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Abstract

Necessary and sufficient conditions for rigidity of the perimeter inequality under spherical
symmetrisation are given. That is, a characterisation for the uniqueness (up to orthogonal
transformations) of the extremals is provided. This is obtained through a careful analysis of
the equality cases, and studying fine properties of the circular symmetrisation, which was
firstly introduced by P6lya in 1950.

Mathematics Subject Classification 49K21 - 49Q10 - 49Q20

1 Introduction

In this paper we study the perimeter inequality under spherical symmetrisation, giving nec-
essary and sufficient conditions for the uniqueness, up to orthogonal transformations, of the
extremals. Perimeter inequalities under symmetrisation have been studied by many authors,
see for instance [19,20] and the references therein. In general, we say that rigidity holds
true for one of these inequalities if the set of extremals is trivial. The study of rigidity can
have important applications to show that minimisers of variational problems (or solutions of
PDEs) are symmetric.

For instance, a crucial step in the proof of the Isoperimetric Inequality given by Ennio
De Giorgi consists in showing rigidity of Steiner’s inequality (see, for instance, [21, Theo-
rem 14.4]) for convex sets (see the proof of Theorem I in Section 4 in [15,16]). After De
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Giorgi, an important contribution in the understanding of rigidity for Steiner’s inequality was
given by Chlebik, Cianchi, and Fusco. In the seminal paper [11], the authors give sufficient
conditions for rigidity which are much more general than convexity. After that, this result was
extended to the case of higher codimensions in [2], where a quantitative version of Steiner’s
inequality was also given.

Then, necessary and sufficient conditions for rigidity (in codimension 1) were givenin [8],
in the case where the distribution function is a Special Function of Bounded Variation with
locally finite jump set [8, Theorem 1.29]. The anisotropic case has recently been considered
in [25], where rigidity for Steiner’s inequality in the isotropic and anisotropic setting are
shown to be equivalent, under suitable conditions. In the Gaussian setting, where the role of
Steiner’s inequality is played by Ehrhard’s inequality (see [14, Section 4.1]), necessary and
sufficient conditions for rigidity are given in [9], by making use of the notion of essential
connectedness [9, Theorem 1.3]. Finally, in the smooth case, sufficient conditions for rigidity
are given in [23, Proposition 5], for a general class of symmetrisations in warped products.
For the study of rigidity of functional inequalities we refer the reader to [8,11,13,15].

The main motivation for the study of the spherical symmetrisation is that it can be used to
understand the symmetry properties of the solutions of PDEs and variational problems, when
the radial symmetry has been ruled out. Moreover, some well established methods (as for
instance the moving plane method, see [18,28]) rely on convexity properties of the domain
which fail, for instance, when one deals with annuli.

In particular, in many applications minimisers of variational problems and solutions of
PDEs turn out to be foliated Schwarz symmetric. Roughly speaking, a function # : R* — R
is foliated Schwarz symmetric if one can find a direction p € $"~! such that u only depends
on |x| and on the polar angle @ = arccos(X - p), and u is non increasing with respect to «
(here x := x/|x|, and | - | denotes the Euclidean norm in R"). We direct the interested reader
to [3-5,30] and the references therein for more information.

1.1 Spherical symmetrisation

To the best of our knowledge, the spherical symmetrisation was first introduced by Pélya
[26], in the case n = 2 and in the smooth setting. Let n € N with n > 2. For each r > 0
and x € R", we denote by B(x, r) the open ball of R” of radius r centred at x, by w, the
(n-dimensional) volume of the unit ball, and we write B(r) for B(0, r). Moreover, e, ..., e,
stand for the vectors of the canonical basis of R”. Given a set E C R" and r > 0, we define
the spherical slice E, of E with respect to d B(r) as

E,:=EN3B(r)={x € E: |x| =r}.

Letv : (0, 00) — [0, co) be ameasurable function. We say that E is spherically v-distributed
if

v(r) = H"Y(E,), for H!-ae. r € (0, 00), (1.1)

where H* denotes the k-dimensional Hausdorff measure of R”, 1 < k < n. Note that, in
order v to be an admissible distribution, one needs

v(r) < H'"YOB(r)) = nwr"t for H'-ae. r € (0, 00). (1.2)

In the following, as usual, we set S*=1 = 9B(1). For everyx,y € S"—1 the geodesic distance
between x and y is given by

distgu—1(x, y) := arccos(x - y).
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Letr >0, p € S" !, and B € [0, 7] be fixed. The open geodesic ball (or spherical cap) of
centre rp and radius B is the set

Bg(rp) :={x € 9B(r) : distgi-1 (X, p) < B}.
The (n — 1)-dimensional Hausdorff measure of Bg(rp) can be explicitly calculated, and is
given by

p
H' Bg(rp)) = (n — 1)wn,1r"—1/ (sint)" 2 dr.
0

The expression above shows that the function 8 +— H"’l(B,g (rp)) is strictly increasing
from [0, 7] to [0, nw,r"~!]. Therefore, if v : (0, c0) — [0, c0) is a measurable function
satisfying (1.2), and E C R”" is a spherically v-distributed set, there exists only one (defined
up to a subset of zero H'-measure) measurable function &, : (0, 00) — [0, 7] satisfying

v(r) = H" By, (rer))  forH'-ae.r € (0, 00). (1.3)

Among all the spherically v-distributed sets of R”, we denote by F, the one whose spherical
slices are open geodesic balls centred at the positive e axis., i.e.

F, = {x e R"\ {0} : distgu-1 (%, e1) < oy (|x )},

see Fig. 1. Before stating our results, it will be convenient to recall some basic notions about
sets of finite perimeter.

1.2 Basic notions on sets of finite perimeter

Let E C R" be a measurable set, and let r € [0, 1]. We denote by E ® the set of points of
density ¢ of E, given by

EO — 1y cR": lim w=, .
p—0F Wy p"
The essential boundary of E is then defined as
3°E .= E\ (EW UE©).

Moreover, if A C R” is any Borel set, we define the perimeter of E relative to A as the
extended real number given by

P(E: A) :=H" ' B3°E N A),

and we set P(E) := P(E;R"). When E is a set with smooth boundary, it turns out that
d°E = O0E, and the perimeter of E agrees with the usual notion of (n — 1)-dimensional
surface measure of 9 E.

If P(E) < oo, it is possible to define the reduced boundary 9*E of E. This has the
property that 9*E C 3°E, H"~1(3°E \ 9*E) = 0, and is such that for every x € 3*E there
exists the measure theoretic outer unit normal vE (x) of 9*E at x, see Sect. 2. If x € 9*E, it
will be convenient to decompose vE (x) as

vEx) = vE) + vlf(x),
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“Is ‘T3

Fig.1 A pictorial idea of the spherical symmetral F;, of a v-distributed set E, in the case n = 3

where vf x) := WE®) - %)X and vlf (x) are the radial and tangential component of vE(x)
along 0 B(|x]), respectively. In the following, we will use the diffeomorphism & : (0, co) x
S"=1 — R\ {0} defined as

O, w) =rw for every (r, w) € (0, 00) X sl

1.3 Perimeter inequality under spherical symmetrisation

Our first result shows that the spherical symmetrisation does not increase the perimeter, and
gives some necessary conditions for equality cases. In our analysis we require the set F, (or,
equivalently, any spherically v-distributed set) to have finite volume. This is not restrictive.
Indeed, if F, has finite perimeter but infinite volume, we can consider the complement R" \ F;,
which, by the relative isoperimetric inequality, has finite volume. This change corresponds to
considering the complementary distribution function r + ne, "' —v(r), and the spherical
symmetrisation with respect to the axis —ej.
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Theorem 1.1 Let v : (0,00) — [0, 00) be a measurable function satisfying (1.2), and
let E C R" be a spherically v-distributed set of finite perimeter and finite volume. Then,
v € BV (0, 00). Moreover, F, is a set of finite perimeter and

P(F,; ®(B xS 1) < P(E; (B x S™ 1Y), (1.4)

for every Borel set B C (0, 00).
Finally, if P(E) = P(F,), then for H'-a.e.r € {0 < ay < 7}:

(a) E, is H" '-equivalent to a spherical cap and H"~%(3*(E,)A(8*E),) = 0;
(b) the functions x +—> vE(x) - % and x — |vf|(x) are constant H"2-a.e. in (3*E);.

The result above shows that the perimeter inequality holds on a local level, provided one
considers sets of the type ®(B x §"~1), with B C (0, o) Borel. Inequality (1.4) is very well
known in the literature. In the special case n = 2, a short proof was given by Pdlya in [26]. In
the general n-dimensional case with B = (0, co) the result is stated in [24, Theorem 6.2]), but
the proof'is only sketched (see also [22] and [23, Proposition 3 and Remark 4]). As mentioned
by Morgan and Pratelli in [24], certain parts of the proof of (1.4) follow the general lines of
analogous results in the context of Steiner symmetrisation (see, for instance, [11, Lemma 3.4]
and [2, Theorem 1.1]). There are, however, non trivial technical difficulties that arise when
one deals with the spherical symmetrisation. For this reason, we give a detailed proof of
Theorem 1.1.

We start by introducing radial and tangential components of a Radon measure, see Sect. 3.1.
These turn out to be useful tools which allow to prove several preliminary results. Moreover,
since we are dealing with a symmetrisation of codimension n — 1, we need to pay attention
to some delicate effects that are not usually observed when the codimension is 1 (as, for
instance, in [11]). Indeed, a crucial role is played by the measure Ag given by:

AE(B) := / £ vE@) dH " (x), (1.5)
3*Eﬂ<l>(B><S"*1)ﬂ{vf=0}

for every Borel set B C (0, 00). When n = 2, it turns out that Ag is singular with respect
to the Lebesgue measure in (0, co). However, for n > 2 it may happen that A g contains a
non trivial absolutely continuous part, see Remark 3.9. This requires some extra care while
proving inequality (1.4). A similar phenomenon has already been observed in [2], in the study
of the Steiner symmetrisation of codimension higher than 1. Higher codimension effects play
an important role also in the study of rigidity, as explained below.

1.4 Rigidity of the perimeter inequality
Given v : (0, 0c0) — [0, co) measurable, satisfying (1.2), and such that F), is a set of finite
perimeter and finite volume, we define A/ (v) as the class of extremals of (1.4):

N () :={E C R" : E is spherically v-distributed and P(E) = P(Fy)}.

Note that, by definition of F,, and by the invariance of the perimeter under rigid transforma-
tions, every time we apply an orthogonal transformation to F, we obtain a set that belongs

to N(v), i.e.
N@) D{E CR": H"(EA(RF,)) = 0 for some R € O(n)},
where A denotes the symmetric difference of sets and O (n) is the set of orthogonal trans-

formations in R”. We would like to understand when also the opposite inclusion is satisfied,
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x9 Z2
F,

Fig. 2 Rigidity (R) fails, since the set {0 < oy < m} is disconnected by a point 7 € (0, oo) such that

ay(F) =0
T x2
h bml

Fig.3 The set E above cannot be obtained by applying an orthogonal transformation to the set £, shown in
the right, therefore rigidity (R) fails. This happens because the set {0 < «y < 7} is disconnected by a point
7 € (0, 00) such that ay (F) = 7

that is, when the class of extremals of (1.4) is just given by rotated copies of F,. We will say
that rigidity holds true for inequality (1.4) if

N@)={E CR": H'"(EA(RF,)) = 0 for some R € O(n)}. (R)

In order to explain which conditions we should expect in order (R) to be true, let us first
give some examples.

Figure 2 shows a set £ € A/ (v) that cannot be obtained by applying a single orthogonal
transformation to F),. This is due to the fact that the set {0 < «, < 7} is disconnected by a
point 7 satisfying o, () = 0. A similar situation happens when {0 < «, < 7} is disconnected
by points belonging to the set {o, = 7}, see Fig. 3.

One possibility to avoid such a situation could be to request the set {0 < «, < 7} to be
an interval. However, this condition depends on the representative chosen for «,,, while the
perimeters of the sets E and F,, don’t. Indeed, in Fig. 2 one could modify «, just at the point
7, in such a way that {0 < o, < 7} becomes an interval. Nevertheless, rigidity still fails, see
Fig. 4.

To formulate a condition which is independent on the chosen representative, we consider
the approximate liminf and the approximate limsup of «,, which we denote by & and e/,
respectively (see Sect. 2). These two functions are defined at every point r € (0, co) and
satisfy a> < «,/. In addition, they do not depend on the representative chosen for e, and
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Z2 Z2

F,

Rl

Fig. 4 Modifying the function «,, given in Fig. 2 at the point 7, we can make sure that {0 < & < 7} is an
open connected interval. However, rigidity still fails

€2 Z2

Z1 ‘ z1

Fig.5 Anexamplein which rigidity fails. In this case, the tangential part of 9* F, gives anon trivial contribution
to P(Fy). This allows to slide a proper subset of F;, around the origin, without modifying the perimeter

A

@y

=) =, H'-a.e. in (0, 00). The condition that we will impose is then the following:
{0 < alf < a: < m}is a (possibly unbounded) interval. (1.6)

One can check that in the example given in Fig. 4 this condition fails, since &} (7) = o,/ (F) =
0.

Let us show that, even imposing (1.6), rigidity can still be violated. In the example given
in Fig. 5, there is some radius 7 € {0 < &' < @, < 7} such that the boundary of F, contains
anon trivial subset of d B(7). In this way, it is possible to rotate a proper subset of F, around
the origin, without affecting the perimeter. Note that at each point of the set 9*F, N d B(r)
the exterior normal v is parallel to the radial direction. To rule out the situation described
in Fig. 5, we will impose the following condition:

H' ' (x € 0" Fy 1 v["(x) = 0and x| € {0 < &) < <7}}) =0. (1.7)

Note that, from Theorem 1.1 and identity (1.3), it follows that in general we only have
oy € BV (0, 00). However, it turns out that (1.7) is equivalent to ask that o, is WIL’Cl in the
interior of {0 < ) < &, < 7}, see Proposition 5.3.

Our main result shows that the two conditions above give a complete characterisation of
rigidity for inequality (1.4) (below, 7 stands for the interior of the set 7).

Theorem 1.2 Let v : (0, 00) — [0, 00) be a measurable function satisfying (1.2) such that
F, is a set of finite perimeter and finite volume, and let a, be defined by (1.3). Then, the
Sollowing two statements are equivalent:
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(1) (R) holds true;
(i) {0 <« < < m}isa(possibly unbounded) interval I, and at, € Wllo’c1 @).

Let us point out that, although similar results in the context of Steiner and Ehrhard’s inequal-
ities already appeared in [8,9], the proof of Theorem 1.2 cannot simply use previous ideas,
especially in the implication (i) = (ii). We cannot rely, as in [8], on a general formula for the
perimeter of sets E satisfying equality in (1.4). Instead, we exhibit explicit counterexamples
to rigidity, whenever one of the assumptions in (ii) fails. This requires a careful analysis of
the transformations that one can apply to the set F;,, without modifying its perimeter. This
turns out to be non trivial, especially if one assumes D, to have a non zero Cantor part (see
Proposition 8.4).

Also the proof of the implication (ii) = (i) presents some difficulties. In the context of
Steiner symmetrisation, this has been proved in [11, Theorem 1.3] and [2, Theorem 1.2],
for codimension 1 and for every codimension, respectively. In the smooth case, a proof is
given in [23, Proposition 5], for the general class of symmetrisations in warped products. For
the spherical setting without any smoothness assumption, this implication has already been
stated in [24, Theorem 6.2], but the proof is only sketched. A rigorous proof of this fact turns
out to be more delicate than one would expect, and relies on the following result.

Lemma 1.3 Letv : (0, 00) — [0, 00) be a measurable function satisfying (1.2) such that F,
is a set of finite perimeter and finite volume. Let E C R" be a spherically v-distributed set,
and let I C (0, +00) be a Borel set. Assume that

o ({xesEnoa xs) @ =of) =o. (1.8)
Then,
! ([x € RN o xS vf" () = 0]) —o. (1.9)

Viceversa, let (1.9) be satisfied, and suppose that P(E; ®(I xS"~1)) = P(F,; ®(I xS"™)).
Then, (1.8) holds true.

A direct proof of Lemma 1.3 does not seem to be obvious, due to the fact that, as pointed out
above, the measure A defined in (1.5) can have an absolutely continuous part when n > 2.
In the context of Steiner symmetrisation of higher codimension, a result playing the role of
Lemma 1.3 (see [2, Proposition 3.6]) is proved using the fact that the statement holds true in
codimension 1, see [11, Proposition 4.2]. For this reason, we are led to consider the circular
symmetrisation, which is the codimension 1 version of the spherical symmetrisation, and was
originally introduced by P6lya in the case n = 3 (see [26]). Note that, when n = 2, spherical
and circular symmetrisation coincide.

1.5 Circular symmetrisation

In order to introduce the circular symmetrisation, let us first observe how the spherical
symmetrisation operates on a given set E, in the special case n = 2. In this situation, for
each r > 0 one intersects E with the circle d B(r) of radius r centred at the origin. Then,
the symmetric set F), is obtained by centring, for each r > 0, an open circumference arc of
length H'(E N 9B(r)) at the point re;. When n > 2 one can proceed in a similar way, by
first slicing the set E with parallel planes, and then by symmetrising it (in each plane) with
the procedure just described. Note that, in this case, one needs to specify both the direction
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along which the open arcs are centred, and the direction along which the slicing through
planes is performed.

Let us then choose an ordered pair of orthogonal directions in R”, which we will assume
to be (e1, e2) (we will be centring open circumference arcs along ej, while we will be
slicing the set E with parallel planes that are orthogonal to e>). In the following, for each
x = (x1,...,x,) € R", we will write x = (x2, x"), where x;» = (x|, x2) € R? and
x' = (x3,...,x,) € R"2. When x12 # 0, we set X1 := x12/|x12|. For each given
7/ € R"2, we denote by I1.: the two-dimensional plane defined by

Iy ={x= (x12,x) € R xR"2:x = 7}

Givenaset E C R" and (r, Z') € (0, 00) x R"2, we define the circular slice Eq yof E
with respect to dB((0, ), r) N T as

Eyy:=ENJB((0,2),r)NTy = {x = (x12,x") € E:x' =7 and |x;2| = r}.

Let £ : (0, 00) x R""2 — [0, 00) be a measurable function. We say that E is circularly
L-distributed if

er,x')y = HYE ),  for H' l-ae. (r,x) € (0, 00) x R"72.
If ¢ is a circular distribution, then for K" 1-a.e. (r, x’) € (0, 00) x R"~2 we have
o, x"y < H'@B((0,x), r) N Ty) = 27r. (1.10)

Among all the sets in R” that are circularly ¢-distributed, we denote by F* the one whose
circular slices are open circumference arcs centred at the positive e axis. That is, we set

1
Ft.= {(xlz, x') € R\ {x12 = 0} : distgi (X12, €1) < ?e(r,X’)} .
r

In the following, we introduce the diffeomorphism @5 : (0, c0) x R"ZxS! > R" \{X12 =
0} given by
P, X, 0) = (w,x) for every (r, x', w) € (0, 00) x R"™%2 x S!.

Moreover, for every x € 0*E we write vE(x) = (lez(x), vf,(x)), where lez(x) =
@), vE (x)) and vE(x) = (0§ (x), ..., vE(x)). Then, we further decompose v{; (x) as

v () = vi, () + vy (),

where leM(x) = (WE(x) - £12)%12 and lez” (x) := leZ(x) - leu(x). We can now state a
result that plays the role of Theorem 1.1 for the circular symmetrisation.

Theorem 1.4 Let £ : (0, 00) x R"=2 — [0, 00) be a measurable function satisfying (1.10),
and let E C R" be a circularly £-distributed set of finite perimeter and finite volume. Then,
£ € BVj,:((0, 00) x R"‘z). Moreover, Ft is a set of finite perimeter and

P(F% ®12(B xS") < P(E; @12(B x S')), (1.11)

for every Borel set B C (0, o0) x R" 72,
Finally, if P(E) = P(FY), then for H" '-a.e. (r,x") € (0, 00) x R"~2:

(@) Eq vy is H'-equivalent to a circular arc and 0" (Ex1y) = O E)(r x1ys
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(b) the three functions
E A E E
x> 0P (X)X, x> g l(), x> vp(x),
are constant in (3*E)(y x1).

In the smooth setting and in the case n = 3, inequality (1.11) was proved by Pélya. The
following result is the counterpart of Lemma 1.3 in the context of circular symmetrisation.

Lemma 1.5 Lerl : (0, 00) x R"=2 — [0, 00) bea measurable function satisfying (1.10) such
that Ft is a set of finite perimeter and finite volume. Let E C R" be a circularly ¢-distributed
set, and let I C (0, 00) x R"~2 be a Borel set. Assume that

w ({xeaEnod <8 vl @ =0}) =o. (1.12)
Then,
H (fr e P noa xsh vy m =0)) =o. (1.13)

Viceversa, let (1.13) be satisfied, and suppose that P(E; ®(I x S = P(FE o1 x SY).
Then, (1.12) holds true.

Once Lemma 1.5 is established, we can show Lemma 1.3 through a slicing argument. Finally,
the proof of (ii) = (i) is concluded by showing that, if E satisfies equality in (1.4), the
function associating to every r € (0, oo) the center of E, (see (7.1)) is ngcl and, ultimately,
constant (see Sect. 7).

The paper is divided as follows. Section 2 contains basic results of Geometric Measure
Theory that are extensively used in the following. In Sect. 3 we give the setting of the problem
and introduce useful tools to deal with the spherical framework. Section 4 is devoted to the
study of the properties of the functions v and &,, while Theorem 1.1 is proven in Sect. 5.
Important properties of the circular symmetrisation are discussed in Sect. 6, where we also
give the proof of Lemma 1.3. The implications (ii) = (i) and (i) = (ii) of Theorem 1.2
are proven in Sects. 7 and 8, respectively.

2 Basic notions of geometric measure theory

In this section we introduce some tools from Geometric Measure Theory. The interested
reader can find more details in the monographs [1,17,21,29]. For n € N, we denote with
S"~! the unit sphere of R”, i.e.

Sl =(x eR": |x| =1},

where | - | stands for the Euclidean norm, and we set Rjj := R" \ {0}. For every x € R{j, we
write X := x/|x| for the radial versor of x. We denote by ey, ..., ¢, the canonical basis in
R”, and for every x, y € R", x - y stands for the standard scalar product in R” between x
and y. For every r > 0 and x € R”, we denote by B(x, r) the open ball of R"” with radius
r centred at x. In the special case x = 0, we set B(r) := B(0, r). In the following, we will
often make use of the diffeomorphism @ : (0, 00) x "1 — R{ defined as

O(r,w):=rw forevery (r,w) € (0, 00) x " L.
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For x € R" and v € §"~!, we will denote by H, and H_, the closed half-spaces whose
boundaries are orthogonal to v:

H;U = {yeR":(y—x)-vZO},
Hy, = {yeR”:(y—x)-vSO}. .1)

If 1 < k < n, we denote by H* the k-dimensional Hausdorff measure in R”. If {Ep}hen
is a sequence of Lebesgue measurable sets in R” with finite volume, and £ C R” is also
measurable with finite volume, we say that { £}, converges to E as h — 0o, and write
E, — E,if H"(EyAE) — 0 as h — oo. In the following, we will denote by xg the
characteristic function of a measurable set E C R”.

2.1 Density points

Let E C R" be aLebesgue measurable setandletx € R". The upper and lower n-dimensional
densities of E at x are defined as

H"(E N B(x,r)) H"(E N B(x,r))

0*(E, x) := lim sup , 0+(E, x) := limiorlf
r—

n
r—0t Wn T

W, " '
respectively. It turns out that x — 6*(E, x) and x — 6, (E, x) are Borel functions that agree
‘H"-a.e. on R". Therefore, the n-dimensional density of E at x
H"(E N B(x,
O(E.x) = lim T ENBO.N)
r—0t w, 1"

is defined for H"-a.e. x € R", and x — 6(E, x) is a Borel function on R”. Given ¢t € [0, 1],
we set

EW = {x e R" : 6(E, x) = t}.

By the Lebesgue differentiation theorem, the pair {E©, E(MW} is a partition of R”, up to a
H"-negligible set. The set 3°E := R\ (E@ U EW) is called the essential boundary of E.

2.2 Rectifiable sets

Letl <k <n,k e N.If A, B C R" are Borel sets we say that A C4x B ifHk(B \A) =0,
and A =3 B if H* (AAB) = 0, where A denotes the symmetric difference of sets. Let
M C R” be a Borel set. We say that M is countably H¥-rectifiable if there exist Lipschitz
functions f, : RF — R” (h € N) such that M Cok Unen fn (R¥). Moreover, we say that M
is locally H*-rectifiable if H*(M N K) < oo for every compact set K C R”, or, equivalently,
if H*L M is a Radon measure on R”".

A Lebesgue measurable set £ C R” is said of locally finite perimeter in R” if there exists
a R"-valued Radon measure g, called the Gauss—Green measure of E, such that

f Vo) dx = / o) dpg(x), Vo e CLRY,
E Rll
where C!(R") denotes the class of C! functions in R” with compact support. The relative

perimeter of £ in A C R” is then defined by setting P(E; A) := |ug|(A) for any Borel set
A C R”, and the perimeter of E is defined as P(E) := P(E; R"). If P(E) < oo, we say
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that E is a set of finite perimeter in R". The reduced boundary of E is the set 3*E of those
x € R" such that

VEG) — fim PEBG)

Lo 7 exists and belongs to 8"
r—0t |nel(B(x,r))

The Borel function vE : 9*E — S§"! is called the measure-theoretic outer unit normal
to E. If E is a set of locally finite perimeter, it is possible to show that d*E is a locally
H"~-rectifiable set in R” [21, Corollary 16.1], with g = vE H"~' L 3*E, and

/wmm:/ e VE@) dH" T (x), Ve e CLRM).
E 0*E

Thus, P(E; A) = H"1(ANJ*E) for every Borel set A C R". If E is a set of locally finite
perimeter, it turns out that
*E cc EV? c 9°F .
Moreover, Federer’s theorem holds true (see [1, Theorem 3.61] and [21, Theorem 16.2]):
H'LB°E\ 9" E) =0,

thus implying that the essential boundary 3°E of E is locally H"~'-rectifiable in R”.

2.3 General facts about measurable functions

Let f : R" — R be a Lebesgue measurable function. We define the approximate upper limit
/Y (x) and the approximate lower limit f”(x) of f atx € R" as

£V (x) = inf {t eR:xe(f> z}<°>}, 2.2)
A0 :sup[reR:x clf <t}<0>}. 2.3)

We observe that ¥ and f” are Borel functions that are defined at every point of R”, with
values in R U {£o00}. Moreover, if f] : R" — R and f, : R” — R are measurable functions
satisfying fi = f» H"-a.e. on R”, then f)Y = f," and f{" = f3* everywhere on R". We
define the approximate discontinuity set Sy of f as

Spe={f"<r"}

Note that, by the above considerations, it follows that H"(Sy) = 0. Although f ANand fVY
may take infinite values on Sy, the difference fV(x) — f”(x) is well defined in R U {£o0}
for every x € Sy. Then, we can define the approximate jump [ f] of f as the Borel function
[f]:R" — [0, oo] given by

0 - @), ifx e Sy,
[f](x)'_{o, ifx e R"\ S

Let A C R” be a Lebesgue measurable set. We say that # € R U {00} is the approximate
limit of f at x with respect to A, and write t = aplim(f, A, x), if

9<{|f—t|>8}ﬁA;x>:0, Ve >0, (t €R),

9({f<M}ﬂA;x)=0, YM >0, (t=+00),
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9({f>—M}ﬂA;x)=0, YM >0, (t=-00).

We say that x € Sy is a jump point of f if there exists v € S*~1 such that
fY(x) =aplim(f, H;fv,x) , [ (x) =aplim(f, H_,, x).

If this is the case, we say that vy (x) := v is the approximate jump direction of f at x.
If we denote by J; the set of approximate jump points of f, we have that J; C Sy and
v Jp— §"~!is a Borel function.

2.4 Functions of bounded variation

Let f : R — R be a Lebesgue measurable function, and let 2 C R” be open. We define
the total variation of f in Q2 as

|IDf|(2) = sup{/Q f)divT(x)dx : T € CCI(Q;R"), |IT| < 1},

where C!(€2; R") is the set of C! functions from € to R" with compact support. We also
denote by C.(£2; R") the class of all continuous functions from 2 to R”. Analogously, for
any k € N, the class of k times continuously differentiable functions from €2 to R” is denoted
by CK(€2; R"). We say that f belongs to the space of functions of bounded variations,
f € BV(RQ), if IDf|(R) < oo and f € L'(S2). Moreover, we say that f € BVjoc(Q2) if
f € BV () for every open set ' compactly contained in 2. Therefore, if f € BVioc(R")
the distributional derivative Df of f is an R"-valued Radon measure. In particular, E is a set
of locally finite perimeter if and only if xg € BVioc (R"). If f € BV}, (R"), one can write
the Radon—-Nykodim decomposition of Df with respectto H" as Df = D* f + D* f, where
D? f and H" are mutually singular, and where D? f < H". We denote the density of D“ f
with respect to H” by V £, so that V f € L'($; R") with D f = V f d’H". Moreover, for
H"-a.e.x € R", V f(x) is the approximate differential of f atx.If f € BVjoc(R"), then Sy is
countably H"~!-rectifiable. Moreover, we have " ! Sp\Jp)=0,[f]€ L}OC (Hn_l\_.]f),
and the R”-valued Radon measure D/ f defined as

D/ f =[flvpdH" ' Jy,

is called the jump part of Df. If we set D f = D’ f — DJ f, we have that Df = D f +
D’ f 4+ D¢ f. The R"-valued Radon measure D€ f is called the Cantorian part of Df, and
it is such that | D€ f|(M) = 0 for every M C R” which is o-finite with respect to H"~!.

In the special case n = 1, if (a, b) C R is an open (possibly unbounded) interval, every
f € BV((a, b)) can be written as

f=r+f+r 2.4)

where f € W!((a, b)), £/ is ajump function (i.e. Df = D/ f)and f€ is a Cantor function
(i.e. Df = D°f), see [1, Corollary 3.33]. Moreover, if f/ = 0 (or, more in general, if f is
a good representative, see [1, Theorem 3.28]), the total variation of Df can be obtained as

N
IDfl(a.b) = sup {1 f (1) = FOi)] 1@ <x1 <xp <o < xy < b}, 2.5)

i=1

where the supremum runs over all N € N, and over all the possible partitions of (a, b) with
a<x;<xy<---<xy <b.Whenn = 1, we will often write f’ instead of V f.
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3 Setting of the problem and preliminary results

In this section we give the notation for the chapter, and we introduce some results that will
be extensively used later. For every x, y € S"~!, the geodesic distance between x and y is
given by

distgu—1(x, y) := arccos(x - y).
We recall that the geodesic distance satisfies the triangle inequality:
distgu—1(x, y) < distgi-1(x, z) + distgu-1(z, ¥) for every x, y,z € shl.

Letr > 0, p € S !and B € [0, ] be fixed. The open geodesic ball (or spherical cap) of
centre rp and radius B is the set

Bg(rp) := {x € 9B(r) : distgu-1 (X, p) < B}.

Note in the extreme cases 8 = 0 and 8 = 7w we have Bo(rp) = ¢ and B, (rp) =
dB(r) \ {—rp}, respectively. Accordingly, the geodesic sphere of centre rp and radius B
is the boundary of Bg(rp), which is given by

Sg(rp) := {x € dB(r) : distgu-1 (X, p) = B}.

The (n — 1)-dimensional Hausdorff measure of a geodesic ball and the (n — 2)-dimensional
Hausdorff measure of a geodesic sphere are given by

B

H' (Bg(rp)) = (n—l)wn_lr"_lf (sin7)" % dr, (3.1)
0

H'2(Sp(rp)) = (n — Dw,_1r" > (sin f)" 2. (3.2)

Let E C R" be a measurable set. For every r > 0, we define the spherical slice of radius r
of E as the set

E,:=ENJB(r)={x€dB(r):x € E}.

Let v : (0, 00) — [0, c0) be a Lebesgue measurable function, and let £ C R” be a measur-
able set in R”. We say that E is spherically v-distributed if

v(r) = H"N(E,), for H'-a.e. r € (0, 00).
If E is spherically v-distributed, we can define the function

v(r)  H"U(E)

=1 =1

Ey(r) = , for every r € (0, 00). 3.3)

Note that H"~!(B;) = H"~1(S"~!) = nawy, so that
0<&(r) <nwy, for every r € (0, 00). (3.4
From (3.1), it follows that the function F : [0, 7] — [0, nw,] given by

F(B) = H ! (Bg(e1)) is strictly increasing and smoothly invertible in (0, 7).
(3.5)

Therefore, if v : (0,00) — [0, 00) is measurable, thanks to (3.4), there exists a unique
function «,, : (0, 0c0) — [0, 7r] such that

E(r) = H"_I(B%(,) (e1)) for every r € (0, 00). 3.6)
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Among all the spherically v-distributed sets of R”, we denote by F), the one whose spherical
slices are open geodesic balls centred at the positive e; axis., i.e.

Fy = {x e Rj : distgu—1(X, 1) < ap(|x])}, 3.7

where «, is defined by (3.3) and (3.6). The next result (see [1, Lemma 2.35]) will be used in
the proof of Theorem 1.1.

Lemma 3.1 Let B C R”" be a Borel set and let ¢, ¢ : B — R, h € N be summable Borel
functions such that |oy| < |@| for every h. Then

sup ppdx = sup / opdx ¢,
\L h H !Z Ap, }

heH

where the supremum ranges over all finite sets H C N and all finite partitions Ap, h € H
of B in Borel sets.

3.1 Normal and tangential components of functions and measures

For every ¢ € C.(Rjj; R"), we decompose ¢ as ¢ = ¢ + ¢, Where
@1 (x) = (p(x) - %)% and @) (x) = @(x) — 1 (x)

are the radial and tangential components of ¢, respectively. If ¢ € C!(RE; R"), divy(x)
stands for the tangential divergence of ¢ at x along the sphere 0B (|x|):

divje(x) := divp(x) — (Vo)) - X. (3.8)
The following lemma gives some useful identities that will be needed later.
Lemma3.2 Letg € C/ (RG: R™). Then, for every x € R{j one has

-1
dive1 () = (Vo) -5+ (o0 - £) = =,

divey (x) = divy g (x). (3.10)

(3.9)

Remark 3.3 Let ¢ € CC1 (R{; R™). Recalling that ¢ = ¢ + ¢, combining (3.9) and (3.10)
it follows that

divg(x) = (Vo)3) - £ + (p) - £)

x| +divjg (x) Vx eRj.
X

Proof First of all, note that

V(px) - %) = (Vo) % + —g)(x). (3.11)

1
x|

Indeed,

I —3x X 1
Y (o) - £) = (Vo) 7 + ﬁilmsom = (Vo()TE + o).

where I represents the identity map in R”, and X ® X is the usual tensor product of x with
itself (so that J — % ® £ is the orthogonal projection on the tangent plane to S~ ! at £). Thanks
to (3.11), we have

diveg (x) = div ((go(x) . )2))2) =V ((p(x) )?) “X+ ((p(x) )2) divx
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n—1

x|

Ta 1 A A

= (Vo)) x + m(ﬂu()f) k4 () - %)

-1

x|

which proves (3.9). Note now that, by definition (3.8), it follows that
divp(x) = divjp(x) + (Ve((x)%) - 2. (3.12)

On the other hand, from (3.9)

= (Vo)) - £ + (p(x) - £) ©

divp(x) = divey(x) + dive, (x)
n—1

= divg (x) + (Vo)) - £ + (¢(x) - £) AR

Comparing last identity with (3.12) we obtain that for every ¢ € C Cl (Rf; R™)

—1

|x|

Applying the last identity to the function ¢; we obtain (3.10). O

. . ~ N
divjp(x) = dive)(x) + ((p(x) -x)

If p is an R"-valued Radon measure on IRjj, we will write i = w1 + ), where 11 and
) are the R"-valued Radon measures on R{ such that

/ @'dMLZ/ @) -du, and / (p-d,u”:/ @ -du,
R Ry R} R:

for every ¢ € C.(R}; R"). Note that ;| and | are well defined by Riesz Theorem (see,
for instance, [1, Theorem 1.54]). In the special case u = Df, with f € BV (Rg), we will
shorten the notation writing D f and D, f in place of (Df)| and (Df), respectively. In
particular, if f = xg and E C R” is a set of finite perimeter, by De Giorgi structure theorem
we have

Dixg=vidH"'"Lo*E and  Dyxp =vfdH"'LO*E. (3.13)

Next lemma gives some useful identities concerning the radial and tangential components
of the gradient of a B V}o. function.

Lemma3.4 Let f € BV (R}). Then,

/ <p(x) -dDHf = —f f(x) diV”(p” (x) dx, (3.14)
Rg Rg

n—1

/Rn ¢(x)-dDLf =~ /R FG) (Vo) £) - £dx = /R F@=— (p(x) - %) dx,

(3.15)

|x|

or eve e C/R2; RM).
ry c

Proof Letgp € C Cl (Rj; R™). By definition of D) f and thanks to (3.10) we have
[ ow-anis= [ ww-ans
Ry Ry

= —f divey (x) f(x) dx = —f divyey (x) f (x) dx,
Rg Rg
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and this shows (3.14). Similarly, by definition of D f
/ px)-dDLf = / ¢1L(x)-dDf = —/ divp (x) f(x) dx.
R} R} R}

Thanks to (3.9), identity (3.15) follows. O

An immediate consequence of identity (3.14) is the following.

Corollary 3.5 Let f € BVio(Rfy) and let @ CC Ry be open and bounded. Then,

|Dy f|(Q) = sup { /R fdiviey(ndx ;g € CHERY), [l@lloe@rny < 1}.

We conclude this subsection with an important proposition, that is a special case of the Coarea
Formula (see [1, Theorem 2.93]).

Proposition 3.6 Let E be a set of finite perimeter in R" and let g : R" — [0, oo] be a Borel
function. Then,

/ g (0)ldH"~ (x) = / dr / g(x)dH" 2 (x).
*E 0 (0*E),

Proof The result follows by applying [1, Remark 2.94] with N =n — 1, M = n,k = 1, and
) = lx]. O

In the next subsection we show how the notion of set of finite perimeter can be given in
a natural way also for subsets of the sphere S"~! (and, more in general, of 3 B(r), for any
r > 0).

3.2 Sets of finite perimeter on S"~1

We now give a very brief introduction to sets of finite perimeter on S"~!, by using the notion
of integer multiplicity rectifiable currents, see [29, Chapter 6] for more details (see also [6]).
Let k € Nwith 1 < k < n — 1. We denote by Ax(R") and AF(R") the linear spaces of
k-vectors and k-covectors in R”, respectively, while Dk (R™) stands for the set of smooth
k-forms with compact support in R”.

A k-dimensional current in R" is a continuous linear functional on D¥ (R"). The family
of k-dimensional currents in R” is denoted by Dy (R"). We say that T € Dy (R") is an integer
multiplicity rectifiable k-current if it can be represented as

T (w) = / (w(x), n(x)) 0(x) dH (x) for every w € DF(R™),
M

where M is an H¥-measurable countably k-rectifiable subset of R”, § is an H*-measurable
positive integer-valued function, and n : M — Aj(R") is an H*-measurable function such
that for H¥-a.e. x € M one has nx) = t1(x) A - A (), with 71(x), ..., ¢ (x) an
orthonormal basis for the approximate tangent space of M at x, and (-, -) denotes the usual
pairing between AF(R") and Ay (R"). In the special case when

T(a)):/ (w(x), n(x)) dH*(x) for every w € DF(R"),
M
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we write T = [M]]. The boundary 07 of T is then defined as the element of Dy (R") such
that

AT (w) = T(dw) for every w € DY(R"),
while the mass M(T) of T is given by
M(T) := sup {T(w) o e DFRM), |l < 1} .
More in general, for any open set U C R”, we set
My (T) := sup {T(a)) @ e DFRM), o] < 1, suppw € U} .

Let A C S"~! be an 1"~ !-measurable set. We will say that A is a set of finite perimeter
on "~ if there exists Q € D,_»(R") with supp Q C S"—!and
Q = J[Al,

with the property that My (Q) < oo for every U CC R”. By the Riesz representation
theorem it follows that there exists a Radon measure 1o and a up-measurable function
v:S§* ! — 7,.8"! such that |v(x)| = 1 for ur-a.e. x and

/Adiv”go(x)dH"_I(x) = /SH e(x) - v(x)dpo(x),

for every smooth vector field with ¢ = ¢). If A C S"~!is a set of finite perimeter on the
sphere, the reduced boundary 3* A is the set of points x € S"~! such that the limit

1
A =lim ——— d
v pc) wno(B(x, p)) B(x,p)v(y) #o)

exists, vA(x) € T:S"~!, and vA(x) = 1. The De Giorgi structure theorem holds true also
for sets of finite perimeter on the sphere. In particular, 9* A is countably (n — 2)-rectifiable,
no =H"2L9*A, and

/div‘,w(x)dﬁ”*l(x):f P(x) - vA () dH" 2 (x), (3.16)
A d*A

for every smooth vector field with ¢ = ¢|. The isoperimetric inequality on the sphere states
that, if 8 € (0,7) and A C S"! is a set of finite perimeter on "~ ! with H"~1(4) =
H"~!(Bg(er)), then (see [27])

H'2(8"Bg(er)) < H"2(3*A). (3.17)
The next theorem is a version of a result by Vol’pert (see [31]).

Theorem 3.7 Let v : (0, 00) — [0, 00) be a measurable function satisfying (1.2), and let
E C R" be a spherically v-distributed set of finite perimeter and finite volume. Then, there
exists a Borel set G C {oy > 0} with H'({ry, > 0} \ Gg) = 0, such that

(i) foreveryr € Gg:

(ia) E, is a set of finite perimeter in d B(r);
(ib) H"2(0*(E,)A(@*E),) = 0;

(i) foreveryr €e GEN{0 < oy < m}:
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(iia) |v|f (rw)| > 0,
(iib) vl (rw) = vE ro)lvf (rw)),

for H' %-a.e. € " such that ro € 3*(E,) N (9*E),.

Proof The result follows applying [29, Theorem 28.5] with f(x) = |x|, and recalling the
definition of slicing of a current (see [29, Definition 28.4]). O

We now make some important remarks about Theorem 3.7.
Remark 3.8 Thanks to property (ib), we have
9" (E;) =qn—2 (3*E), for every r € Gg.

Therefore, whenever r € G g we will often write 0* E, instead of 0*(E,) or (0* E),, without
any risk of ambiguity. Moreover, for every r € G g we will also use the notation

pE(r) == H'"2(0*E,).

Remark 3.9 In dimension n = 2, the theorem above implies that, if r € Gg N {0 < 6 < n},
then 0*(E,) = (0*E), and

[vf (rw)| > 0 for everyw € S' such that r € (3*E),. (3.18)

Let now A g be the measure defined in (1.5):

Me(B) = / X - UE(X) dHl(x) for every Borel set B C (0, 00).
3*Eﬂ¢(BxS1)ﬁ{vllE=O}

If B C G, then by (3.18)
IAe(B)| < H'@*EN®(Ge x SHN{uff =0h =0,

so that A (B) = 0. As a consequence, Ag is singular with respect to the Lebesgue measure
in (0, 00). If n > 2 this conclusion is in general false (unless one chooses £ = F,, see
Remark 3.10 below), and it may happen that A ¢ has a non trivial absolutely continuous part.

Remark 3.10 If n > 2, but we consider the special case E = F,, Theorem 3.7 gives much
more information than the one we can obtain for a generic set of finite perimeter. Indeed, let
R € O(n) be any orthogonal transformation that keeps fixed the e axis. By definition of F,,
and thanks to [21, Exercise 15.10], we have that if x € 9*F,, then Rx € 0*F, and

v”F” (Rx) =R v{” (x) and vJF_”(Rx) =R vf” (x).
Therefore, applying Theorem 3.7 to F,, we infer that
() foreveryr € Gp,:

(ja) (Fy), is a spherical cap;
(jb) *(Fy)r = (0% Fy)r;

(Gj) foreveryr € Gp, N{0 < oy < 1}:
Gia) v (rw)| > 0,

(ijb) vHF”(ra)) = pF)r (ra))lvHF"(rw)l, for everyw € S"! such that rw € (8*F,), N
O (Fy)r.
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Therefore,
H'(Bo) =0, (3.19)
where
By := {r € (0, +00) : 3w € S" ! such that rw € 3*F, and vHF"(ra)) = O} .
Moreover, repeating the argument used in Remark 3.9 one obtains that
H' (@ Fy N ®(Gr, x S" )N {yf* =0}) =0.

Thus, the measure A , defined in (1.5) is purely singular with respect to the Lebesgue measure
in (0, 00).

4 Properties of v and &,

In this section we discuss several properties of the functions v and &,. These are the natural
counterpart in the spherical setting of analogous results proven in [2,11]. We start by showing
that, if £ C R" is a set of finite perimeter and volume, then v € BV (0, 00).

Lemma4.1 Let v be as in Theorem 1.1, and let E C R" be a spherically v-distributed set of
finite perimeter and finite volume. Then, v € BV (0, 00). Moreover, &, € BV),:(0, 00) and

/O V()" dDg, () = /R W (XD E - dDLxE (), @)
0

for every bounded Borel function vy : (0, co) — R. As a consequence,
"~ D&,|(B) < DL XEI(®(B x S"1)), 4.2)

for every Borel set B C (0, 00). In particular, r"~' D&, is a bounded Radon measure on
(0, 00).

Proof We divide the proof into steps.
Step 1 We show that v € BV (0, 00). First of all, note that v € L! (0, 00), since

o0 o0
19]210.009 =/ v(r)dr:/ dr/ (e () dH () = H(E) < oo,
0 0 dB(r)

Letnow ¢ € C, C] (0, 0o) with || < 1. Applying formula (3.9) to the radial function ¥ (|x|)X,
we obtain that for every x € R{

div (¥ (xD%) = [V (¢ (xDR) £] - & + [w (i - 5] "=

|x]
, A I—x®x\.] . n—1
= [(\0 (IxDx ® x + WIXI)*) X} <X+ ¥(lx))
x| x|
, n—1
=y (Ix]) + ¥ (x)) T 4.3)
Thus,
n—1

/ [I//(IXI) + ¥ (IxD)
R

n |.x|

] XEx)dx = /R” div (¥ (|x[) £) x£(x) dx
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= —/Rn Y(xD) X -dDxp(x) = —/Rn V(x) X -dDyxe(x),
so that

/ V' (IxD) xe (x) dx
RV[

—1
:—An 1,Zf(|)C|)n | )(E(x)dx—‘/Rn Yv(x)X-dDy xg(x). (4.4)

|x

By Coarea formula, the integral in the left hand side can be written as

/Rn ¥ (XD xe (x) dx =/O dry'(r) XE(X) dH" ™ (x) =/O Y (@) dr.

dB(r)

4.5)
Combining (4.4) and (4.5) we find that
/00 Y (r)dDv(r)
0
—1
:/ W(le)n XE(x)dx+/ Y(x) X -dDyxe(x).
R x| R
1 1
< | v E=—xp(n)dx +/ V(D= xp () dx + P(E)
B(1) x| R\ B(1) x|
1
<n(n— l)wn/ p""2dp + (n — D|E| + P(E)
0
= nw, + (1 — 1|E| + P(E) < oc. (4.6)

Taking the supremum over ¥y we obtain that
[Dv|(0, 00) < o0,

so that v € BV (0, 00).

Step 2 We conclude the proof. Since the function r — 1/(+"~!) is smooth and locally
bounded in (0, 00), we also have that &, (r) € B Vioc(0, 00). Moreover, recalling that v(r) =
r”‘lgv (r), by the chain rule in BV (see [1, Example 3.97])

Dv = n—2 n—1 _ v(r) n—1
v=m—Dr"""E@)dr +v"" " D& = (n — 1)Tdr + "7 DE,. 4.7

Letnow ¢ € C cl (0, 00). From the previous identity it follows that

n—1

f Y (r)dDv(r) 2/ v(r) v(r)dr+/ ¥ (r)r"dDE,(r)
0 0 0

r

:/ww(r)nT_lH”_l(aB(r)ﬂE)dr+/OOW(r)r"_1dD§U(r)

0 0

_1 o0
=/ v (xp” xE<x)dx+f V() dDE ).
Re x| 0

Combining the previous identity and (4.6),

/oo w(r)r”’ldng(r) :/ Yv(x))x-dD) xg, forevery ¢ € Cg(Ooo).
0 R"
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By approximation, the identity above is true also when ¥ is a bounded Borel function, and
this gives (4.1).
If B C (0, 00) is open, thanks to (4.1) we have that for every ¥ € C.(B) with || < 1

f 1/f(l’)r”—1dD$v(r) :/ 1//(|x|))2 'dDJ_XE < |DJ_XE|(¢(B x Sn—l)).
B ®(BxSH1)

Taking the supremum over all such ¢ gives
"' D&,|(B) < D1 xg|(®(B x ")) for every open set B C (0, 00).

By approximation, the inequality above holds true for every Borel set, and this shows inequal-
ity (4.2). O
The next lemma gives an important property of the measure "~ DE,.

Lemma 4.2 Let v be as in Theorem 1.1, and let E C R" be a spherically v-distributed set of
finite perimeter and finite volume. Then

D)@ = [ v @ dn @)
3*Eﬂ<b(B><S"*1)ﬂ{vE= 0}
E
/ dr/ BP0 =2, 4.8)
@By npEz0y v (X)l
for every Borel set B C (0, +00).
Moreover, "~ D&, L GF, = r”_]éjédr and for H'-a.e. r € Gr,N{0 <y <}
_ _ £vfr(x)
o 15{,(”) = H" 2(Sav(r) (rel))ﬂ, forevery x € Sy, () (rer).
vy (x
I

Proof Let B C (0, +00) be a Borel set. Then, choosing ¥ = xp in (4.1), and recalling
(3.13),

+o00
(r"*Ing)(B):/O xB(r)r"~'dDE,(r)

:/ £-dD i xg(x) :/ £ vE@) dH  (x)
d(BxS—1) *END(BxSt—1)

£ vE@) dH  (x)

/a*Emcb(BxSnl)m{uE—O}

+ / £ vE) dH (o)
*ENd(BxS"H)N{yf £0)

= / £ vE@dH 1 (x)
I*EN®(BxS"~HN{v =0}

A . E
[ L 2 ),
B @ E)ynpf20) v (0l

where in the last equality we have used the Coarea formula.
Let us now prove the second part of the statement. If one chooses E = F,, thanks to
Remark 3.10 we have

s F
P DE, L G, = / 20O 2y ) dr G,
@ F)npv P 0} o) (x)]
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2. pF
= H (S (ren) e
|V“ " (x)]

In particular,
" 'Dg, L Gp, = r"'E)(r) dr L Gp,.
Moreover, since &)(r) = 0 H!'-ae. in {o = 0} U {@ = 7}, we obtain that for H'-a.e.
r € (0, 00)
£vfo(x)

r T () = H Sy (ren) ———
|UH v (x)]

for every x € Sq,(r)(rer).

We now prove an auxiliary inequality that will be useful later.

Proposition 4.3 Let v be as in Theorem 1.1, and suppose that there exists a spherically
v-distributed set E C R" of finite perimeter and finite volume. Then, F, is a set of finite
perimeter in R". Moreover, for every Borel set B C (0, +00)

P(Fy; ®(B xS"™") < |r" ' D&, | (B) + | Dyxp, | (@(B x S"1). 4.9)

Proof The proof is based on the arguments of [11, Lemma 3.5] and [2, Lemma 3.3]. Thanks
to Lemma 4.1, v € BV(0, 00). Let {v;}jeny C CC1 (0, o0) be a sequence of non-negative

functions such that v; — v H'-a.e. in (0, o) and |Dv; |—*\|Dv|. Forevery j € N, we denote
by Fy; C R" the set defined by (3.7), with v; in place of v. Let now & C (0, oo) be open,

and let ¢ € CCl (P(2 x S*1); R™) with lell Lo (@ @xs-1):rry < 1. Thanks to Remark 3.3,
we have

f X, () dive(r)dx = / X, () divy oy (¥)dx
QxS / D(QxS—1) J
n—1

|x|

((p(x) )2) dx.
(4.10)

+/ XF, (x) (Vw(x)ﬁ) -xdx +/ XF,, (x)
o@Qxst—y ® /

(QXSH—I)

In the following, it will be convenient to introduce the function V; : (0, co) — R given by
Vi(r) = / e(x) - 2dH" N x) = ! / e(ro) - wdH" (o),
Bavj ) (rer) Baq;j ) (er)

where oy; (0, r) — [0, ] is defined by (3.6), with v; in place of v. We divide the proof
into several steps.
Step 1 We show that V; is Lipschitz continuous with compact support. Indeed,

supp V; C A(suppg) := {r € (0, +00) : (suppg) N dB(r) # ¥} .

Moreover, for every rq, r; € (0, 00),

[Vi(r) = Vi(ra)| < / I o(rie) - o — 13 o(rw) - ol dH" ()
Bay; () e1)
+ ! / go(rza))-wdH"*l(w)—/ o(no) - 0 dH" " (w)
Bavj(rl)(é’l) Ban<rz>(el)
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<l —rl 4! / () - o] dH (@)
Bm,j @ e )\Boq;j ) (e1)

—1
<clri =l +ry &y (r) — & ()| < clri — 2|,

where we used the fact that &, : is compactly supported in (0, 00) (since v; is), and 71 and 7,
are such that ary; (1) = max{ewy; (r1), oy, (r2)} and ay; (72) := min{ay; (r1), ay; (r2)}.
Step 2 We show that «,, ; is H!-a.e. differentiable and that

Vi) = (n—Dr"? / P(rw) - wdH" (o)
Bavj o) (er)

+ 71 <a;j (r)/ prw) - a)dH”_z(a))>
Soq;j ) (er)
-I-r"_l/ (Vo(ro) w) - o dH" ™ (v), 4.11)
Botuj (r) (e1)

for H'-a.e. r > 0. Let us set Aj ={0 < ay; < 7} Since v; € CCI(O, 00), from (3.5) it
follows that «,, ; € cl j)- Moreover, for every r € A;

d ay ()
Vi) = — <r"71 / "ap pro) - wdH"fz(w))
’ dr 0 Sg(er)

=mn- 1)r"72/ Pro) - wdH" ()
Bauj (1)

+ ! (a;,(r)/ p(rw) - a)dH”fz(w)>
! Sa,,j ) (e1)

ay; (r)
+ ! / Tap (Vo(ro) o) - o dH"2(w)
0 Sp(er)

=m—-1r"? / Pro) - wdH" (o)
Bavj ) (er)

+r! <a;,(r) / o(ro) - a)dH”_z(a))>
T Se en
J
+r"_1/ (Vo(ro) o) - o dH" (o).
Bau]- (r) (e1)

This shows (4.11) whenever r € A ;. Note now that
Vi(r)=0 for every r € Int({a,; = 0}),
Vi) =r"! / Prw) - 0 dH" " (w) for every r € Int({ary; = 7)),

Sn—]

where Int(-) stands for the interior of a set. Since oz;j (r) = 0 for every r € Int({oy ;=

ohu Int({ozvj = m}), using the identities above one can see that (4.11) holds true for Hl-ae.
r>0.
Step 3 We show that

A n—1 .
[ xr,, () (Vo) 2) - £ dx + / ) ) L (o) - ) da
o@xs-y d@xs-1y |x]
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= —/ drr"_l(o/v_(r)/ o(rw) -a)dH"_z(a)))
Q T Isa mten

Integrating (4.11), thanks to the classical divergence theorem applied in €2, and recalling that
V; has compact support, we obtain

0=(n— 1)/ drr”_Z/ 9(ro) - wdH" (o)
Q Bavj(r>(€1)

+/ dr r"_l(ot;_(r)/ p(rw) 'a)dH”_z(a))>
Q T su mten

+/ drr”*lf (Vo(ro) o) - 0dH" ' (w)
Q Bom]- ) (er)

n—1 .
=/ XF, (%) (p(x) - %) dx
d@xs-h x|

+/ drr"_l(o/u_(r)/ o(rw) -wdH"_2(a))>
Q T e mten

+/ xF,, (¥) (Vo(x) %) - X dx,
o@xs-

which gives the claim.
Step 4 we prove that

/ xr,, () divp(x)dx < |r"~' D&, | (A(supp ) + / H"(Sa,, (r)dr,
d@xsrh Q j

(4.12)
where A (supp ¢) C (0, co) is the compact set defined in Step 1. Thanks to (4.10) and Step 3

/ xr, @ dive dx = | xF, () divygy () dx
o@xs-y o@xs-y

~ [ are (oz;,. YR -wdH”—2<w>>. “.13)
Q Savj ) (e1)

We now estimate the right hand side of the expression above. Thanks to (3.6) and arguing as
in Step 2 we have that

£ () =d, (NH"*Sq, (1)  forH'-ae.r e (0,00).
j j ()

Therefore,

- / dr r"”(a;j(r) / P(rw) -a)d’l-{”_z(a))>
Q Sutvj (r) (e1)

< / rn—l
A(supp @)

— / rnfl
A(supp @)

Let us now focus on the second integral in the right hand side of (4.13). Applying the
divergence theorem (3.16) with A = Bo,vj () (re1), and denoting by v, (x) the exterior unit

H'2(S,, ) (e1)dr

o, (1)

&) dr = "~ DE, | (A(supp @)). (4.14)
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normal to Sauj ) (rep), we have

/ XxF,, (x) divjg (x) dx = f dr/ divygp (x) dH" (x)
D(QxS1) J Q Bavj(,)(rgl)
:/dr/ @ (x) - v (X)dH" 2 (x) < / dr H" %(Se, ((re1).  (4.15)
Q Sauj(r)(rel) Q /

Combining (4.13), (4.14), and (4.15), we obtain (4.12).
Step 5 We show that F, is a set of finite perimeter. Note that x Fy; = XF, H*-a.e.in R",

andoy;, > o H l_a.e.in (0, 0o). Note also that, from our choice of the sequence {v;}en and
thanks to (4.7), it follows that

"1 Dg, | r" I DE)| as j - oo
Therefore, taking the limsup as j — oo in (4.12), and using the fact that A(supp¢) is

compact,

/ XF,(x)dive(x)dx = lim sup / XF,. (x)dive(x)dx
(xS O(QxS1) 7

j—o0o

< lim sup ‘r"_lDé‘vj ’ (A(supp ¢)) + lim sup/ H”_Z(S%j »(rer))dr
Q

< |r"~' D&, | (A(supp ) + /QH"*2<sav<r><re1>>dr = [""'D& [ (@)

+/ H'2(0*E,) dr
Q
< [r"'DE| () + P(E; (@ x S" 1),

where we also used the isoperimetric inequality in the sphere (see (3.17)) and the Coarea
formula. Taking the supremum of the above inequality over all functions ¢ € C}(®(Q x
S"71): R") with [|@]| oo (@ (@xgr-1):gn) < 1. we obtain

P(Fy; ®(Q x S" 1) < |/ 'D&| () + P(E; (2 x S"™1)).
Thanks to (4.2) we have
P(Fy; ®(2 x " 1) < 2P(E; P(Fy; (2 x ")) < o0,
since E is a set of finite perimeter by assumption. Since 2 was arbitrary, this shows that F,
is a set of locally finite perimeter.
Step 6 We conclude. Let 2 C (0, co) be open, and let ¢ € CC1(<I>(S2 x S 1): R") with
@l oo (@(@xsr-1):rny < 1. Combining (4.10), Step 3, and (4.14), we have that for every
jeN
/ X, () div p(r)dx = |~ D8, | (AGsuppg))
d@xs-y
+/ XF,, (x)divy g (x) dx.
o@xs-hy

Taking the limsup as j — oo and thanks to Corollary 3.5,

f xF, () divp(x)dx < [P~ DE, | (A(supp )
d)(QXS”*l)
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+ / X, () divyy () dx
dQxS-)

< |r""' D, | (A(supp @) + Dy xp, [(D(2 x S*71)),

where we also used the fact that A (supp ¢) is compact.
Taking the supremum overall g € CH(®(QxS"1); R") with ||| ;oo (g xsn-1y: k) < 1o

P(Fy; @2 x S" 1) < |[r"'Dg, | () + Dy xp, (D (2 x S™71)), (4.16)

which shows (4.9) when B is an open set. Let now B C (0, co) be a Borel set. From (4.16)
it follows that

P(Fy: ®(B x §"71) < [r"7' D& (@) + P(E: d(2 x §" ),

for any open set 2 C (0, co) with B C 2. Taking the infimum of the above inequality over
all open sets 2 C (0, co) with B C €2, we obtain inequality (4.9) when B is a Borel set. O

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1, and state some important auxiliary results. The proof
of Lemma 1.3 is postponed to Sect. 6, since it requires some results related to the circular
symmetrisation. We start by proving Theorem 1.1.

Proof of Theorem 1.1 We will adapt the arguments of the proof of [2, Theorem 1.1]. Let G,
be the set associated with F,, given by Theorem 3.7. We start by proving (1.4). We will first
prove the inequality when B C (0, o0) \ GF,, and then in the case B C G,. The case of a
general Borel set B C (0, 0o) then follows by decomposing B as B = (B\GF,)U(BNGF,).
Step 1 We prove inequality (1.4) when B C (0, 00) \ GF,. First observe that, thanks to
Proposition 3.6 and (3.13),

|DyxF, | (@(B xS"1) = / vt ldH" ™ (x) = f H' (9" F,),dr
9* F,N®(BxS™1) B
= / H'2((0* Fy),)dr = f H"2((0* Fy),)dr =0, (5.1
BN{0<ay} Bm({0<av}\GFv)

where we used the fact that B C (0, 00) \ GF, and H! ({0 < oy} \ GF,) = 0. Therefore,
thanks to Proposition 4.3

P(Fy; ®(B x §"7") < "' |D&| (B) + |Dyxr,| (®(B x " 1)
="' D&, (B) < P(E; ®(B x §")), (5:2)

where in the last inequality we used (4.2).

Step 2 We prove inequality (1.4) when B C G f,. We divide this part of the proof into further
substeps.

Step 2a we prove that

P(E; ®(B xS" ") > P(E; ®(B xS" Hn{vf =0} +f VPE() + g (r)dr(5.3)
B

where g : (0,00) — Rand pg : (0, 0c0) — [0, 0c0) are defined as

s E
2(r) ::/ V) 2 and () == HUE@TE N OB()),
o*EnaB(r) v (x|
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for Hl-a.e. r € (0, 00), respectively. We have

P(E; ®(B x S" 1)

=P(E; ®(B xS )N{v =0+ P(E: @B xS"" )N {vf #0))

B*EHCD(BXS"—l)ﬂ{vf#O}

= P(E; ®(B xS" )N {vf =°})+/d’/ WE @)
B d*ENJB(r) VH X

=PE;®B xS Hnpf=0ph

2
. E
+/dr/ D (S g2,
B JorEnaB() v (0]

where in the last equality we used the fact that

L= LR+ P =G o5+ .
Defining the function f : R — [0, 00) as
f@) :=+v1+12,
we obtain

P(E; ®(B x S" 1Y)

2 vE®x)

dH" 2 (x)

:P(E,CD(BXSn_l)m{U‘fZO})+fdr/ f — dHn—Z(x)'
B *ENOB(r) IvH )|

Observing that f is strictly convex, (5.3) follows applying Jensen’s inequality.
Step 2b We show that

[ ok« otgezar

< P(E; @B xS Hn{f =0) +/B,/p§(r) + g2(r) dr.

54

Let H C N be a finite set, and let {A;,},cy be a finite partition of Borel sets of B. Note that,
foreachh € H, we have Ay, C B C GF,. Therefore, thanks to Lemma 4.2, for every h € H

we have r"~!'Dg, L Ay, = r"~1&/dr L Aj, and

/ whr”fléé(r)dr:/ wyr" = dDE, ()
Ap

Ap

_ 2 E n—1
—/ wp X -vT(x)dH" (x)
B*Eﬂ@(A;,xS”—l)ﬁ{vlf:O}

A ) E
4 / dr / o= g2
A JerEynpfzop v ()]

/3*Em<1>(Ah xS"*l)ﬂ{v"E=0} Ap
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We will now use the fact that, by duality, we can write

\/1+t2=sup=wht+ l—wﬁl forevery t € R, (5.6)
heN
where {wjy, }nen is a countable dense set in (—1, 1). Then, thanks to (5.5)

Z/ (whr"_lél')(r) + pe(),/1— w,zl) dr
Ap

heH

= / wp £ - vE ) dH™ (x)
hep Y O EN® (A xS~ )ﬂ{u”E=0}

> /A (wn 8+ e 1 = 0} )ar

=y [ 1% VEOH™ ()

heH EﬂCID(Ath"*l)ﬂ{vlfzm

g(r)
+ Z //;h PE(r) <whpE(r) +4/1- wﬁ) dr

heH
. n—1 E _ gZ(r)
< hEZH (PCE: @Ay x5 1 (o = 0p) +/Ah e 1+ 25
= P(E; ®(B xSy N {vE =0} +/ P20 + g2,
B

where we applied identity (5.6) witht = g(r)/pE (r),and we also used the fact that pg (r) = 0
for H'-ae. r ¢ {0 < @y < 7}, thanks to Volper’t theorem. Applying Lemma 3.1 to the
functions

n—1gs
on(r) = pr(r) (wh 1 wﬁ) ,
PE(r)

we obtain (5.4).
Step 2¢ We conclude the proof of Step 2. In the special case E = F,, thanks to Vol’pert
Theorem and Lemma 4.2 we have

P(Fy; @B xS" ) =H"10*F,n®(B x S" 1))

1 n—2
= ——dH"""(x)dr
BN{0<ay<m} Jo*(Fy), |V|| Y(x)]

v\’
Lo (o
BN{0<ay,<m} J 8% (Fy), !

— / VPR )+ 7 1g () (5.7)
BN{0<ay <7}

Using the isoperimetric inequality (3.17) together with (5.4) and (5.3) we then have,

P(Fy; (B x§"1) < / PR + (18 )
BN{0<ay<m}

< PE;: @B xS Hn{f =0)+ /B VPE) + g2 (r)dr
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< P(E; ®(B xS" 1),

from which we conclude.

Step 3 We conclude the proof of the theorem. Suppose P(E) = P(Fy). Then, in particular,
all the inequalities in Step 2 hold true as equalities. At the end of Step 2c we used the fact
that, by the isoperimetric inequality (3.17), we have

pr,(r) < pe(r)  forH'-ae.r e {0 <a, < 7).

If the above becomes an equality, this means that for H'-a.e. 7 € {0 < «, < 7} the slice E,
is a spherical cap. Finally, the fact that for H!'-a.e. r € {0 < a, < 7} we have

H'" 20" (E)AGW*E),) =0

follows from Vol’pert Theorem 3.7, and this shows (a).
Let us now prove (b). If P(E) = P(F,), the Jensen’s inequality at the end of Step 2b, for
the strictly convex function

F@ =Vi+2,
becomes an equality. This implies that for H'-a.e. r € {0 < a, < 7} the function
£ vEXx)
i)l
is H"2-a.e. constant in 8* E,. Since, for H" 2-a.e. x € 3*E,, we have
L= pf@P+ G vE),
this implies that

@ vF@)? 1

EAOE vEG) P
is H"2-a.e. constant in 0*E,. Therefore, the two functions
E S E
X vo(x)- X and x> v |(x)
are constant H"2-a.e. in (3*E),. O
The previous result allows us to prove a useful proposition (see also [2, Proposition 3.4]).

Proposition 5.1 Ler v : (0, 00) — [0, 00) be a measurable function satisfying (1.2) such
that Fy is a set of finite perimeter and finite volume, let E be a spherically v-distributed set
of finite perimeter, and let f : (0, 00) — [0, oo] be a Borel function. Then,

f FUxDdH" (x)
0*E

= [ royfrosesgora s [ rortapaion. 68

Moreover, in the special case E = F,, equality holds true.
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Proof To prove the proposition it is enough to consider the case in which f = xp, with
B C (0, c0) Borel set.

First, suppose B C (0, 00) \ GF,. Thanks to Lemma 4.2, in this case we have 51’) =0in
B and |[r"~' D&, |(B) = |r"~' D*&,|(B). Then, from (4.2) it follows that

/B*E xp(x))dH"'(x) = P(E; ®(B x S"™ 1) > |D 1 xp|(®(B xS 1)

> |/ 1 DE(B) = "' D, |(B) = /O x5 dIDYE ()

o0 o0 !
= [ oo+ emgerar s [ o taeo.
0 0
where we also used the fact that pr = 0 H'-a.e. in B, since

HYEN®(B x ") 5/ dr/ dH" (x) :/ v(r)dr = 0.
{v=0} \ {v=0}

Let us now assume B C Gp,. In this case, by Lemma 4.2 we have [F"~IDSg|(B) = 0.
Then, thanks to (5.3) and (5.4) we obtain

/ xp(x])dH"'(x) = P(E; ®(B x S" 1))
I*E

> P(E; 9(B x §"~) 0 (vF = 0)) +/ P20 + g2 (dr
B

= [ Jrkor+ e g

= /0 18 PEE) + (18,2 dr + /0 x5 ()" dID g (1),

so that (5.8) follows.
Consider now the case E = F,. If B C GF,, recalling again that by Lemma 4.2 we have
[F"~IDSE,|(B) = 0, thanks to (5.7) we obtain

[ xmtbartw = pri o x5 = [ ok o)+ eigenar
o*F, B

2/0 XB(r)\/Plzvv(r)Jr(r”*‘%‘,j(r))zdr+f0 x5 d|D gy ().

If, instead, B C (0,0) \ GF,, then £, = 0 in B and |[r"~'D&,|(B) = |r"~'D*&,|(B).
Therefore, thanks to (5.2),

/W xp(xh dH" @) = P(Fy; @(B x §'71) < 7"~ D&| (B) = Ir" ' D'&|(B)

= /0 x5 P, () + 1L () dr + /0 xB ()" dIDE ().

An important consequence of the above proposition is a formula for the perimeter of F,.
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Corollary 5.2 Let v : (0, 00) — [0, 00) be a measurable function satisfying (1.2) such that
F, is a set of finite perimeter and finite volume. Then

P(Fy; ®(B x §"~1)) = / PR o) + g )2 dr + / ldID g (). (5.9)
B B

We conclude this section with an important result, that will be used later.

Proposition 5.3 Ler v : (0,00) — [0, 00) be a measurable function satisfying (1.2) such
that F, is a set of finite perimeter and finite volume, and let I C (0, +00) be an open set.
Then the following three statements are equivalent:

) 1! ([x € RN O x ") vfh () = o]) —0:
(i) & € Wl (D)
(ili) P(Fy; ®(B x S"~ 1)) = 0 for every Borel set B C I, such that H' (B) = 0.

Remark 5.4 Note that the equivalence (iii) <= (i) holds true also if I is a Borel set. To
show this, we only need to prove that (i) = (iii), since the opposite implication is given by
repeating Step 3 of the proof of Proposition 5.3. Suppose (i) is satisfied. Then from (4.8) we
have r" 1 Dg, LT = ! &, L I. Therefore, thanks to (5.9)

P(Fy; ®(B xS"™ 1) = / \/p%: (r) + (r"=1&/(r))2dr for every Borel set B C I,
B v
which implies (iii).

Proof We divide the proof into three steps.

Step 1 (i) = (ii). Recall that, by Lemma 4.1, &, € BVjo.(1). If (i) is satisfied, from (4.8)
we have "~ Dg, L I = r"~1&] L I, which implies (ii).

Step 2 (ii) = (iii). This implication follows from formula (5.9).

Step 3 (iii) = (i) (note that we will not use the fact that 7 is open). Assume (iii) holds true.
Then,

! ({x € Fna xS ! ) = 0}) < P(3F,: ®((ByN 1) x S""1)) =0,

where we used the fact that ! (Bg) = 0, thanks to (3.19). O

6 Circular symmetrisation and proof of Lemma 1.3

In this section we show Theorem 1.4, Lemma 1.5, and finally Lemma 1.3. We will only
sketch the proofs, since in most cases the arguments follow the lines of the proofs in Sects. 3,
4, and 5.

We start with some notation which, together with that one already given in the Introduction,
will be extensively used in this section. Let (r, x") € (0, 00) x R"2, B € [0, ], and let
p € S!. The circular arc of centre (rp, x’) and radius g is the set

Bg(rp, x)i={x €dB(0,x"),r)NTy: distgi (X12, rp) < B},

If ¢ : (0,00) x R"~2 — [0, 0c0) is a measurable function satisfying (1.10), we define
al: (0,00) x R""2 — [0, w] and £° : (0, c0) x R"~2 — [0, 27r] as

1 1
of = PG x)  and  E'(r,x) = —L(r,x)) = 2a°(r, X)).
r r
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Note that in this case the relation between o’ and &° is linear. If j is an R”-valued Radon
measure on R" \ {x1, = 0}, we will write i = 121 + p12), where w121 and w2 are the
R"-valued Radon measures on R” \ {x;, = 0} such that

/ @ -dupy = / @121 -du,
R\ {x12=0} R\ {x12=0}

and

/ @ -du 2/ Q12 - du,
"\ {x12=0} R\ {x12=0}

for every ¢ € C.(R" \ {x12 = 0}; R"). The next two results play the role of Proposition 3.6
and Vol’pert Theorem 3.7, in the context of circular symmetrisation.

Proposition 6.1 Let E be a set of finite perimeter in R" and let g : R" — [0, oo] be a Borel
function. Then,

/ O IvE, () dH ™ (x) = /
0*E (

0,00) xR—2

drdx’/ g(x) dH(x).

@ E) 1y

Proof 1In this case, the result follows applying [1, Remark 2.94] with N = n — 1, M = n,
k=n—1,and f(x) = (|x12], x"). O

Theorem 6.2 Let £ : (0, 00) x R"2 — [0, 00) be a measurable function satisfying (1.10),
and let E C R" be an circularly £-distributed set of finite perimeter and finite volume. Then,
there exists a Borel set G% C {af > 0} with H* ' ({a > 0} \ GZE) = 0, such that

(i) forevery (r,x’) € G%:

(ia) E( ) is a set of finite perimeter in 9B, (0, x") N [y;
(ib) *(E 1)) = (" E)x);

(i) forevery (r,x’) € G% N{0 < at < )

(iia) [vf (rw, x| > 0;

(iib) le2” (ro, x) = vEe) (ro, )c’)|v1E2II (rw, x")|,
for every w € S! such that (ro, x') € 3*(E( 1) = (3*E)y 7).

Proof The statement follows applying the results of [17, Section 2.5], where the slicing of
codimension higher than 1 for currents is defined. O

Remark 6.3 Note that, if (r,x’) € G&%, conditions (iia) and (iib) are satisfied for every
w € S! such that (re, x') € 0*(E(rxy) = (0*E)¢ . This is due to the fact that the
circular symmetrisation has codimension 1. Such property fails, in general, for the spherical
symmetrisation (see Remark 3.9).

Remark 6.4 An argument similar to that one used in Remark 3.9 shows that
HHO*E N @p(GE x SHn vl =0}) =0.

As a consequence, the measure )\% defined as:
A5(B) == / fi2 - vE@) dH (),
I*EN®12(BxSHN{vE, =0}
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for every Borel set B C (0, 00) x R"~2, is singular with respect to the Lebesgue measure in
(0, 00) x R*2,

The following result plays the role of Lemma 4.1 in the context of circular symmetrisation.

Lemma6.5 Ler £ : (0,00) x R""2 — [0, 00) be a measurable function satisfying (1.10),
and let E C R" be an circularly £-distributed set of finite perimeter and finite volume. Then,
£ € BVje((0, 00) x R"™2). Moreover, £ € BVjoe((0, 00) x R"™2) and

/ Y, x"YrdDE N, X)) =/ V(|x12], x") 12 - d D121 xE (X)),
(0,00) xIRn—2 "\{x12=0}

for every bounded Borel function ¥ : (0, 00) x R"™2 — R, where D,&¢ denotes the r-
component of the R"~'-valued Radon measure D&, As a consequence,

IrD,E%|(B) < | D121 x£|(®12(B x Sh),

for every Borel set B C (0, 00) x R"™2. In particular, r D,£° is a bounded Radon measure
on (0, 00) x R"2, Finally,

Dy t(B) = / vE ) dH" (x),
3*Eﬂ¢‘12(3><§1)

for every Borel set B C (0, 00) x R" 72,

Remark 6.6 Unlike what happened when we were considering the spherical symmetrisation,
now the function £ might fail to be in BV ((0, 0o) x R"~2). Indeed, in Step 1 of the proof of
Lemma 4.1 we used the fact that for » bounded we are in a bounded set. This is not true in
the context of circular symmetrisation.

The next lemma, which is related to Lemma 4.2, will show the advantage of considering a
symmetrisation of codimension 1.

Lemma 6.7 Let £ : (0, 00) x R"2 — [0, 00) be a measurable function satisfying (1.10),
and let E C R" be an circularly £-distributed set of finite perimeter and finite volume. Then

(rdD,&")(B) = F1o - vE@) dH" T (x)

/8*E0<D|2(B><Sl)ﬂ{v152" =0}

/drdx/ Fiz v (x) dH' (x).
I*E) vy Ny iy #0) |v12”(x)|

for every Borel set B C (0, 00) x R"™2. Moreover,

F12 - vE)

rEY (r, x) :/ Eid'ﬂo(x),
(B*E)(,_x/)ﬂ{vﬁu;éO} |V12H(x)|

for H'™ e (r,x") € (0, 00) x R"2, where (& ty denotes the approximate differential of
€4 with respect to r. Similarly,

Dy U(B) = / vE ) dH" " (x)
a*Encplz(Bxsl)m{ug”:()}

U X
/drdx/ o) dHO(x).
9 E) o Doy #0) |V12H(X)|
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for every Borel set B C (0, 00) x R"2, and

E
V(X

Ve l(r, x") =f 7;5‘( ) HO(x),

B E) (o Nvfy #0) Vi3 (0)]

for H* '-a.e. (r, x') € (0, 00) x R"2, where V£ denotes the approximate gradient of ¢
with respect to x'.

The next result should be compared to Proposition 4.3.

Proposition 6.8 Let £ : (0, 00) x R"~2 — [0, 00) be a measurable function satisfying (1.10),
and suppose that there exists a circularly C-distributed set E C R" of finite perimeter and
finite volume. Then, F is a set of finite perimeter in R". Moreover, for every Borel set
B C (0, +00) x R"2

P(F' ®12(B x S")) < |Dyl|(B) + |r D&% |(B) + | D12y x£, | (@12(B x S)).

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4 Using the results shown above, Theorem 1.4 can be proved by following
the lines of the proof of Theorem 1.1. m}

We will now state the results that are needed to prove Lemma 1.5. The next proposition
should be compared to Proposition 5.1.

Proposition 6.9 Let £ : (0, 00) x R"~2 — [0, 00) be a measurable function satisfying (1.10)
such that Ft is a set of finite perimeter and finite volume, let E C R" be an circularly (-
distributed set of finite perimeter, and let f : (0, 00) x R"~2 — [0, oo] be a Borel function.
Then,

/ Flxnal, x"ydH" ' (x)
O*E

= / £ DL ) + FEY (o ) + Vb, xR dr dx’
(0,00) xR71-2
+/ f(r,x/)rd|Dﬁ$Z|(V7X/)+/ fr, xd| D |(r, x1).
(0,00) xRn—2 (0,00) xR—2

Moreover, in the special case E = F*, equality holds true.

A straightforward consequence of the previous result is the following formula for the perime-
ter of F*.

Corollary 6.10 Lez £ : (0, 00) x R"~2 — [0, 00) be a measurable function satisfying (1.10)
such that Ft is a set of finite perimeter and finite volume. Then

P(F* ®12(B x S")

- / PR ) + (€ (o2 + Vool X2 dr d’ + [rDIE|(B) + D3 LI (B).
B

Next lemma relies on the fact that the circular symmetrisation has codimension 1. The proof
can be obtained by repeating the arguments used in the proof of [11, Lemma 4.1].

@ Springer



139 Page 36 of 53 F. Cagnetti et al.

Lemma 6.11 Lez £ : (0, 00) x R"2 — [0, 00) be a measurable Sunction satisfying (1.10),
let E C R" be an circularly {-distributed set of finite perimeter and finite volume, and let
A C (0, +00) x R"2 be a Borel set. Then,

H”_l({x € 0" E 1 vy (x) = 0} N D1a(A x Sl)) —0.
if and only if
P(E; ®2(B x Sl)) =0 forevery Borel set B C A with H'Y(B) = 0.
The next proposition can be proved with the same arguments used to show Proposition 5.3.

Proposition 6.12 Let £ : (0, 00) x R"~2 — [0, 00) be a measurable function satisfying (1.10)
such that Ft is a set of finite perimeter and finite volume, and let Q C (0, +00) x R"2 be
an open set. Then the following three statements are equivalent:

Q) H-! ({x € F N (R x S vy () = 0}) = 0;
(i) £ e WhI(Q) and ¢ e W 1();

loc loc

(iii) P(F%; ®12(B x SY)) = 0 for every Borel set B C S, such that H"~1(B) = 0.

Proof of Lemma 1.5 Once all the results above are established, Lemma 1.5 can be shown by
adapting the arguments used in the proof of [11, Proposition 4.2]. O

We can now prove Lemma 1.3. As already mentioned in the Introduction, the proof relies
on Theorem 1.4 and Lemma 1.5.

Proof of Lemma 1.3 We divide the proof into steps.
Step 1 We show that (1.8) = (1.9). Suppose (1.8) is satisfied. Then, from (4.8) we have
r"1D&, LT = r"~'g/ L I. Thanks to (5.9), this implies that

P(F,; (B xS"™H) = / \/p%-v (r) + (el (r))2 dr. for every Borel set B C 1.
B

In particular, condition (iii) of Proposition 5.3 is satisfied. Then, (1.9) follows from
Remark 5.4.

Step 2 We show that if P(E; ®(I x S"~1)) = P(F,; (I x S"~1)), then (1.9) implies (1.8).
To this aim, we first prove an auxiliary result.

Step 2a We show that if F C R" is a set of finite perimeter such that (F), is a spherical cap
for H!-a.e.r > 0, and

1 ({x €PFNOU xS vl () = 0}) —0, 6.1)
then H”_I(Bj) =0 forevery j = 2,...,n, where
B/ = [x cFNOU xS vl (x) = 0}.

Here, the vector vlfj” is defined in the following way. Let j € {2,...,n}, and let vlfj be

the orthogonal projection of vF on the bi-dimensional plane generated by e; and e;. In this
plane, we consider the following orthonormal basis {X] j» X ik

Jj—2 times n—j times
R 1 ————— ——
xlj = 7()(1,0,...,O,Xj,o,...,()),

/.2 2
xl—l—xj
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and
Jj—2 times n—j times
~ 1 —— ———
% = ———(—x;,0,...,0,x,0,...,0),

2 2
X7 +xj

where X j is directed along the radial direction, and X j is parallel to the tangential direction.
To show the claim, first of all note that, by Vol’pert Theorem 3.7, for H'-a.e. » > 0 we have
(BY), = [x €3 F, NoU x &) vl () Ty = 0] .

up to an H”_z-negligible set. Since (B/), is a spherical cap, we have H"2((B)),) = 0.
Then, thanks to (6.1),

H™(BT) = H ! (Bf n {x e FNOU xS vl (v) # 0])

1
= dr/ X, T (X)— dH"2(x) = 0.
/1 9 F,n e, 20 vl ()]

Step 2b We conclude. Let E! := E, and let E? be set obtained by applying to E the circular
symmetrisation with respect to (e1, ). Then, for j = 3, ..., n, we define iteratively the
set EJ as the circular symmetral of £ J=1 with respect to (eg, e;). Note that, since H'-ae.
spherical section of E is a spherical cap, we have E” = F,. Therefore, thanks to the perimeter
inequality (1.11) under circular symmetrisation (see Theorem 1.4), we have

P(Fy; @I xS ") =PE" oI xS" )y =-.=PE;: dU xS").

Moreover, for j =3, ..., n, we define [; := &I x sHn {x; =0} N {x; > O}. It is not
difficult to check that

O xS" N =a;(I; xS" forj=3,....n.
Then, applying Lemma 1.5 to F, and E"~!, we obtain that
H (fx e B 0@ Uy xSY vl 0 =0)) =0,
which, in turns, implies
= (fx e B N @i x 8Y " 0 = 0)) =0

Applying iteratively this argument to E"~2, ..., E, we conclude. O

7 Proof of Theorem 1.2: (ii) = (i)

Before giving the proof of the implication (ii)) = (i) of Theorem 1.2, it will be convenient to
introduce some useful notation. Let v and Z = {0 < &) < «; < 7} be as in the statement of

Theorem 1.2. By assumption, Z is an interval and «,, € WIL’CI (I) where, to ease the notation,
weset [ := 7. Letnow E be a spherically v-distributed set of finite perimeter. We define the
average direction of E asthe map dg : [ — S"~! given by

1

dp(r) := { wn—1 (sin Olv("))'1717'r171
el otherwise in 7,

FdH" Y(x), ifrelnGg,
/E (7.1)

r
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where Gg C (0, 00) is the set given by Theorem 3.7. To ease our calculations, it will also
be convenient to introduce the barycentre function bg : I — R" of E as

— | 2dH"'(x), ifrelINnGg,
be(r) = r"-le 0 £

el otherwise in /.

r

The importance of the functions dg and bg is given by the following lemma.

Lemma 7.1 Let v be as in Theorem 1.2, let I C (0, 00) be an open interval, and let E be a
spherically v-distributed set of finite perimeter such that E, is H"~'-equivalent to a spherical
cap for H'-a.e. r € I. Then,

EN®U xS Y= {x e d xSy : distsn—1 (%, dp (1x])) < oy (|x])}.
Moreover,
bE(r) = wp_1(siney ()" 'de(r)  forH'-ae.rel. (7.2)

Proof Let us immediately observe that (7.2) follows by the definitions of dg and bg. By
assumption, for Hl-ae.r e I, there exists w(r) € "1 such that E, = By, (ro(r)). We
are left to show that

w(r) =dg(r)  forH'-ae.rel. (7.3)
Note that for H!-a.e. r € I we have E, = By, (ro(r)) and 0*E, = Sy, ) (ro(r)).
Therefore, for H'-a.e.r € I

ay(r)
/ FdH" (x) = / dp xdH" 2 (x). (7.4)
: 0 Spro ()

Observe now that, thanks to the symmetry of the geodesic sphere and recalling (3.2), for
every B € (0, ay(r)) we have

/ xdH" 2 (x) = (/ x-w()) dan(x)> (r)
Sp(ra(r)) Sp(ro(r))

=rcos BH" 2 (Spra(r) o) = (n — 1) w,—1r" " cos B (sin )" > w(r). (7.5
Combining (7.4) and (7.5) we obtain that for Hl-ae.rel

ay(r)
/ FAH" ') = — D) w1 (/ cos B (sin B)" 2 dﬁ) w(r)
E, 0

= wp 1" (sinay (1) o (r).
Recalling the definition of dg, identity (7.3) follows. m]

Remark 7.2 Let us point out that here we are using the term barycentre in a slightly imprecise
way. Indeed, for a given r € I N G, the geometric barycentre of E, is given by

1

n—1 _ n—1
T IE) . xdH" (x) = Eo T /:E, xdH" (x)
= ﬁ%fb, R = ';r)bE(r).

Nevertheless, we will still keep this terminology, since bg turns out to be very useful for our
analysis.
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We are now ready to prove the implication (ii) = (i) of Theorem 1.2.

Proof of Theorem 1.2: (ii) = (i). Suppose (ii) is satisfied, and let E € N (v). We are going to
show that there exists an orthogonal transformation R € SO (n) such that H" (EA(RF),)) =
0. We now divide the proof into steps.

Step 1 First of all, we observe that

! ([r e Ened x5 v =0}) =o.
Indeed, since o, € lej’cl (1), thanks to Proposition 5.3 we have
H ! ({x €0 RN xS vl () = 0}) —0.

Since E € N (v), applying Lemma 1.3 the claim follows.
Step 2 We show that bg € WIL’CI (I; R") and

1 vE
by(r) = / WSV gy, (7.6)
@E)ynpfz0) v ()]

Indeed, let ¥ € Cl. (I) be arbitrary, and let i € {1, ..., n}. By definition of bg

/(bE)t (Y’ (rdr —// ﬁ*dH" Yo' (ndr
EmaB(r) x|

=f () e () .
d(IxS1) |x|”

Note now that

cliv(| |n1/f(| |)x>—| |M<l x)).

Indeed, recalling (4.3),

div<| |"‘”('x')x) I/’('x')v<| |"> o

[N A~ Xi , —1
—w(|x|>( _ %x)-w . (w (x) + v (xh ™ ) Ty ().
x| )T Il

Therefore,

/ b)Y ()dr = f ( w|x|>x> 2 () dx
I d(IxS1) [x]"

. / (x5 - dD g (x)
S xS1) |x|"

o (Ix]) £ - vE ()dH T ().

/3*Eﬂ<l>(1><§" 1 |X|”

Thanks to Step 1 we then obtain

/(bE)i(r)lﬁ/(r)dVZ/ nlﬁ(lxl)x vE)dH ! (x)
I 8+ EN(uf £0)N® (I xS1) |x]

A . E
fw(r - / W 2 | ar,
@E)npfzo) (0]
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so that (7.6) follows.
Step 3 We show that
Sy (r)

b(r) = (n — D, (r) Z)nai(r) bp(r) forH'-ae.rel.
v

(7.7)

Since E € N (v), from Theorem 1.1 we know that for H!-a.e. r € I the spherical slice E, is

a spherical cap. Then, thanks to Lemma 7.1

E, =By, ()(rde(r)) and (0*E), = Sg,(n(rde(r))  forH'-ae.rel.

Still thanks to Theorem 1.1, we know that for H!-a.e. r € I the functions x — vE(x) - %

and x — |v |(x) are constant H"~ Zae. in (0*E),, say

vE(x) £ =a@) and Iv” [(x) = c(r), for H'-ae.r €1,

for some measurable functionsa : I — (—1, 1) and ¢ : I — (0, 1]. Therefore, recalling the

definition of dg together with (7.4)—(7.5) we obtain

, 1 R C N
by (r) = n/ L a2 ()
" @ E) 0l £0) |V ()]
1 a(r) n—2
= —— xdH (.x)
" e(r) JS,, o (rdi (r)
1
_ ﬁ%r c08(oty (M) H" %S, (rd £ (M) ()
1
L g2, ) (rdi (1)) cos(an (g (1),
"=t c(r)

Note now that from Step 1 and (4.8) it follows that for H!-a.e.r € I
rn_lé—';(r) _ / X .;E(x)d’}—("_z(x)
@ E)nivf£0) v ()]
a(r)
0)
Plugging last identity into (7.8) and using (7.2), we obtain

——H""(Sg, () (rdg (r))).

be(r)

b(r) = &,(r) cos(ety (M)dE (r) = &,(r) cos(ay (r))

= (n— D (r) %mm,

where we used the fact that, thanks to (3.1) and (3.3),

£ (r) = (n— Dop_1(sina, (n)" 2 (r)  forH'-ae.rel.

@n—1(sin ay (r))"~!

(7.8)

Step 4 We conclude. First of all, note that from (7.2) and Step 2 it follows that dg €

Wlf)’cl(l; S"—1). Then, thanks to Step 3, for Hlae rel
b (r) } R0

(sinoy (P)"=1 | T (sinay (r))*!

bp(r) +bg(r) [—

d
wp—1dp(r) = |: +bE() [

n—

_n-1
(sinay ()"

cos oy (r)
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for H!-a.e. r € I. This shows that dg is H!-a.e. constant in /. Therefore, E N ® (I x S*~1)
can be obtained by applying an orthogonal transformation to F, N ®(I x S"~1). O

8 Proof of Theorem 1.2: (i) = (i)
We start by showing that the fact that {0 < a” < «¥ < 7} is an interval is a necessary
condition for rigidity.

Proposition 8.1 Ler v : (0, 00) — [0, 00) be a measurable function satisfying (1.2), such
that F is a set of finite perimeter and finite volume, and let , be defined by (1.3). Suppose
that the set {0 < a” < oV < m} is not an interval. That is, suppose that there exists
7 e {a® =0} U{aY =) such that

O0,N"N{0<a”<a¥ <n}#0 and (F,00)N{0<a”<a” <7} #0.
Then, rigidity fails. More precisely, setting E1 := F, N B(r) and E; := F, \ B(r), we have
ELU(REy) e N(v)  forevery R € O(n).

Before giving the proof of Proposition 8.1 we need the following lemma.

Lemma 8.2 Let v : (0,00) — [0, 00) be a measurable function satisfying (1.2), such that
F, is a set of finite perimeter and finite volume. Let a,, be defined by (1.3), and let 7 > 0.
Then,

(0" Fy)7 =31 Bay @ (Fer) \ By (Fer).

Proof We divide the proof in two steps.
Step 1 We show that

(0" Fy)r C Bay ) (Fer) \ Bap ) (Fer).
To this aim, it will be enough to show that
o)) (F) < distgi-1(£, 1) <) (F)  forevery x € (3% Fy)r. (8.1)
Let us first prove that
distgi1 (£, e1) <o,/ (F)  forevery x € (3" Fy)r (8.2)

Note that (8.2) is trivial if ¢ (¥) = 7. For this reason, we will assume «, (¥) < 7. Note now
that (8.2) follows if we prove that

x €dB(F) and distg-1(%,e1) > a)(F) = xeFY. (8.3)
Let now x € dB(r), and suppose that there exists § > 0 such that
distgn—l ()’(\:, e]) = OIX (F) + 4.
Let now p > 0 be so small that
8
distgi-1(y, X) < 3 for every y € B(x, p).

By triangle inequality for the geodesic distance we have, in particular, that

5
@/ () +8 = distg-1 (£ 1) < distgrm1 (£, §) + distge1 (5. €1) < 5 +distgi1 (5. e),
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so that
1)
distge—1(§, e1) > o, (F) + 3 forevery y € B(x, ). (8.4)

Thanks to the inequality above, by definition of F, we have
) . N _
F,NB(x,p) C {y cR": oz,‘f(?) + 5 < distgn-1(y, e1) < av(lyl)} N B(x, p).

Therefore, for every p € (0, p)
+p
H'"Y(F, N B(x, p) N3B(r))dr

F=p

H"(F, N B(x, p)) = /
r+p |
< ﬁ Xiew>ay ()+8/2)(H"™(Fy N B(x, p) N dB(r))dr
F—p

:/ H'N(F, N B(x, p) N3B(r))dr.
F—p,7+p)Nfay>ay (7)+38/2}

Note now that, for p small enough, there exists C = C(7) > 0 such that
B(x, p) N3B(r) C Bc,(rx) foreveryr € (r — p, 7 + p).

Therefore,

H"(F, N B(x, p)) < f H'" (B, (rd)) dr
(F—p, F+p)N{ay>ay (7)+8/2}

Cp
il / (sint)"2drdr
} 0

Cp
< (n—1)wn,1/ r"_I/ " 2dvdr
(F—p.,7+p)Noy >y (7)+8/2} 0

=0, 1 C" N F+ D) T " T HNGE = .+ ) N oy > o) (F) 4 8/2)).

= (n — 1)(1)n—1 /
F—p,F+p)Nay>ay () +8/2

Thus, recalling the definition of ) (¥),

H"(Fy N B(x, p))

lim
p—>0F wp p"
g wn,1C"_1 (?+ﬁ)n_1 lim ’Hl((f— P, 7+ p)N{oy > O(l\}/(F) +5/2}) —o.
Wn p—>07F P

which gives (8.3) and, in turn, (8.2). By similar arguments, one can prove that
x € dB(F) and distgii(%,e)) <l (F) = xeFD,
which implies that
a, (F) < distgi-1(£,e1)  forevery x € (3" Fy)r.

The above inequality, together with (8.2), shows (8.1).
Step 2 We conclude. Thanks to Corollary 5.2,

H'N(@*F)p) = H' (0" F, NaB(F)) = P(Fy; 0B(F)) ="~ (&) (F) — £ (7))
=v'{F) —v"(F) = Hn_l(Ba,Y(F)(7el)) - Hn_l(Ba{)\(D(?el))
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= """ (Buy (Fer) \ Bag ) Fen) )
Since, by Step 1,
(0" Fo)7 C Bay ) (Fen) \ Bap ) (Fer),
we have

(0% Fy)7 =gn-1 By (Fer) \ Bop ) (Fer) =pm-1 By (Fer) \ Bop ) (Fer).

We can now give the proof of Proposition 8.1.
Proof of Proposition 8.1 Note that, since B(r) is open and E N B(r) = F, N B(r), we have
EDNBF) =(ENB@)? =(F,NnBE)Y = FY nBF) foreveryr e [0, 1].
From this, it follows that
0*ENB(r) =3*F, N B(¥). (8.5)

Similarly, we obtain

*E\B() = 9*(RF,)\ B(F) = (R3*F,) \ (RB(r)) = R(3*F, \ B()).  (8.6)
Thus, thanks to (8.5) and (8.6)

P(E) =H""(@*ENBF) +H"'@*ENIBF) +H" ' (9*E \ B(1))
=H""'@*F,NB@)+H" ' O*ENIBF) +H"! (R(a*FU \W))
=H"Y0*F, N B(F) + H" ' (O*ENIBF)) + H" "1 (9*F, \ B()).

Therefore, in order to conclude the proof we only need to show that
H'" L O*E N B([) = H"1(3*F, N B(F)). (8.7)
Without any loss of generality, we will assume that
o) () =aplim(f, (0,7),7), 0=a,F) =aplim(f, (F,00),7). (8.8)

Letnow E1, E», and R be as in the statement. We divide the proof of (8.7) into steps.
Step 1 We show that

(8" E)r C Bay(r) (Fen) U (R(Fe1)).
To this aim, it will be enough to prove that
distgu-1(%, 1) < oz,f ) for every x € (3*E)r. (8.9)

If ) (F) = 7 inequality (8.9) is obvious, so we will assume that o,/ () < 7.
Step 1a We show that

x€dBF) and distg1(R,e) > ) () = xeE".
Indeed, let x € d B(r), and suppose that there exists § > 0 such that

distg1 (%, e1) = @) (F) + 8.

@ Springer



139 Page 44 of 53 F. Cagnetti et al.

By repeating the argument used to show (8.4), we can choose p > 0 so small that
distgi-1 (3, e1) > o) (F) + g for every y € B(x, D).
By definition of E, we then have
E; N B(x,p) = F, N B(F) N B(x, D)
C {y eR": |yl <Fand o) (F) + g < distge-1(y, 1) < av(|y|)} N B(x,p).

Therefore, for every p € (0, p), by repeating the calculations done in Step 1 of Lemma 8.2,
we obtain

lim H"(E1 N B(x, p))

p—0 wy p"

= lim
p—0t Wy P"

—1
w,—1C"
< n—1

/r H*Y(F, N B(x, p) NdB(r))dr
T=p

HY (T = p,7) N {ay > @) (F) +8/2))
0

F+»""" lim =0,
n p—07F

where we used (8.8).
Step 1b We show that

dB() \ {R(Fe1)} C (RE2)©.

Indeed, let x € dB(r), and suppose that 1 := distg.—1 (X, Rej) > 0. We are going to prove
that x € (RE»)©. By repeating the argument used to show (8.4), we can choose p > 0 so
small that

distgi-1 (9, Rey) > g for every y € B(x, p).
Then,
(RE2) N B(x,5) = (R(F, \ BT)) N B(x. D)
Copgn {y €R":|y| > 7 and g < distg1 (5, Rey) < otv(lyl)} N B(x, 7).
For p small enough, there exists C = C(7) > 0 such that
B(x, p) N3B(r) C Bc,(rx) foreveryr € (r — p, 7 + p).

Therefore, for every p € (0, p),

H"((RE2) N B(x, p)) < / H'" (B, (rd)) dr
(., r+p)N{ay>n/2}

Cp
=n— 1)0),,_1/ r”_I/ (sint)"2drdr
T, 7+p)N{ay>n/2} 0
=01 C"NE+ )" T HI(EL T+ ) N > n/2)).

From this, thanks to (8.8), we obtain

. H"((RE2) N B(x, p))
m
p—0F wp p"
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HUF, T+ p) N oy > 1/2})
m =

Wn p—0F P

0.

Step 1c We conclude the proof of Step 1. By definition of E, from Step la and Step 1b it
follows that

{x € 9B(F) : distg-1 (£, e1) > Y (M} \ {Re1} € E\” N (RE)© = E©.
Therefore,
(3*E), C OB\ ({x € 9B(7) : distgi-1 (£, e1) > ) (P} \ {Rel})
— Bay (en) U (Rel).
Step 2 We show (8.7), concluding the proof. Thanks to Step 1 and Lemma 8.2 we have
P(E; 9B(F) = H" ' @*ENIB(F) = H" (B*E)p) < H'™' (Bay (Fer))
=H""1(0*F, N dB(F) = P(F,; 0B(F) < P(E; IB(F)),
where we also used (1.4) with B = {r}. m]
We now show that, if the jump part D/ a, of D, is non zero, rigidity fails.

Proposition 8.3 Lerv : (0, 00) — [0, 00) be a measurable function satisfying (1.2) such that
F, is a set of finite perimeter and finite volume, and let a,, be defined by (1.3). Suppose that o,
has a jump at some point ¥ > 0. Then, rigidity fails. More precisely, setting E1 1= F, \ B(r)
and E> := F, \ B(7), we have

E; U (RE2) € N(v),
for every R € O(n) such that
0 < distgi-1(Req, e1) < )L(ozl\}/(?) - aUA(F)) for some A € (0, 1). (8.10)

Proof Let R € O(n), A € (0,1), and E € R”" be as in the statement, and set w := Rej.
Arguing as in the proof of Proposition 8.1 we have:

P(E) =H" ' (9*F, N BF) + H" '(0*ENdB(F)) + H" ' (0*F, \ B()).
Therefore, in order to conclude the proof we only need to show that
H'"'@*ENB(F) = H""' (3" F, N dB()). (8.11)
Without any loss of generality, we will assume that
o) (F) = aplim(f, (0,7),7),  «)(F) =aplim(f, (v, 00), 7). (8.12)

We now proceed by steps.
Step 1 We show that

(0*E)r C Boy ) (Fer) \ By ) (Fo). (8.13)
To show (8.13), it is enough to prove that for every x € (3* E)7 we have
distgn-1(%, 1) < a:(F) for every x € (0" E)r, (8.14)
and
distgn-1(X, @) > ozUA(F) for every x € (0" E)r. (8.15)
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We will only show (8.14), since (8.15) can be obtained in a similar way. Note that (8.14) is
automatically satisfied if &/ (F) = 7, so we will assume o) (F) < 7.
By arguing as in Step 1a of the proof of Proposition 8.1 we obtain

x€dBF) and distg1(R,e) > ) () = xeE". (8.16)
Let us now prove that
x €dB(F) and distg1(%,e1) > a)(F) = x e (RE)?. (8.17)
Let x € dB(7), and suppose that there exists § > 0 such that
distgu-1 (%, e1) = &) (F) + 8.

Thanks to the argument we used to show (8.4), we can choose p > 0 so small that
)
distge—1 (9, 1) > o,/ (F) + > forevery y € B(x, ).
Therefore, for every y € B(x, p) we have

1)
o) (F) + 3 < distgn-1 (9, e1) < distga—1(¥, w) + distgi-1 (w, €1)
< distgn-1(y, ) + )L(Otl\}/ r) — avA r)).

Since 7 is a jump point for «,,, we have o) () > o (F), and the above inequality implies that
: I Vo= A= 8
distgi-1 (¥, @) > (1 = Ve, (7) + rey (7) + 2

A (5 A (5 8 A 8
> (I—A)av(r)+kav(r)+§=av (r)—}—i,

for every y € B(x, p). Then, by definition of E»,
(RE2) N B(x,) = (R(F,\ B®)) N B(x.7)
1)
Cyn {y €R":|y| > r and a;\(F) + 5 < distgi-1 (Y, w) < av(|y|)} N B(x,p).

As already observed in the previous proofs, for p small enough there exists C = C(¥) > 0
such that
B(x, p) N3B(r) C Bc,(rx) foreveryr € (r — p, 7 + p).

Therefore, for every p € (0, p) sufficiently small

H'((RE2) N B(x, p)) < / H' Be, (r) dr
FF+p) N> () +8/2)

Cp
=m—-Dwy_ / Pl / (sint)* " *dtdr
F.F+p) Ny >a) (F)+6/2) 0

= w0u1 C" N+ D) T HN(E T+ ) N > ) (F) + 8/2)).
From this, thanks to (8.12), we obtain

. H"((RE2) N B(x, p))
m
p—0F wpp"
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- Wy C"1 ¢+ lim HY (T, T+ p) N {ay > a (7)) +8/2)) _
Wn p—0F P

0,

which shows (8.17). This, together with (8.16), implies (8.14). As already mentioned, (8.15)
can be proved in a similar way, and therefore (8.13) follows.
Step 2 We conclude. From (8.10) it follows that
Baﬁ(?) (ro) C Ba]Y(F) (rey).
Therefore, thanks to (8.13) and Lemma 8.2
P(E; 0B(F)) = H" ' (0*EN3B®F)) = H" 1 ((3*E)»)
<H"' (Boym (Fer) \ Boy ) (Fo))
=v"(F) —v"(F) = P(F,; 3B(r)) < P(E; B(r)),

where we alsoused (1.4) with B = {7}. Then, (8.11) follows from the last chain of inequalities.
O

We conclude this section showing that, if D, # 0, rigidity fails.

Proposition 8.4 Ler v : (0,00) — [0, 00) be a measurable function satisfying (1.2) such
that F, is a set of finite perimeter and finite volume, and let a, be defined by (1.3). Suppose
that D¢« # 0. Then, rigidity fails.

Proof We are going to construct a spherically v-distributed set £ € A(v) that cannot be
obtained by applying a single orthogonal transformation to F;, (see (8.20) below).

First of all, let us note that it is not restrictive to assume that «, is purely Cantorian. Indeed,
by (2.4) one can decompose «,, into

ay =a +al +af, (8.18)

where of € WIL’CI (0, 00), (xi is a purely jump function, and «, is purely Cantorian. Thanks
to (8.18), in the general case when o, # «f, the proof can be repeated by applying our
argument just to the Cantorian part &, of o,,. Therefore, from now on we will assume that

Da, = Da,.

Thanks to Proposition 8.1, we can also assume that {0 < osz < ozvv < g} is an interval
(otherwise there is nothing to prove, since rigidity fails). Moreover, since «,, is continuous,
there exist a, b > 0, witha < b, such that I := (a,b) CC {0 < a) <« < 7} and

O<oy(r)<m foreveryr € I. (8.19)

Since D¢« # 0, it is not restrictive to assume | Dy |(I) > 0. For each y € (—m, ), we
define R, € O(n) in the following way:

X1 X1COSYy — X2 siny
X2 x1siny + xpcosy
X3 _ X3

R, =
Xn Xn
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That is, R, is a counterclockwise rotation of the angle y in the plane (x1, x2). Let now fix
A € (0, 1), and define B : (0, 00) — (—m, ) as

0 ifr € (0, a),
B(r) == Moy(r) —ay(a@)) ifr €la,b],
May(b) — ay(a)) ifr e (b, 00).
We set
E:={xeR": distg-1 (x, R,B(lx\)el) < Otl\)/(|x|)} (8.20)

Clearly, E cannot be obtained by applying a single orthogonal transformation to F,. Let us
show that E € N (v), so that rigidity fails. We proceed by steps.

Step 1 We construct a sequence of functions v* : I — [0, co) satisfying the following
properties:

(a) klgrgo ok (r) = ay(r) for Hlae.rel;

(b) D& = D/ forevery k € N;
(© lim P(Fy; @ x §"71) = P(Fy; ®( x §"7H).
— 00

First of all note that, by (3.5) and by the chain rule in BV (see, [1, Theorem 3.96]), it follows
that &, is purely Cantorian, where &, is given by (3.3). Moreover, from (2.5) and from the
fact that &, is continuous, we have

N—1

|D&, (1) = SUP{Z o(rig1) —&uri)lta <r<r<---<ry<bg,

i=1

where the supremum runs over N € Nand over all r(,...,ry witha <rj <rm < --- <
rny < b. Therefore, for every k € N there exist Ny € N and r{‘, o rﬁ, with a < rf < r§ <

- < r,’i, < b such that

Ni—1

1
D& = ) 160D —&GDI + ¢

i=1
and
k k 1 i
|ri+l_ri|<; foreveryi =1,..., Ny — 1.

Without any loss of generality, we can assume that the partitions are increasing in k. That is,
we will assume that

k k k+1 k+1
[rl,...,r]\,k]C[rl ""’rNk+l} for every k € N.

Define now, for every k € N,

Ni
£ = Zsu(rik)x[,_k ) (8.21)
i—0 P

where we set r¥ := a and ¥ := b. Let us now set
0 Ni+1

k@) = 5;‘1’}‘(r)/r”_1 for every r € I and for every k € N,
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and note that, by definition, S{f = &,. Since &, is continuous, we have that

Jim ey =£,0)  forH'-aerel. (8.22)
—00

Recalling (3.5) and (3.6), last relation implies property (a). Moreover, from (8.21) we have

(b).
Let us now show (c). Thanks to (8.19) and (8.22), we have

klirn ppe(r) = pr,(r)  forH'-ae.rel. (8.23)
—oo v )

Moreover,

Ny
IDESICT) = ) 1€, (rfy ) — &)
i=0
Ni—1

= 1&0) — &@| + 15 B) — &I+ D 160 ) — &0 (8.24)

i=1
Since

Ni—1

1
D& = 7 = 3 1607 = &0 < ID&ID),

i=1
using (8.24) and the fact that &, is continuous we obtain

Ni—1
ID&|(1) = Jim 3 16,y )) — &Gl = lim [DES(D). (8.25)
i=1

Thanks to [1, Theorem 3.23], up to subsequences £ weakly* converges in BV (I) to &,.
Since, in addition, (8.25) holds true, we can apply [1, Proposition 1.80] to the sequence of
measures {|D§5|}keN- Therefore, recalling that D“g‘l’j = D”;‘,f and D&, = D’&,, we have

lim /rnd|DS§l]f|(r)= lim /r”dlDSfKr):/r”d|D€v|(r)=/r"dlDS§U|(r).
k—o0 J1 k—o0 J1 I I

Then, from Corollary 5.2
lim P(Fyu; ®(I x S"™1)) = lim (/ ka(r)dr+/r”*1d|DSg§|(r)>
k—o00 koo \J; " 1

= (/ pr,(r)dr +/r”"d|D‘Eu|(r)) = P(Fy; (I x S"71)),
! I

where we also used (8.23).
Step 2 For each k € N, we construct a spherically v¥-distributed set EX such that

P(EF; &I x S" 1)) = P(Fy; @I x S"1)).
From (3.5) and (3.6) it follows that «,x = .7-"_1(5,])‘) € BV(I), and
Ni
au(r) = Zav(rik)x[r_k ) - (8.26)
i—0 i+l
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Therefore, for each k € N we have that Doy = D/, and the jump set of ax is a finite
set. More precisely,

Ny
Doy = Z(av(r,‘k) - av(rikfl))srik’
i=1

where §, denotes the Dirac delta measure concentrated at . Let A € (0, 1) be fixed, and
define the set E’f Cc dU xS*" Has

Ef = [ka N (B(r}) \W)] U [RMO,U(,D,%(“))(FM N(B(Db)\ B(r{‘)))] :
Thanks to Proposition 8.3, we have that
P(EF; (I x "™ 1) = P(Fy; @I x S"71)).
Define now E]2‘ c o xS as
ES i= (Ef 0 BOE) U R 8o EE\ BEED |
Applying again Proposition 8.3, we have
P(ES; @1 x S"71) = P(EF; @1 x S"71) = P(Fy; @I x S"7)).

Note that, since R, is associative with respect to y (that is, we have Ry, R), = Ry, 1,,), we
can write E’Z‘ as

Ef = [ka N B\ B(a))] u [Rk(av(rlk)_av(a))(ka N B\ B(rf)))]
U [R,\(av(ré)fav n (Fot 0 (B(D)\ B(rg)))] .
Iterating this procedure Nj times, we obtain that
P(E*; &(I x " 1)) = P(Fy; ®(I x '),
where

Ep = Ey, ={x € ®(I x §"7") : distgi1 (&, Ra(ay (jx) o (@)e1) < e (X))}
(8.27)

Step 3 We show that E¥ — E in ®(I x S"~1), for some spherically v-distributed set E
such that

P(E; (I x ") = P(F; (I x S"71)).
From (8.26) and (8.22) it follows that

lim au(r) = a,(r) forH'-ae.rel.
k— 00

Therefore, from (8.27) we have EX —> E (in (®(I x S"1))), where E is the spherically
v-distributed set in ® (I x $"~!) given by
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E:= {x e (I x sty distgn-1 (X, Ra(ay (Ix)—ay@)€1) < (XD} (8.28)

Then, by the lower semicontinuity of the perimeter with respect to the L! convergence (see,
for instance, [21, Proposition 12.15]):

= klim P(Fyu; ®(I x ") = P(Fy; @I x S"7 1))
— 00

where we also used (1.4).
Step 4 We conclude. Let E be given by (8.20). Then, E is spherically v-distributed and
satisfies

E =y (Fy N (B(@))) U[E N (B(b)\ B@)] U [Ri ey t)—ay(@) (Fo \ (BB))],

where E is defined in (8.28). By repeating the arguments used in the proof of Proposition 8.1,
and using the fact that (7 x s"—1y = B(b) \ B(a), one can see that

P(E) = P(E; B(a)) + P(E; 3B(a)) + P(E; B(b) \ B(a))
+ P(E; 9B(b)) + P(E; R" \ B(b))
= P(Fy; B(@)) + P(E; dB(a)) + P(E; B(b) \ B(a))
+ P(E; 3B(b)) + P(Fy; R" \ B(b))
= P(Fy; B(a)) + P(E: 0B(a)) + P(F,; B(b) \ B(a))
+ P(E; 3B(b)) + P(Fy; R" \ B(b)),

where we also used Step 3 and the invariance of the perimeter under orthogonal transfor-
mations. Since «,, is continuous, an argument similar to the one used to prove (8.13) shows
that

P(E;0B(a)) = P(E; dB(b)) =0.

Therefore,

P(E) = P(Fy; B(a)) + P(Fy; B(b) \ B(@)) + P(Fy; R" \ B(b)) = P(F).

We can now give the proof of the implication (i) = (ii) of Theorem 1.2.

Proof of Theorem 1.2: (i) —> (ii) To show the implication, it suffices to combine Proposi-
tions 8.1, 8.3, and 8.4. O
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