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Abstract. We propose a mixed Boltzmann–BGK model for mixtures of mon-
atomic gases, where some kinds of collisions are described by bi–species Boltz-

mann operators and the others by the binary BGK terms given in [Bobylev

et al., Kinetic and Related Models 11 (2018)], that is the relaxation model for
mixtures with the closest structure to the Boltzmann one. At first we assume

that collisions occurring within the same species (intra-species) are modelled by

Boltzmann operators, while interactions between different constituents (inter-
species) are described by BGK terms. This option allows to rigorously derive

hydrodynamic equations not only in the classical collision dominated regime,

but also in situations with intra–species collisions playing the dominant role
(as in mixtures with very disparate particle masses). Then, we present a gen-

eral form of this mixed Boltzmann–BGK model, characterized by further pa-
rameters allowing to select which binary interactions have to be described by

Boltzmann integrals or by BGK operators. We prove that this model preserves

conservations of global momentum and energy, positivity of all temperatures,
as well as the validity of Boltzmann H-theorem, allowing to conclude that the

unique admissible equilibrium state is the expected Maxwellian distribution

with all species sharing a common mean velocity and a common temperature.

1. Introduction. The kinetic theory approach to gas mixtures has gained much
interest in last decades, and the Boltzmann description has been generalized also
to reacting mixtures [46] or to polyatomic constituents [22, 25, 27]. As concerns
inert mixtures of monatomic gases, Boltzmann equations for species distribution
functions are well known in the literature [18, 19], but the investigation of their
mathematical properties is still in progress (see for instance some recent results
in [1, 15, 24]), as well as the construction of effective numerical schemes for them
[12, 20, 51, 53]. Since these equations are quite awkward to deal with, several ap-
proximations have been proposed, mainly of BGK type, generalizing the relaxation
model proposed in [3] for a single gas. The first mathematically rigorous BGK
model built up in [2] assumes that the relaxation towards the equilibrium state
is governed by a unique relaxation operator for each species, where the auxiliary
Maxwellian attractor is able to take into account the effects due to interactions with
all other constituents. The effectiveness of this model, in spite of its simple struc-
ture, has motivated various generalizations to reacting mixtures [5, 7, 28], even of

2020 Mathematics Subject Classification. Primary: 76P05, 82C40.
Key words and phrases. Kinetic theory, Gas mixtures, BGK approximation, Mixed Boltzmann–

BGK model, Euler equations.
∗Corresponding author: Giorgio Martalò.
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monatomic and polyatomic gases [10]. On the other hand, consistent BGK models
involving suitable sums of relaxation operators have been also built up, taking into
account more details of the binary collision processes occurring in inert gas mixtures
[30, 34, 37], and some models in this respect are available also in reactive frames
[16, 35].

In the recent paper [11], analogies and differences between existing BGK models
for inert mixtures have been commented on, and a new BGK approximation has
been built up, with collision operators defined by proper sums of relaxation terms,
each one reproducing the exchange rates for momentum and energy of the cor-
responding binary Boltzmann operator. This correspondence between BGK and
Boltzmann rates is exact in case of Maxwell molecule interactions, but a suit-
able approximation allows to obtain consistent auxiliary parameters (characterizing
Maxwellian attractors of BGK operators) even for general intermolecular potentials,
widening thus the applicability of the BGK approximation.

In this paper we aim at combining in one model the BGK and the Boltzmann
descriptions, and we propose a mixed Boltzmann–BGK model for inert mixtures
of monatomic gases, where some kinds of interactions are described by means of
classical bi-species Boltzmann operators, and the others by means of the binary
BGK operators introduced in [11]. Some preliminary attempts to combine collisional
models of Boltzmann and BGK–type, for numerical purposes, can be found in
[36, 41], with the aim of balancing computational cost and accuracy. It is well–
known indeed that the numerical methods for multi–species Boltzmann equations
are computationally expensive (see for instance [30] and the references therein).
On the other hand, BGK approximations are not capable to reproduce peculiar
nonlinear effects, especially in the evolution of high order moments in mixtures with
heavy and light components [29]. This is also due to the fact that BGK operators do
not include all the details of the different intermolecular potentials [50]. Taking into
account pros and cons of Boltzmann and BGK approaches, we would like to preserve
as much as possible the details of collision parameters and intermolecular potentials
as in the Boltzmann description, but keeping the kinetic model manageable from the
analytical and the numerical points of view. For this reason, we try to replace some
of the integral Boltzmann operators by their simpler BGK approximation, which
takes into account the collision process only through the Maxwellian attractor and
the collision frequency. Among the many BGK models available for inert mixtures,
we use the one of Ref. [11] since it has the same structure as the Boltzmann model
and simply replaces each bi–species Boltzmann operator by a proper relaxation
term. In addition, contrary to other BGK approaches, this model allows to relate
its parameters to each binary interaction potential, preserving a more physically
realistic description of the collisions. It seems thus well suited for a hybrid kinetic
model where only some bi–species interactions are described by relaxation–type
operators.

We present at first a model with intra–species collisions (involving particles of
the same species) described by means of Boltzmann operators, and inter–species
interactions (involving particles of different constituents) by means of BGK terms.
We show the consistency of the model for general intermolecular potentials, proving
in particular the validity of the Boltzmann H–theorem, allowing us to recover also
the correct Maxwellian equilibria of the classical Boltzmann description. The proof
of the entropy dissipation estimate is based on the fact that it holds separately
for each single–species Boltzmann operator and for each pair of BGK operators
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Qsr(fs) +Qrs(fr) relevant to interactions (s, r) with r ̸= s (where Qsr(fs) appears
in the equation for species s, and Qrs(fr) in the equation for species r). The choice
of the Boltzmann model for intra–species interactions and a proper BGK model for
inter–species ones is motivated by the fact that in some physical problems particles
of the same species exchange energy faster than particles with disparate masses.
This occurs for instance in ε-mixtures of heavy and light gases [23] or in astro-
physics problems [49], but also some phenomena in plasma physics are studied
neglecting inter–species interactions (as the so–called Z–pinch dynamics, meaning
anomalous resistivity and plasma sheath formation [38]). Our description is well
suited for these problems since it keeps track of all the interaction details for the
dominant single–species collisions and it approximates with relaxation operators
only the slower inter–species interactions (loosing thus some microscopic features of
such collisions). This structure allows us thus to consider different hydrodynamic
closures for practical purposes. In this respect, we show the hydrodynamic closure
at Euler level derived from our kinetic model, both in the classical collision domi-
nated regime (leading thus to Euler equations for species number densities, global
velocity and temperature of the mixture), and in a situation where intra–species
collisions are faster than the others (obtaining Euler equations for species densities,
velocities, and temperatures). Details on macroscopic equations in such different
asymptotic regimes may be found also in [6] for the full BGK model proposed
in [11], and in the references therein. This mixed model could be managed also nu-
merically, since various effective schemes are available for single-species Boltzmann
collision operator [14, 40, 45, 48] and for BGK relaxation operators [13, 26, 42].
Some preliminary numerical tests for a hybrid Boltzmann–BGK model for a binary
mixture have been recently performed owing to an IMEX finite volume scheme on
unstructured meshes [4].

Then, in the second part of the paper we generalize our Boltzmann–BGK model.
Specifically, for any pair of species (s, r) with s, r = 1, . . . , N , the pertinent collisions
may be described by a Boltzmann or a BGK operator: we fix a set of coefficients
χsr ∈ {0, 1} (with the reasonable symmetry assumption χsr = χrs), and if χsr = 1
then the (s, r) interactions are modelled by a Boltzmann operator, while if χsr = 0
by a BGK one. We prove the consistency properties of the model (including the
H-theorem) for any choice of coefficients χsr. The option χsr = 1, ∀(s, r) reproduces
the full Boltzmann model, while the option χsr = 0, ∀(s, r) yields the BGK model
built up in [11]. The general structure of this hybrid kinetic model allows modelling
the more significant part of the collision operator by Boltzmann terms (for instance
the dominant interactions, or the ones giving rise to specific features of the consid-
ered physical problem), and the other ones by means of simpler relaxation terms.
For instance, in plasmas the physically admissible scalings are strongly affected by
the very large mass ratio between ions and electrons, so that the ions–ions inter-
actions play the dominant role (and should be properly described by Boltzmann
operators), whereas ions are almost no affected by electrons [33, 34, 43]. Analo-
gously, when a gaseous mixture is assumed diffusing in a much denser host medium
[9, 52], Boltzmann description could be used only for the dominant interactions
with the background, leaving other intra- and inter–species interactions modelled
by BGK terms.

In more detail, the article is organized as follows. In Section 2 we summarize the
main features of the Boltzmann description for gas mixtures and of the BGK–type
approximation. Then, in Section 3 we propose a mixed Boltzmann–BGK model
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with intra–species collisions described by Boltzmann operators and inter–species
interactions modelled through binary BGK operators of the type used in [11]; we
prove the preservation of Boltzmann collision invariants and of Maxwellian equilib-
ria, as well as the validity of the H-theorem. In Section 4 we show the Euler closure
of this kinetic model in two different hydrodynamic regimes: a situation where all
collisions are dominant, and a regime where the dominant role is played by intra-
species collisions only (described by Boltzmann operators). Finally, in Section 5 we
present a general form of our Boltzmann-BGK model, where each different kind of
binary interactions may be described by a Boltzmann or by a BGK operator, and we
prove its consistency. Section 6 contains some concluding remarks and perspectives.

2. Introduction. In kinetic theory, the description of a mixture of N monatomic
gases is based on evolution equations for the distribution functions of each con-
stituent, here denoted by fs = fs(x,v, t) (s = 1, . . . , N), depending on position
x ∈ R3, velocity v ∈ R3 and time t ∈ R+. The most common approach is the
Boltzmann one, that will be rapidly summarized in Subsection 2.1, giving rise to
a set of N coupled nonlinear integro–differential evolution equations. Simpler ap-
proximations are given by the BGK models, and in Subsection 2.2 we describe the
main features of a recent model proposed and investigated in [11] for the same inert
mixture.

2.1. The Boltzmann formulation. In the Boltzmann description of the dynam-
ics of rarefied gas mixtures, each distribution function fs is governed by the following
integro-differential equation [18]

∂fs
∂t

+ v · ∇xfs = Q̂s(f) =

N∑
r=1

Q̂sr(fs, fr) , s = 1, . . . , N ; (1)

on the right hand side, f = (f1, f2, . . . , fN ) and the collision term is sum of binary
contributions given by

Q̂sr(fs, fr) =

∫
R3

∫
S2
gsr(|y|, ŷ · ω) [fs(v

′
sr)fr(w

′
sr)− fs(v)fr(w)] dwdω, (2)

where gsr is the collision cross section depending on the pre-collision relative speed
|y| = |v − w| and on the angle between its direction ŷ = y/|y| and the direction
of post-collision relative velocity ω ∈ S2. The cross section takes into account the
interaction potential of molecules: for instance, to inverse–power intermolecular
potentials of the kind Vsr(d) = d−p (with d denoting the intermolecular distance
and p > 1) there correspond cross sections of the form gsr = |y|1−4/p ḡsr(ŷ ·ω); the
particular option p = 4, in which the dependence on the relative speed disappears,
gives the so–called Maxwell molecules. Owing to conservation of momentum and
kinetic energy in each binary (elastic) collision, it is easy to check that post-collision
velocities (v′

sr,w
′
sr) are related to the pre-collision ones (v,w) as follows

v′
sr =

ms

ms +mr
v +

mr

ms +mr
w +

mr

ms +mr
|y|ω

w′
sr =

ms

ms +mr
v +

mr

ms +mr
w − ms

ms +mr
|y|ω .

(3)

We can observe that the Boltzmann term reduces to the classical integral operator
for a single gas, when r = s. If we denote by < ·, · > the usual L2–product

< h, k >=

∫
R3

h(v) k(v) dv , (4)
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it can be easily checked, by exchanging pre- and post–collision velocities, that the
weak form of each Boltzmann operator (2) may be cast as

< Q̂sr(fs, fr), φs(v) > = − 1

2

∫
R3

∫
R3

∫
S2
gsr(|y|, ŷ · ω) [φs(v

′
sr)− φs(v)]

× [fs(v
′
sr)fr(w

′
sr)− fs(v)fr(w)] dvdwdω ,

(5)

where φs(v) denotes a general molecular property.
Species number densities ns, mean velocities us, and absolute temperatures Ts

(incorporating the Boltzmann constant KB) may be recovered as suitable moments
of s–th distribution function as

ns =

∫
R3

fs(v) dv , us =
1

ns

∫
R3

v fs(v) dv , Ts =
ms

3ns

∫
R3

|v − us|2 fs(v) dv ,

(6)
where ms is the species particle mass; species mass density will be denoted by
ρs = ms ns. Total number density n, mass density ρ, global mass velocity u, and
global temperature T are provided by the following combinations of species fields

n =

N∑
s=1

ns , ρ =

N∑
s=1

ms ns , u =

N∑
s=1

ms ns us ,

T =
1

n

N∑
s=1

ns Ts +
1

3n

N∑
s=1

ms ns |us − u|2 .

(7)

Equilibrium states for the set of Boltzmann equations (1) are given by Maxwellian
distributions with all species sharing a common mean velocity u and a common
temperature T :

Ms = Ms(v;ns,u, T ) = ns

( ms

2πT

)3/2
exp

[
−ms

2T
|v − u|2

]
. (8)

Asymptotic stability of such equilibrium configurations in space homogeneous con-
ditions may be deduced from the Boltzmann H–theorem. Indeed, setting the H–
functional

H(f) =
N∑
s=1

∫
R3

fs(v) log
(
fs(v)

)
dv , (9)

it can be proved that
dH
dt

≤ 0 along each space homogeneous solution of the Boltz-

mann system (1), and H(f) > H(M) for any f ̸= M, where M = (M1,M2, ...,MN )
denotes the (unique, in space homogeneous setting) equilibrium state corresponding
to the set of distributions f .

2.2. A BGK–type approximation. Due to the presence of integral nonlinear
operators in the Boltzmann equations, some alternative simpler formulations can
be used for the description of gas mixtures. The most famous one is the BGK
approximation, built up in the lines established in [3] for a single gas, where the
Boltzmann terms are replaced by suitable operators prescribing the relaxation of
the distribution functions towards Maxwellian states. The more general structure
of the BGK evolution equation for the s−th component is

∂fs
∂t

+ v · ∇xfs = Qs(fs) =

N∑
r=1

Qsr(fs) , s = 1, . . . , N , (10)
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where each binary relaxation term takes the form

Qsr(fs) = νsr(Msr − fs) . (11)

Here, νsr stands for a relaxation frequency to be properly determined accord-
ing to the original Boltzmann interaction rates. The attractor Msr is a suitable
Maxwellian function

Msr = Msr(v;nsr,usr, Tsr) = nsr

(
ms

2πTsr

)3/2

exp

[
− ms

2Tsr
|v − usr|2

]
, (12)

depending on fictitious quantities nsr, usr and Tsr.
Such auxiliary fields are 5N2 disposable parameters that can be expressed in

terms of species densities, velocities and temperatures in order to make the BGK
model (10) a good approximation of the Boltzmann model (1). A requirement to
be fulfilled by any kinetic model for inert gas mixtures is the conservation of species
number densities, global momentum and kinetic energy; this provides N + 4 con-
straints on the fictitious quantities. Since the number of constraints is lower than
the number of free parameters, the generalization of the classical BGK model to a
gas mixture is not unique, and several consistent BGK models have been built up
in the literature. The simpler approach, proposed in [2] for inert mixtures, consists

in assuming that usr = ũ and Tsr = T̃ (while conservation of species densities,
in any case, implies nsr = ns), so that a unique relaxation operator appears in

each equation (10), and explicit expressions for ũ and T̃ are then recovered im-
posing preservation of total momentum and energy. This way of modelling has
been successfully generalized to reacting monatomic species [7] and to mixtures of
monatomic and polyatomic gases [10]. However, even models with a sum of BGK
operators as in (10) available in the literature [30, 34] can be put in this setting,
and are able to take into account not only global conservations, but also some more
details of bi–species exchanges.

The BGK description [11] also fits into this line, preserving the same structure
of the Boltzmann operators as sum of binary contributions. It assumes at first that
when r = s the usual BGK operator for a single gas is reproduced, namely

nss = ns , uss = us , Tss = Ts . (13)

Then, the other auxiliary fields usr and Tsr (for s ̸= r) are determined imposing that
each bi–species BGK operator preserves the corresponding bi–species Boltzmann ex-
change rates of momentum and energy, for general intermolecular potentials. This
BGK model will be used in the construction of our mixed Boltzmann–BGK de-
scription, and further details about coefficients will be given below in Section 3.
Various strategies have been proposed in the literature in order to fix proper relax-
ation frequencies νsr for various BGK models [4, 8, 28]. A recent review of existing
BGK models for gas mixtures of monatomic and polyatomic particles may be found
in [44].

3. A mixed Boltzmann–BGK model. We propose a hybrid Boltzmann–BGK
description that combines the positive features of the two formulations, useful to
describe gas mixtures governed by a two–scale collision process. The main idea is
to model the dominant phenomenon by the more accurate Boltzmann term, and
the remaining process by means of a more manageable relaxation operator. In this
section, we present in detail a model in which collisions among particles of the same
species (intra–species collisions) are described by a one–species Boltzmann operator,
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while collisions among particles of different constituents (inter–species collisions)
are modelled by binary BGK operators as the ones built up in [11]. We will prove
the well–posedness of this hybrid model, namely fulfillment of conservation laws
and of Boltzmann H-theorem, as well as the preservation of correct Maxwellian
equilibria. This model with different kinetic operators for intra–species and inter–
species collisions will allow us to investigate, in Section 4, not only the classical
collision dominated regime but also a situation in which the dominant process is
constituted by intra–species collisions only. This regime could be meaningful in
problems involving constituents with very disparate masses (for instance in plasma
physics, with ions and electrons), since energy exchanges among particles with very
different masses may occur more slowly [23]. In Section 5 we will present a general
form of this hybrid kinetic model, with different choices for pair interactions to
be described by Boltzmann or by BGK operators, allowing thus to study various
hydrodynamic regimes.

We consider here the following integro-differential equations

∂fs
∂t

+ v · ∇xfs = Q̃s(fs) = Q̂ss(fs, fs) +

N∑
r=1
r ̸=s

Qsr(fs) , s = 1, . . . , N , (14)

where the collisions between molecules of the same component are modeled by Boltz-
mann terms Q̂ss(fs, fs) (see equation (2)), and the interactions between different
species are described by BGK terms Qsr(fs) (see equation (11)). In order to ex-
plicitly express the auxiliary parameters in the relaxation contributions, for r ̸= s,
we impose, as done in [11], the conservation of species densities in each collision,
and that momentum and energy exchanges for BGK and Boltzmann formulations
coincide, i.e.

< Qsr, 1 > =< Q̂sr, 1 >= 0 , < Qsr − Q̂sr,v >= 0 ,

< Qsr − Q̂sr, |v|2 >= 0 , r ̸= s .
(15)

From the conservation of number densities (first condition in (15)) we easily obtain
that for each s = 1, . . . , N

nsr = ns , r = 1, . . . , N , r ̸= s . (16)

The constraints on momentum and energy exchange rates (second and third condi-
tions in (15)) are much more complicated. Indeed, while BGK contributions may
be explicitly computed, providing

< Qsr,v > = νsr ns

(
usr − us

)
,

< Qsr, |v|2 > = νsr ns

(
3
Tsr − Ts

ms
+ |usr|2 − |us|2

)
,

(17)

the corresponding Boltzmann moments involve angular integrals of the kind

λsr(|y|) ŷ =

∫
S2
(ŷ − ω) gsr(|y|, ŷ · ω) dω ,

that cannot be explicitly calculated for general intermolecular potentials, except for
Maxwell molecules, for which λsr are constant. For other potentials, the authors
in [11] propose to approximate each λsr(|y|) by its value in some typical point,
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namely λsr(|y|) ∼= λsr(ȳ), where ȳ is an average of the relative speed defined as

ȳ =

(
1

ns nr

∫
R3

∫
R3

|v −w|2 fs(v) fr(w) dv dw

)1/2

=

[
3

(
Ts

ms
+

Tr

mr

)
+ |us − ur|2

]1/2
.

With this approximation, the computation of the Boltzmann exchange rates needed
in (15) is similar to that performed in [2] (see also [11] for further details), and it
leads to

< Q̂sr,v > = − mr

ms +mr
λsr ns nr(us − ur)

< Q̂sr, |v|2 > = − 2mr

(ms +mr)2
λsr ns nr

[
3(Ts − Tr) + (ms us +mr ur) · (us − ur)

]
.

(18)
By equating these results with the corresponding BGK exchange rates in (17) we
get the following explicit expressions for auxiliary parameters:

usr = (1− asr)us + asrur , (19)

where

asr =
λsr mr nr

νsr (ms +mr)
,

and
Tsr = (1− bsr)Ts + bsrTr + γsr|us − ur|2 , (20)

where

bsr = 2 asr
ms

ms +mr
and γsr =

1

3
msasr

(
2mr

ms +mr
− asr

)
.

The factors λsr are related to the Boltzmann cross sections as described above, and
they are symmetric with respect to their indices.

It can be proved that the auxiliary temperatures defined in (20) are positive if
relaxation frequencies νsr are large enough.

Proposition 3.1. The fictitious temperatures Tsr provided in (20) are well defined,
i.e. Tsr > 0, if relaxation frequencies fulfill the constraint

νsr ≥ 1

2
λsrnr (21)

for each s, r = 1, . . . , N , r ̸= s.

Proof. By definition, it follows that

asr > 0 , bsr > 0 ; (22)

moreover, under the condition (21), one has

bsr = 2
λsr

νsr
nr

ms mr

(ms +mr)2
≤ 4

ms mr

(ms +mr)2
= 4

ms

ms +mr

(
1− ms

ms +mr

)
≤ 4 · 1

4
= 1 ,

(23)

and

γsr =
1

3
msasr

(
2mr

ms +mr
− λsr mr nr

νsr (ms +mr)

)
≥ 0 . (24)

Hence, the positiveness of the fictitious temperatures trivially follows.
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3.1. Consistency of the mixed model. We show now that the mixed description
introduced above satisfies the main properties of consistency; more precisely, we
prove

A) conservation of species masses, global momentum and energy, i.e.

< Q̂ss, 1 >= 0 , s = 1, . . . , N , < Qsr, 1 >= 0 , s, r = 1, . . . , N , r ̸= s ,

N∑
s=1

ms < Q̃s,v >= 0 ,

N∑
s=1

ms < Q̃s, |v|2 >= 0 ;

(25)
B) the validity of Boltzmann H-theorem, and in particular of the entropy dissi-

pation, i.e.

N∑
s=1

< Q̃s, log fs >≤ 0 ; (26)

C) preservation of Boltzmann equilibrium distribution functions, i.e.

Q̃s = 0 , s = 1, . . . , N ⇐⇒ fs = Ms = ns

( ms

2πT

)3/2
exp

[
−ms

2T
|v − u|2

]
,

(27)
where u and T are the global mean velocity and temperature, respectively.

In the following, Proposition 3.2 will be devoted to the proof of item A), Propo-
sition 3.3 to the proof of item B), and Proposition 3.5 to the proof of item C).

Proposition 3.2. The conservation laws (25) hold for the mixed model (14).

Proof. The conservation of species number densities trivially follows from (15).
As concerns the conservation of momentum, one has to prove that

N∑
s=1

< Q̂ss,msv > +

N∑
s=1

N∑
r=1
r ̸=s

< Qsr,msv >= 0 ; (28)

we can observe that each contribution in the first sum vanishes, since φs(v) = msv
is a collision invariant for the single gas Boltzmann operator. The remaining terms
can be rewritten as follows

N∑
s=1

N∑
r=1
r>s

(< Qsr,msv > + < Qrs,mrv >)

=

N∑
s=1

N∑
r=1
r>s

(
−λsr

msmr

ms +mr
nsnr(us − ur) + λrs

msmr

ms +mr
nsnr(us − ur)

)
= 0 ,

(29)
where the first equality follows from (18) and we use the symmetry property λrs =
λsr to conclude.
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Similar arguments are used to prove the conservation of total energy, leading to

N∑
s=1

N∑
r=1
r>s

(< Qsr,ms|v|2 > + < Qrs,mr|v|2 >)

=

N∑
s=1

N∑
r=1
r>s

[
−λsr

2ms mr

(ms +mr)2
ns nr

[
3(Ts − Tr) + (ms us +mr ur) · (us − ur)

]

+ λrs
2ms mr

(ms +mr)2
ns nr

[
3(Ts − Tr) + (ms us +mr ur) · (us − ur)

]]
= 0 .

(30)

We prove now the validity of the Boltzmann H-theorem for our mixed Boltzmann–
BGK model.

Proposition 3.3. In the space homogeneous case, the functional

H[f ] =

N∑
s=1

< fs, log fs >=

N∑
s=1

∫
R3

fs(v) log
(
fs(v)

)
dv (31)

is a Lyapunov functional, namely
dH
dt

≤ 0 along each solution of the mixed Boltzmann–

BGK system (14), and H(f) > H(M) for any f ̸= M.

Proof. The Gibbs inequality H(f) > H(M) is a standard result of kinetic theory for
gas mixtures [18]. As concerns the entropy dissipation, at first we note that, from
(25), in the space homogeneous case we have

d

dt
< fs, 1 >=<

dfs
dt

, 1 >=< Q̃s, 1 >=< Q̂ss, 1 > +

N∑
r=1
r ̸=s

< Qsr, 1 >= 0 , (32)

hence
dns

dt
= 0 =⇒ ns = n(0)

s , (33)

where n
(0)
s is the given initial density of the s−th component. We want to prove

that

dH
dt

=
d

dt

(
N∑
s=1

< fs, log fs >

)
=

N∑
s=1

(
<

dfs
dt

, log fs > + < fs,
1

fs

dfs
dt

>

)

=

N∑
s=1

(
<

dfs
dt

, log fs > + < 1,
dfs
dt

>

)
=

N∑
s=1

<
dfs
dt

, log fs >

=

N∑
s=1

< Q̂ss, log fs > +

N∑
s=1

N∑
r=1
r ̸=s

< Qsr, log fs >

(34)

is non-positive. As classically done for a single gas, it is easy to observe that

< Q̂ss, log fs > = −1

4

∫∫∫
R3×R3×S2

gss(y, ŷ · ω) log

(
fs(v

′
ss)fs(w

′
ss)

fs(v)fs(w)

)
×
[
fs(v

′
ss)fs(w

′
ss)

fs(v)fs(w)
− 1

]
fs(v)fs(w)dvdwdω ≤ 0 ;

(35)
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therefore

dH
dt

≤
N∑
s=1

N∑
r=1
r ̸=s

< Qsr, log fs >=

N∑
s=1

N∑
r=1
r ̸=s

νsr < Msr − fs, log fs >

≤
N∑
s=1

N∑
r=1
r ̸=s

νsr [< Msr, logMsr − 1 > − < fs, log fs − 1 >]

=

N∑
s=1

N∑
r=1
r ̸=s

νsr [< Msr, logMsr > − < fs, log fs >] ,

(36)

where the second inequality follows from

(y − x) log x ≤ y(log y − 1)− x(log x− 1) , for any x, y > 0 (37)

and in last equality we have taken into account that < Msr, 1 >=< fs, 1 >= ns.
Now, we can use the classical inequality

< fs, log fs >≥< Mss, logMss > , (38)

where Mss, defined according to (12), is a Maxwellian function having the same
moments as fs; it follows that

dH
dt

≤
N∑
s=1

N∑
r=1
r ̸=s

νsr [< Msr, logMsr > − < Mss, logMss >] . (39)

We compute explicitly

< Msr, logMsr >=< Msr, log ns +
3

2
log

(
ms

2πTsr

)
− ms

2Tsr
|v − usr|2 >

=

[
log ns +

3

2
log

(
ms

2πTsr

)]
< Msr, 1 > − ms

2Tsr
< Msr, |v − usr|2 >

= ns

[
log ns +

3

2
log

(
ms

2πTsr

)]
− ms

2Tsr
ns

(
ms

2πTsr

)3/2
3

2
π3/2

(
ms

2Tsr

)−5/2

= ns

[
log ns +

3

2
log

(
ms

2πTsr

)
− 3

2

]
,

(40)
hence

dH
dt

≤ −3

2

N∑
s=1

N∑
r=1
r ̸=s

νsrns log
Tsr

Ts
. (41)

From the expressions of auxiliary temperatures given in (20), we have

Tsr ≥ (1− bsr)Ts + bsrTr

=⇒ log Tsr ≥ log[(1− bsr)Ts + bsrTr] ≥ (1− bsr) log Ts + bsr log Tr ,
(42)

where last inequality follows from concavity arguments, recalling that bsr < 1; by
such result, we can rewrite

log
Tsr

Ts
= log Tsr − log Ts ≥ (1− bsr) log Ts+ bsr log Tr − log Ts = bsr log

Tr

Ts
, (43)
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and

dH
dt

≤ −3

2

N∑
s=1

N∑
r=1
r ̸=s

νsrnsbsr log
Tr

Ts
= −3

2

N∑
s=1

N∑
r=1
r>s

νsrnsbsr

(
log

Tr

Ts
+ log

Ts

Tr

)
= 0 ,

(44)
where we have noted that νrsnrbrs = νsrnsbsr. This concludes the proof of the
entropy dissipation of our mixed Boltzmann–BGK model.

From the H-theorem we can deduce that our mixed model preserves the same
equilibrium distributions as the original Boltzmann model for inert gas mixtures;
before entering into the proof, we state the following auxiliary lemma.

Lemma 3.4. Let {κij , i, j = 1, . . . , N , i ̸= j} be a set of N(N−1) positive numbers
such that κij = κji for each admissible pair. Then, the linear system

N∑
j=1
j ̸=i

κij(ξj − ξi) = 0 , i = 1, . . . , N (45)

admits only the trivial solution ξ1 = . . . = ξN = const.

Proof. We multiply each equation by ξi and we sum over i; we obtain

N∑
i=1

N∑
j=1
j ̸=i

κij(ξ
2
i − ξiξj) =

1

2

N∑
i=1

N∑
j=1
j ̸=i

κij(ξi − ξj)
2 = 0 . (46)

Since all coefficients κij are positive, the only admissible solution is ξi − ξj = 0 for
each pair of indices.

Proposition 3.5. The equilibrium solutions of the Boltzmann–BGK model (14)
are provided by Maxwellian functions depending on global mean velocity and tem-
perature, i.e.

Q̃s = 0 , s = 1, . . . , N ⇐⇒ fs = Ms = ns

( ms

2πT

)3/2
exp

[
−ms

2T
|v − u|2

]
.

(47)

Proof. Firstly we observe that one of the two implications is trivial: if the Maxwellian
distribution functions share the same mean velocity and temperature then each term
in Q̃s vanishes. For the reverse implication, we remark that in the proof of Propo-

sition 3.3 we have shown that
dH
dt

is a sum of non–negative terms

dH
dt

=

N∑
s=1

< Q̂ss, log fs >︸ ︷︷ ︸
≤0

+

N∑
s=1

N∑
r=1
r ̸=s

< Qsr, log fs >

︸ ︷︷ ︸
≤0

. (48)

If f = (f1, . . . , fN ) is a stationary state, then
dH
dt

must vanish hence, in particular,

each term coming from Boltzmann operators must be zero. Then, by using the
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classical arguments for a single gas, it can be proved that each distribution at
equilibrium is a Maxwellian function depending on its own velocity and temperature

f eq
s = ns

(
ms

2πTs

)3/2

exp

[
−ms

2Ts
|v − us|2

]
. (49)

We multiply now Q̃s = 0 by the test function msv, and we obtain

< Q̃s,msv >=< Q̂ss,msv > +

N∑
r=1
r ̸=s

< Qsr,msv >=

N∑
r=1
r ̸=s

Csr(ur − us) = 0 , (50)

where Csr = λsr
msmr

ms +mr
nsnr > 0 (see (29)). By Lemma 3.4, we can conclude that

u1 = . . . = uN = u. Using this last result, one can rewrite

< Q̃s,ms|v|2 >=< Q̂ss,ms|v|2 > +

N∑
r=1
r ̸=s

< Qsr,ms|v|2 >= 3

N∑
r=1
r ̸=s

Dsr(Tr − Ts) = 0 ,

(51)
where Dsr = 2Csr/(ms +mr) > 0 (see (30)), and the equalization of species tem-
peratures trivially follows from Lemma 3.4.

4. Euler hydrodynamic limits. In this section we derive from our Boltzmann–
BGK model a fluid–dynamic description of the evolution of a gas mixture in two
different hydrodynamic regimes. To this aim, we first present the dimensionless
form of the kinetic equations (14). We fix some reference values m0, n0, T0, ν0 for
particle mass, number density, temperature and collision frequency, respectively,
and we introduce the following scaling for time, space, velocity variables and for
distribution functions

t̃ = ν0t , x̃ =
ν0x√
T0/m0

, ṽ =
v√

T0/m0

, f̃s =

(
T0

m0

)3/2
fs
n0

, (52)

and for macroscopic fields

ñs =
ns

n0
, ũs =

us√
T0/m0

, T̃s =
Ts

T0
. (53)

As concerns collision frequencies and cross sections, we scale such quantities by
means of two parameters: α, useful to distinguish different hydrodynamic regimes,
and the classical Knudsen number ε, giving the ratio between microscopic and
macroscopic length scales; more precisely, we introduce

ν̃sr =
ε

αν0
νsr , g̃sr =

εn0

ν0
gsr , λ̃sr =

εn0

αν0
λsr . (54)

Substituting these quantities in (14) and omitting all tildes for sake of simplicity,
we obtain the following dimensionless kinetic equations

∂fs
∂t

+ v · ∇xfs =
1

ε
Q̂ss(fs, fs) +

α

ε

N∑
r=1
r ̸=s

Qsr(fs) , s = 1, . . . , N . (55)

We are interested in discussing two different asymptotic regimes: the classical hy-
drodynamic limit with all dominant collisions (corresponding to α = 1), that will
be dealt with in Subsection 4.1, and the case with dominant intra-species interac-
tions (corresponding to α = ε), meaningful for instance in gas mixtures with very
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disparate masses [23, 31, 39], that will be investigated in Subsection 4.2. In both
cases, use will be made of classical Chapman-Enskog expansion of the distribution
functions

fs = f0
s + εf1

s + . . . , (56)

leading to similar expansions for macroscopic quantities but, as typical in Chapman-
Enskog procedure, with the constraints that the macroscopic fields related to the
collision invariants of the dominant operator remain unexpanded [19].

4.1. Collision dominated regime. When α = 1, at the leading order the set of
re-scaled equations (55) reduces to

Q̃s(f
0
s ) = Q̂ss(f

0
s , f

0
s ) +

N∑
r=1
r ̸=s

Qsr(f
0
s ) = 0 , s = 1, . . . , N , (57)

giving that the zero-th order approximation coincides with the global Maxwellian
equilibrium

f0
s = ns

( ms

2πT

)3/2
exp

[
−ms

2T
|v − u|2

]
, s = 1, . . . , N , (58)

with all species sharing a common mean velocity and temperature. Collision in-
variants for the dominant part of the collision operator (in this regime, the whole
operator) are N + 4, and correspond to species densities, global mean velocity and
global temperature. By standard procedure, we get the Euler level of accuracy using
the approximation (58) into the set of macroscopic equations that can be deduced
taking the weak form of (14) relevant to collision invariants. Then, the evolution of
these macroscopic fields turns out to be governed by

∂ns

∂t
+∇x · (nsu) = 0 , s = 1, . . . , N

∂(ρu)

∂t
+∇x · (ρu⊗ u+ nT I) = 0

∂

∂t

(
1

2
ρ|u|2 + 3

2
nT

)
+∇x ·

[(
1

2
ρ|u|2 + 5

2
nT

)
u

]
= 0 ,

(59)

with I denoting the identity matrix. These are the classical Euler equations for
inert gas mixtures, describing conservations of mass of each component, of global
momentum and of total energy.

4.2. Dominant intra–species collisions. When α = ε, at the leading order equa-
tions (55) yield

Q̂ss(f
0
s , f

0
s ) = 0 , s = 1, . . . , N , (60)

and the zero-th order approximation is thus constituted by equilibria of single-
species Boltzmann operators, namely by Maxwellian functions depending on species
macroscopic fields ns, us and Ts as

f0
s = ns

(
ms

2πTs

)3/2

exp

[
−ms

2Ts
|v − us|2

]
, s = 1, . . . , N . (61)

In this regime, the collision invariants of the dominant operators are thus 5N , and
correspond to species macroscopic fields, i.e. density, velocity and temperature of
each constituent. Their evolution equations, at Euler level, contain not only the
streaming terms but also source terms coming from the slow interaction process
(inter–species BGK contributions) and taking into account momentum and energy
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exchanges between different components. The computation is essentially the same
already performed for the full BGK model (10)–(11) in [6], and leads to the same
results. Precisely, we obtain

∂ns

∂t
+∇x · (nsu) = 0 , s = 1, . . . , N

∂(ρsus)

∂t
+∇x · (ρsus ⊗ us + nsTsI) =

N∑
r=1
r ̸=s

Rsr ,

∂

∂t

(
1

2
ρs|us|2 +

3

2
nsTs

)
+∇x ·

[(
1

2
ρs|us|2 +

5

2
nsTs

)
us

]
=

N∑
r=1
r ̸=s

Ssr ,

(62)

where exchange terms are provided by

Rsr = ν0sr

∫
R3

ms v
[
M0

sr(v)− f0
s (v)

]
dv ,

Ssr = ν0sr

∫
R3

1

2
ms |v|2

[
M0

sr(v)− f0
s (v)

]
dv .

Here, since species fields ns, us and Ts have to remain unexpanded, the attractors
Msr may depend on the Knudsen parameter ε only through collision frequencies
νsr. Leading order auxiliary parameters read then as

u0
sr =

(
1− a0sr

)
us + a0sr ur , T 0

sr =
(
1− b0sr

)
Ts + b0sr Tr + γ0

sr |us − ur|2 ,

with coefficients a0sr, b
0
sr, γ

0
sr depending thus on ν0sr. Simple computations provide

the following explicit expressions for the source terms (see [6] for details):

Rsr = −λsr
msmr

ms +mr
nsnr(us − ur) ,

Ssr = −λsr
ms mr

(ms +mr)2
nsnr [3(Ts − Tr) + (msus +mrur) · (us − ur)] .

(63)

Note that when us = ur and Ts = Tr, ∀s, r = 1, . . . , N , namely when the collision
equilibrium of the whole Boltzmann–BGK model is reached, the collision contribu-
tions Rsr and Ssr correctly vanish.

5. General form of the hybrid kinetic model. In the previous sections we
have proposed and investigated a Boltzmann–BGK model where intra–species col-
lisions are described by Boltzmann operators, and inter–species collisions by BGK
operators like the ones built up in [11]. This model has allowed us to study also
the asymptotic regime where the dominant role in the evolution is played by intra–
species interactions only. In this section we present a more general form of such
hybrid kinetic model, where each kind of binary interaction may be alternatively
described by means of Boltzmann or BGK terms. The general Boltzmann–BGK
model for an inert mixture of N gaseous species reads as

∂fs
∂t

+ v · ∇xfs =

N∑
r=1

[
χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs)

]
, s = 1, . . . , N , (64)

where Q̂sr(fs, fr) is the bi–species Boltzmann operator defined in (2), and Qsr(fs) is
the BGK operator (11) constructed as described in Section 3; moreover, coefficients
χsr ∈ {0, 1} and are such that χsr = χrs, ∀s, r = 1, . . . , N .



16 MARZIA BISI, MARIA GROPPI, ENRICO LUCCHIN AND GIORGIO MARTALÒ

Notice that the option χsr = 1, ∀(s, r) provides the pure Boltzmann model
for inert mixtures, while the option χsr = 0, ∀(s, r) allows to recover the full
BGK model proposed in [11]. The general collision operator in (64) takes into
account that, for any pair (s, r), with s, r = 1, . . . , N , we can choose to describe the
interactions between particles of species s and r by means of a classical Boltzmann
operator (keeping all the details of the intermolecular interaction potential), or
by means of a simpler BGK operator that, as described in Section 3, introduces
some proper approximations. A possible reasonable choice could be to model the
dominant collisions (for instance the ones involving particles with much larger mass)
with Boltzmann terms, and the others, providing momentum and energy exchanging
on a slower time scale, with BGK terms. The hybrid model described in Section
3, distinguishing intra–species and inter–species collisions, may be recovered with
the option χss = 1, s = 1, . . . , N , and χsr = 0 for any r ̸= s. In addition, many
other choices can be put in this frame, including also less symmetric scenarios, like
for instance χ11 = 1 and χsr = 0 for any pair (s, r) ̸= (1, 1), suitable to describe a
mixture in which the component labelled by 1 is much heavier than the others. If
two gas components s and r are similar, namely with particle masses of the same
order of magnitude and with analogous interaction potentials, one should choose
χsj = χrj , ∀j = 1, . . . , N ; consequently, the particular limiting case where all
species become equal should be described only by the full Boltzmann model (with
all coefficients equal to 1) or by the full BGK approximation (with all coefficients
equal to 0).

We prove now the consistency properties of the general kinetic system (64),
namely the fulfillment of conservation laws, the entropy dissipation estimate, and
the preservation of Maxwellian equilibria. In order to check the conservations of
species number densities, global momentum, and total kinetic energy, we have to
show that

N∑
r=1

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), 1 >= 0 , ∀ s = 1, . . . , N , (65)

and
N∑
s=1

N∑
r=1

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), φs(v) >= 0 , (66)

for φs(v) = ms v and φs(v) = ms |v|2. Since all binary Boltzmann and BGK
operators separately preserve mass, equations (65) trivially hold. Equation (66)
may be rewritten as

N∑
s=1

< χss Q̂ss(fs, fs) + (1− χss)Qss(fs), φs(v) >

+

N∑
s=1

N∑
r=1
r ̸=s

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), φs(v) >= 0 .

(67)

The first sum vanishes, since φs(v) = ms v and φs(v) = ms |v|2 are collision
invariants for the single–species Boltzmann operators, and BGK contributions (17)
also vanish when r = s (since uss = us, and Tss = Ts). As concerns the second
sum, involving interactions between different species, by exchanging indices r and
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s and recalling that χrs = χsr we get

N∑
s=1

N∑
r=1
r ̸=s

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), φs(v) >

=
1

2

N∑
s=1

N∑
r=1
r ̸=s

[
χsr

(
< Q̂sr(fs, fr), φs(v) > + < Q̂rs(fr, fs), φr(v) >

)
+(1− χsr)

(
< Qsr(fs), φs(v) > + < Qrs(fr), φr(v) >

)]
.

Owing to the weak form (5) of the Boltzmann operators, we see that Boltzmann
contributions vanish due to conservations of momentum and energy in each collision;
even BGK contributions vanish as already proved in (29)–(30), therefore also the
second sum in (67) is equal to zero, concluding thus the proof of conservation laws.

In order to verify the validity of Boltzmann H-theorem as stated in Proposition
3.3, we have to prove that along any solution of the mixed model (64) in space

homogeneous conditions we have
dH
dt

≤ 0. Similarly to before, it can be checked

that

dH
dt

=

N∑
s=1

N∑
r=1

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), log fs >

=

N∑
s=1

< χss Q̂ss(fs, fs) + (1− χss)Qss(fs), log fs >

+

N∑
s=1

N∑
r=1
r ̸=s

< χsr Q̂sr(fs, fr) + (1− χsr)Qsr(fs), log fs > .

Since Q̂ss(fs, fs) is the one–species Boltzmann operator [17] and Qss(fs) is the stan-

dard BGK operator for a single gas [3], it is well known that < Q̂ss(fs, fs), log fs >≤
0 and < Qss(fs), log fs >≤ 0. As concerns contributions involving operators with
r ̸= s, for the BGK ones we have already proved in Subsection 3.1 that

< Qsr(fs), log fs > + < Qrs(fr), log fr >≤ 0 ,

while for the Boltzmann terms, recalling the weak form (5), we have

< Q̂sr(fs, fr), log fs >+ < Q̂rs(fr, fs), log fr >

= −1

2

∫∫∫
R3×R3×S2

gsr(y, ŷ · ω) log

(
fs(v

′
sr)fr(w

′
sr)

fs(v)fr(w)

)
×
[
fs(v

′
sr)fr(w

′
sr)

fs(v)fr(w)
− 1

]
fs(v)fr(w)dvdwdω ≤ 0 ,

where the inequality holds since (y − 1) log y ≥ 0, ∀y > 0. In conclusion, the

inequality
dH
dt

≤ 0 is fulfilled and, more specifically,
dH
dt

may be seen as a sum of
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non–positive contributions as follows:

dH
dt

=

N∑
s=1

χss < Q̂ss(fs, fs), log fs >︸ ︷︷ ︸
≤0

+

N∑
s=1

(1− χss) < Qss(fs), log fs >︸ ︷︷ ︸
≤0

+

N∑
s=1

N∑
r=1
r>s

χsr

(
< Q̂sr(fs, fr), log fs > + < Q̂rs(fr, fs), log fr >︸ ︷︷ ︸

≤0

)

+

N∑
s=1

N∑
r=1
r>s

(1− χsr)
(
< Qsr(fs), log fs > + < Qrs(fr), log fr >︸ ︷︷ ︸

≤0

)
.

(68)
This will allow us to prove that the collision equilibria of the general mixed model

(64) are only the standard Maxwellians (8), with all species sharing a common
velocity and a common temperature. Indeed, in any equilibrium state it holds
dH
dt

= 0, therefore each non–positive term in the expression above has to vanish.

By considering at first the interactions between particles of the same species we get
that, for any s = 1, ..., N , if χss = 1 then < Q̂ss(fs, fs), log fs >= 0, while if χss = 0
then < Qss(fs), log fs >= 0; in both cases this obviously yields (recalling classical
results for one–species Boltzmann and BGK H-theorem) that fs = f eq

s given in
(49), namely it is a Maxwellian distribution with species macroscopic fields ns, us

and Ts.
Taking into account this result, let us consider the interactions between different

constituents. For any (s, r) with r ̸= s such that χrs = 1, from the computations
above and from the well known detailed balance principle for bi–species Boltzmann
operators [18] we have that the pertinent contribution to the entropy dissipation
estimate (68) vanishes only if

log
(
fs(v

′
sr)
)
+log

(
fr(w

′
sr)
)
= log

(
fs(v)

)
+log

(
fr(w)

)
, ∀v,w ∈ R3,ω ∈ S2 .

By substituting into this equality the expressions of the local Maxwellians f eq
s and

f eq
r given in (49) we get

ms

Ts
|v′

sr − us|2 +
mr

Tr
|w′

sr − ur|2 =
ms

Ts
|v − us|2 +

mr

Tr
|w − ur|2,

hence

ms

Ts

(
|v′

sr|2−|v|2
)
+
mr

Tr

(
|w′

sr|2−|w|2
)
− 2

ms

Ts

(
v′
sr−v

)
·us− 2

mr

Tr

(
w′

sr−w
)
·ur = 0 ;

choosing w = −v and ω = −v/|v| we get v′
sr =

(
1− 4

mr

ms +mr

)
v and w′

sr =(
4

ms

mr +ms
− 1

)
v, and consequently

8
ms mr

ms +mr

(
2

mr

ms +mr
− 1

)(
1

Ts
− 1

Tr

)
|v|2 + 8

ms mr

ms +mr
v ·
(
us

Ts
− ur

Tr

)
= 0 .

Since such equality must hold ∀v ∈ R3, we obtain ur = us and Tr = Ts for all
pairs (s, r) with χsr = 1. Under these constraints, distributions (49) are such that

Q̂sr(f
eq
s , f eq

r ) = Q̂rs(f
eq
r , f eq

s ) = 0, for any (s, r) with χrs = 1. Therefore, by
multiplying the s-th collision operator in (64) by ms v, only BGK contributions
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remain:

N∑
r=1

< χsr Q̂sr(f
eq
s , f eq

r ) + (1− χsr)Qsr(f
eq
s ),ms v >

=

N∑
r=1
r ̸=s

(1− χsr) < Qsr(f
eq
s ),ms v >=

N∑
r=1
r ̸=s

(1− χsr)Csr(ur − us) ,

with coefficients Csr > 0 already detailed in the proof of Proposition 3.5. At the
equilibrium we have thus∑

r∈Ξs

Csr(ur − us) = 0 , s = 1, . . . , N,

where Ξs denotes the set of indices r = 1, . . . , N such that χsr = 0. According
to Lemma 1, these equalities hold if and only if ur = us for any (s, r) such that
χrs = 0. Using this result in the weak form of the s-th collision operator in (64)
with weight ms |v|2 we obtain

N∑
r=1

< χsr Q̂sr(f
eq
s , f eq

r ) + (1− χsr)Qsr(f
eq
s ),ms |v|2 >

=

N∑
r=1
r ̸=s

(1− χsr) < Qsr(f
eq
s ),ms |v|2 >=

N∑
r=1
r ̸=s

(1− χsr)Dsr(Tr − Ts) ,

with coefficients Dsr > 0 given explicitly in the proof of Proposition 3.5, and the
same arguments as above imply Tr = Ts for any (s, r) such that χrs = 0. This
concludes the proof of equalization of mean velocities and temperatures of all species
in any equilibrium configuration.

6. Concluding remarks. We have proposed and investigated a mixed Boltzmann–
BGK kinetic model for gas mixtures of N constituents, where some kinds of interac-
tions are modelled by Boltzmann operators and the remaining ones by binary BGK
relaxation terms built up in [11]. As well known, the Boltzmann description is able
to take into account the intermolecular potential and the microscopic impact pa-
rameters of each collision; on the other hand, a BGK approximation neglects some
microscopic details of single interactions, preserving only some basic features as
conservation laws and entropy dissipation, but it turns out to be more manageable
from the numerical point of view and also in the analytical derivation of hydrody-
namic closures [4, 6]. Some possible combined uses of nonlinear terms coming from
Boltzmann descriptions and of linear contributions from BGK operators have al-
ready been proposed in view of numerical approximations [36, 41], but for the first
time in this paper we have proved that a proper Boltzmann-BGK description is
consistent even from the analytical point of view. Specifically, we have shown that
our general model correctly reproduces conservation laws and Maxwellian equilibria
of the Boltzmann kinetic equations, and even the entropy dissipation property is
fulfilled. The proof of the H-theorem is based on the fact that entropy dissipation
holds separately for the single–species Boltzmann or BGK operators, and for the
two symmetric operators relevant to each pair of interacting species (s, r), with
r ̸= s, both of Boltzmann or of BGK type.
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In several problems for mixtures of rarefied gases, differences between the results
corresponding to various interaction potentials may be more appreciated in presence
of nonlinear terms [47]. On the other hand, it is known that the evolution is driven
by heaviest molecules, leading to unexpected behaviors in high order moments, as
heat flux [29]. In this respect, our hybrid model is devised to describe the evolution
of gas mixtures whose constituents show different features, and allows to treat
the most meaningful binary interactions, as the ones involving heavy particles or
higher collision frequencies, by accurate Boltzmann operators, and to approximate
by simpler BGK terms the interactions playing a minor role in the global evolution
of the mixture.

We have investigated in more detail the particular case with intra–species col-
lisions modelled by Boltzmann operators and inter–species interactions by BGK
terms. This option is suitable to investigate also situations where intra–species in-
teractions are much more frequent than the others, as it may occur in mixtures
of gases with very different masses [23, 39]. In this respect, we have performed
the Chapman–Enskog asymptotic procedure at Euler accuracy, leading to classical
N+4 Euler equations in the collision dominated regime, and to 5N Euler equations
for species densities, velocities and temperatures when only intra–species collisions
are dominant, showing proper source terms due to the slower inter–species interac-
tions described by BGK terms. The hydrodynamic limit of this mixed kinetic model
up to the Navier–Stokes accuracy is in progress in both asymptotic regimes, and
some additional difficulties appear with respect to analogous fluid–dynamic limits
of kinetic equations [6, 7], due to the simultaneous presence of the linearized single–
species Boltzmann operators and of the first order correction of BGK relaxation
terms, involving a proper linearization of Maxwellian attractors.

Of course different options for this hybrid Boltzmann–BGKmodel are worth to be
investigated in the future. For instance, in plasmas the interactions between (heavy)
ions usually play the dominant role (and should be thus described by Boltzmann
terms), while the influence of (light) electrons on the evolution of the mixture is
almost negligible (and could be modelled by simple BGK terms). Another physical
problem that could be suitably described by our kinetic model is the evolution of
a rarefied gas mixture in a much denser host medium, as a polluting powder in the
atmosphere: collisions between particles of the rarefied powder could be modelled
by BGK operators, while interactions with the background could be described by
bi–species Boltzmann operators, improving thus the commonly used kinetic models
based on linear Boltzmann operators, that assume the background distribution fixed
and not influenced by the gaseous powder diffusing in it. Hydrodynamic limits of
these models should involve a rigorous scaling of kinetic equations in terms of both
masses and collision frequencies, leading thus to a multi–scale setting in case of very
disparate masses and different interaction rates. Suitable numerical methods should
be also arranged for these hybrid kinetic equations, in the spirit of the asymptotic–
preserving schemes available for multi–scale Boltzmann equations or fluid–kinetic
models [21, 31, 32].

Another long-term goal could be the generalization of this Boltzmann-BGK de-
scription to mixtures involving monatomic and polyatomic gases, even in presence
of chemical reactions. To this aim, the BGK model built up in [11], where each
binary relaxation operator reproduces the exchange rates of momentum and en-
ergy of the corresponding Boltzmann operator, should be suitably established for
polyatomic particles and for bimolecular reactions. Some preliminary computations
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show that additional technicalities appear in the construction of auxiliary param-
eters and in the proof of the consistency of the BGK model, since exchange rates
for reactive Boltzmann operators may be explicitly computed only under suitable
simplifying assumptions, introducing thus additional approximations in the kinetic
model, whose order of accuracy has to be carefully estimated.
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