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Abstract

We construct automorphisms of C? of constant Jacobian with a cycle of escaping Fatou
components, on which there are exactly two limit functions, both of rank 1. On each such
Fatou component, the limit sets for these limit functions are two disjoint hyperbolic subsets
of the line at infinity. In the literature there are currently very few examples of automorphisms
of C? with rank one limit sets on the boundary of Fatou components. To our knowledge, this
is the first example in which such limit sets are hyperbolic, and moreover different limit sets
of rank 1 coexist.
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1 Introduction

Transcendental Hénon maps are automorphisms of C? with constant Jacobian of the form
F(z,w) := (f(z) — dw, z) with f : C — Centire transcendental.

In analogy with classical complex Hénon maps, for which f is assumed to be a polynomial
(see e.g. [4-6, 15-17]), the dynamical investigation of transcendental Hénon maps can rely
on tools and knowledge from one dimensional complex dynamics, which is better understood
than its higher dimensional counterpart. They have been introduced in [13]. General proper-
ties of transcendental Hénon maps were established in [1-3] and examples with interesting
dynamical features were presented.

Let P? be the complex projective space obtained by compactifying C> by adding the
line at infinity £.,. We define the Fatou set of F as the set of points in C? near which the
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iterates form a normal family with respect to the complex structure induced by P? (compare
with [1, section 1]). A Fatou component is a connected component of the Fatou set. Given
a Fatou component § we call a function / : Q@ — P2 a limit function for S if there exists a
subsequence 1y such that F"* — h uniformly on compact subsets of 2. The image /(€2) of
a limit function % is called a limit set (for 2). By Lemma 4.3 and 2.4 in [1], each limit set is
either contained in C2 or contained in .

In this paper we investigate escaping Fatou components, that is Fatou components for
which all limit sets lie in the line at infinity.

More precisely we construct a transcendental Hénon map with a cycle of escaping Fatou
components satisfying the following properties. Let H denote the right half plane, —H denote
the left half plane.

Theorem 1.1 Let
_2 ;
F(z,w):= (e % +e™8w,z), §>2.

Then F has a cycle of four Fatou components Q°° with a, b € {+, =}, each of which is
biholomorphic to H x H. There are exactly two limit functions hy, ha, both of rank 1, such
that

hi(Q%) = hy(Q°CY) = H and h (Q4P) = hy(2°Y) = —H for all a.
Moreover, F is conjugate to its linear part on every Qab,

Notice that § is the Jacobian of F', hence the latter is expansive. Its role is not relevant, as
long as § > 1. For convenience we take § > 2.

The main points of interest of this result are that the limit functions have rank one, that each
Fatou component has two disjoint limit sets (compare [18] for restrictions on the presence
of several limit sets), and that the limit sets H, —H are hyperbolic.

For general automorphisms of C? there are very few examples of limit functions of rank 1
[9, 18], and for polynomial Hénon maps, it is not even known whether rank 1 limit functions
can exist; in fact, their existence has been excluded provided the Jacobian is small enough
[20]. On the other hand, they are abundant for holomorphic endomorphisms of C> [10,
Theorem 4]. For transcendental Hénon maps, rank 1 limit functions seem to appear naturally
for escaping Fatou components [8]. To our knowledge there were no previous examples of
hyperbolic limit sets for automorphisms of C2. One possible reason for the natural appearance
of these phenomena might be that F' is not defined on £, hence there is no natural dynamics
on limit sets contained there.

One can see F as a special case of maps of the form

F(z,w) := (e_zk +e%8w,z), §>2,keN

Analogous results hold for such maps, and are proven in [7] with similar techniques.

2 Proof of Theorem 1.1

From now on let F be as in Theorem 1.1,
F(z,w) = (% — 8w, z) with § > 2. @.1)
Throughout the paper, given a point P = (zo, wo) € C? and n € N we denote its iterates

by F"(P) =: (zp, wy).
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2.1 Computing limit functions

In this section we give an explicit expression for the iterates of F' and their formal limit. A
direct computation (compare [8]) shows that

F2" (20, w0) = (=8)" | 20+ Y _(=8) 7/ f(z2j-1), wo + )_ (=) f(z2-2)

j=1 j=1
n+1 n

F (o, wo) = (=8)" [ =8 [ wo+ D (=8 fz2j-2) | 20+ Y (=8 f(z2j-1)
j=1 j=1

For n € N define the following holomorphic functions from C? to ¢

A (z0, wo) := Y (=) f(z2j-1)

j=1
n .
A3 (20, wo) = Y (=) f(z2j-2)
j=1
With this notation the iterates of F' take the form
F2 (20, wo) = (=8)" ((z0 + A (0, wo), wo + A% (20, wo)) (2.2)
F"* (20, wo) = (=8)" (~8wo — 8AL* (20, w0, 20 + Af (20, w0)) . (2.3)
Let
Ai(z, w) = AP(z, w) := lim Af(z, w)
n—00
Ax(z, w) = ASP(z, w) == lim A%(z, w)
n—o0
Az, w) = max (A1 (z, w)|, [Ax(z, w)]) .

Notice that Ay, Ay are holomorphic functions to C on open sets on which they are well
defined.
We can deduce the following formal limits.

2 2+ Az w)

h = li = 2.4

1(z, w) Jim wor Wt Aoz, w) 24)
. 2ong1 8w+ Ax(z, w)) 3

ha(z, w) := lim = =- : 2.5

2z, w) n—00 Wy z+ Aq(z, w) hi(z, w) (23)

We have that &1, hy are hqlomorphic functions to C on open sets on which Ay and A; are
holomorphic functions to C. We will show in Proposition 2.7 that /11 # hy.

2.2 Existence of Fatou components and rank of the limit functions
In this section we construct a forward invariant open set W on which the even and the odd

iterates converge, from which we deduce the existence of Fatou components. We then show
that the limit functions have rank 1 on such Fatou components.
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For AC C%Zanda,b € {4, —} define
A% = AN{(z,w) € C*aRe(z) > 0, bRe(w) > 0}. (2.6)

IfAN({Rez =0} U{Rew =0}) =@ then A = {J, pe4.— A%b,
We start by defining a set on which we have control on the dynamics. Let

S:={z€C: |Im(z)] < |Re(z)|} cC
§:=8x8cC?

A sketch of S can be found in Fig. 1.
Lemma2.1 Letz € S, then | f(2)] = e™'| < 1.

Proof If z € S, then |arg(z)| < % and hence Re(z2) > 0 from which we have |e_22| =

2
e Rez” 1, O

Lemma 2.2 (Orbits contained in S) For any P = (29, wo) € 89 such that F(P) € S and
| Re wg| > % we have that F(P) € §(=4.
From now on assume that F"(P) € S for alln € N. Then
F?"(z0, wo) — h1(z0, wo)

F2 (20, wo) — ha(zo, wo).

Fix A > 0 and assume also that | Re zp|, | Re wo| > (13%;‘. Then
|Rez2,—1] = |Rewa,| > |Re wo| + nA 2.7
IRez2q| = |Re wont1| > |Rezo| + na. (2.8)

Proof By hypothesis, F(P) € S hence F(P) € S‘“; for some @, b € {4+, —}. Since Re w| =

Re zg we have that b = a. Moreover Re z1 = —8Rewy + Re(e’Z%) and since P € S,
|Re(e_13)| < 1 by Lemma 2.1. Hence the sign of Re z; is opposite to the sign of Re wg
provided | Re wg| > é, and a = —b as required.

Assume from now on that F"(P) € S for all n € N. It follows that z,, € S foralln € N
and hence by Lemma 2.1 | f(z,)| < 1 for all n € N. Since § > 2 this implies

o0
A(z0, wo) < Zsﬂ' < 1 whenever F" (z, wo) € S foralln € N, (2.9)
j=1

which implies convergence of the even and odd iterates of F' according to the expression in
(2.2), (2.3).
We now prove (2.7), (2.8). Using the expression of F and since P € S, by Lemma 2.1

we have |Re z1| > 8| Re wg| — |e”%0| > §|Re wo| — 1 which is larger than | Re wg| + X if
| Re wo| > é%‘ It follows that

|Rezi| > |Rewg| + A (2.10)
|Rezz| > [Rew;| + A = |Rezg| + A, (2.11)

where the claim for z, follows because w; = zg. The more general formula follows by
induction, using that F"(P) € S foralln € N. ]
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Corollary 2.3 Let A C S be forward invariant. If P = (z¢, wo) € A such that | Re wo| > %
then Lemma 2.2 holds for A = 1, in particular, if P € A% then F(P) € A=<,

For R > 0 and 0 < k < 1 define the sets (see Fig. 1.)
Wir:={z€C:|Imz| <k|Rez|, |Rez| > R} CC
Wi R.Ry = Wi.r, X Wik, C C2.

Observe that Wy g C S and that Wy o = S.

2
s(k—k)

Lemma24 Letn € N, and let (zg, wo) € Wi g r,- Let 0 < k < k< 1. If Ry >
then

Im z; Im w;

<k and

Re z1 ewq

Proof Let (z0, wo) € Wk, g,.R,- The claim for w; is immediate because w; = zo. Using
the expression of F, the triangular inequality, the estimate in Lemma 2.1 and the fact that
| Im wo| < k| Re wp| we have

Imz; S| Imwo| +1  k§|Rewp| + 1
< .
Rez 5| Rewp| — 1 8|Rewg| — 1
Setting the resulting expression to be less than k we get | Re wg| > a<1/z+_/;k) .Since k < 1, itis
enough to take | Re wo| > g required. O

8 (k—k)

Letk, :=1-— %_‘_2 and R, 1= (%)% Ry for Ry > 2 sufficiently large depending only on §
(see (2.12)). Let R_1 = Ry and set

++ ifn =
Wi k,.k,., ifn=0 mod4

W, = Wi Ro Ry ifn =1 mod 4
Wk_n,_Rn,an ifn =2 mod 4
Wi ifn =3 mod 4

ki, Ry, Rn—1
and define

W::UW,,.

neN

Proposition 2.5 (Invariance of W) The set W is open and W C S. For any n € N we have
that F(W,) C Wy41, hence W is forward invariant. The set W consists of four connected
components W witha, b € {+, —} and F(Wey c wha,

Proof The fact that W is open and W C S follows from the definition. Fix n € N. Let
(z0, wo) € W, and let (z1, wy) be its image. Since w; = 70, the signs of Re wi, Re z¢ are

the same, and we have that | Re w;| = | Re zg| > R, and that
Imw Imz
! = 0 < kn < kn_;,_].
Re w; Re zp

Hence to show that F(W,) C W, itis enough to see that | Re z;| > R, and that

< kn+1~

Im z;
Re z;
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Fig. 1 A sketch in C of the set S iR C
and three of the sets W, g, - o

The set W is obtained by taking S
appropriate products of (parts of)
the sets Wy, g,

Let X, := R,+1 — R,—1. Since P € S, by (2.10) we have that

|Rezi| > |[Rewo| + Ay > Ry—1 + Ay = Rn+l

provided R,—1 > 18-1;/\1,1_ Substituting the expression for A, we get R,4+1 < 6R,—1 — 1.

Substituting the expression for R, 1 and R,,_; we get

n+l n+tl
6TR0 > 2772

which is satisfied because § > 2, provided Ry > 1. This gives |Re z1| > R,41.

We now prove “{2;: < kpy+1. By Lemma 2.4, it is enough to check that R,—1 >
2 _ 2(n+2)(n+3) :
R
ntl _ntl
Ry>2726 "2 (n+2)(n+3) forallneN. (2.12)

Since the function on the right hand side is bounded in n for any § > 2 (in fact, it tends to 0
as n — 00), such Ry exists and depends only on §.

Finally, for any (z, w) € W we have Re z, Rew # 0, so the sets W4 are well defined.
By construction, W, N W44 # @ so each W is connected. It follows that W consists of 4
connected components W4’ Since W is forward invariant and contained in S, the orbits of
points in W are contained in S hence Corollary 2.3 applies. O

Proposition 2.6 (Existence of Fatou components) On each W we have that
F? = hy, F?"' — hy uniformly on compact subsets of W

It follows that each W4 is contained in a Fatou component that we denote by Q.

Proof Since W C S and is forward invariant by Proposition 2.5, (2.9) holds hence F2" and
F2ntl converge uniformly on W to hy, hy respectively, hence W is contained in the Fatou
set. Since each W2 is open and connected it is contained in a unique Fatou component that
we denote by Q. O
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We will see in Proposition 2.18 that in fact the components ¢° are all distinct and that
the notation 247 matches the definition of A% given in Sect.2.1 for a general set A.

Proposition 2.7 Both h| and hy have (generic) rank 1 on W, and hy # h;.

Proof Recall that A(z, w) < 1 on W by (2.9). It follows that by the explicit expression of
F2", F2'*1 the iterates of any point in W converge to the line at infinity. So /; (W) C £co,
and hy, hj either have generic rank 1 or are constants. Suppose by contradiction that h; = ¢
is constant. If |c| # oo, then one has:

[zol — A(zo, wo) < lz0 + A1(z0, wo)| = |c| |wo + A2(z0, wo))| < [cl|wol + |c|A(zo, wo),
hence
Izol < Icllwol + (Jc| + 1),

contradicting the fact that (zg, wo) could be any point in W, which is unbounded in the z
direction for any choice of w. If ¢ = oo, we have |wg| < 1, again a contradiction. It follows
that i1 # hj. Indeed, hy - hp = —§ is constant, if we had &1 = h; it would follow that h%
(and hence h1) would be constant as well, contradicting the argument above. ]

2.3 Construction of an absorbing set

Let Q¢ with a, b € {4, —} be the Fatou components defined in Proposition 2.6 and let
Q= Ja"
ab

Since each Q%% is connected, 2 consists of at most 4 Fatou components. This section is
devoted to find an absorbing set W, for €2 under F. Its existence will be used in Sect.2.5 to
show that the Fatou components $24° are all distinct and to describe both their limit sets and
their geometric structure. We use an argument based on harmonic functions used also in [1,
8, 14].

Definition 2.8 (Absorbing sets) A set A is absorbing for an open set 2 D A under a map F
if for any compact K C €2 there exists N > 0 such that

F'"(K)CA forall n > N.

If A is absorbing for Q, then Q = J,, F 7" (A).
Fix C > 1 and let

[=1(C):={z€C |Imz> <|Rez]* = C*}={z e C: Re(z®) > C*} C S.

Notice thatif z € I, then |[Rez| > C.
Define

W =W;(C):=QQN{(z,w)e 2. F*'(z,w) € I x I foralln > 0}.
Proposition 2.9 We have that WI“b # O foralla,b € {+, —}. Foreverya,b € {+, —},
F(Wihy c wy.

The sets WI+Jr uw,, Wf+ U WI+7 are both forward invariant under F%. Moreover F2"
and F2'+1 gre convergent on Wj.
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Proof Each W;’b contains the set {(z, w) € C2:aRez > M, bRew > M, Imz =Imw =
0} for M sufficiently large. The set W; C S is forward invariant hence Corollary 2.3 applies.
Convergence of even and odd iterates follows by (2.9). O

It will turn out that W7 is open as well (Proposition 2.16).
The rest of this section is devoted to proving the following proposition.

Proposition 2.10 The set Wy is absorbing for Q2 under F, that is,
Q= JF "W = A.
n

Let
X :={(z,w) € 2: hi(z,w) =0, c0}.

Since X is an analytic set, being the union of the 0-set and the co-set of a meromorphic
function, it is locally a finite union of 1-complex-dimensional varieties (see [11]).

Let K be a compact subset of Q\X, hence h;(P) # 0,00 forall P € K,andi = 1, 2.
Define

M = n}(ax |hi| < o0. (2.13)
N

Note that M > 1 because hp = —% and§ > 1. By Corollary 2.3 in [8] if ¢ > O is sufficiently
small there exists a constant ¢ such that for every (zg, wo) € K

|znl < c(M +&)". (2.14)
lwal = za—1] < (M +&)"", (2.15)

The proof of Proposition 2.10 relies on the following technical lemma. Recall that for
P = (20, wo), we write F"(P) = (zn, Wn).

Lemma 2.11 Define the sequence of harmonic functions u,, from 2 to R as

—Re(Z?
(20, wp) = o) 2.16)
Then
(1) Let K C 2 compact. Then there exists M = M(K) and N € N such that u, < logM
on K forn > N;

(2) up — —oo uniformly on compact subsets of W;
(3) If P € Q\ Ay, for every ¢ > 0 there is a subsequence ny — o0 such that u,, (P) > —e.

Lemma2.12 Letz € C k < 1. If

I
B2k < 1 then 2.17)
Rez
Im 22 _ 2% 2.18)
Rez?| — 1 —k2° ’
Proof Let z = re'? satisfying (2.17); then | tan 8| < k < 1. Hence since z> = r2e%?,
Im z2 | tan(26)] 2tan 6 - 2k
= an = .
Re 72 I —tanZ26 |~ 1 —k2
o
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The following fact is certainly known, however we give a proof in the Appendix. Given a
set A, let A denote its interior.

Proposition 2.13 Let L be a compact set and H be an analytic subset of dimension one of
C2. For any compact K s.t. K C L there exists ) = n(K, L, H) such that for any u harmonic
defined in a neighborhood of L and such that

u < o < oo on L\(n-neighborhood of H)
we have
u<aonk

ProofofLemma 2.11 (1) Let K be a compact subset of 2. Let n as obtained by applying
Proposition 2.13 to a slightly larger compact set L C €2 and to the analytic set X'. Let
U, (X) be an n-neighborhood of X'. In view of Proposition 2.13 it is enough to prove that
there exists N € N such that u,, <log M forn > N and for some M on the set

K := K\U,(X)

which is a compact subset of Q2\X. Hence it is enough to prove the claim for any K
compact subset of Q\X.

Fix ¢ > 0 sufficiently small and let M, ¢ be as in (2.14) and (2.15) for K. Suppose that
there exists a subsequence (n;) and points (z, w) = (z(j), w(;j)) € K such that

Re(z2 ;)

nj

> B

for some . We will show that 8 < M.
Using (2.14) and (2.15) we have that

2 2
. —Zy . —Z; .
c(M + )"t > |z, le™ " — 8wy, | = le "] — 8lwy,|

— Re(z,%j

j+l| =
> e ) Se(M 4 )il > P se(M + eyl
Hence, using M > 1 and ¢ > 0 sufficiently small,

P < Se(M + &) (M + )t < (8 + 1) (M 4 )it
Then
8 < log(C(3+ 1)) N nj+1

log(M + &) — logM
nj nj
asn; — ooand e —> 0.
(2) Itisenough to show that u, (z9, wo) — —oo for any point (zg, wg) € W and it will follow
for any compact subset of W. Since W is forward invariant, F"(z9, wg) C W C S for
all n € N and A(zp, wo) < 1 by (2.9). Using the explicit expression for iterates of F
given by (2.2), (2.3) we have

8"zo + Arll/z(m, wo)|? > 8"z0 — 1 if n even;

2 2
2, = 1T =
12l = 12l 80D g + AYTV (2, wo) 2 = 8wy — 112 if n odd.

In both cases, since |zg|, |lwg| > Ro > 2 we obtain |zﬁ| > §". Since W = Uj W; as
defined in Sect.2.2, (zo, wo) € W; for some j, hence by Proposition 2.5,

F"(z0, wo) € Wjy, forall n €N,
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Imz . :
hence |¢o 2 < kjin < 1 and by Lemma 2.12 we obtain
Im 22 2k;
mz, Jtn
< =layp~n asn— oo,
Re 72 1 —k2
n Jj+n

where the estimate «,, ~ n as n — oo is computed using the explicit expression for
kjin. It follows that

8" < |21 = (Re(:2)? + (Im(2))* < Re(:2)\/1 + o

3" 3"

=z "~ > 8"/2 for n large. Finally
a'l

hence Re(z%) >

_RG(Z%) - _8n/2

n n

un (20, wo) = — —00asn — 00

(3) Suppose by contradiction that there exists P = (z9, wo) € Q\A;, ¢ > 0and N € N
such that

—Rez2

u, (0, wo) = < —¢ foralln > N.
Hence there exists N’ > N depending on ¢, C (where C is the constant used to define
W) such that

Re(zﬁ) >en > C2foralln > N'.

Since w, = z,—1 and since P € < for hypothesis, we have that F"(P) € I x [ for all
n > N'hence P € F~"(W;) C A;, a contradiction.
This concludes the proof. O

Lemma 2.14 (Good holomorphic disks) Let P € 2, W as before. Then there exists ¢ : D—
Q holomorphic in a neighborhood of D such that

e p(0)="P
e o(D) € Q and dp(D) is analytic
e The one-dimensional Lebesgue measure of 0o (D) N W is greater than 0.

Proof Since W is open itis enough to have ¢(D)N'W # & to ensure that the one-dimensional
Lebesgue measure of d¢(ID) N W is greater than 0. Let a, b € {+, —} such that P € Q.
Since W £ @ foralla, b € {+, —} there exists Q € W*. Since 2 is connected and open
there exists a simple real analytic curve passing through P and Q in Q4. Complexifying
this curve we obtain a holomorphic disc passing through P that we can write as ¢ (D) for
some ¢ holomorphic defined in a neighborhood of . Up to precomposing ¢ with a Moebius
transformation we can assume that P = ¢(0). ]

In our proof, we are going to use the mean value property for the harmonic functions u .

Lemma 2.15 (Mean value property for holomorphic disks) Let D C C be the open unit disk
and ¢ : D — Q be a holomorphic map. Let u be harmonic on the holomorphic open disk
D = ¢(D) and continuous up to the boundary of D. Let Py := ¢(0). Then

1
u(Po) = /mu(g)w’(c)r‘dz
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Proof Consider the function o : D — R. First, note that it is harmonic on I and continuous
up to the boundary. Indeed if u : D — R is C>-smooth, then we can explicitly compute its
Laplacian

V(o) = Viw)|¢'|> =0

while if u is not C2-smooth, the result follows by approximating u with harmonic smooth
functions.
Hence for u o ¢ the classical Mean Value Property holds. By computing u(Pp) we get

1 1
u(Po) = u(p(0)) = E/amu(w(n))dn _ E/g@u(;) WO de. (219
O

Proof of Proposition 2.10 Let P € Q\A; and D := ¢(ID) where ¢ is given by Lemma 2.14.
Let u be the pushforward under ¢ of the one-dimensional Lebesgue measure on dID. Let K
be a compact subset of W such that u(K N aD) > 0.

Let ftgood = n(@D N K) > 0 and ppag = p(@D N (R\K)). Since 2 contains D,
oD = (0D N K)U (@D N (2\K)), and since K is compact and 2 is open, the sets in
question are measurable.

By Lemma 2.11 for any given M > 0 there exists N such that uy < —M on K,
uyn(P) > —e for some ¢ > 0 since P € Q\ A7, and uy < logM on D (with M = M(D)).
By the Mean value property (2.19) for uy we have

1 1
—esun(P) =5 /BD un (Ol (©)lde = I /aDmK un (D)@' (0)1de

1
J’_ P
27 Japn\k

1 _
= 5= (_Mﬂgood + log Mﬂbad) -sup |¢'| L
2w aD

)uN(C)Itﬂ/(;“)IdC <

Since M is arbitrarily large, this gives a contradiction. O
Proposition 2.16 The set Wy is open.

Proof Let P € W;. We want to find V C W; neighborhood of P. Since W; € QN (I x I)
which is open there is a neighborhood U of P which is compactly contained in 2N (I x I).
Since W is absorbing for 2 under F there exists N > 0 such that

F"(U) c W; foralln > N. (2.20)

As usual let us define P; := Fj(P); by definition of Wy, P; C I x I for all j > 0, which
is an open set. Hence for each j > 0 there is a neighborhood U; C I x I of P;. So up to
making the U; smaller, we can assume that U; C F/(U).

Let

N
Vi=(F/W)cu.
j=0

The set V is open since it is a finite intersection of open sets. We only need to check that
V C Wy, or equivalently, that FI(V)c I x I for all j > 0. For j < N — 1, this is true by
definition, since F/ (V) C U; Cc I xI.For j > N, this is true by (2.20). Since P € V by
construction, V is a neighborhood of P in W; as required. O
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2.4 Geometric structure of Q

In this section we show that €2 is the union of four disjoint Fatou components Q% g be
{+, —}, each of which is biholomorphic to H x H.

We first show conjugacy of F to its linear part on €2, and estimate the distance between
the conjugacy and the identity map.

Proposition 2.17 (Conjugacy) F is conjugate to the linear map L(z,w) = (—éw, ) on
Q via an injective holomorphic map . If P is such that F"(P) € S for all n € N, then
(¢ — Id)(P)| < ~/2. Finally, (2) C S.

Proof We first show that F is conjugate to L on Wj.
Forn € Nlet ¢, : C2 — C? be the automorphisms defined as

op =L "o F".

If we show that the ¢, converge to a map ¢ uniformly on W; we obtain that ¢ satisfies the
functional equation ¢ = L~ 0 ¢ o F and hence is a conjugacy between F and L.
Computing L ™" and using the explicit expressions for the iterates of F' we obtain

Yo (z, w) = (z + Al (z, w), w + Aj(z, w)) , (2.21)
Ym+1(z, w) = (z + Az, w), w+ AT, w)) . (2.22)

Both have the same formal limit
o(z, w) = (z+ Ai1(z, w), w + Az(z, w)) .

If P =(z,w) € Wy, then F"(P) = (z,, w,) C I x I C S forall j, hence, by (2.9), we
have that A(z, w) < 1; in particular, A{(z, w) and A,(z, w) are convergent. Hence ¢ is a
holomorphic map from W; to ¢(W;) (W, is open by Proposition 2.16). Moreover, for any
point (z, w) whose orbit is contained in S,

(e —Id)(z, W)l = [[(A1(z, w), Az (z, w))|
< V2A@z, w) < V2. (2.23)

It follows that ¢ is open because W; is an unbounded set, hence if ¢ had rank O or 1,
Il(p — Id)|| could not be bounded on W;. Hence the map ¢ is injective by Hurwitz Theorem
(see [19, Exercise 3 on page 310]) because the maps ¢, are injective and their limit has rank
2. It follows that ¢ is a biholomorphism between W; and ¢ (Wy).

To extend ¢ to all of €2 recall that W; is absorbing for Q. So if P € 2, we have that
F*(P) € Wy for some k € N, hence we can define ¢(P) = L% 0 ¢ o F¥(P). Since F is an
automorphism, ¢ extends as a biholomorphism to 2.

It remains to show that ¢(2) € S. By (2.23) we have that ¢(W7j) is contained in a V2
neighborhood U of W;. Suppose by contradiction that there exists Q = (z, w) € p(Wj)\S.
Since Wy is forward invariant under F and ¢ is a conjugacy we have that ¢ (W) is forward
invariant under L. Up to considering L(Q) if necessary, and since @ is such that re! ¢ S, we
can assume that z = re'? ¢ S. By forward invariance L2 (Q) = ((—8")re'?, (—8)"w) €
o(Wp).

Since (—§)"r tends to infinity, the distance of L?"(Q) from the boundary of § tends to
infinity, hence so does the distance of L?(Q) from W; C S, contradicting ¢(W;) C U.
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Hence ¢(W;) C S. Since W; is an absorbing set for Q2 under F, ¢ o F = L o ¢, and (W)
is completely invariant under L, we have that

v@ =9 JF"w) | =JL"@Wn) cow)cCs. (2.24)

n>0 n>0

We are now able to understand the geometric structure of €2.

Proposition 2.18 (Geometry of Q2) Q2 consists of four distinct connected components, each
of which is biholomorphic to H x H, and which form a cycle of period 4.

We recall the following simple topological lemma. Here d denotes the topological bound-
ary.

Lemma2.19 Let A, B C C" be open, A connected. If AN B # & and 0B N A = & then
ACB.

Proof Since A N 3B = & we can write
A = (AN B)U (A\B).

Both A N B and A\B are open and A N B # @ by assumption, so since A is connected,
A\B = @. O

Recall also that if a set A is invariant under a map F, by continuity of the latter we have
F(A) C A. The following lemma is also known.

Lemma 2.20 Let Q1, Q2 be two Fatou components for an automorphism F of C2. Then if
F(Q1) N Q2 # 3, F(21) = Q.

Proof We have that F(21) C 29, indeed otherwise, F(£21) would intersect the boundary
of 2, which is contained in the forward Julia set, and this is impossible because the Fatou
set is completely invariant. On the other hand suppose for a contradiction that there is P €
>\ F(£21). Then since F(21) N 2, # & and both 1, F(£21) are connected there exists
0 € Q2 N F(0221), which is impossible because 92 is contained in the forward Julia set
which is forward invariant. O

Observe that we could not simply use the same argument applied to F~!, since the Fatou
components for F and F —!are, in general, different sets.

Proof of Proposition 2.18 We prove the claim by showing that 2 is biholomorphic to S. Since
S has four connected components S*” each of which is biholomorphic to H x H, the same
holds for €. Since by definition @ = +.— Q4 and each Q9° is connected, these are
exactly the connected components of 2.

Recall the definition of the set W C § from Sect. 2.2 and recall that it is forward invariant
and contained in S. Hence (2.23) holds. Also recall that by (2.24) ¢(2) C S.

Let U be a 2+/2-neighborhood of dW. Fix a, b € {4, —}. We want to apply Lemma 2.19
to the sets A = W*\U and B = ¢(W). So we need to show that

o ANB = (WT)NpW») £
e IBNA =dp(W®)Nn(W\U) = 2.

a,be
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The second item is true because d(p(W)) C p(dW®) € U by (2.23). So we now show
that (Web \U) N (p(W“b ) # . Let P € W4 such that the ball of radius +/2 centered at P
is contained in W’\U. This is possible because this set contains arbitrarily large balls. By
(2.23), |P — ¢(P)|| < ~/2 hence p(P) € W*\U.

Hence, applying Lemma 2.19 we obtain that for each a, b € {+, —} we have p(W?) >
(W\U) hence

() D (W) D (W\U).

We now show that this implies that ¢(2) D S. Notice that S can be written as
i0 i0 2 . . T i
S = {(rle 1 re'?) e C*:ry,rp >0, and for eachi = 1, 2either |6;| < 7 orlf; — | < Z}

Fixa < %. By definition of W there exists R = R(«) such that W\U contains the set

WA\U D Xg.g = {(r1€/%, r2¢!2) : 7|, ry > R and for eachi = 1,2 either|§;| < aor|; — 7| < a}.

Hence ¢(2) D (W) D (W\U) D Xa,R-
By the explicit form of L, | J >0 L™/ X4 r = Xa,0. Hence by backward invariance of
¢(£2) under L we have that

; 7
p(2) D U L™/ Xg g = Xaqo foreverya < 7
j=0
It follows that
9@ > | Xeo=S$.
a<i

Hence ¢(2) = S.
It remains to show that the Fatou components ° with a, b € {+, —} form a cycle of
period four, more precisely, that

F(Q®) =D forall a,b e {+, —}. (2.25)
By definition Q% > W and by Lemma 2.2, F(W) N W2 £ & Hence F(Q) N
Q=P £ z By Lemma 2.20, F(Q%) = Q(=Pa, o

2.5 Limit sets on Q9

Let H and —H denote the right and left half plane respectively. In this section we show the
following.

Proposition 2.21 (Limit set for 2) We have that
h Q%) =H and hy (%) = —H ifa = b
hi(Q%) = —H and hy (%) = H ifa # b.

Let W be as defined in Sect.2.2 and W; as defined in Sect.2.3. Since both are forward
invariant and contained in S we have that, for any a, b € {4, -}, F (W“b Yy C WD gpd
F (W;*b) C Wl(fb)“. Compare with Lemma 2.2 and Corollary 2.3.
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We first study the image of W,“b under Ay, ho.

Lemma 2.22
(Wi c H and ho (W) € —Hifa = b
(Wit ¢ —H and ha(Wiby c Hifa # b

Proof Recall that /1 (zo, wo) = lim,— 5)22':1 CLet I, = (—%, %) and I_ = (%n, %n).

Fora,b € {4+, —}and (z, w) € W;‘b, then arg(z) € I, and arg(w) € I;. Hence arg (i) €
(=%.%)ifa = b,andarg (%) € (%, 37)ifa # b.Since F2(W;/ TUW,; ™) ¢ W tuw, ~,
If (z, w) € WI++ U W, then all of its even iterates (z2,, w2,) € W;“Jr U W, ™, hence by
taking the limit 21 (W;"*), hy (W, 7) C H. Similarly if (z, w) € W;"~ U W, * then all of its
even iterates (22, wo,) € W;'~ UW,; *, hence hy(W; ™), hi(W; ") C —H. The analogous
results for 4, hold by observing that hy = ;—f Since Wy is open by Proposition 2.16, its
image under a holomorphic map of maximal rank is open, hence we can replace H, —H by
H, —H. O
Lemma 2.23

H C hy (W) and —H C ha(W) ifa = b
—H C hy (W) and H C hy(W*) ifa # b.
Before proving Lemma 2.23 let us see how Lemmas 2.22 and 2.23 imply Proposition 2.21.

Proof of Proposition 2.21 We prove the claims for A 1; for hy = ;—1‘3, it follows by symmetry.

Clearly h1 (%) > hy (W) for any a,b € {+, —} since Q% > W9. So in view of
Lemma 2.23, 11 (Q2%) > —H or h1(Q%) > H depending on whether a = b.
We now consider limit sets for QT+ and Q7 7; the other cases are analogous. By (2.25),

FAQ™ cQ ™ and FAQ@ ) cQtt.
It follows that for any n > 0,
Fr@Qttue ) cottua .
In view of this, and since W7 is absorbing for €2, we have that for any P € (QTTUQ™—)
F™(P)yc Wi n(QTTuQ ") =Wt UW,~ foranyn large enough.

Hence hi(P) € hl(WI'H' UW, ") C Hforevery P € (QtTUQ™7), hence h (2T U
Q) C H. It follows that iy () = hy () = H. .

We devote the rest of this section to proving Lemma 2.23. We first give a version of
Rouché’s Theorem which relies on one of the many versions of Rouché’s Theorem existing
in one variable (compare with Theorem 3.4 in [8]; we will use it with the spherical instead
of the Euclidean metric). This is certainly known to experts in the field but we are not aware
of a reference. In this section d denotes the topological boundary, and distspher denotes the
spherical distance.

Theorem 2.24 (Rouché’s Theorem in LCZ) Let BC C?bea polydisk, F, G be holomorphic
maps defined in a neighborhood of B which take values in C. Let ¢ € G(B), let ¢ =
distspher (¢, G(3B)) > 0 and assume

distspper (F, G) < & on 0B.
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Then ¢ € F(B).

Notice that the assumptions imply that ', G have generic rank 1: They cannot have rank
2 because the target is C, and G cannot be constant otherwise there could not be ¢ € G(B)
with positive distance from G (9 B). One can check that F cannot be constant either.

Proof Let D be a horizontal disk passing through a point P. € G~'(¢) N B, such that
oD C 0B.Let g := G|p, f := Fp. They are holomorphic in a slightly larger horizontal
disk. Notice that distspper(g, f) < & on 9D, and that distspher (G(dD),c) > & because
dD C 9B. By Rouché’s Theorem in one variable, ¢ € f(D) C F(B) as required. ]

Remark 2.25 Unless P. is an isolated point in G! (c) we obtain a curve of points in F' —“1(e).
Indeed, the proof gives a point in F~!(c) for any Euclidean disk passing through points in
G~ !(¢), for example, a family of disks passing through P, along different complex directions.
The points obtained for F~!(c) are distinct unless they always coincide with P.. On the other
hand, if P, is an isolated point in G| (c) then P, € F! (c) is also isolated in F~1(c). Indeed
otherwise we could reverse the role of F and G and obtain one point in G~ (c) for any
Euclidean disk passing through any point in ¥ ~1(¢) and obtain a curve of points in G (o).
The proof as it is works when B is any C-convex set instead of a polydisk, and can certainly
be generalized further.

Proof of Lemma 2.23 We show H C hl(W,++). The other cases are analogous. Recall that
orbits of points in W are contained in S, hence (2.9) holds. Since

20 20 + Al (zo, wo)

wy,  wo + AS(zo, wo)’

dividing the numerator and the denominator by wg and using ﬁ =1+ Z;ozl(—x)-/ for
|x| < 1 we have that

20 _ <270+ Al (zo,wo)) H_Z( A5 (zo, wo)) 20 (2.26)

w2, Wo wo w wo
A (zo, w Al (2o, w >\ (= Al (zo, wo) !
_ Al 0)+(z70+ 1 (zo 0)>Z( 5(20, wo) Vin = 0.
wo wo wo o wo
(2.27)
This expression makes sense for [x| = ‘#gwm < 1, hence, in view of (2.9), for |wg| > 1.
Recall also that | Z/ 1 x| = l—l 2x| if x| < % Let K c Cbea compact set and

suppose that if(’) takes values in K. By (2.26) and using (2.9), for any ¢ > 0 there exists
M = M (K, ¢) such that

“n _ 200 g for |lwg| > M and — € K. (2.28)

wan wo wo

Consider the function G(z, w) := i Observe that

e = {(rleie',rzemz) e C?: o r,0 =60 — 92} .
)

Let ¢ € H. By the shape of W we have that G(WT") = H, that ¢ :=
%distspher(c, G(@W)) > 0, and that we can choose Q = (z0, wo) € Wt € G~ l(¢)
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such that |wy| is arbitrarily large. By taking a limit in n in equation (2.26) and on a suffi-
ciently small polydisk centered at Q we can ensure that distspper (71, G) < €, hence the claim
follows by Rouché’s Theorem. O

The main Theorem is a direct consequence of Propositions 2.6, 2.17, 2.18, 2.21.

3 Appendix: Proof of Proposition 2.13

We split the proof of Proposition 2.13 over several lemmas.

Definition3.1 Let E C C". A vector v € C" is called tangent to E at a point P € E if
there exist a sequence of points P; € E and real numbers ¢; > 0 such that P; — P and
tj(P; — P) — v as j — oo. The set of all such tangent vectors is the tangent cone to E at
P.

The tangent cone is indeed a cone in C" = TpC". If the set E isaC I_smooth manifold,
the tangent cone coincides with the tangent space.

For complex analytic sets of dimension one, the following is a well known fact. For a
proof, see [11, Corollary on page 80].

Lemma3.2 Let H C C" be an analytic set of dimension one. For all x € H the tangent cone
of H at x consists of a finite union of complex lines (whose number is not greater than the
number of irreducible components of H at x).

Definition 3.3 Let B C C” be a polidisc. The torus T with same center and same poliradius
as B is called its Silov boundary. We will denote it by dsB.

The Silov boundary is a very general notion, for Banach algebras, but we will not need it
here in all generality. For details, we refer to [12, from page 325].

Lemma 3.4 Let B be a polydisk, dsB be it&?ilov boundary, and u : U — R be a harmonic
function defined on a neighbourhood U of B. Then

maxu = maxiu.
B asB

Recall that 0 denotes the topological boundary.
Proof For every P € dB\dsB there is a horizontal Euclidean disc D through P which is
contained in d B whose boundary is in ds B. Being # harmonic in a neighbourhood of B, u is

harmonic on such a closed disc, hence its value at P is less or equal to the maximum of u at
its boundary 0D C dsB. Hence

maxu = maxu.
3B asB

If P € B, we can find a disc through P with boundary in d B and repeat the argument, getting
the conclusion

maxu = maxu = maxu.
B B dsB

[}
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Lemma3.5 Let H C C? be an analytic set of dimension one. Then for every P € H there
exists an arbitrarily small torus T p centered in P such that Tp N H = @.

Proof Let P € H.Consider the tangent cone Cp of H at P. By Lemma 3.2, Cp is a finite set
of directions oy, ..., o € ¢ Up to a rotation, we can suppose all directions to be in C. Up
to choosing n > 0 small enough, we can ensure that the polidisk B, of poliradius 1 centered
in P intersects only one connected component of H. Moreover, by the definition of tangent
cone, we can choose a small neighbourhood K C C of all o such that

HNU, C Ugek (P + (z,a2)).

We can suppose K to be small enough that there is 0 < b < 1 suchthat K N { € C | |B| =
b} = @.
For any 0 < § < 7, defining

Tp ={lz — zp| = 8} x {lw — wp| = b5}

we have that Tp C Us and if (z, w) € Tp, ";:?’PP = B with |8| = b. So

TpNH =TpNU,NH = @.
O

Proof of Proposition 2.13 Let K and L be compact sets as in the statement. For each P €
H N K, by Lemma 3.5 there exists a torus Tp C L centered in P such that Tp N H = &.
Each torus Tp is the Silov boundary of a polidisk Bp centered in P. Since {Bp}pcunk is a
covering of H N K, by compactness we can extract a finite covering {By, ..., Bi}.

There is a n-neighbourhood U, of H such that U, N K C UB;. If the harmonic function u
satisfies u < o on L\ U, then it satisfies the same estimate on all tori T j, and by Lemma 3.4
the same estimate holds on all B;. Hence u < o on K. |
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