [ [ulF e,

Moreover, as in the proof of (3.24), we can deduce that

lim li f 2" q :f 2" q¢.
imlim [ Jug, " d = [ de

0—-0e—-0

By combining all the previous results, up to a diagonal argument, we finally get

. N oo2r
lim inf 7 (i, i) = fﬂ Ju* dg + 57 S )t = F )

J=1
as desired. O

4. PROOF OF THE CONCENTRATION RESULT

In this section we will prove Theorem 1.2 showing that, due to the I'*-
convergence result, the maximizers {u.} for the variational problem (3.1) con-
centrate energy at one point &, € ) when ¢ goes to zero.

Firstly, notice that, since the embeddings S3(€) = L 5(Q) are compact, the
functionals F. as extended to X by (1.7) are continuous. As a consequence,
we will have that the I'*-convergence of functionals in this space implies the
convergence of maximizers {(ue, )} of Fe to the maxima of F. This will be
the final step in the alternative proof of the concentration result presented at
the end this section. The first step is in Lemma 4.1 below where we show that
there are no further maximizers in the space X other then the pairs of the form
(te, | Drrucl?dE).

Lemma 4.1. For any € >0, let (U, jic) € X be such that

sup  Fe(u,p) = -7:6(@67/16)
(u,pn)eX

Then fi- = |Dguc|*d¢.
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Proof. The present proof is a plain generalization of the one presented in the
fractional (Euclidean) framework in [36], since it is based on the intrinsic scal-
ing properties of the involved functional, and the underlying geometry does not
interfere.

Firstly, notice that the supremum is attained at some (u.,f.) because X
is sequentially compact and F. is sequentially continuous (due to the compact
embedding S§(Q) = L¥~5(Q)). Clearly, it is not restrictive to assume that
fe(Q) = 1. Indeed, if one has fi.(Q) < 1, then it suffices to consider the pair
(ile, jic /i (Q)) which still belongs to the space X, it satisfies (jic/jic(2))(R) =1,
and

Fe (e, e/ (2)) = Fe(te, fic) = max Fe(u,p).
(u,pn)eX

Since @, # 0, by the very definition of the space X, it follows 0 < |Dpic] g2 < 1.
Thus, by setting

1
(4.1) b =0b(e):=

712
Husnsé(g)

>1

= 9

one can consider a new pair (., fie) given as follows,
G :=b2t. and i = b|Dyu.|Pde.
Notice that (@, fie) belongs to the space X and it satisfies
(4.2) Follic fic) = 0% Fo(lic,fic) = b7 max_Fo(u,p).
(u,p)eX

So that (4.1) and (4.2) yield b =1, (uc, |Dyuc|*d€) is a maximizer, and lte 5300 =
1. Since 1= [ |Dyu.>d¢ < jic(Q) =1, one has fi. = |Dpi|*dE. O

The second step consists of Lemma 4.2 below where we prove an optimal upper
bound for the limit functional F on the space X. This will be the keypoint of
the proof of the concentration result.

Lemma 4.2. Let F be the functional defined in (1.8). Then, for every (u,pu) € X,
we have

(4.3) F(u,p) <57,
and the equality holds if and only if (u,p) = (0,8¢,) for some &, € Q.

Proof. We adapt the argument in the proof of [1, Lemma 3.6] for the Euclidean
case in HJ (), which essentially relies on the well-known “convexity trick”.
For every (u,u) € X, the Sobolev inequality yields

*
*

f(u,u)zfﬂ|u|2*d§+5*j2uj2 SS*(fQ\DHuFdf) +S*J;Mj7.

1
n

Now, by the convexity of the function ¢ tT = ¢t ., for every fixed n > 1, it
follows

*

s ([ IpwuPae)” + 5050
Q st

Flu,p) <
(4.4) < S*([ | D prul?dé + iuj) < S*(;L(ﬁ))27 < S*,
Q =

which proves (4.3), and the equality clearly holds if (u,u) = (0,0, ), for some &, €
Q. Indeed, let us assume that the equality in (4.3) holds for some pair (u,u) € X.
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Then, each inequality in (4.4) is in fact an equality. This plainly implies that
ft=0. If u # 0 then by convexity we also deduce that p; =0 for every j. In turn,
this fact yields p = |Dyul?d¢ and u € S§(Q) is optimal in the Sobolev inequality,
which contradicts Theorem 2.1. Thus, u =0, the equation in (4.4) and the strict
convexity implies that p = dg, for some &, € Q as desired. O

We are finally in the position to prove the expected concentration result.

Proof of Theorem 1.2. As mentioned at the beginning of the present section,
by Theorem 1.1 and standard I'*-convergence properties, it follows that every
sequence of maximizers of F., which is in fact in the form {(ue,|Dguc|>d¢)} in
view of Lemma 4.1, must converge (up to subsequences) to a pair (u,pu) € X
which is a maximum for F; that is,

(te, | Dpucl?d€) - (u,p),  with F(u,u) = max_F(,[i).
(a,p)eX

Thanks to Lemma 4.2, we know that F(u,u) <S™ for every (u,p) € X and that
the equality is achieved if and only if (u,u) = (0,d¢,) for some &, € Q. Hence, it

follows that (ue,|Dguc|>d¢) 5 (0,d¢,), which is the desired concentration prop-
erty for the energy density. O

5. STRUWE’S GLOBAL COMPACTNESS VIA PROFILE DECOMPOSITION

This section is devoted to the proof of Theorem 1.3. Before going straight
into the proof a remark is needed. Given a bounded domain with smooth bound-
ary 0 ¢ H" we extend all functions of C§°(£2) to the whole H" putting them
equal zero outside 2. Then we can regard them as functions defined on the
whole H". Now, define the Folland-Stein Sobolev homogeneous space S3(€) as
the completion of C§°(2) with respect to the norm |Dp - || 2(uny-

Lastly, in the proof of Theorem 1.3 we will make use of a fine asymptotic
characterization result proved in [2], which presents to the sub-Riemannian set-
ting of the Heisenberg group the Profile Decomposition firstly proven by Gérard
in [19]. See also the recent alternative proof in [34] based upon the results in
the very relevant book [43] where an abstract (even more general) approach in
Hilbert spaces can be found; see in particular Section 9.9 there for related result
in Carnot groups. We refer the reader also to the recent work [42].

Theorem 5.1 (Theorem 1.1 in [2]). Let {ux} be a bounded sequence in Si(H").
Then, for any j € N there exist a sequence of numbers {)\,(j)} c (0,00), a sequence
of points {{,(cj)} cH" and a function 1) € SY(H™) such that as k — oo

(i)

log % — 00, if )\,(:) # Algj)

(5.1)
=1 ; ' ; )
|51/)\§€j>(£,(j) ogl(C )) gn 00 if /\I(C) - /\](C])’

and such that, for any integer £ € N,

14 -Q
e ) )
(5.2) uk() = LA TG00 (18 0+ 0

j=1

4

j 14

(5.3) lulZs = 2 10D 13 + i 1 any + 0(1)  as k> oo;

j=1

(5.4) 17 e >0 as k> oo
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Proof of Theorem 1.3. We divide the proof into several steps.

Step 1. The sequence {u;} is bounded in S}(Q). Since {uy} is a Palais-
Smale sequence for £y, we have

(1 2) o

5)\(Uk) - %(dcﬁ')\(uk),uk)

IN

e+ c{(dEx(ur), ur)]

IN

¢+ ce|ug H2S[} +cco(1).

Now, since (2 is bounded, we have as k - oo

L2
fQ|uk|2dg |Q|2/Q([2|uk|2 dg) as k- oo

c+ceo(l) + cellug Hégv
where we also used Holder’s Inequality and Young’s Inequality.

IA

IA

Hence, by combining the estimates above, we have that

2 .
25A(uk)+xfﬂ|uk|2dg+27]9|uk|2 e

Jurl 2y

IN

c+ca\|uk|\§é +co(l) as k- oo.

So that, up to choosing e > 0 sufficiently small and reabsorbing the Si-norm of
uy in the left hand-side, we have

||uk\|§(1] <c+o(l) ask— oo,
which proves the claim.

Step 2. The weak limit u(?) solves (P,). From Step 1., up to a subsequences
not relabelled, there exists u(?) € S}(Q) such that ug, - u(®) in S}(Q) as k - co.
Hence, by the compact embedding theorem (see Theorem 3.2 of [16]), as k — oo

g —~ u® weakly in L% (),
(5.5) lug? 2y > (0@ 2u®  strongly in L'(9),
> 2y ~ (0@ 0@ weakly in L&(Q),
up — u®  strongly in L2 (H").
Thus, the weak continuity of the functional d&, yields that u(®) is a solution

to (Py). If the convergence of uy to u(®) is strong we are done.

Step 3. If the convergence is not strong, then {u;} contains further
profiles. Assume that u; does not converge strongly to «(?) in S}(Q). Then, we
can apply Theorem 5.1 to the sequence {ug}, obtaining a profile decomposition
for a renumbered subsequence, that is for any integer £ € N we can write

L2 o .
we() = AT D6, 0 (i () + 0 ().
j=1 *

k

Let IT={j e N[y #u®} and set v =) for j eI Note that
e By the definition of profiles, for any j € I there exist a sequence of
numbers {)\l(f)} c (0,00), a sequence of points {f,(cj)} c H™ such that

(5.6) uk (e (056 () = uP () in Sg(H").
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e The limit function u(?) can be regarded as the profile associated to the
trivial dilations and translations.

Hence, if we show that I+ @, we are done proving that {uy} contains further
profiles. Therefore, assume by contradiction that I = @ and so {ux} does not
contain profiles different from u(?). Then, the sum in (5.2) reduces to the single
term u(®) and (5.2) gives

P ONOINORIONMO)

which in turn implies by (5.4)
Jug =@ 2 = 172+ >0 as k - co.
Hence, uy, - u(® strongly in L2 (). On the other hand, as k — oo
g = ”gé(sz) = (upy wp =) = (@O uy, - u®)
= (d&x (ur ), up = u ) = (dEx (), up, = D) + My, - ul?3
+ fﬂ (|uk|2*_2uk - |u(0)|2*_2u(0)) (uk - u(o)) d¢ =0(1),

by (1.10) and the convergence properties of wuy in (5.5). This gives the desired
contradiction and so I+ @; i.e., {ur} contains further profiles.

Step 4. The scaling parameters {)\,(fj)} from Theorem 5.1 satisfy )\,(Cj) -
0 and dist(flij),ﬂ) = O()\](cj)) as k - oo for any j € N. Arguing again by
contradiction we first assume that, up to a subsequences, /\,(Cj ) 00 as k - oo.
Note that the convergence in (5.6) is actually strong in L2 _(H") by Rellich’s
Theorem. Then, since u{9) # 0 we get by Fatou’s lemma

N2 e ()Q2 2
0<an [uPP dg < lim inf AY fH [ (7 (6,00 ()] €
-2
:]lillglf)\’gj) —/Q|uk|2 d¢ =0,

which together with the fact that )\,(fj ) 5 o0 and (5.5) gives a contradiction.
Therefore, there exists ¢) > 0 such that )\,(Cj ) < ¢ for all k. Now assume

that, up to a subsequences, )\,({j ) > ¢; >0 for each k. Then, since the profiles u(9)

and u(9, for j € I, must be attained along different sequence of parameters and

points satisfying conditions (5.1), again up to subsequences, |§](€j )
Hence, uk(Tg(J)((S)\m(-))) — 0, since for any fixed k, each function is supported
k k

|]H[n — 00.

in 51//\(]-) (Tg(j)*l (92)), and so for k sufficiently large, they are zero on each compact
k k

set in H", Q being bounded and )\,(Cj) >¢; > 0. Since ul) # 0 we obtain a

contradiction and therefore )\,(j ) 50 as k — oo.
Let us now deal with the second part of the statement. Assume that

dist(¢, Q)
— " as k — oo.
A
This yields, possibly along subsequences, dist(o,él/)\(]‘)(Tg(j)fl(Q))) — oo (where
Ko &k
we denoted with 0 the identity element in H™) and still, by arguing as before,
we obtain that Uk(Tg(j)((s)\(_j)('))) — 0. This is impossible and so dist({éj),Q) =
k k

O()\,(Cj)) as k — oo.
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Step 5. The profiles u') solve (P)) either in a half-space or in the
whole H", and we may assume {5,9)} c Q. According to Step 4, we shall
distinguish two cases:

Case I: We have dist(flgj),ﬁQ) = O(A,ij)) as k — oo.

dist(¢$, 00)

Case II: We have O — o0 as k - oo (This only happens when 5,@ c)
k

stays inside the domain or approaches the boundary slower than /\,gj )).
We know by (5.6) that ulgj)(-) = Uk;(Tg(j)((SA(j)('))) —u () in S(H"), and
) k k
that suppu,({f) c (51/>\(j>(7'£<j)-1((2))). Note that, because of the condition on the
Koo &

scaling parameters,

51/,\2”(75;1)*1(9)) - Q) as k- oo,

where Q,()j ) is either an open half-space or the entire space (in Case II).

Fix g€ C’(‘J"’(ng )). By the invariance of the S} and the L?" norms with respect
to the scaling

(5.7) u() > () =0 7wy ()1 (),

2-Q

it is clear that the rescaled function $(-) := )\,(CJ) : @(51/)\(]')(7';(]]7)('))) e C5°(92)
k k

and

(5.8) (4 (). 7) = (A€ (). 0) =AY [ uDpac.

Now, by (1.10),

2
(d&x(ur), B) =AY <dgA(uk)7‘P(él/)\ij)(ng')(')))) =0 as k- oo

)

On the other hand, since ¢ is compactly supported, u,(j - u9) strongly in

L% (H™) and )\,(Cj) - 0 by Step 4 we get
(5.9) (ADyLQr2 f uPpde >0 as k> oo
Hn

Combining (5.8)-(5.9) with the weak continuity of d€* we get (d€*(u()),¢) =0
for all ¢ € C§°(ng )). Hence, the claim follows by density.

In remains to show that {§l(€j >} c . As already observed, this is obvious in
Case II, and so we only need to prove it in Case I, that is when dist(ﬁ,gj),ﬁQ) =
O(/\,(Cj)) as k — oo. In that case, fix £U) ¢ Q) and set

7](6]) = EI(CJ)((S)\S)(E(]))))

4 () = w75 (3,00 () = (e (5,00 (70 ()))-
Then, {g’,(j)} c Q for k sufficiently large and ﬁlgj)(~) - u(j)(Tg(j)()) in S} (H")
as k — oo. Therefore, the claim follows by taking éfj ) as translation parameter
and @9 (-) = ul) (75, ().

Step 6. The profiles u/) are in finite number. By (5.3) of Theorem 5.1
it suffices to show that the S} norms of the nontrivial profiles w9, j €N, are

9
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uniformly bounded from below. To this aim, let us test (Py) with ¢ = u). Thus,
from the Folland-Stein inequality (1.1), we get

. o . . 2%
WOy = WP < 5 (D]3) %
Consequently, HU(j)Hsg > (S*)ﬁ and so the claim is proved.

Step 7. The sequence of remainders {rlgj)} strongly converges to 0
in S} (H™). First, by the scaling invariance we can easily see that

_ I = 2
e e A R 3 PV LR NP Gt O)))
s=1 b 55
0 J (_)¥ . 1
-2 uy, - u ),Z)\kj U(])(5l/)\§cj)(7'€_£j>('))) +o(1)
=1 '
012 L D2 o (D) G
= g —u )Hsg) +> HU(])Hsg) -2 (! ,ul)
j=1 J=1
oY ORNO Rt -1
+2Z;(u AT WY (51//\?)(7’&(@3-)('))))+0(1)
o
J N oox
(5.10) = Ju—u®1Z =Y [ P dg+o(1),
j=1/H"

where we used the fact that (/) solves (Py) by Step 5 for any j € I. Now, arguing
as in Step 3, as k — oo

e =0 Py = [ (el = O 20 ) (@) € = (1),

and, using again (5.5), the previous equality becomes, as k — oo,

Juk = 0O B gy = [0 125 gy ~ [P [ g + (1),

which yields in turn, thanks to (5.10)
> * * J : *
(5.11) Jim 5y = Hm 7o g = @17 ) - > [ e g
=
Hence, we are done if we show that
2 2 STROI
(5.12) khj{.lo HukHL2*(Q) = a2 @t 221 ([ HLz*(Hn)'
j=

e .
By (5.2), we know that u,(-) = X4 AP 7 90 (5, po (72 () + (). Thus,
k

by using iteratively the Brezis-Lieb lemma and the invariance of the L% norm
with respect to (5.7) together with (5.4), we obtain the desired conclusion.

Step 8. Completion of the proof. Clearly, (1.12) follows straightly from (5.1),
while and (1.11) and (1.13) come from (5.3), thanks to Step 7. Hence, it remains
to show (1.14). To this end, let us recall that by (5.5), us - u(®) in L?(Q), where
and u(® solves (Py) thanks to Step 2. Moreover, because of Step 5, we know
that |u([2, = [u)|?,. . Combining these two facts with (1.13), (5.12) and the
definition ofoé',\, we obtain the validity of (1.14). This completes the proof. O
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It is now worth remarking that in the special case when further regularity is
assumed on the set (2 we can give a complete characterization of the limiting sets
{Q(()J )}jd. Let us recall the definition of H-flatness of ) at a boundary point.

Definition 5.2 (H-flat domains). Let Q be a smooth bounded domain of H™
and let £ € 0. Assume € C=(H") be a defining function for the boundary of Q
in a neighborhood of & (that is, : By(&) > R with =0 on B,(§)ndN and >0
on By(&)n Q) The point € is called characteristic if Dg®(€) =0. Moreover, if &

is a characteristic point, then we say that  is H-flat at & if
qHé(g) = 07

where gy : R?™ - R is the quadratic form associated with the Hessian matriz
D?,®, that is

2n
(qu®(m))(z):= >, ((Du)i(Du);®)(n)ziz Vz e R?",

ij=1
We say that Q is H-flat if it is H-flat at any characteristic point of its boundary.
We have the following

Lemma 5.3 (Lemma 3.4 in [7]). Let Q be a smooth bounded domain in H" and,
for any sequence {&} in Q and for any divergent series {Ap} € R*, let
Qk = (5)\k (ngl(Q))'

Then, up to subsequences, 2 — Q, where

(i) if Apdist(&g, 0R2) is unbounded then §, is the whole space H™;

(ii) if Apdist(&,00) is bounded, then there exists a, b € R™ and c € R and a

quadratic form q on R*™ such that, up to translations,
QO:{(x7y,t) eH"|a-2+b-y+c-t+q(z,y) >0};

(iii) of Apdist(&k,0Q) is bounded and Q is H-flat, according to Definition 5.2
then Q. is a half-space of H".

)

The main consequence of Lemma 5.3 is that for bounded C*° domains in H"
we explicitly know the limiting sets ng ). Moreover, if we consider in Theorem 1.3
only positive Palais-Smale sequences for £, on H-flat domains, then we have that
the limiting spaces ng ) are always the whole space H". This follows from the
nonexistence results proven in [25].
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