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L? Maximal regularity for vector-valued Schrodinger operators

Davide Addona?, Vincenzo Leone®, Luca Lorenzi®*, Abdelaziz Rhandi®

“Plesso di Matematica, Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Universita di Parma, Viale Parco Area delle Scienze
53/A, Parma, 1-43124, , Italy
bDipartimento di Matematica, Universita degli Studi di Salerno, Via Giovanni Paolo Il 132, Fisciano (SA), I-84084, , Italy

Abstract

In this paper we consider the vector-valued Schrodinger operator —A+V, where the potential term V is a matrix-valued
function whose entries belong to Llloc(]Rd ) and, for every x € R?, V(x) is a symmetric and nonnegative definite matrix,
with non positive off-diagonal terms and with eigenvalues comparable each other. For this class of potential terms we
obtain maximal inequality in L'(R?, R™). Assuming further that the minimal eigenvalue of V belongs to some reverse
Holder class of order ¢ € (1, 00) U {co}, we obtain maximal inequality in L?(R?, R™), for p in between 1 and some ¢,

and generation results.

Résumé

Dans ce travail, nous considérons I’opérateur de Schrodinger a valeur vectorielle —A + V, ou le terme potentiel V est
une fonction a valeur matricielle dont les entrées appartiennent a Llloc(Rd) et, pour tout x € R, V(x) est une matrice
symétrique positive, dont les termes hors diagonale négatifs et avec des valeurs propres comparables entre elles. Pour
cette classe de potentiels, nous obtenons 1I’inégalité maximale dans L'(R?, R™). En supposant en outre que la valeur
propre minimale de V appartient & une classe Holder inverse d’ordre g € (1, 00) U {0}, nous obtenons une inégalité
maximale dans L?(R9, R™), pour p compris entre 1 et un certain g, et des résultats de générations.

Keywords: Vector-valued elliptic operators, Schrodinger operators with unbounded coefficients, vector-valued
analytic semigroups, domain characterization, Lebesgue L”-spaces, reverse Holder class.
2000 MSC: 35K40, 47D06, 35J47

1. Introduction
The aim of this paper is to establish the vector-valued apriori maximal L”-inequalities
oo (Tod
lAu||pp e gy + IVUllp@a gy < [|A0 = V|| poga gy, u e CO(RY,R™),

for a class of symmetric nonnegative definite matrix-valued potentials V, with negative off-diagonal terms and with
eigenvalues which are comparable each other. This class includes matrix potentials with polynomially growing and
singular entries, see Examples[8.T]and[8.2] As a consequence, one obtains that the LP-realization of the operator A—V,

with domain
W2P(RY,R™ N {u € LP(RY,R™) : Vu € LP(RY, R™)},

generates a Cy-semigroup of contractions on LP(R?, R™), which is also analytic if p > 1. This generalizes the results
in (11) and (28)) to the vector-valued case.

By using a perturbation method, due to Monniaux and Priiss, see (26), these types of maximal inequalities have
been obtained in the seminal paper (20) and more recently in (23)), where a class of vector-valued Schrodinger type
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operators is considered, when the matrix potential V is quasi accretive and locally Lipschitz continuous on R?, and
D;V(-V)y*e L>(R?, R™™) for some a € [0, 1/2). This condition excludes the case of matrix-valued potentials with
singular entries and also those growing more than quadratically.

We quote the papers (5 245 25)), where the operator div(QV) — V on L? (R4, R™) is considered when the matrix-
valued diffusion function Q is bounded and can degenerate neither at some x € R? nor at infinity, and generation of
a semigroup in the LP-spaces, with the description of the domain of its generator, is proved. More recently, in (8)),
more general diffusion and potential matrices are considered, under assumptions which still exclude potentials that
have singularities at some x € R¢.

A class of vector-valued elliptic operators, including also first- and second-order coupling term, has been consid-
ered very recently in (65 [7; 9).

In the LP-context, in the case of elliptic operators with unbounded diffusion and drift coefficients, it is known, at
least in the scalar case, that the suitable space to study generation and regularity properties of semigroups generated
by elliptic operators with unbounded coefficients, are L”-spaces related to the invariant measure associated to such
operators. In the vector-valued case, only partial results in this direction are available so far, see (152} 3} 14)).

Organization of the paper

In Section 3] we begin by proving a vector-valued version of a Fefferman-Phong type inequality. This allows us, in
Section to study the homogeneous version of H, the L>-version of the operator —A + V. In Section |5, we prove the
L'-maximal inequalities. Here, the main ingredient is suitable approximations of the matrix-potential V' that preserve
the positivity (componentwise) of the resolvent of —H, see Proposition To prove the L”-maximal inequalities we
first prove, in Section@ a vector-valued version of (12, Theorem 3.14) that permits us, together with the L'-maximal
inequalities, to obtain the L”-estimates. In Section [/| we adapt the celebrated perturbation theorem by T. Kato, see
(22| Theorem 3), to the vector-valued case and deduce that LP-realization of the operator A — V, with domain

Wz’p(Rd, Rm) N {u € Lp(Rd, Rm) Vu € LP(Rd, Rm)},

generates a Co-semigroup of contractions on LP(R¢, R™) which is, for p > 1, also analytic. Section [8|is dedicated to
two examples of applications.

Notation

The absolute value of a vector £ € R/ (j € N) is the vector |¢] = (|&,], ..., &) € RJ. Ford, m, k € N, CK(R?, R™)
is the space of all vector-valued functions f : RY — R, which are continuously differentiable up to the k-th order
in RY, C>(RY, R™) is the space of the compactly supported and infinitely differentiable functions f : RY — R™ and,
for p € [1,00) U {oo}, LP(R? R™) denotes the space of (the classes of) all measurable vector-valued functions, such

1

that [|fll, = ([p, IFI(0?dx)" is finite, if 1 < p < oo, and such that [|flle = esssup, gl f(WI < oo, if p = co. In
particular, we denote with L?(R?, R™) the subspace of L’(R?, R™) of compactly supported functions on R¢ and with
Lf;c(Rd, R™) the set of the measurable functions that belong L”(Q, R™) for every bounded measurable subset Q of R¢.

WhP(R?, R™) denotes the Sobolev space of order k in LP(R?, R™), that is the space of functions f € L”(R?,R™)
such that the distributional derivative 6° f belongs to LP(R¢, R™) for any multi-index 8 with length at most k. When
p =2, we write H*(R¢, R™) instead of W*2(R¢, R™). The space Wllf)’f (R4, R™) consists of those measurable and locally
integrable functions which, along with their distributional derivatives up to order &, belong to Lﬁ) C(Rd ,R™).

Let V = (v;;), W = (w;;) be real m X m matrices. We say that V < W componentwise if v;; < w;; for all
i, j=1,...,m, while V < W in the sense of forms if (V&,&) < (W&, &) for all ¢ € R™. The average of a function f
over a subset X of R? will be denoted as avy(f) = ﬁ fx f(y)dy, where |X| denotes the Lebesgue measure of X, which
is assumed to be finite. With yg we denote the characteristic function of the set E.

A scalar function w belongs to the reverse Holder class By, for g € (1, c0) U{oo}, if it is almost everywhere positive,
wE Li’OC(Rd) and there exists C > 0 such that for all O cubes of R? we have

1 i
— 9(x)d C— dx.
(|Q|LW(X) x) < 0] Qw(x) X



For g = co, the left hand side in the last condition is replaced by ess sup,.,w(x).
If K is a Hilbert space and K is its topological dual, then we denote by (k’, k) x the duality in K, for every k € K
and k' € K'.

2. Main assumptions

In the whole manuscript we assume the following hypothesis.

Hypothesis 2.1. Let V: R4 — R™™ be g matrix-valued operator such that v;; = vj; € LIIOC(Rd)for alli,j € {1,...,m},

the off-diagonal terms are non-positive, i.e., v;j < 0 foralli # j € {1,...,m}, and for almost every x € R?

(V(0)é,6) =2 0, EeR™

Let Ay(-) := mingere. ju=1¢V(-)u, u) be the minimal eigenvalue of V. It is an almost everywhere in R4 nonnegative
and locally integrable scalar function. In addition we assume the following assumption.

Hypothesis 2.2. The eigenvalues of V are comparable each other, i.e., if we denote with Ay the maximal eigenvalue
of V, then there exists a constant C > 1 such that for almost every x € R?

Ay(x) < Ay(x) < C Ay (x).

3. A Fefferman-Phong type inequality
We start with an inequality which will be fundamental for the definition of our operator.

Proposition 3.1. Let V be a matrix-valued operator satisfying Hypothesis2.1]and let p € [1,+co). Then, there exists
a positive constant C = C(p, d, m) such that

1
f (IVRCOI + (Vu0, w2 dx 25 avp(min{CR ™, Av) f leCOIPdx, 3.1

forevery cube Q C R? with side-length R and everyu € Wllo’f(Rd, R™) such that {(Vu, u)||u||"~2 belongs to LllOC (R, R™).

Proof. We fix acube Q C R4 with side-length R, p € [1, +o0) and, to begin with, we prove that, for every p € [1, +o0)

and every u € Wllof (R, R™), there exists a positive constant C(p, d, m) such that

C(p,d,
f Vaeodx = “LE [ o) - wipdady. (32)
oxQ

Clearly, it suffices to prove (3.2) for functions u € C'(R?,R™), since a straightforward density argument allows us to
extend its validity to any u € W1 P(RY,R™).

So, let assume that u € C'(R?, R") and set Q = n[aj,aj + R] for some ay,...,a; € R. For x = (x1, X2, ..., %), y =
J=1
O1,Y2, -+ -5 Ya) € O, define
X =x =Gy XL x) for L <k <d -1, XD =y,

Since u; € CY(R?) for every j = 1,...,m, it follows that

X1
uj(x)—uj(x(l))zf Ouj(t, xa, ..., xg) dt,
Y1
" el Xie+1
wj(x9) —u(x*V) = Ot tj (V15 - > Vo b Xks2s - - Xa) dlt, l<k<d-2,

Vi1

Xd
Mj(x(d_l))—uj(‘/)=f Oatj(y1,¥2, -+ -, Ya-1,1) dt.

Ya



Holder’s inequality gives

Xk+1

k k+1 —1 P
1,G0) = 1 WP St = yel” f Ot 101+ Yoot T2 x0)|”

Y+l

fork=0,...,d -2 and

Xd
-1 -1 14
J (X970) = (NP < g = yal? f |0aue; 1, -y 0| dt.
Yd

Hence,

d-1 P
() = ;I < (Z Ja;(x) ~ u,,«(x“‘“’n]
k=0
d-1
<C(p,q) Z |uj(x(k)) _ uj(x(k+l))|ﬂ
k=0
d-1 X+ 1
<C(p,d)R"" Z f |5k+1uj(Y1, Yo b X2, -,Xd)|p dl",
k=0 Yier1

where, with a slight abuse of notation, (Y1, ..., Vi, Xi+25 - - - s X3) = V1, .., Ya-1,¢) when k = d — 1. Thus,

fQ 1,0 — )P dx

d-1 Xk+1
<cp.ar [ 3| [ oot o] didx
Q %=0 ' Yk
. d-1 1R »
<C(p,d)R"" fdef HVuj(yl,...,yk,t,xk+2,...,xd)” dt
Q0 k=0 ~ Qk+1

k+2 A+1

d-1 i1 +R
SC(P,d)Rp_lsz”f dxk+2"'dxdf (Vet; 01, oo b X, xa)||” it
k=0

d-1
=C(P,d)RpZkaQ [V, ¥ Xets Xass -2 x| Aot -+ dxa,
k=0 k+1

where Q; = [1;=;la;, a; + R] for every j < d.
Now, integrating over Q with respect to the variable y, we can write

d-1
[ o - wor asay scoare Y r [ ay [ o gnanma o die
oxQ =0 0 Ok+1

d-1
=C(P’ d)R[Hd Z f ||Vuj(y|, coo s Vi Xkt 1s Xk42s « o 5 Xd)”p dyl cee dykdxk+1 -oodxg
k=0 V@

~Cp. ™ [ [vuicol dx.
(9]

Therefore, the following estimate holds:

C(p.d
fQ V0P dv = S0 fQ )~y

4

. dxd

(3.3)



Since

IVall” > C(p,m) D IV,

j=1
by applying (3:3) we obtain
( > d m) ( ERed] m)
fQ IVu(olfdx > —E2 Z f ) = Py > L) f () - u(I'dxdy
and (3:2)) follows easily.
We now observe that if u is such that (Vu, u)||u||’~2 € LIOC(R”I), then

1
f (Vr)u(x), u(e)llu(o)llP>dx > f Ay)llulIPdx = — Ay (D)llu()lIPdxdy.

oxQ

Combining this inequality and (3:2)), we get

fg(”vu(x)”p + (VU u ()l )dx

Cp,d,m) 1
ZTRED Jgeo ™Y ul"dxdy + 2 oo Ay () llu(x)|"dxdy
2 min{C(p, d, m)R™", Ay ()}l (x) — uWII” + el )dxdy
oxQ

Z(I%Lmin{C(P,d,m)R_p,/lv(x)}dx)(2p_1—1fQ”u(y)”pdy)

=51 Ve (min {C(p,d,m)R™", Ay()}) (fQIIu(y)Ilpdy),

where we have used the inequality 2,,—1,]|a|1’ < |a — b|? + |b|P, which holds true for every a,b € Rand 1 < p < o0. ]

4. Vector-valued Schrodinger operator
Let us introduce the set
V={f=....[n) € ARIR™) : Vf € [ARY, R, V2 f e [ARY,R™),

and on V X V let us define the sesquilinear form
af.9)= [ ( DV Tl + V0, g0 )
S

for f, g € V. The domain V equipped with the norm

flly = (IF12 + aCf. )

is a Hilbert space and C(R, R™) is dense in V' (for more details we refer to (13)). Hence, since a is accretive and
continuous, there exists a unique nonnegative and self-adjoint operator H : D(H) — L*(R¢, R™), defined by
D(H) = {u € V such that Iv € L*(R),R™) : a(u, ¢) = (v, p)2mam) Yo € V),
Hu =v, Yu € D(H).
We notice that for any & > 0 the operator H + ¢ is invertible, but H itself in general is not invertible since the

form a might be not coercive. For this reason we introduce a version of H which is now invertible, in the sense of
distributions, but it is defined in a larger space.



4.1. Homogeneous version of H
Let V be the closure of C(RY, R™) with respect to the norm

1
2

fllyy = a(f, f)? =[Z fR VA +(Vf 0. fNdx| . feV.
i=1

Clearly, |||l is a seminorm. To prove that, actually, it is a norm, it suffices to observe that for any f € YV, estimate
(3:1) with p = 2 implies that f belongs to L*(Q,R™) and LAll20rm) < collfll4, for every cube O C R4, and this means
that V c LIZOC(R", R™). This gives us that || - ||, is a norm and a is the inner product associated to this norm. We can
conclude that (V, || - |l4,) is a Hilbert space and a is coercive in V.

If we choose not to identify V with its dual space, V", by Lax-Milgram’s theorem, there exists a unique bounded
and invertible operator H: ¥V — V" such that (7-'1 u,v)q 4 = a(,v), for every u,v € . This means that for every
f € V" there exists a unique # € V such that a(u,v) = (f, V)in s, forall v € C®(RY,R™). Then, —Au + Vu = f in the
sense of distributions with u = H~' f.

Remark 4.1. Since Cﬁ"(Rd, R™) is dense both in V and in Y, it follows that V c V. Further, if the minimum
eigenvalue of the matrix V satisfies the condition Ay(x) > C for almost every x € R? and some positive constant C,
then the spaces V and 4% actually coincide. Indeed, if f € Y then there exists a sequence (f,)nen C C?(R" ,R™)
such that (8;f,)nen and (V' f,),en converge, respectively, to 8;f and V/2f in L>(R?,R™), as n tends to oo, for every
j=1,....d. Since [[VV2(f, = NIF = W fa = fI? = CIIf, = fIP for every n € N, the sequence (f;,)nen converges to f
in L2(R?, R™) as n tends to +oo, so that f € V.

In view of this property, we will simply write V instead of ¥, when the function x — Ay(x) is bounded from
below by a positive constant.

The following lemma provides us with an useful approximation result.

Lemma 4.2. Fix f € L*(RY,R™ NV’ and, for every & > 0, define u, = (H + €)' f € D(H). Then, the family () g0
converges to H™' f in V as & tends to 0.

Proof. Let f and u, be as in the statement. By definition we get

f [Z(V(ug)i, Vviy +{(V + eu,, v)] dx = f (f,v)dx, veuVv. “4.1
R4 i=1 Rd

Now we can choose v = u, € D(H) C V and obtain that

| [anmﬁ+<<V+s)u£,ug>]dx= [ s
R4 i=1 R4

for every € > 0. Then,

oy < [ (Z 9GP + (Y + o= [ Faddx<| [ (Fudarf < Wlpdy @2

for every £ > 0, and we can conclude that [[u.|l4, < [|fll4, i.e., (#z)s>0 is bounded in V. Hence, there exists a sequence
(&n)nen, converging to zero, such that (u,, ),en Weakly converges to some function u € V as ¢ tends to 0. Writing @-.I))
with u,, instead of u, and taking the limit as » tends to co, we obtain

mn

f Z(Vui, V) + (Vv |dx = f (f.v)dx, yevV.

R4 i=1 R4

Since C°(RY, R™) is dense both in V and in V, by the definition of the operator 7{ we conclude that u = H~' f.
6



To prove that (u,, )nen strongly converges to u it is enough to prove the convergence of the norms. For this purpose,
we observe that

e, = f (D 190lP + (Ve
V= 21

<timinf [ (D190 P + Vit
R

n—+oo a \ 4
i=1

n—+oo

< lim supf (Z IV (ue )ill* + (Va,, us,,))dx
Rd i=1

m
< lim sup f (D19 P + OV + 2, )
RN

n—+oo

= lim sup (f,ug,)dx
]Rd

n—+oo

= f (f,uydx
Rd

- fR d (;Wu,-,wo (Vi) =

so that (Jlug, ||4)nen converges to ||u|l4, as & tends to 0.

To conclude the proof, we observe that the previous results show that every convergent subsequence of (#.).0
converges to u. Hence, all the family (u.)..o converges to u in Y as e tends to 0. Indeed, assume by contradiction
that there exists a sequence (U, )nen, With (€,),en decreasing to 0, which does not converge to u. It follows that there
exist 6 > 0 and a subsequence (ugnk JkeN C (Ug, )nen such that

e, —ully>6, kel 4.3)

But formula @.2), with u, replaced by ug, , implies that (u,, )ren is bounded in V. Hence, it admits a subsequence

which weakly converges to some v in V and, arguing as above, we infer that such subsequence strongly converges to
H~! f. This contradicts [.3), and so we obtain that the whole family (u,).- converges to u in V as & tends to 0. [

Remark 4.3. Since V c LIZOC(Rd, R™), taking formula (3:I), with p = 2, into account, it follows easily that the
embedding L2(R?,R™) 9 is continuous. Moreover, (#,)so converges to Hf ir} L*(Q,R™) for every bounded
measurable set Q ¢ RY. It thus follows that (), has a subsequence converging to /™! f almost everywhere in R.

5. L'-maximal inequalities

We start this section with a vectorial version of Kato’s inequality. This result has been obtained in (24, Proposition
2.3) assuming that u € H} (R, R™) and Au € L} (R?,R™). Adapting the technique in the proof of (21, Lemma A),
which deals with the scalar case, the condition u € HIIOC(]R”’ ,R™) can be weakened, assuming that u € LllOC (R4, R™).
We provide the details for reader’s convenience.

Lemma 5.1. Ifu and Au belong to L\ (R?, R™), then Allu|| > X{u¢0}||u||‘1(u, Au) in the sense of distributions.

loc

Proof. Letu € C?(R?, R™) and set u, := (||ul|* + £*)'/? for every & > 0. Explicit computations give

2u,0; (u,) = Op(up)* = 22 u;Oklt;, k=1,...,d. (5.1
i=1



Hence,

d d
W) Y @ = ) (. ),
k=1 k=1

which implies that

d d d
[
2O < 175 > ol < ) 10wl (5.2)
k=1 & k=1 k=1

Differentiating (5.1)) with respect to k € {1,...,d} and summing up k from 1 to d we get
d d
oAU + ) (Dhate)® = (u, Auy + ) (10l
k=1 k=1

and from (5.2) we infer that Au, > (u,)"'(u, Au). Now we extend this inequality to every u € L/ (R4, R™) such that

loc

Au € Ll (R, R™). We consider a family of mollifiers (pg)g-o and we set u? = ()1, ..., ),,) with u?); = u; = pg
foreveryi=1,...,mand 6 > 0, and
u = (i’ +e)'?, ul = ()P + e

for every &,6 > 0. We get
0 0 0
ludg — ugl < lle”ll = lleell] < llee” — wll, £,0>0.

(R4, R™), it follows that (u%)g-¢ converges to u. in L' (RY). Hence, (A(uf))gs0

Since (1%)g>¢ converges to u in L! .

loc
converges to Au, in 9. Further,
W)’ Au’y = (ue) ™, Awy =)~ @, Au® — Ay + () u’ — (o), Au)

for every &,60 > 0. Since [|(u?)'u?| < 1, |l(ue) 'ull < 1 and ?)"'u’ — (u.)"'u pointwise vanishes as 6 goes to 0, by
dominated convergence we get

@) N u’, Au® — Au)y + (@) - () u, Auy — 0

in Llloc(]Rd) as 6 goes to 0. Hence, we get Au, > (u,)~'(u, Au) for every u € Llloc(Rd, R™) with Au € Llloc(Rd, R™).
To conclude, we take the limit as & goes to 0 in Au, > (u:)"'(u, Au). We notice that (u,)s monotonically
converges to ||u||, that l(z)""u|| < 1 and that (i) 'tt)es0 pointwise tends to X{u;to}llull‘lu as € vanishes. Letting € go

to 0, it follows that Allu|| > )({u;to}llull‘1 {u, Au) in the sense of distributions. O

In the proof of Theorem 5.5 we will need the following auxiliary results.

Lemma 5.2. For every € > 0 and every M € N, let V. be the matrix whose entries are (Vg )i = vii + € and
Vemdij = vij vV (=M), for every i, j=1,...,mwithi# j. Moreover, set Vo = V + &. Then,
Vemé, &) = (Vemlél, €1y = (VelEL 1D (5.3)

forall ¢ € R™. In particular, if Ay,,, denotes the minimum eigenvalue of V, y and Ay, denotes the minimum eigenvalue
of Ve, then it follows that Ady,,, > Ay, > & for every € > 0 and every M € N,

Proof. We fix £ € R™ and observe that the first inequality follows from the fact that the off-diagonal entries of the
matrix Vs are nonpositive. Indeed,

m

Vewé &) = Y Vel + ) (Vewijis 2 Y (Veuilei® + > (Veaillléjl = (Vemlél D
i=1 i=1

i,j=1i#j i,j=1i#j

8



To prove the second inequality, we notice that the matrices V, j; and V. have the same elements on the main diagonal,
whereas (V,);; = v;; for i # j. Therefore,

m m m m
Vemlél 16D = D (Voulei® + ) iy V (=MDIGIEN = Y (Volléil + > viléillg | = (Velél, D).
i=1 = i=1 =
The proof of (5.3 is complete.
The last statement now follows immediately from (5.3). O

Lemma 5.3. For every € > 0, every M,N € N and every x € R?, let Vemn(X) be the matrix whose entries are
(Veun()i = (vi(x) + &) AN and (Ve yn(x))ij = vij(x) V (=M), for every i, j = 1,...,mwithi # j. Then, for every
fixed M € N and & > 0, there exists an integer N(g, M, m) such that Vs yn(x) 2 % in the sense of forms for every
xe R4
Proof. We fix x € R¢ and set

Lix)y={ie{l,...,m}:vi(x)+& <N}, Lx)={1,...,m}\ I;(x).

Recalling that v;; < 0 for all i # j, we can estimate

D Venn ()i = Y i) + &+ Y vifx) v (Mg

i, jel; i€l i, jely, j#i
2 2
> Y vi0E + Y vl + e ) &
i€l i,jely, j#i iel
2
>e Z &, (5.4)
i€l

since

DviEg + Y vIElg] = (Vo) 2 0,

il ijely, j#i

where the entries of the vector n € R™ are n; = |&;| if i € I} and 1; = 0 otherwise.
Next, we note that

D Veun)ids =N Y &+ > (0 v (-M)Igié;

ijel, ich, ijehi#j
2N E&-M Il
i€l i,jeb,i#]
2
>N Y & - m( Y el
i€l, i€l
>(N — mM) Z &, (5.5)
i€l

where we have applied the Cauchy-Schwartz inequality in the last step.
Finally, applying the Young inequality we can infer that

D Veuniids = Y iV (Mg = =M ) I&lE)

il jel, il jel, iely, jel,
£ mM
>-M Z ( &+ —§2.)
4 \dmM g 7
il jel,
2202
& m-M
2 2
SENLEL S 5
i€l Jjebh



From (5.4), (5.3) and (3.6) it follows that

202 2202
<V8,M,N(x)§’§> > ;Zflz-f-(N_mM_ ngM )fo > min{g,N_mM— 2m-M }|§|2

i€l Jjeh &

and the coefficient in the last of the previous chain of inequalities equals £, provided that N > N(g,M,m) =

2’
2mEM? ¢

M+ + =
" 2

+ 2. The assertion is proved. O

&

For every € > 0 and M € N, we now introduce the operator H, y, associated to the form
m
auarh ) = [ DUVHO. T + Ve 0. g0
REMT

for every f, g € Ve u, where V, y is the closure of C° (R4, R™) with respect to the norm induced by the form a, .
V.. coincides with the set of all functions f € H'(R?, R™) such that V;/Azl f € L*(RY,R™) by Lemmah and Remark

Similarly, the space V, is the closure of C° (R?, R™) with respect to the norm induced by the form a,, defined as
Vas(f. f) = (a(f. ) + ellfI3)"/* for every f € V.

Proposition 5.4. For every f € L2(RY,R™) and & > 0, the function H 111/1 f converges inV, to the function (H +&)~' f
as M tends to infinity. In particular, if f is componentwise nonnegative, then (Hg_zlvz f and (H+g)~ f are componentwise
nonnegative and Wg}‘llf < (Hg}wzf componentwise for every My < Mj.

Proof. Letus fix f € Lg(Rd, R™), componentwise nonnegative, &€ > 0, and set u, y = 7—(8‘11u f. Then, u, ps € Vg and

f (DT andss P90 + Vet 9 ) = f (f.¥)dx (5.7)
RY NS R

for every v € V. u.
Observe that u, s is componentwise nonnegative. Indeed, H, 5 can be split into the sum

WS,M = 7:.(8 + VM,

where (\7M)ii =0, (‘7M),- i =VijV(=M)fori# j,and 778 is the diagonal operator associated to the form a,, defined by

m m

az(u,v) = Ld (Z(Vui, Vi) + Z(Vii + s)uivi)dx
i=1 i=1

for every u,v € V, = {u € H' (R, R™) : Vi € LARY), j=1,...,m}. Since 0 < v; € L] (RY), and & > 0, it
follows that —H, generates a positive Co-semigroup of contractions on L*>(R¢, R") and the spectral bound s(—H) is
negative. Moreover, from the boundedness of the entries of the matrix-valued function Vj; and the bounded pertur-
bation theorem for semigroups, we deduce that —H, 5, generates a Cp-semigroup (e~ Hem )0 on L2(R4, R™) given by
the Trotter product formula

tay o\
eMonf = lim (e i) f, fe PRLR™, 130,
see (16} Corollary III.5.8). On the other hand, since (\7M)i ; < 0forall i # j, one deduces from (13, Theorem 7.1) that
the semigroup (e™"*),s¢ is positive. Now, the positivity of (e77%),5, follows from the positivity of (e”*),5 and
the above Trotter product formula. Furthermore, it follows from Lemma that a, y(f, f) = &llfll ;2 g for every
f € V. Hence,

s(=Hem) < 0. (5.8)

10



Using (5.8) and (13| Corollary 12.10), one concludes that u, y > 0.
Now, we fix M, M, € N, with M; < M, and show that u, »;, < u.p,. As it has been already shown, V. y, =

Vem, = Ve Further, since Vi, < V), componentwise and u, u, , #s p, have nonnegative components, it follows
that

| (D790 + Vet s = | (D90 + Vit e = [Lmar 59
i=1

i=1

for every v € C2(RY, R™) with nonnegative components. From the definition of u , and (5.9) it follows that the
function w, = u, y, — u. u, satisfies the variational inequality

f (i(v(we)i, Vi) + (Ve We, v))dx <0 (5.10)
Re

i=1

for every v € C®(R?,R"™) with nonnegative components. By density, (5.10) can be extended to every v € V,, with
nonnegative components. In particular, taking as v the function whose i-th component is v; = (Wg)iX{(w,)>0) for every
i=1,...,m, we get

m

fR’ (Z VWil X w0 + Z(Va,Mz)ij(Ws)j(Ws)iX[(wg)pO})dx <0.
=1

ij=1
Since the first term in the previous inequality is nonnegative, it follows that
m
fd Z(Vs,Mz)ij(Ws)j(Ws)i/\/[(wg)pO]dx <0. (5.11)
RY =1
Now, we split the sum under the integral sign as

m m
Z Vent)ijWe) i(We)iX (we)i>0) = Z (Venr,)ijWe) j X iow,) 50/ (We)i X (0ws)i>0}

i1 i.j=1

m
+ Z(Vs,Mz)ij(Ws)jX{(wg)jSOI(Ws)i/\,/{(w&),v>0}
=1

_S, 450, (5.12)

and we separately study the two sums. As far as S is concerned, recalling that v; = (W,); X{ow,)>0y for every i =
1,...,m, from the definition of V, j;, we get

St = (Veuv,v) > elvll”. (5.13)
Next, we consider the term S,. Let us notice that in the sum when i = j, the corresponding term vanishes, since the
product x{uw,)>0 * X{ow.),<0} appears. Hence,
m
Sy = Z Vert,)ijWe) j Xiwe) <0/ (We)i X (owe)i>0 = 0, (5.14)
i,j=Li#j
since
(Ven,)ij <0, (We)j Xiwe);<01 < 0, We)i Xiwayi>0y = 0

forevery i, j=1,...,mwithi # j. From (5.11), (5.12), (5.13) and (5.14) we deduce that

m
e [ odr <0
RS2
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This gives (We)ix(w,)>0) = 0 a.e. in R? for every i = 1,...,m, which means that u, y, — .y, < 0 componentwise
almost everywhere in RY.
Now, we can apply Lemma [5.2]to deduce that (Vo s < (Vershons Usrr) 0 that Vo/2u, € L2(RY, R™)

and ||V;/2ug,M||2 < ||V£l/[51ug,M||2. As a byproduct, we deduce that u, 5s € V. and

L (P sy + Vet wean i < [ (foaesnra

d
i=1 Re

Hence, the family (u. y)pmen is bounded in V, and we can determine a sequence (M,,),en diverging to +oo such that
the sequence (u. 1, )nen Weakly converges in V, to some function ..

We now prove that &, = u, = (H + &)~ f. For this purpose, we begin by observing that, taking v = u,  in
(5.7), we conclude that ||V£1’/15,u5,M||2 < |Ifll» for every M > 0. Hence, up to a subsequence, we can assume that

(V;C&I Uz m,)neN Weakly converges to some function w in LX(RY,R™).
Let us fix a function v € C®(RY,R™) and observe that (Vgl/jénv),,eN converges to V)% in L2(R?,R™) by the

dominated convergence theorem. Indeed, (V‘;ﬁ V)neN pOintwise converges to V%y. Moreover,
1/2 1/2
IIVS,/MWV - ViR < 2(IIV8,/Mnl’|I2 +IVAPVIP) = 2(Ve, v, v) + (Ver,v) < 201Veu, |l + IVaDIVIP < 4lIVelllvI?®

for every n € N, and the last side of the previous chain of inequalities belongs to L' (R%).
We can infer that

n—-+o0o

lim f (Ve e p,»v)dx = lim f (V2w V2 pydx = f (w, V12yydx
n—+eo Jpa RY M M RY

for every v € C2(RY, R™). Indeed, the sequence (Vsl’/];nug,Mn)neN is bounded and weakly converges in L>(R¢, R™) to
w. Hence,

(Vem,em,,v)dx — f (w, V81/2v)dx
]Rd

1/2 1/2 1/2
< IV e, LIV v = Vvl +

1/2 1/2
f Ve, Wem, =W, V2 2yydx
R4 R4

for every v € Cf."(Rd, R™).
Writing (5.7), with v € C;"(Rd ,R™), and letting n tend to co we obtain that

f (Z(V(ﬁs)i,Vvi)+(w,V;/2v))dx= f (f.vydx. (5.15)
R4 1 R4

i=

To complete the proof, we need to identify w with the function Vg/ *i1,.. For this purpose, we observe that

(V24 vydx = lim | (VY2u,y ,v)dx (5.16)

R4 n—+oo Jpd

for every v € C®(R?, R™).
Next, we write

Vi Pugy, = VPV e,
for every n € N, so that
ViPug vy = (VI e, V2 V)
for every n € N. Taking Lemma[5.2)into account, we can easily show that

—1/2v,1/2,,112 -1 172,112
IV VavIP < &7 [V
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for every n € N. Since the right-hand side of the previous inequality defines a function in L'(R¢), by the dominated
convergence theorem we deduce that (V;II\ZVEI/ 2v),,eN converges to v in L*(R4,R™). Thus, arguing as above, we
conclude that

lim | (VYPugp, vydx = lim | (V)2 wgp,, VPV 2vydx = f (w,v)dx
n - n Rd

n—+co Jpa n—+oo Jpa &

for every v € C2(RY, R™). Comparing this limit with the one in (5.16) we get that w = V./*i,.

Now, from (5.13)) we conclude that

m

i=1

for every v € C2(R?, R"™) and, by density, for every v € V,. By uniqueness, it follows that i, = u,.

Arguing as in the last part of the proof of Lemma we infer that (|[u. |y, )neny converges to |lug|ly,, which
implies that (. 1, )neny converges to u. in V.. Being the limit of a sequence of componentwise nonnegative functions,
also u, is a componentwise nonnegative function.

Finally, since (u. )nen 1S @ componentwise increasing sequence, we conclude that the whole sequence (. yr) pen
converges to u, in V..

For a general f € L2(RY,R™) we split f = f* — f~, where f7 = max{f;,0} and f = max{-f;, 0} for every
i=1,...,m. Applying the above arguments to f* and f~, we get the assertion in the general case. O

Now, we can state and prove the following crucial result.

Theorem 5.5. Let f € LY (RY,R™), with all the components which are nonnegative on R and set u = H'f. Then,
Vu and Au belong to L'(R?, R™) and there exists a positive constant C, independent of u, such that

fIIVuIIdeCf Iflldx, (5.17)
R4 R4

f ||Au||dxs(1+C)f IIflldx. (5.18)
Rd R4

Moreover, u € Wlln’c (R4, R™) and for any measurable set E C R4, with finite measure, it holds that

fE Vulldx < C(@)E|} fR Wl (5.19)

Finally, for all compact set K c RY, it holds that
f llldx < C(K,d, ) f 1fldx. (5.20)
K K

Proof. Letus fix f € L®(RY, R™), with nonnegative components, £ > 0 and set u, = (H + &)~ f.

Preliminarily, we show that u, converges to u almost everywhere in R? as & tends to zero. For this purpose, we
begin by recalling that from Remark [4.3]it follows that we can determine a sequence (&,),eny converging to zero such
that (u,,) converges almost everywhere to u as n tends to co. Next, we observe that, for every €, < &, the resolvent
identity shows that

Uy — U = (€1 +H) ' f = (2 +H) ' f=(e2—e)er + H) (2 + H)'f

and the right-hand side of this formula is a function which has nonnegative components in R?, due to Proposition
We conclude that the whole family (u,).-¢ is decreasing (with respect to &) and, consequently, it converges almost
everywhere in RY (to ). This implies, in particular, that u is componentwise nonnegative in R

13



Now, we have all the tools to prove estimate (m For this purpose, we fix M, N € N and set u. p = H . 1lv1 f and
Us N = 7{;1 vJ» where H y (resp. H, ) is the operator associated with —A + V,; ys (resp. —A + V37 v) as defined
at the beginﬁiflg of Section E[, and V, yn is the matrix-valued function defined in Lemma@

To improve the readability, we split the rest of the proof of into some steps.

Step 1. Here, we prove that

f Ay s anlidx < f 1, (521)
R4 R4

where, for every x € R, Ay, v (x) denotes the minimum eigenvalue of the matrix V pn(x).
For this purpose, we fix i € {1, ..., m}, multiply both sides of the equation

—Augmn)i + Veuntemn)i = fi
by (e mN)i/ e NIX (w0 y#0) @and sum up i from 1 to m, we get

(Aug yn, e N) Ve Nz MN> Ue MN) _ (fouemn) ”
- {uemn#0} {uemn#0} = T Xueun#0}- (5.22)
&,M,

[l vl [l el

Since the entries of the matrix V. y are bounded, by the bounded perturbation theorem for semigroups and
classical results (see (10, Chapter C-1I, Examples 1.5, p. 251)), u v and Au, p n belong to L'(R4,R™). Hence, from
Lemma [5.1]it follows that

Al w1l > X o e v 1 Wy v, Atk g n) (5.23)
in the sense of distributions. By replacing (5.23) in (5.22) we deduce that

(Ve MNUcMN> Us MN)

—Alleg |l + Xuen20) < IFl

lleee mnll
in the sense of distributions.
Let (¢n)nen C CZ(R?) be a sequence of nonnegative functions such that ¢, converges to 1 and Ay, converges to 0
in a dominated way, as n tends to co. Multiplying both sides of the previous inequality by ¢, and integrating over R?,
taking (5.23) into account, gives

(Ve MNUs MN> Us MN)
- [ &M,
[l pa v 1| Appdx + X {1ty #0)PndX
R R [z p,n |

(Ve MNUs MN> Us MN)

== (Allugunll, en)or o +

< f fllgndc.
Rd

By dominated convergence, we can let n tend to +oo to deduce that

X {11100} P X
R [z p,n |

(Ve MNUs MN> Ue MN)

K dr < [ Wl
R lleze p vl R
From this inequality, estimate (5.21)) follows at once.
Step 2. Here, we prove that ||u. ynll > |lug pll for every N > N(g, M, m), where N(g, M, m) is defined in Lemma
to guarantee that V 3y > 5 in the sense of forms for every N > N(g, M, m).
To prove the claim, we observe that V3 > V. yn componentwise for every N € N. Since u, j has nonnegative
components (see Proposition[5.4)), this implies that

m

(Tt ¥+ Vst i < [ (D Ftann T + Vesmreaem)ix = [ (fix (524
RN RN R
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for every v € C°(R?, R™) with nonnegative components. Further, the definition of u, yy gives

fR (DTt 9 + Vet o = [ (5.25)
d 1 d

i=

for every v € CX(RY, R™). If we Set ey n = Uz pr — Ue prn, from (5:24) and (5-23) it follows that
f (Z(V(WE,M,N)b Vi) + (Ve MNWe M N> v))dx <0 (5.26)
RN

for every v € C°(RY, R™) with nonnegative components. By density, (5.26) can be extended to every v € H!(R?, R"™)
with nonnegative components. In particular, taking as v the function whose i-th componentis v; = (W mn)i X ((wou)i>0) €
H'(RY) foreveryi=1,...,m, we get

m m
f , ( Z IVOW e rt.3)ilPX 0 pini>0) + Z(Vs,M,N)ij(Wa,M,N) j(Ws,M,N)iX{(w&M'N)pOI)dx <0.
RN

ij=1

Since the first term in the previous inequality is nonnegative, it follows that
m
f 2 Vet ¥t )08t )i XG0 < 0. (5.27)
RY =1
Now we split the sum under the integral sign as

m m
Z Ve N)ijWe e N) j(We MN)iX ((weain)i>0) = Z Ve N)ij(We M) j X 1001 >0t We MN i X (0051000}
i1 i=1
m
+ Z (Ve N)ijWe MmN j X (00011020 W MN i X (0101000150}
i=1

=S N+ S2,Na (5.28)

and we separately study the two sums. As far as Sy is concerned, recalling that v; = (W p,n)iX (v, n)i>0) TOT €VETY
i=1,...,m, from Lemma[5.3| we get

&
SN = Veunv,v) 2 E||V||2 (5.29)
for every N > N(g, M, m). Now we consider S, y. Let us notice that in the sum when i = j, the corresponding term

vanishes, since the product xu, ,.1)>0) * X((w.mv)i<0) appears. Hence,

m
Son = Z Vet N)ij(We N ) j X1000pan); <0 We MN i X (0wspin)i>0) = 05 (5.30)
i =Tit)
since

(VE,M,N)[j <0, (Ws,M,N)jX{(wg,MﬁN)‘,'SO} <0, (WE,M,N)i/\/{(W.c,,M,N)PO] =20

foreveryi, j=1,...,mwithi # j. From (5.27), (5.28), (5.29) and (5.30) we deduce that

m
e
3 f / Z((WE,M,N)i)z)([(w&M,N)pO]dx <0
e
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for every N > N(e, M,m). This gives (We p.n)i Xiw,in)i>0) = 0 almost everywhere in R4 for everyi = 1,...,m and
every N > N(g, M, m), which means that u. ) — u. yny < 0 componentwise almost everywhere in R4, for every
N > N(e, M, m). Recalling that, by Proposition u.y > 0 componentwise, we conclude that

lleeepmll < lletz vl (5.31)

for every N > N(g, M, m).
Since Ay, ,,, > 0 for every N > N(g, M, m), from (5.21)) and taking (5.31) into account, we deduce that

f Ay, e mlldx < f Il flldx (5.32)
R4 R4

for every N > N(e, M, m). For every fixed x € RY and N sufficiently large, the matrix V, y n(x) equals the matrix
Ve m(x), and, in particular, for such values of N, 1y, (x) = Ay, (x). By applying Fatou’s Lemma to estimate (5.32)),

we deduce that
f Ay, s plldx < f flldx.
R4 R4

Lemma5.2) gives that Ay, ,, > Ay, > 0 and hence

f/lvsllua,Mlldef I lldx. (5.33)
R4 R4

By Proposition U,y converges to u, in V,, so that it converges to u, in L>(R?, R™). In particular, up to a
sequence, we can assume that u, 5 converges almost everywhere in R? to u, as M tends to +co. Applying once again
Fatou’s Lemma to estimate (5.33)), we conclude that

f Ay, |lulldx < f IIf1ldx (5.34)
R4 R4

for every & > 0. To conclude, we notice that, since u, pointwise converges almost everywhere in RY to u as & tends to
0and 0 < Ay < Ay,, by Fatou’s Lemma we get

f/lvllulldxsliminff /lvlluglldxsliminff /lvglluglldxsf Ifldx. (5.35)
R4 &—0 Rd &—0 Rd R4

On the other hand, From Hypothesis [2.2]it follows that ||Vu|| < Ayl|jul| < CAyllull, which implies that

fIIVulldeCf A1l dx.
R4 R4

Now we consider the term Au. Since u, converges to u in L'(Q,R™) for every bounded measurable set Q ¢ R?
(see Remark , Au; is the limit of A(u,); in the sense of distributions, for every i = 1,...,m. If p € Cj"(Rd), then
we get

AU D = fR figdx - fR Wuoygpd - fR e (5.36)

Since ¢ has compact support, the last integral in the right-hand side vanishes as & tends to 0. We recall that ||Vu, —
Vu|| < CAyllu; — ul| for every € > 0. Since u. pointwise converges almost everywhere in R? to u as & tends to 0 and
0 < u, < u, it follows that Ay|u, — u|| < 2Ay|lu|| and the right-hand side of this inequality belongs to L'(R¢) (due to
(539)). By the dominated convergence theorem we conclude that Vu, converges to Vu in L' (R, R™) as & vanishes.
Letting € go to 0 in we infer that —Au; = f; — (Vu); in the sense of distributions for every i = 1,...,m. This
means that A; € L'(R?) forevery i = 1,...,m, ie., Au € L'(R?,R™) and ||Au||; < (1 + C)||f||;. Formula is so
proved.
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We turn to the gradient estimates. From (3.34) and observing that Ay, = Ay + £ < CAy + € < C(Ay + €) = CAy,,
we conclude that Vu,, V,u, belong to L (R4, R™) and

Vuelly + [IVeuelll < 2lAv,ucll < ClIflh- (5.37)
Hence, by difference, Au, € L'(RY, R™) and
lAuclly < (1 +Ollfll- (5.38)

From (14, Appendix A) we infer that, if E is a measurable subset of R4 with bounded measure and 1 < q< ﬁ,
then

(d-1g

fEIV(us)ilquSC(d,q)lEll_ Al (5.39)

for every i = 1,...,m. By combining (5.38) and (5.39), we infer that

, _d-1g
f V(up)il%dx < C'(d, @)l EI'™ 7 || (5.40)
E

for every i = 1,...,m. Further, if Q is a cube, then, from estimate (3.I)), it follows that
<Vu8’ us)
f(“VueH +\Vugl) dx > f(HVusH + —————|dx > C(Q,dy) | lluglldx.
0 0 (el 0

By putting together this last inequality with (5.37) and (5.40) it follows that
f lluslldx < C(Q, d, Av)IIflh- (5.41)
Q

From estimates @) and (@) and the Sobolev embedding theorems we deduce that u. € WIL’Z(R”’, R™) for
every e > 0Oand g € [1, %), and its W9(Q, R™)-norm is bounded by a constant independent of & > 0, for every
bounded and measurable set Q c R?. By taking the weak limit of u, in Wha(Q,R™) as € tends to 0, we infer that
u € WH(Q, R™) for every bounded and measurable Q) C R4 and every g € (l, %) On the other hand, since (u,).-¢
converges weakly in W4(Q, R™), we deduce that lellwrorm < liminfy_o [ltgllwio@rm. Thus, (5.40) and Fatou’s

lemma imply that
(d-1)g

AT

f IVul9dx < C'(d, q)|E|"™
E

for every i = 1,...,mandq€(l,ﬂ .
Such estimate holds true also when g = 1. Indeed, by applying Holder inequality, we get

1/q
[t e [[1wapar) < c@.artieiin
E E
and (3-19) is proved. Estimate (5.20) follows by letting & tend to zero in (5.41)) and taking Remark 4.3 into account.

The proof is now complete. O

From Theorem 5.5] we deduce the following corollaries.

Corollary 5.6. For every & > 0, each operator (H + &)~ extends to a bounded operator mapping L'(R?,R™) into
itself and

le(H + &) flli < IIfll:.

Moreover, for every f € L'(RY,R™), the function (H + &)~' f is the unique solution of the equation —Au + Vsu = f in
the sense of distributions, which belongs to L'(RY, R™), together with its Laplacian and the function Vu.
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Proof. The first part of the statement follows from a straightforward density argument using formula (5.34).

To prove the second part of the statement, we begin by showing the uniqueness part. For this purpose, we fix
u € L'(R?, R™) such that Vu, Au € L'(R?, R") and Au — V.u = 0 almost everywhere in R?. Then, arguing as in Step 1
of the proof of Theorem[5.5] we can show that u = 0. Indeed, scalarly multiplying both sides of the previous equation
by ||u||‘1u/\/{u¢0} and using Lemma we deduce that

f (Allul)edsx - f el (Vite, whasoyedc = 0
R4 R4

for every nonnegative function ¢ € Cﬁ"(Rd). Now, taking a sequence (¢,),en Of nonnegative smooth functions con-
verging in a dominated way to 1 in R and with Ag, which converges uniformly in R? to zero, we can infer that

f{ lluel| ™ (Vera, u)xuzoydx < O
R(

which implies that f gllulldx < 0, so that u identically vanishes in R4,
]Rd

Now, to prove the existence part, we observe that the proof of Theorem shows that the operator (H + &)~
can be extended to a bounded operator from L'(R¢, R™) into the set of functions u € L'(R?, R™) such that Au, Vu €
L'(RY,R™). Let us fix f € L'(R?,R™) and a sequence (f;)nen of smooth and compactly supported functions which
converges to f in L' (R4, R™). The function u,, = (H + &)~ [ solves the equation —Au,, + V.u, = f, for every n € N.
Moreover, u, and —Au, + V,u, converge, respectively, tou = (H + &) f and f in LY(R?, R™) as n tends to +oo.
Hence,

f fipdx = lim f [(Chuy + Vo) jop dx
R R

n—+oo

lim f (—(n) A + (Vi) ) dx
Rd

n—+oo
= I(—ujAga + (Vew) j) dx
RL
= (—Au + Veu) jo dx
Rd

for every ¢ € C=(RY) and every j € {1,...,m}. This yields —Au + V,u = f as claimed. O

Corollary 5.7. The restriction of the operator H" to L2(R?,R™) extends to a linear operator H_, from L' (R4, R™)
to the set of all functions u € LIIOC(Rd, R™) such that Au, Vu € L'(R?,R™). Moreover; there exists a positive constant
C such that

IVH- I < Clfl AHC A1l < (1 + Ol
for every f € L'(RY,R™).
We can now prove the following uniqueness result for the equation —Au + Vu = f € L'(RY, R™).
Theorem 5.8. Ifu € C°(RY,R™) and we set f = —Au + Vu € L'(RY,R™), then u = H_\f.

To prove this result, we need some preliminary tools. To begin with, we recall a result obtained in (25, Lemma
2.4).

Lemma 5.9. For everyu € H'(RY,R™), the function |\u|| belongs to H'(RY) and

1 m
Vil = o > Vs (5.42)
j=1
IVl < > 191 (5.43)
j=1
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In the proof of Theorem [5.8] we will apply a domination argument. More precisely, we will use the following
estimate
lle™Mull < & ull, t>0, (5.44)

which holds true for every u € L*>(R?, R™), where (¢"*),s is the semigroup generated by the realization of the Lapla-
cian in L?>(RY). Such estimate can be obtained by an abstract argument, due to Ouhabaz (27, Theorem 2.30), which
can applied provided we prove the following result.

Lemma 5.10. The domain V of the form a associated to the operator H satisfies the following properties:
() u €V implies |lu|| € H'(RY),
(i) u €V, fe H'(R?) such that |f| < |lu|| implies |flsign (u) € V.
Moreover, for every (u, ) € V x H'(R?) such that |f| < |lul| it holds that
a(u, |flsign (w)) = b(|lull, | /D, (5.45)

X0y and b is the form associated to the scalar operator —A in L*(RY), ie.,

u
leel|

where sign (u) =

b(u,v) = f (Vu(x), Vv(x)) dx, u,v € H'(RY).
R4

Proof. Property (i) follows from Lemma 5.9
Let us now prove property (ii). For this purpose, letu € V, f € H I(R9) be such that |f] < ||| and set g, =

u
| fl——— for every € > 0.
lleell + &

Note that g, converges to |f|sign (#) almost everywhere in R? as & tends to zero. Moreover, ||g.|| < |f| for every
&> 0. Hence, g, converges to |f|sign (u) in L>(R?, R™) as & tends to 0.
Next, we observe that, for every j = 1,...,m, the weak gradient of (g.); is given by

L Vu - — L,
¥ = s 1+ U1 % s

Clearly, it converges to (”uHV|f| + l‘lﬁhVuj ”Lfnlz uJVIIuII) Xiuz0; almost everywhere in R4, as & tends to zero, and it is

dominated by [[V|f|ll + ||Vl + [[V]lu|lll, which belongs to L*(R%). Hence, V(gs); converges in L2(R4,RY).
Summing up, we have proved that |f|sign (u) belongs to H'(R?, R™).
It remains to show that V!/2| f|sign (u) belongs to L?(R?, R™). For this purpose, we observe that

2
VRifsignl = [ (s isen@ids= [ B omwars [ 0wy <e
R Re

w0 lul®

To complete the proof, we need to show that estimate ) holds true. Since V is nonnegative definite and using
formula (5.42)), we can show that

Z(Vuj, V(lflsign @));) + (Va, | flsign (w)) — (Vlfull, VIT)

<” T Z(ujvuj)/\/{wo V|f|> ||f:| w0y Vu,u) — (V|lull, VIf1)

m

|:f:| “"(iw”f’v”ﬂ <|| i Z(”"V”j)x{"¢°}’v||ul|>)

=1

> (Vllell, VIfI>+ ol )(:uo(ZIIVu,IIZ = (Vllull, Vllull>) (Vileell, VIST

and the last side of the previous chain of inequalities is nonnegative due to (5.43)). Integrating over R this relation we
deduce that a(u, | f|sign (w)) — b(||ul|, | f]) = 0 and the proof is complete. O
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Proof of Theorem[5.8] We fix u € CX(RY,R™) and set f = —Au + Vu € L'(R?,R™). Let us notice that —Au + V.u =
f + eu for every € > 0, and so from Corollarywe infer that u = (H + &)~ (f + eu) for every & € (0, 1). Hence,
Hoif —u=Hf —~H ' f)+ H ' f, - (H+e) ' f)
+(H+e) ' fy—-(H+e) ' f)—e(H+e) 'u (5.46)
for every € > 0 and every n € N, where the sequence (f},)eny C Cf."(Rd, R™) satisfies ||[f — fulli < n~! for every n € N,

Now we fix a bounded and measurable set Q ¢ R?. From (5.20) and (5.41), which can be extended by a density
argument to any function f € L'(R4,R™), we infer that

. . B B 2C(Q,d, y)
IH_Lf = H fullrn + IH + &) 7' f = (H + )7 full@rm < TV
for every n € N. Therefore, from (5.46) we deduce that
. C(Q,d, ly) . _ _
IHAS = ulls@pe < 27250 + IHC, = (H + ) fullu @z + el (H + &) ulloape (5.47)

foreveryn € Nand & > 0.
Next, we observe that, using (5.44), we can estimate

+00 +00
ellie + H) 'ull < af el Hullds < sf e e ullds = e(e — A) 7 Jul.
0 0

Note that

00 ‘ 1 1)
(oo =& Nl = [t [ exp(—'x . )uu@)ndy

oL =P
— &t _
_SL ¢ (47rt)d/2dtfRd exp( a7 lle()lldy

f\]r; ) “1 tfR I 1 y|2 ” ( )” - ( ) ( )
& e P u dy =: A.(x) + B:(x
0 (1 t)d/2 4 t y y & &

for every x € R, Since

/2 0 d/2
A < Y bl [ o Ve ull

@iy e

it follows that A,(x) vanishes as & tends to O for every x € R?. In particular, A, vanishes in L'(Q), as £ — 0, for every

bounded measurable set Q c RY.
As far as B, is concerned, if we integrate with respect to x € R we get

1
Vo 1 x — y?
B.(x)dx = o —dt | d - d
fRd (0dx Sfo ¢ (4m)dr2 fw xfweXp( 41 ey

1
e —& —e
=||u||1sf e'dt = (1= eV ull.
0

This implies that B, tends to 0 in L' (R?) as & tends to 0.

Summing up, we have proved that &||(e + H)~'u|| vanishes in L!'(Q,R™) as & tends to 0, for every bounded and
measurable set Q c R

Finally, we recall that Remark shows that |~ f,, — (H + &)™ full 1 vanishes as & tends to zero for every
fixed n € N. Hence, taking the limsup as € tends to 0 in and, then, the limit as n tends to +co0, we conclude that
e — H_, fl ri@rn) = 0. The arbitrariness of Q yields that u = H_, f almost everywhere in RY. O
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Finally, we can prove the maximal inequality in L' (R4, R™).
Theorem 5.11. There exists a positive constant c such that for every u € C(R?, R™) it holds that

lAz|l; + |[Vully < cl|l — Au + Vull;. (5.48)

Proof. We fixu € C®(R?,R™) and set f = —Au + Vu € L'(RY, R™). From Theoremit follows that u = H_, f and
Corollary [5.7)yields the assertion with ¢ = 1 + 2C. O
6. The L? estimates

We aim to apply the following version of a known theorem (see (12, Theorem 3.1 & Remark 3.6)) with w = 1.
Here, M is the uncentered Hardy-Littlewood maximal function over cubes of RY je.,

= — dy, R,
(Mf)) = sgnglfmy xe

for every measurable function f : RY — R and Q, as usual, denotes a cube in R¢.

Theorem 6.1. Fix g,s € (1,0) and a € [1,+0). Then, there exists a positive constant C = C(q,d, a, s) with the
following property. Assume that F,G, H, and H, are nonnegative and measurable functions on R, with F € L'(R?),
such that for every cube Q there exist nonnegative functions Gy and Hp with F(x) < Gg(x) + Hg(x) for almost every
x € Q and

(IQI f o dy)q < a[(M(F))(x) + (M(H1))(x) + Hy(X)], (6.1)

1
= f Gody < G(x), (6.2)
10l Jo

forall x,x € Q. Then, forall 1 < r < q/s we have
1M rgey < CUIG ey + 1M HD ey + 1H2 | Lrrey)-
Now we state the result we are interested in.

Theorem 6.2. Let 1 < py < go < oo. Assume that T is a bounded sublinear operator on LP(R?, R™) and there exist
constants ar > a1 > 1 and C > 0 such that

L 90 % ;f Po ),,IO =
(|Q| fQ”Tf” dx) SC{(ImQI L +IS DI} 63)

for every cube Q, all % € Q and every f € L*(R?, R™) with compact support in R \ a»,Q, where S is a vector-valued
linear operator such that S(1g]) < S(|h|) componentwise if |g| < |h| componentwise. If S is bounded on LP(R?,R™),
for some p € (po, qo), then there exists a positive constant K such that

IT£ll, < KIIfIlps feL>@®R™.

Proof. Along the proof, ¢ denotes a positive constant greater than 1 which may vary from line to line.
We fix f € L°(RY,R™), a cube Q and x € Q. Since T is bounded on L (R¢, R™) we obtain

1 B 1 I 1 L R
T o Pod < o Po q = Po < M Po 70
(g [ rroonirar)” seliig [ wonras)” =[G [ ira)” <comnro
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and since a; > 1, one has
1

1 1 |
(|_Q| fQ ||TCYafo)I|Pody) < e (MUIFIIP) ()70 . 64)

Further, since the support of (1 — y4,0)f is contained in R\ a,Q, from (63) it follows that

| . |
_ T((1 = xa, Q4 <C{|l— T((1 = X, g
(|Q|fQ|| (1 = Xe ) y) < {(Ia1QI LQ” 0 $IP)

for all x € Q.
The assumptions on S imply that S (|(1 — xa,0)f1) < S(f]), from which it follows that

IS AT = xar S DIF< IS ASDII- (6.6)

The sublinearity of 7 implies that [|T((1 — xa,0) Il < ITfIl + [ITxa,0f]l, and so from (6.4), (6:3) and (6.6) we infer
that

L
Po

+[I(S1d _XazQ)fl)()_C)”} (6.5)

1 % i 1
(@LIIT((l—XmQ)f)IIq"dy) SC[(1\/1(||Tf||1”°)(x))"0 + (MIAIPY)) o + IS 1D - 6.7

Let us fix p € (po, o). We aim to apply Theoremwith F = |ITfl|Pe € L'(RY), G = 2P0~ LePo M(|IfIP0), Hy = || f]P°
and Hy = |I(S1fDIIP.
From the definition of F it follows that

IFQOl < 27T (an NI + 27T (1 = xan) DI =2 Go(x) + Ho(x)

for almost every x € Q. Arguing as for with g = go/po > 1 we get

: 1\ Po
1 q 1 =
— | Hy(»dy| =27 —f T((1 = Y qod)
(|Q|fQ o) y) {(|Q| T —xes iy }

<c [(M(HTfuﬂO)(x))% + (MQIAIP)G) ™ + (S |f|>(x>||]”°

< c[(MAITAIPNx) + (ML) + IS I DEI]
¢ [(M(F))(x) + (M(H))(x) + Hy(¥)]

and then (6.1) is verified, while from (6.4) we infer

1 20071
& | oy =2 [ Iy < 2 e AP = G,
10l Jo 101 Jo

i.e., (6.2) holds. Theorem|6.1} with » = p/po, ¢ = go/po and s = qo/p, gives that 3 C > 0 such that
1M privo ey < 5[||G||Ln/m(Rd) + [IM(H D ppiro ey + ||H2||U/!’0(]R")]
= CQP P + DIMASIP M oy + CUS LA (6.8)
Applying the Lebesgue differentiation theorem, we deduce that
||Tf||Z(J = ”F”U’/I’O(]RI’) < ”M(F)”LP/PU(Rd)- (6.9)

Combining (6.8) with (6.9), the boundedness of the maximal function M and of the operator S on L”(R?, R™) implies
that

ITAIE < CP~ el + DIMAFIPN primogay + CUSIAIL < CLAIFIL

for some positive constant C,. and the assertion follows. 0
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From now on, we denote by Q an open set of R?.

loc

with Viu, D ju € L2 (Q,R™ (j=1,...,d) and the equation holds in the sense of distributions. Then, the following

loc
properties are satisfied:

Lemma 6.3. Assume Hypothesesand Let u be a weak solution of —Au + Vu = 0in Q, i.e., u € L> (Q,R™)

(i) the function lee||? is subharmonic on Q, i.e., Allul|> = 0 in Q in the sense of distributions;

(ii) if Ay € B, for some r € (1,00) U {co}, then for every 1 < u <2 and every cube Q C R with 20 C Q, there exists
a positive constant C such that

1 —~
(avo [IVull")" < Cavyo(||Val)).

Proof. (1) If u is a weak solution of —Av + Vv = 0, then Au; = (Vu); in the sense of distributions, foralli =1,...,m.
For all ¢ € C°(2) we get

f A(u;P)pdx = - f V() Vedx = -2 f u;Vu;Vodx
Q Q Q

=- fVuiV(uigo)dx+2fVu,~Vu,-godx
Q Q

=ZIAui(uigp)dx+2f|VMi|290dx
Q Q

=2f(Vu),-u,-g0+2f|Vu,-|2¢dx.
Q o

Summing over i = 1,...,m we infer that
f A(lul?) gdx = 2f(Vu,u>gadx + 2f > VP pdsx.
Q Q QI
In conclusion, since V is nonnegative definite, we get
m
Allu|P = 2((Vu,u) + |Vu,~|2] >0,
=1

=

and |lu|| € L}, (€). This proves that |ju|[* is subharmonic on Q.

(i) Let O be a cube of R? such that E c Q. First, we observe that ||u|/? is a subharmonic function on a neighbor-
hood of 20 by property (i). Since Ay € B,, we can apply (11} Corollary 5.3) with weight w = Ay, s = % and f = |jul?
as subharmonic function. It follows that for all u € (1, 2] there exists M > 0 such that

1
(avo(dy|ml))" < M av,o(Avllul). (6.10)
Since V is symmetric and nonnegative, it holds that [|[V]| = maxy,=:(Vv, v). Hence,
1 L
(avo(IlVul)’)" < C (avo(dylul)’)", (6.11)

where we have taken into account that the eigenvalues of V are comparable, and C is the constant that appears in
Hypothesis[2.2] Finally, we observe that

avuo(Avllull) < avue(llVall) (6.12)

for all u € (1,2]. Combining (6.10), (6.11) and (6.12), we obtain the assertion with C = CM. O
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Proposition 6.4. Let V be a matrix-valued operator satisfying Hypothesesand Further, suppose that Ay € B,
for some q € (1,00) U {oo}. Then, Vﬂ_l and A(H_l, defined on LR, R™) by Corollary extend to bounded
operators on LP(RY, R™) for 1 < p < r, where r is a suitable real number larger than g, if ¢ < o, and r = oo,
otherwise.

Proof. Let us start with VH_;. By Corollary it is a linear bounded operator on L'(R?,R™). Since Ay € B, from
the self-improvement of the reverse Holder class (see (17)), it follows that if ¢ is real, then Ay € B, for some real
number r larger than g.

Fix now a cube Q c R and f € L®(R?, R™) with compact support contained in R?\4Q. The functionu = H_, f €
Y is well defined and it is a weak solution of —Au + Vu = 0 in 4Q. By Lemrnaii), applied with Q = 40, we have
for u = 2 that

1

(avo IVH L AII)" < Cavag IVFL £

Then, we get ©3) with S =0, po =1, go=r, @1 =2, ap =4, and T = VH_,. We can apply Theoremand
obtain that for all 1 < p < r there exists K > 0 such that

IVFH_1 £ll, < KIIfll,, f e LSRR,

This_ implies that .V7-'{_1 extends to a linear bounded operator on L” (R4, R™) and, by difference, also A’H_l. Indeed,
IAH_ fll, < WVH-( fll, + If1l, < (K + DIl O

Now, we are ready to prove L”-maximal estimates.

Theorem 6.5. Let Hypotheses[2.1|and[2.2] be satisfied. Further, suppose that Ay € B, for some q € (1,00) U {co}. If
q € (1, 0), then there exists r, larger than q, and depending only on V, such that

lAull, + [Vull, < Cpli(=A + Vull,, u e CR,RM, (6.13)

for every p € (1,r) and some positive constant C, independent of u. If ¢ = co, then estimate (6.13) holds true for
every p € (1,00).

Proof. Fixu € C;’."(R”f, R™) and set f = (-A + V)u. By Theorem we know that u = F_, f and, by Proposition
we can extend VH_; and AH_; to linear bounded operators in LP(RY, R™) for 1 < p < r = g + & for some & > 0.
It thus follows that

IAull, + [Vall, = IAFH fll, + IV fl, < QK + DS, = Cll(=A + Vul,,

where K is the constant appearing in the proof of Proposition [6.4] O

7. Generation results

Throughout this section, we assume Hypotheses 2.1 and 2.2}
Let us introduce the set X = L'(R?, R™) + L*(R¢, R™), endowed with the natural norm

Ifllx = inf{llfill L ga gy + follis@agm : fi € L'RE,R™), fr € LXRLR™), f = fi + fo),
and the realization in X of the operator —A + V, with Kato maximal domain, i.e., the operator 7', defined as follows:

D(T)={feX:VfeL RYR™, (A-V)feX}

loc

Tf=A+V)f, J € D).
Moreover, for every p € [1, oo], we introduce also the part of 7 in L? (R4, R™), i.e., the operator T, defined by

D(T,) = {f e LP(RY,R™) : Vf € L, (RY,R™), (A-V)f € LP(R),R™))},

loc

Tpof =(=A+V)f,  feDT)).
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We notice that L?(R?,R™) c X and, if f € LP(R?,R™) then ||f]| € L'(RY) + L*(R?). Further, for every measurable
set Q c R4, with finite measure, and every f € X, it holds that f € L'(Q,R™) and there exists a positive constant
C = C(Q) such that || fll.1 orm) < ClIfllx.

The following result is the vector-valued counterpart of a well celebrated theorem by Kato (see (22, Theorem 3)).

Theorem 7.1. The operator —T, is m-dissipative for every p € [1, co].

Proof. We split the proof into different steps. Throughout the proof, i is a positive constant, arbitrarily fixed.
Step 1. Here, we prove that the operator u + T is injective, and, if u € D(T) and (u + T),)u € LP(R?Y R™), then u
belongs to L (R, R™) and
plully < NGt + Tyl (7.1)

To begin with, we observe that, from Lemma and recalling that Ay||€]]> < (VE,&) for every € € R™, we can
easily deduce that

(= A+ lull < xuzopllull ™ (F u) < I, (7.2)
in the sense of distributions, for every u € D(T), where f = (u + T)u.

Since Ay > 0 almost everywhere in R?, due to Hypothesis from (7.2) it follows that (u — A)llu|| < ||f]l in the
sense of distributions, i.e.,

f lull(up — Ay < f fllpdx (13)
R4 R4

for every nonnegative function ¢ € C°(R?). Since [|u|| and ||f]| belongs to L' (RY) + L¥(R?), by a standard truncation
argument we can extend the previous formula to every nonnegative ¢ € S(R?). Then, recalling that the operator y — A
is an isomorphism in S which preserves the positivity, we can recast (7.3) into the form

f lullgdx < f A1 = &), (7.4)
RY R¢

for every nonnegative ¢ € S(R%). From (7-4), we conclude that the tempered distributions ||| and (u— A7 satisfy
the inequality

f lullpdx < f (1= A I fllpds, (15)
RY Rd

for every nonnegative ¢ € S(R?). In particular, if f = 0, then |ju|| = 0 almost everywhere in R?, so that 4 + T is one
to one.

Finally, we observe that, if f € L?(R?,R™) for 1 < p < oo, then the tempered distribution (u — A)~'||f]| is actually
an element of LP(R?). Moreover, ||( — Al zzrway < 7, so that, from it follows that [|u|| < (u — A)7YIfl
almost everywhere in R and, consequently, taking the LP-norms, ||| » < bl -

Step 2. Here, we prove that T and T, are closed operators, and u + T, has closed range.

Let (#,)neny € D(T) be such that u,, and f, = Tu, converge, respectively, to # and f in X. From (7.2) with x = 0
we deduce that

f /lV”un - um”‘pd-x < f ||f;1 - fm“‘de + f ”un - um”A(PdX, m,n € N7
Rd R R4

for every nonnegative function ¢ € C*(R?). Recalling that [|V€|| < CAy||€]| almost everywhere in RY for every & € R™,
we infer that

0<c! f IVt — )l < f Allty — plodx < f Ui = follgds + f ity — | Al
Rd Rd R RY

This implies that (Vu,¢),ey is a Cauchy sequence in L'(RY, R™). Moreover, since X is continuously embedded in
L'(Q, R™) for every bounded measurable set Q, up to a subsequence, we can assume that (#,,),ey pointwise converges
to u almost everywhere in R9. Asa consequence, (Vu,),en pointwise converges to Vu, so that (Vu,¢),en converges
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to Vug in L'(R?, R™). The arbitrariness of ¢ € C(R?) implies that Vu € L} (R?,R™) and so (Vu,),en converges to
Vu in LIIOC(R", R™). Hence, (—A(u,); = (fu); — (Vu,) j)nen converges to fj —(Vu); in O’ for every j = 1,...,m, which
means that —Au + Vu = f e X,ie.,u € D(T)and Tu = f.

The same arguments can be applied to show that also the operator 7', is closed in L? (R, R™) for every p € [1, o).

Finally, the closedness of the range of u + T, is a consequence of inequality in Step 1 and the closedness of
the operator T',.

Step 3. Here, we prove that the operators u + T and p + T, are invertible and ||(u + 7)) 'ull, < p~"|[ull, for every
u € LP(RY,R™).

The injectivity of the operators u+7 and u+T), follow from Step 1. Hence, we just need to prove that the operators
#+ T and u + T, are surjective. The main steps to prove this property are the cases p = 1 and p = co. Once the
surjectivity of the operators ¢ + T} and u + T is proved, the other cases will follow almost straightforwardly.

From Step 2, we know that u + T has closed range. Hence, it remains to prove that u + T has dense range.
Assume that

f W, (u+THuydx =0, ue€ D(T)),
R

for some v € L™(R, R™). Since CZ(R?, R™) is contained in D(T}) and Vv € L} (R?, R™), from the previous formula
we infer that (u— A+ V)y = 0 in the sense of distributions. This implies that v € D(T") and (u+T)v = 0. The injectivity
of 4 + T yields v = 0. We have so proved that the operator 7' is invertible.

We now address the case p = co. For this purpose, we fix f € L®(R?,R™), with £ > 0 componentwise, and
choose a sequence (f;,)pen C LO(RY, R™) such that f, > 0 and f,, pointwise increases to f almost everywhere in R
Clearly, each function f; belongs to L>(R¢, R"™). Since the operator H : D(H) — L*(R¢, R™) is accretive, the operator
(u + H)~" is well-defined and bounded in L?(R?, R™). For every n € N, let us set u, = (u + H)~' f,. Note that each
function u, belongs to X. Moreover, Vu, € LIIOC(R“' ,IR™) as a consequence of (5.34), which shows that (u + Ay)|lu,||
belongs to L' (R?). Finally, by difference, —Au, + Vu, = f, — uu, belongs to X. We have so proved that u,, € D(T).
Finally, observing that (u + T)u, = f, in the sense of distributions and f, € L’ (R4, R™), for every n € N, from Step 1,
we conclude that u, € L*(RY, R™) and ||t ||e0 < ™" ||flleo < 17 "|f]lco for every n € N. It thus follows that u,, € D(T.,)
and (1 + Too)u, = f, for every n € N. Since f, > 0 and increases componentwise, from Proposition [5.4| we infer that
u, > 0 and increases componentwise. Hence, there exists the pointwise limit # = lim,_,., u,, € LR, R™).

Let us show that u belongs to D(Tw) and (u + Too)u = f. Since |jt,]loo < 7' flleo for every n € N, it follows that
(Vu,)qen converges to Vu in LIIOC(R”’ ,R™) by dominated convergence. Moreover, |[ull. <t~ '||fll and, by difference,

(fsp)dx = lim f (fo-pydx = lim | Cup,(u—A+V)p)dx
n—+00 R‘l n

i
—+00 R4

:,uf(u,<p)dx—f(u,A<p)dx+f(Vu,go)dx
Rd Rd Rd

for every ¢ € C=°(R?, R™). This shows that the distributional Laplacian of u coincides with the function uu + Vu — f.
In particular, —Au + Vu € L®(RY,R™), so that u € D(T,) and (u + Te)u = f. We have thus proved that T, is
invertible.

Since pu + Ty and p + T, are invertible, we can now easily show that also the operators 7 and 7, (p € (1, o)) are
invertible. We begin by considering the operator T. Fix f € X and let f; € L'(R?,R") and f,, € L*(R? R™) be such
that f = f| + fo. From the above results, there exist u; € D(T}) and u., € D(T) such that (u + T))u; = f; and
(U + Too)us = fo. Clearly, the function u = u; + u. belongs to X and, recalling that 7} and T, are the parts of 7" in
L'(R4,R™) and in L*(R?, R™), respectively, we conclude that (u+T)u = (u+T) (U +Ue) = (u+ Tty +(+To oo =
fi+tfo=Ff.

Finally, we show that u + T, is invertible for every p € (1,00). Fix f € LP(RY,R™ ¢ X and let u € D(T) be
such that (u+ THu = f € LP(RY R™). By Step 1, we deduce that u € LP(R?,R™). Hence, u belongs to D(T,,) and
(u+ Ty)u = f. The estimate ||(u + T,)'ull, < p~"|lull, follows again from(7.I). The proof is complete. O

R

Theorem 7.2. Under Hyp()theses and assuming that Ay belongs to B, for some p € [1, o), the realization
—A, of the operator A=V in LP(R¢,R™), with D(Ap,) = {u € LP(RY,R™) : Au, Vu € LP(RY,R™)), generates a positive
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strongly continuous semigroup of contractions, which is, for p > 1, also analytic. Moreover, D(A,) coincides with the
Kato maximal domain, i.e.

D(A,) = {u e (R, R™) : Au— Vu € LP(R*,R™), Vu € L] (R, R™)}

loc

and, if p > 2, then
D(A,) = {u € LP(RY,R™) : Au — Vu € L"(R?, R™)}.

Proof. We fix p € [1, o) and split the proof into three steps. In the first one we prove that C2°(RY, R™) is a core for the
operator T, and, in the second one, we prove that D(T,) = D(A,). Finally, in Step 3, we prove that A, is a sectorial
operator.

Step 1. To prove that C*(RY, R™) is core for the operator T,, we just need to show that C®(R4,R™) is contained
in D(T,) and (1 + T,,)(C;"(]Rd ,R™)) is dense in LP(R¢,R™). The first property is immediate to prove. To prove the
second property, we fix v € L” (R?, R™) such that

m
0= f (1 + Ty, v)dx = Zf (u; — Auj + (Vu) ;v dx, u e CO(R,R™)
R4 = R4

or, equivalently,

m

Z Ld Aujvidx = Z j};{d ui(Vv)dx + Z Ld u;v;dx, u e CO(RY,R™).
=1 =1 =1

Taking u = ey (k = 1,...,m), where ey is the k-th element of the canonical basis of R™, ¢ € Cﬁ"(Rd), and recalling
that 1y € B,, we deduce that the distributional Laplacian of v; belongs to LIIOC(R") (since (Vv); € Llloc(Rd)) and
coincides with the function (Vv)+v. This shows that Av—Vv = v € LP' (RY,R™), so thatv € D(Tp)and (1+7T,)v = 0.
The injectivity of (1+T,) implies that v = 0. Thus, we have proved that (1 +7,)(CZ(RY, R™)) is dense in LP(RY, R™).

Step 2. By Theorem the operator T, generates a strongly continuous semigroup of contractions in LP(R?, R™).
Clearly, D(A,) C D(T). To prove that actually the two sets coincide, we fix u € D(T,) and a sequence (&,)en C
C?(Rd,Rm) such that u,, and —Au, + Vu, converge, respectively, to u and T,u as n tends to co. Estimate E4A), if
p = 1, and estimate @]) if p € (1, 00), show that (Au,),en and (Vu,),en are Cauchy sequences in LP (R, R™), so that
they converge, respectively, to some functions w; and w». Since u, converges to # in L”(R?,R™), it is immediate to
infer that w, = Vu, so that Vu belongs to LP(R?, R™). By difference also the Laplacian of u belongs to L”(R?, R™). We
have so proved thatu € D(A,). Hence, D(A)) is the Kato maximal domain of the realization of ~A +V in L? (R4, R™).
Finally, we observe that, if p > 2, then L? (R, R™) is contained in L{Z; C(Rd, R™), so that Holder’s inequality implies that
Vu € L} (R, R™) for any u € LP(R?,R™), and D(A,) actually coincides with the maximal domain of the realization
of —A + V in LP(R¢, R™). Finally, the positivity of the semigroup generated by —A p follows from the positivity of the
semigroup (¢~"V),s0 and the Trotter product formula.

Step 3. To prove the sectoriality of A,, in view of (19, Chapter I, Section 5.8) and taking into account that
Cf(Rd ,C™)is a core of A, it suffices to show that there exists a positive constant C, such that

‘Im f (A u,w)|lu|P~2dx
R4

< -C,Re fR d(Apu,u)||u||”’2dx, ueC(R,C™. (7.6)

Here with (-, -) we indicate the Hermitian scalar product of C”. By (27, Theorem 3.9) it follows that

—Re f (Au,w)|ullP~2dx > c, [Im f (Au, w)||ul|P~2dx|, ueCR,Cm, (7.7)
R4 R4
. 24/p-1 . .. . .
where ¢, is = if p # 2 and any positive constant if p = 2. Recalling that (Vu,u) > 0, follows from (7.7)),
where C), = cl‘,l. For more details, see the proof of (25, Proposition 4.5). O
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8. Examples

We conclude this work by providing two matrix-valued potentials V which satisfy the assumptions of Theorem
[6.3] In particular, we show that entries with singularities for V are allowed. We have to prove that Hypotheses[2.T]and
are satisfied, and that the minimal eigenvalue of V belongs to a B, class, for some g € (1, c0).

Example 8.1. Let m = 2 and | < g < oo. Then, for every x € R4 \ {0} we consider the symmetric matrix V =
(vi.,-(x))l.z’j=1 with entries
vi1(x) = X7 ((cos(IxID)* + ci(sin(lIxI))?) + [1xlP (k(cos(lIxI))* + ki (sin(]lxI))?),
via(x) = va1(x) = | sinll) cos(lll | (1 = enllxll™ + (k = kn)lxlF]
v (x) = [1xII* (1 (cos(lxlD)* + (sin(lIxI)?) + [1xIP (k1 (cos(IIxI))* + k(sin(]lxI]))?),

for every x € R?\ {0}, where 8, ¢y, k and k; are positive constants, with ¢; > 1 and k; > k, and @ € (O, g).
Clearly, the off-diagonal terms are non-positive. Moreover, since

det(Al = V(x)) =(A = vii())(A = v22(1) = (V12(1)°
=22 = A[ I+ c0) + 1P + 6]
+ (el + ke ky[1x1%) ((cos(llxiDy* + (sindllxl))* + 2(sin(||x/))*(cos(lxl]))?)
+ Xl (ki (cos(lIxI)* + crk(sin(lldD)* + cik(cos(xID)* + ki (sin(Ixl1))*)
+ 1P~ 2k (sin(lx11))* (cos(llxd)? + 2¢1k(sin(|1xl1))* (cos(llx))?)
=22 = A[ I+ c0) + Py + 0] + erllal ™ + Kk |16 + (Ko + keIl
= (A= Il = Klldf) (2 = callxll™ = kallxlF)
the eigenvalues of V(x) are
400 = 7 + KP4 = elladl™ + k.
They are positive functions, and therefore V is a positive defined matrix-valued function. Moreover,
() £ b0 S CU),  xeRN\{0),

where C := max {ci, k; /k}. Hence, Hypothesis [2.T]and (2.2)) are satisfied.
In addition, the condition 0 < @ < g and 8 > 0 ensures that 1y = A belongs to B, since the function x — ||x[|™”

belongs to B, fory € (—00, f—;) (see for instance (18, Chapter 9)).

Example 8.2. Let | < g < oo, V : RY - R™ be a matrix-valued function, whose entries are measurable functions
and there exist positive constants ¢; < C;, C;; and n;; < np with C;; = Cj; and ;; = n;; for every i, j = 1,...,m, such
that

(1 + 1P < Va(x) < G + I, =Cii(1 + [IxIP)" <T5(x) = Vi(x) < 0

forevery x e R?andeveryi=1,...,mand j € {1,...,m} \ {i}. Further, we assume that

m m

Z (Cifiz - Z Cijfifj) >0, £eR™

i=1 Jj=1j#i
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This implies that V(x)is positive semi-definite for every x € R?. Indeed, for every x € R? and ¢ € R™ we get

m

<x7(x)§,§>22(c,~(1+||x||2)"§,.2— > C,-,~(1+||x||2)”""|§i||§j|)
i=1

J=Lj#i
=1+ [y ) (c,f,-z - D Gyl + ||x||2)"ff"|§i||§,~|)
i=1 Jj=1j#i
z<1+||x||2>"2(ci§?— >, c,;,~|§,-||§,~|)zo.
i=1 Jj=1j#i

Moreover, if x € R4\ B(0, 1), arguing as above, we deduce that

VE,&) 21+ [P ) (c? — 2mtmsti=temon 57 e
i=1 J=1,j#i

m

i=1

>minfc; i =1,...,m}(1 — 2= Leem =y 11 2)7)1E]12. 8.1

Finally,

m

Vg <+ Py Y (a8 - Y, Collél) (82)

i=1 J=1,j#i

for every x € R? and & € R™. _ N
From (8.1 and (8:2) it follows that there exist positive constants D,, and Dy, such that

D1 + 1) < A5(x) < Ap(x) < Dyr(1 + 127", xeR?\ B, 1), (8.3)

where A3(x) and Ay(x) denote, respectively, the minimum and the maximum eigenvalue of the matrix V().
Let us set V(x) = V(x) + ||x]|71d for every x € R? \ {0} and some & € (O, g). Then, the matrix-valued function V,

arbitrarily extended to the whole R? in such a way that the matrix V(0) is definite positive, satisfies Hypothesis
Moreover, since for every x € B(0, 1) it holds that

1 11
flxl ™ ZEIIXII_” +32 EIIXII_” +27171(1 + 1P,

it follows that there exist positive constants D,, and Dy, such that
Dy (II7 + (1 + I6IP)7) < Av(x) < Ay(x) < Dy (Il + (1 + [1xD)7). (8.4)

for every x € B(0, 1) \ {0}. Using (8:3), we can easily extend (8-4) to every x € R? \ {0}, up to replacing D,, and Dy,
with suitable new positive constants.

Hence, Hypothesis is fulfilled with C = Dy;/D,, and, since the function x — ||x||™* + (1 + ||x|]*)” belongs to
By, it follows that Ay € B,,.
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