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1. Introduction

1.1. In the present paper, we introduce a boundary analogue of Kang-Kashiwara-
Kim-Oh generalized Schur-Weyl dualities between quantum affine algebras and Khovanov-
Lauda-Rouquier (KLR) algebras (also known as quiver Hecke algebras). More precisely,
let g be a complex simple Lie algebra and U,Lg the corresponding quantum affine al-
gebra. Given an affine quantum symmetric pair (QSP) subalgebra Ut C U,Lg, we
construct a functor

°F : *Rg(A) -mod!? — Ugk-mod™

where YR () denotes the orientifold KLR algebra (o KLR) associated to a distinguished
quiver () endowed with a contravariant involution # and a framing A, which depends upon
the choice of a suitable family of finite-dimensional U, Lg-modules. By construction, the
functor °F intertwines the standard module category structures on “Rg(X) -mod;; and
U,t-mod™, and it is expected to yield, under a suitable localization, an equivalence
of categories with a boundary analogue of the Hernandez-Leclerc category for U,Lg.
Finally, we prove that ?F recovers the Schur-Weyl dualities constructed by Fan-Lai-Li-
Luo-Wang-Watanabe between the (quasi-split type Alll) QSP algebra U,¢ and the affine
Hecke algebra of type C.

While there is a natural parallelism between the results described above and those in
[32], their proof requires several new ideas, which we describe in detail in the rest of this
introduction.

1.2.  The classical Schur-Weyl duality is a fundamental symmetry, which allows us
to identify the category of finite-dimensional representations of the symmetric group
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&, with the subcategory of sly-modules appearing in the decomposition of the ¢-tensor
power of the vector representation V := C¥ of sly (when [ < N). This symmetry can
be realized as a functor V¥ ®g, @ : Gy-mod™ — Usly -mod™, using the fact that V&*
is an (Usly,&¢)-bimodule. The quantum analogue of this construction appears as a
duality between quantum groups and Hecke algebras. In the affine setting, it is due to
Chari-Pressley [12] and amounts to a functor Hy, 42 -mod™ — U, Lsly -mod™ between the
affine Hecke algebra H ¢,q> and the quantum loop algebra U, Lsly, arising from their joint
action on the /-tensor product of the affinized vector representation V := C(q)"[z,27}].

1.3.  More recently, in the series of papers [32,31,33-35], Kang, Kashiwara, Kim
and Oh defined a generalized version of Chari and Pressley’s Schur-Weyl duality, which
goes beyond type A and is expressed in terms of KLR algebras. More precisely, given
a complex simple Lie algebra g, the construction depends on a combinatorial datum
consisting of a (possibly infinite) set of finite-dimensional U,Lg-representations V (7),
each decorated with a non-zero scalar X (i) € C(q). By comparing the order of the poles
of the trigonometric R-matrices on V(i) ® V(j) at X (j)/X(7), one obtains a quiver @
for the KLR algebra, which, given a dimension vector 3, we denote by Rg(5).

A suitable (U,Lg,Ro(83)) bimodule V# is constructed as a direct sum of various
tensor products of affinized representations V' (i). The action of Rg(3) on V7 is given in
terms of normalized R-matrices of U, Lg. The bimodule yields a functor Rq(3) -mod;, —
U,Lgg-mod™, and taking the sum over all possible dimension vectors, one obtains a
monoidal functor

F: EBRQ(B) -mod;; — U,Lg-mod™ .
B

We emphasize that, a priori, Q) is not related to the Dynkin diagram of g. However,
it was shown in [31] that there does exist a combinatorial datum such that the two
coincide. In that case, F induces an equivalence with the Hernandez-Leclerc category
Co C Repra(UqyLgg) [23,52].

1.4. A quantum affine symmetric pair (QSP) subalgebra is a distinguished coideal
subalgebra Ut C U,Lg (also known in the literature as Letzter-Kolb coideal subalge-
bras or affine ¢ quantum groups) [42]. Building on previous work by Bao-Wang [7] and
Balagovic-Kolb [5], the first author and B. Vlaar proved in [3] that QSP subalgebras of
arbitrary Kac-Moody type give rise to universal K-matrices, i.e., universal solutions of
Cherednik’s generalized reflection equation. The latter can be thought of as a boundary
analogue of the Yang-Baxter equation, since it arises as a consistency condition in the
case of particles moving on a half-line [14,63] and produces representations of type B
braid groups (cylindrical braid groups). As in the case of the universal R-matrix, uni-
versal K-matrices formally descend to finite-dimensional U,Lg-modules. In the case of
irreducible modules, they give rise to trigonometric K-matrices, i.e., rational solutions
of the reflection equation satisfying a unitarity condition, see [4].
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1.5.  Our main result is the construction of a boundary analogue of the functor F for
affine QSP subalgebra. The key idea is to enhance the combinatorial model developed by
Kang-Kashiwara-Kim in [32] by further taking into account the poles of the trigonometric
K-matrix on the representations V(). Such an enhanced combinatorial datum yields a
framed quiver ) equipped with a contravariant involution. The framing depends on the
choice of two (families of) parameters of the QSP subalgebra U,¢, which appear in the
expressions of the poles of the K-matrix. For generic parameters, we expect that the
framing is trivial.

1.6.  In [65], Varagnolo and Vasserot introduced a modified KLR algebra *Rg(3; ),
associated to a framed quiver with an involution. In this paper, we consider a mild gen-
eralization, which we call an orientifold KLR algebra (o KLR) [56,54,53]. By considering
a completed tensor product of the U,Lg-modules V (i), we construct, in Section 7, a
(U8, R (B; X))-bimodule VA whose o KLR algebra action is given in terms of nor-
malized R- and K-matrices. This construction yields a functor ?F, which intertwines the
respective categorical actions, as illustrated below.

P Rq(8)-modl! —F— U,Lg-mod"
5

l l (1.1)

D ‘Ro(8;A)-mod;; ——— Ugt-mod”
E

The vertical arrow on the KLR side is given by induction, while that on the quantum
affine side is given by restriction.

Moreover, we prove in Section 9 that, in the case of quasi-split QSP subalgebras of type
Alll, the functor ?F recovers the 1/7 Schur-Weyl duality between U,t and the 3-parameter
affine Hecke algebra of type C constructed by Fan, Lai, Li, Luo, Wang, and Watanabe in
[20]. The proof, which eventually reduces to an explicit and direct computation, relies on
a modified Brundan-Kleshchev-Rouquier isomorphism constructed in Section 8 between
(certain completions of) o KLR algebras and affine Hecke algebras of type C, generalizing
similar constructions obtained in [65,54].

1.7.  The functor ?F does not immediately yield an equivalence, but it is expected to
give rise to one under a suitable localization procedure, which we briefly outline below.

In the case of the functor F, this procedure involves replacing the category of modules
over the KLR algebra with a localized quotient T [32]. Namely, one first mods out the
kernel of the functor F and then localizes the quotient with respect to a family of com-
muting objects whose image through F is the trivial U, Lg-module. The functor F factors
through 7 and yields an equivalence of monoidal categories F : 7 — Cyy, where Cy,, is a
Hernandez-Leclerc-type subcategory of U,Lg-mod™ [25,32,23,52].
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A similar strategy can be applied towards the construction of a 7-module category
9T, to which °F descends, yielding an analogue of the diagram (1.1). The corresponding
localization procedure would involve a family of commuting objects in a module category.
This requires the construction of suitable K-matrices for o KLR algebras, which are
expected to correspond, under the functor °F, to the trigonometric K-matrices for U,Lg-
modules constructed in [4]. The resulting functor is finally expected to give a rise to an
equivalence of module categories between ?7 and a boundary analogue of the Hernandez-
Leclerc category, which will be the subject of future work.

1.8. Future directions

Following the seminal work of Bao-Wang [6,7], a general picture has begun to emerge
that most fundamental algebraic, geometric, and categorical constructions in quantum
groups can be generalized to quantum symmetric pairs. Fundamental results in this
direction have been obtained in [17,5]. In the same spirit, the finite-dimensional repre-
sentation theory of affine QSP subalgebras is expected to be as rich and interesting as
that of quantum affine algebras. Several recent advances, such as the new Drinfeld pre-
sentation in the split affine QSP case (see, e.g., [47]), and the study of o-quiver varieties
[46], suggest that the algebraic and geometric methods based, respectively, on Drinfeld
polynomials and Nakajima quiver varieties are likely to have their QSP analogues.

The results of the present paper show that the recent approach based on Kang-
Kashiwara-Kim-Oh Schur-Weyl duality also successfully extends to quantum symmetric
pairs. While a direct understanding of their representation theory is, in large part, still
out of reach, the boundary Schur-Weyl duality offers an alternative method, exploiting
the combinatorial nature of KLR representation theory.

Moreover, the natural grading on o KLR algebras suggests the existence of a graded
representation theory of quantum affine symmetric pairs. More specifically, we expect the
gradings to manifest themselves through ¢-characters and deformations of Grothendieck
modules, compatible with analogous deformations of Grothendieck rings in the case of
quantum affine algebras [26,51,64]. On the o KLR side, the Grothendieck module of the
category of finite-dimensional representations has been described in terms of certain irre-
ducible highest weight modules V' (\) over the Enomoto-Kashiwara algebra [18,19,65].
Following [41,56], we expect that significant new information about the representation
theory of quantum affine symmetric pairs may be extracted from the dual canonical
basis of V' (A). In rank one, this is expected to be related with the combinatorics of
tridiagonal pairs developed by Ito-Terwilliger [27].

1.9. Outline

In Sections 2 and 3, we recall the basic definitions of quantum affine algebras and
their quantum symmetric pairs (QSP). In Section 4, we briefly discuss the construction
of rational K-matrices for finite-dimensional modules over quantum affine algebras. In
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Section 5, we review the definition of orientifold KLR algebras (o KLR) associated to a
framed quiver with an involution and we describe the module structure on their category
of finite-dimensional graded modules. In Section 6, we introduce the enhanced combina-
torial model and discuss few examples. In Section 7, we present the main result of the
paper, providing the construction of the Schur-Weyl duality functor ’F (Theorem 7.2.1)
and its compatibility with the Kang-Kashiwara-Kim functor (Theorem 7.3.2). In Sec-
tion 8, we construct an isomorphism a la Brundan-Kleshchev-Rouquier (BKR) between
suitable completions of o KLR algebras and affine Hecke algebras of type C (Theo-
rem 8.2.1). In Section 9, we prove that, through the BKR isomorphism, the functor F
recovers the /7 Schur-Weyl dualities between quasi-split QSP subalgebras of type Alll
and affine Hecke algebras of type C constructed in [20] (Theorem 9.5.2).
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2. Quantum affine algebras

In this section we recall the definition of quantum affine algebras and basic results on
their irreducible finite-dimensional modules.

For any lattice A C R", we denote by A its non—negative component. We regard ¢
as an indeterminate and set k :== C(q).

2.1. Quantum affine algebras

Let g be a complex finite-dimensional simple Lie algebra with Cartan subalgebra
h C g. Let I := {1,2,...,rank(g)} be the set of vertices of the corresponding Dynkin
diagram, A = (a;;)i jer the Cartan matrix, (-,-) the normalized invariant bilinear form
on g, Il := {a; | i € I} C h* a basis of simple roots and IIV := {«) | i € I} C b a basis
of simple coroots such that «;(a)) = a;;. Let Q := ZII C h* and QY := ZIIY C h be the
root and coroot lattice, respectively. Let &, C Q4 be the set of positive roots. Finally,
let A == {A; | i € I} be the set of fundamental weights and P := ZA C h* the weight
lattice.

Let g be the (untwisted) affine Lie algebra® associated to g with affine Cartan sub-
algebra h C § [29, Ch. 7]. Let I = {0} U T be the set of vertices of the affine Dynkin

~

diagram and A = (a;;), ;.7 the extended Cartan matrix [29, Table Aff. 1]. We denote

by Q and QV the affine root and coroot lattices, respectively. Let § € Q+ and ¢ € QYF be
the unique elements such that

1 The results of this paper apply to the case of twisted affine Lie algebras. However, in order to simplify
the exposition, we consider only the untwisted case.
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MeQ|Viel, Na))=0}=25 and {heQV|Viel, a;(h)=0}=7Zc

In particular, 6 — ap = Z/\ie 7 a;cy € ® is the highest root, ¢ is central in g and, undef
the identification v : h — h* induced by the bilinear form, one has v(c) = §. We fix d € b
such that a;(d) = d;9 for any i € I. Note that d is uniquely defined up to a summand
proportional to ¢ and we obtain a natural identification H = hd Cch Cd. Finally, we set
QL. =Q"@®Zdch P:={rebh | ANQY,) CZ}, and Ps :=P/(PN Q).

Fix pairwise coprime non-negative integers {¢; | i € 7 } such that the matrix (€;as;); ;7
is symmetric and set ¢; := ¢%. The quantum Kac-Moody algebra associated to g is the

algebra U,g over k with generators E;, F;, i € I, and K, h € (AQZ“, subject to the
v o2

ext?

following defining relations. For any h, h' € Q
KhKh/ = Kthh/ and KQ = 1,
and, for any 7,7 € IA,

KyEB; = ¢ WE K, — Ky,F=q¢*“MEK,

K; — K *
(B, Fj] = 0ij———5~
qi — q;

Serrez-j (EZ, Ej) =0= Serreij (FZ, Fj) (Z 7é ])

where K,Lil = K4y and Serre denotes the usual quantum Serre relations (see, e.g.,
[48]). On U,g we consider the Hopf algebra structure with coproduct

AK) =Kn@Kn, AE)=E®1+KQE, AF)=FK '+1F,

Finally, the Chevalley involution w : U,g — (U,g)°" is the isomorphism of Hopf algebras
defined by

W(Kh) = K_h, w(EZ) = —Fi, W(Fz) = —Ei (21)

for any 2 € Tand h € 6;“

We denote by Ugn™ (resp. U,n~) the subalgebra generated by the elements {F;}, 7
(resp. {Fi},c7), and we set Uqgi = U,n* Uqa, where Uqa is the commutative subalge-
bra generated by K}, h € (AQZXt Similarly, we denote by U,g the finite-type subalgebra
generated by E;, F;, i € I, and Kp,, h € QV, and by U,b, ani, Uqbi C Uyg their finite-
type counterparts. Finally, we denote by U,g’ the subalgebra obtained by replacing the
extended coroot lattice QY with the standard coroot lattice QY.

ext

2 In this paragraph only, we denote the zero element of (AQVXt by 0 in order to avoid confusion with the
element Kg = Keoal\;~
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The quantum loop algebra U,Lg is the quotient of U,g’ by the ideal generated by
K.—1, where K. = Ko]],c; K;"*. Note that the Hopf algebra structure and the Chevalley
involution descend to U,Lg.

2.2. Finite—dimensional modules

We assume henceforth that every module is type 1, i.e., the action of the generators
K; (i € I ) is semisimple with eigenvalues in ¢%. Recall that the categories of finite—
dimensional modules over U,g’ and U,Lg are isomorphic, since the action of the central
element K. is necessarily trivial. Note also that finite-dimensional modules admit a
weight decomposition over ﬁ(g.

It is well-known that irreducible modules are classified by rank(g)-tuples of monic
polynomials in C[u] [11, Thm. 12.2.6]. The category U,Lg-mod™ is monoidal, but it is
not semisimple, and it is not braided in the usual sense (see Section 2.3). We denote
by (U,Lg)™ the completion of U,Lg with respect to finite-dimensional module, i.e.,
(Uy,Lg)™ is the algebra of endomorphisms of the forgetful functor from U,Lg-mod™ to
k-vector spaces. The monoidal structure induces on (U,Lg)™ the structure of a cosim-
plicial algebra (see, e.g., [3, §2.10-2.11] and [2, §8.9)).

2.3. The spectral R-matrix

Set U,g[z,27'] == U,g @k[z, 27| and consider the (homogeneous) grading shift auto-
morphism

Y, Ugglz, z_l] — Uqﬁ[z,z_l]

given by ¥.(K}) = Kj, ¥.(E;) = 2%°FE;, and ¥,(F;) = 2z % F;. Note that, by
specializing z in k*, we obtain a one-parameter family of automorphism of U,g.
Let A, A® : U,glz,27'] — (U, ® Uyg)[z,27 Y] be the shifted coproduct defined by
A, (x) =1d®3,(A(x)) and A®(x) = id ®X,(A°*(x)). The grading shift naturally de-
scends on U,Lg. For any V € U,Lg-mod™ with action 7y : U,Lg — End(V), we
consider the infinite-dimensional modules V' (2) := V ®k(z) and V((2)) :== V ®k((z)) with
the natural action given by 7y (3, (x)).

By [16], U,Lg has a universal spectral R-matrix, i.e., a formal series R(z), whose
coefficients belong to suitable completions of U,Lg ® U,Lg, such that ¥, ® ¥,(R(z2)) =
R(22) (a,b € k*) and the following identities are satisfied:

R(2)A:(z) = AZ(x)R(2),
A, ®id(R(zw))
id A, (R(2))

13(2w)Rag(w),

=R
= R13(Z)R12(Zw) .

In particular, the Yang—Baxter equation holds:
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Ri2(2)R13(zw)Raz(w) = Rog(w)Ry3(zw)Ry2(2) . (2.2)
Moreover, for any V, W € U,Lg-mod™, the operator
Ryw(z) =7y @ mw (R(2)) € End(V @ W)[Z]
is well-defined and yields an intertwiner
Ryw (2) = (12)oRyw(2) : V@ W(2) - W(2) @ V.
2.4. The trigonometric R-matrix

In the case of irreducible modules the operator Ry (z) is, up to a scalar factor, a
trigonometric R-matrix.

Theorem 2.4.1 ([16]). Let V,W € U,Lg-mod™ be two irreducible modules. There exists
a canonical function fyw(z) € k((2)) such that

Ryw (2) = fvw(2) 'R(2) € End(V @ W)((2))

is a rational non-vanishing operator, satisfying the spectral Yang-Baxter equation (2.2)
and the unitarity relation

Ryw(z) ' =(12) oRyy(z7H)o(12). (2.3)

The proof of the theorem relies on the generic irreducibility of the tensor product
V @ W, i.e., on the irreducibility of the module V ® W ((z)) over U,Lg((z)) (cf. [38, §4.2]
or [10, Thm. 3]). Note also that the function fyw(z) is uniquely determined by the
condition R(2)(v ® w) = v ® w, where v € V and w € W are highest weight vectors.

Remarks 2.4.2.
(1) As before, this yields a rational intertwiner
Ryw(2) = (12)oRyw(2): VaW(z) = W)V,

which is sometimes referred to as the normalized R-matrix, see e.g., [32].

(2) If V is an irreducible real module, i.e., V®V is irreducible, the normalized R—matrix
satisfies Ry, (1) = id (see, e.g., [21]).

(3) By considering the shifted module V (w), one obtains an intertwiner

Ry (w,2) = Ry (yw(2) : V(w) @ W(z) = W(z) @ V(w).
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Since the spectral R-matrix satisfies the identity ¥, ® id(R(2)) = R(2) (a € k),
it follows that Ry (w,z) depends rationally on z/w only, and it is denoted

Ryw(z/w). v
3. Quantum affine symmetric pairs
3.1. Generalized Satake diagrams

Classical and quantum Kac-Moody algebras are defined in terms of a combinatorial
datum encoded by the Dynkin diagram and the Cartan matrix. Similarly, classical and
quantum symmetric pairs (the latter are also known as Letzter-Kolb coideal subalgebras
or ¢ quantum groups) arise from a refinement of such a datum, see, e.g., [30,45,42].

Let Aut(A) be the group of dzagmm automorphisms of the affine Cartan matrix, i.e.,
the group of bijections 7 : T — T such that Aij = Ar(i)r(5)- Let X C Ihbea proper subset
of indices. Note, in particular, that the corresponding Cartan matrix Ay is necessarily
of finite type. We denote by opy € Aut(Ax) the opposition involution of X, i.e., the
involutive diagram automorphism on X induced by the action of the longest element wx
of the parabolic Weyl group Wx on Qx, see, e.g., [3, §3.11].

Following the recent approach proposed by Regelskis and Vlaar in [59,60], we say that
a pair (X,7) is a (generalized affine) Satake diagram and write (X, 7) € Sat(A) if X C T,
T is an involutive diagram automorphism which preserves X, and

(1) lx = opy,
(2) for any i € I\ X such that 7(i) = i, the connected component of X U{i} containing
1 is not of type As.

A list of Satake diagrams for A is given in [60, App. A, Tables 5, 6, 7]. Henceforth, we
fix an affine Satake diagram (X, 7) € Sat(A).

3.2. Pseudo—involutions

The diagram automorphism 7 € Aut( ) extends canonically to an automorphism of
g, given on the generators by 7(a) = X( ), 7(e;) = er), and 7(f;) = fr(;)- We then
consider the Lie algebra automorphism 9 : g’ — g’ given by

¥ =Ad(wx)owor,

where w denotes the Chevalley involution and Ad(wy) denotes the automorphism of
g given by the triple exponentials.” Note that, since a;(7(c)) = a,¢y(c) = 0, one has

3 More precisely, if wx = Si, - - 83, is a reduced expression of the longest element, then wx = s;, - - - 5;,,
where s; = exp(e;) exp(—f;) exp(e;). It is well-known that the operators s; (i € I') induce an action of the
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7(c) = cand 9(c) = —c. In [60], ¥ is referred to as a pseudo—involution of g of the second
kind (cf. [30]).

3.3. Quantum pseudo—involution

The pseudo-involution ¥ has a distinguished lift ¥, at the quantum level as an algebra
automorphism of U,g’. This is obtained by choosing a suitable lift for each of the three
factors in 9. We follow the construction of ¥, given in [3]. First, one considers the usual
Chevalley involution on U,g given by (2.1). Then, the diagram automorphism 7 extends
canonically to an automorphism of U,g’ given on the generators by 7(E;) = E.¢,
T(FZ) = Fr(z‘) and T(Kh) = Kr(h)-

By [48, §5], the quantum Weyl group of U,g provides a suitable quantization of wx €
Wx. Namely, let Sx be the quantum Weyl group operator corresponding to wx acting
on any integrable U,g-module,” and set Sy = &y - Sx. Here &y is the operator defined
on any weight vector of weight A as the multiplication by ¢(?(*):2)/2+(\ex) “where px is
the half-sum of the positive roots in ® x. Therefore, Sy can be thought of as an element
of the completion of U,g with respect to integrable modules. By [3, Lemma 4.3 (iii)],
Ty = Ad Sy yields an automorphism of U,g.

The quantum pseudo—involution v, is given by

Vg i=TyoworT.

Note that, as in the classical case, 9, is independent of the order of the three factors.
Moreover, ¥, descends to an automorphism of U,Lg.

3.4. QSP subalgebras

It is well-known that there is a family of coideal subalgebras of U,g associated to the
pseudo-involution 9, introduced in [45,42,59] and parametrized by two sets, I' C (k*)!
and 3 C kI (cf. Remark 3.4.1).

Let U,gx C U,g be the subalgebra generated by E;, F;, and K; (i € X). The QSP
subalgebra of U,g corresponding to ¢ with parameters (,0) € T' x X is the subalgebra
Ugt © U,§ generated by U,gx, the elements K, with b € (QY,)”, and the elements B;
(i € I'\ X) given by

Bi=F+~, 0,F)+o; - K.

In the following, a morphism of U,¢-modules will be simply referred to as a QSP
intertwiner.

braid group on any integrable g—module. In particular, their adjoint action gives rise to an automorphism
of g. For a concise summary of the main properties of triple exponentials, we refer the reader to [3, §3.7].

4 More precisely, given a reduced expression s, -+ -85, of wx in terms of fundamental reflections, set
Sx =84, --+Si,, where S; = T;', in the notation from [48, 5.2.1].
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Remarks 3.4.1.

(1) Roughly, I' x X is the set of all pairs (v, o) satisfying (v,,0;) = (1,0) (i € X) and
Ugstn Uqa = Uqaﬂ. For the explicit description of the sets I and X see, e.g., [3, §6.8].

(2) Following [3, §7.4], we shall regard the tuple « as a diagonal operator on integrable
modules. Namely, we fix henceforth a group homomorphism = : P — F* such
that v(a;) = ~, (i € f) Then, v acts on any weight vector of weight A\ as the
multiplication by ~(\).

(3) By [3, §6.2], it follows that Ut C U,g’. vV
3.5. Coideal property and monoidal action

It is well-known that U,t is a right coideal subalgebra of U,g, i.e., A(U,t) C U t®U,g,
see [42]. The categorical counterpart of this property is described in terms of module
categories. Roughly, a module category (resp. a morphism of module categories) is the
analogue for a monoidal category (resp. a tensor functor) of what a module (resp. a
morphism of modules) is to a ring (resp. a morphism of rings).

We briefly recall these notions following [24]. Let A be a monoidal category with
tensor product ® and unit object 1. A (right) monoidal action of A on a category B is
a functor <: B x A — B together with an associativity constraint and a unit constraint

®: go(idx®) =+ <o (axid) and wu: <o(id x1) — id,

satisfying the analogues of the pentagon axiom and the unit axiom for a monoidal cate-
gory (see [24, Eqns. (6)—(7)]).

Then, we say that B is a module category over A (or, equivalently, that (B,.4) is an
action pair) if it is equipped with a monoidal action of A.

Example 3.5.1. Set A = U,g-mod and B = U,t-mod. Since U,t is a coideal subalgebra
in U,g, the standard tensor product induces a functor

<: Uyt-mod xU,g-mod — U,t-mod
which is readily verified to be a monoidal action of U,g-mod on Ugt-mod. v

Let now (B,.A) and (B', A") be two action pairs. A functor (B, A) — (B', A’) is the
datum of

e a monoidal functor Fu: A — A,

e a functor Fg: B — B,

e a mnatural isomorphism w: Fg o 4 — <o (Fp x F4) satisfying the analogue of
the consistency condition for the tensor structure of a monoidal functor (see [24,

Eqns. (8)-(9)]).
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More concisely, we shall say that the functor Fz intertwines through F'4 the action of A
on B and of A’ on B'.

4. Trigonometric K-matrices

In this section, we briefly review the construction of trigonometric K-matrices on
irreducible finite-dimensional U,Lg-modules. The results of this section are due to the
first author and Vlaar [4].

4.1. T-invariant shifts

Henceforth, we replace the homogeneous grading shift defined in §2.3 with a fixed
T-invariant grading shift. Namely, we fix a morphism X7 : U,Lg[z, 27| — U,Lglz, 27|
given by

EZ(Kh) = Kh s E;(EZ) = ZXiEZ' 5 EZ(FZ) = Z_XiFi 3

where x : I — Z>¢ is a non-zero T-invariant function. In particular, ¥7 o7 = 70 X7.
Examples of T-invariant grading shifts are those determined by the characteristic function
of any union of 7-orbits (e.g., the principal grading shift). Clearly, the homogeneous
grading shift 3, is 7-invariant if and only if 7(0) = 0. In this case, we say that the QSP
subalgebra is T—restrictable.

Let V € U,Lg-mod™ with action my: U,Lg — End(V). As before, we denote by
Ty, = Ty o X7 the 7-shifted action of U,Lg on the modules V(z) = V ® k(z) and
V((2) =V ®@k((2)). Note that the 7—analogue of Theorem 2.4.1 holds with A, replaced
by the 7-shifted coproduct AZ(z) = id®¥7(A(x)). Henceforth, we fix a 7-invariant
grading shift and drop the superscript 7.

4.2. Spectral K-matrices

Fix a QSP subalgebra Ut C U,g. By Remark 3.4.1 (3), every finite-dimensional
U,Lg—module V is naturally acted upon by U,¢ through the projection U,g’ — U,Lg.
In the following, we shall consider the restriction of V' to U,t. With a slight abuse of
notation, we will denote by the same symbol an element in U € and its image in U,Lg.

Set

G :={g € (UgLg)"" | Ad(g)(UsLg) =UgLg,%.(g) = g} -

By [4, Thm. 4.2.1], U,Lg has a G-family of universal spectral K-matrices relative to
the QSP subalgebra Ujt. Namely, for any g € G, there is a canonical formal series
K(z) € (U;Lg)"[z] such that £,(K(z)) = K(az) (a € k*) and the following properties
hold.
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(1) For any b € Uy,¢t,

K(z) - E2(b) = ¥(31/:(b)) - K(2),

where ¢ = Ad(g) 0 9.
(2) Set R(2)¥ = ®id(R(z)). Then,

Auy:(Kp(2)) = R 1@ K(w) - R(zw)”  K(z) @ 1.
Moreover, K(z) is a solution of Cherednik’s reflection equation

R(w/2)%" 1@ K(w)R(zw)? -K(z) @1 = (4.1)
—K(2)®1-R(z0)f, -1 K(w) - Rw/2),
where R(2)%, = ¢ ® id(R(2))a1.
Remark 4.2.1. The result above relies on the construction of universal K-matrices for
quantum Kac—Moody symmetric pairs given in [3, Thm. 8.11-8.12], building on the work

of Bao-Wang [7] and Balagovi¢-Kolb [5].
The equation (4.1) was first introduced by Cherednik in [15, Eq. (4.14)]. Vv

4.8. Trigonometric K-matrices
A finite-dimensional U, Lg-module V is

(1) QSP irreducible if it is irreducible as a module over U, ¢;
(2) generically QSP irreducible if V((2)) is irreducible as a module over U, ¢((2)).”

Such condition is the natural counterpart of the generic irreducibility of the tensor prod-
uct and yields the following QSP analogue of Theorem 2.4.1, see [4, Thm. 5.2.1].

Theorem 4.3.1 (//]).

(1) Every finite-dimensional irreducible UyLg-module is generically QSP irreducible.

(2) Let V,W € U,Lg-mod™ be irreducible modules. There is a formal Laurent series
gv(2) € k(2)) and a polynomial non—vanishing operator Ky (z) € End(V)[z] (unique
up to a scalar) such that

Kv(2) = gv(2) - Ky (),

5 Note that V((2)) is equipped with the shifted action (see §4.1).
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where Ky (2): V((2)) — ¢*(V)(z71)) is the formal QSP intertwiner given by the
action of K(z) on V.

(3) The operators Ky (w) and Ky (z) satisfy Cherednik’s reflection equation in End(V ®
W)(z,w)

Ry (w) g (v) (W0/2)21 - 1@ Ky (w) - Rype vy (2w) - Ky (2) @ 1 =

- ~ (4.2)
= Kv(z) ®1- Rw*(W)V(zw)gl 1 ® Kw(w) . va(w/z) ,

where Ryw (z) is the trigonometric R-matriz (cf. §2.4), and Ryy(2)21 = (12) o
Ry (z)o(12).

4.4. Unitary K-matrices

Let V,W € U,Lg-mod™ be irreducible modules. By Theorem 2.4.1, the trigonometric
R-matrix Ry w (z) satisfies the unitarity condition Ry (2)7! = (12)oRyyv (271)0(12).
The analogue result for trigonometric K-matrices requires an additional assumption to
hold, see [4, Prop. 5.4.1].

Theorem 4.4.1 ([/]). Let V € U,Lg-mod™ be a v-involutive irreducible module, i.e.,
such that ($?)*(V) ~ V. The trigonometric K-matrices Ky (z) and Ky«v)(z) from
Theorem 4.3.1 give rise through normalization to two non-vanishing QSP intertwiners

Ky(z):V(z) > ¢*(V)(z™") and Ky (z) 9" (V)(z) = V(z)
satisfying the unitarity condition

Kv(Z)il = Kw*(V) (Zil) . (4.3)

Moreover, if V(() is QSP irreducible for some ¢ € k*, then Ky ({) is well-defined and
invertible.

Remark 4.4.2. In contrast with the case of the R-matrix, the normalization yielding the
unitary K-matrix Ky (z) is non-canonical in general, since it follows from the normaliza-
tion of the operator RW(V) (z71)o I~{V(z). In certain cases, however, there is a canonical
normalization. We refer the reader to [4, §5.4-5.6]. ¥V

4.5. Trigonometric K-matrices for Kirillov—Reshetikhin modules

Kirillov-Reshetikhin modules are minimal affinizations of irreducible U,g-modules
whose highest weight is a multiple of a fundamental weight. More precisely, for any
1 € I, k € Z~g, and a € C*, the Kirillov-Reshetikhin module W,EZL)L is the unique
irreducible U, Lg-module whose Drinfeld polynomials are all trivial except for the node
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i, where the roots are given by a ¢;-string of length k starting at a, see, e.g., [40,11]. The
fundamental representations of U,Lg are the simplest non-trivial Kirillov—Reshetikhin
modules. Specifically, we set V,,, = Wl(?

-~

Let ng € Aut(A) be the diagram automorphism which fixes the affine node and acts
on any other node as the opposition involution op;, see §3.1. From the classification of
generalized Satake diagrams of affine type in [60, App. A, Tables 5, 6 and 7] it follows
that a QSP subalgebra is 7-restrictable (i.e., 7 fixes the affine node) if and only if 7 is
either the identity or 7y (except in type D;l) with n even, where g = id but there exist
nontrivial involutive diagram automorphisms fixing 0). By [4, Thm. 7.8.1], the following
holds.

Theorem 4.5.1 ([}]). Let Ut C U,Lg be a T-restrictable QSP subalgebra. Let W be a
Kirillov-Reshetikhin U, Lg-module.

(1) There is a unique QSP intertwiner (up to a scalar multiple)
Kw(z) : W(z) = (no7)"(W)(z™")

up to a scalar multiple and a unique shift in W. Moreover, Ky (2) is a solution of
the diagrammatic refiection equation

Ry (£)21 - 1d @Kw (w) - Ripyry- vy w(2w) - Ky (2) @ id =
= Kv(Z) ®id 'R(HOT)*(W) V(zw)21 -id ®Kw(w) . va(%) .
(2) If T =ng, there is a unique QSP intertwiner
Kw(z): W(z2) = W(zh

up to a scalar multiple and a unique shift in W. Moreover, Kw (2) is a solution of
the standard reflection equation

Rwv (%)21 - idv ®Kw (w) - Ryw (2w) - Ky (2) @ idw =
= Kv(Z) X idW 'RWV (zw)21 . idv ®Kw(w) . va(%)
(3) If T =id, there is a unique QSP intertwiner
Ky (2): W(z) = W*(z™1)

up to a scalar multiple and a unique shift in W. Moreover, under the identification
of W and W* as vector spaces, Ky (z) gives rise to a solution of the transposed
reflection equation

va(%)tﬁtw -idy ®Kw(w) . (va(zw)il)tv . Kv(Z) ®idw =
= Kv(Z) X idW '(RW\/(Z’w)_ll)tW : idv ®Kw(’w) : va(%) .
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Remark 4.5.2. The result appears as a direct consequence of Theorem 4.3.1 (3) in the
case ¢ = w o 7. More precisely, one first observes that, by [10, Egs. (2.20) and (2.21)], if
W = W,gzzl, then there is an isomorphism of U, Lg-modules

W (W) = 15 (W) (a2 7Y)
This yields (1) and (2). In order to prove (3), one then observes that, by [10, Egs. (2.20)
and (2.21)], there exists an integer ¢ € Z depending only on g such that, for any irre-
ducible finite-dimensional U,Lg-module V/, one has n;(V) ~ V*(¢¢). ¥

5. o KLR algebras

In this section, we review the definition and the basic properties of KLR and orien-
tifold KLR (o KLR) algebras, in particular their polynomial representation and their
convolution product.

5.1. Quiver with an involution

Let &, = (s1, -+ ,8,—1) denote the symmetric group on n letters, and 20, =
(80,81, ,8n—1) the Weyl group of type B, i.e., (Z/2Z)" X &,,.

Let I' = (J,Q2) be a quiver with vertices J and arrows 2. We assume that I' does not
have loops. Given an arrow a € 2, let s(a) be its source, and t(a) its target. If i,j € J,
let €;; C € be the subset of arrows a such that s(a) =i and t(a) = j. Let a;; = ||
and abbreviate &;; = a;; + aj;. We assume that a;; < oo for all 7,5 € J.

Definition 5.1.1. A (contravariant) involution of the quiver I' is a pair of involutions
0: J— Jand 0: Q — Q such that:

(1) s(6(a)) =0(t(a)) and t(f#(a)) = O(s(a)) for all a € €,
(2) if t(a) = 0(s(a)) then a = 6(a).

We denote by J? the subset of fixed points of §. Let N[J] be the commutative
semigroup freely generated by J. We call elements of N[J]| dimension vectors. Given
a dimension vector 8 =), _; B(i) -4, set ||B]| = >, ; B(7).

We call a sequence v = vy ---v, € J" a composition of B of length ¢(v) = n if
lv| = h_ vk = B. We also set ||v]| = n. Let J? denote the set of all compositions of j3.
There is a left action of G,, on J" by permutations

Sp V1 VUp =11 Vpp1Vk - Vp (I<k<n—1), (5.1)

whose orbits are the sets J? for all 3 with ||3|| = n.
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Let J* =J BEN[J] J? be the set of compositions of all dimension vectors. We consider
J* as a monoid with respect to concatenation: vy = vy --- v, - - - fg,, with the zero
dimension vector composition as the identity.

The involution # induces an involution : N[J] — N[.J]. We call dimension vectors in
N[J]? self-dual. We will always assume, for any 3 € N[J]?, that if i € J? then B(i) is
even. Set ||, = [6]//2 and

“(=):NJ] = NP, 5= "8=5+06(8). (5:2)
We call a sequence v = vy - - - v, € J" an isotropic composition of B8 if ®|v| = 3"}, Pv; =
B. Let ?JP denote the set of all isotropic compositions of 3. There is a left action of 20,
on J" extending (5.1), given by

SO'Vl"'V’n,ZG(Vl)V2”'VTL7

whose orbits are the sets ¢.J7 for all self-dual 8 with ||3]|, = n. Let ¢.J® = UﬁeN[J]e o8
be the set of all isotropic compositions of all self-dual dimension vectors.

5.2. KLR and o KLR algebras

We recall the definition of orientifold KLR algebras as given by the second author in
[56] (see also [65,55,54,53]).

Definition 5.2.1. Let I' be a quiver with a contravariant involution # and a dimension
vector A € N[J] such that A(i) = 0 if i € J?. Note that X need not be self-dual. We call
A the framing dimension vector, and the datum (T', 0, \) an enhanced quiver.

Let (I',0,A) be a fixed enhanced quiver. Set
Pij(u,v) = Gizj (v — u)™,  Pi(u) = 6290 (—u)*
for i,j € J, and define (Q, Q') as
Qij(u,v) = Pij(u,v) Py (v,u), Qj(u) = Pi(u) Py (—u), (1,7 € J).
Definition 5.2.2. Let 3 € N[J]’ with ||8]|, = n, and o € N[J] with Yo = 3.

(1) The KLR algebra R(«a) associated to (I', «) is the k-algebra generated by e(v) (v €
J¥), z; (1 <1< n)and 7 (1 <k < n—1), subject to relations (5.3), (5.5), (5.6),
(5.8), (5.10) and (5.11).

(2) The orientifold KLR algebra *R(B; ) associated to (T, 8, X; 8) is the k-algebra gen-
erated by e(v) (v € J%), 2, (1 <1< n),and 7 (0 < k < n— 1), subject to all the
relations (5.3)—(5.13).
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Idempotent relations:

e(w)e(W') =d,e(v), me()=-eWw)r, me(v)=e(sk V)T, (5.3)

Toe(v) = e(so - V)70, (5.4)

Polynomial relations:

r|xry = xprxy, (55)
e Quadratic relations:
Tie(V) = Quenys (@1, z1)e(v), (5.6)
ge(v) = Q) (—z1)e(v), (5.7)
o Deformed braid relations:
TETk — Tk'Tk if ]{375]{?/:&1, (58)
ToTk = TRTo if k #1, (5.9)
(Tk—i-lTka—i—l _ Tka+1Tk)€(V) _ 5uk,uk+2 Quk,uk-u(wk+1,w£::fkuj;k+1(wk+1,wk+2)e(y),
(5.10)
((m7m0)? = (1071)%)e(v) =
( Q. (x2)—Q. (z .
- jl)+x2 L e () if 11 #ve, v =0(11)
le’”(362’_961)_@”1’"2(_332’_%)Toe(V) if vy #0(11), v2 = 0(1n),

x2

Quyorp (@2, =01) = Quy 1y (72,21) (170 + De(v) if 0(v1) = v1 # vo = 0(1e),

r1T2

0 else,
\

o Mixed relations:

—B(V) if l:ka Vi = Vk+1,

(Tkxl - xsk(l)Tk)e(V) = €(V) if l=k + 1, Vi = Vk+1, (511)
0 else,
0 it v #60(11),
ToT1 + x170)e(v) = 5.12
(ror + 2170 )e() {_w) o oo, (5.12)

ToX] — X170 if 1 75 1, (513)
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where, in all the relations above, 1 < [,I’ <nand 1 <k, k' < n—1, except (5.10), where
1<k<n-2.

These algebras are endowed with the following grading;:

dege(v) =0,
deg T = 2,
) if v, =
deg pe(v) = <, 1 Ek 'VkH,
R otherwise,
) if 0(v1) = v,
d —
eg Toe(v) { A1) otherwise.

If A =0, we abbreviate

Remark 5.2.3. It follows from the PBW theorems (see, e.g., [61, Thm. 3.7], [56, Prop.
2.9]) for the KLR and oKLR algebras that R(«) is in fact isomorphic to the subalgebra
of “R(B; ) generated by e(v) (v € J*), 7y (1<I<n)and 7, (1<k<n—1). ¥

Let 1 and ?1 denote the regular representations (in degree zero) of the trivial algebras
R(0) and *R(0; M), respectively. For a fixed XA € N[J], set

R -mod,, = EB R(a)-mod,,, R(\)-mod,, = @ YR(B; \)-mod,,,
a€eN[J] BeENL[J]?

and abbreviate “R-mod,, = *R(A = 0)-mod,,. We use analogous notation for direct
sums of categories of finite dimensional modules.

5.3. Polynomial representation

Set,

P, = Kk[z1,...,xnle(w), P, i=k[z1,...,zn]ev), K, =k(w1,...,z0)e),

01@5 = @ ]P,,, efP?ﬁ = @ @V, GKB = @ ]Kl,.

veb JjB veb js veb gB
We abbreviate x_; = —x; for 1 <1 < n. There is a natural left action of the Weyl group
W, on k((z1,...,x,)) given by w - z; = z,,(). This extends to an action on *Kz by

w- fe(v) = w(f)e(w-v),

for w € 2, and f € k((z1,...,zn)).
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Proposition 5.3.1. The algebra *R(B; X) has a faithful polynomial representation on *Pg,
given by:

o e(v) (v €9JP) acting as projection onto P,

e T1,...,T, acting naturally by multiplication,
* Ti,...,Tn_1 Gcting via
se(f)— f .
ﬁe(u) Zf Vi = Vi1,
- 1
T - fe(v) = *

Py yeir (T, $k+1)8k(f)€(8k : 1/) otherwise,

e 7o acting via

———e(v) if 0(v1) = w1,
7o fe(v) =

P, (z1)so(f)e(so-v)  otherwise.
Proof. See [56, Prop. 2.7]. O
Next, for each i,j € J, we choose holomorphic functions ¢;;(u,v) € k[u, v] such that
i (m,0)ei () = 1, cislw,0) =1, eii(,0) = oo (—v—w).  (5.14)
Moreover, for each i € J, we also choose holomorphic functions ¢; € k[u] such that
ci(u)coy(—u) =1, i=03) = c(u) =1 (5.15)

Set

Pij(u,v) = Pij(u,v)cij(u,v), Pi(u) = P;(u)ci(u).
Note that the corresponding (@, Q') remain unchanged.
Corollary 5.3.2. There is an injective GIP’B—algebm homomorphism
"R(B; ) — K x k[20,,] (5.16)
given by

Toe(v) = { 71 (50 — De() if 1= 0(1n),

P, (x1)soe(v) otherwise,
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Te(v) = (@k = 2pe1) (s = De(v)  if v = v,
’ Py v (ks Ty1) spe(v) otherwise,

for1<k<n-—1.
Proof. See [56, Corollary 2.8]. O

Given o € N[J] with o = 33, let

The embedding (5.16) restricts to a P,-algebra homomorphism
R(a) = Ko x k[G,]. (5.17)
5.4. One-dimensional modules
Given p € 97 let L(u) be the free k-module ku,, with generator u,, of degree zero.
Lemma 5.4.1. Setting
xp-u, =0, Tpou, =0, eV)- u, =0 ,u,, (5.18)

for1 <1<n,0< k<nandv € ?J% makes L(u) into an *R(B; X)-module if and
only if

(a) pr # prt1 and Gy, o =1 (for 1 <k <n),
(b) whenever py, = piry2, then @y, u . #1 (for 1<k <n—1),

(¢) p1 # 0(u1) and “N(p1) > 1.

Proof. The proof is based on a direct inspection of the defining relations of ‘R (3; ).
The definition of the action (5.18) implies that the LHS of the relations (5.6)—(5.13)
must be zero. The RHS of (5.11) is zero if and only if ux # pgy1. Moreover, the RHS
of (5.6) is zero if and only if g = pr+1 (which cannot be the case) or the polynomial
Qupopin i1 (Tht1, Tx) has no constant term. The latter is the case if and only if &, ,,, ., > 1.
Similarly, the RHS of (5.10) is zero if and only if condition (b) holds.

Next, the RHS of (5.12) is zero if and only if pq # 6(p1). Moreover, the RHS of (5.7)
is zero if and only if 11 = (1) (which cannot be the case) or @], (—z1) has no constant
term. The latter is the case if and only if “A(u;) > 1.

Since all the other relations hold without any extra assumptions, we have proven the
necessity and sufficiency of conditions (a)—(c). O

Note that if y € J* and conditions (a)—(b) are satisfied then (5.18) (with 1 < k < n)
defines the structure of a R(«)-module on ku,,, which we then denote by L(u).
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5.5. Convolution product and monoidal action

We recall the definition of the convolution product of modules over KLR algebras.
Let o, o’ € N[J] with ||a|| = n and ||a’|] = n/. Set

Coa’ = Z e(v) € R(a+ o).

I/GJD‘+O‘/
Vl...yneja

There is a non-unital algebra homomorphism
taar: R(a, ) :=R(a) @ R(a') = R(a+da)
given by e(v) ® e(u) — e(vp) for v e J*, pe J* and

@1l 2ieqa, 1®xp = Tmyreaa, (5.19)

T ®1— Tk€a,a! 1® 1 — Tm+1€a,a’ (520)

where 1 <1 <n, 1 <I'<n,1<k<n,and1 <k’ < n'. Let M be a graded
R(a)-module and N be a graded R(a’)-module. Their convolution product is defined as

MoN =TR(a+a)eqa OR(a,a) (M N).

Next, let 8 € N[J]? with ||8]|, = n. Set

b0 = Z e(v) € "R(B+ %5 N).
VEGJBJFGO‘/, Vl...I/nEGJB

’
Vn+1...un+n/€J‘l

There is an injective non-unital algebra homomorphism
"ot "R(B, 0 A) == "R(B;A) @ R(a') — "R(B+"a/;A)

given by formulae (5.19)-(5.20) (with v € ¢J# and eg o replaced by e o) and 7o ® 1 >
70%€s./. The convolution action of N € R(a/)-mod,, on M € *R(3; A) -mod,, is defined
as

MeN = GR(ﬁ + 00/; A)Qe(ﬁ, O/) ®9R(/3,a’;)\) (M & N)

Proposition 5.5.1. The category R -mod,, is monoidal with product o and unit 1. More-
over, there is a right monoidal action of R-mod,, on *R(A)-mod,, via ©. The product
and the action restrict to the full subcategories R-mod;; and R(N) -mod}, and descend
to the corresponding Grothendieck groups.
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Proof. In the case of KLR algebras, the proof is well known, see, e.g., [39, §3.1]. In the
orientifold case, the argument is analogous, so we only highlight the main points. The
crucial fact is that the *R(3, o/; A)-module *R(B + ?a’; M) is free of finite rank (see, e.g.,
[65, Lem. 8.7]). Firstly, it implies that MeN is finite dimensional whenever M and N
are. Secondly, it implies that the bifunctor —€— is biexact, and hence descends to the
Grothendieck groups of graded finite dimensional modules. Thirdly, the existence of a
suitable associativity constraint (see §3.5) follows from the natural isomorphisms

M©(N o P) = GR(B + HOéo; )\)e ®9R(B;>\)®R(o¢’)®72(o¢”) (M ® N @ P) = (M@N)@P,

. . 6 o
where a® = o + o' and e is the sum of all idempotents e(v) such that v € ¢J%+ "
Vi, €975, Untl: Ungn €JY and Vpip/g1 - Upgnignr € J4 . 0O

6. The combinatorial model
Throughout this section, we fix the following data:

« an affine Satake diagram (X, 7) with pseudo-involution ¥;
o a QSP subalgebra Uyt C U,Lg, associated to (X, 7), with parameters (v, o);
o a QSP admissible twisting operator ¢ € Aut(U,Lg) (cf. §4.2).

6.1. J-data

Let J be a fixed index set. A J—datum is a choice, for each i € .J, of a finite-dimensional
Uy,Lg-module V(i) and a non-zero scalar X (i) € k* such that the following properties
are satisfied.

(P1) Admissibility. For any i € J, the module V(i) is an irreducible real module (i.e.,
V(i) ® V(i) is irreducible).

(P2) R-matrices. For any i,j € J, there is a non-vanishing unitary trigonometric R~
matrix

Ry iyvi)(w/z) : V(i): @ V(j)w = V(i): @V (j)uw

such that Ry, (1) = id, where V(i). = (V(i))(z) (cf. Theorem 2.4.1 and
Remarks 2.4.2).

(P3) Poles. For any i,j € J, the poles of the R-matrix Ry v ((w/z) are in
q"/™C[q"/™] for some m > 0.

For any i,j € J, we denote by d;;(2) € k[z] the denominator of the trigonometric R-
matrix Ry (;)v(;)(2), i-e., the polynomial of smallest degree such that d;;(z)Ry )y (;)(2)
is defined over k[z]. Moreover, we denote by d;; € Zx¢ the order of the pole of
Ry @y (2) at z = X(4)/X(0).
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Remark 6.1.1. The conditions (P1)—(P3) are easily satisfied.

o Kirillov—Reshetikhin modules are known to satisfy (P1).

e The existence and uniqueness of a unitary trigonometric R-matrix on a tensor prod-
uct of finite-dimensional irreducible U,Lg-modules is guaranteed by Theorem 2.4.1.
Thus, (P2) is automatically satisfied (see also Remark 2.4.2 (2)).

o The condition (P3) is related to the explicit computation of the denominators d;;(2).
Unfortunately, this is a difficult, largely open problem for arbitrary irreducible mod-
ules. However, it is well-known that (P3) is satisfied by good modules, as defined by
Kashiwara in [36], i.e., irreducible finite-dimensional modules over U,Lg with a bar
involution, a crystal basis with a simple crystal graph, and a global basis. Vv

6.2. Enhanced J—data

An enhanced J-datum is a J-datum (V' (i), X(7));es equipped with an involution
0 : J — J such that the following properties are satisfied. Set J? = {i € J|0(i) = i}.

(Q0) Symmetry. For any i € J, we have X (6(i)) = X (i)~!, and there is an isomorphism
of Ut—modules V(6(i)) ~ ¢*(V(4)).

(Q1) Admissibility. For any i € J, there is an isomorphism of U,&-modules (¢?)*(V (7)) ~
V(i).

(Q2) 6-invariance. For any i € J?, we have X (i)? = 1, and the module V(i) is QSP
irreducible (i.e., it is irreducible under restriction to U,¥, cf. §4.3), and there is an
isomorphism of U,t-modules y*(V (7)) ~ V(7).

(Q3) K-matrices. For any i € J, there is a non-vanishing unitary K-matrix, i.e., a QSP
intertwiner

Kyi)(2) : V(i)z = V(0(i)1. = " (V(i)1/z

satisfying Cherednik’s reflection equation (4.2) and the unitarity condition (4.3)
(cf. Theorem 4.4.1). Moreover, if i € J?, then Ky ;(1) = id.

(Q4) Poles. For any i € J, the poles of the K-matrix Ky ;)(z) are in ¢'/™C[q"/™] for
some m > 0.

For any i,j € J, we denote by d;(z) € k[z] the denominator of the trigonometric
K-matrix Ky (;)(z) and by d; € Z3¢ the order of the pole of Ky (;)(2) at z = X (3).

Remark 6.2.1. As before, the conditions (Q0)—(Q3) are easily satisfied.
o It is useful to observe that the condition (QO0) can be satisfied by construction.

Namely, given an index set J with an involution 6, choose a representative for any
f-orbit and consider the corresponding partition J = Jy UJ? U J_ with (J;) = J_.
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Then, choose, for any i € (J, U J%), a finite-dimensional irreducible real U,Lg-
module V(i) and a non-zero scalar X (i) € k*. Finally, for any 0(i) € J_, set
V(0(i)) == ¢*(V(i)) and X (0(i)) :== X (i)~ 1.

e The requirement (1?)*(V) ~ V in (Q1) can easily be overcome, since it is always
possible to choose involutive twisting operator 1, i.e., 1) = woT, see [4, Ex. 3.6.3 (2)].
With this choice, Kirillov—Reshetikhin modules satisfy also the condition ¢*(V) ~ V'
in (Q2) (up to a shift, see [4, Thm. 7.8.1]). Note also that (Q1) follows automatically
whenever (QO0) is satisfied.

¢ By Theorem 4.4.1, the condition (1)?)*(V) =~ V guarantees the existence of a unitary
K-matrix. Thus, (Q3) is automatically satisfied.

The condition (Q4) is, however, harder to verify, since the properties of the poles of
trigonometric K-matrices are at the moment largely unknown. v

6.3. Enhanced J—quivers

In [32, §3], Kang, Kashiwara, and Kim defined a quiver attached to a J-datum, which
we refer to as the associated J—quiver. We extend their construction to a quiver with a
framing and a contravariant involution, naturally associated to an enhanced J-datum.

Definition 6.3.1.

(1) Let (V (i), X (7))ics be a J-datum. The associated J-quiver T (cf. [32, §3]) is the
quiver defined as follows:
e the set of vertices is J;
o for any i,j € J, there are d;; arrows from ¢ to j.

(2) Let (V (i), X(i))ics be an enhanced J-datum with involution #. The associated en-
hanced J—quiver is the J—quiver associated to the underlying J-datum, additionally
equipped with the framing dimension vector A € N[J] given by A(i) = dg(;).

The enhanced J—quiver has several convenient properties, which are easily proved.
Proposition 6.3.2. Let I' be an enhanced J—quiver. Then the following holds.
(1) The quiver T' has neither loops nor cycles.
(2) If A(i) # 0 then X(0(i)) = 0. In particular, A(i) = 0 fori e J°.
(3) The involution 6 on J lifts to a contravariant involution of the quiver I'.
Proof. Part (1) is proved as in [32]. Namely, since V(i) is real, Ry (;)v(;)(2) has no pole

at z = 1, thus d;; = 0. The condition (P3) then guarantees that no cycle can appear.
Part (2) follows similarly from the unitarity condition on the K-matrix (Q3). For part
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(3), it is enough to observe that, by definition of the twisting operator 1, see [3, §2], one
has

Ry (vap(viiy (W/2))a1 = (Fy gy )21 © Rugyv (2/w) © Fyv v

where F'is a (constant) Drinfeld twist in U,Lg. Therefore, dg(;)s(;) = d;; and the result
follows. O

6.4. Enhanced J—quivers of Dynkin type

It is well-known that every quiver of Dynkin type can be realized as the J—quiver
associated to a J—datum for a Lie algebra g of the same type (see, e.g., [31,22,23,52]).
The analogue result for enhanced J—quiver is much more restrictive. By Proposition 6.3.2
(3), every enhanced J—quiver is naturally equipped with a contravariant involution 6.
However, the latter exists only in the cases of Dynkin quivers of type A, and affine Dynkin
quivers of type A and D.

In §6.5-6.7, we provide an explicit realization as enhanced J—quivers of the following
three examples: the linearly oriented quiver of type A; the bipartite quiver of type A; the
linearly oriented quiver of affine type D.

We briefly summarize our approach. In analogy with [32,31], the J—datum (V' (),
X(1))ie is given entirely in terms of the fundamental representations V., (i € I) of the
quantum affine algebra U, Lg of the same type.® The definition of the enhanced J-datum
is quite subtle. First, we equip J with the unique contravariant involution . Then, we
carefully choose the QSP subalgebra in order to satisfy the condition (Q0). We proceed
as follows.

o We fix a 7-restrictable QSP subalgebra U ¢ C U,Lg with twisting operator ¢ = wor
(cf. §4.5). By Theorem 4.5.1 (1), for any ¢ € J, we obtain a trigonometric K-matrix

V(i)(2) = (no7)"(V(0) (™)

where 79 is the extension of the opposition involution op;.

o Intype A, the contravariant involution 6 satisfies V (6(:)) = V' (i). Therefore, if 7 = 1,
the symmetry condition (QO) is automatically satisfied.” On the other hand, if 7 = id,
the same condition fails, since 1y # id and 73 (V (7)) 22 V (i).°

e In affine type D ~, we consider a J-datum involving only the vector representation
V., and the two spin representations V,,,_, and V,, . As before, the contravariant
involution 6 satisfies V(6(i)) = V(¢). When N is even, 19 = id and we consider

6 We shall consider in fact only small fundamental representations, i.e., irreducible under restriction to
U,g. In particular, these are isomorphic to their finite type counterparts as U;g—modules.

7 Recall that (QO0) requires that, for any i € J, V(8(2)) ~ ¥*(V (4)).

8 This corresponds to the fact that the fundamental representations are not self-dual in type A.
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T-restrictable QSP subalgebras with 7 = id = 9. Thus, (QO0) is automatically
satisfied in this case. On the other hand, when N is odd, 7y # id and one has
g (Vw,) =~ Vi, but n§(Vwy_,) =~ Ve, - Thus, in order to satisfy (QO0), in this case
we can only consider QSP subalgebras with 7 = 7.

e In affine type D ~ with NV odd, one can consider a simple modification of the J-datum
such that the two spin representations correspond to each other through 6. By the
same argument, (QO0) holds for any QSP subalgebra with 7 = id (cf. Remark 6.7.2).

Finally, the enhanced J—datum is obtained by 6 together with the trigonometric K-
matrices given by Theorem 4.5.1 with respect to the QSP subalgebra chosen as above.

Remark 6.4.1. In the examples §6.6 and §6.7 below, we do not include a description of
the framing.” This is due to the fact that, with the exception of the first fundamental
representation, an explicit expression for the poles of trigonometric K-matrices is at the
moment largely unknown. Even though some progress towards more general Kirillov—
Reshetikhin modules has recently been made in [43] from the point of view of crystal
combinatorics, no explicit formula for the poles has yet been derived. Nevertheless, the
poles are expected to depend rationally on the parameters (v,o) defining the QSP
subalgebra (see, e.g., [57] or also §9.4). In this case, the condition (Q4) would always be
satisfied for suitable choices of parameters, yielding a generically trivial framing. Vv

6.5. Example: the linearly oriented quiver of type A

This example is discussed in details in §9.4 in the case of a (not necessarily
T-restrictable) quasi—split QSP subalgebra of type Alll. We provide here a brief summary
in greater generality.

Let g = sly41 and V =V, . Note that, as a U,g-module, V is isomorphic to the vector
representation. Set J := Z, 44 and consider the involution € on J given by 6(n) = —n. 10

For any ¢ € J, set
Vin) =V and X(n)=q".

First, we observed that the conditions (P1)—(P3) are clearly satisfied. In particular, (P3)
holds, since the R—matrix Ry, (z,w) is known to have only one simple pole at w/z = ¢2,
see (9.1). The resulting J—quiver with 6 is in Fig. 1, where we use the notation (w;, p) to
indicate (V,,,p). This is the main example considered in [32].

We fix a QSP subalgebra U,¢ C U,Lg with 7 = 71y and we consider the twisting
operator ¢ = w o 7. Then, by Theorem 4.5.1, the conditions (Q0), (Q1), (Q2) and (Q3)
are automatically satisfied. It remains to verify the condition (Q4). In [58], Regelskis and

9 For the example §6.5, the framing is described in §9.4 together with an explicit expression of the trigono-
metric K-matrix for the fundamental representation in type Alll.
19 In particular, J? = 0. The case with J = Z..., and JY = {0} is analogous, so we omit it.
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(w17q7n) (w17q75) (w17q73) (w17q71)
> O > e > O > O >
—n -5 -3 —1
N N N N
| | | |
| | | |
| | | |
| | | |
3 3 3 3
n 5 3 1
< O < . < O < O <
(w1,9™) (w1,q°) (w1,q%) (w1,9)

Fig. 1. The case of the linearly oriented A, quiver.

Vlaar computed explicitly the trigonometric K—matrices for V. Therefore, (Q4) holds,
provided the QSP parameters are carefully chosen, as outlined in §9.4.

6.6. Example: the bipartite quiver of type A

We shall now discuss the enhancement of an example from [31] involving multiple
fundamental representations. Let g = sly4q1. Let J = {1,--- N} be a set with the
involution #(i) = N + 1 — i. We consider J as the set of vertices of a quiver @) of type
AN, with an edge between ¢ and j if and only if |i — j| = 1, and equipped with a bipartite
(i.e., alternating) orientation.

Let U,k C UyLg be a QSP subalgebra with 7 = 7y and twisting operator ¢ = Tow. We
consider the corresponding trigonometric K-matrices on the fundamental representations
V., (i € I) given by Theorem 4.5.1.

Proposition 6.6.1. Set p = —q.

(1) The quiver Q admits a contravariant involution if and only if N is even.
(2) Let N =2m and set, for anyi € J,

V(i) = Vo, if 1 is a source in Q)
N Vg i 1 is a sink in Q
. p™  if i is a source in ()
X =
(3) {p‘m if 1 is a sink in Q
If the condition (Q4) is satisfied, the datum (V (i), X (i));es defines an enhanced

J-datum with respect to the involution 0. The resulting J-quiver I' is isomorphic
to Q™", i.e., the quiver obtained from @) by reversing all the arrows, see Fig. 2.

Proof. (1) The existence of an involution when N = 2m is obvious from Fig. 2. Instead,
when N = 2m + 1, it is enough to observe that the central vertex m 4 1 is bound to
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+m _ _
(Wit b(m-1),P") (Wm—3,p™) (W3, ™ ™) (Wm—1,p") (Wm41,p~™)
@] > < O > <
1 m— 3 m — 2 m—1 m
N N N N N
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
e e e e e
2m m + 4 m+ 3 m + 2 m +
O < > O < >
(wm+éi(m_%)’p$m) (wmf&pim) (Wm+s,p™) (Wm-1,p~™) (Wm41,p™)

Fig. 2. The case of the bipartite As,, quiver.

be fixed by the involution. Since m + 1 is supposed to be either a source or a sink, the
involution cannot be contravariant.

(2) The proof relies on some results from [31]. Let w be a Coxeter element adapted to
Q. Without loss of generality, let us assume that m is odd, and the central arrow sends
m + 1 to m. In that case even vertices are sources and odd vertices are sinks, and

W = 85254 --52mS1583 *** S2m—1-

Choose the height function

{m+1 if 4 is odd,
& = e
m if ¢ is even.

Let ITp and A denote the sets of simple and positive roots of g, respectively. By [31,
Thm. 4.3.1], there exists a J-datum such that the corresponding J-quiver I is isomorphic
to Q"°Y. To compute this datum, we need to consider the repetition quiver of (), and a
certain bijection ¢: Ty — 3, where Iy = {1,3,--- ,m} x2Z U{2,4, -+ ,2m} X Zoqq and
A = A, x Z. The bijection is defined recursively according to the rules in [31, §3.1]. To
determine the J-datum, we need to find the preimage of Iy x {0} under ¢.

For any source vertex i, we have, by definition, ¢(i,m) = (a;,0). We also claim
that w™(a;) = ag(;), so that, by the recursive rule in the definition of ¢, we have
¢(i, —m) = (ag(;y,0). Then, we have

V(i) = pry o9~ '(;,0), X (i) = pryo¢~ (e, 0),

which, according to [31, Thm. 4.3.1], defines the desired J-datum.

It remains to prove the claim. Write ¢ = 25 and assume, without loss of generality,
that i < m. An easy calculation shows that w’/(a;) = a1 + -+ + ag;, and that the
subsequent m — i applications of w shift the string of simple roots by 2(m — i) so that
w™ () = O(w? (v;)). The subsequent j applications of w shrink the string to cg(;).

From Theorem 4.5.1, the conditions (Q0)—(Q3) are automatically satisfied (see also
§6.4). O
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(wamt1, =g~ *™F?)
(wlaqis) (wlaqil)
> > O >
m—1 m
~ ~
| |
| |
| |
| |
- -
m + 2 m+ 1
< < O <
(w17q3) (Wl,q)
(w2 _q4m—2)
my

Fig. 3. The case of the linearly oriented affine D, 4+1 quiver.

6.7. Example: the quiver of affine type D

We conclude with the example of a quiver of type other than A. Let g = soon. As
before, let Ut C U,Lg be a QSP subalgebra with 7 = 19, and set ¢ = 7 o w. We shall
construct an enhanced J—datum relying on the fundamental representations V,,, Vi,
V., Where the vertices of the affine Dynkin diagram of g are numbered as in Fig. 3.
Note that all three modules are small, and, as U,g-modules, are isomorphic to the vector
representation and the spin representations, respectively.

Set J = {0,1,...,N} and let 6 be the involution on J given by (i) = N — i. We
consider the assignments

Vo, , ifi=0,1
V(i)={V,  ifi=N-1,N
V,, ifi=2,...,N—2

and

(—1)Ng=2(N=2) if § = 0,1
X(@) =3 (—1)Ng?WN-2  ifj=N-1,N
g?=N ifi=2...,N—-2

Proposition 6.7.1. If the condition (Q4) is satisfied, the datum (V (i), X (i))ics defines an
enhanced J-datum with respect to the involution 6. The resulting J-quiver is represented
in Fig. 3 for N odd, and in Fig. 4 for N even.

Proof. The proof relies entirely on the explicit computation of the denominators of the
R-matrix between all fundamental representations in affine type D, provided in [31,
Thm. A.1.1]. In particular, one has that
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(wam, g~ 1)
0 ) (w1,97%)
~ > > O >
| (a1, g~ 2 m =2
| N N
v | |
| | (w1,1)
v v
m + 2
(w17q4)
(w2m—17 q4m74)
Fig. 4. The case of the linearly oriented affine Ds,, quiver.
L5)
di1(z) = (2 — QQ)(Z - qu—z) ) d(N—l)(N—l)(Z) = (z — (—Q)48_2) =dnn(2),
s=1
L 55+
din(z) =z = (=) = dyv—1)(2), din-1)n(2) = (z—(—9)*).
s=1

We immediately observe that, by restriction to the vertices J' = {2,..., N — 2}, the da-
tum (V' (i), X (4));e g gives rise to a linearly oriented quiver of type Ax_s, as in the finite
analogue of Fig. 1. Then, by the denominators formulae above, the spin representations
placed at the four extremal vertices are shown to a single arrow each, towards either
incoming to V(2) or outcoming from V(NN — 2). The resulting J—quiver are represented
in Figs. 3 and 4 when N is odd or even, respectively. As before, one finally observes
that, provided the condition (Q4) is satisfied, these assignments give rise to an enhanced
J—datum with respect to #. O

Remark 6.7.2. As mentioned in §6.4, the case with N odd is of further interest, since in
this case the spin representations correspond to each other through no. Let U,¢ C U,Lg
be a 7-restrictable QSP subalgebra with 7 = id and set

N—i ifi=2,...,N—2
0'(i) =4 N—-1—i ifi=0,1
N+1—i ifi=N-1,N

Then, it follows immediately from Theorem 4.5.1 that, provided the condition (Q4) is

satisfied, the previous assignments give rise to an enhanced J—datum with respect to
o'. v



A. Appel, T. PrzeZdziecki / Advances in Mathematics 435 (2023) 109383 33

7. Boundary Schur—Weyl dualities

In this section, we prove the main result of the paper, consisting in the construction
of a boundary Schur-Weyl duality functor. We fix the following datum:

an affine Satake diagram (X, 7) with pseudo-involution ¥;

a QSP subalgebra U,t C U,Lg with parameters (v, o);

a QSP admissible twisting operator ¢ € Aut(U,Lg);

a set J with an involution 6,

an enhanced J-datum (V (i), X (7))ec;

the corresponding enhanced J—quiver (I', 0, X), see Definition 6.3.1.

Henceforth we will consider o KLR algebras associated to (T', 8, A) and varying dimension
vectors 3 € N[J]?. Moreover, we fix the functions

cij(u,v) € k[u,v], ¢ €klu]
as in (5.14)—(5.15).
7.1. Polynomial rings

As preparation for the main result, we need to introduce notation for various poly-
nomial rings, their completions, and relate them to the polynomial rings that appeared
earlier in §5.3 in the context of o KLR algebras. Let:

0:= k[le:la"' 7X:|:n]7 K= k(Xla 7Xn)7

where X_; = Xl_l. The group 20, acts on O and K from the left by w - X; = X,,).
Given a self-dual dimension vector 3 € N[J]? with ||3]|,, we also set

O, :=k[X1 — X(11), -, Xn — X ()], 05 = P Ove(v),
vel Jje

Ko = k(X1 = X)X = X)), 'K = @ Koe).
vel Jh

Lemma 7.1.1. There is a 20, -equivariant algebra isomorphism

9@5 = 0(55, e(v) —e(v), zre(v)— <X§;k) — X)((jk)) e(v). (7.1)

Proof. Observe that

(X ()X, ' — X (v) ' X)) = (1 — X () ' Xa),
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where

f(z) =2+ ] © —22+sz€k[[z]].

— Z
k>2

Hence (7.1) is well-defined. Since the constant coefficient of f vanishes and the degree one
coefficient is invertible, f has a composition inverse. Therefore, (7.1) is an isomorphism.
The equivariance is clear. O

We identify

'K 5 x k[2,,] =K 5 % k[20,,]

using (7.1) and, following (5.16), we regard the oKLR algebra “R(B;\) as a subalgebra
of QICﬂ X k[ﬂﬁn].

7.2. Boundary Schur-Weyl duality functor

We will now construct a (U,t “R(B;X))-bimodule and the associated Schur-Weyl
functor.

For each v € 978 set
VI/ = V(Vl)Zy,l ® e ® V(Vn)zu,ne(y)'

It is a right O ® U,Lg-module, with X}, acting as z, . Set

Theorem 7.2.1.

(1) The space VP has a natural structure of a (U8, °R(B; X)) -bimodule induced by the
action of the trigonometric R- and K-matrices.

(2) The subspace Oy©B  0VSB s stable under the right action of the subalgebra
"R(B; M) of 9165 x k[20,,]. In particular, 0V®B has the structure of (UL IR(B; N))-
bimodule.

(3) There is a right ezact functor

OF5: “R(B;A) -mod,, — Ugt-mod, M — "V Qo5 5.5 M.

Summing over all self-dual dimension vectors, we get
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F= P Fs: "R(A)-mod, — Uyt-mod.
BEN[J]?

Proof. (1) We first endow #V®# with the structure of a right 9/65 x k[20,,]-module. For

each veJP and k=1,--- ,n—1, let R} :V, — V() be the intertwiner defined as
follows. We first consider the k-linear map V,, — Vj, () given by the composition of the
operator

VI ®Up = 01 @ QRY ) vy okt /Znk) - (U @ vp41) @ - @ vy

with the map identifying 2z, p (resp. 2, r11) With 2z, () k41 (r€sp. 2, (1),k) and 2, ¢ with
Zs,(v),¢ for £ # k, k+1. We then extend it by O-linearity. Similarly, let K" : XN/,, — ‘N/SO(,,)
be the QSP intertwiner defined as follows. We first consider the k-linear map V,, — V)
given by the composition of the operator

V@ @y Ky (21) - (01) @02 ® -+ @ vy,

with the map identifying z, ; with z;)l(y) , and 2, ¢ with 24, (,) ¢ for £ # 1. We then extend
it by O-linearity. From the Yang-Baxter equation (2.2) and the unitarity condition (2.3),
it follows that

R,’; O Xl = Xsk(l) OR,’;,
R o R = idy,,

Ry o R o RY = R o R o Ry

Instead, from Cherednik’s generalized reflection equation (4.2) and the unitarity condi-
tion (4.3), it follows that

K" o Xk == Xso(k:) o} ]E{V7
KSO(V) e} KV = idvy,
Kslsosl(u) o Riosl(v) o Ksl(z/) o RIIJ _ Rioslso(v) o KS180(V) o RiO(V) oK.
It follows that letting GI/C\/B act by multiplication and assigning
e(v)so — K", e(v)sy — Ry
makes V% into a (Ugt, K5 x k[20,,])-bimodule.
(2) Tt is enough to show that ®V®? is stable under the action of the generators

i € “R(B; N). First assume that 1 < k < n— 1. The proof is similar to that of [32, Thm.
3.1.3]. There are two cases to be considered. First suppose that vy # vgy1. Then
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du v
~ (2 — Thg1) 5 oy iy (Ths Thgr)

(V) Poyeyy i (T, Tor1) = e(V)duy vy (Xt 1/ Xi) p (Xpr1/X0)
Vi ,IJk+1

Let f denote the fraction on the RHS. One easily calculates that

ok — ka1 = (X/X Wht1) + X () / Xis1) (X /Xp — X (vh+1)/ X (vr)),

where the first factor on the RHS is an invertible element of (5,,. Since dy,, ., ., is the
multiplicity of the polynomial d,, ., ., (Xp1/Xk) at Xpp1/ Xy = X(vpg1)/X (), it
follows that f € O,. Hence

VI/Tk C VI/PI/k+1,I/]€ (xk7wk—|—1)8k - Vuduk,uk+1 (ch—l—l/Xk)ska

which, by definition, is contained in 178,9.”.
Secondly, suppose that v, = vg11. By (P2), we have

RY (1) v () (Kbt 1/ Xk x40 /30, =1 = i

Hence R‘v/(yk)’v(yk)(XkJrl/Xk) —id has a zero at Xp11/Xk = X(vg+1)/X(vk) = 1 and
SO

‘7ka = ‘/}V(:Ek — .%‘]H_l)_l(sk — 1)
C Vo(Xnr/ Xk = D7 (R ), v Xk /Xk) = 1) € Vi

Next, let £k = 0. Again, there are two cases to be considered. First suppose that
0(v1) # v1. Then

x;llq Cuy (171)
dVl (Xl)

e() Py (21) = e(v)du, (X1)
Let f denote the fraction on the RHS. Note that
z1 = —(X (1) X1) 7 (X1 = X (1)) (X1 + X (1))

Since d,, is the multiplicity of the polynomial d,,(X;) at X; = X (1), it follows that
f € 0O,. Hence

‘71/7—0 C VvﬁG(yl)(xl)SO C ‘7udu1 <X1)807

which, by definition, is contained in \A/Sk.y.

Secondly, suppose that v; = 6(v1). Then (QO0) implies that X (v1) = £1. By (Q3), we
have Ky (,,)(X1)|x,=+1 = id. Hence Ky (,,)(X1) —id has a zero at X; = X(v1) = *1
and so
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Voo = Voay H(so — 1) € V(X1 F 1) 7 Ky, (X1) — 1) C V.
Part (3) follows immediately from the bimodule structure. 0O
7.3. Compatibility with the Kang—Kashiwara—Kim functor

We now consider the relationship between °F and the Kang-Kashiwara—Kim functor
from [32]. Take o € N[J] with Ya = 3. Set

@a e @ (/Q\Ve(y)’ I/C\a = @ EVG(V), ‘7@“ = @ ‘71/, ‘7®O‘ = @ ‘71/
veJe veJe veJe veJe

Note that there is a G,,-equivariant algebra isomorphism

Po =5 On,  elv) = elv), ape(v) — (X)((fk) - 1) e(v). (7.2)

We identify

Ko % K[6,] 5K % K[G,,]

using (7.2), and consider R(a) as a subalgebra of Ko x k[&,,] via (5.17). The right action
of °K g x k[20,,] on VP restricts to a Ko x k[S,]-action on V. This action commutes
with the left action of U,Lg and yields the following result due to Kang, Kashiwara, and
Kim [32, Thm. 3.1.3 and 3.2.1].

Theorem 7.3.1 (/52]).

(1) The subspace Vo c VO s stable under the right action of the subalgebra R(«)
of Ko X k[G,,]. In particular, VO has the structure of (Uy,Lg, R())-bimodule and
yields a functor

Fo: R-mod,, — U,Lg-mod, M s VE @p (o) M.
Summing over all the dimension vectors, one gets

Fi= @ Fa: R-mod, — ULg-mod. (7.3)
aeN[J]

(2) The functor (7.3) is a tensor functor, which preserves finite-dimensional modules:
F: R-mod;, — U;Lg-mod™ .

We now prove that the functor ?F is compatible with F, i.e., it is a functor of module
categories over R-mod;; and U,Lg-mod™, respectively.
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Theorem 7.3.2. The functors (°F,F) intertwine the two monoidal actions:
“R(A)-mod,, ~ R-mod,,, Ugt-mod ~ UyLg-mod.
Proof. We need to show that there are natural isomorphisms
“F(MeN) = °F(M) ® F(N), (7.4)

for all M € *R(A)-mod,, and N € R-mod,,.

Let 8= B1 + 9535 for some 31 € N[J] and S € N[J]? with ||81]|, = m and ||| = n.
For each v € %J% with v/ = vy, -+ vy € %J5 and v’ = vpi1, - Unem € J72,
there is an algebra homomorphism (5,,1 ® @,,u — (5,,, restricting to the identity map on
O, and sending 1 — Xk X Upmar) "L to f(1 — Xk X (Uyn)™1) for 1 < k < n. For
any finite-dimensional @V/—module L, and any finite-dimensional @V//—module Lo, the
induced morphism

Li®Ly— 0,24 26, (L1® L2)

is an isomorphism. It follows that for any finite-dimensional eégl—module L, and any
finite-dimensional Og,-module Ls, the induced morphism

(VER@VER) @ug, g0, (1@ La) =V @, o, (Li@ L) (T5)

is also an isomorphism.

The module V8 ®Ror(gn) (MON) = oy 8 @R (81,65:2) (M @ N) is the quotient of
AV ®06,, 004, (M ® N) by the submodule generated by ur ® v — u ® rv, where
r € "R(B1,P23A), u € M ® N and v € 0y ®8. An analogous statement holds for
(V@B @ V®Pz2) ®oR(81,8::1) (M @ N). This, together with (7.5), implies the existence
of an isomorphism (7.4). It is routine to check that the conditions from [24, (8)—(9)] are
also satisfied. O

7.4. Basic properties of the Schur—Weyl functor
We now prove several basic properties of °F.
Proposition 7.4.1. The functor °F has the following properties.

(1) 9F preserves finite-dimensional modules.
(2) For any R(«)-module M, we have

“F(1eM) = F(M)|u,e.
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(3) For any i € J such thati ¢ J° and "X(i) > 1, we have
OF(PL(i)) = coker K;(0),
where K;(x1) = a:‘liici(xl)KV(i)(xl) and r1 = (X)X = X(0) 71 Xy).

Proof. Part (1) is obvious and (2) follows immediately from Theorem 7.3.2. Let us prove
(3). By Lemma 5.4.1, the “R(3; A)-module L(7), with 8 = i + 6(i), is well-defined. Let
us abbreviate j = 6(i). By definition,

“F(°L(i)) = (‘71 s> ‘73) QOR(B;N) L(i),

which is the quotient of (YA/Z D YA/J) ® YL(i) by the subspace N spanned by elements
of the form v ® r - u; — v - 7 ® uy, for 1 € “R(B;A). Since e(j) annihilates ?L(7), it
follows that ‘73 ®?L(i) C N. Next, since z1e(i) = (X (i) X; ' — X (i)' X1)e(i) annihilates
OL(i), we get that (X1 — X(i))V; ® °L(i) C N. Finally, since 7o annihilates ?L(i), it
follows that TO(YA/J') ®L(i) ¢ N. But To“A/j = K;(0). Since *R(B;A) is generated by
e(i),e(j), z1 and 79, we deduce that N is spanned by the aforementioned subspaces and
that ((V; ® V;) ® °L(4))/N 2 coker K;(0). O

8. The BKR isomorphism in type C

In this section only, we allow ¢ to have a finite order, i.e., ord(q) € Z>3 U {oo}, and
we set

. {C[q] /(@@ — 1) if ord(q) < oo
Cl(q) if ord(q) = o0

The main result is the construction of an isomorphism between certain completions of
the o KLR algebras and affine Hecke algebras of type C (Theorem 8.2.1) in analogy with
a similar result due to Brundan-Kleshchev and Rouquier [9,61].

8.1. Affine Hecke algebras of type C

We recall the definition of the (3-parameter) affine Hecke algebra of type C.

Definition 8.1.1. Fix pg, p1 € k*. The affine Hecke algebra Hc, (po,p1) of type C,, is the
k-algebra generated by Tj, (0 < k <n—1) and X;* (1 <1 < n) subject to the relations:

e quadratic relations:

(Th —q¢) (T +q¢7 ') =0 (1<k<n—-1),
(To — po)(To +py ') =0,
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e braid relations:

TiTh1 Tk = Thp1TxTr i1 (1<k<n—-1),
(ToTy)? = (TyTo)?,
ToTiw = To T (k£ k' £ 1),

e Laurent polynomial relations:

XXy = Xp Xy, (1<l <n),
XX '=1=X1X;,  (1<l<n),
e mixed relations:
TkaTk :Xk+1 (1 Skgn—l),
ToX1 Ty = popy "' X1 + (popy - — )70,
T.X, = X,T} (l#k,]{?—l—l)

The affine Hecke algebra of type B,, is the specialization Hg, (p) = Hc, (p,p). The finite
Hecke algebra "Hén (p) of type By, is the subalgebra of Hg, (p) generated by the T.

Remark 8.1.2. We use the conventions of [65, §A.1] (the assignment ¢ — p, po — qo,
p1 — q1 gives a matching between our parameters and those in [65]). This convention is
the same as in [20, §2.3], if one matches the parameters as follows: ¢ — ¢~ 1, pg — qo_l,
D1 qq 1. To match our conventions with those of [37, Definition 2.1], one uses the

assignment
—-1/2 -1
Ty —dqy "1k, Toraqy Tn, p1+—=>di, Po— —qo-
\Y

The intertwiners @5 € Hc, (po,p1) ®o K are defined as (see, e.g., [65, §A.3]:

(T — q) (1<k<n-1), (8.1)

Oy =1+p1

(X1 +po)(X1 —p1)

Proposition 8.1.3. The following hold.

(1) There is an isomorphism of K-algebras

k[W,] x K =5 Hc, (po,p1) @0 K, sp—= @, (0<k<n—1).
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(2) The affine Hecke algebra Hc, (po,p1) has a faithful representation on O given by
o X441, -+, X4, acting naturally by multiplication,
e T4,---,T,,—1 acting via

_ Xk — ¢ ' Xpq1

T — a) -
Tk —a)- f X, %o

(se(f) = f),
e Ty acting via

X X, —
(To—po)~f:p1—1( 1+§012)(_11 P1)

(s0(f) = f)

Proof. The first statement can be found in, e.g., [65, §A.3]. The second statement
is [37, Thm. 2.7], taking into account the difference in conventions explained in Re-
mark 8.1.2. 0O

8.2. BKR-type isomorphism

We establish a Brundan—Kleshchev-Rouquier-style isomorphism between completions
of orientifold KLR algebras and affine Hecke algebras of type C, generalizing [65, Thm.
A 4] and [54, Thm. 1.1].

Assume pg, p1 # £1. We now determine the datum defining *R(5; A). Let ¢ € k> and
set

J={HP* | kez}, 0:i—i' aij=08—p2i A(i)=0izp, + biep,.

The resulting quiver I' = (J, Q) can, depending on £ and the order of ¢, be of the following
types:

ord(q) | ¢ r T
(1) | o0 1 Aso {1}
(2) | o0 q Aso %)
(3) | oo ¢ {£qZ) | Ao x Ass | @
(4) | 2m 1 Al (£1}
(5) | 2m q Al %)
(6) | 2m ¢ {2}y | AP xAD | &
(7) | modd | 1 AlD {1}
(8) | modd | ¢ {+¢%} | AG) x AR | @
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Given a self-dual dimension vector 3 with ||8]|, = n, let R(8; ) be the orientifold
KLR algebra associated to the datum (I",0, 3, A). Choose X (—) in the J-datum to be
the identity function.

Theorem 8.2.1. The isomorphism (7.1) extends to an algebra isomorphism

"R(B; A) @op, “Ps = He, (po, p1) ®0 *Op (8.3)
given by:
( X + X (vi) -1 Xe+1 1 -1 (@ _ 1) (l/) :fV =y
X(Vkt1)  Xeta X, k € U Ve = Vi+1,
Tre(v) = <x(1)/(,f+1) + f(ii?) (X;E?’ZZJ) - X§:1> Pre(v) if vky1 = ¢,
| Pre(v) otherwise,
( _ -1 ,
X (1) (Xl T Xl) (Pg—1)e(v) if v1 = 0(11),
Toe(v) = S An)
\ <X)((1/11) - %”R) ' Dpe(v) otherwise.

Proof. The completed algebra on the LHS of (8.3) has a faithful representation on G@g
while the completed algebra on the RHS has a faithful representation on 0@5. There-
fore, it suffices to check that the actions of the generators agree under the isomorphism
(7.1). This follows by a direct calculation using Proposition 5.3.1, Proposition 8.1.3 and
(8.1)—(8.2). O

Remark 8.2.2. A weaker statement about a Morita equivalence between orientifold KLR
algebras and blocks of affine Hecke algebras of type C, in the case when # has no fixed
points, can be found in [65, Thm. A.4]. A proof of the isomorphism of cyclotomic quo-
tients, in type B case, for any 0, appeared in [54, Thm. 1.1]. The idea of comparing the
polynomial representations goes back to [61] (see also [50,49]). Vv

9. Boundary Schur-Weyl duality in type A

In this section we study a particular instance of the boundary Schur-Weyl duality
from Section 7 in the case g = sly. Specifically, we consider only quasi-split affine QSP
subalgebras of type Alll with the unitary K-matrices satisfying the standard reflection
equation on the first fundamental representation.
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9.1. The fundamental representation

Recall that the first fundamental representation V,,, of U,sly extends, through the
evaluation morphism, to a representation of the quantum loop algebra U,Lsly. More
precisely, we denote by V the N-dimensional U,Lsly-module with basis u,--- ,un and
action given by

E;-u, =6(r=i+1mod N) uj,

F;-u, =6(r=imod N) u;yq,

K; - u, = qﬁ(rEi mod N)—§(r=i+1 mod N)

Uy,
where for simplicity we are adopting the cyclic notation on the indices of the Chevalley
generators and the basis vectors ug (e.g., uy = ug, Ey = Ejy, and so on). More precisely,
V = evi(V,,), where evy: UyLsly — Uysly is the evaluation morphism at z = 1. We
set V. =V ®@Kk[z,271] and V(z) == V @ k(z) endowed with the shifted U,Lsly-action
(ct. §2.3).

The explicit formulae for the unitary R-matrix on V is well-known and due to Jimbo
[28]. More precisely,

RY(z,w): V(2) ® V(w) = V(w) ® V(2)
is given by u, ® u, — u, ® u, and

1— g2 d(r>s) ,0(r<s) _
Up @ Ug > ( ¢ Jw 5 & -ur®us+q(w7;)-us®ur (r#s) (9.1)
w—q%z w— %z

In particular, RY(z,w) is a rational function in w/z with only one simple pole at w/z =

7.

9.2. Normalized parameters and K-matrices

Let (X, 7) be an affine Satake diagram of type A and Uyt C U,Lsly the corresponding
QSP subalgebra with parameters (y,0) € T' x 3 (cf. §3.4). We are interested in the
K-matrices on V(z) supported on Ut. From the point of view of the combinatorial
model described in §6.2, it is convenient to consider U,Ls[y-modules V that are fized
by the chosen twisting operator, i.e., 1*(V) =V, or conversely to consider only twisting
operators that fix a given module. In both cases, the corresponding K-matrix gives rise
to a solution of the standard reflection equation (see, e.g., §4.5). Since V is small, there
exists a distinguished twisting operator ¢ which fixes it. Note, however, that this requires
to impose a normalization condition v (d) = 5 for a uniquely determined 5 € k*, cf. [4,

§7).
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Therefore, for any QSP subalgebra in U, Ls[y with normalized parameter -y, we obtain
a rational QSP intertwiner

K(z2): V() = V(z™h)

which satisfies the standard reflection equation. By generic QSP irreducibility of the
first fundamental representation, we recover in this way the QSP intertwiners explicitly
described by Regelskis-Vlaar in [57,58]. By direct inspection, it then follows that the
operators K(z) can be normalized to be non-vanishing, unitary and such that K (1) = id.
In particular, the condition (Q3) holds.

9.3. Quasi-split affine QSP subalgebras of type Alll

We provide the explicit formulae of the unitary K-matrix for the first fundamental
representation in the case of quasi-split affine QSP subalgebra of type Alll. Our main
reference is [57,58] as explained above. We note however that the K-matrices in this case
first appeared in [1].

9.3.1. The non-restrictable case

Recall that a quasi-split QSP subalgebra is simply determined by a non-trivial invo-
lution on the Dynkin diagram. We first consider the case where the affine node, which
is numbered N according to our cyclic notation, is not fixed by the involution, i.e., we
consider the case of N even and Satake diagram

N 1 7-2 -1
11 o
NIl NZ2 Ny N

For any 1 < r < N, we set ¥ := N — r. The corresponding QSP subalgebra Ut is
generated by K, K-, (0 <r < N/2—1) and

B, =F,+7,EB 1K '+, K ' (1<r<N)

where the parameters 7, o are determined according to Remark 3.4.1(1) by the following
assignments (\, u € kX))

YN=G IN_1=H D Anjee = BN Ynje1 = A

1 Note that, both here and in §9.3.2, with respect to the formulae given in [57, §9.3], we are setting the
shifting parameter 1 equal to 1 and we are choosing suitable dressing parameters w;.
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— ! A=At N
O'N:%, O'N/QZ—_I, O'TZO <O<T<—)
q—q q—q 2

Following [57, §9], the compact form of the K-matrix K(z) on V supported on Ut is

given by:
z—z71 ( M,
Kz =id+——— Eny + ) 9.3
B = ) BTt () ) 03
where
My = Z (AEii + X\ "En—iNn—i + B n—i + 11 En_iy).-

1<i<N/2—-1

It is convenient for us to consider the parameters pg = A\u~! and p; = A\p. Then, formula
Z2—z
P1—=2

(9.3) reads upn o > Uny2, UN F> (1 + ~uy, and

(pg 'p1)°<"(z — 27 1)
(p1—2)(pg "+ 271)

(pg'p1— 1)+ (p1 —py ")
(p1—2)(pg "+ 271)

LB(r<i) ,—b(r>7)

Uy — ~uz (9.4)

Uy +

if1<r<N/2.

Remark 9.3.1. Since the QSP subalgebra is non-restrictable, the K-matrix K(z) does
not fit into the framework described in Section 4. It is expected, however, that K(z) is
also induced by the action of a universal K-matrix. v

9.3.2. The restrictable case
For N even, we consider the Satake diagram

1 -1
Cﬁjov<:§ §:>g® (9.5
N-1 T+1

The corresponding QSP subalgebra U,t is generated by K.K', (1<r<N/2)and
B, =F +~E 1K, ' +o,K ' (1<r<N),
where ¥ = N + 1 — r and the parameters v and o are determined by the assignments:

o B N
IN=00T AN =g, =1 (1<r<5>
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1— 2 —1 _ y,,—1 N
oN = a , Uﬂ:()\,u) A , o.=0 0<r< —
¢—q7 T ¢—q! 2
For N odd, we consider the Satake diagram
N-3 N—1
1 2 2
N
C3&<i::§ ( q (9.6)
N —1 . N+3 N+1

In this case, the parameters of U ¢ are determined by

_ . N
YN =4 AN =g AT =1 (1<r<—>

ON

V|2

1 — 2 DY e Vi N
_ L (An) AT =0 ( )
q—q q-q

In both cases, the K-matrix is given by

(z =271 M,

K= ) 0 1 ()

where

My = Z (AEii + X' Eny1—iNt1—i + 1B Ny1—i + 1 Engiig)-
1<i<N/2

1

As before, we set pg = A~ and p; = Ap. Then, the formula (9.7) reads w, — uz if

r=r7 and

(o ‘P — 1) + (p1 —py )2°00<z700>1) 0 (py tpy)°P <N (z — 27

Up — - Up + — uq  (9.8)
(1 —2)(pp " +271) (p1—2)(py " +271)
if r=£r.
Note that, in the case u = 1, we get pg = p1 = p and (9.8) simplifies to u, — uz if
r=r1r and
1 —p2 O(r<7) ,—6(r>7) _ -1
Uy > (L=p7)z 5 _Zl Uy + p(z : _l)u; (9.9)
z—pz z—pz

if r 7.
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9.4. The boundary Schur-Weyl functor

As anticipated in 6.5, we briefly describe here one example of the combinatorial model
from §6.2 in this setting.

We consider a quasi-split affine QSP subalgebra of type Alll with a choice of param-
eters as described in §9.3 such that

(1) the twisting v satisfying ¢*(V) = V is QSP-admissible (cf. §4.2),
(2) A\, p € kX are such that A, \u~™! € ¢'/™C[q*/™] for some m > 0.

Set J = Z,4q and consider the involution 6 on J given by 6(n) = —n. Note that
J% = (. For any i € J, we set V(n) :== V and X (n) = ¢".

As observed in 6.5, the conditions (Q0)—(Q3) are easily verified to hold. Moreover, by
(9.3)-(9.8), the K-matrix has only two simple poles at z = Au~! and z = Au. Thus, the
condition (Q4) follows from the condition (2) above.

By Definition 6.3.1, we obtain a quiver I' whose nodes are indexed by odd numbers,
there is an edge between any two consecutive numbers, and it is equipped with a nat-
ural contravariant involution induced from 6, i.e., I' is an A, quiver with a non-trivial
involution and no fixed points:

(wlvq_n) (wlvq_S) (wlvq_s) (wlvq_l)

3 ) 3 . 3 ) 3 ) 3
> O > > O > O >
—-n -5 -3 -1
A A A A
| | | |
| | | |
| | | |
| | | |
N N N N
n 5 3 1
< O < < O < O <
n 5 3
(w17q ) (wlyq ) (w17q ) (wl’q)

Finally, the framing dimension vector A on I' is non-trivial if and only if A = ¢"pu*! for
some n € Z,qq. In this case, the framing dimension vector is given by A(m) = d,,, _,, for
any m € Zgqq-

9.5. Hecke algebras and 1/7 Schur—Weyl dualities

It is proved in [32,44] that the functor F recovers Chari-Pressley’s quantum affine
Schur-Weyl duality [12] through the BKR isomorphism between KLR algebras and affine
Hecke algebras. We shall prove the analogue result for the functor °F.

More precisely, let Uzt C U,Lsly be a quasi-split QSP subalgebra of type Alll with
the choice of parameters described above. A Schur-Weyl duality functor between Ut
and the 2-parameters affine Hecke algebra of type C (cf. §8.1) was constructed in [20],
relying on an explicit action of the latter on VI =V (z1) ® - - - @ V(z,).
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Lemma 9.5.1. The action of Hc, (po,p1) on VY, determined by the assignment
O — Rl\g/,k;Jrl(Zkv Zk+1)7 (I)O = Kl(Zl), Xl =z,
coincides with the action from [20, Prop. 2.5].

Proof. A formula for the action of the generators T; is obtained by substituting the
expressions (9.1), (9.4) and (9.8) for R~ and K-matrices into the formulas (8.1)—(8.2) for
the intertwiners. The lemma then follows from a straightforward comparison with the
formulae in [20, §2.4]."% O

Let

Fauc: He, (po,p1)-mod — Uzt-mod, M — V7 ®c, (po,pr) M

be the functor defined by the bimodule V?. For any 3 € N[J]%, let “R(3; X)-mody be
the full subcategory of R (3; A) -mod whose objects are modules with a locally nilpo-
tent action of the elements z;. Also let Hc, (po,p1)-modg be the full subcategory of
Hc,, (po, p1)-modules such that the action of the X iil is locally nilpotent and their mul-
tiset of eigenvalues equals .

Theorem 9.5.2. Let ||5||, = n. The following diagram commutes

"R(B; XN) Rop, QIP’g -mod i > He, (po,p1) ®o 905 -mod
zT \\\\ ,// lz
“R(B;A)-mody " He, (po,p1)-modg
OF 4 \\\; k// Fanc

U,t-mod

Proof. The diagram is composed of three triangles. The commutativity of the side ones
follows immediately from the definition of the completions 9@5 and 965 (cf. §7.1). The
commutativity of the triangle in the middle square follows directly from the BKR-type
isomorphism constructed in Theorem &8.2.1 and Lemma 9.5.1. O

In the case of a restrictable QSP subalgebra, we further recover a finite-type Schur-
Weyl duality between the Hecke algebra of type B and a finite-type QSP subalgebra in
Uysln. More precisely, let U,k € U,Lsly be a restrictable affine QSP subalgebra from

12 More precisely, it is also necessary to take into account that the formulae in [20] are given in terms of
the left-coideal subalgebra w(Ugt).
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§9.3.2. Then, U t™ = U, N Uysly is the QSP subalgebra corresponding to the finite-
type Satake diagram obtained from (9.5) (for N even) or (9.6) (for NV odd) by removing

the affine node.
Consider the operators R : V€2 — V®2 and K™ : V — V on the fundamental rep-

resentation given respectively by

¢

Us D Uy if r > s,
Ur @ Us > { Us @Up + (q— ¢ Dup @ug  ifr <s, (9.10)
| qur ® uy if r =s,
( Ur if r < r,
ur = < ur+ (p—p Hu, ifr>r, (9.11)
U, ifr=r.

By [8, Thms. 2.6 and 4.4], the assignment
To — Ki™, Tp— Ry (I1<k<n—1)

defines a (U, HE" (p))-bimodule structure on V™, where Hg" (p) is the finite Hecke
algebra of type B,,. Let

Fus: Hg" (p) -mod — Uyt™ -mod, M — V& D M
be the functor induced by the bimodule structure on V€™ (cf. [66]).

Corollary 9.5.3. The diagram

0
OR(B; A) -modg _ e, Uyt -mod

I |

Hec, (po, p1) -modg Fanc, U,t-mod

reslpo =P1 reslu:l

Hg" (p) -mod — U,8* -mod

where the upper vertical arrow on the left is as in Theorem 9.5.2 and the bottom vertical
arrows are given by restriction under the additional assumption po = p1 and p = 1
(cf. §9.5.2), is commutative.

Proof. Let *V®8 be the module defined in §7.2 with respect to the combinatorial model
described in §9.4. Relying on (9.1), (9.9), Theorem 8.2.1 and (9.10)-(9.11), one shows by
direct inspection that

Oy @6 o y@n ®ng (») 1B, (p) ®o 0@5
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as (U, Hg, (p) ®o 9@g)-bimodules. Hence, for any M in “R(B; X)-mody, we have

OFs(M) =V® M 2 V8" @60y M = Fu(M). O

3 )
B, ()@ 0

Remark 9.5.4. Relying on the explicit formulae for the K-matrix provided in [57, §9.3]
and [62], a similar computation shows that the same result holds for arbitrary affine QSP
subalgebras of type Alll. It is also expected that one can recover the Schur-Weyl functor
with the 2-parameter affine Hecke algebra of type B defined in [13]. This is, however,
harder to verify since [13] relies on the FRT presentation of QSP subalgebras. Vv
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