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Abstract

Minima of functionals of the type

w �→
∫

Ω

[|Dw| log(1 + |Dw|) + a(x)|Dw|q]
dx, 0 ≤ a(·) ∈ C0,α,

with Ω ⊂ R
n , have locally Hölder continuous gradient provided 1 < q < 1+α/n.
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1. Introduction

In this paper we prove the first Schauder type results for minima of nonuniformly
elliptic integrals with nearly linear growth, and under optimal bounds on the rate
of nonuniform ellipticity. This is a non-trivial task, as in nonuniformly elliptic
problems Schauder type estimates change their nature and cannot be achieved via
perturbation methods. This was first shown by the counterexamples in [28,30]. A
relevant model functional we have in mind is

w �→ L(w,Ω) :=
∫

Ω

[
c(x)|Dw| log(1 + |Dw|) + a(x)|Dw|q]

dx . (1.1)

Here, as also in what follows, Ω ⊂ R
n denotes an open subset, n ≥ 2 and q > 1; as

our results will be local in nature, without loss of generality we assume that Ω is also
bounded. The functions a(·), c(·) are bounded and non-negative with c(·) which is
also bounded away from zero; a crucial point here is that a(·) is instead allowed to
vanish. For the definition of local minimizer see (1.15). We are interested in the case
a(·), c(·) are only Hölder continuous, when proving gradient Hölder regularity of
minima in fact corresponds to establish a nonlinear version of Schauder estimates
(originally also due to Hopf and Caccioppoli). The functional in (1.1) appears to
be a combination of the classical nearly linear growth one

w �→
∫

Ω

c(x)|Dw| log(1 + |Dw|) dx, (1.2)

treated for when c(·) ≡ 1, as was done, for instance, in [33] and by Marcellini &
Papi in [62], with a q-power growth term weighted by a non-negative coefficient
a(·). The terminology “nearly linear” accounts for an integrand whose growth in
the gradient variable is superlinear, but it is still slower than that of any power type
integrand as z �→ |z|p with p > 1. When c(·) ≡ 1 the functional L(·) can be in
fact considered as a limiting case (p → 1) of the by now largely studied double
phase integral

w �→
∫

Ω

(|Dw|p + a(x)|Dw|q)
dx , 1 < p < q . (1.3)

This last functional is a basic prototype of a nonautonomous one featuring non-
standard polynomial growth conditions and a soft kind of nonuniform ellipticity
(see discussion below). Originally introduced by Zhikov [70–72] in the setting of
Homogenization of strongly anisotropic materials, the functional in (1.3) was first
studied in [18,28,30] and can be thought as a model for composite media with
different hardening exponents p and q. The geometry of the mixture of the two
materials is in fact described by the zero set {a(x) ≡ 0} of the coefficient a(·),
where the transition from q-growth to p-growth takes place. In turn, the functional
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in (1.2) appears for instance in the theory of plasticity with logarithmic hardening,
another borderline case between plasticity with power hardening (p > 1) and per-
fect plasticity (p = 1) [32,34]. Here, we are mostly interested in the theoretical
issues raised by functionals as (1.1) in the context of regularity theory. In fact, L(·)
provides a basic example of nonuniformly and nonautonomous elliptic functional
for which the currently available techniques do not allow to prove sharp Schauder
type estimates. In particular, although being a limiting case of (1.3), there is no
way to adapt the methods available for (1.3) to treat L(·), already when c(·) ≡ 1.
We recall that general nonuniformly elliptic problems have been the object of in-
tensive investigation over the last two decades [7,9–14,33], starting from the more
classical case of minimal surface type functionals [54,65] and those from the 60 s
[45,46,48,64,68]. The monograph [47] gives a valuable account of the early age of
the theory and we recall that nonuniformly elliptic energies have been considered
several times in the setting of nonlinear elasticity [15,29,31,57,58]. As for linear
and nearly linear growth conditions in the vectorial case, we mention the recent
extensive work of Kristensen and Gmeineder [38–41]. But let us first recall the
situation for (1.3). The bound

q

p
≤ 1 + α

n
(1.4)

guarantees the local Hölder continuity of the gradient of minima of (1.3) [5,18,21].
Condition (1.4) is optimal in the sense that its failure generates the existence of
minimizers that do not even belong to W 1,q

loc [28] and develop singularities on
fractals with almost maximal dimension [30]. In (1.4) notice the delicate interaction
between ambient dimension, the (p, q)-growth conditions in the gradient and the
regularity of coefficient a(·). Despite the simple form of (1.3), all this already
happens in the scalar case. In the autonomous case bounds of the type in (1.4),
with no appearance of α, play a key role in the regularity theory of functionals with
nonstandard growth as built by Marcellini in his by now classical papers [57,59–
61]. The key property of the functional (1.3) is that it is uniformly elliptic in the
classical (pointwise) sense. This means that, with G(x, z) := |z|p + a(x)|z|q , we
have

sup
x∈Ω,|z|≥1

RG(x,·)(z) < c(p, q) , (1.5)

where RG(x,·) denotes the (pointwise) ellipticity ratio of G(x, ·), i.e.,

RG(x,·)(z) := highest eigenvalue of ∂zzG(x, z)

lowest eigenvalue of ∂zzG(x, z)
.

Nevertheless, the functional L(·) exhibits a weaker form of nonuniform ellipticity,
detectable via a larger quantity called nonlocal ellipticity ratio [23]. This is defined
by

RG(z, B) := supx∈B highest eigenvalue of ∂zzG(x, z)

infx∈B lowest eigenvalue of ∂zzG(x, z)
,

where B ⊂ Ω is any ball. Indeed, note that

RG(z, B) ≈ 1 + ‖a‖L∞(B)|z|q−p (1.6)
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holds whenever {a(x) ≡ 0} ∩ B is nonempty, and it is therefore unbounded with
respect to |z|. We refer to [23] for a discussion on these quantities; we just note
that they do coincide in the autonomous case. It is precisely the occurrence of both
(1.5) and (1.6) to imply the regularity of minima of the double phase functional in
(1.3) when assuming (1.4). Indeed (1.4) and (1.6), allow to implement a delicate
perturbation method based on the fact that minimizers of the frozen integral w �→∫

G(x0, Dw) dx enjoy good decay estimates, which is a consequence of (1.5). A
similar scheme, based on the occurrence of pointwise uniform ellipticity (1.5), is
the starting point for treating larger classes of problems featuring non-polynomial
ellipticity conditions, see for instance the recent interesting papers by Hästo and
Ok [43,44]. These also include integrals of the type

w �→
∫

Ω

[Φ1(|Dw|) + a(x)Φ2(|Dw|)] dx, 1 < p < q,

where t �→ Φ1(t) has superlinear growth (these have been treated in [6,17]).
Such schemes completely break down in the case of functionals as L(·) since the
boundedness of z �→ RG(x,·)(·) fails for G(x, z) ≡ c(x)|z| log(1 +|z|)+ a(x)|z|q .
Indeed, already in the case of the functional in (1.2), which is nonuniformly elliptic
in the classical sense (i.e., (1.5) fails), no Lipschitz continuity result for minima is
available but when considering differentiablity assumptions on c(·) (see [22]). In
other words, the validity of Hopf-Caccioppoli-Schauder estimates is an open issue.
We fix the current situation in the following:

Theorem 1.1. (Nearly linear Hopf–Caccioppoli–Schauder) Let u ∈ W 1,1
loc (Ω) be a

local minimizer of the functional L(·) in (1.1), with

{
0 ≤ a(·) ∈ C0,α(Ω), 1 < q < 1 + α/n

c(·) ∈ C0,α0
loc (Ω), 1/Λ ≤ c(·) ≤ Λ,

(1.7)

where α, α0 ∈ (0, 1) and Λ ≥ 1. Then Du is locally Hölder continuous in Ω and
moreover, for every ball B ≡ Br � Ω , r ≤ 1, the inequality

‖Du‖L∞(B/2) ≤ c

(∫
−

B

[|Du| log(1 + |Du|) + a(x)|Du|q]
dx

)ϑ

+ c

holds with c ≡ c(n, q,Λ, α, α0, ‖a‖C0,α , ‖c‖C0,α0 ) and ϑ ≡ ϑ(n, q, α, α0) > 0.

Of course the condition q < 1+α/n in (1.7)1 is the sharp borderline version of (1.4)
(let p → 1), that guarantees gradient Hölder continuity of minima for the classical
double phase functional (1.3). Let us only observe that the equality case in (1.4),
in comparison to (1.7)1 assumed here, is typically linked to superlinear growth
conditions p > 1 in (1.3). The equality in (1.4) is indeed obtained via Gehring type
results and it is ultimately again an effect of the uniform ellipticity in the sense of
(1.5) (see [5,20]). Such effects are missing in the nearly linear growth case. Once
local gradient Hölder continuity is at hand, in the non-singular/degenerate case we
gain
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Corollary 1.2. (Improved exponents) Under assumptions (1.7), local minimizers
of the functional

w �→
∫

Ω

[
c(x)|Dw| log(1 + |Dw|) + a(x)(|Dw|2 + 1)q/2] dx (1.8)

are locally C1,α̃/2-regular in Ω , where α̃ := min{α, α0}. In particular, local min-
imizers of the functional in (1.2) are locally C1,α0/2-regular in Ω , provided that
(1.7)2 holds.

We do not expect that, at least with the currently available techniques, the
exponent α̃/2 in Corollary 1.2 can be improved [55,56]. The loss of 1/2 in the
exponent is typical when dealing with functionals with subquadratic growth.

1.1. General Statements

Theorem 1.1 and Corollary 1.2 are special cases of a class of results covering
general functionals of the type

w �→ N(w,Ω) :=
∫

Ω

[
F(x, Dw) + a(x)(|Dw|2 + s2)q/2] dx , (1.9)

with F(·) being arbitrarily close to have linear growth and s ∈ [0, 1]. This time we
are thinking of integrands of the type{

F(x, z) ≡ c(x)|z|Lk+1(|z|) for k ≥ 0

Lk+1(|z|) = log(1 + Lk(|z|)) for k ≥ 0 , L0(|z|) = |z| , (1.10)

where c(·) is as in (1.7)2. For situations like this, we prepare a more technical
theorem. We consider continuous integrands F : Ω × R

n → [0,∞) such that
z �→ F(x, z) ∈ C2(Rn) for every x ∈ Ω and satisfying⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ν|z|g(z) ≤ F(x, z) ≤ L(|z|g(z) + 1)

ν|ξ |2
(|z|2 + 1)μ/2 ≤ 〈∂zz F(x, z)ξ, ξ 〉 , |∂zz F(x, z)| ≤ Lg(|z|)

(|z|2 + 1)1/2

|∂z F(x, z) − ∂z F(y, z)| ≤ L|x − y|α0 g(|z|),
(1.11)

for every choice of x, y ∈ Ω , z, ξ ∈ R
n , with α0 ∈ (0, 1), 1 ≤ μ < 3/2

and 0 < ν ≤ 1 ≤ L being fixed constants. Here g : [0,∞) → [1,∞) is a
non-decreasing, concave and unbounded function such that t �→ tg(t) is convex.
Moreover, we assume that for every ε > 0 there exists a constant cg(ε) such that

g(t) ≤ cg(ε)t
ε holds for every t ≥ 1 . (1.12)

The above assumptions are sufficient to get Lipschitz continuity of minimizers. In
order to get gradient local Hölder continuity we still need a technical one (see also
Remark 1 below):

|∂z F(x, z)| ≤ L|z| holds for every |z| ≤ 1 . (1.13)

For functionals as in (1.9) we have
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Theorem 1.3. Let u ∈ W 1,1
loc (Ω) be a local minimizer of the functional in (1.9) un-

der assumptions (1.7)1 and (1.11)–(1.12). There exists μmax ∈ (1, 3/2), depending
only n, q, α, α0, such that, if 1 ≤ μ < μmax, then

‖Du‖L∞(B/2) ≤ c

(∫
−

B

[
F(x, Du) + a(x)(|Du|2 + s2)q/2

]
dx

)ϑ

+ c (1.14)

holds whenever B ≡ Br � Ω , r ≤ 1, where c ≡ c(data) and ϑ ≡ ϑ(n, q, α, α0)

> 0. Moreover, assuming also (1.13) implies that Du is locally Hölder continuous
is Ω . Finally, if in addition to all of the above we also assume that s > 0 and that

∂zz F(·) is continuous, then u ∈ C1,α̃/2
loc (Ω), with α̃ = min{α, α0}.

The notion of local minimizer we are using in this paper is classical and pre-
scribes that a function u ∈ W 1,1

loc (Ω) is a local minimizer of N(·) if, for every ball
B � Ω , it happens that{

N(u, B) is finite

N(u, B) ≤ N(w, B) holds whenever w − u ∈ W 1,1
0 (B) .

(1.15)

This implies, in particular, that N(u,Ω0) is finite whenever Ω0 � Ω is an open
subset. In Theorem 1.3, we are using the shorthand notation

data := (n, q, ν, L , α, α0, ‖a‖C0,α , ‖c‖C0,α0 , cg(·)), (1.16)

Which we adopt for the rest of the paper. For further notation we refer to Section 2
below. We just remark that, in order to simplify the reading, in the following we
shall still denote by c ≡ c(data) a constant actually depending only on a subset
of the parameters listed in (1.16).

Theorem 1.3 has a technical nature, especially as far as the size of μmax is
concerned, which is not allowed to be too far from one (a natural limitation in view
of the condition q < 1+α/n). This is anyway sufficient to cover the model examples
considered here, including (1.10); see Section 5. We note that in the autonomous,
nearly linear case, the literature reports several interesting results for functionals
w �→ ∫

F(Dw) dx , satisfying (1.11)1,2 with restrictions as 1 ≤ μ < 1 + o(n),
o(n) → 0 when n → ∞. These bounds are in fact of the type we also need to impose
when selecting μmax (this can be checked by tracking the constant dependence in the
proofs). Starting by [33] conditions (1.11)2 have been used in several papers devoted
to functionals with linear or nearly linear growth; see for instance [12,13,41] and
related references.

Remark 1. The technical assumption (1.13) is automatically implied, for a differ-
ent constant L , by ∂z F(x, 0Rn ) = 0Rn ; this follows using the second inequality
in (1.11)2. In turn, when F(·) is independent of x we can always assume that
∂z F(0Rn ) = 0Rn . Indeed, we can switch from F(z) to F(z) − 〈∂z F(0Rn ), z〉 ob-
serving that such a replacement in the integrand in (1.9) does not change the set
of local minimizers. Assumption (1.13) is anyway verified by the model cases
we are considering and in fact it deals with the behaviour of F(·) at the origin,
while in nonuniformly elliptic equations the main problems usually come from the
behaviour at infinity.
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1.2. Techniques

The techniques needed for Theorem 1.3 are entirely different from those used
in the case of classical superlinear double phase functionals in (1.3) [5,18] and for
pointwise uniformly elliptic problems with nonstandard growth conditions [43,44].
This is essentially due to the failure of uniform ellipticity (1.5) for functionals
as L(·) and N(·). On the other hand, the techniques based on De Giorgi and
Moser’s methods used in the literature to deal with nearly linear growth func-
tionals [12,14,32,33] are not viable here. In fact, as in our case coefficients are
Hölder continuous, it is impossible to differentiate the Euler-Lagrange equation to
get gradient regularity. This is in fact the classical obstruction to direct regularity
proofs one encounters when proving Schauder estimates, eventually leading to the
use of perturbation methods. In turn, perturbation methods are again not working
in the nonuniformly elliptic case as the available a priori estimates are not homoge-
neous and iteration schemes fail. Our approach is new to the context and relies on
a number of ingredients, partially already introduced and exploited in [24]. Most
notably, we make a delicate use of nonlinear potential theoretic methods allowing
to work under the sharp bound

q < 1 + α

n
. (1.17)

We employ a rather complex scheme of renormalized fractional Caccioppoli in-
equalities on level sets (5.36). These are aimed at replacing the standard Bernstein
technique, and encode the essential data of the problem via a wide range of param-
eters; see (5.37)–(5.39). Bernstein technique is traditionally based on the fact that
functions as |Du|γ are subsolutions to linear elliptic equations for certain positive
values of γ . This follows differentiating the original equation, something that is
impossible in our setting. We therefore use a fractional and anisotropic version of
the method according to which certain nonlinear functions of the gradient, namely

E(x, Du) ≈ |Du|2−μ + a(x)|Du|q , (1.18)

belong to suitable fractional De Giorgi’s classes, i.e., they satisfy inequalities (5.36).
The term renormalized accounts for the fact that inequalities (5.36) are homoge-
neous with respect to E(·, Du), despite the functional N(·) is not. This costs the
price of getting multiplicative constants depending on ‖Du‖L∞ . Such constants
must be carefully kept under control all over the proof and reabsorbed at the very
end. Notice that inequalities (5.36) are obtained via a dyadic/atomic decomposition
technique, finding its roots in [52], that resembles the one used for Besov spaces
[2,67] in the setting of Littlewood-Paley theory; see Section 5.6 and Remark 3. It-
erating inequalities (5.36) via a potential theoretic version of De Giorgi’s iteration
(Lemma 2.5) then leads to establish local Lipschitz bounds in terms of the nonlinear
potentials defined in (2.11); see Proposition 5.5. A crucial point is that the fractional
nature of the inequalities (5.36) allows to sharply quantify how the rate of Hölder
continuity of coefficients interacts with the growth of the terms they stick to. Using
this last very fact and combining the various parameters in (5.37)–(5.39) leads to
determine the optimal nonlinear potentials allowing to prove Lipschitz continuity
of local minimizers under the sharp bound in (1.17), but no matter how small the
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exponent α0 is. Throughout the whole process, the structure of the functional N(·)
needs to be carefully exploited at every point. This reflects in the peculiar choice
of (1.18) as the leading quantity to iterate. Lipschitz regularity is as usual the focal
point in nonuniformly elliptic problems, since once Du is (locally) bounded con-
dition (1.5) gets automatically satisfied when z ≡ Du. Indeed at this stage gradient
Hölder continuity can be achieved by exploiting and extending some hidden facts
from more classical regularity theory; see Section 5.10. In particular, we shall use
some of the iteration schemes employed in the proof of nonlinear potential esti-
mates for singular parabolic equations presented in [53]. The arguments developed
for this point are general and can be used in other settings; see Remark 4. We finally
observe that in this paper we preferred to concentrate on model cases in order to
highlight the main ideas. Nevertheless we believe that the approach included here
can be exported to a variety of different settings where it might yield results that
are either sharp or unachievable otherwise.

2. Preliminaries

2.1. Notation

In the following we denote by c a general constant larger than 1. Different
occurrences from line to line will be still denoted by c. Special occurrences will
be denoted by c∗, c̃ or likewise. Relevant dependencies on parameters will be as
usual emphasized by putting them in parentheses. We denote by Br (x0) := {x ∈
R

n : |x − x0| < r} the open ball with center x0 and radius r > 0; we omit denoting
the center when it is not necessary, i.e., B ≡ Br ≡ Br (x0); this especially happens
when various balls in the same context share the same center. We also denote

Br ≡ Br (0) := {x ∈ R
n : |x | < r}

when the ball in question is centred at the origin. Finally, with B being a given
ball with radius r and γ being a positive number, we denote by γ B the concentric
ball with radius γ r and by B/γ ≡ (1/γ )B. Moreover, Qinn ≡ Qinn(B) denotes
the inner hypercube of B, i.e., the largest hypercube, with sides parallel to the
coordinate axes and concentric to B, that is contained in B, Qinn(B) ⊂ B. The
sidelength of Qinn(B) equals 2r/

√
n. The vector valued version of function spaces

like L p(Ω), W 1,p(Ω), i.e., when the maps considered take values in R
k , k ∈ N,

will be denoted by L p(Ω;Rk), W 1,p(Ω;Rk); when no ambiguity will arise we
shall still denote L p(Ω) ≡ L p(Ω;Rk) and so forth. For the rest of the paper we
shall keep the notation

�ω(z) :=
√

|z|2 + ω2 (2.1)

for z ∈ R
k , k ≥ 1 and ω ∈ [0, 1]. In particular, when k = 1, we have a function

defined on R. With U ⊂ R
n being a measurable subset with bounded positive

measure 0 < |U| < ∞, and with f : U → R
k , k ≥ 1, being an integrable map,

we denote that

( f )U ≡
∫
−
U

f (x) dx := 1

|U|
∫
U

f (x) dx .
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Moreover, given a (scalar) function f and a number κ ∈ R, we denote that

( f − κ)+ := max{ f − κ, 0} and ( f − κ)− := max{κ − f, 0} . (2.2)

Finally, whenever f : U → R
k and U is any set, we define

oscU f := sup
x,y∈U

| f (x) − f (y)|.

As usual, with β ∈ (0, 1] we denote that

‖ f ‖C0,β (U) := ‖ f ‖L∞(U) + [ f ]0,β;U, [ f ]0,β;U := sup
x,y∈U,x �=y

| f (x) − f (y)|
|x − y|β .

2.2. Auxiliary Results

We shall use the vector fields Vω,p : Rn → R
n , defined by

Vω,p := (|z|2 + ω2)(p−2)/4z, 0 < p < ∞ and ω ∈ [0, 1] (2.3)

whenever z ∈ R
n (compare [42, (2.1)] for such extended range of p). They satisfy

|Vω,p(z1) − Vω,p(z2)| ≈n,p (|z1|2 + |z2|2 + ω2)(p−2)/4|z1 − z2| (2.4)

that holds for every z1, z2 ∈ R
n , ω ∈ [0, 1] and p > 0; for this we refer to [42,

Lemma 2.1]. We shall also use the following, trivial

(|z1|2 + |z2|2 + ω2)−γ /2 �
∫ 1

0
(|z2 + τ(z1 − z2)|2 + ω2)−γ /2 dτ (2.5)

that holds for every γ ≥ 0 and whenever |z1| + |z2| > 0. When restricting from
above the range of γ , the inequality becomes double-sided, i.e.

(|z1|2 + |z2|2 + ω2)−γ /2 ≈n,γ

∫ 1

0
(|z2 + τ(z1 − z2)|2 + ω2)−γ /2 dτ , (2.6)

that instead holds for every γ < 1; see [42], [36, Section 2]. With B ⊂ Ω being a
ball and σ ∈ (0, 1), we let

{
aσ (x) := a(x) + σ

ai(B) := infx∈B a(x) and aσ,i(B) := ai(B) + σ
(2.7)

and define ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

V2
ω,σ (x, z1, z2) := |V1,2−μ(z1) − V1,2−μ(z2)|2

+aσ (x)|Vω,q(z1) − Vω,q(z2)|2
V2

ω,σ,i(z1, z2; B) := |V1,2−μ(z1) − V1,2−μ(z2)|2
+aσ,i(B)|Vω,q(z1) − Vω,q(z2)|2,

(2.8)

where z1, z2 ∈ R
n , x ∈ Ω . A consequence of the assumptions of (1.11) is the

following:
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Lemma 2.1. Let F : Ω ×R
n → [0,∞) be as in (1.11). Then |∂z F(x, z)| ≤ cg(|z|)

holds for every (x, z) ∈ Ω , where c depends on L and the constant cg(1) defined
in (1.12).

Proof. This is a version of [59, Lemma 2.1] and the proof mimics that of Marcellini.
More specifically, there we take |h| = 1+|z| and, after using (1.11)1 as in [59], we
estimate g(|z ± hei |) ≤ g(|z| + h) ≤ g(|z|) + g(h) ≤ 2 g(|z|) + g(1) ≤ cg(|z|)
(here {ek} denotes the standard basis of R

n). Here we have used that g(·) ≥ 1
is non-decreasing and sublinear (since it is concave and non-negative) and finally
(1.12) to get g(1) ≤ cg(1) ≤ g(|z|). ��

Finally, a classical iteration lemma [37, Lemma 6.1].

Lemma 2.2. Let h : [t, s] → R be a non-negative and bounded function, and let
a, b, γ be non-negative numbers. Assume that the inequality h(τ1) ≤ (1/2)h(τ2)+
(τ2 − τ1)

−γ a + b, holds whenever t ≤ τ1 < τ2 ≤ s. Then h(t) ≤ c(γ )[a(s −
t)−γ + b], holds too.

2.3. Fractional Spaces

The finite difference operator τh : L1(Ω;Rk) → L1(Ω|h|;Rk) is defined as
τhw(x) := w(x + h) − w(x) for x ∈ Ω|h|, for every τ ∈ L1(Ω) and where
Ω|h| := {x ∈ Ω : dist(x, ∂Ω) > |h|}. With β ∈ (0, 1), s ∈ [1,∞), k ∈ N, n ≥ 2,
and with Ω ⊂ R

n being an open subset, the space W β,s(Ω;Rk) is defined as the
set of maps w : Ω → R

k such that

‖w‖Wβ,s (Ω;Rk) := ‖w‖Ls (Ω;Rk ) +
(∫

Ω

∫
Ω

|w(x) − w(y)|s
|x − y|n+βs

dx dy

)1/s

=: ‖w‖Ls (Ω;Rk ) + [w]β,s;Ω < ∞ .

When considering regular domains, as for instance the ball B1/2 (this is the only
case we are going to consider here in this respect), the embedding inequality

‖w‖
L

ns
n−sβ (B1/2;Rk )

≤ c(n, s, β)‖w‖Wβ,s (B1/2;Rk ) (2.9)

holds provided s ≥ 1, β ∈ (0, 1), k ∈ N and sβ < n. For this and basic results
concerning Fractional Sobolev spaces we refer to [27] and related references. A
characterization of fractional Sobolev spaces via finite difference is contained in
the following lemma, that can be retrieved for instance from [22]:

Lemma 2.3. Let B� � Br ⊂ R
n be concentric balls with r ≤ 1, w ∈ Ls(Br ;Rk),

s ≥ 1 and assume that, for α∗ ∈ (0, 1], S ≥ 1, if holds that

‖τhw‖Ls (B�;Rk ) ≤ S|h|α∗ for every h ∈ R
n with 0 < |h| ≤ r − �

K
, where K ≥ 1.
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Then

‖w‖Wβ,s (B�;Rk ) ≤ c

(α∗ − β)1/s

(
r − �

K

)α∗−β

S

+ c

(
K

r − �

)n/s+β

‖w‖Ls (Br ;Rk ) (2.10)

holds for every β < α∗, with c ≡ c(n, s).

2.4. Nonlinear Potentials

We shall use a family of nonlinear potentials that, in their essence, goes back
to the fundamental work of Havin and Mazya [63]. We have recently used such
potentials in the setting of nonuniformly elliptic problems in [8,19,23–25] and in
fact we shall in particular use [24, Section 4] as a main source of tools in this
respect. With t, σ > 0, m, θ ≥ 0 being fixed parameters, and f ∈ L1(Br (x0))

being such that | f |m ∈ L1(Br (x0)), where Br (x0) ⊂ R
n is a ball, the nonlinear

Havin–Mazya–Wolff type potential Pm,θ
t,σ ( f ; ·) is defined by

Pm,θ
t,σ ( f ; x0, r) :=

∫ r

0
�σ

(∫
−

B�(x0)

| f |m dx

)θ/t
d�

�
. (2.11)

Suitable integrability properties of f guarantee thatPm,θ
t,σ ( f ; ·) is bounded, as stated

in

Lemma 2.4. Let t, σ, θ > 0 be numbers such that

nθ > tσ . (2.12)

Let B� ⊂ B�+r0 ⊂ R
n be concentric balls with �, r0 ≤ 1 and f ∈ L1(B�+r0) be a

function such that | f |m ∈ L1(B�+r0), for some m > 0. Then

‖Pm,θ
t,σ (·, r0)‖L∞(B�) ≤ c‖ f ‖mθ/t

Lγ (B�+r0) holds for every γ > nmθ
tσ > 0 (2.13)

and with c ≡ c(n, t, σ, m, θ, γ ).

Note that in (2.13) we are not requiring that γ ≥ 1 and any value γ > 0
is allowed. Next lemma is a version of [24, Lemma 2.3] and takes information
from various results from Nonlinear Potential Theory starting by the seminal paper
[49]. It is essentially a nonlinear potential theoretic version of De Giorgi’s iteration.
Notice that the very crucial point in the next statement is the tracking, in the various
inequalities, of the explicit dependence on the constants M0, Mi .

Lemma 2.5. Let Br0(x0) ⊂ R
n be a ball, n ≥ 2, and, for j ∈ {1, 2, 3}, consider

functions f j , | f j |m j ∈ L1(B2r0(x0)), and constants χ > 1, σ j , m j , θ j > 0 and
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c∗, M0 > 0, κ0, M j ≥ 0. Assume that w ∈ L2(Br0(x0)) is such that for all κ ≥ κ0,
and for every ball B�(x0) ⊆ Br0(x0), the inequality

(∫
−

B�/2(x0)

(w − κ)
2χ
+ dx

)1/χ

≤ c∗M2
0

∫
−

B�(x0)

(w − κ)2+ dx

+ c∗
3∑

j=1

M2
j �

2σ j

(∫
−

B�(x0)

| f j |m j dx

)θ j

(2.14)

holds (recall the notation in (2.2)). If x0 is a Lebesgue point of w, then

w(x0) ≤ κ0 + cM
χ

χ−1
0

(∫
−

Br0 (x0)

(w − κ0)
2+ dx

)1/2

+ cM
1

χ−1
0

3∑
j=1

M jP
m j ,θ j
2,σ j

( f j ; x0, 2r0) (2.15)

holds with c ≡ c(n, χ, σ j , θ j , c∗).

3. Auxiliary Integrands and their Eigenvalues

With reference to a general functional of the typeN(·) in (1.9), considered under
the assumptions of Theorem 1.3 (in particular implying that q < 3/2), we define
the integrand

H(x, z) := F(x, z) + a(x)|z|q (3.1)

for z ∈ R
n , x ∈ Ω . We fix an arbitrary ball B ⊂ Ω centred at xc and, with ω ∈ [0, 1]

and σ ∈ (0, 1), recalling (2.1) and (2.7), we define
⎧⎪⎨
⎪⎩

Hω,σ (x, z) := F(x, z) + aσ (x)[�ω(z)]q

Hω,σ,i(z) ≡ Hω,σ,i(z; B) := F(xc, z) + aσ,i(B)[�ω(z)]q

Hω,σ,i(t) ≡ Hω,σ,i(t; B) := tg(t) + aσ,i(B)[t2 + ω2]q/2 + 1, t ≥ 0 .

(3.2)

It follows that
t �→ Hω,σ,i(t) is non-decreasing . (3.3)

Note that abbreviations as Hω,σ,i(z) ≡ Hω,σ,i(z; B), used in (3.2), will take place
whenever there will be no ambiguity concerning the identity of the ball B in ques-
tion. A similar shortened notation will be adopted for the case of further quantities
depending on a single ball B. We next introduce two functions, λω,σ ,Λω,σ : Ω ×
[0,∞) → [0,∞), bound to describe the behaviour of the eigenvalues of ∂zz Hω,σ (·).
These are (recall that q, μ < 3/2)

{
λω,σ (x, |z|) := (|z|2 + 1)−μ/2 + (q − 1)aσ (x)[�ω(z)]q−2

Λω,σ (x, |z|) := (|z|2 + 1)−1/2g(|z|) + aσ (x)[�ω(z)]q−2 .
(3.4)



Arch. Rational Mech. Anal.          (2023) 247:85 Page 13 of 50    85 

It then follows that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σ [�ω(z)]q ≤ Hω,σ (x, z) ≤ c ([�ω(z)]q + 1)

λω,σ (x, |z|)|ξ |2 ≤ c〈∂zz Hω,σ (x, z)ξ, ξ 〉 , |∂zz Hω,σ (x, z)| ≤ cΛω,σ (x, |z|)
V2

ω,σ (x, z1, z2) ≤ c〈∂z Hω,σ (x, z1) − ∂z Hω,σ (x, z2), z1 − z2〉
|∂z Hω,σ (x, z) − ∂z Hω,σ (y, z)| ≤ c|x − y|α0 g(|z|) + c|x − y|α[�ω(z)]q−1

(3.5)

hold for all x, y ∈ Ω , z, z1, z2, ξ ∈ R
n , where c ≡ c(data) (recall the definition of

Vω,σ in (2.8) and (2.3)). Notice that (3.5)1,2 directly follow from (1.11)1,2, respec-
tively, and (1.12) used with ε = q − 1. The inequality in (3.5)3 is a straightforward
consequence of (2.4)–(2.5) and (3.5)2 (see Remark 2 below). Finally, (3.5)4 is a
consequence of (1.11)3. When ω > 0, by (1.12) and (3.5)2 the integrand Hω,σ (·)
also satisfies, for all x, y ∈ Ω , |x − y| ≤ 1 and z, ξ ∈ R

n

⎧⎪⎨
⎪⎩

σ(q − 1)[�1(z)]q−2|ξ |2 ≤ c〈∂zz Hω,σ (x, z)ξ, ξ 〉
|∂z Hω,σ (x, z)|�1(z) + |∂zz Hω,σ (x, z)|[�1(z)]2 ≤ c[�1(z)]q

|∂z Hω,σ (x, z) − ∂z Hω,σ (y, z)| ≤ c|x − y|α̃[�1(z)]q−1,

(3.6)

with α̃ = min{α, α0} and c ≡ c(data, ω). Note that, on the contrary of the
previous displays, the constant c in (3.6) depends on ω and that for (3.6)2 we also
need Lemma 2.1 and (3.5)2. As for Hω,σ,i(·), by defining

{
λω,σ,i(|z|) := (|z|2 + 1)−μ/2 + (q − 1)aσ,i(B)[�ω(z)]q−2

Λω,σ,i(|z|) := (|z|2 + 1)−1/2g(|z|) + aσ,i(B)[�ω(z)]q−2,
(3.7)

we have that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σ [�ω(z)]q ≤ Hω,σ,i(z) ≤ c([�ω(z)]q + 1)

|∂z Hω,σ,i(z)| ≤ cg(|z|) + caσ,i(B)[�ω(z)]q−2|z|
λω,σ,i(|z|)|ξ |2 ≤ c〈∂zz Hω,σ,i(z)ξ, ξ 〉, |∂zz Hω,σ,i(z)| ≤ cΛω,σ,i(|z|)
V2

ω,σ,i(z1, z2; B) ≤ c〈∂z Hω,σ,i(z1) − ∂z Hω,σ,i(z2), z1 − z2〉
(3.8)

holds whenever z, z1, z2, ξ ∈ R
n , with c ≡ c(data); for (3.8)2 we have used

Lemma 2.1. In particular, it holds that

Λω,σ,i(|z|)
λω,σ,i(|z|) ≤ (|z|2 + 1)

μ−1
2 g(|z|) + 1

q − 1
≤ c(q)(|z|2 + 1)

μ−1
2 g(|z|) (3.9)

(recall that g(·) ≥ 1). As in (3.6), when ω > 0 the function Hω,σ,i(·) satisfies

{
σ(q − 1)[�1(z)]q−2|ξ |2 ≤ c〈∂zz Hω,σ,i(z)ξ, ξ 〉
|∂z Hω,σ,i(z)|�1(z) + |∂zz Hω,σ,i(z)|[�1(z)]2 ≤ c[�1(z)]q (3.10)
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for all z, ξ ∈ R
n , with c ≡ c(data, ω). Two quantities that will have an important

role in the forthcoming computations are, for x ∈ Ω and t ≥ 0,

⎧⎪⎪⎨
⎪⎪⎩

Eω,σ (x, t) :=
∫ t

0
λω,σ (x, s)s ds

Eω,σ,i(t) ≡ Eω,σ,i(t; B) :=
∫ t

0
λω,σ,i(s; B)s ds .

(3.11)

It follows that (recall that μ < 2)

{
Eω,σ (x, t) := 1

2−μ

([�1(t)]2−μ − 1
) + (1 − 1/q)aσ (x) ([�ω(t)]q − ωq)

Eω,σ,i(t) := 1
2−μ

([�1(t)]2−μ − 1
) + (1 − 1/q)aσ,i(B) ([�ω(t)]q − ωq) ,

(3.12)
and this leads us to define that

{
Ẽω,σ (x, t) := 1

2−μ
[�1(t)]2−μ + (1 − 1/q)aσ (x)[�ω(t)]q

Ẽω,σ,i(t) := 1
2−μ

[�1(t)]2−μ + (1 − 1/q)aσ,i(B)[�ω(t)]q .
(3.13)

We record a few basic properties of these functions in the following:

Lemma 3.1. The following holds about the functions in (3.11), whenever B ⊆ Ω

is a ball:

– For every s, t ∈ [0,∞)

|Eω,σ,i(s) − Eω,σ,i(t)|
≤

[
(s2 + t2 + 1)(1−μ)/2 + aσ,i(B)(s2 + t2 + ω2)(q−1)/2

]
|s − t |. (3.14)

– For all x ∈ B

|Eω,σ (x, t) − Eω,σ,i(t)| ≤ (1 − 1/q)|a(x) − ai(B)| ([�ω(t)]q − ωq)
. (3.15)

– There exists constant T ≡ T (μ) ≥ 1 such that

t ≤ 2[Eω,σ (x, t)] 1
2−μ and t ≤ 2[Eω,σ,i(t)]

1
2−μ (3.16)

hold for all x ∈ Ω , t ≥ T .
– There exists a constant c ≡ c(μ, q, ν) such that

{
|z| + Ẽω,σ (x, |z|) ≤ c[Hω,σ (x, z) + 1]
|z| + Ẽω,σ,i(|z|) ≤ c[Hω,σ,i(z) + 1] (3.17)

hold for every x ∈ Ω and z ∈ R
n.
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Proof. The only inequality deserving some comments is (3.14), the other being
direct consequences of the definitions in (3.12)–(3.13). Notice that

|E ′
ω,σ,i(t)| ≤ c[�1(t)]1−μ + caσ (x)[�ω(t)]q−1

with c ≡ c(q, μ). Using this last inequality we have

|Eω,σ,i(s) − Eω,σ,i(t)| ≤
∫ 1

0
|E ′

ω,σ,i(t + τ(s − t))| dτ |s − t |

≤ c
∫ 1

0
(|t + τ(s − t)|2 + 1)

1−μ
2 dτ

+ caσ,i(B)

∫ 1

0
(|t + τ(s − t)|2 + ω2)

q−1
2 dτ

so that (3.14) follows applying (2.6) with γ ≡ μ − 1 and γ ≡ 1 − q. ��
Remark 2. The proof of (3.5)3 is rather standard, but we report it for completeness
as the exponents involved here are not the usual ones. Using, in turn, (2.4) (with
p = 2 − μ, q) and (2.5) (with γ = μ, 2 − q), and finally the first inequality in
(3.5)2, we have

V2
ω,σ (x, z1, z2) ≤ c(|z1|2 + |z2|2 + 1)−μ/2|z1 − z2|2

+ caσ (x)(|z1|2 + |z2|2 + ω2)(q−2)/2|z1 − z2|2

≤ c
∫ 1

0
(|z2 + τ(z1 − z2)|2 + 1)−μ/2 dτ |z1 − z2|2

+ caσ (x)

∫ 1

0
(|z2 + τ(z1 − z2)|2 + ω2)(q−2)/2 dτ |z1 − z2|2

≤ c
∫ 1

0
〈∂zz Hω,σ (x, z2 + τ(z1 − z2))(z1 − z2), z1 − z2〉 dτ

= c〈∂z Hω,σ (x, z1) − ∂z Hω,σ (x, z2), z1 − z2〉 .

4. Lipschitz Estimates with Small Anisotropicity

Let Bτ ≡ Bτ (xc) � Ω be a ball with τ ≤ 1 and let u0 ∈ W 1,∞(Bτ ). With
ω ∈ (0, 1], we define vω,σ ∈ u0 + W 1,q

0 (Bτ ) as the unique solution to the Dirichlet
problem

vω,σ �→ min
w∈u0+W 1,q

0 (Bτ )

∫
Bτ

Hω,σ,i(Dw) dx, (4.1)

where, according to the notation in (3.2)2, it is Hω,σ,i(z) ≡ Hω,σ,i(z; Bτ ). In par-
ticular, we have

∫
Bτ

Hω,σ,i(Dvω,σ ) dx ≤
∫

Bτ

Hω,σ,i(Du0) dx . (4.2)
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Existence, and uniqueness, follow by Direct Methods of the Calculus of Variations
and the Euler-Lagrange equation

∫
Bτ

〈∂z Hω,σ,i(Dvω,σ ), Dϕ〉 dx = 0 (4.3)

holds for all ϕ ∈ W 1,q
0 (Bτ ) by (3.10). Again (3.10) and standard regularity theory

[37, Chapter 8], [55,56] imply
{

vω,σ ∈ W 1,∞
loc (Bτ ) ∩ W 2,2

loc (Bτ )

∂z Hω,σ,i(Dvω,σ ) ∈ W 1,2
loc (Bτ ;Rn) .

(4.4)

Proposition 4.1. With vω,σ ∈ u0 + W 1,q
0 (Bτ ) as in (4.1), for every integer n ≥ 2

there exists a continuous and non-decreasing function μn : (0, 1) → (1, 3/2) such
that, for every δ ∈ (0, 1), if (1.11) holds with 1 ≤ μ < μn(δ), then

‖Dvω,σ ‖L∞(B3τ/4) ≤ cHδ
ω,σ,i

(‖Du0‖L∞(Bτ )

) ‖Du0‖L∞(Bτ ) + c (4.5)

holds too, with c ≡ c(data, δ) ≥ 1, where Hω,σ,i(·) has been defined in (3.2)3.
Moreover, whenever M is a number such that

‖Dvω,σ ‖L∞(B) + 1 ≤ M , (4.6)

where B � Bτ is a ball (not necessarily concentric to Bτ ), the Caccioppoli type
inequality

∫
−

3B/4
|D(Eω,σ,i(|Dvω,σ |) − κ)+|2 dx ≤ cMδ

|B|2/n

∫
−

B
(Eω,σ,i(|Dvω,σ |) − κ)2+ dx

(4.7)
holds whenever κ ≥ 0, again with c ≡ c(data, δ). Here, according to the notation
in (3.11)2, it is Eω,σ,i(|Dvω,σ |) ≡ Eω,σ,i(|Dvω,σ |; Bτ ).

Proof. The final shape of μn > 1 will be determined in the course of the proof
via successive choices of μ (to be taken closer and closer to one, depending on
δ). All the constants in the forthcoming estimates will be independent of ω, σ ,
so we shall omit indicating the dependence on such parameters, simply denoting
v ≡ vω,σ , Hi ≡ Hω,σ,i, Hi ≡ Hω,σ,i, Ei ≡ Eω,σ,i, and so on. Properties (4.4) allow
to differentiate (4.3), i.e., replacing ϕ by Dsϕ for s ∈ {1, . . . , n} and integrate by
parts. Summing the resulting equations over s ∈ {1, . . . , n}, we get

n∑
s=1

∫
Bτ

〈∂zz Hi(Dv)DDsv, Dϕ〉 dx = 0 , (4.8)

that, again thanks to (4.4), holds for all ϕ ∈ W 1,2(Bτ ) such that supp ϕ � Bτ .
Let B � Bτ be a ball, κ ≥ 0 be any non-negative number and η ∈ C1

c (Bτ ) be a
cut-off function such that 13B/4 ≤ η ≤ 15B/6 and |Dη| � |B|−1/n . By (4.4) the
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functions ϕ ≡ ϕs := η2(Ei(|Dv|) − κ)+Dsv are admissible in (4.8), therefore via
(3.7)–(3.8) and Young’s inequality we obtain

∫
Bτ

λi(|Dv|)(Ei(|Dv|) − κ)+|D2v|2η2 dx +
∫

Bτ

|D(Ei(|Dv|) − κ)+|2η2 dx

≤ c
∫

Bτ

[
Λi(|Dv|)
λi(|Dv|)

]2

(Ei(|Dv|) − κ)2+|Dη|2 dx (4.9)

with c ≡ c(data). See [8, Lemmas 4.5−4.6] for more details and a similar in-
equality. Using (3.9) and a few elementary manipulations, we again find

∫
B
|D[η2(Ei(|Dv|) − κ)+]|2 dx

≤ c
∫

B
(|Dv|2 + 1)μ−1[g(|Dv|)]2(Ei(|Dv|) − κ)2+|Dη|2 dx

and taking M as in (4.6) we arrive at

∫
−

B
|D[η2(Ei(|Dv|) − κ)+]|2 dx ≤ cM2(μ−1)[g(M)]2

|B|2/n

∫
−

B
(Ei(|Dv|) − κ)2+ dx,

again with c ≡ c(data). In turn, using (1.12) with ε > 0 and recalling that M ≥ 1,
we find
∫
−

B
|D[η2(Ei(|Dv|) − κ)+]|2 dx ≤ cM2(μ−1+ε)

|B|2/n

∫
−

B
(Ei(|Dv|) − κ)2+ dx, (4.10)

again with c ≡ c(data, ε). This gives (4.7) recalling that η ≥ 1 on 3B/4 and
provided μ ≡ μ(δ) ≥ 1 and ε ≡ ε(δ) > 0 are such that

μ − 1 + ε ≤ δ/2 . (4.11)

We pass to the proof of (4.5). With T being the constant in (3.16), we can assume
without loss of generality that

‖Dvω,σ ‖L∞(B3τ/4) ≥ T ≥ 1 (4.12)

holds, otherwise (4.5) follows trivially. By (4.10) and Sobolev embedding theorem
we obtain
(∫

−
B/2

(Ei(|Dv|) − κ)
2χ
+ dx

)1/χ

≤ cM2(μ−1+ε)

∫
−

B
(Ei(|Dv|) − κ)2+ dx, (4.13)

where 2χ ≡ 2χ(n) > 2 is the exponent coming from the Sobolev embedding
exponent, and c ≡ c(data, ε). We now want to apply Lemma 2.5 to w ≡ Ei(|Dv|)
using (4.13) to satisfy (2.14) (here all the terms involving the functions f j in (2.14)
are not present). We fix parameters 3τ/4 ≤ τ1 < τ2 ≤ 5τ/6 and related balls

B3τ/4(xc) � Bτ1(xc) � Bτ2(xc) ⊂ B5τ/6(xc) � Bτ (xc) ≡ Bτ ,
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this time all concentric to the initial ball Bτ ≡ Bτ (xc). Take x0 ∈ Bτ1 arbitrary and
set r0 := (τ2 − τ1)/8, so that Br0(x0) ⊂ Bτ2 , choose M ≡ 2‖Dv‖L∞(Bτ2 ) and take
B ≡ B�(x0) ⊂ Br0(x0) in (4.13). This yields

(∫
−

B�/2(x0)

(Ei(|Dv|) − κ)
2χ
+ dx

)1/χ

≤ cM2(μ−1+ε)

∫
−

B�(x0)

(Ei(|Dv|) − κ)2+ dx , (4.14)

where c ≡ c(data, ε). Note that the above choice of M fits (4.6) via (4.12).
By (4.14) we are able to apply Lemma 2.5 with κ0 = 0, M0 := Mμ−1+ε and
M1 = M2 = M3 ≡ 0, to get

Ei(|Dv(x0)|) ≤ cM
(μ−1+ε)χ

χ−1

(∫
−

Br0

[Ei(|Dv|)]2 dx

)1/2

, (4.15)

with c ≡ c(n, q). Being x0 arbitrary in Bτ1 , (4.15) implies

Ei

(
‖Dv‖L∞(Bτ1 )

)
≤

c‖Dv‖
(μ−1+ε)χ

χ−1
L∞(Bτ2 )

(τ2 − τ1)n/2

(∫
Bτ2

[Ei(|Dv|)]2 dx

)1/2

and we have used the actual definition of M . Recalling (4.12), we continue to
estimate as

Ei

(
‖Dv‖L∞(Bτ1 )

) (3.16)≤ c

(τ2 − τ1)n/2

[
Ei

(
‖Dv‖L∞(Bτ2 )

)] (μ−1+ε)χ
(χ−1)(2−μ)

+ 1
2

·
(∫

B5τ/6

[Ei(|Dv|)] dx

)1/2

(3.17)≤ c

(τ2 − τ1)n/2

[
Ei

(
‖Dv‖L∞(Bτ2 )

)] (μ+2ε)χ−2+μ
2(χ−1)(2−μ)

·
(∫

B5τ/6

[Hi(Dv) + 1] dx

)1/2

(4.16)

for c ≡ c(data, ε). By choosing ε > 0 and μ > 1 such that

γ∗(μ, ε) := (μ + 2ε)χ − 2 + μ

2(χ − 1)(2 − μ)
< 1 (4.17)

holds (note that this function is increasing in both μ and ε and that γ∗(1, 0) = 1/2),
we can apply Young’s inequality in (4.16), thereby obtaining that

Ei

(
‖Dv‖L∞(Bτ1 )

)
≤ 1

2
Ei

(
‖Dv‖L∞(Bτ2 )

)

+ c

(τ2 − τ1)nγ̃

(∫
B5τ/6

[Hi(Dv) + 1] dx

)γ̃

,
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where

γ̃ (μ, ε) := (χ − 1)(2 − μ)

(4 − 3μ − 2ε)χ − 2 + μ
.

Notice that γ̃ (1, 0) = 1 and that this is an increasing function of its arguments,
therefore we find ε > 0 and μ > 1 such that

γ̃ (μ, ε) ≤ 1 + δ/4 (4.18)

is satisfied in addition to (4.17). Lemma 2.2, applied with

h(t) ≡ Ei
(‖Dv‖L∞(Bt)

)
, t ≡ 3τ/4 < t < 5τ/6 ≡ s,

which is always finite by (4.4)2, now gives

Ei
(‖Dv‖L∞(B3τ/4)

) ≤ c

(∫
−

Bτ

[Hi(Dv) + 1] dx

)1+δ/4

,

so that, recalling (4.2), we arrive at

Ei
(‖Dv‖L∞(B3τ/4)

) ≤ c

(∫
−

Bτ

[Hi(Du0) + 1] dx

)1+δ/4

. (4.19)

Setting Ẽ0(t) := t + aσ,i(B)tq for t ≥ 0, we find, also thanks to (3.16), that

Ẽ0(t) ≤ c[Ei(t)]
1

2−μ + c holds for every t ≥ 0 , (4.20)

where c ≡ c(ν, q). Recalling (1.11)1, the definitions in (3.2) imply

Hi(z) ≡ Hω,σ,i(z) ≡ Hω,σ,i(z; Bτ ) ≤ LHω,σ,i(|z|; Bτ ) ≡ LHi(|z|),
so that inequality (4.19) together with (3.3) and (4.20) now gives

Ẽ0
(‖Dv‖L∞(B3τ/4)

) ≤ c
[
Hi

(‖Du0‖L∞(Bτ )

) + 1
] 1+δ/4

2−μ

≤ c
[
Hi

(‖Du0‖L∞(Bτ )

) + 1
]1+ δ

2

with c ≡ c(data, δ), provided we further take μ > 1 such that

1 + δ/4

2 − μ
≤ 1 + δ

2
. (4.21)

Note that in the above inequality we have incorporated the dependence on ε in
the dependence on δ as this last quantity influences the choice of ε via (4.17) and
(4.18). Using the very definition (3.2)3 we then continue to estimate

Ẽ0
(‖Dv‖L∞(B3τ/4)

)
≤ cHδ/2

i

(‖Du0‖L∞(Bτ )

) ‖Du0‖L∞(Bτ )g
(‖Du0‖L∞(Bτ )

)
+ cHδ/2

i

(‖Du0‖L∞(Bτ )

)
aσ,i(Bτ )

[
�ω

(‖Du0‖L∞(Bτ )

)]q + c
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and, by again using (1.12) with ε = δ/2, we conclude with

Ẽ0
(‖Dv‖L∞(B3τ/4)

) ≤ cHδ
i

(‖Du0‖L∞(Bτ )

)
Ẽ0

(‖Du0‖L∞(Bτ )

) + c (4.22)

with c ≡ c(data, δ). Since Ẽ0(·) is monotone increasing, convex and such that
Ẽ0(0) = 0, we deduce that its inverse Ẽ−1

0 (·) is increasing, concave and Ẽ−1
0 (0) =

0, therefore it is subadditive and, for any given constant c∗ ≥ 0 it is Ẽ−1
0 (c∗t) ≤

(c∗ + 1)Ẽ−1
0 (t), see for instance [21, Remark 10 in Section 4]. Using this last

property, we can apply Ẽ−1
0 (·) to both sides of (4.22) in order to conclude with

(4.5). Finally, the choice of the function μn(δ) mentioned in the statement, that
we can always take such that μn(δ) < 3/2, comes by the choices made in (4.11),
(4.17), (4.18) and (4.21) and a standard continuity argument (for this recall that
both γ∗(·) and γ̃ (·) are increasing functions of their arguments and that χ depends
on n). Notice that by the above construction it follows that μn(0+) = 1. ��

5. Proof of Theorem 1.3

The proof will take eleven different steps, distributed along Sections 5.1–5.11
below. We shall concentrate on the singular case s = 0, then giving remarks on
how to deal with the (actually simpler) case s > 0 at the very end of Section 5.9.
We shall start assuming that (1.11)–(1.12) for some μ ∈ [1, 3/2). We shall make
further restrictions on the size of μ in the course of the proof until we finally come
to determine the value μmax mentioned in the statement of Theorem 1.3.

5.1. Absence of Lavrentiev Phenomenon

We have the following approximation-in-energy result that actually implies the
absence of Lavrentiev phenomenon:

Lemma 5.1. With H(·) defined in (3.1), assume (1.7)1 and that F(·) satisfies (1.11)1
where g(·) is as in Theorem 1.3 (described after (1.11)). Let w ∈ W 1,1

loc (Ω) be any
function such that H(·, Dw) ∈ L1

loc(Ω). For every ball B � Ω there exists a
sequence {wε} ⊂ W 1,∞(B) such that wε → w in W 1,1(B) and H(·, Dwε) →
H(·, Dw) in L1(B).

The proof follows [22, Section 5] almost verbatim (see also [28, Lemma 13]). Notice
that this is essentially the only point where the assumed convexity of t �→ tg(t)
is used (this implies that z �→ |z|g(|z|) is convex as g(·) is also non-decreasing).
For more related results on the absence of Lavrentiev phenomenon we refer to the
recent papers [1,3,4,16,50,51] and related references.

5.2. Auxiliary Dirichlet Problems and Convergence

In the following u ∈ W 1,1
loc (Ω) denotes a local minimizer of N(·), as in Theo-

rem 1.3. By ω, ε ≡ {ω}, {ε} ≡ {ωk}k, {εk}k, we denote two decreasing sequences
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of positive numbers such that ω, ε → 0, and ε, ω ≤ 1; we will several times extract
subsequences and these will still be denoted by ω, ε (for this reason we drop the
pendice k). We denote by o(ε) a quantity such that o(ε) → 0 as ε → 0. Similarly,
we denote by oε(ω) a quantity, depending both on ε and ω, such that oε(ω) → 0
as ω → 0 for each fixed ε. The exact value of such quantities might change on
different occurences and only the aforementioned asymptotic properties will mat-
ter. Let Br � Ω be a ball with 0 < r ≤ 1; by Lemma 5.1, there exists a sequence
{ũε} ∈ W 1,∞(Br ) so that

ũε → u in W 1,1(Br ) and N(ũε, Br ) = N(u, Br ) + o(ε) . (5.1)

We define the sequence

σε :=
(

1 + ε−1 + ‖Dũε‖2q
Lq (Br )

)−1 �⇒ σε

∫
Br

[�ω(Dũε)]q dx → 0 (5.2)

(uniformly with respect to ω ∈ (0, 1]). Then we consider uω,ε ∈ ũε + W 1,q
0 (Br )

as the unique solution to the Dirichlet problem

uω,ε �→ min
w∈ũε+W 1,q

0 (Br )

Nω,ε(w, Br ) (5.3)

where

Nω,ε(w, Br ) :=
∫

Br

Hω,σε (x, Dw) dx . (5.4)

Recall that the integrand Hω,σε (·) has been defined in (3.2), with σ ≡ σε. The
solvability of (5.3) follows by Direct Methods and standard convexity arguments.
By (3.6), we can apply the by now classical regularity theory contained in [37,
Chapter 8] and [55,56], therefore

uω,ε ∈ C1,β
loc (Br ) for some β ≡ β(n, ν, L , q, ω, ε) ∈ (0, 1) . (5.5)

Mean value theorem and (5.2) imply

|Nω,ε(ũε, Br ) − N(ũε, Br )| ≤ cω
∫

Br

(|Dũε|q−1 + 1) dx

+ σε

∫
Br

[�ω(Dũε)]q dx

= oε(ω) + o(ε) . (5.6)

Similarly, noting that |z|q−1 ≤ |z| + 1 ≤ cF(x, z) + c by (1.11)1 and q < 3/2
(follows from (1.7)1), we find, using also mean value theorem

∣∣∣∣Nω,ε(uω,ε, Br ) − N(uω,ε, Br ) − σε

∫
Br

[�ω(Duω,ε)]q dx

∣∣∣∣
≤ cω

∫
Br

(|Duω,ε|q−1 + 1) dx ≤ cωNω,ε(uω,ε, Br ) + cω . (5.7)
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In turn, using in order: the minimality of uω,ε, (5.1) and (5.6), we have

Nω,ε(uω,ε, Br ) ≤ Nω,ε(ũε, Br )

≤ N(ũε, Br ) + |Nω,ε(ũε, Br ) − N(ũε, Br )|
≤ N(u, Br ) + oε(ω) + o(ε), (5.8)

so that, using the content of the last two displays we gain

N(uω,ε, Br ) + σε

∫
Br

[�ω(Duω,ε)]q dx

= Nω,ε(uω,ε, Br ) + oε(ω) + o(ε) + cω . (5.9)

Estimate (5.8) and (3.5)1 imply that for every ε ∈ (0, 1) the sequence {uω,ε}ω is
uniformly bounded in W 1,q(Br ), therefore, up to not relabelled subsequences, we
have

uω,ε ⇀ uε weakly in W 1,q(Br ) and uε − ũε ∈ W 1,q
0 (Br ) (5.10)

as ω → 0. Letting ω → 0 in (5.9) and using standard weak lower semicontinuity
theorems, yields

N(uε, Br ) ≤ lim inf
ω→0

N(uω,ε, Br ) ≤ lim inf
ω→0

Nω,ε(uω,ε, Br ) + o(ε)

for every fixed ε ∈ (0, 1). Using (5.8) we conclude with

N(uε, Br ) ≤ N(u, Br ) + o(ε) (5.11)

and again this holds for every ε ∈ (0, 1). By (1.11)1 and (5.11) the sequence
{|Duε|g(Duε)} is uniformly bounded in L1(Br ). Recalling that the assumptions on
g(·) imply that g(t) → ∞ as t → ∞, by classical results of Dunford & Pettis and de
la Vallée Poussin, there exists û ∈ W 1,1(Br ) such that uε ⇀ û weakly in W 1,1(Br )

and û−u ∈ W 1,1
0 (Br ). Letting ε → 0 in (5.11) weak lower semicontinuity (see [37,

Theorem 4.3]) and (5.2) yield N(û, Br ) ≤ N(u, Br ), while the opposite inequality
follows by the minimality of u. We conclude with N(û, Br ) = N(u, Br ), so that,
by strict convexity of the functional w �→ N(w, Br ) we find that u ≡ û in Br and
we deduce that

uε ⇀ u weakly in W 1,1(Br ) . (5.12)

5.3. Blow-Up

We fix ω, ε ∈ (0, 1] and uω,ε ∈ W 1,q(Br ) as in (5.3). With B�(x0) � Br being
a ball not necessarily concentric to Br , we take M such that

M ≥ ‖Ẽω,σε (·, |Duω,ε|)‖L∞(B�(x0)) + 1 , (5.13)
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where Ẽω,σε (·) is defined in (3.13). The above quantities are finite by (5.5). We
rescale u and H(x, z) = F(x, z) + a(x)|z|q on B�(x0) defining

⎧⎪⎨
⎪⎩

uω,ε,�(x) := uω,ε(x0 + �x)/�

F�(x, z) := F(x0 + �x, z), a�(x) := a(x0 + �x)

H�(x, z) := H(x0 + �x, z) = F�(x, z) + a�(x)|z|q ,

(5.14)

with (x, z) ∈ B1 ×R
n . Note that, obviously,H�(·) is still an integrand of the type in

(3.1) (see also (5.15) below) and therefore the content of Section 3 applies to H�(·)
as well. Since uω,ε solves (5.3), recalling the notation fixed in (3.2), it follows that
uω,ε,� ∈ W 1,q(B1) is a local minimizer on B1 of the functional

W 1,q(B1) � w �→
∫
B1

(H�)ω,σε (x, Dw) dx

where, recalling the notation in (2.7)1, with (x, z) ∈ B1 × R
n it is

{
(H�)ω,σε (x, z) = F�(x, z) + (a�)σε (x)[�ω(z)]q

(a�)σε (x) = a�(x) + σε = a(x0 + �x) + σε .
(5.15)

From now on, keeping fixed the choice of ω, ε made at the beginning, in order
to simplify the notation we shall omit to specify dependence on such parameters,
simply abbreviating

u�(x) ≡ uω,ε,�(x), H�(x, z) ≡ (H�)ω,σε (x, z) (5.16)

for (x, z) ∈ B1 × R
n . The minimality of u� implies the validity of the Euler-

Lagrange equation

∫
B1

〈∂z H�(x, Du�), Dϕ〉 dx = 0 for all ϕ ∈ W 1,q
0 (B1) . (5.17)

By (3.5) the integrand H�(·) satisfies

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λ�(x, |z|)|ξ |2 ≤ c〈∂zz H�(x, z)ξ, ξ 〉
|∂zz H�(x, z)| ≤ cΛ�(x, |z|)
|∂z H�(x, z) − ∂z H�(y, z)|

≤ c�α0 |x − y|α0 g(|z|) + c�α|x − y|α[�ω(z)]q−1

(5.18)

for any x, y ∈ B1 and all z, ξ ∈ R
n , where c ≡ c(data) and, according to the

definitions in (3.4) and the notation in (5.16), we are denoting

λ�(x, |z|) := λω,σε (x0 + �x, |z|) , Λ�(x, |z|) := Λω,σε (x0 + �x, |z|) . (5.19)
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5.4. Minimal Integrands

Here we are going to play with auxiliary functionals whose integrands are of the
type in (3.2)2, and therefore featuring no explicit dependence on x (these are usually
called “frozen” integrands). The results of Section 4 can be therefore applied. Let us
fix a number β0 ∈ (0, 1), to be determined in a few lines, and a vector h ∈ R

n\{0}
such that

0 < |h| ≤ 1

28/β0
. (5.20)

We take xc ∈ B1/2+2|h|β0 and fix a ball centered at xc with radius |h|β0 , denoted by
Bh ≡ B|h|β0 (xc). By (5.20) we have 8Bh � B1. We set

m ≡ m(8Bh) := ‖Du�‖L∞(8Bh) + 1 . (5.21)

According to the notation established in (2.7), (3.2) and (5.15)–(5.16), we define⎧⎨
⎩

H�,i(z) ≡ (H�)ω,σε,i(z; 8Bh) ≡ F�(xc, z) + ã�,i(8Bh)[�ω(z)]q

ã�,i(8Bh) := (a�)σε,i(8Bh) = inf
x∈8Bh

(a�)σε (x) = inf
x∈8Bh

a(x0 + �x) + σε .

(5.22)
Note that ∂z H�,i ∈ C1(Rn;Rn). As in (3.7), with
{

λ�,i(|z|) ≡ λ�,i(|z|; 8Bh) := (|z|2 + 1)−μ/2 + (q − 1)ã�,i(8Bh)[�ω(z)]q−2

Λ�,i(|z|) ≡ Λ�,i(|z|; 8Bh) := (|z|2 + 1)−1/2g(|z|) + ã�,i(8Bh)[�ω(z)]q−2,

from (1.12) and (3.8) it follows that
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σε[�ω(z)]q ≤ H�,i(z) ≤ c ([�ω(z)]q + 1)

|∂z H�,i(z)| ≤ c
([�ω(z)]q−1 + 1

)
λ�,i(|z|)|ξ |2 ≤ c〈∂zz H�,i(z)ξ, ξ 〉, |∂zz H�,i(z)| ≤ cΛ�,i(|z|)
V2

�,i(z1, z2; 8Bh) ≤ c〈∂z H�,i(z1) − ∂z H�,i(z2), z1 − z2〉
(5.23)

hold for all z, z1, z2, ξ ∈ R
n , with c ≡ c(data). Consistently with (2.8), here we

are denoting

V2
�,i(z1, z2; 8Bh) := |V1,2−μ(z1) − V1,2−μ(z2)|2

+ ã�,i(8Bh)|Vω,q(z1) − Vω,q(z2)|2 . (5.24)

Recalling (3.11) and (5.19), we define, for t ≥ 0 and x ∈ B1 that,⎧⎪⎪⎨
⎪⎪⎩

E�(x, t) :=
∫ t

0
λ�(x, s)s ds

E�,i(t) ≡ E�,i(t; 8Bh) :=
∫ t

0
λ�,i(s; 8Bh)s ds,

(5.25)

with related explicit expressions as in (3.12) and
{

Ẽ�(x, t) := 1
2−μ

[�1(t)]2−μ + (1 − 1/q)(a�)σε (x)[�ω(t)]q

Ẽ�,i(t) := 1
2−μ

[�1(t)]2−μ + (1 − 1/q)ã�,i(8Bh)[�ω(t)]q .
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By (3.15) we have

|E�(x, t) − E�,i(t)| ≤ c|h|αβ0�α[�ω(t)]q for every x ∈ 8Bh and t ≥ 0, (5.26)

and (5.13) implies
M ≥ ‖Ẽ�(·, |Du�|)‖L∞(B1) + 1 . (5.27)

Looking at (5.23), Direct Methods and strict convexity provide us with a unique
minimizer v ∈ u� + W 1,q

0 (8Bh) defined by

v ≡ v(8Bh) �→ min
w∈u�+W 1,q

0 (8Bh)

∫
8Bh

H�,i(Dw) dx (5.28)

so that, (5.23)1 obviously implies∫
8Bh

〈∂z H�,i(Dv), Dϕ〉 dx = 0 for all ϕ ∈ W 1,q
0 (8Bh) (5.29)

and minimality gives∫
8Bh

H�,i(Dv) dx ≤
∫

8Bh

H�,i(Du�) dx . (5.30)

Lemma 5.2. Let δ1 ∈ (0, 1) and let μn(·) be the (non-decreasing) function intro-
duced in Proposition 4.1. If 1 ≤ μ < μn(δ1/2), then the inequalities

‖Dv‖L∞(6Bh) ≤ cm1+δ1 (5.31)

and∫
2Bh

|D(E�,i(|Dv|) − κ)+|2 dx ≤ cmδ1

|h|2β0

∫
4Bh

(E�,i(|Dv|) − κ)2+ dx (5.32)

hold with c ≡ c(data, δ1) and m is defined in (5.21).

Proof. The integrand H�,i(·) is of the type considered in Proposition 4.1 (compare
with (5.22) and (5.23)), and we apply this last result to v, with Bτ ≡ 8Bh . It follows
that for every δ1 > 0

‖Dv‖L∞(6Bh)

(4.5)≤ cHδ1/q
�,i

(‖Du�‖L∞(8Bh)

) ‖Du�‖L∞(8Bh) + c

(5.21)≤ cHδ1/q
�,i (m)m + c (5.33)

holds provided 1 ≤ μ < μn(δ1/2) ≤ μn(δ1/q), where c ≡ c(data, δ1). Here, as
in (3.2)3, it is H�,i(t) := tg(t) + ã�,i(8Bh)[t2 + ω2]q/2 + 1 for t ≥ 0 and in fact
in (5.33) we have used (3.3). From (5.33) we can derive (5.31) using (1.12) with
ε = q − 1 > 0. Next, we apply (4.7), which gives∫

2Bh

|D(E�,i(|Dv|) − κ)+|2 dx

≤ c
(‖Dv‖L∞(4Bh) + 1

)δ1/2

|h|2β0

∫
4Bh

(E�,i(|Dv|) − κ)2+ dx,

so that (5.32) follows using (5.31) in the above inequality and observing that (1 +
δ1)δ1/2 ≤ δ1. ��
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5.5. A Comparison Estimate

This is in the following:

Lemma 5.3. Let u� ∈ W 1,q(B1) be as in (5.14), v ∈ u� + W 1,q
0 (8Bh) as in (5.28)

and δ2 ∈ (0, 1/2). The inequality
∫

8Bh

V2
�,i(Du�, Dv; 8Bh) dx ≤ c|h|β0α̃M

1−δ2/2
2−μ �α

∫
8Bh

(|Du�| + 1)q−1+δ2 dx

+ c|h|β0α̃M
1−δ2/2

2−μ �α0

∫
8Bh

(|Du�| + 1)3δ2 dx

(5.34)

holds with c ≡ c(data, δ2), where α̃ = min{α, α0}, V�,i(·) is as in (5.24), and M
is any number satisfying (5.13) and therefore (5.27).

Proof. From (5.21) and (5.27), and yet recalling (3.16), we deduce

{
ã�,i(8Bh)[�ω(m)]q ≤ c‖(a�)σε (·)[�ω(Du�)]q‖L∞(8Bh) + c ≤ cM

m ≤ �ω(m) ≤ c(n, q)M
1

2−μ ,
(5.35)

where c ≡ c(μ, q, ‖a‖L∞) in (5.35)1. We have
∫

8Bh

V2
�,i(Du�, Dv; 8Bh) dx

(5.23)4≤ c
∫

8Bh

〈∂z H�,i(Du�) − ∂z H�,i(Dv), Du� − Dv〉 dx

(5.29)= c
∫

8Bh

〈∂z H�,i(Du�), Du� − Dv〉 dx

(5.17)= c
∫

8Bh

〈∂z H�,i(Du�) − ∂z H�(x, Du�), Du� − Dv〉 dx

(5.18)3≤ c|h|β0α�α

∫
8Bh

[�ω(Du�)]q−1(|Du�| + |Dv|) dx

+ c|h|β0α0�α0

∫
8Bh

g(|Du�|)(|Du�| + |Dv|) dx

(1.12)≤ c|h|β0α̃(mq−1�α + mδ2�α0)

∫
8Bh

(|Du�| + |Dv|) dx

(1.11)≤ c|h|β0α̃(mq−1�α + mδ2�α0)

∫
8Bh

[H�,i(Du�) + H�,i(Dv)] dx

(5.30)≤ c|h|β0α̃(mq−1�α + mδ2�α0)

∫
8Bh

H�,i(Du�) dx

(1.11)≤ c|h|β0α̃(mq−1�α + mδ2�α0)
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·
∫

8Bh

(|Du�|g(|Du�|) + ã�,i(8Bh)|Du�|q + 1) dx

(1.12)≤ c|h|β0α̃(mq−1�α + mδ2�α0)

∫
8Bh

(|Du�|1+δ2/2 + ã�,i(8Bh)|Du�|q) dx

+ c|h|β0α̃(mq−1�α + mδ2�α0)|Bh | ,
where c ≡ c(data, δ2). We now estimate the four integrals stemming from the
second-last line in the above display. As δ2 < 1/2, we have

mδ2�α0

∫
8Bh

|Du�|1+δ2/2 dx = mδ2�α0

∫
8Bh

|Du�|1−2δ2 |Du�|5δ2/2 dx

≤ cm1−δ2�α0

∫
8Bh

|Du�|5δ2/2 dx

≤ cM
1−δ2/2

2−μ �α0

∫
8Bh

(|Du�| + 1)3δ2 dx

and in the last line we have used (5.35)2. Similarly, this time using (5.35)1, we find

mδ2�α0

∫
8Bh

ã�,i(8Bh)|Du�|q dx

≤ c[ã�,i(8Bh)]1−δ2/qmδ2�α0

∫
8Bh

|Du�|q−2δ2 |Du�|2δ2 dx

≤ c[ã�,i(8Bh)]1−δ2/qmq(1−δ2/q)�α0

∫
8Bh

|Du�|2δ2 dx

≤ cM1−δ2/q�α0

∫
8Bh

|Du�|2δ2 dx

≤ cM
1−δ2/2

2−μ �α0

∫
8Bh

(|Du�| + 1)3δ2 dx .

Next, note that δ2 < 1/2 and q < 3/2 (follows from (1.7)1) implies 2−q−δ2/2 > 0
and therefore we can estimate

mq−1�α

∫
8Bh

|Du�|1+δ2/2 dx = mq−1�α

∫
8Bh

|Du�|2−q−δ2/2|Du�|q−1+δ2 dx

≤ cm1−δ2/2�α

∫
8Bh

|Du�|q−1+δ2 dx

≤ cM
1−δ2/2

2−μ �α

∫
8Bh

|Du�|q−1+δ2 dx

where we again used (5.35)2. By means of (5.35)1 we find that

mq−1�α

∫
8Bh

ã�,i(8Bh)|Du�|q dx

≤ c[ã�,i(8Bh)]1−δ2/qmq−1�α

∫
8Bh

|Du�|1−δ2 |Du�|q−1+δ2 dx
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≤ c[ã�,i(8Bh)]1−δ2/qmq(1−δ2/q)�α

∫
8Bh

|Du�|q−1+δ2 dx

≤ cM1−δ2/q�α

∫
8Bh

|Du�|q−1+δ2 dx

≤ cM
1−δ2/2

2−μ �α

∫
8Bh

|Du�|q−1+δ2 dx .

Finally, observe that δ2 < 2 − q as q < 3/2, so that

mq−1�α + mδ2�α0 ≤ cM
1−δ2
2−μ (�α + �α0) ≤ M

1−δ2/2
2−μ (�α + �α0).

Merging the content of the last six displays yields (5.34) with the asserted depen-
dence of the constant c. Notice that the dependence of the constants on δ2 comes
from (1.12) (that has been used with ε = δ2/2). Notice also that (5.34) holds
whenever we are assuming (1.11) with μ ∈ [1, 3/2). ��

5.6. A Fractional Caccioppoli Inequality via Nonlinear Atomic Type
Decompositions

Lemma 5.4. (Fractional Caccoppoli inequality) Let uω,ε ∈ W 1,q(Br ) be as in
(5.3); fix numbers δ1 ∈ (0, 1), δ2 ∈ (0, 1/2) and a ball B�(x0) � Br . The inequality

(∫
−

B�/2(x0)

(Eω,σε (x, |Duω,ε|) − κ)
2χ
+ dx

)1/χ

+ �2β−n[(Eω,σε (·, |Duω,ε|) − κ)+]2
β,2;B�/2(x0)

≤ cM2s1

∫
−

B�(x0)

(Eω,σε (x, |Duω,ε|) − κ)2+ dx

+ cM2s2�2α

∫
−

B�(x0)

(|Duω,ε| + 1)2(q−1+δ2) dx

+ cM2s3�α

∫
−

B�(x0)

(|Duω,ε| + 1)q−1+δ2 dx

+ cM2s3�α0

∫
−

B�(x0)

(|Duω,ε| + 1)3δ2 dx (5.36)

holds whenever

β ∈ (0, α∗) with χ(β) := n

n − 2β
, α∗ := α̃

α̃ + 2
= min{α, α0}

min{α, α0} + 2
, (5.37)

and provided that

{
1 ≤ μ < μn(δ1/2)

‖Ẽω,σε (·, |Duω,ε|)‖L∞(B�(x0)) + 1 ≤ M ,
(5.38)
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where c ≡ c(data, δ1, δ2, β) and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

s1 ≡ s1(μ, δ1) := δ1

2(2 − μ)

s2 ≡ s2(μ, δ2) := 1 − δ2

2 − μ

s3 ≡ s3(μ, δ1, δ2) := 3 − μ + (q + 1)δ1 − δ2/2

2(2 − μ)
.

(5.39)

The function μn(·) is the one defined in Lemma 5.2.

Proof. This will be obtained by a technique that works as an analogue of dyadic
decomposition in Besov spaces, but using the functions v ≡ v(8Bh) in (5.28) as
“atoms”; see Remark 3 below. We therefore divide the proof in two steps.

Step 1: Estimates on a single ball Bh . Here we again use the notation and the
results in Sections 5.4–5.5. In particular, here we again argue on a fixed ball Bh .
Our goal here is to prove estimate (5.43) below. We recall that basic properties of
difference quotients yield

∫
Bh

|τh(E�,i(|Dv|) − κ)+|2 dx ≤ |h|2
∫

2Bh

|D(E�,i(|Dv|) − κ)+|2 dx,

where κ ≥ 0 is any number (recall that |h| ≤ |h|β0 ). Using this in connection with
(5.32) we have

∫
Bh

|τh(E�,i(|Dv|)−κ)+|2 dx ≤ c|h|2(1−β0)mδ1

∫
4Bh

(E�,i(|Dv|)−κ)2+ dx (5.40)

with c ≡ c(data, δ1) and moreover (5.31) holds by (5.38)1; recall that m ≡
m(8Bh) is defined in (5.21). Use of (5.32) is legitimate here as (5.38)1 is assumed.
Let us recall that here it is E�,i(|z|) ≡ E�,i(|z|; 8Bh). Let us now record a couple
of auxiliary estimates. The first is obtained as

∫
4Bh

|E�(x, |Du�|) − E�,i(|Du�|)|2 dx

(5.26)≤ c|h|2β0α�2α

∫
4Bh

[�ω(Du�)]2q dx

(5.21)≤ c|h|2β0αm2(1−δ2)�2α

∫
4Bh

(|Du�| + 1)2(q−1+δ2) dx

(5.35)2≤ c|h|β0α̃M
2(1−δ2)

2−μ �2α

∫
4Bh

(|Du�| + 1)2(q−1+δ2) dx (5.41)
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for c ≡ c(n, q). For the second auxiliary inequality, we estimate

∫
4Bh

|E�,i(|Du�|) − E�,i(|Dv|)|2 dx

(3.14)≤ c
∫

4Bh

(|Du�|2 + |Dv|2 + 1)1−μ|Du� − Dv|2 dx

+ c[ã�,i(8Bh)]2
∫

4Bh

(|Du�|2 + |Dv|2 + ω2)q−1|Du� − Dv|2 dx

(5.31)≤ cm(2−μ)(1+δ1)

∫
4Bh

(|Du�|2 + |Dv|2 + 1)−μ/2|Du� − Dv|2 dx

+ c[ã�,i(8Bh)]2mq(1+δ1)

·
∫

4Bh

(|Du�|2 + |Dv|2 + ω2)(q−2)/2|Du� − Dv|2 dx

(2.4)≤ cm(2−μ)(1+δ1)

∫
4Bh

|V1,2−μ(Du�) − V1,2−μ(Dv)|2 dx

+ c
(
ã�,i(8Bh)[�ω(m)]q)

mqδ1

·
∫

4Bh

ã�,i(8Bh)|Vω,q(Du�) − Vω,q(Dv)|2 dx

(5.24)≤ c
(
m(2−μ)(1+δ1) + Mmqδ1

) ∫
4Bh

V2
�,i(Du�, Dv; 8Bh) dx ,

where c ≡ c(data, δ1) and in the last line we have also used (5.35)1. Using (5.35)2,
we get that

∫
4Bh

|E�,i(|Du�|) − E�,i(|Dv|)|2 dx ≤ cM
2−μ+qδ1

2−μ

∫
4Bh

V2
�,i(Du�, Dv; 8Bh) dx .

Using this last estimate with (5.34), we conclude with

∫
4Bh

|E�,i(|Du�|) − E�,i(|Dv|)|2 dx

≤ c|h|β0α̃M
3−μ+qδ1−δ2/2

2−μ �α

∫
8Bh

(|Du�| + 1)q−1+δ2 dx

+ c|h|β0α̃M
3−μ+qδ1−δ2/2

2−μ �α0

∫
8Bh

(|Du�| + 1)3δ2 dx, (5.42)
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where c ≡ c(data, δ1, δ2), that is the second auxiliary estimate we were aiming
at. Triangle inequality now yields
∫

Bh

|τh(E�(x, |Du�|) − κ)+|2 dx ≤ c
∫

Bh

|τh(E�,i(|Dv|) − κ)+|2 dx

+ c
∫

Bh

|(E�(x + h, |Du�(x + h)|) − κ)+ − (E�,i(|Du�(x + h)|) − κ)+|2 dx

+ c
∫

Bh

|(E�,i(|Du�(x + h)|) − κ)+ − (E�,i(|Dv(x + h)|) − κ)+|2 dx

+ c
∫

Bh

|(E�,i(|Dv|) − κ)+ − (E�,i(|Du�|) − κ)+|2 dx

+ c
∫

Bh

|(E�,i(|Du�|) − κ)+ − (E�(x, |Du�|) − κ)+|2 dx .

Using the standard property of translations
∫

Bh

|g(x + h)|2 dx ≤
∫

4Bh

|g|2 dx

valid for every g ∈ L2(4Bh), (for this note that h + Bh ⊂ 4Bh as |h| ≤ 1), and
also the Lipschitz continuity of truncations, that is |(s − κ)+ − (t − κ)+| ≤ |s − t |
for every s, t ∈ R, we continue to estimate as follows:

∫
Bh

|τh(E�(x, |Du�|) − κ)+|2 dx

≤ c
∫

Bh

|τh(E�,i(|Dv|) − κ)+|2 dx

+ c
∫

4Bh

|E�(x, |Du�|) − E�,i(|Du�|)|2 dx

+ c
∫

4Bh

|E�,i(|Dv|) − E�,i(|Du�|)|2 dx

(5.40)≤ c|h|2(1−β0)mδ1

∫
4Bh

(E�(x, |Du�|) − κ)2+ dx

+ c
∫

4Bh

|E�(x, |Du�|) − E�,i(|Du�|)|2 dx

+ cmδ1

∫
4Bh

|E�,i(|Du�|) − E�,i(|Dv|)|2 dx .

Have c ≡ c(data, δ1). Note that we have used the elementary estimate

(E�,i(|Du�|) − κ)+ ≤ (E�(x, |Du�|) − κ)+ on 8Bh,

which follows from the very definition of E�,i(·) in (5.25)2. By then using (5.41)
and (5.42) to estimate the last two integrals in the above display, respectively, and
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again (5.35)2, we come to

∫
Bh

|τh(E�(|Du�|) − κ)+|2 dx

≤ c̃|h|2α∗M2s1

∫
4Bh

(E�(x, |Du�|) − κ)2+ dx

+ c̃|h|2α∗M2s2�2α

∫
8Bh

(|Du�| + 1)2(q−1+δ2) dx

+ c̃|h|2α∗M2s3�α

∫
8Bh

(|Du�| + 1)q−1+δ2

+ c̃|h|2α∗M2s3�α0

∫
8Bh

(|Du�| + 1)3δ2 dx, (5.43)

with c̃ ≡ c̃(data, δ1, δ2), where s1, s2 and s3 are as in (5.39) and we have taken
β0 such that

β0 := 2

α̃ + 2
⇐⇒ β0α̃ = 2(1 − β0) = 2α∗.

Step 2: Patching estimates (5.43) on different balls. In this second and final
step we are now going to recover estimates for τh(E�(·, |Du�|) − κ)+ on B1/2 by
patching up estimates (5.43) via a dyadic covering argument. This goes as follows:
we take a lattice of cubes {Qγ }γ≤n with sidelength equal to 2|h|β0/

√
n, centered at

points {xγ }γ≤n ⊂ B1/2+2|h|β0 , with sides parallel to the coordinate axes, and such
that

∣∣∣∣∣∣ B1/2 \
⋃
γ≤n

Qγ

∣∣∣∣∣∣ = 0, Qγ1 ∩ Qγ2 = ∅ ⇔ γ1 �= γ2. (5.44)

This family of cubes corresponds to a family of balls in the sense that Qγ ≡
Qinn(Bγ ) and Bγ := B|h|β0 (xγ ), as defined above. By construction, and in partic-

ular by (5.20), it is 8Bγ � B1 for all γ ≤ n and n ≈ |h|−nβ0 , where the implied
constant depends on n. Moreover, by (5.44), each of the dilated balls 8Bγt intersects
the similar ones 8Bγs fewer than cn times, that is a number depending only on n
(uniform finite intersection property). This implies that

n∑
γ=1

λ(8Bγ ) ≤ cnλ(B1) (5.45)



Arch. Rational Mech. Anal.          (2023) 247:85 Page 33 of 50    85 

holds for every Borel measure λ(·) defined on B1. We then write estimates (5.43)
on balls Bh ≡ Bγ and sum up in order to obtain∫

B1/2

|τh(E�(x, |Du�|) − κ)+|2 dx

(5.44)≤
n∑

γ=1

∫
Bγ

|τh(E�(x, |Du�|) − κ)+|2 dx

(5.43)≤ c̃|h|2α∗M2s1

n∑
γ=1

∫
8Bγ

(E�(x, |Du�|) − κ)2+ dx

+ c̃|h|2α∗M2s2�2α
n∑

γ=1

∫
8Bγ

(|Du�| + 1)2(q−1+δ2) dx

+ c̃|h|2α∗M2s3�α
n∑

γ=1

∫
8Bγ

(|Du�| + 1)q−1+δ2 dx

+ c̃|h|2α∗M2s3�α0

n∑
γ=1

∫
8Bγ

(|Du�| + 1)3δ2 dx

(5.45)≤ cnc̃|h|2α∗M2s1

∫
B1

(E�(x, |Du�|) − κ)2+ dx

+ cnc̃|h|2α∗M2s2�2α

∫
B1

(|Du�| + 1)2(q−1+δ2) dx

+ cnc̃|h|2α∗M2s3�α

∫
B1

(|Du�| + 1)q−1+δ2 dx

+ cnc̃|h|2α∗M2s3�α0

∫
B1

(|Du�| + 1)3δ2 dx . (5.46)

Thanks to the inequality in the last display we apply Lemma 2.3. This yields
(E�(·, |Du�|) − κ)+ ∈ W β,2(B1/2) for all β ∈ (0, α∗) with the related a priori
bound

‖(E�(·, |Du�|) − κ)+‖L2χ (B1/2)
+ [(E�(·, |Du�|) − κ)+]β,2;B1/2

≤ cMs1‖E�(·, |Du�|) − κ)+‖L2(B1)

+ cMs2�α‖|Du�| + 1‖q−1+δ2

L2(q−1+δ2)(B1)

+ cMs3�α/2‖|Du�| + 1‖(q−1+δ2)/2
Lq−1+δ2 (B1)

+ cMs3�α0/2‖|Du�| + 1‖3δ2/2
L3δ2 (B1)

, (5.47)

which holds for every χ ≡ χ(β) as in (5.37), where c ≡ c(data, δ1, δ2, β). Notice
that here we have used, in order, first (2.10), as a consequence of (5.46), and then
(2.9). Scaling back from B1 to B� in (5.47) via (5.14), (5.19) and (5.25), squaring
the resulting inequality, and restoring the original notation, we arrive at (5.36) and
the proof is complete. ��
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Remark 3. (Nonlinear atoms) Here we briefly expand on the possible analogy be-
tween the classic atomic decompositions in fractional spaces (see for instance
[2, Section 4.6] and [67, Chapter 2]) and the construction made in the proof of
Lemma 5.4. Atomic decompositions of a Besov function w usually go via decom-
positions of the space R

n in dyadic grids with mesh 2−k , k ∈ N, corresponding
to the annuli (in the frequency space) considered in Littllewood-Paley theory. On
each cube Qk,γ of the grid one considers an atom ak,γ (·), i.e., a smooth function
with certain control on its derivatives, up to the maximal degree of regularity one
is interested in describing for w. Specifically, one requires that

supp ak,γ ⊂ Qk,γ , |DSak,γ | � 2−|S|k (5.48)

hold for sufficiently large multi-indices S. Summing up (over γ ) such atoms mul-
tiplied by suitable modulating coefficients, and then yet over all possible grids
k ∈ N, allows to give a precise description of the smoothness of the function w.
Such “linear” decompositions, although very efficient, are of little use when dealing
with nonlinear problems as those considered in this paper. The idea in Lemma 5.4
is then, given a grid of size |h|β0 ≈ 1/2kβ0 , and therefore a certain “height” in
the frequency space, to consider atoms v that are in a sense close to the original
solution u in that they are themselves solutions to nonlinear problems (with frozen
coefficients). In other words we attempt a decomposition of the type

u�(x) ≈
∑
γ≤n

vγ (x)1Bγ (x) + o(|h|α̃), (5.49)

where vγ is defined as in (5.28), with Bγ ≡ Bh as in Step 2 from Lemma 5.4 (1Bγ

is the indicator function of the ball Bγ ). Notice in fact the analogy with the second
information in (5.48), describing the maximal smoothness of a classical atom, with
the Caccioppoli inequality (5.32), from which one infers its fractional version for
u�, that is (5.36).

5.7. C0,1-Bounds via Nonlinear Potentials

Here we deliver

Proposition 5.5. Let uω,ε ∈ W 1,q(Br ) be as in (5.3). The inequality

‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bt ) ≤ c

(s − t)nϑ
‖Hω,σε (·, Duω,ε) + 1‖ϑ

L1(Bs )
+ c (5.50)

holds whenever Bt � Bs ⊆ Br are concentric balls such that r ≤ 1, where
c ≡ c(data) and ϑ ≡ ϑ(n, q, α, α0). The function Ẽω,σε (·) has been introduced
in (3.13).

Proof. In what follows, we are going to use Lemma 5.4 with δ1 ∈ (0, 1) whose
size will determined in a few lines as a function of n, q, α, α0, and with δ2 by now
fixed by

0 < δ2 := 1

2
min

{
1 + α

n
− q,

α0

3n

}
<

1

2
. (5.51)
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Note that δ2 > 0 follows as a consequence of the assumed bound (1.17) and that the
choice in (5.51) makes δ2 depending only on n, q, α, α0. Without loss of generality
we can assume that

‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bt ) ≥ 1, (5.52)

otherwise (5.50) is obvious. We consider concentric balls Bt � Bτ1 � Bτ2 � Bs

and set r0 := (τ2 − τ1)/8. It follows that B2r0(x0) � Bτ2 holds whenever x0 ∈
Bτ1 . Notice that by (5.5) every point is a Lebesgue point for both |Duω,ε| and
Eω,σε (·, |Duω,ε|). By Lemma 5.4, and (5.36) used on B�(x0) ⊂ Br0(x0), we can
apply Lemma 2.5 on Br0(x0) verifying (2.14) with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w ≡ Eω,σε (·, |Duω,ε|)
M := 2‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bτ2 )

(such a choice ofM is admissible in (5.36) by (5.52))

M0 := Ms1, M1 ≡ Ms2 , M2 ≡ M3 := Ms3

χ := n/(n − 2β) > 1, β := α∗/2 (recall (5.37))

σ1 := α, σ2 := α/2, σ3 := α0/2, f1 ≡ f2 ≡ f3 := |Duω,ε| + 1,

θ1 ≡ θ2 ≡ θ3 := 1, c∗ ≡ c∗(data, δ1, β) ≡ c∗(data, δ1),

m1 := 2(q − 1 + δ2), m2 := q − 1 + δ2, m3 := 3δ2, κ0 := 0 .

(5.53)

As x0 ∈ Bτ1 has been chosen arbitrarily, (2.15), with the choices in (5.53), implies
that

‖Eω,σε (·, |Duω,ε|)‖L∞(Bτ1 )

≤ cM
s1χ

χ−1

(τ2 − τ1)n/2

(∫
Bτ2

[Eω,σε (x, |Duω,ε|)]2 dx

)1/2

+ cM
s1

χ−1 +s2‖P2(q−1+δ2),1
2,α (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

+ cM
s1

χ−1 +s3‖Pq−1+δ2,1
2,α/2 (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

+ cM
s1

χ−1 +s3‖P3δ2,1
2,α0/2(|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 ) (5.54)

for c ≡ c(data, δ1). Recalling the definitions in (3.12)–(3.13), and the choice of
M in (5.53), after a few elementary manipulations in (5.54) we arrive at
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‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bτ1 )

≤ c

(τ2 − τ1)n/2 ‖Ẽω,σε (·, |Duω,ε|)‖
s1χ

χ−1 + 1
2

L∞(Bτ2 )

(∫
Bs

Ẽω,σε (x, |Duω,ε|) dx

) 1
2

+ c‖Ẽω,σε (·, |Duω,ε|)‖
s1

χ−1 +s2

L∞(Bτ2 )

· ‖P2(q−1+δ2),1
2,α (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

+ c‖Ẽω,σε (·, |Duω,ε|)‖
s1

χ−1 +s3

L∞(Bτ2 )

· ‖Pq−1+δ2,1
2,α/2 (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

+ c‖Ẽω,σε (·, |Duω,ε|)‖
s1

χ−1 +s3

L∞(Bτ2 )

· ‖P3δ2,1
2,α0/2(|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 ) + c, (5.55)

with c ≡ c(data, δ1). We now take δ1 to be such that
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

s1(1, δ1)χ

χ − 1
+ 1

2
= nδ1

4β
+ 1

2
< 1

s1(1, δ1)

χ − 1
+ s2(1, δ2) = (n − 2β)δ1

4β
+ 1 − δ2 < 1

s1(1, δ1)

χ − 1
+ s3(1, δ1, δ2) = (n − 2β)δ1

4β
+ 1 + (q + 1)δ1 − δ2/2

2
< 1 .

(5.56)
Recalling (5.51), the quantity δ1 is now determined as a function of the parameters
n, q, α, α0. This determines a first restriction on the size of μ via (5.38) and the
choice of δ1. Notice that at this stage the number μ∗ := μn(δ1/2), determining an
upper bound on μ, depends on n, q, α, α0; notice also that all the above computation
remain valid provided 1 ≤ μ < μ∗ ≡ μ∗(n, q, α, α0). Finally, by (5.56) and a
standard continuity argument we can further restrict the value of μ finding μmax ≤
μ∗ such that

1 ≤ μ < μmax �⇒

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

s1(μ, δ1)χ

χ − 1
+ 1

2
< 1

s1(μ, δ1)

χ − 1
+ s2(μ, δ2) < 1

s1(μ, δ1)

χ − 1
+ s3(μ, δ1, δ2, ) < 1 .

(5.57)

Notice also that the functions μ �→ s1(μ, ·), s2(μ, ·), s3(μ, ·) are increasing. This
finally fixes the value of μmax from the statement of Theorem 1.3, with the asserted
dependence on the constants. We now want to the estimate the potential terms
appearing in the right-hand side of (5.55) by means of Lemma 2.4. In this respect,
notice that n > 2α allows to verify (2.12), while we can take γ = 1 in (2.13)
because

(5.51) �⇒ 1 > max

{
n(q − 1 + δ2)

α
,

3nδ2

α0

}
.
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Applying (2.13) gives⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖Pq−1+δ2,1
2,α/2 (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

≤ c‖|Duω,ε| + 1‖(q−1+δ2)/2
L1(Bs )

‖P2(q−1+δ2),1
2,α (|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

≤ c‖|Duω,ε| + 1‖q−1+δ2
L1(Bs )

‖P3δ2,1
2,α0/2(|Duω,ε| + 1; ·, (τ2 − τ1)/4)‖L∞(Bτ1 )

≤ c‖|Duω,ε| + 1‖3δ2/2
L1(Bs )

,

(5.58)

with c ≡ c(n, q, α, α0). Using (5.58) in (5.55), and recalling (5.57), we can use
Young’s inequality to finally get

‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bτ1 ) ≤ 1

2
‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bτ2 )

+ c

(τ2 − τ1)nϑ
‖Ẽω,σε (·, |Duω,ε|)‖ϑ

L1(Bs )
+ ‖Duω,ε‖ϑ

L1(Bs )
+ c

with c ≡ c(data) and ϑ ≡ ϑ(n, q, α, α0) ≥ 1. This allows to apply Lemma 2.2
that provides

‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bt )

≤ c

(s − t)nϑ
‖Ẽω,σε (·, |Duω,ε|)‖ϑ

L1(Bs )
+ c‖Duω,ε‖ϑ

L1(Bs )
+ c

from which (5.50) follows using (3.17) and a few elementary manipulations. ��

5.8. Proof of (1.14)

Keeping in mind the notation of Proposition 5.5, (5.8) and (5.50) gives that

‖Ẽω,σε (·, |Duω,ε|)‖L∞(Bt )

≤ c

(r − t)nϑ
[N(u, Br ) + oε(ω) + o(ε) + |Br |]ϑ + c ,

so that, recalling (3.13), we find that

‖Duω,ε‖2−μ

L∞(Bt )
≤ c

(r − t)nϑ
[N(u, Br ) + oε(ω) + o(ε) + |Br |]ϑ + c

=: [mω,ε(t; Br )]2−μ . (5.59)

It follows that, up to not relabelled subsequences, the convergence in (5.10) can be
upgraded to uω,ε ⇀∗ uε in W 1,∞(Bt ) for every ε > 0. Letting ω → 0 in (5.59)
yields

‖Duε‖2−μ

L∞(Bt )
≤ c

(r − t)nϑ
[N(u, Br ) + o(ε) + |Br |]ϑ + c

=: [mε(t; Br )]2−μ, (5.60)

which again holds for every ε > 0, with c ≡ c(data) and ϑ ≡ ϑ(n, q, α, α0).
Similarly, as after (5.59), by (5.60) the convergence in (5.12) can be upgraded to
uε ⇀∗ u in W 1,∞(Bt ), so that (1.14) (for s = 0) follows letting ε → 0 in (5.60),
taking t = r/2, recalling that μ < 3/2 and renaming 2ϑ into ϑ .
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5.9. Local Gradient Hölder Continuity

Since the result is local, up passing to smaller open subsets we can assume with
no loss of generality that N(u,Ω) is finite (see the comment after (1.15)).

We fix an open subset Ω0 � Ω and the radius r := min{ dist(Ω0, ∂Ω)/8, 1}.
We take B2r centred in Ω0 and recall that the quantities mω,ε ≡ mω,ε(r; B2r ) and
mε ≡ mε(r; B2r ) are defined in (5.59) and (5.60), respectively. With τ ≤ r and
Bτ ⊂ Br being a ball concentric to B2r , we define v ∈ uω,ε + W 1,q

0 (Bτ ) as

v �→ min
w∈uω,ε+W 1,q

0 (Bτ )

∫
Bτ

Hω,σε,i(Dw; Bτ ) dx,

so that
‖Duω,ε‖L∞(Bτ ) + ‖Dv‖L∞(Bτ/2) ≤ c̄m2

ω,ε (5.61)

holds with c̄ ≡ c̄(data). The derivation of (5.61) follows using first (5.59) (with
Br replaced by B2r and t = r ) and combining it with (4.5) and easy manipulations
as in Proposition 4.1 and Lemma 5.2. By Proposition 5.6 in the subsequent step
and (5.61), we find that∫

−
B�

|Dv − (Dv)B� |2 dx ≤ cω,ε (�/τ)2βω,ε (5.62)

holds for every � ≤ τ/2. Here, in the notation of Proposition 5.6 below, it is
cω,ε := c∗(2c̄m2

ω,ε) and βω,ε := β∗(2c̄m2
ω,ε); these constants are non-decreasing

and non-increasing functions of mω,ε, respectively. Letting first ω → 0 and then
ε → 0, we have that

m2−μ
ω,ε → m2−μ

ε → m2−μ := cr−nϑ [N(u, B2r ) + |B2r |]ϑ + c

(see (5.60)). In particular,

m2−μ ≤ cr−nϑ [N(u,Ω) + 1] + c =: m2−μ
0 (5.63)

holds with c ≡ c(data) and ϑ ≡ ϑ(n, q, α, α0) so that m0 only depends on
data, dist(Ω0, ∂Ω) and N(u,Ω). Again letting ω → 0 and then ε → 0, and
passing to not relabelled subsequences, we can assume that cω,ε →:= cε →=: c ≤
c∗(4c̄m2) < ∞. Notice that by (5.63) we have c ≤ c∗(4c̄m2

0) and this last quantity
depends only on data, dist(Ω0, ∂Ω) and N(u,Ω) but it is otherwise independent
of the chosen ball B2r . In the following, with some abuse of notation, we keep
on denoting by cω,ε ≥ 1 a double-sequence of constants with the above property,
typically being itself released via a non-decreasing function of c∗(2c̄m2

ω,ε); the exact
value of the numbers cω,ε may vary from line to line. A similar reasoning can be
done for the exponents βω,ε, that is, we have βω,ε →:= βε →=: β ≥ β∗(4c̄m2) ≥
β∗(4c̄m2

0) =: β̃ ∈ (0, 1). Similarly, β̃ depends only data, dist(Ω0, ∂Ω) and
N(u,Ω) and is independent of the ball B2r considered. Proceeding as for (5.34),
and also using (5.61) repeatedly, it follows that∫

−
Bτ

|V1,2−μ(Duω,ε) − V1,2−μ(Dv)|2 dx ≤ cω,ετ
α̃ , (5.64)
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where α̃ = min{α, α0}. Using (2.4) with p = 2 − μ and then (5.61) yields
∫
−

Bτ/2

|Duω,ε − Dv|2 dx

≤ c
∫
−

Bτ/2

(|Duω,ε|2 + |Dv|2 + 1)μ/2|V1,2−μ(Duω,ε) − V1,2−μ(Dv)|2 dx

≤ cm2μ
ω,ε

∫
−

Bτ

|V1,2−μ(Duω,ε) − V1,2−μ(Dv)|2 dx .

By using (5.64) again in the above display, we conclude with
∫
−

Bτ/2

|Duω,ε − Dv|2 dx ≤ cω,ετ
α̃ . (5.65)

We can now complete the proof with more standard arguments (see for instance
[35,55,56]), that we recall for completeness. Combining (5.62) and (5.65) yields

∫
−

B�

|Duω,ε − (Duω,ε)B� |2 dx ≤ cω,ε(�/τ)2βω,ε + cω,ε(τ/�)nτ α̃

for every � ≤ τ/2, and taking � = (τ/2)1+α̃/(n+2βω,ε) finally yields

∫
−

B�

|Duω,ε − (Duω,ε)B� |2 dx ≤ cω,ε�
2α̃βω,ε

n+2βω,ε+α̃

for every � ≤ (r/2)1+α̃/(n+2βω,ε). In the above display we first let ω → 0 and then
ε → 0, and finally conclude with

∫
−

B�

|Du − (Du)B� |2 dx ≤ c�
2α̃β̃

n+2β̃+α̃ , (5.66)

where, by the discussion made after (5.63), both c ≥ 1 and β̃ ∈ (0, 1) depend
only on data, dist(Ω0, ∂Ω) and N(u,Ω), but are otherwise independent of the
ball considered B2r . Since Ω0 is arbitrary, (5.66) and a standard covering argument
and Campanato-Meyers integral characterization of Hölder continuity yield that for
every open subset Ω0 � Ω it holds that [Du]0,β;Ω0 < ∞, where β := α̃β̃/(n +
2β̃ + α̃). The proof of Theorem 1.3 in the case s = 0 is therefore complete up
to (5.62), whose proof will be given in the subsequent section. We now briefly
comment on how to obtain the local gradient Hölder continuity in the nonsingular
case s > 0, which is simpler since it requires no approximation via the additional
parameter ω. For the proof of (1.14) it is sufficient to use functionalsNs,ε as in (5.4),
and all the subsequent estimates remain independent of s and ε; the approximation
and the convergence then only take place with respect to the parameter ε and leads
to (1.14). The same reasoning applies to the proof in this section by taking ω ≡ s.
It remains to deal with the last issue, that is the local Hölder continuity of Du with
explicit exponent when s > 0. This will be done in Section 5.11.
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5.10. A Technical Decay Estimate

Here we prove (5.62); this relies on certain hidden facts from regularity theory of
singular parabolic equations that we take as a starting point to treat the nonuniformly
elliptic case considered here. Relevant related methods are also in [26]. Consistently
with the notation established in Sections 3 and 4, with ā > 0 being a fixed number,
in the following we denote that

Hi(z) := F(xc, z) + ā(|z|2 + ω2)q/2 (5.67)

for every z ∈ R
n , where ω ∈ (0, 1] and xc ∈ Ω . Here we permanently assume

(1.11)–(1.13) and therefore Hi(·) is an integrand of the type in (3.2)2 with aσ,i(B)

replaced by ā. Indeed, conditions (3.8) apply here when accordingly recasted (see
also (5.78) below). Moreover, let us define

g̃(t) :=
{

t if 0 ≤ t ≤ 1

g(t) if t > 1 .
(5.68)

Then (1.13) and Lemma 2.1 imply that

|∂z F(x, z)| ≤ cg̃(|z|) �⇒ |∂z Hi(z)| ≤ cg̃(|z|) + cā(|z|2 + ω2)(q−2)/2|z| (5.69)

holds for every z ∈ R
n , where c ≡ c(q, L , cg(1)).

Proposition 5.6. Under assumptions (1.11)–(1.13), with B ⊂ R
n being a ball, let

v ∈ W 1,∞(B) such that {
− div ∂z Hi(Dv) = 0

‖Dv‖L∞(B) + 1 ≤ m .
(5.70)

There exist two functions of m, c∗ : [1,∞) → [1,∞) and β∗ : [1,∞) → (0, 1),
such that

oscτ B Dv ≤ c∗τβ∗ (5.71)

holds for every τ ∈ (0, 1). The functions c∗(·) and β∗(·) are non-decreasing and
non-increasing, respectively, and also depend on n, q, μ, ν, L , g(·). They are in-
dependent of ā and ω ∈ (0, 1].
The proof of (5.71) is achieved via two preliminary lemmas. In the rest of section,
we denote ‖Dv‖ := max1≤s≤n |Dsv|.
Lemma 5.7. With B ⊂ R

n being a ball, assume that v ∈ W 1,∞(B) satisfies (5.70)1
and

‖Dv‖ + ω ≤ λ in B, where λ ≤ m,m ≥ 1 . (5.72)

There exists σ ≡ σ(n, μ, q, ν, L , cg(1),m, g(m)) ∈ (0, 1), which is independent
of ā and is a non-increasing function of m, such that if either

⎧⎨
⎩

|B ∩ {Dsv < λ/2}|
|B| ≤ σ or

|B ∩ {Dsv > −λ/2}|
|B| ≤ σ

=: conditionex(B, λ, s)
(5.73)
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holds for some s ∈ {1, . . . , n}, then

|Dv| ≥ |Dsv| ≥ λ/4 holds a.e. in B/2 . (5.74)

In this case

oscτ B Dv ≤ c1τ
β1λ holds for every τ ∈ (0, 1), (5.75)

where c1 ≥ 1 and β1 ∈ (0, 1) both depend on n, μ, q, ν, L ,m, g(m), but are
otherwise independent of ā. The constants c1 and β1 are non-decreasing and
non-increasing functions of m, respectively. On the other hand there exists η̃ ≡
η̃(n, μ, q, ν, L ,m, g(m)) ∈ (1/2, 1) such that, if ex(B, λ, s) fails for every s ∈
{1, . . . , n}, then

‖Dv‖ ≤ η̃λ holds a.e. in B/2 . (5.76)

The constant η̃ is a non-decreasing function of m.

Proof. For the proof of the first assertion we use and extend some of the arguments
in [53, Proposition 3.7]; see also [26] for the case of the classical p-Laplacian
operator. We can of course confine ourselves to the case the first inequality in
(5.73) occurs (for a σ to be determined in the course of the proof), the other being
similar. By scaling, as in (5.14), we can assume that B ≡ B1. Since conditions
(3.10) are satisfied by Hi(·), it is standard to prove that v ∈ W 2,2

loc (B1). We can
then differentiate the equation div ∂z Hi(Dv) = 0 in the xs direction, thereby ob-
taining div (∂zz Hi(Dv)DDsv) = 0, that is an analogue of (4.8). Recalling that
v ∈ W 1,∞(B1)∩ W 2,2

loc (B1) (as in (4.4) and by (5.72)), we then use as test function
(Dsv − κ)−φ2, where φ ∈ C∞

0 (B1) is non-negative and 0 ≤ κ ≤ λ; this is still
possible by (3.10)). Integrating by parts the resulting equation we find

∫
B1

〈Ds(∂z Hi(Dv)), D(Dsv − κ)−〉φ2 dx

=
∫
B1

〈∂z Hi(Dv), Ds Dφ2〉(Dsv − κ)− dx

− 2
∫
B1∩{Dsv<κ}

〈∂z Hi(Dv), Dφ〉Dssvφ dx . (5.77)

We define the functions

⎧⎪⎨
⎪⎩

G0(t) := g̃(t) + ā(t2 + ω2)(q−1)/2

G(t) := [g̃(t)]2(t2 + 1)μ/2 + ā(t2 + ω2)q/2

λā(t) = (t2 + 1)−μ/2 + (q − 1)ā(t2 + ω2)(q−2)/2

(5.78)

for t ≥ 0, so that

G0(λ)λ + λā(λ)λ2 + [G0(λ)]2/λā(λ) ≤ cG(λ) (5.79)
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holds for c ≡ c(q). By also using (3.8), (5.69) and (5.72), and the monotonicity
features of λā(·) and G0(·) in (5.77), we easily find

λā(λ)

∫
B1

|D(Dsv − κ)−|2φ2 dx

≤ cG0(λ)

∫
B1

(φ|D2φ| + |Dφ|2)(Dsv − κ)− dx

+ cG0(λ)

∫
B1

φ|Dφ||D(Dsv − κ)−| dx .

By then using Young’s inequality and (5.79), and yet recalling that (Dsv − κ)− ≤
2λ, we find

λā(λ)‖D(φ(Dsv − κ)−)‖2
L2(B1)

≤ cG(λ)|B1 ∩ {Dsv < κ} ∩ {φ > 0}|(‖Dφ‖2
L∞ + ‖D2φ‖L∞) . (5.80)

For integers m ≥ 0 we choose levels {κm = λ(1 + 1/2m)/4}, radii {�m =
1/2 + 1/2m+1} and cut-off functions φm ∈ C∞

0 (B�m ), with φm ≡ 1 on B�m+1 ,
‖Dφm‖2

L∞ + ‖D2φm‖L∞ � 4m . With

Am := {Dsv < κm} ∩ B�m (5.81)

estimate (5.80) becomes

λā(λ)‖D(φm(Dsv − κm)−)‖2
L2(B1)

≤ c4m G(λ)|Am |.
We then find, via Sobolev embedding that,

λā(λ)(κm − κm+1)
2|Am+1| ≤ λā(λ)‖φm(Dsv − κm)−‖2

L2(B1)

≤ cλā(λ)‖D(φm(Dsv − κm)−)‖2
L2(B1)

|Am |1/n

≤ c4m G(λ)|Am |1+1/n .

Observing that κm − κm+1 ≈ 2−mλ and that (5.72) implies λ2 ≈ λ2 + ω2, the
above display gives

|Am+1| ≤ c24m G(λ)

λā(λ)λ2 |Am |1+1/n

(5.68),(5.78)≤ c
[
(λ2 + 1)μ−1[g(λ)]2 + 1

]
24m |Am |1+1/n

(5.72)≤ c
[
m2(μ−1)[g(m)]2 + 1

]
24m |Am |1+1/n (5.82)

with c ≡ c(n, μ, q, ν, L , cg(1)) which is independent of ā. Inequality (5.82)
allows to perform a standard geometric iteration (see for instance [37, Lemma
7.1]) leading to Dsv ≥ λ/4 once the first inequality in (5.73) is verified with
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σ ≡ σ(n, μ, q, ν, L , cg(1),m, g(m)) small enough (that corresponds to require
that |A0| is small, see (5.81)). This allows to prove (5.75) by considering that

− div (a(x)DDtv) = 0 , a(x) := [λā(λ)]−1∂zz Hi(Dv(x)), (5.83)

this time for every t ∈ {1, . . . , n}. Recalling (3.8)–(3.9) it follows that a(·) satisfies

|ξ |2 (5.72)≤ c〈a(x)ξ, ξ 〉 , |a(x)| (5.74)≤ c[mμ−1g(m) + 1] (5.84)

a.e. in x ∈ B1/2 and for every ξ ∈ R
n , where c ≡ c(n, μ, q, ν, L). Therefore a

standard application of De Giorgi-Nash-Moser theory to Dtv and (5.72) imply the
validity of (5.75) (note that for this we obtain (5.75) for τ ≤ 1/8, and then the case
1/8 < τ ≤ 1 follows trivially by (5.72)). We now turn to (5.76); the proof is a variant
of the one in [53, Proposition 3.11] apart from the parabolic case considered there.
The only remark we need to do is that the analogue of equation in [53, (3.53)] is here
given by div (b(x)Dz) = 0, where b(x) := [λā(λ)]−1∂zz Hi(Dv(x)) = a(x) if x
belongs to the support of ṽ := (Dsv − λ/2)+, and b(x) ≡ Id (the identity matrix)
otherwise. Then ṽ turns out to be a weak subsolution. Moreover, as |Dv| ≥ λ/2
on the support of ṽ, it follows that b(x) also satisfies (5.84). We can now use
the arguments in [53, pp. 784–786] to conclude with (5.76). Finally, as for the
monotone dependence on m of the constants c1, β1, η̃, σ , this is classical, and it
is a consequence of the fact that all the estimates above feature constants, usually
denoted by c, that are non-decreasing functions of m and g(m); in turn, g(·) is a
non-decreasing function too. ��
Lemma 5.8. Let v be as in Lemma 5.7, assume (5.72) and that mω ≥ λ holds for
some integer m ≥ 1. Then

oscτ B Dv ≤ c2τ
β2λ holds for every τ ∈ (0, 1), (5.85)

where c2 ≥ 1 and β2 ∈ (0, 1) both depend on n, μ, q, ν, L ,m, g(m), m, but are
otherwise independent of ā. The constants c2 and β2 are non-decreasing and non-
increasing functions on m and m, respectively.

Proof. As for Lemma 5.7 we reduce to the case B ≡ B1 and consider (5.83). The
first inequality in (5.84) follows as ‖Dv‖ ≤ λ a.e.; using mω ≥ λ and (3.8)3 we
instead have

|a(x)| ≤ c[mμg(m) + m2−q ] a.e. in x ∈ B1,

where c ≡ c(n, μ, q, ν, L). Now (5.85) follows from standard De Giorgi-Nash-
Moser theory. ��
Proof of Proposition 5.6. We take σ, η̃ ≡ σ, η̃(n, μ, q, ν, L ,m, g(m)) ∈ (0, 1)

from Lemma 5.7 and determine an integer m ≡ m(n, μ, q, ν, L ,m, g(m)) ≥ 1
such that η := η̃ + 1/m < 1; notice that m can be determined as a non-decreasing
function of m. All in all, once m is fixed so is m and therefore η. We set λ0 :=
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supB ‖Dv‖ + ω, λk := ηkλ0, Bk := B/2k for every k ∈ N, and define k̄ ∈ N as
the smallest non-negative integer for which mω > λk̄ . This implies that

ω ≤ λk

m
, for 0 ≤ k < k̄ . (5.86)

Note that (5.86) is empty when k̄ = 0. We further define that

A := {k ∈ N : 0 ≤ k < k̄ and ex(Bk, λk, s) holds for somes ∈ {1, . . . , n}},
and k̃ as k̃ := min A if A �= ∅, and k̃ = k̄ if A = ∅. Using (5.76) and (5.86)
iteratively, we find

sup
Bk

‖Dv‖ + ω ≤ λk = ηkλ0 for every 0 ≤ k ≤ k̃ . (5.87)

On the other hand, by the very definition of k̃ and Lemmas 5.7–5.8 (the latter is
only needed when k̃ = k̄ and therefore, when A = ∅), we find that

oscτ Bk̃
Dv ≤ max{c1, c2}τmin{β1,β2}λk̃ holds for 0 < τ < 1 . (5.88)

At this stage (5.71) follows via a standard interpolation argument combining (5.87)–
(5.88). ��
Remark 4. As a consequence of the local gradient boundedness obtained in Sec-
tion 5.8, the arguments developed for Proposition 5.6 do not require any upper
bound on μ. Moreover, the specific structure in (5.67) is not indispensable and the
methods used here can be used as a starting point to treat general nonautonomous
functionals with (p, q)-growth of the type considered in [60].

5.11. Improved Hölder Exponent when s > 0

The C1,α̃/2
loc (Ω)-regularity proof follows almost verbatim the one in [24, Section

10] since now we already know that Du is locally Hölder continuous in Ω with
exponent β. We confine ourselves to give a few remarks on the main modifications
and to facilitate the adaptation we use the same notation introduced in [24]. We set
M := ‖Du‖L∞(Ω)+[Du]0,β;Ω+1 (we can assume this is finite since our result is lo-
cal). This time we take Ar (z) := ∂z Hr α̃ ,i(z) = ∂z F(xc, z)+qar α̃ ,i(Br )[�s(z)]q−2z

and recall that |∂z Hr α̃ ,i(z) − ∂z H(x, z)| ≤ cr α̃[�1(z)]q−1 holds whenever x ∈ Br .

With v ∈ u + W 1,q
0 (Br ) to solve div Ar (Dv) = 0 in Br , as in (5.61) we gain

‖Dv‖L∞(Br/2) ≤ cM2 with c ≡ c(data). With these informations estimate

‖Du − Dv‖2
L2(Br/2)

≤ crn+α̃ follows as in (5.65) (in turn as in (5.34)), with

c ≡ c(data, M). This is the analogue of [24, (10.3)], but for the fact that here
we find α̃ rather than 2α̃ and the integral is supported in Br/2 instead of Br .
Next, by defining the matrix [A(x)]i j := ∂z j Ai

r (Dv(x)), to use [24] we need
to prove that there exists λ ≡ λ(data,s, M) > 0, independent of r , such that
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λId ≤ A(x) ≤ (1/λ)Id holds for a.e. x ∈ Br/2. As a consequence of (1.11)2 and
of |Dv| � M2 in Br/2, we have

|ξ |2
(M4 + 1)μ/2 ≤ c〈A(x)ξ, ξ 〉, |A(x)| ≤ c[g(M2) + sq−2]

for a.e. x ∈ Br/2 and z, ξ ∈ R
n , where c ≡ (data, M). This is the crucial point

where we use After this, the proof follows exactly as [24, (10.6)] and the proof of
the entire Theorem 1.3 is finally complete.

6. Theorem 1.1, Corollary 1.2 and Model Examples (1.10)

For every integer k ≥ 0, we consider the integrand

F(x, z) := c(x)|z|Lk+1(|z|) + 1,

with c(·) as in (1.7)2 and Lk+1(·) as in (1.10)2. Direct computations show that F(·)
satisfies (1.11) with g(t) ≡ Lk+1(t) + 1, with μ = 1 when k = 0, and with any
choice of μ > 1 when k > 0; moreover, it also satisfies (1.13). The constants ν and
L depend on μ, k and Λ. Theorem 1.3 therefore applies to local minimizers of

w �→
∫

Ω

[c(x)|Dw|Lk+1(|Dw|) + a(x)(Dw|2 + s2)q/2 + 1] dx .

On the other hand the functional in the above display and

w �→
∫

Ω

[c(x)|Dw|Lk+1(|Dw|) + a(x)(Dw|2 + s2)q/2] dx

share the same local minimizers, and therefore the regularity results stated in The-
orem 1.3 hold for local minimizers of the last functional too. In this way the model
case in (1.10) is covered. Theorem 1.1 and Corollary 1.2 then follow as special
cases taking k = 0 and s = 0 and s = 1, respectively. Note that, in the spirit of
Corollary 1.2, local minimizers of the functional

w �→
∫

Ω

c(x)|Dw|Lk+1(|Dw|) dx

are locally C1,α0/2-regular in Ω , for every k ≥ 0, provided (1.7)2 is assumed.

7. Vectorial Cases and Further Generalizations

When functionals as in (1.1) and (1.9) are considered in the vectorial case, i.e.
minima are vector valued u : Ω → R

N and N > 1, we can still obtain Lipschitz
continuity results. In this situation it is unavoidable to impose a so-called Uhlenbeck
structure [69], that is,

F(x, z) = F̃(x, |z|) , (7.1)

where F̃ : Ω × [0,∞) → [0,∞) is a continuous function such that t �→ F̃(x, t)
is C2-regular for every choice of x ∈ Ω . This is obviously satisfied by the models
in (1.1) and (1.10).
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Theorem 7.1. Let u ∈ W 1,1
loc (Ω;RN ) be a local minimizer of the functional in

(1.9) under assumptions (1.7)1, (1.11)–(1.12) and (7.1). There exists μmax ∈ (1, 2),
depending only n, q, α, α0, such that, if 1 ≤ μ < μmax, then (1.14) holds as in
Theorem 1.3.

The proof of Theorem 7.1 is essentially the same of the one given for Theo-
rem 1.3, once the content of Proposition 4.1 is available. This is in fact the only
point where (7.1) enters the game. Inspecting the proof of Proposition 4.1 shows that
this works in the vectorial case provided (4.9) holds. In turn, this inequality follows
along the lines of the estimates in [8, Lemma 5.6]. Notice that, without an additional
structure assumption as in (7.1), Theorem 7.1 cannot hold and counterexamples to
Lipschitz regularity emerge already when considering uniformly elliptic systems
[66]. We also remark that we expect gradient Hölder continuity in the vectorial case
as well; the proof must be different from the one given in Section 5.10, and based
on linearization methods as those originally introduced in [69] and developed in
large parts of the subsequent literature. Another direct generalization, this time in
the scalar case, occurs for functionals of the type

w �→ N(w,Ω) :=
∫

Ω

[F(x, Dw) + a(x)G(Dw)] dx , (7.2)

where F(·) is as Theorem 1.3 and G : Rn → [0,∞)belongs to C1(Rn)∩C2(Rn\{0})
and satisfies

⎧⎪⎨
⎪⎩

ν(|z|2 + s2)q/2 ≤ G(z) ≤ L(|z|2 + s2)q/2

ν(|z|2 + s2)(q−2)/2|ξ |2 ≤ 〈∂zzG(z)ξ, ξ 〉
|∂zzG(z)| ≤ L(|z|2 + s2)(q−2)/2

for every z, ξ ∈ R
n , |z| �= 0. Theorem 1.3 continuous to hold in this last case, with

essentially the same proof. The only difference worth pointing out is the new shape
of the integrands H(x, z) := F(x, z) + a(x)G(z) in (3.1) and Hω,σ (·) (and the
related minimal one Hω,σ,i(·)) in (3.2), accordingly defined as

⎧⎨
⎩

Hω,σ (x, z) := F(x, z) + aσ (x)Gω(z)

Gω(z) :=
∫
B1

G(z + ωλ)φ(λ) dλ.

Here {φε} ⊂ C∞(Rn), denotes a family of radially symmetric mollifiers, defined
as φε(x) := φ(x/ε)/εn , where φ ∈ C∞

c (B1), ‖φ‖L1(Rn) = 1, B3/4 ⊂ supp φ.
The definition of Hω,σ,i(·), instead, remains the same. Following for instance [22,
Section 4.5] and [24, Section 6.7] it is possible to show that the newly defined
integrands Hω,σ (·) still have the properties described in Section 3. In particular
(3.5) and (3.6) still hold for a suitable constant c with the same dependence upon the
various parameters described there. Finally, when considering again the vectorial
case for functionals as in (7.2), we can still obtain local Lipschitz regularity of
minima provided (7.1) holds together with G(z) ≡ G̃(|z|) that and G̃(·) is C2-
regular outside the origin (see for instance [8,23] for precise assumptions).
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