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Lp Maximal regularity for vector-valued Schrödinger operators

Davide Addonaa, Vincenzo Leoneb, Luca Lorenzia,∗, Abdelaziz Rhandib

aPlesso di Matematica, Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Università di Parma, Viale Parco Area delle Scienze
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Abstract

In this paper we consider the vector-valued Schrödinger operator −∆+V , where the potential term V is a matrix-valued
function whose entries belong to L1

loc(Rd) and, for every x ∈ Rd, V(x) is a symmetric and nonnegative definite matrix,
with non positive off-diagonal terms and with eigenvalues comparable each other. For this class of potential terms we
obtain maximal inequality in L1(Rd,Rm). Assuming further that the minimal eigenvalue of V belongs to some reverse
Hölder class of order q ∈ (1,∞) ∪ {∞}, we obtain maximal inequality in Lp(Rd,Rm), for p in between 1 and some q,
and generation results.

Résumé
Dans ce travail, nous considérons l’opérateur de Schrödinger à valeur vectorielle −∆ + V , où le terme potentiel V est
une fonction à valeur matricielle dont les entrées appartiennent à L1

loc(Rd) et, pour tout x ∈ Rd, V(x) est une matrice
symétrique positive, dont les termes hors diagonale négatifs et avec des valeurs propres comparables entre elles. Pour
cette classe de potentiels, nous obtenons l’inégalité maximale dans L1(Rd,Rm). En supposant en outre que la valeur
propre minimale de V appartient à une classe Hölder inverse d’ordre q ∈ (1,∞) ∪ {∞}, nous obtenons une inégalité
maximale dans Lp(Rd,Rm), pour p compris entre 1 et un certain q, et des résultats de générations.

Keywords: Vector-valued elliptic operators, Schrödinger operators with unbounded coefficients, vector-valued
analytic semigroups, domain characterization, Lebesgue Lp-spaces, reverse Hölder class.
2000 MSC: 35K40, 47D06, 35J47

1. Introduction

The aim of this paper is to establish the vector-valued apriori maximal Lp-inequalities

∥∆u∥Lp(Rd ,Rm) + ∥Vu∥Lp(Rd ,Rm) ≤ ∥∆u − Vu∥Lp(Rd ,Rm), u ∈ C∞c (Rd,Rm),

for a class of symmetric nonnegative definite matrix-valued potentials V , with negative off-diagonal terms and with
eigenvalues which are comparable each other. This class includes matrix potentials with polynomially growing and
singular entries, see Examples 8.1 and 8.2. As a consequence, one obtains that the Lp-realization of the operator ∆−V ,
with domain

W2,p(Rd,Rm) ∩ {u ∈ Lp(Rd,Rm) : Vu ∈ Lp(Rd,Rm)},

generates a C0-semigroup of contractions on Lp(Rd,Rm), which is also analytic if p > 1. This generalizes the results
in (11) and (28) to the vector-valued case.

By using a perturbation method, due to Monniaux and Prüss, see (26), these types of maximal inequalities have
been obtained in the seminal paper (20) and more recently in (23), where a class of vector-valued Schrödinger type
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operators is considered, when the matrix potential V is quasi accretive and locally Lipschitz continuous on Rd, and
D jV(−V)−α ∈ L∞(Rd,Rm×m) for some α ∈ [0, 1/2). This condition excludes the case of matrix-valued potentials with
singular entries and also those growing more than quadratically.

We quote the papers (5; 24; 25), where the operator div(Q∇) − V on Lp(Rd,Rm) is considered when the matrix-
valued diffusion function Q is bounded and can degenerate neither at some x ∈ Rd nor at infinity, and generation of
a semigroup in the Lp-spaces, with the description of the domain of its generator, is proved. More recently, in (8),
more general diffusion and potential matrices are considered, under assumptions which still exclude potentials that
have singularities at some x ∈ Rd.

A class of vector-valued elliptic operators, including also first- and second-order coupling term, has been consid-
ered very recently in (6; 7; 9).

In the Lp-context, in the case of elliptic operators with unbounded diffusion and drift coefficients, it is known, at
least in the scalar case, that the suitable space to study generation and regularity properties of semigroups generated
by elliptic operators with unbounded coefficients, are Lp-spaces related to the invariant measure associated to such
operators. In the vector-valued case, only partial results in this direction are available so far, see (1; 2; 3; 4).

Organization of the paper

In Section 3, we begin by proving a vector-valued version of a Fefferman-Phong type inequality. This allows us, in
Section 4, to study the homogeneous version ofH , the L2-version of the operator −∆ + V . In Section 5, we prove the
L1-maximal inequalities. Here, the main ingredient is suitable approximations of the matrix-potential V that preserve
the positivity (componentwise) of the resolvent of −H , see Proposition 5.4. To prove the Lp-maximal inequalities we
first prove, in Section 6, a vector-valued version of (12, Theorem 3.14) that permits us, together with the L1-maximal
inequalities, to obtain the Lp-estimates. In Section 7, we adapt the celebrated perturbation theorem by T. Kato, see
(22, Theorem 3), to the vector-valued case and deduce that Lp-realization of the operator ∆ − V , with domain

W2,p(Rd,Rm) ∩ {u ∈ Lp(Rd,Rm) : Vu ∈ Lp(Rd,Rm)},

generates a C0-semigroup of contractions on Lp(Rd,Rm) which is, for p > 1, also analytic. Section 8 is dedicated to
two examples of applications.

Notation

The absolute value of a vector ξ ∈ R j ( j ∈ N) is the vector |ξ| = (|ξ1|, . . . , |ξ j|) ∈ R j. For d, m, k ∈ N, Ck(Rd,Rm)
is the space of all vector-valued functions f : Rd → Rm, which are continuously differentiable up to the k-th order
in Rd. C∞c (Rd,Rm) is the space of the compactly supported and infinitely differentiable functions f : Rd → Rm and,
for p ∈ [1,∞) ∪ {∞}, Lp(Rd,Rm) denotes the space of (the classes of) all measurable vector-valued functions, such

that ∥ f∥p =
(∫

Rd ∥ f∥(x)pdx
) 1

p is finite, if 1 ≤ p < ∞, and such that ∥ f∥∞ = ess supx∈Rd∥ f (x)∥ < ∞, if p = ∞. In
particular, we denote with Lp

c (Rd,Rm) the subspace of Lp(Rd,Rm) of compactly supported functions on Rd and with
Lp

loc(Rd,Rm) the set of the measurable functions that belong Lp(Ω,Rm) for every bounded measurable subset Ω of Rd.
Wk,p(Rd,Rm) denotes the Sobolev space of order k in Lp(Rd,Rm), that is the space of functions f ∈ Lp(Rd,Rm)

such that the distributional derivative ∂β f belongs to Lp(Rd,Rm) for any multi-index β with length at most k. When
p = 2, we write Hk(Rd,Rm) instead of Wk,2(Rd,Rm). The space Wk,p

loc (Rd,Rm) consists of those measurable and locally
integrable functions which, along with their distributional derivatives up to order k, belong to Lp

loc(Rd,Rm).
Let V = (vi j), W = (wi j) be real m × m matrices. We say that V ≤ W componentwise if vi j ≤ wi j for all

i, j = 1, . . . ,m, while V ≤ W in the sense of forms if ⟨Vξ, ξ⟩ ≤ ⟨Wξ, ξ⟩ for all ξ ∈ Rm. The average of a function f
over a subset X of Rd will be denoted as avX( f ) = 1

|X|

∫
X f (y) dy, where |X| denotes the Lebesgue measure of X, which

is assumed to be finite. With χE we denote the characteristic function of the set E.
A scalar function w belongs to the reverse Hölder class Bq, for q ∈ (1,∞)∪{∞}, if it is almost everywhere positive,

w ∈ Lq
loc(Rd) and there exists C > 0 such that for all Q cubes of Rd we have(

1
|Q|

∫
Q

wq(x) dx
) 1

q

≤ C
1
|Q|

∫
Q

w(x) dx.
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For q = ∞, the left hand side in the last condition is replaced by ess supx∈Qw(x).
If K is a Hilbert space and K′ is its topological dual, then we denote by ⟨k′, k⟩K′,K the duality in K, for every k ∈ K

and k′ ∈ K′.

2. Main assumptions

In the whole manuscript we assume the following hypothesis.

Hypothesis 2.1. Let V : Rd → Rm×m be a matrix-valued operator such that vi j = v ji ∈ L1
loc(Rd) for all i, j ∈ {1, . . . ,m},

the off-diagonal terms are non-positive, i.e., vi j ≤ 0 for all i , j ∈ {1, . . . ,m}, and for almost every x ∈ Rd

⟨V(x)ξ, ξ⟩ ≥ 0, ξ ∈ Rm.

Let λV (·) B minu∈Rm : ∥u∥=1⟨V(·)u,u⟩ be the minimal eigenvalue of V . It is an almost everywhere in Rd nonnegative
and locally integrable scalar function. In addition we assume the following assumption.

Hypothesis 2.2. The eigenvalues of V are comparable each other, i.e., if we denote with ΛV the maximal eigenvalue
of V, then there exists a constant C ≥ 1 such that for almost every x ∈ Rd

λV (x) ≤ ΛV (x) ≤ C λV (x).

3. A Fefferman-Phong type inequality

We start with an inequality which will be fundamental for the definition of our operator.

Proposition 3.1. Let V be a matrix-valued operator satisfying Hypothesis 2.1 and let p ∈ [1,+∞). Then, there exists
a positive constant C = C(p, d,m) such that∫

Q
(∥∇u(x)∥p + ⟨V(x)u(x),u(x)⟩∥u(x)∥p−2) dx ≥

1
2p−1 avQ(min{CR−p, λV })

∫
Q
∥u(x)∥pdx, (3.1)

for every cube Q ⊂ Rd with side-length R and every u ∈ W1,p
loc (Rd,Rm) such that ⟨Vu,u⟩∥u∥p−2 belongs to L1

loc(Rd,Rm).

Proof. We fix a cube Q ⊂ Rd with side-length R, p ∈ [1,+∞) and, to begin with, we prove that, for every p ∈ [1,+∞)
and every u ∈ W1,p

loc (Rd,Rm), there exists a positive constant C(p, d,m) such that∫
Q
∥∇u(x)∥pdx ≥

C(p, d,m)
Rd+p

∫
Q×Q
∥u(x) − u(y)∥pdxdy. (3.2)

Clearly, it suffices to prove (3.2) for functions u ∈ C1(Rd,Rm), since a straightforward density argument allows us to
extend its validity to any u ∈ W1,p

loc (Rd,Rm).

So, let assume that u ∈ C1(Rd,Rm) and set Q =
d∏

j=1

[a j, a j + R] for some a1, . . . , ad ∈ R. For x = (x1, x2, . . . , xd), y =

(y1, y2, . . . , yd) ∈ Q, define

x(0) B x, x(k) B (y1, . . . , yk, xk+1, . . . , xd) for 1 ≤ k ≤ d − 1, x(d) B y.

Since u j ∈ C1(Rd) for every j = 1, . . . ,m, it follows that

u j(x) − u j(x(1)) =
∫ x1

y1

∂1u j(t, x2, . . . , xd) dt,

u j(x(k)) − u j(x(k+1)) =
∫ xk+1

yk+1

∂k+1u j(y1, . . . , yk, t, xk+2, . . . , xd) dt, 1 ≤ k ≤ d − 2,

u j(x(d−1)) − u j(y) =
∫ xd

yd

∂du j(y1, y2, . . . , yd−1, t) dt.
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Hölder’s inequality gives

|u j(x(k)) − u j(x(k+1))|p ≤|xk+1 − yk+1|
p−1

∫ xk+1

yk+1

∣∣∣∂k+1u j(y1, . . . , yk, t, xk+2, . . . , xd)
∣∣∣p dt

for k = 0, . . . , d − 2 and

|u j(x(d−1)) − u j(x(d))|p ≤ |xd − yd |
p−1

∫ xd

yd

∣∣∣∂du j(y1, . . . , yk, t)
∣∣∣p dt.

Hence,

|u j(x) − u j(y)|p ≤

d−1∑
k=0

|u j(x(k)) − u j(x(k+1))|


p

≤C(p, q)
d−1∑
k=0

|u j(x(k)) − u j(x(k+1))|p

≤C(p, d)Rp−1
d−1∑
k=0

∣∣∣∣∣ ∫ xk+1

yk+1

∣∣∣∂k+1u j(y1, . . . , yk, t, xk+2, . . . , xd)
∣∣∣p dt

∣∣∣∣∣,
where, with a slight abuse of notation, (y1, . . . , yk, t, xk+2, . . . , xd) = (y1, . . . , yd−1, t) when k = d − 1. Thus,∫

Q
|u j(x) − u j(y)|p dx

≤C(p, d)Rp−1
∫

Q

d−1∑
k=0

∣∣∣∣∣ ∫ xk+1

yk+1

∣∣∣∂k+1u j(y1, . . . , yk, t, xk+2, . . . , xd)
∣∣∣p dt

∣∣∣∣∣dx

≤C(p, d)Rp−1
∫

Q
dx

d−1∑
k=0

∫ ak+1+R

ak+1

∥∥∥∇u j(y1, . . . , yk, t, xk+2, . . . , xd)
∥∥∥p

dt

≤C(p, d)Rp−1
d−1∑
k=0

Rk+1
∫

Qk+2

dxk+2 · · · dxd

∫ ak+1+R

ak+1

∥∥∥∇u j(y1, . . . , yk, t, xk+2, . . . , xd)
∥∥∥p

dt

=C(p, d)Rp
d−1∑
k=0

Rk
∫

Qk+1

∥∥∥∇u j(y1, . . . , yk, xk+1, xk+2, . . . , xd)
∥∥∥p

dxk+1 · · · dxd,

where Q j =
∏

i= j[ai, ai + R] for every j ≤ d.
Now, integrating over Q with respect to the variable y, we can write∫

Q×Q
|u j(x) − u j(y)|p dxdy ≤C(p, d)Rp

d−1∑
k=0

Rk
∫

Q
dy

∫
Qk+1

∥∥∥∇u j(y1, . . . , yk, xk+1, xk+2, . . . , xd)
∥∥∥p

dxk+1 · · · dxd

=C(p, d)Rp+d
d−1∑
k=0

∫
Q

∥∥∥∇u j(y1, . . . , yk, xk+1, xk+2, . . . , xd)
∥∥∥p

dy1 · · · dykdxk+1 · · · dxd

=C(p, d)dRp+d
∫

Q
∥∇u j(x)∥p dx.

Therefore, the following estimate holds:∫
Q
∥∇u j(x)∥p dx ≥

C̃(p, d)
Rd+p

∫
Q×Q
|u j(x) − u j(y)|pdxdy. (3.3)
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Since

∥∇u∥p ≥ C(p,m)
m∑

j=1

∥∇u j∥
p,

by applying (3.3) we obtain∫
Q
∥∇u(x)∥pdx ≥

C(p, d,m)
Rd+p

m∑
j=1

∫
Q×Q
|u j(x) − u j(y)|pdxdy ≥

C(p, d,m)
Rd+p

∫
Q×Q
∥u(x) − u(y)∥pdxdy

and (3.2) follows easily.
We now observe that if u is such that ⟨Vu,u⟩∥u∥p−2 ∈ L1

loc(Rd), then∫
Q
⟨V(x)u(x),u(x)⟩∥u(x)∥p−2dx ≥

∫
Q
λV (x)∥u(x)∥pdx =

1
Rd

∫
Q×Q
λV (x)∥u(x)∥pdxdy.

Combining this inequality and (3.2), we get∫
Q

(∥∇u(x)∥p + ⟨V(x)u(x),u(x)⟩∥u(x)∥p−2)dx

≥
C(p, d,m)

Rd+p

∫
Q×Q
∥u(x) − u(y)∥pdxdy +

1
Rd

∫
Q×Q
λV (x)∥u(x)∥pdxdy

≥
1

Rd

∫
Q×Q

min{C(p, d,m)R−p, λV (x)}(∥u(x) − u(y)∥p + ∥u(x)∥p)dxdy

≥

(
1

Rd

∫
Q

min
{
C(p, d,m)R−p, λV (x)

}
dx

) (
1

2p−1

∫
Q
∥u(y)∥p dy

)
=

1
2p−1 avQ

(
min

{
C(p, d,m)R−p, λV (·)

}) (∫
Q
∥u(y)∥pdy

)
,

where we have used the inequality 1
2p−1 |a|p ≤ |a − b|p + |b|p, which holds true for every a, b ∈ R and 1 ≤ p < ∞.

4. Vector-valued Schrödinger operator

Let us introduce the set

V = { f = ( f1, . . . , fm) ∈ L2(Rd,Rm) : ∇ f ∈ L2(Rd,Rd×m), V
1
2 f ∈ L2(Rd,Rm)},

and onV ×V let us define the sesquilinear form

a( f , g) =
∫
Rd

( m∑
i=1

⟨∇ fi(x),∇gi(x)⟩ + ⟨V(x) f (x), g(x)⟩
)

dx

for f , g ∈ V. The domainV equipped with the norm

∥ f∥V =
(
∥ f∥22 + a( f , f )

) 1
2

is a Hilbert space and C∞c (Rd,Rm) is dense in V (for more details we refer to (15)). Hence, since a is accretive and
continuous, there exists a unique nonnegative and self-adjoint operatorH : D(H)→ L2(Rd,Rm), defined by

D(H) = {u ∈ V such that ∃ v ∈ L2(Rd,Rm) : a(u, ϕ) = ⟨v, ϕ⟩L2(Rd ,Rm) ∀ϕ ∈ V},

Hu = v, ∀u ∈ D(H).

We notice that for any ε > 0 the operator H + ε is invertible, but H itself in general is not invertible since the
form a might be not coercive. For this reason we introduce a version of H which is now invertible, in the sense of
distributions, but it is defined in a larger space.
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4.1. Homogeneous version ofH

Let V̇ be the closure of C∞c (Rd,Rm) with respect to the norm

∥ f∥V̇ = a( f , f )
1
2 =

 m∑
i=1

∫
Rd

(∥∇ fi(x)∥2 + ⟨V(x) f (x), f (x)⟩)dx


1
2

, f ∈ V̇.

Clearly, ∥ · ∥V̇ is a seminorm. To prove that, actually, it is a norm, it suffices to observe that for any f ∈ V̇, estimate
(3.1) with p = 2 implies that f belongs to L2(Q,Rm) and ∥ f∥L2(Q,Rm) ≤ cQ∥ f∥V̇ for every cube Q ⊂ Rd, and this means
that V̇ ⊂ L2

loc(Rd,Rm). This gives us that ∥ · ∥V̇ is a norm and a is the inner product associated to this norm. We can
conclude that (V̇, ∥ · ∥V̇) is a Hilbert space and a is coercive in V̇.

If we choose not to identify V̇ with its dual space, V̇′, by Lax-Milgram’s theorem, there exists a unique bounded
and invertible operator Ḣ : V̇ → V̇′ such that ⟨Ḣ u, v⟩V̇′,V̇ = a(u, v), for every u, v ∈ V̇. This means that for every
f ∈ V̇′ there exists a unique u ∈ V̇ such that a(u, v) = ⟨ f , v⟩V̇′,V̇, for all v ∈ C∞c (Rd,Rm). Then, −∆u + Vu = f in the
sense of distributions with u = Ḣ−1 f .

Remark 4.1. Since C∞c (Rd,Rm) is dense both in V and in V̇, it follows that V ⊂ V̇. Further, if the minimum
eigenvalue of the matrix V satisfies the condition λV (x) ≥ C for almost every x ∈ Rd and some positive constant C,
then the spaces V and V̇ actually coincide. Indeed, if f ∈ V̇ then there exists a sequence ( fn)n∈N ⊂ C∞c (Rd,Rm)
such that (∂ j fn)n∈N and (V1/2 fn)n∈N converge, respectively, to ∂ j f and V1/2 f in L2(Rd,Rm), as n tends to∞, for every
j = 1, . . . , d. Since ∥V1/2( fn − f )∥2 ≥ λV∥ fn − f∥2 ≥ C∥ fn − f∥2 for every n ∈ N, the sequence ( fn)n∈N converges to f
in L2(Rd,Rm) as n tends to +∞, so that f ∈ V.

In view of this property, we will simply write V instead of V̇, when the function x 7→ λV (x) is bounded from
below by a positive constant.

The following lemma provides us with an useful approximation result.

Lemma 4.2. Fix f ∈ L2(Rd,Rm)∩ V̇′ and, for every ε > 0, define uε = (H + ε)−1 f ∈ D(H). Then, the family (uε)ε>0
converges to Ḣ−1 f in V̇ as ε tends to 0.

Proof. Let f and uε be as in the statement. By definition we get∫
Rd

 m∑
i=1

⟨∇(uε)i,∇vi⟩ + ⟨(V + ε)uε, v⟩
 dx =

∫
Rd
⟨ f , v⟩ dx, v ∈ V. (4.1)

Now we can choose v = uε ∈ D(H) ⊆ V and obtain that∫
Rd

 m∑
i=1

∥∇(uε)i∥
2 + ⟨(V + ε)uε,uε⟩

 dx =
∫
Rd
⟨ f ,uε⟩ dx

for every ε > 0. Then,

∥uε∥2V̇ ≤
∫
Rd

( m∑
i=1

∥∇(uε)i∥
2 + ⟨(V + ε)uε,uε⟩

)
dx =

∫
Rd
⟨ f ,uε⟩ dx ≤

∣∣∣∣∣∫
Rd
⟨ f ,uε⟩ dx

∣∣∣∣∣ ≤ ∥ f∥V̇′∥uε∥V̇ (4.2)

for every ε > 0, and we can conclude that ∥uε∥V̇ ≤ ∥ f∥V̇′ , i.e., (uε)ε>0 is bounded in V̇. Hence, there exists a sequence
(εn)n∈N, converging to zero, such that (uεn )n∈N weakly converges to some function u ∈ V̇ as ε tends to 0. Writing (4.1)
with uεn instead of uε and taking the limit as n tends to∞, we obtain∫

Rd

 m∑
i=1

⟨∇ui,∇vi⟩ + ⟨Vu, v⟩
 dx =

∫
Rd
⟨ f , v⟩ dx, v ∈ V.

Since C∞c (Rd,Rm) is dense both inV and in V̇, by the definition of the operator Ḣ we conclude that u = Ḣ−1 f .
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To prove that (uεn )n∈N strongly converges to u it is enough to prove the convergence of the norms. For this purpose,
we observe that

∥u∥2
V̇
=

∫
Rd

( m∑
i=1

∥∇ui∥
2 + ⟨Vu,u⟩

)
dx

≤ lim inf
n→+∞

∫
Rd

( m∑
i=1

∥∇(uεn )i∥
2 + ⟨Vuεn ,uεn⟩

)
dx

≤ lim sup
n→+∞

∫
Rd

( m∑
i=1

∥∇(uεn )i∥
2 + ⟨Vuεn ,uεn⟩

)
dx

≤ lim sup
n→+∞

∫
Rd

( m∑
i=1

∥∇(uεn )i∥
2 + ⟨(V + εn)uεn ,uεn⟩

)
dx

= lim sup
n→+∞

∫
Rd
⟨ f ,uεn⟩ dx

=

∫
Rd
⟨ f ,u⟩ dx

=

∫
Rd

( m∑
i=1

⟨∇ui,∇ui⟩ + ⟨Vu,u⟩
)
dx = ∥u∥2

V̇
,

so that (∥uεn∥V̇)n∈N converges to ∥u∥V̇ as ε tends to 0.
To conclude the proof, we observe that the previous results show that every convergent subsequence of (uε)ε>0

converges to u. Hence, all the family (uε)ε>0 converges to u in V̇ as ε tends to 0. Indeed, assume by contradiction
that there exists a sequence (uεn )n∈N, with (εn)n∈N decreasing to 0, which does not converge to u. It follows that there
exist δ > 0 and a subsequence (uεnk

)k∈N ⊆ (uεn )n∈N such that

∥uεnk
− u∥V̇ ≥ δ, k ∈ N. (4.3)

But formula (4.2), with uε replaced by uεnk
, implies that (uεnk

)k∈N is bounded in V̇. Hence, it admits a subsequence
which weakly converges to some v in V̇ and, arguing as above, we infer that such subsequence strongly converges to
Ḣ−1 f . This contradicts (4.3), and so we obtain that the whole family (uε)ε>0 converges to u in V̇ as ε tends to 0.

Remark 4.3. Since V̇ ⊂ L2
loc(Rd,Rm), taking formula (3.1), with p = 2, into account, it follows easily that the

embedding L2
c(Rd,Rm) ⊂ V̇′ is continuous. Moreover, (uε)ε>0 converges to Ḣ−1 f in L2(Ω,Rm) for every bounded

measurable set Ω ⊂ Rd. It thus follows that (uε)ε>0 has a subsequence converging to Ḣ−1 f almost everywhere in Rd.

5. L1-maximal inequalities

We start this section with a vectorial version of Kato’s inequality. This result has been obtained in (24, Proposition
2.3) assuming that u ∈ H1

loc(Rd,Rm) and ∆u ∈ L1
loc(Rd,Rm). Adapting the technique in the proof of (21, Lemma A),

which deals with the scalar case, the condition u ∈ H1
loc(Rd,Rm) can be weakened, assuming that u ∈ L1

loc(Rd,Rm).
We provide the details for reader’s convenience.

Lemma 5.1. If u and ∆u belong to L1
loc(Rd,Rm), then ∆∥u∥ ≥ χ{u,0}∥u∥−1⟨u,∆u⟩ in the sense of distributions.

Proof. Let u ∈ C2(Rd,Rm) and set uε B (∥u∥2 + ε2)1/2 for every ε > 0. Explicit computations give

2uε∂k(uε) = ∂k(uε)2 = 2
m∑

i=1

ui∂kui, k = 1, . . . , d. (5.1)
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Hence,

(uε)2
d∑

k=1

(∂kuε)2 =

d∑
k=1

⟨u, ∂ku⟩2,

which implies that

d∑
k=1

(∂kuε)2 ≤
∥u∥2

(uε)2

d∑
k=1

∥∂ku∥2 ≤
d∑

k=1

∥∂ku∥2. (5.2)

Differentiating (5.1) with respect to k ∈ {1, . . . , d} and summing up k from 1 to d we get

uε∆uε +
d∑

k=1

(∂kuε)2 = ⟨u,∆u⟩ +
d∑

k=1

∥∂ku∥2,

and from (5.2) we infer that ∆uε ≥ (uε)−1⟨u,∆u⟩. Now we extend this inequality to every u ∈ L1
loc(Rd,Rm) such that

∆u ∈ L1
loc(Rd,Rm). We consider a family of mollifiers (ρθ)θ>0 and we set uθ = ((uθ)1, . . . , (uθ)m) with (uθ)i = ui ∗ ρθ

for every i = 1, . . . ,m and θ > 0, and

uε B (∥u∥2 + ε2)1/2, uθε B (∥uθ∥2 + ε2)1/2

for every ε, θ > 0. We get

|uθε − uε| ≤ |∥uθ∥ − ∥u∥| ≤ ∥uθ − u∥, ε, θ > 0.

Since (uθ)θ>0 converges to u in L1
loc(Rd,Rm), it follows that (uθε)θ>0 converges to uε in L1

loc(Rd). Hence, (∆(uθε))θ>0
converges to ∆uε inD′. Further,

(uθε)
−1⟨uθ,∆uθ⟩ − (uε)−1⟨u,∆u⟩=(uθε)

−1⟨uθ,∆uθ − ∆u⟩ + ⟨(uθε)
−1uθ − (uε)−1u,∆u⟩

for every ε, θ > 0. Since ∥(uθε)
−1uθ∥ ≤ 1, ∥(uε)−1u∥ ≤ 1 and (uθε)

−1uθ − (uε)−1u pointwise vanishes as θ goes to 0, by
dominated convergence we get

(uθε)
−1⟨uθ,∆uθ − ∆u⟩ + ⟨(uθε)

−1uθ − (uε)−1u,∆u⟩ → 0

in L1
loc(Rd) as θ goes to 0. Hence, we get ∆uε ≥ (uε)−1⟨u,∆u⟩ for every u ∈ L1

loc(Rd,Rm) with ∆u ∈ L1
loc(Rd,Rm).

To conclude, we take the limit as ε goes to 0 in ∆uε ≥ (uε)−1⟨u,∆u⟩. We notice that (uε)ε>0 monotonically
converges to ∥u∥, that ∥(uε)−1u∥ ≤ 1 and that ((uε)−1u)ε>0 pointwise tends to χ{u,0}∥u∥−1u as ε vanishes. Letting ε go
to 0, it follows that ∆∥u∥ ≥ χ{u,0}∥u∥−1⟨u,∆u⟩ in the sense of distributions.

In the proof of Theorem 5.5 we will need the following auxiliary results.

Lemma 5.2. For every ε > 0 and every M ∈ N, let Vε,M be the matrix whose entries are (Vε,M)ii = vii + ε and
(Vε,M)i j = vi j ∨ (−M), for every i, j = 1, . . . ,m with i , j. Moreover, set Vε = V + ε. Then,

⟨Vε,Mξ, ξ⟩ ≥ ⟨Vε,M |ξ|, |ξ|⟩ ≥ ⟨Vε|ξ|, |ξ|⟩ (5.3)

for all ξ ∈ Rm. In particular, if λVε,M denotes the minimum eigenvalue of Vε,M and λVε denotes the minimum eigenvalue
of Vε, then it follows that λVε,M ≥ λVε ≥ ε for every ε > 0 and every M ∈ N.

Proof. We fix ξ ∈ Rm and observe that the first inequality follows from the fact that the off-diagonal entries of the
matrix Vε,M are nonpositive. Indeed,

⟨Vε,Mξ, ξ⟩ =
m∑

i=1

(Vε,M)iiξ
2
i +

m∑
i, j=1,i, j

(Vε,M)i jξiξ j ≥

m∑
i=1

(Vε,M)ii|ξi|
2 +

m∑
i, j=1,i, j

(Vε,M)i j|ξi||ξ j| = ⟨Vε,M |ξ|, |ξ|⟩.

8



To prove the second inequality, we notice that the matrices Vε,M and Vε have the same elements on the main diagonal,
whereas (Vε)i j = vi j for i , j. Therefore,

⟨Vε,M |ξ|, |ξ|⟩ =
m∑

i=1

(Vε)ii|ξi|
2 +

m∑
i, j=1,i, j

(vi j ∨ (−M))|ξi||ξ j| ≥

m∑
i=1

(Vε)ii|ξi|
2 +

m∑
i, j=1,i, j

vi j|ξi||ξ j| = ⟨Vε|ξ|, |ξ|⟩.

The proof of (5.3) is complete.
The last statement now follows immediately from (5.3).

Lemma 5.3. For every ε > 0, every M,N ∈ N and every x ∈ Rd, let Vε,M,N(x) be the matrix whose entries are
(Vε,M,N(x))ii = (vii(x) + ε) ∧ N and (Vε,M,N(x))i j = vi j(x) ∨ (−M), for every i, j = 1, . . . ,m with i , j. Then, for every
fixed M ∈ N and ε > 0, there exists an integer N(ε,M,m) such that Vε,M,N(x) ≥ ε

2 in the sense of forms for every
x ∈ Rd.

Proof. We fix x ∈ Rd and set

I1(x) = {i ∈ {1, . . . ,m} : vii(x) + ε ≤ N}, I2(x) = {1, . . . ,m} \ I1(x).

Recalling that vi j ≤ 0 for all i , j, we can estimate∑
i, j∈I1

(Vε,M,N(x))i jξiξ j =
∑
i∈I1

(vii(x) + ε)ξ2i +
∑

i, j∈I1, j,i

[vi j(x) ∨ (−M)]ξiξ j

≥
∑
i∈I1

vii(x)ξ2i +
∑

i, j∈I1, j,i

vi j(x)|ξi||ξ j| + ε
∑
i∈I1

ξ2i

≥ε
∑
i∈I1

ξ2i , (5.4)

since ∑
i∈I1

vii(x)ξ2i +
∑

i, j∈I1, j,i

vi j(x)|ξi||ξ j| = ⟨V(x)η, η⟩ ≥ 0,

where the entries of the vector η ∈ Rm are ηi = |ξi| if i ∈ I1 and ηi = 0 otherwise.
Next, we note that ∑

i, j∈I2

(Vε,M,N(x))i jξiξ j =N
∑
i∈I2

ξ2i +
∑

i, j∈I2,i, j

[vi j(x) ∨ (−M)]ξiξ j

≥N
∑
i∈I2

ξ2i − M
∑

i, j∈I2,i, j

|ξi||ξ j|

≥N
∑
i∈I2

ξ2i − M
(∑

i∈I2

|ξi|
)2

≥(N − mM)
∑
i∈I2

ξ2i , (5.5)

where we have applied the Cauchy-Schwartz inequality in the last step.
Finally, applying the Young inequality we can infer that∑

i∈I1, j∈I2

(Vε,M,N(x))i jξiξ j =
∑

i∈I1, j∈I2

[vi j(x) ∨ (−M)]ξiξ j ≥ −M
∑

i∈I1, j∈I2

|ξi||ξ j|

≥ − M
∑

i∈I1, j∈I2

(
ε

4mM
ξ2i +

mM
ε
ξ2j

)
≥ −
ε

4

∑
i∈I1

ξ2i −
m2M2

ε

∑
j∈I2

ξ2j . (5.6)
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From (5.4), (5.5) and (5.6) it follows that

⟨Vε,M,N(x)ξ, ξ⟩ ≥
ε

2

∑
i∈I1

ξ2i +

(
N − mM −

2m2M2

ε

)∑
j∈I2

ξ2j ≥ min
{
ε

2
,N − mM −

2m2M2

ε

}
|ξ|2

and the coefficient in the last of the previous chain of inequalities equals ε2 , provided that N ≥ N(ε,M,m) B[
mM +

2m2M2

ε
+
ε

2

]
+ 2. The assertion is proved.

For every ε > 0 and M ∈ N, we now introduce the operatorHε,M , associated to the form

aε,M( f , g) =
∫
Rd

( m∑
i=1

⟨∇ fi(x),∇gi(x)⟩ + ⟨Vε,M(x) f (x), g(x)⟩
)
dx

for every f , g ∈ Vε,M , where Vε,M is the closure of C∞c (Rd,Rm) with respect to the norm induced by the form aε,M .
Vε,M coincides with the set of all functions f ∈ H1(Rd,Rm) such that V1/2

ε,M f ∈ L2(Rd,Rm) by Lemma 5.2 and Remark
4.1. Similarly, the spaceVε is the closure of C∞c (Rd,Rm) with respect to the norm induced by the form aε, defined as√

aε( f , f ) = (a( f , f ) + ε∥ f∥22)1/2 for every f ∈ Vε.

Proposition 5.4. For every f ∈ L2
c(Rd,Rm) and ε > 0, the functionH−1

ε,M f converges inVε to the function (H +ε)−1 f
as M tends to infinity. In particular, if f is componentwise nonnegative, thenH−1

ε,M f and (H+ε)−1 f are componentwise
nonnegative andH−1

ε,M1
f ≤ H−1

ε,M2
f componentwise for every M1 ≤ M2.

Proof. Let us fix f ∈ L2
c(Rd,Rm), componentwise nonnegative, ε > 0, and set uε,M = H−1

ε,M f . Then, uε,M ∈ Vε,M and∫
Rd

( m∑
i=1

⟨∇(uε,M)i,∇vi⟩ + ⟨Vε,Muε,M , v⟩
)
dx =

∫
Rd
⟨ f , v⟩dx (5.7)

for every v ∈ Vε,M .
Observe that uε,M is componentwise nonnegative. Indeed,Hε,M can be split into the sum

Hε,M = H̃ε + ṼM ,

where (ṼM)ii = 0, (ṼM)i j = vi j ∨ (−M) for i , j, and H̃ε is the diagonal operator associated to the form ãε, defined by

ãε(u, v) =
∫
Rd

( m∑
i=1

⟨∇ui,∇vi⟩ +

m∑
i=1

(vii + ε)uivi

)
dx

for every u, v ∈ Ṽε = {u ∈ H1(Rd,Rm) : √v j ju j ∈ L2(Rd), j = 1, . . . ,m}. Since 0 ≤ vii ∈ L1
loc(Rd), and ε > 0, it

follows that −H̃ε generates a positive C0-semigroup of contractions on L2(Rd,Rm) and the spectral bound s(−H̃ε) is
negative. Moreover, from the boundedness of the entries of the matrix-valued function ṼM and the bounded pertur-
bation theorem for semigroups, we deduce that −Hε,M generates a C0-semigroup (e−tHε,M )t≥0 on L2(Rd,Rm) given by
the Trotter product formula

e−tHε,M f = lim
n→∞

(
e−

t
n H̃εe−

t
n ṼM

)n
f , f ∈ L2(Rd,Rm), t > 0,

see (16, Corollary III.5.8). On the other hand, since (ṼM)i j ≤ 0 for all i , j, one deduces from (13, Theorem 7.1) that
the semigroup (e−tṼM )t≥0 is positive. Now, the positivity of (e−tHε,M )t≥0 follows from the positivity of (e−tH̃ε )t≥0 and
the above Trotter product formula. Furthermore, it follows from Lemma 5.2 that aε,M( f , f ) ≥ ε∥ f∥L2(Rd ,Rm) for every
f ∈ Vε,M . Hence,

s(−Hε,M) < 0. (5.8)
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Using (5.8) and (13, Corollary 12.10), one concludes that uε,M ≥ 0.
Now, we fix M1,M2 ∈ N, with M1 ≤ M2 and show that uε,M1 ≤ uε,M2 . As it has been already shown, Vε,M1 =

Vε,M2 = Ṽε. Further, since Vε,M2 ≤ Vε,M1 componentwise and uε,M1 ,uε,M2 have nonnegative components, it follows
that∫

Rd

( m∑
i=1

⟨∇(uε,M1 )i,∇vi⟩ + ⟨Vε,M2 uε,M1 , v⟩
)
dx ≤

∫
Rd

( m∑
i=1

⟨∇(uε,M1 )i,∇vi⟩ + ⟨Vε,M1 uε,M1 , v⟩
)
dx =

∫
Rd
⟨ f , v⟩dx (5.9)

for every v ∈ C∞c (Rd,Rm) with nonnegative components. From the definition of uε,M2 and (5.9) it follows that the
function wε = uε,M1 − uε,M2 satisfies the variational inequality∫

Rd

( m∑
i=1

⟨∇(wε)i,∇vi⟩ + ⟨Vε,M2 wε, v⟩
)
dx ≤ 0 (5.10)

for every v ∈ C∞c (Rd,Rm) with nonnegative components. By density, (5.10) can be extended to every v ∈ Ṽε, with
nonnegative components. In particular, taking as v the function whose i-th component is vi = (wε)iχ{(wε)i>0} for every
i = 1, . . . ,m, we get ∫

Rd

( m∑
i=1

∥∇(wε)i∥
2χ{(wε)i>0} +

m∑
i, j=1

(Vε,M2 )i j(wε) j(wε)i χ{(wε)i>0}

)
dx ≤ 0.

Since the first term in the previous inequality is nonnegative, it follows that∫
Rd

m∑
i, j=1

(Vε,M2 )i j(wε) j(wε)i χ{(wε)i>0}dx ≤ 0. (5.11)

Now, we split the sum under the integral sign as

m∑
i, j=1

(Vε,M2 )i j(wε) j(wε)iχ{(wε)i>0} =

m∑
i, j=1

(Vε,M2 )i j(wε) j χ{(wε) j>0}(wε)i χ{(wε)i>0}

+

m∑
i, j=1

(Vε,M2 )i j(wε) j χ{(wε) j≤0}(wε)i χ{(wε,)i>0}

C S 1 + S 2, (5.12)

and we separately study the two sums. As far as S 1 is concerned, recalling that vi = (wε)i χ{(wε)i>0} for every i =
1, . . . ,m, from the definition of Vε,M2 we get

S 1 = ⟨Vε,M2 v, v⟩ ≥ ε∥v∥2. (5.13)

Next, we consider the term S 2. Let us notice that in the sum when i = j, the corresponding term vanishes, since the
product χ{(wε)i>0} · χ{(wε)i≤0} appears. Hence,

S 2 =

m∑
i, j=1,i, j

(Vε,M2 )i j(wε) j χ{(wε) j≤0}(wε)i χ{(wε)i>0} ≥ 0, (5.14)

since

(Vε,M2 )i j ≤ 0, (wε) j χ{(wε) j≤0} ≤ 0, (wε)i χ{(wε)i>0} ≥ 0

for every i, j = 1, . . . ,m with i , j. From (5.11), (5.12), (5.13) and (5.14) we deduce that

ε

∫
Rd

m∑
i=1

((wε)i)2χ{(wε)i>0}dx ≤ 0.
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This gives (wε)iχ{(wε)i>0} = 0 a.e. in Rd for every i = 1, . . . ,m, which means that uε,M1 − uε,M2 ≤ 0 componentwise
almost everywhere in Rd.

Now, we can apply Lemma 5.2 to deduce that ⟨Vεuε,M ,uε,M⟩ ≤ ⟨Vε,Muε,M ,uε,M⟩ so that V1/2
ε uε,M ∈ L2(Rd,Rm)

and ∥V1/2
ε uε,M∥2 ≤ ∥V1/2

ε,Muε,M∥2. As a byproduct, we deduce that uε,M ∈ Vε and∫
Rd

( m∑
i=1

⟨∇(uε,M)i,∇(uε,M)i⟩ + ⟨Vεuε,M ,uε,M⟩
)
dx ≤

∫
Rd
⟨ f ,uε,M⟩dx.

Hence, the family (uε,M)M∈N is bounded in Vε and we can determine a sequence (Mn)n∈N diverging to +∞ such that
the sequence (uε,Mn )n∈N weakly converges inVε to some function ũε.

We now prove that ũε = uε B (H + ε)−1 f . For this purpose, we begin by observing that, taking v = uε,M in
(5.7), we conclude that ∥V1/2

ε,Muε,M∥2 ≤ ∥ f∥2 for every M > 0. Hence, up to a subsequence, we can assume that
(V1/2
ε,Mn

uε,Mn )n∈N weakly converges to some function w in L2(Rd,Rm).
Let us fix a function v ∈ C∞c (Rd,Rm) and observe that (V1/2

ε,Mn
v)n∈N converges to V1/2

ε v in L2(Rd,Rm) by the
dominated convergence theorem. Indeed, (V1/2

ε,Mn
v)n∈N pointwise converges to V1/2

ε v. Moreover,

∥V1/2
ε,Mn

v − V1/2
ε v∥2 ≤ 2(∥V1/2

ε,Mn
v∥2 + ∥V1/2

ε v∥2) = 2(⟨Vε,Mn v, v⟩ + ⟨Vεv, v⟩) ≤ 2(∥Vε,Mn∥ + ∥Vε∥)∥v∥
2 ≤ 4∥Vε∥∥v∥2

for every n ∈ N, and the last side of the previous chain of inequalities belongs to L1(Rd).
We can infer that

lim
n→+∞

∫
Rd
⟨Vε,Mn uε,Mn , v⟩dx = lim

n→+∞

∫
Rd
⟨V1/2
ε,Mn

uε,Mn ,V
1/2
ε,Mn

v⟩dx =
∫
Rd
⟨w,V1/2

ε v⟩dx

for every v ∈ C∞c (Rd,Rm). Indeed, the sequence (V1/2
ε,Mn

uε,Mn )n∈N is bounded and weakly converges in L2(Rd,Rm) to
w. Hence,∣∣∣∣∣ ∫

Rd
⟨Vε,Mn uε,Mn , v⟩dx −

∫
Rd
⟨w,V1/2

ε v⟩dx
∣∣∣∣∣ ≤ ∥V1/2

ε,Mn
uε,Mn∥2∥V

1/2
ε,Mn

v − V1/2
ε v∥2 +

∣∣∣∣∣ ∫
Rd
⟨V1/2
ε,Mn

uε,Mn − w,V1/2
ε v⟩dx

∣∣∣∣∣
for every v ∈ C∞c (Rd,Rm).

Writing (5.7), with v ∈ C∞c (Rd,Rm), and letting n tend to∞ we obtain that∫
Rd

( m∑
i=1

⟨∇(ũε)i,∇vi⟩ + ⟨w,V1/2
ε v⟩

)
dx =

∫
Rd
⟨ f , v⟩ dx. (5.15)

To complete the proof, we need to identify w with the function V1/2
ε ũε. For this purpose, we observe that∫

Rd
⟨V1/2
ε ũε, v⟩dx = lim

n→+∞

∫
Rd
⟨V1/2
ε uε,Mn , v⟩dx (5.16)

for every v ∈ C∞c (Rd,Rm).
Next, we write

V1/2
ε uε,Mn = V1/2

ε V−1/2
ε,Mn

V1/2
ε,Mn

uε,Mn

for every n ∈ N, so that

⟨V1/2
ε uε,Mn , v⟩ = ⟨V

1/2
ε,Mn

uε,Mn ,V
−1/2
ε,Mn

V1/2
ε v⟩

for every n ∈ N. Taking Lemma 5.2 into account, we can easily show that

∥V−1/2
ε,Mn

V1/2
ε v∥2 ≤ ε−1∥V1/2

ε v∥2
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for every n ∈ N. Since the right-hand side of the previous inequality defines a function in L1(Rd), by the dominated
convergence theorem we deduce that (V−1/2

ε,Mn
V1/2
ε v)n∈N converges to v in L2(Rd,Rm). Thus, arguing as above, we

conclude that

lim
n→+∞

∫
Rd
⟨V1/2
ε uε,Mn , v⟩dx = lim

n→+∞

∫
Rd
⟨V1/2
ε,Mn

uε,Mn ,V
−1/2
ε,Mn

V1/2
ε v⟩dx =

∫
Rd
⟨w, v⟩dx

for every v ∈ C∞c (Rd,Rm). Comparing this limit with the one in (5.16) we get that w = V1/2
ε ũε.

Now, from (5.15) we conclude that∫
Rd

( m∑
i=1

⟨∇(ũε)i,∇vi⟩ + ⟨Vεũε, v⟩
)
dx =

∫
Rd
⟨ f , v⟩dx

for every v ∈ C∞c (Rd,Rm) and, by density, for every v ∈ Vε. By uniqueness, it follows that ũε = uε.
Arguing as in the last part of the proof of Lemma 4.2 we infer that (∥uε,Mn∥Vε )n∈N converges to ∥uε∥Vε , which

implies that (uε,Mn )n∈N converges to uε inVε. Being the limit of a sequence of componentwise nonnegative functions,
also uε is a componentwise nonnegative function.

Finally, since (uε,M)n∈N is a componentwise increasing sequence, we conclude that the whole sequence (uε,M)M∈N
converges to uε inVε.

For a general f ∈ L2
c(Rd,Rm) we split f = f+ − f−, where f +i = max{ fi, 0} and f −i = max{− fi, 0} for every

i = 1, . . . ,m. Applying the above arguments to f+ and f−, we get the assertion in the general case.

Now, we can state and prove the following crucial result.

Theorem 5.5. Let f ∈ L∞c (Rd,Rm), with all the components which are nonnegative on Rd and set u = Ḣ−1 f . Then,
Vu and ∆u belong to L1(Rd,Rm) and there exists a positive constant C, independent of u, such that∫

Rd
∥Vu∥dx ≤ C

∫
Rd
∥ f∥dx, (5.17)

∫
Rd
∥∆u∥dx ≤ (1 +C)

∫
Rd
∥ f∥dx. (5.18)

Moreover, u ∈ W1,1
loc (Rd,Rm) and for any measurable set E ⊂ Rd, with finite measure, it holds that∫

E
∥∇u∥dx ≤ C(d)|E|

1
d

∫
Rd
∥ f∥dx. (5.19)

Finally, for all compact set K ⊂ Rd, it holds that∫
K
∥u∥dx ≤ C(K, d, λV )

∫
K
∥ f∥dx. (5.20)

Proof. Let us fix f ∈ L∞c (Rd,Rm), with nonnegative components, ε > 0 and set uε = (H + ε)−1 f .
Preliminarily, we show that uε converges to u almost everywhere in Rd as ε tends to zero. For this purpose, we

begin by recalling that from Remark 4.3 it follows that we can determine a sequence (εn)n∈N converging to zero such
that (uεn ) converges almost everywhere to u as n tends to ∞. Next, we observe that, for every ε1 < ε2, the resolvent
identity shows that

uε1 − uε2 = (ε1 +H)−1 f − (ε2 +H)−1 f = (ε2 − ε1)(ε1 +H)−1(ε2 +H)−1 f

and the right-hand side of this formula is a function which has nonnegative components in Rd, due to Proposition 5.4.
We conclude that the whole family (uε)ε>0 is decreasing (with respect to ε) and, consequently, it converges almost
everywhere in Rd (to u). This implies, in particular, that u is componentwise nonnegative in Rd.
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Now, we have all the tools to prove estimate (5.17). For this purpose, we fix M,N ∈ N and set uε,M = H−1
ε,M f and

uε,M,N = H−1
ε,M,N f , whereHε,M (resp. Hε,M,N) is the operator associated with −∆+Vε,M (resp. −∆+Vε,M,N) as defined

at the beginning of Section 4, and Vε,M,N is the matrix-valued function defined in Lemma 5.3.
To improve the readability, we split the rest of the proof of (5.17) into some steps.
Step 1. Here, we prove that ∫

Rd
λVε,M,N ∥uε,M,N∥dx ≤

∫
Rd
∥ f∥dx, (5.21)

where, for every x ∈ Rd, λVε,M,N (x) denotes the minimum eigenvalue of the matrix Vε,M,N(x).
For this purpose, we fix i ∈ {1, . . . ,m}, multiply both sides of the equation

−∆(uε,M,N)i + (Vε,M,Nuε,M,N)i = fi

by (uε,M,N)i/∥uε,M,N∥χ{uε,M,N,0} and sum up i from 1 to m, we get

−
⟨∆uε,M,N ,uε,M,N⟩
∥uε,M,N∥

χ{uε,M,N,0} +
⟨Vε,M,Nuε,M,N ,uε,M,N⟩

∥uε,M,N∥
χ{uε,M,N,0} =

⟨ f ,uε,M,N⟩
∥uε,M,N∥

χ{uε,M,N,0}. (5.22)

Since the entries of the matrix Vε,M,N are bounded, by the bounded perturbation theorem for semigroups and
classical results (see (10, Chapter C-II, Examples 1.5, p. 251)), uε,M,N and ∆uε,M,N belong to L1(Rd,Rm). Hence, from
Lemma 5.1 it follows that

∆∥uε,M,N∥ ≥ χ{uε,M,N,0}∥uε,M,N∥−1⟨uε,M,N ,∆uε,M,N⟩ (5.23)

in the sense of distributions. By replacing (5.23) in (5.22) we deduce that

−∆∥uε,M,N∥ +
⟨Vε,M,Nuε,M,N ,uε,M,N⟩

∥uε,M,N∥
χ{uε,M,N,0} ≤ ∥ f∥

in the sense of distributions.
Let (φn)n∈N ⊂ C∞c (Rd) be a sequence of nonnegative functions such that φn converges to 1 and ∆φn converges to 0

in a dominated way, as n tends to∞. Multiplying both sides of the previous inequality by φn and integrating over Rd,
taking (5.23) into account, gives

−

∫
Rd
∥uε,M,N∥∆φndx +

∫
Rd

⟨Vε,M,Nuε,M,N ,uε,M,N⟩
∥uε,M,N∥

χ{uε,M,N,0}φndx

= − ⟨∆∥uε,M,N∥, φn⟩D′,D +

∫
Rd

⟨Vε,M,Nuε,M,N ,uε,M,N⟩
∥uε,M,N∥

χ{uε,M,N,0}φndx

≤

∫
Rd
∥ f∥φndx.

By dominated convergence, we can let n tend to +∞ to deduce that∫
Rd

⟨Vε,M,Nuε,M,N ,uε,M,N⟩
∥uε,M,N∥

χ{uε,M,N,0} dx ≤
∫
Rd
∥ f∥dx.

From this inequality, estimate (5.21) follows at once.
Step 2. Here, we prove that ∥uε,M,N∥ ≥ ∥uε,M∥ for every N ≥ N(ε,M,m), where N(ε,M,m) is defined in Lemma

5.3 to guarantee that Vε,M,N ≥ ε2 in the sense of forms for every N ≥ N(ε,M,m).
To prove the claim, we observe that Vε,M ≥ Vε,M,N componentwise for every N ∈ N. Since uε,M has nonnegative

components (see Proposition 5.4), this implies that∫
Rd

( m∑
i=1

⟨∇(uε,M)i,∇vi⟩ + ⟨Vε,M,Nuε,M , v⟩
)
dx ≤

∫
Rd

( m∑
i=1

⟨∇(uε,M)i,∇vi⟩ + ⟨Vε,Muε,M , v⟩
)
dx =

∫
Rd
⟨ f , v⟩dx (5.24)
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for every v ∈ C∞c (Rd,Rm) with nonnegative components. Further, the definition of uε,M,N gives∫
Rd

( m∑
i=1

⟨∇(uε,M,N)i,∇vi⟩ + ⟨Vε,M,Nuε,M,N , v⟩
)
dx =

∫
Rd
⟨ f , v⟩dx (5.25)

for every v ∈ C∞c (Rd,Rm). If we set wε,M,N B uε,M − uε,M,N , from (5.24) and (5.25) it follows that∫
Rd

( m∑
i=1

⟨∇(wε,M,N)i,∇vi⟩ + ⟨Vε,M,Nwε,M,N , v⟩
)
dx ≤ 0 (5.26)

for every v ∈ C∞c (Rd,Rm) with nonnegative components. By density, (5.26) can be extended to every v ∈ H1(Rd,Rm)
with nonnegative components. In particular, taking as v the function whose i-th component is vi = (wε,M,N)i χ{(wε,M,N )i>0} ∈

H1(Rd) for every i = 1, . . . ,m, we get∫
Rd

( m∑
i=1

∥∇(wε,M,N)i∥
2χ{(wε,M,N )i>0} +

m∑
i, j=1

(Vε,M,N)i j(wε,M,N) j(wε,M,N)i χ{(wε,M,N )i>0}

)
dx ≤ 0.

Since the first term in the previous inequality is nonnegative, it follows that∫
Rd

m∑
i, j=1

(Vε,M,N)i j(wε,M,N) j(wε,M,N)i χ{(wε,M,N )i>0}dx ≤ 0. (5.27)

Now we split the sum under the integral sign as

m∑
i, j=1

(Vε,M,N)i j(wε,M,N) j(wε,M,N)iχ{(wε,M,N )i>0} =

m∑
i, j=1

(Vε,M,N)i j(wε,M,N) j χ{(wε,M,N ) j>0}(wε,M,N)i χ{(wε,M,N )i>0}

+

m∑
i, j=1

(Vε,M,N)i j(wε,M,N) j χ{(wε,M,N ) j≤0}(wε,M,N)i χ{(wε,M,N )i>0}

C S 1,N + S 2,N , (5.28)

and we separately study the two sums. As far as S 1,N is concerned, recalling that vi = (wε,M,N)iχ{(wε,M,N )i>0} for every
i = 1, . . . ,m, from Lemma 5.3 we get

S 1,N = ⟨Vε,M,Nv, v⟩ ≥
ε

2
∥v∥2 (5.29)

for every N ≥ N(ε,M,m). Now we consider S 2,N . Let us notice that in the sum when i = j, the corresponding term
vanishes, since the product χ{(wε,M,N )i>0} · χ{(wε,M,N )i≤0} appears. Hence,

S 2,N =

m∑
i, j=1,i, j

(Vε,M,N)i j(wε,M,N) j χ{(wε,M,N ) j≤0}(wε,M,N)i χ{(wε,M,N )i>0} ≥ 0, (5.30)

since

(Vε,M,N)i j ≤ 0, (wε,M,N) j χ{(wε,M,N ) j≤0} ≤ 0, (wε,M,N)i χ{(wε,M,N )i>0} ≥ 0

for every i, j = 1, . . . ,m with i , j. From (5.27), (5.28), (5.29) and (5.30) we deduce that

ε

2

∫
Rd

m∑
i=1

((wε,M,N)i)2χ{(wε,M,N )i>0}dx ≤ 0
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for every N ≥ N(ε,M,m). This gives (wε,M,N)i χ{(wε,M,N )i>0} = 0 almost everywhere in Rd for every i = 1, . . . ,m and
every N ≥ N(ε,M,m), which means that uε,M − uε,M,N ≤ 0 componentwise almost everywhere in Rd, for every
N ≥ N(ε,M,m). Recalling that, by Proposition 5.4, uε,M ≥ 0 componentwise, we conclude that

∥uε,M∥ ≤ ∥uε,M,N∥ (5.31)

for every N ≥ N(ε,M,m).
Since λVε,M,N > 0 for every N ≥ N(ε,M,m), from (5.21) and taking (5.31) into account, we deduce that∫

Rd
λVε,M,N ∥uε,M∥dx ≤

∫
Rd
∥ f∥dx (5.32)

for every N ≥ N(ε,M,m). For every fixed x ∈ Rd and N sufficiently large, the matrix Vε,M,N(x) equals the matrix
Vε,M(x), and, in particular, for such values of N, λVε,M,N (x) = λVε,M (x). By applying Fatou’s Lemma to estimate (5.32),
we deduce that ∫

Rd
λVε,M ∥uε,M∥dx ≤

∫
Rd
∥ f∥dx.

Lemma 5.2 gives that λVε,M ≥ λVε > 0 and hence∫
Rd
λVε∥uε,M∥dx ≤

∫
Rd
∥ f∥dx. (5.33)

By Proposition 5.4, uε,M converges to uε in Vε, so that it converges to uε in L2(Rd,Rm). In particular, up to a
sequence, we can assume that uε,M converges almost everywhere in Rd to uε as M tends to +∞. Applying once again
Fatou’s Lemma to estimate (5.33), we conclude that∫

Rd
λVε∥uε∥dx ≤

∫
Rd
∥ f∥dx (5.34)

for every ε > 0. To conclude, we notice that, since uε pointwise converges almost everywhere in Rd to u as ε tends to
0 and 0 ≤ λV ≤ λVε , by Fatou’s Lemma we get∫

Rd
λV∥u∥dx ≤ lim inf

ε→0

∫
Rd
λV∥uε∥dx ≤ lim inf

ε→0

∫
Rd
λVε∥uε∥dx ≤

∫
Rd
∥ f∥dx. (5.35)

On the other hand, From Hypothesis 2.2 it follows that ∥Vu∥ ≤ ΛV∥u∥ ≤ CλV∥u∥, which implies that∫
Rd
∥Vu∥ dx ≤ C

∫
Rd
∥ f∥ dx.

Now we consider the term ∆u. Since uε converges to u in L1(Ω,Rm) for every bounded measurable set Ω ⊂ Rd

(see Remark 4.3), ∆ui is the limit of ∆(uε)i in the sense of distributions, for every i = 1, . . . ,m. If φ ∈ C∞c (Rd), then
we get

−⟨∆(uε)i, φ⟩D′,D =

∫
Rd

fiφ dx −
∫
Rd

(Vuε)iφ dx −
∫
Rd
ε(uε)iφ dx. (5.36)

Since φ has compact support, the last integral in the right-hand side vanishes as ε tends to 0. We recall that ∥Vuε −
Vu∥ ≤ CλV∥uε − u∥ for every ε > 0. Since uε pointwise converges almost everywhere in Rd to u as ε tends to 0 and
0 ≤ uε ≤ u, it follows that λV∥uε − u∥ ≤ 2λV∥u∥ and the right-hand side of this inequality belongs to L1(Rd) (due to
(5.35)). By the dominated convergence theorem we conclude that Vuε converges to Vu in L1(Rd,Rm) as ε vanishes.
Letting ε go to 0 in (5.36) we infer that −∆ui = fi − (Vu)i in the sense of distributions for every i = 1, . . . ,m. This
means that ∆ui ∈ L1(Rd) for every i = 1, . . . ,m, i.e., ∆u ∈ L1(Rd,Rm) and ∥∆u∥1 ≤ (1 + C)∥ f∥1. Formula (5.18) is so
proved.
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We turn to the gradient estimates. From (5.34) and observing that ΛVε = ΛV + ε ≤ CλV + ε ≤ C(λV + ε) = CλVε ,
we conclude that Vuε, Vεuε belong to L1(Rd,Rm) and

∥Vuε∥1 + ∥Vεuε∥1 ≤ 2∥ΛVεuε∥1 ≤ C∥ f∥1. (5.37)

Hence, by difference, ∆uε ∈ L1(Rd,Rm) and

∥∆uε∥1 ≤ (1 +C)∥ f∥1. (5.38)

From (14, Appendix A) we infer that, if E is a measurable subset of Rd with bounded measure and 1 ≤ q < d
d−1 ,

then ∫
E
|∇(uε)i|

qdx ≤ C(d, q)|E|1−
(d−1)q

d ∥∆(uε)i∥
q
1, (5.39)

for every i = 1, . . . ,m. By combining (5.38) and (5.39), we infer that∫
E
|∇(uε)i|

qdx ≤ C′(d, q)|E|1−
(d−1)q

d ∥ f∥q1 (5.40)

for every i = 1, . . . ,m. Further, if Q is a cube, then, from estimate (3.1), it follows that∫
Q

(∥∇uε∥ + ∥Vuε∥) dx ≥
∫

Q

(
∥∇uε∥ +

⟨Vuε,uε⟩
∥uε∥

)
dx ≥ C(Q, λV )

∫
Q
∥uε∥dx.

By putting together this last inequality with (5.37) and (5.40) it follows that∫
Q
∥uε∥dx ≤ C(Q, d, λV )∥ f∥1. (5.41)

From estimates (5.40) and (5.41) and the Sobolev embedding theorems we deduce that uε ∈ W1,q
loc (Rd,Rm) for

every ε > 0 and q ∈
[
1,

d
d − 1

)
, and its W1,q(Ω,Rm)-norm is bounded by a constant independent of ε > 0, for every

bounded and measurable set Ω ⊂ Rd. By taking the weak limit of uε in W1,q(Ω,Rm) as ε tends to 0, we infer that

u ∈ W1,q(Ω,Rm) for every bounded and measurableΩ ⊂ Rd and every q ∈
(
1,

d
d − 1

)
. On the other hand, since (uε)ε>0

converges weakly in W1,q(Ω,Rm), we deduce that ∥u∥W1,q(Ω,Rm) ≤ lim infε→0 ∥uε∥W1,q(Ω,Rm). Thus, (5.40) and Fatou’s
lemma imply that ∫

E
|∇ui|

qdx ≤ C′(d, q)|E|1−
(d−1)q

d ∥ f∥q1

for every i = 1, . . . ,m and q ∈
(
1,

d
d − 1

)
.

Such estimate holds true also when q = 1. Indeed, by applying Hölder inequality, we get∫
E
|∇ui|dx ≤|E|(q−1)/q

(∫
E
|∇ui|

qdx
)1/q

≤ (C′(d, q))
1
q |E|

1
d ∥ f∥1

and (5.19) is proved. Estimate (5.20) follows by letting ε tend to zero in (5.41) and taking Remark 4.3 into account.
The proof is now complete.

From Theorem 5.5 we deduce the following corollaries.

Corollary 5.6. For every ε > 0, each operator (H + ε)−1 extends to a bounded operator mapping L1(Rd,Rm) into
itself and

∥ε(H + ε)−1 f∥1 ≤ ∥ f∥1.

Moreover, for every f ∈ L1(Rd,Rm), the function (H + ε)−1 f is the unique solution of the equation −∆u + Vεu = f in
the sense of distributions, which belongs to L1(Rd,Rm), together with its Laplacian and the function Vu.
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Proof. The first part of the statement follows from a straightforward density argument using formula (5.34).
To prove the second part of the statement, we begin by showing the uniqueness part. For this purpose, we fix

u ∈ L1(Rd,Rm) such that Vu,∆u ∈ L1(Rd,Rm) and ∆u−Vεu = 0 almost everywhere in Rd. Then, arguing as in Step 1
of the proof of Theorem 5.5, we can show that u = 0. Indeed, scalarly multiplying both sides of the previous equation
by ∥u∥−1uχ{u,0} and using Lemma 5.1, we deduce that∫

Rd
(∆∥u∥)φdx −

∫
Rd
∥u∥−1⟨Vεu,u⟩χ{u,0}φdx ≥ 0

for every nonnegative function φ ∈ C∞c (Rd). Now, taking a sequence (φn)n∈N of nonnegative smooth functions con-
verging in a dominated way to 1 in Rd and with ∆φn which converges uniformly in Rd to zero, we can infer that∫

Rd
∥u∥−1⟨Vεu,u⟩χ{u,0}dx ≤ 0

which implies that
∫
Rd
ε∥u∥dx ≤ 0, so that u identically vanishes in Rd.

Now, to prove the existence part, we observe that the proof of Theorem 5.5 shows that the operator (H + ε)−1

can be extended to a bounded operator from L1(Rd,Rm) into the set of functions u ∈ L1(Rd,Rm) such that ∆u,Vu ∈
L1(Rd,Rm). Let us fix f ∈ L1(Rd,Rm) and a sequence ( fn)n∈N of smooth and compactly supported functions which
converges to f in L1(Rd,Rm). The function un = (H + ε)−1 fn solves the equation −∆un + Vεun = fn for every n ∈ N.
Moreover, un and −∆un + Vεun converge, respectively, to u = (H + ε)−1 f and f in L1(Rd,Rm) as n tends to +∞.
Hence, ∫

Rd
f jφdx = lim

n→+∞

∫
Rd

(−∆un + Vεun) jφ dx

= lim
n→+∞

∫
Rd

(−(un) j∆φ + (Vεun) jφ) dx

=

∫
Rd

(−u j∆φ + (Vεu) jφ) dx

=

∫
Rd

(−∆u + Vεu) jφ dx

for every φ ∈ C∞c (Rd) and every j ∈ {1, . . . ,m}. This yields −∆u + Vεu = f as claimed.

Corollary 5.7. The restriction of the operator Ḣ−1 to L∞c (Rd,Rm) extends to a linear operator Ḣ−1 from L1(Rd,Rm)
to the set of all functions u ∈ L1

loc(Rd,Rm) such that ∆u,Vu ∈ L1(Rd,Rm). Moreover, there exists a positive constant
C such that

∥VḢ−1 f∥1 ≤ C∥ f∥1, ∥∆Ḣ−1 f∥1 ≤ (1 +C)∥ f∥1

for every f ∈ L1(Rd,Rm).

We can now prove the following uniqueness result for the equation −∆u + Vu = f ∈ L1(Rd,Rm).

Theorem 5.8. If u ∈ C∞c (Rd,Rm) and we set f B −∆u + Vu ∈ L1(Rd,Rm), then u = Ḣ−1 f .

To prove this result, we need some preliminary tools. To begin with, we recall a result obtained in (25, Lemma
2.4).

Lemma 5.9. For every u ∈ H1(Rd,Rm), the function ∥u∥ belongs to H1(Rd) and

∇∥u∥ =
1
∥u∥

m∑
j=1

(u j∇u j)χ{u,0}, (5.42)

∥∇∥u∥∥2 ≤
m∑

j=1

∥∇u j∥
2. (5.43)
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In the proof of Theorem 5.8, we will apply a domination argument. More precisely, we will use the following
estimate

∥e−tHu∥ ≤ et∆∥u∥, t > 0, (5.44)

which holds true for every u ∈ L2(Rd,Rm), where (et∆)t≥0 is the semigroup generated by the realization of the Lapla-
cian in L2(Rd). Such estimate can be obtained by an abstract argument, due to Ouhabaz (27, Theorem 2.30), which
can applied provided we prove the following result.

Lemma 5.10. The domainV of the form a associated to the operatorH satisfies the following properties:

(i) u ∈ V implies ∥u∥ ∈ H1(Rd),

(ii) u ∈ V, f ∈ H1(Rd) such that | f | ≤ ∥u∥ implies | f |sign (u) ∈ V.

Moreover, for every (u, f ) ∈ V × H1(Rd) such that | f | ≤ ∥u∥ it holds that

a(u, | f |sign (u)) ≥ b(∥u∥, | f |), (5.45)

where sign (u) =
u
∥u∥
χ{u,0} and b is the form associated to the scalar operator −∆ in L2(Rd), i.e.,

b(u, v) =
∫
Rd
⟨∇u(x),∇v(x)⟩ dx, u, v ∈ H1(Rd).

Proof. Property (i) follows from Lemma 5.9.
Let us now prove property (ii). For this purpose, let u ∈ V, f ∈ H1(Rd) be such that | f | ≤ ∥u∥ and set gε =

| f |
u

∥u∥ + ε
for every ε > 0.

Note that gε converges to | f |sign (u) almost everywhere in Rd as ε tends to zero. Moreover, ∥gε∥ ≤ | f | for every
ε > 0. Hence, gε converges to | f |sign (u) in L2(Rd,Rm) as ε tends to 0.

Next, we observe that, for every j = 1, . . . ,m, the weak gradient of (gε) j is given by

∇(gε) j =
u j

∥u∥ + ε
∇| f | + | f |

(
1

∥u∥ + ε
∇u j −

1
(∥u∥ + ε)2 u j∇∥u∥

)
.

Clearly, it converges to
( u j

∥u∥∇| f | +
| f |
∥u∥∇u j −

| f |
∥u∥2 u j∇∥u∥

)
χ{u,0} almost everywhere in Rd, as ε tends to zero, and it is

dominated by ∥∇| f |∥ + ∥∇u j∥ + ∥∇∥u∥∥, which belongs to L2(Rd). Hence, ∇(gε) j converges in L2(Rd,Rd).
Summing up, we have proved that | f |sign (u) belongs to H1(Rd,Rm).

It remains to show that V1/2| f |sign (u) belongs to L2(Rd,Rm). For this purpose, we observe that

∥V1/2| f |sign(u)∥22 =
∫
Rd
⟨V | f |sign (u), | f |sign (u)⟩dx =

∫
{u,0}

| f |2

∥u∥2
⟨Vu,u⟩dx ≤

∫
Rd
⟨Vu,u⟩dx < ∞.

To complete the proof, we need to show that estimate (5.45) holds true. Since V is nonnegative definite and using
formula (5.42), we can show that

m∑
j=1

⟨∇u j,∇(| f |sign (u)) j⟩ + ⟨Vu, | f |sign (u)⟩ − ⟨∇∥u∥,∇| f |⟩

=

〈 1
∥u∥

m∑
j=1

(u j∇u j)χ{u,0},∇| f |
〉
+
| f |
∥u∥
χ{u,0}⟨Vu,u⟩ − ⟨∇∥u∥,∇| f |⟩

+
| f |
∥u∥
χ{u,0}

( m∑
j=1

⟨∇u j,∇u j⟩ −

〈 1
∥u∥

m∑
j=1

(u j∇u j)χ{u,0},∇∥u∥
〉)

≥ ⟨∇∥u∥,∇| f |⟩ +
| f |
∥u∥
χ{u,0}

( m∑
j=1

∥∇u j∥
2 − ⟨∇∥u∥,∇∥u∥⟩

)
− ⟨∇∥u∥,∇| f |⟩

and the last side of the previous chain of inequalities is nonnegative due to (5.43). Integrating over Rd this relation we
deduce that a(u, | f |sign (u)) − b(∥u∥, | f |) ≥ 0 and the proof is complete.
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Proof of Theorem 5.8. We fix u ∈ C∞c (Rd,Rm) and set f = −∆u + Vu ∈ L1(Rd,Rm). Let us notice that −∆u + Vεu =
f + εu for every ε > 0, and so from Corollary 5.6 we infer that u = (H + ε)−1( f + εu) for every ε ∈ (0, 1). Hence,

Ḣ−1 f − u =(Ḣ−1 f − Ḣ−1 fn) + (Ḣ−1 fn − (H + ε)−1 fn)

+ ((H + ε)−1 fn − (H + ε)−1 f ) − ε(H + ε)−1u (5.46)

for every ε > 0 and every n ∈ N, where the sequence ( fn)n∈N ⊂ C∞c (Rd,Rm) satisfies ∥ f − fn∥1 ≤ n−1 for every n ∈ N.
Now we fix a bounded and measurable set Ω ⊂ Rd. From (5.20) and (5.41), which can be extended by a density

argument to any function f ∈ L1(Rd,Rm), we infer that

∥Ḣ−1 f − Ḣ−1 fn∥L1(Ω,Rm) + ∥(H + ε)−1 f − (H + ε)−1 fn∥L1(Ω,Rm) ≤
2C(Ω, d, λV )

n

for every n ∈ N. Therefore, from (5.46) we deduce that

∥Ḣ−1 f − u∥L1(Ω,Rm) ≤ 2
C(Ω, d, λV )

n
+ ∥Ḣ−1 fn − (H + ε)−1 fn∥L1(Ω,Rm) + ε∥(H + ε)−1u∥L1(Ω,Rm) (5.47)

for every n ∈ N and ε > 0.
Next, we observe that, using (5.44), we can estimate

ε∥(ε +H)−1u∥ ≤ ε
∫ +∞

0
e−sε∥e−sHu∥ds ≤ ε

∫ +∞

0
e−sεes∆∥u∥ds = ε(ε − ∆)−1∥u∥.

Note that

(ε(ε − ∆)−1∥u∥)(x) =ε
∫ ∞

0
e−εt

1
(4πt)d/2 dt

∫
Rd

exp
(
−
|x − y|2

4t

)
∥u(y)∥dy

=ε

∫ ∞

1
√
ε

e−εt
1

(4πt)d/2 dt
∫
Rd

exp
(
−
|x − y|2

4t

)
∥u(y)∥dy

+ ε

∫ 1
√
ε

0
e−εt

1
(4πt)d/2 dt

∫
Rd

exp
(
−
|x − y|2

4t

)
∥u(y)∥dy =: Aε(x) + Bε(x)

for every x ∈ Rd. Since

Aε(x) ≤

√
εd/2∥u∥1
(4π)d/2 ε

∫ ∞

1
√
ε

e−εtdt ≤

√
εd/2∥u∥1
(4π)d/2 ,

it follows that Aε(x) vanishes as ε tends to 0 for every x ∈ Rd. In particular, Aε vanishes in L1(Ω), as ε→ 0, for every
bounded measurable set Ω ⊂ Rd.

As far as Bε is concerned, if we integrate with respect to x ∈ Rd we get∫
Rd

Bε(x)dx = ε
∫ 1

√
ε

0
e−εt

1
(4πt)d/2 dt

∫
Rd

dx
∫
Rd

exp
(
−
|x − y|2

4t

)
∥u(y)∥dy

= ∥u∥1ε
∫ 1

√
ε

0
e−εtdt = (1 − e−

√
ε)∥u∥1.

This implies that Bε tends to 0 in L1(Rd) as ε tends to 0.
Summing up, we have proved that ε∥(ε +H)−1u∥ vanishes in L1(Ω,Rm) as ε tends to 0, for every bounded and

measurable set Ω ⊂ Rd.
Finally, we recall that Remark 4.3 shows that ∥Ḣ−1 fn − (H + ε)−1 fn∥L1(Ω,Rm) vanishes as ε tends to zero for every

fixed n ∈ N. Hence, taking the limsup as ε tends to 0 in (5.47) and, then, the limit as n tends to +∞, we conclude that
∥u − Ḣ−1 f∥L1(Ω,Rm) = 0. The arbitrariness of Ω yields that u = Ḣ−1 f almost everywhere in Rd.
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Finally, we can prove the maximal inequality in L1(Rd,Rm).

Theorem 5.11. There exists a positive constant c such that for every u ∈ C∞c (Rd,Rm) it holds that

∥∆u∥1 + ∥Vu∥1 ≤ c∥ − ∆u + Vu∥1. (5.48)

Proof. We fix u ∈ C∞c (Rd,Rm) and set f = −∆u+Vu ∈ L1(Rd,Rm). From Theorem 5.8 it follows that u = Ḣ−1 f and
Corollary 5.7 yields the assertion with c = 1 + 2C.

6. The Lp estimates

We aim to apply the following version of a known theorem (see (12, Theorem 3.1 & Remark 3.6)) with w = 1.
Here, M is the uncentered Hardy-Littlewood maximal function over cubes of Rd, i.e.,

(M f )(x) = sup
Q∋x

1
|Q|

∫
Q
| f |dy, x ∈ Rd,

for every measurable function f : Rd → R and Q, as usual, denotes a cube in Rd.

Theorem 6.1. Fix q, s ∈ (1,∞) and a ∈ [1,+∞). Then, there exists a positive constant C = C(q, d, a, s) with the
following property. Assume that F,G,H1 and H2 are nonnegative and measurable functions on Rd, with F ∈ L1(Rd),
such that for every cube Q there exist nonnegative functions GQ and HQ with F(x) ≤ GQ(x) + HQ(x) for almost every
x ∈ Q and (

1
|Q|

∫
Q

Hq
Q(y) dy

) 1
q

≤ a[(M(F))(x) + (M(H1))(x) + H2(x̄)], (6.1)

1
|Q|

∫
Q

GQ(y) dy ≤ G(x), (6.2)

for all x, x̄ ∈ Q. Then, for all 1 ≤ r ≤ q/s we have

∥M(F)∥Lr(Rd) ≤ C(∥G∥Lr(Rd) + ∥M(H1)∥Lr(Rd) + ∥H2∥Lr(Rd)).

Now we state the result we are interested in.

Theorem 6.2. Let 1 ≤ p0 < q0 ≤ ∞. Assume that T is a bounded sublinear operator on Lp0 (Rd,Rm) and there exist
constants α2 > α1 > 1 and C > 0 such that(

1
|Q|

∫
Q
∥T f∥q0 dx

) 1
q0

≤ C
{ (

1
|α1Q|

∫
α1Q
∥T f∥p0 dx

) 1
p0

+ ∥(S | f |)(x̄)∥
}

(6.3)

for every cube Q, all x̄ ∈ Q and every f ∈ L∞(Rd,Rm) with compact support in Rd \ α2Q, where S is a vector-valued
linear operator such that S (|g|) ≤ S (|h|) componentwise if |g| ≤ |h| componentwise. If S is bounded on Lp(Rd,Rm),
for some p ∈ (p0, q0), then there exists a positive constant K such that

∥T f∥p ≤ K∥ f∥p, f ∈ L∞c (Rd,Rm).

Proof. Along the proof, c denotes a positive constant greater than 1 which may vary from line to line.
We fix f ∈ L∞c (Rd,Rm), a cube Q and x ∈ Q. Since T is bounded on Lp0 (Rd,Rm) we obtain(

1
|α1Q|

∫
α1Q
∥T (χα2Q f )∥p0 dy

) 1
p0

≤ c
(

1
|α1Q|

∫
Rd
∥χα2Q f∥p0 dy

) 1
p0

= c
(

1
|α1Q|

∫
α2Q
∥ f∥p0 dy

) 1
p0

≤ c (M(∥ f∥p0 )(x))
1

p0 ,
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and since α1 > 1, one has (
1
|Q|

∫
Q
∥T (χα2Q f )∥p0 dy

) 1
p0

≤ c (M(∥ f∥p0 )(x))
1

p0 . (6.4)

Further, since the support of (1 − χα2Q) f is contained in Rd \ α2Q, from (6.3) it follows that(
1
|Q|

∫
Q
∥T ((1 − χα2Q) f )∥q0 dy

) 1
q0

≤ C
{( 1
|α1Q|

∫
α1Q
∥T ((1 − χα2Q) f )∥p0 dy

) 1
p0
+ ∥(S |(1 − χα2Q) f |)(x̄)∥

}
(6.5)

for all x̄ ∈ Q.
The assumptions on S imply that S (|(1 − χα2Q) f |) ≤ S (| f |), from which it follows that

∥S (|(1 − χα2Q) f |)∥ ≤ ∥S (| f |)∥. (6.6)

The sublinearity of T implies that ∥T ((1 − χα2Q) f )∥ ≤ ∥T f∥ + ∥Tχα2Q f∥, and so from (6.4), (6.5) and (6.6) we infer
that (

1
|Q|

∫
Q
∥T ((1 − χα2Q) f )∥q0 dy

) 1
q0

≤ c
[
(M(∥T f∥p0 )(x))

1
p0 + (M(∥ f∥p0 )(x))

1
p0 + ∥(S | f |)(x̄)∥

]
. (6.7)

Let us fix p ∈ (p0, q0). We aim to apply Theorem 6.1 with F = ∥T f∥p0 ∈ L1(Rd), G = 2p0−1cp0 M(∥ f∥p0 ), H1 = ∥ f∥p0

and H2 = ∥(S | f |)∥p0 .
From the definition of F it follows that

|F(x)| ≤ 2p0−1∥(T (χα2Q f ))(x)∥p0 + 2p0−1∥(T ((1 − χα2Q) f ))(x)∥p0 =: GQ(x) + HQ(x)

for almost every x ∈ Q. Arguing as for (6.7) with q = q0/p0 > 1 we get(
1
|Q|

∫
Q

Hq
Q(y) dy

) 1
q

= 2p0−1


(

1
|Q|

∫
Q
∥T ((1 − χα2Q) f )∥q0 dy

) 1
q0


p0

≤ c
[
(M(∥T f∥p0 )(x))

1
p0 + (M(∥ f∥p0 )(x))

1
p0 + ∥(S | f |)(x̄)∥

]p0

≤ c
[
(M(∥T f∥p0 ))(x) + (M(∥ f∥p0 ))(x) + ∥(S | f |)(x̄)∥p0

]
= c [(M(F))(x) + (M(H1))(x) + H2(x̄)]

and then (6.1) is verified, while from (6.4) we infer

1
|Q|

∫
Q

GQ(y)dy =
2p0−1

|Q|

∫
Q
∥T (χα2Q f )∥p0 dy ≤ 2p0−1cp0 (M(∥ f∥p0 ))(x) = G(x),

i.e., (6.2) holds. Theorem 6.1, with r = p/p0, q = q0/p0 and s = q0/p, gives that ∃ C̃ > 0 such that

∥M(F)∥Lp/p0 (Rd) ≤ C̃
[
∥G∥Lp/p0 (Rd) + ∥M(H1)∥Lp/p0 (Rd) + ∥H2∥Lp/p0 (Rd)

]
= C̃(2p0−1cp0 + 1)∥M(∥ f∥p0 )∥Lp/p0 (Rd) + C̃∥S | f |∥p0

p . (6.8)

Applying the Lebesgue differentiation theorem, we deduce that

∥T f∥p0
p = ∥F∥Lp/p0 (Rd) ≤ ∥M(F)∥Lp/p0 (Rd). (6.9)

Combining (6.8) with (6.9), the boundedness of the maximal function M and of the operator S on Lp(Rd,Rm) implies
that

∥T f∥p0
p ≤ C̃(2p0−1cp0 + 1)∥M(∥ f∥p0 )∥Lp/p0 (Rd) + C̃∥S | f |∥p0

p ≤ C∗∥ f∥
p0
p

for some positive constant C∗ and the assertion follows.
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From now on, we denote by Ω an open set of Rd.

Lemma 6.3. Assume Hypotheses 2.1 and 2.2. Let u be a weak solution of −∆u + Vu = 0 in Ω, i.e., u ∈ L2
loc(Ω,Rm)

with V
1
2 u, D ju ∈ L2

loc(Ω,Rm) ( j = 1, . . . , d) and the equation holds in the sense of distributions. Then, the following
properties are satisfied:

(i) the function ∥u∥2 is subharmonic on Ω, i.e., ∆∥u∥2 ≥ 0 in Ω in the sense of distributions;

(ii) if λV ∈ Br for some r ∈ (1,∞) ∪ {∞}, then for every 1 < µ ≤ 2 and every cube Q ⊂ Rd with 2Q ⊂ Ω, there exists
a positive constant C̃ such that (

avQ ∥Vu∥r
) 1

r ≤ C̃ avµQ(∥Vu∥).

Proof. (i) If u is a weak solution of −∆v + Vv = 0, then ∆ui = (Vu)i in the sense of distributions, for all i = 1, . . . ,m.
For all φ ∈ C∞c (Ω) we get ∫

Ω

∆(|ui|
2)φdx = −

∫
Ω

∇(|ui|
2)∇φdx = −2

∫
Ω

ui∇ui∇φdx

= −2
∫
Ω

∇ui∇(uiφ)dx + 2
∫
Ω

∇ui ∇ui φdx

= 2
∫
Ω

∆ui(uiφ)dx + 2
∫
Ω

|∇ui|
2φdx

= 2
∫
Ω

(Vu)i ui φ + 2
∫
Ω

|∇ui|
2φdx.

Summing over i = 1, . . . ,m we infer that∫
Ω

∆(∥u∥2)φdx = 2
∫
Ω

⟨Vu,u⟩φdx + 2
∫
Ω

m∑
i=1

|∇ui|
2φdx.

In conclusion, since V is nonnegative definite, we get

∆∥u∥2 = 2

⟨Vu,u⟩ +
m∑

i=1

|∇ui|
2

 ≥ 0,

and ∥u∥ ∈ L2
loc(Ω). This proves that ∥u∥2 is subharmonic on Ω.

(ii) Let Q be a cube of Rd such that 2Q ⊂ Ω. First, we observe that ∥u∥2 is a subharmonic function on a neighbor-
hood of 2Q by property (i). Since λV ∈ Br, we can apply (11, Corollary 5.3) with weight ω = λV , s = 1

2 and f = ∥u∥2
as subharmonic function. It follows that for all µ ∈ (1, 2] there exists M ≥ 0 such that(

avQ(λV∥u∥)r) 1
r ≤ M avµQ(λV∥u∥). (6.10)

Since V is symmetric and nonnegative, it holds that ∥V∥ = max∥v∥=1⟨Vv, v⟩. Hence,(
avQ(∥Vu∥)r) 1

r ≤ C
(
avQ(λV∥u∥)r) 1

r , (6.11)

where we have taken into account that the eigenvalues of V are comparable, and C is the constant that appears in
Hypothesis 2.2. Finally, we observe that

avµQ(λV∥u∥) ≤ avµQ(∥Vu∥) (6.12)

for all µ ∈ (1, 2]. Combining (6.10), (6.11) and (6.12), we obtain the assertion with C̃ = CM.
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Proposition 6.4. Let V be a matrix-valued operator satisfying Hypotheses 2.1 and 2.2. Further, suppose that λV ∈ Bq

for some q ∈ (1,∞) ∪ {∞}. Then, VḢ−1 and ∆Ḣ−1, defined on L1(Rd,Rm) by Corollary 5.7, extend to bounded
operators on Lp(Rd,Rm) for 1 < p < r, where r is a suitable real number larger than q, if q < ∞, and r = ∞,
otherwise.

Proof. Let us start with VḢ−1. By Corollary 5.7 it is a linear bounded operator on L1(Rd,Rm). Since λV ∈ Bq, from
the self-improvement of the reverse Hölder class (see (17)), it follows that if q is real, then λV ∈ Br for some real
number r larger than q.

Fix now a cube Q ⊂ Rd and f ∈ L∞(Rd,Rm) with compact support contained in Rd \4Q. The function u = Ḣ−1 f ∈
V̇ is well defined and it is a weak solution of −∆u+ Vu = 0 in 4Q. By Lemma 6.3(ii), applied with Ω = 4Q, we have
for µ = 2 that (

avQ ∥VḢ−1 f∥r
) 1

r
≤ C̃ av2Q ∥VḢ−1 f∥.

Then, we get (6.3) with S = 0, p0 = 1, q0 = r, α1 = 2, α2 = 4, and T = VḢ−1. We can apply Theorem 6.2 and
obtain that for all 1 < p < r there exists K > 0 such that

∥VḢ−1 f∥p ≤ K∥ f∥p, f ∈ L∞c (Rd,Rm).

This implies that VḢ−1 extends to a linear bounded operator on Lp(Rd,Rm) and, by difference, also ∆Ḣ−1. Indeed,
∥∆Ḣ−1 f∥p ≤ ∥VḢ−1 f∥p + ∥ f∥p ≤ (K + 1)∥ f∥p.

Now, we are ready to prove Lp-maximal estimates.

Theorem 6.5. Let Hypotheses 2.1 and 2.2 be satisfied. Further, suppose that λV ∈ Bq for some q ∈ (1,∞) ∪ {∞}. If
q ∈ (1,∞), then there exists r, larger than q, and depending only on V, such that

∥∆u∥p + ∥Vu∥p ≤ Cp∥(−∆ + V)u∥p, u ∈ C∞c (Rd,Rm), (6.13)

for every p ∈ (1, r) and some positive constant Cp, independent of u. If q = ∞, then estimate (6.13) holds true for
every p ∈ (1,∞).

Proof. Fix u ∈ C∞c (Rd,Rm) and set f B (−∆ + V)u. By Theorem 5.8 we know that u = Ḣ−1 f and, by Proposition
6.4, we can extend VḢ−1 and ∆Ḣ−1 to linear bounded operators in Lp(Rd,Rm) for 1 < p < r = q + ε for some ε > 0.
It thus follows that

∥∆u∥p + ∥Vu∥p = ∥∆Ḣ−1 f∥p + ∥VḢ−1 f∥p ≤ (2K + 1)∥ f∥p = Cp∥(−∆ + V)u∥p,

where K is the constant appearing in the proof of Proposition 6.4.

7. Generation results

Throughout this section, we assume Hypotheses 2.1 and 2.2.
Let us introduce the set X = L1(Rd,Rm) + L∞(Rd,Rm), endowed with the natural norm

∥ f∥X = inf{∥ f1∥L1(Rd ,Rm) + ∥ f2∥L∞(Rd ,Rm) : f1 ∈ L1(Rd,Rm), f2 ∈ L∞(Rd,Rm), f = f1 + f2},

and the realization in X of the operator −∆ + V , with Kato maximal domain, i.e., the operator T , defined as follows:

D(T ) = { f ∈ X : V f ∈ L1
loc(Rd,Rm), (∆ − V) f ∈ X},

T f = (−∆ + V) f , f ∈ D(T ).

Moreover, for every p ∈ [1,∞], we introduce also the part of T in Lp(Rd,Rm), i.e., the operator Tp defined by

D(Tp) = { f ∈ Lp(Rd,Rm) : V f ∈ L1
loc(Rd,Rm), (∆ − V) f ∈ Lp(Rd,Rm)},

Tp f = (−∆ + V) f , f ∈ D(Tp).
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We notice that Lp(Rd,Rm) ⊂ X and, if f ∈ Lp(Rd,Rm) then ∥ f∥ ∈ L1(Rd) + L∞(Rd). Further, for every measurable
set Ω ⊂ Rd, with finite measure, and every f ∈ X, it holds that f ∈ L1(Ω,Rm) and there exists a positive constant
C = C(Ω) such that ∥ f∥L1(Ω,Rm) ≤ C∥ f∥X .

The following result is the vector-valued counterpart of a well celebrated theorem by Kato (see (22, Theorem 3)).

Theorem 7.1. The operator −Tp is m-dissipative for every p ∈ [1,∞].

Proof. We split the proof into different steps. Throughout the proof, µ is a positive constant, arbitrarily fixed.
Step 1. Here, we prove that the operator µ + T is injective, and, if u ∈ D(T ) and (µ + Tp)u ∈ Lp(Rd,Rm), then u

belongs to Lp(Rd,Rm) and
µ∥u∥p ≤ ∥(µ + Tp)u∥p. (7.1)

To begin with, we observe that, from Lemma 5.1 and recalling that λV∥ξ∥
2 ≤ ⟨Vξ, ξ⟩ for every ξ ∈ Rm, we can

easily deduce that
(µ − ∆ + λV )∥u∥ ≤ χ{u,0}∥u∥−1⟨ f ,u⟩ ≤ ∥ f∥, (7.2)

in the sense of distributions, for every u ∈ D(T ), where f = (µ + T )u.
Since λV ≥ 0 almost everywhere in Rd, due to Hypothesis 2.1, from (7.2) it follows that (µ − ∆)∥u∥ ≤ ∥ f∥ in the

sense of distributions, i.e., ∫
Rd
∥u∥(µφ − ∆φ)dx ≤

∫
Rd
∥ f∥φdx (7.3)

for every nonnegative function φ ∈ C∞c (Rd). Since ∥u∥ and ∥ f∥ belongs to L1(Rd) + L∞(Rd), by a standard truncation
argument we can extend the previous formula to every nonnegative φ ∈ S(Rd). Then, recalling that the operator µ−∆
is an isomorphism in S which preserves the positivity, we can recast (7.3) into the form∫

Rd
∥u∥φdx ≤

∫
Rd
∥ f∥(µ − ∆)−1φdx, (7.4)

for every nonnegative φ ∈ S(Rd). From (7.4), we conclude that the tempered distributions ∥u∥ and (µ−∆)−1∥ f∥ satisfy
the inequality ∫

Rd
∥u∥φdx ≤

∫
Rd

(µ − ∆)−1∥ f∥φdx, (7.5)

for every nonnegative φ ∈ S(Rd). In particular, if f = 0, then ∥u∥ = 0 almost everywhere in Rd, so that µ + T is one
to one.

Finally, we observe that, if f ∈ Lp(Rd,Rm) for 1 ≤ p ≤ ∞, then the tempered distribution (µ − ∆)−1∥ f∥ is actually
an element of Lp(Rd). Moreover, ∥(µ − ∆)−1∥L(Lp(Rd)) ≤ µ

−1, so that, from (7.5) it follows that ∥u∥ ≤ (µ − ∆)−1∥ f∥
almost everywhere in Rd and, consequently, taking the Lp-norms, ∥u∥p ≤ µ−1∥ f∥p.

Step 2. Here, we prove that T and Tp are closed operators, and µ + Tp has closed range.
Let (un)n∈N ⊂ D(T ) be such that un and fn B Tun converge, respectively, to u and f in X. From (7.2) with µ = 0

we deduce that ∫
Rd
λV∥un − um∥φdx ≤

∫
Rd
∥ fn − fm∥φdx +

∫
Rd
∥un − um∥∆φdx, m, n ∈ N,

for every nonnegative function φ ∈ C∞c (Rd). Recalling that ∥Vξ∥ ≤ CλV∥ξ∥ almost everywhere in Rd for every ξ ∈ Rm,
we infer that

0 ≤ C−1
∫
Rd
∥V(un − um)∥φdx ≤

∫
Rd
λV∥un − um∥φdx ≤

∫
Rd
∥ fn − fm∥φdx +

∫
Rd
∥un − um∥∆φdx.

This implies that (Vunφ)n∈N is a Cauchy sequence in L1(Rd,Rm). Moreover, since X is continuously embedded in
L1(Ω,Rm) for every bounded measurable set Ω, up to a subsequence, we can assume that (un)n∈N pointwise converges
to u almost everywhere in Rd. As a consequence, (Vun)n∈N pointwise converges to Vu, so that (Vunφ)n∈N converges
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to Vuφ in L1(Rd,Rm). The arbitrariness of φ ∈ C∞c (Rd) implies that Vu ∈ L1
loc(Rd,Rm) and so (Vun)n∈N converges to

Vu in L1
loc(Rd,Rm). Hence, (−∆(un) j = ( fn) j − (Vun) j)n∈N converges to f j − (Vu) j inD′ for every j = 1, . . . ,m, which

means that −∆u + Vu = f ∈ X, i.e., u ∈ D(T ) and Tu = f .
The same arguments can be applied to show that also the operator Tp is closed in Lp(Rd,Rm) for every p ∈ [1,∞].
Finally, the closedness of the range of µ + Tp is a consequence of inequality (7.1) in Step 1 and the closedness of

the operator Tp.
Step 3. Here, we prove that the operators µ + T and µ + Tp are invertible and ∥(µ + Tp)−1u∥p ≤ µ−1∥u∥p for every

u ∈ Lp(Rd,Rm).
The injectivity of the operators µ+T and µ+Tp follow from Step 1. Hence, we just need to prove that the operators

µ + T and µ + Tp are surjective. The main steps to prove this property are the cases p = 1 and p = ∞. Once the
surjectivity of the operators µ + T1 and µ + T∞ is proved, the other cases will follow almost straightforwardly.

From Step 2, we know that µ + T1 has closed range. Hence, it remains to prove that µ + T1 has dense range.
Assume that ∫

Rd
⟨v, (µ + T1)u⟩dx = 0, u ∈ D(T1),

for some v ∈ L∞(Rd,Rm). Since C∞c (Rd,Rm) is contained in D(T1) and Vv ∈ L1
loc(Rd,Rm), from the previous formula

we infer that (µ−∆+V)v = 0 in the sense of distributions. This implies that v ∈ D(T ) and (µ+T )v = 0. The injectivity
of µ + T yields v = 0. We have so proved that the operator T1 is invertible.

We now address the case p = ∞. For this purpose, we fix f ∈ L∞(Rd,Rm), with f ≥ 0 componentwise, and
choose a sequence ( fn)n∈N ⊂ L∞c (Rd,Rm) such that fn ≥ 0 and fn pointwise increases to f almost everywhere in Rd.
Clearly, each function fn belongs to L2(Rd,Rm). Since the operatorH : D(H)→ L2(Rd,Rm) is accretive, the operator
(µ +H)−1 is well-defined and bounded in L2(Rd,Rm). For every n ∈ N, let us set un = (µ +H)−1 fn. Note that each
function un belongs to X. Moreover, Vun ∈ L1

loc(Rd,Rm) as a consequence of (5.34), which shows that (µ + λV )∥un∥

belongs to L1(Rd). Finally, by difference, −∆un + Vun = fn − µun belongs to X. We have so proved that un ∈ D(T ).
Finally, observing that (µ+T )un = fn in the sense of distributions and fn ∈ L∞c (Rd,Rm), for every n ∈ N, from Step 1,
we conclude that un ∈ L∞(Rd,Rm) and ∥un∥∞ ≤ µ

−1∥ fn∥∞ ≤ µ
−1∥ f∥∞ for every n ∈ N. It thus follows that un ∈ D(T∞)

and (µ + T∞)un = fn for every n ∈ N. Since fn ≥ 0 and increases componentwise, from Proposition 5.4 we infer that
un ≥ 0 and increases componentwise. Hence, there exists the pointwise limit u B limn→∞ un ∈ L∞(Rd,Rm).

Let us show that u belongs to D(T∞) and (µ + T∞)u = f . Since ∥un∥∞ ≤ µ
−1∥ f∥∞ for every n ∈ N, it follows that

(Vun)n∈N converges to Vu in L1
loc(Rd,Rm) by dominated convergence. Moreover, ∥u∥∞ ≤ µ−1∥ f∥∞ and, by difference,∫

Rd
⟨ f ,φ⟩dx = lim

n→+∞

∫
Rd
⟨ fn,φ⟩dx = lim

n→+∞

∫
Rd
⟨un, (µ − ∆ + V)φ⟩dx

=µ

∫
Rd
⟨u,φ⟩dx −

∫
Rd
⟨u,∆φ⟩dx +

∫
Rd
⟨Vu,φ⟩dx

for every φ ∈ C∞c (Rd,Rm). This shows that the distributional Laplacian of u coincides with the function µu + Vu − f .
In particular, −∆u + Vu ∈ L∞(Rd,Rm), so that u ∈ D(T∞) and (µ + T∞)u = f . We have thus proved that T∞ is
invertible.

Since µ + T1 and µ + T∞ are invertible, we can now easily show that also the operators T and Tp (p ∈ (1,∞)) are
invertible. We begin by considering the operator T . Fix f ∈ X and let f1 ∈ L1(Rd,Rm) and f∞ ∈ L∞(Rd,Rm) be such
that f = f1 + f∞. From the above results, there exist u1 ∈ D(T1) and u∞ ∈ D(T∞) such that (µ + T1)u1 = f1 and
(µ + T∞)u∞ = f∞. Clearly, the function u = u1 + u∞ belongs to X and, recalling that T1 and T∞ are the parts of T in
L1(Rd,Rm) and in L∞(Rd,Rm), respectively, we conclude that (µ+T )u = (µ+T )(u1+u∞) = (µ+T1)u1+(µ+T∞)u∞ =
f1 + f∞ = f .

Finally, we show that µ + Tp is invertible for every p ∈ (1,∞). Fix f ∈ Lp(Rd,Rm) ⊂ X and let u ∈ D(T ) be
such that (µ + T )u = f ∈ Lp(Rd,Rm). By Step 1, we deduce that u ∈ Lp(Rd,Rm). Hence, u belongs to D(Tp) and
(µ + Tp)u = f . The estimate ∥(µ + Tp)−1u∥p ≤ µ−1∥u∥p follows again from(7.1). The proof is complete.

Theorem 7.2. Under Hypotheses 2.1, 2.2 and assuming that λV belongs to Bp for some p ∈ [1,∞), the realization
−Ap of the operator ∆−V in Lp(Rd,Rm), with D(Ap) = {u ∈ Lp(Rd,Rm) : ∆u,Vu ∈ Lp(Rd,Rm)}, generates a positive

26



strongly continuous semigroup of contractions, which is, for p > 1, also analytic. Moreover, D(Ap) coincides with the
Kato maximal domain, i.e.

D(Ap) = {u ∈ Lp(Rd,Rm) : ∆u − Vu ∈ Lp(Rd,Rm),Vu ∈ L1
loc(Rd,Rm)}

and, if p ≥ 2, then

D(Ap) = {u ∈ Lp(Rd,Rm) : ∆u − Vu ∈ Lp(Rd,Rm)}.

Proof. We fix p ∈ [1,∞) and split the proof into three steps. In the first one we prove that C∞c (Rd,Rm) is a core for the
operator Tp and, in the second one, we prove that D(Tp) = D(Ap). Finally, in Step 3, we prove that Ap is a sectorial
operator.

Step 1. To prove that C∞c (Rd,Rm) is core for the operator Tp, we just need to show that C∞c (Rd,Rm) is contained
in D(Tp) and (1 + Tp)(C∞c (Rd,Rm)) is dense in Lp(Rd,Rm). The first property is immediate to prove. To prove the
second property, we fix v ∈ Lp′ (Rd,Rm) such that

0 =
∫
Rd
⟨(1 + Tp)u, v⟩dx =

m∑
j=1

∫
Rd

(u j − ∆u j + (Vu) j)v jdx, u ∈ C∞c (Rd,Rm)

or, equivalently,

m∑
j=1

∫
Rd
∆u jv jdx =

m∑
j=1

∫
Rd

u j(Vv) jdx +
m∑

j=1

∫
Rd

u jv jdx, u ∈ C∞c (Rd,Rm).

Taking u = φek (k = 1, . . . ,m), where ek is the k-th element of the canonical basis of Rm, φ ∈ C∞c (Rd), and recalling
that λV ∈ Bp, we deduce that the distributional Laplacian of vk belongs to L1

loc(Rd) (since (Vv)k ∈ L1
loc(Rd)) and

coincides with the function (Vv)k+vk. This shows that ∆v−Vv = v ∈ Lp′ (Rd,Rm), so that v ∈ D(Tp′ ) and (1+Tp′ )v = 0.
The injectivity of (1+Tp′ ) implies that v = 0. Thus, we have proved that (1+Tp)(C∞c (Rd,Rm)) is dense in Lp(Rd,Rm).

Step 2. By Theorem 7.1, the operator Tp generates a strongly continuous semigroup of contractions in Lp(Rd,Rm).
Clearly, D(Ap) ⊂ D(Tp). To prove that actually the two sets coincide, we fix u ∈ D(Tp) and a sequence (un)n∈N ⊂
C∞c (Rd,Rm) such that un and −∆un + Vun converge, respectively, to u and Tpu as n tends to ∞. Estimate (5.48), if
p = 1, and estimate (6.13), if p ∈ (1,∞), show that (∆un)n∈N and (Vun)n∈N are Cauchy sequences in Lp(Rd,Rm), so that
they converge, respectively, to some functions w1 and w2. Since un converges to u in Lp(Rd,Rm), it is immediate to
infer that w2 = Vu, so that Vu belongs to Lp(Rd,Rm). By difference also the Laplacian of u belongs to Lp(Rd,Rm). We
have so proved that u ∈ D(Ap). Hence, D(Ap) is the Kato maximal domain of the realization of −∆+V in Lp(Rd,Rm).
Finally, we observe that, if p ≥ 2, then Lp(Rd,Rm) is contained in Lp′

loc(Rd,Rm), so that Hölder’s inequality implies that
Vu ∈ L1

loc(Rd,Rm) for any u ∈ Lp(Rd,Rm), and D(Ap) actually coincides with the maximal domain of the realization
of −∆ + V in Lp(Rd,Rm). Finally, the positivity of the semigroup generated by −Ap follows from the positivity of the
semigroup (e−tV )t≥0 and the Trotter product formula.

Step 3. To prove the sectoriality of Ap, in view of (19, Chapter I, Section 5.8) and taking into account that
C∞c (Rd,Cm) is a core of Ap, it suffices to show that there exists a positive constant Cp such that∣∣∣∣∣Im ∫

Rd
(Apu,u)∥u∥p−2dx

∣∣∣∣∣ ≤ −CpRe
∫
Rd

(Apu,u)∥u∥p−2dx, u ∈ C∞c (Rd,Cm). (7.6)

Here with (·, ·) we indicate the Hermitian scalar product of Cm. By (27, Theorem 3.9) it follows that

−Re
∫
Rd

(∆u,u)∥u∥p−2dx ≥ cp

∣∣∣∣∣Im ∫
Rd

(∆u,u)∥u∥p−2dx
∣∣∣∣∣ , u ∈ C∞c (Rd,Cm), (7.7)

where cp is
2
√

p−1
|p−2| if p , 2 and any positive constant if p = 2. Recalling that (Vu,u) ≥ 0, (7.6) follows from (7.7),

where Cp = c−1
p . For more details, see the proof of (25, Proposition 4.5).
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8. Examples

We conclude this work by providing two matrix-valued potentials V which satisfy the assumptions of Theorem
6.5. In particular, we show that entries with singularities for V are allowed. We have to prove that Hypotheses 2.1 and
2.2 are satisfied, and that the minimal eigenvalue of V belongs to a Bq class, for some q ∈ (1,∞).

Example 8.1. Let m = 2 and 1 < q < ∞. Then, for every x ∈ Rd \ {0} we consider the symmetric matrix V =
(vi j(x))2

i, j=1 with entries

v11(x) = ∥x∥−α((cos(∥x∥))2 + c1(sin(∥x∥))2) + ∥x∥β(k(cos(∥x∥))2 + k1(sin(∥x∥))2),

v12(x) = v21(x) = | sin(∥x∥) cos(∥x∥)|
[
(1 − c1)∥x∥−α + (k − k1)∥x∥β

]
,

v22(x) = ∥x∥−α(c1(cos(∥x∥))2 + (sin(∥x∥))2) + ∥x∥β(k1(cos(∥x∥))2 + k(sin(∥x∥))2),

for every x ∈ Rd \ {0}, where β, c1, k and k1 are positive constants, with c1 > 1 and k1 > k, and α ∈
(
0, d

q

)
.

Clearly, the off-diagonal terms are non-positive. Moreover, since

det(λI − V(x)) =(λ − v11(x))(λ − v22(x)) − (v12(x))2

=λ2 − λ
[
∥x∥−α(1 + c1) + ∥x∥β(k1 + k)

]
+ (c1∥x∥−2α + k k1∥x∥2β)

(
(cos(∥x∥))4 + (sin(∥x∥))4 + 2(sin(∥x∥))2(cos(∥x∥))2

)
+ ∥x∥β−α

(
k1(cos(∥x∥))4 + c1k(sin(∥x∥))4 + c1k(cos(∥x∥))4 + k1(sin(∥x∥))4)

+ ∥x∥β−α
(
2k1(sin(∥x∥))2(cos(∥x∥))2 + 2c1k(sin(∥x∥))2(cos(∥x∥))2

)
=λ2 − λ

[
∥x∥−α(1 + c1) + ∥x∥β(k1 + k)

]
+ c1∥x∥−2α + kk1∥x∥2β + (k1 + kc1)∥x∥β−α

=
(
λ − ∥x∥−α − k∥x∥β

) (
λ − c1∥x∥−α − k1∥x∥β

)
,

the eigenvalues of V(x) are

λ1(x) B ∥x∥−α + k∥x∥β, λ2(x) B c1∥x∥−α + k1∥x∥β.

They are positive functions, and therefore V is a positive defined matrix-valued function. Moreover,

λ1(x) ≤ λ2(x) ≤ Cλ1(x), x ∈ Rd \ {0},

where C B max {c1, k1/k}. Hence, Hypothesis 2.1 and (2.2) are satisfied.
In addition, the condition 0 < α < d

q and β > 0 ensures that λV = λ1 belongs to Bq since the function x 7→ ∥x∥−γ

belongs to Bq for γ ∈
(
−∞, d

q

)
(see for instance (18, Chapter 9)).

Example 8.2. Let 1 < q < ∞, Ṽ : Rd → Rm2
be a matrix-valued function, whose entries are measurable functions

and there exist positive constants ci < Ci, Ci j and ηi j < η with Ci j = C ji and ηi j = η ji for every i, j = 1, . . . ,m, such
that

ci(1 + ∥x∥2)η ≤ ṽii(x) ≤ Ci(1 + ∥x∥2)η, −Ci j(1 + ∥x∥2)ηi j ≤ ṽi j(x) = ṽ ji(x) ≤ 0

for every x ∈ Rd and every i = 1, . . . ,m and j ∈ {1, . . . ,m} \ {i}. Further, we assume that

m∑
i=1

(
ciξ

2
i −

m∑
j=1, j,i

Ci jξiξ j

)
≥ 0, ξ ∈ Rm.
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This implies that Ṽ(x) is positive semi-definite for every x ∈ Rd. Indeed, for every x ∈ Rd and ξ ∈ Rm we get

⟨Ṽ(x)ξ, ξ⟩ ≥
m∑

i=1

(
ci(1 + ∥x∥2)ηξ2i −

m∑
j=1, j,i

Ci j(1 + ∥x∥2)ηi j |ξi||ξ j|

)
=(1 + ∥x∥2)η

m∑
i=1

(
ciξ

2
i −

m∑
j=1, j,i

Ci j(1 + ∥x∥2)ηi j−η|ξi||ξ j|

)
≥(1 + ∥x∥2)η

m∑
i=1

(
ciξ

2
i −

m∑
j=1, j,i

Ci j|ξi||ξ j|

)
≥ 0.

Moreover, if x ∈ Rd \ B(0, 1), arguing as above, we deduce that

⟨Ṽ(x)ξ, ξ⟩ ≥(1 + ∥x∥2)η
m∑

i=1

(
ciξ

2
i − 2max{ηi j:i, j=1,...,m}−η

m∑
j=1, j,i

Ci j|ξi||ξ j|

)
≥(1 − 2max{ηi j:i, j=1,...,m}−η)(1 + ∥x∥2)η

m∑
i=1

ciξ
2
i

≥min{ci : i = 1, . . . ,m}(1 − 2max{ηi j:i, j=1,...,m}−η)(1 + ∥x∥2)η∥ξ∥2. (8.1)

Finally,

⟨Ṽ(x)ξ, ξ⟩ ≤ (1 + ∥x∥2)η
m∑

i=1

(
ciξ

2
i −

m∑
j=1, j,i

Ci j|ξi||ξ j|

)
(8.2)

for every x ∈ Rd and ξ ∈ Rm.
From (8.1) and (8.2) it follows that there exist positive constants D̃m and D̃M such that

D̃m(1 + ∥x∥2)η ≤ λṼ (x) ≤ ΛṼ (x) ≤ D̃M(1 + ∥x∥2)η, x ∈ Rd \ B(0, 1), (8.3)

where λṼ (x) and ΛṼ (x) denote, respectively, the minimum and the maximum eigenvalue of the matrix Ṽ(x).
Let us set V(x) = Ṽ(x) + ∥x∥−αId for every x ∈ Rd \ {0} and some α ∈

(
0, d

q

)
. Then, the matrix-valued function V ,

arbitrarily extended to the whole Rd in such a way that the matrix V(0) is definite positive, satisfies Hypothesis 2.1.
Moreover, since for every x ∈ B(0, 1) it holds that

∥x∥−α ≥
1
2
∥x∥−α +

1
2
≥

1
2
∥x∥−α + 2−1−η(1 + ∥x∥2)η,

it follows that there exist positive constants Dm and DM such that

Dm

(
∥x∥−α + (1 + ∥x∥2)η

)
≤ λV (x) ≤ ΛV (x) ≤ DM

(
∥x∥−α + (1 + ∥x∥2)η

)
, (8.4)

for every x ∈ B(0, 1) \ {0}. Using (8.3), we can easily extend (8.4) to every x ∈ Rd \ {0}, up to replacing Dm and DM

with suitable new positive constants.
Hence, Hypothesis 2.2 is fulfilled with C = DM/Dm and, since the function x 7→ ∥x∥−α + (1 + ∥x∥2)η belongs to

Bq, it follows that λV ∈ Bq.
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