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Abstract

Minima of functionals of the type

w > / [IDw|log(1 + |Dw]) + a(x)|Dw|?] dx, 0 <a(-) € C*°,
2

with £2 C R”, have locally Holder continuous gradient provided 1 < g < 14a«/n.
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1. Introduction

In this paper we prove the first Schauder type results for minima of nonuniformly
elliptic integrals with nearly linear growth, and under optimal bounds on the rate
of nonuniform ellipticity. This is a non-trivial task, as in nonuniformly elliptic
problems Schauder type estimates change their nature and cannot be achieved via
perturbation methods. This was first shown by the counterexamples in [28,30]. A
relevant model functional we have in mind is

w > L(w, 2) ::[ [c(x)|Dw|log(l + [Dw]) + a(x)|Dw|?] dx.  (1.1)
2

Here, as also in what follows, £2 C R" denotes an open subset,n > 2and g > 1;as
our results will be local in nature, without loss of generality we assume that £2 is also
bounded. The functions a(-), ¢(-) are bounded and non-negative with ¢(-) which is
also bounded away from zero; a crucial point here is that a(-) is instead allowed to
vanish. For the definition of local minimizer see (1.15). We are interested in the case
a(-), c(-) are only Holder continuous, when proving gradient Holder regularity of
minima in fact corresponds to establish a nonlinear version of Schauder estimates
(originally also due to Hopf and Caccioppoli). The functional in (1.1) appears to
be a combination of the classical nearly linear growth one

w > / c(x)|Dw]log(1l + |Dw]) dx, (1.2)
Q

treated for when ¢(-) = 1, as was done, for instance, in [33] and by Marcellini &
Papi in [62], with a g-power growth term weighted by a non-negative coefficient
a(-). The terminology “nearly linear” accounts for an integrand whose growth in
the gradient variable is superlinear, but it is still slower than that of any power type
integrand as z — |z|” with p > 1. When ¢(-) = 1 the functional -£'(-) can be in
fact considered as a limiting case (p — 1) of the by now largely studied double
phase integral

w > / (|Dw|” —|—a(x)|Dw|q) dx, l<p<g. (1.3)
2

This last functional is a basic prototype of a nonautonomous one featuring non-
standard polynomial growth conditions and a soft kind of nonuniform ellipticity
(see discussion below). Originally introduced by Zhikov [70-72] in the setting of
Homogenization of strongly anisotropic materials, the functional in (1.3) was first
studied in [18,28,30] and can be thought as a model for composite media with
different hardening exponents p and g. The geometry of the mixture of the two
materials is in fact described by the zero set {a(x) = 0} of the coefficient a(-),
where the transition from g-growth to p-growth takes place. In turn, the functional
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in (1.2) appears for instance in the theory of plasticity with logarithmic hardening,
another borderline case between plasticity with power hardening (p > 1) and per-
fect plasticity (p = 1) [32,34]. Here, we are mostly interested in the theoretical
issues raised by functionals as (1.1) in the context of regularity theory. In fact, L'(-)
provides a basic example of nonuniformly and nonautonomous elliptic functional
for which the currently available techniques do not allow to prove sharp Schauder
type estimates. In particular, although being a limiting case of (1.3), there is no
way to adapt the methods available for (1.3) to treat JL'(-), already when ¢(-) = 1.
We recall that general nonuniformly elliptic problems have been the object of in-
tensive investigation over the last two decades [7,9-14,33], starting from the more
classical case of minimal surface type functionals [54,65] and those from the 60s
[45,46,48,64,68]. The monograph [47] gives a valuable account of the early age of
the theory and we recall that nonuniformly elliptic energies have been considered
several times in the setting of nonlinear elasticity [15,29,31,57,58]. As for linear
and nearly linear growth conditions in the vectorial case, we mention the recent
extensive work of Kristensen and Gmeineder [38—41]. But let us first recall the
situation for (1.3). The bound

4142 (1.4)

)4 n
guarantees the local Holder continuity of the gradient of minima of (1.3) [5,18,21].
Condition (1.4) is optimal in the sense that its failure generates the existence of
minimizers that do not even belong to WIL’Cq [28] and develop singularities on
fractals with almost maximal dimension [30]. In (1.4) notice the delicate interaction
between ambient dimension, the (p, ¢)-growth conditions in the gradient and the
regularity of coefficient a(-). Despite the simple form of (1.3), all this already
happens in the scalar case. In the autonomous case bounds of the type in (1.4),
with no appearance of «, play a key role in the regularity theory of functionals with
nonstandard growth as built by Marcellini in his by now classical papers [57,59—
61]. The key property of the functional (1.3) is that it is uniformly elliptic in the

classical (pointwise) sense. This means that, with G (x, z) := |z|” + a(x)|z]|?, we
have
sup  Rg,)(2) < clp,q), (1.5)
xef,|z|>1

where R (x,.) denotes the (pointwise) ellipticity ratio of G(x, -), i.e.,

highest eigenvalue of d,,G (x, z)

RG(x.. = .
6 (@) lowest eigenvalue of 9,,G(x, z)

Nevertheless, the functional .L'(-) exhibits a weaker form of nonuniform ellipticity,

detectable via a larger quantity called nonlocal ellipticity ratio [23]. This is defined

by

highest eigenvalue of 3. G (x,
R(z, B) = sup, . highest eigenvalue of 3,,G (x, z)

inf,cp lowest eigenvalue of 3,,G (x, z) ’

where B C §2 is any ball. Indeed, note that

R (z, B) ~ 1 + |lallp=p)lz|?™" (1.6)
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holds whenever {a(x) = 0} N B is nonempty, and it is therefore unbounded with
respect to |z|. We refer to [23] for a discussion on these quantities; we just note
that they do coincide in the autonomous case. It is precisely the occurrence of both
(1.5) and (1.6) to imply the regularity of minima of the double phase functional in
(1.3) when assuming (1.4). Indeed (1.4) and (1.6), allow to implement a delicate
perturbation method based on the fact that minimizers of the frozen integral w +—
[ G(xp, Dw) dx enjoy good decay estimates, which is a consequence of (1.5). A
similar scheme, based on the occurrence of pointwise uniform ellipticity (1.5), is
the starting point for treating larger classes of problems featuring non-polynomial
ellipticity conditions, see for instance the recent interesting papers by Hésto and
Ok [43,44]. These also include integrals of the type

w / [©1(1Dw]) + a)@2(Dwh] dx. 1< p <aq,
22

where ¢ +— @1(¢) has superlinear growth (these have been treated in [6,17]).
Such schemes completely break down in the case of functionals as -£'(-) since the
boundedness of z = Rg(x,.) () fails for G(x, z) = c¢(x)|z|log(1 + |z|) +a(x)|z|?.
Indeed, already in the case of the functional in (1.2), which is nonuniformly elliptic
in the classical sense (i.e., (1.5) fails), no Lipschitz continuity result for minima is
available but when considering differentiablity assumptions on c(-) (see [22]). In
other words, the validity of Hopf-Caccioppoli-Schauder estimates is an open issue.
We fix the current situation in the following:

Theorem 1.1. (Nearly linear Hopf—Caccioppoli—Schauder) Let u € WIL’CI (82) bea
local minimizer of the functional JL'(-) in (1.1), with

¢() € CR(£2), 1/A<c¢() <A, (-7

{o <a()eC™(@), 1<q<l+a/n
where o, o € (0, 1) and A > 1. Then Du is locally Holder continuous in §2 and
moreover, for every ball B = B, € $2, r < 1, the inequality

9
I Dull /2 < c <][ [IDullog(1 + |Dul) + a(x)| Dul?] dx) +c
B

holds withc = c(n, q, A, o, ag, |lallcoe, l[cllcoe) and & = 0 (n, q, a, ap) > 0.

Of course the conditiong < 1+4c«/nin (1.7) is the sharp borderline version of (1.4)
(let p — 1), that guarantees gradient Holder continuity of minima for the classical
double phase functional (1.3). Let us only observe that the equality case in (1.4),
in comparison to (1.7); assumed here, is typically linked to superlinear growth
conditions p > 1in (1.3). The equality in (1.4) is indeed obtained via Gehring type
results and it is ultimately again an effect of the uniform ellipticity in the sense of
(1.5) (see [5,20]). Such effects are missing in the nearly linear growth case. Once
local gradient Holder continuity is at hand, in the non-singular/degenerate case we
gain
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Corollary 1.2. (Improved exponents) Under assumptions (1.7), local minimizers
of the functional

wr—)/ [c()|Dw|log(1 + |Dw|) + a(x)(|Dw|* + 1)*/?] dx (1.8)
2

are locally C"%/%-regular in $2, where & := min{«, ag}. In particular, local min-
imizers of the functional in (1.2) are locally CY*/%-regular in §2, provided that
(1.7) holds.

We do not expect that, at least with the currently available techniques, the
exponent &/2 in Corollary 1.2 can be improved [55,56]. The loss of 1/2 in the
exponent is typical when dealing with functionals with subquadratic growth.

1.1. General Statements

Theorem 1.1 and Corollary 1.2 are special cases of a class of results covering
general functionals of the type

w i N(w, 2) = / [F(x, Dw) + a(x)(|Dw|* + s%)%/?] dx, (1.9)
2

with F (-) being arbitrarily close to have linear growth and s € [0, 1]. This time we
are thinking of integrands of the type

{ F(x,2) = c(0)lz|Liy1(J2]) fork =0 (110)

Liy1(lz]) =log(1 + Li(|z])) fork =0, Lo(lz]) = |z,

where ¢(-) is as in (1.7),. For situations like this, we prepare a more technical
theorem. We consider continuous integrands F: 2 x R" — [0, co) such that
2+ F(x,z) € C2(R") for every x € £2 and satisfying

VIZIg(Z)2§ F(x,2) = L(z|g(x) + 1)
L
e = 0LF 8D, P ol = D

10:F (x,2) — 0:F(y, 2)| = Llx — y|[*g(lz]),

for every choice of x,y € £2,z,§ € R", withag € (0,1),1 < u < 3/2
and 0 < v < 1 < L being fixed constants. Here g: [0, 00) — [1,00) is a
non-decreasing, concave and unbounded function such that ¢ — rg(¢) is convex.
Moreover, we assume that for every £ > 0 there exists a constant ¢ (¢) such that

g(t) < ce(e)t® holds foreveryt > 1. (1.12)

The above assumptions are sufficient to get Lipschitz continuity of minimizers. In
order to get gradient local Holder continuity we still need a technical one (see also
Remark 1 below):

|0.F(x,z)] < L|z| holds forevery|z| <1. (1.13)

For functionals as in (1.9) we have
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Theorem 1.3. Letu € WIL’CI (82) be a local minimizer of the functional in (1.9) un-
der assumptions (1.7)1 and (1.11)—(1.12). There exists imax € (1, 3/2), depending
only n, q, o, g, such that, if 1 < < pmax, then

9
IIDMIIL°°<B/2>§C(][ [F(x,Du)+a(x><|Du|2+s2)q/2] dx) +c (1.14)
B

holds whenever B = B, € §2,r < 1, where c = c(data) and ¥ = 9 (n, q, o, ag)
> 0. Moreover, assuming also (1.13) implies that Du is locally Holder continuous

is 2. Finally, if in addition to all of the above we also assume that s > 0 and that
La/2

027 F () is continuous, thenu € Cy_,

(£2), with @ = min{«a, agp}.

The notion of local minimizer we are using in this paper is classical and pre-
scribes that a function u € Wli)’cl (£2) is a local minimizer of 71(-) if, for every ball
B € £2, it happens that

{n(u,B)is finite (1.15)

N(u, B) < N(w, B)holds wheneverw —u € W, (B) .

This implies, in particular, that 71(u, £2p) is finite whenever £2p € £2 is an open
subset. In Theorem 1.3, we are using the shorthand notation

data:=(n,q,v, L,a, ao, lallcoa, [lcllcoa, ¢g(-), (1.16)

Which we adopt for the rest of the paper. For further notation we refer to Section 2
below. We just remark that, in order to simplify the reading, in the following we
shall still denote by ¢ = c(data) a constant actually depending only on a subset
of the parameters listed in (1.16).

Theorem 1.3 has a technical nature, especially as far as the size of wumax 18
concerned, which is not allowed to be too far from one (a natural limitation in view
ofthe conditiong < 1+4«/n). Thisis anyway sufficient to cover the model examples
considered here, including (1.10); see Section5. We note that in the autonomous,
nearly linear case, the literature reports several interesting results for functionals
w f F(Dw) dx, satisfying (1.11); > with restrictions as 1 < u < 1 4 o(n),
o(n) — Owhenn — oo.These bounds are in fact of the type we also need to impose
when selecting tmax (this can be checked by tracking the constant dependence in the
proofs). Starting by [33] conditions (1.11); have been used in several papers devoted
to functionals with linear or nearly linear growth; see for instance [12,13,41] and
related references.

Remark 1. The technical assumption (1.13) is automatically implied, for a differ-
ent constant L, by 9, F(x, Or:) = Opnr; this follows using the second inequality
in (1.11)3. In turn, when F(-) is independent of x we can always assume that
0, F (Orn) = Ope. Indeed, we can switch from F(z) to F(z) — (3, F(Orn), z) ob-
serving that such a replacement in the integrand in (1.9) does not change the set
of local minimizers. Assumption (1.13) is anyway verified by the model cases
we are considering and in fact it deals with the behaviour of F(-) at the origin,
while in nonuniformly elliptic equations the main problems usually come from the
behaviour at infinity.
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1.2. Techniques

The techniques needed for Theorem 1.3 are entirely different from those used
in the case of classical superlinear double phase functionals in (1.3) [5,18] and for
pointwise uniformly elliptic problems with nonstandard growth conditions [43,44].
This is essentially due to the failure of uniform ellipticity (1.5) for functionals
as JL'(-) and 71(-). On the other hand, the techniques based on De Giorgi and
Moser’s methods used in the literature to deal with nearly linear growth func-
tionals [12,14,32,33] are not viable here. In fact, as in our case coefficients are
Holder continuous, it is impossible to differentiate the Euler-Lagrange equation to
get gradient regularity. This is in fact the classical obstruction to direct regularity
proofs one encounters when proving Schauder estimates, eventually leading to the
use of perturbation methods. In turn, perturbation methods are again not working
in the nonuniformly elliptic case as the available a priori estimates are not homoge-
neous and iteration schemes fail. Our approach is new to the context and relies on
a number of ingredients, partially already introduced and exploited in [24]. Most
notably, we make a delicate use of nonlinear potential theoretic methods allowing
to work under the sharp bound

(07
g<1l+-—. (1.17)
n

We employ a rather complex scheme of renormalized fractional Caccioppoli in-
equalities on level sets (5.36). These are aimed at replacing the standard Bernstein
technique, and encode the essential data of the problem via a wide range of param-
eters; see (5.37)—(5.39). Bernstein technique is traditionally based on the fact that
functions as |Du|” are subsolutions to linear elliptic equations for certain positive
values of y. This follows differentiating the original equation, something that is
impossible in our setting. We therefore use a fractional and anisotropic version of
the method according to which certain nonlinear functions of the gradient, namely

E(x, Du) ~ |Dul* " + a(x)|Du|? (1.18)

belong to suitable fractional De Giorgi’s classes, i.e., they satisfy inequalities (5.36).
The term renormalized accounts for the fact that inequalities (5.36) are homoge-
neous with respect to E (-, Du), despite the functional 71(-) is not. This costs the
price of getting multiplicative constants depending on ||Du| . Such constants
must be carefully kept under control all over the proof and reabsorbed at the very
end. Notice that inequalities (5.36) are obtained via a dyadic/atomic decomposition
technique, finding its roots in [52], that resembles the one used for Besov spaces
[2,67] in the setting of Littlewood-Paley theory; see Section 5.6 and Remark 3. It-
erating inequalities (5.36) via a potential theoretic version of De Giorgi’s iteration
(Lemma 2.5) then leads to establish local Lipschitz bounds in terms of the nonlinear
potentials defined in (2.11); see Proposition 5.5. A crucial point is that the fractional
nature of the inequalities (5.36) allows to sharply quantify how the rate of Holder
continuity of coefficients interacts with the growth of the terms they stick to. Using
this last very fact and combining the various parameters in (5.37)—(5.39) leads to
determine the optimal nonlinear potentials allowing to prove Lipschitz continuity
of local minimizers under the sharp bound in (1.17), but no matter how small the



85 Page8of 50 Arch. Rational Mech. Anal. (2023) 247:85

exponent « is. Throughout the whole process, the structure of the functional 71(-)
needs to be carefully exploited at every point. This reflects in the peculiar choice
of (1.18) as the leading quantity to iterate. Lipschitz regularity is as usual the focal
point in nonuniformly elliptic problems, since once Du is (locally) bounded con-
dition (1.5) gets automatically satisfied when z = Du. Indeed at this stage gradient
Holder continuity can be achieved by exploiting and extending some hidden facts
from more classical regularity theory; see Section5.10. In particular, we shall use
some of the iteration schemes employed in the proof of nonlinear potential esti-
mates for singular parabolic equations presented in [53]. The arguments developed
for this point are general and can be used in other settings; see Remark 4. We finally
observe that in this paper we preferred to concentrate on model cases in order to
highlight the main ideas. Nevertheless we believe that the approach included here
can be exported to a variety of different settings where it might yield results that
are either sharp or unachievable otherwise.

2. Preliminaries

2.1. Notation

In the following we denote by ¢ a general constant larger than 1. Different
occurrences from line to line will be still denoted by c. Special occurrences will
be denoted by cy, ¢ or likewise. Relevant dependencies on parameters will be as
usual emphasized by putting them in parentheses. We denote by B, (xp) := {x €
R™ : |x —xo| < r} the open ball with center x( and radius r > 0; we omit denoting
the center when it is not necessary, i.e., B = B, = B, (x(); this especially happens
when various balls in the same context share the same center. We also denote

B, =B,0) :={xeR":|x| <r}

when the ball in question is centred at the origin. Finally, with B being a given
ball with radius r and y being a positive number, we denote by y B the concentric
ball with radius yr and by B/y = (1/y)B. Moreover, Qinn = Qinn(B) denotes
the inner hypercube of B, i.e., the largest hypercube, with sides parallel to the
coordinate axes and concentric to B, that is contained in B, Qinn(B) C B. The
sidelength of Qinn(B) equals 2r//n. The vector valued version of function spaces
like LP(£2), Wh-P(£2), i.e., when the maps considered take values in Rf, k € N,
will be denoted by L7 (£2; ]Rk), Wl'p(.Q; Rk); when no ambiguity will arise we
shall still denote L?(£2) = LP(§2; R¥) and so forth. For the rest of the paper we

shall keep the notation
lo(2) = V]z> + o? 2.1)

forze R¥, k > landw € [0, 1]. In particular, when k = 1, we have a function
defined on R. With U C R” being a measurable subset with bounded positive
measure 0 < |U| < oo, and with f: U — R¥, k > 1, being an integrable map,
we denote that

1
(P E][ F)dx = —/ Fx)dx,
U Ul Ju
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Moreover, given a (scalar) function f and a number k¥ € R, we denote that
(f — k)4 :=max{f —«,0} and (f —«)_ = max{x — f,0}. (2.2)
Finally, whenever f: Ul — R¥ and U is any set, we define

oscy f = sup |f(x)— fWI

x,yel

As usual, with 8 € (0, 1] we denote that

Lf(x) — f
Iflcosqey = I liLean + Uopus flopu=sup “———"g—.
xoyellaty X =l

2.2. Auxiliary Results
We shall use the vector fields V,, ,: R" — R", defined by
Vo= (2P + )P4, 0<p<ooand we[0,1]  (23)
whenever z € R” (compare [42, (2.1)] for such extended range of p). They satisfy
Voo p@1) = Voo p @] X p (21 + |22 + 0 P2z =20 24

that holds for every z1,z2 € R, w € [0, 1] and p > 0; for this we refer to [42,
Lemma 2.1]. We shall also use the following, trivial

1
(|z1|2+|zz|2+w2>‘”25/ (24t — )P+ 0?7 dr (25)
0

that holds for every y > 0 and whenever |z1| + |z2] > 0. When restricting from
above the range of y, the inequality becomes double-sided, i.e.

1
(21 + 222 + D) 72~ /0 (241G — )P +ed) 7 Pdr,  (26)

that instead holds for every y < 1; see [42], [36, Section 2]. With B C 2 being a
balland o € (0, 1), we let

{aa (x) := 'a(x) +o 2.7
ai(B) :=infyepa(x) and ay;i(B) :=a;(B) + 0o
and define
V2 o (2,21, 22) = [Vip—p(21) — Via—p(22)?
o () Voo (@1) = Vo g (22) 28

Uj,g,i(Zh 22; B) == |V1,2—,,L(Z1) - V1,2—u(12)|2
+06,i(B)|Viy.q(21) — Vi 4 (22) 1%,

where z1,z2 € R", x € £2. A consequence of the assumptions of (1.11) is the
following:
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Lemma 2.1. Let F: 2 xR" — [0, 00) beasin (1.11). Then |0, F (x, z)| < cg(|z])
holds for every (x, z) € §2, where c depends on L and the constant cg(1) defined
in (1.12).

Proof. Thisis aversion of [59, Lemma 2.1] and the proof mimics that of Marcellini.
More specifically, there we take || = 1+ |z| and, after using (1.11); as in [59], we
estimate g(|z £ he;|) < g(lz] + h) < g(lz]) + g(h) = 2g(lz]) + g(1) =< cg(lz])
(here {e;} denotes the standard basis of R"). Here we have used that g(-) > 1
is non-decreasing and sublinear (since it is concave and non-negative) and finally
(1.12) to get g(1) < co(1) =< g(Iz]). O

Finally, a classical iteration lemma [37, Lemma 6.1].

Lemma 2.2. Let h: [t,s] — R be a non-negative and bounded function, and let
a, b, y be non-negative numbers. Assume that the inequality h(ty) < (1/2)h(t2) +
(to — t1)7"a + b, holds whenevert < t1 < 1) < 5. Then h(t) < c(y)la(s —
1)~V + b], holds too.

2.3. Fractional Spaces

The finite difference operator 7, : L'(£2; RFy — Ll(.QW; R¥) is defined as
Tpw(x) = wx + h) — wx) for x € L), for every 7 € L'(£2) and where
1) = {x € 2 : dist(x, 082) > |h|}. With g € (0,1),s € [1,00),k e N,n > 2,
and with £2 C R” being an open subset, the space Wwhs (£2; Rk) is defined as the
set of maps w: £2 — R¥ such that

lw(x) —w)* dx dy>1/s

w .8 Rky = |[|W]|]s Rk T+
I ||Wﬂ (2;Rk) l ||L (£2;RK) (/Q o |x—y|”+ﬂs

=: ||u)||L.r(_Q;Rk) + [U)]ﬁys;_g < 0.

When considering regular domains, as for instance the ball By, (this is the only
case we are going to consider here in this respect), the embedding inequality

[[wl

L5 ity = €05 Dl iz (2.9)
holds provided s > 1,8 € (0, 1), k € N and s8 < n. For this and basic results
concerning Fractional Sobolev spaces we refer to [27] and related references. A
characterization of fractional Sobolev spaces via finite difference is contained in
the following lemma, that can be retrieved for instance from [22]:

Lemma 2.3. Let B, €@ B, C R" be concentric balls withr < 1, w € L*(B,; RK),
s > 1 and assume that, for a, € (0, 1], S > 1, if holds that

P
ITnwllLs By:mey < S|h|** for everyh € R" with0 < |h| < TQ’ where K > 1.



Arch. Rational Mech. Anal. (2023) 247:85 Page 11 of 50 85

Then

(o /3
c r—o
lwliwe.s,:rey = (@ — B/ ( K ) S

K
+c(
r—

holds for every B < ay, with ¢ = c(n, s).

n/s+p
Q) lwll s B, :r¥) (2.10)

2.4. Nonlinear Potentials

We shall use a family of nonlinear potentials that, in their essence, goes back
to the fundamental work of Havin and Mazya [63]. We have recently used such
potentials in the setting of nonuniformly elliptic problems in [8,19,23-25] and in
fact we shall in particular use [24, Section 4] as a main source of tools in this
respect. With t, 0 > 0, m,0 > 0 being fixed parameters, and f € Ll(B, (x0))
being such that | f|" € L'(B,(x0)), where B,(xo) C R” is a ball, the nonlinear
Havin—-Mazya—Wolff type potential P;’fg,e (f; -) is defined by

0/t

r dQ
P;’f;f(f;xo,r) :=/ 0’ (][ |f|”‘dx> —. (2.11)
0 By (x0) Y

Suitable integrability properties of f guarantee that P:'ff (f; ) is bounded, as stated
in

Lemma 2.4. Let t, 0,0 > 0 be numbers such that
no > to. (2.12)

Let By C Boyry C R" be concentric balls with o,ro < 1 and f € LI(BQ+r0) be a
function such that | f|" € L' (Bg+ry), for some m > 0. Then

6
IPES Coro)lioeay) < €I f I3, 4y holds for everyy > 9 >0 (2.13)

to
and withc = c(n, t,o,m, 0, y).

Note that in (2.13) we are not requiring that y > 1 and any value y > 0
is allowed. Next lemma is a version of [24, Lemma 2.3] and takes information
from various results from Nonlinear Potential Theory starting by the seminal paper
[49]. It is essentially a nonlinear potential theoretic version of De Giorgi’s iteration.
Notice that the very crucial point in the next statement is the tracking, in the various
inequalities, of the explicit dependence on the constants My, M;.

Lemma 2.5. Let By (xo) C R" be a ball, n > 2, and, for j € {1, 2, 3}, consider
functions f;, | fi|" e Ll(Bzro(xo)), and constants x > 1, 0j,m;,0; > 0 and
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cx, My > 0, ko, Mj > 0. Assume that w € L2(Br0 (x0)) is such that for all k > K,
and for every ball By(xo) € By, (x0), the inequality

1/x
][ (w — K)ix dx < C*Mg][ (w — K)i dx
By/2(x0) By (x0)

3 0;
+en Y MIQ™ ][ | £ dx
Bg (x0)

j=1
(2.14)
holds (recall the notation in (2.2)). If xq is a Lebesgue point of w, then
. 1/2
w(xg) < ko + cMOX_] ][ (w — /c())%_ dx
Bry (x0)

3 0

vy m;i,0;
+eMy™! Z M,y (f75 X0, 2r0) (2.15)

j=l1

holds with c = c¢(n, x,0j,0;, cx).

3. Auxiliary Integrands and their Eigenvalues

With reference to a general functional of the type 71(-) in (1.9), considered under
the assumptions of Theorem 1.3 (in particular implying that ¢ < 3/2), we define
the integrand

H(x,z):=F(x,z)+a(x)|z? (3.1)

forz € R",x € §£2. We fix an arbitrary ball B C £2 centred at x. and, withw € [0, 1]
and o € (0, 1), recalling (2.1) and (2.7), we define

Hyo(x,2) = F(x,2) + a5 (x)[£w(2)]?
Ha),o,i(Z) = Ha),o,i(Z§ B) := F(xc,2) + a(r,i(B)[Zw(Z)]q (3.2)
Hy,0,i(t) = He 0i(t; B) := 18(t) + a0 i(B)[1* + 0?19 + 1, t > 0.

It follows that
t — H, 5,i(¢) is non-decreasing . 3.3)

Note that abbreviations as H, ¢,i(z) = Hy,0,i(z; B), used in (3.2), will take place
whenever there will be no ambiguity concerning the identity of the ball B in ques-
tion. A similar shortened notation will be adopted for the case of further quantities
depending on a single ball B. We next introduce two functions, A, ¢, Ap.o: §2 X
[0, 00) — [0, 00), bound to describe the behaviour of the eigenvalues of 0. ; H,, o (-).
These are (recall that ¢, u < 3/2)

Moo (X, [2]) 1= (212 + D7H2 + (g — Do (x)[£e(2)]1972

34
Awo @, 2]) = (2P + D7 2g(12]) + a0 (0)[lo ()19 G4
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It then follows that

0[ly(@)]? < Hyo(x,2) < c([lu(@)]? +1)

Ao (X, [ZDIEI? < (0o Hoo (¥, 28, E) s 10z Hoo (¥, 2| < €A o (¥, |2])

ch’o‘('x! 21,22) < C<82Hw,o(xs 1) — asz,o(xv 22), 21 — 22)

|asz,<r(x: 7) — asz,a()’v D <clx = y[*g(z|) +clx — y|a[£w(1)]q_l
(3.9

holdforallx, y € £2,z, z1, 22, £ € R", where ¢ = c(data) (recall the definition of
V.o 10 (2.8) and (2.3)). Notice that (3.5)1 5 directly follow from (1.11); 2, respec-
tively, and (1.12) used with ¢ = g — 1. The inequality in (3.5)3 is a straightforward
consequence of (2.4)—(2.5) and (3.5); (see Remark 2 below). Finally, (3.5)4 is a
consequence of (1.11)3. When @ > 0, by (1.12) and (3.5); the integrand H,, » (-)
also satisfies, forall x, y € 2, |x —y| < land z,& € R”

o(qg — D1V 2EI> < (0. Hyo (x, 2)E, &)
[0; Hy o (x, 2)[£1(2) + |0, Ho o (x, 2)[£1 (z~)]2 <c[ti()])? (3.6)
|81Hw,a(xa 7) — 3sz,a(y, D] < clx — Y|a[€1(z)]q_l»

with @« = min{a, op} and ¢ = c(data, w). Note that, on the contrary of the
previous displays, the constant ¢ in (3.6) depends on w and that for (3.6), we also
need Lemma 2.1 and (3.5);. As for H, +.i(:), by defining

Mooi(lz) = (21 + D2 4+ (g — Dag,i(B)[Ly(2)]172
2 —1/2 -2 G.7
Awoillz) = (217 + D7V2g(1z]) + a5i(B)[£e(2)]972,
we have that
0l < Hyoi(2) < c([lu(2)]? + 1)
19: Hop 6,1 (2)] < cg(1z]) + cao i(B)[£w(2)1772 2] 3.8)

)\w,a,i(|z|)|€|2 = C<8Z2Hw,a,i(z)€:v &), |azsz,o,i(Z)| = CAa),a,i(|Z|)
V2 (21,223 B) < ¢(0;Hy 0,i(21) — 9:Hey 0,i(22), 21 — 22)

w,o,1

holds whenever z, z1, 22, € € R”, with ¢ = c(data); for (3.8); we have used
Lemma 2.1. In particular, it holds that

Aa)ai p-1 1 pn=l
AooilZ) 24 15 eeh + —— < c@(P + DT gz (3.9)
Aw,o,i(lz]) qg—1

(recall that g(-) > 1). Asin (3.6), when w > 0 the function H,, . ;(-) satisfies

{ o(q = DIV P = (0 Hooi(2)6. 6) 5.10)

10 Hor 0,1 (2) €1 (2) + 102 Ho 0,1 (D) [[€1 ()] < €[4 (2)]4
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forall z, &€ € R", with ¢ = c(data, w). Two quantities that will have an important
role in the forthcoming computations are, for x € 2 and r > 0,

t
E,o(x,t) ::/ Aw.o(x,8)sds
0 3.11)

t
Ew,o*,i(t) = Ew,a,i(t; B) := f )‘w,a,i(S; B)sds.
0

It follows that (recall that © < 2)

Epo(x, 1) = 2o ([ OP ™ = 1) + (1 = 1/@)as () (Lo (D)]? — o)
Evoi(®) = 75 ([P = 1) + (1 = 1/@)aci(B) (L] — ),
(3.12)
and this leads us to define that
Epo(x, 1) = g [0 O™ + (1 = 1/q)ag ()[Lu(1)] 3.13)
Euoi(t) i= 75 10O + (1 = 1/@)aei(B)[Lu(®)]? . '

We record a few basic properties of these functions in the following:

Lemma 3.1. The following holds about the functions in (3.11), whenever B C 2
is a ball:

— For every s,t € [0, 00)

|Ew,<r,i(5) - Ew,a,i(t)|
< [(s2 F 24 D2 g (B (R wZ)W*”/z] Is—t. (3.14)

—Forallx € B

|Ew,o(x,1) = Epoi®)] < (1= 1/@)la(x) = ai(B)] (Lu(®)]? — o). (3.15)

— There exists constant T = T (1) > 1 such that

1 1

[ Z[Ew,o(xv )] and t < Z[Ea),o,i(t)] —n (3.16)

hold forall x € 2,t > T.
— There exists a constant ¢ = c(u, q, v) such that

(3.17)

2| + Ewo (x, |2]) < c[Hyo(x,2) + 1]
12| 4+ Ew.0.i(12]) < c[Hp.o.i(2) + 1]

hold for every x € §2 and z € R".
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Proof. The only inequality deserving some comments is (3.14), the other being
direct consequences of the definitions in (3.12)—(3.13). Notice that

|E}, 5] < cli(]'™ + cag (x)[€u ()17

with ¢ = c(q, n). Using this last inequality we have
1
|Ew,0,i(s) = Ewo,i(0)] < / |E,, 4i(t + (s — 1) dr|s — 1]
0
1 5 g
<c| (t+t@—0]"+1 2 dr
0

! 2 2, 41
—i—cag,i(B)/ (Jt+t(s—0|"+w”) 2 dr
0

so that (3.14) follows applying 2.6) withy =pu—landy =1 —gq. O

Remark 2. The proof of (3.5)3 is rather standard, but we report it for completeness
as the exponents involved here are not the usual ones. Using, in turn, (2.4) (with
p =2—pu,q)and (2.5) (with y = u,2 — ¢q), and finally the first inequality in
(3.5)2, we have

U2 5 (x. 21, 22) < cz1” + |zal* + D72z — o)

+ cas (X) (|12 + |22 + 0?4722 |z — 25

1
< cf (lz2 + t(z1 — 22)1* + D2 dr|z) — 2]
0
1
+ cay (x) f (22 + 11 — )2 + @) D2 dr |z — 22
0

1
< C/ (0::Hy o (x, 22 + T(21 — 22))(21 — 22), 21 — 22) dt
0

=c(0;Hy,o(x,21) — 0, Hy o (x,22), 21 — 22) -

4. Lipschitz Estimates with Small Anisotropicity

Let B; = B;(x;) € 2 be a ball with 7 < 1 and let ug € WH(B;). With
w € (0, 1], we define v, o € up + Wol‘q (B-) as the unique solution to the Dirichlet
problem

V.o > min / Hy.0i(Dw)dx, 4.1)
weug+W, ! (B;) / Be

where, according to the notation in (3.2)y, it is Hy 4.i(z) = Hy.0.i(z; Br). In par-
ticular, we have

/ Hw,a,i(Dvw,a) dx < / Ha),a,i(DuO) dx . 4.2)
B; By
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Existence, and uniqueness, follow by Direct Methods of the Calculus of Variations
and the Euler-Lagrange equation

/ (0. Hy §( D), Do) dx = 0 43)

T

holds for all ¢ € WO1 “9(B;) by (3.10). Again (3.10) and standard regularity theory
[37, Chapter 8], [55,56] imply
Vo,0 € Wlfj’coo(Br) N WI%CZ(BI) (4.4)
0;Hp.0i(Dvyo) € WIL’CZ(BT; R").

Proposition 4.1. With v, » € ug + Wol’q(Br) as in (4.1), for every integer n > 2
there exists a continuous and non-decreasing function i, : (0, 1) — (1,3/2) such
that, for every § € (0, 1), if (1.11) holds with 1 < u < u,(8), then

1DVeo [l L2083 ) < H, o5 (1 Duollz=(s,)) | DuollL=(s,) + ¢ 4.5)

holds too, with ¢ = c(data, §) > 1, where H, ¢.i(-) has been defined in (3.2)3.
Moreover, whenever M is a number such that

1Dvyollzoopy +1 <M, (4.6)

where B € By is a ball (not necessarily concentric to By), the Caccioppoli type
inequality

2 M’ 2
; /4|D(Ew,cr,i(|Dvw,cr|) —K)+|7dx < m—z/n (Ew,0,i(|Dvgy o |) — 1) dx
3B B

4.7
holds whenever k > 0, again with c = c(data, §). Here, according to the notation
in(3.11), itis Ey 6,i(| DVo o |) = Ew,0,i(|DVw,o|; Br).

Proof. The final shape of u, > 1 will be determined in the course of the proof
via successive choices of u (to be taken closer and closer to one, depending on
8). All the constants in the forthcoming estimates will be independent of w, o,
so we shall omit indicating the dependence on such parameters, simply denoting
V= Vyo, Hi = Hy 55, H; = H,, 5., Ei = E, 5.i, and so on. Properties (4.4) allow
to differentiate (4.3), i.e., replacing ¢ by D¢ for s € {1, ..., n} and integrate by

parts. Summing the resulting equations over s € {1, ..., n}, we get
n
Z/ (3. Hi(Dv)DD,v, D) dx = 0, (4.8)
s=1 By

that, again thanks to (4.4), holds for all ¢ € W12(B;) such that suppy € B:.
Let B € B; be a ball, k > 0 be any non-negative number and 1 € Ccl. (B;) be a
cut-off function such that 135/4 < n < 1sg/6 and |Dy| < |B|~'/". By (4.4) the
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functions ¢ = ¢; := nz(Ei(|Dv|) — k)4 Dgv are admissible in (4.8), therefore via
(3.7—(3.8) and Young’s inequality we obtain

/ Ai(I D) (Ei(IDv]) — i)+ | D*v|*n? dx +/B |D(Ei(IDv]) — )4 *n? dx

B,

Ai(|D 2

with ¢ = c(data). See [8, Lemmas 4.5—4.6] for more details and a similar in-
equality. Using (3.9) and a few elementary manipulations, we again find

/B |D[n?(Ei(|Dvl]) — 1) 4+]1* dx
< c/ (IDv)* + D* g 1DV (Ei(IDv]) — )% | Dn|* dx
B

and taking M as in (4.6) we arrive at

MW Dg(M)]?
|B|2/n

][B|D[772(Ei(|DU|) — )47 dx < ][B(Ei(|DU|) — )3 dx,

again with ¢ = c(data). In turn, using (1.12) with ¢ > 0 and recalling that M > 1,
we find

2(u—1+e)

][B|D[772(Ei(|DU|) C 4P dr < €

B ][B(Ei(|DU|) — 1) dx, (4.10)

again with ¢ = c(data, ¢). This gives (4.7) recalling that » > 1 on 3B/4 and
provided n = (8) > 1 and ¢ = ¢(6) > 0 are such that

pw—1+e<8/2. .11

We pass to the proof of (4.5). With T being the constant in (3.16), we can assume
without loss of generality that

| DVew,o LBy =T = 1 4.12)

holds, otherwise (4.5) follows trivially. By (4.10) and Sobolev embedding theorem
we obtain

1/x
(][ (Ei(|Dv]) — k)3 dx) < cMPH1He) ][ (Ei(IDv]) — k)% dx, (4.13)
B/2 B

where 2y = 2x(n) > 2 is the exponent coming from the Sobolev embedding
exponent, and ¢ = c(data, €). We now want to apply Lemma 2.5 tow = E;(|Dv|)
using (4.13) to satisfy (2.14) (here all the terms involving the functions f; in (2.14)
are not present). We fix parameters 37/4 < 11 < 1o < 57/6 and related balls

B3t/4(xc) € By (xc) € B, (xc) C BSr/6(xc) € B:(x¢) = By,
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this time all concentric to the initial ball B; = B¢ (x¢). Take xo € By, arbitrary and
setrg := (12 — 71)/8, so that B, (x9) C By,, choose M = 2||DU||L0°(B,2) and take
B = By (x0) C Byy(xo) in (4.13). This yields

1/x
(f (Ei(1Dv) — k)7 dx)
Byg/2(x0)

< cMP=14e) ][ (Ei(IDv]) — €)% dx, (4.14)
By (x0)

where ¢ = c(data, €). Note that the above choice of M fits (4.6) via (4.12).

By (4.14) we are able to apply Lemma 2.5 with kg = 0, My := M*~1+¢ and

M| = M, = M3 =0, to get

172
E(IDv(xo))) < cM 71 <][ LEi(| Dv]) P2 dx) . @15
By,

with ¢ = c(n, g). Being xp arbitrary in B, (4.15) implies

(n—14e)x

el Dol 45, 12
B (1Dvlim) =~ ( [ 1E(DuDPax
By,

(ra — 1)"/?

and we have used the actual definition of M. Recalling (4.12), we continue to
estimate as

(3.16) ¢ et
Ei (“Dv“LOO(BIl)) < —(-52 — ‘[l)n/2 I:El (“DU”LOO(BQ))] X "

12
~ ( / [Ei(|Dv|)]dx)
Bst /6

R Ll
=" ey [E (1ol )]
1/2
/ [Hi(Dv) + 1] dx (4.16)
Bst/6

for ¢ = c(data, ¢€). By choosing ¢ > 0 and 1 > 1 such that

(m+2e)x =2+ 1
Ve, &) 1= <1 (4.17)
2 -D2—-w
holds (note that this function is increasing in both p and ¢ and that y, (1, 0) = 1/2),
we can apply Young’s inequality in (4.16), thereby obtaining that

1
E; (”Dv”LOO(BI])) < EEi (“Dv“LOO(BQ))
y

&
+ — Hi(Dv)+1]d ,
(.52 _ ‘L’1)”V </Bsr/6 [ ( U) ] x)
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where

(x —DQ2—w
4—-3u—28)x—2+n

y(u, &) =

Notice that y(1,0) = 1 and that this is an increasing function of its arguments,
therefore we find &€ > 0 and i > 1 such that

y(u,e) <1+58/4 (4.18)
is satisfied in addition to (4.17). Lemma 2.2, applied with
h(t) = E; (||Dv||Loo(B£)), t=3t/4d<t<5t/6=y5,

which is always finite by (4.4)2, now gives

146/4
E; (I Dvll LBy, ) < ¢ < [Hi(Dv) + 1] dx) )

B

so that, recalling (4.2), we arrive at
1+8/4
E; (1 Dvll 1o(y,0) < ¢ (][ [Hi(Duo) + 1] dx) . (4.19)
B

Setting Eo(t) =1+ agi(B)t? for t > 0, we find, also thanks to (3.16), that

~ 1
Eo(t) < c[Ei(t)]>* + ¢ holds foreveryr >0, (4.20)
where ¢ = ¢(v, g). Recalling (1.11), the definitions in (3.2) imply
Hi(z) = Hw,a,i(z) = Ha),o,i(z; B;) < LHw,a,i(ld; B;) = LH;(|z]),

so that inequality (4.19) together with (3.3) and (4.20) now gives

145/4

Eo (I1Dvll o8, 0) < ¢ [Hi (II1DuollLo(s,)) + 1] 7
148
< c[H; (IDuoll L=z, + 1]+

with ¢ = c(data, §), provided we further take . > 1 such that

1+6/4 3
+ 4/ <14+ =. 4.21)
2—u 2

Note that in the above inequality we have incorporated the dependence on ¢ in
the dependence on § as this last quantity influences the choice of ¢ via (4.17) and
(4.18). Using the very definition (3.2)3 we then continue to estimate

Eo (1 DVl By, )
< CH;S/Z (Il DuollL>(B,)) | Duoll=(8,)& (I DuollL>(s,))
+ chﬂ (||DM0||L00(B,)) aa,i(Br) [Zw (||Du0||L°°(Br))]q +c
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and, by again using (1.12) with ¢ = §/2, we conclude with
Eo (IDvllz>(8s,) < ¢HY (1 Duoll(s,)) Eo (IDuollL=,)) + ¢ (4.22)

with ¢ = c¢(data, §). Since Eo(-) is monotone increasing, convex and such that
Eo (0) = 0, we deduce that its inverse EO_ ! (+) is increasing, concave and Eo_ ! 0) =
0, therefore it is subadditive and, for any given constant ¢, > 0 it is Eo_ ! (cst) <
(cx + I)E(; ! (1), see for instance [21, Remark 10 in Section 4]. Using this last
property, we can apply Ea () to both sides of (4.22) in order to conclude with
(4.5). Finally, the choice of the function u,(§) mentioned in the statement, that
we can always take such that p, () < 3/2, comes by the choices made in (4.11),
(4.17), (4.18) and (4.21) and a standard continuity argument (for this recall that
both y,(-) and y (-) are increasing functions of their arguments and that x depends
on n). Notice that by the above construction it follows that u, (04+) = 1. O

5. Proof of Theorem 1.3

The proof will take eleven different steps, distributed along Sections5.1-5.11
below. We shall concentrate on the singular case s = 0, then giving remarks on
how to deal with the (actually simpler) case s > 0 at the very end of Section5.9.
We shall start assuming that (1.11)—(1.12) for some u € [1, 3/2). We shall make
further restrictions on the size of u in the course of the proof until we finally come
to determine the value pumax mentioned in the statement of Theorem 1.3.

5.1. Absence of Lavrentiev Phenomenon

We have the following approximation-in-energy result that actually implies the
absence of Lavrentiev phenomenon:

Lemma 5.1. With H (-) defined in (3.1), assume (1.7)1 and that F () satisfies (1.11);
where g(-) is as in Theorem 1.3 (described after (1.11)). Let w € Wll)’cl(.Q) be any
function such that H(-, Dw) € Llloc(.Q). For every ball B € 2 there exists a
sequence {wg} C WL(B) such that w, — w in WY (B) and H(-, Dw,) —

H(-, Dw) in LY(B).

The proof follows [22, Section 5] almost verbatim (see also [28, Lemma 13]). Notice
that this is essentially the only point where the assumed convexity of ¢ +— tg(¢)
is used (this implies that z — |z|g(|z]) is convex as g(-) is also non-decreasing).
For more related results on the absence of Lavrentiev phenomenon we refer to the
recent papers [1,3,4,16,50,51] and related references.

5.2. Auxiliary Dirichlet Problems and Convergence

In the following u € WIL’CI(Q) denotes a local minimizer of 71(-), as in Theo-
rem 1.3. By w, ¢ = {w}, {¢} = {wi}k, {ek}k, we denote two decreasing sequences



Arch. Rational Mech. Anal. (2023) 247:85 Page 21 of 50 85

of positive numbers such that w, ¢ — 0, and ¢, ® < 1; we will several times extract
subsequences and these will still be denoted by w, ¢ (for this reason we drop the
pendice k). We denote by o(¢) a quantity such that o(¢) — 0 as ¢ — 0. Similarly,
we denote by o, (w) a quantity, depending both on ¢ and w, such that o, (w) — 0
as w — 0 for each fixed €. The exact value of such quantities might change on
different occurences and only the aforementioned asymptotic properties will mat-
ter. Let B, € £2 be a ball with 0 < r < 1; by Lemma 5.1, there exists a sequence
{ii;} € WH°(B,) so that

i, — u in WHL(B,) and  MN(i,, B,) = N(u, B,) + o(e) . (5.1)

We define the sequence

—1
0 1= (1+£_1 + ||Dﬁs||i‘?,(3r)) — 05/ [6,(Diig)]dx — 0 (5.2)

-

(uniformly with respect to w € (0, 1]). Then we consider u,, . € i, + WO1 (B,
as the unique solution to the Dirichlet problem

Ugpe > min Ny.e(w, By) (5.3)
wei+W,? (B,)

where

Ny.e(w, By) := / H, o (x, Dw)dx. 5.4
B,

Recall that the integrand H,, . (-) has been defined in (3.2), with 0 = o,. The
solvability of (5.3) follows by Direct Methods and standard convexity arguments.
By (3.6), we can apply the by now classical regularity theory contained in [37,
Chapter 8] and [55,56], therefore

e € CLP(B,) forsome =B, v, L g0, €01). (55

Mean value theorem and (5.2) imply

Ny e (e, By) — N(iie, By)| < co | (1Diie|77" + 1) dx
B

+ Ua/ [£o(Ditg)]? dx
B,
= og(w) + o(e) . (5.6)

Similarly, noting that lzI77V < |zl + 1 < cF(x,2) + ¢ by (1.11); and ¢ < 3/2
(follows from (1.7)1), we find, using also mean value theorem

‘nw,s(uw,Sa B,) — n(”w,s» B,) — o [Ew(Duw,s)]q dx
By

< co / (Dt e ™" + 1) dx < cally (e B) +cow.  (5.7)
B,
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In turn, using in order: the minimality of u,, ¢, (5.1) and (5.6), we have

nw,s("‘w,a, B,) < nw,a(’:‘%a B,)
< n(ﬁ& Br) + |nw,s(’/~18» Br) - n(ﬁm Br)|
< N(u, By) + 0s(w) + o(¢), (5.3)

so that, using the content of the last two displays we gain

Nt er BY) + 0 / [£o(Dity )1 dx

r

=Nyp.e(Ww.e, Br) + 0c(w) +0(e) + cw . 5.9)

Estimate (5.8) and (3.5); imply that for every ¢ € (0, 1) the sequence {u, ¢} 1S
uniformly bounded in wlha (By), therefore, up to not relabelled subsequences, we
have

Uy — U weakly in w4 (B,) and u, —ii, € Wol’q(Br) (5.10)

as w — 0. Letting @ — 01in (5.9) and using standard weak lower semicontinuity
theorems, yields

N(ue, By) <liminf N(ugy ¢, By) < liminf 1, (e, Br) + 0(e)
w—0 w—0

for every fixed ¢ € (0, 1). Using (5.8) we conclude with
N(ue, By) < N(u, Br) + o(¢) (5.11)

and again this holds for every ¢ € (0, 1). By (1.11); and (5.11) the sequence
{|Dug|g(Dug)} is uniformly bounded in L' (B, ). Recalling that the assumptions on
g(-) imply that g(¢) — ocoast — 00, by classical results of Dunford & Pettis and de
la Vallée Poussin, there exists # € W!-1(B,) such that u, — & weakly in W'-!(B,)
andii—u € Wol’ ! (By).Lettinge — 01in (5.11) weak lower semicontinuity (see [37,
Theorem 4.3]) and (5.2) yield 11(&, B,) < N (u, B,), while the opposite inequality
follows by the minimality of u. We conclude with 71 (i, B;) = 1 (u, B, ), so that,
by strict convexity of the functional w + 71 (w, B;) we find that u = u in B, and
we deduce that

us — u weakly in Wh1(B,). (5.12)
5.3. Blow-Up

We fixw, e € (0, 1]and u,, ¢ € WL4(B,) as in (5.3). With By (xp) € B, being
a ball not necessarily concentric to B,, we take 2 such that

M > [| w0, | Dito e Dl L By (o) + 15 (5.13)
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where Ew,gg(-) is defined in (3.13). The above quantities are finite by (5.5). We
rescale u and H (x, z) = F(x, z) + a(x)|z]|? on B, (xo) defining

uw,s,g(x) = uw,s(xo + Qx)/Q
Fo(x,z) := F(xp +0x,2), ap(x):=a(xp+ 0x) (5.14)
Ho(x,2) == H(xo + 0x,2) = Fy(x,2) + ap(x)|z]?,

with (x, z) € B xR". Note that, obviously, #, (-) is still an integrand of the type in
(3.1) (see also (5.15) below) and therefore the content of Section 3 applies to #, (-)
as well. Since u,, ¢ solves (5.3), recalling the notation fixed in (3.2), it follows that
Upeo € W14 (@) is a local minimizer on B; of the functional

whe (@) s w r—>/ (#p) .0, (x, Dw) dx
By

where, recalling the notation in (2.7), with (x, z) € B x R"itis

{(%g)w,% (x,2) = Fy(x,2) + (ag)o, (¥)[€n(2)]? (5.15)

(aQ)Ug (x) = ag(x) + 0, = a(xg + 0x) + o¢ .
From now on, keeping fixed the choice of w, &€ made at the beginning, in order
to simplify the notation we shall omit to specify dependence on such parameters,
simply abbreviating

Ug(X) = lw,eo(X), Hp(x,2) = (Hp)w,o, (x,2) (5.16)

for (x,z) € By x R". The minimality of u, implies the validity of the Euler-
Lagrange equation

/ (0;Hy(x, Duy), Dp)dx =0 forall ¢ € Wé’q(@l). (5.17)
By

By (3.5) the integrand H, (-) satisfies

ho(x, 1ZDIEI < (3 Hp(x, 2)§, €)
1022 Ho (x, 2)| < cAp(x, |z])
10; Ho (x, 2) — 9 Hy (y, 2)|
< co™lx = y[*g(lz]) + co|x — y|*[Lu()17!

(5.18)

for any x, y € B and all z, £ € R", where ¢ = c(data) and, according to the
definitions in (3.4) and the notation in (5.16), we are denoting

ho(x,12]) i= Ao,o, (X0 + 0, |2]),  Ap(x, |2]) := Ap,o, (X0 +0x,12]) . (5.19)
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5.4. Minimal Integrands

Here we are going to play with auxiliary functionals whose integrands are of the
type in (3.2)», and therefore featuring no explicit dependence on x (these are usually
called “frozen” integrands). The results of Section4 can be therefore applied. Let us
fix a number By € (0, 1), to be determined in a few lines, and a vector & € R\ {0}
such that

1
0<|h < 578 - (5.20)
We take xc € By /5,560 and fix a ball centered at x with radius |2 |0, denoted by
B, = By (xc). By (5.20) we have 8B, € B;. We set
m=m(8By) := || DugllLe@gs,) + 1. (5.21)
According to the notation established in (2.7), (3.2) and (5.15)—(5.16), we define
Hyi(2) = (#p)w,0,.i(2: 8Bn) = Fp(xc, 2) + api(8Bp)[£y(2)]7
ag,i(SBh) = (ag)ag,i(SBh) = xé%gh(ag)ng (x) = xé%fl;h a(xo+ox)+o;.
(5.22)
Note that 3. H,; € C'(R"; R"). As in (3.7), with
hoi(12) = Xi(lzl: 8By) = (IzI> + D™*/* + (g — Dagi(8By)[le(2)]7>
Agi(z]) = Agi(Izl; 8By) = (121> + 1) '2g(Iz]) + dp.i 8By [€w ()12,
from (1.12) and (3.8) it follows that
0e[lw(2)]? < Hpi(z) < ¢ ([€u(2)] + 1)
10:Hpi ()] < ¢ ([Lo(@)]97" + 1)

kg,i(|z|)|§|2 = C<azzHg,i(Z)§’ &), |aZZHQ,i(Z)| =< CAg,i(|Z|)
U2i(z1, 22; 8By) < c(d:Hpii(z1) — 9:Hpi(22), 21 — 22)

(5.23)

hold for all z, z1, z2, & € R", with ¢ = c(data). Consistently with (2.8), here we
are denoting

U21(z1.22: 8Bp) == V12— (21) — Vip—u(22))?
+ G0i (8B | Vi g (21) — Vi g (22)|* . (5.24)
Recalling (3.11) and (5.19), we define, for # > 0 and x € B that,

t
Ey(x,1) ::/0 Ao(x,s)sds
(5.25)

t
E,i(t) = Epi(t; 8By) = / )hg,i(S; 8By)s ds,
0
with related explicit expressions as in (3.12) and

i Eo(x, 1) i= 7o [ (O + (1 = 1/g)(@g)e, (0)[Lu (D)1

Eqi(1) i= g 101 + (1 = 1/9)ap,i(8By)[lu(n)]9.
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By (3.15) we have
|Eo(x, 1) — Egi(1)] < clh|®0%[4,(1)]? foreveryx € 8Byandt >0, (5.26)

and (5.13) implies _

M = [[Eo(, [DugDllizoe @) + 1. (5.27)
Looking at (5.23), Direct Methods and strict convexity provide us with a unique
minimizer v € u, + WO1 "1 (8By,) defined by

v=1v(8B;) min / H,i(Dw) dx (5.28)
weu,+W, ! (8By) /8By

so that, (5.23); obviously implies
/ (0;Hpi(Dv), Dp)dx =0  forall ¢ € Wé’q(SBh) (5.29)
8B
and minimality gives

/ Hg,i(Dv)dng H,i(Dug) dx . (5.30)
SBh 8Bh

Lemma 5.2. Let §1 € (0, 1) and let i1, () be the (non-decreasing) function intro-
duced in Proposition 4.1. If 1 < u < w,(81/2), then the inequalities

| Dvl| 6B,y < cm!' T (5.31)

and

cmd
/ ID(Egi(IDv)) — )+ P dx < o [ (Egi(IDu]) =02 dx  (532)
2By, |h| Po 4By,

hold with ¢ = c(data, §1) and m is defined in (5.21).

Proof. The integrand H, i(-) is of the type considered in Proposition 4.1 (compare
with (5.22) and (5.23)), and we apply this last result to v, with B; = 8B;,. It follows
that for every 61 > 0

“.5
| Dvllr=@B,) < CHin/q (I1DugllL@sBy)) I Dugll Lo @®B,) + ¢

3.21h
< ) mym e (5.33)

holds provided 1 < p < w,(81/2) < un(81/q), where ¢ = c(data, §1). Here, as
in (3.2)3, itis Hpi(t) := tg(t) + dpi(8Bp)[t> + w*]9/? + 1 for t > 0 and in fact
in (5.33) we have used (3.3). From (5.33) we can derive (5.31) using (1.12) with
& =q — 1 > 0. Next, we apply (4.7), which gives

/ |D(Eqi(IDv]) — k)4 |* dx
2By,

81/2
c(IDvllL=w@s,) + 1) / 5
< (Eo,i(|Dv]) — k)5 dx,
|20 By, *

so that (5.32) follows using (5.31) in the above inequality and observing that (1 +
81)61/2 < 4. O
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5.5. A Comparison Estimate

This is in the following:

Lemma 5.3. Letu, € WL4(B)) be as in (5.14), v € up + Wol’q(SBh) as in (5.28)
and 8> € (0, 1/2). The inequality

2 Gy 22 1+8
f U, i(Dug, Dv; 8By) dx < c|h|Podom 2= g“/ (|Duy| + 1471102 dx
8By, 8B,
~ 1-68/2
+ clh|odon T geo f (IDug| + 1¥2 dx
8B,
(5.34)

holds with ¢ = c(data, 82), where & = min{a, ap}, Vp,i(+) is as in (5.24), and M
is any number satisfying (5.13) and therefore (5.27).

Proof. From (5.21) and (5.27), and yet recalling (3.16), we deduce

{ dg,i(BBp)[lw(mM)]! = cll(ag)s, ()[lw(Dug)l?lLe@sp,) +c < M (535)

1
m < {£,(m) <c(n, g)M>*r,

where ¢ = ¢(u, g, ||a|| L) in (5.35);. We have
/ U2(Dug, Dv; 8By) dx
8By,
(5.23)4
< cf (0,Hpi(Dugy) — 9, Hyi(Dv), Du, — Dv) dx

8By,

.29 c/ (9:Hpi(Dug), Dug — Dv)dx
8By,

(547) C/ (0;Hyi(Duo) — 0;Ho(x, Duy), Du, — Dv) dx
8B

(5.18)3
=7 cljfoe g /8 [£(Dug) "~ (| Dug| + |Dv]) dx
B,

+c|h|ﬂ°“°g“°/; g(IDuy|)(|Duy| + | Dv|) dx
By

(1.12) - | 5
< clh)P¥m?7 % + m 2@"0)/ (IDu,| + |Dv|) dx
8By,

1.11) -
< c|hP% M7 g% 4 m2%0) / [Hyi(Dug) + Hpi(Dv)] dx
8By,

(530) BP0 (a1 @ 8 0 H.-(Du.)d
< A" (m? 0% +m2"0) 0,i(Duy) dx
8By,

(1.11 _
< c|hP* ma! g% + m2p0)
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- /8 (1Dug|g(1Dtg) + g (8 B) | Dugl? + 1) d
B,

1.12) _
<7 c|h|P%* ma! g% + m2%0) / (IDup|"+%/% 4 Gy ;(8By)| Duy |?) dx
8By,

+clh]P% 7 g% + m®0™0)| By
where ¢ = c(data, §2). We now estimate the four integrals stemming from the

second-last line in the above display. As 6, < 1/2, we have

m‘SZQD“’/ |Duy|' 2/ dx = m52Q“0/ |Duy| =22 | Du, |2%/% dx
8B, 8By
S cm]—(SzQC{() / |DuQ|552/2 dx
8By,
1-8,/2 35
< M 7w g% (IDuy| + 1)7° dx
8B,
and in the last line we have used (5.35),. Similarly, this time using (5.35);, we find
mazgaof a,i(8By) | Duy|? dx
8By,
< clag,i(8By)]'~*/9m> g% / | Dutg| 972 Dug|**2 dx
8By,
< C[égyi(SBh)]1*52/(1m(1(1*52/!1)gao / |DuQ|252 dx
8B
< ciml*‘sz/qga(’/ |Dug|2‘32 dx
8By,
1-55/2 s
<Mz g | (IDuy| + 1)¥dx.
8By,
Next, notethat§y < 1/2andqg < 3/2 (follows from (1.7);) implies2—g—682/2 > 0
and therefore we can estimate
mq—lQa f |Du9|1+52/2 dx = mq—lgot / |DMQ|2—q—52/2|Dug|q—l+52 dx
8B 8By

< Cm1—52/2Qa / |Dug|q—1+52 dx
8By
1-85/2
<cM = o“ / |DL¢Q|‘171+‘82 dx
8By,
where we again used (5.35),. By means of (5.35); we find that

mq—lg“/ Gg.i(8Bp)| Dugl|? dx
8By,

< clapi(8By)]' ">/ mi~ o* / |Dug|' =2 Dug| 77102 dx
8B,



85 Page28of 50 Arch. Rational Mech. Anal. (2023) 247:85

< C[ag’i(SBh)]1_52/qmq(1_52/Q)Qa/ |Du9|q—1+52 dx
8By,

< cm{l—ﬁz/qga/ |DMQ|q_1+82 dx
8B,
1-8,/2
<M Z=n Q"‘/ |Du,Q|q_H"32 dx .
8B,
Finally, observe that §, < 2 — g as g < 3/2, so that

1-6>/2

125 2/
md~ 0% + m”2% < M (0 + 0%) <M T (0% + 0™).

Merging the content of the last six displays yields (5.34) with the asserted depen-
dence of the constant c. Notice that the dependence of the constants on § comes
from (1.12) (that has been used with ¢ = §,/2). Notice also that (5.34) holds
whenever we are assuming (1.11) with u € [1, 3/2). |

5.6. A Fractional Caccioppoli Inequality via Nonlinear Atomic Type
Decompositions

Lemma 5.4. (Fractional Caccoppoli inequality) Let u, . € WL4(B,) be as in
(5.3); fixnumbers 81 € (0, 1), 82 € (0, 1/2) and aball By(x9) € B,. The inequality

1/x
2
f (Ew,zrg()@ |Duw,£|) - K)+X dx
By /2(x0)

+ 07 M(Eo,o, s |1Dtw,e) = 415 5.5, 0 x0)

< e ][ (Euwor (5. 1Dty ) — )% dx
BQ(XO)
+ Cm252Q20tf (lDua),&" + 1)2((171‘1‘82) dx
By (x0)

+ M ][ (IDug. | + 1771+ dx
Bg(XO)

+ I3 %0 ][ (|Dutgy ¢| + 1) dx (5.36)
By (x0)

holds whenever

a minf{a, ag}

n
e (0, ith = — = = = — , (5.37
B € (0, ) with x(B) =28 YT Er2 " minlmaol 12 (5.37)
and provided that
1< 81/2
= 1< un(81/2) (5.38)
| Ew,o. (s [Dtgy e DIl Lo (B, (xo)) + 1 < M,
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where ¢ = c(data, 81, 82, B) and
81

202 —
(_ 52#)

51 =51(u,81) :=

52 = 52(u, 82) 1= (5.39)

-
3—u+(g+1)d —8/2
53 = 53(u, 81, 82) 1= 20— 1) .

The function [, (-) is the one defined in Lemma 5.2.

Proof. This will be obtained by a technique that works as an analogue of dyadic
decomposition in Besov spaces, but using the functions v = v(8By) in (5.28) as
“atoms”’; see Remark 3 below. We therefore divide the proof in two steps.

Step 1: Estimates on a single ball By,. Here we again use the notation and the
results in Sections 5.4-5.5. In particular, here we again argue on a fixed ball By,.
Our goal here is to prove estimate (5.43) below. We recall that basic properties of
difference quotients yield

/ |th (Egi(|Dv]) — )4 |* dx < |h|2f |D(E,i(IDv]) — i)+ |* dx,
By 2By

where k > 0 is any number (recall that |2] < | |Po). Using this in connection with
(5.32) we have

f (th (i (1 D)) —k)4 2 dx < clhP1 =P / (Epi(IDV))—k)% dx (5.40)
B 4By,

with ¢ = c(data, §1) and moreover (5.31) holds by (5.38); recall that m =
m(8By,) is defined in (5.21). Use of (5.32) is legitimate here as (5.38) is assumed.
Let us recall that here it is E, j(|z]) = E, i(|z|; 8By). Let us now record a couple
of auxiliary estimates. The first is obtained as

/ |Eg(x, |Dugl) — Egi(1Dug|)|* dx
4By,

5.26)
2 clh oo g / [£0(Dug) P4 dx
4B,
(5%1)C|h|2ﬁ0am2(l—82)g2a/ (1Duy| + 12145 gy
4By,
5.35) L 2(1-8)
S Pt r g2 [ (1Dug| + 1241 gy (5.41)

4By,
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for ¢ = c¢(n, q). For the second auxiliary inequality, we estimate

/ |Eg.i(|Dugl) — Egi(|1Dv])|* dx
4By,

3.14)
< c/ (IDuy > + |Dv|* + D' Du, — Dv|? dx
4By,

+ c[ag,i(th)]Q/ (IDuy* + |Dv|* + H)? | Du, — Dv|* dx
4By,

5.31)
< cm(z_“)(H’Sl)/ (IDuy* + |Dv|* + 1)™*/%|Du, — Dv|* dx
4By,

+ clap,i(8By)Pmd 1+
(|Dug|2 + |Dv|2 + wz)(q—z)/leug _ Dvlzdx
4By,
(254) cm@—m1+81) [‘B |V12—u(Dug) — Vll—u(Dv)Izdx
h
+ ¢ (dg,i (8Bn)[€p(m)]7) m?®!

- A 01 BB Varg (Ditg) = Voy g (DV)[* dx
B

5.24)
< c(m(z_”)(1+5‘) +9ﬁm"5‘>/ 02,(Dug, Dv; 8By) dx,
4By,

where ¢ = c¢(data, §1) and in the last line we have also used (5.35);. Using (5.35),,
we get that

2 2—p+qd) )
|Epi(|Dugl) — Egi(IDv])|“dx < O 2x VQ {(Duy, Dv; 8By,) dx.
4B, 4B,
Using this last estimate with (5.34), we conclude with

/ |Eo.i(|Dugl) — Egi(|Dv])|* dx
4By,

3—p+qd1—37/2

<clhPodm 2= ¥ 8 (|1Dug| + 1771492 dx
B,

~ 3—p+q81=8/2 38
+elhPSm T 2= 0% | (|Duy| 4 1)*2 dx, (5.42)
8By,
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where ¢ = c(data, §1, §2), that is the second auxiliary estimate we were aiming
at. Triangle inequality now yields

f|rh<Eg(x,|DuQ|)—K>+|2dxsc[ 11 (Eg.i(1DV]) — 1)+ P dx
By, By,

+c ’ [(Ep(x + h, |Dug(x 4+ h)|) — k)1 — (Egi(|Dug(x + h)|) — 1) 41> dx
h

+c /Bh [(Eq.i(| Dug(x +h)) — )4 — (Eqi(|Dv(x + h)[) — ) 4|* dx
+c /Bh [(Eq.i(IDV]) — )+ — (Eq.i(|1Dtg]) — k)1 |* dx
+ C/Bh|(EQ,i(|DUQ|) — )4 — (Eq(x, | Dug|) — k)4 |* dx.

Using the standard property of translations

lgCx + )P dx < f g dx

By, 4By,

valid for every g € L2(4By,), (for this note that h + B, C 4By, as |h] < 1), and

also the Lipschitz continuity of truncations, thatis [(s — k)4 — (t — k)| < |s —¢]
for every s, t € R, we continue to estimate as follows:

’ [th (Eo(x, | Dugl) — k)1 |* dx
h

SC/ (T (Egi(|DV]) — )42 dax
By
+cf |E(x. |Dugl) — Egi(|Dug))l? dx
4By,
+cf |Epi(1Dv]) — Eq.i(1Dug))? d
4By,
(5.40)
< c|h|2“—ﬂ0)m51/ (Eo(x, |Duyl) — 1) dx
4By,
+c/ |Eo(x, |Dugl) — Egi(|Dug|)|? dx
4By,

+cm8'/ |Epi(IDugl) — Epi(|Dv)|? dx.
4By,

Have ¢ = c¢(data, 61). Note that we have used the elementary estimate
(Eoi(|Dugl) — )4 < (Eo(x, |Dugl) — )+ on8By,

which follows from the very definition of E, ;(-) in (5.25),. By then using (5.41)
and (5.42) to estimate the last two integrals in the above display, respectively, and
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again (5.35),, we come to

T4 (Eo(I1Dug|) — 1) 41 dx
B,

< alhPesre [ (£ D) - o dr
4By,
+E|h|2"‘*9ﬁ252@2"‘f (IDug| 4 1)*@~1H%2) dy
8By,
+5|h|2“*zm253g“f8 (1Dug| + 1)771+%
By,

+5|h|2“*2m253g“0/ (IDug| + 1)%2 dx, (5.43)
8By,

with ¢ = ¢(data, 81, §2), where s1, s, and s3 are as in (5.39) and we have taken
Bo such that

2
Bo = ) <= Poa = 2(1 — Bo) = 2.

Step 2: Patching estimates (5.43) on different balls. In this second and final
step we are now going to recover estimates for 7, (E, (-, |[Duy|) — k)4 on By 2 by
patching up estimates (5.43) via a dyadic covering argument. This goes as follows:
we take a lattice of cubes {0 },, <n with sidelength equal to 2|4 |Po//n, centered at
points {x, },<n C B, J2+21hjo> with sides parallel to the coordinate axes, and such
that

Bip\J 0y |=0. 0,N0,=0&n#n (544

y=n

This family of cubes corresponds to a family of balls in the sense that O, =
Qinn(By) and B, := By 50 (xy), as defined above. By construction, and in partic-
ular by (5.20), itis 8B, € By forall y < nandn ~ |h| =P, where the implied
constant depends on n. Moreover, by (5.44), each of the dilated balls 8 B,, intersects
the similar ones 8B, fewer than ¢, times, that is a number depending only on n
(uniform finite intersection property). This implies that

> " A(8By) < cuh(By) (5.45)
y=1



Arch. Rational Mech. Anal. (2023) 247:85 Page 33 of 50 85

holds for every Borel measure A(-) defined on B;. We then write estimates (5.43)
on balls B, = B, and sum up in order to obtain

/ |t (E(x. | Dugl) — )4 [ dx
B12

S.44) &
=Y [ 1B 1Dugh ~ 04 ax
y=1"8

(5.43) n
S anpear Y [ Dugh - 0% dx
= Jss,

n
+ 5|h|2a*m25292a Z/ (|DMQ| + 1)2((]—14-52) dx
—1 8B,
14
n
4 E|h|2a*m253ga Z/ (|DMQ| + 1)(1—1+52 dx
8B
y=1""77

n
+ E|h |2 293 g0 Z/ (IDug| + 1)*2 dx
y—1Y8By

(5.45)
<7 e @lh|Per e / (Eq(x, |Dug|) — 1)% dx
By

+ cn5|h|2a*9ﬁ252'g2a/ (|Dl/lg| + 1)2(q—1+52) dx
By

+ nClh P M o / (| Dutg| + DI~ dx
By

+ an|h|2“*9JI253Q“°/ (IDug| + 1)%%2 dx . (5.46)
By

Thanks to the inequality in the last display we apply Lemma 2.3. This yields
(Eo(-, |Dugl) — k)+ € WP2(By)2) for all B € (0, o) with the related a priori
bound

“(EQ(" |D“g|) - K)+||L2X(§31/2) + [(EQ(" |DuQ|) - K)-Q—],B,Z;CB]/z
< M EQ (-, [Dugl) — )41l 12

—1+4
+ e |1 Dtg| + 120 ooy

s 2 (g—=1+62)/2
+ M0 2| Dug| + 111,71 5
382/2

53 0t0/2
+ Mo I1Du,| + 1”L352(@1)’

(5.47)

which holds for every x = x(8) asin (5.37), where ¢ = c(data, §1, 82, B). Notice
that here we have used, in order, first (2.10), as a consequence of (5.46), and then
(2.9). Scaling back from B to B, in (5.47) via (5.14), (5.19) and (5.25), squaring
the resulting inequality, and restoring the original notation, we arrive at (5.36) and
the proof is complete. O
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Remark 3. (Nonlinear atoms) Here we briefly expand on the possible analogy be-
tween the classic atomic decompositions in fractional spaces (see for instance
[2, Section 4.6] and [67, Chapter 2]) and the construction made in the proof of
Lemma 5.4. Atomic decompositions of a Besov function w usually go via decom-
positions of the space R” in dyadic grids with mesh 27%, k € N, corresponding
to the annuli (in the frequency space) considered in Littllewood-Paley theory. On
each cube Qy , of the grid one considers an atom gy, (-), i.e., a smooth function
with certain control on its derivatives, up to the maximal degree of regularity one
is interested in describing for w. Specifically, one requires that

suppar, C Qk.y,  |Dsag,| S 2715k (5.48)

hold for sufficiently large multi-indices S. Summing up (over y) such atoms mul-
tiplied by suitable modulating coefficients, and then yet over all possible grids
k € N, allows to give a precise description of the smoothness of the function w.
Such “linear” decompositions, although very efficient, are of little use when dealing
with nonlinear problems as those considered in this paper. The idea in Lemma 5.4
is then, given a grid of size |h|#0 ~ 1/2%%, and therefore a certain “height” in
the frequency space, to consider atoms v that are in a sense close to the original
solution u in that they are themselves solutions to nonlinear problems (with frozen
coefficients). In other words we attempt a decomposition of the type

o (x) ~ Y v, ()1, (x) + o(|h|%), (5.49)

y=n

where v, is defined as in (5.28), with B, = Bj, as in Step 2 from Lemma 5.4 (1,
is the indicator function of the ball B, ). Notice in fact the analogy with the second
information in (5.48), describing the maximal smoothness of a classical atom, with
the Caccioppoli inequality (5.32), from which one infers its fractional version for
Uy, that is (5.36).

5.7. C%1.Bounds via Nonlinear Potentials

Here we deliver

Proposition 5.5. Let u,, . € W14 (B,) be as in (5.3). The inequality

~ Cc
1B (o 1Duoe Dl < 1 Ho,o (-, Dty e) + 117 5, + ¢ (5.50)

— t)m?
holds whenever B, € By C B, are concentric bagls such that r < 1, where
¢ = c(data) and ¥ = V¥ (n, q, a, ap). The function E,, s, (-) has been introduced
in (3.13).

Proof. In what follows, we are going to use Lemma 5.4 with §; € (0, 1) whose
size will determined in a few lines as a function of n, g, &, &g, and with 6, by now
fixed by

0<52;=1min{1+g—q,@}<l. (5.51)
2 n 3n 2



Arch. Rational Mech. Anal. (2023) 247:85 Page 35 of 50 85

Note that §; > 0 follows as a consequence of the assumed bound (1.17) and that the
choice in (5.51) makes §> depending only on n, ¢, o, otg. Without loss of generality
we can assume that

I Ey o, (-5 | Dty e ) | oo,y = 1, (5.52)

otherwise (5.50) is obvious. We consider concentric balls B; € B;; € B, € By
and set ro := (12 — 71)/8. It follows that By, (xg) € By, holds whenever xo €
B:,. Notice that by (5.5) every point is a Lebesgue point for both |Du,, .| and
Ey,o, (-, |Dug ¢|). By Lemma 5.4, and (5.36) used on B, (xo) C By, (x0), we can
apply Lemma 2.5 on B, (xp) verifying (2.14) with

w = Ew,og (- |Duw,5|)
M := 2] Ey., (-, | Dty el L (8,,)
(such a choice of 91 is admissible in (5.36) by (5.52))
My =M1, My = N2, My = M3 := N3
x:=n/(n—2B)>1, B :=ay/2 (recall (5.37))
o1 =a, op:=a/2, o3:=wp/2, fi=fr=f3:=|Duyel+1,
0y =60, =03 :=1, c, =cx(data, sy, B) = cx(data, §y),
my :=2(q —1+4+82), my:=q— 1+ 68, mz: =38, kg:=0.

(5.53)

As xo € By, has been chosen arbitrarily, (2.15), with the choices in (5.53), implies
that

I Ew,ag (s |Dua),e )] “LOO(BII)

cfm% ) 1/2
= (v —t)"/? (/BTZ[E“)"’E (x, |Duy,e))] dx)
+ TR (1 Du [ 1 (12— 7)) s,
+ TR (1 Dug |+ 15 (2 — 7))l ia)

S
+ T PP (1Dug el + 1 (12 — 1) Dl Les,,)  (5.54)

for ¢ = c¢(data, 81). Recalling the definitions in (3.12)—(3.13), and the choice of
M in (5.53), after a few elementary manipulations in (5.54) we arrive at
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I1Ew.op (- [ Dty e )| Lo (B,
1

c . X+l .
=< m”Ew,%('a |Duw,8|)”Loo(BI2) Ea),os (x, |Duw,8|) dx
_ B,

~ %+52
+ C“ Ea),(fg (‘, |Dua),€ |) ||LOO(B'[2)

2(q—1+482),1
AP (DU |+ 1 (12— 1) /D o8,
%114-53

+ C”E(D,Us (" |Duw,£ |) ||LXOO(B~[2)

—1+68,1
IPE L3 (DU el + 1 (22 — 1) /) o3,

~ %-‘1—53
+ C”E(D,Gg (" |Duw,5 |) ||L°°(Bf2)
382,1
APy o (1Dt el + 1: -, (22 = 1) D) | oo, + ¢, (5.55)

with ¢ = c¢(data, §;). We now take §; to be such that

si(l,dx 1 né 1

T
Xl_(Sl 2 48 2 2813

s1(1, -

2l o) 11)+52(1,52)=—(” 4ﬂ)1+1—52<1

Y —

51(1,6 —2B)6 1)81 —62/2

1( 1)+53(1,81,62)=(n ,3)1+H_(Q+)1 2/ -1
x —1 48 2

(5.56)
Recalling (5.51), the quantity §; is now determined as a function of the parameters
n,q,a, og. This determines a first restriction on the size of pu via (5.38) and the
choice of §;. Notice that at this stage the number @, := 1, (81/2), determining an
upper bound on i, depends onn, g, o, g; notice also that all the above computation
remain valid provided 1 < p < u, = u«(n, q, @, ap). Finally, by (5.56) and a
standard continuity argument we can further restrict the value of i finding pmax <
s such that
sl dx 1

x —1 +2

)
I <p < pmax = =1 +52(, 82) <1 (5.57)

<1

+53(1,61,682,) < 1.

Notice also that the functions © +— s1(u, -), s2(u, -), s3(u, -) are increasing. This
finally fixes the value of ptmax from the statement of Theorem 1.3, with the asserted
dependence on the constants. We now want to the estimate the potential terms
appearing in the right-hand side of (5.55) by means of Lemma 2.4. In this respect,
notice that n > 2« allows to verify (2.12), while we can take y = 1 in (2.13)
because

(5.51) = 1 >max{n(q_1+82) 3”52}

9
o oo
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Applying (2.13) gives

146
1P 3% (1 Dugy e + 1+ (22 — T1) /D) | L3,

—1+4682)/2
< cll|Duge] + 1157
P34 2 (1Dug | + 1 -, (12— 1) /Dl 228,
g—1+8 (5.58)

E C|||Dl/la)’g| + 1”Ll(3 )
35,1
||P2,§0/2(|Duw,s| + 15 (2 — 1) /Dlle=e,)

362/2
< clllDug el + 1137,

with ¢ = ¢(n, q, o, ap). Using (5.58) in (5.55), and recalling (5.57), we can use
Young’s inequality to finally get

~ 1 -
1Ew.0. (o [Dttar,e Dl (8ry) = 5 1Ew.0: (- [ Dtk eDllL>(By,)

¢ r 9 0
+ m”Ew,O‘g(" |Duw’£|)”Ll(BX) + ”Duw,é‘”Ll(Bs) +C

with ¢ = c¢(data) and ¥ = 9 (n, q, o, ag) > 1. This allows to apply Lemma 2.2
that provides

I Ewy . (s | Dty e ) | 2208,

< =y 1w 1Dw.e DI g+l Dt ell g+

from which (5.50) follows using (3.17) and a few elementary manipulations. O

5.8. Proof of (1.14)
Keeping in mind the notation of Proposition 5.5, (5.8) and (5.50) gives that
||Ew,ag<~, | Duto,e Dl o5,
- < =y 10 B+ 00(@) + 0(e) + 1B, 11
so that, recalling (3.13), we find that

| Dug, €||L°°(B,) [M(u, B;) + oc(w) + o(e) + | By |] +c

( )m?
=: [mye(t; B H. (5.59)

It follows that, up to not relabelled subsequences, the convergence in (5.10) can be
upgraded to u, . —* u, in WH°(B,) for every & > 0. Letting w — 0 in (5.59)
yields

[1(u, B,) + o(e) + | B.[1”

”DMSHLOO(B) W

=: [me(t; B)* 7, (5.60)
which again holds for every ¢ > 0, with ¢ = c¢(data) and ¥ = ¥ (n, q, o, o).
Similarly, as after (5.59), by (5.60) the convergence in (5.12) can be upgraded to

ug —* u in WH(B,), so that (1.14) (for s = 0) follows letting ¢ — 0 in (5.60),
taking t = r/2, recalling that & < 3/2 and renaming 2¢ into 9.
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5.9. Local Gradient Holder Continuity

Since the result is local, up passing to smaller open subsets we can assume with
no loss of generality that 71(u, §2) is finite (see the comment after (1.15)).

We fix an open subset 29 € §2 and the radius » := min{ dist(£2p, §2)/8, 1}.
We take B», centred in £2( and recall that the quantities m,, . = m, ((r; B2,) and
m; = mg(r; By,) are defined in (5.59) and (5.60), respectively. With T < r and
B; C B, being a ball concentric to By, we define v € u,, ¢ + Wé’q(BT) as

V> min / H, . i(Dw; By)dx,
)Y/ Br

weuw,g+W0] 4 (B

so that
1Dt ll oo B,y + 1 DV LB, 5y < EM, (5.61)

holds with ¢ = c¢(data). The derivation of (5.61) follows using first (5.59) (with
B, replaced by By, and t = r) and combining it with (4.5) and easy manipulations

as in Proposition 4.1 and Lemma 5.2. By Proposition 5.6 in the subsequent step
and (5.61), we find that

][ |Dv — (Dv),|* dx < coe (0/7) o (5.62)
B 4

holds for every o < t/2. Here, in the notation of Proposition 5.6 below, it is
Cwe 1= Cx (ZEmz), o) and By o 1= Py (ZEmz), ¢); these constants are non-decreasing
and non-increasing functions of m,, ., respectively. Letting first ® — 0 and then
& — 0, we have that

m L mE T m = e T [N, Bar) + |Borl) e
(see (5.60)). In particular,
m? < er P N, 2) 4+ 1] +c = m) " (5.63)

holds with ¢ = c¢(data) and ¢ = ¥ (n, g, o, ap) so that mp only depends on
data, dist(£29, 0§2) and 11 (u, §2). Again letting @ — 0 and then ¢ — 0, and
passing to not relabelled subsequences, we can assume that ¢, , —:=c; —>=:¢ <
cx(4em?) < oo. Notice that by (5.63) we have ¢ < ¢, (4Em%) and this last quantity
depends only on data, dist(£2g, 0§2) and 71(u, §2) but it is otherwise independent
of the chosen ball B,. In the following, with some abuse of notation, we keep
on denoting by ¢, . > 1 a double-sequence of constants with the above property,
typically being itself released via a non-decreasing function of c, (2Em620! o); theexact
value of the numbers ¢,  may vary from line to line. A similar reasoning can be
done for the exponents S, ¢, thatis, we have By, . —:= . ==: > ,B*(4Em2) >
Bs(dem?) =: B € (0,1). Similarly, B depends only data, dist(£2y, 3§2) and
N (u, £2) and is independent of the ball B, considered. Proceeding as for (5.34),
and also using (5.61) repeatedly, it follows that

][ Viaeu(Dite) — Viae (DO dx < coet®, (5.64)
B
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where @ = min{c«, ap}. Using (2.4) with p = 2 — u and then (5.61) yields
]1 |Dug, . — Dv|* dx
B2
<c ][ (1Dug el + 1Dv)* + D*|Vi 2y (Dugy e) — Vi 2 (D)) dx
.25
m 2
=< meygf |V1,2—;,L(Duw,£) - V1,2—M(Dv)| dx .
B
By using (5.64) again in the above display, we conclude with
][ |Dityy s — Dv|*dx < ¢ o7 (5.65)
Bz

We can now complete the proof with more standard arguments (see for instance
[35,55,56]), that we recall for completeness. Combining (5.62) and (5.65) yields

][ |Dutgy,e — (Dua),s)Bg|2dx = Cw,s(g/f)zﬂw’a + Cw,e(f/Q)nT&
By

for every o < 7/2, and taking ¢ = (r/2)'T%/("+20.e) finally yields

) 2aBw.e _
f |Duw,e - (Duw,e)BQ| dx < Cw,eQ'l+2ﬁw’g+a
By

for every o < (r/2)'1%/+2Bu.c) In the above display we first let @ — 0 and then
& — 0, and finally conclude with

238
][ |Du — (Du)p,|* dx < com2+e | (5.66)
BQ

where, by the discussion made after (5.63), both ¢ > 1 and 5 € (0, 1) depend
only on data, dist(£2g, d52) and 71(u, §2), but are otherwise independent of the
ball considered B»,. Since §2 is arbitrary, (5.66) and a standard covering argument
and Campanato-Meyers integral characterization of Holder continuity yield that for
every open subset £29 € £2 it holds that [Du]o g., < 00, where 8 := &E/(n +
2B + @). The proof of Theorem 1.3 in the case s = 0 is therefore complete up
to (5.62), whose proof will be given in the subsequent section. We now briefly
comment on how to obtain the local gradient Holder continuity in the nonsingular
case s > 0, which is simpler since it requires no approximation via the additional
parameter w. For the proof of (1.14) itis sufficient to use functionals 715 , asin (5.4),
and all the subsequent estimates remain independent of s and ¢; the approximation
and the convergence then only take place with respect to the parameter ¢ and leads
to (1.14). The same reasoning applies to the proof in this section by taking w = s.
It remains to deal with the last issue, that is the local Holder continuity of Du with
explicit exponent when s > 0. This will be done in Section5.11.
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5.10. A Technical Decay Estimate

Here we prove (5.62); this relies on certain hidden facts from regularity theory of
singular parabolic equations that we take as a starting point to treat the nonuniformly
elliptic case considered here. Relevant related methods are also in [26]. Consistently
with the notation established in Sections 3 and 4, with @ > 0 being a fixed number,
in the following we denote that

Hi(z) = F(xe, 2) + a(z|> + 0*)?/? (5.67)

for every z € R", where w € (0, 1] and x. € 2. Here we permanently assume
(1.11)—(1.13) and therefore H;(-) is an integrand of the type in (3.2), with a4 ;(B)
replaced by a. Indeed, conditions (3.8) apply here when accordingly recasted (see
also (5.78) below). Moreover, let us define

. t ifo0<tr<1
g(t) == . (5.68)
g ift>1.

Then (1.13) and Lemma 2.1 imply that
0:F (x, 2)| < cg(lz]) = 10 Hi(2)| < cg(lz]) + ca(lz]” + )Y ™?|z| (5.69)
holds for every z € R", where ¢ = ¢(q, L, cg(1)).

Proposition 5.6. Under assumptions (1.11)—(1.13), with B C R" being a ball, let
v e WH(B) such that
—divd, H;(Dv) =0

5.70
IDv]g=g)y +1<m. .70

There exist two functions of m, c,: [1,00) — [1, 00) and B: [1,00) — (0, 1),
such that
osceg Dv < ¢t (5.71)

holds for every T € (0, 1). The functions c«(-) and B4(-) are non-decreasing and
non-increasing, respectively, and also depend on n, q, i, v, L, g(-). They are in-
dependent of a and o € (0, 1].

The proof of (5.71) is achieved via two preliminary lemmas. In the rest of section,
we denote || Dv|| := max|<s<, |Dsv]|.

Lemma 5.7. With B C R” being a ball, assume thatv € W (B) satisfies (5.70)
and
|IDv|| +w < A inB, whereA <m,m> 1. (5.72)

There exists 0 = o(n, u,q,v, L, cg(1), m, g(m)) € (0, 1), which is independent
of a and is a non-increasing function of m, such that if either
[BN{Dsv < A/2}] |[BN{Dsv > —X/2}|
<o or <o
|B| |B| (5.73)

=: condition ex(B, X\, )
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holds for some s € {1, ..., n}, then
|Dv| > |Dsv| > A/4 holds a.e. in B/2. (5.74)

In this case

oscyg Dv < clrﬁlk holds for everyt € (0, 1), (5.75)

where ¢1 > 1 and By € (0, 1) both depend on n, i, q,v, L, m, g(m), but are
otherwise independent of a. The constants c; and f1 are non-decreasing and
non-increasing functions of m, respectively. On the other hand there exists 1 =
nn, u,q,v, L,m, g(m)) € (1/2, 1) such that, if ex(B, A, s) fails for every s €
{1,...,n}, then

IDv|| < ni holds a.e. in B/2. (5.76)

The constant 1) is a non-decreasing function of m.

Proof. For the proof of the first assertion we use and extend some of the arguments
in [53, Proposition 3.7]; see also [26] for the case of the classical p-Laplacian
operator. We can of course confine ourselves to the case the first inequality in
(5.73) occurs (for a o to be determined in the course of the proof), the other being
similar. By scaling, as in (5.14), we can assume that B = 3. Since conditions
(3.10) are satisfied by Hj(-), it is standard to prove that v € W]%)f((l%]). We can
then differentiate the equation div d; Hi(Dv) = 0 in the x;, direction, thereby ob-
taining div (d,; H;(Dv)D Dgv) = 0, that is an analogue of (4.8). Recalling that
veWh®@Hn Wli’cz(@l) (asin (4.4) and by (5.72)), we then use as test function
(Dyv — K)_qb2, where ¢ € C(‘)’o (B1) is non-negative and 0 < k < A; this is still
possible by (3.10)). Integrating by parts the resulting equation we find

/ (Ds(3. Hi(Dv)), D(Dsv — 1)) $* dx
By
= [ (9, H;(Dv), Dy D¢?)(Dsv — 1) dx
By
-2 f (8, H;(Dv), Dp) Dysvep dx . (5.77)
B1N{Dsv<k}

We define the functions

Go(1) :=g(t) +a(* + w*)=b/2
G(1) == [g(OF(1* + DH2 + a(t? + w?)1/? (5.78)
ra(t) = (12 4 1)—;/-/2 +(q — 1)6—102 +a)2)<‘1_2)/2

for ¢ > 0, so that

Go(WA + 2a(MA +[GoMW P /2a(h) < G () (5.79)
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holds for ¢ = c¢(g). By also using (3.8), (5.69) and (5.72), and the monotonicity
features of A;(-) and Go(-) in (5.77), we easily find

() | ID(Dsv — k) *¢* dx
By

< cGo(h) / (@1D*¢| + |D|*)(Dsv — k) dx
By
+cGo(x)/ ¢|DP||D(Dsv — )| dx .
By

By then using Young’s inequality and (5.79), and yet recalling that (Dsv — k) <
2), we find

ha( D@ (Dsv = )72
< cG(W)IB1 N {Dsv <k} N {p > O}(IDPl3 + ID*@llL).  (5.80)

For integers m > 0 we choose levels {x,, = A(1 + 1/2™)/4}, radii {0, =
1/2 4+ 1/2"*1} and cut-off functions ¢,, € C3°(By,,), with ¢, = 1 on B
IDGmll7 o + 1D Gl Lo S 4™. With

Om+1°

A = {Dsv < Kk} N By, (5.81)
estimate (5.80) becomes

3O D (D = ki) )22, < A" GO A,

We then find, via Sobolev embedding that,

ha () (em = i+ Am1] < a0 (Dsv = iem)— 725,
< AW D@ (D5 = k) 725, | Am| "
< cA"GW) A"

Observing that «,, — k41 &~ 27"\ and that (5.72) implies 22 ~ A2 + ?, the
above display gives

C24mG()\)|Am|l+l/n

Ag(A)A2

(5.68),(5.78)
E|

[Am+1] =

G2+ P g + 1] 274, 1/

5.72)
7. [1112<#H>[g(m)]2 n 1] 24 A, |11/ (5.82)

with ¢ = c¢(n, u,q,v, L, cg(1)) which is independent of a. Inequality (5.82)
allows to perform a standard geometric iteration (see for instance [37, Lemma
7.1]) leading to Dgv > X /4 once the first inequality in (5.73) is verified with
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o =0, u,q,v,L,cg(1),m, g(m)) small enough (that corresponds to require
that | Ap| is small, see (5.81)). This allows to prove (5.75) by considering that

—div(a(x)DDv) =0, a(x) := [Aa(M)] 9, Hi(Dv(x)). (5.83)

this time for every ¢ € {1, ..., n}. Recalling (3.8)—(3.9) it follows that a(-) satisfies
) (5.72) 5.74) _q

£ < claE &), la)| =< cm”g(m)+ 1] (5.84)

a.e. inx € By, and for every & € R", where ¢ = c(n, i1, g, v, L). Therefore a
standard application of De Giorgi-Nash-Moser theory to D,v and (5.72) imply the
validity of (5.75) (note that for this we obtain (5.75) for t < 1/8, and then the case
1/8 < t < 1follows trivially by (5.72)). We now turn to (5.76); the proof is a variant
of the one in [53, Proposition 3.11] apart from the parabolic case considered there.
The only remark we need to do is that the analogue of equation in [53, (3.53)] is here
given by div (b(x)Dz) = 0, where b(x) := [Kg(k)]_lazzHi(Dv(x)) =a(x)ifx
belongs to the support of v := (Dsv — A/2)4, and b(x) = I; (the identity matrix)
otherwise. Then v turns out to be a weak subsolution. Moreover, as [Dv| > A/2
on the support of v, it follows that b(x) also satisfies (5.84). We can now use
the arguments in [53, pp. 784-786] to conclude with (5.76). Finally, as for the
monotone dependence on m of the constants cy, f1, 17, o, this is classical, and it
is a consequence of the fact that all the estimates above feature constants, usually
denoted by c, that are non-decreasing functions of m and g(m); in turn, g(-) is a
non-decreasing function too. O

Lemma 5.8. Let v be as in Lemma 5.7, assume (5.72) and that mew > X holds for
some integer m > 1. Then

osceg Dv < czrﬂzk holds for everyt € (0, 1), (5.85)

where ¢; > 1 and By € (0, 1) both depend on n, u, q, v, L, m, g(m), m, but are
otherwise independent of a. The constants cy and B, are non-decreasing and non-
increasing functions on m and m, respectively.

Proof. As for Lemma 5.7 we reduce to the case B = B and consider (5.83). The
first inequality in (5.84) follows as || Dv|| < A a.e.; using mew > A and (3.8)3 we
instead have

la(x)| < c[m*g(m) +m> 9] ae.inx € By,

where ¢ = c¢(n, u, q, v, L). Now (5.85) follows from standard De Giorgi-Nash-
Moser theory. O

Proof of Proposition 5.6. We take 0,71 = o,n(n, u,q,v, L,m,g(m)) € (0,1)
from Lemma 5.7 and determine an integer m = m(n, u,q,v, L, m, g(m)) > 1
such that  := 1+ 1/m < 1; notice that m can be determined as a non-decreasing
function of m. All in all, once m is fixed so is m and therefore 1. We set Ag :=
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supg || Dv|| + @, Ak 1= n*1o, Bx := B/2* for every k € N, and define k € N as
the smallest non-negative integer for which mw > A;. This implies that

A
o<~
m

, for 0<k <k. (5.86)

Note that (5.86) is empty when k = 0. We further define that
A:={keN:0 <k < kand ex(By, A, s) holds for somes € {1, ..., n}},

and k as k := minA if A # @, and k = k if A = . Using (5.76) and (5.86)
iteratively, we find

sup [[Dv|| + w < A = nkko forevery0 < k < k. (5.87)
By

On the other hand, by the very definition of k and Lemmas 5.7-5.8 (the latter is
only needed when k = k and therefore, when A = (), we find that

oscrp; Dv < max{cy, cz}rmin{’gl'ﬂz}k,; holds for0 <7 < 1. (5.88)

Atthis stage (5.71) follows via a standard interpolation argument combining (5.87)—
(5.88). m]

Remark 4. As a consequence of the local gradient boundedness obtained in Sec-
tion5.8, the arguments developed for Proposition 5.6 do not require any upper
bound on p. Moreover, the specific structure in (5.67) is not indispensable and the
methods used here can be used as a starting point to treat general nonautonomous
functionals with (p, g)-growth of the type considered in [60].

5.11. Improved Holder Exponent when s > 0
The Cllo’f /2 (£2)-regularity proof follows almost verbatim the one in [24, Section
10] since now we already know that Du is locally Holder continuous in £2 with
exponent 8. We confine ourselves to give a few remarks on the main modifications
and to facilitate the adaptation we use the same notation introduced in [24]. We set
M := || Dul|poo(2)+[Dulo,s; 2 +1 (we can assume this is finite since our resultis lo-
cal). This time we take A, (z) := 0;H,a ;(z) = 9. F (xc, 2) +qara’i(Br)[€s(z)]q_2z
and recall that |81Hra’i(z) —0;H(x,2)| < cr&[él (z)]197! holds whenever x € B,.
Withv € u + Wol’q(B,) to solve div A,(Dv) = 0 in By, as in (5.61) we gain

IDvllLoo(B, ) = c¢M? with ¢ = c(data). With these informations estimate
|Du — Dv|?, < ¢ follows as in (5.65) (in turn as in (5.34)), with
L=(By/2)

¢ = c(data, M). This is the analogue of [24, (10.3)], but for the fact that here
we find & rather than 2& and the integral is supported in B,/ instead of B,.
Next, by defining the matrix [A(x)];; = szAi(Dv(x)), to use [24] we need
to prove that there exists A = A(data, s, M) > 0, independent of r, such that
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Mg < A(x) < (1/0)14 holds for a.e. x € B/2. As a consequence of (1.11), and
of [Dv| < M? in B, 2, we have

1§17 2 -2

iy 1 S CAWES. AW = clg(M) + 5177

forae.x € By» and z,§ € R", where ¢ = (data, M). This is the crucial point

where we use After this, the proof follows exactly as [24, (10.6)] and the proof of
the entire Theorem 1.3 is finally complete.

6. Theorem 1.1, Corollary 1.2 and Model Examples (1.10)

For every integer k > 0, we consider the integrand
F(x,2) = c()|z|Li1(lz)) + 1,

with ¢(+) asin (1.7)2 and Li1(-) as in (1.10);. Direct computations show that F(-)
satisfies (1.11) with g(t) = Ly4+1(¢) 4+ 1, with u = 1 when k& = 0, and with any
choice of © > 1 when k > 0; moreover, it also satisfies (1.13). The constants v and
L depend on p, k and A. Theorem 1.3 therefore applies to local minimizers of

w > / [c(x)|Dw|Lis1(|Dw]) + a(x)(Dw|*> + %)/ + 1]dx.
2
On the other hand the functional in the above display and
w > f [c()| Dw|Lit1(IDw]) + a(x)(Dw|* + s*)4/*] dx
2

share the same local minimizers, and therefore the regularity results stated in The-
orem 1.3 hold for local minimizers of the last functional too. In this way the model
case in (1.10) is covered. Theorem 1.1 and Corollary 1.2 then follow as special
cases taking k = 0 and s = 0 and s = 1, respectively. Note that, in the spirit of
Corollary 1.2, local minimizers of the functional

wr—>/ c¢(x)|Dw|Lgy1(|Dw|) dx
Q

are locally C10/2_regular in £2, for every k > 0, provided (1.7), is assumed.

7. Vectorial Cases and Further Generalizations

When functionals as in (1.1) and (1.9) are considered in the vectorial case, i.e.
minima are vector valued u: 2 — RN and N > 1, we can still obtain Lipschitz
continuity results. In this situation it is unavoidable to impose a so-called Uhlenbeck
structure [69], that is, ~

F(x,z) = F(x,|z]), (7.1)
where F: £ x [0, 00) — [0, 00) is a continuous function such that r — F(x, 1)

is C2-regular for every choice of x € £2. This is obviously satisfied by the models
in (1.1) and (1.10).
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Theorem 7.1. Let u € WIL’CI (2; RN) be a local minimizer of the functional in
(1.9) under assumptions (1.7)1, (1.11)—~(1.12) and (7.1). There exists pimax € (1, 2),
depending only n, q, o, ag, such that, if 1| < ( < max, then (1.14) holds as in
Theorem 1.3.

The proof of Theorem 7.1 is essentially the same of the one given for Theo-
rem 1.3, once the content of Proposition 4.1 is available. This is in fact the only
point where (7.1) enters the game. Inspecting the proof of Proposition 4.1 shows that
this works in the vectorial case provided (4.9) holds. In turn, this inequality follows
along the lines of the estimates in [8, Lemma 5.6]. Notice that, without an additional
structure assumption as in (7.1), Theorem 7.1 cannot hold and counterexamples to
Lipschitz regularity emerge already when considering uniformly elliptic systems
[66]. We also remark that we expect gradient Holder continuity in the vectorial case
as well; the proof must be different from the one given in Section5.10, and based
on linearization methods as those originally introduced in [69] and developed in
large parts of the subsequent literature. Another direct generalization, this time in
the scalar case, occurs for functionals of the type

w— N(w, 2) = / [F(x, Dw) +a(x)G(Dw)] dx , (7.2)
Q

where F(-)isas Theorem 1.3and G : R" — [0, 00) belongsto C'! (RMHNCZ(R"\{0})
and satisfies

v(lz]> 4+ 8292 < G(z) < L(z|* + sH?/?
v(jz|? +sH D212 < (3,.G(2)E, &)
19::G(2)| < L(|z|* + s2)@=2/2

for every z, £ € R", |z] # 0. Theorem 1.3 continuous to hold in this last case, with
essentially the same proof. The only difference worth pointing out is the new shape
of the integrands H (x, z) := F(x,z) + a(x)G(z) in (3.1) and H, »(-) (and the
related minimal one H,, 4i(+)) in (3.2), accordingly defined as

Hy o (x,2) = F(x,2) +as(x)Gy,(2)
Gy(z) :=/ G(z + wl)g (L) dA.

By

Here {¢.} C C°°(R"), denotes a family of radially symmetric mollifiers, defined
as ¢p(x) = ¢(x/e)/e", where ¢ € CX(B1), ¢l @wry = 1, B3ja C supp¢.
The definition of H,, »i(-), instead, remains the same. Following for instance [22,
Section 4.5] and [24, Section 6.7] it is possible to show that the newly defined
integrands H,, (-) still have the properties described in Section3. In particular
(3.5) and (3.6) still hold for a suitable constant ¢ with the same dependence upon the
various parameters described there. Finally, when considering again the vectorial
case for functionals as in (7.2), we can still obtain local Lipschitz regularity of
minima provided (7.1) holds together with G(z) = G(|z|) that and G(-) is C2-
regular outside the origin (see for instance [8,23] for precise assumptions).
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