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ARTICLE INFO ABSTRACT

Keywords: This paper presents an approach for analytically solving gradient-enhanced
Non-local model damage (GED) models. The proposed approach provides rigorous proofs
Damage model for essential phenomena observed in the traditional GED model, including
Gradient-enhanced damage model damage widening, characteristic length sensitivity, and stress-locking. The
Fracture mechanics derived cohesive law is a useful technique for accurately determining the
Analytical solution material parameters of the GED model, significantly reducing the sensitivity

to characteristic length. Furthermore, this study presents an isotropic damage
model that considers both tensile and shear failures and can capture complex
crack paths. Finally, a series of numerical examples is shown to demonstrate
the efficacy of the suggested method.

1. Introduction

Quasi-brittle materials are commonly used in structural engineering, where fracture is the most
typical failure mode. How to predict the failure of structures and the rupture process of quasi-
brittle materials is an essential constraint in structural design [1]. Non-linear finite element analysis
combined with damage theory provides a valuable tool for analyzing and designing engineering
structures. Non-linear finite element analysis can predict the deformation of structures under large
deformations and complex loading situations, while damage models can describe the non-linear
behavior of quasi-brittle materials during stressing [2, 3, 4]. However, strain softening in quasi-
brittle materials will result in a negative tangential modulus [5, 6], ellipticity loss of the formulation

[7, 8, 9, 10]. As a result, the differential equations become ill-posed [11, 12, 13], leading to
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Analytical investigations of GED models
numerical results that are dependent on mesh size and shape for conventional damage models in
finite element analysis.

To address the issue of strain softening and ill-posedness in finite element analysis of quasi-
brittle materials, several advanced modeling techniques have been developed in recent years. These
techniques include non-local approaches [14, 15, 12, 16, 17], regularization methods [18, 19, 20],
and phase-field models [21, 22, 23, 24, 25, 26]. These approaches incorporate the effect of non-
local interactions into the constitutive model, which enables the strain localization to occur over
a finite length scale. This length scale can be related to the characteristic material length, such as
the aggregate size in concrete. Non-local models can overcome the ill-posedness issue and produce
physically meaningful solutions that are mesh-independent. A regularization term is introduce into
the constitutive model, which smooths out the strain softening behavior and eliminates the negative
tangential modulus. Phase-field models describe the damage process as a diffuse interface between
the intact and damaged regions. The damage evolution is governed by a phase-field variable that
varies smoothly across the interface. Phase-field models can capture complex fracture patterns,
such as branching and merging, and provide a unified framework for modeling crack initiation and
propagation. Overall, these advanced modeling techniques have greatly improved the accuracy and
reliability of finite element analysis for quasi-brittle materials [27].

The strain softening of quasi-brittle materials is mainly due to the interaction and growth of
microcracks. Therefore, the material’s fracture depends not only on the local stress state; but also on
the non-local effects of the material’s microstructure [13]. The general classical non-local models
can be divided into two categories: the non-local integral approach [11, 27] and the gradient-
enhanced model [12]. The non-local integral approach integrates local variables over a certain
neighborhood to consider the effects of long-range interactions between material points. In the
case of quasi-brittle materials, this neighbourhood can be defined in terms of the distance between
material points. The non-local integral approach is relatively simple to implement numerically, but

it does require reworking the code for finite element solutions.
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Analytical investigations of GED models

On the other hand, the Gradient-Enhanced Damage (GED) model [12] is a more sophisticated
approach to modeling non-local behavior in quasi-brittle materials. The gradient-enhanced damage
model incorporates the spatial gradients of the damage variables into the governing equations of
the damage evolution, and by choosing a suitable internal length, it allows for the consideration
of non-local interactions within the neighbourhood of the material point [13, 15]. To solve the
GED models, Taylor series expansions can be used to obtain the Poisson/Helmholtz equations
required to describe the gradient effects. Finite elements can then be used to solve these equations by
discretizing the elements, constructing shape functions for the non-local variables, and introducing
additional degrees of freedom at each element node. This allows the non-local variables to be
solved as an unknown quantity with the displacement degrees of freedom. One advantage of the
GED models over the non-local integral approach is that it can be easily embedded in generic finite
element software using the UEL and UMAT subroutines [28]. Additionally, the GED models allow
for a more accurate description of the damage behavior of the material as a gradient field [29], which
can lead to more accurate predictions of material behavior under different loading conditions. The
GED models have been used in various applications, including analyzing structures subjected to
dynamic loading, predicting material failure under various loading conditions, and developing new
materials with improved mechanical properties. However, the GED model suffers from damage-
widening [30, 31], characteristic length sensitivity [26], and stress-locking effects [32, 33, 34],
which limit its application in structural failure prediction.

In summary, non-local damage models have critical applications in the fields of materials
science, mechanics, and engineering [35, 14, 25, 36, 37]. They can help researchers and engineers
better understand and predict the damage and destructive behavior of materials, informing the
design of materials and the safety assessment of engineering structures. However, most non-
local damage models are empirical and lack the basis for analytical solutions mathematically,
which causes many problems, such as damage-widening, characteristic length sensitivity, and
stress locking. Therefore, studying the analytical solution of non-local damage models is of great

significance [38]. Peerlings et al. [12] provide an analytical solution to the GED model, but the
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Analytical investigations of GED models

method can only solve the ideal elastic-plastic model rather than the strain-softened damage model.
Lorentz [39] demonstrate that the non-local constitutive equations are consistent with the cohesive
law under some conditions. Bisconti et al. [40] prove the existence and uniqueness of weak solutions
under conditions of progressive damage. Zhao and Cheng [41] provides a global weak solution to
the 1D phase-field model with inhomogeneous elasticity. Although the analytical solution of non-
local damage models has gradually attracted the attention of researchers, there is still a lack of a
standard mathematical method to solve the GED model. Therefore, this paper proposes a method
to solve the GED model analytically and mathematically and prove damage-widening [30, 31],
characteristic length sensitivity [26], and stress-locking phenomena [32, 33, 34].

This paper is organized as follows: Section 2 gives the analytical solutions of the gradient
damage model for three different nonlocal variables, solving for their damage profiles and cohesive
laws. Section 4 presents an isotropic damage model that is both simple and practical. Section 5
presents several numerical examples that demonstrate the accuracy of the analytical solution in the
proposed method, the reduction of sensitivity to characteristic length through material parameter
calibration using the proposed method, and the ability to capture crack paths under complex loading
conditions. Section 6 concludes this paper. Interested readers can download the code for this study

from : https://github.com/XLiang123/Gradient-enhanced-damage-model

2. Analytical solutions for GED models

In order to compare the similarities and differences between various non-local damage models,
a simple one-dimensional uniaxial tensile test is used to calculate the analytical solution of the
gradient-enhanced damage model.

Assume a bar x € [—L /2, L/ 2] sufficiently long such that crack evolution is not affected by
boundary effects. The bar is loaded at both ends by increasing displacements u* along opposite
directions ( Fig. 1). Body forces b* are neglected. For simplicity, it is assumed that the crack

is initiated at the symmetric point x = 0 and the localization band is lumped in the domain
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Analytical investigations of GED models
[-D/2,D/2], with D < L being the half bandwidth not necessarily constant. The material
parameters employed in the analytical solution are detailed in Section 5.

L 1

Figure 1: Uniaxial traction of a softening bar: geometry, loading and boundary conditions

2.1. Nonlocal equivalent strain energy model
When the driving force for the evolution of non-local damage is the strain energy Y, the

differential equation for the non-local model is as follows:

VY -Y+Y=0 (1a)
Y:%.e:[E:e (1b)

where Y is the local strain energy; Y is the non-local strain energy; [, is the characteristic length;
€ is a second-order strain tensor, and E is a fourth-order isotropic linear elastic stiffness tensor. In

the case of Poisson’s ratio v < 0.5 and uniaxial tensile, Eq. (1) can be rewritten as:

b
@%§—Y+Y=o (2a)
Y = SEe (2b)

where E, is Young’s modulus; € is the uniaxial strain.
In GED model, the softening law can be naturally embedded into the non-local model via
¢ = ¢ (Y), where ¢ (Y) is the softening function [1] in the general form. For the purpose of

simplicity, we consider the soften function in the following form as an example. As we can see:
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27
f (1[1— p EO ]
_ _ _ [ C — —_
o L Y >, (3a)
0 Otherwise (3b)
12

where f, is the tensile strength; e, = f,/ E, is the strain corresponding to the peak stress; Y, = e

0
; and a is the parameter controlling the softening behavior. Here the strength is considered as an
exponential softening, and in a later paper, we will provide different softening laws.

According to the classical damage theory [see, 2, 3, 4, 42, and so on.], the relation between

stress and strain is commonly expressed as follows:

o= (1-¢)Ese 4)

Combining Eq. (2b), Eq. (32) and Eq. (4), we can obtain:

2 —Za[l—To]
Y =27Ye (5)

=0 ©6)

Then multiplying Eq. (6) by % and integrating with respect to x, we have

12 5\ 2 _ —2a,2 _ _ — _
() _Llga 2em0” <B3Y§ —3132Y+6B\/?—6)eW7=A %)
2 \ dx 2 f,2B4
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Analytical investigations of GED models

where A is the integration constant; and another constant B = 2\/50( / <eC\/E0>. Let Y* denote
the value of Y at the location of x* where the damage reaches the maximum value. By introducing
the boundary conditions VY (x) = 0 (Vx € 0£2;.) and the continuation condition VY (x*) =0, we

resolve the integration constant A as follows:

2 S N2 (o
ao PV 0= (1) (7) o
2(£ (") = 1 (X))
where Y* is the value of Y at x*; and the function f (-) as follows:
3 _ _ -
f(¥)= [133 (Y.)® - 3B’Y, + 6B Yc—6] SV (9a)
<
F(7) = [133 (¥*)? —3B2F" + 6BV Y —6] BT (9b)
According to Eq. (7), j—; can be easily derived in the following form:
l
= C (10)
\/ 2A+ V2 - “2CBY 5 - 3B2F +6BVY - 6)erVT
By integrating both sides of Eq. (10) with respect to dY, one obtains:
7 I _
X = i/_ = dYy (11)
\/ N (B3V — 3B2Y + 6BV — 6)eBVY

The profile of Y can be solved numerically according to Eq. (11). Fig. 2 shows the profiles of
Y at different stages of Y*.

The profiles of damage along the rod at different loading stages are presented in Fig. 3. It
can be clearly observed that the bandwidth of the damage region expands when the loading

increases. This is the so-called damage widening/broadening mentioned in classic works [30, 31].
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oSt —— Analytical 7 = 0.005)| |
045k —— Analytical (Y* =10.01) | |
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Figure 2: Profiles of the non-local model strain energy Y

1a1  In addition, when the damage has evolved to a certain stage, unloading will occur at the edges of

the regularization region.

T T T T I
1+ —— Analytical (Y* = 0.005)H
—— Analytical (Y* =0.01)
09 Analytical (Y* = 0.05) H
Analytical (Y* =0.1)
08l —— Analytical (Y*=0.5) H
0.7F T
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05F T
041 ]
03 T
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01F T
0 L 1
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Figure 3: Non-local model damage profiles
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Analytical investigations of GED models

The stress over the 1D bar and the traction ¢ in the underlying cracking zone can be evaluated

at x* using Eq. (7). According to the continuation condition VY (x*) = 0 and Eq. (7), the stress ¢

on a one-dimensional rod can be expressed as:

ft2B4 ez"

(B3 (7+)* — 3B27* + 6BV/T+ — 6)eBVT"

(12)

The total displacement u* at the bar end can be calculated by using the integration as follows:

oL

L L
u*=/ edxz/ #dx=—+5n(a,l7*)
0 0 (1—(,1)) E, E,

On the right-hand side of Eq.(13), the first term is the elastic displacement of the whole rod

13)

and the second term is the width of the crack. Substituting Eq. (10) into Eq.(13), one obtains the

nonlinear displacement component as follows:

(14)

- o (v
5n(a,Y*)=/ d’—‘_’dx:z/ P)o dx gy
o (1-9) E, o (1-¢(Y))E,dY
AT @ (7)o
EO 0

2 g
2B

- = — 4e—2a52
(1-¢(Y)) \/2A+Y2— v

(B3Y: — 3B2Y +6BVY — 6)eBVY

As can be seen, Eq. (12) establishes the relation between Y* and o, while Eq. (14) establishes

the relation between Y* and §,. Therefore, the relation between ¢ and &, could be resolved by

combining Eq. (12) and Eq. (14). The results can be found in Fig. 4. If the damage of a bar under

uniaxial tension could be attributed to a mode I cohesive crack, the resolved ¢ — 6, relation could be

considered as the corresponding cohesive law. By using analytically derived cohesive laws, the link

between the material fracture energy G, = f odo,, the softening parameter «, and the characteristic

length /, can be established, which will alleviate the characteristic length sensitivity in the GED

model.
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0 . . . .
0 0.005 001 0.015 002 0.025 0.03 0.035 0.04
5n (mm)

Figure 4: Cohesive law (5, — o)

2.2. Nonlocal equivalent strain model
In this subsection, we consider the non-local damage driven by equivalent strain €. The

differential form for the non-local model is expressed as follows:

PVE—E+e=0 (15)

where € is the non-local equivalent strain and ¢ is the local equivalent strain. In the case of one-
dimensional uniaxial tension, Eq. (15) can be reduced to the following form:
d’e

ﬁ53—5+e=0 (16)
X

The relation between the non-local strain £ and the non-local damage ¢ is needed for further

development of the model. Here we adopt the exponentially softening form which is similar to Eq.

(3). We have:

Liang Xue et al.: Preprint submitted to Elsevier Page 10 of 44
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N PP U R (17a)
p=¢E)= E¢
0 Otherwise (17b)
166 Combining Eq. (4) with Eq. (17a), we can obtain
o g
£= Eece (18)
fie®
167 By subsituting Eq. (18) into Eq. (16), one obtains
d’e o _ ‘¢
2 — —
—_— + & = 0 19
¢dx? ¢ f.e® ee (19)

16s Then multiplying Eq. (19) by % and integrating with respect to x, we have

12 7dg\? 1 “ £’
C _2 G —E& a_ C
_ — —&+ £c —c—-1)1—=A 20
2<dx) 2° fte“e < ¢ ) 0

160 Where A is the integration constant.
170 Let £* denote the value of € at the point of maximum damage x* along the rod during stretching.
171 By introducing the boundary conditions V&(x) = 0 (Vx € 0£2;.) and the continuation condition

12 VE(x*) = 0, we resolve the integration constant A as follows:

€)' (G5
2e%(a—1) Zeig*(zg*_l)
A= - — (21)
eig*(ié*—l) e(a—1)
173 According to Eq. (20), j—; can be easily resolved in the following form:
[
dx _ ¢ (22)

e DA+ E— 20 ot (2g 1)
g - e € =

Liang Xue et al.: Preprint submitted to Elsevier Page 11 of 44
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By performing integration on both sides of Eq. (22), one obtains:

X =+ < de (23)
) \/2A+§2 - fz"e‘ (Elcé— 1) %

Based on Eq. (23), the profile of £ can be solved numerically. Fig. 5 gives the simulated

profiles of £ at different stages of £*. Moreover, the profiles of damage along the rod at different
loading stages are presented in Fig. 6. Similar to the results shown in Fig. 3, the damage
widening/broadening could be clearly observed. Furthermore, once the damage has progressed

to a certain level, it unloads at the edges of the regularized region.

0.01F —— Analytical

= —0002)]-
Analytical (&* = 0.004)
0.009 Analytical (&* = 0.006) |+
—— Analytical (&* = 0.008)
0.008 —— Analytical (8 = 0.01) [
0.007 4
0.006 - 4
w
0.005 4
0.004 .
0.003 4
0.002 4
0.001f 4
0
-15 15

Figure 5: Profiles of the non-local model strain £

By using the continuation condition V& (x*) = 0 and Eq. (20), the stress o over the rod can be

resolved in the following form:

;= _ (A+3@7) (24)

Liang Xue et al.: Preprint submitted to Elsevier Page 12 of 44



182

183

184

185

186

187

188

Analytical investigations of GED models

T T T T T
Analytical (* = 0.002)
1F Analytical (&* = 0.004)H
Analytical (* = 0.006)
Analytical (£* = 0.008)
Analytical (¥ = 0.01)
08 -
06 -
<
04 ]
0.2 .
0 £7 1 1 !
-15 -10 -5 0 5 10 15

2(mm)

Figure 6: Non-local model damage profiles

The total displacement u* at the bar end can be calculated by integrating strain field over the
rod. We have

L L c oL
* — dx = — 2 d — +4, 25
u /Oex /0 (l—qS)on Eo+ (0,€") (25)

On the right-hand side of Eq.(25), the first term is the elastic deformation of the whole rod and
the second term is the inelastic deformation. Substituting Eq. (22) into Eq.(25), one obtains the
inelastic defromation component as follows:
5, (c.8") = / 74— 2/ __$©o  dx,,
o (1-9) E, o (1-¢()E,dé
2, & G

E
T (1-¢@) \/2A+52— =

(26)

The cohesive law in the form of the relation between ¢ and 6, could be resolved by combining

Eq. (24) and Eq. (26). The results can be found in Fig. 7.
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0 1 1 1 1 1
0 0005 001 0015 002 0025 003 0.035

5n (mm)

Figure 7: Cohesive law (5, — o)

2.3. Nonlocal damage model

0.04

Finally, we discuss the gradient-enhanced model directly defined on the damage variable, which

is in the following form:

PVg—d+¢=

0

27)

where ¢ is the non-local damage variable and ¢ is the local damage variable. For the 1-D case, Eq.

(27) 1s reduced to the following form:

&0

P— —¢+¢=

¢ dx2

0

(28)

For simplicity, the soften funlction in the form of linear softening is adopted. One obtains

1 ft Ey— €
¢= E0££u_£c

£ 2> €,

Otherwise

(29a)

(29b)
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where g, is the ultimate strain at which the stress approaches zero. In the classical damage model,

the relationship between stress and strain is commonly expressed as follows:

o= (1-¢)Ese

Combining Eq. (29a) with Eq. (30), we can obtain:

g
bt L __fea (1-9)
Ey (5u - 50) (5u - 56) o
By substituting Eq. (31) into Eq. (28), one obtains
27 1=
lzd—d)—d_)-f-l-l- ft _ ftgu ( d)):O
“dx? EO (gu - 6c) (gu - gc) o

Then multiplying Eq. (32) by j—f and integrating with respect to x, we have

12 d(l_) 2 1_2 f
(=) = 14+ — 2t
2<dx> 2¢+ +EO(£ —€

u

(30)

3D

(32)

A (33)

where A is the integration constant. Let ¢* denote the value of ¢ at the location of x* where the

damage reaches the maximum value. By introducing the boundary conditions ¢(x) = Ve(x) =

0(Vx € 0€25.) and V(x*) = 0, we resolve the integration constant A as follows:

where ¢* is the value of ¢ at x*.

—)>¢] [

1

1—$ﬂ2—4

(34)

Liang Xue et al.: Preprint submitted to Elsevier

Page 15 of 44



204

205

206

207

208

209

2

[t

0

2

[t

1

2

[t

2

Analytical investigations of GED models

According to Eq. (33) can be easily derived in the following form:

X

=+

dx _ L
do _ - 7\ 2
A+ =2 (14 s ) §- o (1 -
d) Eo(gu—ec) ¢ (eu—ac)a ( ¢)
By integrating both sides of Eq. (35) with respect to d¢, one obtains:
¢ I,
Poard -2 (14 2 Es ) e e (1- )
EO(EU—SC) (eu—sc)a

(35)

(36)

The profile of ¢* can be solved numerically based Eq. (36). The simulated profiles of ¢ at

different stages of ¢* are shown in Fig. 8.

An Wlytical ((J =0.20)
1F —— Analytical (¢* = 0.40)|
Analytical (¢" = 0.60)
—— Analytical (¢* = 0.80)
—— Analytical (¢* = 0.99)
08} ]
06}
0.4+
Damage
unloading
02} =~o ]
N
\
1
A N
0 . . . . 4
-30 -20 -10 0 10°--7 20 30

(mm)

Figure 8: Non-local model damage profiles

As can be seen in Fig. 8, the bandwidths of the damage profile remain stable at different stages.

The damage widening/broadening is suppressed in this case. However, one can observe that damage

unloading takes place within the regularized crack band (pay attention to the ranges [10,20] and

[-20,—10] in Fig. 8) when the load increases. Thus this model may undergo instability for the

simulation of structures [43, 44].
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By introducing the boundary conditions V¢ (x*) = 0 into Eq. (33), the stress ¢ can be resolved

(37

as:
o= fi&y (1 B ‘l_’*)z
=T ne LT (14 )
Furthermore, the total displacement u* at the bar end can be calculated by using the integration
as follows

L L -
u*=/ edxz/ ——dx =
0 o (I1—-9)E,

oL
EO

+ 9, (0, q’;*)

(38)

On the right-hand side of Eq.(38), the first term is the elastic deformation of the whole rod and

the second term is the inelastic deformation. Substituting Eq. (35) into Eq.(38), one obtains:

4 (]T)O' /v(ﬁ* QTJG dx . -

0 , = ————dx = ——d

2 (0. 0%) /qu*(l—(,b)EOX i (1—¢)E0d¢¢
A go

(39)

_Eoo

(1- &) \/2A+¢32—2<1+

fi

E() (eu_gc)

)

_ figy
(zu—2c)o

(1-a)

The cohesive law could be also resolved by combining Eq. (37) and Eq. (39). As shown in

Fig. 9, the typical stress-locking [32, 33, 34] could be clearly observed. This phenomenon sets

the gradient-enhanced damage model apart from the phase-field model. While some subsequent

researchers have suggested over-nonlocal enhancement models to address the issue of stress locking

[45, 33], these models do not bridge the gap between the GED and phase-field models.

With the proposed method, the distribution of non-local variables within the regularization

region can be solved accurately. Therefore, to prevent the damage from being confined to a single

element, the element size should be selected in such a way that the regularization region should be

made to span multiple elements to capture the spatial gradient of the non-local variable.
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Figure 9: Cohesive law (5, — o)

3. The thermodynamic framework of gradient-enhanced damage models

The fracture process in the real physical world is much more complex than described by
Griffith’s theory. Besides the energy dissipation occurring at the crack surfaces, other dissipative
mechanisms also play a role within the fracture zone [46, 47]. These mechanisms may include
friction, plastic deformation, damage evolution, and various other forms of energy dissipation.
For such complex problems, the traditional principle of minimum potential energy is no longer
applicable. Therefore, in this section, the thermodynamic framework of gradient-enhanced damage
models is established based on the principle of energy conservation by considering additional
dissipative forces. The energy functional containing dissipative forces within the framework of
the gradient damage model can be expressed, taking the strain energy as a non-local variable, as

follows:

1= / Tcracde + / glstraindV + Hext + Hdiss (40)
B B

and
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is the crack density function, and ¥
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-~

b

crack —

lf =12 1—2
SIVP[ 457

Y irain = (1—(5(1_’))6 tE:e

<
Hextz—/;'/'udV—/ f-udA
B B

I = / dDdiss
B

“

train

is strain energy density. I7,

11

diss

(41a)
(41b)

(41c)

(41d)

is the external

ext

is the dissipative

energy that generally can only be expressed in integral form. Dy, = |, 5 fdisjdV, and f; is the

dissipative force, Y should be understood as the derivative of non-local variable ¥ with respect to

some pseudo time.

As under the first law of thermodynamics, which is referred to as the law of conservation of

energy,

/ 7-udA = / (a_n e Uy a—H_Vf/> av + / fasYdV (42)
oB B ovY B

oe Y

By employing partial integration followed by the application of the divergence theorem, Eq.

(42) can be reformulated as follows:

[ e

b

b 4

strain

8 d
strain + Tcrack) + fdiss] Ydv — / V-
B

de

- a¥Istrain . aqjcrack &
f—n-——— | -udA — n-——YdA
oB de oB ovY

20 Where £ (-) =0 (-) /oY — V - d(-) /dVY is the Euler-Lagrange operator.

~udV

(43)
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251 Since Eq. (43) is valid for all physically feasible combinations of i and Y, it follows that the

252 governing equations and boundary conditions can be derived as follows:

a’flstrain
V:oe=0, 06=—— (44a)
de
‘C (g/strain + 5Ucrack) + fdiss = O (44b)
253 and
n-oc=t on 0B (45a)
P rack V=0 0B (45b)
. — . — n
n Vo n 0
254
255 In the framework of gradient-enhanced damage models, the form of dissipative forces is as
256 follows:
g (Y)
s = — ——|e:E:e€ 46
f diss [ dy 2 ( )

257
258 Substituting Eqs. (41a), (41b), and (46) into Eq. (44b) yields the governing equations for the
259 nonlocal variables,

(¥

strain

+ ¥

Ci

k) i =02 2VY Y +Y =0 47)

260

261 Substituting Eq. (3a) into Eq. (46) yields an explicit expression for f:

Jaiss = [ e ie‘“\/z‘/? (L +aq]2 >— 1] e:E:e (48)
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Analytical investigations of GED models

The second law of thermodynamics states that the external power must be equal to or greater

than the rate of increase of free energyi, i.e.,

/ f-udAZ/(ﬂ:é+£f’+a—H_V?>dV (49)
oB B\ O€ oY ovY

By substituting Equation (49) into Equation (42), one obtains:

/ fuYdV 202 fy 20 (50)
B

A simple but tedious mathematical calculation of Eq. (48) shows that f;, > O is strictly
satisfied at the initial stage of damage evolution. When the damage increases to a certain value,
Eq. (50) no longer stands, and therefore the laws of thermodynamics are no longer satisfied. This is
consistent with the conclusions obtained in Section 2. In the damage profiles obtained analytically
(Fig. 3, Fig. 6, Fig. 8), the damage would unload at the edge of the regularization region after a
certain stage of development, which does not satisfy the thermodynamic law.

It is worth noting that in damage mechanics theory, the softening function ¢ ()7) has the
property that }_}im d¢ (Y) /dY = 0. Therefore, regardless of the softening function or cohesive
law chosen, the GED model would experience negative energy dissipation after a certain level of

damage development, which is an inherent flaw of the GED model.

4. Non-local model considering shear failure

In practical scenarios, the failure of engineering structures often results from the combined
impact of various stress factors. It is inadequate to solely consider tensile stresses, as neglecting

the influence of shear stresses can lead to disastrous consequences [48, 49]. When dealing with
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252 solids experiencing complex stress conditions, it becomes imperative to account for the interaction
283 between tension and shear to understand potential crack surfaces and damage mechanisms.

284 The task of identifying potential crack surfaces is difficult, and previous researchers have used
285 a variety of methods. Freddi and Royer-Carfagni [50] utilized structural strain; Wu et al. [51]
286 employed tensile-compressive decomposition; Feng and Li [22] adopted an energy multiscale
g7 approach; and Xue et al. [52] applied shear-tensile decomposition. In the context of cohesive
288 fracture theory and its mixed failure mode [22], the tensile-shear stress state at the crack surface is

280 shown in Fig. 10.

—— =y rﬁfrs Rt
LN ! | ! | !
i s = Shear + Tensile
_L ___________ 1 ?SL— ___________ g L____________J
’ 3. |5,

Figure 10: Tensile-shear stress state at the crack surface

290 Observing Fig. 10 reveals that the effective stress 6 can be decomposed into 7, representing
201 the shear stress state, and 6,, representing the tensile stress state. According to the tensile-shear

202 stress state in Fig. 10, the strain energy Y can be expressed as:

1 1 =2 f2
Y=-e:E:e=—RU+VFP+5]| =2+ 51
2¢ ¢ T 2E, pa+va+o] 2E, " 2G, ©b
203 and
0, = 0pmax T Omin (52a)
fs = _6-max6-min (5 2b)

204 Where v is the Poisson’s ratio, and G, is the shear modulus. 6, is the positive maximum principal

205 stress, and &,,,;, 1S the negative minimum principal stress.

Liang Xue et al.: Preprint submitted to Elsevier Page 22 of 44



2906

297

298

299

300

301

302

303

304

305

306

307

308

309
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Notice that the strain energy in Eq. (51) is only applicable to the tensile-shear stress state. In
order to apply this to more complex stress states and to consider the tensile-compressive asymmetry
[25] of quasi-brittle materials, this paper suggests the use of the damage energy release rate [4, 52]

as the damage driving force.

Y=+EP+:6:C:6 (53)

with
P* = 2 H (éi) (p[i ®pii) (54a)
Py =P = % (n, ®n;+n; @n) (54b)

where C is the fourth-order flexibility tensor. 6 = E : &, is the effective stress tensor. &, is the i-th
principal stress. n, is the i-th normalized eigenvector corresponding to ,. H (-) is the Heaviside
function.

In the GED model, every approach commences with a local variable Y, which undergoes
transformation into a nonlocal variable Y through a Helmholtz-type partial differential equation.
This study selects damage energy release rate as the non-local variable Y, thus resulting in the

non-local differential equation taking the following form:

{@WY—Y+Y=0 on B (55a)

VY -n=0 on 0B (55b)

Inspired by Mazars [53], this work defines an energy ratio, 8, as the weights of tensile and shear

damage in the assessment of the global damage of the material.
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)
I Ey

- o (5 )
0 = <(fn>zGo+T3110 n

0

Otherwise

Omax > 0and 6., <0

(56)

a0 Where symbols < x > are the McAuley brackets (ramp function) defined as (x) = (x + |x]|) /2.

311

312

313

314

315

316

317

318

319

320

321

Then the damage to a material can be composed of tensile and shear damage.

and

5. Numerical validations

¢ =0 + (-0,

[
a 1- e 0 f2
b =1- f_, Yy >
E. /% 2E,
0\ %
| -4
ag 1- = _ f2
p,=1- /s —e Yy > =2
G, i;_Y 2G,
0
¢, =0;¢, =0; Otherwise

(37
(58a)
(58b)
(58¢)
Lo L
E) 7S Gy

The GED models are effectively solved through the application of the multi-field finite element

method. When modeled with plane elements, each element node is characterized by three degrees

of freedom (DOFs): two for the displacement field u and one for the non-local variable. The

discretization process can be accomplished using either triangular linear elements or quadrilateral

bilinear elements. In this study, we have successfully implemented numerical simulations using

the FEniCS open-source finite element simulation package [54] and the ABAQUS user-defined

element (UEL) of the subroutine [28]. In Section 5.1, FEniCS was employed to validate the
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correctness of the analytical solution presented in Section 2. In the remaining examples, ABAQUS
user-defined elements (UEL) were utilized for predicting crack extension, with the corresponding
damage governing equations provided in Eqgs. (55) and (57). In all numerical examples, the small
deformation assumption is used, geometric nonlinearities are not considered, and plane stress

elements are adopted.

5.1. Mode-I failure in a uniaxial tension of a 1D bar

Let us consider a rod of length L = 100 mm with a width of 5 mm. As shown in Fig. 11, the
bar’s left edge is fixed, while the right edge is stretched by applying the monotonically increasing
displacement u*. If not otherwise specified, the material parameters are chosen as follows: tensile
strength f, = 3MPa, Young’s modulus E, = 30GPa and Poisson’s ratio v = 0, characteristic
length /. = 2mm, softening parameters for exponential softening « = 0.1, ultimate strain for linear
softening €, = 10f,/E,, the mesh size is 0.25 mm. The numerical prediction results involve the
damage profile and cohesive law. Please note that a reasonable Poisson effect (v < 0.5) does not
influence the comparison with the analytical solution. The use of v = 0 here is to minimize the
effect of numerical error on the predictions, but v = 0 is not necessary. This study did not consider
plastic strain, which is perfectly elastic after unloading, so this test was not considered for the

unloading study.

! Eo

Figure 11: Uniaxial traction of a softening bar: boundary conditions

In this subsection, we have selected strain energy Y, equivalent strain £, and damage ¢ as non-
local variables, respectively. We explore the behavior of the Gradient Enhanced Damage (GED)
model by analyzing its non-local variable profiles, as depicted in Fig. 12. We find that the numerical
predictions align well with the results obtained from mathematical analysis, validating the model’s

consistency under specific conditions.
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Figure 12: Profiles of non-local variables (Analytical vs Numerical)

Fig. 13 illustrates the cohesive law of the GED model. The numerical predictions obtained
are consistent with the results derived from mathematical analysis, indicating the reliability of the
proposed approach. In particular, Fig. 13(c) visually explain stress locking in the GED model. These
figures help us understand the phenomenon of stress locking more intuitively.

In traditional local damage models, the mesh size can have an influence on the prediction results.
However, the GED model regularizes cracks in solids to a certain zone of damage distribution
where the damage band spans multiple elements, so the mesh size does not affect the prediction.
The predicted results of load versus displacement are given in Fig. 14 for characteristic length

[, = 4mm, mesh size 7 = 0.25mm, and mesh size A = 0.125mm. It is worth noting that in gradient
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Figure 13: Cohesive law of non-local variables (Analytical vs Numerical)

353 damage, it is necessary for the damage bands to span a sufficient number of elements to capture the
354  spatial gradients of the non-local variables to ensure that the computational results do not depend

355 on the mesh size.
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Figure 14: Comparison of predicted results for different mesh sizes

5.2. Three-point bending beam

In non-local damage models, the material characteristic length parameter is generally consid-
ered to influence the predicted results. Therefore, in this paper, a three-point bending beam [55]
with Mode-I failure was selected. Three different internal lengths, i.e., /,=1.0 mm, /,.=2.0 mm and

[.=3.0 mm, respectively, are considered in the numerical simulation. The material parameters are
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as follows: Young’s modulus E, = 20GPa, tensile strength f, = 2.2MPa, Softening parameter
a, = 0.041. Additionally, to alleviate the sensitivity to characteristic length, we utilize Eqgs. (13)
and (15) to compute the corresponding values of , for /, = Imm, 2mm, and 3mm when the tensile
fracture energy G; = 0.097N/mm. The calculated values for a, are 0.0142, 0.028, and 0.041,
respectively. It should be noted that this example belongs to Mode I fracture, and the alterations in
the shear parameters have a little effect on the results.

The specimen’s geometry, loading, and boundary conditions are shown in Fig. 15. Mode-I
failure of the beam is caused by a crack appearing at the tip of the notch and propagating vertically
along the line of symmetry. As depicted in Fig. 16, rather fine elements with the mesh size fixed as

0.25 mm are used around the centroid of the beam, and the mesh size at the ends of the beams are

leﬂu’y

g 100

10mm.

Thickness: 100

In

50

A 4 A 4

450

Figure 15: Notched concrete beam under three-point bending: Geometry (unit: mm), boundary
conditions and loading

Figure 16: Notched concrete beam under three-point bending: 2D finite element mesh
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(a) Not calibrated for material parameter (a = 0.1) (b) Calibration of material parameter by cohesive law

Figure 18: Notched concrete beam under three-point bending: Load versus displacement curves

372 In predicting the crack path (Fig. 17), the crack nucleates at the tip of the notch and propagates
373 upwards to the top of the beam. As the characteristic length increases, the bandwidth of damage also

374 increases. Upon examination of the force versus displacement curves (Fig. 18(a)), it is evident that
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the GED model exhibits significant characteristic length sensitivity when the material softening
parameter is not adjusted. This sensitivity also impacts the convergence of numerical calculations.
In contrast, as depicted in Fig. 18(b), adjusting the softening parameter with a constant fracture
energy not only alleviates characteristic length sensitivity but also improves the robustness of the

numerical calculations.

5.3. Mixed-mode failure of notched beam

Next, this paper predicts notched beam tests for more complex mixed-mode failure. As depicted
in Fig. 19, the specimen is of dimensions 675 x 150 x 50mm?, with a vertical notch of size
2 x 75 x 50mm? at the bottom center. The load F, was applied under displacement control, and the

crack mouth opening displacement (CMOD) was monitored.

, 150
~ F, u,

2
—sfk—
Thickness: 50
n s
A ' A
7.5 | 225 75 L 300 1375
1< T < 2K

675

Figure 19: Mixed-mode failure of notched beam: Geometry (unit: mm), boundary conditions and loading

Figure 20: Mixed-mode failure of notched beam: 2D finite element mesh

Similar to Section (5.2), three different internal lengths are considered for this prediction: Imm,

2mm, and 3mm. The material parameters are as follows: Young’s modulus E, = 38GPa, tensile
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Figure 21: Mixed-mode failure of notched beam: Experimental crack

strength f, = 2.8MPa, tensile fracture energy G; = 0.062N/mm, shear strength f, = 3.0MPa,
and shear fracture energy G;; = 0.155N/mm. By the proposed approach in this paper, the
tensile softening parameters «, were calculated to be 0.018, 0.035, and 0.054 for different internal
lengths, and the shear softening a, was calculated to be 0.02, 0.039, and 0.059, respectively. The
discretization of the computational domain is shown in Fig. 20. The size of the fine mesh in the
model is 1 mm, and the size of the coarse mesh is Smm.

The experimental cracks are shown in Fig. 21. The predicted results of the crack paths with
different internal lengths are given in Fig. 22, and it can be clearly observed that the damage zone
widens as the internal length increases. Good agreement between the predicted results and the
experiment is achieved when the internal length takes a smaller value. The calculated curves of
load versus crack mouth opening displacement are depicted in Fig. 23, where it can be seen that
the effect of the internal length on the predicted results is significantly reduced after correction of

the softening parameters by the proposed approach.

5.4. Double edge-notched specimens under non-proportional loading

This part presents numerical simulations of a challenging benchmark test [56] of concrete
specimens with multiple (but not intersecting) cracks spreading simultaneously. This benchmark
sample was chosen because it reflects several tests subjected to non-proportional loading conditions
and showed curved cracks with different curvatures.

Fig. 24 depicts a plain concrete specimen with double-edge notches that measures 200 X 200 x

50mm?® and has two notches that are 25 X 5 x 50mm?® each in the middle of the left and right
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Figure 22: Mixed-mode failure of notched beam: Numerical prediction of ¢
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(a) Not calibrated for material parameter (b) Calibration of material parameter by cohesive law

Figure 23: Mixed-mode failure of notched beam: Load versus CMOD curves

sides. The specimen was glued to a unique, rigid steel frame, allowing for various loading paths
that combine shear and tension while applying force or displacement control. The test loading is

divided into two steps: the first step is the horizontal shear loading, and the second step is the
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vertical displacement loading. More specifically, the horizontal shear force F, was first applied
along the left side above the notch. Then, keeping the horizontal shear force F constant, the vertical
displacement u, was applied to the top of the specimen while the corresponding vertical force F),
was recorded. Throughout the test, the specimen was supported at the bottom and right sides below
the notch. In this work, the tests DENS-4a, DENS-4band, and DENS-4c are considered. They are
different in the first-applied shear force: F, = 5kN for DENS-4a, F, = 10k N for DENS-4b, and
F, = 27.5kN for DENS-4c, respectively. In this example, we have applied Q4 elements with a

coarse mesh size of 5 mm and a locally refined mesh size of Imm, as shown in Fig. 24.

Fy’ull
F,
)
&
Thickness: 50
») ,‘:77
)
[y
(=)
|25 150 25

Figure 24: Double edge-notched concrete specimen: Geometry and boundary condition (left); and finite
element mesh (right). Unit of length is mm.

Experimental findings show that two virtually antisymmetric cracks spread from the notches
to the opposite sides and that the amount of the initial shear force F, influences the curvature
(Fig. 25). The tests provide ample evidence of concrete elements’ different cracking paths and
load-carrying capacity under different shear conditions. Appropriate material shear strength and
shear failure mechanisms are required to predict this set of tests correctly. DENS-4a, DENS-4b,
and DENS-4c¢ specimens were simulated with the same material parameters in this subsection. The

material parameters are as follows: Young’s modulus E, = 30GPa, tensile strength f, = 2.4MPa,
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(a) DENS-4a (b) DENS-4b (c) DENS-4¢

Figure 25: Double edge-notched concrete specimen: Experimentally observed cracks

tensile softening parameter , = 0.008. shear strength f, = 4.0MPa, shear softening parameter
a, = 0.006, characteristic length /. = 0.32mm.

Fig. 26 shows the numerically predicted crack development. The predictions match the
experimentally observed crack paths very closely, with the curvature of the two antisymmetric
cracks becoming greater as the first applied shear force F, increases. Fig. 27 shows the predicted
force-displacement curves. The peak force is overestimated in the numerical simulations of DEN-
4b and DEN-4c, and this discrepancy has been observed in other numerical studies [47, 22, 57, 58].
Since this is not the goal of our study, we will not calibrate the parameters here to suit the
experimental results. In Fig. 27(c), the load-displacement curves exhibit a large gap with the test
results, and this gap is observed in numerous isotropic damage models. This gap can be attributed
to the mismatched failure criteria. Specifically, under complex loading conditions, quasi-brittle
materials exhibit significant damage-induced anisotropy, whereas in this paper, an isotropic damage
model is adopted, which leads to a deviation from the actual results.

To ascertain whether the form of damage evolution influences the material’s failure mode, we
examined the crack paths of DEN-4a under the consideration of only tensile damage (i.e., ¢ = ¢,).

As depicted in Fig. 28, the predicted cracks lead us to the conclusion that significantly inaccurate
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(a) DENS-4a (b) DENS-4b (c) DENS-4c

Figure 26: Double edge-notched concrete specimen: Numerical prediction of ¢

=—Experimental results
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— Experimental results
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(a) DENS-4a (b) DENS-4b (c) DENS-4c

Figure 27: Double edge-notched concrete specimen: Load versus displacement curves

crack paths may be obtained if there is no differentiation between the shear and tensile damage

evolution of the material.

6. Conclusion

This paper presents an approach to analytically solving the GED model, enabling the determina-
tion of damage profiles and cohesive laws. Through the theoretical solution, several key phenomena
within the traditional GED model are validated, including damage widening, characteristic length
sensitivity, and stress locking, elucidating the essential distinction between the GED model and the

phase field model.
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Figure 28: Double edge-notched concrete specimen: The predicted final crack paths by using ¢ = ¢,

The analytical solution of the cohesive law sheds light on the differences between the softening
law used in local damage models and the cohesive law required in the GED model. It highlights that
the softening law does not directly represent the cohesive behavior in the GED model. Furthermore,
establishing the fracture energy from the ¢ — 6, curve will assist in fine-tuning the model to
match and replicate the actual material properties. Numerical examples illustrate that adjusting
the softening parameter by fixing the fracture energy G, effectively mitigates characteristic length
sensitivity. This implies that the analytical solution presented in this paper offers a feasible ap-
proach for calibrating parameters in GED models. Furthermore, the damage evolution formulation
proposed herein effectively captures failure behavior under complex stress. Currently, the proposed
gradient-enhanced damage model is limited only to infinitesimal deformations and quasi-static
failure. However, by employing an appropriate strain measure and the conjugate stress tensor, it
can effectively address geometric nonlinearities.

The findings presented in this paper significantly contribute to our understanding of gradient-
type damage models, providing valuable insights into their behaviour and properties. This analytical
framework opens up new avenues for future research and applications in the field of damage

modelling, enabling more accurate and comprehensive analyses of material damage and fracture

Liang Xue et al.: Preprint submitted to Elsevier Page 37 of 44



465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

Analytical investigations of GED models

processes. However, unfortunately, neither the results obtained in this paper through the analytical

solution improvement approach nor other empirical improvement approaches [59] are comparable

to those predicted by the phase field model [25, 60], which can be attributed to the failure of the

GED model to fully regularize the cracks. In Egs. (5), (18), and (31), the relationship between

local and non-local variables is established through the constitutive relation, but the establishment

of this relationship lacks consideration of the cohesive law, so how to embed the cohesive law into

the GED model will be an effective way to improve the GED model.

A. Finite element implementation

Using the Galerkin finite element method to discretize the model, the integral weak form of the

gradient non-local Eq. (55a) and the stress balance Eq. (44a) can be expressed as:

/5u(V-a+;7)dV+/ su(c-n—1)dA=0
B

oB

/5Y(J§VZY—Y+Y)dV=o
B

After mesh discretization, the displacement field u”

T
interpolated in terms of the nodal displacements a = {a L ooa } .

u(x)= Y N;(x)a, =Na
1

e"(x)= )'B;(x)a, =Ba
1

where in 2-D cases, the interpolation matrix N = { N,

T
strain matrix B = { B, - B, } have the following components,

(A.l1a)

(A.1b)

h

and the resulting strain field €” are

(A.2a)

(A.2b)

T
N, } and the displacement-
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IN;, O
N, (x) 0
N, (x) = B;x)=| 0 N, (A.3)
0 N, (x)
NI,y NI,x
as0  for the interpolation function N, (x) associated to node I of the computational domain.
ag1 The non-local field Y (x) and its gradient VY (x) are also interpolated in terms of the nodal
T
a2 damage dofs a = {51 o a, } .
Y(x)= ) N,(x)a, =Na (A.4a)
1
VY (x)= ) B,(x)a, = Ba (A.4b)
1
483
484 The interpolation function N ; (x) associated with the elements’ node I in the localization

a5 band B. Note that the displacement and damage fields are typically approximated using the same
as6 Interpolation methods N, .
ag7 Similar FE approximations for 6u and §Y can be defined within the framework of the Bubnov-

ass  Galerkin method. It then follows from the governing equation in weak form Eq. (A.1) that,

sa’ </ BTGdV> =6a’ (A.52)
B

sa’ l / NT (=Y +Y)-LB"VYdV| =0 (A.5b)
B

a0 where £ is the standard external force vector.
490 The arbitrary nature of a’ and 6a’ produces the following semi-discrete equations in the

401 residual form.
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r= fext _ / BT odV (A.6a)
B
F= / NT (=Y +Y)-LB"VYdV =0 (A.6b)
B
492
493 The set of linear algebraic equations for the rectification of the nodal unknowns in the Newton-

a2 Raphson method is denoted by

K,, K, || oa r
= (A.7)
K., K,|| oa r
a5 where the tangent matrices are given by
K, = _or / B9 pay (A.82)
da B O€
K, =-9"_ / B 9% Nav (A.8b)
) 0a B aY
K., = L9 _ [ §r ¥ gy (A.8¢)
da B de
K, =-9_p / (-NTN + BTB)dV (A.8d)
L da /g
496
a97 Since the Modified Newton Algorithm improves the computational efficiency of strongly

a0s nonlinear [61] and strongly coupled multi-field problems [62]. Therefore, the modified Newton
a09 algorithm is adopted in this paper. Where tangent matrices ignore the inter-field coupling to remove

so0 the off-diagonal matrices, leading to

(A.9)

501
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In the UEL compiled in this paper, a linear quadrilateral plane stress element with a 4-point

Gaussian integration is used.
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