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Abstract

We prove strong well-posedness for a class of stochastic evolution equations in Hilbert spaces H when
the drift term is Holder continuous. This class includes examples of semilinear stochastic Euler-Bernoulli
beam equations which describe elastic systems with structural damping, and semilinear stochastic 3D heat
equations. In the deterministic case, there are examples of non-uniqueness in our framework. Strong (or
pathwise) uniqueness is restored by means of a suitable additive Wiener noise. The proof of uniqueness
relies on the study of related systems of infinite dimensional forward-backward SDEs (FBSDEs). This is a
different approach with respect to the well-known method based on the Itd formula and the associated Kol-
mogorov equation (the so-called Zvonkin transformation or Itd-Tanaka trick). We deal with approximating
FBSDE:s in which the linear part generates a group of bounded linear operators in H; such approximations
depend on the type of SPDEs we are considering. We also prove Lipschitz dependence of solutions from
their initial conditions.
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1. Introduction
1.1. Problem and main result

In this paper we consider the problem of strong well-posedness for a class of stochastic partial
differential equations (SPDEs) when the drift term is only Holder continuous.

In a real and separable Hilbert space H we consider a stochastic evolution equation of the
form

(1.1)

dX, = AX,dt +GC(t, X;)dt + GdW,, t€l0,T],
Xo=x€H,

where A : D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup
(e*);>0, the operator G : U — H is a bounded linear operator defined on another real and
separable Hilbert space U and W is a cylindrical Wiener process on U (cf. Section 2). Moreover,
C: [0, T] x H — U is bounded and continuous and 5(1, -) is B-Holder continuous, uniformly
intel[0,T],Be(0,1).

In our framework there are examples of non uniqueness of solutions in the deterministic case
(i.e., when W =0 in (1.1)) (see [8] and [26]). Hence our main result on strong uniqueness, see
Theorem 4.2, is due to the presence of the Wiener noise (regularization by noise). Clearly, such
theorem holds also in the Lipschitz case § = 1 (in this case the result does not depend on W).
Moreover, the boundedness of C can be relaxed by a localization procedure (see Remark 4.3).
Our pathwise result also implies the existence of a strong mild solution (cf. Remark 4.4).

Examples of singular semilinear SPDEs of the form (1.1) we can treat are stochastic damped
equations which describe elastic systems with structural damping and semilinear stochastic 3D
heat equations (see (1.2), (1.3) and Section 6 which is about applications).

In the literature the problem of regularization by noise for stochastic evolution equations (1.1)
of parabolic type has been widely studied, see [8], [9], [10], [11], [19], [32] and the references
therein. Moreover, we mention [4] for SDEs in Banach space, and [26] and [27], where the
semilinear stochastic wave equation is studied. Usually in such papers pathwise uniqueness is
obtained by using the It6 formula after solving a Kolmogorov equation. In finite dimension this
is the so-called Zvonkin transformation or the It6-Tanaka trick (see the seminal paper [30], the
recent monograph [15] and the references therein).

Note that establishing the Itd formula in infinite dimensions is a delicate issue when the noise
is cylindrical (cf. [8], [9], [10] and the references therein). We replace the previous approach
with a method based on forward-backward SDEs (FBSDEs). This does not require proving the
1t6 formula, it works for hyperbolic and parabolic SPDEs and extends the method introduced in
[26] for singular semilinear stochastic wave equations.

The techniques of [26] and [27] work only when the operator A appearing in equation (1.1) is
the generator of a group of bounded linear operators. Here we introduce approximating FBSDEs
in which the linear parts A, in the backward equation generate a group of bounded linear oper-
ators in H (cf. equation (1.6) below); such approximations depend on the type of SPDEs we are
considering. Let us explain two examples of singular SPDEs of the form (1.1) we can consider.

The first class of equations we can treat is stochastic semilinear damped Euler-Bernoulli beam
equations of the form
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2

52 (t)——Ay(t)—pA“—y(t)+A yC(t y(1), (t)>+AVWz, t€(0,T],
y(0) = yo, (1.2)
ay

5(0)—)’1,

with p,y > 0and o € [0, 1). Here, A : D(A) C U — U is a positive self-adjoint operator on a
separable Hilbert space U, there exists A~ and it is a trace class operator from U into U. Such
equations describe elastic systems with structural damping. For physical motivations we refer
to the seminal paper [5] (see also the references therein) for the deterministic equation, and to
[2,3,7] for the stochastic counterpart.
The second class of equations we can treat is 3D semilinear stochastic heat equations like

{ dX* = AXFdt + (—A)V/2C(XF)dt + (—A)7/2dW,, 1€][0,T],

(1.3)

Xf)‘ =x€H,

where we are dealing with the Laplace operator in H = U = L?([0, ]¢) with periodic boundary
conditions and G = (—A)~7/? with ¥ = 0. Such equations are also considered in [8, Example
6.1] with B-Holder continuous drifts C (even with (—A)~Y/ 2c (X7) replaced by the more gen-
eral term C (X7)). However as the authors explain in [8] for 8-Holder continuous drift terms C
they can only prove uniqueness in dimensions 1 and 2. On the other hand, in Section 6.3 we treat
also the dimension d = 3.

As in [26] our method allows to establish Lipschitz dependence of solutions from their initial
conditions (cf. Theorem 4.2):

sup E[1X;" — X231 < crlxn — x2l%, (1.4)
tel0,7T]

where X*! and X*2 denote the weak mild solutions to (1.1) starting at x; and x2 € H, respec-
tively. Estimates like (1.4) have not been proved before in papers on regularization by noise for
stochastic evolutionNequations of parabolic type (cf. [8], [9], [10], [11], [4]).

Note that when C is only continuous and bounded even for parabolic SPDEs (with A which
verifies Hypothesis 5.16) pathwise uniqueness for (1.1) for any initial x € H is still an open
problem (cf. [9], [11] and the references therein).

1.2. Strategy of the proof

First notice the particular structure of equation (1.1), which in the BSDE literature is referred
to as structure condition: the drift belongs to the image of the diffusion operator G. Under the
basic Hypothesis 2.1 the existence of a (unique in law) weak mild solution given by

t t
X, =e'x + f IAGC (s, X,)ds + f TIAGAW,, P-as., (1.5)
0 0

t € [0, T'], directly follows by an infinite dimensional version of the Girsanov theorem, see e.g.
[28, Proposition 7.1] and [13, Section 10.3].
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In order to prove pathwise uniqueness of solutions to equation (1.1), we complement equation
(1.1) with a family of BSDE, which gives the following family of systems of FBSDEs

dX'* = AX" dt + GC(t, Xb%)dt + GdWr, telt, T,

Xt =x, B T €[0,1], 1.6
—dYH5" = — A, Y5 dT 4+ GC (T, Xb¥)dT — ZLX AW, Tt elt, T, '
Yz " =0,

with 7 € (0, T] and n € N. Here, (A;),eN is a sequence of linear operators on H and each A,
generates a group of bounded operators (¢’4"),cg which pointwise approximates (e'4),>0. We
stress that the idea of associating to (1.1) a BSDE has been exploited in [26] and [27], but in that
case the assumption that A is the generator of a strongly continuous group (e’4),cr is funda-
mental. In the present paper a crucial point is to consider a suitable sequence of approximating
BSDEs, where if A is not the generator of a group of operators, each A, is.

By an infinite dimensional version of Girsanov Theorem, the process

T
W, =W, +/5(s, X"%)ds,
0

is a cylindrical Wiener process on U up to time 7'. Under this transformation, system (1.6) reads
as

dX'Y = AX'Ydt + GdW,, telr, Tl
Xt =x, T e[0,1],
—dY!n = — A, YIndr + GC (T, XYY dt + 2051 C(t, X0%)dt — Z25"dW,, T et T1.

Yl[,dx,n — O,
(1.7)

and this system has a unique solution (X"*,Y"*" Z!*Mm) where (Y!*", Z%") is a pair of
predictable processes belonging to L2(Q; C(0,7]; H)) x LZ(Q x [0, T1; L»(U; H)). Further,
P-a.s.

tx,n _  —(T—-0A,, T =, txn . —(T— G, T =,

yirn = = T=04n T (g gl zton = o= T=0y0, Tz, 8%, ae.te[r,T], (1.8)
where V¢ denotes the Gateaux derivative along the direction of G and u,T is the unique solution
to

T T
u(z,x)zfleH [e(T_S)AOGg(s,~)] (x)ds+/RS,, [va(s,-)Fr(s,-)] (x)ds. (1.9)

t t

Here, (R;);>0 is the Ornstein-Uhlenbeck semigroup defined by R;[®](x) := E[@(E?’X)], for any
® e By(H; H),any t > 0 and any x € HN(see Section 5.1), and E?*X is the Ornstein-Uhlenbeck
process defined by means of (1.1) when C = 0. In mild formulation, the process Y**" satisfies
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T T
yl-x.n :/e_(s_f)A"Ga(s Xl’x)ds+fe_(s_T)A"Zt’x’"5(s XY
T v ers s )y g

T T

-
- [z,
T
T T
:/ﬁ“f)f‘ncé(s,X;»X)ds —/ef(S*I)A”Z?"’"dWS, P-as.,  (1.10)

T T

for every t € [0, T]. By setting r = v = 0, by applying the operator ¢7An 10 the first and the last
side of (1.10) and by taking (1.8) into account, we get

T T
f e T4 GC (s, X!¥)ds =u! (0, x) + / e T=94y6, T (5, X9 dWs, P-as.,

T 0
for every T € [0, T]. By replacing this formula in (1.5) it follows that

t t
X, =e'x + / (e“—s)f‘ - e(t_S)A”> GC(s, Xs)ds + f AGAW,
0 0

t
u;(o,x)+/e<’—S>AnvGu;(s,XQ~X)dWs, P-as., (1.11)
0

for every ¢ € [0, T']. From there, to obtain (1.4) we need that the first integral in the right-hand
side of (1.11) converges to 0 as n goes to +00, and that the function u, is smooth enough in
order to get Lipschitz estimates of the addends which involve u!, in (1.11). Both these things are
a consequence of Hypothesis 2.4, and so estimate (1.4) follows.

1.3. Plan of the paper

The paper is organized as follows. In Section 2 we state the main assumptions on the co-
efficients of equation (1.1), under which there exists a (unique in law) weak mild solution
(X;) to (1.1) (see Hypothesis 2.1). Further, we provide sufficient conditions which ensure ex-
istence and uniqueness of a smooth solution unT to the integral equation (1.9) for any » € N and
any 7 € (0, T] (see Hypothesis 2.4). We stress that estimates on the Hilbert-Schmidt norm of
VVGunT, together with the family of systems of FBSDEs (1.6), are one of the main tool which
we need to prove our result. Finally, we prove a generalized Gronwall Lemma which will be
applied in the proof of Theorem 4.2.

In Section 3 we consider the family of systems of FBSDEs (1.10) and we show that, under our
assumptions, for any n € N, any 7 € (0, T'], any x € H and any ¢ € [0, T) there exists a unique
mild solution (X", Y©-*"  Z6¥m) to (1.7) which satisfies (1.8).
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In Section 4 we prove the main result of the paper. At first we show that representation (1.11)
holds true for the weak mild solution (X;). Finally, by means of this representation and of Hy-
pothesis 2.4, we prove Theorem 4.2, which states that there exists a positive constant cr such
that for every x1, x, € H estimate (1.4) is satisfied. ~

Section 5 is devoted to provide sufficient conditions on A, G and on C which ensure that
Hypothesis 2.4 are verified. We split this section into three parts. In the former we show the
existence of a unique smooth solution uz— to equation (1.9) for any n € N and any 7 € (0, T'],
while in the second and in the latter we prove the crucial estimate on the Hilbert-Schmidt norm
of VVGuZ- when (Ap),cN are the Yosida approximants of A and when (A;),cN are finite
dimensional approximations of A, respectively.

Finally, Section 6 concerns with two concrete models to which our abstract results apply:

(i) a stochastic damped Euler-Bernoulli beam equation

2
2%(0 =—Ay@) - PAU%(I) +A7 e (t, y(@), 2—:0)) +ATTW(@), 1e(0,TI,

¥(0) = yo,
dy

—(0) = vy,
Bt() 1

where A : D(A) C U — U is a positive self-adjoint operator such that A™7 is trace class;
(ii) a semilinear stochastic heat equation

dX, = AX,dt + (—=A)V2C(X,)dt + (=A)V/2dW,, tel0,T],
Xo=x€H,

where A is the Laplacian operator on L>([0, 7]?) with periodic boundary conditions.
We note that

1. in the case of beam equation, the result is completely new;
2. in the case of the heat equation, the result extends the one from [8] to the dimension d = 3.

Appendix contains minimal energy estimates for the beam equation which are necessary for our
approach. To the best of our knowledge, these estimates are new and of independent interest.
They are inspired by the spectral methods used in [1,22,29].

1.4. Notations

Throughout the paper we denote by H, K, U real and separable Hilbert spaces.

L(H; K) denotes the Banach space of all bounded and linear operators from H into K en-
dowed with the operator norm; we set L(H) = L(H; H). Moreover Lo(H; K) C L(H; K) is
the Hilbert space of all Hilbert-Schmidt operators, i.e., the space of operators 7 € L(H; K) such
that

2
Z|Tek|K < +00,
k>1
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where (ey) is an orthonormal basis of H. We introduce the norm || - |1, (# k) as

T, .6) = |Telk. T €La(H:K).
k>1

We also set Lr(H) =L,(H; H).
If F: H — K is Gateaux differentiable at x € H, we denote by VF(x) € L(H; K) its
Gateaux derivative at x and by Vi F'(x) its directional derivative in the direction of k € H, i.e.,

F(x +tk) — F(x)
t‘ 9

VkF(x):ztli_r}(l) x,keH.

Let G : U — H be a linear bounded operator. We are interested into differentiating along G-
directions, i.e., directions k € H such that k = Ga for some a € U. We introduce the notation
VOF(x):=VF((x)G € L(U; H) and

F(x+1tGa)— F(x)
t b

VOF(x)G := Vg, F(x) = lim €eH, acU. (1.12)
t—

2. The abstract equation

We fix T > 0, and we will consider the following semilinear stochastic differential equation
in the real separable Hilbert space H:

dXi¥ = AX'¥dT + GC(xr, Xb¥)dt + GdW,, T€[,T],0<1<T,

2.1
X;*=xeH, @D

where W = (W;) is a cylindrical Wiener process on another real separable Hilbert space U.
Recall that W is formally given by “W; = Zn>] W,(n)en” where (W(”))nz 1 are independent
real Wiener processes and (e,) is a basis of U . W defines a Wiener process on any Hilbert
space U1 D UNWith Hilbert-Schmidt embedding (cf. Section 4.1.2 in [13] and Section 2 in [16]).
Moreover A, C and G satisfy the following assumptions.

Hypothesis 2.1.
(i) A: D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup
(etA)t20~

(i) G :U — H is a bounded linear operator.
(iii) There exists o € (0, 1/2) such that

T
/t—Z“ue’A Gl1, . dt < +oc. (2.2)
0

(iv) The function C: [0, T] x H — U is bounded and continuous and, moreover, there exists a
positive constant K and 8 € (0, 1) such that
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Ct.0) = Ct. My <Klx —ylyy, x,yeH, 1€[0.T]. 23)
Note that condition (2.2) implies that for any ¢ > 0O the linear bounded operator

t
0, := /e‘YAGG*e‘YA*ds : H — H is a trace class operator. 2.4)
0

Condition (2.2) is implicitly assumed also in [8]. It ensures that solutions have continuous paths
with values in H (cf. Section 5.3 in [13]).

Clearly, C:=GC :[0,T] x H— H and ||Clle := sup;¢o.71.xen |C &, )|n < +00.

We underline that in Hypothesis 2.1 it is included the case U = H and G = I, if the stochastic
convolution Q;, t > 0, is a trace class operator and (2.2) holds.

Recall that a (weak) mild solution to (2.1) is given by (2, F, (F7), P, W, X), where (L2, F,
(F1), P) is a stochastic basis on which it is defined a cylindrical U-valued F;-Wiener process
W and a continuous F;-adapted H -valued process X = (X;) = (X¢)<e[s,7] Such that

T T

X, =T D4y +/e(T_S)AG5(s, X,)ds +/e(f_S)AGdWS, telr,T], (2.5)

P-a.s.

We say that equation (2.1) has a strong mild solution if, on every stochastic basis (€2, F, (F),
P) on which there is defined a cylindrical F;-Wiener process W on U, there exists a weak mild
solution.

Under Hypothesis 2.1 the existence of a (weak) mild solution to problem (2.1) which is unique
in law is a direct consequence of the Girsanov theorem. Recall that

Proposition 2.2. Under Hypothesis 2.1, for any x € H, t € [0.T[, there exists a unique in law
(weak) mild solution to equation (2.1).

Proof. The result directly follows from an infinite dimensional version of the Girsanov theorem,
see e.g. [28, Proposition 7.1] and [13, Section 10.3]. O

For any x € H we consider the Ornstein-Uhlenbeck process E = (E?’x), i.e. the unique so-
lution to (2.1) with C = 0. The vector-valued Ornstein-Uhlenbeck transition semigroup (R;);>0
associated to E is defined as R,[®P](x) := ]E[@(E?‘x)] forany t > 0, any ® € B,(H, H) and any
x € H (cf. [8]).

We take any generator Ay of a Cy-semigroup of linear operators (e’ Ao)tzo in L(H), we fix
T € (0, T] and consider the integral equation

T T
v(r,x)=fRH [e<T—S>A0G5(s,.)] (x)ds+/RS,, [VGv(s, .)G(S,.)] (ds, (2.6
t

t

for any (¢,x) €[0,7] x H.
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We define the space G%1([0, 7] x H; H), see [16] Section 2.2, as the subspace of Cj,([0, 7] x
H; H) consisting of all functions f which are Gateaux differentiable with respect to x and such
that the map V f : [0, T] x H — L(H) is strongly continuous and globally bounded.

Definition 2.3. A solution to (2.6) is a mapping u = = G%1([0, 71 x H; H) which solves
(2.6).

To prove our main result we require the existence of a family of operators (A;), cN, generators
of Co-groups of linear operators ((¢'4"),cr)neN, and for each n € N we consider the integral
equation (2.6) with A, in the place of Ao, that is

T T
vt x) = / R, [e(’f—”AnGG(s,.)] (x)ds + / R, [va(s,-)G(s,-)] ds.  (2.7)

t t

Note that (2.7) is a mild formulation of a Kolmogorov PDE related to (2.1); on this aspect see
Remark 2.10 which also compares such parabolic PDE with the one considered in [8].

We will denote by u;r the solution of this equation (2.7). On the family of operators (A;),eN
and on the solution of the above integral equation we make the following assumptions.

Hypothesis 2.4.

(A) For any n € N the operator A, generates a strongly continuous group of linear and bounded
operators (¢'47),cg C L(H) such that for any 7 > 0 we have

A

sup sup |le' ||y = K7 <00, lim ex=e"tx, xe H, t>0. (2.8)

t€[0,T1n>1 n—00

(B) For each n € N there exists a unique solution uz— to (2.7) which verifies:
(i) there exists C7 > 0, independent of n and 7T, such that

sup |u) (0,x +y) —u) (0, )|z < Crlyly, yeH. (2.9)
xeH

(ii) For any n € N and any (¢,x) € [0, 7] x H, the map k — VfuZ(r,x) € Lr(U; H)
and V.Gu,T € By([0,T1x H; Ly(U; H)). Further, we assume that there exists an integrable
function 4 : (0, T) — R, independent of n € N, such that for any n € N we have

sup IVEul (t,x+ ) = Veul (.3 oy < H(T =01y}, 1€0.7). yeH.
X€
(2.10)

Further, there exists a positive constant C = C(7') which only depends on T such that
IAllL1,7) < C forany T € (0, T].

Remark 2.5. In order to ensure the validity of (i) and (ii) in (B), a sufficient condition for so-
lutions to (2.7) is the following one: u[(t, -) is Fréchet differentiable on H, for any ¢ € [0, T,

with uniformly bounded Fréchet derivative Vu! (z,-), i.e.,
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sup sup sup ||Vu,T(t,x)||L(U,H) < 00.
n>1te[0,T]xeH

Moreover, for any k € U, t € [0, 7], the map x — VkG unT(t, x) is Fréchet differentiable on H,
VG ul € By([0,T] x H; Ly(U; H)) and

sup [IVyVOul (¢, )3, ey < B(T =0 |yl3, 1€(0.T), yeH, (2.11)
xeH

for some integrable function % : (0, 7) — R with ||h||L1(0’7-) < C forany T € (0, T], for some
positive constant C = C(T).

Note that for any x, y € H and t € (0, T) we have (using an orthonormal basis (f;) in U)

IV Ve @ 013,y =Y IV VTul (6.0 =D 1V, Vag ) (6.2

k>1 k>1

=Y Y (Vi Vesul (), €)=Y [V Vegul ;(t,0)P
j=1k=>1 j>1k>1

=Y 1V VOul 01 2.12)
Jj=1

where u,T j= (u;r, ej) (we are identifying L(U; R) with U). We will prove that the unique mild
solution unT of (2.7) satisfies (2.11), and to prove this estimate we will make use of (2.12).

Remark 2.6. In the case of the wave equation as in [26] and [27] we can take A, = A and so
e'An = ¢'4 because A is the generator of a group of operators, while in the case of the damped
equation A, will be the Yosida approximations, i.e.,

A, :=nAR(n,A), neN,

where R(X, A) is the resolvent operator of A, for any A in the resolvent set of A. Finally, for
the stochastic parabolic PDEs considered in [8] we will consider A, as the finite dimensional
approximations of A.

We notice that the stochastic damped equation and the stochastic parabolic PDEs considered in
[8] are reformulated as a stochastic evolution equation in H like (2.1), with A generator of a
strongly continuous semigroup of linear operators, while the Yosida approximants of A and the
finite dimensional approximations of A generate a group of linear operators.

We stress that if the drift C is Lipschitz continuous with respect to x, uniformly in 7, existence
of a strong mild solution follows in a standard way, see e.g. [13, Theorem 7.6].

Proposition 2.7. Assume that C : [0, T] x U — H is continuous, bounded and h — C(t, h) is
Lipschitz continuous, uniformly with respect to t. Then for any x € H there exist a unique mild
solution to equation (2.1).
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To conclude this section, we provide the following generalization of the Gronwall lemma
which will be used in the sequel (see [14, Lemma 3.1]).

Lemma 2.8. Let f,u,v: [0, T] = R be bounded measurable functions. Moreover, f :[0,T] —
Ri.Let C>0and g,h:(0,T) — R be integrable functions.

(i) If foranyt €0, T]

T

o) < £ + f ¢(s — Du(s)ds, 1€0,T],

t

then, for any t € [0, T,

T
() < f(1) + Ml / f(5)g(s —t)ds.
t

(ii) If forany t € [0, T]

t
u)<C —i—/h(t —Su(s)ds, te[0,T],
0

then
u@® =€ (14 Il g "Hon), refo. 7]
Proof. Assertion (i) directly follows from [14, Lemma 3.1]. Assertion (ii) can be deduced by (i)

as follows. We have u(t) < C+f(; h(r)u(t —r)dr; define w(t) = u(T —t). From the assumptions
the function s — h(r — s)w(s) € L1(z, T) for any t € [0, T']. We get

T—t T—t
w(t)§C+/h(r)u(T—t—r)dr:C—i— / h(r)w(t +r)dr
0 0
T

=C+/h(s —Hw(s)dr,

t
and (ii) follows by (i). O
Remark 2.9. We recall that under the assumptions of Lemma 2.8, if

t
u@®)<cC —l—/h(s)u(s)ds, tel0,T],
0
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then

u(@®) = C (14 Il o, pe™H00), reo. 7]

In the following remark we compare the Kolmogorov equations (2.7) used in the present paper
and the ones considered in [8].

Remark 2.10. Let 7 € (0, 7] and let n € N. Formal computations give that the H-valued solu-
tion u,T of (2.7) formally solves the equation

dul (t, ~
P | L] @0 =T ONGE ), xeH 0T,y
ul (T,x) =0, x€H,

where L; f (x) := %Tr[GG*sz(x)]+ (Ax, V f(x))+ (Gg(t, x), Vf(x)),foranyt € [0, T] and
any x € H, and f is a regular function. Kolmogorov equations similar to (2.13) are considered
in [8] for the study of semilinear parabolic SPDEs (however, note that in equation (6) of [8] the
term —e(7 D41 GC is replaced by GC).

On the other hand, the function v, := e~ (T=DA uz formally solves

T ~
W + E,[U,T(t, I)x) = Anv;r(t,x) —GC(t,x), x€H, tel0,T],
vnT(T,x)zo, x€H,

which is similar to the equation (formally) solved by the function v considered in [26, Remark
6.2].

3. Ornstein-Uhlenbeck processes and approximated FBSDEs

In this section we consider a family of FBSDEs on the time interval [¢, 7], with 0 <7 <
T < T. Namely in a complete probability space (2, F, P), for any n € N and for 7 € [¢, T]
we consider the following system of FBSDEs with forward and backward equations both taking
values in H, given by

dB.¥ = AL dt + GdW,, teln Tl
Ei:xzx, te[ovl]v
—dYP5 = — A, YE5dT 4+ GC (v, BYY)dT + 265 C(r, BYY)dt — ZL5"dW,, T €[0, T,
Yl,x,n =0
Lxn =,
3.1)

The solution to the forward equation is the so called Ornstein-Uhenbeck process & = (EL*) and
it is nothing else than equation (2.1) with drift C equal to 0. Moreover G, C and W are the same
as in (2.1). Finally (A,),>1 are given in Hypothesis 2.4, part (A).
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Remark 3.1. We recall that under the general assumptions of the present paper we cannot con-
sider the BSDE with A instead of A, because — A is not the generator of a semigroup of operators
(see [17]). This case has been considered in [26] since A is the generator of a group of operators,
and here we generalize the method introduced in [26] to the case of A generator of a semigroup
of linear operators.

Let n € N. Concerning the backward equation in the FBSDE (3.1), its precise meaning is
given by its mild formulation: P-a.s. the pair of processes (Y"*", Z!*") satisfies

T T
yren = / =0T G (s, B ) ds + f O ZNn Cs, BYY) ds
4 T
T
_/e—(s—r)Anzg,x,n dWs, (32)

T

for any t € [t, T] (cf. [16], [17], [21] and the references therein). Notice that in order to give
sense to the BSDE in (3.1) we need that —A,, is the generator of a Cp-semigroup of bounded
linear operators, and this is true if we assume that Hypothesis 2.4, part (A) is satisfied.

Concerning equation (3.2) recall that we endow (2, F, P) with the natural filtration (]-"tw)
of W (i.e., ]-',W is the smallest o -algebra generated by WS("), n>1and 0 <s <t) augmented
in the usual way with the family of P-null sets of F. All the concepts of measurability, e.g.
predictability, are referred to this filtration.

The solution of (3.2) will be a pair of processes (Y'*", Z"*") ¢ L%)(Q; C(0,71; H)) x
L%(Q x [0, T1: La(U: H)) (see Proposition 3.2), where L%, (Q; C([0, T1, H)) is the Banach
space of all predictable H -valued processes Y with continuous paths and such that

E[ sup |V, 1=l
7€[0,7]

2
L2,@.c(0. T Hy) = O

and L,ZP(Q x [0, T1; L»(U, H)) is the usual Lz—space of predictable processes Z with values in
L,(U, H). We sum up in the following proposition existence results for equation (3.2).

Proposition 3.2. Assume Hypotheses 2.1 and 2.4 hold true. Then, for any n € N the BSDE (3.2)
admits a unique solution (Y'*", Z1-%") € L%(Q; C(0,T1; H)) x L%(Q x [0, T1; Lo(U; H)),
satisfying

.
E[ sup |Y/*"*]+E f 125" 12,0 mydT < CTnlIClloo. (3.3)
7€[0,7] 5

where C , is a positive constant which depends also on T and n, and the map: (t, x) — Y,t’x,
[0,7] x H— H, is deterministic.

Proof. Existence and uniqueness of a solution directly come from Lemma 2.1 and Proposition
2.1 1in [21], that we can apply since C is bounded. Estimate (3.3) follows from [18], Remark 4.5,
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estimate (4.19). Since the process E"* is szT -measurable (where ]-" 7 s the o-algebra gener-

atedby W, — W;, r € [t T], augmented with the IP- null sets), it turns out that Yt is measurable
both with respect to ]-' T and F;; it follows that Y is deterministic. O

Next we prove an identification property that in the present paper we will apply to uz— solution

to equation (2.7), which is the analogous of the identification formulae proved e.g. in [16] for real
valued functions (see also [25] for the case of functions defined on Banach spaces).

Lemma 3.3. Let v : [0, 7] x H—> H be a continuous function such that for every t € [0, T,
v (t, ) is Gdteaux differentiable and the map (t, x) — Vv (t, x) is Borel measurable. Let us fix
(t,x) € [0, T] x H and let E"* be the Ornstein-Uhlenbeck process defined in Section 2. If ¥ is
a square integrable predictable process and Z € L%, (2 x[0,7T]; Lo(U, H)) and if v (r, E’Tx)
admits the representation

-
v(t, BYY) = v (T, EfT’X)Jr/zpsds—stde, Te0, 7], (3.4)

T
then P-a.s, VGv (r, Etf") = Zr,for ae. 1[0, 7]

Proof. The result can be seen as an extension of [16, Proposition 5.6] to the case of an H-
valued BSDE, and for this extension we use techniques similar to the ones in [26]. Let £ € U and
consider the real Wiener process (WrS )r>0, Where

WE = (&, Wo)y

Let h € H, we set
Uh(l’,x) ={v(t,x),h)y, 0<tr<t<T,x€eH,

and we study the joint quadratic variation between the real process v" (-, ol *") and W¥. Since
T T
V' (z, BYY) =" (T BY) +f (Y5, hyp ds — / Zy, h)p dW,
T
0

T
=v" (0, a{f‘)—/ (s, Wygds+ | (Zg,hyypdW,, T€l[0,T],
0
we find
T
" (-, M), W), f<zg hypds, T €[0,7T], P-as. (3.5)
0
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Now we compute the joint quadratic variation in a different way, arguing as in [16, Lemmata 6.3
& 6.4] and we obtain that the real process v” (-, Et’x) admits joint quadratic variation with W¢
given by

T T
(., 8™, W), = / vOVi(s, BIM)E ds = /<va<s, 89, hyds, T €0, T).
0 0

Comparing this formula with (3.5) we get that for a.e. s € [0, T'] we have, P-a.s.,

(Z,&,h) = (VOu(s, BLNE, h).

~I,X
©

Since H is separable, for any £ € U we get P-a.s. ZSE =VCu(s, B )é, fora.e. s €[0,7T]. The
assertion now follows. O

Next we are going to apply the previous Lemma 3.3 to u,T solution to equation (2.7). We
assume that Hypothesis 2.4, part (B), holds true and recall that the operator A, generates a
group of linear bounded operators (¢°47), .gr. We want to show that the pair of processes

(™ T4 ] (x, 8%, VO T-04n ] (r, 8%, T e 1, T, (3.6)
satisfy the BSDE (3.2). This is the content of the following proposition.

Proposition 3.4. Assume Hypotheses 2.1 and 2.4 hold true. Let u,z— be the unique solution to
(2.7). Then the pair of processes defined in (3.6) is the unique solution of the BSDE (3.2). As a
consequence, if the pair of processes (Y11 Z1-1Y is solution to the BSDE (3.2), then we have
Yo" = e~ (T=D4n uZ-(t, x), Zp°" = e_(T_t)A"VGuZ—(t, x), so that

VOul (r,80%) = T-DAnzbxn - Poas. forae telt, T (3.7)
Moreover; if a pair of processes (Y'%" | Z1%m) s solution to (3.2), then by setting
T(t, x) = e T Y/ " 1 el0, T,
we get that
VOT (1, x) = e T 040" 1 e 0, T,
and V" (t, x), t €[0,T1, x € H, is solution to equation (2.7), i.e., U, = u,T

Proof. The arguments are similar to those used in the proof of the uniqueness part of [16, Theo-
rem 6.2], and are adequated to this different context. For reader’s convenience, we simply write
u, instead of unT

Starting from equation (2.7), we notice that for any 7 € [¢, T ],

T T
un(r,x):Ef [e(T_S)A”Ga(s, Ez’x)]ds—kE/[VGu,,(s, BN (s, E;”‘)]ds.

T T
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Hence, denoting the conditional expectation E[-|F;] as E7+ [-], the random variable u, (7, E.Y)
satisfies P-a.s.

.
~ 1,
it 85 =B [ [T04 68, 2% Jas
T

.
+ET / [VGun(r, ErE) (s, 55’5'”)] ds
T

T T
:]Efr/[e”f‘“n(;ﬁ(s, E§”‘)]ds+IEF’/[VGun(s, 2)CGs, B ds,
T T

(3.8)

—l,X
7,87
S

. X - =1, :
since B4 is Fy-measurable Vt <s <7, and E = By, Setting

T T
g:=/[e<T—S>AnG5(s, 2t |ds+ [ [vOunts, 8, 29 | ds,

t t

we can rewrite (3.8) as

T

T
n(z, E’;"):IE]:Tg—f[e(T_S)A”GG(s, Eﬁ,’x)]ds—/[VGun(s, 20 )C(s, &) | ds,
t

t

fo_r T € [t,T]. By the representation theorem for martingales, see e.g. [13], there exists
(Z5%)seto.71 € L%(Q x [0, T1; L2(U, H)) such that for any 7 € [0, 7]

TAL

un (T, Et‘[’x) =u,(t,x) + / Z?’xde
t

TNAL TNt
—f[e(T_S)A”Gg(s, Eg’x)]ds—f[vcun(s, g5 C (s, Ef;")]ds, P-as.
t t

We conclude that the process u,,(t, E’T’x), t <t <7 isacontinuous semimartingale with canon-
ical decomposition. By Lemma 3.3, we have that 705 =VOu,(s, 2b") ae. s € [t, T1. Then the
previous semimartingale reads as

-
Uun(t, BLY) = — f VCu,(s, L") dWy
T
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T T
+f [T G s, E?x)]ds—k[ [V unts, 885, 25 | ds.

T T

T-1)A

If we apply e~ " to both the sides of this equation we get

T
e*(T*r)Anun(r, E{[,JC) — _/e*(sft)An I:e*(T*S)An VGM,,(S, E;’x)dWS]
T

T T
+/[e_(s_f)A”G5(s, E?")]ds+/e_(s_f)’4" [e—<T—S>AnvGun(s, 215 (s, Ef;")]ds,

T t
and by comparing this expression with (3.2), it is immediate to see that the pair of processes
(e TP, (zr, 87, e T =04V u, (r, 87, Telr, T,
solves equation (3.2).
The “Moreover” part follows from the fact that, by Proposition 3.2, equation (3.2) admits a
unique solution. O

4. Pathwise uniqueness for the nonlinear SDE

Let’s go back to the nonlinear SPDE (2.1), which we rewrite with initial time ¢ = 0:

dXP* = AXP¥dt + GC(r. XN dt +GdW: T €[0,T],
Xg’x =X € H

The existence of a weak solution to (2.1) has been already discussed in Proposition 2.2. Let us
set X7 := X?”‘ forany v € [0, T] and x € H. Then, P-a.s. we have

T T

X¥ =e™x —}—/ (e(tfs)A — e(tﬂ)A”) GC(s, X¥)ds —i—/‘e(t*S)A"Ga(s, X7)ds
0 0
T
—}—/e(r’X)AGdWS, vt €[0, T]. 4.1

0

Let T € [0, T']. In the next result, for any n € N we consider u},, the regular solution of (2.7) with
T = t, whose properties are listed in Hypothesis 2.4, part (B).

Proposition 4.1. Let Hypotheses 2.1 and 2.4 hold true. Then, for any n € N and any t € [0, T]
we have
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T
X7 =e™x + / (e(T_S)A — e(r_S)A”) GC(s, X7)ds
0

T T
+u;(0,x)+/vGu;(s,X§)dWs+fe<H>AGdWS, P-as.. 4.2)
0 0

Proof. Let0 <t <t <T and x € H. We consider a (weak) mild solution X** to
dX'* = AX'¥do + GC(o, X )do + GdW,, o€l 7], X =x, oe€l0,1],

which is given by

o o
XX =@ DAy 4 / e CIAGC (s, X!N)ds + / O IAGAW,, P-as., o€t 1],
t t

X =x, o€l0,1].

Such solution is defined on a stochastic basis (€2, F, (F;), P), on which it is defined a cylindrical
Fi-Wiener process W on U.
Let us set

o
Wy =Wy + f C(s, X1%)ds.
0

By the Girsanov theorem (see, for instance, [13, Section 10.3] or the Appendix in [9]) there
exists a probability measure P= @, on (2, F;), such that in (82, F7, f@) the process (VT/U)C, isa
cylindrical Wiener process up to time t (it is not difficult to prove that P and P are equivalent).
In (22, F7, @) the process X'* solves

dX'* = AX'"do + GdW,, X" =x, oelt,tl.

Since for OU stochastic equations pathwise uniqueness holds, we have, in particular, that (X )

is a predictable process with respect to the completed natural filtration (F}¥)o<;<; generated by
W. Let us consider the FBSDE system

dXL* = AX'*do + Gd W, oelt.zl,
Xé_,X:x’ O'E[O,t],
—dY, = —AyYedo + GC (0, X5¥) do + Z, C0, X5¥)do — Zo dW,, o €0, 7],
Y: =0.

(4.3)

From Pr0p051t10n 3.4, system (4.3) admits a unique solution (Xg Lyl yt.xn Z’ % ”) in (R, Fy,

(f Jo<s<rts IP’) Recall that FW C Fs, s € [0, T]. Moreover, see (3.6), we have P-asin Q (or
equivalently P-a.s. in €2)
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Yoo = =4yt (5 X1, o €0, 7], and ZL5" = e TTOMVOT (6, X1,

for any o € [0, ], a.e. Hence, P-a.s. for any s € [0, 7], a.e., we have

eTOAYLRN — T (5 X1Y), T AZINN - gOyT (5, X1, 4.4)
We recall that
T T
A’a — G An al ) G AnAqu )
Y;”_fe (s=0) GC(s,Xﬁ,")ds—i—/e S=AnZLENC (5, X1V ds
o o

T
_/e—(s—(r)An’Z\g,x,n dWA
o

T
- / e CTOMGC (s, X0Y) ds

[

T
— / e~ GTOMZIEN g Poas., o €0, 1] (4.5)

o

Let us consider now the initial time ¢t = 0, and let us write (4.5) with o =0 (we write X~ instead
of X0%). We get

T T
fe—“‘n GC(s, XF)ds = e A" u’ (0, x) + / e Z0% W Peas.,
0 0
for any 7 € [0, T], and by applying e*4" to both sides, from (4.4) we deduce that, P-a.s.,
T T

/ eTIMGC (s, XP)ds = uf, (0, x) + f T ZOEn g W,
0 0

T
=u’(0,x) + / VOul (s, XHdWs, Vrel0,T].
0
By replacing in (4.1) we infer that

T
X7 =e™x +/ (e(T_S)A — e(T_S)A") GC(s, X7})ds
0

T T
+u;(o,x)+fv0u;(s,xf)dws +/e<f—S>AGdWS, P-as., (4.6)
0 0
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for any 7 € [0, T'], and the proof is finished. O
The next result is our main uniqueness theorem.

Theorem 4.2. Let Hypotheses 2.1 and 2.4 hold true. Then, there exists a positive constant ¢ =
c(T) > 0 such that for any x1, xo € H we have

sup E[1X;" — X231 < clx1 — x2l%, (4.7)
te[0,T]

where X*! and X*? denote (weak) mild solutions to (2.1) starting at x| and x3, respectively, and
defined on the same stochastic basis. In particular, for equation (2.1) pathwise uniqueness holds.

Proof. Let x1,xy € H and let us denote by X I and X? the mild solutions to (2.1) starting at x1
and x;, respectively. We fix ¢ €]0, T']. From (4.2) with t =¢, for any n € N we have

(X! = X7) =€ 1 — x2) + (1 0, x1) — (0, 12)) + 8} (1) + 82
t
+/ (vGu;(s, X1 = vOul (s, Xf)) dW,, P-as., (4.8)
0

where

t
5 (1) :/(eU—S)A —e“—”*‘n)cé'(s,xf;)ds, P-as., i=1,2, neN.
0

Notice that in (4.8) we consider the function uﬁl such that u; (t,)=0.

The crucial point is that estimates on u; are uniform in ¢ (cf. Hypothesis 2.4), part (B). We
also note that x > ¢’4x is Lipschitz continuous with respect to x, uniformly with respect to
t, and taking into account Hypothesis 2.4, part (B), point (i), we know that x > u’ (0, x) is
Lipschitz continuous. For what concerns the stochastic integral, note that using Hypothesis 2.4,
part (B), point (ii) with T = ¢, by the Itd isometry we find

! 2 t
E /(vGu;(s,xg)—vGu;(s,xf))dWs S/h(r—s)E[|X}—X§|i,]ds. (4.9)
0 H 0

)

t
<Cr||xi —xl3 + f h(t — $)E [|x,l - xf@,] ds+E |:sup |8,1,(t)|%{:| +E |:sup |33(r)|§,} ,
0

Using (4.9) in (4.8), for any n € N we get

]EUX} — x?

t<T t<T
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where Cr is a positive constant independent of n and ¢. Note that
e E[1X] - X7,

is a bounded function on [0, T']. Thus applying the generalized Gronwall lemma we infer

E[IX} - X} ] < k1 (E [Sgg 13, (r>|%,} +E Lsgg |5£(r>|§,} + I —x2lh),
=< =

where K is a positive constant independent of n and 7. We need to prove that
E|sup|s) ()% | +E|supls2(t)3 | =0, n— oo. (4.10)

t<T t<T

Using the dominated convergence theorem, we get the assertion if we show that, P-a.s.,
. 1 2 . 2 2

nlggotsgg 18,y =0, ngrggofgg 18, @) =0. (4.11)

Let us consider the first limit in (4.11) (the proof of the second limit is similar).
Let us fix w, P-a.s.; for any n € N, we have

t t

8,11 (t) = / (e“*S)A - e(tﬁ)A”) g(s)ds :/ (erA — erA”) gt —r)dr, neN,

0 0

with g(s) = G5(s, Xsl (w)), s € [0, T], which is continuous from [0, 7] with values in H. It is
enough to prove that sup, .y |8,i (#)|g — 0 as n — oo. We note that, for any compact set K C H,
r € [0, T'], there exists y = yg , such that

sup ‘(erA _ erAn> y‘ — ‘(erA _ erAn> VK.
yek

b

and so

lim sup ‘(e”‘ — e’A") y‘H =0. (4.12)

I‘l—)OOyGK

Let us introduce the compact sets K; = {g(s)}s¢[0,) C H, t € [0, T]. From (4.12) it follows that

t T

|5rll(t)|H§/ sup ‘(e’A—e’A")y‘Hdrgf sup
0 0

(e’A - erA”) y‘ dr — 0, n— oo.
yekK; YeKT H

This shows assertion (4.10) and completes the proof. O
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Remark 4.3. We point out that, using a localization argument as in [10] the boundeness of c
can be dispensed. In particular, one can prove strong well-posedness of (1.1), for any x € H,
under Hypotheses 2.1 and 2.4 but replacing the condition on C with the weaker assumption:
C: [0, T] x H— U is continuous on [0, T] x H, there exists K7 such that

IC(t,x)ly <Kr(1+|x|g), t€l0,T], x€H, (4.13)

and moreover, for any ball B = B(z,r), z € H, r > 0, the function C:[0,T] x B— U is B-
Holder continuous, uniformly in ¢ € [0, T] (the index 8 € (0, 1) should be the same for any ball
B but the Holder norm may depend on the ball we consider).

Remark 4.4. By Theorem 4.2, using a generalization of the Yamada-Watanabe theorem (see [28]
and [23]), one deduces that equation (1.1) has a unique strong mild solution, for any x € H.

5. Analytic results on the associated Kolmogorov equation (2.7)

In this section, assuming Hypothesis 2.1 we give sufficient conditions on A, G and C such
that Hypothesis 2.4 is satisfied. This will imply the pathwise uniqueness result for equation (2.1)
according to Theorem 4.2.

We split this section into two parts: in the former we provide preliminaries results on the
equation (2.6) which involves a generator Ag of a strongly continuous semigroup ¢4 on H; in
the second part we will consider Hypothesis 2.4.

5.1. Preliminary results on equation (2.6)
Let us assume the following condition on the operator Qy, t > 0, introduced in (2.4).

Hypothesis 5.1 (Controllability).

(i) For any ¢ > 0 we have Im(e'4) € Im(Q,%).

(ii) Foranys > OwesetI'(¢) := Q;lﬂe’A : H — H.From (i) it follows that I"(¢) is a bounded
linear operator for any ¢ > 0. We assume that there exist a p ositive constant C = Ct and
measurable functions Ay, Az : (0, T] — R4 such that infieo, 77 A1(?), infreo, 77 A2(f) >
0; further, for any ¢ € (0, T), A1, A> are bounded in the interval [¢, T], and

IT®zlg < CrAi()|zla, [T@)Gklp < Crha()lkly, z€e H, keU, t€(0,T]. (5.1)
Note that if U = H and G = I we consider A| = Aj.

Remark 5.2. Since G € L(U; H) it follows that the best choice of A; and of A, in (5.1) and a
suitable choice of Cr give A,(¢) < A1(¢) forany t € (0, T].

It is well known that for any 7 > 0 condition Im(e’4) C Im(Q,l/z) is related to the null-
controllability of the abstract controlled equation

Y(t) =AY (1) + Gu(t), te€[0,T),
YO)=yeH.
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In the sequel we will also need the following assumption.

Hypothesis 5.3. The function Ai_ﬁ Ay € L'(0, T), where 8 € (0, 1) is the constant in Hypothe-
sis 2.1(iv) (cf. (5.1)).

By the dominated convergence theorem the previous assumption implies that

T
Cyri= / eV (M) TP A () dt - 0, ¥ — +o0. (5.2)
0

Remark 5.4. The function A(t) =7, Ap(t) =t~ 2, with o1 > 0 and oy € (0, 1) satisfy
Hypotheses 5.1 and 5.3 if § > max{0, (01)" o1 + 02 — 1)}. Indeed since o5 € (0, 1) it fol-
lows that o1 + 02 — 1 < o1, which implies that %‘271 < 1. Further, with the condition
B > max{0, (61) "' (o1 + 02 — 1)} the product A}_ﬁ(t)Az(t) = ¢~ ((U=P)ort02) g integrable as
required in (5.2), since (1 — B)o1 + 02 < 1.

We recall that (R;) is the Ornstein-Uhlenbeck semigroup defined by R,[®](x) := ]E[CD(E?’X)],
for any ® € B,(H; H), any t > 0 and any x € H. Under Hypothesis 5.1, from [13, Theorem
9.26] we infer that for any ® € B,(H; H) the map x = R;[®](x) € C;°(H; H) and

ViR [®](x) = f Tk, Q; ' y) p® (e x + YN0, Q) (dy), (5.3)
H

for any x,k € H and any ¢t > 0, where N (0, Q,) is the Gaussian measure on H with mean 0
and covariance operator Q; (see for instance [12, Chapter 1]). Estimates (5.1) allow us to repeat
verbatim the statements and the proofs of [26, Lemmata 4.1-4.3], and we collect these results in
a unique Lemma.

Lemma 5.5. Let Hypotheses 2.1 and 5.1 hold true, and let R; be the Ornstein-Uhlenbeck opera-
tor defined in Section 2, acting on vector-valued functions.

(i) Forany ® € By(H; H) and any t > 0, the function x — R;[®](x) is Gdteaux differentiable
and its Gdteaux derivative VR:[®](x) € L(H; H) is given by (5.3). Moreover, for any
T > 0 there exists a positive constant C = Cr such that

sup [V R [P1(x) |1 = ClIPlloc A1(D)I2|lH, z€H (5.4)
xeH
sup |V R(®I(0) |1 < C|®lloc A2 () kly, ke U. (5.5)
xeH

If ® € Cp(H; H) then R;[®] is Fréchet differentiable on H and we have VR;[®] €
Cyp(H; L(H; H)) and VO R,[®] € C,(H; L(U; H)).

(ii) Forany ® € Cp(H; H), anyt > 0 and any k € U the function x — VkGR,[CD](x) is Fréchet
differentiable on H and
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VyvaRt[q)](X) :/<(F(Z)y’ Q71/2Z>H(F(I)Gk, Q71/2Z>H
H

— (C()y, TOGK) 1 ) D x + 24 (0, 0)(d2),  (56)

sup [Vy VE R [@]1(0) |5 < Cll®lloc A1 (D A2yl 1 lkly. 1€ (0, T], (5.7)
xeH

and
Tim sup IV.VE R (®I(x + y) — V.VE RAPIOI)I Lo 1)
—YyeH

= lim sup sup |VZV,?R,[¢](x +y)— VZV,?R,[Q](y)|H =0, keU. (5.8

x=>0yeH |z|y=1

The last result we need follows from interpolation theory. Let B € (0, 1). From [12, Theorem
2.3.3 & example 2.3.4] it follows that

(Co(H), CL(H))p.oo = Ch (H), B (0.1), (5.9

with equivalence of the norms (here, (X, Y)g ~ denotes the real interpolation space between
the Banach spaces X and Y, for more details see [24]). Further, we denote by (R;) the transi-
tion semigroup of the Ornstein Uhlenbeck process 2%* acting on Borel measurable real valued
functions ¢ : H — R as

Rilp1(x) = E[$(E")].

There is a link between the H-valued Ornstein-Uhlenbeck transition semigroup (R;);>0 and the
scalar Ornstein-Uhlenbeck transition semigroup (R;);>o: forany ® € B,(H; H) and h € H we
set &y (x) := (D(x), h)y for any x € H. From [8, Section 3] it follows that

(VyR [ @](x), i) g =V, Ry [Prl(x), >0, x,y,heH. (5.10)

With computations similar to the ones in the proof of [26, Lemma 4.4] we can prove the
following result. For reader’s convenience we provide a detailed proof in Appendix B.

Lemma 5.6. Let Hypotheses 2.1 and 5.1 be satisfied. Then, for any T > O there exists a positive
constant C = Ct such that for any g € (0, 1) any ® € Cf (H; H) we have

]7
sup |Vy R @10 < Cl@lcon Ay P Olyla, v € H, (5.11)
H

Xe€

sup |Vy VE RAPI) i < ClI®llcp iy A1) P A2 ylulkly, yeH, keU, (5.12)
xeH

foranyt e (0,T].

Remark 5.7. We recall that estimates (5.4), (5.5), (5.7), (5.11) and (5.12) hold true with R;
replaced by R; and ® being a real-valued function.
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We go back to the integral equation (2.6) and for any 7 € [0, T'] we introduce the spaces E(;r
and Eg , as follows.

Definition 5.8. Eg— is the space of functions u € Cp([0, T] x H; H) such that u(z, -) is Fréchet
differentiable on H for any 7 € [0, 7] and the map Vu : [0, T] x H — L(H, H) is strongly con-
tinuous and globally bounded. Moreover, for any k € U and ¢ € [0, 7] the map x — V,f; u(t, x)
is Fréchet differentiable on H.

For any y > 0, we set

EJ, =={uecE] :|ul, T <+oo}, (5.13)
where
Nully,7:= sup e u(t, x)|n + sup e IVut, ) Loas m)
(t,x)€[0, T1xH (t,x)€[0,T1xH
+  sup sup " |V.VEu(t, )|l L m)- (5.14)

(1,x)€[0, T1xH |kly=1

It is easy to prove that Egj v is a Banach space for any y > 0. Some further properties of

functions u € E(T are collected in the next remark.

Remark 5.9. (1) Ifu € EJ , 1 €[0, 7] and k € U then

IVEut, Mes . <3sup IVEut, )llg + sup IV.VEut, )l m) (5.15)
xeH xeH

To verify the previous inequality we write for x £ y (we have to consider |[x — y| <1 and |x —
yi=1

IVEu(t,x) — VZu(t, y)lulx — yI ™ <2sup IVEu(t, )|y + sup V.V u(t, )l Lt: 1)
xeH xeH

() Ifue Eg- then the mapping

t > IVOut, Mes Lw: my (5.16)

is Borel measurable on [0, T'] (with values in R ). It is not difficult to prove the measurability of
t— Sup,.cg ||VGu(t, X)L H)- In order to show that

t > [VOult, )es .. my is measurable, (5.17)

we consider a countable dense subset D of {u € U : |u|y = 1}. Let S be a countable dense subset
of H. We note that by the continuity property of VkG u
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IVeu(t,x) — VEu(t, y)lu

[VGu(t’ ')]Cf‘(H‘L(U;H)) = sup sup 5
x,yeH, x#y |kly=1 lx =yl
IVEu(t, x) = VEu(t, y)lu
= sup sup 3 _
x,y€S, x#y keD |x—y|H

IVEu(t.x)=VZu@. )y

i is continuous on
[x _ylH

Since for fixed x,y € S, x # y, k € D, the mapping: ¢ >
[0, T] we get assertion (5.17).

In the next result we will also use the Holder continuity of C (t,),tel0,T].

Theorem 5.10. Let Hypotheses 2.1, 5.1 and 5.3 hold true and let Ay be the generator of a
strongly continuous semigroup e on H.

Then, there exists a unique solution u” 10 (2.6) in the sense of Definition 2.3 which belongs to
E(;r and there exists a positive constant M = My which only depends on T, sup, (o 1) [|e 40 ey

ol T
and sup;co.771 1C (s, -) ”C,’f(H;U) but not on T, such that |u’ |07 < M.
Proof. Let us introduce the operator ¢ defined on Eg v by

T T
(Gu) (1. x) :=/RH [e<T—S>A0G5(s,-)] (x)ds—i—/Rs,, [vGu(s,.)E(s,.)] (x)ds,

t t

for any (¢, x) € [0, 7] x H, with y > 0 to be chosen. We proceed in some steps.

Step 1. We have to verify that ¢ : E(T y = EJ ” We only check the more difficult part, i.e. we
only verify that if u € E(;ry, forafixed y € H,

Vy(4u):[0,T]1x H— H iscontinuous on [0, 7] x H. (5.18)
We will only prove that

e
vy / R [ch(s, ~)5(s, ~)] (x)ds is continuous on [0, 7] x H, (5.19)

t

T
the other term V, f Ry [e(T_S)AOGa(s, ~)] (x)ds can be treated in a similar way.

t
First note that B(s, x) := V%u(s, x)C(s, x) is a bounded continuous function on [0, 7] x H
with values in H. We also define B(s,x) =0 for s > T, x € H. Using the estimate (5.11) and
the fact that
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T

/A}_ﬁ(s)ds < 00
0
we consider the function
T T—t
v(t, x) :=/V),RH [VGu(s, )Cos, -)] (X)ds = / VyR, B(r +1, ) (x)dr,
t 0

(t,x) € [0, 7] x H. It is enough to prove that v is continuous on [0, 7] x H. Let us prove the
continuity at a fixed (¢p, xo). We write

Tt T—to
|v(t,x)—v(to,xo)|§‘ / VyRB(r +1,)(x0)dr — / VR B(r +1,)(x)dr
0 0
T —to
+’ / [VyR,B(r—I—t,~)(x)—V),R,B(r—}-to,-)(xo)]dr’:Jl(t,x)—}-Jz(t,x).
0
Now
T—t T—t
=] [ IVRBC+wIar| <€ sup 1BCcrgrmbln| [ Al
7 te[0,7] Tt

and so lim;_,;, sup,.g J1(t,x) = 0. Concerning J, we note that, for any » €]0,7 — to[ the
mapping

(t,x) = (VyR B(r +1t,)(x) — VyR, B(r + o, -) (x0))

= / (C(r)y, OF 2 u[B(r + 1, e x +2) — B(r + 10, €Y x0 + 2)IN(0, 1) (d2)
H

verifies lim;, x)— (1,x) | Vy Ry B(r +1t,)(x) — Vy R, B(r +t9, -)(x0)| = 0 by the dominated con-
vergence theorem. Moreover, using the estimate (5.11) and again the Lebesgue theorem we infer
7——[()
lim f IVyR,B(r +1t,-)(x) — VyR, B(r + 19, -)(x0)|dr =0
(t,x)— (10,x0)
0

and so lim, x)— (49, x0) J2 (¢, x) = 0. This shows (5.18).

Step I1. We claim that a suitable choice of y implies that ¢ is a contraction on EOT v For any

Ui, uy € Eg—y we have to estimate the difference |§u1 —%u;||, 7. Let us only estimate the term
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" \VVEGu (t,x) = V.VEGuy(t, x) | L:my, €0, T), x€H, keU,

since the other addends can be estimated in a similar way. We have, for t € [0,7], y € H,
ylg <1,

eV \VyVEGu (t, x) — VyVEGus(t, x) | <
.
< /e—y<f—’>|vyv,§1es_, [e” (ma — chz) Ces, .)] ()| pds. (5.20)

t

Since uy,uy € E 0.y the map x — VOu; (s, x)a(s x) is B-Holder continuous from H into H,
i=1,2, unlformly with respect to s € [0, 7], and

1VCui (5. )C (5. Ml o m=2 s 1VEuG e, i ICG e 1.0

lkly=1

for any s € [0, 7], with i = 1, 2. By applying (5.12) to (5.20) and taking into account (5.19) we
get, uniformly in y and in (¢, x) € [0, 7] x H

;
t
T

gcfe—ﬂs—’) (At —s) P Aa(s — 1) ds -

t

sup [C(r )l oy SUP_ €7 sup  IVE @ —u2) ()l s gy
rel0,7] GHD o) keU. kly=1 Cp (H:H)
=C, T Sup IC(r, )”Cﬁ(H.U)”UI—MZ”y,T (5.21)
rel0,T ’

(see also (5.15)) where, from Hypothesis 5.3, C,, 7 is a positive constant which goes to 0 as
y — 400, uniformly with respect to 7 € [0, T']. We get

NIVNVE Gyur (1, %) = VVE Guun (t, 0 | oy < Cr sup NCE g I = wally. 7
Similar arguments applied to the other terms of the norm ||Gu — Guz||,, 7 give

Yuy —Gusll, 7 < Cp 7llur —uzlly, 7.

Choosing y large enough we deduce that ¢ is a contraction on E(T y and therefore it admits a
unique fixed point ul .
Step II1. Let us prove the last part of the statement. We will estimate the crucial term

IV.VeuT (¢, )y, t€[0,T), xeH, keU,
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with |k|y = 1, since the other addends can be estimated in a similar way. We have, using (5.15),
forany t € [0, T,

IVOuT @, M ergarvy <3 sup IVSuT (6,0l + sup sup 1V.95uT (2, ).

xeH xeH |w|y=1
Hence, starting from

T T
uT (t, %) :=/Rs_, [e(T—”AOGE(s, .)] (x)ds+fRs_, [vGuT(s,.)E(s,.)] (x)ds

t t

and arguing as before (using also that inf;c o, 71 A2(f) > 0) we arrive at

.
IVuT (¢, )l s vy < M1+ My / h(s =) IVeuT (s, ) o mpyds, €10, T,

t

where the function r — h(r) = A1 (r)' P Ax(r) € L1(0, T) by Hypothesis 5.3 and M is a posi-

tive constant which depend on 7', sup, 9 7 [|e! A0 |l (#) and supyco. 7y IC (s, -) ||Cﬂ(H‘U), but not
9 ’ b 9

on 7. The generalized Gronwall’s Lemma 2.8 gives

IVeuT (Ml vy < Mill+exp (1allL1o.ry) 1BllLio.y). £ €10, T,

Using the previous estimate we can bound IVkaGuT(t, x)|g forany ye H, |ylg <1, |kly =1,
arguing as in (5.21). We obtain

sup  IIV.VEUT () Loy < M.
(t,x)el0, T 1xH

Arguing in a similar way, we obtain
lu” llo.7 < 8y

with M; depending on 7', sup, ¢, 7 ||e! Ao | (k) SUPseqo, 7] ||5(s, Il A1 and Aj but not

on7. O

clH;Uuy

Corollary 5.11. Let Hypotheses 2.1, 5.1 and 5.3 hold true. Consider, for any n € N, the operator
A, which generates a strongly continuous group of linear and bounded operators (¢'*") C L(H)
such that for any T > 0 we have

A A

sup sup e’ ||y <00,  lim e'Mx=¢x, xe H, t>0. (5.22)
n

i
te[0,T1n>1 —00

(cf. (A) in Hypothesis 2.4). Then, there exist unique solutions uZ to (2.7) which belong to Eg-
and there exists a positive constant M = M, independent of n and T, such that ||unT||0,7- <M.
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Remark 5.12. Note that the previous result implies the validity of (2.9) in Hypothesis 2.4 for any
choice of generators (A,) verifying assertion (A) in Hypothesis 2.4.

In the next two sections we provide sufficient conditions for the validity of (2.10) in Hy-
pothesis 2.4. We will consider two different types of approximations (A,),eN for A: the Yosida
approximations which we use to treat semilinear stochastic damped equations and the finite di-
mensional approximations which we use to deal with semilinear stochastic heat equations.

5.2. Sufficient conditions to ensure Hypothesis 2.4, using the Yosida approximations for A
Let us show that the solutions unT of (2.7) satisfies (2.10) of Hypothesis 2.4 when
A, =nAR®n, A) (5.23)
for any n € N. We notice that with this choice of A, Hypothesis 2.4, part (A), is fulfilled (cf
Remark 5.12). We introduce the following additional assumption which will be verified in Sec-

tion 6.2 for the damped equation.
Hypothesis 5.13. For any T > 0 there exists a positive constant C = Cr such that
IT®GlL,w.my < A2(®)Cr, te(0,T], (5.24)
where A;(¢) is the function introduced in Hypothesis 5.1.
The first estimate of the Hilbert-Schmidt norm of u follows from the following lemma.
Lemma 5.14. Let Hypotheses 2.1, 5.1 and 5.13 hold true. Then:

(i) forany ® € By(H; H) we have VO R,[®](x) € Lo(U; H), x € H,t > 0, and forany T > 0
there exists a positive constant C = Ct such that

sup [|VE R (@I |, w: i) < A2()C | ®lloo, £ € (0, T (5.25)
xeH

If® € Cyp(H; H) then VOR,[®] € Cp(H; Lo(U; H)).
(ii) The map U > k — VyV,?Rt[QD](x) € Lyr(U; H) and for any T > 0 there exists a positive
constant C = Cr such that (cf. Hypothesis 5.1))

sup | Vy VER[®I) Ly w: iy < A1) A2()C | Pllos |y, 1€ (0, T].  (5.26)
xeH

(iii) For any T > O there exists a positive constant C = Ct > 0 such that for any 8 € (0, 1) we
have

sup [|Vy VI RAPI) | Ly w: 1) < (A1) P AoCN Pl gy Y|, 1€ (0, T,

xeH
5.27)
forany ® € Cf(H; H).
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Proof. Let T > 0 and let {¢ : k € N} be an orthonormal basis of U. From (5.3) and (5.24) we
get

IVERAPINT iy = D, IVRIPIx)Gerlf; < ClIPlloe Y IN0)Gerlfy < Aa(t)C|[®lloo
keN keN

forany ® € C,(H; H), any x € H and any ¢ € (0, T'], and (i) follows.

To prove (i7) it is enough to consider (5.6) and (5.24), and to argue as in the proof of (7).

It remains to prove (iii). Analogous computations as for (5.12) in the proof of Lemma 5.6 (see
Appendix B) give

IVy (VERAPD ()| ar < (A1) “PCN®l cp s |9 IT@)GKl, 1€ (0, T1, ¢eChH),

for any 7 > 0, anu 8 € (0, 1) and any ® € Cf(H; H), where C = Cr is a positive constant
which only depends on 7. To conclude, let us consider an orthonormal basis {ex : k € N} of N.
It follows that, see also the calculations (2.12)

IVy(VERAPY T, .ty = D IVy(VE RIPD (),
keN

< M@ PN G gy Y1 D ITOG Sl
keN

= MO PPN 41,1y IV HIT OGNy < A1 B2 @ CPUSN G gy 1Y
which gives the thesis. O

In the next Theorem we investigate further properties of u,T, the solutions to (2.7) with A, =
nAR(n, A); see Corollary 5.11. Note that (5.28) gives (2.11) with h = c.

Theorem 5.15. Let Hypotheses 2.1, 5.1, 5.3 and 5.13 hold true, and let unT be the solutions to
2.7y with A, =nAR(n, A).

Then, VSu T € Cp([0, 7] x H; Lo(U; H)). Further, for any t € [0, 7] and any x,y € H, the
map U >k |—> Vy VGu (t, x) belongs to Lo(U; H) and there exists a positive constant ¢ = c(T)
which depends on T but neither on T nor on n such that

sup  IVyVOul (¢, )y <clylu, vy €H. (5.28)
(t,x)el0, T 1xH

Proof. The fact that for each ¢ € [0, T], VOu 7—(t ) € Cp(H, L2(U; H)) follows by (i) in
Lemma 5.14 taking into account that B(s, x) := VGu(s x)C(s x) is a bounded continuous func-

tion on [0, 7] x H with values in H.
Arguing as in the first step of the proof of Theorem 5.10 one can show that

VGu,T: [0,7T]x H— Ly(U; H) is continuous and bounded.
From Theorem 5.10 and estimate (5.27) we infer (see also (5.15))
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.

v,veul <C Collu” AN P Ay (s)d H

IVyVZu, (8, ) ,w;m) < Cilyla + Callu, llo,71yIE | (A1(s5)) 2(s)ds, yeH,
t

(5.29)

where C; and C, are positive constants which depend on 7', K7 in (2.8) and supsc(o 7]

||5(S, ) ||C;3(H;U), but neither on n and 7. Corollary 5.11 and (5.29) give the thesis. O

5.3. Sufficient conditions to ensure Hypothesis 2.4, using the finite dimensional approximations
for A

Here we assume that
U=H

and Hypotheses 2.1, 5.1 and 5.3, where in particular it is assumed that G(I, )€ C,’f(H; H) for
some 0 < B < 1 uniformly in ¢ € [0, T] (see (2.3)). Moreover we require the following condition:

Hypothesis 5.16.

1. A is self-adjoint, with compact resolvent, {e, : n € N} is a complete orthonormal system in
H which satisfies Ae, = —a,¢;, wiLh non-dgcreasing positive (a,)n>1.
2. We require G € L>(H) or, setting (C), := (C, ey),

i suPre0.1) ICE Dnllcs romy < oo: (5.30)
n=1 %n
Remark 5.17. We point out that Hypotheses 2.1, 5.1, 5.3 and 5.16 extend assumptions 1 — 6 in
[8] in the following way.
(i) Assumption (ii) in Hypothesis 5.3 is weaker than assumption 6 in [8] (such assumption
6 corresponds to the case when A1 = Aj). Recall that, in general we have A, < A (see Re-
mark 5.2). The main consequence of this fact is that our results apply to semilinear stochastic
heat equation in dimension d = 3 (see Section 6.3), while examples in [8] only cover the cases
d=1landd=2.

(ii) Following [8] one should require a condition like fOT (Aq (t))ﬁ A, (t)dt < +00. However
we will not impose such condition.

Remark 5.18. In this section we consider the case when G is not necessarily a trace class op-
erator and (5.30) holds true, since if G € Ly(H) then (5.24) is satisfied with U replaced by H.
Indeed, for any {4, : n € N} orthonormal basis of H we have

Y IP®)Ghaly < CrAa(t) Y |Ghaly < CrAaIGIIT, )
neN neN

and the estimate (5.28) follows at once. This implies that condition G € L,(H) allows to get
strong uniqueness by using Yosida approximations and the computations developed in Sec-
tion 5.2, but for semilinear stochastic heat equation this does not lead to the sharp result.
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Letn € N. We consider E,, := span{ej, ..., ¢, } the finite dimensional linear span generated by
e1, ..., e, (see Hypothesis 5.16) and we let IT, be the projection of H onto E,;:

n
My:H— E,. x> Y (x.e)nex (5.31)
k=1

As approximants of A we will consider in this section the finite dimensional truncations of A,
given by
A, =AIl,, neN. (5.32)

Let us notice that this family of operators satisfies Hypothesis 2.4, part (A). For any 7 € (0, T']
we consider the integral equation (2.7) which we rewrite here for the reader’s convenience:
T T
u(t,x):= | R (T=94GC G C
X)) = | Re—t|e (s, )| ()ds + [ Re—i [VZuls, )C(s, ) [ (x)ds. (5.33)

t t

We denote by u,T the solution of this equation (see Theorem 5.10). Following Remark 2.10 uZ'
solves

au(t, .x) . _ (T*I)An al
L, 1) = —e GCtx), xeH. 1el0.TL g3,
W(T.x) =0, xeH,

where
L f(x):= %Tr[GG*sz(x)] + (Ax, Vf(x)) + (C(t,x), VO f(x)), t€[0,T], x€H.

Indeed in mild formulation equation (5.34) can be rewritten as

T T
Wl (1, x) = f Ry_y [é’f—”*‘nGE(s,-)] (x)ds + / Ry_y [VGunT(s, V(s -)] ()ds.  (5.35)

t t

For every fixed n we let u;rk = (M,T, er) :[0,7T] x H— R its k-component, with k € N. The
following lemma states that for any n € N we have u;r(t, x) € E, forany (¢,x) €[0,T] x H.

Lemma 5.19. Let uZ?k be as above. Then:

(i) Foranyk=1,...,n we have

T T
qu(t, x) = / Re—t [ef(Tfs)“k (GC (s, '))k] (x)ds + / Rs—s [VGqu(s, )C (s, .)] (x)ds.
t t
(5.36)
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(ii) Forany k >n + 1 we have qu =0.
Proof. Since
Ryt [¢T94GEGs, ) | 1) =M, E[e T4 GE(s, 201,

formula (5.36) follows. Further, for any j > n + 1, we have

-
wl (%) = / Re s [vGu,’[j (s, )C(s, -)] (x)ds. (5.37)
t

Indeed
(Ry_, [e<T*S>AnG5(s, -)] (). ex) =0, k>n+1.

From (5.5) and Remark 5.7 we infer that, fork € H, |k|g =1,

.
IVEul (t. ey <€ / Ao(s = OIVEul (s, ) lcynds - sup IC (s, ey i)
T]

s€l0,
t

The generalized Gronwall Lemma 2.8 gives VGuZ j (t,x)=0foranyr €[0,7] and any x € H
and from (5.37) we get (ii). O

We notice that, up to revert time, equations (5.33) and (5.36) coincide with the mild integral
equations (16) and (15) in the paper [8], respectively, with G and G, which are given here by
G = e’ GC(T— s, -) and Gk(s ) =e % (GC)k(T— s, -). We stress that from Corollary 5.11
we already know that ”Z—k € E0 and there exists a positive constant M = Mr, independent of

k=1,...,n,T andn such that

e llo.7 < M. (5.38)

The next result gives a new estimate which is not present in the regularity results of Section 4
in [8]. Indeed in such section estimates on the second derivatives of solutions are given using the
operator norm; instead here we consider the stronger Hilbert-Schmidt norm.

Theorem 5.20. Let Hypotheses 2.1, 5.1, 5.3 and 5.16 be satisfied, and let T € (0, T). Then,

VGM,T € By([0, T x H; Ly(H)) and there exists h: (0, T) — R, € L'(0, T), independent of
n, such that for any n € N and any t € (0, T) we have

sup |V, VOul @, )12 oy < (T =0 |yly. yeH. (5.39)
xXe

Further, there exists a positive constant C = C, depending on ||A%_ﬁA2||L1(O,T), such that for
any T € (0, T] we have
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© 1€ il 1
Il g0, <2CY W)
k=1

+00. (5.40)
ok

Remark 5.21. Note that (5.39) implies (cf. (2.10))

sup [VEOu] (t.x +y) = VOul (0. 03,y < H(T=0yl}. 1€©. 7)., yeH. (541)
xeH

Proof. Let 7 € (0, T] and n > 1. Let us prove that ch;r belongs to By ([0, 7] x H; Lo(H)).
We have

n
VGu,T(t, x) = Z VGqu(t, x)ex
k=1

(see Lemma 5.19). Arguing as in (2.12) we have

n
S IVEWT 6.0} =Y Vo u] .07 = Y (Voo ) (t.x). €)%

k>1 k>1 j=lk>1
n n

2 G 2

=Y "> [Voeul (6.0 =D 1Voul (6.0
j=1k=1 =

This shows that, for any (¢, x), the map: k — VkG uZ(t, x) is a Hilbert-Schmidt operator from H
into H.
Forany N > 1, (t,x) € [0, T] x H, we introduce the approximating mappings:

k= Vl%,k ”nT(ﬂx) = Fy(t,x,k),

where I1, has been defined in (5.31). By the previous calculations and by Theorem 5.10 we
deduce that Fy € Cp([0, 7] x H; Ly(H)) for any N > 1. Since

lim || Fy(,x,-) = Voul (t, %) L,y =0,
N—o0

for any (¢, x) € [0, T] x H, we get the desired measurability property.
In the sequel C is a positive constant which may vary from line to line and which does not
depend on n, k and 7. In order to prove (5.39) we write as in (2.12)

IV VU @ 013,y =Y IV VEU] (0, 2)13,.

jz1
By Lemma 5.19 assertion (5.39) follows if we prove
n

> sup [V.VEOu] (5. 07 oy <HT (9). s €10.T7, (5.42)
k=1 xeH
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for any n € N. Let us prove estimate (5.42). Arguing as in (5.15) we find, for any 7 € [0, 7],

VUl (6, Mep iy <3 sup IV0ul (6, ) g +sup sup [[V.VSu] (t,0) . (5.43)
xeH

xeH |lw|lg=1
Let us apply V© to (5.36). We will take into account the regularizing properties of R; (see (5.5),

(5.12) and Remark 5.7), and (5.43).
For any k € {1, ..., n}, define

Un i) = I1VCu] (6, oy £ €10, T,
Using that inf;c0,7) A2(f) > 0 and taking into account (5.36) we get
T
Uni(t) < C Cs, - ~T=na (A (r — )7 Aa(r — 1)d
nk(@) = C sup [[(C(s, Dillcs:my [ e (A (r —1)) 2(r —t)dr

5€[0,T] J

-
+ C/ (A (r =) P Ay (r — DU,k (r)dr.
t

Let

g(t) = (A1) Aa(0),

t € [0, T]. By applying the generalized Gronwall Lemma 2.8 we infer

T

VG T . < ”g”Ll(O.T) _ d 544

IVZuy @ s m,my < (1) +e f(s)g(s —t)ds, (5.44)
t

forany r € [0, T]and k=1,...,n, where f(t) = C supsc(o 1 ||(5(s, Nilles mmy - Il‘r(t) and

-
) = / e~ T="% o —dr, te]0,T]. (5.45)

t

Let us estimate V.V,Guzk; by the integral equation verified by qu we get

.
1, Ml eseasm / e~ T="% g _ 1)y

t

||V-V.GMZTk(t, ey L H) < C sup
5€[0.T]

T
+C/g(r—t) ||VQqu(r’ Nt mdr
t
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<C sup [1CCs, Dillce . my (K() + Th)),
s€[0,T]

where in the last passage we have used the definition (5.45). Moreover setting K = 8o
and

T T
Th(t) = / g(r— t)(zé(r) +Kr / I (&)g (& — r)ds)dr,

t r

by (5.44) we have performed the second part of the last inequality. Therefore,

n n
Y UVVEWT NG, bty < € ZSS[‘SPT] 1 Dl gy (5O + F0)?).
k=1 k=1 ’

Let us prove that for any k € N the functions ¢ — I§-(t) and t — Jfkr(t) only depend on 7 — t.
Indeed, setting 7 — r = s in formula (5.45) where Il‘r(t) is defined we get

T—t
I5(t) = / e g(T —s —nds, te[0,T],
0

and we see that If‘r(t) depends only on 7 — ¢. Analogously setting 7 —r =s, 7 — & = 5 in the
definition of J 7",(t) we get

T—t T—t
JE(t) = / g(T—s— t)(IZ‘,(T— s)+ Kr / AT = mg(s - n)dn)ds,
0 s

and we see that Jé‘—(t) depends only on 7 —¢.
Let us set

+00
h(t):=C)_ sup_ CC (s, NENZ g7 1) ((Ik(r>)2+(ﬂ‘(t>>2), 1€(0,7). (546)
k=1%¢€Y

then (5.39) is satisfied. It remains to prove (5.40). To this purpose note that, for each fixed k > 1,
I* and J* are bounded function on [0, 7] (uniformly in k). Indeed

-
17
OSIk(T—l)S/g(r—t)dVS lgllzio,r) =14 5A2||L1(0,T)’

t

and similarly, with a constant Mo = Mo(llgll.1 ¢, 1)) > O:
0<JKT —1)<Mp, t€[0,T).
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We need more precise estimates of the L'-norms of (Ik(’T —1)? and (JK(T —1))? to get the
estimate (5.42) on || V. V_Gquk @, Iy H;LH; HY)-
Using that /¥ and J* are uniformly bounded, we concentrate on giving bounds for

1751 10,7 and 1751 10,73

by the boundednes of 7* and J* this will imply estimates for [|(I*)2|| 1197 and [[(J)? 11 0. 7)-
We have by the Fubini theorem

T T T T r
/Ik(T—t)dt=/dt/ef(7:r)“kg(r—t)dr:/ef(Tfr)“" /g(r—t)dt dr
0 0 t 0 0

r (T—r) ||A}_ﬂA2||L1(0 T)
< ||g||L1(0,T)/e tdp < L EEOD ey,
0

which is the required dependence on o. On the other hand,

T T T T
/Jk(’r—z)dt=/dr/g(r—t)(lk(T—r)+1<T/1k(’r—;:)g(s—r)dg)dr
0 0 t r

T T T T
/dtfg(r—t)]k(T—r)dr+K / / r—1 flk(T—S)g(E—r)dS>dr
t

t

r r

T T T
[Ik —r)dr/ (r—t)dt+KT/ /Ik(T—S)g(E—r)d&')dr/g(r—t)dt
0 0

r 0
T T T
< ||g||L1(o,T)(/1"<T—r)dr+K7/dr/1k<”r—s)g<s ~ )de).
0 0 r

Hence, denoting by C; a constant depending on ||g|l .1 7y we find

T T T
/J"(T— Ddt < ||g||u<o,T>(f IN(T = rdr + Krligly o1 f KT —g)dg) =
0 0 0

Recalling the definition of 4 in (5.46), collecting the previous estimates it follows that

% (1(C (s Dl s . 1
Al 1 0.7y <2€C ” HH) 4.
k=1

The proof is complete. O
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6. Applications

In this section we consider two concrete models to which our results apply: stochastic semi-
linear damped Euler-Bernoulli beam equation and stochastic semilinear heat equations.

6.1. An example of stochastic damped Euler-Bernoulli beam equation

First we consider a nonlinear stochastic damped Euler-Bernoulli beam equation with the non-

; 2a
local term (—%) and hinged boundary conditions:

: 20
Zye.H=—2w.6—p(-2)" Ay
52 \ 2 02 \ 2V .
+(—%) Telt, 6y 8) + (‘fs—zz) "W, £), (1.6)e0.TIx (0, 1),

2 2
y(6,00 =y, 1) = L5y(,0) = L5y, 1) =0, 1€(0, 71,

¥(0,8) =yo(), £y(0,8)=y1(5) £€[0.1],

6.1

with p > 0 and « € [0, 1/2]. Using the terminology of [5] this equation is in the class stochastic
Euler-Bernoulli beam equations which describe elastic systems with structural damping.

Here, yo describes the initial position and y; the initial velocity of the particle, and W(z,€)is
a space-time white noise on [0, T'] x [0, 1] which describes external random forces.

In Section 6.2 we show that equation (6.1) can be reformulated in an abstract way as a stochas-
tic evolution equation in a suitable space H of the form (1.1).

If the term c(, -, -) satisfies the next conditions, then we are able to apply our results to equa-
tion (6.1) which give the pathwise uniqueness for mild solutions.

The function ¢ : [0, T] x [0, 1] x R — R is measurable and, for s € [0,T], a.e. £ €[0, 1],
the map c(s,&,-) : R — R is continuous. There exists c¢; bounded and measurable on [0, 1],
B € (0, 1), such that, for s € [0, T] and a.e. § € [0, 1],

(s, &, x) — c(s,& Y| < c1E)|x — yIP, (6.2)

x, y € R. Moreover |c(s,&,x)| < dy(&), for s € [0,T], x € R and a.e. & € [0, 1], with d>» €
L2([0, 1]).

To deal with equation (6.1) first we have to show the well-posedness when ¢ = 0, by proving
that the stochastic convolution is well defined in H: this is an easy consequence of the fact that
AT is a trace class operator on U.

Once that the well-posedness of the linear stochastic damped Euler-Bernoulli beam equation
is proved, we investigate the regularizing effects of the associated transition semigroup (R;) (cf.
Section 5). These effects can be proved by means of optimal blow-up rates for the minimal energy
associated to null controllability of related linear deterministic control systems. To this purpose
we use a spectral approach to the damped elastic operators introduced in [5] and recovered in
[22] and [29]. For the stochastic damped Euler-Bernoulli beam equation we will get
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Ar(0) = Aoty =727
(cf. Hypotheses 5.1 and 5.13) for every y € (1/8, 1/4). So we are able to we prove that if
;02 7& 4(7_[2”2)1—2&

and B given in (6.2) belongs to (B, 1) where B = 8y /(1 +4y), then pathwise uniqueness holds
true for equation (6.1).

6.2. Semilinear stochastic damped Euler-Bernoulli beam equations in general form

6.2.1. Setting and assumptions
We consider the following nonlinear stochastic damped beam equation which is a general
form of (6.1):

92 9 . 9 .
a—tﬁ(o:—z\y(t)—pz\“a—f(r)ﬂ VC(r,ym,a—f(r))M YW, 1e(.T),

y(0) = yo, (6.3)
ay _
5(0) =1,

with p > 0 and @ € [0,1/2] and y € (1/8,1/4). Here, A : D(A) C U — U is a positive self-
adjoint operator on a separable Hilbert space U such that

A% which is a trace class operator from U into U 6.4)

and W = {W(r) : T > 0} is a cylindrical Wiener process on U.

We aim at formulating this equation as an abstract stochastic evolution equation in the product
space H:=V x U =: DAY x U.

About C : [0,T] x H— U in (6.3) we will assume that it is continuous and bounded and
there exists a positive constant K and g € (0, 1) such that

IC(t,h) = Ct, W)y <Klh—115, hh eH, te[0,T] (6.5)

(cf. (i) in Hypothesis 5.3).
We will assume the following hypothesis.

8
Hypothesis 6.1. For every « € [0, 1/2] the index g8 belongs to (1 +)/4 , 1).
14

We notice that, since y < 1/4, the quantity 8y /(1 +4y) < 1.
Let (t,,) be the family of eigenvalues of A. We are assuming that

> <o (6.6)

n>1

We also require
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Hypothesis 6.2. For any n € N p? = 4,172

n

Remark 6.3. Concerning the basic example (6.1) in Section 6.1, we have

D(A)={ye H?([0,1])N H] ([0,1]): y" € H? ([0, 1) N H] ([0, 1]},
Ay =y = (=y")" € L*([0, 1]), forevery y € D(A).

Moreover yg € V = H? ([0, 1]) N Hy ([0, 1]), y1 € U = L*([0, 1]). Note that A™2" has finite
trace for y > 1/8 since the eigenvalues of A are A, = w*n*, n > 1.

Byconsideringa:U — H,Gu= <2> = (?)uforanyueU, G:éA"’,andforany
h = (h,hy) € H we define

0

C(t.h) =G C(r.h)(§) := <c(r £, h1(8))

), £el0,1], T€[0, T] 6.7)

It is easy to see that C(z,h) = c(t, -, hi () with values in U is B-Holder continuous in A uni-
formly in 7 (cf. (6.5)). We consider also the operators Ag , : D(Aq,p) CH — H

0o I
A pi= (_A —,0A°‘> : (6.8)

Writing X (§) := ( ya_(;(i) &)
T ’

evolution equation in H:

), it follows that equation (6.3) can be reformulated as a stochastic

dX; = Ay pXcdt + GC(t, X, )dt + GdW,, T €l0,T],

1 6.9
Xo:f()l: (ig)GH, ( )
0

which has the form of (2.1).

In the next Sections 6.2.2 and 6.2.3 we provide preliminary results. Then in Section 6.2.4 we
prove that stochastic linear equation (6.9) or (6.3) with C=0is well-posed in H. To this purpose
we need Hypothesis 6.2 and condition (6.4). Finally, in section 6.2.5 we will formulate our main
result on well-posedness for (6.3).

6.2.2. The operator .Za,p
The techniques of [5] and of [22] can be adapted to our situation. In order to study properties
of the operator A ,, we introduce the operator

~ 0 A2
-Aa,ﬂ = (_Al/z _pA(x

on the space H := U x U, with D(A,_,) := D(A'/2) x D(A1/DV®) We recall that D(A'/?) =
V. When p satisfies suitable assumptions (see Hypothesis 6.2) we have two generation results:

(6.10)
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from [6, Appendix A] the operator Aa o generates a strongly continuous semlgroup (¢! Ao TR
on H which is also analytic for « € [2, 1), and from [22, Section 3] the operator .Aa .p generates

a strongly continuous semigroup (e’Aﬂf #)t>0 On H.
Let us introduce the operator M : H — H defined as

/A2 o\ (A2
e (30 0). ()= (M), o)

We notice that H = M H. Further, since
(Mx, y) i = (Ax1, y1)u + (x2, y2)u = (x1, A" 2y1) v + (x2, va)u = (x, M*y)p
it follows that

~1/2 -
M*:(AO (I)>=M1:H—>H.

The operator M is the link between (e’A“-ﬂ)tzo and (e’AOf-ﬂ),Zo, as the following lemma states.

Lemma 6.4. Let Aq o, ,Za, o and M be defined in (6.8), in (6.10) and in (6.11), respectively.
Then, for any t > 0 and any y € H we have Me'Awry = ¢! Aan My,

Proof. By density, to get the thesis it is enough to prove the equality for y € D(A) x
D(AY/DVe) Let y € D(A) x D(AY/DV) We set (1) := Me'Aery and g(t) := ' Aer My.
For any ¢ > 0 we have

1/2
f/(t)ZMAOl,pet‘A"‘-ﬂyz <_OA _[toA )M f([)—Aapf([)

and f(0) = My. Letusseth:= f — g, smce g =A, pg(t) for any ¢ > 0 and g(0) =
it follows that 1 € C!([0, +00), H), h' (1) = .Aa oh(t)on (0, T] and h(0) = 0. This gives h = O
which implies the thesis. O

6.2.3. Spectral decomposition in H=UxU

Only in this subsection and in Appendix A we consider complexified spaces. We do not
change the notation to not weigh down them.

Let A: D(A) C U — U be as in Section 6.2.1, let (i) be the family of eigenvalues of A
(without loss of generality we can assume that they are simple, see [22]), and let {e,},ecN be a
family of corresponding eigenvectors (not-normalized), i.e., Ae, = u,e,, n € N; we know that
Un /" +00 as n — +o00. We notice that {e,},cN forms an orthogonal basis of U. Further, let
G : U — H be defined as before, see (6.7).

Now we extend the computatlons introduced in [5] and recovered in [22] and [29] to the space
H; it follows that the operator A, p has eigenvalues A7, A, in H, n € N, where
R

5 )

AE = My =, A A =—pud, neN.
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Recall that Hypothesis 6.2 ensures that the eigenvalues {)\,jf :n € N} of .Za o are simple (see [22,
Section 3] and also Section 2.3 in [29]). The normalized corresponding eigenvectors are given
by

b = M;l/zen b = M;l/zen 6.12
n = , n — Xn , (6.12)

)L;:_en Ay €n

where (possibly replacing e, by y,e,) we may assume that

(n + I PDenlt =1, X2 + 10, Plenls; =1, neN,

b 2 Mt
with x; = 2>
~Xn A 2

on H.

On the other hand, (@ :neN}U{D, :n € N} is a complete family on H under Hypoth-
esis 6.2. Let us set H' :=span{®; :n € N}, H™ :=5span{®,, : n € N} and let us consider the
decomposition

. Note that {®;f :n € N} and {®;; : n € N} each forms an orthonormal family

H=HtoH" (non-orthogonal, direct sum).

We denote by xT the projection of x on H* and on x~ the projection of x on H~. From the
previous decomposition we have

o0
Ag, px = Z (At O e+, (7, D) 5D,),  x € D(Agp), (6.13)
n=1
~ oo _ ~
e Aupy — Z (e)‘;rt(x+, DN O et (xT, @;)gcb;) , tel0,+00), xeH. (6.14)
n=1

Further, for any @ € U we have

0 o
Ga= (a> =) (o) +c,@,); (6.15)

n=1

by considering the orthonormal basis {e,,/|e,|v}nen Of U it follows that
ey =0, (A + xncy A)lenlyy = (@ endu, neN,
which implies

+
Y 1

. of=—————(a,ex/lenlv)u, neN.
R VS [P T
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Further, let ﬂip = .Zaﬁ; : D(.Zotp)(:z D(ﬂa,p) NHYY c HY — H* and "Z(;,p = Zg; :
D(.Z(;p)(:: D(./Za,p) N ﬁ_) C H~ — H~ be the restrictions of .Zfa’p to H* and H™, respec-
tively. For any 4 € H we denote by A" and by A~ its projection on H* and H™, respectively.
With respect to this decomposition, the operators

)

~ A, o A (e o ~
— s ~ P = ~ =
Aot,p ( 0 .A;’p k) e 0 et'AOT,,O ’ t 2 O’ G

admit the following explicit formulae:

QTR

Adxt= Zﬁ t oh) ol xt e DU ),
o
=ZA;(x_,d>;)g©;, x~eD(A,,
"‘”x Ze”\" +CI>+ d>n, x+el-l+,
~ o)
e"Af"‘*Px_=Ze”\"(x_,CD;)gd);, x_eH,
o
G+a=2b:an¢j, aeU,

o
=Y bya,®,. ael,
n=1

where (cf. (6.15))

1 b
an = {a,eq/lenlv)v, b,j = m, b, ::—X—", neN. (6.16)
n — An nlU n

From the definition of ¢,, A;—L, W, and b;—L (cf. formulae [29, (2.3.14)-(2.3.18)]) we have

, |en|U'\’M;1/27 A=A~ 1/2, b,jf~cost, Xn ~ cost, (6.17)

1/2
o |~ !
definitively with respect to n € N. Finally, since [A)],[A, | blows up as n — 400 and

AT, A, has negatwe real part, from (6.13) and (6.14) it follows that ¢ — etA"‘ »x belongs to
c! ((0 +00); H) N C (0, +00); D((Aa )1)) for any n > 0 and any x € H and for any 7 > 0

and n > 0 there exists a positive constant L = Lt ; such that ||(Aa,p)'7e’ Pl <t "Ly.
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6.2.4. Linear stochastic damped Euler-Bernoulli beam equations
Let us consider the problem

dXt:Aa’ledl“i‘GdW[, tE[O, T],

| 6.18

X0=<xg)=er=V><U, (©.18)
X0

where A , has been defined in (6.8). In the following we will refer to the solution of equation
(6.18) as the Ornstein-Uhlenbeck process. We have « € [0, 1) and p satisfying Hypothesis 6.2.

We will show that equation (6.18) is well-posed in H, i.e., for any x € H, there exists a unique
mild solution having continuous paths with values in H (cf. (2.5)). This is given by

t
X, = e Aary 1 / A Gaw,, 1€[0,T], P—a.s.. (6.19)
0

To this purpose we need to show that the stochastic convolution

t
Wy, ) = f A GaW,, 1€[0,T], (6.20)
0

verifies condition (2.2) (cf. Section 5.3 in [13]). This is an easy consequence of (6.4).

Proposition 6.5. Assume that Hypothesis 6.2 and condition (6.4) are satisfied. Then,

sup le" A" G| 1y, 1) < 00 6.21)
t>0

which implies (2.2).

Proof. Formula £6.21) follows from the fact that, from (6.6), A2 is a trace-class operator on
Uandthat G=GA™Y. O

6.2.5. Strong uniqueness for nonlinear damped equations

Let us consider the nonlinear equation (6.9) or (6.3) under the hypotheses given in Sec-
tion 6.2.1. We know that such assumptions implies in particular that Hypothesis 2.1 is satisfied,
with A = Ay , and G defined as in Section 6.2.1. Hence, there exists a unique weak solution
X = (X;)>0 to (6.9).

Next we show that the controllability assumption in Hypothesis 5.1(i), the estimates on A
and A; in Hypotheses 5.1(ii) and in 5.13 and Hypothesis 5.3 hold true, with I'(z) =Ty , (t) =
(Q% Py~ 12! Aur for any 1 > 0.

Proposition 6.6. Let us take A = Ay, and G as in Section 6.2.1, let T'(t) = Ty (1) =
(Q?‘p)’lﬂe’A“-ﬂ for any t > 0 and let B satisfies Hypothesis 6.1. Then, Hypotheses 5.1, 5.3
and 5.13 hold true with
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A1) ~ Aa(t) ~ 1712 (6.22)
forevery o € [0, %]
Proof. Estimates of A| and A; follows from Corollary A.2 and Theorem A.3. Further,
IT(1)Galyg < Ct™ V> |AValy, 1e(0,T],
for every « € [0, 1/2]. Therefore, for any orthonormal basis {/, : n € N} of U we have
ITOGIL,w.m) = ZN D) Ghaly < tﬁ—iy ZN AT halfy = —Cszl(f:; D ieon
ne ne

This implies that (5.24) holds true with A () = ¢t~ (1/2+27),
Let us conclude by proving that also Hypothesis 5.3 are satisfied. Indeed, we have

Al(t)lfﬁAz(t) ~ ¢t~ /2+2Y) 2P
and from the choice of B we get —(1/2+2y)2—-p)>—1. O
The previous results show that we can apply Theorem 4.2 to equation (6.9). We finally get
Theorem 6.7. Let A, , and G be defined as in Section 6.2.1, and let the assumptions of Sec-
tion 6.2.1 be satisfied. Then, for the nonlinear damped beam equation (6.9) the assertions of
Theorem 4.2 hold. In particular, we have pathwise uniqueness for (6.9).

6.3. Semilinear stochastic heat equations

Let us assume that A = A is the realization of the Laplacian operatorin H =U = L2([0, n]d)
with periodic boundary conditions, and let G = (=A)77/? with y > 0. We are considering

{ dX* = AX¥dt + C(XX)dt + (—A)V/2dW,, 1€]0,T], 623

Xp=x€eH.

It is well known that D(A) = H%([0, 2n]d)per, the classical Sobolev space with periodic bound-
ary conditions. We notice that Hypothesis 5.16-1, is fulfilled. Let W be a cylindrical Wiener
process on H, see Section 2. We first note that assumption (2.2) is verified if

d
l+y >3 (6.24)

(see also the proof of Lemma 9 in [8]). In particular, if y =0, i.e., G = [, itis required d = 1, as
in [8]. Let R > 0. We consider, for a fixed 8 € (0, 1),

C(fH)E):=g(&) f hE) (1fENAR) dg' & el0,2n1, (6.25)

[0,2714
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for any f € H and g € HY ([0, 271]‘1)per (see, for instance, Section 6 in [20]) and & €
L®([0, 27r]d). The regularity of g implies that C(f) € D((—A)Y/?) = Im(G) for any f € H.
Hence we can set

C(H=G7'c(f)=(=A""2C(f), feH,

and write C(f) = (—A)"Y/2C(f) in (6.23).
Arguing as in [8, Lemma 8] it follows that there exists a positive constant M such that

IC(fD) = C)lu < MI=D) " glulblocl fi = folby,  fi, fr€ H.

On the other hand, using the orthonormal basis (e,) in Hypothesis 5.16, we have the estimates

IC(Hnl=C(f), en)nl
=((=A)"g,en)n / hENWFENARAE| < CRI((—A) g, en) ] 1h]loo;

[0,27]4

IC(f)n — C(f)nl < CHU(=DY"g, en)ul hlloo | f1 — foly, . f1, f2€ H.

Hence, Hypothesis 5.16-2, is satisfied. Indeed we have

ICONMIE ko, c,

PR —A/2 2 < ZRypi? 2

D =g Ml D KA Pg el = AN 185 g0 om g <
neN neN

Let us discuss (ii) in Hypothesis 5.3. With our choice of A, H and G we have

A@)=t""7Y2 0 A@)y=1712 te(0,T].
Hence, Hypothesis 5.3 (i7) is satisfied if

B

Since B(1 — B)~! — 400 as B — 17, it follows that the bigger the Holder exponent S is, the
bigger is the bound for y. In particular (see also the remark below):

(i) if we choose B € (%, 1) then (6.26) is satisfied for some y > %, hence 2(1 + y) > 3 and
according to (6.24) we can also consider d = 3 for the SPDE (6.23);

(i) if we take B € (1/2, 1) then (6.26) if fulfilled for some y > 1 and we get 2(1 + y) > 4;
according to (6.24) we can also consider the case d = 4 for the SPDE (6.23).

In the previous two cases we can apply Theorem 4.2 to equation (6.23) with C given in (6.25)
and obtain pathwise uniqueness and Lipschitz dependence of initial conditions.
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Remark 6.8. Concerning (6.23) the main difference with [8] is that in such paper the authors
require the assumption

T
/At“*")dt <+oo, O=max{B, 1B}, A, =A(t)=1""277/2
0

Hence, the best situation is 8 = % and above condition reads as

S SND A DUV
—=+Z)< <-.
ACEE) =3

d
According to (6.24) weneed 1 + y > 5 By combining this condition with y < % it follows that
the case d = 3 is not reached in [8].
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Appendix A. Energy estimates for the control problem associated to the beam equation

As in Subsection 6.2.3, here we consider complexified spaces. In H =V x U we consider the
following control problem

2t(t) = Ag pz(t) + GAVu(t), t€[0,T],
1 (A.1)
z(0) = (ZOs Zo) €H,
where
Ag,p 1= (_OA —pIA"‘> :D(Aw,p) CH— H, G:= (?) :U - H,

and A : D(A) CU — U, a and p satisfy the assumptions in Section 6.2.1.
Let z(r) = (z1(2), z2(2)) € H be the solution to the problem (A.1); arguing as in Section 6.2.2
we infer that y(¢) := (y1(¢), y2(?)) := (AY27,(t), 220(t)) € H := U x U is solution to

{ytm = A, ,y(t)+ GA Y u(t), t€[0,T], A2

y(0) = (v, y3) € H,

1721

where y(l) = A"z, yg = z% and
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. AL
Aa,p:: <—A1/2 —pA ) D(Aap)cHﬁH

Foreverya e U and k = Ga = GA7Va, we get [klg =kl =I|A""aly.

We notice that a control u steers ktoOattimer € (0,T]in H in (A.1) if and only if u steers
ktoOattimet € (0,T]in H in (A.2). Hence, the energy to steer & to 0 at time ¢ in H, which is
given by

Ec(t, k) :=inf / lu(s)[3ds :u e L*(0, T; U), y solution to (A.2), k= (y3,y3), y(©)=0},
coincides with the energy to steer k to 0 at time ¢ in H, which is given by
Ec(t, k) := inf /|u(s)|%,ds :u € L*(0,T; U), zsolution to (A.1), k= (z,23), z(r) =0

We will prove that (A.2) is null controllable and we provide an estimate to gc(T, k).

Theorem A.1. Let A, , be defined in (6.8) and let Hypotheses 6.2 and condition (6.4) in Sec-
tion 6.2.1 hold true. Let T > 0. Then, there exists a positive constant C = C(T) such that for any
a e U, k= Ga, the energy to steer k to O at time t can be estimated by

ClA™7al},

Ect.k) = — gy

te(0,T].

In particular, the equality EC (t, k) = Ec(t, k) implies that for every T > O there exists a positive
constant C = C(T) such that for any a € U, k = Ga, the energy to steer k to 0 at time t can be
estimated by

C|A7Val3,

Ect.k) = — gy

te(0,T].

Proof. Here, we consider the decomposition introduced in Section 6.2.3 and we keep the same
notation. We follow the method in [31, Proposition 1.3], which has been extended toNinﬁnite
dimension in [26]. The idea is Aghe following. If we consider the matrix formulation for A, , and
G, then the 2 x 2-matrix [G|Aq,,G] is invertible. We denote by K its inverse matrix and by Ko
and K the rows of K. Then, the control

u(t) = Koy (t) + K1y (1), 1€[0,T1],

steers k to 0, where () = —CD(t)etAWk and ®(¢) is a suitable smooth function. We construct
our control adapting this approach to our situation.
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The mild solution to (A.2) is

t
(1) = e Aer y(0) +/€(’_S)A“’P5A_Vu(s)ds
0
forevery t € [0, T]. Letus fix T > 0 and a € U. Further, we set fr(¢) := t2(T —1)? and or(t) =
I fr ||le(0 1y fr (@) Ttfollows that [| g7 | L1 o, 7) = 1, that ¢7 vanishes at 0 and T and that |¢r (£)| <

T 312, 1 (1)| < éT3¢% and |7 ()| < &T 31, for some positive constant & and any ¢ € [0, T'].
We claim that the control

v(t) :=vo(r) + vy (1), 1€(0,T], v(0) =
defined by

ApeMt aketn
M — A —

(vo(1), en/lenlv)u = iy ( >En¢T(t), neN, (A.3)

_eMit on

— + —
L D Sy i

t

(v1(1), en/lenlv)v = 1y < >5n¢r(t), neN, (A.4)

for t € (0, T'], steers the 1n1t1a1 state Ga at 0 at time T, where a, := (A7 a, e, /ey |y )y for any
n € N (we have v1 = dt ). The series which define vo(¢) and v;(¢) are well-defined since
grows |)»,jf|2 (see (6.17)) and for every ¢t > 0 we have e’ALY » maps H onto D((Aa,p) ) for every
ke N.

At first, we notice that GA™Y v1(t) € D(.Za, p) forany r € [0, T']. Indeed, from the definitions

of G and v| we have

Ayt

& A*t
~ n e’n
GA Vv (¢ —_¢[ t E - + bra,®

n=1

pag et
+1 - + b a,d |.
A=Al = AT ”"J

For any N € N we set

N Ate At

~ e’n e’n _ _

(GA %ua»N=¢wa)§:<—A__k+—FA__A+)[aﬁm¢I+bmu¢n}

n=1 n n n n

Clearly, (GA Vvl(t))N — GA~ Yv1(t) as N — +o00 in H. Further, from the previous decom-
position we infer that (GA Yvi(t))n € D(Aa o) forany N € N and

et At
en ~ L~ _
Ay p(GA™ Vvl(t))N_qu(t)Z( = x++r A+)[Aj{b;,*ancp;r+Anb,,a,,<1>n].
- n — n

n=1
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Hence, recalling the definition of ®; and of ®; we get

. ) LI ot A\’
o p GA T o1y = 10?302 (g + =
e —AF A —ad

n=1
x (2B + 05X by
2 by 2 Gtalenlly + 2575 eal]))-
We notice that from (6.17) it follows that for any ¢ € (0, T']

Mt et

en
- +
( I

2
) AP 12512+ 135 112 ) ~ const;

2 - 2
(nlenly + )‘r_:_)‘n len|7;) ~ const,

and that
o
> @b, Z b,)? < +o0.
n=1
Since
| Aap (GAT 01 (D) — Aa.p (GAT 01 (1) npl 5
5 N+p et ent 2
< Mor(1) - +—= :
,,:ZNH A=A hn = A
N+p
P2+ 1 P 13510 D (@D + @) <MY (@60 +@w;)0?),
n=N+1

for some positive constant M, it follows that .Za, (G (1)) N converges to

=) + - +
)\.+€)\’l[ )\,+e)‘nt )\’— Ant )\’— Ayt
rY |- + b a, @ + + b, an®, |.
¢ ()n=1[< P S P S = hm =)

in Has N — +00. Since .Za,p is a closed operator, it follows that GA™Y vi(t) € D(.Za,p), for
any t € [0, T'], and
- 0 )C"e)‘nﬂ Attt
Au ) GA™ v1(1) =¢T(z)2[ e bl LA
n=1 n n n n

)Lf)nt kf)ut
+ A;—A;IJFA;—A,T bnanfbn]. (A5)
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Let us consider the integral term in the mild solution. We get

T T T
f T 4as GATY u(s)ds = f e T=9 4 G ATV vy (5)ds + f e T=9 s G ATV v (5)dss
0 0

0
T

- / e T4 (G AV vy(s) + Au. pGA ™ v (s))ds, (A.6)
0

where we have integrated by parts under the second integral and we have used the fact that
GA™ Yui(s) € D(.Aa p) forany s € [0, T], and that AV v1(0) = A7V v (T) = 0. We notice that
GA~ yvo(S)—¢T(S)Z[

for any s € [0, T] we have
- + 0
AN A PH et
= x;—xi =)

)»_ s Atetrn s
n o~ e
i ey i bnanab,,] (A7)

Hence, (A.5) and (A.7) give

oo
GATv0(s) + Aay GA T 01() = = 97(5) Y (40 @0F + by 3, @)

n=1
=— ¢T(s)es“x’1~ﬂ(Ga), sel0,T]. (A.8)
Replacing (A.8) in (A.6) we get
T
/e(Tfs)A“‘f’ aAfyv(s)ds = —eTAap (Ga).
0

The mild formulation of the solution y to (A.2) implies that

T
y(T) =e"4r (Ga) + / e T=94ur GATY v (5)ds = T A0 (Ga) — T Aer (Ga) =
0
which gives the claim.
Now we estimate the L2-norm of the control v. We separately consider the two addends vy

and v;.
As far as vg is concerned, from (A.3) we get

T

T
> A
/ o)t < / (@)Y
0 n=1

0

— 12
N I
Leint —ATetn

~ 12
ay|-dt.
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From (6.17), for any n € N we get

_ 12
)\'—e)n;rt _ A+eknt B 2
2y | Aa = )\1 SC‘MZ (€AII)+MZ (e)»,,t)
n — ‘n

<C ‘(A:)zy (exnﬂ> T (EA;,)F

<CIAY o Aar @ % + | AL o Aar %

<CL3t™, (A.9)

where C is a positive constant which may vary from line to line. Hence,
/Ivo(t)l%,dt = COHSt/ lpr (D12t~ dt|A "V al3, < CIAVal}, T,

for some positive constant C.
Let us consider vi. From (A.4) we get

T T
0 + 1tt — At
2y | —ATe’n A eln ~
f i ()Igdr <2 / (b1 ()Y 1’ T2 | |*dt
0 0 n=1 n n n n
_ 2
_ et

ld,2dt =1, + b.

+
)L’—A,J{ oy —AF

+2/(¢T(t>) Zu

The first integral can be estimated arguing as for vg. By taking /5 into account, if we multiply
and divide by > under the integral sign we get
—eMt petut\ 2
7 |
1O = dar)

el (eln =kt 1) 2
tGa — M)

dt.

T o0
=2 [P Y
0 n=1

Since there exists a positive constant C such that

+ - 2
_e),nl + e}\.n t
tOu = Aab)

=C,

2y
= Sup sup iy
te(0,T1neN

2y
sup sup /iy
te(0,T1neN

we infer that I, < c|A_Va|%]T_1 for some positive constant c. Therefore, we can conclude that

c|A Valy
”vHLZ(O,T;U) =< iy
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Theorem A.1 has an important consequence, due to the fact that Ec(r, k) = |Q ™!/ 2e’Aavﬂk|%{
for any k € H and any ¢ > 0.

Corollary A.2. Under the assumptions of Theorem A. 1, there exists a positive constant C such
that for any a € U and any t € (0, T] we have

—1/2 + X ~ C|A_Va|2
|0 2 Aer Galyy = Ec (1. Ga) = £c (1. GA ™V a) < —
Now we provide energy estimates in case of general initial datum k € H.

Theorem A.3. Let Ay , be defined in (6.8) and let Hypotheses 6.2 and condition (6.4) in Sec-
tion 6.2.1 hold true. There exists a positive constant ¢ such that for every h € H we have

clhl%
SC(t:h)fm te(0,T].

In particular, there exists a positive constant ¢ such that for any h € H and any t € (0, T']

2
clhly
t1+4]/ :

|Qt_1/2et,4a,ph|%1 =E&c(t,h) <

Proof. Let us apply the method exploited in the proof of Theorem A.1. Let h € H. As above, we
provide an estimate of Ec(z, h). We set

— At ~tq—
(00(0), en/lealvu =, (A B+ udor e By ) lenludr (D), N,
+ —p
W10, en/lenlo)u = = (7] + xae™ by ) lealudr (@), meN,

for ¢t € (0, T'], and the control

v(t) ;= vo(t) + vy (1), 1€(0,T], v(0) =0.
Here, ht = (h", ®;7) 5 and h;f = (h—, ®;) 5 for any n € N. Arguing as in the proof of Theo-

rem A.1 it is possible to prove that v steers the initial state £ at O at time 7. It remains to estimate
the L2-norm of v. Arguing as before we get

2
clh|
Ivllz20,7:0) < w75
T T1/2+2y

and we conclude. O
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Appendix B. Proof of Lemma 5.6

Proof. In the proof C is a positive constant which may vary from line to line.
Letr € (0,T], let y € H, and let us consider the linear operators

VyR: Cp(H) — Cp(H), VyR::Cp(H) — Cp(H).
For any ¢ € Cé(H) and any x, y € H we have

VyRi[p1(x) =/<V¢(emx +2). e y) A0, Q)(d2),
H

from which it follows that

sup |V, Ry @10 < Crllglle) gy ¥li. & € Cy(H).
xeH

Further, if ¢ € Cp(H) we have

Vy R[] (x) = f (T(1)y, Q722 (e x + )40, Q1) (d2),

H

which combined with (5.1) implies

sup IVyRilolO)| = Crliplic,cny M@ ylu, ¢ € Cp(H).

Recalling (5.9) and interpolating between (B.1) and (B.2) we infer that

sup |V, Ry (910l = Criglsh, P Olyla, ¢ eCLH).
xXe

Let us consider 2 € H and ® € Cf(H; H). From (5.10) and (B.3) we have

1— 1—-
sup [(Vy R [®1(x), h) | < Crl|@ullg Ay P )yl < Crl@lpA, P Olylalhla,

xeH

(B.1)

(B.2)

(B.3)

which gives (5.11). To prove (5.12) we fix y € H and k € U and we consider the linear operators

VyVER, : CL(H) — Cp(H), V,VER,:Ch(H) — Cp(H).

Forany ¢ € C ll (H) it follows that

V, VR, [p](x) = f (C()Gk, 07 2) 1 (Vo (e x + 2), € 4y). N (0, 0)(d2).

H

which implies that
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IVy(VERAPD @) <Cl@lle) gy A2yl lklu, 1€, T, ¢ €Co(H), (B4

for any x, y € H and any k € U. As above, we get

IVy (VERASD @) < Cligllc, iy A1) Aa @)yl lkly, (B.5)

forany k e U, x,y € H and t € (0, T]. Interpolating between (B.4) and (B.5) we infer that
IV (VERAGDWr < Clpllphy PO MOIylulkly, 1€ ©. Tl ¢eCh(H), (BO)

for any x, y € H and k € U. Therefore, from (5.10) and (B.6) we infer that
1—
sup [(Vy VE R [@1(x), by | < Crl®allpA, Py nalylu
xeH

<Crl®lpAl PO MOy lulhlklkly. O
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