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Abstract

Solid-shell models are developed for the geometrically nonlinear analysis of multi-layered composite struc-
tures made of alternating layers with large di�erence in material properties. Exempli�cative applications are
presented for laminated glass, in which a number of sti� plies of glass are permanently shear-coupled by soft
interlayers. The sectional warping due to signi�cant transverse shear strains in the soft layers makes theories
of laminated plates based on the plane-section hypothesis unreliable. The proposed approach is based on
a geometrically exact solid-shell �nite element model with one element per layer in the thickness direction,
as alternative to solid discretization. The element approximation is based on the displacement nodal values
at the top and bottom surfaces of the layers, with a natural C0 continuity. An alternative solid-shell model
with fewer parameters is derived imposing the equal �nite rotation of the sti� layers at each surface point by
a local rotation-free re-parametrization of the nodal displacements and enforcing the plane stress condition.
The approach permits an easy coupling with a fully solid discretization, e.g. to model connections, and is
based on a simple strain measure quadratic in the displacement unknowns and suitable for �nite strains.
Extensive numerical examples for laminated glass plates and curved shells susceptible to large de�ections
and buckling are provided, comparing the results with those from a fully solid approach.

Keywords: Layered structures, laminated glass, solid-shell model, �nite element method, buckling,
geometric nonlinearity.

1. Introduction

Laminated structures are made of di�erent adherent layers, or of layers of the same anisotropic material
but with di�erent orientation as in �ber-reinforced composites. A particular class is represented by laminates
formed by the alternating association of layers made of sti� and soft materials, for which the drastic change in
mechanical properties induces an irregular warping of the cross sections. This is why homogenized models,
such as the �rst or higher order theory of laminated plates, are in general not su�cient to capture the
structural response in terms of de�ections, stress and buckling. A solid continuum model could capture the
local and global e�ects, but the 3D �nite element discretization usually requires a huge computational cost.
Therefore, a signi�cant e�ort has been developed in the last decades to conceive enriched plate theories
for laminates with an improved estimation of the peculiar kinematics at reduced computational burden.
Layer-wise models [1, 2, 3] and zigzag models [4, 5, 6] achieve the representation of a piecewise continuous
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displacement in the thickness direction by employing the �rst order, or higher order, shear deformation
theories at each layer and imposing continuity conditions at the interfaces. In general, the accuracy of a
model for thin-to-moderately-thick plates depends signi�cantly on the ability to capture the zigzag e�ect,
whereas its e�ciency is a function of the number of independent displacement variables as well as of the
sparsity of the resulting equations. Here, we propose a solid-shell model for the geometric nonlinear analysis
of laminates with alternating sti�/soft layers, for which a simpli�ed (constrained) kinematic description
facilitates the �nite element computation.

A paradigmatic example of composites with alternating sti�/soft stacking sequence is represented by
laminated glass. This is made by two (or more) glass plies permanently bonded by one (or more) polymeric
interlayers, thanks to the chemical a�nity developed in a process at high temperature and pressure in auto-
clave. There are many types of carbon-based polymeric �lms [7]. The most used are the polyvinyl butyral
(PVB), the ionoplast SentryGlas (SG) and the ethylene-vinyl acetate (EVA). More recently, transparent
silicone polymers, speci�cally produced to form interlayers, have been commercialized [8].

Although polymers are in general highly viscoelastic [9], a widely-used engineering approach is the quasi-
elastic approximation [10]: the polymer is modelled as a linear elastic material but with temperature-
and time-dependent sti�ness, coinciding with the secant value measured in relaxation tests at operating
temperature, after a time corresponding to the duration of the design loads. The corresponding elastic
modulus is variable within the order of 0.1MPa for the softer PVB at 40◦C under permanent loads (20 years
duration), and of 100MPa for the sti�er SG at 0◦C under short-term (3 s) actions. The viscosity of silicone
is much smaller than that of carbon polymers: the Young's modulus, of the order of 5MPa, remains stable
within a wide temperature range, rendering silicone interlayers particularly suitable for extreme applications.
Anyway, in all the aforementioned cases, the sti�ness of the interlayers is several orders of magnitude lower
than that of glass, whose Young's modulus is approximately 70GPa.

In architectural and automotive applications, the thickness of the glass plies may vary within 1−19mm,
whereas that of the polymeric interlayers is in general a multiple of 0.38mm, up to about 2.28mm, but
can be higher for silicone. Although the interlayer �lm has in practice no bending sti�ness by itself, it can
restrain the shear-sliding of the glass plies. This increases the overall bending capacity of the laminate,
which varies [11] between the lower bound of free-sliding glass plies (layered limit) and the opposite upper-
bound of perfectly coupled glass plies (monolithic limit). Correspondingly, the irregular character of the
cross-sectional warping is maximal at the layered limit and minimal (no warping) at the monolithic limit.

However, technological progress and new manufacturing techniques make innovative materials available
on a large scale, or furnish traditional materials with exceptional shapes and sizes. As for glass, there have
been many innovations but two trends are worth mentioning here. On the one hand, the available size of
the plates has increased: lengths of the order of 20m have been reached. On the other hand, it is nowadays
possible to produce long glass plates of width of the order of 1.2m with very small thickness, down to
0.5mm; but ultra-thin glass could also be produced, down to 50µm. Thin glass, whose mechanical strength
is enhanced [12] in a toughening process by ion exchange, has been used for years in portable electronic
device displays: the increase in size makes it possible to produce large laminates made up of a considerable
number of plies, achieving remarkable properties in terms of toughness and impact resistance, including
bullet penetration. But transparent layers can also be made with plastic materials, such as Polymethyl
methacrylate (PMMA) [13], also known as acrylic glass, or polycarbonate [14], a thermoplastic polymer
containing carbonate groups. Materials of this type are often referred to [15] as �plastic glass�. Although
their mechanical sti�ness and strength are lower than that of glass, they are used in aircraft, automotive
and security components, because they are not as brittle as glass, at least as long as the temperature is not
extremely low. Glass and plastic glass of di�erent thicknesses may be combined together [16] in transparent
laminates with functionally graded properties. However, since the coe�cient of thermal expansion of glass
(of the order of 10−5K−1 for soda-lime glass) is very di�erent from that of plastic glass (of the order of
10−4K−1), very compliant interlayers are needed to accommodate the thermal mismatch.

The category of laminated glass should be therefore generalized to the broader concept of transparent
composite, where a number of sti�, possibly curved, plies of large size, with di�erent thicknesses and me-
chanical properties, are coupled through very soft thin interlayers. The alternating layup induces a speci�c
straining/deformation pattern, which distinguishes them from other composites [17, 18]. In fact, the trans-
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verse shear strains tend to concentrate in the soft interlayers, with a nearly constant distribution in the
thickness, while they are negligible in the sti� plies. Moreover, although the interlayers are soft, their mod-
erate thickness and the con�ning action of the neighboring bonded layers is such as to constrain the relative
distance between the surfaces to which they adhere. The consequence is that the sti� layers are all subjected
to almost identical rotations with respect with their normals in the undistorted con�guration, while the soft
layers undergo independent transverse shear strains. A geometric-nonliner model is in general required,
because the slenderness of the structure and the compliance of the interlayers provide large de�ections.

Di�erent plate/shell models have been proposed for alternating layups. A software speci�c for laminated
glass which has been broadly used in the design practice for the last two decades, is SJ MEPLA. The theory
followed for its implementation [19] consists in the discretization into Mindlin-Reissner �nite elements of
each sti� layer, with independent rotations and in-plane displacements. The transverse displacement is
assumed equal for all the layers and the kinematics of the soft layers is derived from the sti� layers variables,
assuming perfect bonding and negligible thickness strain. There are, however, the following limitations:
only �at geometries are allowed; the model is not exact for large deformations (second-order accuracy only);
the nonlinear solver is only load-controlled and, hence, not suitable for general instability problems. A
signi�cant step forward was given in [17] where, for the �rst time, a shell model imposing equal rotation of
the sti� layers and independent slips of the soft interlayers was proposed. This is a Mindlin-Reissner model
enriched by independent in-plane displacements of the soft layers, for which the equal rotation of the sti�
layers is a direct variable. The same work provides a locking-free shell �nite element and the geometrically
nonlinear model is recovered by the co-rotational strategy, suitable for small strain problems [20]. Further
developments are reported in [21], in particular for what concerns the modeling of creep in the viscoelastic
interlayers. Most often, the sti� layers tend to exhibit negligible transverse shear strains. Although limited
to small-displacement analyses, the Kirchho� assumption of neglecting the transverse shear strains in the
sti� layers was exploited in [18], with the aim of further reducing the model variables. However, the weak
form of the Kirchho� model requires at least C1 continuity, which can be met only with special �nite element
formulations or isogeometric analyses [22, 23, 24].

Besides the Kirchho� and Reissner models, it is worth mentioning alternative formulations for modeling
shells in large deformations such as the solid-shell approach [25, 26, 27, 28]. This modeling strategy is based
on a 3D continuum model with an assigned kinematic approximation in the thickness direction obtained
directly in the discrete model. The goal is to maintain a solid description of geometry and kinematics and,
at the same time, to reduce the number of unknowns with respect to a fully solid model in order to obtain a
discretization based on a similar number DOFs compared to the Reissner shell model. The advantages with
respect to a Reissner shell model are multiple: solid modeling of intersections, constraints and contact, Total
Lagrangian kinematic description in terms of displacement DOFs only (no �nite rotation parameterizations
and their complications [29, 30, 31]) with a quadratic Green-Lagrange strain measure and an easy coupling
with solids. For laminates, homogenized solid-shell models equivalent to the �rst order shear deformation
theory have been proposed [25], while in other works, e.g. in [32], it is also stated the possibility of using
e�ectively one element per layer, when needed.

This latter approach is the starting point of the present work, aimed at providing an e�cient solid-shell
formulation for the geometrically nonlinear analysis of multi-layered composite structures made of alternating
sti�/soft layers. Applications are to laminated glass or, more in general, to transparent composites. The
basic constituent is a geometrically-exact solid-shell �nite-element model, with one element in the thickness
direction per layer, as an alternative to a 3D solid discretization. The element approximation is based on
the displacement nodal values at top and bottom surfaces of the layers with a direct imposition of the
C0 continuity in the assembly procedure. The �nite element formulation is purely displacement-based and
locking-free without internal parameters thanks to the plane stress enforcement. From this, a novel solid-
shell model with fewer parameters is derived by exploiting the main feature of the considered problem, i.e.,
by imposing an equal �nite rotation of the sti� layer elements at each surface point. Such a kinematic
constraint is applied directly to the discrete model by a local rotation-free re-parametrization of the nodal
displacements and enforcing the plane stress condition. It is worth noting that, in this Total Lagrangian
model, the strain measure is accurate and geometrical exact for any mesh and with no assumption on the
strain magnitude, as opposite to co-rotational shell formulations. With respect to the enriched Reissner
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Figure 1: Undeformed and deformed shell geometry.

shell model in [17], the overall number of DOFs is just a little higher due to the possible thickness change,
but with a more computationally e�cient evaluation of the discrete quantities due to the simpler expression
of the strain and of its variations with no co-rotational transformations. Moreover, the constraint of equal
�nite rotation of the sti� layer is local at each surface point and can be deactivated, when needed, to model
connections and 3D stress concentrations by a coupling with a fully solid discretization [33].

The article is organized as follows. In Section 2 the solid-shell model is present in a Total Lagrangian
description. The �nite element implementation for laminates with assumed natural strain is reported in
Section 3. Extensive numerical results on laminated glass plates and curved shells, amenable of large de�ec-
tions and buckling, are provided in Section 4, comparing the constrained solid-shell model with the layer-wise
solid-shell and the fully solid solution from Abaqus. The main advantages of the proposed formulation, its
limitations and hints for further work are summarized in the conclusive Section 5.

2. Solid-shell model

This section describes the main equations of the solid-shell model initially proposed in [25] and presented
here in a Total Lagrangian description with a Green-Lagrange strain measure. The starting point is a 3D
�nite kinematics of each layer in terms of displacement only. Then, a linear through-the-thickness approx-
imation is assumed for geometry and displacement. Generalized strains and the generalized constitutive
matrix are derived.

2.1. Kinematics and strain measure for each layer

Convective curvilinear shell coordinates ξ = [ξ, η, ζ] are employed, with (ξ, η) middle surface coordinates
and ζ ∈ [−h

2 ,
h
2 ] thickness coordinate and h the layer thickness. The position of the material points x[ξ] in

the current con�guration is given in terms of their position vector X[ξ] in the reference con�guration and
the displacement d[ξ]

x[ξ] = X[ξ] + d[ξ]. (1)

The covariant basis vectors in the undeformed con�guration are obtained from the corresponding partial
derivatives Gi = X,i of the position vectors X, where (),i denotes the partial derivative with respect to the
ith component of ξ. Letting Gi the contravariant basis so that Gi ·Gj = δij with δij the Kronecker delta
and (·) denoting scalar product, the Green-Lagrange strain tensor can be expressed as

EGL = Ēij G
i ⊗Gj , Ēij =

1

2
(X,i ·d,j +d,i ·X,j +d,i ·d,j ) , i, j = 1, 2, 3. (2)
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where (⊗) indicates the tensor product.
Assuming a linear through-the-thickness approximation, the position vector is expressed as

X = (
1

2
− ζ

h
)Xb[ξ, η] + (

1

2
+

ζ

h
)Xt[ξ, η] (3)

in terms of the bottom and top position of the shell/layer

Xb[ξ, η] = X[ξ, η,−h

2
], Xt[ξ, η] = X[ξ, η,

h

2
].

Similarly, the displacement �eld is approximated as

d = (
1

2
− ζ

h
)db[ξ, η] + (

1

2
+

ζ

h
)dt[ξ, η] (4)

where

db[ξ, η] = d[ξ, η,−h

2
], dt[ξ, η] = d[ξ, η,

h

2
].

By exploiting Eq.(2), the covariant strain components are collected, using a Voigt notation, in the
six-dimensional vector Ē = [Ē11, Ē22, 2Ē12, Ē33, 2Ē23, 2Ē13]

T and linearized with respect to ζ, under the
assumption of small layer thickness as compared to the mid-surface dimensions, in the form

Ē ≈

ē[ξ, η] + ζ χ̄[ξ, η]
Ē33[ξ, η, 0]
γ̄[ξ, η]

 (5)

where

ē[ξ, η] =

 Ē11[ξ, η, 0]
Ē22[ξ, η, 0]
2Ē12[ξ, η, 0]

 , χ̄[ξ, η] =

 Ē11,3 [ξ, η, 0]
Ē22,3 [ξ, η, 0]
2Ē12,3 [ξ, η, 0]

 , γ̄[ξ, η] =

[
2Ē23[ξ, η, 0]
2Ē13[ξ, η, 0]

]
.

It is worth noting that such a linearization with respect to the thickness coordinate does not imply any
assumptions on displacement and strain magnitude. From the point of view of theoretical modelling, it is
de�nitively not necessary; however, it is very convenient for an e�cient analytical pre-integration through
the thickness, as detailed in Section 2.1.1. A Cartesian reference system is de�ned at each point X by
the orthonormal basis {e1, e2, e3} with e3 aligned with G3 and {e1, e2} in the shell middle surface. The
generalized Cartesian strains are obtained from the covariant ones as

ε = T[ξ, η]ε̄ with ε =


e
e33
γ
χ

 and ε̄ =


ē
ē33
γ̄
χ̄

 , (6)

where ē33 = Ē33[ξ, η, 0] and T(ξ, η) denotes the transformation matrix that maps the strain tensor from the
covariant basis to the local Cartesian basis according to Eq. (2), i.e.,

T(ξ, η) =


Tp 0 0 0
0 Tz 0 0
0 0 Tp 0
0 0 0 Tt

 , (7)

where the sub-matrices

Tz = 1/J2
33 ,

Tp =

 J2
11 J2

12 2J11J12
J2
21 J2

22 2J21J22
J21J11 J22J12 J22J11 + J21J12

−T

,

Tt =

[
J12J33 + J13J32 J13J31 + J11J33
J22J33 + J23J32 J23J31 + J21J33

]−T

,

(8)
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are obtained from the components of the Jacobian matrix J(ξ, η, ζ) = [G1, G2, G3]
T .

In Eq.(6) e is the membrane strain vector, χ the curvature vector, γ the transverse shear strains vector
and e33 the thickness strain.

It is worth noting that in this solid-shell model the generalized strains have the same form as in the
Mindlin-Reissner shear deformable shell model with the additional thickness strain e33. The main advantage
is that the kinematics is described in terms of displacement variables only, without the need for a direct
parameterization of 3D �nite rotations. Indeed, according to Eq. (2), the generalized strains are a quadratic
function of d, parametrized in terms of bottom surface �eld db and top surface �eld dt as stated in Eq. (4).

2.1.1. Strain energy and constitutive matrix of the layer in generalized quantities

The Cartesian components of the Green-Lagrange strain and the second Piola-Kirchho� stress are col-
lected in vectors E = [E11, E22, 2E12, E33, 2E23, 2E13]

T and S = [S11, S22, S12, S33, S23, S13]
T , respectively,

adopting a Voigt notation. The linear elastic constitutive law can be expressed as

S = CE with C =

Cp 0 0
0 C33 0
0 0 Ct

 , (9)

where Cp is obtained by assuming a plane stress condition, while the coupling between membrane and
thickness strains is neglected in order to eliminate a-priori the thickness locking. The coe�cient C33, linking
thickness stress to thickness strain, is maintained in order to avoid a zero energy thickness stretch. The
strain energy of the solid-shell model can be conveniently written in terms of generalized strains as

Φ[d] ≡ 1

2

∫
Ω

∫ h
2

−h
2

E[d]TCE[d]dζdΩ =
1

2

∫
Ω

ε[d]TCε[d]dΩ , (10)

with

C =


Cee 0 0 Ceχ

0 C33 0 0
0 0 Ct 0

CT
eχ 0 0 Cχχ

 , (11)

where

C33 =

∫ h
2

−h
2

C33dζ Ct =

∫ h
2

−h
2

Ctdζ ,

Cee =

∫ h
2

−h
2

Cpdζ Ceχ =

∫ h
2

−h
2

ζCpdζ Cχχ =

∫ h
2

−h
2

ζ2Cpdζ .

The transverse shear sti�ness Ct can be improved by means of shear correction factors.

3. Finite element models for laminates with alternating sti�/soft layup

The FEM implementation of the solid-shell model is now detailed.

3.1. Linear solid-shell �nite element with Assumed Natural Strain

The displacement �eld db[ξ, η] and dt[ξ, η] of bottom and top surfaces of the layer, de�ning the overall
displacement �eld d[ξ] in the shell volume according to Eq. (4), can be interpolated, so obtaining

d[ξ] = Nd[ξ]qe with Nd[ξ] =
[
( 12 − ζ

h )N[ξ, η] ( 12 + ζ
h )N[ξ, η] ,

]
(12)

where qe collects the element nodal displacement DOFs for both db and dt, while N[ξ, η] collects the bilinear
Lagrangian functions with ξ ∈ [−1, 1] and η ∈ [−1, 1]. The element geometry is interpolated with the same
shape functions according to the isoparametric paradigm

X[ξ] = Nd[ξ]Xe ,
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where Xe collects the element nodal positions.
The linear element so de�ned is prone to transverse shear and trapezoidal locking. However, these inac-

curacies can be eliminated very easily by the Assumed Natural Strain (ANS) technique [34], that rede�nes
the transverse shear strain components Ē23, Ē13 and the transverse normal strain component Ē33 using their
values at the sampling points reported in [25]. Moreover, the in-plane bending response of the element can be
also enhanced by replacing the in-plane shear strain Ē12 with its value at the element center ξ = η = 0, that
is a selective reduced integration (SRI) retaining the correct matrix rank. Finally, the discrete generalized
strain-displacement law, omitting the dependence on (ξ, η), can be written in compact form as

ε = (L+
1

2
Q[qe])qe , (13)

where L and Q[qe] are the operators giving the linear and quadratic part of the strain. In particular, matrix
L is constant with respect to qe, while Q is a linear function of qe:

Q[qe] ≡

q
T
e Ψ1

...
qT
e Ψ9

 and L = Q[Xe].

The explicit expression of the matrices Ψi can be easily obtained from Eq. (5) and (6) (see [35]). Clearly, L
andQ depend on the mid-surface coordinates (ξ, η), but this is omitted from now on to simplify the notation.
The strain energy of the structure can be evaluated as a sum of element contributions Φe computed by a
2× 2 Gauss quadrature, i.e.,

Φe[qe] ≡
1

2

∑
g

{
εg[qe]

TCεg[qe]
}
wg , (14)

where the subscript g denoted quantities at the generic integration point (ξg, ηg) and wg is the corresponding
weight times the determinant of the Jacobian matrix.

3.2. Remarks on thickness locking

In Eq. (9), the 3D constitutive law was simpli�ed using the plane stress enforcement (PSE) to avoid
the thickness locking arising from the assumption of linear displacement through the thickness. Alternative
strategies based on the exact 3D constitutive behavior are possible:

� modi�ed generalized constitutive matrix (MGCM);

� mixed formulation (MF);

� enhanced assumed strain (EAS).

MGCM [25] starts from the full 3D constitutive matrix of the continuum problem and derives the
constitutive matrix in generalized quantities from Eq. (10), by imposing a constant thickness stress S33 in
the through-the-thickness analytical integration instead of a constant thickness strain E33. This results in
a thickness locking-free displacement-based formulation without the need for additional variables.

Similarly, the MF is based on an independent approximation of the stress with S33, assumed constant
through the thickness within the Hellinger-Reissner principle [36]. The di�erence with the MGCM is that
additional variables for the stress are introduced. However, the stress �eld is discontinuous across elements
and this means that the corresponding variables can be condensed out before solving the global linear
systems (Newton iterations at each equilibrium point).

Another popular technique is EAS, that enhances the thickness strain with an incompatible part variable
in the thickness direction. As in the MF, also EAS introduces additional variables that can be condensed
out at element level and is particularly convenient for 3D nonlinear constitutive laws [34].
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3.3. Layered solid-shell modeling for generic laminates

Generic laminated structures are made of multiple layers with di�erent material properties. When these
change signi�cantly through the plate thickness, the deformation is characterized by zigzag forms of the
displacement �eld along the thickness direction. This signi�cant warping makes homogenized models, such
as the �rst order theory of laminated plates, not su�cient to capture the structural response accurately.
Solid models can be used to obtain a reliable solution by discretizing the structure also through the thickness.
However, general purpose solid �nite elements are not suitable for layered plates, because they require either
to mesh also within each layer, or to use high order interpolations. For this reason, a layered solid-shell
model, i.e., with a single solid-shell element per layer, is an interesting alternative. In this case, the total
number of variables at each point over the surface of the plate is nt = 3(nl + 1), taking into account the
continuity of the displacement among the nl layers. All the approaches for removing thickness locking, i.e.
PSE, MGCM, MF and EAS, can be adopted in such a modeling. It is worth noting that, as opposite to
corotational shell models, no restriction in the magnitude of transverse shear strains of the soft layers is
assumed in the kinematic model.

3.4. A solid-shell model for laminates with alternating sti�/soft layup

A special group of laminates is that characterized by alternating sti�/soft layers with a large change in
the material properties. Focusing on structural glass laminates, the sti� parts are glass layers, while the
soft parts are usually made of thermoplastic polymers or silicone. The Young and shear modulus of the two
material types di�er of many orders of magnitude. The alternating layup induces a speci�c deformation
pattern with all sti� layers exhibiting an almost identical rotation of their respective initial normals, whereas
the soft layers can have di�erent rotations as a consequence of the signi�cant and independent transverse
shear strains. A specialized solid-shell modeling strategy is now presented for laminates with alternating
sti�/soft layup by constraining all the sti� layers to maintain the same orientation during the deformation.
In this case, the total number of variables is reduced to nt = 3(nl + 3)/2, with odd nl, by a simple linear
combination of the discrete displacement parameters, as illustrated in Fig. 2. In this �gure, qi with
i = 1 . . . nl + 1 collects the 3 displacement components of the FE nodes at a generic point of the plate.
These can be written in terms of a reduced number of parameters by a constant transformation matrix that
is reported explicitly, as an example, in Eq. (15) and Eq. (16) for the case nl = 3 and nl = 5 respectively.
Clearly, the reduction is possible for any odd number of layers, with the transformation matrix that follows
the same rule. The reduced variables are qn and qij . Vector (qj − qi)/hij , de�ning the rotation of the
initial normal of the generic sti� layer delimited by nodes i and j, with hij the thickness of the layer, is
constrained as (qj −qi)/hij = qn, with qn the same for all the sti� layers. Instead, qij = (qi +qj)/2 is the
independent mean displacement of each sti� layer.
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Figure 2: Constrained kinematics of laminates with alternating
sti�/soft layers.
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It is important to note that only the PSE can be adopted in this modeling among the di�erent strategies
for avoiding thickness locking. In fact, MGCM, MF and EAS, all based of the full 3D constitutive law,
removes thickness locking but lead to an undesirable e�ect when an equal vector qn is imposed. This is due
to the fact that such a constraint not only states the desired equal orientation of the sti� layers, but also an
equal norm of such a vector. This means that the sti� layers cannot have di�erent changes in the thickness
length (thickness strain). In such a kinematic condition, an additional Poisson locking occurs if a full 3D
constitutive law is used, that is instead avoided if the PSE is considered.

With respect to co-rotational shell models, this solid-shell modeling with equal orientation of the sti�
layers requires no assumptions on the strain magnitude and uses a geometrically exact strain measure for any
mesh. Also, it maintains the solid description and the rotational constraint can be deactivated, when needed,
to model connections and 3D stress concentrations by a direct coupling with a fully solid discretization.

3.5. Equilibrium path and Riks method

Let us consider a slender hyperelastic structure subject to a conservative reference load vector p pro-
portionally increased by an ampli�er factor λ. The strain energy of the whole structure is the sum of all
element contributions

Φ[q] ≡
∑
e

Φe[qe] , (17)

where q collects all the displacement DOFs of the FE mesh. The equilibrium of the structure is expressed
by the virtual work equation in discrete form

r[q] ≡ s[q]− λp = 0 . (18)

The internal force vector s is de�ned as

s[q] ≡ ∂Φ[q]

∂q
, (19)

and it can be then evaluated by assembling its element contributions

se[q] =
∑
g

{
Bg[qe]

TCεg[qe]
}
wg , (20)
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with B[qe] = L+Q[qe]. Eq. (18) is a system of N equations in N + 1 unknowns, i.e. {q, λ}, de�ning the
equilibrium path as a curve in RN+1. The standard approach for tracing this curve in stability problems is
the Riks arc-length method due to its ability to deal with limit points. The path is evaluated starting from
a known initial con�guration u0 corresponding to λ = 0 in an incremental-iterative manner. In practice, at
each step, a new equilibrium point is obtained by solving an extended system

R[q, λ] ≡
[
r
g

]
=

[
s[q]− λp

∆qT
0 ∆q+ µ∆λ0∆λ−∆s

]
= 0 , (21)

where the equation g = 0 is an arc-length constraint, ∆s ≥ 0 de�nes the step size, ∆q0 and ∆λ0 are
estimates of the current path tangent and µ is a metric factor to homogenize the di�erent quantities. The
solution of (21) can be obtained by a Newton iterative scheme in partitioned form

{
qj+1 = qj + q̇j

λj+1 = λj + λ̇j

with


q̇ = −K−1

j

(
rj − λ̇jp

)
λ̇ =

gj +∆qT
0 K

−1
j rj

∆qT
0 K

−1
j p− µ∆λ0

,

in order to exploit the symmetric band structure of the tangent sti�ness matrixK by an LTDL factorization.
This last one is de�ned as

K[q] ≡ ∂2Φ[q]

∂q2
≡ ∂s[q]

∂q
, (22)

and it can be evaluated by assembling the element contributions

Ke[q] =
∑
g

{
Bg[qe]

TCgBg[qe] + Gg[σg]
}
wg with σg[qe] ≡ Cgεg[qe] , (23)

where G[σ] is the contribution to the geometric part of the sti�ness matrix. Exploiting the linear dependence
of Q[qe] from qe (Eq. (13)) and the symmetry of matrices Ψi, we have

Q[qe1]qe2 = Q[qe2]qe1, ∀qe1,qe2 ,

σTQ[qe]qe = qT
e G[σ]qe ,

(24)

where, denoting with σi the ith generalized stress σg[qe] component,

G[σ] ≡
9∑
i

σi[ξ, η]Ψi[ξ, η].

3.5.1. Remarks on the iterative solution for a displacement formulation

The displacement-based path-following analysis is an e�ective tool for geometrically nonlinear analyses.
However, its major drawback is that the iterative solution gets slower and less robust when the slenderness of
the structure increases. In particular, when the membrane-to-�exural sti�ness ratio gets higher, the allowed
load step decreases and more iterations are needed in each step. This is an undesirable behavior due to the
use of kinematic variables only as unknowns of the iterative scheme [37, 38]. In that context, the issue can
be solved e�ectively by means of a mixed iteration that relaxes the constitutive law during the iterations
using local stress variables at the integration points directly corrected as independent unknowns [37]. This
strategy was employed to solve the numerical tests more e�ciently.

4. Numerical results

Glass laminated structures undergoing buckling and/or large de�ections are analyzed in this section in
order to validate and test the proposed solid-shell �nite element model. In particular, three modeling are
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Figure 3: Cantilever beam under transverse load: geometry, load, and boundary conditions.

compared: i) the fully solid model of Abaqus used as a reference solution, ii) the solid-shell model with one
element per layer and iii) the solid-shell model where the constraint of equal �nite rotation of the sti� layers
is applied to reduce the number of unknowns.

Three di�erent layups are used in the numerical tests. For the sake of brevity, they are described only
once below.

� Layup L3A: 3 alternating layers of which 2 sti� layers of 4 mm with E = 70 GPa and ν = 0.23 and 1
interlayer of 1.02 mm with E = 1 MPa and ν = 0.49.

� Layup L3B : 3 alternating layers of which 2 sti� layers of 0.5 mm with E = 70 GPa and ν = 0.23 and
interlayer of 2.04 mm with E = 0.2 MPa and ν = 0.49.

� Layup L5: 5 alternating layers of which 3 sti� layers of 12 mm with E = 70 GPa and ν = 0.23 and 2
interlayers of 1.52 mm with E = 5.96 MPa and ν = 0.49.

Although these packages are purely theoretical, since they only intend to be representative of a su�ciently
wide range of geometries and materials, they can be interpreted in the broad category of laminated glass.
In all the examples, the elastic parameters of the sti� layers are typical of soda-lime glass, whereas the
sti�ness of the interlayers may be representative of silicone, PVB and SG, with thickness as measured on
some manufactured specimens.

4.1. Large de�ection of a 3-layer cantilever beam loaded by a transverse distributed load

The �rst test regards a cantilever beam of length L = 500 mm subject to a distributed transversal load
on the top glass layer as illustrated in Fig. 3. The stacking sequences L3A and L3B are considered. The
reference surface load is q = 10−3 MPa for L3A and q = 10−4 MPa for L3B . The solid-shell �nite element
model consists of 8 elements along the beam axis and only 1 along the width. The load factor vs. tip
displacement equilibrium curve is reported in Fig. 4 for the two layups and using the di�erent models.
Axial component u and transverse component w are monitored. It is possible to observe an excellent match
between solid-shell and constrained solid-shell model up to large deformations. The results are also in
agreement with those provided by Abaqus with a �ne mesh of solid elements. This is to prove the accuracy
of the proposed constrained solid-shell modeling, that uses a reduced number of unknowns but preserves
the solid description. The deformed con�gurations obtained by the unconstrained solid-shell are plotted in
Fig. 5, where it is possible to observe the warping of the sections due to the signi�cant shear strain in the
interlayer, especially for the layup A, and the equal �nite rotation of the glass layers. Finally, the axial
normal stress and the transverse shear strain are depicted in Fig. 6 and Fig. 7 for layup L3A and L3B ,
respectively, with the thickness dimension ampli�ed to make the through-the-thickness trend visible. We
can note that the shear strain is concentrated in the interlayer and is variable with respect to the beam axis
due to the end e�ect of the fully clamped boundary condition. Moreover, the normal stress has a piece-wise
linear distribution that is intermediate between the monolithic limit and the layered limit, with independent
glass plies, demonstrating the necessity of the proposed kinematic description.
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Figure 4: Cantilever beam under transverse load: comparison of the equilibrium path obtained by constrained solid-shell and
solid-shell model in terms of axial (u) and vertical (w) tip-displacement components and the results from Abaqus.

Layup L3A Layup L3B

Figure 5: Cantilever beam under transverse load: deformed con�guration at the last equilibrium point.
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solid-shell constrained solid-shell

solid-shell constrained solid-shell

Figure 6: Cantilever beam under transverse load: stress component σ11 (MPa) (1 is the beam axis) and strain component γ13
for the case L3A.

solid-shell constrained solid-shell

solid-shell constrained solid-shell

Figure 7: Cantilever beam under transverse load: stress component σ11 (MPa) (1 is the beam axis) and strain component γ13
for the case L3B .
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Figure 8: Cantilever beam under compression: geometry, load, and boundary conditions.
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Figure 9: Cantilever beam under compression: equilibrium path in terms of vertical tip-displacement component w and
comparison between constrained solid-shell and solid-shell model and the results from Abaqus.

4.2. Buckling of a 3-layer cantilever beam under compression

The second test, described in Fig. 8, regards the same cantilever beam seen in the previous test (L = 500
mm) but here subject to a compression on the glass layers at the free end point. The layups L3A and L3B
are considered. The reference surface compression load is q = 1 MPa for both the stacking sequences. The
solid-shell �nite element model consists of 8 elements along the beam axis and only 1 along the width.
The perfect structure undergoes buckling with a bifurcation after almost null pre-buckling deformations.
A tip out-of-plane imperfection load is then added to avoid the bifurcation jump. The load factor vs.
tip transverse displacement curve of the imperfect structure is reported in Fig. 9 for the two stacking
sequences and using the di�erent models. It is possible to observe a perfect match between solid-shell
model, constrained solid-shell model and the fully solid model up to signi�cant post-buckling deformations,
demonstrating the accuracy of the proposed constrained solid-shell modeling. We can note that the buckling
load is intermediate between those corresponding to the layered and monolithic limits, proving the need for
the intermediate model. Finally, the axial normal stress and the transverse shear strain are depicted in Fig.
10 and Fig. 11 for layup L3A and L3B , respectively, with the thickness dimension ampli�ed to make the
through-the-thickness trend visible. Also in this case, the shear strain is concentrated in the interlayer and
varies signi�cantly along the beam axis due to the end e�ect of the fully clamped boundary condition. The
normal stress has a piece-wise linear distribution that is intermediate between monolithic and layered limits,
especially for the layup L3A.

4.3. Large de�ection of a 3-layer simply supported square plate under transverse load

The large deformation of a simply supported square plate under a transverse load is studied in this test
(see Fig. 12). The support is applied on the perimeter of the bottom layer. The layups L3A and L3B are
used. The reference surface load is q = 10−4 MPa for both the stacking sequences and is applied on the
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Figure 10: Compressed beam: stress component σ11 (MPa) (1 is the beam axis) and strain component γ13 for layup L3A.

solid-shell constrained solid-shell

solid-shell constrained solid-shell

Figure 11: Cantilever beam under compression: stress component σ11 (MPa) (1 is the beam axis) and strain component γ13
for layup L3B .
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Figure 12: Square plate under transverse load: geometry (mm), load and boundary conditions.
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Figure 13: Square plate under transverse load: equilibrium path and comparison between constrained solid-shell and solid-shell
model and the results from Abaqus.

top layer. A mesh of 32 × 32 layered solid-shell elements is used for the in-plane discretization. Figure 13
shows the equilibrium path in terms of load factor vs. the out-of-plane displacement at the center of the
plate. It is possible to note the typical increase of the curve slope with the deformation as a consequence
of the membrane contribution to the overall sti�ness. A perfect match is obtained for the di�erent models,
demonstrating again the accuracy of the proposed constrained solid-shell modeling. Also the stress �eld is
accurately reproduced by the proposal as depicted in Fig. 14 and 15, where the stress component σ11 is
plotted over the top and bottom surfaces of the glass layers and compared to the full solid-shell solution.
Also in this test, the stress �eld is much di�erent with respect to that expected by a monolithic shell model
based on the plane section kinematics. Finally, Fig. 16 shows the transverse shear strain γ12 concentrated
in the interlayer. Again, the thickness direction is ampli�ed in the 3D plot for a better visualization.

4.4. Buckling of a 3-layer simply supported square plate under in-plane shear load

The buckling of the simply supported square plate under a self-equilibrated in-plane shear load is con-
sidered in this test for layups L3A and L3B . Geometry, loads and boundary conditions are illustrated in
Fig. 17. The support is applied on the perimeter of the bottom layer. The reference surface load is q = 1
MPa for both the stacking sequences and it is applied on the glass layers in the direction parallel to each
edge. The adopted discretization consists of 32× 32 layered solid-shell elements. A geometric imperfection
with the shape of the �rst linearized buckling mode and an amplitude equal to 0.1 mm is added to the
perfect model. The equilibrium path of the imperfect structure is shown in Fig. 18 in terms of out-of-plane
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Figure 14: Square plate under transverse load: stress component σ11 (MPa) over the glass layers for layup L3A.

constrained solid-shell
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Figure 15: Square plate under transverse load: stress component σ11 (MPa) over the glass layers for layup L3B .
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Figure 16: Square plate under transverse load: strain component γ13 over the interlayer for layup L3A and L3B .

Figure 17: Square plate under transverse load: geometry (mm), load and boundary conditions.
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Figure 18: Square plate under in-plane shear: equilibrium path and comparison between constrained solid-shell and solid-shell
model and the results from Abaqus.

displacement of the plate center. It is possible to note the sti�ness reduction after the buckling point, with
a smooth change due to the imperfection. An excellent match is obtained for the di�erent models. In the
same �gure, the post-buckled deformed con�gurations at the last equilibrium point are also available. This
holds also for the stress �eld, whose component σ11 is shown in Figs. 19 and 20 for the two layups, according
to the solid-shell and constrained solid-shell models. Finally, the transverse shear strain γ12 in the interlayer
is reported in Fig. 21, with the thickness direction ampli�ed in the 3D plot for a better visualization.

4.5. 5-layer rectangular plate simply supported on 4 edges under compression

A rectangular simply supported plane made of �ve alternating layers (layup L5) is now considered under
two di�erent loading cases: an out-of-plane load distributed over the plate and an axial compression load
distributed on the short edges. Geometry, loads and boundary conditions are depicted in Fig. 22. The
support is assigned on the perimeter of the bottom layer. The reference surface load is q = 10−3 MPa for
the transverse load case applied on the top layer, while q = 1 MPa as surface load distributed on glass layers
in the compression test. A geometric imperfection with the shape of the �rst linearized buckling mode, with
maximum deviation equal to 0.1 mm, is introduced for the second load case to nudge the structure on the
bifurcated path. The equilibrium paths are plotted in Fig. 23 and are characterized by large de�ections and
buckling for the two load conditions respectively. The deformed con�gurations at the last equilibrium point
are also shown. The curves are reported for the di�erent models, demonstrating also in this 5-layer case the
accuracy of the proposed constrained solid-shell �nite element with a reduced number of unknowns.
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constrained solid-shell

solid-shell

Figure 19: Square plate under in-plane shear: stress component σ11 (MPa) over the glass layers for layup L3A.
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Figure 20: Square plate under in-plane shear: stress component σ11 (MPa) over the glass layers for layup L3B .
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Figure 21: Square plate under in-plane shear: strain component γ13 over the interlayer for layup L3A and L3B .

Transverse load Axial compression

Figure 22: Rectangular plate: geometry (mm), loads and boundary conditions.
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Figure 23: Rectangular plate: equilibrium path and comparison between constrained solid-shell and solid-shell model and the
results from Abaqus, for two load cases.
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Figure 24: Hemispherical shell: geometry and applied loads.

Layer Index Layer Material Layer thickness
L1 L2 L3

1 (F) 1/5h 1/15h 3/25h
2 (C) 1/5h 2/15h 5/25h
3 (F) 1/5h 3/15h 9/25h
4 (C) 1/5h 4/15h 5/25h
5 (F) 1/5h 5/15h 3/25h

Table 1: Hemispherical shell analyzed in [21]: description of the three lay-ups, referred to as L1, L2 and L3.

4.6. Multi-layer hemispherical shell with 18◦ cut-o�

To test the accuracy of our proposed model also for curved structures, we evaluate the equilibrium paths
of a 5-layer hemispherical shell with a circular cut-o� at its top, as reported in Fig. 24. This exactly
replicates, for the sake of comparison, the same geometry, loads and material layups considered in [21]. The
input data are given in non-dimensional form, as in [21]. The hole aperture is 18◦, the sphere radius is 10,
and the shell thickness is h = 0.075. Three alternative lay-ups are considered presenting both symmetric
and asymmetric cross-sections. The layer material type and thickness for each lay-up are listed in Tab. 1,
where layer (1) corresponds to the interior layer of the hemispherical shell. The material parameters for the
sti� layers (F) and soft layers (C) are: EF = 1.0 × 107, EC = 5.0 × 103 and νF = νC = 0.2. The shell is
subject to symmetric concentrated forces at its base, increased according to the load multiplier λ.

Due to symmetry, only one quarter of the shell is modeled, evaluating the results obtained with 3 di�erent
meshes, respectively of 8 × 8, 16 × 16 and 32 × 32 solid-shell elements. For all the considered laminated
packages, it is possible to observe as the coarsest meshes of 8× 8 solid-shell elements furnish very accurate
solutions, while no di�erences can be observed between the 16 × 16 and 32 × 32 grids. The results are
in good agreement with those proposed in [21], where a discretization of 16 × 16 quadratic corotational
elements is employed. This con�rms the accuracy of our proposal, which is competitive with quadratic
corotational elements also for curved structures despite our cheaper linear interpolation (lower number of
DOFs per given mesh and reduced sparsity), also thanks to the Total Lagrangian geometrically exactness
of the model. Finally, no signi�cant di�erences between constrained and unconstrained models have been
observed also in this test. However, convergence di�culties in the iterative process a�ect the unconstrained
model, for very high load ampli�ers.
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Figure 25: Equilibrium paths for the hemispherical shell: comparison of the constrained-solid-shell and solid-shell models with
the results from [21], for lay-up L1, L2 and L3.
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5. Conclusions

We have presented two types of solid-shell �nite-element models for laminated plates made of alternating
sti�/soft layers, amenable of large de�ections and buckling. Although the potential range of applications is
much wider, laminated glass has been considered as a relevant engineering example, as it is characterized
by sti� glass plies of various thickness, permanently bonded by soft polymeric interlayers, with di�erent
thickness and sti�ness. For these class of composites homogenized models, such as those derived from
the �rst order lamination theory, result inaccurate because of the cross-sectional warping, consequent to the
signi�cant transverse shear strains concentrated in the soft layers. The �rst considered case is represented by
a layered solid-shell model, where one solid-shell element, with linear through-the-thickness approximation, is
adopted for each layer in the thickness direction. This model is based on a Total Lagrangian solid description
with a geometrically exact Green-Lagrange strain measure in terms of the top and bottom displacement of
each layer, with the C0 continuity directly enforced on the discrete DOFs. The constitutive law is expressed
in stress resultants in order to avoid the through-the-thickness numerical integration. The second model
consists in a reduction of the �rst kinematic model via a further internal constraint, entailing equal �nite
rotation of the sti� layers at each surface point. The second approach is more e�cient than the �rst one,
thanks to the reduced number of unknowns. It maintains the simplicity of the displacement-based solid-shell,
because the �nite rotation constraint is imposed directly by a linear combination of the nodal displacement
DOFs and a constitutive matrix enforcing the plane stress condition. Extensive numerical experiments
demonstrated the accuracy of the reduced modeling in paradigmatic case-studies, under large deformation
and buckling.

The two models have been presented for the most general cases of multi-laminated curved shells. The
worked examples have considered various three- and �ve-layered �at plates and one curved shell under
increasing loading. A further improvement will consist in considering the viscoelastic character of the
interlayers, in order to evaluate the variation over time of the degree of coupling between the glass plies. In
this way, it will also be possible to study other types of current problems in glass engineering, such as those
related to the cold-bending and cold-lamination-bending of laminated glass.

In all cases, we believe that the proposed solid-shell �nite-element formulation presents signi�cant ad-
vantages over the usual description with 3D models, which requires considerable computational e�ort, as
well as over commercial software commonly used in the design practice, which have signi�cant limitations.
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