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Abstract

This work presents an Arbitrarily Lagrangian–Eulerian Smoothed Particle Hydrodynamics (ALE-SPH) scheme for Navier–
tokes equations where the particle distribution is optimized by an Implicit Iterative Particle Shifting (IIPS) correction capable
f improving the accuracy of the SPH spatial operators. Here two different possible approaches, based respectively on Moving
east Square (MLS) and on convective fluxes have been adopted to embed the IIPS formulation in an ALE-SPH scheme. The

heoretical second-order convergence rate has been achieved for the Taylor–Green flow at Reynolds number Re = 100. Results
btained with the proposed numerical scheme for the Moving box and the Impinging jet test cases confirm that the accuracy
s significantly improved, with respect to existing quasi-Lagrangian ALE-SPH schemes.

2023 Elsevier B.V. All rights reserved.
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1. Introduction

The SPH models have been first developed for astrophysical studies by Gingold and Monaghan [1] and by
ucy [2], later, these methods have been extended to solve fluid dynamics problems by Monaghan [3,4]. The SPH
chemes are meshless methods, in which the computational domain is discretized by moving interpolation points
alled also fluid particles. Due to the Lagrangian nature of SPH schemes, the fluid particles inherently follow the
treamlines, making these methods suitable for describing applications with free surfaces [5–7] highly fragmented
ows [8], complex fluid–structure interactions [9,10] and multi-fluid interfaces [11–13]. However, as a relevant
rawback, the Lagrangian nature introduces not uniform particles distribution which might reduce the accuracy
f the scheme. The relations between the particle isotropy and the accuracy of the SPH spatial interpolation have
een investigated by Quinlan et al. [14], demonstrating that the theoretical second-order of convergence of the
PH scheme, at continuous level, can be restored at discrete level, exclusively whether the particle distribution is
omogeneous. In order to reduce the particle anisotropy, different regularization methodologies, such as XSPH [15],
emeshing techniques, or reinitialization algorithms [16], have been initially proposed for SPH schemes. The so-
alled Particle Shifting Techniques (PSTs), originally proposed by Nestor et al. [17] within the framework of Finite
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Volume Particle Method (FVPM), was very effective in improving the stability and accuracy of Incompressible SPH
(ISPH) schemes [18–20]. The shifting technique has been applied also in Weakly Compressible SPH (WCSPH)
schemes, [21–24] or in the ALE formulation, firstly proposed in [25], in which the shifting correction is applied
to the transport velocity [26–28] maintaining the consistency of the numerical scheme. Recently Michel et al. [29],
presented a review of different explicit particle shifting formulations available in literature, analysing their properties
in terms of invariance and accuracy and proposing an enhanced approach. Regardless of the properties of the
numerical scheme adopted, in the above-mentioned shifting formulations, the shifting displacements are generally
computed using a time-explicit approximation of Fick’s diffusion law, computing the particles concentration
gradients using the particles position at the previous time step. This approach has been demonstrated to be
effective for specific applications, however, a desired level of particles distribution isotropy cannot be guaranteed.
To overcome this limitation, recently, Rastelli et al. [30] introduced the Implicit Iterative Particle Shifting (IIPS)
methodology, based on a minimization procedure for the gradient of particles concentration, to maintain the
discretization error under a threshold level in the whole domain. The IIPS procedure proposed in [30] is a purely
geometric modification of particles position, without distinct concerns regarding the consistency of the physical
quantities attached to the particles and to the properties of the adopted numerical scheme. In the present work
the IIPS algorithm is embedded in the ALE-SPH scheme called ASPHODEL [27,31,32] proposing two different
strategies. The first one is based on an Advection Correction Step (ACS) introduced in the formulation to update
the physical quantities. The second strategy is a second-order MLS reinterpolation, to update the physical quantities
from the old to the new particle distribution.

This paper is organized as follows, in Section 2 the governing equation for fluid dynamic expressed in the ALE-
PH formalism are reported, then, in Section 3 the particle shifting techniques and, in particular, the implicit particle
hifting are briefly recalled. Later in Section 4 the innovative methodology used to introduce the IIPS technique
n the ALE-SPH scheme is explained, and in Section 5 the proposed numerical scheme is validated against two
ifferent applications.

. Methodology

.1. Governing equations for ALE-SPH models

In this work, the governing equations of fluids are presented as a system of partial differential equations; in its
agrangian form the equations for conservation of mass and momentum are,

dρ
dt

= −ρ∇ · v

dv
dt

= −
1
ρ

∇ p + ν∇2v + g
(1)

here ρ and v are respectively the density and the velocity of the fluid, p is the pressure field, ν the kinematic
iscosity and the gravity force is g. The SPH methods have been firstly used to discretize the set of equations
or fluid dynamics through the original formalism introduced by Monaghan [3]. To solve the system, a weakly-
ompressible approach can be adopted and an equation of state is needed to couple Eqs. (1). Specifically, we
dopted the barotropic Tait’s equation [5]:

p =
c2

0ρ0

γ

[(
ρ

ρ0

)γ
− 1

]
+ p0, (2)

here γ = 7 is the polytropic fluid coefficient and c0, ρ0 and p0 are respectively the reference speed of sound, the
eference density and the reference pressure.

Following the nature of the meshless methods the computational domain is split into discrete points, to derive
he SPH governing equations. The fluid particles are material points that move in time and space carrying the
hysical quantities. Among many formalisms introduced in SPH, the present work adopts a weakly-compressible
LE scheme [25] which is able to generalize both the Eulerian and the Lagrangian description of fluids, [33], by
efining the arbitrary transport velocity v .
0
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The numerical scheme developed in [27,31,32,34], which has been used to validate the methodologies illustrated
n the following sections, presents the governing equations, written in the discrete ALE-SPH formulations, in the
ollowing form,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxi

dt
= v0i

dωi

dt
= ωi

J∑
j=1

2
(
v0(xi j ) − v0i

)
∇Wi jω j

dωiρi

dt
= −ωi

J∑
j=1

2ρE
i j

(
vE

i j − v0(xi j )
)
∇Wi jω j

dωiρivi

dt
= −ωi

J∑
j=1

2
[
ρE

i j v
E
i j ⊗

(
vE

i j − v0(xi j )
)
+ pE

i j

]
∇Wi jω j + ωiρi g

(3)

where i represents the calculation point, with the associated volume ωi , whereas J indicate the total number of
surrounding particles, among them, j denotes a generic neighbour with the relative volume ω j . ρE

i j , ρ
E
i j , v

E
i j , are

the solution of a Riemann problem, computed at the interface between particle i and j and the particles interface
velocity is defined as v0(xi j ) =

v0i +v0 j
2 . The Monotone Upstream-centred Scheme for Conservation Laws (MUSCL)

second-order method is adopted to reconstruct the Left and Right state, ΦL and ΦR , of the Reimann problem, [35].
Moreover, Eqs. (3) are updated in time by means of explicit Runge–Kutta (RK) formulation [36].

3. Particle shifting technique

It is well known that one of the issue of SPH schemes is the low convergence rate [37], the particles distribution
influences the accuracy of the SPH spatial interpolation [14,38]. For this reason, Particles Shifting Techniques (PSTs)
have been introduced in the past, aiming at preventing strong particle anisotropy generated by the Lagrangian
motion. As a global view, PSTs are formulated with two different approaches that can be adapted based on the
specific solver for the governing equations in which they are implemented. The correction term can be formulated
as displacement directly applied to the particle position,

x̄i = xi + δxi , (4)

where xi is the original position, x̄i is the adjusted or shifted position and δxi is the shifting vector of the i th
particle, [18,19,21,22,24,39]. These techniques have been effective in specific applications in preventing highly
non-isotropic particle distributions, however, particles no longer follow the Lagrangian trajectories and advection
terms have to be added to prevent inconsistencies [24].

To overcome these issues and taking advantage of the ALE-SPH formalism, Oger et al. [26], Neuhauser [27]
and Antuono et al. [40] defined the transport velocity by adding a shifting correction term to the fluid velocity:

v0i = vi + δvi , (5)

leading to a consistent quasi-Lagrangian scheme. The particle shifting techniques are based on Fick’s law of
diffusion where the correction of the particle position (for WC-SPH) or of the transport velocity (for ALE-SPH)
for particle i is proportional to the particles concentration gradient, defined as,

∇Ci =

J∑
j=1

∇Wi jω j , (6)

In Eqs. (4) and (5) where an explicit formulation is adopted, the position or transport velocity correction terms are
explicitly imposed on the single particle, using only local information. As previously reported, a different approach
has been recently proposed in [30], where the shifting correction to the particle position is computed implicitly
obtaining a modification of the particles distribution in the entire domain. The implicit shifting is based on the
minimization of the concentration gradient components for all particles in the domain. The main steps of the IIPS
methodology are briefly recalled here, the reader is referred to [30] for additional details.
3
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Initially, for each component of the particle concentration gradient of the i th particle ∇Ci , the Taylor series
xpansions truncated at the first order are expressed as,

∂Ci (X̄, Ȳ)
∂x

=
∂Ci (X,Y)

∂x
+

J∑
j=1

∂

∂x j

∂Ci (X,Y)
∂x

(x̄ j−x j )+
J∑

j=1

∂

∂y j

∂Ci (X,Y)
∂x

(ȳ j−y j )+O((x̄i−xi )(ȳi−yi ))2, (7)

nd

∂Ci (X̄, Ȳ)
∂y

=
∂Ci (X,Y)

∂y
+

J∑
j=1

∂

∂x j

∂Ci (X,Y)
∂y

(x̄ j−x j )+
J∑

j=1

∂

∂y j

∂Ci (X,Y)
∂y

(ȳ j−y j )+O((x̄i−xi )(ȳi−yi ))2. (8)

where (X,Y) and
(
X̄, Ȳ

)
are the vectors of particle coordinates in 2-D for all i = 1, . . . , n particles used to

discretize the computational domain. As previously stated, in order to improve the accuracy of the SPH operator
at the discrete level, the particle concentration gradient, ∇C , has to be zero for any particle in the domain. By
imposing this condition on Eqs. (7) and (8) and neglecting non-linear terms, it leads to:

J∑
j=1

∂2W
((

xi − x j
)
, (yi − yk)

)
∂x2

j
ω j

(
x̄ j − x j

)
+

J∑
j=1

∂2W
((

xi − x j
)
, (yi − yk)

)
∂x j∂y j

ω j
(
ȳ j − y j

)
=
∂Ci (X,Y)

∂x
,

(9)

and
J∑

j=1

∂2W
((

xi − x j
)
, (yi − yk)

)
∂y j∂x j

ω j
(
x̄ j − x j

)
+

J∑
j=1

∂2W
((

xi − x j
)
, (yi − yk)

)
∂y2

j
ω j

(
ȳ j − y j

)
=
∂Ci (X,Y)

∂y
.

(10)

Eqs. (9) and (10) are used to assemble a system of linear equations, Ax = B, where the terms in the known
vector, B, represent the particles concentration gradient of the original particle distribution and the terms on the
unknown vector x correspond to the particle shifting δxi =

(
x̄i − x j

)
,
(
ȳi − y j

)
for j = 1, . . . ., n. Due to the

linear approximations, the procedure needs to be repeated, details in [30].
While the IIPS procedure is more computationally expensive than the explicit shifting, it is not activated at every

timestep but only when the maximum value of the gradient concentration over the whole domain is greater than a
pre-defined threshold.

4. Implicit iterative particle shifting in ALE-SPH scheme

Hereafter, methodologies to integrate the IIPS algorithm, described in Section 3, in an SPH-ALE solver are
discussed. In particular, we address the issue of updating the physical quantities (volume, density and velocity)
attached to the particles in a way that is consistent with the particle motion defined by the implicit shifting
formulation.

In the ALE-SPH models proposed in [26,27] an explicit shifting formulation was adopted and the physical
quantities were updated consistently by means of Eqs. (3) thanks to the possibility of arbitrarily define the transport
velocity v0. However, the shifting correction δv has to be maintained small to avoid issues and instability in the
numerical scheme and this prevents the possibility of keeping the ∇C small for all particles in the domain at every
timestep. Conversely, in the IIPS formulation herein proposed there is no such limitation as the particles positions are
adjusted accordingly to the pure geometrical formulation of the IIPS. Following these considerations, two different
methodologies to update the physical quantities, are proposed, the first one based on an Advection Correction Step
(ACS) and the second one adopt a Moving Least Square re-interpolation.

4.1. IIPS with advection correction step

Following the explicit nature of the ALE-SPH scheme, the displacement obtained from the IIPS is used to
compute the transport velocity in an Advection Correction Step (ACS). We underline that during ACS the physical
4
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time of the adopted numerical scheme to solve Eqs. (3) is frozen. Eq. (4), is manipulated as,

x̄ = x + δx −→ δx = x̄ − x (11)

and, isolating the implicit shifting term, an advection correction is applied considering a fictitious time step ∆t∗,
δx
∆t∗

=
x̄ − x
∆t∗

= vAC S, (12)

efining the arbitrary transport velocity vAC S for the Advection Correction Step.
Due to the ALE-SPH nature, the interpolation points displacements, obtained through the IIPS procedure,

enerate convective fluxes that need to be taken into account. To compute the variation of the physical quantities
ssociated with the convective fluxes, the above-mentioned defined v0, Eq. (12), is introduced in the ALE-SPH
overning equation [25,26]. Then, neglecting internal or external forces, the set of equations that have to be solved
n the advection correction step are rewritten,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δxi

∆t∗
= vAC Si

dωi

∆t∗
= ωi

J∑
j=1

(
vAC Sj − vAC Si

)
∇Wi jω j

dωiρi

∆t∗
= −ωi

J∑
j=1

(
ρi (vAC Si )+ ρ j

(
vAC Sj

))
∇Wi jω j

dωiρivi

∆t∗
= −ωi

J∑
j=1

(
ρivi ⊗ (vAC Si )+ ρ jv j ⊗

(
vAC Sj

))
∇Wi jω j

(13)

The equations in the system (13), which has no relation to the physical time step, need to be solved exclusively
after the IIPS procedure. Then, substituting Eq. (12), the ALE-SPH fictitious system is formulated,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δxi

∆t∗
= v0i

dωi

∆t∗
= ωi

J∑
j=1

(
δx j

∆t∗
−
δxi

∆t∗

)
∇Wi jω j

dωiρi

∆t∗
= −ωi

J∑
j=1

(
ρi

(
δxi

∆t∗

)
+ ρ j

(
δx j

∆t∗

))
∇Wi jω j

dωiρivi

∆t∗
= −ωi

J∑
j=1

(
ρivi ⊗

(
δxi

∆t∗

)
+ ρ jv j ⊗

(
δx j

∆t∗

))
∇Wi jω j

(14)

he time step ∆t∗, as expected, has no influence and it is cancelled out,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̄i − xi = δxi

ω̄i − ωi = ωi

J∑
j=1

(
δx j − δxi

)
∇Wi jω j

ω̄i ρ̄i − ωiρi = −ωi

J∑
j=1

(
ρi (δxi )+ ρ j

(
δx j

))
∇Wi jω j

ω̄i ρ̄i v̄i − ωiρivi = −ωi

J∑
j=1

(
ρivi ⊗ (δxi )+ ρ jv j ⊗

(
δx j

))
∇Wi jω j

(15)

with ω̄i , ρ̄i , and v̄i the updated quantities at the end of the Advection Correction Step.
A preliminary consideration regarding the maximum implicit displacement has to be pointed out; the IIPS

methodology has no numerical constrains on the maximum allowed shifting, even if the conducted numerical
experiences have shown that for low perturbed distributions the values are usually less than 0.2∆. Nevertheless,
it has been proposed to indirectly bound the displacements, reducing the particle displacement with a factor related
5



P. Rastelli, R. Vacondio and J.C. Marongiu Computer Methods in Applied Mechanics and Engineering 414 (2023) 116159

a

w

u
s

f

4

p
(
R
n
p

t
∆

5

p
A
m
i

i
S
S
a
t

to the CFL condition. For this purpose, a numerical coefficient, N , is computed at the end of each implicit procedure
s the nearest greater integer number for all particles as follows

N =

⌈
(maxi |δxi |)

CFL ∆

⌉
. (16)

here the symbol ⌈⌉ stands for the ceiling function and ∆ is the initial particle distance. Therefore, the final version
of Eqs. (13) is rewritten as,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̄i − xi =
δxi

N

ω̄i − ωi = ωi

J∑
j=1

(
δx j

N
−
δxi

N

)
∇Wi jω j

ω̄i ρ̄i − ωiρi = −ωi

J∑
j=1

(
ρi

(
δxi

N

)
+ ρ j

(
δx j

N

))
∇Wi jω j

ω̄i ρ̄i v̄i − ωiρivi = −ωi

J∑
j=1

(
ρivi ⊗

(
δxi

N

)
+ ρ jv j ⊗

(
δx j

N

))
∇Wi jω j

(17)

These equations are integrated for N times to obtain the final value of the field quantities in the position obtained
sing the implicit iterative algorithm. Please note that the RHSs of Eqs. (17) are computed for each of the N
ub-steps.

The set of equations proposed is consistent with the ALE-SPH formalism and it conserves mass and momentum
or particles in the interior region of fluid.

.2. IIPS with MLS reconstruction

A second possible approach here proposed is based on the idea of remapping the physical quantities from the
articles positions computed at the end of the physical time step (X,Y) to the ones computed by the IIPS procedure
X̄, Ȳ). This approach has been similarly utilized in explicit iterative particle shifting procedure by Vacondio &
ogers [23]. The spatial interpolation procedure needs to be chosen in such a way that it minimizes the unavoidable
umerical diffusivity generated by the reinterpolation. In this work, the second order Moving Least Square (MLS),
resented in [41] is adopted and the generic quantity φi at particle i is obtained by solving the following linear

system:

Mi Φi = Bi (18)

where the matrix Mi =
∑J

j=1(ψi j ⊗ψi j )Wi jω j , the vector Bi =
∑J

j=1 φ jψi j Wi jω j and the vector Φi = [φi ,∇φi ].
It has to be underlined that φi is the generic quantity at the updated particles distribution, (X̄, Ȳ), while φ j is
he generic quantities at the original particle distribution (X,Y). Then, ψ i j =

[
1,∆x ,∆y,∆xy,∆

2
x ,∆

2
y

]
and

x = (xi − x j )/hi , ∆y = (yi − y j )/hi , ∆xy = (xi − x j )(yi − y j )/h.

. Evaluation of the IIPS in ALE-SPH

In this section the notation “Implicit iterative shifting” stands for no correction of physical quantities (particles
osition is moved using the IIPS procedure, but the physical quantities are not updated), “Implicit iterative shifting
CS” stands for the procedure presented in Eqs. (17) and “Implicit iterative shifting MLS II” stands for equation
ethodology in Eq. (18), while “Explicit shifting” is referred to the shifting described in [27] and briefly recalled

n Section 3.
In order to evaluate the feasibility of the two methodologies explained in Sections 4.1 and 4.2, they have been

nitially tested using the two-dimensional Taylor–Green vortex which has an analytical solution for the Navier–
tokes equations and it has been widely simulated in SPH through incompressible [18] and weakly compressible [22]
PH schemes. This test represents a counter-rotating decaying flow, in which the streamlines are highly distorted
nd it is really demanding if a fully Lagrangian approach is adopted due to the continuous distortion applied to
he particles distribution by the analytical velocity field. The domain is defined in a square box with bi-periodic
6
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Fig. 1. TGV test case. Particle distribution and convergence analysis, results obtained with h/∆ = 2.

Table 1
TGV test case. Convergence analysis results, L2|vx − vx A| and convergence ratio θ , implicit iterative shifting.

[27] IIPS IIPS-ACS IIPS-MLS II

∆/L L2(vx ) θ L2(vx ) θ L2(vx ) θ L2(vx ) θ

0.05 0.1628 0.1139 0.1111 0.1062
0.025 0.0556 1.55 0.0208 2.44 0.0189 2.55 0.0218 2.28
0.0125 0.0337 0.72 0.0039 2.42 0.0020 3.22 0.0025 3.12
0.00625 0.0176 0.93 0.0007 2.41 0.00019 3.41 0.00014 4.13

boundary conditions, the velocity components u and v on x and y directions, respectively and the pressure p are
computed as,⎧⎪⎪⎨⎪⎪⎩

u (x, y) = Ue−8π2t/Recos(2πx/L)sin(2πy/L)

v (x, y) = Ue−8π2t/Resin(2πx/L)cos(2πy/L)

p (x, y) =
ρ

4
e−16π2t/Re [cos(4πx/L) + cos(4πy/L)]

(19)

here ρ, is the density and Re = U L/ν is the Reynolds number computed with ν, the kinematic viscosity, U the
nitial reference velocity and L the characteristic length of the problem. In the numerical experiments presented
elow, L = 1 m coincides with the size of the domain while U = 1 m/s, and ν = 0.01 m2/s resulting in Re = 100.

The quality of the particle distribution has been evaluated through the maximum value of the particles
oncentration gradient L∞(∇C). The implicit iterative procedure has been applied imposing the threshold L∞(∇C)

0.001/h as the value that triggers the IIPS correction for the particles distribution where h is the smoothing
ength of the kernel function. As it can be seen in Fig. 1(a), the IIPS procedure is able to keep the L∞(∇C) below
he pre-defined threshold while the same quantity becomes more than two orders of magnitude larger with the
xplicit shifting formulation demonstrating that the IIPS is able to significantly improve the quality of the particles
istribution. Moreover, a convergence analysis has been done using ∆/L = 0.05, 0.025, 0.0125, 0.00625 in order
o assess the effectiveness of the methodologies illustrated in Sections 4.1 and 4.2 in improving the accuracy of the
LE-SPH scheme herein adopted.
The L2 norm of the velocity error is shown in Fig. 1(b), and the numerical values for the convergence rates θ and

he norms of the velocity errors in Table 1. These results are compared with the explicit shifting formulation [27].
The convergence rate for the explicit shifting is limited to first-order, while, it reaches values higher than 2

ith the IIPS. Additionally, updating the physical quantities through the advection correction step or the MLS
nterpolation enhances the convergence rates (also in comparison with the no-correction formulation for the IIPS
lgorithm) while the resolution increases.
7



P. Rastelli, R. Vacondio and J.C. Marongiu Computer Methods in Applied Mechanics and Engineering 414 (2023) 116159

c

a
c
i
r
a
c

6

c
t

Fig. 2. TGV test case. ∆/L = 0.00625, explicit shifting [27] formulation (a) velocity x component in [m/s], (b) error on the velocity x
omponent at physical time t = 1 s.

Fig. 3. TGV test case. ∆/L = 0.00625, IIPS and no correction for the physical quantities (a) velocity x component in [m/s], (b) error on
the velocity x component at physical time t = 1 s.

The velocity field and its error are shown in Figs. 2–5, while the analysis of the error on the total kinetic energy
is reported in Fig. 6; those results are referred to the higher resolution, ∆/L = 0.00626. Comparing Figs. 3(b), 4(b)
nd 5(b) it can be noticed that the velocity field is more accurate and less noisy when the physical quantities are
orrected (either by the ACS or the MLS reconstruction), this is confirmed also by the kinetic energy error shown
n Fig. 6. These results confirm that for the ALE-SPH scheme herein considered, the IIPS correction produces
esults more accurate and with a better convergence rate than the explicit shifting formulation. Moreover, the ACS
nd MLS procedures adopted after the IIPS procedure significantly reduce the error of the numerical scheme in
omparison with the Implicit Iterative shifting formulation without any modification of the physical quantities.

. Applications

In the previous section, the performance of the existing approaches and the novel IIPS here proposed have been
ompared for a simple test case with bi-periodic boundary conditions such as the Taylor–Green flow. In this section,
he focus will be posed on applications characterized by the presence of boundary conditions and free surface to
8
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Fig. 4. TGV test case. ∆/L = 0.00625, IIPS with ACS correction for the physical quantities (a) velocity x component in [m/s], (b) error
on the velocity x component at physical time t = 1 s.

Fig. 5. TGV test case. ∆/L = 0.00625, IIPS with MLS II◦ correction for the physical quantities (a) velocity x component in [m/s], (b)
rror on the velocity x component at physical time t = 1 s.

urther assess the accuracy and the convergence of the IIPS algorithm for improving the particle distribution in an
LE-SPH scheme.

.1. Moving box in a rectangular domain

The flow around a moving square inside a rectangular box has been chosen to assess the IIPS algorithm in
resence of moving boundary conditions as it has been identified as a benchmark test case by the SPHERIC (SPH
Esearch and engineeRing International Community) community, see for example [42,43]. The flow occurs in a
ectangular box with size 10 m × 5 m, while the side of the square moving box L is 1 m and its centre of mass
as initial coordinates (1.5 m, 2.5 m) as shown in Fig. 7.

The fluid is initially at rest, then the box is accelerated for 1 s until it reaches the final velocity Uobj = 1 m/s,
hich is maintained constant during the entire simulation. The reference density ρ0 is set equal to 1000 kg/m3 and

he kinematic viscosity ν is set equal to 0.01 N/m2s and therefore the Reynolds number Re is equal to 100. The
eference speed of sound c0 has been defined equal to 12 m/s in order to guarantee that the fluid can be assumed
s weakly compressible. The results shown in the following section are referred to the resolution ∆/L = 0.0125.

A preliminary evaluation of the IIPS procedure has been conducted and the threshold value L∞(∇C)T hr to

ctivate the IIPS procedure has been assumed equal to 0.08/h, the test case has been performed using h/∆ = 1.2,

9
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1

a

Fig. 6. TGV test case. Evolution for the Kinetic energy with resolution ∆/L = 0.00625.

Fig. 7. Moving Box in a rectangular domain, geometry of the test case and initial location of the square.

.5, 1.8. The maximum values of particle concentration gradient ∇C , are reported in Fig. 8, as a comparison, the
results obtained using the explicit procedure are reported. It can be noted that regardless of the h/∆ ratio adopted,
the prescribed maximum value of L∞(∇C)T hr is guaranteed by the IIPS while the original explicit shifting is not

ble to produce similar results.

10
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Fig. 8. Moving Box test case. ∆/L = 0.0125, L∞(∇C)thr = 0.08/h, h/∆ analysis.

Fig. 9. Moving Box test case. ∆/L = 0.0125, L∞(∇C)thr = 0.08/h.

Fig. 9a shows the total number of times the IIPS algorithm is activated during the simulation whereas Fig. 9b
shows the non-dimensionalized total computational time of the ALE-SPH scheme considering different values
of h/∆ ratio. Usually in SPH schemes, the total computational time is proportional to h/∆ ratio (as larger
h/∆ correspond to an increased number of neighbours). However, in the present ALE-SPH formulation the IIPS
procedure has a significant impact on the total computational time of the simulation and for smaller h/∆ ratios,
the number of times the IIPS procedure is activated significantly increases (as shown in Fig. 9a). Therefore, the
computational cost with h/∆ = 1.2 is about 60% higher than the one obtained with h/∆ = 1.5 or 1.8. In conclusion,
it has been chosen h/∆ = 1.5, which allows keeping the predefined level of error in the particle distribution while
does not increase the overall computational time.

As demonstrated by [44], the movement of the squared box generates some numerical issues, due to the highly
perturbed particle distribution. Therefore, present test case has been simulated considering different particle shifting
techniques and in particular: (i) explicit shifting [27], (ii) IIPS with no correction, (iii) IIPS with the advection
correction step (see Eq. (17)) and (iv) IIPS with MLS reconstruction (see Section 4.2).

In Fig. 10, the ∇C field is shown at the t = 0.75 s considering the explicit shifting and the IIPS procedure.
Moreover, in Fig. 11, the particle distribution near the moving square is shown at the same physical time, (when

the moving square is still accelerating). It is clear that, while the explicit shifting method is not able to maintain an

11



P. Rastelli, R. Vacondio and J.C. Marongiu Computer Methods in Applied Mechanics and Engineering 414 (2023) 116159

u
o

o

b
v
t
m
o
r
p
p
d
d

Fig. 10. Moving Box test case. ∆/L = 0.0125, L∞(∇C)thr = 0.08/h. Shifting procedure comparison, particle distribution at t = 0.75 s.

Fig. 11. Moving Box test case. ∆/L = 0.0125, L∞(∇C)thr = 0.08/h. Shifting procedure comparison, particle distribution at t = 0.75 s.

niform particles distribution, the IIPS procedure is capable of avoiding the formation of areas with lack of particles
n the tail of the moving object.

The non-dimensional velocity fields are shown in , Fig. 12, and they can be compared with the reference solution
btained with FD solver and the SPH solution in [42].

The ALE-SPH with the IIPS, is able to produce velocity fields that are in agreement with the reference solution
oth using the Advection Correction Step (Fig. 12a), and the second-order MLS interpolation (Fig. 12b). The
elocity in the wake of the moving square shown in Fig. 12b is slightly underestimated, and this is due to
he additional numerical dissipation of the MLS algorithm. The normalized total computational times have been

onitored and the results are shown in Fig. 13. The ranges of computational overhead are similar to the ones
btained in the theoretical test case in Section 5: the ACS and the MLS interpolation increase the CPU time
espectively by 33 and by 54 percent in comparison with the explicit shifting formulation. In this test case, the
resence of a moving square and external walls act as constraints on the rearrangement of particles. The IIPS
erformances are superior with respect to the explicit shifting methodology both in terms of quality of the particle
istribution and in terms of final results (velocity magnitude maps). Moreover, the computational times are not

rastically increased and remain affordable.

12
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Fig. 12. Moving Box test case. Non-dimensional velocity field v/Ure f . ∆/L = 0.0125, L∞(∇C)thr = 0.08/h, Re = 100 at t = 5 s.

.2. Impinging jet on a flat surface

In this section an impinging jet on a flat surface has been simulated with the aim of assessing the capability
f the proposed numerical scheme in presence of free surface. For this test case Taylor [45] derived the following
mplicit solution for velocity and pressure at the wall, with an arbitrary degree of impact:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x
H

=
1
2

(1 + cosϕ)ln
(

1 + q
1 − q

)
+ sinϕ sin q−1

u =

√
(1 − q2) sinϕ − 1 − cosϕ

q − cosϕ

p =
1
2
ρU 2 (

1 − u2)
(20)

here q is a free parameter in the solution, ϕ is the angle measured from the vertical (90◦ in this case), x is the
orizontal distance from the stagnation point, H is the half-width of the inflow section, and U is the jet velocity.

The test case has been simulated with resolutions equal to H/∆ = 10, H/∆ = 20 and H/∆ = 40. The inflow
velocity is U = 100 m/s, the reference speed of sound is set c0 = 1000 m/s, in order to guarantee that the fluid can
be assumed as weakly compressible. To deal with free-surface flows particles with ∇C lower than a threshold value
13
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Fig. 13. Moving Box test case. ∆/L = 0.0125, Shifting procedure comparison, CPU time.

are identified as free-surface particles and their position is frozen when the IIPS algorithm is activated, and those
particles maintain a pure Lagrangian motion. This is obtained by removing the free-surface particles from the linear
system of Eqs. (9) and (10), of the IIPS procedure. Therefore, the size of the adjusted linear system downgrades to
d · (n − nint ), where d is the number of dimensions, n the number of fluid particles and nint is the number of the
free-surface particles; in this way the implicit corrections are applied to interior fluid particles only.

To assess the value of L∞(∇C)thr , which has to be imposed during the physical simulations, an initial
investigation on the particles distribution has been conducted, using H/∆ = 10. Fig. 14 shows the L∞(∇C),
computed in the region of the domain defined as x/L = [−0.3, 0.3] and z/L = [0, 0.6], using both the explicit
shifting and IIPS procedures activated at each time step, regardless to the maximum ∇C value. The maximum
values of L∞(∇C) obtained by the IIPS procedure is about two orders of magnitude smaller than the one produced
by the explicit shifting, confirming that the IIPS is guaranteeing an homogeneous particle distribution.

The particle concentration gradient ∇C , is shown in Figs. 15 and 16, at tU/L = 0.0525 using the explicit shifting
and the IIPS procedure, respectively. Following this preliminary analysis it has been possible to set the threshold to
activate the IIPS algorithm L∞(∇C)thr equal to 0.02/h that is used in the remainder of the section. As for previous
test cases, the IIPS procedure is able to keep the ∇C below the predefined threshold L∞(∇C) for all particles
during the entire simulation as shown in Fig. 17.

As previously mentioned, the pressure at the stagnation point and along the flat surface has been compared with
the analytical solution of Eq. (20), considering the explicit shifting (Fig. 18), IIPS with the advection correction step
(Fig. 19) and IIP with the MLS reconstruction (Fig. 20). Please note that, whereas the pressure at the stagnation
point is plotted against time, the pressure along the flat surface has been obtained by averaging the values in the
normalized time interval tU/L = [2, 3]. The numerical values for pressure along the flat surface and the percentage
errors are reported in Table 2. It can be seen that the original explicit shifting formulation has a percentage error
higher than 10%, close to the stagnation point. Differently, both IIPS algorithms drastically reduce the pressure error
along the plate: the percentage error of P(0)/ρU 2, (which corresponds to the point of higher perturbation of the
Lagrangian streamlines), using the ACS and the MLS interpolation are respectively 2.85% and 1.45% with respect
to the analytical value. In Figs. 18(b), 19(b) and 20(b) the pressure at the stagnation point P0 is plotted against
time. The highly distorted particle distribution generated by the explicit shifting generates underestimated values.
On the contrary, the IIPS formulations are more accurate. Additionally, it is worth to be noted that even reducing

the particle size, the explicit shifting is not able to increase accuracy in the area close to the stagnation point, while

14
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Fig. 14. Impinging Jet test case. H/∆ = 10, Shifting procedure comparison with IIPS activated at each timestep.

Fig. 15. Impinging Jet test case. H/∆ = 10, ∇C , explicit shifting, at tU/L = 0.0525.

simulations with IIPS procedure generate converging results. The errors obtained using the MLS reinterpolation are
lower at the stagnation point compared to the advection procedure but of the same order of magnitude. In Fig. 21
the normalized computational time is reported and it is verified that the CPU time is not drastically increased. Please
note that, in both the APS and MLS interpolation the most expensive part of the algorithm is the IIPS procedure
for computing the new particle position by solving the linear system of Eqs. (9) and (10) .

7. Conclusion

In the present work, two different strategies to embed the Implicit Iterative Particle Shifting formulation in

an SPH-ALE solver have been proposed. These methodologies have been called Implicit iterative shifting with
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Fig. 16. Impinging Jet test case. H/∆ = 10, ∇C , implicit iterative shifting at tU/L = 0.0525.

Fig. 17. Impinging Jet test case. H/∆ = 10, Shifting procedure comparison with L∞(∇C)thr equal to 0.02/h.

dvection Correction Step and Implicit iterative shifting with MLS interpolation, both of them have been introduced
o update the physical quantities at the end of the implicit procedure allowing to maintain consistency in the
umerical scheme. To adjust volume, mass and momentum on the particle distribution obtained using the IIPS,
he first one adopts the ALE formalism to compute the convective fluxes generated by the implicit shifting
isplacements, while the second one makes a pure geometric interpolation using the information of the original
article distribution. Two different applications, which are representative of a wide range of practical problems,
ave been simulated using the shifting methodologies introduced in this project demonstrating that the implicit
16
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Table 2
Impinging Jet test case. ∆/L = 0.0005. Normalized average pressure on the plate and percentage error Er%.

x/L Explicit IIPS-ACS IIPS-MLS II

P/ρU 2 Er% P/ρU 2 Er% P/ρU 2 Er%

0.0 0.448 10.48 0.486 2.85 0.493 1.45
−0.05 0.444 10.38 0.481 2.88 0.487 1.62
−0.10 0.432 10.37 0.466 3.18 0.473 1.84
−0.15 0.412 10.25 0.441 3.73 0.448 2.24
−0.20 0.384 9.80 0.408 4.16 0.414 2.74
−0.25 0.351 8.82 0.368 4.36 0.373 3.13
−0.30 0.309 7.84 0.320 4.49 0.324 3.19
−0.35 0.263 6.17 0.269 3.81 0.273 2.69
−0.40 0.216 3.43 0.218 2.26 0.221 1.16

Fig. 18. Impinging Jet test case explicit shifing. ∆/L = 0.001, shifting procedure comparison, normalized pressure at P0 in the time interval
tU/L = [2, 3].

Fig. 19. Impinging Jet test case advection correction step. ∆/L = 0.001, shifting procedure comparison, normalized pressure at P0 in the
time interval tU/L = [2, 3].
17
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Fig. 20. Impinging Jet test case. MLS reinterpolation. ∆/L = 0.001, shifting procedure comparison, normalized pressure at P0 in the time
interval tU/L = [2, 3].

Fig. 21. Impinging Jet test case. ∆/L = 0.0125, Shifting procedure comparison, CPU time.

iterative methodology has superior performance in controlling the particle distribution quality and in maintaining a
predefined level of discretization error of the SPH interpolation. Moreover both the ACS and the MLS interpolation
are able to improve the quality of the results with respect to the IIPS approach without any correction for the physical
quantities. The former formulation guarantees the conservation of the physical quantities whereas the latter improves
the quality of the pressure field in presence of strong impacts such as in the impinging jet on a flat surface.
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