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Abstract. We study the Kodaira dimension of a real parallelizable manifold M , with an
almost complex structure J in standard form with respect to a given parallelism. For X =
(M, J ) we give conditions under which kod(X) = 0. We provide examples in the case
M = G×G, whereG is a compact connected real Lie group. Finallywe describe geometrical
properties of real parallelizable manifolds in the framework of statistical geometry.

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.1. Preliminaries on almost complex manifolds . . . . . . . . . . . . . . . . .
2.2. Dolbeault cohomology on almost complex manifolds . . . . . . . . . . . .
2.3. Kodaira dimension of an almost complex manifold . . . . . . . . . . . . .

3. The Kodaira dimension of parallelizable manifolds . . . . . . . . . . . . . . . .
3.1. The class of α in Dolbeault cohomology . . . . . . . . . . . . . . . . . . .

4. A PDE system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.1. Parallelizable manifolds which are quotients of Lie groups . . . . . . . . .
4.2. Some remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6. Further geometrical properties of almost complex real parallelizable manifolds .

6.1. Norden structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2. Quasi-statistical structures . . . . . . . . . . . . . . . . . . . . . . . . . .
6.3. Almost Kähler structures on the tangent bundle . . . . . . . . . . . . . . .

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A. Cattaneo · A. Tomassini (B): Dipartimento di Scienze Matematiche, Fisiche e Infor-
matiche Unità di Matematica e Informatica, Università di Parma, Parco Area delle Scienze
53/A, 43124 Parma, Italy
e-mail: adriano.tomassini@unipr.it A. Cattaneo: e-mail: andrea.cattaneo@unipr.it

A. Nannicini: Dipartimento di Matematica ed Informatica “U. Dini”, Università degli Studi
di Firenze, Viale Morgagni 67/A, 50134 Firenze, Italy
e-mail: antonella.nannicini@unifi.it

Mathematics Subject Classification: 32Q60 · 53C56

https://doi.org/10.1007/s00229-023-01496-1

http://crossmark.crossref.org/dialog/?doi=10.1007/s00229-023-01496-1&domain=pdf


A. Cattaneo et al.

1. Introduction

In complex geometry one of the most studied invariant of a manifold is its Kodaira
dimension, which encodes the asymptotic behaviour of the dimension of the spaces
of holomorphic pluricanonical sections on the given manifold. It can be defined in
other different ways, e.g., as the maximal dimension of the image of the manifold
via the pluricanonical maps or in the projective cases as the dimension of the
canonical model of the original manifold (this works since the canonical ring of a
smooth projective manifold is finitely generated by Birkar et al. [3]). Recently the
first definition of Kodaira dimension has been generalized in the context of almost
complex geometry by Chen and Zhang (see [9, Definition 1.2]) so we can speak
of the Kodaira dimension of an almost complex manifold (see also [6] and [7] for
explicit computations of Kodaira dimension on some families of almost complex
manifolds). Despite the fact that the definition proposed in [9] actually is the same
for almost complex manifolds as it is for genuine complex manifolds, up to now
it is not fully understood and also the techniques which can be used to compute
it on concrete examples are still very few and basically rely on ad hoc procedures
strictly linked with the geometry of the differentiable manifold underlying the
almost complex manifold.

The class of parallelizable differentiable manifolds, i.e., those manifolds whose
tangent bundle is trivial, is a particularly handy class of manifolds. For example,
to define an almost complex structure on a parallelizable manifold it is enough to
give a square matrix with entries in the smooth functions whose square is − id.
For this reason in the present paper we study some properties of almost complex
manifolds whose underlying differentiable manifold is parallelizable. Observe that
the fact that the real tangent bundle of an almost complex manifold is trivial does
not imply that also the pseudoholomorphic tangent bundle is trivial as well, nor
that the canonical bundle is pseudoholomorphically trivial. As a consequence, we
study which conditions a smooth pluricanonical section must satisfy in order for it
to be pseudoholomorphic, and we find that these conditions can be summed up into
a single system of partial differential equations. We show that the solutions of this
system must satisfy a certain elliptic equation of the second order, thus providing
an analogue with the integrable case.

As an application of our results, we focus on a special type of almost complex
structures which can be defined on the product of a real Lie group with itself.
We show that for these manifolds the canonical bundle is pseudoholomorphically
trivial if and only if the Lie group is unimodular. It is an interesting fact that our
condition (5.4), which expresses the unimodularity of the Lie group, is the same
which appeared in [1].

In the last section we describe geometrical properties of almost complex real
parallelizable manifolds in the framework of statistical geometry. Statistical struc-
tures play a central role in information geometry [2,13]. This notion was extended
to quasi-statistical structures, or statistical structures admitting torsion, by Kurose
[12]. Starting from the construction of natural Norden structures, described in our
previous paper [7] for almost complex 4−dimensional solvmanifolds, and from a
general construction of quasi-statistical structures, given in [4], we define a natural
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family of quasi-statistical structures on a real parallelizable manifold M of even
dimension. Finally we observe that, by using the Sasaki metric, we can define a
corresponding family of almost Kähler structures on the tangent bundle of M , T M .

2. Preliminaries

2.1. Preliminaries on almost complex manifolds

Definition 2.1. Let M be a smooth real manifold. An almost complex structure on
M is an endomorphism J : T M −→ T M such that J 2 = − idT M . An almost
complex manifold is a pair X = (M, J ) where M is a smooth real manifold and J
is an almost complex structure on M .

The existence of an almost complex structure on M forces dimR M to be even,
say dimR M = 2n.

Definition 2.2. Let X = (M, J ) and X ′ = (M ′, J ′) be almost complex manifolds.
A pseudoholomorphic function f : X −→ X ′ is a smooth function f : M −→ M ′
such that d f ◦ J = J ′ ◦ d f .

We now show that the transition functions of T M give an example of pseudo-
holomorphic functions.

Proposition 2.3. Let X = (M, J ) be an almost complex manifold and let U =
{(U,�U )} be a trivializing open covering for the tangent bundle T M. Let (U,�U ),
(V,�V ) ∈ U be such that U ∩ V �= ∅. Then the transition function

�VU = �V ◦ �−1
U : �U (U ∩ V ) −→ �V (U ∩ V )

is pseudoholomorphic.

Proof. The open subsets�U (U ) and�V (V ) ofR
2n are almost complex manifolds

by means of (�−1
U )∗ J |U and (�−1

V )∗ J |V respectively. The fact that J is globally
defined on M then implies that

d�VU ◦
(
(�−1

U )∗ J |U
)

=
(
(�−1

V )∗ J |V
)

◦ d�VU

i.e., that �VU is pseudoholomorphic. 	


2.2. Dolbeault cohomology on almost complex manifolds

Let X = (M, J ) be an almost complex manifold. From the complex point of view,
the exterior differential d splits as

d = μ + ∂ + ∂̄ + μ̄, with

μ : ∧p,q X −→ ∧p+2,q−1X,

∂ : ∧p,q X −→ ∧p+1,q X,

∂̄ : ∧p,q X −→ ∧p,q+1X,

μ̄ : ∧p,q X −→ ∧p−1,q+2X.
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The condition that d2 = 0 then translates into different equations involving these
four operators, in particular we mention the following:

μ̄2 = 0, μ̄∂̄ + ∂̄μ̄ = 0, ∂μ̄ + ∂̄2 + μ̄∂ = 0.

Observe that in the genuine almost complex setting it is not true that ∂̄2 = 0, so
we can not define the Dolbeault cohomology of an almost complex manifold as in
the integrable case. Following [8] we define the generalized Dolbeault cohomology
H p,q
Dol (X) as follows. Since μ̄2 = 0 we can define the μ̄-cohomology

H p,q
μ̄ (X) =

ker

(
�
(
X,

∧p,q X
) μ̄−→ �

(
X,

∧p−1,q+2 X
))

im

(
�
(
X,

∧p+1,q−2 X
)

μ̄−→ �
(
X,

∧p,q X
))

as usual. By the equation μ̄∂̄ + ∂̄μ̄ = 0, the map ∂̄ : H p,q
μ̄ (X) −→ H p,q+1

μ̄ (X)

defined on the class [α]μ̄ ∈ H p,q
μ̄ (X) represented by the μ̄-closed (p, q)-form α by

∂̄[α]μ̄ = [∂̄α]μ̄ is a well defined homomorphism. Finally, the equation ∂μ̄ + ∂̄2 +
μ̄∂ = 0 implies that ∂̄2 = 0 on H p,q

μ̄ (X), so we define the Dolbeault cohomology
of X as

H p,q
Dol (X) =

ker

(
H p,q

μ̄ (X)
∂̄−→ H p,q+1

μ̄ (X)

)

im

(
H p,q−1

μ̄ (X)
∂̄−→ H p,q

μ̄ (X)

) .

2.3. Kodaira dimension of an almost complex manifold

In complex geometry one of the first invariants which are naturally attached to a
manifold is the Kodaira dimension. This can equivalently be defined in two ways:
given a complex manifold X its Kodaira dimension kod(X) is

(1) the maximal dimension of the closure of the image of X under the meromorphic
maps associated with the pluricanonical systems |ω⊗m

X |,
(2) the rate of growth of the spaces of holomorphic pluricanonical sections

H0(X, ω⊗m
X ).

Recently, Chen and Zhang [9] showed that the last of these formulations
can be successfully extended to the case where X = (M, J ) is an almost
complex manifold. We give here a very brief account of Chen and Zhang [9,
Sect. 3]. The usual delbar operator ∂̄ naturally extends to a differential operator
∂̄ : ω⊗m

X −→ ∧0,1 X ⊗ω⊗m
X and a smooth pluricanonical section s ∈ �

(
X, ω⊗m

X

)
is pseudoholomorphic if and only if ∂̄s = 0. Thus we can still define

H0(X, ω⊗m
X ) = {

s ∈ �
(
X, ω⊗m

X

) ∣∣ ∂̄s = 0
}
.

Exploiting the theory of elliptic operators, in [9, Theorem 3.6] it is shown that all
these spaces are finite dimensional. Hence we have the following definition.
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Definition 2.4. (cf. [9, Definition 4.3]) Let X = (M, J ) be an almost complex
manifold. The Kodaira dimension of X is the real number

kod(X) =
⎧⎨
⎩
0 if H0

(
X, ω⊗m

X

) = 0 ∀m ≥ 1

lim sup
m→+∞

log dim H0
(
X, ω⊗m

X

)

logm
otherwise.

Remark 2.5. It is possible to associate to an almost complex manifold its canonical
ring

R(X, ωX ) =
⊕
m≥0

H0(X, ω⊗m
X ),

which is in a natural way a graded C-algebra (we have H0(X,OX ) � C by
Lemma 3.5). In the smooth projective case this algebra is known to be finitely
generated (see [3] or [15]) but almost nothing is known in the general setting of
almost complex manifolds.

3. The Kodaira dimension of parallelizable manifolds

Let X = (M, J ) be an almost complex manifold and assume that M is a real
parallelizable manifold. Let {v1, w1, . . . , vn, wn} be a basis for � (M, T M) with
the following properties:

(1) it is a parallelism for M ;
(2) the almost complex structure J is in standard form, namely

Jvi = wi , Jwi = −vi , i = 1, . . . , n.

From the complex point of view, we can introduce the vector fields of type
(1, 0)

Xi = 1

2

(
vi − √−1wi

)
, i = 1, . . . , n

and their dual (1, 0)-forms

ϕi = vi + √−1wi , i = 1, . . . , n

where
{
v1, w1, . . . , vn, wn

}
is the dual basis of {v1, w1, . . . , vn, wn}.

As a consequence

ψ = ϕ1 ∧ . . . ∧ ϕn

is a smooth section of ωX , and analogously ψ⊗m is a smooth section of ω⊗m
X . We

want to compute ∂̄
(
ψ⊗m

)
as a section of the bundle 	

0,1
J M ⊗ ω⊗m

X .

Lemma 3.1. Let X = (M, J ) be an almost complex manifold, with M real paral-
lelizable. For every integer m ≥ 1 we have

∂̄
(
ψ⊗m) = mα ⊗ ψ⊗m,

where α ∈ �
(
X,


0,1
X

)
is the smooth (0, 1)-form defined in (3.2).
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Proof. For every i = 1, . . . , n there exist smooth functions λijk on X such that

∂̄ϕi =
n∑

j,k=1

λijkϕ
j ∧ ϕ̄k . (3.1)

It follows that

∂̄ψ = ∂̄
(
ϕ1 ∧ . . . ∧ ϕn

)
= ∑n

i=1(−1)i+1ϕ1 ∧ . . . ∧ ∂̄ϕi ∧ . . . ∧ ϕn

= ∑n
i=1(−1)i+1ϕ1 ∧ . . . ∧

(∑n
j,k=1 λijkϕ

j ∧ ϕ̄k
)

∧ . . . ∧ ϕn

= ∑n
i=1(−1)i+1ϕ1 ∧ . . . ∧ (∑n

k=1 λiikϕ
i ∧ ϕ̄k

) ∧ . . . ∧ ϕn

= ∑n
i,k=1 −λiik ϕ̄

k ∧ ϕ1 ∧ . . . ∧ ϕn

= α ⊗ ψ,

where

α = −
n∑

k=1

αk ϕ̄
k, αk =

n∑
i=1

λiik . (3.2)

Finally we observe that

∂̄
(
ψ⊗m) =

m∑
i=1

ψ ⊗ . . . ⊗ ∂̄ψ︸︷︷︸
i-th place

⊗ . . . ⊗ ψ =
m∑
i=1

α ⊗ ψ⊗m = mα ⊗ ψ⊗m,

which proves our result. 	

Remark 3.2. It is easy to observe that

α(·) = −
n∑

i=1

∂̄ϕi (Xi , ·).

Lemma 3.3. Let X = (M, J ) be an almost complex manifold, with M real paral-
lelizable. A smooth pluricanonical section f · ψ⊗m is pseudoholomorphic if and
only if

∂̄ f + m f α = 0. (3.3)

Proof. By the Leibniz rule

∂̄
(
f · ψ⊗m) = ∂̄ f ⊗ ψ⊗m + f ∂̄

(
ψ⊗m) = (

∂̄ f + m f α
) ⊗ ψ⊗m .

	

Corollary 3.4. Let X = (M, J ) be an almost complex manifold, with M real
parallelizable, let f : M −→ C be a smooth function and let t ∈ Z≥1. Then f is
a solution of ∂̄g + tgα = 0 if and only if f p is a solution of ∂̄g + ptgα = 0 for
every p ∈ Z≥1.
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Proof. The ‘only if’ statement is clear, it suffices to choose p = 1. For the ‘if’
statement observe that

∂̄( f p) + pt f pα = p f p−1∂̄ f + pt f pα = p f p−1 (∂̄ f + t f α
) = 0.

	

Focusing on the smooth canonical section ψ we have two cases: either it is

pseudoholomorphic or not. We show that, as one may expect, in the former case
the Kodaira dimension of X is 0.

We now show that one of the most known and used results for complex mani-
folds, Liouville’s theorem, still holds in the context of almost complex geometry.
Our proof relies on the argument in [9, Theorem 3.6], which is the essential ingre-
dient to use the maximum principle.

Lemma 3.5. (Liouville’s Theorem) Let X = (M, J ) be an almost complex mani-
fold, with M compact. Then H0(X,OX ) � C.

Proof. Let h be any Hermitian metric on X and denote by ∗ its associate Hodge
operator. Let f : X −→ C be any smooth complex valued function on X , then we
trivially have that ∂ ∗ f = 0 since ∗ f is an (n, n)-form. It follows that ∂̄ f = 0 if
and only if �∂̄ f = 0, where �∂̄ is the Dolbeault Laplacian �∂̄ = ∂̄∗∂̄ + ∂̄ ∂̄∗, i.e.,
pseudoholomorphic and harmonic functions coincide. Now, by Chen and Zhang [9,
Theorem 3.6] the equation�∂̄ f = 0 is an elliptic equation and by the compactness
of X and the maximum principle we deduce that f must be constant. 	

Proposition 3.6. Let X = (M, J ) be an almost complex manifold, with M real
parallelizable. If ∂̄ψ = 0, then kod(X) = 0.

Proof. Under the assumption that ∂̄ψ = 0, a smooth pluricanonical section f ·ψ⊗m

is pseudoholomorphic if and only if ∂̄ f = 0. Hence

H0 (X,OX ) −→ H0
(
X, ω⊗m

X

)
f �−→ f · ψ⊗m

is an isomorphism for every integer m ≥ 1. By Liouville’s Theorem we have then
that Pm(X) = 1 for all m ≥ 1, which readily implies the proposition. 	

Remark 3.7. The converse of Proposition 3.6 does not hold in general, and a coun-
terexample can be found in [7, Sect. 5.1]. There, the authors consider a family of
almost complex structures Ja (a ∈ R � {0}) on a 4-dimensional nilmanifold N .
In this example it is shown that (with our notation)

αa = √−1
a

4
ϕ̄2
a ,

so αa �= 0 for all a ∈ R � {0}, but (see [7, Proposition 5.5])

kod(N , Ja) =
{−∞ if a /∈ 2πQ,

0 if a ∈ 2πQ � {0} .
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Remark 3.8. Observe that ψ is a nowhere vanishing canonical section, hence the
condition ∂̄ψ = 0 forces the canonical bundle to be pseudoholomorphically trivial,
i.e., there exists a pseudoholomorphic isomorphism ωX � OX . It may happen that
ωX is not trivial, butω⊗m

X � OX for somem ∈ Z≥2, e.g., this is the case of bielliptic
surfaces. In this case α �= 0 for every real parallelism {v1, w1, . . . , vn, wn} as we
are considering, but kod(X) = 0.

3.1. The class of α in Dolbeault cohomology

We want now to see how the (0, 1)-form α changes if one changes the parallelism.

Lemma 3.9. Let P = {v1, w1, . . . , vn, wn} and P ′ = {
v′
1, w

′
1, . . . , v

′
n, w

′
n

}
be

two real parallelisms on M inwhich the almost complex structure J is in its standard

form, and denote by
{
ϕ1, . . . , ϕn

}
and

{
ϕ′1, . . . , ϕ′n

}
the corresponding coframes

of (1, 0)-forms. Let α and α′ be the (0, 1)-forms associated to P and P ′ respec-
tively, as in (3.2). Then there exists a nowhere vanishing complex valued smooth
function g : X −→ C such that

α′ = α + ∂̄g

g
.

Proof. Since M is parallelizable, we can write

ϕ′ j =
n∑

i=1

mi jϕ
i

for suitable complex valued functions mi j = mi j (x) on M such that M = (
mi j

)
is a complex valued invertible matrix for all x ∈ M . It follows that

ψ ′ = ϕ′1 ∧ . . . ∧ ϕ′n = det(M ) · ϕ1 ∧ . . . ∧ ϕn = det(M ) · ψ,

and so

∂̄ψ ′ = ∂̄ det(M ) ∧ ψ + det(M )∂̄ψ

= ∂̄ det(M )
det(M )

∧ det(M )ψ + α ∧ det(M )ψ

=
(

∂̄ det(M )
det(M )

+ α
)

∧ ψ ′.

On the other hand ∂̄ψ ′ = α′ ∧ ψ ′ and so we deduce that

α′ = α + ∂̄ det(M )

det(M )
.

	

Lemma 3.10. Let X = (M, J ) be an almost complex manifold with M real paral-
lelizable. With the notations introduced before, we have that

∂̄2ψ = ∂̄α ∧ ψ.

In particular, if J is integrable then ∂̄α = 0.
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Proof. Since ∂̄ψ = α ∧ ψ we easily deduce that

∂̄2ψ = ∂̄ (α ∧ ψ) = ∂̄α ∧ ψ − α ∧ ∂̄ψ = ∂̄α ∧ ψ − α ∧ (α ∧ ψ) = ∂̄α ∧ ψ.

If J is integrable we have ∂̄2ψ = 0, so ∂̄α ∧ ψ = 0 from which ∂̄α = 0. 	

From the previous lemma, it follows that in the integrable case ∂̄α defines the

class [∂̄α] = 0 ∈ H0,2
∂̄

(X). We want to show that this is still true even in the
non-integrable case.

Proposition 3.11. Let X = (M, J ) be an almost complex manifold with M real
parallelizable. With the same notations as above, we have

[∂̄α]Dol = 0 ∈ H0,2
Dol(X).

Proof. Observe that since α is a (0, 1)-form, then μ̄α = 0 for bidegree reasons and
so the class [α]μ̄ is well defined in H0,1

μ̄ (X). Observe that since ∂̄μ̄ + μ̄∂̄ = 0 we

have also that μ̄∂̄α = −∂̄μ̄α = 0 and so also [∂̄α]μ̄ ∈ H0,2
μ̄ (X) is well defined.

But then

[∂̄α]μ̄ = ∂̄[α]μ̄
and so [∂̄α]Dol = 0 ∈ H0,2

Dol(X). 	


4. A PDE system

As we saw in Lemma 3.3, the condition that ∂̄
(
f ψ⊗m

) = 0 is equivalent to

∂̄ f + m f α = 0.

This condition [which is (3.3)] is equivalent to the system of equations

X̄k( f ) − mαk f = 0, k = 1, . . . , n, (4.1)

and we want to write this last condition from the real point of view. To this end we
write

f = u + √−1v,

and so we see that (4.1) is equivalent to the system

vk(u) − wk(v) = 2m (Re (αk) u − Im (αk) v)

vk(v) + wk(u) = 2m (Re (αk) v + Im (αk) u)
, k = 1, . . . , n. (4.2)

Remark 4.1. Observe that if (u, v) is a solution of (4.2), then (−v, u) is also a
solution. From the complex point of view, this corresponds to the fact that the
space of solutions of (4.2) is closed under multiplication by

√−1 (i.e., if f is a
solution, then

√−1 · f is also a solution).
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From (4.2) one sees that

vk(wk(u)) = −vk(vk(v)) + 2m Re (αk) vk(v) + 2m Im (αk) wk(v)

+ 2m
(
vk (Re (αk)) − 2m (Im (αk))

2) v

+ 2m (vk (Im (αk)) + 2m Re (αk) Im (αk)) u,

wk(vk(u)) = wk(wk(v)) − 2m Re (αk) vk(v) − 2m Im (αk) wk(v)

+ 2m
(
2m (Re (αk))

2 − wk (Im (αk))
)
v

+ 2m (wk (Re (αk)) + 2m Re (αk) Im (αk)) u,

and so

[wk, vk](u) = vk(vk(v)) + wk(wk(v))+
− 4m Re (αk) vk(v) − 4m Im (αk) wk(v)+
− 2m

(
vk (Re (αk)) + wk (Im (αk)) − 2m |αk |2

)
v+

− 2m (vk (Im (αk)) − wk (Re (αk))) u.

(4.3)

Remark 4.2. Observe that

vk (Re (αk)) + wk (Im (αk))

= 2 · Re (Xk (αk)) , vk (Im (αk)) − wk (Re (αk))

= 2 · Im (Xk (αk)) ,

hence the coefficient of u in (4.3) can be written as

− 4m · Im (Xk (αk)) . (4.4)

Observe that we can express

[wk, vk] = 2
√−1[Xk, X̄k] = 2

n∑
i=1

Im(λikk)vi − Re(λikk)wi ,

and so, using (4.2), we obtain that

[wk, vk](u) = 2
n∑

i=1

(Im(λik,k) (wi (v) + 2m Re(αi )u − 2m Im(αi )v)

− Re(λikk) (−vi (v) + 2m Re(αi )v + 2m Im(αi )u))

=
n∑

i=1

(
2Re(λikk)vi (v) + 2 Im(λikk)wi (v)

+ 4m
(
Im(λikk)Re(αi ) − Re(λikk) Im(αi )

)
u

− 4m
(
Im(λikk) Im(αi ) + Re(λikk)Re(αi )

)
v
)
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=
n∑

i=1

(2Re(λikk)vi (v) + 2 Im(λikk)wi (v)

+ 4m Im(λikk ᾱi )u − 4m Re(λikk ᾱi )v). (4.5)

Comparing (4.3) and (4.5) we have then the relation

vk(vk(v)) + wk(wk(v))

− 4m Re(αk)vk(v) − 4m Im(αk)wk(v)

− 2
n∑

i=1

Re(λikk)vi (v) − 2
n∑

i=1

Im(λikk)wi (v)

− 4m

(
Re (Xk(αk)) − m|αk |2 −

n∑
i=1

Re(λikk ᾱi )

)
v

− 4m

(
Im (Xk(αk)) +

n∑
i=1

Im(λikk ᾱi )

)
u = 0, (4.6)

and, analogously, the ‘twin’ relation

−vk(vk(u)) − wk(wk(u))

+ 4m Re(αk)vk(u) + 4m Im(αk)wk(u)

+ 2
∑n

i=1 Re(λ
i
kk)vi (u) + 2

∑n
i=1 Im(λikk)wi (u)

+ 4m
(
Re (Xk(αk)) − m|αk |2 − ∑n

i=1 Re(λ
i
kk ᾱi )

)
u

− 4m
(
Im (Xk(αk)) + ∑n

i=1 Im(λikk ᾱi )
)
v = 0.

Take now the sum over k of (4.6) and the twin relation. Focusing on the first
sum, the coefficient of u is

− 4m Im

(
n∑

k=1

(
Xk(αk) +

n∑
i=1

λikk ᾱi

))
(4.7)

while the coefficient of v is

− 4m Re

(
n∑

k=1

(
Xk(αk) − m|αk |2 −

n∑
i=1

λikk ᾱi

))
. (4.8)

Remark 4.3. If we consider the sum of the twin relations, the coefficient of v is the
opposite of (4.7) and the coefficient of u equals (4.8).

To simplify the notation we set

β =
n∑

k=1

(
Xk(αk) +

n∑
i=1

λikk ᾱi

)
, (4.9)

then β is a smooth complex valued function on our manifold M . Moreover, we set

Lm(·) = ∑n
k=1 (vk(vk(·)) + wk(wk(·))+

− 4m Re(αk)vk(·) − 4m Im(αk)wk(·)+
− 2

∑n
i=1 Re(λ

i
kk)vi (·) − 2

∑n
i=1 Im(λikk)wi (·)

)
.
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Remark 4.4. The operator Lm is a second order elliptic operator on M .

With these notations, we want to solve the system
{
Lm(v) − 4m Re

(∑n
k=1

(
Xk(αk) − m|αk |2 − ∑n

i=1 λikk ᾱi
))

v − 4m Im(β)u = 0
−Lm(u) + 4m Re

(∑n
k=1

(
Xk(αk) − m|αk |2 − ∑n

i=1 λikk ᾱi
))
u − 4m Im(β)v = 0.

(4.10)

Proposition 4.5. Let β be as in (4.9). If β is a real valued function, then system
(4.10) decouples, and u and v satisfy the same second order elliptic equation.

Proof. This is obvious once we impose the condition Im(β) = 0 in (4.10). 	

Theorem 4.6. Let β be as in (4.9). If β is a real valued function and

Re

(
n∑

k=1

(
Xk(αk) −

n∑
i=1

λikk ᾱi

))
≥ m

n∑
k=1

|αk |2,

then any solution of (4.10) is constant.

Proof. By Proposition 4.5 the system (4.10) decouples and u, v satisfy the same
second order elliptic equation. As a consequence we only need to prove that any
solution v of

Lm(v) − 4m Re

(
n∑

k=1

(
Xk(αk) − m|αk |2 −

n∑
i=1

λikk ᾱi

))
v = 0

is constant. Since the manifoldM is compact, any solution v attains its maximumC
and minimum c. Moreover, −v is also a solution with maximum −c and minimum
−C . If C ≥ 0, then v must be constant by the maximum principle and our hypoth-
esis. If C < 0, then we have −c ≥ −C > 0 and so by the maximum principle
again on −v we deduce that −v, hence v, is constant. 	

Corollary 4.7. With the same hypothesis as Theorem 4.6 we have that

H0(X, ω⊗m
X ) =

{
0 if α �= 0,
C if α = 0.

Proof. We know by Theorem 4.6 that the only solutions to (4.10), hence to (4.2),
are constants. Moreover (4.2) becomes

Re (αk) u − Im (αk) v = 0
Re (αk) v + Im (αk) u = 0

, k = 1, . . . , n.

Assume that α �= 0. This means that there is at least a coefficient αk which is
non-zero at some point x ∈ M . By easy linear algebra we have

{
Re (αk(x)) u − Im (αk(x)) v = 0
Re (αk(x)) v + Im (αk(x)) u = 0

�⇒ u = v = 0,

and so H0(X, ω⊗m
X ) = 0. If α = 0, then we already observed in Proposition 3.6

that H0(X, ω⊗m
X ) = C. 	
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4.1. Parallelizable manifolds which are quotients of Lie groups

In this section we want to investigate more in detail the case where the underlying
differentiable manifoldM is a quotient of a real Lie group by the action of a discrete
cocompact subgroup, i.e., by a lattice.

Assume that the manifold M is the quotient of a (real) Lie group G by a lattice,
and that the fields v1, w1, . . . , vn, wn are obtained as left invariant vector fields
on G. By [19, Proposition 2.5] all the λijk’s appearing in (3.1) are constant, hence
expression (4.9) simplifies to

β =
n∑

i,k=1

λikk ᾱi ,

and system (4.10) takes the easier form
{
Lm(v) + (

4m2∑n
k=1 |αk |2 + 4m Re(β)

)
v − 4m Im(β)u = 0

−Lm(u) − (
4m2∑n

k=1 |αk |2 + 4m Re(β)
)
u − 4m Im(β)v = 0.

(4.11)

Observe that in this case β is a constant function, i.e., we can assume that
β ∈ C. The general results obtained in the previous section can then be simplified
as follows.

Proposition 4.8. (cf. Proposition 4.5) If β ∈ R, then system (4.11) decouples, and
u and v satisfy the same second order elliptic equation.

Theorem 4.9. (cf. Theorem 4.6) If β ∈ R and

β + m
n∑

k=1

|αk |2 ≤ 0,

then any solution of (4.11) is constant.

4.2. Some remarks

Let us return to the general setting, where X = (M, J ) is an almost complex
manifold with M real parallelizable. Assume that the function β of (4.9) is real
valued, so that the system (4.10) decouples.Wewant to focus on the extra condition
of Theorem 4.6, namely that

Re

(
n∑

k=1

(
Xk(αk) −

n∑
i=1

λikk ᾱi

))
≥ m

n∑
k=1

|αk |2. (4.12)

If α = 0 then we showed in Proposition 3.6 that H0(X, ω⊗m
X ) � C for all

m ≥ 1 independently of the fact that this extra condition is satisfied or not. On the
contrary, if α �= 0 such condition is essential to conclude that H0(X, ω⊗m

X ) = 0 in
Corollary 4.7.
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We nowwant to discuss a bit on this condition. Assume that α �= 0: then αk �= 0
for some k and so

m
n∑

k=1

|αk |2 > 0 �⇒ m
n∑

k=1

|αk |2 m→+∞−−−−−→ +∞.

As a consequence, we can use condition (4.12) at most only for a finite number of
integers m, and what we conclude is that the corresponding pluricanonical bundles
ω⊗m
X have no pseudoholomorphic sections. By Corollary 3.4 the only information

we can get is that for higher tensor powers ofωX (the one corresponding tomultiples
of the aforementioned values of m) the only pseudoholomprhic section we can
detect is the trivial one, and this actually gives us no information about Kodaira
dimension.

5. Examples

Let G be a connected real Lie group of real dimension n, not necessarily compact.
Fix a global coframe

{
e1, . . . , en

}
on T ∗G, which is a parallelization and consider

the structure equations with respect to it:

dei =
∑

1≤ j<k≤n

μi
jke

j ∧ ek, i = 1, . . . , n. (5.1)

Let now M = G × G and denote πr : M −→ G the projection to the r -th factor,
for r = 1, 2. Then M is a 2n-dimensional compact manifold, which is parallelized
by the following coframe for T ∗M :

vi = π∗
1 e

i , wi = π∗
2 e

i , i = 1, . . . , n.

We define on M the almost complex structure J by requiring that the bundle of
(1, 0)-forms is generated by

ϕi = vi + √−1wi .

Observe that with this definition the set of dual vector fields {v1, w1, . . . , vn, wn}
is a parallelization of M with respect to which the almost complex structure J is in
standard form, hence we are in the framework introduced in Sect. 3.

The following lemma describes dϕi : it is a straightforward computation, so we
omit its proof.

Lemma 5.1. We have that

∂ϕi = 1

4

(
1 − √−1

) ∑
1≤ j<k≤n

μi
jkϕ

j ∧ ϕk;

∂̄ϕi = 1

4

(
1 + √−1

) ∑
1≤ j<k≤n

μi
jk

(
ϕ j ∧ ϕ̄k − ϕk ∧ ϕ̄ j

)
;

μ̄ϕi = 1

4

(
1 − √−1

) ∑
1≤ j<k≤n

μi
jk ϕ̄

j ∧ ϕ̄k . (5.2)
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Corollary 5.2. The almost complex structure J is integrable if and only if dei = 0
for all i = 1, . . . , n.

Proof. In fact, J is integrable if and only if μ̄ ≡ 0, which is equivalent to μi
jk = 0

for every i , j and k. In turn this is equivalent to dei = 0 for all i = 1, . . . , n. 	

Corollary 5.3. We have that

λijk =
⎧⎨
⎩

1
4

(
1 + √−1

)
μi

jk if j < k,
0 if j = k,
− 1

4

(
1 + √−1

)
μi
k j if j > k.

Using (3.2) it is now possible to compute that

αk =
n∑
i=i

λiik

=
∑

1≤i<k≤n

1

4

(
1 + √−1

)
μi
ik +

∑
1≤k<i≤n

(
−1

4

)(
1 + √−1

)
μi
ki

= 1

4

(
1 + √−1

)⎛
⎝ ∑

1≤i<k≤n

μi
ik −

∑
1≤k<i≤n

μi
ki

⎞
⎠ . (5.3)

As a consequence we have the following proposition.

Proposition 5.4. With the same notations used in this section, we have that

∂̄
(
ϕ1 ∧ . . . ∧ ϕn

)
= 0 ⇐⇒

∑
1≤i<k≤n

μi
ik =

∑
1≤k<i≤n

μi
ki for all k = 1, . . . , n.

(5.4)

Let g be the Lie algebra of G, we can then see the global frame {e1, . . . , en}
dual to

{
e1, . . . , en

}
as a basis for g. The adjoint representation is

ad : g −→ End(g)
X �−→ [X, ·].

Proposition 5.5. With the notations introduced in this section, we have that
tr (ad(X)) = 0 for every X ∈ g if and only if

∑
1≤i<k

μi
ik =

∑
k<i≤n

μi
ki for all k = 1, . . . , n.

Proof. We work explicitly with the basis {e1, . . . , en} for g. Since taking the trace
is a linear operation we have that tr (ad(X)) = 0 for every X ∈ g if and only if
tr (ad(ei )) = 0 for every i = 1, . . . , n. Fix then i ∈ {1, . . . , n}, and observe that

ad(ei )(e j ) = [ei , e j ] =
⎧⎨
⎩

∑n
k=1(−μk

i j )ek if i < j,
0 if i = j,∑n

k=1(μ
k
ji )ek if i > j.



A. Cattaneo et al.

This means that the matrix representing ad(ei ) in the given basis is

Mi =
(
mi

jk

)
with mi

jk =
⎧⎨
⎩

−μk
i j if i < j,

0 if i = j,
μk

ji if i > j.

As a consequence

tr (ad(ei )) =
n∑
j=1

mi
j j =

∑
1≤ j<i

μ
j
j i −

∑
i< j≤n

μ
j
i j

which readily implies the proposition. 	

Proposition 5.5 readily implies the following result.

Theorem 5.6. Let G be a connected real Lie group, and let X = (G×G, J )where
J is the left invariant almost complex structure defined in this section. Then G is
unimodular if and only if ∂̄

(
ϕ1 ∧ . . . ∧ ϕn

) = 0. In particular, in this case the
canonical bundle of X is pseudoholomorphically trivial and kod(X) = 0.

Remark 5.7. Since on a Lie algebra we have that for 1 ≤ j < k ≤ n

[e j , ek] =
n∑

i=1

ei
([e j , ek]

)
ei =

n∑
i=1

−dei (e j , ek)ei = −
n∑

i=1

μi
jkei

we can read the coefficients μi
jk directly from the expression of [e j , ek].

By Milnor [14, Lemma 6.2], any connected Lie group which admits a compact
quotient (hence, in particular, any compact Lie group) is unimodular. We now
present some examples constructed from compact Lie groups, aswell as an example
from a non-unimodular Lie group. In the exposition we will write the equations for
theLie bracket on a basis forg and showdirectly that the condition of Proposition 5.4
is fulfilled, without making use of Theorem 5.6 (this is possible since our examples
have small dimension).

Example 5.8. (G = SU(2)) In this example, let G = SU(2). Its Lie algebra is

su(2) =
〈(√−1 0

0 −√−1

)

︸ ︷︷ ︸
e1

,

(
0 1

−1 0

)

︸ ︷︷ ︸
e2

,

(
0

√−1√−1 0

)

︸ ︷︷ ︸
e3

〉
,

with structure equations

[e1, e2] = 2e3, [e1, e3] = −2e2, [e2, e3] = 2e1.

It is then easy to see that the only non vanishing coefficients μi
jk are

μ1
23 = −2, μ2

13 = 2, μ3
12 = −2.

Hence the condition expressed in (5.4) is matched and so kod(X) = 0.



Almost complex parallelizable manifolds

Remark 5.9. Recall that SU(2) � S3, so there is anotherwell known complex struc-
ture defined on SU(2) × SU(2) introduced by Calabi and Eckmann in [5]. Calabi–
Eckmann manifolds are known to be complex manifolds of Kodaira dimension
−∞. Our example is interesting since it shows that it is possible to find non-
integrable almost complex structures on a manifold whose Kodaira dimension is
strictly greater than other integrable complex structures: this seems to be against
the intuition that integrable almost complex structures have more chances to have
sections than non-integrable ones.

Example 5.10. (G = SO(4)) In this example, let G = SO(4). Its Lie algebra is

so(4) = 〈e1, e2, e3, e4, e5, e6〉

with the following structure equations

[e1, e2] = −e4, [e1, e5] = e3, [e2, e4] = −e1, [e3, e4] = 0, [e4, e5] = −e6,
[e1, e3] = −e5, [e1, e6] = 0, [e2, e5] = 0, [e3, e5] = −e1, [e4, e6] = e5,
[e1, e4] = e2, [e2, e3] = −e6, [e2, e6] = e3, [e3, e6] = −e2, [e5, e6] = −e4.

Hence the condition expressed in (5.4) is matched and so kod(X) = 0.

Example 5.11. (G = Sp(2)) In this example, let G = Sp(2) be the compact sym-
plectic group. Its Lie algebra is

sp(2) = 〈e1, e2, e3, e4, e5, e6, e7, e8, e9, e10〉 ,

where with respect to the standard quaternionic units i , j and k

e1 =
(
i 0
0 0

)
, e2 =

(
j 0
0 0

)
, e3 =

(
k 0
0 0

)
, e4 =

(
0 1

−1 0

)
,

e5 =
(
0 i
i 0

)
, e6 =

(
0 j
j 0

)
, e7 =

(
0 k
k 0

)
, e8 =

(
0 0
0 i

)
,

e9 =
(
0 0
0 j

)
, e10 =

(
0 0
0 k

)
.

An explicit computation of the commutators, hence of the coefficients μi
jk shows

that the condition expressed in (5.4) is matched and so kod(X) = 0.

Example 5.12. (G = SU(3)) In this example, let G = SU(3). Its Lie algebra is

su(3) = 〈e1, e2, e3, e4, e5, e6, e7, e8〉 ,
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with

e1 =
⎛
⎝

√−1 0 0
0 0 0
0 0 −√−1

⎞
⎠ , e2 =

⎛
⎝
0 0 0
0

√−1 0
0 0 −√−1

⎞
⎠ ,

e3 =
⎛
⎝

0 1 0
−1 0 0
0 0 0

⎞
⎠ , e4 =

⎛
⎝

0
√−1 0√−1 0 0

0 0 0

⎞
⎠ ,

e5 =
⎛
⎝

0 0 1
0 0 0

−1 0 0

⎞
⎠ , e6 =

⎛
⎝

0 0
√−1

0 0 0√−1 0 0

⎞
⎠ ,

e7 =
⎛
⎝
0 0 0
0 0 1
0 −1 0

⎞
⎠ , e8 =

⎛
⎝
0 0 0
0 0

√−1
0

√−1 0

⎞
⎠ .

An explicit computation of the commutators, hence of the coefficients μi
jk shows

that the condition expressed in (5.4) is matched and so kod(X) = 0.

To conclude, we present an explicit example where the group G is not unimod-
ular.

Example 5.13. Let G = R
4 with the following group law:

(a1, a2, a3, a4) � (x1, x2, x3, x4) = (
x1 + a1, e

−a1x2 + a2, e
−a1x3 + a3, x4 + a4

)
.

Then

E1 = dx1, E2 = ex1dx2, E3 = ex1dx3, E4 = dx4

defines a coframe of left invariant 1-forms on G, with structure equations

dE1 = 0, dE2 = E1 ∧ E2, dE3 = E1 ∧ E3, dE4 = 0.

Then G is not unimodular since, for example, tr ([E1, ·]) = −2 �= 0. We consider
a second copy of G with coordinates (y1, y2, y3, y4) and we define on M = G×G
the invariant almost complex structure J whose bundle of (1, 0)-forms is generated
by

ϕi = vi + √−1wi , where vi = π∗
i E

i , wi = π∗
2 E

i .

A direct computation with the structure equations shows that

∂̄ϕ1 = 0, ∂̄ϕ2 = 1
4 (1 + √−1)

(
ϕ1 ∧ ϕ̄2 − ϕ2 ∧ ϕ̄1

)
,

∂̄ϕ4 = 0, ∂̄ϕ3 = 1
4 (1 + √−1)

(
ϕ1 ∧ ϕ̄3 − ϕ3 ∧ ϕ̄1

)
,

and so

∂̄
(
ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4

)
= 1

2
(1 + √−1)ϕ̄1

︸ ︷︷ ︸
α

∧ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4.
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LetX1,X2,X3,X4 be the vector fields dual to ϕ1, ϕ2, ϕ3, ϕ4 respectively. Then
a smooth m-canonical section f · (ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4

)⊗m
is pseudoholomorphic

if and only if f = u + √−1v satisfies (4.2), which reads as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x1

− ∂v
∂y1

+ mu − mv = 0
∂u
∂y1

+ ∂v
∂x1

+ mu + mv = 0

e−x1 ∂u
∂x2

− e−y1 ∂v
∂y2

= 0

e−y1 ∂u
∂y2

+ e−x1 ∂v
∂x2

= 0

e−x1 ∂u
∂x3

− e−y1 ∂v
∂y3

= 0

e−y1 ∂u
∂y3

+ e−x1 ∂v
∂x3

= 0
∂u
∂x4

− ∂v
∂y4

= 0
∂u
∂y4

+ ∂v
∂x4

= 0.

(5.5)

In order to solve this system, we set

u = e−mx1−mx2 · û, v = e−mx1−mx2 · v̂

and determine the conditions that (û, v̂) must satisfy. It turns out that they are
(formally) the same as (5.5), except the first two which become

∂ û

∂x1
− ∂v̂

∂y1
= 0,

∂ û

∂y1
+ ∂v̂

∂x1
= 0

respectively. Then we consider the following change of variables:

(x1, y1, x2, y2, x3, y3, x4, y4) = g(X1,Y1, X2,Y2, X3,Y3, X4,Y4)
= (X1,Y1, e−X1X2, e−Y1Y2, e−X1X3, e−Y1Y3, X4,Y4)

and we set

Û = û ◦ g, V̂ = v̂ ◦ g.

The equations for (Û , V̂ ) now are the classical Cauchy–Riemann equations, so
the solutions are functions F̂ = Û + √−1V̂ which are holomorphic in Z1 =
X1 + √−1Y1, Z2 = X2 + √−1Y2, Z3 = X3 + √−1Y3, Z4 = X4 + √−1Y4.
As a consequence, a smooth m-canonical section f · (ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4

)⊗m
is

pseudoholomorphic if and only if we can write f as

e−m(x1+y1) · F̂
(
x1 + √−1y1, e

x1 x2 + √−1ey1 y2, e
x1 x3 + √−1ey1 y3, x4 + √−1y4

)
,

where F̂ : C
4 −→ C is a holomorphic function.
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6. Further geometrical properties of almost complex real parallelizable
manifolds

6.1. Norden structures

We recall the definition of Norden structure, introduced in [16].

Definition 6.1. Let (M, g) be an almost complex manifold with a pseudo-
Riemannian metric g such that J is g−symmetric, then (J, g) is called Norden
structure on M and (M, J, g) a Norden manifold.

In our previous paper [7] we constructed natural Norden structures for almost
complex 4−dimensional solvmanifolds, analogous construction can be applied to
real parallelizable smooth manifolds of even dimension.

Let M be a real parallelizable smooth manifold of real dimension 2n, n ≥ 2;
let {v1, ..., vn, w1, ..., wn} be a basis of �(M, T M) wich is a parallelism of M and
let {v1, ..., vn, w1, ..., wn} be the dual frame.

We define the natural neutral pseudo-Riemannian metric g on M by:

g = −v1 ⊗ v1 − v2 ⊗ v2 − · · · − vn ⊗ vn

+w1 ⊗ w1 + w2 ⊗ w2 + · · · + wn ⊗ wn .

Let J be the almost complex structure on M defined in the standard form:

Jvi = wi , Jwi = −vi

for all i = 1, ..., n.
Direct computation gives the following.

Proposition 6.2. (J, g) is a Norden structure on M. Moreover the twin metric g̃,
defined by g̃(X,Y ) = g(J X,Y ) for all X,Y ∈ �(M, T M), is given by:

g̃ = v1 ⊗ w1+v2 ⊗ w2+· · · + vn ⊗ wn+w1 ⊗ v1+w2 ⊗ v2+· · ·+wn ⊗ vn .

6.2. Quasi-statistical structures

Statistical structures, introduced in [13], are pairs (g,∇) of a pseudo-Riemannian
metric g and a torsion-free affine connection on a smooth manifold M such that
∇g is totally symmetric. Statistical manifolds admitting torsion, or quasi-statistical
manifolds, were introduced in [12], we recall here the definition.

Definition 6.3. Let (M, g) be a pseudo-Riemannianmanifold and let∇ be an affine
connection on M with torsion tensor T∇ . (g,∇) is called a quasi-statistical struc-
ture onM , and (M, g,∇) a quasi-statistical manifold, or statistical manifold admit-
ting torsion, if

(∇X g)(Y ) − (∇Y g)(X) + g(T∇(X,Y )) = 0

for any X,Y ∈ �(M, T M).
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A general construction of quasi-statistical structures by means of a pseudo-
Riemannian metric, an affine connection and a tensor field on a smooth manifold,
is given in [4]. As a particular case of this construction, we have the following.

Proposition 6.4. [4] Let (M, J, g) be a Norden manifold, let ∇g be the Levi-Civita
connection of g and let η be a non zero 1−form on M. Then (g, ∇̄ := ∇g + J ⊗ η)

is a quasi-statistical structure on M.

Corollary 6.5. For a real parallelizable manifold M, of even dimension 2n, the
Norden structure (J, g) defined before and the 1−forms {v1, ..., vn, w1, ..., wn},
give 2n quasi-statistical structures on M, namely: {(g, ∇̄ i := ∇g + J ⊗vi )}1≤i≤n,
{(g, ∇̄n+i := ∇g + J ⊗ wi )}1≤i≤n.

We recall the notion of dual connections which is strictly related to those of statis-
tical and quasi-statistical structures [2,13].

Definition 6.6. Let (M, g) be a pseudo-Riemannian manifold, two affine connec-
tions ∇ and ∇∗ on M are said to be dual connections with respect to g if

X (g(Y, Z)) = g(∇XY, Z) + g(Y,∇∗
X Z)

for any X,Y, Z ∈ �(T M) and (g,∇,∇∗) is called a dualistic structure.

Direct computation gives the following.

Lemma 6.7. If ∇ is an affine connection on (M, g) then the dual connection ∇∗ of
∇ with respect to g is uniquely defined by:

∇∗
XY = ∇XY + g−1((∇X g)(Y ))

for any X,Y ∈ �(T M).

6.3. Almost Kähler structures on the tangent bundle

Let (M, g) be a pseudo-Riemannian manifold and let ∇ be an affine connection on
M . Let π : T M → M be the canonical projection and let π∗ : T (T M) → T M be
the tangent map of π . In [11],2, Dombrowski constructed a map K : T (T M) →
T M , depending on the connection ∇, with the property that for every a ∈ T M
and for every X,Y ∈ Tπ∗(a)M there exists exactly one Z ∈ Ta(T M) such that
π∗(Z) = X and K Z = Y , (cf. [11], Lemma1).Wecanuse thesemaps to decompose
T (T M) in horizontal and vertical subbundles with respect to∇, namely T (T M) =
H(T (T M)) ⊕ V (T (T M)) with V (T (T M)) = ker π∗ and H(T (T M)) = ker K .
This decomposition allows us to define a natural almost complex structure Ĵ = Ĵ∇
on T M as follows: for Z ∈ Ta(T M) define Ĵ (Z) ∈ Ta(T M) as the unique vector
such that

π∗( Ĵ Z) = −K Z , K ( Ĵ Z) = π∗(Z).

Moreover if Z = Zh + Zv is the decomposition of Z in horizontal and vertical
components we have Ĵ (Zh) ∈ V (T (T M)) and Ĵ (Zv) ∈ H(T (T M)) [11].
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It is known that Ĵ is integrable if and only if ∇ is flat and torsion free [11].
Let Ĝ = Ĝ∇

g be the metric on T M defined by (g,∇) as Ĝ := g ⊕ g. This
metric was introduced by Sasaki, in the fundamental paper [17], for tangent bundles
of Riemannian manifolds and then generalized for tangent bundles of pseudo-
Riemannian manifolds, [10]. It is now a standard notion in differential geometry,
called the Sasaki metric.
We can easily verify that (T M, Ĵ , Ĝ) is an almost Hermitian manifold with Kähler
form ω( , ) := Ĝ( Ĵ , ).

The following is known [18].

Proposition 6.8. For (T M, Ĵ , Ĝ) induced by (M, g,∇) the following statement
are equivalent:

1. dω = 0;
2. T∇∗ = 0;
3. (M, g,∇) is a quasi-statistical manifold.

As a consequence of our construction and of previous proposition, we get the
following.

Proposition 6.9. Let M be a real parallelizablemanifold of real even dimension 2n,
let (J, g) be the Norden structure on M defined before and let (g, ∇̄α)1≤α≤2n be the
corresponding family of quasi statistical structures. Then W = (T M, Ĝ∇α

g , Ĵ∇α
)

is an almost Kähler manifold.
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