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Abstract

We prove strong well-posedness for a class of stochastic evolution equations in Hilbert spaces H when 
the drift term is Hölder continuous. This class includes examples of semilinear stochastic Euler-Bernoulli 
beam equations which describe elastic systems with structural damping, and semilinear stochastic 3D heat 
equations. In the deterministic case, there are examples of non-uniqueness in our framework. Strong (or 
pathwise) uniqueness is restored by means of a suitable additive Wiener noise. The proof of uniqueness 
relies on the study of related systems of infinite dimensional forward-backward SDEs (FBSDEs). This is a 
different approach with respect to the well-known method based on the Itô formula and the associated Kol-
mogorov equation (the so-called Zvonkin transformation or Itô-Tanaka trick). We deal with approximating 
FBSDEs in which the linear part generates a group of bounded linear operators in H ; such approximations 
depend on the type of SPDEs we are considering. We also prove Lipschitz dependence of solutions from 
their initial conditions.
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1. Introduction

1.1. Problem and main result

In this paper we consider the problem of strong well-posedness for a class of stochastic partial 
differential equations (SPDEs) when the drift term is only Hölder continuous.

In a real and separable Hilbert space H we consider a stochastic evolution equation of the 
form

{
dXτ = AXτdτ + GC̃(τ,Xτ )dτ + GdWτ , τ ∈ [0, T ],
X0 = x ∈ H,

(1.1)

where A : D(A) ⊂ H → H is the infinitesimal generator of a strongly continuous semigroup 
(etA)t≥0, the operator G : U → H is a bounded linear operator defined on another real and 
separable Hilbert space U and W is a cylindrical Wiener process on U (cf. Section 2). Moreover, 
C̃ : [0, T ] × H → U is bounded and continuous and C̃(t, ·) is β-Hölder continuous, uniformly 
in t ∈ [0, T ], β ∈ (0, 1).

In our framework there are examples of non uniqueness of solutions in the deterministic case 
(i.e., when W = 0 in (1.1)) (see [8] and [26]). Hence our main result on strong uniqueness, see 
Theorem 4.2, is due to the presence of the Wiener noise (regularization by noise). Clearly, such 
theorem holds also in the Lipschitz case β = 1 (in this case the result does not depend on W ). 
Moreover, the boundedness of C̃ can be relaxed by a localization procedure (see Remark 4.3). 
Our pathwise result also implies the existence of a strong mild solution (cf. Remark 4.4).

Examples of singular semilinear SPDEs of the form (1.1) we can treat are stochastic damped 
equations which describe elastic systems with structural damping and semilinear stochastic 3D 
heat equations (see (1.2), (1.3) and Section 6 which is about applications).

In the literature the problem of regularization by noise for stochastic evolution equations (1.1)
of parabolic type has been widely studied, see [8], [9], [10], [11], [19], [32] and the references 
therein. Moreover, we mention [4] for SDEs in Banach space, and [26] and [27], where the 
semilinear stochastic wave equation is studied. Usually in such papers pathwise uniqueness is 
obtained by using the Itô formula after solving a Kolmogorov equation. In finite dimension this 
is the so-called Zvonkin transformation or the Itô-Tanaka trick (see the seminal paper [30], the 
recent monograph [15] and the references therein).

Note that establishing the Itô formula in infinite dimensions is a delicate issue when the noise 
is cylindrical (cf. [8], [9], [10] and the references therein). We replace the previous approach 
with a method based on forward-backward SDEs (FBSDEs). This does not require proving the 
Itô formula, it works for hyperbolic and parabolic SPDEs and extends the method introduced in 
[26] for singular semilinear stochastic wave equations.

The techniques of [26] and [27] work only when the operator A appearing in equation (1.1) is 
the generator of a group of bounded linear operators. Here we introduce approximating FBSDEs 
in which the linear parts An in the backward equation generate a group of bounded linear oper-
ators in H (cf. equation (1.6) below); such approximations depend on the type of SPDEs we are 
considering. Let us explain two examples of singular SPDEs of the form (1.1) we can consider.

The first class of equations we can treat is stochastic semilinear damped Euler-Bernoulli beam 
equations of the form
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⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂2y

∂t2 (t) = −�y(t) − ρ�α ∂y

∂t
(t) + �−γ C̃

(
t, y(t),

∂y

∂t
(t)

)
+ �−γ Ẇt , t ∈ (0, T ],

y(0) = y0,

∂y

∂t
(0) = y1,

(1.2)

with ρ, γ > 0 and α ∈ [0, 1). Here, � : D(�) ⊂ U → U is a positive self-adjoint operator on a 
separable Hilbert space U , there exists �−γ and it is a trace class operator from U into U . Such 
equations describe elastic systems with structural damping. For physical motivations we refer 
to the seminal paper [5] (see also the references therein) for the deterministic equation, and to 
[2,3,7] for the stochastic counterpart.

The second class of equations we can treat is 3D semilinear stochastic heat equations like{
dXx

t = 	Xx
t dt + (−	)−γ /2C̃(Xx

t )dt + (−	)−γ /2dWt, t ∈ [0, T ],
Xx

0 = x ∈ H,
(1.3)

where we are dealing with the Laplace operator in H = U = L2([0, π]d) with periodic boundary 
conditions and G = (−	)−γ /2 with γ ≥ 0. Such equations are also considered in [8, Example 
6.1] with β-Hölder continuous drifts C̃ (even with (−	)−γ /2C̃(Xx

t ) replaced by the more gen-
eral term C̃(Xx

t )). However as the authors explain in [8] for β-Hölder continuous drift terms C̃
they can only prove uniqueness in dimensions 1 and 2. On the other hand, in Section 6.3 we treat 
also the dimension d = 3.

As in [26] our method allows to establish Lipschitz dependence of solutions from their initial 
conditions (cf. Theorem 4.2):

sup
t∈[0,T ]

E[|Xx1
t − X

x2
t |2H ] ≤ cT |x1 − x2|2H , (1.4)

where Xx1 and Xx2 denote the weak mild solutions to (1.1) starting at x1 and x2 ∈ H , respec-
tively. Estimates like (1.4) have not been proved before in papers on regularization by noise for 
stochastic evolution equations of parabolic type (cf. [8], [9], [10], [11], [4]).

Note that when C̃ is only continuous and bounded even for parabolic SPDEs (with A which 
verifies Hypothesis 5.16) pathwise uniqueness for (1.1) for any initial x ∈ H is still an open 
problem (cf. [9], [11] and the references therein).

1.2. Strategy of the proof

First notice the particular structure of equation (1.1), which in the BSDE literature is referred 
to as structure condition: the drift belongs to the image of the diffusion operator G. Under the 
basic Hypothesis 2.1 the existence of a (unique in law) weak mild solution given by

Xt = etAx +
t∫

0

e(t−s)AGC̃(s,Xs)ds +
t∫

0

e(t−s)AGdWs, P -a.s., (1.5)

t ∈ [0, T ], directly follows by an infinite dimensional version of the Girsanov theorem, see e.g. 
[28, Proposition 7.1] and [13, Section 10.3].
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In order to prove pathwise uniqueness of solutions to equation (1.1), we complement equation 
(1.1) with a family of BSDE, which gives the following family of systems of FBSDEs⎧⎪⎪⎪⎨⎪⎪⎪⎩

dXt,x
τ = AXt,x

τ dτ + GC̃(τ,Xt,x
τ )dτ + GdWτ , τ ∈ [t,T ],

X
t,x
t = x, τ ∈ [0, t],

−dY t,x,n
τ = −AnY

t,x,n
τ dτ + GC̃(τ,Xt,x

τ )dτ − Zt,x,n
τ dWτ , τ ∈ [t,T ],

Y
t,x,n
T = 0,

(1.6)

with T ∈ (0, T ] and n ∈ N . Here, (An)n∈N is a sequence of linear operators on H and each An

generates a group of bounded operators (etAn)t∈R which pointwise approximates (etA)t≥0. We 
stress that the idea of associating to (1.1) a BSDE has been exploited in [26] and [27], but in that 
case the assumption that A is the generator of a strongly continuous group (etA)t∈R is funda-
mental. In the present paper a crucial point is to consider a suitable sequence of approximating 
BSDEs, where if A is not the generator of a group of operators, each An is.

By an infinite dimensional version of Girsanov Theorem, the process

Ŵτ := Wτ +
τ∫

0

C̃(s,Xt,x
s )ds,

is a cylindrical Wiener process on U up to time T . Under this transformation, system (1.6) reads 
as⎧⎪⎪⎪⎨⎪⎪⎪⎩
dXt,x

τ = AXt,x
τ dτ + GdŴτ , τ ∈ [t,T ],

X
t,x
t = x, τ ∈ [0, t],

−dY t,x,n
τ = −AnY

t,x,n
τ dτ + GC̃(τ,Xt,x

τ )dτ + Zt,x,n
τ C̃(τ,Xt,x

τ )dτ − Zt,x,n
τ dŴτ , τ ∈ [t,T ],

Y
t,x,n
T = 0,

(1.7)

and this system has a unique solution (Xt,x, Y t,x,n, Zt,x,n) where (Y t,x,n, Zt,x,n) is a pair of 
predictable processes belonging to L2(�; C([0, T ]; H)) × L2(� × [0, T ]; L2(U ; H)). Further, 
P -a.s.

Y t,x,n
τ = e−(T −τ)AnuTn (τ,�t,x

τ ), Zt,x,n
τ = e−(T −τ)∇GuTn (τ,�t,x

τ ), a.e. τ ∈ [t,T ], (1.8)

where ∇G denotes the Gâteaux derivative along the direction of G and uTn is the unique solution 
to

v(t, x) =
T∫

t

Rs−t

[
e(T −s)A0GC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇Gv(s, ·)C̃(s, ·)

]
(x)ds. (1.9)

Here, (Rt )t≥0 is the Ornstein-Uhlenbeck semigroup defined by Rt [
](x) := E[
(�
0,x
t )], for any 


 ∈ Bb(H ; H), any t ≥ 0 and any x ∈ H (see Section 5.1), and �0,x
τ is the Ornstein-Uhlenbeck 

process defined by means of (1.1) when C̃ = 0. In mild formulation, the process Y t,x,n satisfies
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Y t,x,n
τ =

T∫
τ

e−(s−τ)AnGC̃(s,Xt,x
s )ds +

T∫
τ

e−(s−τ)AnZt,x,n
s C̃(s,Xt,x

s )ds

−
T∫

τ

e−(s−τ)AnZt,x,n
s dŴs

=
T∫

τ

e−(s−τ)AnGC̃(s,Xt,x
s )ds −

T∫
τ

e−(s−τ)AnZt,x,n
s dWs, P -a.s., (1.10)

for every τ ∈ [0, T ]. By setting t = τ = 0, by applying the operator eT An to the first and the last 
side of (1.10) and by taking (1.8) into account, we get

T∫
τ

e(T −s)AnGC̃(s,Xt,x
s )ds = uTn (0, x) +

T∫
0

e(T −s)An∇GuTn (s,X0,x
s )dWs, P -a.s.,

for every T ∈ [0, T ]. By replacing this formula in (1.5) it follows that

Xt =etAx +
t∫

0

(
e(t−s)A − e(t−s)An

)
GC̃(s,Xs)ds +

t∫
0

e(t−s)AGdWs

ut
n(0, x) +

t∫
0

e(t−s)An∇Gut
n(s,X

0,x
s )dWs, P -a.s., (1.11)

for every t ∈ [0, T ]. From there, to obtain (1.4) we need that the first integral in the right-hand 
side of (1.11) converges to 0 as n goes to +∞, and that the function ut

n is smooth enough in 
order to get Lipschitz estimates of the addends which involve ut

n in (1.11). Both these things are 
a consequence of Hypothesis 2.4, and so estimate (1.4) follows.

1.3. Plan of the paper

The paper is organized as follows. In Section 2 we state the main assumptions on the co-
efficients of equation (1.1), under which there exists a (unique in law) weak mild solution 
(Xt ) to (1.1) (see Hypothesis 2.1). Further, we provide sufficient conditions which ensure ex-
istence and uniqueness of a smooth solution uTn to the integral equation (1.9) for any n ∈N and 
any T ∈ (0, T ] (see Hypothesis 2.4). We stress that estimates on the Hilbert-Schmidt norm of 
∇∇GuTn , together with the family of systems of FBSDEs (1.6), are one of the main tool which 
we need to prove our result. Finally, we prove a generalized Gronwall Lemma which will be 
applied in the proof of Theorem 4.2.

In Section 3 we consider the family of systems of FBSDEs (1.10) and we show that, under our 
assumptions, for any n ∈ N , any T ∈ (0, T ], any x ∈ H and any t ∈ [0, T ) there exists a unique 
mild solution (Xt,x, Y t,x,n, Zt,x,n) to (1.7) which satisfies (1.8).
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In Section 4 we prove the main result of the paper. At first we show that representation (1.11)
holds true for the weak mild solution (Xt). Finally, by means of this representation and of Hy-
pothesis 2.4, we prove Theorem 4.2, which states that there exists a positive constant cT such 
that for every x1, x2 ∈ H estimate (1.4) is satisfied.

Section 5 is devoted to provide sufficient conditions on A, G and on C̃ which ensure that 
Hypothesis 2.4 are verified. We split this section into three parts. In the former we show the 
existence of a unique smooth solution uTn to equation (1.9) for any n ∈ N and any T ∈ (0, T ], 
while in the second and in the latter we prove the crucial estimate on the Hilbert-Schmidt norm 
of ∇∇GuTn when (An)n∈N are the Yosida approximants of A and when (An)n∈N are finite 
dimensional approximations of A, respectively.

Finally, Section 6 concerns with two concrete models to which our abstract results apply:

(i) a stochastic damped Euler-Bernoulli beam equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂2y

∂t2 (t) = −�y(t) − ρ�α ∂y

∂t
(t) + �−γ c

(
t, y(t),

∂y

∂t
(t)

)
+ �−γ Ẇ (t), t ∈ (0, T ],

y(0) = y0,

∂y

∂t
(0) = y1,

where � : D(�) ⊂ U → U is a positive self-adjoint operator such that �−γ is trace class;
(ii) a semilinear stochastic heat equation{

dXt = 	Xtdt + (−	)−γ /2C̃(Xt )dt + (−	)−γ /2dWt , t ∈ [0, T ],
X0 = x ∈ H,

where 	 is the Laplacian operator on L2([0, π]d) with periodic boundary conditions.

We note that

1. in the case of beam equation, the result is completely new;
2. in the case of the heat equation, the result extends the one from [8] to the dimension d = 3.

Appendix contains minimal energy estimates for the beam equation which are necessary for our 
approach. To the best of our knowledge, these estimates are new and of independent interest. 
They are inspired by the spectral methods used in [1,22,29].

1.4. Notations

Throughout the paper we denote by H, K, U real and separable Hilbert spaces.
L(H ; K) denotes the Banach space of all bounded and linear operators from H into K en-

dowed with the operator norm; we set L(H) = L(H ; H). Moreover L2(H ; K) ⊂ L(H ; K) is 
the Hilbert space of all Hilbert-Schmidt operators, i.e., the space of operators T ∈ L(H ; K) such 
that ∑

|T ek|2K < +∞,
k≥1
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where (ek) is an orthonormal basis of H . We introduce the norm ‖ · ‖L2(H ;K) as

‖T ‖2
L2(H,K) =

∑
k≥1

|T ek|2K, T ∈ L2(H ;K).

We also set L2(H) = L2(H ; H).
If F : H → K is Gâteaux differentiable at x ∈ H , we denote by ∇F(x) ∈ L(H ; K) its 

Gâteaux derivative at x and by ∇kF (x) its directional derivative in the direction of k ∈ H , i.e.,

∇kF (x) := lim
t→0

F(x + tk) − F(x)

t
, x, k ∈ H.

Let G : U → H be a linear bounded operator. We are interested into differentiating along G-
directions, i.e., directions k ∈ H such that k = Ga for some a ∈ U . We introduce the notation 
∇GF(x) := ∇F(x)G ∈ L(U ; H) and

∇G
a F(x)G := ∇GaF(x) = lim

t→0

F(x + tGa) − F(x)

t
, x ∈ H, a ∈ U. (1.12)

2. The abstract equation

We fix T > 0, and we will consider the following semilinear stochastic differential equation 
in the real separable Hilbert space H :{

dXt,x
τ = AXt,x

τ dτ + GC̃(τ,Xt,x
τ )dτ + GdWτ , τ ∈ [t, T ], 0 ≤ t ≤ τ,

X
t,x
t = x ∈ H,

(2.1)

where W = (Wt ) is a cylindrical Wiener process on another real separable Hilbert space U . 
Recall that W is formally given by “Wt = ∑

n≥1 W
(n)
t en” where (W(n))n≥1 are independent 

real Wiener processes and (en) is a basis of U ; W defines a Wiener process on any Hilbert 
space U1 ⊃ U with Hilbert-Schmidt embedding (cf. Section 4.1.2 in [13] and Section 2 in [16]). 
Moreover A, C̃ and G satisfy the following assumptions.

Hypothesis 2.1.

(i) A : D(A) ⊂ H → H is the infinitesimal generator of a strongly continuous semigroup 
(etA)t≥0.

(ii) G : U → H is a bounded linear operator.
(iii) There exists α ∈ (0, 1/2) such that

T∫
0

t−2α‖etA G‖2
L2(U ;H) dt < +∞. (2.2)

(iv) The function C̃ : [0, T ] × H → U is bounded and continuous and, moreover, there exists a 
positive constant K and β ∈ (0, 1) such that
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|C̃(t, x) − C̃(t, y)|U ≤ K|x − y|βH , x, y ∈ H, t ∈ [0, T ]. (2.3)

Note that condition (2.2) implies that for any t > 0 the linear bounded operator

Qt :=
t∫

0

esAGG∗esA∗
ds : H → H is a trace class operator. (2.4)

Condition (2.2) is implicitly assumed also in [8]. It ensures that solutions have continuous paths 
with values in H (cf. Section 5.3 in [13]).

Clearly, C := GC̃ : [0, T ] × H → H and ‖C‖∞ := supt∈[0,T ],x∈H |C(t, ·)|H < +∞.
We underline that in Hypothesis 2.1 it is included the case U = H and G = I , if the stochastic 

convolution Qt, t > 0, is a trace class operator and (2.2) holds.
Recall that a (weak) mild solution to (2.1) is given by (�, F , (Fτ ), P , W, X), where (�, F , 

(Fτ ), P ) is a stochastic basis on which it is defined a cylindrical U -valued Fτ -Wiener process 
W and a continuous Ft -adapted H -valued process X = (Xτ ) = (Xτ )τ∈[t,T ] such that

Xτ = e(τ−t)Ax +
τ∫

t

e(τ−s)AGC̃(s,Xs)ds +
τ∫

t

e(τ−s)AGdWs, τ ∈ [t, T ], (2.5)

P -a.s.
We say that equation (2.1) has a strong mild solution if, on every stochastic basis (�, F , (Ft ),

P ) on which there is defined a cylindrical Ft -Wiener process W on U , there exists a weak mild 
solution.

Under Hypothesis 2.1 the existence of a (weak) mild solution to problem (2.1) which is unique 
in law is a direct consequence of the Girsanov theorem. Recall that

Proposition 2.2. Under Hypothesis 2.1, for any x ∈ H , t ∈ [0.T [, there exists a unique in law 
(weak) mild solution to equation (2.1).

Proof. The result directly follows from an infinite dimensional version of the Girsanov theorem, 
see e.g. [28, Proposition 7.1] and [13, Section 10.3]. �

For any x ∈ H we consider the Ornstein-Uhlenbeck process � = (�
0,x
t ), i.e. the unique so-

lution to (2.1) with C̃ = 0. The vector-valued Ornstein-Uhlenbeck transition semigroup (Rt)t≥0

associated to � is defined as Rt [
](x) := E
[

(�

0,x
t )

]
for any t ≥ 0, any 
 ∈ Bb(H, H) and any 

x ∈ H (cf. [8]).
We take any generator A0 of a C0-semigroup of linear operators (etA0)t≥0 in L(H), we fix 

T ∈ (0, T ] and consider the integral equation

v(t, x) =
T∫

t

Rs−t

[
e(T −s)A0GC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇Gv(s, ·)C̃(s, ·)

]
(x)ds, (2.6)

for any (t, x) ∈ [0, T ] × H .
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We define the space G0,1([0, T ] ×H ; H), see [16] Section 2.2, as the subspace of Cb([0, T ] ×
H ; H) consisting of all functions f which are Gâteaux differentiable with respect to x and such 
that the map ∇f : [0, T ] × H → L(H) is strongly continuous and globally bounded.

Definition 2.3. A solution to (2.6) is a mapping u = uT ∈ G0,1([0, T ] × H ; H) which solves 
(2.6).

To prove our main result we require the existence of a family of operators (An)n∈N , generators 
of C0-groups of linear operators ((etAn)t∈R)n∈N , and for each n ∈ N we consider the integral 
equation (2.6) with An in the place of A0, that is

v(t, x) =
T∫

t

Rs−t

[
e(T −s)AnGC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇Gv(s, ·)C̃(s, ·)

]
(x)ds. (2.7)

Note that (2.7) is a mild formulation of a Kolmogorov PDE related to (2.1); on this aspect see 
Remark 2.10 which also compares such parabolic PDE with the one considered in [8].

We will denote by uTn the solution of this equation (2.7). On the family of operators (An)n∈N
and on the solution of the above integral equation we make the following assumptions.

Hypothesis 2.4.

(A) For any n ∈N the operator An generates a strongly continuous group of linear and bounded 
operators (etAn)t∈R ⊂ L(H) such that for any T > 0 we have

sup
t∈[0,T ]

sup
n≥1

‖etAn‖L(H) = KT < ∞, lim
n→∞ etAnx = etAx, x ∈ H, t ≥ 0. (2.8)

(B) For each n ∈N there exists a unique solution uTn to (2.7) which verifies:
(i) there exists CT > 0, independent of n and T , such that

sup
x∈H

|uTn (0, x + y) − uTn (0, x)|H ≤ CT |y|H , y ∈ H. (2.9)

(ii) For any n ∈ N and any (t, x) ∈ [0, T ] × H , the map k �→ ∇G
k uTn (t, x) ∈ L2(U ; H)

and ∇G· uTn ∈ Bb([0, T ] × H ; L2(U ; H)). Further, we assume that there exists an integrable 
function h : (0, T ) → R+, independent of n ∈N , such that for any n ∈N we have

sup
x∈H

‖∇G· uTn (t, x + y) − ∇G· uTn (t, x)‖2
L2(U ;H) ≤ h(T − t) |y|2H , t ∈ (0,T ), y ∈ H.

(2.10)
Further, there exists a positive constant C = C(T ) which only depends on T such that 
‖h‖L1(0,T ) ≤ C for any T ∈ (0, T ].

Remark 2.5. In order to ensure the validity of (i) and (ii) in (B), a sufficient condition for so-
lutions to (2.7) is the following one: uTn (t, ·) is Fréchet differentiable on H , for any t ∈ [0, T ], 
with uniformly bounded Fréchet derivative ∇uTn (t, ·), i.e.,
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sup
n≥1

sup
t∈[0,T ]

sup
x∈H

‖∇uTn (t, x)‖L(U,H) < ∞.

Moreover, for any k ∈ U , t ∈ [0, T ], the map x �→ ∇G
k uTn (t, x) is Fréchet differentiable on H , 

∇G· uTn ∈ Bb([0, T ] × H ; L2(U ; H)) and

sup
x∈H

‖∇y∇G· uTn (t, x)‖2
L2(U ;H) ≤ h(T − t) |y|2H , t ∈ (0,T ), y ∈ H, (2.11)

for some integrable function h : (0, T ) → R+ with ‖h‖L1(0,T ) ≤ C for any T ∈ (0, T ], for some 
positive constant C = C(T ).

Note that for any x, y ∈ H and t ∈ (0, T ) we have (using an orthonormal basis (fk) in U )

‖∇y∇G· uTn (t, x)‖2
L2(U ;H) =

∑
k≥1

|∇y∇G
fk

uTn (t, x)|2H =
∑
k≥1

|∇y∇Gfk
uTn (t, x)|2H

=
∑
j≥1

∑
k≥1

〈∇y∇Gfk
uTn (t, x), ej 〉2

H =
∑
j≥1

∑
k≥1

[∇y∇Gfk
uTn,j (t, x)]2

=
∑
j≥1

|∇y∇GuTn,j (t, x)|2U , (2.12)

where uTn,j := 〈uTn , ej 〉 (we are identifying L(U ; R) with U ). We will prove that the unique mild 

solution uTn of (2.7) satisfies (2.11), and to prove this estimate we will make use of (2.12).

Remark 2.6. In the case of the wave equation as in [26] and [27] we can take An = A and so 
etAn = etA because A is the generator of a group of operators, while in the case of the damped 
equation An will be the Yosida approximations, i.e.,

An := nAR(n,A), n ∈ N,

where R(λ, A) is the resolvent operator of A, for any λ in the resolvent set of A. Finally, for 
the stochastic parabolic PDEs considered in [8] we will consider An as the finite dimensional 
approximations of A.
We notice that the stochastic damped equation and the stochastic parabolic PDEs considered in 
[8] are reformulated as a stochastic evolution equation in H like (2.1), with A generator of a 
strongly continuous semigroup of linear operators, while the Yosida approximants of A and the 
finite dimensional approximations of A generate a group of linear operators.

We stress that if the drift C is Lipschitz continuous with respect to x, uniformly in t , existence 
of a strong mild solution follows in a standard way, see e.g. [13, Theorem 7.6].

Proposition 2.7. Assume that C : [0, T ] × U → H is continuous, bounded and h �→ C(τ, h) is 
Lipschitz continuous, uniformly with respect to τ . Then for any x ∈ H there exist a unique mild 
solution to equation (2.1).
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To conclude this section, we provide the following generalization of the Gronwall lemma 
which will be used in the sequel (see [14, Lemma 3.1]).

Lemma 2.8. Let f, u, v : [0, T ] → R be bounded measurable functions. Moreover, f : [0, T ] →
R+. Let C ≥ 0 and g, h : (0, T ) → R+ be integrable functions.

(i) If for any t ∈ [0, T ]

v(t) ≤ f (t) +
T∫

t

g(s − t)v(s)ds, t ∈ [0, T ],

then, for any t ∈ [0, T ],

v(t) ≤ f (t) + e
‖g‖

L1(0,T )

T∫
t

f (s)g(s − t)ds.

(ii) If for any t ∈ [0, T ]

u(t) ≤ C +
t∫

0

h(t − s)u(s)ds, t ∈ [0, T ],

then

u(t) ≤ C
(

1 + ‖h‖L1(0,T )e
‖h‖

L1(0,T )

)
, t ∈ [0, T ].

Proof. Assertion (i) directly follows from [14, Lemma 3.1]. Assertion (ii) can be deduced by (i) 
as follows. We have u(t) ≤ C+∫ t

0 h(r)u(t −r)dr ; define w(t) = u(T − t). From the assumptions 
the function s �→ h(t − s)w(s) ∈ L1(t, T ) for any t ∈ [0, T ]. We get

w(t) ≤ C +
T −t∫
0

h(r)u(T − t − r)dr = C +
T −t∫
0

h(r)w(t + r)dr

= C +
T∫

t

h(s − t)w(s)dr,

and (ii) follows by (i). �
Remark 2.9. We recall that under the assumptions of Lemma 2.8, if

u(t) ≤ C +
t∫

0

h(s)u(s)ds, t ∈ [0, T ],
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
then

u(t) ≤ C
(

1 + ‖h‖L1(0,T )e
‖h‖

L1(0,1)

)
, t ∈ [0, T ].

In the following remark we compare the Kolmogorov equations (2.7) used in the present paper 
and the ones considered in [8].

Remark 2.10. Let T ∈ (0, T ] and let n ∈ N . Formal computations give that the H -valued solu-
tion uTn of (2.7) formally solves the equation

⎧⎨⎩
∂uTn (t, x)

∂t
+Lt [uTn (t, ·)](x) = −e(T −t)AnGC̃(t, x), x ∈ H, t ∈ [0,T ],

uTn (T , x) = 0, x ∈ H,

(2.13)

where Lt f (x) := 1
2 Tr[GG∗∇2f (x)] +〈Ax, ∇f (x)〉 +〈GC̃(t, x), ∇f (x)〉, for any t ∈ [0, T ] and 

any x ∈ H , and f is a regular function. Kolmogorov equations similar to (2.13) are considered 
in [8] for the study of semilinear parabolic SPDEs (however, note that in equation (6) of [8] the 
term −e(T −t)AnGC̃ is replaced by GC̃).

On the other hand, the function vn := e−(T −t)AnuTn formally solves

⎧⎨⎩
∂vTn (t, x)

∂t
+Lt [vTn (t, ·)](x) = Anv

T
n (t, x) − GC̃(t, x), x ∈ H, t ∈ [0,T ],

vTn (T , x) = 0, x ∈ H,

which is similar to the equation (formally) solved by the function v considered in [26, Remark 
6.2].

3. Ornstein-Uhlenbeck processes and approximated FBSDEs

In this section we consider a family of FBSDEs on the time interval [t, T ], with 0 ≤ t <

T ≤ T . Namely in a complete probability space (�, F , P ), for any n ∈ N and for τ ∈ [t, T ]
we consider the following system of FBSDEs with forward and backward equations both taking 
values in H , given by

d�t,x
τ = A�t,x

τ dτ + GdWτ , τ ∈ [t,T ],
�t,x

τ = x, τ ∈ [0, t],
−dY t,x,n

τ = −AnY
t,x,n
τ dτ + GC̃(τ,�t,x

τ )dτ + Zt,x,n
τ C̃(τ,�t,x

τ )dτ − Zt,x,n
τ dWτ , τ ∈ [0,T ],

Y
t,x,n
T = 0.

(3.1)

The solution to the forward equation is the so called Ornstein-Uhenbeck process � = (�t,x
τ ) and 

it is nothing else than equation (2.1) with drift C equal to 0. Moreover G, C̃ and W are the same 
as in (2.1). Finally (An)n≥1 are given in Hypothesis 2.4, part (A).
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Remark 3.1. We recall that under the general assumptions of the present paper we cannot con-
sider the BSDE with A instead of An because −A is not the generator of a semigroup of operators 
(see [17]). This case has been considered in [26] since A is the generator of a group of operators, 
and here we generalize the method introduced in [26] to the case of A generator of a semigroup 
of linear operators.

Let n ∈ N . Concerning the backward equation in the FBSDE (3.1), its precise meaning is 
given by its mild formulation: P -a.s. the pair of processes (Y t,x,n, Zt,x,n) satisfies

Y t,x,n
τ =

T∫
τ

e−(s−τ)AnGC̃(s,�t,x
s ) ds +

T∫
τ

e−(s−τ)AnZt,x,n
s C̃(s,�t,x

s ) ds

−
T∫

τ

e−(s−τ)AnZt,x,n
s dWs, (3.2)

for any τ ∈ [t, T ] (cf. [16], [17], [21] and the references therein). Notice that in order to give 
sense to the BSDE in (3.1) we need that −An is the generator of a C0-semigroup of bounded 
linear operators, and this is true if we assume that Hypothesis 2.4, part (A) is satisfied.

Concerning equation (3.2) recall that we endow (�, F , P ) with the natural filtration (FW
t )

of W (i.e., FW
t is the smallest σ -algebra generated by W(n)

s , n ≥ 1 and 0 ≤ s ≤ t) augmented 
in the usual way with the family of P -null sets of F . All the concepts of measurability, e.g. 
predictability, are referred to this filtration.

The solution of (3.2) will be a pair of processes (Y t,x,n, Zt,x,n) ∈ L2
P (�; C([0, T ]; H)) ×

L2
P (� × [0, T ]; L2(U ; H)) (see Proposition 3.2), where L2

P (�; C([0, T ], H)) is the Banach 
space of all predictable H -valued processes Y with continuous paths and such that

E[ sup
τ∈[0,T ]

|Yτ |2] = ‖Y‖2
L2
P (�,C([0,T ];H))

< ∞,

and L2
P (� × [0, T ]; L2(U, H)) is the usual L2-space of predictable processes Z with values in 

L2(U, H). We sum up in the following proposition existence results for equation (3.2).

Proposition 3.2. Assume Hypotheses 2.1 and 2.4 hold true. Then, for any n ∈N the BSDE (3.2)
admits a unique solution (Y t,x,n, Zt,x,n) ∈ L2

P (�; C([0, T ]; H)) × L2
P (� × [0, T ]; L2(U ; H)), 

satisfying

E
[

sup
τ∈[0,T ]

|Y t,x,n
τ |2]+E

T∫
0

‖Zt,x,n
τ ‖2

L2(U,H)dτ ≤ CT ,n‖C‖∞, (3.3)

where CT ,n is a positive constant which depends also on T and n, and the map: (t, x) �→ Y
t,x
t , 

[0, T ] × H → H , is deterministic.

Proof. Existence and uniqueness of a solution directly come from Lemma 2.1 and Proposition 
2.1 in [21], that we can apply since C is bounded. Estimate (3.3) follows from [18], Remark 4.5, 
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estimate (4.19). Since the process �t,x is FW
t,T -measurable (where FW

t,T is the σ -algebra gener-

ated by Wr −Wt , r ∈ [t, T ], augmented with the P -null sets), it turns out that Y t,x
t is measurable 

both with respect to FW
t,T and Ft ; it follows that Y t,x

t is deterministic. �
Next we prove an identification property that in the present paper we will apply to uTn , solution 

to equation (2.7), which is the analogous of the identification formulae proved e.g. in [16] for real 
valued functions (see also [25] for the case of functions defined on Banach spaces).

Lemma 3.3. Let v : [0,T ] × H −→ H be a continuous function such that for every t ∈ [0,T ], 
v (t, ·) is Gâteaux differentiable and the map (t, x) �→ ∇v (t, x) is Borel measurable. Let us fix 
(t, x) ∈ [0, T ] × H and let �t,x be the Ornstein-Uhlenbeck process defined in Section 2. If ψ is 
a square integrable predictable process and Z̄ ∈ L2

P (� × [0, T ]; L2(U, H)) and if v
(
τ,�t,x

τ

)
admits the representation

v
(
τ,�t,x

τ

)= v
(
T ,�

t,x
T
)+

T∫
τ

ψsds −
T∫

τ

Z̄sdWs, τ ∈ [0,T ] , (3.4)

then P -a.s, ∇Gv
(
τ,�t,x

τ

)= Z̄τ , for a.e. τ ∈ [0, T ].

Proof. The result can be seen as an extension of [16, Proposition 5.6] to the case of an H -
valued BSDE, and for this extension we use techniques similar to the ones in [26]. Let ξ ∈ U and 
consider the real Wiener process (Wξ

τ )τ≥0, where

Wξ
τ := 〈ξ,Wτ 〉U .

Let h ∈ H , we set

vh(τ, x) := 〈v(τ, x),h〉H , 0 ≤ t ≤ τ ≤ T , x ∈ H,

and we study the joint quadratic variation between the real process vh
(·,�t,x

)
and Wξ . Since

vh
(
τ,�t,x

τ

)=vh
(
T ,�

t,x
T
)+

T∫
τ

〈ψs,h〉H ds −
T∫

τ

〈Z̄s, h〉H dWs

=vh
(
0,�

t,x
0

)−
τ∫

0

〈ψs,h〉H ds +
τ∫

0

〈Z̄s, h〉H dWs, τ ∈ [0,T ] ,

we find

〈vh
(·,�t,x

)
,Wξ 〉τ =

τ∫
〈Z̄sξ, h〉H ds, τ ∈ [0,T ], P -a.s. (3.5)
0
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Now we compute the joint quadratic variation in a different way, arguing as in [16, Lemmata 6.3 
& 6.4] and we obtain that the real process vh

(·,�t,x
)

admits joint quadratic variation with Wξ

given by

〈vh(·,�t,x),Wξ 〉τ =
τ∫

0

∇Gvh(s,�t,x
s )ξ ds =

τ∫
0

〈∇Gv(s,�t,x
s )ξ, h〉ds, τ ∈ [0,T ].

Comparing this formula with (3.5) we get that for a.e. s ∈ [0, T ] we have, P -a.s.,

〈Z̄sξ, h〉 = 〈∇Gv(s,�t,x
s )ξ, h〉.

Since H is separable, for any ξ ∈ U we get P -a.s. Z̄sξ = ∇Gv(s, �t,x
s )ξ , for a.e. s ∈ [0, T ]. The 

assertion now follows. �
Next we are going to apply the previous Lemma 3.3 to uTn solution to equation (2.7). We 

assume that Hypothesis 2.4, part (B), holds true and recall that the operator An generates a 
group of linear bounded operators (eσAn)σ∈R. We want to show that the pair of processes

(e−(T −τ)AnuTn (τ,�t,x
τ ),∇Ge−(T −τ)AnuTn (τ,�t,x

τ )), τ ∈ [t,T ], (3.6)

satisfy the BSDE (3.2). This is the content of the following proposition.

Proposition 3.4. Assume Hypotheses 2.1 and 2.4 hold true. Let uTn be the unique solution to 
(2.7). Then the pair of processes defined in (3.6) is the unique solution of the BSDE (3.2). As a 
consequence, if the pair of processes (Y t,x,n, Zt,x,n) is solution to the BSDE (3.2), then we have 
Y

t,x,n
t = e−(T −t)AnuTn (t, x), Zt,x,n

t = e−(T −t)An∇GuTn (t, x), so that

∇GuTn (τ,�t,x
τ ) = e(T −τ)AnZt,x,n

τ , P -a.s., for a.e. τ ∈ [t,T ]. (3.7)

Moreover, if a pair of processes (Y t,x,n, Zt,x,n) is solution to (3.2), then by setting

ṽn(t, x) := e(T −t)AnY
t,x,n
t , t ∈ [0,T ],

we get that

∇Gṽn(t, x) := e(T −t)AnZ
t,x,n
t , t ∈ [0,T ],

and ̃vn(t, x), t ∈ [0, T ], x ∈ H , is solution to equation (2.7), i.e., ̃vn ≡ uTn .

Proof. The arguments are similar to those used in the proof of the uniqueness part of [16, Theo-
rem 6.2], and are adequated to this different context. For reader’s convenience, we simply write 
un instead of uTn .
Starting from equation (2.7), we notice that for any τ ∈ [t, T ],

un(τ, x) = E

T∫ [
e(T −s)AnGC̃(s,�τ,x

s )
]
ds +E

T∫ [
∇Gun(s,�

τ,x
s )C̃(s,�τ,x

s )
]
ds.
τ τ
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Hence, denoting the conditional expectation E[·|Fτ ] as EFτ [·], the random variable un(τ, �t,x
τ )

satisfies P -a.s.

un(τ,�
t,x
τ ) := EFτ

T∫
τ

[
e(T −s)AnGC̃(s,�τ,�

t,x
τ

s )
]
ds

+EFτ

T∫
τ

[
∇Gun(τ,�

τ,�
t,x
τ

s )C̃(s,�τ,�
t,x
τ

s )
]
ds

= EFτ

T∫
τ

[
e(T −s)AnGC̃(s,�t,x

s )
]
ds +EFτ

T∫
τ

[
∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds,

(3.8)

since �t,x
s is Fs -measurable ∀ τ ≤ s ≤ T , and �τ,�

t,x
τ

s = �
t,x
s . Setting

ξ :=
T∫

t

[
e(T −s)AnGC̃(s,�t,x

s )
]
ds +

T∫
t

[
∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds,

we can rewrite (3.8) as

un(τ,�
t,x
τ ) = EFτ ξ −

τ∫
t

[
e(T −s)AnGC̃(s,�t,x

s )
]
ds −

τ∫
t

[
∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds,

for τ ∈ [t, T ]. By the representation theorem for martingales, see e.g. [13], there exists 
(Z̄

t,x
s )s∈[0.T ] ∈ L2

P (� × [0, T ]; L2(U, H)) such that for any τ ∈ [0, T ]

un(τ,�
t,x
τ ) = un(t, x) +

τ∧t∫
t

Z̄t,x
s dWs

−
τ∧t∫
t

[
e(T −s)AnGC̃(s,�t,x

s )
]
ds −

τ∧t∫
t

[
∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds, P -a.s.

We conclude that the process un(τ, �t,x
τ ), t ≤ τ ≤ T is a continuous semimartingale with canon-

ical decomposition. By Lemma 3.3, we have that Z̄t,x
s = ∇Gun(s, �

t,x
s ) a.e. s ∈ [t, T ]. Then the 

previous semimartingale reads as

un(τ,�
t,x
τ ) = −

T∫
∇Gun(s,�

t,x
s ) dWs
τ
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+
T∫

τ

[
e(T −s)AnGC̃(s,�t,x

s )
]
ds +

T∫
τ

[
∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds.

If we apply e−(T −τ)An to both the sides of this equation we get

e−(T −τ)Anun(τ,�
t,x
τ ) = −

T∫
τ

e−(s−τ)An

[
e−(T −s)An∇Gun(s,�

t,x
s ) dWs

]

+
T∫

τ

[
e−(s−τ)AnGC̃(s,�t,x

s )
]
ds +

τ∫
t

e−(s−τ)An

[
e−(T −s)An∇Gun(s,�

t,x
s )C̃(s,�t,x

s )
]
ds,

and by comparing this expression with (3.2), it is immediate to see that the pair of processes

(e−(T −τ)Anun(τ,�
t,x
τ ), e−(T −τ)An∇Gun(τ,�

t,x
τ )), τ ∈ [t,T ],

solves equation (3.2).
The “Moreover” part follows from the fact that, by Proposition 3.2, equation (3.2) admits a 

unique solution. �
4. Pathwise uniqueness for the nonlinear SDE

Let’s go back to the nonlinear SPDE (2.1), which we rewrite with initial time t = 0:

{
dX0,x

τ = AX0,x
τ dτ + GC̃(τ,X0,x

τ )dτ + GdWτ τ ∈ [0, T ],
X

0,x
0 = x ∈ H.

The existence of a weak solution to (2.1) has been already discussed in Proposition 2.2. Let us 
set Xx

τ := X0,x
τ for any τ ∈ [0, T ] and x ∈ H . Then, P -a.s. we have

Xx
τ =eτAx +

τ∫
0

(
e(τ−s)A − e(τ−s)An

)
GC̃(s,Xx

s )ds +
τ∫

0

e(τ−s)AnGC̃(s,Xx
s )ds

+
τ∫

0

e(τ−s)AGdWs, ∀τ ∈ [0, T ]. (4.1)

Let τ ∈ [0, T ]. In the next result, for any n ∈N we consider uτ
n, the regular solution of (2.7) with 

T = τ , whose properties are listed in Hypothesis 2.4, part (B).

Proposition 4.1. Let Hypotheses 2.1 and 2.4 hold true. Then, for any n ∈ N and any τ ∈ [0, T ]
we have
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Xx
τ =eτAx +

τ∫
0

(
e(τ−s)A − e(τ−s)An

)
GC̃(s,Xx

s )ds

+ uτ
n(0, x) +

τ∫
0

∇Guτ
n(s,X

x
s )dWs +

τ∫
0

e(τ−s)AGdWs, P -a.s.. (4.2)

Proof. Let 0 ≤ t ≤ τ ≤ T and x ∈ H . We consider a (weak) mild solution Xt,x to

dXt,x
σ = AXt,x

σ dσ + GC̃(σ,Xt,x
σ )dσ + GdWσ , σ ∈ [t, τ ], Xt,x

σ = x, σ ∈ [0, t],

which is given by

Xt,x
σ =e(σ−t)Ax +

σ∫
t

e(σ−s)AGC̃(s,Xt,x
s )ds +

σ∫
t

e(σ−s)AGdWs, P -a.s., σ ∈ [t, τ ],

Xt,x
σ =x, σ ∈ [0, t].

Such solution is defined on a stochastic basis (�, F , (Ft ), P ), on which it is defined a cylindrical 
Ft -Wiener process W on U .

Let us set

Ŵσ = Wσ +
σ∫

0

C̃(s,Xt,x
s )ds.

By the Girsanov theorem (see, for instance, [13, Section 10.3] or the Appendix in [9]) there 
exists a probability measure P̂ = P̂τ on (�, Fτ ), such that in (�, Fτ , ̂P ) the process (Ŵσ )σ is a 
cylindrical Wiener process up to time τ (it is not difficult to prove that P̂ and P are equivalent). 
In (�, Fτ , ̂P ) the process Xt,x solves

dXt,x
σ = AXt,x

σ dσ + GdŴσ , X
t,x
t = x, σ ∈ [t, τ ].

Since for OU stochastic equations pathwise uniqueness holds, we have, in particular, that (Xt,x)

is a predictable process with respect to the completed natural filtration (F Ŵ
s )0≤s≤τ generated by 

Ŵ . Let us consider the FBSDE system⎧⎪⎪⎪⎨⎪⎪⎪⎩
dXt,x

σ = AXt,x
σ dσ + GdŴσ , σ ∈ [t, τ ] ,

Xt,x
σ = x, σ ∈ [0, t],

−dYσ = −AnYσ dσ + GC̃(σ,Xt,x
σ ) dσ + Zσ C̃(σ,Xt,x

σ )dσ − Zσ dŴσ , σ ∈ [0, τ ],
Yτ = 0.

(4.3)

From Proposition 3.4, system (4.3) admits a unique solution (Xt,x
σ , ̂Y t,x,n

σ , ̂Zt,x,n
σ ) in (�, Fτ , 

(F Ŵ
s )0≤s≤τ , P̂ ). Recall that F Ŵ

s ⊂ Fs , s ∈ [0, τ ]. Moreover, see (3.6), we have P̂ -a.s in � (or 
equivalently P -a.s. in �)
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Ŷ t,x,n
σ = e−(τ−σ)Anuτ

n(σ,Xt,x
σ ), σ ∈ [0, τ ], and Ẑt,x,n

σ = e−(τ−σ)An∇Guτ
n(σ,Xt,x

σ ),

for any σ ∈ [0, τ ], a.e. Hence, P -a.s. for any s ∈ [0, τ ], a.e., we have

e(τ−s)An Ŷ t,x,n
s = uτ

n(s,X
t,x
s ), e(τ−s)AnẐt,x,n

s = ∇Guτ
n(s,X

t,x
s ). (4.4)

We recall that

Ŷ t,x,n
σ =

τ∫
σ

e−(s−σ)AnGC̃(s,Xt,x
s ) ds +

τ∫
σ

e−(s−σ)AnẐt,x,n
s C̃(s,Xt,x

s )ds

−
τ∫

σ

e−(s−σ)AnẐt,x,n
s dŴs

=
τ∫

σ

e−(s−σ)AnGC̃(s,Xt,x
s ) ds

−
τ∫

σ

e−(s−σ)AnẐt,x,n
s dWs, P -a.s., σ ∈ [0, τ ]. (4.5)

Let us consider now the initial time t = 0, and let us write (4.5) with σ = 0 (we write Xx instead 
of X0,x ). We get

τ∫
0

e−sAnGC̃(s,Xx
s )ds = e−τAnuτ

n(0, x) +
τ∫

0

e−sAnẐ0,x,n
s dWs, P -a.s.,

for any τ ∈ [0, T ], and by applying eτAn to both sides, from (4.4) we deduce that, P -a.s.,

τ∫
0

e(τ−s)AnGC̃(s,Xx
s )ds = uτ

n(0, x) +
τ∫

0

e(τ−s)AnẐ0,x,n
s dWs

= uτ
n(0, x) +

τ∫
0

∇Guτ
n(s,X

x
s )dWs, ∀τ ∈ [0, T ].

By replacing in (4.1) we infer that

Xx
τ =eτAx +

τ∫
0

(
e(τ−s)A − e(τ−s)An

)
GC̃(s,Xx

s )ds

+ uτ
n(0, x) +

τ∫
0

∇Guτ
n(s,X

x
s )dWs +

τ∫
0

e(τ−s)AGdWs, P -a.s., (4.6)
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for any τ ∈ [0, T ], and the proof is finished. �
The next result is our main uniqueness theorem.

Theorem 4.2. Let Hypotheses 2.1 and 2.4 hold true. Then, there exists a positive constant c =
c(T ) > 0 such that for any x1, x2 ∈ H we have

sup
t∈[0,T ]

E[|Xx1
t − X

x2
t |2H ] ≤ c|x1 − x2|2H , (4.7)

where Xx1 and Xx2 denote (weak) mild solutions to (2.1) starting at x1 and x2, respectively, and 
defined on the same stochastic basis. In particular, for equation (2.1) pathwise uniqueness holds.

Proof. Let x1, x2 ∈ H and let us denote by X1 and X2 the mild solutions to (2.1) starting at x1
and x2, respectively. We fix t ∈]0, T ]. From (4.2) with τ = t , for any n ∈N we have(

X1
t − X2

t

)
=etA(x1 − x2) + (

ut
n(0, x1) − ut

n(0, x2)
)+ δ1

n(t) + δ2
n(t)

+
t∫

0

(
∇Gut

n(s,X
1
s ) − ∇Gut

n(s,X
2
s )
)

dWs, P -a.s., (4.8)

where

δi
n(t) =

t∫
0

(
e(t−s)A − e(t−s)An

)
GC̃(s,Xi

s)ds, P -a.s., i = 1,2, n ∈N.

Notice that in (4.8) we consider the function ut
n such that ut

n(t, ·) ≡ 0.
The crucial point is that estimates on ut

n are uniform in t (cf. Hypothesis 2.4), part (B). We 
also note that x �→ etAx is Lipschitz continuous with respect to x, uniformly with respect to 
t , and taking into account Hypothesis 2.4, part (B), point (i), we know that x �→ ut

n(0, x) is 
Lipschitz continuous. For what concerns the stochastic integral, note that using Hypothesis 2.4, 
part (B), point (ii) with T = t , by the Itô isometry we find

E

⎡⎢⎣
∣∣∣∣∣∣

t∫
0

(
∇Gut

n(s,X
1
s ) − ∇Gut

n(s,X
2
s )
)

dWs

∣∣∣∣∣∣
2

H

⎤⎥⎦≤
t∫

0

h(t − s)E
[
|X1

s − X2
s |2H

]
ds. (4.9)

Using (4.9) in (4.8), for any n ∈N we get

E

[∣∣∣X1
t − X2

t

∣∣∣2
H

]

≤ CT

⎛⎝|x1 − x2|2H +
t∫

0

h(t − s)E
[
|X1

r − X2
r |2H

]
ds +E

[
sup
t≤T

|δ1
n(t)|2H

]
+E

[
sup
t≤T

|δ2
n(t)|2H

]⎞⎠ ,
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where CT is a positive constant independent of n and t . Note that

t �→ E
[
|X1

t − X2
t |2H

]
,

is a bounded function on [0, T ]. Thus applying the generalized Gronwall lemma we infer

E
[
|X1

t − X2
t |2H

]
≤ KT (E

[
sup
t≤T

|δ1
n(t)|2H

]
+E

[
sup
t≤T

|δ2
n(t)|2H

]
+ |x1 − x2|2H ),

where KT is a positive constant independent of n and t . We need to prove that

E

[
sup
t≤T

|δ1
n(t)|2H

]
+E

[
sup
t≤T

|δ2
n(t)|2H

]
→ 0, n → ∞. (4.10)

Using the dominated convergence theorem, we get the assertion if we show that, P -a.s.,

lim
n→∞ sup

t≤T

|δ1
n(t)|2H = 0, lim

n→∞ sup
t≤T

|δ2
n(t)|2H = 0. (4.11)

Let us consider the first limit in (4.11) (the proof of the second limit is similar).
Let us fix ω, P -a.s.; for any n ∈N , we have

δ1
n(t) =

t∫
0

(
e(t−s)A − e(t−s)An

)
g(s)ds =

t∫
0

(
erA − erAn

)
g(t − r)dr, n ∈N,

with g(s) = GC̃(s, X1
s (ω)), s ∈ [0, T ], which is continuous from [0, T ] with values in H . It is 

enough to prove that supt≤T |δ1
n(t)|H → 0 as n → ∞. We note that, for any compact set K ⊂ H , 

r ∈ [0, T ], there exists y = yK,r such that

sup
y∈K

∣∣∣(erA − erAn

)
y

∣∣∣= ∣∣∣(erA − erAn

)
yK,r

∣∣∣ ,
and so

lim
n→∞ sup

y∈K

∣∣∣(erA − erAn

)
y

∣∣∣
H

= 0. (4.12)

Let us introduce the compact sets Kt = {g(s)}s∈[0,t] ⊂ H , t ∈ [0, T ]. From (4.12) it follows that

|δ1
n(t)|H ≤

t∫
0

sup
y∈Kt

∣∣∣(erA − erAn

)
y

∣∣∣
H

dr ≤
T∫

0

sup
y∈KT

∣∣∣(erA − erAn

)
y

∣∣∣
H

dr → 0, n → ∞.

This shows assertion (4.10) and completes the proof. �
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Remark 4.3. We point out that, using a localization argument as in [10] the boundeness of C̃
can be dispensed. In particular, one can prove strong well-posedness of (1.1), for any x ∈ H , 
under Hypotheses 2.1 and 2.4 but replacing the condition on C̃ with the weaker assumption: 
C̃ : [0, T ] × H → U is continuous on [0, T ] × H , there exists KT such that

|C̃(t, x)|U ≤ KT (1 + |x|H ), t ∈ [0, T ], x ∈ H, (4.13)

and moreover, for any ball B = B(z, r), z ∈ H , r > 0, the function C̃ : [0, T ] × B → U is β-
Hölder continuous, uniformly in t ∈ [0, T ] (the index β ∈ (0, 1) should be the same for any ball 
B but the Hölder norm may depend on the ball we consider).

Remark 4.4. By Theorem 4.2, using a generalization of the Yamada-Watanabe theorem (see [28]
and [23]), one deduces that equation (1.1) has a unique strong mild solution, for any x ∈ H .

5. Analytic results on the associated Kolmogorov equation (2.7)

In this section, assuming Hypothesis 2.1 we give sufficient conditions on A, G and C̃ such 
that Hypothesis 2.4 is satisfied. This will imply the pathwise uniqueness result for equation (2.1)
according to Theorem 4.2.

We split this section into two parts: in the former we provide preliminaries results on the 
equation (2.6) which involves a generator A0 of a strongly continuous semigroup etA0 on H ; in 
the second part we will consider Hypothesis 2.4.

5.1. Preliminary results on equation (2.6)

Let us assume the following condition on the operator Qt , t > 0, introduced in (2.4).

Hypothesis 5.1 (Controllability).

(i) For any t > 0 we have Im(etA) ⊆ Im(Q
1/2
t ).

(ii) For any t > 0 we set �(t) := Q
−1/2
t etA : H → H . From (i) it follows that �(t) is a bounded 

linear operator for any t > 0. We assume that there exist a p ositive constant C = CT and 
measurable functions �1, �2 : (0, T ] → R+ such that inft∈(0,T ] �1(t), inft∈(0,T ] �2(t) >
0; further, for any ε ∈ (0, T ), �1, �2 are bounded in the interval [ε, T ], and

|�(t)z|H ≤ CT �1(t)|z|H , |�(t)Gk|H ≤ CT �2(t)|k|U , z ∈ H, k ∈ U, t ∈ (0, T ]. (5.1)

Note that if U = H and G = I we consider �1 = �2.

Remark 5.2. Since G ∈ L(U ; H) it follows that the best choice of �1 and of �2 in (5.1) and a 
suitable choice of CT give �2(t) ≤ �1(t) for any t ∈ (0, T ].

It is well known that for any t > 0 condition Im(etA) ⊆ Im(Q
1/2
t ) is related to the null-

controllability of the abstract controlled equation{
Ẏ (t) = AY(t) + Gu(t), t ∈ [0, T ],
Y (0) = y ∈ H.
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In the sequel we will also need the following assumption.

Hypothesis 5.3. The function �1−β
1 �2 ∈ L1(0, T ), where β ∈ (0, 1) is the constant in Hypothe-

sis 2.1(iv) (cf. (5.1)).

By the dominated convergence theorem the previous assumption implies that

Cγ,T :=
T∫

0

e−γ t (�1(t))
1−β �2(t) dt → 0, γ → +∞. (5.2)

Remark 5.4. The function �1(t) = t−σ1, �2(t) = t−σ2 , with σ1 > 0 and σ2 ∈ (0, 1) satisfy 
Hypotheses 5.1 and 5.3 if β > max{0, (σ1)

−1(σ1 + σ2 − 1)}. Indeed since σ2 ∈ (0, 1) it fol-
lows that σ1 + σ2 − 1 < σ1, which implies that σ1+σ2−1

σ1
< 1. Further, with the condition 

β > max{0, (σ1)
−1(σ1 + σ2 − 1)} the product �1−β

1 (t)�2(t) = t−((1−β)σ1+σ2) is integrable as 
required in (5.2), since (1 − β)σ1 + σ2 < 1.

We recall that (Rt ) is the Ornstein-Uhlenbeck semigroup defined by Rt [
](x) := E[
(�
0,x
t )], 

for any 
 ∈ Bb(H ; H), any t ≥ 0 and any x ∈ H . Under Hypothesis 5.1, from [13, Theorem 
9.26] we infer that for any 
 ∈ Bb(H ; H) the map x �→ Rt [
](x) ∈ C∞

b (H ; H) and

∇kRt [
](x) =
∫
H

〈�(t)k,Q
−1/2
t y〉H 
(etAx + y)N (0,Qt )(dy), (5.3)

for any x, k ∈ H and any t > 0, where N (0, Qt) is the Gaussian measure on H with mean 0
and covariance operator Qt (see for instance [12, Chapter 1]). Estimates (5.1) allow us to repeat 
verbatim the statements and the proofs of [26, Lemmata 4.1-4.3], and we collect these results in 
a unique Lemma.

Lemma 5.5. Let Hypotheses 2.1 and 5.1 hold true, and let Rt be the Ornstein-Uhlenbeck opera-
tor defined in Section 2, acting on vector-valued functions.

(i) For any 
 ∈ Bb(H ; H) and any t > 0, the function x �→ Rt [
](x) is Gâteaux differentiable 
and its Gâteaux derivative ∇Rt [
](x) ∈ L(H ; H) is given by (5.3). Moreover, for any 
T > 0 there exists a positive constant C = CT such that

sup
x∈H

|∇zRt [
](x)|H ≤ C‖
‖∞�1(t)|z|H , z ∈ H (5.4)

sup
x∈H

|∇G
k Rt [
](x)|H ≤ C‖
‖∞�2(t)|k|U , k ∈ U. (5.5)

If 
 ∈ Cb(H ; H) then Rt [
] is Fréchet differentiable on H and we have ∇Rt [
] ∈
Cb(H ; L(H ; H)) and ∇GRt [
] ∈ Cb(H ; L(U ; H)).

(ii) For any 
 ∈ Cb(H ; H), any t > 0 and any k ∈ U the function x �→ ∇G
k Rt [
](x) is Fréchet 

differentiable on H and
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∇y∇G
k Rt [
](x) =

∫
H

(
〈�(t)y,Q−1/2z〉H 〈�(t)Gk,Q−1/2z〉H

− 〈�(t)y,�(t)Gk〉H
)

(etAx + z)N (0,Qt )(dz), (5.6)

sup
x∈H

|∇y∇G
k Rt [
](x)|H ≤ C‖
‖∞�1(t)�2(t)|y|H |k|U , t ∈ (0, T ], (5.7)

and

lim
x→0

sup
y∈H

‖∇·∇G
k Rt [
](x + y) − ∇·∇G

k Rt [
](y)‖L(H ;H)

= lim
x→0

sup
y∈H

sup
|z|H =1

|∇z∇G
k Rt [
](x + y) − ∇z∇G

k Rt [
](y)|H = 0, k ∈ U. (5.8)

The last result we need follows from interpolation theory. Let β ∈ (0, 1). From [12, Theorem 
2.3.3 & example 2.3.4] it follows that

(Cb(H),C1
b(H))β,∞ = C

β
b (H), β ∈ (0,1), (5.9)

with equivalence of the norms (here, (X, Y)β,∞ denotes the real interpolation space between 
the Banach spaces X and Y , for more details see [24]). Further, we denote by (Rt ) the transi-
tion semigroup of the Ornstein Uhlenbeck process �0,x acting on Borel measurable real valued 
functions φ : H →R as

Rt [φ](x) = E[φ(�
0,x
t )].

There is a link between the H -valued Ornstein-Uhlenbeck transition semigroup (Rt)t≥0 and the 
scalar Ornstein-Uhlenbeck transition semigroup (Rt )t≥0: for any 
 ∈ Bb(H ; H) and h ∈ H we 
set 
h(x) := 〈
(x), h〉H for any x ∈ H . From [8, Section 3] it follows that

〈∇yRt [
](x), h〉H = ∇yRt [
h](x), t > 0, x, y,h ∈ H. (5.10)

With computations similar to the ones in the proof of [26, Lemma 4.4] we can prove the 
following result. For reader’s convenience we provide a detailed proof in Appendix B.

Lemma 5.6. Let Hypotheses 2.1 and 5.1 be satisfied. Then, for any T > 0 there exists a positive 
constant C = CT such that for any β ∈ (0, 1) any 
 ∈ C

β
b (H ; H) we have

sup
x∈H

|∇yRt [
](x)|H ≤ C‖
‖Cβ(H ;H)�
1−β
1 (t)|y|H , y ∈ H, (5.11)

sup
x∈H

|∇y∇G
k Rt [
](x)|H ≤ C‖
‖Cβ(H ;H)�1(t)

1−β�2(t)|y|H |k|U , y ∈ H, k ∈ U, (5.12)

for any t ∈ (0, T ].

Remark 5.7. We recall that estimates (5.4), (5.5), (5.7), (5.11) and (5.12) hold true with Rt

replaced by Rt and 
 being a real-valued function.
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We go back to the integral equation (2.6) and for any T ∈ [0, T ] we introduce the spaces ET
0

and ET
0,γ as follows.

Definition 5.8. ET
0 is the space of functions u ∈ Cb([0, T ] × H ; H) such that u(t, ·) is Fréchet 

differentiable on H for any t ∈ [0, T ] and the map ∇u : [0, T ] × H → L(H, H) is strongly con-
tinuous and globally bounded. Moreover, for any k ∈ U and t ∈ [0, T ] the map x �→ ∇G

k u(t, x)

is Fréchet differentiable on H .
For any γ ≥ 0, we set

ET
0,γ := {u ∈ ET

0 : ‖u‖γ,T < +∞}, (5.13)

where

‖u‖γ,T := sup
(t,x)∈[0,T ]×H

eγ t |u(t, x)|H + sup
(t,x)∈[0,T ]×H

eγ t‖∇u(t, x)‖L(H ;H)

+ sup
(t,x)∈[0,T ]×H

sup
|k|U =1

eγ t‖∇·∇G
k u(t, x)‖L(H ;H). (5.14)

It is easy to prove that ET
0,γ is a Banach space for any γ ≥ 0. Some further properties of 

functions u ∈ ET
0 are collected in the next remark.

Remark 5.9. (1) If u ∈ ET
0 , t ∈ [0, T ] and k ∈ U then

‖∇G
k u(t, ·)‖Cβ(H,H) ≤ 3 sup

x∈H

‖∇G
k u(t, x)‖H + sup

x∈H

‖∇·∇G
k u(t, x)‖L(H ;H) (5.15)

To verify the previous inequality we write for x �= y (we have to consider |x − y| ≤ 1 and |x −
y| > 1)

|∇G
k u(t, x) − ∇G

k u(t, y)|H |x − y|−β ≤ 2 sup
x∈H

‖∇G
k u(t, x)‖H + sup

x∈H

‖∇·∇G
k u(t, x)‖L(H ;H).

(ii) If u ∈ ET
0 then the mapping

t �→ ‖∇Gu(t, ·)‖Cβ(H,L(U ;H)) (5.16)

is Borel measurable on [0, T ] (with values in R+). It is not difficult to prove the measurability of 
t �→ supx∈H ‖∇Gu(t, x)‖L(U ;H). In order to show that

t �→ [∇Gu(t, ·)]Cβ(H,L(U ;H)) is measurable, (5.17)

we consider a countable dense subset D of {u ∈ U : |u|U = 1}. Let S be a countable dense subset 
of H . We note that by the continuity property of ∇Gu
k
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[∇Gu(t, ·)]Cβ(H,L(U ;H)) = sup
x,y∈H,x �=y

sup
|k|U =1

|∇G
k u(t, x) − ∇G

k u(t, y)|H
|x − y|βH

= sup
x,y∈S,x �=y

sup
k∈D

|∇G
k u(t, x) − ∇G

k u(t, y)|H
|x − y|βH

.

Since for fixed x, y ∈ S, x �= y, k ∈ D, the mapping: t �→ |∇G
k u(t,x)−∇G

k u(t,y)|H
|x−y|βH

is continuous on 

[0, T ] we get assertion (5.17).

In the next result we will also use the Hölder continuity of C̃(t, ·), t ∈ [0, T ].

Theorem 5.10. Let Hypotheses 2.1, 5.1 and 5.3 hold true and let A0 be the generator of a 
strongly continuous semigroup etA0 on H .

Then, there exists a unique solution uT to (2.6) in the sense of Definition 2.3 which belongs to 
ET

0 and there exists a positive constant M = MT which only depends on T , supt∈[0,T ] ‖etA0‖L(H)

and sups∈[0,T ] ‖C̃(s, ·)‖
C

β
b (H ;U)

but not on T , such that ‖uT ‖0,T ≤ M .

Proof. Let us introduce the operator G defined on ET
0,γ by

(G u)(t, x) :=
T∫

t

Rs−t

[
e(T −s)A0GC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇Gu(s, ·)C̃(s, ·)

]
(x)ds,

for any (t, x) ∈ [0, T ] × H , with γ > 0 to be chosen. We proceed in some steps.

Step I. We have to verify that G : ET
0,γ → ET

0,γ . We only check the more difficult part, i.e. we 

only verify that if u ∈ ET
0,γ , for a fixed y ∈ H ,

∇y(G u) : [0,T ] × H → H is continuous on [0,T ] × H. (5.18)

We will only prove that

∇y

T∫
t

Rs−t

[
∇Gu(s, ·)C̃(s, ·)

]
(x)ds is continuous on [0,T ] × H, (5.19)

the other term ∇y

T∫
t

Rs−t

[
e(T −s)A0GC̃(s, ·)

]
(x)ds can be treated in a similar way.

First note that B(s, x) := ∇Gu(s, x)C̃(s, x) is a bounded continuous function on [0, T ] × H

with values in H . We also define B(s, x) = 0 for s ≥ T , x ∈ H . Using the estimate (5.11) and 
the fact that
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T∫
0

�
1−β
1 (s)ds < ∞

we consider the function

v(t, x) :=
T∫

t

∇yRs−t

[
∇Gu(s, ·)C̃(s, ·)

]
(x)ds =

T −t∫
0

∇yRrB(r + t, ·)(x)dr,

(t, x) ∈ [0, T ] × H . It is enough to prove that v is continuous on [0, T ] × H . Let us prove the 
continuity at a fixed (t0, x0). We write

|v(t, x) − v(t0, x0)| ≤
∣∣∣ T −t∫

0

∇yRrB(r + t, ·)(x)dr −
T −t0∫
0

∇yRrB(r + t, ·)(x)dr

∣∣∣
+
∣∣∣ T −t0∫

0

[∇yRrB(r + t, ·)(x) − ∇yRrB(r + t0, ·)(x0)
]
dr

∣∣∣= J1(t, x) + J2(t, x).

Now

J1(t, x) ≤
∣∣∣ T −t∫
T −t0

|∇yRrB(r + t, ·)(x)|dr

∣∣∣≤ C sup
t∈[0,T ]

‖B(t, ·)‖Cβ(H ;H)|y|H
∣∣∣ T −t∫
T −t0

�
1−β
1 (r)dr

∣∣∣
and so limt→t0 supx∈H J1(t, x) = 0. Concerning J2 we note that, for any r ∈]0, T − t0[ the 
mapping

(t, x) �→ (∇yRrB(r + t, ·)(x) − ∇yRrB(r + t0, ·)(x0))

=
∫
H

〈�(r)y,Q
−1/2
r z〉H [B(r + t, etAx + z) − B(r + t0, e

t0Ax0 + z)]N (0,Qr)(dz)

verifies lim(t,x)→(t0,x0) |∇yRrB(r + t, ·)(x) − ∇yRrB(r + t0, ·)(x0)| = 0 by the dominated con-
vergence theorem. Moreover, using the estimate (5.11) and again the Lebesgue theorem we infer

lim
(t,x)→(t0,x0)

T −t0∫
0

|∇yRrB(r + t, ·)(x) − ∇yRrB(r + t0, ·)(x0)|dr = 0

and so lim(t,x)→(t0,x0) J2(t, x) = 0. This shows (5.18).

Step II. We claim that a suitable choice of γ implies that G is a contraction on ET
0,γ . For any 

u1, u2 ∈ ET we have to estimate the difference ‖Gu1 −G u2‖γ,T . Let us only estimate the term
0,γ
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eγ t‖∇·∇G
k G u1(t, x) − ∇·∇G

k G u2(t, x)‖L(H ;H), t ∈ [0,T ], x ∈ H, k ∈ U,

since the other addends can be estimated in a similar way. We have, for t ∈ [0, T ], y ∈ H , 
|y|H ≤ 1,

eγ t |∇y∇G
k G u1(t, x) − ∇y∇G

k G u2(t, x)|H ≤

≤
T∫

t

e−γ (s−t)|∇y∇G
k Rs−t

[
eγ s

(
∇Gu1 − ∇Gu2

)
C̃(s, ·)

]
(x)|H ds. (5.20)

Since u1, u2 ∈ ET
0,γ , the map x �→ ∇Gui(s, x)C̃(s, x) is β-Hölder continuous from H into H , 

i = 1, 2, uniformly with respect to s ∈ [0, T ], and

‖∇Gui(s, ·)C̃(s, ·)‖Cβ(H ;H) ≤ 2 sup
|k|U =1

‖∇G
k ui(s, ·)‖C

β
b (U ;H)

‖C̃(s, ·)‖
C

β
b (H ;U)

,

for any s ∈ [0, T ], with i = 1, 2. By applying (5.12) to (5.20) and taking into account (5.19) we 
get, uniformly in y and in (t, x) ∈ [0, T ] × H

T∫
t

e−γ (s−t)|∇y∇G
k Rs−t

[
eγ s

(
∇Gu1 − ∇Gu2

)
C̃(s, ·)

]
(x)|H ds

≤C

T∫
t

e−γ (s−t) (�1(t − s))1−β �2(s − t) ds ·

sup
r∈[0,T ]

‖C̃(r, ·)‖
C

β
b (H ;U)

sup
r∈[0,T ]

eγ r sup
k∈U, |k|U =1

‖∇G
k (u1 − u2)(r, ·)‖C

β
b (H ;H)

≤Cγ,T sup
r∈[0,T ]

‖C̃(r, ·)‖
C

β
b (H ;U)

‖u1 − u2‖γ,T (5.21)

(see also (5.15)) where, from Hypothesis 5.3, Cγ,T is a positive constant which goes to 0 as 
γ → +∞, uniformly with respect to T ∈ [0, T ]. We get

eγ t‖∇·∇G
k Gnu1(t, x) − ∇·∇G

k Gnu2(t, x)‖L(H ;H) ≤ Cγ,T sup
r∈[0,T ]

‖C̃(r, ·)‖
C

β
b (H ;U)

‖u1 − u2‖γ,T

Similar arguments applied to the other terms of the norm ‖Gu1 − Gu2‖γ,T give

‖G u1 − G u2‖γ,T ≤ Cγ,T ‖u1 − u2‖γ,T .

Choosing γ large enough we deduce that G is a contraction on ET
0,γ and therefore it admits a 

unique fixed point uT .

Step III. Let us prove the last part of the statement. We will estimate the crucial term

‖∇·∇G
k uT (t, x)‖L(H ;H), t ∈ [0,T ], x ∈ H, k ∈ U,
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with |k|U = 1, since the other addends can be estimated in a similar way. We have, using (5.15), 
for any t ∈ [0, T ],

‖∇GuT (t, ·)‖Cβ(H ;U) ≤ 3 sup
x∈H

‖∇GuT (t, x)‖U + sup
x∈H

sup
|w|U =1

‖∇·∇G
w uT (t, x)‖H .

Hence, starting from

uT (t, x) :=
T∫

t

Rs−t

[
e(T −s)A0GC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇GuT (s, ·)C̃(s, ·)

]
(x)ds

and arguing as before (using also that inft∈(0,T ] �2(t) > 0) we arrive at

‖∇GuT (t, ·)‖Cβ(H ;U) ≤ M1 + M1

T∫
t

h(s − t)‖∇GuT (s, ·)‖Cβ(H,U)ds, t ∈ [0,T ],

where the function r �→ h(r) = �1(r)
1−β�2(r) ∈ L1(0, T ) by Hypothesis 5.3 and M1 is a posi-

tive constant which depend on T , supt∈[0,T ] ‖etA0‖L(H) and sups∈[0,T ] ‖C̃(s, ·)‖
C

β
b (H ;U)

, but not 

on T . The generalized Gronwall’s Lemma 2.8 gives

‖∇GuT (t, ·)‖Cβ(H ;U) ≤ M1[1 + exp
(‖h‖L1(0,T )

) ‖h‖L1(0,T )], t ∈ [0,T ].

Using the previous estimate we can bound |∇y∇G
k uT (t, x)|H for any y ∈ H , |y|H ≤ 1, |k|U = 1, 

arguing as in (5.21). We obtain

sup
(t,x)∈[0,T ]×H

‖∇·∇G
k uT (t, x)‖L(H ;H) ≤ M̃.

Arguing in a similar way, we obtain

‖uT ‖0,T ≤ M̃1

with M̃1 depending on T , supt∈[0,T ] ‖etA0‖L(H), sups∈[0,T ] ‖C̃(s, ·)‖
C

β
b (H ;U)

, �1 and �2 but not 

on T . �
Corollary 5.11. Let Hypotheses 2.1, 5.1 and 5.3 hold true. Consider, for any n ∈N , the operator 
An which generates a strongly continuous group of linear and bounded operators (etAn) ⊂ L(H)

such that for any T > 0 we have

sup
t∈[0,T ]

sup
n≥1

‖etAn‖L(H) < ∞, lim
n→∞ etAnx = etAx, x ∈ H, t ≥ 0. (5.22)

(cf. (A) in Hypothesis 2.4). Then, there exist unique solutions uTn to (2.7) which belong to ET
0

and there exists a positive constant M = MT , independent of n and T , such that ‖uTn ‖0,T ≤ M .
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Remark 5.12. Note that the previous result implies the validity of (2.9) in Hypothesis 2.4 for any 
choice of generators (An) verifying assertion (A) in Hypothesis 2.4.

In the next two sections we provide sufficient conditions for the validity of (2.10) in Hy-
pothesis 2.4. We will consider two different types of approximations (An)n∈N for A: the Yosida 
approximations which we use to treat semilinear stochastic damped equations and the finite di-
mensional approximations which we use to deal with semilinear stochastic heat equations.

5.2. Sufficient conditions to ensure Hypothesis 2.4, using the Yosida approximations for A

Let us show that the solutions uTn of (2.7) satisfies (2.10) of Hypothesis 2.4 when

An := nAR(n,A) (5.23)

for any n ∈ N . We notice that with this choice of An Hypothesis 2.4, part (A), is fulfilled (cf 
Remark 5.12). We introduce the following additional assumption which will be verified in Sec-
tion 6.2 for the damped equation.

Hypothesis 5.13. For any T > 0 there exists a positive constant C = CT such that

‖�(t)G‖L2(U ;H) ≤ �2(t)CT , t ∈ (0, T ], (5.24)

where �2(t) is the function introduced in Hypothesis 5.1.

The first estimate of the Hilbert-Schmidt norm of uTn follows from the following lemma.

Lemma 5.14. Let Hypotheses 2.1, 5.1 and 5.13 hold true. Then:

(i) for any 
 ∈ Bb(H ; H) we have ∇G· Rt [
](x) ∈ L2(U ; H), x ∈ H , t > 0, and for any T > 0
there exists a positive constant C = CT such that

sup
x∈H

‖∇G· Rt [
](x)‖L2(U ;H) ≤ �2(t)C‖
‖∞, t ∈ (0, T ]. (5.25)

If 
 ∈ Cb(H ; H) then ∇GRt [
] ∈ Cb(H ; L2(U ; H)).
(ii) The map U � k �→ ∇y∇G

k Rt [
](x) ∈ L2(U ; H) and for any T > 0 there exists a positive 
constant C = CT such that (cf. Hypothesis 5.1))

sup
x∈H

‖∇y∇G· Rt [
](x)‖L2(U ;H) ≤ �1(t)�2(t)C‖
‖∞|y|H , t ∈ (0, T ]. (5.26)

(iii) For any T > 0 there exists a positive constant C = CT > 0 such that for any β ∈ (0, 1) we 
have

sup
x∈H

‖∇y∇G· Rt [
](x)‖L2(U ;H) ≤ (�1(t))
1−β �2(t)C‖
‖Cβ(H ;H)|y|H , t ∈ (0, T ],

(5.27)
for any 
 ∈ C

β
(H ; H).
b
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Proof. Let T > 0 and let {ek : k ∈ N} be an orthonormal basis of U . From (5.3) and (5.24) we 
get

‖∇G· Rt [
](x)‖2
L2(U ;H) =

∑
k∈N

|∇Rt [
](x)Gek|2H ≤ C‖
‖∞
∑
k∈N

|�(t)Gek|2H ≤ �2(t)C‖
‖∞,

for any 
 ∈ Cb(H ; H), any x ∈ H and any t ∈ (0, T ], and (i) follows.
To prove (ii) it is enough to consider (5.6) and (5.24), and to argue as in the proof of (i).
It remains to prove (iii). Analogous computations as for (5.12) in the proof of Lemma 5.6 (see 
Appendix B) give

|∇y(∇G
k Rt [
])(x)|H ≤ (�1(t))

1−βC‖
‖Cβ(H ;H)|y|H |�(t)Gk|H , t ∈ (0, T ], φ ∈ C
β
b (H),

for any T > 0, anu β ∈ (0, 1) and any 
 ∈ C
β
b (H ; H), where C = CT is a positive constant 

which only depends on T . To conclude, let us consider an orthonormal basis {ek : k ∈ N} of N . 
It follows that, see also the calculations (2.12)

‖∇y(∇G· Rt [
])(x)‖2
L2(U ;H) =

∑
k∈N

|∇y(∇G
fk

Rt [
])(x)|2H

≤ �1(t)
2−2βC2‖φ‖2

Cβ(H ;H)
|y|2H

∑
k∈N

|�(t)Gfk|2H

= �1(t)
2−2βC2‖φ‖2

Cβ(H ;H)
|y|2H ‖�(t)G‖2

L2(U ;H) ≤ �1(t)
2−2β�2(t)

2C2‖φ‖2
Cβ(H ;H)

|y|2H ,

which gives the thesis. �
In the next Theorem we investigate further properties of uTn , the solutions to (2.7) with An =

nAR(n, A); see Corollary 5.11. Note that (5.28) gives (2.11) with h = c.

Theorem 5.15. Let Hypotheses 2.1, 5.1, 5.3 and 5.13 hold true, and let uTn be the solutions to 
(2.7) with An = nAR(n, A).
Then, ∇GuTn ∈ Cb([0, T ] × H ; L2(U ; H)). Further, for any t ∈ [0, T ] and any x, y ∈ H , the 
map U � k �→ ∇y∇G

k uTn (t, x) belongs to L2(U ; H) and there exists a positive constant c = c(T )

which depends on T but neither on T nor on n such that

sup
(t,x)∈[0,T ]×H

‖∇y∇G· uTn (t, x)‖L2(U ;H) ≤ c|y|H , y ∈ H. (5.28)

Proof. The fact that for each t ∈ [0, T ], ∇GuTn (t, ·) ∈ Cb(H, L2(U ; H)) follows by (i) in 
Lemma 5.14 taking into account that B(s, x) := ∇Gu(s, x)C̃(s, x) is a bounded continuous func-
tion on [0, T ] × H with values in H .

Arguing as in the first step of the proof of Theorem 5.10 one can show that

∇GuTn : [0,T ] × H → L2(U ;H) is continuous and bounded.

From Theorem 5.10 and estimate (5.27) we infer (see also (5.15))
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‖∇y∇G· uTn (t, x)‖L2(U ;H) ≤ C1|y|H + C2‖uTn ‖0,T |y|H
T∫

t

(�1(s))
1−β �2(s)ds, y ∈ H,

(5.29)

where C1 and C2 are positive constants which depend on T , KT in (2.8) and sups∈[0,T ]
‖C̃(s, ·)‖

C
β
b (H ;U)

, but neither on n and T . Corollary 5.11 and (5.29) give the thesis. �
5.3. Sufficient conditions to ensure Hypothesis 2.4, using the finite dimensional approximations 
for A

Here we assume that

U = H

and Hypotheses 2.1, 5.1 and 5.3, where in particular it is assumed that C̃(t, ·) ∈ C
β
b (H ; H) for 

some 0 < β < 1 uniformly in t ∈ [0, T ] (see (2.3)). Moreover we require the following condition:

Hypothesis 5.16.

1. A is self-adjoint, with compact resolvent, {en : n ∈ N} is a complete orthonormal system in 
H which satisfies Aen = −αnen, with non-decreasing positive (αn)n≥1.

2. We require G ∈ L2(H) or, setting (C̃)n := 〈C̃, en〉,
∞∑

n=1

supt∈(0,T ) ‖(C̃(t, ·))n‖2
Cβ(H ;R)

αn

< ∞; (5.30)

Remark 5.17. We point out that Hypotheses 2.1, 5.1, 5.3 and 5.16 extend assumptions 1 − 6 in 
[8] in the following way.

(i) Assumption (ii) in Hypothesis 5.3 is weaker than assumption 6 in [8] (such assumption 
6 corresponds to the case when �1 = �2). Recall that, in general we have �2 ≤ �1 (see Re-
mark 5.2). The main consequence of this fact is that our results apply to semilinear stochastic 
heat equation in dimension d = 3 (see Section 6.3), while examples in [8] only cover the cases 
d = 1 and d = 2.

(ii) Following [8] one should require a condition like 
∫ T

0 (�1(t))
β �2(t)dt < +∞. However 

we will not impose such condition.

Remark 5.18. In this section we consider the case when G is not necessarily a trace class op-
erator and (5.30) holds true, since if G ∈ L2(H) then (5.24) is satisfied with U replaced by H . 
Indeed, for any {hn : n ∈N} orthonormal basis of H we have∑

n∈N
|�(t)Ghn|2H ≤ CT �2(t)

∑
n∈N

|Ghn|2H ≤ CT �2(t)‖G‖2
L2(H),

and the estimate (5.28) follows at once. This implies that condition G ∈ L2(H) allows to get 
strong uniqueness by using Yosida approximations and the computations developed in Sec-
tion 5.2, but for semilinear stochastic heat equation this does not lead to the sharp result.
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Let n ∈N . We consider En := span{e1, ..., en} the finite dimensional linear span generated by 
e1, ..., en (see Hypothesis 5.16) and we let �n be the projection of H onto En:

�n : H → En, x �→
n∑

k=1

〈x, ek〉H ek. (5.31)

As approximants of A we will consider in this section the finite dimensional truncations of A, 
given by

An = A�n, n ∈N. (5.32)

Let us notice that this family of operators satisfies Hypothesis 2.4, part (A). For any T ∈ (0, T ]
we consider the integral equation (2.7) which we rewrite here for the reader’s convenience:

u(t, x) :=
T∫

t

Rs−t

[
e(T −s)AnGC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇Gu(s, ·)C̃(s, ·)

]
(x)ds. (5.33)

We denote by uTn the solution of this equation (see Theorem 5.10). Following Remark 2.10 uTn
solves ⎧⎨⎩

∂u(t, x)

∂t
+Lt [u(t, ·)](x) = −e(T −t)AnGC̃(t, x), x ∈ H, t ∈ [0,T ],

u(T , x) = 0, x ∈ H,

(5.34)

where

Lt f (x) := 1

2
Tr[GG∗∇2f (x)] + 〈Ax,∇f (x)〉 + 〈C̃(t, x),∇Gf (x)〉, t ∈ [0, T ], x ∈ H.

Indeed in mild formulation equation (5.34) can be rewritten as

uTn (t, x) =
T∫

t

Rs−t

[
e(T −s)AnGC̃(s, ·)

]
(x)ds +

T∫
t

Rs−t

[
∇GuTn (s, ·)C̃(s, ·)

]
(x)ds. (5.35)

For every fixed n we let uTn,k := 〈uTn , ek〉 : [0, T ] × H → R its k-component, with k ∈ N . The 
following lemma states that for any n ∈N we have uTn (t, x) ∈ En for any (t, x) ∈ [0, T ] × H .

Lemma 5.19. Let uTn,k be as above. Then:

(i) For any k = 1, . . . , n we have

uTn,k(t, x) =
T∫

t

Rs−t

[
e−(T −s)αk (GC̃(s, ·))k

]
(x)ds +

T∫
t

Rs−t

[
∇GuTn,k(s, ·)C̃(s, ·)

]
(x)ds.

(5.36)
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(ii) For any k ≥ n + 1 we have uTn,k = 0.

Proof. Since

Rs−t

[
e(T −s)AnGC̃(s, ·)

]
(x) =�nE[e(T −s)AnGC̃(s,�0,x

s )],

formula (5.36) follows. Further, for any j ≥ n + 1, we have

uTn,j (t, x) =
T∫

t

Rs−t

[
∇GuTn,j (s, ·)C̃(s, ·)

]
(x)ds. (5.37)

Indeed

〈Rs−t

[
e(T −s)AnGC̃(s, ·)

]
(x), ek〉 = 0, k ≥ n + 1.

From (5.5) and Remark 5.7 we infer that, for k ∈ H , |k|H = 1,

‖∇G
k uTn,j (t, ·)‖Cb(H) ≤ C

T∫
t

�2(s − t)‖∇G
k uTn,j (s, ·)‖Cb(H)ds · sup

s∈[0,T ]
‖C̃(s, ·)‖Cb(H ;H).

The generalized Gronwall Lemma 2.8 gives ∇GuTn,j (t, x) = 0 for any t ∈ [0, T ] and any x ∈ H

and from (5.37) we get (ii). �
We notice that, up to revert time, equations (5.33) and (5.36) coincide with the mild integral 

equations (16) and (15) in the paper [8], respectively, with G and Gk which are given here by 
G = esAnGC̃(T − s, ·) and Gk(s, ·) = e−sαk (GC̃)k(T − s, ·). We stress that from Corollary 5.11
we already know that uTn,k ∈ ET

0 and there exists a positive constant M = MT , independent of 
k = 1, . . . , n, T and n such that

‖uTn,k‖0,T ≤ M. (5.38)

The next result gives a new estimate which is not present in the regularity results of Section 4 
in [8]. Indeed in such section estimates on the second derivatives of solutions are given using the 
operator norm; instead here we consider the stronger Hilbert-Schmidt norm.

Theorem 5.20. Let Hypotheses 2.1, 5.1, 5.3 and 5.16 be satisfied, and let T ∈ (0, T ]. Then, 
∇GuTn ∈ Bb([0, T ] × H ; L2(H)) and there exists h : (0,T ) →R+ ∈ L1(0,T ), independent of 
n, such that for any n ∈N and any t ∈ (0, T ) we have

sup
x∈H

‖∇y∇G· uTn (t, x)‖2
L2(H ;H) ≤ h(T − t) |y|2H , y ∈ H. (5.39)

Further, there exists a positive constant C = CT , depending on ‖�1−β
1 �2‖L1(0,T ), such that for 

any T ∈ (0, T ] we have
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‖h‖L1(0,T ) ≤2C

∞∑
k=1

‖(C̃(s, ·))k‖2
Cβ(H ;H)

αk

< +∞. (5.40)

Remark 5.21. Note that (5.39) implies (cf. (2.10))

sup
x∈H

‖∇G· uTn (t, x + y) − ∇G· uTn (t, x)‖2
L2(H) ≤ h(T − t) |y|2H , t ∈ (0,T ), y ∈ H. (5.41)

Proof. Let T ∈ (0, T ] and n ≥ 1. Let us prove that ∇GuTn belongs to Bb([0, T ] × H ; L2(H)). 
We have

∇GuTn (t, x) =
n∑

k=1

∇GuTn,k(t, x)ek

(see Lemma 5.19). Arguing as in (2.12) we have

∑
k≥1

|∇G
ek

uTn (t, x)|2H =
∑
k≥1

|∇Gek
uTn (t, x)|2H =

n∑
j=1

∑
k≥1

〈∇Gek
uTn (t, x), ej 〉2

H

=
n∑

j=1

∑
k≥1

[∇Gek
uTn,j (t, x)]2 =

n∑
j=1

|∇GuTn,j (t, x)|2H .

This shows that, for any (t, x), the map: k �→ ∇G
k uTn (t, x) is a Hilbert-Schmidt operator from H

into H .
For any N ≥ 1, (t, x) ∈ [0, T ] × H , we introduce the approximating mappings:

k �→ ∇G
�Nk uTn (t, x) = FN(t, x, k),

where �n has been defined in (5.31). By the previous calculations and by Theorem 5.10 we 
deduce that FN ∈ Cb([0, T ] × H ; L2(H)) for any N ≥ 1. Since

lim
N→∞‖FN(t, x, ·) − ∇GuTn (t, x)‖L2(H) = 0,

for any (t, x) ∈ [0, T ] × H , we get the desired measurability property.
In the sequel C is a positive constant which may vary from line to line and which does not 

depend on n, k and T . In order to prove (5.39) we write as in (2.12)

‖∇y∇G· uTn (t, x)‖2
L2(H) =

∑
j≥1

|∇y∇G· uTn,j (t, x)|2H .

By Lemma 5.19 assertion (5.39) follows if we prove

n∑
k=1

sup
x∈H

‖∇·∇G· uTn,k(s, x)‖2
L(H ;H) ≤ hT (s), s ∈ [0,T ], (5.42)
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for any n ∈N . Let us prove estimate (5.42). Arguing as in (5.15) we find, for any t ∈ [0, T ],

‖∇G· uTn,k(t, ·)‖Cβ(H ;H) ≤ 3 sup
x∈H

‖∇G· uTn,k(t, x)‖H + sup
x∈H

sup
|w|H =1

‖∇·∇G
w uTn,k(t, x)‖H . (5.43)

Let us apply ∇G to (5.36). We will take into account the regularizing properties of Rt (see (5.5), 
(5.12) and Remark 5.7), and (5.43).

For any k ∈ {1, . . . , n}, define

Un,k(t) = ‖∇G· uTn,k(t, ·)‖Cβ(H ;H), t ∈ [0,T ].

Using that inft∈(0,T ] �2(t) > 0 and taking into account (5.36) we get

Un,k(t) ≤ C sup
s∈[0,T ]

‖(C̃(s, ·))k‖Cβ(H ;H)

T∫
t

e−(T −r)αk (�1(r − t))1−β �2(r − t)dr

+ C

T∫
t

(�1(r − t))1−β �2(r − t)Un,k(r)dr.

Let

g(t) = (�1(t))
1−β �2(t),

t ∈ [0, T ]. By applying the generalized Gronwall Lemma 2.8 we infer

‖∇G· uTn,k(t, ·)‖Cβ(H ;H) ≤ f (t) + e
‖g‖

L1(0,T )

T∫
t

f (s)g(s − t)ds, (5.44)

for any t ∈ [0, T ] and k = 1, . . . , n, where f (t) = C sups∈[0,T ] ‖(C̃(s, ·))k‖Cβ(H ;H) · I k
T (t) and

I k
T (t) :=

T∫
t

e−(T −r)αkg(r − t)dr, t ∈ [0,T ]. (5.45)

Let us estimate ∇·∇G· uTn,k ; by the integral equation verified by uTn,k we get

‖∇·∇G· uTn,k(t, ·)‖Cb(H ;L(H ;H)) ≤ C sup
s∈[0,T ]

‖(C̃(s, ·))k‖Cβ(H ;H)

T∫
t

e−(T −r)αkg(r − t)dr

+C

T∫
g(r − t)‖∇G· uTn,k(r, ·)‖Cβ(H ;H)dr
t
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≤ C sup
s∈[0,T ]

‖(C̃(s, ·))k‖Cβ(H ;H)(I
k
T (t) + J k

T (t)),

where in the last passage we have used the definition (5.45). Moreover setting KT = e
‖g‖

L1(0,T )

and

J k
T (t) :=

T∫
t

g(r − t)
(
I k
T (r) + KT

T∫
r

I k
T (ξ)g(ξ − r)dξ

)
dr,

by (5.44) we have performed the second part of the last inequality. Therefore,

n∑
k=1

‖∇·∇G· uTn,k(t, ·)‖2
Cb(H ;L(H ;H)) ≤ C

n∑
k=1

sup
s∈[0,T ]

‖(C̃(s, ·))k‖2
Cβ(H ;H)

(
(I k
T (t))2 + (J k

T (t))2
)

.

Let us prove that for any k ∈ N the functions t �→ I k
T (t) and t �→ J k

T (t) only depend on T − t . 
Indeed, setting T − r = s in formula (5.45) where I k

T (t) is defined we get

I k
T (t) :=

T −t∫
0

e−sαkg(T − s − t)ds, t ∈ [0,T ],

and we see that I k
T (t) depends only on T − t . Analogously setting T − r = s, T − ξ = η in the 

definition of J k
T (t) we get

J k
T (t) :=

T −t∫
0

g(T − s − t)
(
I k
T (T − s) + KT

T −t∫
s

I k
T (T − η)g(s − η)dη

)
ds,

and we see that J k
T (t) depends only on T − t .

Let us set

h(t) := C

+∞∑
k=1

sup
s∈[0,T ]

‖(C̃(s, ·))k‖2
Cβ(H ;H)

(
(I k(t))2 + (J k(t))2

)
, t ∈ (0,T ), (5.46)

then (5.39) is satisfied. It remains to prove (5.40). To this purpose note that, for each fixed k ≥ 1, 
I k and J k are bounded function on [0, T ] (uniformly in k). Indeed

0 ≤ I k(T − t) ≤
T∫

t

g(r − t)dr ≤ ‖g‖L1(0,T ) = ‖�1−β
1 �2‖L1(0,T ),

and similarly, with a constant M0 = M0(‖g‖L1(0,T )) > 0:

0 ≤ J k(T − t) ≤ M0, t ∈ [0,T ].
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We need more precise estimates of the L1-norms of (I k(T − t))2 and (J k(T − t))2 to get the 
estimate (5.42) on ‖∇·∇G· uTn,k(t, ·)‖Cb(H ;L(H ;H)).

Using that I k and J k are uniformly bounded, we concentrate on giving bounds for

‖I k‖L1(0,T ) and ‖J k‖L1(0,T );

by the boundednes of I k and J k this will imply estimates for ‖(I k)2‖L1(0,T ) and ‖(J k)2‖L1(0,T ).
We have by the Fubini theorem

T∫
0

I k(T − t)dt =
T∫

0

dt

T∫
t

e−(T −r)αkg(r − t)dr =
T∫

0

e−(T −r)αk

⎛⎝ r∫
0

g(r − t)dt

⎞⎠dr

≤ ‖g‖L1(0,T )

T∫
0

e−(T −r)αkdr ≤ ‖�1−β
1 �2‖L1(0,T )

αk

, k ≥ 1,

which is the required dependence on αk. On the other hand,

T∫
0

J k(T − t)dt =
T∫

0

dt

T∫
t

g(r − t)
(
I k(T − r) + KT

T∫
r

I k(T − ξ)g(ξ − r)dξ
)
dr

=
T∫

0

dt

T∫
t

g(r − t)I k(T − r)dr + KT

T∫
0

dt

T∫
t

g(r − t)
( T∫

r

I k(T − ξ)g(ξ − r)dξ
)
dr

=
T∫

0

I k(T − r)dr

r∫
0

g(r − t)dt + KT

T∫
0

( T∫
r

I k(T − ξ)g(ξ − r)dξ
)
dr

r∫
0

g(r − t)dt

≤ ‖g‖L1(0,T )

( T∫
0

I k(T − r)dr + KT

T∫
0

dr

T∫
r

I k(T − ξ)g(ξ − r)dξ
)
.

Hence, denoting by C1 a constant depending on ‖g‖L1(0,T ) we find

T∫
0

J k(T − t)dt ≤ ‖g‖L1(0,T )

( T∫
0

I k(T − r)dr + KT ‖g‖L1(0,T )

T∫
0

I k(T − ξ)dξ
)

≤ C1

αk

.

Recalling the definition of h in (5.46), collecting the previous estimates it follows that

‖h‖L1(0,T ) ≤2C

∞∑
k=1

‖(C̃(s, ·))k‖2
Cβ(H ;H)

αk

< +∞.

The proof is complete. �
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6. Applications

In this section we consider two concrete models to which our results apply: stochastic semi-
linear damped Euler-Bernoulli beam equation and stochastic semilinear heat equations.

6.1. An example of stochastic damped Euler-Bernoulli beam equation

First we consider a nonlinear stochastic damped Euler-Bernoulli beam equation with the non-

local term 
(
− ∂2

∂ξ2

)2α

and hinged boundary conditions:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2

∂t2 y(t, ξ) = − ∂4

∂ξ4 y(t, ξ) − ρ
(
− ∂2

∂ξ2

)2α
∂
∂t

y(t, ξ)

+
(
− ∂2

∂ξ2

)−2γ

c(t, ξ, y(t, ξ)) +
(
− ∂2

∂ξ2

)−2γ

Ẇ (t, ξ), (t, ξ) ∈ (0, T ] × (0,1),

y(t,0) = y(t,1) = ∂2

∂x2 y(t,0) = ∂2

∂x2 y(t,1) = 0, t ∈ (0, T ],
y(0, ξ) = y0(ξ), ∂

∂t
y(0, ξ) = y1(ξ) ξ ∈ [0,1],

(6.1)

with ρ > 0 and α ∈ [0, 1/2]. Using the terminology of [5] this equation is in the class stochastic 
Euler-Bernoulli beam equations which describe elastic systems with structural damping.

Here, y0 describes the initial position and y1 the initial velocity of the particle, and Ẇ(τ, ξ) is 
a space-time white noise on [0, T ] × [0, 1] which describes external random forces.

In Section 6.2 we show that equation (6.1) can be reformulated in an abstract way as a stochas-
tic evolution equation in a suitable space H of the form (1.1).

If the term c(·, ·, ·) satisfies the next conditions, then we are able to apply our results to equa-
tion (6.1) which give the pathwise uniqueness for mild solutions.

The function c : [0, T ] × [0, 1] × R → R is measurable and, for s ∈ [0, T ], a.e. ξ ∈ [0, 1], 
the map c(s, ξ, ·) : R → R is continuous. There exists c1 bounded and measurable on [0, 1], 
β ∈ (0, 1), such that, for s ∈ [0, T ] and a.e. ξ ∈ [0, 1],

|c(s, ξ, x) − c(s, ξ, y)| ≤ c1(ξ)|x − y|β, (6.2)

x, y ∈ R. Moreover |c(s, ξ, x)| ≤ d2(ξ), for s ∈ [0, T ], x ∈ R and a.e. ξ ∈ [0, 1], with d2 ∈
L2([0, 1]).

To deal with equation (6.1) first we have to show the well-posedness when c = 0, by proving 
that the stochastic convolution is well defined in H : this is an easy consequence of the fact that 
�−γ is a trace class operator on U .

Once that the well-posedness of the linear stochastic damped Euler-Bernoulli beam equation 
is proved, we investigate the regularizing effects of the associated transition semigroup (Rt) (cf. 
Section 5). These effects can be proved by means of optimal blow-up rates for the minimal energy 
associated to null controllability of related linear deterministic control systems. To this purpose 
we use a spectral approach to the damped elastic operators introduced in [5] and recovered in 
[22] and [29]. For the stochastic damped Euler-Bernoulli beam equation we will get
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�1(t) = �2(t) = t−1/2−2γ

(cf. Hypotheses 5.1 and 5.13) for every γ ∈ (1/8, 1/4). So we are able to we prove that if

ρ2 �= 4(π2n2)1−2α

and β given in (6.2) belongs to 
(
β,1

)
where β = 8γ /(1 + 4γ ), then pathwise uniqueness holds 

true for equation (6.1).

6.2. Semilinear stochastic damped Euler-Bernoulli beam equations in general form

6.2.1. Setting and assumptions
We consider the following nonlinear stochastic damped beam equation which is a general 

form of (6.1):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂2y

∂t2 (t) = −�y(t) − ρ�α ∂y

∂t
(t) + �−γ C̃

(
t, y(t),

∂y

∂t
(t)

)
+ �−γ Ẇt , t ∈ (0, T ],

y(0) = y0,

∂y

∂t
(0) = y1,

(6.3)

with ρ > 0 and α ∈ [0, 1/2] and γ ∈ (1/8, 1/4). Here, � : D(�) ⊂ U → U is a positive self-
adjoint operator on a separable Hilbert space U such that

�−2γ which is a trace class operator from U into U (6.4)

and W = {W(τ) : τ ≥ 0} is a cylindrical Wiener process on U .
We aim at formulating this equation as an abstract stochastic evolution equation in the product 

space H := V × U =: D(�1/2) × U .
About C̃ : [0, T ] × H → U in (6.3) we will assume that it is continuous and bounded and 

there exists a positive constant K and β ∈ (0, 1) such that

|C̃(t, h) − C̃(t, h′)|U ≤ K|h − h′|βH , h,h′ ∈ H, t ∈ [0, T ]. (6.5)

(cf. (i) in Hypothesis 5.3).
We will assume the following hypothesis.

Hypothesis 6.1. For every α ∈ [0, 1/2] the index β belongs to 
(

8γ

1 + 4γ
,1

)
.

We notice that, since γ < 1/4, the quantity 8γ /(1 + 4γ ) < 1.
Let (μn) be the family of eigenvalues of �. We are assuming that∑

n≥1

μ
−2γ
n < ∞. (6.6)

We also require
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Hypothesis 6.2. For any n ∈N ρ2 �= 4μ1−2α
n .

Remark 6.3. Concerning the basic example (6.1) in Section 6.1, we have

D (�) = {y ∈ H 2 ([0,1]) ∩ H 1
0 ([0,1]) : y′′ ∈ H 2 ([0,1]) ∩ H 1

0 ([0,1])},
�y = y(iv) = (−y′′)′′ ∈ L2([0,1]), for every y ∈ D (�) .

Moreover y0 ∈ V = H 2 ([0,1]) ∩ H 1
0 ([0,1]), y1 ∈ U = L2([0, 1]). Note that �−2γ has finite 

trace for γ > 1/8 since the eigenvalues of � are λn = π4n4, n ≥ 1.

By considering G̃ : U −→ H , G̃u =
(

0
u

)
=
(

0
I

)
u for any u ∈ U , G = G̃�−γ , and for any 

h = (h1, h2) ∈ H we define

C(τ,h) = GC̃(τ,h)(ξ) :=
(

0
c(τ, ξ, h1(ξ))

)
, ξ ∈ [0,1], τ ∈ [0, T ]. (6.7)

It is easy to see that C̃(τ, h) = c(τ, ·, h1(·)) with values in U is β-Hölder continuous in h uni-
formly in τ (cf. (6.5)). We consider also the operators Aα,ρ : D(Aα,ρ) ⊂ H → H

Aα,ρ :=
(

0 I

−� −ρ�α

)
. (6.8)

Writing Xτ (ξ) :=
(

y(τ, ξ)
∂
∂τ

y(τ, ξ)

)
, it follows that equation (6.3) can be reformulated as a stochastic 

evolution equation in H :⎧⎨⎩
dXτ = Aα,ρXτdτ + GC̃(τ,Xτ )dτ + GdWτ , τ ∈ [0, T ],
X0 = x0 :=

(
x1

0
x2

0

)
∈ H,

(6.9)

which has the form of (2.1).
In the next Sections 6.2.2 and 6.2.3 we provide preliminary results. Then in Section 6.2.4 we 

prove that stochastic linear equation (6.9) or (6.3) with C̃ ≡ 0 is well-posed in H . To this purpose 
we need Hypothesis 6.2 and condition (6.4). Finally, in section 6.2.5 we will formulate our main 
result on well-posedness for (6.3).

6.2.2. The operator Ãα,ρ

The techniques of [5] and of [22] can be adapted to our situation. In order to study properties 
of the operator Aα,ρ , we introduce the operator

Ãα,ρ :=
(

0 �1/2

−�1/2 −ρ�α

)
(6.10)

on the space H̃ := U ×U , with D(Ãα,ρ) := D(�1/2) ×D(�(1/2)∨α). We recall that D(�1/2) =
V . When ρ satisfies suitable assumptions (see Hypothesis 6.2) we have two generation results: 
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from [6, Appendix A] the operator Aα,ρ generates a strongly continuous semigroup (etAα,ρ )t≥0

on H which is also analytic for α ∈ [ 1
2 , 1), and from [22, Section 3] the operator Ãα,ρ generates 

a strongly continuous semigroup (etÃα,ρ )t≥0 on H̃ .
Let us introduce the operator M : H → H̃ defined as

M :=
(

�1/2 0
0 I

)
, M

(
x1
x2

)
=
(

�1/2x1
x2

)
. (6.11)

We notice that H̃ = MH . Further, since

〈Mx,y〉H̃ = 〈�1/2x1, y1〉U + 〈x2, y2〉U = 〈x1,�
−1/2y1〉V + 〈x2, y2〉U = 〈x,M∗y〉H ,

it follows that

M∗ =
(

�−1/2 0
0 I

)
= M−1 : H̃ → H.

The operator M is the link between (etAα,ρ )t≥0 and (etÃα,ρ )t≥0, as the following lemma states.

Lemma 6.4. Let Aα,ρ, Ãα,ρ and M be defined in (6.8), in (6.10) and in (6.11), respectively. 

Then, for any t > 0 and any y ∈ H we have MetAα,ρ y = etÃα,ρ My.

Proof. By density, to get the thesis it is enough to prove the equality for y ∈ D(�) ×
D(�(1/2)∨α). Let y ∈ D(�) × D(�(1/2)∨α). We set f (t) := MetAα,ρ y and g(t) := etÃα,ρ My. 
For any t > 0 we have

f ′(t) = MAα,ρetAα,ρ y =
(

0 �1/2

−� −ρ�α

)
M−1f (t) = Ãα,ρ f (t),

and f (0) = My. Let us set h := f − g, since g′(t) = Ãα,ρ g(t) for any t > 0 and g(0) = My

it follows that h ∈ C1([0, +∞), H), h′(t) = Ãα,ρ h(t) on (0, T ] and h(0) = 0. This gives h ≡ 0
which implies the thesis. �
6.2.3. Spectral decomposition in H̃ = U × U

Only in this subsection and in Appendix A we consider complexified spaces. We do not 
change the notation to not weigh down them.

Let � : D(�) ⊂ U → U be as in Section 6.2.1, let (μn) be the family of eigenvalues of �
(without loss of generality we can assume that they are simple, see [22]), and let {en}n∈N be a 
family of corresponding eigenvectors (not-normalized), i.e., �en = μnen, n ∈ N; we know that 
μn ↗ +∞ as n → +∞. We notice that {en}n∈N forms an orthogonal basis of U . Further, let 
G̃ : U → H̃ be defined as before, see (6.7).

Now we extend the computations introduced in [5] and recovered in [22] and [29] to the space 
H̃ ; it follows that the operator Ãα,ρ has eigenvalues λ+

n , λ−
n in H , n ∈N , where

λ±
n := −ρμα

n ±√
ρ2μ2α

n − 4μn

2
, λ+

n λ−
n = μn, λ+

n + λ−
n = −ρμα

n, n ∈ N.
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Recall that Hypothesis 6.2 ensures that the eigenvalues {λ±
n : n ∈ N} of Ãα,ρ are simple (see [22, 

Section 3] and also Section 2.3 in [29]). The normalized corresponding eigenvectors are given 
by


+
n :=

(
μ

1/2
n en

λ+
n en

)
, 
−

n := χn

(
μ

1/2
n en

λ−
n en

)
, (6.12)

where (possibly replacing en by γnen) we may assume that

(μn + |λ+
n |2)|en|2U = 1, χ2

n(μn + |λ−
n |2)|en|2U = 1, n ∈ N,

with χ2
n = μn+|λ+

n |2
μn+|λ−

n |2 . Note that {
+
n : n ∈ N} and {
−

n : n ∈ N} each forms an orthonormal family 

on H̃ .
On the other hand, {
+

n : n ∈ N} ∪ {
−
n : n ∈ N} is a complete family on H̃ under Hypoth-

esis 6.2. Let us set H̃+ := span{
+
n : n ∈ N}, H̃− := span{
−

n : n ∈ N} and let us consider the 
decomposition

H̃ = H̃+ ⊕ H̃− (non-orthogonal, direct sum).

We denote by x+ the projection of x on H+ and on x− the projection of x on H−. From the 
previous decomposition we have

Ãα,ρx =
∞∑

n=1

(
λ+

n 〈x+,
+
n 〉H̃ 
+

n + λ−
n 〈x−,
−

n 〉H̃ 
−
n

)
, x ∈ D(Ãα,ρ), (6.13)

etÃα,ρ x =
∞∑

n=1

(
eλ+

n t 〈x+,
+
n 〉H̃ 
+

n + eλ−
n t 〈x−,
−

n 〉H̃ 
−
n

)
, t ∈ [0,+∞), x ∈ H̃ . (6.14)

Further, for any a ∈ U we have

G̃a =
(

0
a

)
=:

∞∑
n=1

(
c+
n 
+

n + c−
n 
−

n

) ; (6.15)

by considering the orthonormal basis {en/|en|U }n∈N of U it follows that

c+
n + χnc

−
n = 0, (c+

n λ+
n + χnc

−
n λ−

n )|en|2U = 〈a, en〉U , n ∈N,

which implies

c−
n = −c+

n

χn

, c+
n = 1

(λ+
n − λ−

n )|en|U
〈a, en/|en|U 〉U , n ∈ N.
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Further, let Ã+
α,ρ := ÃH̃+

α,ρ : D(Ã+
α,ρ)(:= D(Ãα,ρ) ∩ H̃+) ⊂ H̃+ → H̃+ and Ã−

α,ρ := ÃH̃−
α,ρ :

D(Ã−
α,ρ)(:= D(Ãα,ρ) ∩ H̃−) ⊂ H̃− → H̃− be the restrictions of Ãα,ρ to H̃+ and H̃−, respec-

tively. For any h ∈ H̃ we denote by h+ and by h− its projection on H̃+ and H̃−, respectively. 
With respect to this decomposition, the operators

Ãα,ρ =
(
Ã+

α,ρ 0
0 Ã−

α,ρ

)
, etÃα,ρ =

(
etÃ+

α,ρ 0

0 etÃ−
α,ρ

)
, t ≥ 0, G̃ =

(
G̃+
G̃−

)
,

admit the following explicit formulae:

Ã+
α,ρx+ =

∞∑
n=1

λ+
n 〈x+,
+

n 〉H̃ 
+
n , x+ ∈ D(Ã+

α,ρ),

Ã−
α,ρx− =

∞∑
n=1

λ−
n 〈x−,
−

n 〉H̃ 
−
n , x− ∈ D(Ã−

α,ρ),

etÃ+
α,ρ x+ =

∞∑
n=1

etλ+
n 〈x+,
+

n 〉H̃ 
+
n , x+ ∈ H̃+,

etÃ−
α,ρ x− =

∞∑
n=1

etλ−
n 〈x−,
−

n 〉H̃ 
−
n , x− ∈ H̃−,

G̃+a =
∞∑

n=1

b+
n an


+
n , a ∈ U,

G̃−a =
∞∑

n=1

b−
n an


−
n , a ∈ U,

where (cf. (6.15))

an := 〈a, en/|en|U 〉U , b+
n := 1

(λ+
n − λ−

n )|en|U
, b−

n := −b+
n

χn

, n ∈N. (6.16)

From the definition of en, λ±
n , μn and b±

n (cf. formulae [29, (2.3.14)-(2.3.18)]) we have

|λ±
n | ∼ μ

1/2
n , |en|U ∼ μ

−1/2
n , |λ+

n − λ−
n | ∼ μ

1/2
n , b±

n ∼ cost, χn ∼ cost, (6.17)

definitively with respect to n ∈ N . Finally, since |λ+
n |, |λ−

n | blows up as n → +∞ and 
λ+

n , λ−
n has negative real part, from (6.13) and (6.14) it follows that t �→ etÃα,ρ x belongs to 

C1((0, +∞); H̃ ) ∩ C((0, +∞); D((Ãα,ρ)η)) for any η > 0 and any x ∈ H̃ , and for any T > 0

and η > 0 there exists a positive constant L = LT,η such that ‖(Ãα,ρ)ηetÃα,ρ ‖ ˜ ≤ t−ηLT .
L(H)
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6.2.4. Linear stochastic damped Euler-Bernoulli beam equations
Let us consider the problem⎧⎨⎩

dXt = Aα,ρXtdt + GdWt, t ∈ [0, T ],
X0 =

(
x1

0
x2

0

)
= x ∈ H = V × U,

(6.18)

where Aα,ρ has been defined in (6.8). In the following we will refer to the solution of equation 
(6.18) as the Ornstein-Uhlenbeck process. We have α ∈ [0, 1) and ρ satisfying Hypothesis 6.2.

We will show that equation (6.18) is well-posed in H , i.e., for any x ∈ H , there exists a unique 
mild solution having continuous paths with values in H (cf. (2.5)). This is given by

Xt = etAα,ρ x +
t∫

0

e(t−s)Aα,ρ GdWs, t ∈ [0, T ], P − a.s.. (6.19)

To this purpose we need to show that the stochastic convolution

WAα,ρ
(t) :=

t∫
0

e(t−s)Aα,ρ GdWs, t ∈ [0, T ], (6.20)

verifies condition (2.2) (cf. Section 5.3 in [13]). This is an easy consequence of (6.4).

Proposition 6.5. Assume that Hypothesis 6.2 and condition (6.4) are satisfied. Then,

sup
t≥0

‖etAα ρ G‖L2(U,H) < ∞ (6.21)

which implies (2.2).

Proof. Formula (6.21) follows from the fact that, from (6.6), �−2γ is a trace-class operator on 
U and that G = G̃�−γ . �
6.2.5. Strong uniqueness for nonlinear damped equations

Let us consider the nonlinear equation (6.9) or (6.3) under the hypotheses given in Sec-
tion 6.2.1. We know that such assumptions implies in particular that Hypothesis 2.1 is satisfied, 
with A = Aα,ρ and G defined as in Section 6.2.1. Hence, there exists a unique weak solution 
X = (Xt )t≥0 to (6.9).

Next we show that the controllability assumption in Hypothesis 5.1(i), the estimates on �1
and �2 in Hypotheses 5.1(ii) and in 5.13 and Hypothesis 5.3 hold true, with �(t) = �α,ρ(t) =
(Q

α,ρ
t )−1/2etAα,ρ for any t > 0.

Proposition 6.6. Let us take A = Aα,ρ and G as in Section 6.2.1, let �(t) = �α,ρ(t) =
(Q

α,ρ
t )−1/2etAα,ρ for any t > 0 and let β satisfies Hypothesis 6.1. Then, Hypotheses 5.1, 5.3

and 5.13 hold true with
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�1(t) ∼ �2(t) ∼ t−1/2−2γ (6.22)

for every α ∈ [
0, 1

2

]
Proof. Estimates of �1 and �2 follows from Corollary A.2 and Theorem A.3. Further,

|�(t)Ga|H ≤ Ct−1/2−2γ |�−γ a|U , t ∈ (0, T ],
for every α ∈ [0, 1/2]. Therefore, for any orthonormal basis {hn : n ∈N} of U we have

‖�(t)G‖2
L2(U ;H) =

∑
n∈N

|�(t)Ghn|2H ≤ C2

t1+4γ

∑
n∈N

|�−γ hn|2U = C2Tr(�−2γ )

t1+4γ
, t ∈ (0, T ].

This implies that (5.24) holds true with �2(t) = t−(1/2+2γ ).
Let us conclude by proving that also Hypothesis 5.3 are satisfied. Indeed, we have

�1(t)
1−β�2(t) ∼ t−(1/2+2γ )(2−β),

and from the choice of β we get −(1/2 + 2γ )(2 − β) > −1. �
The previous results show that we can apply Theorem 4.2 to equation (6.9). We finally get

Theorem 6.7. Let Aα,ρ and G be defined as in Section 6.2.1, and let the assumptions of Sec-
tion 6.2.1 be satisfied. Then, for the nonlinear damped beam equation (6.9) the assertions of 
Theorem 4.2 hold. In particular, we have pathwise uniqueness for (6.9).

6.3. Semilinear stochastic heat equations

Let us assume that A = 	 is the realization of the Laplacian operator in H = U = L2([0, π]d)

with periodic boundary conditions, and let G = (−	)−γ /2 with γ ≥ 0. We are considering{
dXx

t = 	Xx
t dt + C(Xx

t )dt + (−	)−γ /2dWt , t ∈ [0, T ],
Xx

0 = x ∈ H.
(6.23)

It is well known that D(A) = H 2([0, 2π]d)per, the classical Sobolev space with periodic bound-
ary conditions. We notice that Hypothesis 5.16-1, is fulfilled. Let W be a cylindrical Wiener 
process on H , see Section 2. We first note that assumption (2.2) is verified if

1 + γ >
d

2
(6.24)

(see also the proof of Lemma 9 in [8]). In particular, if γ = 0, i.e., G = I , it is required d = 1, as 
in [8]. Let R > 0. We consider, for a fixed β ∈ (0, 1),

C(f )(ξ) := g(ξ)

∫
[0,2π]d

h(ξ ′)
(|f (ξ ′)| ∧ R

)β
dξ ′, ξ ∈ [0,2π]d , (6.25)
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for any f ∈ H and g ∈ Hγ ([0, 2π]d)per (see, for instance, Section 6 in [20]) and h ∈
L∞([0, 2π]d). The regularity of g implies that C(f ) ∈ D((−A)γ/2) = Im(G) for any f ∈ H . 
Hence we can set

C̃(f ) = G−1C(f ) = (−	)γ/2C(f ), f ∈ H,

and write C(f ) = (−	)−γ /2C̃(f ) in (6.23).
Arguing as in [8, Lemma 8] it follows that there exists a positive constant M such that

|C̃(f1) − C̃(f2)|H ≤ M|(−	)−γ /2g|H ‖h‖∞|f1 − f2|βH , f1, f2 ∈ H.

On the other hand, using the orthonormal basis (en) in Hypothesis 5.16, we have the estimates

|C̃(f )n| = |〈C̃(f ), en〉H |

= |〈(−	)γ/2g, en〉H
∫

[0,2π]d
h(ξ ′)

√|f (ξ ′)| ∧ R dξ ′| ≤ CR|〈(−	)γ/2g, en〉H | ‖h‖∞;

|C̃(f1)n − C̃(f2)n| ≤ C|〈(−	)γ/2g, en〉H | ‖h‖∞ |f1 − f2|βH , f,f1, f2 ∈ H.

Hence, Hypothesis 5.16-2, is satisfied. Indeed we have

∑
n∈N

‖(C̃(·))n‖2
β

αn

≤ CR

α1
‖h‖2∞

∑
n∈N

|〈(−	)γ/2g, en〉H |2 ≤ C′
R

α1
‖h‖2∞ ‖g‖2

Hγ ([0,2π]d )per
< ∞.

Let us discuss (ii) in Hypothesis 5.3. With our choice of A, H and G we have

�1(t) = t−1/2−γ /2, �2(t) = t−1/2, t ∈ (0, T ].

Hence, Hypothesis 5.3 (ii) is satisfied if

0 ≤ γ <
β

1 − β
. (6.26)

Since β(1 − β)−1 → +∞ as β → 1−, it follows that the bigger the Hölder exponent β is, the 
bigger is the bound for γ . In particular (see also the remark below):

(i) if we choose β ∈ ( 1
3 , 1) then (6.26) is satisfied for some γ > 1

2 , hence 2(1 + γ ) > 3 and 
according to (6.24) we can also consider d = 3 for the SPDE (6.23);

(ii) if we take β ∈ (1/2, 1) then (6.26) if fulfilled for some γ > 1 and we get 2(1 + γ ) > 4; 
according to (6.24) we can also consider the case d = 4 for the SPDE (6.23).

In the previous two cases we can apply Theorem 4.2 to equation (6.23) with C given in (6.25)
and obtain pathwise uniqueness and Lipschitz dependence of initial conditions.
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Remark 6.8. Concerning (6.23) the main difference with [8] is that in such paper the authors 
require the assumption

T∫
0

�
(1+θ)
t dt < +∞, θ = max{β,1 − β}, �t = �1(t) = t−1/2−γ /2.

Hence, the best situation is β = 1
2 and above condition reads as

3

2

(
1

2
+ γ

2

)
< 1 ⇔ γ <

1

3
.

According to (6.24) we need 1 + γ >
d

2
. By combining this condition with γ < 1

3 it follows that 

the case d = 3 is not reached in [8].
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Appendix A. Energy estimates for the control problem associated to the beam equation

As in Subsection 6.2.3, here we consider complexified spaces. In H = V ×U we consider the 
following control problem{

zt (t) = Aα,ρz(t) + G̃�−γ u(t), t ∈ [0, T ],
z(0) = (z1

0, z
2
0) ∈ H,

(A.1)

where

Aα,ρ :=
(

0 I

−� −ρ�α

)
: D(Aα,ρ) ⊂ H → H, G̃ :=

(
0
I

)
: U → H,

and � : D(�) ⊂ U → U , α and ρ satisfy the assumptions in Section 6.2.1.
Let z(t) = (z1(t), z2(t)) ∈ H be the solution to the problem (A.1); arguing as in Section 6.2.2

we infer that y(t) := (y1(t), y2(t)) := (�1/2z1(t), z2(t)) ∈ H̃ := U × U is solution to{
yt (t) = Ãα,ρy(t) + G̃�−γ u(t), t ∈ [0, T ],
y(0) = (y1

0 , y2
0) ∈ H̃ ,

(A.2)

where y1 = �1/2z1, y2 = z2 and
0 0 0 0
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Ãα,ρ :=
(

0 �1/2

−�1/2 −ρ�α

)
: D(Ãα,ρ) ⊂ H̃ → H̃ .

For every a ∈ U and k = Ga = G̃�−γ a, we get |k|H = |k|H̃ = |�−γ a|U .
We notice that a control u steers k to 0 at time t ∈ (0, T ] in H in (A.1) if and only if u steers 

k to 0 at time t ∈ (0, T ] in H̃ in (A.2). Hence, the energy to steer k to 0 at time t in H̃ , which is 
given by

ẼC(t, k) := inf

⎧⎨⎩
t∫

0

|u(s)|2Uds : u ∈ L2(0, T ;U), y solution to (A.2), k = (y1
0 , y2

0), y(t) = 0

⎫⎬⎭ ,

coincides with the energy to steer k to 0 at time t in H , which is given by

EC(t, k) := inf

⎧⎨⎩
t∫

0

|u(s)|2Uds : u ∈ L2(0, T ;U), z solution to (A.1), k = (z1
0, z

2
0), z(t) = 0

⎫⎬⎭ .

We will prove that (A.2) is null controllable and we provide an estimate to ẼC(T , k).

Theorem A.1. Let Aα,ρ be defined in (6.8) and let Hypotheses 6.2 and condition (6.4) in Sec-
tion 6.2.1 hold true. Let T > 0. Then, there exists a positive constant C = C(T ) such that for any 
a ∈ U , k = Ga, the energy to steer k to 0 at time t can be estimated by

ẼC(t, k) ≤ C|�−γ a|2U
t1+4γ

t ∈ (0, T ].

In particular, the equality ẼC(t, k) = EC(t, k) implies that for every T > 0 there exists a positive 
constant C = C(T ) such that for any a ∈ U , k = Ga, the energy to steer k to 0 at time t can be 
estimated by

EC(t, k) ≤ C|�−γ a|2U
t1+4γ

t ∈ (0, T ].

Proof. Here, we consider the decomposition introduced in Section 6.2.3 and we keep the same 
notation. We follow the method in [31, Proposition 1.3], which has been extended to infinite 
dimension in [26]. The idea is the following. If we consider the matrix formulation for Ãα,ρ and 
G, then the 2 × 2-matrix [G|Ãα,ρG] is invertible. We denote by K its inverse matrix and by K0
and K1 the rows of K . Then, the control

u(t) = K0(t)ψ(t) + K1ψ
′(t), t ∈ [0, T ],

steers k to 0, where ψ(t) = −
(t)etÃα,ρ k and 
(t) is a suitable smooth function. We construct 
our control adapting this approach to our situation.
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The mild solution to (A.2) is

y(t) = etÃα,ρ y(0) +
t∫

0

e(t−s)Ãα,ρ G̃�−γ u(s)ds

for every t ∈ [0, T ]. Let us fix T > 0 and a ∈ U . Further, we set fT (t) := t2(T − t)2 and φT (t) :=
‖fT ‖−1

L1(0,T )
fT (t). It follows that ‖φT ‖L1(0,T ) = 1, that φT vanishes at 0 and T and that |φT (t)| ≤

c̃T −3t2, |tφ′
T (t)| ≤ c̃T −3t2 and |φ′

T (t)| ≤ c̃T −3t , for some positive constant c̃ and any t ∈ [0, T ]. 
We claim that the control

v(t) := v0(t) + v′
1(t), t ∈ (0, T ], v(0) = 0,

defined by

〈v0(t), en/|en|U 〉U := μ
γ
n

(
λ−

n eλ+
n t

λ−
n − λ+

n

− λ+
n eλ−

n t

λ−
n − λ+

n

)
ãnφT (t), n ∈ N, (A.3)

〈v1(t), en/|en|U 〉U := μ
γ
n

(
−eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)
ãnφT (t), n ∈ N, (A.4)

for t ∈ (0, T ], steers the initial state Ga at 0 at time T , where ̃an := 〈�−γ a, en/|en|U 〉U for any 
n ∈ N (we have v′

1 = dv1
dt

). The series which define v0(t) and v1(t) are well-defined since μn

grows |λ±
n |2 (see (6.17)) and for every t > 0 we have etÃα,ρ maps H̃ onto D((̃Aα,ρ)k) for every 

k ∈N .
At first, we notice that G̃�−γ v1(t) ∈ D(Ãα,ρ) for any t ∈ [0, T ]. Indeed, from the definitions 

of G and v1 we have

G̃�−γ v1(t) = φT (t)

∞∑
n=1

[(
− eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)
b+
n ãn


+
n

+
(

− eλ+
n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)
b−
n ãn


−
n

]
.

For any N ∈N we set

(G̃�−γ v1(t))N = φT (t)

N∑
n=1

(
− eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)[
b+
n an


+
n + b−

n an

−
n

]
.

Clearly, (G̃�−γ v1(t))N → G̃�−γ v1(t) as N → +∞ in H̃ . Further, from the previous decom-
position we infer that (G̃�−γ v1(t))N ∈ D(Ãα,ρ) for any N ∈N and

Ãα,ρ(G̃�−γ v1(t))N = φT (t)

N∑
n=1

(
− eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)[
λ+

n b+
n ãn


+
n + λ−

n b−
n ãn


−
n

]
.
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Hence, recalling the definition of 
+
n and of 
−

n we get

|Ãα,ρ(G̃�−γ v1(t))N |2
H̃

= φT (t)2
N∑

n=1

ã2
n

(
− eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)2

×
(
(λ+

n )2(b+
n )2 + (λ−

n )2((χnb
−
n )2

+ 2χnb
+
n b−

n λ+
n λ−

n (μn|en|2U + λ+
n λ−

n |en|2U)
)
.

We notice that from (6.17) it follows that for any t ∈ (0, T ]
(

− eλ+
n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)2
(|λ+

n |2 + |λ−
n |2 + |λ+

n ||λ−
n |) ∼ const;

(μn|en|2U + λ+
n λ−

n |en|2U) ∼ const,

and that

∞∑
n=1

ã2
n(b

+
n )2,

∞∑
n=1

ã2
n(b

−
n )2 < +∞.

Since

|Ãα,ρ(G̃�−γ v1(t))N − Ãα,ρ(G̃�−γ v1(t))N+p|2
H̃

≤ MφT (t)2
N+p∑

n=N+1

(
− eλ+

n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

)2

·

(|λ+
n |2 + |λ−

n |2 + |λ+
n ||λ−

n |)
(̃
a2
n(b

+
n )2 + ã2

n(b
−
n )2

)
≤ M

N+p∑
n=N+1

(̃
a2
n(b

+
n )2 + ã2

n(b
−
n )2

)
,

for some positive constant M , it follows that Ãα,ρ(Gv1(t))N converges to

φT (t)

∞∑
n=1

[(
− λ+

n eλ+
n t

λ−
n − λ+

n

+ λ+
n eλ−

n t

λ−
n − λ+

n

)
b+
n ãn


+
n +

(
− λ−

n eλ+
n t

λ−
n − λ+

n

+ λ−
n eλ−

n t

λ−
n − λ+

n

)
b−
n ãn


−
n

]
,

in H̃ as N → +∞. Since Ãα,ρ is a closed operator, it follows that G̃�−γ v1(t) ∈ D(Ãα,ρ), for 
any t ∈ [0, T ], and

Ãα,ρG̃�−γ v1(t) = φT (t)

∞∑
n=1

[(
− λ+

n eλ+
n t

λ−
n − λ+

n

+ λ+
n eλ−

n t

λ−
n − λ+

n

)
b+
n ãn


+
n

+
(

− λ−
n eλ+

n t

λ−
n − λ+

n

+ λ−
n eλ−

n t

λ−
n − λ+

n

)
b−
n ãn


−
n

]
. (A.5)
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Let us consider the integral term in the mild solution. We get

T∫
0

e(T −s)Ãα,ρ G̃�−γ v(s)ds =
T∫

0

e(T −s)Ãα,ρ G̃�−γ v0(s)ds +
T∫

0

e(T −s)Ãα,ρ G̃�−γ v′
1(s)ds

=
T∫

0

e(T −s)Ãα,ρ (G̃�−γ v0(s) + Ãα,ρG̃�−γ v1(s))ds, (A.6)

where we have integrated by parts under the second integral and we have used the fact that 
G̃�−γ v1(s) ∈ D(Ãα,ρ) for any s ∈ [0, T ], and that �−γ v1(0) = �−γ v1(T ) = 0. We notice that 
for any s ∈ [0, T ] we have

G̃�−γ v0(s) = φT (s)

∞∑
n=1

[(
λ−

n eλ+
n s

λ−
n − λ+

n

− λ+
n eλ−

n s

λ−
n − λ+

n

)
b+
n ãn


+
n

+
(

λ−
n eλ+

n s

λ−
n − λ+

n

− λ+
n eλ−

n s

λ−
n − λ+

n

)
b−
n ãn


−
n

]
. (A.7)

Hence, (A.5) and (A.7) give

G̃�−γ v0(s) + Ãα,ρG̃�−γ v1(s) = − φT (s)

∞∑
n=1

(
eλ+

n sb+
n ãn


+
n + eλ−

n sb−
n ãn


−
n

)
= − φT (s)esÃα,ρ (Ga), s ∈ [0, T ]. (A.8)

Replacing (A.8) in (A.6) we get

T∫
0

e(T −s)Ãα,ρ G̃�−γ v(s)ds = −eT Ãα,ρ (Ga).

The mild formulation of the solution y to (A.2) implies that

y(T ) =eT Ãα,ρ (Ga) +
T∫

0

e(T −s)Ãα,ρ G̃�−γ v(s)ds = eT Ãα,ρ (Ga) − eT Ãα,ρ (Ga) = 0,

which gives the claim.
Now we estimate the L2-norm of the control v. We separately consider the two addends v0

and v1.
As far as v0 is concerned, from (A.3) we get

T∫
0

|v0(t)|2Udt ≤
T∫

0

(φT (t))2
∞∑

n=1

μ
2γ
n

∣∣∣∣∣λ−
n eλ+

n t − λ+
n eλ−

n t

λ−
n − λ+

n

∣∣∣∣∣
2

|̃an|2dt.
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From (6.17), for any n ∈N we get

μ
2γ
n

∣∣∣∣∣λ−
n eλ+

n t − λ+
n eλ−

n t

λ−
n − λ+

n

∣∣∣∣∣
2

≤C

∣∣∣μγ
n

(
eλ+

n t
)

+ μ
γ
n

(
eλ−

n t
)∣∣∣2

≤C

∣∣∣(λ+
n )2γ

(
eλ+

n t
)

+ (λ−
n )2γ

(
eλ−

n t
)∣∣∣2

≤C|Ã4γ
α,ρetÃα,ρ 
+

n |2
H̃

+ |Ã4γ
α,ρetÃα,ρ 
−

n |2
H̃

≤CL2
T t−4γ , (A.9)

where C is a positive constant which may vary from line to line. Hence,

T∫
0

|v0(t)|2Udt ≤ const

T∫
0

|φT (t)|2t−4γ dt |�−γ a|2U ≤ C|�−γ a|2UT −1−4γ ,

for some positive constant C.
Let us consider v′

1. From (A.4) we get

T∫
0

|v′
1(t)|2Udt ≤2

T∫
0

(φT (t))2
∞∑

n=1

μ
2γ
n

∣∣∣∣∣−λ+
n eλ+

n t

λ−
n − λ+

n

+ λ−
n eλ−

n t

λ−
n − λ+

n

∣∣∣∣∣
2

|̃an|2dt

+ 2

T∫
0

(φ′
T (t))2

∞∑
n=1

μ
2γ
n

∣∣∣∣∣ −eλ+
n t

λ−
n − λ+

n

+ eλ−
n t

λ−
n − λ+

n

∣∣∣∣∣
2

|̃an|2dt := I1 + I2.

The first integral can be estimated arguing as for v0. By taking I2 into account, if we multiply 
and divide by t2 under the integral sign we get

I2 = 2

T∫
0

(tφ′
T (t))2

∞∑
n=1

μ
2γ
n

∣∣∣∣∣
(

−eλ+
n t + eλ−

n t

t (λ−
n − λ+

n )

)
ãn

∣∣∣∣∣
2

dt.

Since there exists a positive constant C such that

sup
t∈(0,T ]

sup
n∈N

μ
2γ
n

∣∣∣∣∣−eλ+
n t + eλ−

n t

t (λ−
n − λ+

n )

∣∣∣∣∣
2

= sup
t∈(0,T ]

sup
n∈N

μ
2γ
n

∣∣∣∣∣eλ+
n t (e(λ−

n −λ+
n )t − 1)

t (λ−
n − λ+

n )

∣∣∣∣∣
2

≤ C,

we infer that I2 ≤ c|�−γ a|2UT −1 for some positive constant c. Therefore, we can conclude that

‖v‖L2(0,T ;U) ≤ c|�−γ a|U
. �
T 1/2+2γ
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Theorem A.1 has an important consequence, due to the fact that EC(t, k) = |Q−1/2etAα,ρ k|2H
for any k ∈ H and any t > 0.

Corollary A.2. Under the assumptions of Theorem A.1, there exists a positive constant C such 
that for any a ∈ U and any t ∈ (0, T ] we have

|Q−1/2
t etÃα,ρ Ga|2H = EC(t,Ga) = EC(t, G̃�−γ a) ≤ C|�−γ a|2U

t1+4γ
.

Now we provide energy estimates in case of general initial datum k ∈ H .

Theorem A.3. Let Aα,ρ be defined in (6.8) and let Hypotheses 6.2 and condition (6.4) in Sec-
tion 6.2.1 hold true. There exists a positive constant c such that for every h ∈ H we have

EC(t, h) ≤ c|h|2H
t1+4γ

t ∈ (0, T ].

In particular, there exists a positive constant c such that for any h ∈ H and any t ∈ (0, T ]

|Q−1/2
t etÃα,ρ h|2H = EC(t, h) ≤ c|h|2H

t1+4γ
.

Proof. Let us apply the method exploited in the proof of Theorem A.1. Let h ∈ H . As above, we 
provide an estimate of ẼC(t, h). We set

〈v0(t), en/|en|U 〉U := μ
γ
n

(
λ−

n eλ+
n th+

n + χnλ
+
n eλ−

n th−
n

)
|en|UφT (t), n ∈ N,

〈v1(t), en/|en|U 〉U := −μ
γ
n

(
eλ+

n th+
n + χne

λ−
n th−

n

)
|en|UφT (t), n ∈N,

for t ∈ (0, T ], and the control

v(t) := v0(t) + v′
1(t), t ∈ (0, T ], v(0) = 0.

Here, h+
n = 〈h+, 
+

n 〉H̃ and h+
n = 〈h−, 
−

n 〉H̃ for any n ∈ N . Arguing as in the proof of Theo-
rem A.1 it is possible to prove that v steers the initial state h at 0 at time T . It remains to estimate 
the L2-norm of v. Arguing as before we get

‖v‖L2(0,T ;U) ≤ c|h|2H
T 1/2+2γ

,

and we conclude. �
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Appendix B. Proof of Lemma 5.6

Proof. In the proof C is a positive constant which may vary from line to line.
Let t ∈ (0, T ], let y ∈ H , and let us consider the linear operators

∇yRt : C1
b(H) → Cb(H), ∇yRt : Cb(H) → Cb(H).

For any φ ∈ C1
b(H) and any x, y ∈ H we have

∇yRt [φ](x) =
∫
H

〈∇φ(etAx + z), etAy〉H N (0,Qt )(dz),

from which it follows that

sup
x∈H

|∇yRt [φ](x)| ≤ CT ‖φ‖C1
b (H)|y|H , φ ∈ C1

b(H). (B.1)

Further, if φ ∈ Cb(H) we have

∇yRt [φ](x) =
∫
H

〈�(t)y,Q−1/2z〉φ(etAx + z)N (0,Qt )(dz),

which combined with (5.1) implies

sup
x∈H

|∇yRt [φ](x)| ≤ CT ‖φ‖Cb(H)�1(t)|y|H , φ ∈ Cb(H). (B.2)

Recalling (5.9) and interpolating between (B.1) and (B.2) we infer that

sup
x∈H

|∇yRt [φ](x)|H ≤ CT ‖φ‖β�
1−β
1 (t)|y|H , φ ∈ C

β
b (H). (B.3)

Let us consider h ∈ H and 
 ∈ C
β
b (H ; H). From (5.10) and (B.3) we have

sup
x∈H

|〈∇yRt [
](x), h〉H | ≤ CT ‖
h‖β�
1−β
1 (t)|y|H ≤ CT ‖
‖β�

1−β
1 (t)|y|H |h|H ,

which gives (5.11). To prove (5.12) we fix y ∈ H and k ∈ U and we consider the linear operators

∇y∇G
k Rt : C1

b(H) → Cb(H), ∇y∇G
k Rt : Cb(H) → Cb(H).

For any φ ∈ C1
b(H) it follows that

∇y∇G
k Rt [φ](x) =

∫
H

〈�(t)Gk,Q
−1/2
t z〉H 〈∇φ(etAx + z), etAy〉N (0,Qt )(dz),

which implies that
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|∇y(∇G
k Rt [φ])(x)|H ≤C|
‖C1

b (H)�2(t)|y|H |k|U , t ∈ (0, T ], φ ∈ C1
b(H), (B.4)

for any x, y ∈ H and any k ∈ U . As above, we get

|∇y(∇G
k Rt [φ])(x)|H ≤ C‖φ‖Cb(H)�1(t)�2(t)|y|H |k|U , (B.5)

for any k ∈ U , x, y ∈ H and t ∈ (0, T ]. Interpolating between (B.4) and (B.5) we infer that

|∇y(∇G
k Rt [φ])(x)|H ≤ C‖φ‖β�

1−β
1 (t)�2(t)|y|H |k|U , t ∈ (0, T ], φ ∈ C

β
b (H), (B.6)

for any x, y ∈ H and k ∈ U . Therefore, from (5.10) and (B.6) we infer that

sup
x∈H

|〈∇y∇G
k Rt [
](x), h〉H | ≤ CT ‖
h‖β�

1−β
1 (t)�2(t)|y|H

≤ CT ‖
‖β�
1−β
1 (t)�2(t)|y|H |h|H |k|U . �
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