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1 Introduction

Despite several attempts over the years, solving an interacting quantum field theory (QFT)
still remains a formidable challenge. In four dimensions, the most promising candidate is
4d N = 4 super Yang-Mills (SYM) theory, due to the simultaneous applicability of most
of the existing tools to study strongly coupled QFTs: integrability [3], supersymmetric
localization [4], holography [5] and the conformal bootstrap [6]. Yet, even in the planar limit,
we are still far from claiming that we have fully solved the theory, mainly due to the difficulty
in computing the operator product expansion (OPE) coefficients. It could then be fruitful to
focus on an even simpler model, where said techniques are still applicable, to develop new
ideas that could be applied to the full-fledged four-dimensional gauge theories.

An interesting proposal is that of focusing on the one-dimensional superconformal field
theory (SCFT) defined by operator insertions along a one-half BPS Wilson line in planar 4d
N = 4 SYM [7]. In the simplest case of Wilson lines in the fundamental representation of
the gauge group SU(N), the defect CFT on the line has been discussed for small ’t Hooft
coupling λ in terms of deformations of the circular Wilson loop [8, 9], while at strong coupling
the dynamics of the theory is captured by the fluctuations of a semiclassical string with AdS2
worldsheet in AdS5 × S5 [10]. This allows for a perturbative approach both at weak and
strong coupling. Moreover, it was already observed by various authors that, much like its four-
dimensional parent, this defect CFT can be studied with integrability [11–14] supersymmetric
localization [15–17], holography [10, 18–21], and the conformal bootstrap [2, 22, 23]. In
particular, we would like to highlight two recent developments. On the one hand, the powerful
information on the spectrum of the theory obtained (numerically) with the quantum spectral
curve (QSC) [24–26] has been combined with numerical bootstrap techniques to put strong
constraints on the OPE coefficients, in a framework that was termed bootstrability in [13, 14].
Recently, interesting an interesting approach that combines bootstrap, reinforcement learning
and the integrability input has been also proposed [27, 28]. On the other hand, analytic
bootstrap methods have been proved particularly fruitful at strong coupling, where correlation
functions were computed at unprecedented high order and new techniques to address mixing
problems were developed in previous work by the authors [2].

In this paper, which alongside [1] expands on the results presented in [2], we consider
an analytic bootstrap approach to the half-BPS Wilson line defect CFT in the fundamental
representation, in planar SU(N) 4d N = 4 SYM, in the regime of large ’t Hooft coupling
λ. Our main focus is the four-point function of the super-displacement multiplet, D1, which
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we compute analytically at fourth perturbative order in the large λ expansion. To this end,
we employ the techniques developed in [23, 29] for one-dimensional CFTs (that we review
in detail) that use an ansatz with harmonic polylogarithms (HPLs) and demonstrate their
power and applicability, in principle, to each order in 1/

√
λ, once all the relevant CFT data

at previous orders are known. The main obstacle to this approach is the degeneracy of states
at λ = ∞, which makes it impossible to extract all the CFT data at each order from a
single correlator. To address this issue, in [2] we considered various families of four-point
functions. Besides correlators between half-BPS operators of arbitrary weight, it proved
crucial in this case to consider external unprotected supermultiplets, a case which has not
yet been considered in detail in the bootstrap literature, despite its great potential. In the
companion paper [1], we develop the kinematics and superconformal blocks for correlators
involving long multiplets and perform an analysis of the spectrum of the theory at strong
coupling, allowing for the implementation of the bootstrap machinery in this paper.

We note that our setup is akin to the analytic bootstrap of holographic four-point
functions between half-BPS operators, that has been developed at tree level for theories with
maximal [30–33] and half-maximal [34] supersymmetry and pushed to one loop for some
cases [35–40] and even up to two loops in AdS5 × S5 [41, 42]. It is then interesting to draw
a parallel with that program. First, we emphasize that in terms of Witten diagrams our
result presented in [2] and reviewed here corresponds to a three-loop computation, which is
hardly approachable in d > 1 with the current technology. Moreover, while for the resolution
of mixing between double trace operators (at first order) it has proven sufficient in most
known holographic setups to focus on four-point functions between half-BPS operators of
arbitrary weight, this is not sufficient in our case for reasons that we will explain. Rather,
our mixing problem is probably more akin to that faced at higher orders, when higher-trace
operators enter the game: for this reason we believe that the techniques developed here and
in [1, 2] could be relevant for the bootstrap of holographic correlators in higher dimensions
as well. From this perspective, key aspect of our analysis is a thorough investigation of the
spectrum of the theory and of the structure of the dilatation operator at strong coupling, in
the spirit of [43]. Thanks to the simplicity of this model we are able to obtain the complete
expression of the dilatation operator at first order, for arbitrary long multiplets, and moreover
we provide an understanding of some of it structures at all orders.

It is also worth emphasizing that we work in position space, while in the literature on
holographic correlators both position space and Mellin space [44, 45] are employed. On
the one hand, experimenting with HPLs in 1d CFT is simpler than in higher dimensions
and our setup can prove fruitful for a better understanding of the basis of functions that is
relevant for perturbative computations. On the other hand, a naive application to Mellin
space to one-dimensional theories fails due to the presence of a unique cross ratio in one
dimension and the half-BPS Wilson line defect is an ideal arena to test proposals for a 1d
Mellin space, such as that of [46].

1.1 Summary and results

Let us now briefly outline the bootstrap problem that we consider, highlighting in particular
the main assumptions and results. The goal of this paper is to compute the four-point
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function ⟨D1D1D1D1⟩ of the displacement operator D1 in the CFT defined by the half-BPS
fundamental Wilson line in planar N = 4 SYM, in a perturbative expansion for large ’t Hooft
coupling λ. The string theory description of the theory at strong coupling [10] offers, in
principle, a weakly coupled description through a QFT in AdS2, but the computation of
loop Witten diagrams quickly becomes challenging and it is therefore convenient to adopt
a bootstrap approach, as already done in [2, 23] for the same theory.1 We shall employ
the techniques originally developed in [23, 29, 49] for 1d CFTs, which postulate an ansatz
for a perturbative four-point function in terms of a certain class of HPLs (see appendix A
for more details):

G(ℓ)(χ) =
∑

i

ri(χ) Ti(χ) , (1.1)

where G(ℓ)(χ) is the ℓ-th order four-point function in terms of the cross-ratio χ, ri are rational
functions and Ti are the aforementioned polylogarithms. This is our first and main assumption,
which has been already successfully tested in various contexts [2, 23, 29, 47, 48, 50] and for
which we shall provide more evidence in section 3.

Once the ansatz is established, the name of the game is to constrain the rational functions
appearing in (1.1), and we have various types of constraints. First, we have functional
constraints between the rational functions ri dictated by the crossing equations of G(ℓ)(χ).
There are two such conditions: one coming from the invariance of the correlators under cyclic
permutations of the operator insertions, which holds in general for 1d CFTs that can be
equivalently defined on a line or on a circle, the second arising from swapping the positions of
two neighboring operators, which on the other hand is not a genuine symmetry of 1d CFTs
due to the absence of a continuous rotation group in one dimension. We will comment on
how this symmetry, which we shall refer to as braiding, can be still employed in a holographic
setting under certain assumptions. The third main assumption is related to the Regge limit,
which for 1d CFTs was studied in [29, 51, 52] and is related to unitarity of the theory. This
might be broken perturbatively, but we shall assume that at each order the behavior of
correlators in the Regge limit is as mild as possible, and following [29] we characterize such
growth in terms of the behavior of the anomalous dimensions γ(ℓ)

∆ developed at ℓ-th order
by operators of free theory dimension ∆ for large ∆. We find, empirically, that the mildest
asymptotic behavior for this model corresponds to

γ
(ℓ)
∆ ∼ ∆ℓ+1 , (∆→∞) , (1.2)

at perturbative order ℓ. As we shall discuss, this is well-understood for tree level results
(ℓ = 1), but it constitutes an assumption for loop level results (ℓ > 1), although its origin
is clearly related to the existence of solutions to the bootstrap equations corresponding
to higher-derivative terms in the AdS2 Lagrangian. Finally, a constraint comes from the
requirement that the expansion of the correlators in the various OPE limits is compatible
with the conformal blocks expansion.

Given these assumptions, as well as some additional external input (for example, three-
point functions between one-half BPS operators known from localization [4, 15, 53]), the

1See also [47, 48] for bootstrap approaches to other defect theories.
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method proceeds as follows. At each order, one can compute certain terms in G(ℓ)(χ) once
the relevant CFT data at previous orders are known: such terms, which we shall refer to
as “highest logarithmic singularities”, are those that contain singularities logk χ with k ≥ 2
in the small χ expansion. They are akin to terms generating double discontinuities in the
language of the Lorentzian inversion formula [54], and the idea is completely analogous to
the AdS unitarity method of [55]. Once such terms are known, the functional constraints
between the rational functions ri(χ) arising from cyclicity and braiding fix the four-point
functions unambiguously, up to terms which have the same structure (and obey the same
crossing equations) as tree-level correlators, therefore containing at most log singularities,
but no higher powers of log. This is where the constraint on the Regge behavior enters the
game, selecting one among the infinite solutions to the tree-level bootstrap problem.

The method outlined above applies, in principle, at each perturbative order, provided
that the relevant CFT data are known to compute the highest logarithmic singularities. Here
is where we encounter one of the main themes of this paper: the mixing problem, which we
now briefly describe. Recall that we are focusing mainly on the ⟨D1D1D1D1⟩ four-point
function. For this observable, the simplest instance of mixing occurs at one loop (ℓ = 2),
where one has a log2 χ logarithmic singularity arising in the χ→ 0 OPE limit, with coefficient∑

∆
⟨a(0) (γ(1))2⟩∆g∆(χ) , (1.3)

where ∆ are the free-theory dimensions of the exchanged operators, γ(1) their first-order
anomalous dimensions and a(0) their squared OPE coefficients with pairs of external operators
in the free theory, while g∆(χ) are conformal blocks. The obstacle to the computation of this
sum is the presence of degeneracy between operators in the free theory: for each value of ∆,
one has more than one operator, which is why we have used the average symbol ⟨·⟩ in (1.3):
for each ∆, the quantity in the brackets is actually given by a sum of terms

⟨a(0) (γ(1))2⟩∆ :=
∑

O|h(0)
O =∆

(µ(0)
O )2 (γ(1)

O )2 , (1.4)

where O are eigenstates of the dilatation operator and µO their OPE coefficients with pairs of
external operators.2 The issue is that if one were to compute only a single four-point function
at tree level, the only information that could be obtained on the first order anomalous
dimensions would be

⟨a(0) γ(1)⟩∆ :=
∑

O|h(0)
O =∆

(µ(0)
O )2 γ

(1)
O , (1.5)

for each ∆, where the average is over the specific OPE coefficients associated to the specific
four-point function that we considered. This way one would then only obtain one specific
linear combination of the anomalous dimensions γ(1)

O , which is not enough to compute the
average (1.4). Instead, one should compute independently averages of the type (1.5) for a high

2Our notation for OPE coefficients will be the following. We reserve the symbol C for OPE coefficients
between three half-BPS operators, while we use µ when three-point functions involve at least one long multiplet.
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enough number of correlators such as to allow to extract all γ(1)
O for a given ∆ individually:

only then, it would be possible to compute (1.4).
This is a common problem in perturbative CFTs and it is well known that a way to

address it is to consider multiple correlators and to extract the quantity ⟨a(0) γ(1)⟩∆ from
each of them. If the OPE coefficients µ(0)

O appearing in (1.5) are independent in the various
correlators, by considering a high enough number of them it is possible to obtain enough
inequivalent averages ⟨a(0) γ(1)⟩∆ that one can compute the actual anomalous dimensions γ(1)

O ,
thus allowing to compute the quantity in (1.4) and therefore giving access to the coefficient
of the logarithmic singularity given in (1.3).

A similar problem has already been discussed in various contexts, ranging from the
ϵ-expansion [56, 57] to supersymmetric holographic setups [35–40]. The latter cases might
seem, at least a priori, somewhat analogous to the one considered here, and the solution
discussed by various authors is to consider four-point functions between half-BPS operators
of arbitrary weight to “unmix” the anomalous dimensions and OPE coefficients. However, we
have at least two differences compared to those cases. The first is that, as we shall discuss
in more detail, the free theory degeneracy is not lifted at first order, so that operators with
the same dimension ∆ in the free theory all share the same anomalous dimension γ

(1)
∆ at

tree level: the problem discussed above is therefore shifted to fourth perturbative order
and in particular to the computation of ⟨a(0) (γ(2))2⟩∆, which is the actual challenge that
we face in our computations. The second difference is that, as opposed to more standard
holographic setups where the half-BPS operators are given by Kaluza-Klein (KK) modes
that are all independent of each other, here higher-rank half-BPS operators Dp are all given
by powers of the displacement, Dp ∼ (D1)p, in the free theory at λ =∞.3 This implies that
the OPE coefficients ⟨DpDpO⟩ and ⟨DqDqO⟩ can be thought of as parallel vectors in the
degeneracy space of operators O with the same quantum numbers, even if p ̸= q. Hence,
the averages (1.5) computed on ⟨DpDpDqDq⟩ correlators are not enough to explore all γ(1)

O ,
since by increasing p and q one simply obtains the same equations over and over. We are
then led to introduce a new method to address the mixing problem, that involves studying
correlators with external unprotected operators (which we denote with L and will also refer
to as long multiplets): ⟨D1D1D2L⟩ and ⟨D1D1LL⟩.

Another technical complication of our mixing problem, when compared to those that
arise at first order in holography, is related to the dimension of the degeneracy spaces. In
particular, so far in the literature the analysis has been limited to the mixing between
double trace operators, and in that case the number of degenerate operators grows linearly
with their conformal dimension in the generalized free theory. By contrast, in our case
the relevant degenerate operators are such that their degeneracy grows quadratically with
their dimension, so that the number of correlators that one has to consider in order to
resolve the degeneracy must “follow” this quadratic growth. From this perspective, the
family ⟨D1D1D2L⟩ of correlators is particularly interesting: by taking the external operators
L to be of the same type of the exchanged operators, we are guaranteed to have a family
of correlators whose size is big enough as to assure that we can resolve the degeneracy for
(in principle) arbitrary values of the conformal dimension, provided we consider enough

3Note that there is only one Dp for each p, see [1].
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independent choices for L. The quadratic degeneracy is relevant to extract the relevant data
to use as input for ⟨D1D1D1D1⟩ at ℓ = 4, while at higher orders the degeneracy spaces will
be even larger, but the same strategy applies to these more complicated cases as well. This
fact also makes our approach more flexible than those used so far to study mixing problems
in perturbative CFTs, and we expect that it should be useful in other contexts such as the
mixing between triple trace operators in holography.

We are now ready to outline our main results, although we shall do so in an order
which does not necessarily match the order of appearance in the paper (for that, see the
next subsection). First, without dealing with any sort of mixing problems one can use our
bootstrap strategy to compute ⟨DpDpDqDq⟩ for all p, q up to one loop (ℓ = 2). The tree-level
result is a key ingredient for the proof that the free theory degeneracy between operators
is not lifted at first order, and that in particular the tree level anomalous dimensions of
all operators are proportional to the quadratic superconformal Casimir eigenvalue cosp(4∗|4)
corresponding to their representation:

γ
(1)
O = −1

2cosp(4∗|4)(ωO) , (1.6)

where we have stressed that the result only depends on the weights ωO associated with the
representation under which O transforms in the free theory, not on the specific choice of O for
given weight ω. This allows to compute the one loop results with almost no conceptual effort,
and the latter provide some partial input for the mixing problem. An analogous relation
was observed to hold for the exchanged operators in the displacement four-point function on
the half-BPS Wilson line in ABJM at strong coupling [48], and it would be interesting to
investigate if it persists in the case of half-BPS surface defects in the 6d N = (2, 0) CFTs [58].

The result (1.6) can be then used as an input for the study of ⟨D1D1D2L⟩, which we
determine at tree level and one loop up to some unfixed parameters that are not relevant for
our purposes, as we shall discuss. We remark here that this is, as far as we are aware, the
first instance of analytic bootstrap involving long multiplets. By considering different choices
for the external long operator L one is able to compute enough averages ⟨a(0)γ(2)⟩∆, for
some ∆ ≤ ∆max, that the quantity ⟨a(0)(γ(2))2⟩∆ can also be computed for ∆ ≤ ∆max. Note
that this assumes that the free theory OPE coefficients are known: while in principle they
are simply computed using Wick contractions, the explicit determination of superconformal
primary operators in terms of fundamental fields in the AdS2 Lagrangian description is a
non-trivial problem which we solved in [1], allowing to simply borrow those results here.

To quote here the simplest instance of the mixing problem, let us focus on long multiplets
that are singlets under the R-symmetry and transverse spin subalgebras of osp(4∗|4). From
the analysis of [1], it is clear that in the sector with ∆ = 4 at strong coupling there are only
two such operators. At λ =∞ they are exactly degenerate, so one can choose any basis to
describe them and we find it convenient to use a basis where each operator has fixed “length”
in terms of the AdS2 fields. Their schematic form, in terms of the scalar fields φa which
are the superconformal primaries of the D1 multiplet, is4

Ô(∆=4)
L=2 ∼ φ∂2φ , Ô(∆=4)

L=4 ∼ φ4 . (1.7)
4In the rest of the paper, we are going to distinguish between two different types of basis for degeneracy

spaces of the free theory. Operators that diagonalize the dilatation operator are going to be denote with O,
while a basis of operators that have well-defined length, but are not necessarily eigenstates of the dilatation
operator, are going to be denoted with Ô. The distinction will be particularly important in section 6.
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Since the dilatation operator is proportional to the identity at λ =∞ as well as at first order
in 1/

√
λ, any linear combination of these two operators is a good eigenstate. However, this

structure is broken by perturbations at second order and only specific linear combinations of
such two operators are actual eigenstates of the dilatation operator. Let us refer to these as
O(∆=4)

1 and O(∆=4)
2 : then, by also computing ⟨D1D1DqDq⟩ and ⟨D2D2D2D2⟩ at third order,

we are able to diagonalize the dilatation operator and find, for their dimensions,

h[O(∆=4)
1 ] = 4− 14

λ1/2 + 7 (1033−
√
62569)

120λ − 7 (673805561− 1581637
√
62569)

22524840λ3/2 + . . . ,

h[O(∆=4)
2 ] = 4− 14

λ1/2 + 7 (1033 +
√
62569)

120λ − 7 (673805561 + 1581637
√
62569)

22524840λ3/2 + . . . ,

(1.8)

while for their squared OPE coefficients with half-BPS operators, which we are able to
resolve up to first order,5 we find

µ2
ppO(∆=4)

1
= (43 + 120p−

√
62569)2 p2

875966− 2282
√
62569

+ p2
[
389− 249p+ 219p2 − 108p3

630

− 510526661 + 5856154953p− 5169773793p2 + 1101464676p3

39418470
√
62569

]
1
λ1/2 + . . . ,

µ2
ppO(∆=4)

2
= (43 + 120p+

√
62569)2 p2

875966 + 2282
√
62569

+ p2
[
389− 249p+ 219p2 − 108p3

630

+ 510526661 + 5856154953p− 5169773793p2 + 1101464676p3

39418470
√
62569

]
1
λ1/2 + . . . .

(1.9)

These results are found to agree perfectly with the numerical analysis of [13, 14] after a
numerical fit at strong coupling.6

Finally, our main result and the reason for considering such a complicated mixing
problem, is the computation of the four-point function ⟨D1D1D1D1⟩ at three loops, or fourth
perturbative order (ℓ = 4). While the explicit result, which we give in (4.105), may look
complicated at first sight, we would like to emphasize that it is in fact much simpler than it
might be a priori. One first simplification is that the degree of transcendentality of four-point
functions in this model only increases by one unit at each perturbative order. In particular,
the three-loop results only have transcendentality four, which is the same as for one loop
results in a toy model with no supersymmetry [29]. Moreover, while a basis of the HPLs we
are interested in for transcendentality four contains 31 functions, while we find it possible to
express our final result only in terms of products of log and a weight-three function called L3
(defined in (4.80)), evaluated at arguments χ and 1−χ. This form of the result highlights the
fact that the functions Li2 and Li4, while in principle allowed by transcendentality, actually

5As we will stress in the main text, due to the fact that the degeneracy is unlifted at first order, the
resolution of the mixing problem for γ(ℓ) is tied to the OPE coefficients at order ℓ − 2, rather than ℓ − 1 as
more commonly found.

6We thank the authors of those papers for sharing the relevant data with us.
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drop out of the final result. We will make some comments and speculations on the properties
of the functions appearing in the three-loop result in the main text.

Finally, let us mention that while the resolution of mixing at two and three loops is
beyond the scope of our work, we can still obtain exact results for the conformal dimension
and OPE coefficient associated with the only singlet multiplet that is not degenerate in the
free theory, which we denote schematically with φ2:

φ2 ←→ O(∆=2)
L=2 . (1.10)

The result, already anticipated in [2], is7

h[φ2] = 2− 5√
λ
+ 295

24
1
λ
− 305

16
1
λ3/2 +

(351845
13824 −

75
2 ζ(3)

) 1
λ2 + . . . ,

µ2
11φ2 = 2

5 −
43

30
√
λ
+ 5

6λ +
(11195

1728 + 4ζ(3)
) 1
λ3/2 −

(1705
96 + 1613

24 ζ(3)
) 1
λ2 + . . . .

(1.11)

Both of these results match beautifully the numerical predictions of [12–14] at large λ.

1.2 Guide to the reader

Let us conclude this introduction by presenting a plan of the paper, in the form of a guide
to the reader that can help navigate through both this work and [1]. We have divided the
material in such a way that [1] contains all the information about the osp(4∗|4) superconformal
algebra and its representation theory that is relevant for this paper, as well as the study
of the superconformal kinematics and superconformal blocks that we will use to bootstrap
four-point functions. The reader is invited to refer to that paper for all such derivations.
Moreover, in addressing the mixing problem an essential piece of information comes from
the understanding of the spectrum of the defect CFT at λ = ∞, which is made possible
by the countings performed in [1]. Once again, that paper contains all derivations while
here we shall limit to refer to certain results.

In section 2 we review the holographic description of the half-BPS defect CFT at strong
coupling, focusing on the implications of the latter on the structure of the dilatation operator
in perturbation theory, whose understanding is crucial for the mixing problem. Then in
section 3 we will discuss some features of 1d CFTs and review the bootstrap method developed
in [23, 29, 49], with the aim of giving a self-contained presentation where all the assumptions
are spelled out in detail. We will also make some general comments about mixing. We
shall then apply this machinery to the bootstrap of the displacement four-point function
⟨D1D1D1D1⟩ up to fourth order in section 4. The computation is straightforward provided
we assume two results: the fact that the first-order perturbation does not lift the free theory

7Note that we also know the OPE coefficient between two Dp operators and φ2 up to two loops:

µ2
ppφ2 = p2

[
2
5 − 7 + 36p

30λ1/2 + −163 + 123p + 90p2

60λ

+
(
42115 + 51876p − 32400p2 − 5616p3

8640 − 2(−4 + p + p2)ζ(3)
)

1
λ3/2 + . . .

]
.
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degeneracy and the fact that we are able to “solve” the mixing problem at second order, at
least in the sense that we can compute all quantities that are necessary for the bootstrap
of ⟨D1D1D1D1⟩ at fourth order. We then deal with these two assumptions separately. In
section 5 we consider the bootstrap of more general ⟨DpDpDqDq⟩ correlators up to second
order: besides revealing some interesting structures and results, the analysis proves our claims
on the structure of the dilatation operator at first order. Finally, in section 6 we address the
mixing problem at second order and describe a method which uses ⟨D1D1D2L⟩ correlators to
access certain information about the second order dilatation operator, in particular allowing
to compute the quantity ⟨a(0) (γ(2))2⟩∆ which is necessary for the bootstrap of ⟨D1D1D1D1⟩
at fourth order. We end with some discussion and outlook in section 7. Our presentation is
complemented with various appendices. In appendix A we give a general review of HPLs as
well as a discussion of the specific functions appearing in this paper; in appendix B we give
some technical details on the structure of the OPE for perturbative 1d CFTs, with particular
emphasis on perturbations around points where the theory admits braiding symmetry; in
appendix C we summarize some of the results of our bootstrap analysis for various correlators
and CFT data on the Wilson line at strong coupling.

2 Setup

Let us begin by giving more details about the problem at hand. We will start by defining the
1d CFT that we are interested in terms of a line operator in 4d N = 4 SYM and then focus on
the regime of parameters of interest for our work: the planar limit (N →∞) in an expansion
for large ’t Hooft coupling λ, where the model admits an holographic Lagrangian description in
AdS2. To end the section, we will work out the implications of the structure of such Lagrangian
on the dilatation operator of the theory at strong coupling, making some observations that
will be instrumental for the analysis of the mixing problem carried out in section 6.

2.1 The half-BPS Wilson line

We consider the one-dimensional CFT defined by the insertion of local operators along the
one-half BPS Maldacena Wilson line [7] in 4d N = 4 SYM, defined as

WC = 1
N

tr P exp
∫
C

dt
(
i Aµ ẋ

µ +Φ6 |ẋ|
)
, (2.1)

where the contour C parametrized by xµ(t) is either a circle or a straight line, the trace is taken
in the fundamental representation of the gauge group SU(N) and P denotes the path-ordering.
Here Aµ is the SYM gauge connection while Φ6 is one of the six fundamental scalars of the
theory: the arbitrary choice of coupling one out of six scalars to the line manifestly breaks
the R-symmetry from SO(6) to SO(5). Moreover, a rotational symmetry SO(3) around the
line is preserved, as well as a 1d conformal symmetry SL(2) and sixteen supercharges: all in
all, this line defect is known to be invariant under the superconformal algebra osp(4∗|4) [59].

Correlation functions in the defect CFT are defined by [60]

⟨⟨O1(t1) . . .On(tn)⟩⟩ =
⟨tr PO1(t1)Wt1,t2 O2(t2) . . .On(tn)Wtn,t1⟩

⟨WC⟩

= ⟨tr PO1(t1)O2(t2) . . .On(tn)WC⟩
⟨WC⟩

,

(2.2)
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where Oi are composite operators transforming in the adjoint representation of the gauge
group SU(N) (see [1] for more details), while Wti,tj are segment of the Wilson loop WC
connecting the position ti and tj along the line. In this paper we are particularly interested
in the case of planar N = 4 SYM

N →∞ , g2
Y M N ≡ λ fixed , (2.3)

and in the perturbative expansion for large ’t Hooft coupling λ. In this limit, the theory
has an holographic description in terms of semiclassical strings in AdS5 × S5, which we
review in the next subsection.

The relevant details of the superalgebra osp(4∗|4) and its representation theory are
collected in the companion paper [1], where we also study the spectrum of the defect theory
at weak (λ = 0) and strong (λ =∞) coupling. Here we briefly review some important results
of that analysis. We label operators according to their osp(4∗|4) weights ω = {h, s, [a, b]},
where h is the sl(2) conformal dimension, s labels the su(2) transverse spin and [a, b] are
sp(4) Dynkin labels. We want to emphasize here that at strong coupling only two types of
supermultiplets are relevant, namely absolutely protected half-BPS multiplets

Dk , ω(Dk) = {k, 0, [0, k]} , (2.4)

and generic long multiplets

Lh
s,[a,b] , ω(Lh

s,[a,b]) = {h, s, [a, b]} , h ≥ a+ b+ 1 + 1
2s , (2.5)

whose dimension is not protected against perturbative corrections. Supermultiplets of other
type do not appear in the strong coupling perturbation theory, and in particular this is
true for those semi-short multiplets that could potentially undergo recombination: the latter
phenomenon is therefore absent at strong coupling.

2.2 The holographic description

The half-BPS Wilson loop in the fundamental representation has a long history, dating back
to [7], where it was first observed that such Wilson loop in planar 4d N = 4 SYM with
strong ’t Hooft coupling λ is dual to a semiclassical string in AdS5 × S5, whose worldsheet is
a minimal surface AdS2 ⊂ AdS5, ending on the contour defining the loop at the boundary.
The holographic description of Wilson loops in other representations of the gauge group is
more complicated and involves D3 and D5-branes, see [18–20].

In this paper we are interested in correlation functions between local operators located
along the contour of the Wilson line, or in other words we will only focus on defect observables
and not in bulk ones. The holographic description of the defect degrees of freedom was
found in [10], which we now briefly review. Focusing for simplicity on the bosonic sector, the
embedding of the superstring dual to the Wilson loop in AdS5 × S5 is described by three
coordinates xi, i = 1, 2, 3, parametrizing fluctuations of the string inside AdS5, as well as
by five coordinates ya, a = 1, . . . 5, accounting for fluctuations along the internal S5. Note
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that in terms of the components of the displacement supermultiplet8

D1 : φh=1
(1,5) −→ Ψh=3/2

(2,4) −→ fh=2
(3,1) , (2.6)

the bosonic coordinates of the superstring are identified with the two most important operators
of the defect CFT: the displacement f , dual to xi and related to the breaking of 4d conformal
invariance, and the tilt φ, dual to ya and related to the breaking of the SO(6) R-symmetry
of N = 4 SYM.

The local dynamics of the excitations xi and ya (as well as their fermionic partner in D1,
via supersymmetry) is captured by the Nambu-Goto action of type IIB superstring theory,
where the tension T of the string is related to the ’t Hooft coupling λ by the usual relation
T =

√
λ

2π . Following [10] and expanding the action for small fluctuations, one obtains an AdS2
Lagrangian that begins at quadratic order in the fields and contains an infinite number of
vertices with higher and higher number of derivatives and fields, whose coupling constant is
1/
√
λ. This allowed the authors of [10] to compute the first-order correction to ⟨D1D1D1D1⟩

at large λ using tree-level Witten diagrams, a result that was later reproduced in [23] using
the bootstrap methods that we also use in this paper.

Since here we will also adopt a bootstrap approach, we will not be interested in the
details of the Lagrangian, but only in certain qualitative features that we now discuss (but
see [10] for more details). Moreover, since (at least in principle) the Lagrangian is fully fixed
by osp(4∗|4) invariance once the terms involving fields ya are known, we shall focus on the
interactions between the ya’s in order to describe the features of the Lagrangian that we
are interested in. We then schematically write

LAdS2 ∼
∞∑

ℓ=0

1
λℓ/2 (∂y

a)2(ℓ+1) , (2.7)

where ℓ = 0 gives the kinetic term for a massless field in AdS2 and ℓ > 0 corresponds to
an infinite tower of interactions between an even number of fields (so we have a symmetry
y → −y), which are such that contact terms involving 2(ℓ + 1) fields contain a number
of derivatives ranging from 0 to 2(ℓ + 1) (note that in (2.7) we have only emphasized the
contribution of the terms with the highest number of derivatives). In particular, ℓ = 1
corresponds to quartic contact terms that contain at most four derivatives. Due to this
structure, at ℓ-th perturbative order all correlation functions in the theory can be extracted
from the (2ℓ + 2)-point function

⟨Φ(1) . . .Φ(2ℓ+ 2)⟩(ℓ) , (2.8)

where Φ is the superfield representing the D1 multiplet in superspace. This is due to the
structure of the spectrum of the theory at λ =∞ [1], which we recall below, and to the fact
that ⟨Φ(1) . . .Φ(n)⟩(ℓ) is given by a sum of disconnected Witten diagrams for all n > 2ℓ+ 2,
as a consequence of the Lagrangian (2.7).

As discussed in [2], the fact that the dynamics of the theory is fully captured holo-
graphically by a Lagrangian which only involved fields transforming as components of the

8We denote by h the conformal dimension of operators in the CFT and the subscripts on the fields denote the
dimension of the corresponding representations under the compact bosonic subalgebra su(2)⊕sp(4) ⊂ osp(4∗|4).
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D1 multiplet implies that, at least at strong coupling λ = ∞, all states can be built as
graded-symmetrized tensor products of states in D1, where we are identifying operators and
states by the usual state-operator correspondence. More precisely, associated with D1 is a
vector space VΦ and the Hilbert space of the theory at strong coupling is built as

Hstrong =
⊕

L

Hstrong
L , Hstrong

L = (VΦ ⊗ · · · ⊗ VΦ︸ ︷︷ ︸
L times

)SL , (2.9)

where SL denotes graded symmetrization, and we have introduced a quantum number L
which denotes the length of states/operators. Note that while to each state belongs to a
certain representation R of osp(4∗|4), this identification is not one-to-one, as two inequivalent
states might belong to the same representation. We will express this fact by saying that
there is a degeneracy of operators in the free theory at λ =∞, which is generically broken
by perturbations (and in particular is expected to be fully broken in the interacting theory).
Accordingly, we can write the Hilbert spaces of operators with fixed length as

Hstrong
L =

⊕
R

dstrong
L (R)⊗R , (2.10)

where dstrong
L (R) are multiplicity spaces, whose dimension we study in [1] for certain rep-

resentations. Following [2], we specify representations with their weight ω = {h, s, [a, b]}
under the bosonic subalgebra, where h is the conformal dimension, s the transverse spin
and [a, b] are sp(4) Dynkin labels. See [1] for a more detailed account of our conventions
and a description of the superconformal algebra osp(4∗|4) and its representations. Focusing
on singlet supermultiplets, with ω = {h, 0, [0, 0]}, let us repeat here a result that is derived
in [1], namely the dimension of the degeneracy spaces for such multiplets. For general L,
we have the following scaling at large h:

dim
(
dstrong

L (Lh
0,[0,0])

)
∼ hL−2 , (h→∞) , (2.11)

and in particular

dim
(
dstrong

L=2 (Lh
0,[0,0])

)
= 1 , dim

(
dstrong

L=3 (Lh
0,[0,0])

)
= 0 , (2.12)

meaning that there is a unique singlet long supermultiplet of length two for each h, while
there is none of length three. At length four, we find

dim
(
dstrong

L=4 (Lh
0,[0,0])

)
=

⌊(
h
4 )2⌋ , h ≥ 4 even ,
⌊(h−3

4 )2⌋ , h ≥ 3 odd .
(2.13)

The explicit construction of singlet supermultiplets with length L = 2, 4 is discussed in [1].
The setup is reminiscent of the study of holographic correlators in large N CFTs with

AdS duals, where one has a weakly coupled description of the field theory in the regime of
large central charge, which is a Lagrangian field theory in AdS. However, in all controllable
examples of the AdS/CFT correspondence one has an internal space with size comparable to
the AdS radius, so that the Lagrangian contains an infinite amount of fields, arising from
a Kaluza-Klein (KK) reduction on the internal space. Moreover, the fundamental fields
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in the AdS Lagrangian description are dual to “single-trace” or “single-particle” operators
in the CFT. The OPE between two single-trace operators then contains both single and
double-trace operators. Here the situation is quite different: there is no internal space,9 hence
no KK modes and only a single multiplet in the AdS Lagrangian. Moreover, as we discuss
in [1], in the gauge theory description of this model there are only open-trace operators at
large N , which form a closed subsector under the OPE. This makes the theory a well-defined
1d CFT at N =∞, where the only perturbative parameter is λ. Studying perturbative 1/N
corrections is of course an interesting problem, but it is not necessary in this sense.

2.3 The dilatation operator

While in the rest of this paper we will never make use of the detailed expression for the
Lagrangian (2.7), we can use its rough structure to draw some important conclusions on
the structure of the dilatation operator in the strong coupling perturbation theory, which
complements and extends the discussion of [2]. As we discussed at length in [1] and summarized
in the previous subsection, a convenient way to arrange the spectrum of the theory at
λ =∞ is to consider an additional quantum number on top of the osp(4∗|4) weights of each
supermultiplet, namely the length L of states. At each perturbative order, correlation functions
between such operators can be then computed (at least in principle) using Witten diagrams:
even though length is a conserved quantum number only in the free theory, it still makes
sense to consider correlation functions between operators of well-defined length. Moreover,
when degeneracy is present, one is free to choose any arbitrary basis for each degeneracy
space, and again we will find it convenient to work in a basis that does not mix operators
of different lengths. Such a basis does not necessarily correspond to a basis of eigenstates
of the dilatation operator, hence two-point functions will not necessarily be diagonal in the
length basis. In particular, associated with each degeneracy space d(∆), we can define a
matrix that we will refer to as the anomalous dimensions matrix Γ∆,10 whose entries at each
perturbative order can be read off from the two-point functions between the basis elements
of d(∆). To be more precise, let O1 and O2 be two eigenstates of the dilatation operator at
the non-perturbative level, with dimension h1(λ) and h2(λ) respectively, sharing the same
dimension ∆ in the free theory: h1(∞) = h2(∞) = ∆. Then the two-point functions read

⟨Oα(1)Oβ(2)⟩ =

 1
t
2h1(λ)
12

0

0 1
t
2h2(λ)
12

 , (2.14)

for α, β = 1, 2. Expanding perturbatively, we find

⟨Oα(1)Oβ(2)⟩=
1
t2∆
12

δαβ−
(

1
λ1/2 γ

(1)
1 + 1

λγ
(2)
1 +. . . 0

0 1
λ1/2 γ

(1)
2 + 1

λγ
(2)
2 +. . .

)
αβ

log t212+O(log2 t212)

 ,
:= 1

t2∆
12

[
δαβ−(Γ∆)αβ log t212+O(log2 t212)

]
, (2.15)

9There would be an internal S2 if we were to study Wilson lines in other representations of the gauge
group, which would make the setup closer to the standard one for holographic correlators.

10Note that we are suppressing the labels of su(2)⊕ sp(4) since they will not play a role in this discussion:
operators with different quantum numbers cannot possibly mix.
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where we are neglecting powers of log t212 higher than one and we have defined the matrix
Γαβ , which is the anomalous dimensions matrix in the basis of eigenstates. Now, if instead of
a basis of eigenstates of the dilatations we chose an arbitrary basis via

Ôα =M β
α Oβ , (2.16)

then we would obtain the two-point functions

⟨Ôα(1)Ôβ(2)⟩ =
1
t2∆
12

[
(MMT )αβ + (M Γ∆M

T )αβ log t212 +O(log2 t212)
]
, (2.17)

which allows us to defined the anomalous dimensions matrix

Γ̂∆ =M Γ∆M
T , (2.18)

in the new basis chosen for the degeneracy space, which is no longer diagonal due to the fact
that Ôα are no longer eigenstates of dilatations. In the rest of this paper, we will choose
a basis where operators have well-defined length and we will use the symbol Ôα to stress
that we are working in such basis. Clearly then, in this basis Γ̂∆ admits a decomposition in
blocks that act on degeneracy spaces of operators with fixed length:11

Γ̂∆ =
∑

L1,L2

Γ̂∆,L1→L2 , Γ̂∆,L1→L2 : dL1(∆)→ dL2(∆) . (2.19)

It then makes sense to ask the following question: which of the Γ̂∆,L1→L2 are non-zero at
each perturbative order?

To address this, let us consider two operators OL1 and OL2 of length L1 and L2 respec-
tively, both belonging to the same degeneracy space d(∆). The question above can be then
rephrased by asking: what is the relation between L1 and L2 such that the two-point function

⟨OL1OL2⟩ , (2.20)

is non-zero? To answer it, recall that an operator of length L is defined as in (2.9) from the
tensor product of L copies of the fundamental letters contained in the multiplet D1, see [1] for
more details. Then, schematically, one is computing an object of the type depicted in figure 1.
The relation between L1 and L2 is then dictated, at each order, by the type of diagrams that
one is allowed to draw, which in turn is fixed by the structure of the Lagrangian (2.7). The
rules of the game are simple: one should use the vertices in (2.7) to saturate the power of
the coupling at each order, and then connect all the remaining crosses in figure 1 from the
left to the right. It is important to stress that self-contractions of fields defined at the same
point are forbidden: such diagrams (which are naively infinite) give zero once an appropriate
prescription to define composite operators is chosen, such as point-splitting or dimensional
regularization. We will then neglect their contribution in the following, see also [61, 62] for
another instance of this in the same theory at weak coupling.

Let us start from the free theory, where the answer is extremely easy: one can only
draw free theory propagators to connect each D1 in OL1 to a D1 in OL2 , which implies that
necessarily L1 = L2. The situation is represented schematically in figure 2. At first order,

11Since Γ̂∆ is a symmetric matrix we have that Γ̂∆,L1→L2 =
(
Γ̂∆,L2→L1

)T

.
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Figure 1. Schematic representation of the two-point function between operators OL1 and OL2 of
length L1 and L2. The crosses represent the fundamental letters D1 used to build the operators
according to (2.9).

Figure 2. In the free theory, ⟨OL1OL2⟩ only receives contributions from free propagators, represented
with dashed lines. This requires that L1 = L2.

(a) L1 = L2. (b) L1 = L2 ± 2.

Figure 3. Contributions to ⟨OL1OL2⟩(1).

only the quartic vertices in (2.7) play a role and, neglecting self-contractions as discussed
above, the two-point function (2.20) receives contributions from the two diagrams in figure 3.
Note that we are using blue lines to denote the use of a quartic vertex and that we are no
longer drawing free propagators connecting the remaining points: we simply assume that
all other points are linked in a trivial way. The difference between the number of points
connected to a vertex on the two sides then gives us a selection rule for the allowed L1 and
L2. In the case at hand, the diagrams of the type 3(a) cannot change the length of operators
from the left to the right, hence they lead to L1 = L2. On the other hand, diagrams of the
type 3(b) lead to the selection rule L1 = L2 ± 2. However, this is not quite the end of the
story: indeed, all diagrams with the structure of 3(b) factorize in a free theory contribution
and the first order contribution to a two-point function of the type ⟨D1XL=3⟩, where XL=3
is some operator of length three: roughly speaking, 3(b) ∼ ⟨D1XL=3⟩(1)⟨. . . ⟩(0), where the
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(a) L1 = L2. (b) L1 = L2 ± 2. (c) L1 = L2 ± 4.

Figure 4. Contributions to ⟨OL1OL2⟩(2) built using a six-point vertex.

second is a free-theory correlator computable by Wick contractions. Regardless of the details
of the theory under inspection, by osp(4∗|4) invariance such two-point function can only be
non-zero if XL=3 is a D1-type multiplet itself: in that case, the two-point function is protected
by supersymmetry and does not generate logarithms in the perturbative expansion, hence
it does not contribute to the anomalous dimensions matrix. In the particular case at hand,
moreover, there is only one multiplet of the type D1 and it has length one, so the two-point
function ⟨D1XL=3⟩ vanishes identically. We then conclude that, due to supersymmetry, the
tree-level diagram changing the length by two is actually suppressed. Therefore we can write

⟨OL1 OL2⟩(1) ∝ δL1,L2 . (2.21)

We anticipate here that, moving to higher orders, changes of length will be allowed, but similar
arguments always suppress the maximal change of length naively allowed at each order.

We will dig further into the structure of the dilatation operator at first order in the
second part of this section, while for the moment we move to second order. Clearly, now the
type and number of diagrams will be more complicated, but we will still be able to draw
similar conclusions. Let us discuss the type of diagrams that contribute at this order, with the
help of figures 4–7, where the crosses on the side represent the fundamental letters (elements
of D1) used to build the operators, dots represent interactions and we have used red lines
for the sextic vertex and blue lines for the quartic one. All crosses not connected by any
line should be thought of as connected to a cross present in the other operator with a free
propagator. The diagrams 4(a), 5(a), 6(a) and 7(a) give a non-vanishing contribution and
change the length by zero units. The other relevant contribution comes from the diagrams 4(b)
and 5(b), which change the length by two units. The two diagrams 4(c) and 5(c) form the
second-order contribution to a two-point function ⟨D1XL=5⟩, so they do not contribute to the
anomalous dimensions as discussed for ⟨D1XL=3⟩ at first order. Finally, 6(b), 6(c) and 6(d)
do not contribute since they are factorized with a factor being ⟨D1XL=3⟩(1), and similarly
the contribution from 7(b) since it is the second order contribution to ⟨D1XL=3⟩.

All in all, we can draw the following conclusions regarding second-order contribution
to (2.20): the two point functions can connect operators with either the same length (L1 = L2)
or length differing by two units (L1 = L2±2), and moreover the only diagrams that contribute
to the maximal change in length are fully connected, tree-level diagrams, dressed with the
proper amount of free theory propagators.

So far, we have been sloppy about an important fact, namely whether the two operators
in (2.20) are superconformal primaries or descendants. In generic weakly coupled Lagrangian
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(a) L1 = L2. (b) L1 = L2 ± 2. (c) L1 = L2 ± 4.

Figure 5. Contributions to ⟨OL1OL2⟩(2) built using the two four-point vertex twice to form an
exchange diagram.

(a) L1 = L2. (b) L1 = L2. (c) L1 = L2 ± 2. (d) L1 = L2 ± 4.

Figure 6. Contributions to ⟨OL1OL2⟩(2) built using the two four-point vertex twice in a discon-
nected way.

(a) L1 = L2. (b) L1 = L2 ± 2.

Figure 7. Contributions to ⟨OL1OL2⟩(2) built using the two four-point vertex twice to form a loop.

theories, certain short (super)conformal multiplets recombine into longer ones when the
coupling is tuned from zero to a finite value. In this case, the (super)conformal primaries
of certain multiplets can mix with the (super)conformal descendants of other multiplets.12

However, a special feature of the theory that we are investigating in this paper, and which is
common in holographic settings, is that the spectrum at λ =∞ is such that no recombination
can happen. Indeed, as discussed at length in [1], at λ =∞ the only multiplets are either
protected or long multiplets with dimension well above the unitarity bound. Given the
absence of recombination, we then claim that the only two-point functions (2.20) one has
to consider is that between superconformal primaries, and those between (super)conformal
descendants are fixed by symmetries accordingly. This also justifies expressions such as (2.19),
where we have written the anomalous dimensions matrix as a map between degeneracy spaces,

12A simple example is given by the operators □φ and φ3 in φ4 theory in d = 4− ϵ dimensions.
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which we have defined in (2.10) as vector spaces of objects in a given superconformal multiplet
of osp(4∗|4), canonically represented by their superconformal primary.

Using analogous diagrammatic arguments to the ones above, it is actually possible to
generalize similar observations to all perturbative orders, thus elucidating an interesting
structure in the dilatation operator of this theory, which we will refer to as D. The anomalous
dimensions matrix Γ∆ is then an explicit representation of D on a given degeneracy space
d(∆). Given that D : H → H and (2.9), we can decompose it as

D =
∑

L1,L2

DL1→L2 , DL1→L2 : HL1 → HL2 . (2.22)

The issues discussed above correspond to the question of which DL1→L2 are trivial and which
are not at a given order in perturbation theory. Expanding D perturbatively at large λ,

D =
∞∑

ℓ=0

1
λℓ/2D

(ℓ) , (2.23)

generalizing the diagrammatic arguments of this section to higher orders one can prove that

D(ℓ) =
∑
L

ℓ−1∑
δL=1−ℓ

D(ℓ)
L→L+2δL , (2.24)

or

D(ℓ) =
∑

L1,L2
|L1−L2|∈{0,2,...,2(ℓ−1)}

D(ℓ)
L1→L2

, (2.25)

or in words

the action of the dilatation operator at ℓ-th order (ℓ > 0) can only change the
length of states by ∆L units, with ∆L = 0, 2, . . . , 2ℓ− 2.

We emphasize again that the special feature of the theory at hand is that the case ∆L = 2ℓ
is disallowed by supersymmetry. Moreover, we would like to stress that the maximal change
of length at given order13 can be ascribed by a simple type of diagrams. Due to the structure
of (2.7), at order O(λ−ℓ/2) they can be extracted from the fully connected (2ℓ + 2)-point
function of Φ (the superfield associated with D1, see [1]):

⟨Φ(1) . . .Φ(2ℓ+ 2)⟩connected , (2.26)

which only receives contributions from tree-type diagrams, like those represented in figure 8
for the first few orders. The importance of the (2ℓ+ 2)-point function of Φ at order O(λ−ℓ/2)
was already emphasized around (2.8) and in this case we are extracting its simplest part,
which does not involve loop diagrams.

One might wonder if it is possible to obtain explicit expressions for the dilatation
operator in perturbation theory, in the spirit of [43]. It turns out that it is possible to obtain

13Interesting features of terms that change the length maximally at a given perturbative order in the case of
planar N = 4 SYM at week coupling have been observed in [63].
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Figure 8. Diagrams contributing to (2.26) at the first few perturbative orders.

a particularly compact result at first order, while at second order we only explored certain
components in section 6. Here we focus on the story at first order, where we have learned
that there is only one relevant contribution to D(1):

D(1) =
∑
L

D(1)
L→L . (2.27)

Given that at each order we are using a basis of operators that are defined in the free theory,
where states are built using (2.9), D(1) has a well-defined action on the letters that build
each operator, and the fact that the only diagram contributing to it is 3(a) implies that
it must have the structure

D(1)
L→L =

∑
1≤i<j≤L

(D(1)
2→2)ij , (2.28)

where the indices i, j indicate on which factors in the tensor product defining HL the operator
is acting (see (2.9)). Note that D(1)

L→L is permutation invariant so its action on HL is well
defined. The full dilatation operator at first order can then be determined from D(1)

2→2, which
we extract as follows. We start by observing that in the OPE D1×D1 the only long multiplets
that appear are the (non-degenerate) singlets of length L = 2 (let ∆ be their dimension):
their first order anomalous dimensions can be extracted from ⟨D1D1D1D1⟩(1) and they read
γ

(1)
∆ = −1

2∆(∆ + 3), which is proportional to the superconformal Casimir associated with
the representation {∆, 0, [0, 0]} (see section 4). Using the fact that D(1) commutes with the
action of osp(4∗|4) in the free theory, which can be argued from analogous observations to
those of [43], one can use this information on the spectrum of D(1)

2→2 to conclude that the
operator itself must be proportional to the quadratic Casimir of osp(4∗|4):

D(1)
2→2 = −1

2 Ĉ2(J (12)) =: −J (1) · J (2) , Ĉ2(J (12)) = k(J, J) , (2.29)

where k is the Killing form of osp(4∗|4), J (1...n) = J (1) + . . .+ J (n), each J (i) corresponding
to the representation of the single letter VΦ = D1, and we introduced the notation J (i) · J (j).
We have also used that the single letter representation VΦ has vanishing Casimir (see [1]
for our conventions), namely Ĉ2(J (i)) = 0. Inserting (2.29) in (2.28) and using again that
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the quadratic Casimir of D1 is zero, we obtain

D(1)
L→L = −

∑
1≤i<j≤L

J (i) · J (j) = −1
2

∑
1≤i,j≤L

J (i) · J (j) = −1
2 Ĉ2

(
J (12...L)

)
, (2.30)

that is we have just shown that

the first-order anomalous dimension of any operator O in a representation RO of
osp(4∗|4) is proportional to the quadratic superconformal Casimir eigenvalue of
that representation, c2(RO).

More precisely, we have

γ
(1)
O = −1

2c2(RO) = −
1
2

[
∆(∆+ 3) + 1

4 s (s+ 2)− 1
2 a

2 − a (b+ 2)− b (b+ 3)
]
, (2.31)

where ∆ is the conformal dimension of O for λ = ∞, s is its transverse spin and [a, b] the
associated sp(4) Dynkin labels, and we are following the conventions of [1]. Note that (2.31)
implies in particular that operators that are degenerate at λ = ∞ (thus sharing the same
∆, s, [a, b]) remain degenerate at first order, or in other words

the degeneracy of operators in the free theory at λ =∞ is not broken at first order.

As we shall discuss in section 4, this fact is crucial because it allows to bootstrap correlators
up to two loops without addressing the mixing problem, which only comes into the game at
three loops from the bootstrap point of view. Note that we have reached these conclusions
only from abstract algebraic considerations and the OPE analysis of ⟨D1D1D1D1⟩(1) given
in section 4, but we have not used it as an input for the bootstrap of ⟨DpDpDqDq⟩(1) in
section 5. The results of that section agree perfectly with the prediction (2.31), thus providing
strong evidence that our analysis is correct.

3 Bootstrapping 1d CFTs

The aim of this section is to present the strategy that we adopt to bootstrap correlation
functions of local operators on the Maldacena Wilson line at strong coupling. The method,
which was introduced in [23, 29, 49], is based on a certain ansatz in terms of multiple
polylogarithms and rational functions and has already been applied to various 1d CFTs [2, 47–
50]. In this section we shall present such bootstrap algorithm in detail, highlighting some new
features that have not been previously observed and formulating precisely the assumptions
that the method is based on. We find it useful to first make some general remarks on 1d
CFTs, so we start with a generic theory with sl(2) invariance and spell out the conditions
under which our method is applicable. Then, in the following subsections, we will apply
the method to various types of four-point functions in the osp(4∗|4)-invariant theory we are
interested in, involving both external short and long multiplets.

Although we shall make some general statements about CFTs in one dimension, our
focus will be on theories with a perturbative parameter g (for the Wilson line defect at
strong coupling, g = 1/

√
λ). We refer to the theory at g = 0 as “free theory”, although in

a given Lagrangian description it might correspond to a strongly coupled point. We will
adopt an analytic bootstrap approach and compute four-point functions order by order in
the perturbation theory for small g.
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3.1 Generalities on 1d CFTs

Let us start by considering a four-point function of identical operators φ with dimension
hφ in a 1d CFT with sl(2) invariance.14 Is is easy to show that with n points on a line
one can form n − 3 cross ratios, so a four-point correlator can be written in terms of a
function of a single variable as

⟨φ(t1)φ(t2)φ(t3)φ(t4)⟩ =
1

t
2hφ

12 t
2hφ

34
G(χ) , χ = t12 t34

t13 t14
, (3.1)

where tij = ti − tj and ti ∈ R are coordinates on a line. The presence of a unique cross ratios,
χ, can be compared with four-point functions in higher-dimensional CFTs, which depend
on two cross ratios u and v (or, equivalently, z and z̄) defined as

u = z z̄ = x2
12 x

2
34

x2
13 x

2
24
, v = (1− z)(1− z̄) = x2

14 x
2
23

x2
13 x

2
24
, (3.2)

where x2
ij = (xi − xj)2 are distances in Rd for d > 1. It is straightforward to see that

restricting all four operators to lie on the same line in Rd, parametrized by the coordinate
t (i.e. xi → ti ∈ R) one obtains

u = χ2 , v = (1− χ)2 . (3.3)

We shall refer to this as the diagonal limit [65, 66] of higher-dimensional CFTs, which can be
obtained by taking z = z̄ = χ. A peculiar and well-known fact about 1d CFTs is that, due to
the absence of a continuous group of rotations, the ordering of operators is important and in
the definition of (3.1) we should really specify which order we have chosen. In particular, for

t1 < · · · < t4 ↔ 0 < χ < 1 , (3.4)

G(χ) reduces to a function G(0)(χ) that is analytic for χ ∈ C, except for branch cuts
at χ ∈ (−∞, 0] and χ ∈ [1,+∞), as it can be argued from the OPE [67–69]. Once the
configuration (3.4) is fixed, the only transformations that leave it unchanged are cyclic
permutations of the points on the (compactified) line

ti → ti+1 (t5 ≡ t1) ⇒ χ→ 1− χ , (3.5)

which in terms of χ have the property of mapping the interval χ ∈ (0, 1) to itself, without
crossing the branch cuts of G(0)(χ). One thus obtains the relation

(1− χ)2hφ G(0)(χ) = χ2hφ G(0)(1− χ) , (3.6)

which is in general the only “crossing symmetry” satisfied by G(0)(χ). To account for
other configurations of points, following [69] one has to introduce three functions on three
disjoint intervals,

G(χ) =


G(−)(χ) for χ ∈ (−∞, 0) ,
G(0)(χ) for χ ∈ (0, 1) ,
G(+)(χ) for χ ∈ (1,+∞) ,

(3.7)

14See appendix A of [64] for the set of axioms defining a 1d CFT.
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which can be uniquely continued to complex values of χ (for example using the block
expansion) but are not analytic continuations of each other, in general. Rather, they can
be related by enforcing Bose symmetry of G(χ), defining

G(−)(χ) = G(0)
( χ

χ−1
)

for χ ∈ (−∞, 0) ,

G(+)(χ) = χ2hφ G(0)
(

1
χ

)
for χ ∈ (1,+∞) .

(3.8)

The outcome of this discussion is that in one dimension Bose symmetry is less powerful than
in higher dimensional CFTs, in the following sense. Say that one wants to bootstrap G(0)(χ)
using Bose symmetry as a constraint: then the only transformation that acts as a symmetry
of G(0)(χ) is (3.6), while the other crossing symmetry transformations define independent
functions. In other words, the crossing symmetry group S3 of four points is reduced to a Z2
subgroup, so far as G(0)(χ) is concerned.15 In particular, we will find it useful think of S3
as generated by the identity and the two transformations χ → χ

χ−1 (obtained exchanging
t1 ↔ t2) and χ → 1 − χ (obtained by cyclic transformations from our perspective), which
we shall refer to as braiding and cyclic transformations respectively. Then, we will say that
G(0)(χ) is generally not invariant under braiding.

To understand how this can happen, it is useful to consider an example, which can be
provided by the same Maldacena Wilson line defect theory that we are interested in, but at
weak coupling (λ = 0) (see also appendix C of [23] for related discussions). Let us focus on
the correlator between four insertions of one of the fundamental scalars of the theory that
are not coupled to the line, which we call Φ1

⊥. At finite N , such four-point function receives
contributions from three Feynman diagrams with the three independent trace structures.
However, for the SU(N) theory in the large N limit

tr(T aT aT bT b) ∼ N2 tr(T aT bT aT b) , (3.10)

so that one of the diagrams is suppressed in the limit and this spoils the symmetry under
braiding transformations. Indeed, the result (in the configuration (3.4)) reads16

⟨Φ1
⊥(t1) Φ1

⊥(t2) Φ1
⊥(t3) Φ1

⊥(t4)⟩weak = 1
t212 t

2
34
Gweak

(0) (χ) = 1
t212 t

2
34

(
1 + χ2

(1− χ)2

)
, (3.11)

which clearly satisfies (3.6) but is not symmetric under χ → χ
χ−1 . On the other hand, the

result at strong coupling (λ =∞) is computed by adding three disconnected Witten diagrams

15Keeping t4 to be the right-most operator on the line, the six elements of S3 permute t1,2,3, resulting in
transformations for χ as

(1,2,3) (2,1,3) (3,2,1) (1,3,2) (2,3,1) (3,1,2)
χ χ

χ−1 1− χ 1
χ

χ−1
χ

1
1−χ

(0, 1) (−∞, 0) (0, 1) (1,+∞) (−∞, 0) (1,+∞)
(3.9)

where for completeness we have also added the images of the interval (0, 1) under the transformations.
16The formula can also be obtained by setting α = ᾱ−1 = ei π/3 in eq. (56) of [11].
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in AdS2. Here all diagrams contribute with the same weight and the result reads17

⟨Φ1
⊥(t1) Φ1

⊥(t2) Φ1
⊥(t3) Φ1

⊥(t4)⟩strong = 1
t212 t

2
34
Gstrong

(0) (χ) = 1
t212 t

2
34

(
1 + χ2 + χ2

(1− χ)2

)
,

(3.12)

which in addition to (3.6) is also invariant under braiding transformations:

Gstrong
(0) (χ) = Gstrong

(0)
( χ

χ−1
)
. (3.13)

In particular, in this case G(−)(χ) = G(+)(χ) = G(0)(χ) and one can easily argue that the
difference between the two cases is related to the structure of the diagrammatic expansion.

The reason why this is relevant for us is related to the fact that, when one considers a 1d
CFT with a dual weakly coupled description in AdS2, order by order in perturbation theory
correlation functions are defined by Witten diagrams in AdS2, which are Bose-symmetrized
by construction. Each Witten diagram is associated with a certain integral, which can be
computed for instance in dimensional regularization setting the dimension to one only at the
end. When doing so, it becomes manifest that there is nothing special in the one dimensional
case, at least from the perspective of crossing symmetry. Hence we claim that for holographic
correlators, order by order in the coupling constant, the three functions in G(±)(χ) and
G(0)(χ) are not distinct but rather they can be obtained from a single function G(χ) which
is invariant under the full S3 Bose symmetry group which, although not holomorphic, is a
single-valued function G : C \ {0, 1} → R, with singularities at χ = 0, 1,∞ dictated by the
OPE. This property is going to be extremely useful since, as we shall discuss in detail, it
puts additional constraints on correlation functions that will be crucial for our bootstrap
strategy. Let us give two examples: one is a generalized free theory (GFT) correlator for
operators of equal dimension hφ (not necessarily integer). In this case

G(χ) = 1 + |χ|2hφ +
∣∣∣ χ

1−χ

∣∣∣2hφ

, (3.14)

the other is the one-dimensional box function

D̄1111 =
( log |χ|
1− χ + log |1− χ|

χ

)
, (3.15)

both of which are invariant under all Bose symmetry transformations once absolute values
are inserted in appropriate places. We will be always interested in the case when the external
dimensions are (half-)integers in the free theory limit: in this case the absolute values in (3.14)
are not needed, while we claim that absolute values can always be added inside the arguments
of the logarithms in a suitable way as in (3.15) so as to make the expressions manifestly
crossing symmetric. In the case of the box function, this can be seen directly from the
diagonal limit of the higher-dimensional box-function, which contains for instance

log(z z̄)→ 2 log |χ| . (3.16)

17Similarly, this can be obtained by setting ζ1 = ζ−1
2 = ei π/3 in eq. (6.9) of [23].
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Our tree level result will originate from a sum of contact diagrams, so at that order this
follows from the properties of D-functions, but we anticipate here that at each perturbative
order that we studied four-point functions on the Wilson line can be written purely in terms
of functions arising from the diagonal limit of single-valued functions of z and z̄, hinting
at a higher-dimensional origin.

So far we have only discussed the case of four identical operators, arguing that braiding
transformations can be used as a symmetry to put constraints on correlation functions for
theories with a weakly-coupled holographic description. In the case of non-identical operators,
the same observations translate in the fact that correlators with operator insertions in different
positions are related to each other by simple transformations of the argument, rather than
being independent. In the following, we will only consider theories with this property.

3.2 Logarithmic singularities, braiding and OPE coefficients

The braiding symmetry of the free theory (3.12) has an impact on the operators that can
be exchanged in the OPE. To see this, consider the one-dimensional conformal blocks for
a four-point function of identical operators

gh(χ) = χh
2F1(h, h, 2h;χ) , (3.17)

which are easily shown to satisfy

gh(χ) = (−1)h gh

( χ
χ−1

)
, (3.18)

which is only a symmetry for even h. Hence, to reflect the braiding symmetry of (3.12),
only operators with even dimension can be exchanged in the free theory. This parallels
the fact that, in higher dimensions, in a four-point function of identical scalar operators
only even spins can be exchanged, due to the fact that under exchange of the first two
operators the blocks transform with

g∆,l(z, z̄) = (−1)l g∆,l

(
z

z−1 ,
z̄

z̄−1
)
. (3.19)

While this is easily understood at the level of free theory, when perturbations are turned
on the conformal dimensions of the exchanged operators need not be integers. Invariance
under braiding, however, still bears implications on certain OPE coefficients also at the
interacting level, as we shall discuss below.

In a perturbative theory with a small parameter g we consider a four-point function of
identical local operators as in (3.1) in the small g expansion

G(χ) =
∞∑

ℓ=0
G(ℓ)(χ) , (3.20)

where we neglect non-perturbative corrections and ℓ denotes the perturbative order. Imagine
for simplicity that the dimensions of the external operators do not acquire perturbative
corrections, although this case could be treated in a similar way as we discuss in section 6.
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Now consider the conformal blocks expansion of G(χ),18

G(χ) =
∑

h

ah gh(χ) , (3.21)

where ah are squared OPE coefficients and the sum runs over the operators Oh exchanged
in the φ× φ OPE, with dimension h. In a perturbative theory both the dimensions of the
exchanged operators and the squared OPE coefficients can be expanded in powers of g

h = ∆+
∞∑

ℓ=1
gℓ γ

(ℓ)
∆ , ah =

∞∑
ℓ=0

gℓ a
(ℓ)
∆ , (3.22)

where we will use the convention that ∆ denotes the free-theory value of the conformal
dimensions of the operators exchanged by a certain four-point function, and therefore works
as a label for the exchanged operators. We will be interested in the case when the set of
allowed values for ∆ are all integers (or half-integers for fermionic operators). While the
hypergeometric function appearing in the conformal blocks (3.17) is analytic at χ = 0, the
overall power of χ is not and produces logarithmic singularities via

χh = χ∆
(
1 + g γ

(1)
∆ logχ+ g2

(
γ

(2)
∆ logχ+ 1

2(γ
(1)
∆ )2 log2 χ

)
+ . . .

)
, (3.23)

where due to the assumption that ∆ ∈ Z the factor of χ∆ is regular at χ = 0 and the only
non-analytic terms are explicit powers of logχ, which are higher at higher perturbative order.
This leads to a natural decomposition of four-point functions at each order as

G(ℓ)(χ) =
ℓ∑

k=0
G

(ℓ)
logk(χ) logk χ , (3.24)

where each G
(ℓ)
logk(χ) is analytic at χ = 0 and admits an expansion in conformal blocks and

their derivatives.19 For the leading logarithmic singularities, such expansions read20

G
(ℓ)
logℓ(χ)=

1
ℓ!
∑
∆
a

(0)
∆
(
γ

(1)
∆
)ℓ
g∆(χ) ,

G
(ℓ)
logℓ−1(χ)=

1
(ℓ−1)!

∑
∆

[(
a

(1)
∆
(
γ

(1)
∆
)ℓ−1+(ℓ−1)a(0)

∆ γ
(2)
∆
(
γ

(1)
∆
)ℓ−2)

g∆(χ)+a(0)
∆
(
γ

(1)
∆
)ℓ
g

(1)
∆ (χ)

]
,

G
(ℓ)
logℓ−2(χ)=

1
(ℓ−2)!

∑
∆

[(
a

(2)
∆
(
γ

(1)
∆
)ℓ−2+(ℓ−2)

(
a

(0)
∆ γ

(3)
∆ +a(1)

∆ γ
(2)
∆
)(
γ

(1)
∆
)ℓ−3

+1
2(ℓ−2)(ℓ−3)a

(0)
∆
(
γ

(2)
∆
)2 (

γ
(1)
∆
)ℓ−4)

g∆(χ)

+
(
a

(1)
∆
(
γ

(1)
∆
)ℓ−1+(ℓ−1)a(0)

∆ γ
(2)
∆
(
γ

(1)
∆
)ℓ−2)

g
(1)
∆ (χ)+ 1

2a
(0)
∆
(
γ

(1)
∆
)ℓ
g

(2)
∆ (χ)

]
,

(3.25)
18Here we are going to focus on the direct channel OPE (χ → 0), focusing in particular on terms that arise

in the perturbative expansion of the correlator which are not analytic at χ = 0. This is important to address
the behavior of the four-point function under the transformation χ → χ

χ−1 , which we refer to as braiding
transformation. On the other hand, a similar analysis can be performed for all crossing transformations that
do not map the interval (0, 1) to itself: for instance, to study the behavior of the correlator under the map
χ → χ−1 one should repeat the same analysis considering the crossed channel OPE limit χ → 1.

19This decomposition was introduced in [23] in the context of 1d CFTs, see also [70, 71] for a related analysis
of all-order structures associated with logarithmic singularities in AdS5 × S5.

20Here we neglect issues due to mixing, which we will come back to later in the paper.
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where we have introduced the notation

g
(n)
∆ (χ) = χ∆ (∂∆

)n
χ−∆ g∆(χ) . (3.26)

Closed form expressions for the expansion of G(ℓ)
logk(χ) for general k and ℓ can be found

in appendix B.
We will come back to how precisely the CFT data appear in the expansions (3.25) and the

implication for our bootstrap algorithm as well as for the mixing problem. For the moment
we would like to highlight two aspects of the decomposition (3.24) and its relation to braiding
symmetry. First, as we stressed in the previous section, when we consider results that arise
from a sum over AdS Witten diagrams it must be possible to write the results in such a way
that the whole Bose symmetry group is manifest, simply due to the fact that we are summing
over all permutations of external points by construction. One might argue that an expression
like (3.24) is problematic from the point of view of braiding, since the map χ→ χ

χ−1 implies
that the image logχ develops an imaginary part for 0 < χ < 1 and G(ℓ)(χ) cannot be
symmetric under braiding at face value. Our remedy to this is to extend the definition of
G(ℓ)(χ) for χ ∈ R \ {0, 1} by replacing logχ→ log |χ| and similarly log(1− χ)→ log |1− χ|
for the logarithms arising in the crossed-channel OPE. In all the examples that we shall
study this will be enough to define an extension Ḡ(ℓ)(χ) of the correlator such that

Ḡ(ℓ)( χ
χ−1

)
= Ḡ(ℓ)(χ) , (3.27)

thus making Bose symmetry manifest. The small χ expansion of Ḡ(ℓ)(χ) is obtained from (3.24)
simply replacing logχ with log |χ| as described above,

Ḡ(ℓ)(χ) =
ℓ∑

k=0
G

(ℓ)
logk(χ) logk |χ| , (3.28)

which combined with (3.27) gives21

G
(ℓ)
logk(χ) =

ℓ−k∑
m=0

(
k +m

m

)
(−1)m logm(1− χ)G(ℓ)

logk+m

( χ
χ−1

)
, (3.29)

where we remind the reader that this is an identity that make sense from the point of view of
the small χ expansion and G

(ℓ)
logk(χ) is analytic there. This can be also derived by looking

at the transformation properties of conformal blocks and their derivatives when ∆ is even,
an approach that we consider in appendix B.

The other comment that we wish to make here is related to the OPE coefficients of
exchanged operators with odd dimensions. In particular, at the start of this subsection we
argued that due to the Bose symmetry of the free theory

a
(0)
∆odd

= 0 , (3.30)

and one can wonder whether this remains true at higher perturbative orders. Regardless of
their anomalous dimension, operators with odd dimension at g = 0 with an OPE coefficient

21Later we will make an ansatz for G(ℓ)(χ) in terms of HPLs of transcendentality up to ℓ, so that G
(ℓ)
logk (χ) has

transcendentality at most ℓ− k. Note that both sides of (3.29) then have the same maximal transcendentality.
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that is non-vanishing at a certain order ℓ̄ would appear in the OPE at that order with a
term a

(ℓ̄)
∆odd

g∆odd(χ), with derivatives of blocks and anomalous dimensions only appearing at
higher orders. However, such term is manifestly antisymmetric under braiding, due to (3.18)
with h→ ∆odd. Thus, terms of this kind would contradict (3.27) explicitly and cannot be
generated in the OPE of perturbative correlators arising from Witten diagrams. In the recent
work [72] the authors introduced a parity operator that justifies the vanishing of certain OPE
coefficients in the Wilson line defect CFT, based on its weak coupling description.

3.3 The ansatz

The bootstrap method that we use is based on making an ansatz for the spacetime expression
of correlation functions order by order in perturbation theory. This should be seen as
complementing the discussion of [2] with more details. Let us start by laying out our
assumptions, which can be summarized as follows:

a. We consider 1d CFTs with a small parameter g, which could for instance arise as duals
to perturbative QFTs in AdS2 as in the case of interest here.

b. We focus on correlation functions between (not necessarily identical) operators that,
in the free theory limit g = 0, have integer conformal dimension (or half-integer, if
fermions). The external operators need not be protected: the method still applies
when the external operators acquire anomalous dimensions perturbatively, with minor
modifications and some caveats, as we discuss in section 6.

c. The free theory has an exact invariance under the full S3 group of Bose symmetry
transformations, in the sense described above. We also assume that this remains true
at all perturbative orders, once a suitable prescription is given on how to define the
correlators for χ < 0 or χ > 1 (see the discussion of the previous section).

Given that we work order by order in perturbation theory, we shall make an ansatz for
each G(ℓ)(χ) appearing in (3.20), where we refer to ℓ = 0 as the free theory, ℓ = 1 as tree
level and ℓ > 1 as the result at ℓ− 1 loops, since we have in mind a corresponding expansion
over Witten diagrams. For each fixed ℓ, we make the ansatz that

G(ℓ)(χ) =
N(ℓ)∑
i=1

ri(χ) Ti(χ) , (3.31)

where ri(χ) are rational functions, while Ti(χ) are transcendental functions from a chosen
basis of dimension N(ℓ), which depend on the perturbative order ℓ. Furthermore, we claim22

that the correct basis of transcendental functions for the problem at hand is given by multiple
polylogarithms (MPLs) of argument χ, whose only singularities for χ ∈ C are located at
χ ∈ {0, 1}. Following [73, 74] we refer to such functions as harmonic polylogarithms (HPLs)
and they can be defined through iterated integrals using

H(a1, . . . , an;χ) =
∫ χ

0
dt fa1(t)H(a2, . . . , an; t) , ai ∈ {0, 1} , (3.32)

22The authors are thankful to Luis Fernando Alday for sharing with us some unpublished notes suggesting
this idea [49] and for very useful discussions on this topic.
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with

f0(t) =
1
t
, f1(t) =

1
1− t . (3.33)

This definition is complemented with H(χ) = 1 when all ai are zero and

H (⃗0n;χ) =
1
n! log

n χ . (3.34)

The number n of indices of the vector of singularities a⃗ in (3.32) is called the weight, or
transcendentality, of a certain HPL, and will be denoted with the letter t (so in the definition
above t = n). One should then read the sum (3.31) as the instruction to sum over all possible
HPLs up to a certain maximal transcendentality tmax(ℓ), which for each ℓ depends on the
specific problem that one is considering and should be seen as an external input:

Ti(χ) ∈ {HPLs of transcendentality t ≤ tmax(ℓ)}, (3.35)

where we have stressed that tmax depend on the perturbative order ℓ that one is considering.
We will discuss later how one can formulate a guess for tmax(ℓ) case by case, for the moment
let us just mention a couple of examples where the answer is known. In the case of φ4-type
derivative interactions in AdS2 considered in [29] one has tmax(1) = 1, tmax(2) = 4, while for
the half-BPS Wilson line defect theory that we consider here we shall argue that we expect
tmax(ℓ) = ℓ for all ℓ, a claim which is supported by our explicit results for ℓ ≤ 4. Given that
for each t there are 2t independent HPLs (corresponding to the choices of ai ∈ {0, 1}), the
number N(ℓ) of functions in the basis appearing in (3.31) is given by

N(ℓ) =
tmax(ℓ)∑

t=0
2t = 21+tmax(ℓ) − 1 . (3.36)

More details on HPLs and their properties are presented in appendix A.
Let us now spend some words of motivation for the ansatz (3.31). First of all, the

appearance of multiple polylogarithms in perturbative computations is ubiquitous in physics23

and therefore they provide a natural candidate for the transcendental functions Ti(χ) in (3.31).
MPLs are well known to arise as the result of Feynman integrals in generic quantum field
theories [75], in particular in the computation of scattering amplitudes. This has been
observed for a variety of models, ranging from scattering in the Standard Model [76–80] to
superstring theory [81, 82], and especially for gluon amplitudes in d = 4, N = 4 SYM [83–
96]. Moreover, multiple polylogarithms appear in perturbative correlators in various CFTs,
including the ϵ-expansion [56, 97, 98] and again d = 4, N = 4 SYM, both at weak [74, 99–101]
and at strong [35, 41, 71] coupling (in the planar limit). This structure has been explored
in particular for holographic CFTs, where the AdS/CFT correspondence gives a recipe to
compute correlation functions using Witten diagrams. While the latter give rise to more
complicated integrals than ordinary Feynman diagrams, it appears that the results can still

23A complete list of references on the appearance and use of polylogarithms in perturbative computations is
beyond the scope of this work. More detailed and complete lists of references can be found in the papers that
we cite in this paragraph.
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be expressed in terms of polylogarithms (or more general transcendental functions) in many
cases; see, e.g., [2, 29, 55, 102, 103]. In some cases, it is even possible to explicitly write
Witten diagrams in terms of ordinary Feynman diagrams, making the analogy between the
two even closer [104]. For the Wilson line defect CFT, HPLs were also observed to appear
in the large charge expansion of four-point functions between half-BPS operators [105], as
well as at weak coupling [14] for the displacement four-point function.

Once convinced that the result should be expressed in terms of MPLs, the restriction to
HPLs arises naturally from the properties inherited by G(ℓ)(χ) from the OPE structure of
1d CFTs. In particular, studying the convergence of the OPE it can be argued that G(ℓ)(χ)
should be analytic for χ ∈ C except for branch cuts at χ ∈ (−∞, 0] and χ ∈ [1,+∞): for
this reason one should restrict to MPLs with branch points located at χ ∈ {0, 1,∞}, which
leads precisely to HPLs. Moreover, as we review in appendix A, HPLs form a closed set
under Bose symmetry transformations S3 defined in (3.9), i.e. once a basis for HPLs of a
given transcendentality is chosen the action of S3 is such that the functions of transformed
argument can be always written in terms of the set of functions chosen as basis.

A further motivation follows from the structure of the OPE in perturbative theories and
in particular from the decomposition (3.24). As we explained in the previous section, each
G

(ℓ)
logk(χ) has an expansion in terms of conformal blocks and their derivatives, with coefficients

given by various combinations of OPE data as in (3.25). In some cases, as we shall explain in
more detail in the next section, one can compute the sums (3.25) at a given order from CFT
data at previous orders, thus extracting a certain part of the correlator. In all examples that
appeared in the literature the functions appearing as results in these sums are HPLs,24 which
as explained map to other HPLs after crossing symmetry transformations: case by case and
order by order this provides a strong consistency check of our assumptions. Moreover, looking
at the G(ℓ)

logk(χ) that can be computed from CFT data at previous orders also provides strong
evidence of what the maximal transcendentality tmax(ℓ) should be at each order, assuming
that each G

(ℓ)
logk(χ) logk χ has the same maximal transcendentality tmax(ℓ).

Finally let us mention that, for most correlators that we bootstrap, one can perform
non-trivial self-consistency checks by looking at CFT data that can be extracted from multiple
correlators. As we explain, in some cases we shall use data extracted from one correlator
as an input to bootstrap a new one, but it is often the case that by implementing this
procedure we encounter over-constrained systems of equations: the existence of a solution
is thus a strong check on our procedure and results. Another powerful consistency check is
the agreement between some of our CFT data and the strong coupling regime of analogous
data that can be computed numerically using integrability [12] and its combination with
the numerical bootstrap [13, 14].

Going back to the details of the ansatz (3.31), let us comment on the other ingredient
appearing in that formula: the rational functions ri(χ). Because of the analytic structure
of G(ℓ)(χ) discussed above, each ri(χ) must be the ratio between a polynomial in χ and
certain powers of χ and 1 − χ,

ri(χ) =
pi(χ)

χai (1− χ)bi
. (3.37)

24Note that since we are making the powers of logχ explicit in (3.24), each G
(ℓ)
logk (χ) can written in terms of

HPLs that are regular at χ = 0.
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This way, the only poles are located at χ = 0, 1 and the problem of finding the ri(χ) is
translated into that of finding pi(χ), for given values of ai and bi. Once these and the
degree of pi(χ) are fixed (we will discuss later how to do so), it should be clear that the only
unknowns in (3.31) are the coefficients of individual powers of χ in the polynomials pi(χ).
This drastically simplifies the problem: all constraints turn into linear systems of equations
for the coefficients in the pi(χ), as opposed to the non-linear problem arising if unknowns
are present in the denominator as well. We would also like to emphasize that when applying
Bose symmetry transformations to the arguments of HPLs, and then relating the transformed
functions to those that were chosen as basis, one generates multiple zeta-values (MZVs), i.e.
the result of evaluating HPLs at unit argument (when they are regular at that point), see
appendix A. One should then allow the coefficients in pi(χ) to take values in a field given
by the extension of Q by all the possible MZVs allowed by the maximal transcendentality
of the correlator, tmax(ℓ).25

3.4 The constraints

Now that we have clarified all the ingredients that enter in the ansatz (3.31), we are ready
to list the constraints that we use to fix the rational functions ri(χ). We shall distinguish
such constraints in two classes. The first class of constraints can be shown to be sufficient to
compute, at each order, all terms in G(ℓ)(χ) that have transcendentality t ≥ 2. This fixes the
result up to terms of transcendentality 0 or 1, namely combinations of {1, logχ, log(1− χ)}:
in holographic theories they can be seen as due contact terms, as the diagonal limit of D̄
functions has precisely this type of structure. This leads to the second class of constraints,
which allows to fix the remaining functions by inputting some additional information as we
discuss below (in particular, an important role will be played by the Regge limit). This
procedure can be understood as the analogue of reconstructing loop level results from their
discontinuities (given here by logarithmic singularities), which of course can be done only up
to terms with no discontinuity, i.e. tree level contact terms in this case.

Let us start with the first type of constraints, which we enforce on an ansatz of the
type (3.31) where all rational functions ri(χ) are unknown. We proceed in two steps:

• AdS unitarity method. We note that in the decomposition (3.24) all functions G(ℓ)
logk(χ)

with k ≥ 2 can be obtained from CFT data that can be extracted from previous
perturbative orders,26 by explicitly performing sums like those in (3.25). We will refer
to these terms as the “highest logarithmic singularities” of the correlator. For all the
sums of this type that we are able to perform, we find that

25Since we are going to deal with HPLs of weight at most four, the only MZVs that are relevant for this
paper are ordinary zeta values ζ(n) with n = 2, 3, 4. For example, if for a certain value of ℓ one has tmax(ℓ) = 4
and Ti(χ) = logχ for a given value of i, then we take

ri(χ) = ri,1(χ) + ζ(2) r
(2)
i,2 (χ) + ζ(3) r

(3)
i,3 (χ) ,

where ri,j(χ) are rational functions whose numerators are polynomials in χ with rational coefficients.
26This is true up to problems with operators mixing. If there is no mixing, considering a single correlator

order by order is enough. If mixing is present, on the other hand, one should consider a system of correlators
in order to extract the CFT data. This will be described in detail in section 6.
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1) the G(ℓ)
logk(χ) can be expressed in terms of HPLs that are regular at χ = 0,

2) G
(ℓ)
logk(χ) has t = ℓ− k, supporting our claim that tmax(ℓ) = ℓ in this case.

The idea that (at least part of) loop level results can be understood from results computed
at previous orders in perturbation theory dates back to the work of Cutkosky [106],
and was first introduced for the computation of holographic correlators in [55], where
it was termed “AdS unitarity method”.27 This method has since been applied, in
various incarnations, for the computation of holographic correlators at loop level in a
variety of theories [35–39, 109, 110], often in combination with the Lorentzian inversion
formula [54].28

• Bose symmetry. Once the highest logarithmic singularities are known, one can require
that G(ℓ)(χ) is Bose-symmetric. As we discussed, cyclic transformations χ → 1 − χ
lead to the simple crossing equation (3.6), while for braiding transformations χ→ χ

χ−1
all one needs to do is replace logχ → log |χ| in (3.24) and require invariance, which
leads to equations like (3.29). It turns out that, given the ansatz (3.31), through the
identities between HPLs at various arguments listed in appendix A, Bose symmetry
propagates the information obtained from the highest logarithmic singularities to all
rational functions multiplying HPLs (or MZVs) of transcendentality t ≥ 2, which can
therefore be computed exactly without the need for an explicit ansatz for them. The
only rational functions that cannot be fixed by this procedure are those multiplying
{1, logχ, log(1− χ)}, which are only found to satisfy certain crossing equations that we
shall discuss soon.

Once the procedure described above is used, one knows the correlator up to terms
of the type

Q(χ) = a(χ) + b(χ) log(1− χ) + c(χ) logχ , (3.38)

which can be interpreted as contact terms ambiguities, given that this is precisely the
structure of D-functions in d = 1, where the rational functions defining Q(χ) satisfy the
homogeneous crossing equations

b(χ) =
(

χ
1−χ

)2hφ

c(1− χ) , c(χ) = c
( χ

χ−1
)
, a(χ) = a

( χ
χ−1

)
,

c(χ) +
(

χ
1−χ

)2hφ

c(1− χ) + χ2hφ c
(

1
1−χ

)
= 0 . (3.39)

As described in [23, 29, 47], to solve this problem one makes an ansatz for the functions a
and c (since b is completely fixed by crossing in terms of c) as

a(χ) = pa(χ)
χk (1− χ)k , c(χ) = pc(χ)

χk (1− χ)k , (3.40)

27See [107, 108] for recent works that put the AdS unitarity method on a firmer footing, clarifying its precise
connections to S-matrix theory.

28An inversion formula that applies to one-dimensional CFTs has been developed in [69], and it would be
interesting to explore more precisely the connections with the statements made here.
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where pa and pc are polynomials and k ≥ 0. The denominators are chosen in such a way
that the only poles are located at χ = 0, 1, in according with the structure of the OPE.
A convenient strategy is then that of studying solutions for increasing values of k and, for
each k, vary the degree of the polynomials pa and pc. As discussed in detail in [29], there is
a one-to-one correspondence between the values of k in solutions that are also compatible
with the OPE at χ = 0 and the independent quartic contact terms with derivatives that one
can write in AdS2. To fix the correlator completely one should then input some external
assumption to fix the coefficients of such derivatives contact terms. We do this by employing
the second class of constraints, which can be summarized by the following two points:

• Compatibility with the OPE. The expansion of Q(χ) for small χ must be compatible
with the structure of the OPE at the perturbative order ℓ that one is considering. In
particular, we have constraints of two kinds. The first is related to the fact that we
always know which is the lowest-dimensional operator exchanged in the OPE. This
sets a cutoff on the lowest power of χ that can appear in the small χ expansion of
G(ℓ)(χ). Due to this fact, for each fixed k we can only find a finite number of solutions,
regardless of how high the degree of pa and pc is. The other kind of constraint is related
to the knowledge of certain OPE coefficients, or anomalous dimensions, of operators
that appear in the OPE. We shall encounter an example of this when discussing
⟨DpDpDqDq⟩ correlators in section 5: in that case one exchanges short operators Dk,
and all the OPE coefficients Cpqr ∼ ⟨DpDqDr⟩ are known from localization. This fact
also provides a definition of the coupling constant, which is otherwise arbitrary in a
bootstrap setup. Another example will be discussed in section 6, where to bootstrap
⟨D1D1D2L⟩ correlators we will use as an input certain averaged anomalous dimensions
that are known from other correlators.

• Regge limit. As anticipated, the solutions for fixed k are related to the possibility of
having contact terms of the type (∇nφ)4 in the AdS2 effective action. For increasing
value of k (or n) these have a more and more singular behavior in the Regge limit (as
defined in [52]), which corresponds to a higher degree of divergence of the averaged
anomalous dimensions ⟨γ(ℓ)⟩∆ at large ∆. We refer the reader to [29] for a more detailed
discussion of these aspects, while here we limit to state our prescription, which consists
in assuming that the correlators we are after have the mildest possible behavior in the
Regge limit, corresponding to the mildest growth of ⟨γ(ℓ)⟩∆ at large ∆. In practice we
find that, at least for ℓ ≤ 4, this is given by

⟨γ(ℓ)
∆ ⟩ ∼ ∆ℓ+1 , ∆→∞ . (3.41)

Roughly speaking, our prescription can be understood as demanding that one does not
include unnecessary (i.e. with too high number of derivatives) counterterms to loop
level results.

In the following sections we apply this method to various types of four-point functions
between operators inserted along the Maldacena Wilson line, in a strong coupling expansion.
Each time we will clarify the necessary modifications to the simple setup considered in this
section, but the spirit of the procedure will remain unaltered.
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3.5 The mixing problem — a bootstrap perspective

The applicability of the strategy discussed above rests on the fact that, when bootstrapping a
certain correlator at fixed perturbative order, all CFT data at previous orders are known, so
that the coefficients of the highest logarithmic singularities can be computed through sums
of the type (3.25). However, in concrete examples of perturbative CFTs this is often much
easier said than done, due to the presence of a degeneracy between inequivalent operators
with the same quantum numbers in the free theory. A simple example of this is given by a
free theory with a single scalar operator φ of dimension hφ = 1: in this case one can built
two distinct operators of dimension four, which are schematically of the form ∂2φ2 and φ4.
As we now explain, one cannot distinguish the two from the OPE of a unique correlation
function and is therefore led to analyze a multi-correlator analysis.

To understand why operators degeneracy is problematic from the point of view of the
analytic bootstrap, imagine to be in a situation like the one just described, where in the
interacting theory there are two operators O1,2 with the same quantum numbers under
global and R-symmetries, whose dimensions h1,2(g) are functions of the coupling g such
that, in the expansion for small g:

hi(g) = ∆+ g γ
(1)
Oi

+ g2 γ
(2)
Oi

+ . . . , (i = 1, 2) , (3.42)

where the free-theory dimension ∆ is the same for both. Then, in the OPE of a given four-point
function where these appear as intermediate operators, one has (at the non-perturbative level)

G(χ) ⊃ G∆(χ) ≡ a1 gh1(χ) + a2 gh2(χ) , (3.43)

where a1,2 ≡ µ2
1,2 are squared OPE coefficients and for brevity we are denoting a1 ≡ aO1

and so on. Moreover, we stress here that we are going to denote with µ OPE coefficients
that involve at least one long multiplet, which are those relevant for the mixing problem
discussed here. On the other hand, when dealing with three-point functions between half-BPS
multiplets Dk we are going to use the symbol C: these have the property that they are
non-degenerate and moreover can be computed exactly from localization, as we shall discuss.
Then, expanding for small coupling g one finds

G∆(χ) = [(µ(0)
1 )2 + (µ(0)

2 )2] g∆(χ)

+ g
{
[(µ(0)

1 )2 γ
(1)
1 + (µ(0)

2 )2 γ
(1)
2 ] g∆(χ) logχ+ . . .

}
+ g2

{1
2[(µ

(0)
1 )2 (γ(1)

1 )2 + (µ(0)
2 )2 (γ(1)

2 )2] g∆(χ) log2 χ+ . . .

}
+O(g3) ,

(3.44)

where we have only emphasized certain terms that we are interested in, so that one is led
to the introduction of the quantities

⟨a(0)⟩∆ ≡ (µ(0)
1 )2 + (µ(0)

2 )2 ,

⟨a(0) γ(1)⟩∆ ≡ (µ(0)
1 )2 γ

(1)
1 + (µ(0)

2 )2 γ
(1)
2 ,

⟨a(0) (γ(1))2⟩∆ ≡ (µ(0)
1 )2 (γ(1)

1 )2 + (µ(0)
2 )2 (γ(1)

2 )2 ,

(3.45)

where we are essentially computing weighted averages with weight given by squared OPE
coefficients. The latter depend on the external operators (as opposed to the anomalous
dimensions), so the result of the average depends on the four-point function that one
is considering.
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Now, say that we know G(0)(χ) and G(1)(χ) and we would like to bootstrap G(2)(χ)
using the method described in this section. From G(0)(χ) one can extract ⟨a(0)⟩∆ and from
G(1)(χ) the OPE gives access to the value of ⟨a(0) γ(1)⟩∆, but these are not sufficient to
compute the quantity ⟨a(0) (γ(1))2⟩∆ which is necessary to compute the log2 χ singularity
of G(2)(χ). This explains the well-known fact that, when degeneracy is present in the free
theory, studying a unique correlator in perturbation theory is not enough to access all CFT
data, but rather only some weighted averages thereof. The approach that is usually taken
to bypass this issue is to consider, at a given order, not just one correlator but a large
enough family in such a way as to obtain many data points for the averages (3.45). If one
obtains enough independent equations, it becomes possible to extract the individual CFT
data, thus “resolving” the mixing problem. Note also that the OPE coefficients µ(0)

1,2 appear
in a rotationally-invariant combination in ⟨a(0)⟩∆, so that by only looking at free-theory
correlators one could only compute such OPE coefficients up to a possible rotation in the
space (µ(0)

1 , µ
(0)
2 ). Such ambiguity can only be solved by looking at the averages ⟨a(0) γ(1)⟩∆,

which manifestly break such rotational invariance (when γ
(1)
1 ̸= γ

(1)
2 ): the computation of

free-theory OPE coefficients is then closely related to the mixing problem at first order.
Similarly, with this approach at higher orders one can only fully resolve the OPE coefficients
µ

(ℓ)
i together with the anomalous dimensions γ(ℓ+1)

i .
However, note that as anticipated our case is special, in the sense that the first-order

correction to the dilatation operator does not break the free-theory degeneracy. In the
example, this corresponds to the case where γ(1)

1 = γ
(1)
2 , so that it is impossible to completely

disentangle µ(0)
1,2 just by looking at the averages ⟨a(0)⟩∆ and ⟨a(0) γ(1)⟩∆, even if an infinite

amount of correlators is considered. Rather, one should move to the following order and
consider ⟨a(0) γ(2)⟩∆: this time we will find γ

(2)
1 ̸= γ

(2)
2 and studying enough averaged data

allows one to compute µ(0)
1,2 and γ(2)

1,2 . Similarly, in our setup at higher orders the computation
of µ(ℓ)

1,2 is closely tied to the resolution of mixing for γ(ℓ+2)
1,2 .

It is sometimes useful to choose a basis of operators which is not necessarily the basis
of eigenstates of the dilatation operator, and we will exploit this freedom in section 6. This
is particularly true when one has a Lagrangian description at the free theory point g = 0,
which allows for an explicit construction of operators in terms of elementary fields: for the
case at hand this is discussed in detail in [1]. The operators constructed in this way are not
necessarily eigenstates of the dilatation operator, but this does not constitute a problem
and one simply ends up with a non-diagonal dilatation operator in each degeneracy space.
In terms of our simple 2 × 2 example, we can define a vector of OPE coefficients and an
anomalous dimension matrix, which in the eigenstates basis read

µ(0)
α = (µ(0)

1 , µ
(0)
2 )α , (Γ(1))αβ =

(
γ

(1)
1 0
0 γ

(1)
2

)
αβ

. (3.46)

In terms of these objects, the averages can be rewritten in matrix notation as

⟨a(0)⟩∆ = µ(0)
α (g−1)αβµ

(0)
β ,

⟨a(0) γ(1)⟩∆ = µ(0)
α (Γ(1))αβµ

(0)
β ,

⟨a(0) (γ(1))2⟩∆ = µ(0)
α (Γ(1))αβ gβγ (Γ(1))γδµ

(0)
δ ,

(3.47)

– 35 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

where we have introduced the matrix of norms,

gαβ =
(
⟨O1|O1⟩ ⟨O1|O2⟩
⟨O2|O1⟩ ⟨O2|O2⟩

)
αβ

= δαβ . (3.48)

The latter is a metric tensor in the degeneracy space and in the basis of normalized eigenstates
of the dilatation operator that we have adopted is simply the identity. It is now clear that
one can perform an arbitrary change of basis in the degeneracy space by means of a matrix
M ∈ GL(2), acting as

Ôα =M β
α Oβ , (3.49)

where Ôα is now a completely arbitrary basis of (not necessarily normalized) operators, where
the metric tensor is no longer the identity, the anomalous dimensions matrix is not diagonal
and the usual rules of linear algebra give29

µ̂α =M β
α µβ , (Γ̂(1))αβ = (M−1Γ(1)(M−1)T )αβ , ĝαβ = (MgMT )αβ , (3.50)

which give us a way to interpret the averages (3.47) in an arbitrary basis. This is the approach
that we will adopt in section 6, where we will make a convenient choice of operator basis in
the free theory, that allows us to compute their OPE coefficients from Wick contractions.
The dilatation operator in such basis then takes the form of a non-diagonal matrix, whose
eigenvalues represent the anomalous dimensions of the physical eigenstates, and we explore
the entries of such matrix by studying a system of multiple correlators. We anticipate here
that the choice of basis that we found convenient is a basis where operators are words of fixed
length in terms of the fundamental letters contained in D1 (see [1] for more details). From
now on, we will keep the distinction between operators O that diagonalize the dilatation
operator and operators Ô, which have well-defined length but are not necessarily eigenstates.

4 Bootstrapping ⟨D1D1D1D1⟩ at three loops

In the rest of the paper we are going to present various bootstrap results for four-point
functions on the Wilson line. The kinematics, superconformal blocks and Ward identities
for the correlators that we will discuss are presented in the companion paper [1], so we will
not repeat the derivations in detail but only quote some results. We start in this section by
presenting our main result: the bootstrap for the four-point function of the super-displacement
operator, ⟨D1D1D1D1⟩, up to fourth order in perturbation theory, corresponding to three-loop
Witten diagrams. In doing so, we shall use some results that are derived in the following
sections, where more general correlators between half-BPS operators, as well as four-point
functions including long multiplets, are studied. The results up to one loop will be mostly a
review of those already presented in [23], with some additional justifications of why they are
correct despite the fact that the mixing problem was not taken into account in that paper,
while at two and three loops we provide a detailed derivation of the results presented in [2].

29Note that there is no contradiction with (2.19), since Γ̂αβ in this section is always used with upper indices,
which is related to Γ̂αβ in (2.19) by the action of the metric ĝ.
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4.1 Kinematics and free theory

Let us start by briefly reviewing some kinematics from [1, 23]. While all four-point functions
between half-BPS operators are constrained by superconformal Ward identities (SCWI) —
see (5.2) — the four-point function ⟨D1D1D1D1⟩ is special in that the SCWI can be solved
in terms of a number f and a single function f(χ) of the cross-ratio χ

⟨D1D1D1D1⟩
⟨D1D1⟩⟨D1D1⟩

= f χ2

ζ1 ζ2
+ D f(χ) , (4.1)

where ζ1,2 are R-symmetry cross ratios and D is a differential operator which can be written as

D = v1 + v2 − v1 v2 χ
2∂χ , vi = χ−1 − ζ−1

i , (4.2)

see [1] for more details. We remind the reader that the number f is a datum of the topological
algebra associated with 1d CFTs with osp(4∗|4) symmetry. In the specific case of the
half-BPS Wilson line in planar N = 4 SYM it can be computed using localization and its
non-perturbative expression as a function of the ’t Hooft coupling λ reads [15, 23, 53, 111]

f = (C112)2 = 3W(λ)W ′′(λ)
(W ′(λ))2 , (4.3)

where W(λ) is the expectation value of the circular one-half BPS Wilson loop in planar
N = 4 SYM, given by

W(λ) = 2√
λ
I1(
√
λ) , (4.4)

with I1 a modified Bessel function of the first kind. C112 in (4.3) is the OPE coefficient
⟨D1D1D2⟩. Neglecting non-perturbative terms proportional to e−

√
λ in the expansion of

I1(
√
λ), one finds at large λ

f =
∞∑

ℓ=0

f(ℓ)

λℓ/2 = 3− 3
λ1/2 + 45

8λ3/2 + 45
4λ2 + 1215

128λ5/2 −
135
8λ3 +O(λ−7/2) +O(e−

√
λ) . (4.5)

Note that from the point of view of the conformal bootstrap, the knowledge of f provides
a definition of the coupling constant λ at all orders, which would otherwise be arbitrary
from a purely bootstrap perspective. The other crucial ingredient in (4.1) is the function
f(χ), which we shall sometimes refer to as reduced correlator, and it is the object to which
we will devote our attention in this section.

Given the OPE

D1 ×D1 = I +D2 +
∑

h

Lh
0,[0,0] , (4.6)

we remind the expression for the reduced conformal blocks associated to the three types
of exchanged multiplets, which read [1, 23]

fI(χ) = χ ,

fD2(χ) = χ− χ 2F1(1, 2, 4;χ) ,

fh(χ) =
χ1+h

1− h 2F1(1 + h, 2 + h, 4 + 2h;χ) .

(4.7)
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Note that the reduced blocks for long operators are eigenfunctions of the reduced quadratic
Casimir

Ĉ = (1− χ)∂χ

(
χ2 ∂χ

)
− 2 , (4.8)

namely they satisfy

Ĉ fh(χ) = j2
h fh(χ) , j2

h = h(h+ 3) , (4.9)

where j2
h is the quadratic Casimir eigenvalue for singlets of R symmetry and transverse spin.

A property of the reduced conformal blocks that will play a crucial role in the following is
their behavior under braiding transformations

fI(χ) + fI
( χ

χ−1
)
= χ2

χ− 1 ,

fD2(χ) + fD2

( χ
χ−1

)
= χ2

χ− 1 ,

fh(χ) + (−1)h fh
( χ

χ−1
)
= 0 .

(4.10)

Let us now discuss the free theory result for ⟨D1D1D1D1⟩, which can be computed using
Wick contractions and reads

G(0)
{1,1,1,1} = 1 + χ2

ζ1 ζ2
+ χ2 (1− ζ1) (1− ζ2)

(1− χ)2 ζ1 ζ2
, (4.11)

which correctly gives f(0) = 3, as well as

f (0)(χ) = χ+ χ2

χ− 1 . (4.12)

Under cyclic transformations this satisfies

(1− χ)2 f (0)(χ) = χ2 f (0)(1− χ) , (4.13)

while under braiding we have

f (0)(χ) + f (0)( χ
χ−1

)
= f(0) χ2

χ− 1 . (4.14)

Given (4.10), this implies that only long multiplets with even h can contribute to the D1×D1
OPE in the free theory. We can confirm this result by expanding in blocks

f (0)(χ) = fI(χ) + (C(0)
112)2 fD2(χ) +

∑
∆
⟨a(0)⟩∆ f∆(χ) , (4.15)

where ⟨a(0)⟩∆ are averages of squared OPE coefficients, and we have used the notation ∆
introduced in section 3 to denote the set of conformal dimensions exchanged in the free
theory. In this case (4.14) implies that ∆ ∈ 2N0 and we find

⟨a(0)⟩∆ = Γ[3 + ∆]Γ[1 + ∆](∆− 1)
Γ[2 + 2∆] . (4.16)
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In the following sections we will turn on perturbations and the exchanged operators
acquire anomalous dimensions order by order in perturbation theory for large λ,

h = ∆+
∞∑

ℓ=0

γ
(ℓ)
∆
λℓ/2 , (4.17)

with an analogous expansion for the averaged OPE coefficients. While the symmetry under
cyclic transformations remains exact at each order and can be written more generally as

(1− χ)2 f (ℓ)(χ) + χ2 f (ℓ)(1− χ) = 0 , (4.18)

for braiding one should expand as in (3.24)

f (ℓ)(χ) =
ℓ∑

k=0
f

(ℓ)
logk(χ) logk χ , (4.19)

and for the functions f (ℓ)
logk(χ) we have

f
(ℓ)
logk(χ) +

ℓ−k∑
m=0

(
k +m

m

)
(−1)m logm(1− χ) f (ℓ)

logk+m

( χ
χ−1

)
= δk,0

χ2

χ− 1 f(ℓ) , (4.20)

which is just (3.29) adapted to this case. We will also highlight that, at each order, one can
pick a basis of functions such that, just replacing logχ→ log |χ| and log(1− χ)→ log |1− χ|
one obtains a function f̄ (ℓ)(χ) such that braiding becomes completely manifest, as in (3.27):

f̄ (ℓ)( χ
χ−1

)
+ f̄ (ℓ)(χ) = χ2

χ− 1 f(ℓ) . (4.21)

4.2 Warm up: solving functional relations

Before attacking the bootstrap problem for ⟨D1D1D1D1⟩, let us briefly consider two sets of
functional relations that will prove useful in the discussion of the bootstrap problem at all
orders. As we anticipated in section 3, our strategy at each order consists in computing the
coefficients of the leading logarithmic singularities at each order, which after requiring cyclic
and braiding invariance fixes the whole correlator up to a function satisfying the “tree-level”
crossing equations. It is therefore useful to study here the most general solution to these
equations, assuming that the result has transcendentality one, as it should be for contact
terms in AdS2, see [29] (note that the Lagrangian (2.7) does not contain cubic vertices). At
each order, we will then refer to the solutions found here to fix the contact term ambiguity.

Consider the function

Q(χ) = q1(χ) + q2(χ) log |1− χ|+ q3(χ) log |χ| , (4.22)

subject to the crossing equations

(1− χ)2Q(χ) + χ2Q(1− χ) = 0 , Q(χ) +Q
( χ

χ−1
)
= 0 , (4.23)
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with χ ∈ R \ {0, 1}, where q1,2,3 are rational functions. Requiring the coefficient of each HPL
in (4.23) to vanish, one obtains that q3 can be eliminated using

q3(χ) = −
χ2

(1− χ)2 q2(1− χ) , (4.24)

with the remaining two functions constrained by

(1− χ)2 q1(χ) + χ2 q1(1− χ) = 0 , q1(χ) + q1
( χ

χ−1
)
= 0 , (4.25)

and

(1− χ)2
(
q2(χ)− q2

( χ
χ−1

))
= χ2 q2(1− χ) , q2(χ) + χ2 q2

( 1
χ

)
= 0 . (4.26)

For the reasons explained in section 3, we are interested in rational solutions to (4.25)
and (4.26) that are holomorphic functions of χ except for, at most, poles at χ = 0, 1. One
can then make an ansatz of the type (3.40), namely

qi(χ) =
pi(χ)

χk (1− χ)k , (4.27)

and study the solutions varying the degree of the polynomial pi in the numerators and the
parameter k. We find that there are no solutions for k ≤ 0, while for each fixed k > 0 there
is only a finite number of solutions, regardless of how high the degree of pi is taken to be in
the ansatz. It is then simple to explore all solutions, and we find that both for q1 and for q2
they can be described by one infinite family, labeled by an integer n. For q1 we find

q
(n)
1 (χ) = (2− χ)(1 + χ)(1− 2χ)(1− χ+ χ2)3n−1

χ2n−1 (1− χ)2n+1 , n ≥ 1 , (4.28)

while for q2 we have

q
(n)
2 (χ) = 1− (−1)n χ3n−2

χn−2 (1− χ)n
, n ≥ 1 . (4.29)

Note that we have made a particularly simple choice of basis which allows to write all solutions
in closed form, but since we are dealing with a linear and homogeneous problem all linear
combinations of the functions chosen as basis still provide a valid solution. An important
aspect that we would like to stress is that the appearance of a new solution (increasing k)
is closely related to a more singular behavior at χ = 0, 1,∞, so that restrictions on this
behavior provide a powerful constraint. In the concrete problems that we shall study in the
next subsections, such constraints will come from the OPE, which sets the lowest power
of χ that can appear in the expansion around χ = 0, and from the Regge limit, which is
an expansion around χ = ∞ and is related to the behavior of the anomalous dimensions
associated to a certain solution at large ∆, see [29].
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4.3 Tree level

Let us now turn on the perturbation and examine results at tree level. According to the
discussion of section 3 we make an ansatz for f (1)(χ) with transcendentality one

f (1)(χ) = f
(1)
log0(χ) + f

(1)
log1(χ) logχ ,

f
(1)
log0(χ) = r1(χ) + r2(χ) log(1− χ) ,

f
(1)
log1(χ) = r3(χ) ,

(4.30)

where ri (i = 1, 2, 3) are rational functions and from the results of appendix B one has
the expansions

f
(1)
log1(χ) =

∑
∆
⟨a(0) γ(1)⟩∆ f∆(χ)

f
(1)
log0(χ) = f(1) fD2(χ) +

∑
∆

[
⟨a(1)⟩∆ f∆(χ) + ⟨a(0) γ(1)⟩∆ f

(1)
∆ (χ)

]
,

(4.31)

where we have introduced the notation

f
(n)
∆ (χ) = χ∆ (∂∆)n χ−∆ f∆(χ) . (4.32)

Given that there are no terms proportional to logk χ with k ≥ 2 in (4.30), there are no
constraints coming from the highest logarithmic singularities, as one should expect for a
tree-level result. This is the equivalent of contact terms in higher-dimensional AdS spaces
having vanishing double discontinuity, in the language of the Lorentzian inversion formula [54].
On the other hand, demanding that f (1) satisfies the crossing equations (4.18) and (4.20)
leads to the functional relations

(1−χ)2 r1(χ)=χ2 r1(1−χ) , (1−χ)2 r2(χ)=χ2 r3(1−χ) , r1(χ)+r1
( χ

χ−1
)
= f(1) χ2

χ−1
r2(χ)+χ2 r2

( 1
χ

)
=0 , (1−χ)2

(
r2(χ)−r2

( χ
χ−1

))
=χ2 r2(1−χ) , (4.33)

which allow us to eliminate r2 in terms or r3, leading to a non-homogeneous version of the
equations (4.25) (with r1 ↔ q1) and (4.26) (with r2 ↔ q2), with the non-homogeneous term
provided by the topological OPE data f(1). The solution to (4.33) is then given by any
solution of the non-homogeneous equation plus an arbitrary linear combination of all solutions
to the homogeneous equation. Hence, we can express the solution to (4.33) as

r1(χ) =
f(1)

3
χ(1− 2χ)
1− χ +

∞∑
n=1

c
(n)
1 q

(n)
1 (χ) ,

r2(χ) =
∞∑

n=1
c

(n)
2 q

(n)
2 (χ) , r3(χ) = −

χ2

(1− χ)2 r2(1− χ) .
(4.34)

This is obviously far from a unique solution, as we are yet to impose appropriate boundary
conditions. First, the OPE (4.31) dictates that expanding around χ = 0

f (1)(χ) = 3
2χ

2 +O(χ3) , (4.35)
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which can be shown to fix all the coefficients c(n)
2 in terms of the c

(n)
1 . While finding a

closed-form expression for all solutions to this constraint seems non-trivial, we can give
some examples:

• If c(n)
1 = 0, then c

(n)
2 =

{
− 2

3 f(1), 1
3 f(1), 0, 0, . . .

}
.

• If c(n)
1 = δn,1, then c

(n)
2 =

{
− 2

3 ,
31
3 ,−10, 2, 0, 0, . . .

}
.

• If c(n)
1 = δn,2, then c

(n)
2 =

{
− 89

45 ,
3299
90 ,−191

3 , 139
3 ,−16, 2, 0, 0, . . .

}
.

It is important to stress that only a finite number of c(n)
2 is non-zero for each c(n)

1 that is taken
to be non-zero. Because of crossing symmetry, no new constraint arises expanding around
χ = 1. On the other hand, a crucial constraint comes from the expansion around χ =∞. As
discussed in [29], this is equivalent to studying the behavior of the anomalous dimensions
⟨γ(1)⟩∆ associated to a certain solution via (4.31) at large ∆. In particular, we find

⟨γ(1)⟩∆ := ⟨a(0)⟩−1
∆ ⟨a

(0)γ(1)⟩∆ = f(1)

6 j2
∆ +

∞∑
n=1

c
(n)
1 ⟨γ

(1)
n ⟩∆ , (4.36)

where j2
∆ = ∆(∆ + 3) was introduced in (4.9), and

⟨γ(1)
n ⟩∆ ∼ ∆4n+2 , (∆→∞) . (4.37)

Given the correspondence between the growth of ⟨γ(1)⟩∆ at large ∆ and the number of
derivatives in tree-level contact interactions [112] (see also [29] for the d = 1 case), we
conclude that the term proportional to f(1) in (4.36) is generated by quartic contact terms
with at most four derivatives (precisely as in (2.7)), while each ⟨γ(1)

n ⟩∆ corresponds to
contact terms with 4n + 4 derivatives. These cannot be excluded simply by bootstrap
arguments as they all provide solutions to the functional equations (4.33) with the boundary
condition (4.35), but they can be set to zero by requiring that our solution describes quartic
interactions with at most four derivatives, which should be the case if we want to reproduce
the theory described by the Lagrangian (2.7). Note that a suitable adaptation of this
prescription is usually employed in Mellin space when computing holographic correlators in
higher dimensions, where one has a constraint on the number of derivatives appearing in the
supergravity Lagrangian, translating to polynomials Mellin amplitudes of a given degree —
see, e.g., [33, 34] or [113] for a review. Here we are using very similar ideas, just implementing
them directly in spacetime rather than in Mellin space.

Having clarified the structure of the general solution at tree level, it should now be
clear how to pinpoint the one corresponding to the AdS2 Lagrangian (2.7) is selected. We
simply have to set to zero all coefficients corresponding to contact terms with more than
four derivatives, which means choosing

c
(n)
1 = 0 ∀n ≥ 1 , c

(1)
2 = −2

3 f(1) , c
(2)
2 = 1

3 f(1) , c
(n)
2 = 0 ∀n ≥ 3 , (4.38)

in (4.34). The solution can be written as

f (1)(χ) = −χ(1− 2χ)
1− χ − (1− χ2) log(1− χ) + χ3(2− χ)

(1− χ)2 logχ , (4.39)
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with associated CFT data

⟨γ(1)⟩∆ = −1
2j

2
∆ , ⟨a(1)⟩ = ∂∆ ⟨a(0) γ(1)⟩∆ , (4.40)

where we have also used f(1) = −3 from (4.5). These are precisely the results already presented
in [23]. Note that the first order correction to the squared OPE coefficients satisfies the
“derivative rule” first observed in [112]. However, this is just an accident of the fact that
the result for ⟨D1D1D1D1⟩(0) agrees with that of a generalized free theory, for which the
derivative rule is known to apply, while general ⟨DpDpDqDq⟩(0) arise from Wick contractions
in a free theory, so there will be corrections to the derivative rule.

Finally, let us present the final result for the tree-level correlator. As anticipated, we can
write define a function f̄ (1)(χ) that is Bose-symmetric and reduces to f (1)(χ) for χ ∈ (0, 1)
simply by replacing log a → log |a|. Given our choice of basis, it is natural to express the
result in a form that makes cyclic invariance manifest, namely

f̄ (1)(χ) =
[
f

(1)
log (χ) log |χ|

]
− χ2

(1−χ)2
[
χ→ 1− χ

]
+ f(1)

3 f (0)(χ) , (4.41)

where f (0)(χ) is the free theory reduced correlator introduced in (4.12), while

f
(1)
log (χ) =

χ3(2− χ)
(1− χ)2 = Ĉ

[
f (0)(χ) + 3χ2

2(1− χ)

]
, (4.42)

and Ĉ is the Casimir operator introduced in (4.8). Note that although only cyclic invariance
is manifest in (4.41), the correlator is invariant under the full Bose symmetry group S3
and defined for all χ ∈ R \ {0, 1}.

4.4 One loop

Let us now move to the second perturbative correction, which corresponds to one loop
diagrams in AdS2. Starting from this order, it is a priori not clear what the maximal
transcendentality tmax(ℓ) of the ansatz (3.31) should be. Let us then take a little detour,
that will give us an educated guess for what tmax(ℓ) should be. One-loop four-point functions
in generic scalar φ4 theories in AdS2 lead to functions of transcendentality four, as it can
be found in [29, 52]. On the other hand, the results found in [23] suggest that one loop
correlators on the Wilson line should have transcendentality two. This discrepancy can be
understood as follows. Let us assume that all terms in (4.19) contain HPLs of the maximal
transcendentality, then in particular f (ℓ)

logℓ(χ) should have transcendentality tmax(ℓ)− ℓ, and
it can be evaluated using (see appendix B)

f
(ℓ)
logℓ(χ) =

1
ℓ!
∑
∆
⟨a(0) (γ(1))ℓ⟩∆ f∆(χ) . (4.43)

Now, computing this sum at all orders is non-trivial due to the presence of operators degeneracy.
In [29, 52] the absence of mixing was assumed but not justified. On the Wilson line, on the
other hand, we have already anticipated in section 2 that the first-order perturbation does
not lift the free theory degeneracy. Hence, in both cases one is using that

⟨a(0) (γ(1))ℓ⟩∆ = ⟨a(0)⟩∆⟨γ(1)⟩ℓ∆ . (4.44)
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Now, for the Wilson line defect theory at tree level one has the anomalous dimensions (4.40),
which are proportional to the Casimir eigenvalue j2

∆ and therefore

f
(ℓ)
logℓ(χ) =

1
ℓ!
(
− 1

2 Ĉ
)ℓ−1

f
(1)
log1(χ) . (4.45)

Since f (1)
log1 is a rational function (found in (4.39)) and Ĉ is a differential operator, then all

f
(ℓ)
logℓ are rational functions. Their degree of transcendentality is then zero, so from our initial

statement we can read off that

t
[
f

(ℓ)
logℓ

]
= tmax(ℓ)− ℓ = 0 , ⇒ tmax(ℓ) = ℓ , (4.46)

at all orders. On the other hand, for the φ4 theory with ∆φ = 1 considered in [52] one has
γ

(1)
∆ ∼ j−2

∆ , so that the leading logarithmic singularities at higher loops are obtained by acting
with the inverse Casimir operator on the tree level result. Since this is an integral operator, it
raises the degree of transcendentality of the functions it acts on, so that even if the coefficient
of logχ in the tree-level result is a rational function, the coefficient of logℓ χ at ℓ− 1 loops
is transcendental. We can therefore immediately see how the defect theory defined on the
Wilson line has a much simpler perturbative structure than a generic φ4-type theories in AdS2,
and at the computational level this is due to the fact that the tree-level anomalous dimensions
are polynomial, rather than rational, functions of the dimension ∆ of the exchanged operators.
Note that this has been observed to happen for other 1d defect theories as well, such as the
Wilson line in ABJM [48] and AdS2 × S2 holographic correlators [50].

Now that we have established our expectation for tmax(ℓ), we can make an ansatz for
the one loop reduced correlator f (2) as a combination of HPLs of weight up to two30

f (2)(χ) = f
(2)
log0(χ) + f

(2)
log1(χ) logχ+ f

(2)
log2(χ) log2 χ

f
(2)
log0(χ) = r1(χ) + r2(χ) log(1− χ) + r3(χ) log2(1− χ) + r4(χ) Li2(χ) ,

f
(2)
log1(χ) = r5(χ) + r6(χ) log(1− χ) ,

f
(2)
log2(χ) = r7(χ) ,

(4.47)

where all the numerators in the rational functions are polynomials with coefficients in Q,
except for31

r1(χ) = r1,1(χ) + r1,2(χ) ζ(2) , (4.48)

where we have allowed explicitly the possibility of terms proportional to ζ(2), the only
MZV of weight two. Following appendix B, we also have the following expansions in blocks

30Note that we keep using the same symbol ri(χ) for the rational functions in the ansatz, as we did already
for the tree level ansatz (4.30), in order to avoid a cumbersome notation. We will keep doing so in every
ansatz that is spelled out explicitly and there should be no confusion as each of them appears in different
subsections, without cross-referencing.

31Note that the terms Li2 and ζ(2) were excluded a priori from the ansatz used in [23]. Here we allow for
their presence, but we will show that their coefficients actually vanish in the final result.
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and derivatives

f
(2)
log2(χ)=

∑
∆

1
2!⟨a

(0) (γ(1))2⟩∆ f∆(χ) ,

f
(2)
log1(χ)=

∑
∆

[
⟨a(0)γ(2)+a(1)γ(1)⟩∆ f∆(χ)+⟨a(0) (γ(1))2⟩∆ f

(1)
∆ (χ)

]
,

f
(2)
log0(χ)= f(2) fD2(χ)+

∑
∆

[
⟨a(2)⟩∆f∆(χ)+⟨a(0)γ(2)+a(1)γ(1)⟩∆ f

(1)
∆ (χ)+ 1

2⟨a
(0) (γ(1))2⟩∆ f

(2)
∆ (χ)

]
.

(4.49)

We are then ready to apply the algorithm described in section 3. First, reiterating what we
said at the start of this section, we can use the fact that the operator degeneracy is not lifted
at tree level: ⟨γ(1)

∆ ⟩ given in (4.40) is the exact anomalous dimension of any operator L∆
0,[0,0]

at first order, and degenerate operators in the free theory are still degenerate at first order.
This allows us to write (4.44) and therefore setting ℓ = 2 in (4.45) we find

r7(χ) = f
(2)
log2(χ) = −

χ3 (2− χ) (5− 5χ+ 3χ2)
2(1− χ)3 . (4.50)

The next step is to use Bose symmetry, which we do by considering the crossing equations (4.18)
and (4.20) and setting the coefficient of each HPL in the chosen basis to zero. Note that we
consider ζ(2) to be a basis element on its own, being a MZV of transcendentality two.

Let us focus first on the rational functions multiplying HPLs of t ≥ 2, for which we find

r3(χ)=−
χ2

(1−χ)2 r7(1−χ) , r4(χ)= 0 , r6(χ)=−r7(χ)+
χ2

(1−χ)2 r7(1−χ)+χ2 r7
( 1

1−χ

)
,

(4.51)
implying that these terms are completely fixed in terms of (4.50). The remaining functions
are constrained by

r1,2(χ) + r1,2
( χ

χ−1
)
= 0, (1− χ)2 r1,2(χ) + χ2 r1,2(1− χ) = 0 , (4.52)

as well as

(1−χ)2 r2(χ)+χ2 r5(1−χ)= 0 ,

(1−χ)2 r1,1(χ)+χ2 r1,1(1−χ)= 0 , r1,1(χ)+r1,1
( χ

χ−1
)
= f(2) χ2

χ−1 ,

(1−χ)2
(
r2(χ)−r2

( χ
χ−1

))
=χ2 r2(1−χ) , r2(χ)+χ2 r2

( 1
χ

)
=0 ,

(4.53)

which are just the crossing equations for a tree-level problem. Their solution can be expressed
in terms of the functions q(n)

1,2 introduced in (4.28)–(4.29) and reads

r1,1(χ) =
∞∑

n=1
c

(n)
1,1 q

(n)
1 (χ) , r1,2(χ) =

∞∑
n=1

c
(n)
1,2 q

(n)
1 (χ) ,

r2(χ) =
∞∑

n=1
c

(n)
2 q

(n)
2 (χ) , r5(χ) = −

χ2

(1− χ)2 r2(1− χ) ,
(4.54)

where we have used that f(2) = 0 from (4.5).
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We can now fix the coefficients by requiring the correct behavior in the direct OPE
channel (χ → 0) and in the Regge limit. In particular, we demand that

f(χ) = O(χ3) , (4.55)

as well as requiring the mildest possible growth for ⟨γ(2)⟩∆ at large ∆. While not obvious
a priori, this turns out to be

⟨γ(2)⟩∆ ∼ ∆3 , (∆→∞) . (4.56)

These two conditions, together, fix

c
(n)
1,1 = 0 ∀n ≥ 1 , c

(n)
1,2 = 0 ∀n ≥ 1 , c

(1)
2 = −11

4 , c
(2)
2 = 3

2 , c
(n)
2 = 0 ∀n ≥ 3 ,

(4.57)

or in other words

r1,1(χ) = 0 = r1,2(χ) , r2(χ) =
(1 + χ)(6− 11χ+ 6χ2)

4(1− χ) , (4.58)

which fixes completely the solution at one loop to be

f (2)(χ) = (1 + χ)(6− 11χ+ 6χ2)
4(1− χ) log(1− χ) + (1− χ2)(3− χ+ 3χ2)

2χ log2(1− χ)

−
[
χ(2− χ)(1− χ+ 6χ2)

4(1− χ)2 + (1− 2χ)(1 + 3χ2 − 6χ3 + 3χ4)
2(1− χ)2 log(1− χ)

]
logχ

− χ3(2− χ)(5− 5χ+ 3χ2)
2(1− χ)3 log2 χ .

(4.59)

The associated CFT data, which can be extracted from (4.49), read32

⟨γ(2)⟩∆ = γ
(1)
∆ ∂∆γ

(1)
∆ + j2

∆
8

(
−11− 6

j2
∆+2+4H1+∆

)
,

⟨a(2)⟩∆ = ∂∆⟨a(0) γ(2)+a(1) γ(1)⟩∆−
1
2∂

2
∆⟨a(0) (γ(1))2⟩∆

+⟨a(0)⟩∆

(
j2

∆(j2
∆−2)
2

(
S−2(∆)+1

2ζ(2)
)
+24+48∆−17∆2−44∆4−11∆5−∆6

4(j2
∆+2)

)
,

(4.60)

where we have introduced the (generalized) harmonic numbers

H(m)
n =

n∑
k=1

1
km

, Hn ≡ H(1)
n , (4.61)

32Note that it is the combination ⟨γ(2) − γ(1) ∂∆γ(1)⟩∆, and not simply ⟨γ(2)⟩∆, that according to the
reciprocity principle (B.26) should have an expansion in powers of j2

∆. This is indeed the case, since it is true
for all terms in (4.60), including H∆+1.
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and the harmonic sum33

S−2(n) =
n∑

k=1

(−1)k

k2 = (−1)n

4
(
H

(2)
n/2 −H

(2)
(n−1)/2

)
− 1

2ζ(2) . (4.62)

Once again, we can extend the definition of f (2)(χ) to a function f̄ (2)(χ) simply inserting
absolute values in the arguments of the logarithms. The resulting function is defined on
the whole real axis, except for the OPE limits χ = 0, 1, and is Bose symmetric. It can
be expressed as

f̄ (2)(χ) =
[

1
2!(−

1
2 Ĉ)[f

(1)
log (χ)] log

2 |χ|+ χ(−2+3χ−13χ2+6χ3)
4(1−χ)2 log |χ|

]
− χ2

(1−χ)2

[
χ→ 1− χ

]
+
[
−
(

1
2χ(1−χ) +

3χ(1−χ)
2

)
log |1− χ| log |χ|+ f(2)

3

]
f (0)(χ)

= − 1
4

[(
Ĉ[f (1)(χ)]− 6χ2

)
log |χ|

]
− χ2

(1−χ)2

[
χ→ 1− χ

]
,

(4.63)

with the same notation and similar properties to (4.41). Note that not all allowed HPLs
at this order actually appear in the answer: we started from a basis of dimension seven
but it is actually possible to express the result in terms of six basis functions, due to the
fact that the coefficient of Li2(χ) turns out to vanish. We will see more examples of this
phenomenon at higher orders, where the simplification in the final answer is less trivial and
potentially suggestive of a general structure.

4.5 Two loops

According to our guess (4.46), moving to two loops we should make an ansatz based on
HPLs of maximal transcendentality three. Making use of the explicit basis discussed in
appendix A, we then write

f (3)(χ) = f
(3)
log0(χ) + f

(3)
log1(χ) logχ+ f

(3)
log2(χ) log2 χ+ f

(3)
log3(χ) log3 χ

f
(3)
log0(χ) = r1(χ) + r2(χ) log(1− χ) + r3(χ) log2(1− χ) + r4(χ) Li2(χ)

+ r5(χ) log3(1− χ) + r6(χ) Li2(χ) log(1− χ) + r7(χ) Li3(χ) + r8(χ)S1,2(χ) ,

f
(3)
log1(χ) = r9(χ) + r10(χ) log(1− χ) + r11(χ) log2(1− χ) + r12(χ) Li2(χ) ,

f
(3)
log2(χ) = r13(χ) + r14(χ) log(1− χ) ,

f
(3)
log2(χ) = r15(χ) ,

(4.64)

where S1,2(χ) is a Nielsen polylogarithm and we can introduce explicit MZVs by expanding

r1(χ) = r1,1(χ) + r1,2(χ) ζ(2) + r1,3(χ) ζ(3) ,
r2(χ) = r2,1(χ) + r2,2(χ) ζ(2) ,
r9(χ) = r9,1(χ) + r9,2(χ) ζ(2) .

(4.65)

33Note that the same notation is conventionally used for harmonic sums and for Nielsen polylogarithms,
which are discussed in appendix A. We hope that in this work the distinction will be clear from the context,
as Nielsen polylogarithms will be used to describe correlators as functions of χ, while harmonic sums appear
in the expression of CFT data as functions of ∆.
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Following appendix B we can also write the blocks expansion for each f
(ℓ)
logk as

f
(3)
log3(χ)=

∑
∆

1
3!⟨a

(0) (γ(1))3⟩∆ f∆(χ) ,

f
(3)
log2(χ)=

∑
∆

[
⟨12a

(1) (γ(1))2+a(0) γ(1) γ(2)⟩∆ f∆(χ)+ 1
2⟨a

(0) (γ(1))3⟩∆ f
(1)
∆ (χ)

]
,

f
(3)
log1(χ)=

∑
∆

[
⟨a(2) γ(1)+a(1) γ(2)+a(0) γ(3)⟩∆f∆(χ)+⟨a(1) (γ(1))2+2a(0) γ(1) γ(2)⟩∆f

(1)
∆ (χ)

+1
2⟨a

(0) (γ(1))3⟩∆f
(2)
∆ (χ)

]
,

f
(3)
log0(χ)= f(3) fD2(χ)+

∑
∆

[
⟨a(3)⟩∆f∆(χ)+⟨a(2) γ(1)+a(1) γ(2)+a(0) γ(3)⟩∆f

(1)
∆ (χ)

+1
2⟨a

(1) (γ(1))2+2a(0) γ(1) γ(2)⟩∆f
(2)
∆ (χ)+ 1

3!⟨a
(0) (γ(1))3⟩∆f

(3)
∆ (χ)

]
.

(4.66)

Again, the first step of the algorithm is to determine the functions that multiply the highest
logarithmic singularities, i.e. f (3)

log3(χ) and f
(3)
log2(χ). The former is easily obtained from

equation (4.45), which is valid to all loops and exploits the fact that the operators degeneracy
present in the free theory is not lifted by tree level corrections. We thus obtain

r15(χ) = f
(3)
log3(χ) =

χ3

6 (1− χ)4

(
50− 125χ+ 214χ2 − 196χ3 + 93χ4 − 18χ5

)
. (4.67)

At two loops there is another term that can be computed exactly from previous order data,
provided that we can correctly account for the mixing problem. Luckily, this is done simply
by observing that we can rewrite the second line in (4.66) as

f
(3)
log2(χ) =

∑
∆

[(1
2⟨a

(1)⟩∆ (γ(1)
∆ )2 + ⟨a(0) γ(2)⟩∆γ

(1)
∆

)
f∆(χ) + 1

2⟨a
(0)⟩∆(γ(1)

∆ )3 f
(1)
∆ (χ)

]
,

(4.68)

which is exactly computable given the averages of CFT data at previous orders. We obtain

f
(3)
log2(χ)= r13(χ)+r14(χ) log(1−χ)

= χ3

4(1−χ)3

[
(2−χ)(35−35χ+23χ2)−2(25−78χ+110χ2−72χ3+18χ3) log(1−χ)

]
.

(4.69)

From these results one can already see that, as opposed to the one-loop result where the
coefficient of Li2(χ) is set to zero by crossing and braiding, here ordinary logarithms are not
enough and one needs the functions Li2(χ), Li3(χ) and S1,2(χ) for crossing and braiding to
be symmetries of f (3)(χ), given the results (4.67) and (4.69).

Let us be more explicit and consider the functional constraints that arise when one
separately considers the coefficient of each HPL in the basis, as well as the coefficients of the
MZVs ζ(2) and ζ(3), in the crossing and braiding relations. As for the one-loop case, we can
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see that the rational functions multiplying HPLs of t ≥ 2 are completely fixed in terms of
the highest logarithmic singularities, in this case (4.67) and (4.69). In particular, we find

r3(χ)=−
χ2

(1−χ)2 r13(χ) , r4(χ)= 0= r6(χ) , r5(χ)=
χ2

3(1−χ)2

(
r14(1−χ)−r14

(χ−1
χ

))
,

r7(χ)=−r12(χ)=
χ2

(1−χ)2 r8(1−χ)=−r14(χ)−r14
( χ

χ−1
)
+χ2 r14

( 1
1−χ

)
+ χ2

(1−χ)2 r14(1−χ) ,

r10(χ)=−r13(χ)−χ2 r13
( 1

χ

)
+ χ2

(1−χ)2 r13(1−χ) , r11(χ)=−
1
2r8(χ)−

χ2

(1−χ)2 r14(1−χ) .

(4.70)
Next, we turn to the rational functions multiplying MZVs and here we notice a new phe-
nomenon: the presence of Li3(χ) and S1,2(χ) generates terms proportional to ζ(3) in the
crossing relations, which source the functional equation for r1,3(χ). For this function, we
can write

r1,3(χ) = r̃1,3(χ) +
χ2

(1− χ)2

(
r14
(χ−1

χ

)
− (1− χ)2r14

( 1
χ

))
, (4.71)

where we have solved explicitly for r1,3 in terms of the source r14, which can be done only
up to a function r̃1,3 satisfying homogeneous functional equations. Indeed, this and the
remaining rational functions satisfy

r9,1(χ) = −
χ2

(1− χ)2 r2,1(1− χ) , r9,2(χ) = −
χ2

(1− χ)2 r2,2(1− χ) ,

(1− χ)2r1,1(χ) + χ2r1,1(1− χ) = 0 , r1,1(χ) + r1,1
( χ

χ−1
)
= f(3) χ2

χ− 1 ,

(1− χ)2r1,2(χ) + χ2r1,2(1− χ) = 0 , r1,2(χ) + r1,2
( χ

χ−1
)
= 0 ,

(1− χ)2r̃1,3(χ) + χ2r̃1,3(1− χ) = 0 , r̃1,3(χ) + r̃1,3
( χ

χ−1
)
= 0 ,

(1− χ)2
(
r2,1(χ)− r2,1

( χ
χ−1

))
= χ2 r2,1(1− χ) , r2,1(χ) + χ2 r2,1

( 1
χ

)
= 0 ,

(1− χ)2
(
r2,2(χ)− r2,2

( χ
χ−1

))
= χ2 r2,2(1− χ) , r2,2(χ) + χ2 r2,2

( 1
χ

)
= 0 ,

(4.72)

which is just a set of tree-level crossing equations for the function
Q(3)(χ) =r1,1(χ) + r1,2(χ) ζ(2) + r̃1,3(χ) ζ(3) + (r2,1(χ) + r2,2(χ) ζ(2)) log(1− χ)

+ (r9,1(χ) + r9,2(χ) ζ(2)) log(χ) ,
(4.73)

taking into account that f(3) is a rational number, so it does not source the crossing equations
for rational functions multiplying MZVs.

The bootstrap problem is therefore solved, up to an infinite number of contact term
ambiguities, as for one loop. Using again the functions (4.28) and (4.29), we write

r1,1(χ)=
f(3)

3
χ(1−2χ)
1−χ +

∞∑
n=1

c
(n)
1,1q

(n)
1 (χ) , r1,2(χ)=

∞∑
n=1

c
(n)
1,2q

(n)
1 (χ) , r̃1,3(χ)=

∞∑
n=1

c
(n)
1,3q

(n)
1 (χ) ,

r2,1(χ)=
∞∑

n=1
c

(n)
2,1q

(n)
2 (χ) , r2,2(χ)=

∞∑
n=1

c
(n)
2,2q

(n)
2 (χ) ,

r9,1(χ)=−
χ2

(1−χ)2 r2,1(1−χ) , r9,2(χ)=−
χ2

(1−χ)2 r2,2(1−χ) ,

(4.74)
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and all is left to do is to fix the coefficients c(n)
i,j . To do so, we demand the correct behavior

in the direct OPE channel (χ → 0),

f (3)(χ) = −45
16χ

2 +O(χ3) , (4.75)

as well as the correct behavior in the Regge limit. We now find that the mildest possible
Regge behavior is given by

⟨γ(3)⟩∆ ∼ ∆4 , (∆→∞) , (4.76)

which we then impose as a constraint on our results. Taking into account that in our
conventions c(n)

i,j are rational numbers, and so the coefficient of each MZV should vanish
independently, we find a unique solution to these two constraints, given by

c
(n)
1,1 = 0 ∀n ≥ 1 , c

(n)
1,2 = 0 ∀n ≥ 1 , c

(n)
1,3 = 0 ∀n ≥ 1 ,

c
(1)
2,1 = 5

2 , c
(2)
2,1 = −1 , c

(n)
2,1 = 0 ∀n ≥ 3 , c

(n)
2,2 = 0 ∀n ≥ 1 ,

(4.77)

or in other words

r1,1(χ) =
15
8
χ(1− 2χ)
1− χ , r1,2(χ) = 0 , r̃1,3(χ) = 0 ,

r2,1(χ) = −
(2− χ)(1 + χ)(1− 2χ)

2(1− χ) , r2,2(χ) = 0 .
(4.78)

This fixes completely the solution, whose expression might not look particularly illuminating
at face value, but still contains some interesting features. In particular, one would once again
like to define a Bose-symmetric function f̄ (3)(χ), but as opposed to the previous orders we
now have polylogarithms into the game, in addition to ordinary logarithms, and it is a priory
not clear how to do this. However, we observe that the functions appearing in f (3)(χ) are
such that a special combination of HPLs appears naturally:

Li3(χ)− Li2(χ) logχ−
1
3 log(1− χ) log2 χ . (4.79)

This is nothing but the restriction to χ ∈ (0, 1) of a weight three Lewin polylogarithm [114],
defined for χ ∈ R \ {0, 1} as34

L3(χ) = Li3(χ)− Li2(χ) log |χ|+
1
2Li1(χ) log

2 |χ|+ 1
6 log |1− χ| log2 |χ| . (4.80)

We review some properties of this function, together with its higher-weight cousins, in
appendix A. For the moment let us just remark that its appearance is quite natural from
the point of view of Bose symmetry, since L3 satisfies (by construction) “clean” functional
equations

L3(χ) = L3
( 1

χ

)
, L3(χ) + L3(1− χ) + L3

( χ
χ−1

)
= ζ(3) , (4.81)

34Note that of course Li1(χ) = − log(1−χ), but we chose to emphasize that this originates from the general
expression (A.18), and moreover that this specific logarithm should be taken not to have an absolute value in
its argument.
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that do not involve polylogarithms of lower degree. Using such interesting new function,
and in particular trading in our basis Li3(χ) for L3(χ) and S1,2(χ) for L3(1 − χ), we can
express f̄ (3)(χ) as

f̄ (3)(χ) =
[

1
3!

(
−1

2 Ĉ
)2

[f (1)
log (χ)] log

3 |χ|+ −1+3χ+χ2−7χ3+15χ4−11χ5+3χ6

2(1−χ)3 L3(χ)

+−1+3χ+χ2−82χ3+249χ4−341χ5+219χ6−54χ7

6(1−χ)3 log2 |χ| log |1− χ|

−χ3(−70+105χ−81χ2+23χ3)
4(1−χ)3 log2 |χ| − χ(2−3χ−3χ2+2χ3)

2(1−χ)2 log |χ|
]
− χ2

(1−χ)2

[
χ→ 1− χ]

+
[(

1
4χ(1−χ) +

23χ(1−χ)
4

)
log |1− χ| log |χ|+

(
3

2χ(1−χ) − 2
)

ζ(3)
χ(1−χ) +

f(3)

3

]
f (0)(χ) .

(4.82)

Note in particular that we were able to express the result only using the building blocks
log and L3 (as well as their products), evaluated at arguments χ and 1− χ. Once again, it
was possible to express the result in such a way that Li2 never appears. We will comment
more on this in section 4.7.

To conclude the discussion of the result at two loops, let us present the associated
CFT data. In principle one would expect to be able to extract, from f (3)(χ), the average
anomalous dimensions ⟨γ(3)⟩∆. However, as it should be clear from (4.66), from f

(3)
log1(χ) one

can only obtain the combination ⟨a(1) γ(2) + a(0) γ(3)⟩∆, as we do not have an independent
determination of ⟨a(1) γ(2)⟩∆ at this stage. We find

⟨a(1) γ(2) + a(0) γ(3)⟩∆ − ⟨a(1)⟩∆⟨γ(2)⟩∆ = ⟨a(0)⟩∆
[
∂∆(γ(1)

∆ ⟨γ
(2)⟩∆)− 1

6∂
2
∆(γ(1)

∆ )3 + γ̃
(3)
∆

]
,

γ̃
(3)
∆ =− (1 + j2

∆)(3 + 2j2
∆)(16 + 5j2

∆)
4(2 + j2

∆)2 + 12 + 13j2
∆ + 5j4

2(2 + j2
∆) H1+∆

+ 1
4j

2
∆(j2

∆ − 2)S−2(1 + ∆)− j2
∆
2 H2

1+∆ + j4

4 ζ(2) ,
(4.83)

where the harmonic sum S−2(n) was introduced in (4.62). On the other hand, we were not
able to find a closed-form expression for the third-order correction to the average of the
squared OPE coefficients, so we only give a list of the first few values:

⟨a(3)⟩∆ :
{11195

1728 + 4ζ(3),−33246449
5103000 + 13ζ(3),−83060873856120557

3304614047454720 + 90
11ζ(3), . . .

}
,

(4.84)

where the n-th element of the list corresponds to ∆ = 2n. Note that since for ∆ = 2 there
is no degeneracy, we have ⟨a(3)⟩∆=2 = a

(3)
∆=2.

4.6 Three loops

Finally, let us turn to the derivation of the main result of this paper: the ⟨D1D1D1D1⟩
correlator at three loops, or O(λ−2). Following (4.46) we make an ansatz of transcendentality
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four, which reads

f (4)(χ) = f
(4)
log0(χ) + f

(4)
log1(χ) logχ+ f

(4)
log2(χ) log2 χ+ f

(4)
log3(χ) log3 χ+ f

(4)
log4(χ) log4 χ ,

f
(4)
log0(χ) = r1(χ) + r2(χ) log(1− χ) + r3(χ) log2(1− χ) + r4(χ) Li2(χ) + r5(χ) log3(1− χ)

+ r6(χ) Li2(χ) log(1− χ) + r7(χ) Li3(χ) + r8(χ)S1,2(χ) + r9(χ) log4(1− χ)
+ r10(χ) Li2(χ) log2(1− χ) + r11(χ) Li2(χ)2 + r12(χ) Li3(χ) log(1− χ)
+ r13(χ)S1,2(χ) log(1− χ) + r14(χ) Li4(χ) + r15(χ)S2,2(χ) + r16(χ)S1,3(χ) ,

f
(4)
log1(χ) = r17(χ) + r18(χ) log(1− χ) + r19(χ) log2(1− χ) + r20(χ) Li2(χ)

+ r21(χ) log3(1− χ) + r22(χ) Li2(χ) log(1− χ) + r23(χ) Li3(χ) + r24(χ)S1,2(χ) ,

f
(4)
log2(χ) = r25(χ) + r26(χ) log(1− χ) + r27(χ) log2(1− χ) + r28(χ) Li2(χ) ,

f
(4)
log3(χ) = r29(χ) + r30(χ) log(1− χ) ,

f
(4)
log4(χ) = r31(χ) ,

(4.85)
where we take the rational functions to have rational coefficients in their numerators, except
for the following MZVs that we introduce explicitly

r1(χ) = r1,1(χ) + r1,2(χ) ζ(2) + r1,3(χ) ζ(3) + r1,4(χ) ζ(4) ,

r2(χ) = r2,1(χ) + r2,2(χ) ζ(2) + r2,3(χ) ζ(3) ,

r3(χ) = r3,1(χ) + r3,2(χ) ζ(2) ,

r4(χ) = r4,1(χ) + r4,2(χ) ζ(2) ,

r17(χ) = r17,1(χ) + r17,2(χ) ζ(2) + r17,3(χ) ζ(3) .

(4.86)

Following appendix B we can also give the expansion of each f
(4)
logk in terms of blocks and

derivatives, which reads

f
(4)
log4(χ)=

∑
∆

1
4!⟨a

(0) (γ(1))4⟩∆ f∆(χ) ,

f
(4)
log3(χ)=

∑
∆

[
⟨16a

(1) (γ(1))3+1
2a

(0) (γ(1))2 γ(2)⟩∆ f∆(χ)+ 1
6⟨a

(0) (γ(1))4⟩∆ f
(1)
∆ (χ)

]
,

f
(4)
log2(χ)=

∑
∆

[
⟨12a

(2) (γ(1))2+a(1) γ(1) γ(2)+a(0) γ(1) γ(3)+1
2a

(0) (γ(2))2⟩∆f∆(χ)

+⟨12a
(1) (γ(1))3+3

2a
(0) (γ(1))2 γ(2)⟩∆f

(1)
∆ (χ)+ 1

4⟨a
(0) (γ(1))4⟩∆ f

(2)
∆ (χ)

]
,

f
(4)
log1(χ)=

∑
∆

[
⟨a(3) γ(1)+a(2) γ(2)+a(1) γ(3)+a(0) γ(4)⟩∆ f∆(χ)

+⟨a(2) (γ(1))2+2a(1) γ(1) γ(2)+2a(0) γ(1) γ(3)+a(0) (γ(2))2⟩∆ f
(1)
∆ (χ)

+⟨12 a
(1) (γ(1))3+3

2 a
(0) (γ(1))2 γ(2)⟩∆ f

(2)
∆ (χ)+⟨16a

(0) (γ(1))4⟩∆ f
(3)
∆ (χ)

]
,
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f
(4)
log0(χ)= f(4) fD2(χ)+

∑
∆

[
⟨a(4)⟩∆ f∆(χ)+⟨a(3) γ(1)+a(2) γ(2)+a(1) γ(3)+a(0) γ(4)⟩∆ f

(1)
∆ (χ)

+⟨12 a
(2) (γ(1))2+a(1) γ(1) γ(2)+a(0) γ(1) γ(3)+1

2a
(0) (γ(2))2⟩∆ f

(2)
∆ (χ)

+⟨16a
(1) (γ(1))3+1

2a
(0) (γ(1))2 γ(2)⟩∆ f

(3)
∆ (χ)+ 1

4!⟨a
(0) (γ(1))4⟩∆f

(4)
∆ (χ)

]
. (4.87)

As for the previous orders, we start by determining the highest logarithmic singularities, here
given by the three functions f (4)

log4(χ), f (4)
log3(χ) and f

(4)
log2(χ). The first is again the simplest,

as thanks to (4.45) we know f
(ℓ)
logℓ(χ) at each order. At three loops, we have

r31(χ)= f
(4)
log4(χ)

=− χ3

(1−χ)5

(
250−875χ+2871χ2−4990χ3+5273χ4−3357χ5+1188χ6−180χ7

)
.

(4.88)

We can compute also f
(4)
log3(χ) without worrying about the mixing problem, since we can

rewrite the second line in (4.87) as

f
(4)
log3(χ) =

∑
∆

[(1
6⟨a

(1)⟩∆ (γ(1)
∆ )3 + 1

2⟨a
(0) γ(2)⟩∆ (γ(1)

∆ )2
)

f∆(χ) + 1
6⟨a

(0)⟩∆ (γ(1)
∆ )4 f

(1)
∆ (χ)

]
,

(4.89)

which can in fact be computed from averages of CFT data at previous orders, with the result

f
(4)
log3(χ) = r29(χ) + r30(χ) log(1− χ)

= 1
24(1− χ)4

[
(2− χ)χ(1− 3χ− 585χ2 + 1175χ3 − 2214χ4 + 1626χ5 − 549χ6)

+2(1− 4χ+ 14χ2 + 222χ3 − 1226χ4 + 3490χ5 − 5260χ6 + 4419χ7

−1962χ8 + 360χ9) log(1− χ)
]
.

(4.90)

Finally, for f (4)
log2(χ) one can rewrite the relevant OPE in (4.87) as

f
(4)
log2(χ) =

∑
∆

[(1
2⟨a

(2)⟩∆ (γ(1)
∆ )2 + γ

(1)
∆ ⟨a

(1) γ(2) + a(0) γ(3)⟩∆ + ⟨a(0) (γ(2))2⟩∆
)
f∆(χ)

+
(1
2⟨a

(1)⟩∆ (γ(1)
∆ )3 + 3

2⟨a
(0) γ(2)⟩∆ (γ(1)

∆ )2
)
f
(1)
∆ (χ) + 1

4⟨a
(0)⟩∆ (γ(1)

∆ )4 f
(2)
∆ (χ)

]
,

(4.91)

where all terms can be obtained from averages of CFT data in ⟨D1D1D1D1⟩ at previous
orders, except for

⟨a(0) (γ(2))2⟩∆ ̸= ⟨a(0)⟩∆ ⟨γ(2)⟩2∆ . (4.92)

This is the main obstacle that we face in our bootstrap problem, since it requires a thor-
ough study of the operators degeneracy. This is a familiar issue in perturbative bootstrap
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computations, discussed for instance for higher-dimensional holographic correlators in [35–
39, 50, 110, 115] or in [56] for the ϵ-expansion. Note however that typically the degeneracy
of operators present in the free theory is already lifted at first order, while here this only
happens at second order, which makes it possible to obtain a three-loop result with relative
simplicity. We shall discuss the details of how we tackle the mixing problem in section 6,
where we will show that (see (6.53))

⟨a(0) (γ(2))2⟩∆
⟨a(0)⟩∆

= ⟨γ(2)⟩2∆+1
2j

2
∆(j2

∆−2)S−2(1+∆)+1
8j

2
∆(3j2

∆−4)H2
1+∆

+
(
−j4

∆+3
4

(
5+ 2

j2
∆+2

))
H1+∆+ 1

32

(
−156+50j2

∆+29j4
∆+ 24

j2
∆+2

)
.

(4.93)

We postpone the proof of this to section 6 and for the moment limit to use (4.93) to compute

f
(4)
log2(χ) = r25(χ) + r26(χ) log(1− χ) + r27(χ) log2(1− χ) + r28(χ) Li2(χ)

= 1
32χ (1− χ)4

[
(2− χ)(1− χ)χ2(5− 10χ− 486χ2 + 491χ3 − 408χ4)

+2(1− χ)χ(20− 62χ− 90χ2 + 1462χ3 − 4619χ4 + 6541χ5 − 4332χ6

+1098χ7) log(1− χ) + 2(1− χ)(9− 32χ+ 42χ2 − 28χ3 − 366χ4 + 2016χ5

−4728χ6 + 5508χ7 − 3168χ8 + 720χ9) log2(1− χ) + 12χ(1− 4χ+ 14χ2 − 28χ3

+158χ4 − 274χ5 + 256χ6 − 123χ7 + 24χ8) Li2(χ)
]
. (4.94)

Now that we have computed the coefficients of the highest logarithmic singularities, we can
use the crossing equations to fix the result up to ambiguities arising from contact terms,
which we shall fix at the end. As usual, after applying cyclic or braiding transformations to
the HPLs we map them back to the ones chosen as basis in appendix A, and we consider
each MZV as an independent function. Once again, this fixes the coefficients of all HPLs
of transcendentality t ≥ 2 in terms of the highest logarithmic singularities, encoded in the
functions ri(χ) with i = 25, . . . , 31. The explicit relations are rather long and read

r3,1(χ)=−
χ2

(1−χ)2 r25(χ) , r3,2(χ)= r4,1(χ)= r6(χ)= r10(χ)= r11(χ)= 0 ,

r4,2(χ)=−4
(
r27(χ)+r27

(
χ

χ−1
)
+ χ2

(1−χ)2 r27(1−χ)+
χ2

(1−χ)2 r27
(

χ−1
χ

)
+χ2r27

( 1
χ

)
+χ2r27

( 1
1−χ

))
−3
(
r30(χ)+r30

(
χ

χ−1
)
+ χ2

(1−χ)2 r30(1−χ)+
χ2

(1−χ)2 r30
(

χ−1
χ

)
+χ2r30

( 1
χ

)
+χ2r30

( 1
1−χ

))
,

r5(χ)=
χ2

3(1−χ)2

(
r26(1−χ)−r26

(
χ−1

χ

))
, r9(χ)=

χ2

3(1−χ)2

(
r30(1−χ)−r30

(
χ−1

χ

))
,

r7(χ)=
χ2

(1−χ)2 r8(1−χ)=−r20(χ)=−r26(χ)−r26
(

χ
χ−1

)
+χ2r26

( 1
1−χ

)
+ χ2

(1−χ)2 r26(1−χ) ,

r12(χ)=−r22(χ)=−4r27(χ)+2χ2r27
( 1

χ

)
− 2χ2

(1−χ)2

(
r27(1−χ)+r27

(
χ−1

χ

))
,

r13(χ)= 2r27(χ)+2χ2r27
( 1

χ

)
+ χ2

(1−χ)2

(
4r27(1−χ)+4r27

(
χ−1

χ

)
+3r30(1−χ)+3r30

(
χ−1

χ

))
,
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r14(χ)=
χ2

(1−χ)2 r16(1−χ)= 4χ2
(
r27
( 1

1−χ

)
+ r27(1−χ)

(1−χ)2

)
+12

(
r27(χ)+r27

(
χ

χ−1
)
+r30(χ)+r30

(
χ

χ−1
))
,

r15(χ)=−4
(
2r27(χ)+r27

(
χ

χ−1
)
+2 χ2

(1−χ)2 r27(1−χ)+
χ2

(1−χ)2 r27
(

χ−1
χ

)
−χ2r27

( 1
χ

)
−χ2r27

( 1
1−χ

))
−6
(
r30(χ)+r30

(
χ

χ−1
)
+ χ2

(1−χ)2 r30(1−χ)+
χ2

(1−χ)2 r30
(

χ−1
χ

)
−χ2r30

( 1
χ

)
−χ2r30

( 1
1−χ

))
,

r18(χ)=−r25(χ)−χ2r25
( 1

χ

)
+ χ2

(1−χ)2 r25(1−χ) , r19(χ)=−
χ2

2(1−χ)2 (r7(1−χ)+2r26(1−χ)) ,

r21(χ)=−
1
3

(
r27(χ)+χ2r27

( 1
χ

))
− χ2

2(1−χ)2

(
r30(1−χ)−r30

(
χ−1

χ

))
,

r23(χ)=−2χ2r27
( 1

1−χ

)
− 2χ2

(1−χ)2 r27(1−χ)−8r27(χ)−8r27
(

χ−1
χ

)
−9r30(χ)−9r30

(
χ−1

χ

)
,

r24(χ)= 6r27(χ)+2r27
(

χ
χ−1

)
+ 4χ2

(1−χ)2 r27(1−χ)+
4χ2

(1−χ)2 r27
(

χ−1
χ

)
−4χ2r27

( 1
χ

)
−2χ2r27

( 1
1−χ

)
+6r30(χ)+3r30

(
χ

χ−1
)
+ 3χ2

(1−χ)2 r30(1−χ)+
6χ2

(1−χ)2 r30
(

χ−1
χ

)
−6χ2r30

( 1
χ

)
−3χ2r30

( 1
1−χ

)
.

(4.95)

Besides the explicit expressions, we would like to make two remarks. The first is that, as
anticipated, all terms of transcendentality t ≥ 2 are fixed in terms of the highest logarithmic
singularities of f (4)(χ), specified by the rational functions ri(χ) with i = 25, . . . , 31. The
second comment is that these functions are found to satisfy “unexpected” functional relations
that significantly simplify the final results. In particular we note that, in addition to the
functions that were already found to vanish in (4.95), the results (4.88), (4.90) and (4.94)
are such that we also have

r14(χ) = r15(χ) = r16(χ) = 0 , (1− χ)2r24(χ) = χ2r12(χ) , (1− χ)2r23(χ) = χ2r13(χ)
(4.96)

which in particular implies that the new HPLs that we introduced at transcendentality four
(Li4(χ), S2,2(χ) and S1,3(χ)) all drop out of the final result. It is important to stress that the
simplifications (4.96) only arise once mixing is properly taken into account in computing (4.93):
if one were to neglect mixing and take ⟨(γ(2))2⟩∆ = ⟨γ(2)⟩2∆, the bootstrap computation would
still make sense but it would produce a result where none of the identities (4.96) is satisfied.
In particular, functions of transcendentality four like Li4 would be present in the final result.

We can now turn to analyzing the remaining functional equations. As for the two loops
case, the coefficients of certain MZVs satisfy non-homogeneous equations that we can solve in
terms of the highest logarithmic singularities only up to new rational functions, satisfying
homogeneous equations. In particular, we have

r1,3(χ)= r̃1,3(χ)+
10
7

(
r26
( χ

χ−1
)
−r26(χ)−χ2r26

( 1
1−χ

)
+ χ2

(1−χ)2 r26(1−χ)
)

+3
7

(
χ2r26

( 1
χ

)
− χ2

(1−χ)2 r26
(χ−1

χ

))
,

r1,4(χ)= r̃1,4(χ)−r27(χ)+r27
( χ

χ−1
)
+3χ2r27

( 1
1−χ

)
+2χ2r27

( 1
χ

)
−3 χ2

(1−χ)2 r27(1−χ)

−2 χ2

(1−χ)2 r27
(χ−1

χ

)
+3χ2

(
r30
( 1

χ

)
+r30

( 1
1−χ

))
−3 χ2

(1−χ)2

(
r30(1−χ)+r30

(χ−1
χ

))
,
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r2,3(χ)= r̃2,3(χ)−
1
5r27(χ)−

11χ2

5(1−χ)2 r27(1−χ)−
9
5

(
χ2r27

( 1
χ

)
+ χ2

(1−χ)2 r27
(χ−1

χ

))

+9
5

(
χ2r30

( 1
χ

)
+ χ2

(1−χ)2 r30
(χ−1

χ

)
−r30(χ)

)
− 24χ2

5(1−χ)2 r30(1−χ) ,

r17,3(χ)=−
χ2

(1−χ)2 r2,3(1−χ) , (4.97)

where r̃1,3, r̃1,4 and r̃2,3 satisfy the usual tree-level homogeneous crossing relations, as we shall
discuss below. Note that, in addition to the simplifications (4.96), the functions ri(χ) with
i = 25, . . . , 31, corresponding with the highest logarithmic singularities of f (4)(χ), are such that

r1,4(χ) = r̃1,4(χ) , (4.98)

which as we will discuss below will turn out to be zero. Thus, in correspondence with
the fact that there are no terms with Li4, all terms with ζ(4) also drop out of the final
result. This is the same that happens at one loop with Li2 and ζ(2). We can then define
a function containing all terms which satisfy the same homogeneous crossing equations as
the tree level result, which here reads

Q(4)(χ) = r1,1(χ) + r1,2(χ) ζ(2) + r̃1,3(χ) ζ(3) + r̃1,4(χ) ζ(4)
+ (r2,1(χ) + r2,2(χ) ζ(2) + r̃2,3(χ)) log(1− χ)
+ (r17,1(χ) + r17,2(χ) ζ(2) + r̃17,3(χ)) logχ .

(4.99)

Here it should be understood that the function Q(4)(χ) has the same Bose symmetry properties
as a tree-level correlator, so we can as usual express the solution for the functions appearing
in (4.99) in terms of (4.28) and (4.29) as

r1,1(χ) =
f(4)

3
χ(1− 2χ)
1− χ +

∞∑
n=1

c
(n)
1,1 q

(n)
1 (χ) , r1,2(χ) =

∞∑
n=1

c
(n)
1,2 q

(n)
1 (χ) ,

r̃1,3(χ) =
∞∑

n=1
c

(n)
1,3 q

(n)
1 (χ) , r̃1,4(χ) =

∞∑
n=1

c
(n)
1,3 q

(n)
1 (χ) ,

r2,1(χ) =
∞∑

n=1
c

(n)
2,1 q

(n)
2 (χ) , r2,2(χ) =

∞∑
n=1

c
(n)
2,2 q

(n)
2 (χ) , r̃2,3(χ) =

∞∑
n=1

c
(n)
2,3 q

(n)
2 (χ) ,

r17,1(χ) = −
χ2

(1− χ)2 r2,1(1− χ) , r17,2(χ) = −
χ2

(1− χ)2 r2,2(1− χ) ,

r̃17,3(χ) = −
χ2

(1− χ)2 r̃2,3(1− χ) .

(4.100)

All that is left to do is then fix all the free parameters appearing in the expressions above.As
usual, we do so by requiring that in the OPE limit χ → 0 the correlator satisfies

f (4)(χ) = −45
8 χ

2 +O(χ3) , (4.101)

as well as requiring the mildest possible growth from the anomalous dimension for large
∆, which at this order reads

⟨γ(4)⟩∆ ∼ ∆5 , (∆→∞) . (4.102)
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These conditions are enough to fix a unique solution,which is specified by

c
(n)
1,1 = 0 ∀n ≥ 1 , c

(n)
1,2 = 0 ∀n ≥ 1 , c

(n)
1,3 = 0 ∀n ≥ 1 , c

(n)
1,4 = 0 ∀n ≥ 1 ,

c
(1)
2,1 = 37

64 , c
(2)
2,1 = −21

32 , c
(n)
2,1 = 0 ∀n ≥ 3 , c

(n)
2,2 = 0 ∀n ≥ 1 ,

c
(1)
2,3 = −3

5 , c
(2)
2,3 = 3

10 , c
(n)
2,3 = 0 ∀n ≥ 3 ,

(4.103)

or equivalently by

r1,1(χ) =
15χ(1− 2χ)
4(1− χ) , r1,2(χ) = r̃1,3(χ) = r̃1,4(χ) = 0 ,

r2,1(χ) = −
(1 + χ)(42− 37χ+ 42χ2)

64(1− χ) , r2,2(χ) = 0 , r̃2,3(χ) =
3
10χ(2− χ) .

(4.104)

The three-loops reduced correlator f (4)(χ) is now completely fixed. As one might expect,
its expression is even more complicated than that for f (3)(χ), but very interestingly we
observe here a completely analogous structure in terms of HPLs. As we stressed, despite
the complicated crossing equations (4.95), the highest logarithmic singularities dictate a
simpler structure in the rational functions, in particular implying the simplifications (4.96).
This, in turn, implies that the coefficients of Li4, S2,2 and S1,3 are all vanishing. As for
the result at two loops, we can then trade terms of the type log a with log |a|, Li3(χ) with
L3(χ) and S1,2(χ) with L3(1− χ). The result is a function, f̄ (4)(χ), which is defined for all
χ ∈ R \ {0, 1} and that restricts to f (4)(χ) for χ ∈ (0, 1), which is fully Bose symmetric. As
done at previous orders, we express the result in a way that makes cyclic invariance manifest,
although the result is also braiding invariant:

f̄ (4)(χ) =
[

1
4!

(
−1

2 Ĉ
)3

[f (1)
log (χ)] log

4 |χ| − 3(28−84χ+94χ2−48χ3+157χ4−147χ5+46χ6)
16(1−χ)3 L3(χ)

−3(9−32χ+42χ2−28χ3−2χ4−48χ5+104χ6−84χ7+24χ8)
8χ(1−χ)3 L3(χ) log |1− χ|

+3(1−4χ+14χ2−28χ3+158χ4−274χ5+256χ6−123χ7+24χ8)
8(1−χ)4 L3(χ) log |χ|

+−1+4χ−14χ2+528χ3−2926χ4+7802χ5−11288χ6+9207χ7−3996χ8+720χ9

24(1−χ)4 log3 |χ| log |1− χ|

+χ(χ−2)(−1+3χ+585χ2−1175χ3+2214χ4−1626χ5+549χ6

24(1−χ)4 log3 |χ|

+−4+11χ−92χ2+755χ3−2388χ4+3344χ5−2189χ6+549χ7

8(1−χ)3 log2 |χ| log |1− χ|

+χ(2−χ)(−5+10χ+486χ2−491χ3+408χ4)
32(1−χ)3 log2 |χ| − χ(−94+141χ−131χ2+42χ3)

64(1−χ)2 log |χ|

−−45+201χ−354χ2+294χ3−202χ4+58χ5−32χ6+8χ7

8χ(1−χ)4 ζ(3) log |χ|
]
− χ2

(1−χ)2 [χ→ 1− χ]

+
[(

3
8χ2(1−χ)2 − 1

2χ(1−χ) +
3χ(1−χ)

4 − 45χ2(1−χ)2

2

)
log2 |1− χ| log2 |χ|

+ 1
16

(
−5 + 121

χ(1−χ) − 204χ(1− χ)
)
log |1− χ| log |χ|

+
(

249
16 −

69
8χ(1−χ) +

χ(1−χ)
2

)
ζ(3)

χ(1−χ) +
f(4)

3

]
f (0)(χ) .

(4.105)

All polylogarithms of even weight are absent and the correlator can be written purely in terms
of sums and products of the two basic building blocks L3 and log, evaluated at χ and 1− χ.

– 57 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

ℓ 1 2 3 4
2ℓ+1 − 1 3 7 15 31

# functions 3 6 12 21

Table 1. Number of independent functions used to express our results for f (ℓ)(χ)
in (4.41), (4.63), (4.82) and (4.105), compared to the number of independent HPLs of transcen-
dentality t ≤ ℓ.

In principle, one could perform the OPE and find an expression for the CFT data ⟨γ(4)⟩∆
and ⟨a(4)⟩∆ at three loops. However, due to the presence of mixing, rather than the former
from f

(4)
log1(χ) one can only extract the combination ⟨a(3) γ(1) +a(2) γ(2) +a(1) γ(3) +a(0) γ(4)⟩∆

(see (4.87)), for which we were not able to find a closed-form expression. On the other hand,
to extract ⟨a(4)⟩∆ from the OPE one should study the mixing problem to compute quantities
such as ⟨a(2) γ(2) + a(1) γ(3)⟩∆, which is a problem that we have not attempted to solve.
However, since for ∆ = 2 there is no degeneracy, we can drop the average symbol around
CFT data and use the first terms in the small χ expansion of f (4)(χ) and (4.87) to obtain

γ
(4)
∆=2 = 351845

13824 −
75
2 ζ(3) , a

(4)
∆=2 = −1705

96 −
1613
24 ζ(3) . (4.106)

We can now to summarize the CFT data that we have computed analytically for the
superconformal primary of the multiplet L∆=2

0,[0,0], which we refer to schematically as φ2. Its
dimension at strong coupling is

hφ2 = 2− 5
λ1/2 + 295

24
1
λ
− 305

16
1
λ3/2 +

(351845
13824 −

75
2 ζ(3)

) 1
λ2 +O(λ−5/2) , (4.107)

while the OPE coefficient µ11φ2 , such that µ2
11φ2 = a∆=2, has the expansion

µ11φ2 =
√

2
5

[
1− 43

24
1
λ1/2 −

649
1152

1
λ
+
(7259
1024 + 5 ζ(3)

) 1
λ3/2

−
(25635205

2654208 + 7205
96 ζ(3)

) 1
λ2

]
+O(λ−5/2) .

(4.108)

4.7 Concluding remarks

To end this section, let us make some comments on the results that we have obtained for
the four-point function of the super-displacement operator in perturbation theory at strong
coupling. First, as we have pointed out in several places along the way, although our results
might naively appear complicated, they are actually much simpler than they could potentially
be given our initial ansatz. In particular, while at order ℓ we are allowing for the presence
of 2ℓ+1 − 1 independent HPLs (including the identity), we found that with a convenient
choice of basis one can actually express the results in terms of fewer functions. A summary
is contained in table 1. Note that this feature of our results only becomes apparent once a
particular basis is adopted, which in our case up to three loops only involves the functions log
and L3 (introduced in (4.80)), evaluated at arguments χ and 1−χ. It is then straightforward
to identify the reason for the mismatch between the last two lines in table 1: it is due to
the fact that in the chosen basis the functions Li2 and Li4 never appear in the final result,
although they are a priori allowed by our ansatz following the observations of section 3.
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Let us then further investigate the properties of HPLs that could justify this result.
First, we note that since Bose symmetry plays of course a crucial role in our derivation, it is
natural to expect functions with simple transformation properties to make the result simpler.
Once a basis of HPLs is chosen, the basis functions evaluated at arguments that are mapped
into each other by S3 transformations (3.9) can be always written as a linear combination
of the functions chosen as basis, evaluated at the original argument, but such relations are
generally complicated and involve products of HPLs of lower weight than the original one,
see e.g. (A.15). As shown in (4.81), the function L3 on the other hand has the property that
it satisfies “clean” functional relations, so that it is a more natural object to use than Li3 to
emphasize the transformation properties under crossing symmetry. However, the same could
be said of a modification of Li2, namely the so-called Rogers dilogarithm, which appears for
instance in weak coupling computations on the Wilson line [11, 61, 62]

LR(χ) = Li2(χ) + 1
2 logχ log(1− χ) , (4.109)

which for χ ∈ (0, 1) satisfies for instance

LR(χ) + LR(1− χ) = ζ(2) , LR(χ) + LR

( χ
χ−1

)
= − i π

2 log(1− χ) . (4.110)

It turns out that LR and L3 are actually related, as one can introduce a whole family of
functions Ln, known as Lewin polylogarithms [114] (for n > 1)

Ln(χ) =
n−1∑
k=0

(−1)k

k! Lin−k(χ) logk |χ| − (−1)n

n! log |1− χ| logn−1 |χ| , (4.111)

and note that L2 reduces to LR for χ ∈ (0, 1) but has the correct prescription for the absolute
values such that the imaginary part drops from the second equation in (4.110). However, while
the functional relations (4.81) hold for all real values of χ, those for L2 receive corrections
when one tries to extend them beyond χ ∈ (0, 1). This is a general difference between Lewin
polylogarithms of even and odd weight, which satisfy

n odd : Ln(χ)−Ln(1/χ)= 0 , n even : Ln(χ)+Ln(1/χ)=

−2(1−21−n)ζ(n) χ< 0 ,
2ζ(n) , χ> 0 .

(4.112)

Besides functional relations (that we have discussed for real χ), another interesting question
is related to the analytic structure of Ln for complex χ. In particular, one can show that for
all n > 1 Lewin’s polylogarithms have no discontinuities for χ = 0, 1:

Ln(χ+ i 0+) = Ln(χ+ i 0−) , (4.113)

for all χ ∈ R. Note that not only the precise coefficients and functions in (4.111), but also
the choice of absolute values, are crucial for (4.113) to hold. While from this perspective
there is no difference between even and odd weight Ln, an interesting difference arises when
one thinks of 1d correlators as the diagonal limit of higher-dimensional four-point functions,
which in terms of d > 1 cross ratios z, z̄ corresponds to taking z = z̄ = χ. In particular,
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higher-dimensional four-point functions are single-valued in the Euclidean configuration
z̄ = z∗, so one can wonder whether some of the Ln (if any) have such “higher-dimensional”
origin. We address this question in some detail in appendix A, where we conclude that
such origin only exists for the odd-weight functions. In particular, there is an interesting
connection between the ladder integrals [35, 116–118]

Φ(L)(z, z̄) = −(1− z)(1− z̄)
z − z̄

L∑
k=0

(−1)r (2L− k)!
k!L!(L− k)! log

k(zz̄) (Li2L−k(z)− Li2L−k(z̄)) ,

(4.114)

which often appear in perturbative computations of scattering amplitudes and correlation
functions, and the Lewin polylogarithms. The ladder integrals are single-valued in the
Euclidean configuration in the sense that

discz=0Φ(L) = discz̄=0Φ(L) , discz=1Φ(L) = discz̄=1Φ(L) , (4.115)

and here we make an observation that, to the best of our knowledge, has not appeared in the
literature before. Namely, the diagonal limit of ladder integrals can be written as a linear
combination of Lewin polylogarithms of odd weight:

lim
z→z̄≡χ

Φ(L)(z, z̄) = (1− χ)2

χ

L−1∑
k=1

(−1)L−k (2k + 2)!
(k + 1)!L!(L− k − 1)! log

2L−2k−2 |χ|L2k+1(χ) . (4.116)

We have thus shown that all our results can be expressed in terms of functions that arise
in the diagonal limit of single-valued functions of two complex variables z, z̄. Note that this
is not true for general 1d correlators: it does not apply for instance to correlators on the
Wilson line at weak coupling [11, 61, 62] or for 1d CFTs that arise as dual of simple AdS2
Lagrangians with φ4 interactions [29, 52]. It would be interesting to investigate the meaning
of this fact in greater detail and to understand whether it can be used as a constraint on
results at higher orders, in particular restricting the space of allowed HPLs in the ansatz.
A more restrictive ansatz could allow to bypass, at least partially, the necessity to resolve
the mixing problem at higher orders. A similar strategy was recently employed in [41, 42] to
compute the two-loop four-graviton scattering amplitude in AdS5 × S5 from N = 4 SYM,
where a good intuition of the correct ansatz allowed to avoid resolving the mixing problem
for triple-trace operators. At this stage it is not clear what functions should appear at the
next order: should we only add L5(x) or more general HPLs as well? Our observations also
seem to agree with the comments of [105] (see section 5.2), where the Wilson line defect
CFT correlators are studied in a large charge expansion. Those results seem to indicate that
only products of ordinary logarithms and polylogarithms appear at higher orders, which
would indeed suggest a special role played by the functions Ln(x) for odd n. It would be
interesting to investigate this more in detail in the future.

Let us now move to another point, still related to the idea of understanding the general
structure of f (ℓ)(χ) at each order. A crucial role in our bootstrap algorithm is played by the
idea of computing the coefficients of the highest logarithmic singularities (logk χ with k ≥ 2),
which as we argued (and proved in appendix B) are controlled at each order by CFT data
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at previous perturbative orders. Computing such data at low orders, one can then obtain
certain all-loop structures in ⟨D1D1D1D1⟩, very much in the spirit of [70, 71]. The simplest
of such structures is the leading logarithmic singularity (k = ℓ)

f
(ℓ)
logℓ(χ) =

1
ℓ!
∑
∆
⟨a(0)(γ(1))ℓ⟩∆ f∆(χ) , (4.117)

and was already observed in (4.45). To reiterate, one has that the free theory degeneracy
is not lifted at tree level and moreover the anomalous dimensions are proportional to the
eigenvalue of the Casimir operator acting on long superconformal blocks, so that, all in all,

⟨a(0)(γ(1))ℓ⟩∆ f∆(χ) = ⟨a(0)⟩∆
(
−1
2 Ĉ
)ℓ

f∆(χ) , (4.118)

thus leading to

f
(ℓ)
logℓ(χ) = −

1
2ℓ Ĉf

(ℓ−1)
logℓ−1(χ) =

1
ℓ!

(
−1
2

)ℓ

Ĉℓf
(0)
L (χ) , (4.119)

where we have introduced f
(0)
L (χ) = f (0)(χ) − 3χ, satisfying

Ĉf (0)
L (χ) = Ĉ

∑
∆
⟨a(0)(γ(1))ℓ⟩∆ f∆(χ) . (4.120)

All-order structures for the subleading logarithmic singularities (k < ℓ) are harder to obtain,
given the presence of derivatives of superconformal blocks. To deal with those, it is useful
to take derivatives of the Casimir equation

Ĉ f∆(χ) = ∆(∆ + 3) f∆(χ) , (4.121)

with respect to ∆, which leads to

Ĉf(n)
∆ (χ)=∆(∆+3) f(n)

∆ (χ)−n(2+2∆+χ) f(n−1)
∆ (χ)+2nχ(1−χ)∂χf

(n−1)
∆ (χ)−n(n−1)χf(n−2)

∆ (χ) .
(4.122)

In particular, this allows to derive a general result for the first subleading logarithmic
singularities (k = ℓ − 1) at all orders, which have an OPE (for ℓ ≥ 1)

f
(ℓ)
logℓ−1(χ)=

∑
∆

(γ(1)
∆ )ℓ−2

(ℓ−1)!
(
⟨a(1)γ(1)+(ℓ−1)a(0)γ(2)⟩∆f∆(χ)+⟨a(0)(γ(1))2⟩∆f

(1)
∆ (χ)

)
. (4.123)

Massaging this expression, with a suitable use of (4.122) (for n = 1) as well as γ(1)
∆ = −j2

∆/2,
one can derive

f
(ℓ)
logℓ−1(χ)=−

1
2(ℓ−1) Ĉ f

(ℓ−1)
logℓ−2(χ)+

1
(ℓ−1)!

(
−1
2

)ℓ [
4 Ĉℓ−2f

(2)
γ̃,log1(χ)+(1−χ)(2χ∂χ+1)Ĉℓ−1f

(0)
L (χ)

]
,

(4.124)

where

f
(2)
γ̃,log1(χ) =

∑
∆
⟨a(0)(γ(2) − γ(1)∂∆γ

(1))⟩∆ f∆(χ) , (4.125)
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and γ(2) − γ(1)∂∆γ
(1) is the combination of anomalous dimensions that is a function of j2

∆ at
one loop, see appendix B. Remarkably, it can be summed exactly, and we find

f
(2)
γ̃,log1(χ) =

(2− χ)χ(1− χ+ 6χ2)
4(1− χ)2 + (1− χ+ χ2)2

2(1− χ)2 log(1− χ) . (4.126)

Note that (4.124) should be seen as a recursion relation that holds for ℓ ≥ 2, the starting
point of the relation being

f
(1)
log0(χ) =

(2− χ)(−9 + 9χ+ χ2)
(1− χ)χ − (1− χ)(3 + χ)(6− 2χ+ χ2)

χ2 log(1− χ) , (4.127)

which is the case ℓ = 1 in (4.123).
Finally, we would like to emphasize once again that the braiding symmetry (4.20)

(or (4.21)) has a strong impact on the OPE coefficients of the exchanged operators at all
orders in perturbation theory. In particular, we have already observed how in the conformal
blocks decomposition of the free theory correlator only operators with even ∆ appear, which
is a consequence of braiding symmetry. While this relation is obvious at infinite λ due to the
transformation property of conformal blocks, it might be less obvious at higher perturbative
orders where derivatives of blocks appear. However, a basic observation is that if a three-point
function ⟨D1D1O∆odd⟩ was non-vanishing at a certain order ℓ̄, its first contribution to the
OPE would be in the expansion of f (ℓ̄)(χ) through a term that is simply a(ℓ̄)

∆odd
f∆odd(χ), with

no anomalous dimensions or derivatives. But since

f∆odd(χ)− f∆odd

( χ
χ−1

)
= 0 , (4.128)

this would spoil the braiding symmetry of f (ℓ̄)(χ), which we have assumed to hold at all
orders. This implies that if the OPE coefficients ⟨D1D1O∆odd⟩ are non-vanishing, they must
necessarily be non-perturbative from the point of view of the large λ expansion. In fact, as
shown in [72] they actually vanish non-perturbatively (in the planar theory).

5 ⟨DpDpDqDq⟩ correlators to one loop

Let us now switch to four-point functions between more general half-BPS operators Dk. For
simplicity, rather than considering the most general case with four arbitrary weights, we take
them to be pairwise equal. This simplifies the bootstrap analysis and still allows us to draw
certain crucial conclusions on the structure of the dilatation operator in perturbation theory.
However, let us stress that with the same methods used here one could in principle bootstrap
⟨Dk1Dk2Dk3Dk4⟩ correlators as well. One initial reason to study this family of four-point
functions is that it naively seems to be the natural analogue of holographic correlators between
half-BPS operators in higher dimensions, which in that context are used to attack the mixing
problem at first order [35–39, 50, 110, 115]. However, here we have a crucial difference: while
in the most common AdS/CFT setups one has an internal space and the half-BPS operators
of the CFT as Kaluza-Klein (KK) modes of some fundamental supergravity multiplet on
the internal space, this is not the case in our model. In particular, while KK modes are
independent fields, the half-BPS operators on the Wilson line are simply defined as suitable
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normal-ordered products of the displacement operator and are therefore not independent.
This implies that their correlation functions can be obtained from those of D1, thus providing
no additional information. This is what leads us to consider even more general four-point
functions in section 6, where having external long multiplets turns out to be key for the
solution of the mixing problem.

In this section we take a bootstrap approach to the study of ⟨DpDpDqDq⟩ four-point
functions, up to one loop, finding perfect agreement with the considerations above. We
start from the free theory, discussing some aspects of the OPE and its relation with the
braiding symmetry already observed for ⟨D1D1D1D1⟩, as well as reviewing the structure of
the protected topological sector present in the correlators on the Wilson line. We then proceed
to the actual bootstrap, where our results clearly show that at tree level the correlators are
fixed by the four-point function of D1, while at one loop one also needs the six-point function.
This is related to the fact that in (2.7) only quartic vertices contribute at O(λ−1/2), while
sextic vertices come into the game at O(λ−1).

Besides the explicit form of the four-point functions, one of the main results of our
analysis is that it clearly shows how the tree-level anomalous dimensions of all operators
are proportional to the superconformal Casimir eigenvalue of the associated osp(4∗|4) repre-
sentation, thus proving that the free theory degeneracy is not lifted at tree level — a fact
that was used repeatedly in the previous sections. On the other hand, at one loop these
correlators do not provide enough information on the dilatation operator due to the reasons
mentioned above, hence we will consider long multiplets in section 6.

5.1 Free theory and topological sector

At infinitely strong coupling the SCFT that we are describing becomes free, and its local
operators are built by taking normal ordered products of the fundamental fields in the
displacement multiplet D1, as described in [1]. Correlation functions are then defined and
computed by Wick contractions using the two-point function of the D1. Here we present
some explicit results in the free theory, highlighting some structures that are relevant for
the mixing problem.

The kinematics and superconformal blocks for four-point functions of arbitrary half-BPS
operators were studied in [1, 23], where it is shown that

⟨Dk1Dk2Dk3Dk4⟩ = K{k1,k2,k3,k4} × G{k1,k2,k3,k4}(χ, ζ1, ζ2) , (5.1)

where the prefactor K accounts for the superconformal weights and G is a function of the 1d
cross ratio χ and the two R symmetry cross ratios ζ1,2, which is constrained by the SCWI

(∂ζ1 + 1
2∂χ)G

∣∣∣
ζ1=χ

= 0 = (∂ζ2 + 1
2∂χ)G

∣∣∣
ζ2=χ

. (5.2)

To describe the free theory, it is useful to introduce the superconformal cross ratios [23]

X = χ2

ζ1 ζ2
, X̃ = (1− χ)2

(1− ζ1) (1− ζ2)
, X⋆ = X

X̃
, (5.3)
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each of them satisfying the SCWI independently. Moreover, note that they are mapped into
each other by braiding and cyclic transformations:

braiding (1 ↔ 2) : (χ, ζ1, ζ2)→
(

χ

χ− 1 ,
ζ1

ζ1 − 1 ,
ζ2

ζ2 − 1

)
⇒ X→ X⋆ ,

cyclic (i→ i+ 1) : (χ, ζ1, ζ2)→ (1− χ, 1− ζ1, 1− ζ2) ⇒ X→ X̃ ,

(5.4)

⟨DpDpDqDq⟩ correlators in the free theory are symmetric polynomials in X and X⋆, and are
conveniently expressed in terms of so-called higher-spin conformal blocks [119]

Hn(x, y) = xn
2F1(−n,−n, 1; y/x) =

n∑
k=0

(
n

k

)2

xn−k yk , (5.5)

which are clearly symmetric in x and y. In terms of these, we have

G(0)
{p,p,q,q}(χ, ζ1, ζ2) =

min(p,q)∑
n=0

(
p

n

)(
q

n

)
Hn(X,X⋆)

= F4(−p,−q; 1, 1;X,X⋆) ,
(5.6)

where F4 is an Appell function, defined by

F4(a, b; c1, c2;x, y) =
∞∑

m,n=0

(a)m+n (b)m+n

(c1)m (c2)nm!n!x
m yn , (5.7)

and note that for the case at hand the sum truncates at m = n = min(p, q). For each fixed
p ≤ q, free theory four-point functions are polynomials in q of degree p. In the above each
H(n) corresponds to the contribution of all graphs with min(p, q)− n propagators connecting
points 1 and 2, where each power of X (X⋆) corresponds to a propagator between 1 and
3 (1 and 4). The H(n) are normalized in such a way that the terms Xn and Xn

⋆ appear
with unit coefficient, and the relative combinatorics of the other terms can be easily worked
out by considering ⟨DnDnDnDn⟩ correlators, where H(n) contributes with unit coefficient:
there, a power of Xk

⋆ has multiplicity
(n

k

)
corresponding to the number of way to connect

points 1 and 4 with k lines, with the remaining n − k connecting 1 and 3 (since in the
H(n) contribution to ⟨nnnn⟩ there are no lines between 1 and 2). Similarly, Xn−k has a
combinatorial factor of

( n
n−k

)
=
(n

k

)
, hence the squared binomial coefficients in (5.5). To

work out the coefficient in front of each H(n) in ⟨DpDpDqDq⟩, one can then take the graph
representing the contribution of H(n) to ⟨DnDnDnDn⟩ and dress it with the required number
of lines, which gives a further factor of

(p
n

)(q
n

)
. As a simple example, in figure 9 we have

drawn the diagrams contributing to each H(n) for 0 ≤ n ≤ 3 in the correlator ⟨D3D3D3D3⟩,
as well as the monomial in X and X⋆ correspond to each graph.

A crucial fact about the free theory that we are discussing is that, as anticipated, it
enjoys an exact braiding symmetry

G(0)
{p,p,q,q}(χ, ζ1, ζ2) = G(0)

{p,p,q,q}
( χ

χ−1 ,
ζ1

ζ1−1 ,
ζ2

ζ2−1
)
, (5.8)

which is manifest in (5.6) since the higher-spin blocks (5.5) satisfy

Hn(x, y) = Hn(y, x) . (5.9)
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Figure 9. Diagrams contributing to the free ⟨D3D3D3D3⟩ correlator, grouped by their contribution to
each higher-spin conformal block H(n) and labelled with the powers of X and X⋆ that they contribute
with to the expression of G(0)

{3,3,3,3}. It is understood that lines that cross each other do not correspond
to vertices, since we are dealing with a free theory. Although the labels are omitted, our conventions
(to match with the discussion in the text) is that the first point is located at the top left and the order
increases anti-clockwise.

Moreover, combining cyclic and braiding transformations we can define

G(0)
{p,q,q,p}(χ, ζ1, ζ2) = X

p+q
2

⋆ X̃
p−q

2 G(0)
{p,p,q,q}(1− χ, 1− ζ1, 1− ζ2) ,

G(0)
{p,q,p,q}(χ, ζ1, ζ2) = X

p+q
2 G(0)

{p,p,q,q}(χ
−1, ζ−1

1 , ζ−1
2 ) ,

(5.10)

both of which become symmetries of (5.6) in the case p = q.
Let us now discuss the superconformal blocks expansion of the free-theory correlators (5.6).

In the absence of semi-short representations, which is the case at strong coupling (see [1]
for a proof), the OPE selection rules for half-BPS operators read [23]35

Dp ×Dq = I δp,q +
p+q∑

k=|p−q|, step 2
Dk +

min(p−1,q−1)∑
i=0

i∑
j=0

∑
∆
L∆

0,[2i−2j,2j+|p−q|] , (5.11)

where I is the identity operator, so that the blocks expansion in the direct channel reads

G(0)
{p,p,q,q}(χ, ζ1, ζ2) = 1 +

2 min(p,q)∑
k=2

step 2

C(0)
ppkC(0)

qqk GDk
(χ, ζ1, ζ2)

+
2 min(p,q)−2∑
a,b=0, step 2

a+b≤2 min(p,q)−2

⟨a(0)⟩(p,q)
L∆

0,[a,b]
G∆,[a,b](χ, ζ1, ζ2) ,

(5.12)

35It is also useful to recall the sp(4) selection rule

[0, p] ⊗ [0, q] =
min(p,q)⊕

i=0

i⊕
j=0

[2i − 2j, 2j + |p − q|] .
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where G are superconformal blocks, whose explicit expression can be found [1]. In (5.12),
C(0)

pqr are OPE coefficients between half-BPS operators, whose expression we shall discuss
below, while ⟨a(0)⟩(p,q)

L∆
0,[a,b]

are averaged products of OPE coefficients, defined by36

⟨a(0)⟩(p,q)
L∆

0,[a,b]
=

∑
O s.t. ωO={∆,0,[a,b]}

µ
(0)
ppO µ

(0)
qqO . (5.13)

The braiding symmetry (5.8) of the free theory is closely related to the type of operators
that are exchanged in the OPE. We have already seen this for ⟨D1D1D1D1⟩, where the
long operators exchanged in the OPE have even conformal dimensions in the free theory,
which makes all the superconformal blocks appearing in the expansion of the correlator
symmetric under braiding. A similar phenomenon is responsible for the braiding symmetry
of ⟨DpDpDqDq⟩, although with a slight difference. In particular, short superconformal blocks
GDk

appearing in (5.12) are all symmetric under braiding for even k (which is always the
case in (5.12)), while the long superblocks with even a and b (which again is the case relevant
for (5.12)) satisfy

G∆,[a,b](χ, ζ1, ζ2) = (−1)∆+ 3a
2 +b G∆,[a,b]

( χ
χ−1 ,

ζ1
ζ1−1 ,

ζ2
ζ2−1

)
, (5.14)

and the sum over ∆ in (5.12) runs only over

∆ = 3a
2 + b+ 2n , (n ≥ 1) , (5.15)

in such a way that braiding is always a symmetry. The fact that only these operators appear
in the OPE (5.11) at strong coupling has been recently understood in [72] in terms of a
parity that flips the orientation of the Wilson line, which can be defined in terms of the
weak coupling description of the theory.

Finally, let us note that an efficient way of computing the averaged products of OPE
coefficients ⟨a(0)

∆ ⟩(p,q) is to expand the individual higher-spin blocks (5.5) as a sum over
superconformal blocks. Since as previously discussed (see figure 9) each H(n) corresponds
to a diagram where points 1 and 2 are connected by exactly p − n propagators, so that
2n propagators are connecting one of points 1 and 2 to one of points 3 and 4, then the
contribution of each H(n) in the OPE corresponds to that of exchanged operators of length
L = 2n. This can be also argued from the fact that the OPE Dp×Dp contains operators with
length L ≤ 2p and in (5.6) only H(n) with n ≤ p contribute. We can expand each H(n) using

Hn(X,X⋆) =
(
2n
n

)
GDn(χ, ζ1, ζ2) +

2n−2∑
a,b=0 step 2
a+b≤2n−2

h
[a,b]
∆ (n)G∆,[a,b](χ, ζ1, ζ2) , (5.16)

so that from the h
[a,b]
∆ (n) we obtain

⟨a(0)⟩(p,q)
L∆

0,[a,b]
=

p∑
n=1

(
p

n

)(
q

n

)
h

[a,b]
∆ (n) . (5.17)

36Here we are expressing the result in terms of a basis of normalized eigenvalues of the dilatation operator,
but recall that one can pick any basis of operators to compute the average.
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This is convenient because the individual higher-spin blocks are simpler than the full free
theory correlator, and the coefficients h[a,b]

∆ (n) admit a relatively simple closed-form expression
for each a and b of interest. For example, for the singlet representation [a, b] = [0, 0] we find

h
[0,0]
∆ (n) =

3π 24n−2(1+∆) Γ
[
n+ 3+∆

2

]
Γ
[

∆
2

]
Γ[3 + ∆]

(∆ + 4)Γ[3 + 2n] Γ
[
1− n+ ∆

2

]
Γ
[

3
2 +∆

]
Γ
[

5+∆
2

]
[
4 (n+ 1) 3F̃2

(
−3+∆

2 , ∆
2 ,−n;

1
2 − n, n; 1

)
− n∆(∆+ 3) 3F̃2

(
−1+∆

2 , 1 + ∆
2 , 1− n;

3
2 − n, n+ 1; 1

) ]
,

(5.18)

where 3F̃2 is a regularized hypergeometric function. Similar expressions in terms of 3F̃2
are possible for all representations [a, b], but we have not been able to find a closed form
in terms of a and b.

The expression (5.17) is related to an important piece of information about the structure
of the OPE in the free theory, which ties in with the discussion of the spectrum of the free
theory of [1] as well as with the mixing problem, which we consider in section 6. Recall
that it is useful to label the operators in the free theory by their length L, related by the
index n in (5.17) by L = 2n. As we discussed, long operators in the free theory fall into
degeneracy spaces for fixed quantum numbers and we are free to pick a basis of operators
with fixed length. Given a certain representation of osp(4∗|4) and a length L = 2n, one
can pick an arbitrary basis of operators ÔL=2n,α to span the degeneracy space dL (we are
suppressing the osp(4∗|4) quantum numbers since the present discussion is independent of
those). Then, the set of OPE coefficients between two half-BPS operators Dp and one of
the ÔL=2n,α can be thought of a vector in the space dL:

⟨DpDpÔL=2n,α⟩(0) ∼ µ(0)
ppÔL=2n,α

, α = 1, . . . , dim(dL) . (5.19)

For any such operator, one can simply argue from Wick contractions that(
p

n

)
µ

(0)
qqÔL=2n,α

=
(
q

n

)
µ

(0)
ppÔL=2n,α

, (5.20)

for all α, that is the two are parallel vectors in dL. In particular, one has

µ
(0)
ppÔL=2n,α

=
(
p

n

)
µ

(0)
nnÔL=2n,α

. (5.21)

The upshot is that while one might expect that varying the first two operators in (5.19)
allows to span independent directions in dL, this turns out not to be the case, due to the fact
that the half-BPS operators Dp are obtained from normal-ordered products of D1, in contrast
with more familiar holographic theories where half-BPS operators dual to KK modes are all
independent of each other. This is particularly important for us, as one of the main results of
this paper is the study of the dilatation operator at one loop for long operators in the singlet
representation of sp(4)⊕su(2), which only appear in Dp×Dq when q = p. Hence, this is telling
us something that we have already anticipated in the introduction: to explore the degeneracy
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spaces, and then probe all components of the dilatation operator, we need to consider more
general correlators than ⟨DpDpDqDq⟩. Going back to eq. (5.17), dropping the labels for the
osp(4∗|4) representation of the exchanged operators and assuming as usual p ≤ q we can write

⟨a(0)⟩(p,q) =
p∑

n=1

∑
α,β

µ
(0)
ppÔL=2n,α

(g−1)αβ µ
(0)
ppÔL=2n,β

, (5.22)

where we are highlighting the fact that the average ⟨a(0)⟩ can be expressed as a sum of
averages over degeneracy spaces of operators with fixed length L = 2n. Using (5.20), we
can rewrite the above as

⟨a(0)⟩(p,q) =
p∑

n=1

(
p

n

)(
q

n

) ∑
α,β

µ
(0)
nnÔL=2n,α

(g−1)αβ µ
(0)
nnÔL=2n,β

≡
p∑

n=1

(
p

n

)(
q

n

)
⟨a(0)

nnÔL=2n

⟩ ,

(5.23)

where we have introduced the average ⟨a(0)
nnÔL=2n

⟩, which by definition only depends on n.
Comparing with (5.17) then immediately gives

⟨a(0)
nnÔL=2n

⟩ = h
[a,b]
∆ (n) , (5.24)

where all the ÔL=2n,α are taken to have dimension ∆ and sp(4) representation [a, b]. Given
that for all p the coefficients µ(0)

ppÔL,α

are parallel vectors, for every fixed L one could choose a
basis in dL where one of the basis elements is along that vector, while the others are orthogonal
(thus have zero ope coefficient with Dp ×Dp). In that basis, one could even drop the average
symbol from (5.24) and the only non-vanishing OPE coefficient is precisely

[
h

[a,b]
∆ (n)

]1/2
.

Let us now turn to the discussion of the topological sector of the theory, whose exis-
tence follows directly from the SCWI (5.2). As discussed in [23], the four-point functions
⟨DpDpDqDq⟩ become topological when one sets χ = ζ1 = ζ2 (i.e. they no longer depend
on the position of operators), and the only contribution to the four-point function in this
configuration comes from OPE coefficients of short operators, as it can be argued from the
fact that superconformal blocks satisfy

GDk
(χ, χ, χ) = 1 , G∆,[a,b](χ, χ, χ) = 0 , (5.25)

so that at all orders in perturbation theory

G{p,p,q,q}(χ, χ, χ) = 1 +
∑

k=2, step 2
CppkCqqk . (5.26)

Remarkably, the OPE coefficients Ck1k2k3 can be computed exactly using supersymmetric
localization [4, 15, 53], to all orders in λ (including non-perturbative corrections). We refer to
section 3 of [23] for more details on how to extract the OPE coefficients from the localization
result, while here we shall limit to give the expression for the expansion of Ck1k2k3 at large λ
(neglecting non-analytic e−

√
λ terms). The first few terms in the expansion read

Ck1k2k3 = C(0)
k1k2k3

(
1 + 1

λ1/2 δC
(1)
k1k2k3

+ 1
λ δC

(2)
k1k2k3

+O(λ−3/2)
)
+O(e−

√
λ) , (5.27)
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where C(0)
k1k2k3

is the free theory result

C(0)
k1k2k3

= α1!α2!α3!√
k1! k2! k3!

, (5.28)

and

α1 = −k1 + k2 + k3
2 . α2 = k1 − k2 + k3

2 , α3 = k1 + k2 − k3
2 , (5.29)

while the first two perturbative corrections are

δC(1)
k1k2k3

= − 3
4 (α1 α2 + α1 α3 + α2 α3) ,

δC(2)
k1k2k3

= 1
4 δC

(1)
k1k2k3

+ 1
2
(
δC(1)

k1k2k3

)2

− 3
16 [3α1 α2 α3 + α1 α2 α3 (α1 + α2 + α3)] .

(5.30)

For the special case of C112, (4.3) gives a result valid to all orders, where f = 1 + (C112)2

and its perturbative expansion at large λ is given in (4.5).

5.2 Bootstrapping ⟨DpDpDqDq⟩

In this section we explain how the strategy outlined in section 3 can be adapted to the study
of ⟨DpDpDqDq⟩, which we then bootstrap at tree level and at one loop. The main difference
with the correlators that we have discussed so far is that, for generic p and q, we have to
include the dependency on the R-symmetry cross ratios ζ1,2. We find it convenient to work
in the case q ≥ p (from which q < p can easily be obtained) and proceed by increasing
the value of p by one unit at the time. As we shall see, at each step the information of all
correlators with p smaller than the one under inspection will provide valuable information
to fix all the coefficients in our ansatz. Taking into account of the R-symmetry dependence,
at each order the ansatz reads

G(ℓ)
{p,p,q,q}(χ, ζ1, ζ2) =

21+ℓ−1∑
i=1

p∑
m,n=0

r
(m,n)
i (χ)
ζm

1 ζn
2
Ti(χ) , (5.31)

which is just a generalization of (3.31). Here r
(m,n)
i (χ) are rational functions of χ and

since ⟨DpDpDqDq⟩ is symmetric in ζ1 and ζ2, we take r(m,n)
i (χ) = r

(n,m)
i (χ). Ti(χ) are the

familiar HPLs and we have already specified the choice of a maximal transcendentality at
each order, which in agreement with the observations of section 4 is tmax(ℓ) = ℓ, so that
for fixed ℓ the basis of HPLs has dimension 21+ℓ − 1. An important point to stress is that
the spacetime and R-symmetry dependence of these correlators are not at all arbitrary, as
the SCWI (5.2) must be satisfied. This provides a fundamental constraint that allows to
fix all free parameters in the ansatz, which was somehow implicit in the discussion of the
⟨D1D1D1D1⟩ correlator since in that case we were working directly in terms of the function
that solves the SCWI automatically.

Given the ansatz (5.31), let us briefly discuss how the various constraints of section 3 are
adapted to the current setting. We observe here that the main modification arises from the
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fact that, as for the ⟨112L⟩ correlators of section 6, we are no longer dealing with a four-point
functions of identical operators and therefore we should consider constraints coming from
the OPE both in the direct (χ → 0) and from the crossed (χ → 1) channel.

• AdS unitarity method. The set of constraints coming from AdS unitarity, namely the
fact that one can compute the highest logarithmic singularities from CFT data at
previous orders (up to resolving degeneracies), is essentially the same in this context
but with a small caveat: the direct (d) and crossed (c) channel OPE are no longer
related to each other by crossing symmetry, so one should consider a decomposition of
the correlators analogous to (3.24), both as an expansion in powers of logχ and one in
powers of log(1− χ) (independently):

G(ℓ)
{p,p,q,q}(χ, ζ1, ζ2) =

ℓ∑
k=0
Gd,(k,ℓ)
{p,p,q,q}(χ, ζ1, ζ2) logk χ

=
ℓ∑

k=0
Gc,(k,ℓ)
{p,p,q,q}(χ, ζ1, ζ2) logk(1− χ) ,

(5.32)

where Gd,(k,ℓ)
{p,p,q,q}(χ, ζ1, ζ2) are holomorphic at χ = 0 and Gc,(k,ℓ)

{p,p,q,q}(χ, ζ1, ζ2) are holo-
morphic at χ = 1. The statement of AdS unitarity is then that we can obtain all
Gd,(k,ℓ)
{p,p,q,q}(χ, ζ1, ζ2) and χ = 0 and Gc,(k,ℓ)

{p,p,q,q}(χ, ζ1, ζ2) for k ≥ 2 from CFT data at previous
orders. We will not repeat the expansion for each such function over superconformal
blocks, as it can be easily argued from (5.11) using the results of appendix B.

• Bose symmetry. Again it is useful to focus on the two transformations that generate
the Bose symmetry group, namely braiding and cyclic ones. Given the exact braiding
symmetry (5.8) of the free theory (due to the fact that we are considering pairwise equal
operators), we can use braiding as a constraint at each order in perturbation theory
precisely in the spirit of (5.33), since the presence of anomalous dimensions (related to
powers of logχ in the direct channel OPE) once again one breaks the symmetry in a
“weak” sense. Hence, in full analogy with (5.33), we have (note that this is a statement
about the OPE in the direct channel)

Gd,(k,ℓ)
{p,p,q,q}(χ, ζ1, ζ2) =

ℓ−k∑
m=0

(
k +m

m

)
(−1)m logm(1− χ)Gd,(k+m,ℓ)

{p,p,q,q}
( χ

χ−1 ,
ζ1

ζ1−1 ,
ζ2

ζ2−1
)
.

(5.33)

On the other hand, since the four operators in ⟨DpDpDqDq⟩ are not all identical for
q ̸= p, cyclic transformations are no longer a symmetry, as one could expect. Instead,
we can use these transformations to define the configuration ⟨DpDqDqDp⟩ via

G(ℓ)
{p,q,q,p}(χ, ζ1, ζ2) = X

p+q
2

⋆ X̃
p−q

2 G(ℓ)
{p,p,q,q}(1− χ, 1− ζ1, 1− ζ2) , (5.34)

whose direct channel OPE is completely equivalent to the crossed channel OPE for
⟨DpDpDqDq⟩. The superconformal blocks of [1] are in fact the correct ones for the
expansion of ⟨DpDqDqDp⟩ for small χ.
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• Compatibility with the OPE. The requirement of compatibility of our ansatz (5.31)
with the OPE in both channels (direct and crossed) contains a richer structure than
one could naively expect. Indeed, we have three types of constraints. The first
two are analogous to what we had for ⟨D1D1D1D1⟩: expanding the ansatz (5.31)
around χ = 0 (χ = 1), the OPE gives information about the smallest power of
χ (1 − χ) that can appear in the expansion, since this is related to the dimen-
sion of the lightest exchanged operator. Moreover, we can also exploit the infor-
mation coming from the knowledge of all OPE coefficients between short opera-
tors (5.27), which again can be used as a constraint both in the direct and in the
crossed channel. The third constraint, on the other hand, is new and deserves a more
detailed explanation.

The spectrum of the free theory at strong coupling is such that certain operators are not
degenerate, i.e. for certain given representations of osp(4∗|4) there is only one operator,
even in the free theory where all operators have integer (if bosonic) or half-integer (if
fermionic) dimension. As it can be argued looking at the tables in [1], this is the case
for long superconformal primary operators with weights37

ω = {∆∗, 0, [a, b]} , and ω = {∆∗ + 1, 0, [a, b]} , ∆∗ = 3a
2 + b+ 2 , (5.35)

which in particular are the lightest long operators with spin zero and sp(4) representation
[a, b] appearing in the spectrum of the theory at strong coupling. The importance
of the existence of non-degenerate operators rests on the fact that their anomalous
dimension can be computed from any arbitrary correlator where they appear in the
OPE. On the contrary, where degeneracy is present, one should consider a family
of correlators and diagonalize an anomalous dimension matrix to obtain the exact
conformal dimension of each operator in the degenerate family. We are going to exploit
this fact working for one fixed value of p at the time and increasing p by one unit at
each step, as follows. Start from p = 1: the OPE of ⟨D1D1DqDq⟩ in the crossed channel
contains operators in the sp(4) representation [0, q − 1] (see (5.11)), and the two with
lowest dimension (∆ = q + 1 and ∆ = q + 2) are non-degenerate. We can then extract
their exact anomalous dimension from ⟨D1D1DqDq⟩ alone and use this information
as a constraint on ⟨D2D2DqDq⟩, where the operators in representations of the type
[0, q] are exchanged and we now know the anomalous dimension of some of them.
This, together with the previous constraints and the observations on the Regge limit
that we will mention below, seems to be enough to obtain ⟨D2D2DqDq⟩ at all orders.
From this one can extract the anomalous dimensions of new non-degenerate operators,
which in turn allow to derive ⟨D3D3DqDq⟩. The procedure continues increasing p at
each step and using all the information about non-degenerate operators coming from
correlators with lower values of p. Analyzing the OPE for a few ⟨DpDpDqDq⟩ correlators
one can also guess a closed-form expression for the one-loop anomalous dimension of

37Note that for b = 0 there is actually no operator with ∆ = 3a
2 + 3.
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non-degenerate operators:

γ
(2)
L∆∗

0,[a,b]
= (a+ 2)

192 (1180 + 723a+ 752b+ 107a2 + 216ab+ 112b2) ,

γ
(2)
L∆∗+1

0,[a,b]
= γ

(2)
L∆∗

0,[a,b]
+ 1

96(1088 + 692a+ 328b+ 105a2 + 104ab− 4b2) .
(5.36)

• Regge limit. To conclude, the observations on the Regge limit are completely analogous
to those of section 3, in that we require that for each representation [a, b] of sp(4) the
averaged anomalous dimensions at any fixed order have the mildest possible growth
at large ∆. Such growth turns out to be the same as that found for ⟨D1D1D1D1⟩ in
section 4 and in particular does not depend on a and b:

⟨γ(ℓ)⟩(p,q)
L∆

0,[a,b]
∼ ∆ℓ+1 , (∆→∞) . (5.37)

In the next two sections we will briefly comment on how this method is applied to
bootstrap tree-level and one-loop correlators, but we shall skip most of the technical details
as they are analogous to what we already discussed in the previous sections. Instead, we will
focus on the solution of the bootstrap problem, which has an interesting structure that can
be described uniformly in terms of p and q and is related to the expression of the correlator
as a sum of Witten diagrams arising from the Lagrangian (2.7).

5.3 Tree level

Let us consider now the case of tree level correlators, for which according to (5.31) we should
make an ansatz of transcendentality one

G(1)
{p,p,q,q}(χ, ζ1, ζ2) =

p∑
m,n=0

1
ζm

1 ζn
2

(
r

(m,n)
1 (χ) + r

(m,n)
2 (χ) log(1− χ) + r

(m,n)
3 (χ) logχ

)
,

(5.38)

where we remind that all rational functions r(m,n)
i (χ) are symmetric in m and n and, as in

section (3), are only allowed to have powers of χ and 1− χ in their denominators. For all
values of p, using all constraints except the Regge behavior still leads to an infinite amount of
solutions corresponding, as in the previous sections, to contact terms with higher and higher
number of derivatives in the quartic vertex. However, assuming the mildest possible Regge
behavior for each p and using, step by step, all the available information on non-degenerate
operators, it is possible to pinpoint a unique solution for each p, with a simple polynomial
dependence in q (of degree p+ 1, taking into account that we assume p ≤ q). Remarkably, it
is possible to express the result in a closed form as a function of p and q, which reads

G(1)
{p,p,q,q} = p q G(1)

{1,1,1,1} G
(0)
{p−1,p−1,q−1,q−1} + P(1)(X, X⋆) , (5.39)

where P(1) are polynomials given by

P(1)(x, y) = 3Q(1) G(0)
{p,p,q,q}(x, y) . (5.40)

– 72 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

(a) Diagrams con-
tributing to the first
term in (5.39).

(b) Diagrams con-
tributing to the sec-
ond term in (5.39).

Figure 10. Schematic representation of the Witten diagrams contributing to ⟨DpDpDqDq⟩ at tree
level. Black lines represent free theory propagators, while blue lines crossing in a thick dot represent
lines connected by the quartic vertex in (2.7).

where we have introduced the differential operator

Q(1) = (x ∂x)2 + (y ∂y)2 + x y ∂x ∂y −
p+ q

2 (x ∂x + y ∂y) , (5.41)

and in the argument of G(0)
{p,p,q,q} we replace X → x and X⋆ → y. This result can be seen

as arising naturally from the Witten diagrams generated by the Lagrangian (2.7) and from
the fact that the half-BPS operators Dk are simply given by normal-ordered products of
k copies of D1 (with an appropriate symmetrization in the R-symmetry indices). Given
that at O(λ−1/2) there is only a quartic vertex including for φ’s (the superprimary of the
D1 multiplet), there are schematically two types of diagram that can contribute to any
⟨DpDpDqDq⟩ at tree level, represented in figure 10.

Diagrams of the type represented in figure 10(a) are such that each external operator is
connected to a quartic vertex, which carries a factor λ−1/2. The dependence on the coupling
constant is therefore saturated and the remaining operators must be connected by free theory
propagators. This kind of diagrams is therefore completely factorized, with the quartic
vertex contributing as in ⟨D1D1D1D1⟩, multiplied by a free theory term corresponding to
a ⟨Dp−1Dp−1Dq−1Dq−1⟩ four-point function, hence the first term in (5.39). On the other
hand, diagrams of the type represented in figure 10(b) have one operator connected to the
quartic vertex with two lines, two with one line and one operator which is only connected
to the others by free theory propagators. Understanding the contribution of these diagrams
to (5.39) is simple if one focuses on the lines connected to the quartic vertex. With the
position of the lines as in 10(b), one has

lim
t∗→t1
y∗→y1

⟨D1(t1, y1)D1(t∗, y∗)D1(t2, y2)D1(t3, y3)⟩(1) = −3 (12) (13) , (5.42)

where notice that the limit gives a finite result since we are taking y∗ → y1, which corresponds
to defining a protected operator D2 at position (t1, y1). Diagrammatically, we can express the
identity (5.42) as in figure 11, which notice is precisely the kind of diagram that one should
evaluate to compute the OPE coefficient C(1)

112, where the superscript denotes a tree level
contribution. In particular, we can see that the effect of collapsing two points in a quartic
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Figure 11. Collapsing two points in a quartic vertex produces the same effect as a couple of free
theory propagators.

vertex produced the same result as the product of two free-theory propagators. Therefore,
diagrams of the type 10(b) are actually equivalent to free theory diagrams, just with different
combinatorial factors (and up to a λ-dependent overall factor). Therefore, they contribute to
the second term in (5.39), which can be seen as the action of an operator on ⟨DpDpDqDq⟩(0),
as described by (5.40), where the operator has the role of suppressing certain diagrams
and appropriately modifying combinatorial factors. Hence, it would have been relatively
simple to argue the result (5.39) directly by looking at the structure of Witten diagrams
(once the result for ⟨D1D1D1D1⟩(1) is known), and it is reassuring that the bootstrap result
confirms the expectations.

The structure of (5.39) has an important implication for the first order correction to
the spectrum of the free theory. As we have already stressed, the ℓ-th order anomalous
dimensions of the operators exchanged in a certain correlator at order λ−ℓ/2 can be extracted
from the part of the correlator that is proportional to logχ. In (5.39), the second term
only depends on χ polynomially and therefore all the terms proportional to logχ arise
from ⟨D1D1D1D1⟩(1). Similar diagrammatic arguments immediately show that a four-point
function between any four operators only receives contributions proportional to logχ through
a product of free-theory correlators and ⟨D1D1D1D1⟩(1). One can then expect that the
anomalous dimensions of all operators can be extracted equivalently from any correlator,
with averages of anomalous dimensions over different four-point functions leading to identical
results. This can only happen if operators that are degenerate in the free theory remain such
when the first-order perturbation is turned on, thus justifying the claims of section 2 on the
structure of the dilatation operator at tree level. Therefore, at tree level all the symbols of
averages can be dropped around anomalous dimensions. The only way this can happen is if
the first-order correction to the dilatation operator is insensitive to the detailed structure of
the operators and only depends on certain simple properties such as their quantum numbers.
We find that this is precisely the case and the dependence is particularly simple and tree-level
anomalous dimensions of operators in a certain representation of osp(4∗|4) are proportional
to the quadratic superconformal Casimir eigenvalue of that representation. More precisely,
if an operator O is, in the free theory, in a representation R with weights ω = {∆, s, [a, b]}
(with ∆, as usual, the unperturbed dimension), then its anomalous dimension at first order is

γ
(1)
O = −1

2c2(R) = −
1
2

[
∆(∆+ 3) + 1

4 s (s+ 2)− 1
2 a

2 − a (b+ 2)− b (b+ 3)
]
, (5.43)

using the conventions of [1]. This can be argued by inspecting the anomalous dimensions
extracted from ⟨DpDpDqDq⟩ or by observing that the action of the quadratic Casimir dif-
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ferential operator Ĉosp(4∗|4) is such that

⟨DpDpDqDq⟩(1)
∣∣∣
log χ

= −1
2 Ĉosp(4∗|4) ⟨DpDpDqDq⟩(0) , (5.44)

since the superconformal blocks are eigenfunctions of Ĉosp(4∗|4) with eigenvalue c2.
This is a crucial fact about the spectrum of the theory at strong coupling, that we have

heavily exploited in the previous sections. In particular, we have used the fact that when the
expression of correlation functions as sums over conformal blocks is expanded perturbatively
for large λ, certain products of anomalous dimensions and OPE coefficients arise, which
should in principle interpreted as averages over a certain correlator. However, due to the fact
that the free theory degeneracy is not lifted one has, for any representation,

⟨(γ(1))k⟩L∆
s,[a,b]

= ⟨γ(1)⟩kL∆
s,[a,b]

, (5.45)

with the average taken on any correlator.

5.4 One loop

Moving to one loop, one should make an ansatz of transcendentality two. Given the results
found for ⟨D1D1D1D1⟩, for simplicity we can directly exclude terms with Li2 and ζ(2), but
it is also possible to include them and then show that their coefficient should vanish once
all the constraints are imposed. To start, one should compute the terms contributing to
the highest logarithmic singularities in the two OPE channels (χ→ 0 and χ→ 1). At one
loop, one only has a log2 χ singularity, which in the direct channel (χ→ 0) has an expansion
over superconformal blocks given by

Gd,(ℓ,ℓ)
{p,p,q,q} =

1
ℓ!
∑

∆,[a,b]
⟨a(0) (γ(1))ℓ⟩L∆

0,[a,b]
G∆,[a,b] , (5.46)

for ℓ = 2, using the notation of (5.32). We have written the equation for general ℓ as this
it gives the logℓ χ contribution to an ℓ-th order correlator in a uniform way. Now, thanks
to (5.45) we can drop the symbol of average from the anomalous dimensions any ℓ, and
using (5.43) as well as the superconformal Casimir equation (see [1]) we obtain

Gd,(ℓ,ℓ)
{p,p,q,q} =

1
ℓ!
∑

∆,[a,b]
⟨a(0)⟩L∆

0,[a,b]

(
γ

(1)
L∆

0,[a,b]

)ℓ

G∆,[a,b] =
(
−1
2 Ĉosp(4∗|4)

)ℓ

G(0)
{p,p,q,q} , (5.47)

meaning that as observed for ⟨D1D1D1D1⟩ in section 4 the highest logarithmic singularity at
each order can be obtain simply by repeatedly acting with the quadratic Casimir operator
on the free theory result. Analogous expressions can be obtained for terms proportional to
log2(1 − χ) in the crossed channel expansion, around χ = 1.

Once the terms proportional to log2 χ and log2(1− χ) are computed as above, one can
use a braiding transformation to obtain the rational function multiplying logχ log(1− χ), so
that assuming no Li2(χ) is present we have computed all terms of transcendentality two. All
is left is therefore the ambiguity given by tree-level contact terms, namely the infinite set of
solutions to the tree-level bootstrap problem. As usual, a unique solution for each p can be
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obtained by exploiting all information on the OPE and non-degenerate operators obtained
from correlators with lower p, as well as assuming the mildest possible Regge behavior for
our correlators, corresponding to

⟨γ(2)⟩L∆
0,[a,b]

∼ ∆3 , (∆→∞) , (5.48)

for an average over any correlator and for all values of a and b.
As for tree-level correlators, the final result admits a closed-form expression in terms

of p and q, which is closely related to the structure of the associated Witten diagrams. We
can express our results as

G(2)
{p,p,q,q} = p q G(2)

{1,1,1,1} G
(0)
{p−1,p−1,q−1,q−1} + 2

(
p

2

)(
q

2

) (
G(1)
{1,1,1,1}

)2
G(0)
{p−2,p−2,q−2,q−2}

+ G(6pt)
{p,p,q,q} + P(2)

1 (X,X⋆)G(1)
{1,1,1,1} + P(2)

2 (X,X⋆) ,
(5.49)

where G(1)
{1,1,1,1} and G(2)

{1,1,1,1} are the tree-level and one-loop four-point functions of the
displacement, G(6pt)

{p,p,q,q} can be computed from the first connected contribution to the six-
point function of the displacement, while P(2)

1 and P(2)
2 are certain polynomials given below.

More precisely38

G(6pt)
{p,p,q,q} =

p

2

(
q

2

)
G⋆(χ, ζ1, ζ2)G(0)

{p−1,p−1,q−2,q−2} +
q

2

(
p

2

)
G⋆(χ, ζ1, ζ2)G(0)

{p−2,p−2,q−1,q−1}

+ 2
(
p

2

)(
q

2

)
XG⋆(χ−1, ζ−1

1 , ζ−1
2 )G(0)

{p−2,p−1,q−2,q−1}

+ 2
(
p

2

)(
q

2

)
X⋆ G⋆(1− χ, 1− ζ1, 1− ζ2)G(0)

{p−1,p−2,q−2,q−1} ,

(5.50)

with

G⋆(χ, ζ1, ζ2) = D f⋆(χ) ,

f⋆(χ) =
[
−4χ(2− χ) + 2(2− 2χ+ χ2) log(1− χ)

] χ2 logχ
(1− χ)2

+
[
χ(5− 5χ− 2χ2 + 4χ3) + 2(1− χ)2(2 + χ+ χ2) log(1− χ)

] log(1− χ)
χ(1− χ) .

(5.51)

On the other hand, P(2)
1 and P(2)

2 are polynomials, given by

P(2)
1 (x, y) = Q(2)

1 G
(0)
{p−1,p−1,q−1,q−1}(x, y) , (5.52)

38Here, when evaluating G⋆(χ−1, ζ−1
1 , ζ−1

2 ), we consider that all the arguments of log have an absolute value,
in agreement with the observations about braiding symmetry of section 4. This allows us to write, for example,
log |1− χ−1| = log |1− χ| − log |χ|.
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and

P(2)
2 (x, y) = Q(2)

2 G
(0)
{p,p,q,q}(x, y) , (5.53)

where the differential operators Q(2)
1 and Q(2)

2 are

Q(2)
1 = 3 p q

[
Q(1) + (x ∂x + y ∂y)

]
,

Q(2)
2 =

[9
2 Q

(1)
(
Q(1) + p+ q − 2

36

)
+ p q

4 (p+ q − 2)− 9
16(p− q)

2 (x ∂x + y ∂y)

+33
4 x y ∂x ∂y

(
x ∂x + y ∂y −

p+ q

2

)]
.

(5.54)

As in the previous section, to understand this structure one should look at the Witten
diagrams that contribute to ⟨DpDpDqDq⟩ at two loops. The first term in (5.49) can be traced
back to diagrams of the type 12(a), where two quartic vertices are used to form a loop and all
the remaining D1 insertions are connected by free theory propagators, so that these diagrams
are completely factorized as products of the one-loop contribution to ⟨D1D1D1D1⟩ and a
free theory four-point function where all external operators have weights lowered by one
unit. The first line of (5.49) is completed by a contribution coming from diagrams of the
type 12(b), where eight of the external D1 insertions are connected by two pairs of four-point
vertices, giving rise to the square of ⟨D1D1D1D1⟩(1), with the remaining insertions connected
by propagators to form a free theory four-point function where all external operators have
weights lowered by two units. Moving to the second line of (5.49), the first term originates
from the same type of diagrams that would contribute to a ⟨D1D1D1D1D1D1⟩ six-point
function at O(λ−1), with two pairs of D1 insertions collapsed to the same point: a six-point
contact term, which appears in (2.7) with a factor of λ−1 and is represented in figure 13(a), as
well as an exchange diagram drawn using two times the quartic vertex, represented in 13(b).
The four terms in (5.50) reflect the four inequivalent ways to collapse the six-point function to
four points, each dressed by suitable free-theory four-point functions connecting the remaining
D1 insertions. The second-last term in the second line of (5.49) arises from diagrams of the
type 14(a) where one uses two times the quartic vertex, but one of them has two legs collapsed
to one. Finally, the last term is a rational functions of χ and receives contributions from
two types of diagrams: one where one uses two collapsed quartic vertices, as in figure 14(b),
and one where a collapsed six-point vertex is used, as in (14(c)).

In this case, while as we have just observed the general structure can be argued
looking at the Witten diagrams that contribute at this order, the expression of one-loop
⟨DpDpDqDq⟩ requires the knowledge of the six-point function ⟨D1D1D1D1D1D1⟩(2), in addi-
tion to ⟨D1D1D1D1⟩(2). Since we have not computed any six-point functions, which would
be considerably harder than the four-point ones discussed here,39 our bootstrap approach
should be seen as an even greater simplification of the traditional diagrammatic algorithm.
Moreover, the contribution of a collapsed six-point function to ⟨DpDpDqDq⟩(2) finally lifts
the degeneracy of operators in the free theory and the anomalous dimensions ⟨γ(2)⟩L∆

0,[a,b]

39See [61] for the computation of higher-point functions on the Wilson line at weak coupling and [120] at
strong coupling.
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(a) Contribution
from one-loop dia-
grams with quartic
vertices only.

(b) Contribution
from the product
of two tree-level
quartic interactions.

Figure 12. Type of diagrams contributing to the first line of equation (5.49). We have highlighted
four-point vertices in blue and six-point vertices in red.

(a) Contribution
from tree diagrams
with sextic interac-
tions.

(b) Contribution
from collapsed
six-point ex-
change diagrams.

Figure 13. Type of diagrams arising from a six-point function and contributing to (5.49) as in (5.50).
We have highlighted four-point vertices in blue and six-point vertices in red.

(a) Contribution
from a “full” quartic
vertex and a col-
lapsed one.

(b) Contribution
from two quartic
vertices with two
points collapsed.

(c) Contribution
from a sextic vertex
with three legs col-
lapsed.

Figure 14. Type of diagrams contributing to the last two terms in the second line of (5.49). We
have highlighted four-point vertices in blue and six-point vertices in red. Diagrams of the type 14(a)
contribute to P(2)

1 G(1), while diagrams 14(b) and 14(c) only contribute to P(2)
2 .
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extracted from (5.49) should really be seen as averages, which depend on the correlator from
which they are computed. As an example, for long operators in the singlet representation
of sp(4) ⊕ su(2), from ⟨D1D1DqDq⟩ correlators we find

⟨γ(2)⟩L∆
0,[0,0]

− γ(1)
∆ ∂∆ γ

(1)
∆ = j2

∆
2

[
q H1+∆ −

2(5 + 9q) + (4 + 7q) j2
∆

4(2 + j2
∆)

]
, (5.55)

where the dependence of the anomalous dimensions of the exchanged operators on the
external weight q is a clear sign of operators mixing.

We would like to conclude this section with some comments on the relation between the
structure of ⟨DpDpDqDq⟩ and that of the dilatation operator. At tree level, we observed that
the terms in the correlator that produce anomalous dimensions (those proportional to logχ)
are all generated by the quartic vertex in (2.7), as depicted in figure 10(a). Hence, for the
purposes of understanding the dilatation operator at tree level, it is essentially enough to
know the four-point function ⟨D1D1D1D1⟩(1), with all logarithmic terms in ⟨DpDpDqDq⟩(1)

fixed in terms of that, as clearly expressed by (5.39). In particular, as we discussed in
section 2, the fact that the dilatation operator D(1) is fixed by a quartic vertex implies that
D(1) cannot change the length of operators and it can be decomposed as a sum of blocks
acting on spaces HL of operators with fixed length:

D(1) =
⊕

L

D(1)
L , D(1)

L : HL → HL . (5.56)

On the other hand, at one loop we have seen that the knowledge of ⟨D1D1D1D1⟩(2) is
no longer sufficient to determine all ⟨DpDpDqDq⟩(2). On the contrary, as clear from (5.49),
one also requires the knowledge of the six-point function ⟨D1D1D1D1D1D1⟩(2), which is due
to the presence of a six-point vertex in (2.7), that cannot be detected by ⟨D1D1D1D1⟩(2).
The presence of a sextic vertex in the Lagrangian also has implications on the one-loop
dilatation operator D(2), as it is clear also from the presence of logχ in (5.51) (which therefore
contribute to the anomalous dimensions). This is closely related to a crucial property of
D(2) that we have introduced in section 2: the fact that this time it can in fact change the
length of operators, but only by two units at most. We could write

D(2) =
⊕

L

[
D(2)

L−2 ⊕ D(2)
L ⊕ D(2)

L+2

]
, D(2)

L+δL : HL → HL+δL . (5.57)

Similarly, at higher orders more vertices in (2.7) would contribute, further complicating the
structure of the dilatation operator (and that of ⟨DpDpDqDq⟩). In particular, at O(λ−ℓ/2)
in order to determine all ⟨DpDpDqDq⟩(ℓ) one would need to know the (2ℓ+ 2)-pt function
of D1 at that order, with the associated structure of D(ℓ) given by

D(ℓ) =
⊕

L

ℓ−1⊕
a=−(ℓ−1)

D(ℓ)
L+2a , (5.58)

with the same notation as (5.57). This is precisely the structure that we discussed in section 2.
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5.5 Two loops

The strategy applied so far could be in principle carried out for all ⟨DpDpDqDq⟩ at two
loops as well, without addressing the mixing problem (which would not be true at three
loops). However, the result is not really necessary for our purposes and the problem starts
getting more complicated. We have so far limited to computing the two-loop answer for
⟨D1D1DqDq⟩ and ⟨D2D2D2D2⟩, which we present here. We will not go into the details of
the derivation, since the results follow from the usual strategy and a transcendentality-three
ansatz completely analogous to that used for ⟨D1D1D1D1⟩ at two loops.

For ⟨D1D1DqDq⟩ one can actually solve the Ward identities in terms of a single function
like in the q = 1 case. As in (4.1) we have

⟨D1D1DqDq⟩
⟨D1D1⟩⟨DqDq⟩

= fq
χ2

ζ1 ζ2
+ D fq(χ) . (5.59)

The topological data has an expansion up to two loops

fq = 1 + 2q − 3q2

λ1/2 + 3q(q − 1)(2q − 1)
4λ + q(14− 2q + 28q2 + 5q3)

8λ3/2 +O(1/λ2) , (5.60)

while the reduced correlator at two loops can be expressed as

f (3)
q (χ) =

4∑
n=1

(
q

n

)
f (3)

q,n(χ) , (5.61)

where by definition f
(3)
q,1 (χ) = f (3)(χ) given in (4.82), while for the higher orders we have

f
(3)
q,2 (χ)=−

χ2(χ2−2χ+2)
(χ−1)2 L3(χ)− 4χ5−8χ4+4χ2−5χ+2

(χ−1)2χ
L3(1−χ)

− (1−χ)(9χ4+5χ3+5χ2+2χ+27)
3χ2 log3(1−χ)+ χ2(9χ4−34χ3+48χ2−28χ+14)

3(χ−1)3 log(1−χ) log2χ

− 18χ6−47χ5+40χ4−12χ3−8χ2+10χ−4
3(χ−1)2χ

log2(1−χ) logχ

+ (χ−2)χ3(8χ2−11χ+11)
2(χ−1)3 log2χ+ (χ−1)(8χ3+18χ2+15χ+29)

2χ log2(1−χ)

− 16χ5−25χ4−χ3+22χ2+2χ−1
2(χ−1)2 log(1−χ) logχ+ (χ−2)χ(χ2−χ+1)

4(χ−1)2 logχ

− (χ−2)(χ2−2χ+3)
4(χ−1) log(1−χ)+ 4χ2−5χ+2

(χ−1)2χ
ζ(3)+ χ(131χ−28)

8(χ−1) ,

f
(3)
q,3 (χ)=−

3(χ−2)χ3

(χ−1)2 L3(1−χ)+
(χ−1)(χ3+χ2+6)

χ2 log3(1−χ)− (χ−2)χ3

(χ−1)2 log2(1−χ) logχ

+ 9(χ−1)(χ2+χ+2)
2χ log2(1−χ)− 9χ2(χ2−2χ+2)

2(χ−1)2 log(1−χ) logχ

+ 3(χ2−χ+1)
2(χ−1) log(1−χ)+ 3χ(15χ−1)

2(χ−1) ,

f
(3)
q,4 (χ)=

15χ2

2(χ−1) . (5.62)

To express the result for ⟨D2D2D2D2⟩ at two loops it is convenient to first solve the
Ward identities, which in this case can be done in terms of one constant and three functions
of χ. Explicitly, we have

⟨D2D2D2D2⟩
⟨D2D2⟩⟨D2D2⟩

= f2
χ2

ζ1ζ2
+ D1 f1(χ) + D2 f2(χ) + D3 f3(χ) , (5.63)
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where in terms of the OPE coefficients Cpqr ∼ ⟨DpDqDr⟩

f2 = 1 + C222 + C224 , (5.64)

while the differential operators Di are given by

D1 = χ2 (v̄ − v1 v2 χ∂χ) , D2 = χ2

ζ1 ζ2
D1 , D3 = χ5 v1 v2 , (5.65)

where vi = χ−1 − ζ−1
i as in (4.2), while v̄ = χ−2 − ζ−1

1 ζ−1
2 . At two loops we have

f(3)
2 = 1341

4 , (5.66)

while

f
(3)
1 (χ) = − 2(8χ7−41χ6+77χ5−49χ4−3χ3+29χ2−13χ+1)

(χ−1)4χ
L3(χ)

− 2(8χ7−15χ6−χ5−χ4+31χ3−49χ2+35χ−9)
(χ−1)3χ2 L3(1− χ)

− 2χ2(21χ6−137χ5+374χ4−556χ3+480χ2−337χ+50)
3(χ−1)5 log3 χ

+ (2(63χ8−305χ7+584χ6−557χ5+265χ4+6χ3−53χ2+13χ−1))
3(χ−1)4χ

log2 χ log(1− χ)

− 2(63χ8−199χ7+213χ6−70χ5−25χ4−29χ3+104χ2−73χ+15)
3(χ−1)3χ2 logχ log2(1− χ)

+ 2(21χ6+11χ5+4χ4+10χ3+χ2+108χ−105)
3χ3 log3(1− χ)

+ χ2(78χ4−350χ3+604χ2−569χ+114)
(χ−1)4 log2 χ+ (78χ4+38χ3+22χ2+99χ−123)

χ2 log2(1− χ)

− (156χ6−468χ5+474χ4−168χ3+53χ2−47χ+3)
(χ−1)3χ

logχ log(1− χ)

+ (68χ4−88χ3−89χ2+154χ−57)
2(χ−1)2χ

log(1− χ)− (68χ4−184χ3+55χ2+16χ−12)
2(χ−1)3 logχ

+ 2(40χ4−80χ3+84χ2−44χ+9)
(χ−1)4χ2 ζ(3) + 535χ2−535χ+88

4(χ−1)2 , (5.67)

f
(3)
2 (χ) = − 2(χ−2)(9χ6−27χ5+43χ4−23χ3−11χ2+27χ−9)

(χ−1)4χ
L3(χ)

− 2(9χ7−35χ6+49χ5−31χ4+χ3+χ2+15χ−8)
(χ−1)3χ2 L3(1− χ)

− 2χ2(105χ6−648χ5+1693χ4−2414χ3+2017χ2−972χ+324)
3(χ−1)5 log3 χ

+ 2(315χ8−1614χ7+3360χ6−3589χ5+2020χ4−491χ3−61χ2+63χ−18)
3(χ−1)4χ

log2 χ log(1− χ)

− (2(315χ8−1284χ7+1987χ6−1412χ5+422χ4−59χ3+100χ2−111χ+43))
3(χ−1)3χ2 logχ log2(1− χ)

+ 2(105χ6−108χ5−χ4−10χ3−4χ2−11χ−21)
3χ3 log3(1− χ)

+ χ2(123χ4−594χ3+1162χ2−1136χ+568)
(χ−1)4 log2 χ

− (246χ6−939χ5+1335χ4−837χ3+306χ2−190χ+76)
(χ−1)3χ

logχ log(1− χ)

+ (123χ4−99χ3−22χ2−38χ−78)
χ2 log2(1− χ)

− (57χ4−199χ3+227χ2−56χ+28)
2(χ−1)3 logχ+ (57χ4−154χ3+89χ2+88χ−68)

2(χ−1)2χ
log(1− χ)

− 2(8χ4−14χ2+23χ−8)
(χ−1)4χ2 ζ(3) + 1253χ2−2147χ+806

4(χ−1)2 , (5.68)
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f
(3)
3 (χ) = − 2(2χ8−18χ7+64χ6−116χ5+126χ4−76χ3+70χ2−36χ+9)

(χ−1)6χ
L3(χ)

− 2(χ+1)(2χ8−18χ7+57χ6−98χ5+113χ4−98χ3+57χ2−18χ+2)
(χ−1)5χ3 L3(1− χ)

+ 2χ2(30χ7−166χ6+370χ5−387χ4+119χ3+167χ2−7χ+324)
3(χ−1)7 log3 χ

− 2(90χ9−403χ8+720χ7−647χ6+346χ5−171χ4+38χ3−20χ2−12χ+9)
3(χ−1)6χ

log2 χ log(1− χ)

+ 2(90χ10−308χ9+430χ8−396χ7+386χ6−375χ5+333χ4−277χ3+147χ2−23χ−5)
3(χ−1)5χ3 logχ log2(1− χ)

− 2(30χ8−11χ7+28χ6−34χ5+24χ4−34χ3+28χ2−11χ+30)
3(χ−1)2χ4 log3(1− χ)

− χ(50χ6−138χ5+7χ4+420χ3−558χ2+848χ+16)
(χ−1)6 log2 χ

+ (100χ8−168χ7−108χ6+340χ5+7χ4−477χ3+338χ2−54χ−8)
(χ−1)5χ2 logχ log(1− χ)

− 50χ6+70χ5+33χ4−60χ3+33χ2+70χ+50
(χ−1)2χ3 log2(1− χ)

+ (88χ6−46χ5−276χ4+619χ3+375χ2−52χ−8)
2(χ−1)5χ

log(χ)

− (44χ6+25χ5−87χ4+35χ3−87χ2+25χ+44)
(χ−1)4χ2 log(1− χ)

+ 2(40χ5−56χ4+80χ3−55χ2+18χ−2)
(χ−1)6χ3 ζ(3)− 26χ4−4χ3−17χ2−4χ+26

2(χ−1)4χ
. (5.69)

We would like to make a comment on a subtlety concerning this result, which it would be
interesting to clarify in the future. As usual, the bootstrap algorithm leaves a number of free
parameters corresponding to higher-derivative contact terms, and we can constrain these
parameters by analyzing the Regge limit.40 In particular, we require that

⟨γ(3)⟩∆ ∼ #∆4 , (∆→∞) , (5.70)

for all three exchanged representations ({0, [0, 0]}, {0, [0, 2]} and {0, [2, 0]}), consistently with
the result obtained for ⟨D1D1D1D1⟩(3). However, simply requiring that ∆5 and higher are
absent still leaves us with two unfixed parameters. It turns out that requiring the coefficient
of ∆4 in (5.70) to be the same for any pair of exchanged representations fixes an additional
parameter, and moreover gives

⟨γ(3)
0,[0,0]⟩∆ ∼ ⟨γ

(3)
0,[0,2]⟩∆ ∼ ⟨γ

(3)
0,[2,0]⟩∆ ∼

π2 − 30
48 ∆4 , (∆→∞) , (5.71)

that is only setting two of them equal makes all three representations equal, and moreover the
coefficient of ∆4 is the same obtained in the ⟨γ(3)⟩∆ obtained from ⟨D1D1D1D1⟩(3). We take
this as a strong indication that this constraint is indeed a property of the theory, although
it would be interesting to better understand its origin. At this point we are left with only
one parameter, which we can also fix using a somewhat speculative procedure. If one focuses
on the terms in f

(3)
i (χ) of transcendentality one or zero, which are the ones affected by

the ambiguity, it is possible to observe that there is a special choice of the remaining free
parameters such that, for all three functions: 1) the coefficient of logχ is less singular for

40See also [121] for similar observations in a related context.
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χ→ 1, 2) the coefficient of log(1− χ) is less singular for χ→ 0, and 3) the rational term is
less singular for both χ→ 0 and χ→ 1. By “less singular” we mean that such a choice for
the free parameter reduces the order of the pole of the rational functions by at least one unit.
While this would of course require a detailed justification, it is highly non trivial that just
by fixing one parameter one obtains these many independent simplifications. We then take
this as our final constraint and obtain the results quoted above. It is interesting to observe
that we have a non trivial check for our result: from the correlator above it is possible to
extract the average ⟨a(0)γ(3) + a(1)γ(2)⟩∆=4, which we use at the end of section 6 in order
to study the mixing problem at third order for singlet operators of free theory dimension
∆ = 4. The upshot of that analysis is the third order anomalous dimension for the exact
eigenstates of the dilatation operator, which can then be compared with a fit on the results
obtain from integrability around λ = ∞ [13, 14]. We find perfect agreement.

6 The mixing problem

Let us now turn to the main technical novelty of this paper: the study of the mixing problem
at second order (one loop). We remind the reader that in section 4 we have bootstrapped
the four-point function of the displacement operator using the strategy of section 3, which
uses the knowledge of CFT data at previous perturbative orders to compute the coefficients
of the highest logarithmic singularities of a certain correlator (the equivalent of the double
discontinuity in higher dimensions). However, as it is often the case in perturbative CFTs,
extracting CFT data from a single correlator turns out to be insufficient, due to the presence
of degeneracy between operators in the free theory. We have anticipated some general
considerations on the mixing problem in section 3.5, while in this section we will consider
the specific problem of interest: that of computing the average

⟨a(0) (γ(2))2⟩∆
∣∣∣
⟨D1D1D1D1⟩

≡
∑

O |h(0)
O =∆

(µ(0)
O )2 (γ(2)

O )2 , (6.1)

for singlet long multiplets, where O are exact eigenstates of the dilatation operator whose
dimension at λ = ∞ is ∆, while µ(0)

O are the OPE coefficients in the D1 × D1 OPE in the
free theory. This gives the quantity (4.93), which we have already used in section 4 and
that we will be derived in this section.

6.1 The length basis

While (6.1) is the most intuitive way of expressing the quantity of interest, as it involves
eigenstates of the dilatation operator (the operators O) and their eigenvalues (γ(2)

O ), it is not
necessarily the most useful. In particular, at this stage we do not have much information
on the dilatation operator at one loop, and certainly we do not know how to diagonalize it.
It is therefore convenient to choose a different basis, which we can construct explicitly, and
since we are working perturbatively in 1/

√
λ we construct such a basis at λ = ∞, where

the theory is free. We remind the reader that the operators we are interested in are the
superconformal primaries of long, singlet superconformal multiplets, and in [1] we discuss
precisely how such operators can be constructed from the fundamental fields in the AdS
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Lagrangian description. In particular we will choose a basis of operators with fixed length
L: as we discuss later, this will greatly simplify our task.

To be more precise, for each fixed ∆ the operators O that appear in (6.1) belong to
the degeneracy space d(L∆

0,[0,0]) of long singlet supermultiplets whose free theory conformal
dimension is h(0) = ∆. For brevity, let us from now on denote d(∆) ≡ d(L∆

0,[0,0]), since we
will only deal with singlets in what follows. As discussed in 2 and more at length in [1],
it is convenient to organize such space as

d(∆) =
∞⊕

L=2
dL(∆) , (6.2)

where each dL(∆) is a vector space whose dimension for large ∆ grows as [1]

dim [dL(∆)] ∼ ∆L−2 , (∆→∞) . (6.3)

We then choose a basis of operators Ô of fixed L, namely each of them belongs to a given
dL(∆), while the choice of basis within dL(∆) is completely arbitrary. Such basis is related
to the basis of eigenstates O of (6.1) by

Ôα =M β
α Oβ , (6.4)

where the indices α, β = 1, . . . dim [d(∆)] span the degeneracy space d(∆) and
M ∈ GL(dim [d(∆)]). Note that Ô need not be normalized and one can introduce a
metric tensor

g : d(∆)× d(∆)→ R , gαβ ≡ ⟨Ôα | Ôβ⟩(0) , (6.5)

containing the two-point functions computed in the free theory. Since obviously operators of
different length are orthogonal in the free theory, one also has a block-diagonal decomposition

gL =
⊕

L

gL , gL : dL(∆)× dL(∆)→ R . (6.6)

The metric tensors gL can be easily computed by Wick contractions in the free theory, once a
basis of operators is found with the methods described in [1]. Following completely analogous
steps to those of section 3.5, one can then express the various averages of interest in terms of
an arbitrary basis of operators. For an arbitrary four-point function ⟨S1S2S3S4⟩, focusing
on the exchange of singlets, we have

⟨a(0)⟩∆
∣∣∣
⟨S1S2S3S4⟩

= µ
(0)
12α (g−1

∆ )αβ µ
(0)
12α ,

⟨a(0) γ(2)⟩∆
∣∣∣
⟨S1S2S3S4⟩

= µ
(0)
12α (Γ(2)

∆ )αβ µ
(0)
12α ,

⟨a(0) (γ(2))2⟩∆
∣∣∣
⟨S1S2S3S4⟩

= µ
(0)
12α (Γ(2)

∆ )αβ (g∆)βγ(Γ(2)
∆ )γδ µ

(0)
12δ .

(6.7)

Γ(2) is a representation of the one-loop dilatation operator in the chosen basis, restricted to
the space of exchanged operators: we shall refer to it as the anomalous dimensions matrix and
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its eigenvectors and eigenvalues are the pairs {O, γ(2)
O } of (6.1). For arbitrary operators Si in

the representation Ri of osp(4∗|4) we have defined the OPE coefficients in the free theory

µ
(0)
SiSjSk

: d(Ri)× d(Rj)× d(Rk)→ C# , µ
(0)
SiSjSk

= ⟨SiSjSk⟩ , (6.8)

where # denotes the number of invariant structures of the type ⟨RiRjRk⟩: only # = 1 is
relevant in this work, such that each µ(0) is simply a number.

As anticipated, while one could in principle work with any arbitrary basis for d(∆),
we find it convenient to work in a basis of operators with definite length, which we will
consider from now on. This is due to the observations of section 2.3 on the structure of the
dilatation operator in this model: we have proved that at one loop the dilatation operator
only connects operators whose length differs at most by two units. In terms of the anomalous
dimensions matrix Γ(2), this implies the structure

Γ(2)
∆ =



Γ(2)
∆,2→2 Γ(2)

∆,2→4 0 0 . . . 0
(Γ(2)

∆,2→4)T Γ(2)
∆,4→4 Γ(2)

∆,4→6 0 . . . 0
0 (Γ(2)

∆,4→6)T Γ(2)
∆,6→6 Γ(2)

∆,6→8 . . . 0
0 0 (Γ(2)

∆,6→8)T Γ(2)
∆,8→8 . . . 0

. . . . . . . . . . . . . . . . . .


, (6.9)

where

Γ(2)
∆,L1→L2

: dL1(∆)→ dL2(∆) . (6.10)

Now that we have understood the general structure, let us go back at the object of interest,
namely (4.93), expressing it in this basis. A crucial fact is that in the D1 ×D1 OPE in the
free theory only operators with L = 2 can appear, or in other words

µ
(0)
D1D1Ô∆

L,α

∝ δL,2 . (6.11)

Moreover, we learn from [1] that

dim[dL=2(∆)] = 1 , (6.12)

that is the length two operators are non-degenerate. Since these are the only operators
exchanged in ⟨D1D1D1D1⟩(0), we also have that

(µ(0)
D1D1Ô∆

L=2
)2 = ⟨a(0)⟩∆

∣∣∣
⟨D1D1D1D1⟩

= Γ[3 + ∆]Γ[1 + ∆](∆− 1)
Γ[2 + 2∆] , (6.13)

which is just the quantity (4.16) (note that in section 4 all the averages are taken over
⟨D1D1D1D1⟩).We then have

⟨(γ(2))2⟩
∣∣∣
⟨D1D1D1D1⟩

=
⟨a(0) (γ(2))2⟩∆

∣∣∣
⟨D1D1D1D1⟩

⟨a(0)⟩∆
∣∣
⟨D1D1D1D1⟩

=
(
Γ(2)

∆,2→2

)2
+ δΓ(2)

sq (∆) , (6.14)

where

δΓ(2)
sq (∆) = Γ(2)

∆,2→4 · g4 · Γ(2)
∆,2→4 . (6.15)
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Moreover, still using the fact that only operators with L = 2 are exchanged in the D1 ×D1
OPE, we also have that

⟨γ(2)⟩
∣∣∣
⟨D1D1D1D1⟩

=
⟨a(0) γ(2)⟩∆

∣∣∣
⟨D1D1D1D1⟩

⟨a(0)⟩∆
∣∣
⟨D1D1D1D1⟩

= Γ(2)
∆,2→2 , (6.16)

so that from (4.60) we immediately read off

Γ(2)
∆,2→2 = γ

(1)
∆ ∂∆γ

(1)
∆ + j2

∆
8

(
−11− 6

j2
∆ + 2 + 4H1+∆

)
, (6.17)

where γ
(1)
∆ = −1

2j
2
∆ = −1

2∆(∆ + 3). We have therefore achieved a great simplification
compared to the initial problem: in order to extract the quantity (6.1) of interest, we only
have to compute the vectors Γ(2)

∆,2→4. Note that only even values of ∆ appear in the OPE,
so that the length of the vectors Γ(2)

∆,2→4 is determined by [1]

dim[dL=4(∆)] = ⌊(∆/4)2⌋ , (∆ even) . (6.18)

Thus, the number of operators that contributes to the mixing problem grows quadratically
with their conformal dimension: this can be contrasted with other cases where mixing
problems have been successfully solved, such as those arising in the study of holographic
correlators.41 In all those cases [35–40] one is interested in the mixing between “double-trace”
operators, and the growth of the degeneracy is only linear in the dimension. This makes
our problem considerably harder.

6.2 The strategy

Having identified the quantity of interest, let us discuss how it can be computed. The
common strategy that is adopted in the literature is that of bootstrapping/computing families
of correlators, extracting averaged CFT data from each one, and computing the relevant
quantities once enough averages are available. More precisely, from a one-loop correlator
⟨S1S2S3S4⟩ such that singlet supermultiplets appear both in S1 × S2 and in S3 × S4, one
extracts the average

⟨a(0) γ(2)⟩∆
∣∣∣
⟨S1S2S3S4⟩

= µ
(0)
12α (Γ(2)

∆ )αβ µ
(0)
12α . (6.19)

The OPE coefficients can be computed in the free theory once an explicit basis of operators
is chosen. By varying the external operators one computes, through the quantities (6.19),
linear combinations of the entries of Γ(2)

∆ : so long as these are linearly independent from each
other, for each ∆ a finite number of averages (6.19) will be enough to extract all the entries
of the matrix. The question of linear independence is not an irrelevant one, and is related to
whether the free theory OPE coefficients span, when varying the external operators within
the chosen family, all the directions in the degeneracy space d(∆).

41In the case of the ϵ-expansion [56] one makes an ansatz of pure transcendentality, with only a handful
of parameters to fix, so that it is enough to consider the mixing problem only for low dimension of the
exchanged operators.
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This work will be no exception from this point of view, but we would like to stress again
an important difference with the double-trace mixing encountered in the study of holographic
correlators. In that context, it is enough to consider four-point functions between half-BPS
operators or arbitrary weight, which are dual to KK modes of fundamental fields on the
internal space. This would correspond to studying ⟨DpDpDqDq⟩ correlators at one loop,42

which was done in the previous section and was our initial motivation to study that specific
set of observables. However, as we discussed in section 5, the situation here is very different:
as opposed to KK modes, the operators Dp are not independent from each other but rather
obtained as powers of D1. This reflects into the considerations around (5.20): consider the
three-point function ⟨DpDpÔL⟩(0), where ÔL is an element of dL(∆) (hence we can think of
it as a vector). This vanishes for p < L/2, as one can easily see from Wick contractions,while
for p ≥ L/2, regardless of the precise definition of ÔL, one has

⟨DpDpÔL⟩(0) =
(

p

L/2

)
⟨DL/2DL/2ÔL⟩(0) . (6.20)

One can then choose a basis in each dL(∆) such that ⟨DL/2DL/2ÔL⟩(0) is only non-zero for
one specific operator, and the same will be true for all ⟨DpDpÔL⟩(0). Hence, ⟨DpDpDqDq⟩
correlators only give access to a one-dimensional subspace of dL(∆) for each L, and therefore
cannot be used to extract the whole vector Γ(2)

∆,2→4: one can use them to extract exactly one
entry, which is only enough for ∆ = 4 but already insufficient at ∆ = 6.

To overcome this problem, one has to consider a different family of correlators where at
least one of the external operators belongs to a long multiplet: since there are no semi-short
representations at strong coupling, this is the only alternative to half-BPS multiplets. In
particular, we focus on the following class of observables:

⟨D1D1D2Lext⟩ ≡ ⟨D1D1D2Lhext
0,[0,0]⟩ , (6.21)

which we bootstrap up to one loop still using an adaptation of the method of section 3, as we
discuss in the next subsection. Let us first explain how we use (6.21) to compute Γ(2)

∆,2→4.
First, note that in the direct channel OPE one has

D1 ×D1 = I ⊕ D2 ⊕
∑

h

Lh
0,[0,0] , D2 × Lhext

0,[0,0] = D2 ⊕
∑

h

Lh
0,[0,0] ⊕ . . . , (6.22)

where in the second expression we have suppressed terms that do not contribute to (6.21), so
that the exchanged operators in (6.21) in the direct channel are the same as those exchanged in
⟨D1D1D1D1⟩. The only caveat here is that the exchanged long operator in D2×Lhext

0,[0,0] is not
the superprimary of Lh

0,[0,0], but rather its (unique!) descendant in the representation [0, 2]h0 ,
see [1]. We also note that since the three-point function ⟨D1D1Lh

0,[0,0]⟩ is completely fixed
in terms of a single number by superconformal symmetry, we have (see [1] for a derivation
and more comments)

µ
(0)
D1D1Õh

= h(h+ 1)µ(0)
D1D1Oh , (6.23)

42Note that singlet supermultiplets appear in the OPE Dk1 ×Dk2 only for k1 = k2, so our restriction to
pairwise equal weights still gives access to the same amount of data as ⟨Dk1Dk2Dk3Dk4⟩, at least so long as
singlets are concerned.
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where following the notation of [1] we have denoted by Oh the superconformal primary of
the relevant Lh

0,[0,0] supermultiplet and by Õh its descendant in the representation [0, 2]h0 .
Then, say we are able to bootstrap (6.21) at one loop for a certain choice of Lext: this allows
to extract averaged anomalous dimensions which, using again (6.11) and the structure (6.9)
can be expressed as

⟨a(0) γ(2)⟩∆
∣∣∣
⟨D1D1D2Lext⟩

= ⟨a(0)⟩∆
∣∣∣
⟨D1D1D2Lext⟩

Γ(2)
∆,2→2 + µ

(0)
D1D1Ô∆

L=2
X∆,Lext , (6.24)

where µ(0)
D1D1Ô∆

L=2
is the three-point function coefficient between two D1 insertions and the

unique operator of dimension ∆ and L = 2, while

X∆,Lext =
(
Γ(2)

∆,2→4

)
· µ(0)

D2LextÔ∆
L=4

, (6.25)

where µ(0)
D2LextÔ∆

L=4
should be thought of as a vector of OPE coefficients, whose entries are

determined by all possible choices of Ô∆
L=4 ∈ dL=4(∆). Thus, for each choice of Lext one

has access to a given linear combination of the entries of Γ(2)
∆,2→4, defined by (6.25). The

coefficients in the linear combination are determined by the OPE coefficients µ(0)
D2LextÔ∆

L=4
which, upon varying Lext, determine linearly independent vectors, as it can be seen by
computing such objects directly in the free theory using Wick contractions. Hence, as
opposed to ⟨DpDpDqDq⟩, the correlators ⟨D1D1D2Lext⟩ do provide enough information to
compute the entries of Γ(2)

∆,2→4.
As a concluding remark for this subsection, we would like to emphasize that the choice of

⟨D1D1D2Lhext
0,[0,0]⟩ is arbitrary, as one could have chosen for instance ⟨DpDpDqLhext

0,[0,q]⟩, where
moreover the component of the singlet exchanged supermultiplet is the superconformal primary
and not one of its descendants. However, a crucial ingredient of the procedure streamlined
above is the knowledge of the explicit form on the external and exchanged long operators in
terms of free fields in AdS. This is what allows to compute the free theory correlators that
provide the starting point of the bootstrap analysis of the next subsection, as well as allowing
to compute all free theory OPE coefficients from Wick contractions. The construction of
the superconformal primaries of Lh

0,[0,0] multiplets and their [0, 2]h0 descendants, relevant
for ⟨D1D1D2Lhext

0,[0,0]⟩ is discussed in [1]. In particular, we are only interested in exchanged
operators with L = 2, 4 and we will only consider Lext of the same length, which turns
out to be sufficient for our purposes (note that in the free theory ⟨D1D1D2Lext⟩ vanishes
when L[Lext] > 4). Similarly, we will only consider Lext of even dimension (in the free
theory), since this is the relevant case for intermediate operators. On the other hand, the
application of the procedure discussed above to ⟨DpDpDqLhext

0,[0,q]⟩ would require to construct
independently both singlet and {0, [0, q]} superconformal primaries.

6.3 Bootstrapping ⟨D1D1D2Lext⟩

Let us now describe how the bootstrap algorithm presented in section 3 is adapted to the
case of ⟨D1D1D2Lext⟩ correlators. The superconformal kinematics and blocks are discussed
in [1], here we will simply use the results. The correlator is determined in terms of a unique
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function F (χ) as

⟨D1D1D2Lext⟩ =
(Y1 · Y3)(Y2 · Y3)

t213t
2
23

(
t12
t14t24

)hext

F (χ) , (6.26)

where Yi are polarization vectors for the operators D1 and D2, see [1] for more details. Since
the four-point function is not crossing-symmetric, we defined two inequivalent OPE channels
which again we refer to as direct (d) and crossed (c) channel, with associated behavior of
the cross ratio and exchanged operators given by

direct (χ→ 0) : D2 ⊕
∑

h

Lh
0,[0,0] ,

crossed (χ→ 1) : D1 ⊕
∑

h

Lh
0,[0,1] ,

(6.27)

where recall that, as discussed above and in [1], the exchanged unprotected operator in the
direct channel is actually the [0, 2]h0 descendant of Lh

0,[0,0]. The associated superconformal
blocks are derived in [1] and we will not repeat them here. We denote them with Fd,O(χ)
(Fc,O(χ)) for the exchange of an operator O in the direct (crossed) channel. The main
observation regarding the structure of the conformal blocks is that they not only depend
on the dimension of the exchanged operators, but also on the external long dimension hext.
When expanding around λ = ∞, the appearance of derivatives of blocks and logarithms
in the OPE will therefore have two origins: the expansion of the CFT data of exchanged
operators around their free theory value, as well as the expansion

hext = ∆ext +
1√
λ
γ

(1)
ext +

1
λ
γ

(2)
ext + . . . , (6.28)

of the dimension of Lext, where we have denoted with ∆ext its dimension in the free theory,
and we will only consider the case of even ∆ext. As usual, it will be useful to organize
the analytic structure of the correlator highlighting the explicit powers of log generated
by the OPE in both channels, as

F (ℓ)(χ) =
ℓ∑

k=0
F

(ℓ)
d,logk(χ) logk(χ) =

ℓ∑
k=0

F
(ℓ)
c,logk(χ) logk(1− χ) . (6.29)

With these ingredients, let us consider the bootstrap problem order by order.

Free theory. Consider a specific choice of Lext: then free theory correlators are simply
computed by Wick contractions. As discussed, this requires an explicit construction for
Lext: for operators of length L = 2, 4 this is given in [1] (note that there are no singlet
long multiplets with L = 1, 3), while these correlators vanish identically for L > 4. The
OPE in the free theory reads

F (0)(χ) = a
(0)
d,D2

Fd,D2(χ) +
∑
∆
⟨a(0)

d ⟩∆ Fd,∆(χ)

= a
(0)
c,D1

Fc,D1(χ) +
∑
∆
⟨a(0)

c ⟩∆ Fc,∆(χ) ,
(6.30)
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where regardless of the specific choice for Lext, the sum in the direct channel runs over even
values of ∆ ≥ 2, while in the crossed channel all ∆ ≥ 3 contribute. This is related to the
emergent braiding symmetry at strong coupling, where as opposed to a generic 1d CFT all
permutations of the four external operators lead to symmetries of the associated four-point
functions. In this case, the first two operators (D1) are identical and this leads to the invariance

F (0)(χ) = F (0)( χ
χ−1

)
. (6.31)

The presence of only even values of ∆ in the direct channel OPE is as usual related to this
fact and the property of superconformal blocks

Fd,O
( χ

χ−1
)
= (−1)hO+hextFd,O(χ) , (6.32)

which is a symmetry when hext + hO is an even integer, which will be always the case for
the correlators considered here (in the free theory limit). As in the previous cases, although
the braiding symmetry is naively only present in the free theory, we will always be able to
use it as a constraint order by order in perturbation theory, in the spirit of (3.29), and we
will always be able to define an extension of the correlators beyond χ ∈ (0, 1) such that
braiding is an exact symmetry.

In terms of explicit results, there is an obvious difference between the case L[Lext] = 2
and L[Lext] = 4: in the former, there is exactly one operator for each dimension, of the
schematic form O(k)

L=2 ∼ φ∂kφ, with dimension ∆ext = 2 + k in the free theory for even k

(see [1] for explicit expressions). It will be easy to give closed form expressions as functions
of k in this sector. In particular, for free theory correlators (where we normalize O(k)

L=2
such that g2 = 1) one has

F
(0)
(L=2)(χ) =

N (k)1/2(1 + k)(2 + k)(4 + k)!√
2(5 + 2k)!

1 + (1− χ)2+k

χ2+k
, (6.33)

which using (6.30) gives the OPE data

a
(0)
d,D2

=
√
2N (k)1/2(1 + k)(2 + k)(4 + k)!

(5 + 2k)! ,

⟨a(0)
d ⟩∆ = 2

√
2(2 + ∆)!(1 + k +∆)!
(1 + 2∆)!N (k)1/2 ,

(6.34)

in the direct channel, where

N (k) = 16(3 + 2k)(5 + 2k)(2k + 1)!
(2 + k)(3 + k)(4 + k) , (6.35)

and

a
(0)
c,D1

=
a

(0)
d,D2

2 ,

⟨a(0)
c ⟩∆ =

0 , ∆ ≤ 2 + k ,

(−1)∆+1 (∆−2)!(∆+k+5)!(∆−k−2)
(k+1)!(2∆+2)! a

(0)
d,D2

, ∆ > k + 2 ,

(6.36)
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in the crossed channel. On the other hand, the large degeneracy present for L[Lext] = 4
makes the result heavily dependent on the choice of basis, which is completely arbitrary,
and we have not found an organizing principle that selects a particularly convenient basis.
For this reason, we will not give explicit results in that sector but the interested reader can
contact the authors. The main structure that we have observed in the results is that one
can choose a basis for dL=4(∆ext) such that

F (0)(χ) =
{
(1− χ)∆ext/2

χ∆ext
,

(1− χ)∆ext/2−1

χ∆ext−2 , . . .
(1− χ)2

χ4 , 0 , . . . , 0
}

(6.37)

where we notice that out of a total of dim[dL=4(∆ext)] = ⌊(∆ext/4)2⌋ operators, only the
first ∆ext−2

2 give non-vanishing correlators (with a very simple structure), while the remaining
ones give zero. This fact can be explained by noticing that the number of L = 4 operators
O∆ext

L=4 that give a non-vanishing four-point function ⟨D1D1D2O∆ext
L=4 ⟩(0) is the same as the

number of long operators of dimension ∆ext appearing in the (D1 × D1) × D2 triple OPE.
In turn, this can be obtained from the OPE O∆

L=2 × D2 by varying ∆, and this number
grows linearly with ∆ext.

We have no closed-form expression for the squared OPE coefficients appearing in the
blocks decomposition (6.27) in this case, we limit to mention the fact that in the basis (6.37)
the ⟨a(0)

d ⟩∆ are all zero for ∆ ≥ ∆ext − 2 and ⟨a(0)
c ⟩∆ all vanish for ∆ ≥ ∆ext, for all

cases in (6.37).43

Tree level. Moving to the first perturbative order, we make as usual an ansatz of tran-
scendentality one

F (1)(χ) = r1(χ) + r2(χ) log(1− χ) + r3(χ) logχ . (6.38)

It is convenient to introduce the following combinations

F
(ℓ1,ℓ2)
d,∆ (χ) = χ∆−∆ext (∂∆)ℓ1 (∂∆ext)

ℓ2 χ−∆+∆extFd,O(χ) ,

F
(ℓ1,ℓ2)
c,∆ (χ) = χ1−∆ (∂∆)ℓ1 (∂∆ext)

ℓ2 χ∆−1Fc,O(χ) ,
(6.39)

which allow to express the OPE at this order as

F
(1)
d,log1(χ) = − γ(1)

ext F
(0)(χ) +

∑
∆
⟨a(0)

d γ
(1)
d ⟩∆Fd,∆(χ) ,

F
(1)
c,log1(χ) =

∑
∆
⟨a(0)

c γ(1)
c ⟩∆Fc,∆(χ)

F
(1)
d,log0(χ) = γ

(1)
ext
[
a

(0)
d,D2

F
(0,1)
d,D2

(χ) +
∑
∆
⟨a(0)

d ⟩∆F
(0,1)
d,∆ (χ)

]
+
∑
∆
⟨a(0)

d γ
(1)
d ⟩∆F

(1,0)
d,∆ (χ)

+
∑
∆
a

(1)
d,D2

Fd,D2(χ) +
∑
∆
⟨a(1)

d ⟩∆Fd,∆(χ) ,

F
(1)
c,log0(χ) = γ

(1)
ext
[
a

(0)
c,D1

F
(0,1)
c,D1

(χ) +
∑
∆
⟨a(0)

c ⟩∆F
(0,1)
c,∆ (χ)

]
+
∑
∆
⟨a(0)

c γ(1)
c ⟩∆F

(1,0)
c,∆ (χ)

+
∑
∆
a

(1)
c,D2

Fc,D1(χ) +
∑
∆
⟨a(1)

c ⟩∆Fc,∆(χ) .

(6.40)

43A similar behavior was also observed in a related context in [121, 122].
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Given the discussion of the previous sections, we have by now proved that the anomalous
dimensions at first order are proportional to the quadratic superconformal Casimir and in
particular given by (5.43). We can therefore use such result, and in particular

γ
(1)
ext = −1

2∆ext(∆ext + 3) , γ
(1)
d,∆ = −1

2∆(∆ + 3) , γ
(1)
c,∆ = −1

2∆(∆ + 3) + 2 , (6.41)

to resum the first two lines in (6.40) and obtain the two functions r2(χ) and r3(χ) in (6.38).
This determines the full correlator only up to the rational function r1(χ), which is constrained
by braiding symmetry:

r1(χ) = r1
( χ

χ−1
)
, (6.42)

as well as by the boundary conditions dictated by the OPE

F (1)(χ) ∼ χ−∆ext +O(χ−∆ext+1) , (χ→ 0) ,
F (1)(χ) ∼ 1 +O(1− χ) , (χ→ 1) .

(6.43)

Put together, these constraints turn out to fix F (1)(χ) for each Lext of dimension ∆ext up to
∆ext/2 parameters, which are related to the necessity of resolving mixing for the tree-level
OPE coefficients. However, it will turn out to that it is still possible to compute the averages
⟨a(0) γ(2)⟩∆

∣∣∣
⟨D1D1D2Lext⟩

without fixing this ambiguity, so we disregard it for the time being.
As for the free theory, results for L[Lext] = 4 have to be discussed case by case and we

shall not give them here, while for L[Lext] = 2 we find, for example,

F
(1)
d,log1(χ) =

(2 + k)a(0)
d,D2

4(1− χ)χk+2 (5 + k − 5χ− (2 + k)χ− (χ− 1)k+3(5 + k + 2χ)) ,

F
(1)
c,log1(χ) = −

(2 + k)(5 + k + 2χ)a(0)
d,D2

4

(
χ− 1
χ

)2+k

.

(6.44)

Moreover, let us stress that the explicit form of tree level correlator is not necessary nor
particularly illuminating: for our purposes, they are just a necessary intermediate step since
(as we discuss in the next paragraph) one needs to compute ⟨a(1)

d ⟩∆ (up to the ambiguities
discussed above) in order to extract the averages ⟨a(0) γ(2)⟩∆

∣∣∣
⟨D1D1D2Lext⟩

from one loop
correlators.

One loop. The highest perturbative order we are interested in is one loop, where we
make an ansatz of transcendentality two, this time assuming the absence of Li2(χ) from the
final answer. This seems natural given the fact that it never appears in the other results
discussed so far and moreover as stressed in section 4.7 it cannot be obtained from the
diagonal limit of single-valued HPLs in higher dimensions, which is the case for all other
functions appearing in our results. We then set

F (2)(χ) =r1(χ) + [r2(χ) + r3(χ) log(1− χ)] log(1− χ)
+ [r4(χ) + r5(χ) log(1− χ) + r6(χ) logχ] logχ .

(6.45)

Note, however, that we are not interested in bootstrapping the full correlator at this order,
since our motivation for considering ⟨D1D1D2Lext⟩ is really just related to the necessity
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of computing the averages (6.24), which can be extracted from the logχ singularity in the
direct channel:

F
(2)
d,log1 = [r4(χ) + r5(χ) log(1− χ)] logχ . (6.46)

Let us then discuss how this quantity can be computed. The OPE for the relevant parts
of the correlator reads

F
(2)
d,log2(χ)=

1
2(γ

(1)
ext)2F (0)(χ)+ 1

2
∑
∆
⟨a(0)

d γ
(1)
d (γ(1)

d −2γ
(1)
ext)⟩∆Fd,∆(χ) ,

F
(2)
c,log2(χ)=

1
2
∑
∆
⟨a(0)

c (γ(1)
c )2⟩∆Fc,∆(χ) ,

F
(2)
d,log1(χ)=−γ(2)

extF
(0)(χ)−(γ(1)

ext)2[a(0)
d,D2

F
(1,0)
d,D2

(χ)+⟨a(0)
d ⟩∆F

(1,0)
d,∆ (χ)

]
−γ(1)

ext
[
a

(1)
d,D2

Fd,D2(χ)+
∑
∆

(
⟨a(1)

d ⟩∆Fd,∆(χ)+⟨a(0)
d γ

(1)
d ⟩∆(F(1,0)

d,∆ (χ)−F(0,1)
d,∆ (χ))

)]
+
∑
∆

(
⟨a(0)

d γ
(2)
d +a(1)

d γ
(1)
d ⟩∆Fd,∆(χ)+⟨a(0)

d (γ(1)
d )2⟩∆F

(1,0)
d,∆ (χ)

)
,

(6.47)

from which it is clear that the highest logarithmic singularities, F (2)
d,log2(χ) and F

(2)
c,log2(χ),

can be computed from CFT data at previous orders using the fact that the degeneracy is
not lifted at tree level. One then obtains

r3(χ) = F
(2)
c,log2(χ) , r6(χ) = F

(2)
d,log2(χ) , (6.48)

while braiding symmetry fixes the remaining term of transcendentality two to be

r5(χ) = −r3(χ) + r3
( χ

χ−1
)
, (6.49)

the other function appearing in F
(2)
d,log1 is constrained to be braiding symmetric

r4(χ) = r4
( χ

χ−1
)
, (6.50)

and the other constraints from braiding will not be relevant here. Compatibility with the
OPE also requires that

F
(2)
d,log(χ) ∼ χ

−∆ext , (χ→ 0) , (6.51)

and some experimenting with the ansatz shows that the correct denominator for r4(χ) seems
to be χ∆ext (1−χ), although this can be shown in practice by looking for solutions with other
denominators and imposing the constraints. All together, these constraints fix F

(2)
d,log1(χ) up

to a finite number of coefficients, in analogy with what happens for F (1)
d,log0(χ). However,

in this case F (2)
d,log1(χ) is what allows us to compute the averages (6.24), so it is important

to understand how to fix such coefficients.
Before explaining how this is done, an important remark is in order. In (6.47), the first

term in the expansion of F (2)
log1(χ) contains γ(2)

ext and we should clarify what we mean by that,
since the external operators Lext we are working with are not eigenstates of the dilatation
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operator, and therefore their conformal dimension is not well-defined. One should really
interpret that part of the OPE as follows. For an external operator Lext with h

(0)
ext = ∆ext,

fix an arbitrary basis Ôα in d(∆ext), with α = 1, . . . , dim[d(∆ext)]. Then, the term we are
focusing on should really be interpreted as

[
F

(2)
d,log1(χ)

]
α
=
[
Γ(2)

∆ext

]αβ [
F (0)(χ)

]
β
+ . . . , (6.52)

where note that Γ(2)
∆ext

above is expressed in the basis chosen for the external operators, which
needs not be the same as that used for the exchanged operators. In principle, one should then
either choose the same basis for the two sets of operators or work out the explicit change
of basis relating the two. In practice, however, it turns out to be sufficient to treat the
entries of the matrix Γ(2)

∆ext
appearing in (6.52) as unknown parameters, with no need to input

their correct values: the constraints that we discuss below are still sufficient to fix the result
uniquely, and this allows us to treat the external and exchanged operators independently.

Let us now go back to the problem of fixing the undetermined parameters in r4(χ).
We use the recursive procedure outlined in [2]: imagine to know the averages ⟨a(0)γ(2)⟩∆
computed on ⟨D1D1D2Lext⟩ correlators for all external operators Lext of length L = 2, 4 and
free theory dimension 2 ≤ ∆ext ≤ ∆̂− 2, for a certain even integer ∆̂. Combined with the
knowledge of the free theory OPE coefficients, that we can compute with Wick contractions,
such averages are enough to compute the components of Γ(2)

∆,2→4 for ∆ = 2, . . . , ∆̂ + 2,
using (6.24). This information can be used to compute ⟨a(0)γ(2)⟩∆ for ⟨D1D1D2Lext⟩ where
now we increase the dimension of the external operator by two units: ∆ext = ∆̂, for all values
of ∆ ≤ ∆̂ + 2. These averages can be used as constraints on the small χ expansion of F (2)

d,log1

using the OPE (6.47), and they turn out to provide exactly enough information to fix all the
undetermined parameters in r4(χ), even if we have been agnostic about the entries of Γ(2)

∆ext

in (6.52) and we have not fixed the ambiguity in the determination of ⟨a(1)
d ⟩∆. By studying

the OPE for operators with ∆ > ∆̂ + 2 we can then obtain all the averages ⟨a(0)γ(2)⟩∆ for all
∆ and all Lext with ∆ext = ∆̂. This completes our recursive step and one can then move to
the next by repeating the above with ∆̂→ ∆̂ + 2. Note that for the procedure to work it is
important that we always allow Lext to range over all operators with L = 2, 4 and a certain
dimension ∆ext, as only this way one can explore enough directions in the degeneracy space
dL=4(∆). The starting point of the recursion is ∆̂ = 2, so we should explain how we computed
Γ(2)

∆,2→4 for ∆ = 2, 4. The answer is simple: for ∆ = 2 there is a unique operator with L = 2
and no operators of L = 4, so Γ(2)

∆=2,2→4 is empty; for ∆ = 4 there is a unique operator with
L = 4 so Γ(2)

∆=4,2→4 is a real number which can be extracted from, e.g., ⟨D1D1D2D2⟩(2).
The explicit results for Γ(2)

∆=4,2→4 depend on the choice of basis, so they are generally not
particularly illuminating, although we shall give some examples in the next subsection. What
we are really interested in, on the other hand, is the average (6.14), which does not depend
on the basis. In practice, we compute all entries of Γ(2)

∆=4,2→4 in an arbitrary basis up to a
certain ∆, obtaining enough data as to allow us to guess a closed-form expression for (6.14).
In particular, considering all Lext with L = 2, 4 and 2 ≤ ∆ext ≤ 14 allows us to access entries
of Γ(2)

∆=4,2→4 for 2 ≤ ∆ ≤ 16. With an ansatz based on the expected transcendentality of the
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result (in terms of harmonic sums) and the reciprocity principle,44 this is enough to guess

δΓ(2)
sq =j2

∆

(
−j

2
∆ − 2
2 (S−2(∆ + 1) + ζ(2)) + 3j2

∆ − 4
8 H2

∆+1

)

− 4(j2
∆)3 + 8(j2

∆)4 − 15(j2
∆)2 − 36

4(j2
∆ + 2) H∆+1 +

29(j2
∆)3 + 108(j2

∆)4 − 56(j2
∆)2 − 288

32(j2
∆ + 2) .

(6.53)

We then performed a consistency check by pushing our procedure to ∆ext = 16 and comparing
the average thus obtained for ∆ = 18 with the prediction of (6.53), finding perfect agreement.
Moreover, it is important to highlight that at every step of the recursive procedure described
above the total number of equations that determine the entries Γ(2)

∆,2→4 is more than the number
of unknowns, so that we are always dealing with over-constrained systems of equations: the
fact that they admit a solution represents a non-trivial check of the validity of this procedure
and of our assumptions.

In the simplest case where Lext is the unique operator with L = 2 and ∆ext = 2, the
correlator does not depend on any free parameter and we can bootstrap it completely, obtaining

F (0)(χ)= 2√
5
1+(1−χ)2

χ2 ,

F (1)(χ)= 2√
5χ2

[
5−7χ+(1−χ)3(5+2χ)

1−χ logχ−(1−χ)2(5+2χ) log(1−χ)

− 194(1−χ)+109χ2

24

]
,

F (2)(χ)= 1√
5χ2

[
50.150χ+145χ2−40χ3+15χ4−20χ5+9χ6

(1−χ)2 log2χ

− 50−100χ+45χ2+9χ3+18χ4−18χ5

1−χ logχ log(1−χ)

+(1−χ)2(20+20χ+9χ2) log2(1−χ)+−130+260χ−117χ2−13χ3+28χ4

(1−χ) logχ

+6+56χ−113χ2+19χ3+28χ4

χ
log(1−χ)+ 17278(1−χ)+11519χ2

576

]
. (6.54)

Another interesting result that can be expressed in a simple way is the average ⟨γ(2)⟩∆
computed for external operators of length two:

⟨γ(2)⟩∆
∣∣∣
⟨D1D1D2O(k)

L=2⟩
=γ(1)

∆ ∂∆γ
(1)
∆ + (j2

k/2 + j2
∆)H1+∆ + (j2

k/2 + j2
∆/2)H3+k

+ 2j2
k(10 + 3j2

k) + 4j2
∆(−19− 7j2

k + j4
k)− (j2

∆)2(28 + 15j2
k)

8(2 + j2
∆)(2 + j2

k)
,

(6.55)

44Note that in (6.14) we are expressing ⟨(γ(2))2⟩∆ = ⟨γ(2)⟩2
∆ + δΓ(2)

sq (∆). The whole quantity is not expected
to have an expansion in powers of j2

∆, due to the corrections discussed in appendix B, but the half-integer
powers are fully captured by ⟨γ(2)⟩2

∆, so that δΓ(2)
sq (∆) should have an expansion in integer powers of j2

∆ for
large ∆. All terms in (6.53), including the harmonic sums, have this property.
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where γ(1)
∆ = −j2

∆/2 is the dimension of operators L∆
0,[0,0] at tree level, with j2

∆ = ∆(∆+ 3)
and j2

k = ∆ext(∆ext + 3) = (2 + k)(5 + k).

6.4 CFT data, unmixed

Let us collect here some of the results that we have obtained from the study of the mixing
problem at strong coupling.

Singlet operators with ∆ = 4. We start from the d(L∆=4
0,[0,0]), that is the sector of singlet

long multiplets whose conformal dimension is four at strong coupling. There are two such
operators, with L = 2 and L = 4 respectively, so there is no ambiguity in the choice of basis
and the two operators have the schematic form (note we use Ô to stress that operators are
in the basis of fixed length, as opposed to the eigenstates basis)

Ô(∆=4)
L=2 ∼ φ∂2φ+ . . . , Ô(∆=4)

L=4 ∼ φ4 , (6.56)

where the derivatives act in such a way as to give a superconformal primary and the dots
denote terms with superconformal descendants of φ, see [1] for more details. On the other
hand, the second operator only contains terms in φ and we are only being schematic with its
normalization. Given that there is just one operator for each length, the mixing problem
in this sector can actually be solved by looking just at ⟨DpDpDqDq⟩, and given that the
maximum length is four it would in principle be enough to consider p = 1, 2 for some q ≥ p.
One would normally resolve the degeneracy for the free theory OPE coefficients together
with the first order anomalous dimensions. However, as mentioned several times Γ(1)

∆ is
proportional to the identity and therefore cannot be used for this purpose. We then consider
the two averages ⟨a(0)⟩∆=4 and ⟨a(0) γ(2)⟩∆=4 for this purpose. In particular, we have45

⟨a(0)⟩∆=4
∣∣∣
⟨DpDpDqDq⟩

=µ
(0)
ppÔ(∆=4) ·µ

(0)
qqÔ(∆=4) =

pq

7
[
1+ 2

5(p−1)(q−1)
]
,

⟨a(0) γ(2)⟩∆=4
∣∣∣
⟨DpDpDqDq⟩

=(µ(0)
ppÔ(∆=4))

T Γ(2)
∆=4µ

(0)
qqÔ(∆=4) = p2 q2+ pq

30 [269+57(p−1)(q−1)] ,

(6.57)

where we have defined the vector

µ
(0)
ppÔ(∆=4) =

(
µ

(0)
ppÔ(∆=4)

L=2
, µ

(0)
ppÔ(∆=4)

L=4

)
. (6.58)

It is clear from the diagrammatics that the free theory OPE coefficients (6.58) can be at most
quadratic in p, and moreover since the second operator has length four the OPE coefficient
must vanish when p = 1.46 We could of course (and we have) compute (6.58) in the free
theory, but it turns out that these observations on their dependence on p together with the
constraints (6.57) are enough to find both the OPE coefficients (6.58) and the entries of Γ(2)

∆=4
(which, of course, must be independent of p and q!). The result is

µ
(0)
ppÔ(∆=4) =

(
p√
7
, p(p− 1)

√
2
35

)
, (6.59)

45We are implicitly normalizing the operators. Moreover, since they have different lengths, they are of course
orthogonal in the sense of the free-theory two point functions.

46Note that this input is crucial, as it distinguishes between the two operators. Without this, one could
only unmix this sector up to a O(2) rotation parameter.

– 96 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

as well as

Γ(2)
∆=4 =

 2093
30 7

√
5
2

7
√

5
2

203
4

 . (6.60)

Note that all entries are non-vanishing and in particular this implies that the eigenstates of
the dilatation operator mix different lengths at second order. We find that the matrix (6.60)
is diagonalized by the two states

(
O(∆=4)

1 , O(∆=4)
2

)
=M

(2)
∆=4

(
Ô(∆=4)

L=2 , Ô(∆=4)
L=4

)
, M

(2)
∆=4 =

√1
2−

163
2
√

62569 −
√

1
2+

163
2
√

62569√
1
2+

163
2
√

62569

√
1
2−

163
2
√

62569

 .

(6.61)

The corresponding OPE coefficients are

µ
(0)
ppO(∆=4) = p

60
√

70

(√
1
2−

163
2
√

62569(−43+
√
62659−120p) ,

√
1
2+

163
2
√

62569(43+
√
62659+120p)

)
≃
(
0.0998p(p−1.7277) , 0.2172p(p+2.4443)

)
,

(6.62)

while the eigenvalues of Γ(2)
∆=4 read

γ
(2)
O(∆=4)

1
= 7

120(1033−
√
62659) ≃ 45.6565 , γ

(2)
O(∆=4)

2
= 7

120(1033 +
√
62659) ≃ 74.8602 ,

(6.63)

and note that we are fixing a sign ambiguity in determining the eigenstates (and associated
OPE coefficients) by requiring that (6.62) are both positive for p = 1. Other choices are
possible and equally valid. One could have actually derived the same results by starting
directly with the basis of eigenstates, and thinking of the averages (6.57) as

⟨a(0)⟩∆=4
∣∣∣
⟨DpDpDqDq⟩

= µ
(0)
ppO(∆=4) · µ

(0)
qqO(∆=4) ,

⟨a(0) γ(2)⟩∆=4
∣∣∣
⟨DpDpDqDq⟩

= (µ(0)
ppO(∆=4))T

γ(2)
O(∆=4)

1
0

0 γ
(2)
O(∆=4)

2

 µ
(0)
qqO(∆=4) .

(6.64)

Now we have one less unknown, as we have assumed a diagonal form for the anomalous
dimension matrix. On the other hand, in this basis both OPE coefficients are (a priori)
arbitrary polynomials of degree two in p: we have simply traded the information on one
of them vanishing for p = 1 with the vanishing of the off-diagonal entries of Γ(2)

∆=4 in the
eigenstates basis. Requiring the OPE coefficients to be positive for p = 1 and choosing, as
above, γ(2)

O(∆=4)
1

< γ
(2)
O(∆=4)

2
, one recovers the same results.

It turns out that in the ∆ = 4 sector we can actually go further, exploiting the fact
that in section 5 we have derived the two-loop correlators ⟨D1D1DqDq⟩ and ⟨D2D2D2D2⟩.
This will allow us to unmix the first order OPE coefficients together with the third order
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anomalous dimensions. We have the averages

⟨a(1)⟩∆=4
∣∣∣
⟨D1D1DqDq⟩

= q
(

91
90 −

3
14q
)
,

⟨a(1)⟩∆=4
∣∣∣
⟨D2D2D2D2⟩

= −388
315 ,

⟨a(0) γ(3) + a(1) γ(2)⟩∆=4
∣∣∣
⟨D1D1DqDq⟩

= q
2700(90563− 46125q − 8100q2) ,

⟨a(0) γ(3) + a(1) γ(2)⟩∆=4
∣∣∣
⟨D2D2D2D2⟩

= −224377
675 .

(6.65)

We can interpret these in the length basis, where

⟨a(1)⟩∆=4
∣∣∣
⟨D1D1DqDq⟩

= µ
(0)
ppÔ(∆=4) · µ

(1)
qqÔ(∆=4) + µ

(1)
ppÔ(∆=4) · µ

(0)
qqÔ(∆=4) ,

⟨a(0) γ(3) + a(1) γ(2)⟩∆=4
∣∣∣
⟨D1D1DqDq⟩

= (µ(0)
ppÔ(∆=4))

T Γ(3)
∆=4 µ

(0)
qqÔ(∆=4)

+ (µ(0)
ppÔ(∆=4))

T Γ(2)
∆=4 µ

(1)
qqÔ(∆=4)

+ (µ(1)
ppÔ(∆=4))

T Γ(2)
∆=4 µ

(0)
qqÔ(∆=4) .

(6.66)

We now can solve (6.65) for the first order OPE coefficients and third order anomalous
dimensions. The study of tree level correlators from section 5 suggests that µ(1)

ppÔ(∆=4) should
be of degree three in p, but this time we lack any basic consideration based on diagrammatics
that can impose further constraints like we had in the free theory. Thus, although just using
the data in (6.65) we can solve for µ(1)

ppÔ(∆=4) for generic p, as well as for Γ(3)
∆=4, we are only

able to so up to one free parameter, that we label α. The results read

µ
(1)
ppÔ(∆=4) =

(
p(386−135p)

90
√

7 , p(p−1)(1−36p)
6
√

70

)
+ α ϵµ

(0)
ppÔ(∆=4) , ϵ =

(
0 1
−1 0

)
, (6.67)

and

Γ(3)
∆=4 =

 −4424
15 − 10087

36
√

10
− 10087

36
√

10 −
4459
36

+ α
(
ϵΓ(2)

∆=4 − Γ(2)
∆=4 ϵ

)
, (6.68)

where Γ(2)
∆=4 is the second order anomalous dimension matrix in the length basis, as appearing

in (6.60). The undetermined parameter α is clearly related to the ambiguity of performing
infinitesimal rotations in the free theory. We will soon resolve such ambiguity in two distinct
ways, but first let us note that its presence is not related to the fact that we have considered
only few correlators from which to extract the averages. To make this more explicit, note
that plugging in (6.66) the solution (6.67) and (6.68) we can compute the averages

⟨a(1)⟩∆=4

∣∣∣
⟨D1D1DqDq⟩

= pq
315
(
54
(
p2(1−q)+q2(1−p)

)
− 3

2(83(p+q)−74pq)+389
)
,

⟨a(0) γ(3)+a(1) γ(2)⟩∆=4

∣∣∣
⟨D1D1DqDq⟩

=− pq
2700

(
23490pq (p+q)−15390(p2+q2)

+43710(p+q)−21075pq−118883) ,
(6.69)

– 98 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

which are independent of the undetermined parameter α. Note, moreover, that while we
do not have access to other correlators at two loops, we can cross-check the prediction for
⟨a(1)⟩ against the results of section 5, finding perfect agreement. A similar logic applies to
averages extracted to other four-point functions.

There are two ways to fix the coefficient α. The first is a bit indirect and consists
in realizing that there has to be a unique value of α and physical quantities should be
independent of it. Now, suppose that we knew the product of the eigenvalues of Γ(3)

∆ , which
we will call γ(3)

O(∆=4)
1

and γ
(3)
O(∆=4)

2
. Then we could solve the equation

det Γ(3)
∆ = γ

(3)
O1
γ

(3)
O2

= 49
64800(−1126242α

2 + 174342
√
10α+ 37927675) , (6.70)

which in general has two solutions. A unique solution is present if and only if

α = 29057
187707

√
5
2 , (6.71)

which gives

µ
(1)
ppÔ(∆=4) =

(
p(23279924−7575105p)

5631210
√

7 , p(−62569(p−1)(36p−1)−290570)
375414

√
70

)
, (6.72)

and

Γ(3)
∆=4 =

 −90573427
312845 −11071459

187707

√
5
2

−11071459
187707

√
5
2 −291199111

2252484

 . (6.73)

Note that, a posteriori, the criterion that fixes α seems to be that µ(1)
ppÔ(∆=4)

L=2
is actually one

degree less than µ
(1)
ppÔ(∆=4)

L=4
as a polynomial in p. The same holds for the free theory result

and presumably can be used as a criterion at higher orders as well. There is, however, a
more instructive way to fix α. Note that in (6.66) we have insisted on using the length
basis, but we could have used the basis of eigenstates instead: the solution for µ(0) and
γ(2) is known from the analysis above, while µ(1) and γ(3) are unknowns, but since we are
diagonalizing the anomalous dimensions matrix we have one less unknown than previously,
where the analysis was done in the length basis. The anomalous dimensions γ(3)

O(∆=4)
1

and

γ
(3)
O(∆=4)

2
found with this method match precisely the eigenvalues of (6.73), thus confirming

the validity of the previous analysis. We are then ready to put everything together, and
give the result for the dimension of O(∆=4)

1 and O(∆=4)
2

h[O(∆=4)
1 ] = 4− 14

λ1/2 +
7(1033−

√
62569)

120λ − 7(673805561−1581637
√
62569)

22524840λ3/2 +. . . ,

h[O(∆=4)
2 ] = 4− 14

λ1/2 +
7(1033+

√
62569)

120λ − 7(673805561+1581637
√
62569)

22524840λ3/2 +. . . ,
(6.74)
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and their OPE coefficients

µ2
ppO(∆=4)

1
= (43 + 120p−

√
62569)2 p2

875966− 2282
√
62569

+ p2
[
389− 249p+ 219p2 − 108p3

630

− 510526661 + 5856154953p− 5169773793p2 + 1101464676p3

39418470
√
62569

]
1
λ1/2 + . . . ,

µ2
ppO(∆=4)

2
= (43 + 120p+

√
62569)2 p2

875966 + 2282
√
62569

+ p2
[
389− 249p+ 219p2 − 108p3

630

+ 510526661 + 5856154953p− 5169773793p2 + 1101464676p3

39418470
√
62569

]
1
λ1/2 + . . . .

(6.75)

These results are found to agree perfectly with the numerical analysis of [13, 14] after a
numerical fit at strong coupling (for p = 1). We thank the authors of those papers for
sharing the relevant data with us.

Singlet operators with ∆ = 6. Moving to ∆ = 6, we have a dimension four vector
space d(L∆=6

0,[0,0]), containing one operator of length two, two operators of length four and
one operator of length six. We choose our basis to be47

Ô∆=6
L=2 ∼ ∂4φ2 + . . . , Ô∆=6

L=4,a ∼ ∂2φ4 + . . . , Ô∆=6
L=4,b ∼ ∂2φ4 + . . . , Ô∆=6

L=6 ∼ φ6 , (6.76)

where again the dots denote terms with ψ and f . Moreover, although we have not been
careful in spelling out the structure and the normalization, we are considering all operators
to be unit-normalized in the sense of the two-point functions. Note that since there are
two operators for L = 4 there is arbitrariness in the choice of basis within dL=4(L∆=6

0,[0,0]): we
have chosen an orthonormal basis for simplicity, but this is in general not necessary. We
need to choose four correlators that can explore this four-dimensional degeneracy space. We
can use ⟨DpDpDqDq⟩ correlators to span one direction in dL(∆) for each L, so we need one
more independent piece of information since there are two operators with length four. To
this end, we can use ⟨D1D1D2Lext⟩ choosing the simplest Lext, namely the unique operator
with ∆ = 2 and L = 2 in the free theory. Note that the ⟨γ(2)⟩ extracted from this can be
read off from (6.55). We will not repeat a detailed analysis here, but following the same
logic as above we can obtain

Γ(2)
∆=6 =



110619
560

9
√

165
8

3
√

429
2 0

9
√

165
8

3541
24

28
3

√
13
5

√
1365

2
3
√

429
2

28
3

√
13
5

20323
120

√
42

0
√

1365
2

√
42 1035

8

 , (6.77)

47More precisely, we have a derivative structure of the type

Ô∆=6
L=4,a = (φ∂2φ − 15

8 (∂φ)2)φ2 + 3
8 (φ∂φ)2 + . . . , Ô∆=6

L=4,b = (φ∂2φ + 3
2 (∂φ)2)φ2 − 3(φ∂φ)2 + . . . ,

see [1] for details of the explicit construction.
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∆ 3 4 5 6
L = 3 1 1 1 1
L = 5 0 0 1 1

Table 2. Degeneracies of long multiplets L∆
0,[0,1] at strong coupling, organized by length.

from which the eigenvalues can be easily read off. An interesting observation is that despite
the structure (6.9), that is respected by this result, the eigenstates of Γ(2)

∆=6 mix operators of
all lengths: the simplification in the structure of the dilatation operator seems to be present
only in the length basis but is completely lost once we go to the basis of eigenstates.

Higher ∆. Moving to higher ∆ one has operators of length up to L = ∆ and moreover the
degeneracy spaces dL(∆) are non-trivial for L ≥ 6 starting from ∆ = 8. Thus, ⟨DpDpDqDq⟩
are no longer enough to resolve the degeneracy for L ≥ 6 and ⟨D1D1D2Lext⟩ can only be
used for L = 4. Therefore, starting with ∆ = 8 the system of correlators that we have
considered is no longer enough to fully resolve the degeneracy and determine the eigenstates
and eigenvalues of the dilatation operator. Instead, for ∆ ≥ 8 we limit to extracting Γ(2)

∆,2→4
and computing its norm, which is what allows us to guess (6.53).

Operators in the {0, [0, 1]} representation. While our main goal in addressing the
mixing problem was to compute the average (6.1), which concerns the sector of singlet long
multiplets, as a byproduct of our analysis one can extract plenty of information regarding
the spectrum of the theory. In particular, so long as there is only one degenerate operator
for each length the ⟨DpDpDqDq⟩ correlators are enough to determine the exact eigenstates
and eigenvalues of the dilatation operator. As an example, let us consider long multiplets
L∆

0,[0,1]. From the analysis of [1], we can argue the degeneracies listed in table 2 for the first
few values of ∆. We thus see that for ∆ = 3, 4 there is no degeneracies and indeed the
one-loop anomalous dimension of such operators follows from the general formula (5.36) for
non-degenerate operators. On the other hand, for ∆ = 5, 6 the degeneracy is twofold but
the two operators have different lengths in both cases, so that from ⟨DpDpDqDq⟩ correlators
one can extract the matrices

Γ(2)(L∆=5
0,[0,1]) =

(
979
10
√
231√

231 303
4

)
, Γ(2)(L∆=5

0,[0,1]) =
(

3455
24

5
√

91
3

5
√

91
3

2495
24

)
, (6.78)

where in both cases we have used a basis where the first operator has L = 3 and the
second has L = 5.

7 Discussion

In this paper we have presented several results for perturbative four-point in the 1d defect
CFT defined by the half-BPS Wilson loop in planar N = 4 SYM, focusing on the case of the
fundamental Wilson loop at strong ’t Hooft coupling λ. Such results are obtained through the
application of an analytic bootstrap method that consists in formulating an ansatz in terms of
HPLs, which has proven particularly useful in the context of 1d holographic CFTs. Our results
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include correlation functions between half-BPS operators as well as mixed correlators between
short and long multiplets, which we bootstrapped to second order in perturbation theory. This
was instrumental to addressing a certain mixing problem due to the degeneracy of operators
at λ =∞, which in turn allowed to bootstrap the four-point function of the displacement
supermultiplet up to fourth perturbative order, corresponding to three-loop Witten diagrams.

There are a few aspects that we would like to emphasize and that are worth of future
investigations. The first concerns the explicit expression of our perturbative results, which
have turned out to be considerably simpler (especially at high loop order) than the ansatz
that we have started with. More precisely, in the final expressions the HPLs combine to
form certain functions known as Lewin polylogarithms, in such a way that the results can be
expressed purely in terms of ordinary logs and the weight-three Lewin polylog. It is then
natural to investigate the origin of such simplicity and try to exploit it to obtain new results.
In the main text we have discussed a relation between the functions appearing in our results
and the single-valued HPLs that naturally occur in higher-dimensional four-point functions:
it would certainly be interesting to understand whether such connection persists at higher
perturbative orders and to develop a precise understanding of the type of functions that
can appear in the 1d correlators we are interested in.48 This would allow, for example, to
formulate a more stringent ansatz for the displacement four-point function at higher orders,
possibly allowing to bypass (at least to a certain extent) the study of the mixing problem at
higher orders. This would be in the spirit of [41, 42], where a suitably constrained ansatz
was formulated for the spacetime expression of the two-loop graviton four-point amplitude in
AdS5 × S5, allowing to obtain the result without addressing the mixing problem.49

The mixing problem itself is certainly one of the central points of our work. The more
involved nature of this problem compared to those usually encountered at first order in
holography has led us to conduct a careful investigation of the structure of the dilatation
operator in perturbation theory, reminiscent of what has been done for gauge theories at
weak coupling [43]. Moreover, the structure of the theory has forced us to include in our
analysis mixed correlators between short and long multiplets, which has not been considered
so far in the study of holographic correlators. We would like to propose the idea that the
methods presented here should be of universal applicability in other perturbative CFTs: in
the mixing problems considered so far in the literature one was always able to resort to
simpler methods, but enlarging the class of observables and understanding the structure of
the dilatation operator will presumably be instrumental to tackle mixing at higher orders. A
possible application of this could be the study of mixing between triple-trace operators in
the holographic regime of N = 4 SYM, where in [124] it was suggested that external 1

4 -BPS
operators could play a role.50 Moreover, the study of mixed short-long correlators provides
an entirely new class of observables in the study of holographic correlators, providing access

48An understanding of the structure of four-point functions in this model can also be developed considering
the large charge approach of [105], where perturbative results in terms of HPLs are also obtained.

49See also [123] for an analogous gluon scattering amplitude in AdS5 × S3. In that case, however, it is not
completely clear that the two-loop gluon amplitude can be separated from the contribution of gravitons, which
appear at the same order in the large central charge expansion.

50See [125] for a recent investigation of triple twist operators in the ϵ-expansion using higher-point correla-
tion functions.
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to a vast array of new CFT data. This could potentially be relevant in the study of gluon
scattering in AdS5 × S3, which after a series of recent works [34, 38, 123, 126–128] is now on
a similar footing to graviton scattering in AdS5 × S5. In this case, gravitons propagating
in the bulk reduce to a combination of both short and long multiplets in AdS5, so that a
better understanding of mixed correlators is necessary for the study of mixed scattering
amplitudes between gluons and gravitons in that context.

The challenge presented by the mixing problem has led us to a detailed analysis of the
spectrum of the theory at strong coupling, as well as to an investigation of the structure
of the dilatation operator in perturbation theory. While at tree level we have been able
to obtain the complete result for the spectrum of anomalous dimensions of long operators,
which takes the simple form of a quadratic Casimir, already at second order we have focused
on a particular subsector of operators. On the other hand, given the compactness of the
first order result and the simplifications observed in the general structure of the dilatation
operator at higher orders, it would be interesting to take a more systematic approach to
understand whether higher order corrections also admit analogous expressions which could
shed light on the result at all orders. This type of analysis would also be relevant for other
holographic theories, for which so far investigations of the dilatation operator have been
limited to the double-trace spectrum, with a thorough analysis only available for N = 4
SYM [115, 129, 130]. We hope that our work will provide useful input in this direction.

It is also worth mentioning that the same model considered here has recently been subject
of thorough investigations using a combination of integrability and numerical bootstrap
methods, a technique that has been dubbed “bootstrability” [12–14, 131]. This exploits the
knowledge of the spectrum from integrability as an input for a numerical bootstrap algorithm,
which combined with the integrated correlator constraints found in [14, 131, 132] has been
shown to put stringent bounds on the OPE coefficients of certain long multiplets. All of these
developments make the half-BPS Wilson line defect an extremely interesting playground
where one can learn how to combine different approaches in an attempt to completely solve
the model. In this context, it is going to be interesting to work out the constraints arising
from the study of mixed correlators (with short and long multiplets) in the bootstrability
approach. The methods and results developed in the companion paper [1], as well as the
analytic results obtained here at strong coupling, provide essential input and cross-checks
to explore this new territory.

Another interesting direction would be that of considering generalizations of the current
setup, which in the context of the half-BPS Wilson line in N = 4 SYM could include the study
of 1/N corrections, Wilson lines in other representations than the fundamental, or higher
point functions. We expect the bootstrap techniques used here to apply to those cases as well,
and variations on the current setting would improve our understanding of the perturbative
structure of correlation functions. This is true in particular for higher-point functions,
which have only recently become subject of investigations in the context of the analytic
bootstrap [61, 62, 133–136].51 Moreover, the integrated correlator constraints of [14, 131, 132]
have not played a role in our analysis,52 but could be instrumental to the study of these

51See also [120] for a recent computation of a six-point function on the half-BPS Wilson line in N = 4 SYM
from direct computation using a novel method.

52One can check, however, that they are satisfied, which provides a further consistency check of the validity
of our results.
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generalizations, and it would be interesting to study their extension to higher-point functions
or four-point functions between half-BPS operators of higher rank.

Besides the half-BPS Wilson line, there are other interesting defect SCFTs that one could
study with similar methods. This is certainly true for the half-BPS Wilson line in ABJM,
which has been studied at tree level with analogous techniques to those used here [48], and
where the study of perturbative corrections would probably have a similar structure to that
presented in our paper. On the other hand, the half-BPS surface defect in 6d N = (2, 0)
CFTs initiated in [58]53 provides an even more interesting extension, since one can use Mellin
space methods which have the potential to drastically simplify the expression of the results,
in a model where we expect the structure of the dilatation operator and the type of mixing
problem to be analogous to the ones that we have considered.

Finally, we would also like to mention that having obtained a large class of explicit results
for four-point functions one could use them to further investigate analytic tools for 1d CFTs.
In particular, an inherently one-dimensional formulation of Mellin space was proposed in [46],
and it would certainly be interesting to understand whether it allows to reformulate the
bootstrap problem directly in Mellin space, with similar simplifications to those occurring
in higher dimensions. This would be also relevant for the study of the structure of Mellin
amplitudes for holographic correlators beyond one loop, which is currently unknown. In a
similar spirit, a 1d version of the Lorentzian inversion formula was proposed in [69], but it was
never applied to a concrete 1d model. It is natural to ask whether the use of such an inversion
formula allows for a simpler derivation of our results, or a more systematic reformulation, or
even an explanation of why only certain combinations of HPLs seem to appear in our results.
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A Harmonic polylogarithms

In this appendix we discuss HPLs more in detail, giving an explicit characterization of the
basis of functions used in this paper, as well as its properties. In particular, we shall discuss
the transformation of the HPLs of interest under cyclic and braiding transformations, as
well as their properties as functions of a complex variable.

53See also [137] for a study of bulk correlators in the presence of this defect.
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A.1 A basis of harmonic polylogarithms

Multiple polylogarithms were introduced in the mathematical literature long ago [138], and
their structure and properties was more recently explored by Goncharov [139, 140], to the
extent that they are sometimes referred to as Goncharov polylogarithms in the physics
literature. They can be defined alternatively as nested sums or as iterated integrals (see [75]
for a physics-oriented review). Here we shall take the latter approach and define, for n ≥ 0,
multiple polylogarithms recursively via

G (a1, . . . , an;χ) =
∫ χ

0

dt
t− a1

G (a2, . . . , an; t) , (A.1)

with G(χ) = G(;χ) = 1, for some constants ai ∈ C. Following [75], we shall refer to the
vector a⃗ as the vector of singularities, whose length n we call the weight, or transcendentality
(denoted with t in the main text) of the functions G(⃗a;χ).

In this paper we are interested in a special class of multiple polylogarithms, which
we refer to as harmonic polylogarithms (HPLs) following, e.g., [74].54 We then obtain the
definition given in section 3 of HPLs as

H(a1, . . . , an;χ) =
∫ χ

0
dt fa1(t)H(a2, . . . , an; t) , ai ∈ {0, 1} , (A.2)

with

f0(t) =
1
t
, f1(t) =

1
1− t , (A.3)

and

H(;χ) = 1 , H (⃗0n;χ) =
1
n! log

n χ . (A.4)

From the definition (A.2) two basic properties of HPLs should be clear. First, for fixed
transcendentality t there are 2t independent HPLs, corresponding to the number of ways of
assigning the entries of the vector of singularities from the set {0, 1}. Second, when χ is taken
to be a complex variable the HPLs are holomorphic functions for χ ∈ C \ (−∞, 0] ∪ [1,+∞),
with branch points located at χ = 0, 1,∞, due to the poles of the functions fa(t) in (A.3).
This reflects the analytic structure of 1d correlators, as discussed in 3. In particular, while
the branch point at χ =∞ is always present, if an = 0 (an = 1), then there is also a branch
point at χ = 0 (χ = 1). Such branch points are related to logarithmic singularities: if for
some k one has an−k−1 = 1 and an−k = . . . = an = 0, then in the expansion around χ = 0
one encounters powers of logχ up to and including logk χ. The same holds interchanging 0
and 1, in which case one has powers of log(1 − χ) in the expansion around χ = 1.

A perhaps less obvious, but extremely useful for our purposes, property of HPLs is
that they form a closed set under the crossing symmetry group S3 that is relevant for
four-point functions [74]. Let us recall that the action of S3 on the unique cross-ratio χ

of one-dimensional CFTs is given by

χ →
{
χ , 1− χ , χ

χ− 1 ,
1
χ
,

1
1− χ ,

χ− 1
χ

}
, (A.5)

54HPLs were introduced in the physics literature in [141], where the entries of the vector of singularities a⃗

were allowed to take values in {−1, 0, 1}. Here we use the term HPL in a restricted sense.
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thus permuting the three singularities of HPLs located at χ = {0, 1,∞}. This means that
when evaluating a certain HPL at one of the arguments given in (A.5), this can always be
expressed in terms of sums and products of HPLs of the same weight or lower, evaluated at χ.
More details on this procedure can be found in section 6 of [141]. This gives the precise sense
in which we can use HPLs as a basis of functions in the bootstrap problem: when requiring
invariance of a certain correlator under the transformations (A.5), one can always map HPLs
with argument in (A.5) to argument χ, and then require that the coefficient of each one of
this vanishes, given that they provide the basis as a vector space, in the sense of [142–144].
The identities satisfied by HPLs after the transformations (A.5) also involve certain constants,
known as multiple ζ-values (MZVs), which for our purposes can be defined to be the result of
evaluating HPLs at χ = 1, when the result is finite. In particular, since we will consider HPLs
of transcendentality t ≤ 4, we will only be interested in ordinary ζ-values, which arise from

H (⃗0n−1, 1; 1) = ζ(n) =
∞∑

k=1

1
kn

, (A.6)

which is finite for n ≥ 2. Notice that MZVs are naturally assigned a transcendentality, which
is that of the HPLs that they originate from.

The definition (A.2) provides a complete characterization of HPLs, as well as a uniform
way to label them which is uniform in their transcendentality. However, for the purposes of
this paper, they do not provide an ideal basis, mainly for the following reason. The natural
decomposition (3.24) of perturbative correlators, which is inherited by the structure of the
OPE, one would like a basis of functions where all powers of logχ can be easily read off:
ideally, either one sees an explicit power of logχ, or the function is regular in its expansion
around χ = 0. While it is clear which HPLs are regular at χ = 0 and which are not, each of
the singular one can contain all powers of logχ up to a maximum value, so that in (3.24)
each HPL could in principle contribute to various G(ℓ)

logk , while we want to be able to make
an ansatz for each G

(ℓ)
logk independently. It is then convenient to make a change of basis and

switch, for each transcendentality, to a set of functions where the logarithmic singularities
are completely transparent. A systematic way to achieve this can be defined using the
shuffle algebra (see, e.g., [141]) of HPLs and is described for general weight in section 5
of [145]. Fortunately, since we are ultimately interested in t ≤ 4, all HPLs we are interested
in can be expressed in terms of sums and products of logχ and the simpler class of Nielsen’s
generalized polylogarithms, defined by [146]

Sn,p(χ)=
(−1)n+p−1

(n−1)!p!

∫ 1

0

dt
t
logn−1 t logp(1−χt)=

∞∑
k=0

(−1)kS(p)
p+k

(p+k)!(p+k)n
χp+k =H (⃗0n, 1⃗p;χ) ,

(A.7)

where we have stressed that Nielsen’s polylogs admit a regular expansion around χ = 0, given
in terms of Stirling numbers of the first kind, defined for k ≥ m

S(m)
k =

k−m∑
i=0

1
i!

(
k − 1 + i

k −m+ i

)(
2k −m
k −m− i

)
i∑

j=0
(−1)i+j

(
i

j

)
(i− j)k−m+i , (A.8)

– 106 –



J
H
E
P
0
6
(
2
0
2
4
)
0
1
0

with S(k)
k = 1. A special case of Nielsen’s polylogs is that of ordinary polylogs, which

arise for p = 1

Lin(χ) = Sn−1,1(χ) = H (⃗0n−1, 1;χ) =
∞∑

k=1

χk

kn
, (A.9)

with the logarithm corresponding to the special case n = 1: Li1(χ) = − log(1 − χ). For
a detailed discussion of the properties of ordinary polylogarithms, see [147, 148]. These
functions allow us, for each fixed transcendentality t, to define the basis Bt of polylogs
used in the main text, for 0 ≤ t ≤ 4. All HPLs of transcendentality t can be written as
linear combinations of the elements of the set Bt, as shown explicitly in (A.13), so using the
functions below to formulate our ansatz is equivalent to using HPLs. Our choice is

B0 =
{
1
}
,

B1 =
{
log(1− χ), logχ

}
,

B2 =
{
Li2(χ), log2(1− χ), log(1− χ) logχ, log2 χ

}
,

B3 =
{
Li3(χ), S1,2(χ) , log3(1− χ) ,Li2(χ) log(1− χ), Li2(χ) logχ,
log2(1− χ) logχ, log(1− χ) log2 χ, log3 χ

}
,

B4 =
{
Li4(χ) , S2,2(χ), S1,3(χ), Li3(χ) log(1− χ) , S1,2(χ) log(1− χ) ,Li22(χ),
Li2(χ) log(1− χ), log4(1− χ), Li3(χ) logχ, S1,2(χ) logχ , log3(1− χ) logχ,
Li2(χ) log(1− χ) logχ, Li2(χ) log2 χ, log2(1− χ) log2 χ, log(1− χ) log3 χ, log4 χ

}
.

(A.10)
By construction all functions involved, except for explicit powers of logχ, are analytic at
χ = 0, and actually they are so for χ ∈ C \ [1 +∞). Moreover, we notice that each Bt can be
written as the disjoint union of two sets of the same size. The first contains only functions that
are regular at χ = 0 while the second, which contains functions with logarithmic singularities,
can be obtained multiplying each function in Bt−1 by logχ. In other words, we have

Bt = B(0)
t ∪ [Bt−1 × logχ] , (A.11)

where B(0)
t contains functions that are regular at χ = 0 (the first 2t−1 in each set given

in (A.10)). Then, each function G
(ℓ)
logk(χ) in (3.24) can be written as a linear combination

of functions in B(0)
ℓ−k, with coefficients that are rational functions. Note that, in principle,

we could have used only ordinary polylogarithms, using the identities

S1,2(χ)=Li3(χ)+Li3
(

χ

χ−1

)
−Li2(χ) log(1−χ)−

1
6 log

3(1−χ) ,

S2,2(χ)= ζ(4)+ζ(3) log(1−χ)+ 1
2ζ(2) log

2(1−χ)+ 1
24 log

4(1−χ)− 1
6 log

3(1−χ) logχ

−Li3(χ) log(1−χ)−Li4(1−χ)+Li4(χ)+Li4
(

χ

χ−1

)
,

S1,3(χ)= ζ(4)+ζ(3) log(1−χ)+ 1
2ζ(2) log

2(1−χ)+ 1
6 log

4(1−χ)− 1
6 log

3(1−χ) logχ

+1
2Li2(χ) log

2(1−χ)−Li3(χ) log(1−χ)−Li3
(

χ

χ−1

)
log(1−χ)−Li4(1−χ) ,

(A.12)
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to replace S1,2(χ), S2,2(χ) and S1,3(χ) in (A.10) with Li3
(

χ
χ−1

)
, Li4(1− χ) and Li4

(
χ

χ−1

)
.

However, this necessarily introduces Li4(1− χ) into the game, which has a branch point at
χ = 0, spoiling the property that we discussed before. One could still avoid the use of S1,2(χ)
and S1,3(χ) at the expense of dealing with polylogarithms of argument χ

χ−1 , but we chose to
work with the basis (A.10) as it also has the property that all functions have an expansion
around χ = 0 which can be given in closed form, using the definitions (A.9) and (A.7).

Finally, we can give the expressions of all HPLs of t ≤ 4 in terms of our basis (A.10).

t=0 :H(;χ)= 1 ,

t=1 :H(0;χ)= logχ, H(1;χ)=− log(1−χ) ,

t=2 :H(0,0;χ)= 1
2 log

2χ, H(0,1;χ)=Li2(χ) ,

H(1,0;χ)=−Li2(χ)−log(1−χ) logχ, H(1,1;χ)= 1
2 log

2(1−χ) ,

t=3 :H(0,0,0;χ)= 1
3! log

3χ, H(0,0,1;χ)=Li3(χ) , H(0,1,0;χ)=−2Li3(χ)+Li2(χ) logχ,

H(1,0,0;χ)=Li3(χ)−Li2(χ) logχ−
1
2 log(1−χ) log

2χ, H(0,1,1;χ)=S1,2(χ) ,

H(1,0,1;χ)=−2S1,2(χ)−Li2(χ) log(1−χ) , H(1,1,1;χ)=− 1
3! log

3(1−χ) ,

H(1,1,0;χ)=S1,2(χ)+Li2(χ) log(1−χ)+
1
2 log

2(1−χ) logχ,

t=4 :H(0,0,0,0;χ)= 1
4! log

4χ, H(0,0,0,1;χ)=Li4(χ) ,

H(0,0,1,0;χ)=−3Li4(χ)+Li3(χ) logχ,

H(0,1,0,0;χ)= 3Li4(χ)−2Li3(χ) logχ+
1
2Li2(χ) log

2χ,

H(1,0,0,0;χ)=−Li4(χ)+Li3(χ) logχ−
1
2Li2(χ) log

2χ− 1
6 log(1−χ) log

3χ,

H(0,0,1,1;χ)=S2,2(χ) , H(0,1,0,1;χ)=−2S2,2(χ)+
1
2Li

2
2(χ) ,

H(1,0,0,1;χ)=−Li3(χ) log(1−χ)−
1
2Li

2
2(χ) H(0,1,1,0;χ)=S1,2(χ) logχ−

1
2Li

2
2(χ)

H(1,1,0,0;χ)=−S2,2(χ)+S1,2(χ) logχ−Li3(χ) log(1−χ)

+Li2(χ) log(1−χ) logχ+
1
4 log

2(1−χ) log2χ,

H(1,0,1,0;χ)= 2S2,2(χ)−2S1,2(χ) logχ+2Li3(χ) log(1−χ)+
1
2Li

2
2(χ)

−Li2(χ) log(1−χ) logχ, H(0,1,1,1;χ)=S1,3(χ) ,
H(1,0,1,1;χ)=−S1,3(χ)−S1,2(χ) log(1−χ) ,

H(1,1,0,1;χ)= 3S1,3(χ)+2S1,2(χ) log(1−χ)+
1
2Li2(χ) log

2(1−χ) ,

H(1,1,1,0;χ)=−S1,3(χ)−S1,2(χ) log(1−χ)−
1
2Li2(χ) log

2(1−χ)

− 1
6 log

2(1−χ) log2χ, H(1,1,1,1;χ)= 1
4! log

4(1−χ) . (A.13)

The basis of Nielsen’s polylogs is also particularly convenient because it allows us to express
the transformation properties of the basis functions (A.10) under the S3 transformations (A.5)
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in a uniform way. The whole group is generated by the two basic transformations

cyclic : χ→ 1− χ ,

braiding : χ→ χ

χ− 1 ,
(A.14)

which are ultimately all we are interested in, as detailed in section 3. From [146] we read

Sn,p(1−χ)=
(−1)p

n!p! logn(1−χ) logpχ+
n−1∑
j=0

logj

j!

Sn−j,p(1)−
p−1∑
k=0

(−1)k logkχ

k! Sp−k,n−j(χ)

 ,

Sn,p
( χ

χ−1
)
=(−1)n logn+p(1−χ)

(n+p)! +
n−1∑
j=0

n−j−1∑
k=0

(−1)p+j+k logj(1−χ)
j!

(
p+k−1

k

)
Sn−j−k,p+k(χ) ,

(A.15)

which are sufficient to work out functional identities for all HPLs in our basis (A.10).

A.2 Single-valued polylogarithms

One of the main upshots of section 4 is that the result for ⟨D1D1D1D1⟩ at three loops is much
simpler than it could have been given the ansatz (4.85). Such simplicity manifests itself in two,
related, ways: first, the number of HPLs appearing in the result is less than the expected one;
second, such HPLs appear in special combinations that originate from single-valued HPLs.

A well-known property of HPLs is that, while it is possible to extend their definition
for complex values of their argument, giving rise to holomorphic functions, they are not
single-valued. The problem of defining a generalization of HPLs that gives single-valued
functions was solved in general in [144], by combining in a suitable manner holomorphic
and anti-holomorphic HPLs. More precisely, for each HPL H(z) it is possible to define
a function H̃(z, z̄) such that it is real-analytic in the punctured complex plane C \ {0, 1}
and, when z and z̄ are treated as independent complex variables, its discontinuities around
z = 0 and z = 1 are related (see [149])

discz=0H̃ = discz̄=0H̃ , discz=1H̃ = discz̄=1H̃ . (A.16)

Besides their mathematical interest, single-valued HPLs appear in several instances of
perturbative computations in physics [35, 41, 73, 74, 101, 149–151], so their relevance to the
present context should be no surprise. In particular, CFT four-point functions are required
to be single-valued in the Euclidean configuration z̄ = z∗, so that if they can be expressed
in terms of HPLs, these necessarily have to be single valued. Given that it is possible to
express all of our results using only the functions log and Lin with arguments χ and 1− χ,
we are mostly interested in single-valued generalizations of these two functions. For log this
is of course straightforward, since naturally the single-valued extension of log z is log(zz̄),
as already discussed around (3.15). For the ordinary polylogs Lin(z), various single-valued
extensions are possible, due to various authors [114, 152–155], see section 2 of [156] for a
nice review. We are particularly interested in the definition given by Wojtkowiak, who
in [153] introduced the functions

L̃n(z, z̄) = Rn

(
n−1∑
k=0

(−1)k

k! Lin−k(z) logk |z| − (−1)n

n! log |1− z| logn−1 |z|
)
, (A.17)
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where Rn = R for odd n and Rn = I for even n, which are real-analytic and single-valued
for z ∈ C \ {0, 1}. These are interesting for us because of their connection with the functions
Ln(χ) introduced by Lewin [114] for real χ, given by55

Ln(χ) =
n−1∑
k=0

(−1)k

k! Lin−k(χ) logk |χ| − (−1)n

n! log |1− χ| logn−1 |χ| , (A.18)

naturally defined for χ ∈ (−1, 1) but whose definition can be extended to χ ∈ R \ {0, 1} via
Ln(1/χ) = (−1)n−1Ln(χ). We notice that these are related to Wojtkowiak’s function by
what we could refer to as “diagonal limit” in CFT language, i.e. by taking z = z̄ = χ ∈ R.
In particular, we have

lim
z→z̄≡χ

L̃n(z, z̄) =

0 , n even ,
Ln(χ) , n odd .

(A.19)

We can see this as a justification of the fact that, if we replace all Lin with Ln in our results, we
only find L3 but no L2 or L4: while there exists a single-valued extension of ordinary polylogs
with even weight, its “diagonal limit” vanishes and does not define a function of a real variable.

To conclude, let us highlight an interesting connection between Lewin’s polylogs Ln(χ)
and another interesting class of single-valued polylogs that is often encountered in the physics
literature: ladder integrals [35, 116–118]

Φ(L)(z, z̄) = −(1− z)(1− z̄)
z − z̄

L∑
k=0

(−1)r (2L− k)!
k!L!(L− k)! log

k(zz̄) (Li2L−k(z)− Li2L−k(z̄)) ,

(A.20)

that are related to each other by the differential relation

∂z ∂z̄

[
z − z̄

(1− z)(1− z̄)Φ
(L)(z, z̄)

]
= − z − z̄

zz̄(1− z)(1− z̄)Φ
(L−1)(z, z̄) . (A.21)

It is interesting to notice that these are related to Lewin’s polylogarithms by

lim
z→z̄≡χ

Φ(L)(z, z̄) = (1− χ)2

χ

L−1∑
k=1

(−1)L−k (2k + 2)!
(k + 1)!L!(L− k − 1)! log

2L−2k−2 |χ|L2k+1(χ) , (A.22)

which, to the best of our knowledge, was not previously observed in the literature. In
agreement with our discussion above, only Ln of odd weight appear in this expression.

B OPE in perturbative 1d CFTs

In this appendix we discuss in more detail some aspects of the expansion of perturbative
correlators over conformal blocks and their derivatives, and its connection to the role of
braiding transformations χ → χ

χ−1 . This complements the discussion of section 3.
55It is interesting to notice that these can be defined for χ ∈ (0, 1) as those functions satisfying

d
dχ

Ln(χ) =
(−1)n−1

n (n − 2)! logn−2 χ

(
logχ

1− χ
+ log(1− χ)

χ

)
.
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B.1 Perturbative OPE

As in section 3 we discuss here a non-supersymmetric model with sl(2) invariance. With
little adaptation, everything that we are going to discuss also applies to the Wilson line
defect theory. For simplicity, let us focus on the case of a four-point function of identical
operators φ of dimension hφ

⟨φ(t1)φ(t2)φ(t3)φ(t4)⟩ =
1

t
2hφ

12 t
2hφ

34
G(χ) , (B.1)

where the function G(χ) can be expanded over 1d conformal blocks gh(χ) in the channel
where t1 → t2:

G(χ) =
∑

h

ah gh(χ) , (B.2)

where the sum runs over all operators Oh appearing in the φ×φOPE, whose (non-perturbative)
dimension is denoted with h, and ah = µ12h µ34h is the product of the OPE coefficients of pairs
of external operators with Oh. Let us also recall that the sl(2) blocks for this configuration
are given by

gh(χ) = χh
2F1(h, h, 2h;χ) . (B.3)

We now consider the following scenario, which is a model for most cases of interest in
this paper:56 the external dimensions hφ are frozen, while we expand the correlator, the
dimensions of the exchanged operators and their OPE coefficients in a small parameter g.
For the purposes of this appendix we will neglect the issue of mixing, which is discuss in
detail in section 6. When a degeneracy of operators is present, one should simply replaced
the products of CFT data appearing below with their average value over each family of
degenerate operators: e.g. a(0)

∆ γ
(1)
∆ → ⟨a(0) γ(1)⟩∆. With this understanding, we can write

G(χ) =
∞∑

ℓ=0
gℓG(ℓ)(χ) ,

h = ∆+
∞∑

ℓ=1
gℓ γ

(ℓ)
∆ , ah =

∞∑
ℓ=0

gℓ a
(ℓ)
∆ ,

(B.4)

where throughout all this paper we denote with ∆ the dimensions of the exchanged operators
in the free theory (ℓ = 0), and we are only interested in cases where ∆ is a positive integer.

An elementary, but crucial fact about the 1d conformal blocks is that while the hypergeo-
metric function (and its derivatives with respect to h) appearing in (B.3) is analytic at χ = 0,
the factor of χh produced powers of logχ when the dimension h is expanded using (B.4).
To highlight these logarithms, it is then useful to introduce

g
(n)
h (χ) = χh

(
∂

∂h

)n

gh(χ) , (B.5)

56In section 6 we also consider a case in which one of the external operators is not protected, so it also
acquires an anomalous dimension. This amounts to a small modification of what we discuss here, where one
also expands the dimension of external operators perturbatively.
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which are analytic at χ = 0 when evaluated at h = ∆, for integer ∆. It is then useful to
collect each power of logχ appearing in the expansion of G(ℓ)(χ), via

G(ℓ)(χ) =
ℓ∑

k=0
G

(ℓ)
logk(χ) (logχ)k , (B.6)

where each G
(ℓ)
logk(χ) is analytic at χ = 0. One can then rearrange the OPE collecting the

powers of logχ produced by derivatives of blocks. This translates into an expansion for each
G

(ℓ)
logk(χ) in terms of the functions in (B.5):

G
(ℓ)
logk(χ) =

∑
∆
H

(ℓ,k)
∆ (χ) , (B.7)

where for each ∆ we have

H
(ℓ,k)
∆ (χ) = 1

k!

ℓ−k∑
p=0

1
p!
(
γ

(1)
∆

)k+p [
a

(ℓ−k−p)
∆ +

ℓ−k−p∑
q=1

(
γ

(1)
∆

)−q
(
k + p

q

)
α

(ℓ,k)
∆ (p, q)

]
g

(p)
∆ (χ) .

(B.8)

The coefficients α(ℓ,k)
∆ (p, q) are given by sums of products of one power of a(#)

∆ and q pow-
ers of γ(#)

∆ :

α
(ℓ,k)
∆ (p, q) =

ℓ−k−q∑
m=p

ℓ−k−q−m∑
kq−2=0

kq−2∑
kq−3=0

· · ·
k1∑

k0=0
a

(m−p)
∆ γ

(2+k0)
∆ γ

(2+k1−k0)
∆

× · · · × γ(2+kq−2−kq−3)
∆ γ

(ℓ−k−q+2−m−kq−2)
∆ .

(B.9)

The most prominent feature of the H(ℓ,k)
∆ (χ) is that for 2 ≤ k ≤ ℓ they only depend on

CFT data that can be extracted from previous perturbative orders, the simplest instance
being the case k = ℓ:

G
(ℓ)
logℓ(χ) =

∑
∆

1
ℓ!a

(0)
∆

(
γ

(1)
∆

)ℓ
g∆(χ) , (B.10)

which only depends on free theory and tree level data. This justifies the claim made in
section 3 that, for ℓ ≥ 2, one can reconstruct all the functions G(ℓ)

logk(χ) for k ≥ 2 from CFT
data at previous orders, modulo resolving mixing, if present. The first time new CFT data
appear is for k = 1, where only γ(ℓ)

∆ is present, while a(ℓ)
∆ makes its first appearance for k = 0.

B.2 Braiding

Let us now turn to the issue of braiding, that is how the transformation χ → χ
χ−1 can be

used to constrain 1d four-point functions in perturbation theory. This issue was already
considered from different perspectives in [23, 29, 48] and is closely related to the fact that
in 1d there is no continuous group of rotation.57 However, as discussed in section 3, the
holographic origin of the model that we study implies that braiding symmetry must be

57There is only a residual Z2 parity invariance, sometimes referred to as S-parity — see [157].
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somehow restored, and can therefore be used to put constraints on correlation functions. In
this section we discuss in detail how this can be done.

Once again, we will take as a reference a four-point function of identical operators
in a theory with sl(2) invariance, as in (B.1). In that case, we notice that the conformal
blocks (B.3) have a simple transformation property under braiding,

gh(χ) = (−1)h gh

( χ
χ−1

)
. (B.11)

Now, in (generalized) free theories it is not uncommon that the conformal dimensions of the
operators are integers and in certain cases (often related to holography) the dimensions of
the exchanged operators in a certain correlator are either all even or all odd integers. A
simple example is the case of a generalized free theory, as discussed around (3.14), where if
the external operators have integer dimension then all the exchanged ones have even integer
dimension. In that case, we can say that in (B.4) for g = 0 one has ∆ ∈ 2N and therefore

G(0)(χ) = G(0)( χ
χ−1

)
, (B.12)

since it is true for each individual conformal block appearing in the OPE. While this might
seem a pretty stringent requirement, it is a property shared by all free theory correlators
of interest for this paper. Note, however, that not all 1d free CFTs share this property,
even when the external operators have integer dimension. For instance, even the simplest
⟨D1D1D1D1⟩ correlator on the Wilson line at weak coupling (λ → 0) has no well-defined
transformation properties under braiding — see, e.g., [11].

Clearly, turning on perturbative corrections breaks the symmetry (B.12) as the exchanged
operators acquire anomalous dimensions, but the crucial point that we wish to make in this
section is that the symmetry is only broken in a weak and controlled sense, which still allows
to put constraints on our ansatz in perturbation theory. To see how this works, notice that
if we map χ → χ

χ−1 in (B.6) we obtain, at each order,

G(ℓ)( χ
χ−1

)
=

ℓ∑
k=0

G
(ℓ)
logk

( χ
χ−1

)
(log(−χ)− log(1− χ))k , (B.13)

but at the same time G
( χ

χ−1
)

can be expanded as a sum over the transformed conformal blocks

ĝh(χ) = gh

( χ
χ−1

)
= (−χ)h

2F1(h, h, 2h;χ) , (B.14)

as

G
( χ

χ−1
)
=
∑

h

ah ĝh(χ) , (B.15)

where the OPE coefficients ah are the same as those appearing in (B.2). Following the same
logic as in the previous subsection, the perturbative expansions (B.4) produce powers of
log in the OPE and at each order one obtains

G(ℓ)( χ
χ−1

)
=

ℓ∑
k=0

G
(ℓ)
logk(χ) logk(−χ) , (B.16)
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where the functions G(ℓ)
logk(χ) are exactly those appearing in (B.6), for two reasons: first, the

hypergeometric function in (B.14) is the same as that in (B.3), and moreover in (B.7) one
always sums over the free theory dimensions ∆, which by assumption are even integers and
therefore (−χ)∆ = χ∆. One should then equate (B.13) and (B.16), where the equality should
be interpreted as follows. Since as discussed each G

(ℓ)
logk(χ) (and therefore also G(ℓ)

logk

( χ
χ−1

)
) is

holomorphic at χ = 0, and so is log(1− χ), one should interpret the equality as holding for
the coefficient of each power of log(−χ), independently. From this, one can easily derive

G
(ℓ)
logk(χ) =

ℓ−k∑
m=0

(
k +m

m

)
(−1)m logm(1− χ)G(ℓ)

logk+m

( χ
χ−1

)
, (B.17)

which as discussed in section 3 is the constraint that we enforce on our ansatz at each
perturbative order.

An alternative way to see how this can be derived is to work with the expansion (B.7),
over the blocks H(ℓ,k)

∆ (χ) defined in (B.8). Each of these depends on conformal blocks and
their derivatives (B.5), where note that the derivatives really only act on the hypergeometric
function appearing in the blocks, all of them evaluated on the free theory dimension h = ∆,
which is an even integer. We have already discussed how the blocks transform under braiding
in this case in (B.11), where one should set (−1)h = (−1)∆ = 1. It is not hard to see that
the “derivative blocks” (B.5) transform with

g
(n)
∆
( χ

χ−1
)
=

n∑
k=0

(
n

k

)
logn−k(1− χ) g(k)

∆ (χ) . (B.18)

Now, at each order, one can rephrase (B.6) together with (B.7) as

G(ℓ)(χ) =
∑
∆

ℓ∑
k,m=0

β
(ℓ,k)
∆

(
k

m

)
logm χ g

(k−m)
∆ (χ) , (B.19)

for certain coefficients β(ℓ,k)
∆ (that we stress are independent of m) that depend on the CFT

data.58 One can then combine (B.18) and (B.19) to compute

G(ℓ)( χ
χ−1

)
=
∑
∆

ℓ∑
k,m=0

β
(ℓ,k)
∆

(
k

m

)
k−m∑
a=0

m∑
b=0

(−1)b

(
k −m
a

)(
m

b

)

logk−m−a+b(1− χ) logm−b(−χ) g(a)
∆ (χ)

=
∑
∆

ℓ∑
a,c,k,m=0

β
(ℓ,k)
∆

(
k

m

)
(−1)m−c

(
m

m− c

)(
k −m
a

)

logk−a−c(1− χ) logc(−χ) g(a)
∆ (χ) ,

(B.20)

58The explicit expression, which is not important for the argument, can be given in terms of the α
(ℓ,k)
∆ (p, q)

defined in (B.9), as

β
(ℓ,k)
∆ = 1

k!

(
γ

(1)
∆

)k

[
a

(ℓ−k)
∆ +

ℓ−k∑
q=1

(
γ

(1)
∆

)−q
(

k

q

)
α

(ℓ,k)
∆ (0, q)

]
.
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where we have used that, given the presence of the binomials, all sums can be actually
computed up to ℓ, and we have changed the summation index b to c = m− b. At this point
we note that neither the exponents of the logarithms nor the derivative index of the blocks
depend on m, so we can perform the sum over m explicitly. We find

ℓ∑
m=0

(−1)m−c

(
m

m− c

)(
k −m
a

)
=
(
k

a

)
δc,k−a , (B.21)

that is the sum over m localizes the sum over c on c = k − a, and replacing we get

G(ℓ)( χ
χ−1

)
=
∑
∆

ℓ∑
k,a=0

β
(ℓ,k)
∆

(
k

a

)
logk−a(−χ) g(a)

∆ (χ) , (B.22)

which is just the same as (B.19) with each logχ replaced with log(−χ). This gives us another
way to interpret how perturbative correlators behave under braiding transformations: if we
take χ ∈ (0, 1) and log(−χ) = logχ+ i π, then comparing with (B.19) we can read (B.22) as

G(ℓ)( χ
χ−1

)
= G(ℓ)(χ) +

∑
∆

ℓ∑
k,a=0

(i π)k−a β
(ℓ,k)
∆

(
k

a

)
g

(a)
∆ (χ) , (B.23)

where the second term is entirely due to the branch point of logχ at χ = 0 and provides what
we previously described as a “weak” breaking of the braiding symmetry of the free theory.

In practical computations, one can make use of this last point in an efficient way. In
particular, thanks to the fact that the basis of HPLs chosen in appendix A only contains
functions that are either holomorphic at χ = 0, or have explicit powers of logχ, all HPLs
in the ansatz for the blocks G(ℓ)

logk(χ) in (B.6) are holomorphic at χ = 0. Then, all branch
points in G(ℓ)(χ) are due to the explicit powers of logχ displayed in (B.6). Then, when
applying a braiding transformation, one can simply “forget” the powers of i π arising from
log(−χ) − logχ = i π, which corresponds to neglecting the second term on the right hand
side of (B.23). The result is an equality between G(ℓ)( χ

χ−1
)

and G(ℓ)(χ), which is completely
equivalent to (B.17). Equivalently, one could replace each logχ appearing in (B.6) with
log |χ|, to define

Ḡ(ℓ)(χ) =
(ℓ)∑

k=0
G

(ℓ)
logk(χ) logk |χ| , (B.24)

so that for this function one obtains, from (B.23),

Ḡ(ℓ)( χ
χ−1

)
= Ḡ(ℓ)(χ) . (B.25)

Finally, let us observe that repeating the same exercise for the OPE in the other channel,
which leads to an expansion around χ = 1, gives exactly the same results with powers of
log(1 − χ) and one would obtain analogous statements, with the conclusion that to use
the full crossing symmetry group S3 as a constraint on the correlator, one would need to
replace log(1− χ) with log |1− χ|, in this case making the transformation χ→ 1/χ an exact
symmetry. This also justifies the definition of the extensions f̄ (ℓ)(χ) of each f (ℓ)(χ) to the
whose real axis, in section 4: each of those functions satisfies exact identities under crossing
symmetry, as in (B.25). Similarly, such prescription provides a justification of the absolute
values appearing in the Wilson line correlators discussed in [10].
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B.3 Reciprocity principle

One aspect of the results that we have presented that we would like to briefly review and
interpret is the fact that all anomalous dimensions satisfy the 1d version of the reciprocity
principle. This was first introduced in [158, 159] and concerns certain properties of the
expansion of anomalous dimensions in higher-dimensional CFTs for large values of the spin.
It was then proved for general CFTs in [160], following analogous observations on properties
of the anomalous dimensions in N = 4 SYM [161–163]. The one-dimensional analogue
of the higher-dimensional reciprocity principle can be obtain studying the Regge limit of
four-point functions, where operators with large conformal dimension dominate the OPE [29].
From that, it is possible to prove that anomalous dimensions γ∆ ≡ h−∆ in 1d CFTs are
functions of the combination ∆ + 2γ∆,

γ∆ = F (∆ + 2γ∆) . (B.26)

This statement is equivalent to the requirement that, when expanded in (inverse) powers
of the “bare” conformal Casimir j2

∆, F (∆) contains only even powers of j∆,59 — see [160]
for more details in the higher-dimensional case. One should think of (B.26) as a nested
equation, whose full content can be appreciated expanding the anomalous dimensions γ∆ in
perturbation theory and comparing the two sides. This procedure reveals which combination
of perturbative anomalous dimensions γ(ℓ)

∆ (and derivatives thereof), at each order, should
admit such expansion in even (inverse) powers of j∆. More precisely, expanding perturbatively

F (∆ + 2γ∆) =
∞∑

ℓ=0

1
λℓ/2F

(ℓ)
∆ , (B.27)

we find that the combinations

F
(ℓ)
∆ =

ℓ−1∑
k=0

(−1)k

(k + 1)!(∂∆)k η
(k,ℓ)
∆ , (B.28)

admit an expansion in even powers of j∆ for large ∆ at each order, where we have introduced
the combinations

η
(k,ℓ)
∆ =

ℓ−1∑
mk=1

ℓ−1∑
mk−1=mk

· · ·
ℓ−1∑

m1=m2+1
γ

(ℓ−m1)
∆ γ

(m1−m2)
∆ · · · γ(mk)

∆ . (B.29)

The first few orders read

F
(1)
∆ = γ

(1)
∆ ,

F
(2)
∆ = γ

(2)
∆ − 1

2!∂∆(γ(1)
∆ )2 ,

F
(3)
∆ = γ

(3)
∆ − ∂∆(γ(1)

∆ γ
(2)
∆ ) + 1

3!∂
2
∆(γ(1)

∆ )3 ,

F
(4)
∆ = γ

(4)
∆ − ∂∆(γ(1)

∆ γ
(3)
∆ + 1

2(γ
(2)
∆ )2) + 1

2∂
2
∆((γ(1)

∆ )2γ
(2)
∆ )− 1

4!∂
3
∆(γ(1)

∆ )4 .

(B.30)

59Note that here we are discussing this in the context of a theory with only sl(2) invariance, but the same
statements apply to superconformal theories where the expression of the conformal Casimir is replaced with
the one relevant for that case.
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In terms of the type of functions appearing in the anomalous dimensions found in section 4,
it is convenient to consider the case j2

∆ = ∆(∆ + 3) of interest for that section. One can
observe that all the harmonic sums encountered there, namely H1+∆ and S−2(1 + ∆), admit
an expansion in even powers of j∆ (and powers of log j2

∆) for large ∆, while other harmonic
sums such as H(2)

1+∆, which do not share such property, do not appear. Finally, let us observe
that in the main text we are always dealing with averaged quantities over degeneracy spaces,
but the reciprocity principle seems to apply to those quantities as well.

C ⟨D1D1L∆=2
0,[0,0]L∆=2

0,[0,0]⟩

Although strictly speaking it did not prove necessary for the purpose of obtaining the three-
loops result for ⟨D1D1D1D1⟩, in the course of our investigations we have also considered
correlation functions involving two D1 multiplets and two singlet long multiplets. The
superconformal blocks for this four-point function have been found in [1] and here we would
like to present the bootstrap results up to one loop for the simplest correlator of this
kind: ⟨D1D1L∆=2

0,[0,0]L
∆=2
0,[0,0]⟩, where L∆=2

0,[0,0] is the unique supermultiplet whose superconformal
primary is a singlet of dimension two at strong coupling. Our bootstrap algorithm proceeds
in the same way as usual, with the main difference that here the four-point function of the
superconformal primaries is not enough to fix the whole correlator in superspace. Rather,
as explained in [1] we should consider three independent four-point functions. Let O∆=2 be
the superconformal primary of L∆=2

0,[0,0]. The three functions correspond to the correlators
between the components of D1 and O∆=2:

⟨φ(t1, y1)φ(t2, y2)O∆=2(t3)O∆=2(t4)⟩ =
y2

12
t212t

4
34
H(φ)(χ) ,

⟨Ψαa(t1, y1)Ψβb(t2, y2)O∆=2(t3)O∆=2(t4)⟩ =
ϵαβϵacϵbdy

cd
12

t312t
4
34

H(Ψ)(χ) ,

⟨f(t1)f(t2)O∆=2(t3)O∆=2(t4)⟩ =
ϵαγϵβδ + ϵαδϵβγ

8 t412t
4
34

H(f)(χ) .

(C.1)

Note that all three correlators are invariant under braiding (in the usual sense) since the
first two operators are always identical.

The free-theory results are determined by Wick contractions and read

H(0,φ)(χ) = 1 + 2(1 + (1− χ)2)χ2

5(1− χ)2 , H(0,Ψ)(χ) = −2 , H(0,f)(χ) = −6 . (C.2)

Moving to tree-level, one can implement the usual bootstrap strategy using the first-order
anomalous dimensions as an input. Braiding invariance and the input of certain low-∆ CFT
data that are known from other correlators are then enough to completely fix the result.
Alternatively, it is relatively straightforward to compute the six-point function of φ and take a
suitable limit where two pairs of points are taken to coincide in a suitable way as to create two
O∆=2 operators. The results (for H(1,φ)) are the same. The three correlators at tree level read

H(1,φ)(χ) = 2χ2(10−20χ+21χ2−11χ3+2χ4)
5(χ−1)3 logχ− 120−240χ+302χ2−182χ3+67χ4

30(χ−1)2

− 2(10−25χ+20χ2−10χ3+2χ4−4χ5+2χ6)
5χ(χ−1)2 log(1− χ) ,
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H(1,Ψ)(χ) = 2χ4(3−3χ+χ2)
(χ−1)3 logχ− −12+24χ−9χ2−3χ3+2χ4

(χ−1)2 − 2(−6+3χ+χ4)
χ log(1− χ) ,

H(1,f)(χ) = 48− 24(χ−2)
χ log(1− χ) , (C.3)

The agreement of the Witten diagrams computation and the bootstrap result is a non-trivial
check of the validity of the results discussed in this paper. In particular, this latter result
provides additional evidence that all tree-level correlators between any external operators
have transcendentality one, as they can be always factorized as the product of a contact
diagram and a certain number of free theory propagators. In AdS2, contact diagrams between
external operators of integer dimension have transcendendality one for any number of external
legs [164]. This should be contrasted with what happens for analogous results in higher
dimensions, at least in certain cases, where the tree-level four-point function of two single-
particle operators and two bound states has the analytic structure of one-loop correlators
between single particle states in Mellin space [165].

Moving to one loop, once again one could in principle proceed computing six-point
Witten diagrams or with the bootstrap. However, we lack the knowledge of six-point Witten
diagrams at order 1/λ at this stage, so we proceed with the bootstrap and it turns out that
the usual constraints are enough to fully fix the result. We find

H(2,φ) = χ2(50−150χ+295χ2−340χ3+215χ4−70χ5+9χ6)
5(χ−1)4 log2 χ

− −10+35χ−45χ2−25χ3+75χ4−165χ5+191χ6−98χ7+18χ8

5χ(χ−1)3 logχ log(1− χ)

+ 75−220χ+220χ2−80χ3+35χ4−20χ5+34χ6−28χ7+9χ8

5χ2(χ−1)2 log2(1− χ)

− −30+90χ+485χ2−1120χ3+1404χ4−829χ5+189χ6

15(χ−1)3 logχ

+ 1970−4865χ+3232χ2−1193χ3+634χ4−1547χ5+756χ6

60χ(χ−1)2 log(1− χ)

+ 535−1070χ+1568χ2−1033χ3+349χ4

30(χ−1)2 , (C.4)

H(2,Ψ)(χ) = χ4(51−102χ+98χ2−47χ3+9χ4)
(χ−1)4 log2 χ+ −120+114χ−17χ2−3χ5+18χ6

2χ2 log2(1− χ)

− 12−42χ+54χ2−30χ3+12χ4−111χ5+183χ6−133χ7+36χ8

2χ(χ−1)3

+ 24−96χ+226χ2−342χ3+796χ4−1134χ5+751χ6−225χ7+20χ8

4(χ−1)4 logχ

− 522−1293χ+1002χ2−181χ3−170χ4+323χ5−185χ6+20χ7

4χ(χ−1)2 log(1− χ)

− −564+1692χ−1395χ2−30χ3+575χ4−278χ5+40χ6

8(1−χ)3 , (C.5)

H(2,f)(χ) = − 18χ4(1+(χ−1)4)
(χ−1)4 log2 χ− 6(50− 48χ+ 9χ2 + 3χ6)

χ2 log2(1− χ)

+ 12(1+χ)(2−3χ+3χ2−3χ3+3χ4)
χ logχ log(1− χ)

+ −24+120χ−262χ2+328χ3−144χ4−212χ5+412χ6−328χ7+165χ8−55χ9+10χ10

(χ−1)5 logχ

− 648−312χ+22χ2+22χ3+40χ4−5χ5+10χ6

χ log(1− χ)

− (696−2784χ+4221χ2−2919χ3+920χ4−223χ5+169χ6−80χ7+20χ8)
2(χ−1)4 . (C.6)
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