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1. Introduction

We provide optimal partial regularity criteria for relaxed minimizers of nonhomoge-
neous, singular multiple integrals of the form

WEP(Q,RY) 5w = F(w; Q) := / [F(Dw) — f -w] duz, (1.1)
Q

i.e., local minimizers of the Lebesgue-Serrin-Marcellini extension of F(-):

F(w; Q) = inf {li_minfg(wj;Q): {wj}jen C WhUQ,RYN): w; — w in Wl’p(Q,]RN)} ,

i— ¢

(1.2)

using tools from Nonlinear Potential Theory, thus completing the analysis started in [26]
for degenerate functionals. More precisely, we prove almost everywhere gradient continu-
ity for local minimizers of (1.2) under sharp assumptions on the external datum f. Here,
Q) C R" is an open, bounded set with Lipschitz boundary, n > 2, and F': RV*" — R
is a strictly quasiconvex integrand, verifying so-called (p, ¢)-growth conditions according
to Marcellini’s terminology [64]:

|2[P S F(z) S 1+ 2[4, l<p<g (1.3)

the singular behavior of F(-) around zero being encoded in the requirement p € (1,2).
Let us recall that F(-) is quasiconvex when

][ F(z+ Dy) dz > F(z) holds for all z € RN*" € C®(B;1(0),RY), (1.4)

B1(0)

therefore the three main aspects of (1.1)-(1.2) we are interested in are the presence of
a nontrivial forcing term f, the (p, ¢)-growth conditions in (1.3) and the quasiconvexity
(1.4) of the integrand F'(-). Let us briefly discuss some classical and recent results on
these ingredients as each of them is currently object of intense investigation. The problem
of determining the best conditions to impose on f in order to prove gradient continuity
for minima is classical and received a considerable attention in the past decades. To
better understand this issue, let us introduce the Lorentz space L(n, 1), defined by

weLin1) < [wllpm = /|{x ER™: [w(z)| > £} dt < .
0

A related deep result of Stein [80] states that

we Wh™ and Dw € L(n,1) = w is continuous, (1.5)
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so (1.5) and the immersions L"¢ < L(n,1) < L" for all £ > 0, lead to the borderline
characterization of L(n,1) as the limiting space with respect to the Sobolev embedding
theorem. A linear PDE interpretation of Stein’s theorem relying on the combination of
(1.5) with standard Calder6n-Zygmund theory prescribes that

—Au= f € L(n,1) = Du is continuous,

which turns out to be sharp, in the light of Cianchi’s counterexample [21]. Surprisingly
enough, the same conclusion holds in a way more general setting than the linear one.
It is indeed true for uniformly elliptic operators [3,8,22,23,33,35,57,58,60,71,72]; systems
of differential forms [79]; fully nonlinear elliptic equations [7,24], general nonuniformly
elliptic functionals [9,11,27]; and it also holds at the level of partial regularity for systems
of the p-Laplacian type without Uhlenbeck’s structure [17,59]. The key point consists in
the possibility of gaining local control on the gradient of solutions via the truncated
Riesz potential of f, that is

(20, 0) = g de| dog [ LWL g, (16)
(1

|z —y|nt
Bo (xo) Rn

which is a standard aspect of linear equations and a remarkable feature of nonlinear
ones, cf. Kuusi & Mingione’s seminal works [58,60]. On the other hand, in [9,27] the
gradient of minima is dominated via a nonlinear Wolff type potential, first introduced
by Havin & Maz’ya [47], defined as:

4

d
N B A

0 Bs (TO)

sharing the same homogeneity - and therefore analogous mapping properties on function
spaces - as the linear potential in (1.6). All the aforementioned results crucially rely on
the strong ellipticity of the operators involved, while in (1.1) the integrand F(+) is only
quasiconvex. This notion was first introduced by Morrey [69] and it turns out to be a
natural condition in the multidimensional Calculus of Variations. Indeed, under polyno-
mial growth conditions on the integrand F'(-), quasiconvexity is a necessary and sufficient
condition for sequential weak lower semicontinuity in WP, [2,6,16,40,62,69]. A peculiar
characteristic of quasiconvexity is that it is a purely nonlocal concept [52,69] in the sense
that there is no condition involving only F(-) and a finite number of its derivatives,
which is equivalent to quasiconvexity. Moreover, minimizers and critical points of qua-
siconvex functionals have a very different behavior. Precisely, a classical result of Evans
[39] states that minima are regular outside a negligible “singular” set, while Miiller &
Sverak [70] proved that critical points, i.e. solutions to the associated Euler-Lagrange
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system, may have everywhere discontinuous gradients. This is coherent with the theory
of elliptic systems: well-known counterexamples [68,82] show that solutions might de-
velop singularities, therefore in the genuine vectorial setting the best one could hope for
is partial regularity. The matter of almost everywhere regularity for minimizers of quasi-
convex integrals was first treated by Evans [39] in the case of quadratic functionals, and,
after that, it received lots of attention over the years. Subsequently, partial regularity
for multiple integrals with standard p-growth was obtained in [1,18,54] exploiting Evans’
blow up method, while in [36] a unified approach to the partial regularity for degenerate
or singular quasiconvex integrals was proposed via the p-harmonic approximation and in
[53] was derived an upper bound on the Hausdorff dimension of the singular set of min-
ima of quasiconvex functionals. We refer to [10,14,26,31,34,43-46,49-51,61,75-77] and
references therein for a non-exhaustive list of remarkable contributions in more general
settings. The other main feature of the class of integrands considered in this paper is
their (p, q)-growth conditions. This nomenclature was introduced by Marcellini in the
fundamental papers [64,67] within the framework of nonlinear elasticity. In fact, a basic
model describing the behavior of compressible materials subject to deformations is given
by

WP (O, R™) 5 w s 76(w; Q) = / [1Dul? + VIT [@UDwE - f-w| dz,  (17)

Q

for some f € WLP(Q,RN)* see [5,6,64,67]. A natural phenomenon in compressible
elasticity is cavitation, i.e. the possible formation of cavities (holes) in elastic bodies
after stretch, corresponding to the development of singularities in equilibrium solutions
(minima) of #(-). Functional #(-) is quasiconvex in the sense of (1.4), [42, Chapter 5],
however in general it is not W1P-quasiconvex' unless p > n, [6, Theorem 4.1], while its
Lebesgue-Serrin-Marcellini extension #€ (-) is WhP_quasiconvex provided that p > n — 1,
[76, Lemma 7.6]. This means that the approach by relaxation based on the extension
of the ambient space proposed in [64,67] fits the analysis of cavitation better than the
pointwise one of [5,6], as it allows dealing with discontinuous maps thus describing the
possible formations of cavities. We also point out that the integrand H(z) := |z|P +
1+ |det(z)]? in (1.7) verifies

2P < H(z) S 1+ [2[",

that is (1.3) with ¢ = n. This was the first main reason behind the investigation of
variational integrals with (p, ¢)-growth: starting with [64] for questions of semicontinuity
and [65,66] about regularity, since then such class of functionals received lots of atten-
tion - with no pretence of completeness we mention the everywhere regularity results
in [9,11-13,15,19,27,29,38,48,55,56], the partial regularity proven in [20,25,28,32,37,74]

! Te.: (1.4) holds for all ¢ € W'?(B1(0),RY).
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for general systems and manifold constrained problems with special structure and re-
fer to [63] for a reasonable survey. The aforementioned results hold for strictly convex
variational integrals. In the quasiconvex setting partial regularity has been obtained by
Schmidt [75,77] for homogeneous - f = 0 in (1.1) - functionals with (p, ¢)-growth and for
their Lebesgue-Serrin-Marcellini extension [76], while [26] contains sharp partial regular-
ity criteria in terms of a nontrivial forcing term f for relaxed minimizers of degenerate
integrals of the form (1.1). The standard notion of relaxed local minimizers [76] reads
as:

Definition 1. Let p € (1,00). A function u € WP(Q,RY) is a local minimizer of (1.2)
on Q with f € WhP(Q,RN)* if and only if every zyp € Q admits a neighborhood B &
Q so that F(u; B) < oo and F(u; B) < F(w; B) for all w € WHP(B,RY) so that
supp(u —w) € B.

Such definition can be immediately adapted to local minimizers of functional (1.1). Let
us point out that when considering (1.1)-(1.2) we will assume with no loss of generality
that f is defined on the whole R™, which is always possible if we set f = 0 in R™\ Q. For
this reason, when stating that f belongs to a certain function space, we shall often avoid
to specify the underlying domain. Further details about the notation employed can be
found in Section 2 below. The main result of our paper is the following

Theorem 1. Under assumptions (2.12)-(2.14), (2.16) and (2.23), let u € WHP(Q,RN) be
a local minimizer of (1.2). Suppose that

lirrb I{m(x, 0)=0 locally uniformly in x € Q. (1.8)
o—0 7’

Then there exists an open “reqular” set £, C Q of full n-dimensional Lebesque measure
with |Q\ Q] = 0 such that V,(Du) and Du are continuous on €. In particular, the
reqular set 2, can be characterized as

Qy = {xo € Q: IM = M(z0) € (0,00), € =£(data, M),
0 = o(data, M, f(-)) € (0,min{dy,, 1})
such that |(Vp(Du))p,(ze)| < M and F(u; By(w0)) < € for some o € (0,8]} .

Theorem 1 comes as a consequence of a fine connection established between the
Lebesgue points of Du and V,(Du) and the pointwise behavior of the Wolff potential

I ()

Theorem 2. Under assumptions (2.12)-(2.14), (2.16) and (2.23), let u € WIP(Q,RY) be
a local minimizer of (1.2), xg € Q be a point such that

I{m(xo, 1) < oo (1.9)
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and M = M(zg) be a positive constant. There exist £ = &(data, M) € (0,1) and g =
o(data, M, f(-)) € (0,min{1,dy,}) such that if

|(Vp(Du)) B, (xo)| < M (1.10)
§(u; By(o)) + 1, (20, 0)7 D +1{ | (20,0)7@ D + MEP/PL] (0,0) <&,

for some o € (0, 9], then

lim (V,,(Du)) g, (20) = Vp(Du(w0)), lim (Du) g, () = Du(zo) ~ (1.11)

s—0 s

and

Vo (Du(zo)) = (Vp(Dw)) B, (20)| < N(x0; 9) (112
|Du(o) = (Du) g, (z)| < N0;0)*” + ¢l (Du) g, (20) |Z 77 *No; 0),

for all o € (0, o], where ¢ = c(data, M) and

m(l’o; 0) ~ -S(’LL, Bg(l’g)) + I{,m(x(h U)ﬁ + I{,m(xo, U)ﬁ
+ (Vo (D), (2)| 2 P/P1] (0, 0),

up to constants depending on (data, M). In particular, xo € Q satisfying (1.9) is a
Lebesgue point of V,(Du) and of Du if and only if it verifies (1.10).

Conditions (1.8) or (1.9) can be guaranteed once prescribed the membership of f to
a proper function space, as stated in the following optimal function space criterion.

Theorem 3. Under assumptions (2.12)-(2.14), (2.16) and (2.23), let u € WHP(Q,RY) be
a local minimizer of (1.2). There exists an open set €, C Q of full n-dimensional Lebesgue
measure such that f € L(n,1) yields that Du, V,(Du) are continuous on Y, while if
f € L? for some d > n, then Du,V,(Du) € C’loo’f(Qu,RNX”) with & = a(n, N, p,d).

Let us point out that Theorems 1-3 are new already for singular variational inte-
grals with standard p-growth - the degenerate case coming as a straightforward conse-
quence of the analysis carried out in [26]. Moreover, our results hold for general strictly
WhP_quasiconvex functionals® as in (1.1), or for functionals that coincide with their
Lebesgue-Serrin-Marcellini extension, and cover in particular relaxed local minimizer of
the functional #(-) in (1.7) with the choice n = ¢ = 2 and p € (8/5,2), cf. [26, Section
2.4]. We refer to [77,81] for further discussions and more examples. We finally remark
that the nonlinear potential theory for singular nonhomogeneous equations or systems

2 Le.: (2.14) below holds for all p € Wg'?(B,RY).
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of the p-Laplacian type is a very recent achievement. In fact, after Duzaar & Mingione’s
breakthrough [35] on pointwise potential estimates with p € (2 — 1/n, 00), lots of efforts
have been devoted to the extension of such result to all p € (1,2): in [71] Nguyen & Phuc
decreased the lower bound on p switching from p > 2 —1/n to p > (3n —2)/(2n — 1);
later on Dong & Zhu [33] and Nguyen & Phuc [72] (singular equations with measure
data) and Byun & Youn [17] (general subquadratic systems) eventually covered the
full range p € (1,2). In this respect, our paper fits such line of research as we provide
pointwise bounds on the gradient oscillation of minima of (1.2) that hold almost ev-
erywhere subject to the validity of a smallness condition on the excess functional that
naturally involves also the potential I{m() It is worth stressing that the strategy re-
quired to attack partial borderline regularity issues for singular quasiconvex integrals
is deeply different in nature from the one presented in [26] for degenerate functionals.
In fact, the iteration scheme designed here shares with [26] only the exit time (blocks
and chains) technique introduced there, that compensates the destabilizing effect of a
nontrivial right-hand side term within the nonsingular (resp. nondegenerate) regime, cf.
[26, Section 1.2] for more details. All the rest of the proof requires a different strategy
due to the problematic simultaneous presence of a rough forcing term f, featuring a
very limited amount of regularity; a rather severe loss of ellipticity, that is a distinctive
aspect of singular integrands; and (p, ¢)-growth conditions, leading to nonhomogeneous
estimates. Since the full body of nonlinear potential theoretic techniques unavoidably
breaks down as p approaches one [17,33,35,71,72], we first need an artificial, quadratic
“upgrade” of the integrand’s ellipticity features in terms of suitable vector fields encoding
the scaling properties of the p-Laplacian. The price to pay for such a boost is a weakened
control over gradient averages, that do not only have to remain bounded at successive
scales to keep under control the rate of (p, ¢)-nonuniform ellipticity of the functional,
but, in contrast with what happens in [26], nonetheless coherently with previous results
on singular problems [17,33,72], also substantially impact the excess decay estimate. The
combination of these issues forces us to develop a delicate double iteration scheme that
on one hand preserves the boundedness of gradient averages, on the other guarantees
a uniform control on the size of the excess functional in terms of hybrid quantities in-
volving both gradient average (at the initial scale) and Wolfl potential related to the
nonhomogeneity f, thus eventually leading to the almost pointwise gradient oscillation
bounds in (1.12). We also mention that our gradient oscillation estimate improves that
in [17, Theorem 1.1], valid for uniformly elliptic singular systems of the p-Laplacian
type. In fact, setting p = ¢ in (1.12), a simple application of Jensen’s inequality shows
that the quantity on the right-hand side of (1.12) is smaller than its counterpart in [17,
Theorem 1.1, (1.12)]. Let us finally point out that, since for basic homogeneity reasons
functionals with (p, ¢)-growth do not admit higher integrability results of self-improving
nature (see [36,77] for homogeneous problems), in antithesis with [17,59], our approach
does not require any application of Gehring Lemma, so we believe it is flexible enough
to be adapted to possibly more general contexts [31,46,49,50,73,78,79].
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2. Preliminaries

In this section we record the notation employed throughout the paper, describe the
structural assumptions governing the ingredients appearing in (1.1) and collect certain
basic results that will be helpful later on.

2.1. Notation

In this paper, Q C R™ will always be an open, bounded domain with Lipschitz-regular
boundary, and n > 2. We denote by c a general constant larger than one depending on
the main parameters governing the problem. We will still denote by ¢ distinct occurrences
of constant ¢ from line to line. Specific instances will be marked with symbols ¢y, ¢ or the
like. Significant dependencies on certain parameters will be outlined by putting them in
parentheses, i.e. ¢ = ¢(n, p) means that ¢ depends on n and p. By B,(x) := {x € R™ :
|x — 29| < r} we indicate the open ball with center in xg and radius r > 0; we shall
avoid denoting the center when this is clear from the context, i.e., B = B, = B,(x9);
this happens in particular with concentric balls. For zg € €, it is dy, := dist(xg, 9§2) and
with 21,20 € RV*" s > 0 we set Dy(z1, 22) 1= (s + |21]2 + |22]?). Given a measurable
set B C R™ with bounded positive Lebesgue measure |B| € (0,00), and a measurable
map g: B — RF k> 1, we set

(9)s _l[g(x)dx -5 B/g< )da.

A useful feature of the average is its almost minimality, i.e.:

1/t 1/t

][|g—(g)3\t dz <2 ][|g—z|tdx for all z € R¥, t>1. (2.1)

B B
Fort>1,5s>0,q>p>1, we shorten:

i
W) = flaltar] o )= (22
B
and define
1 )1 if ¢g>p 1 )1 if ¢>2
T Lo i g=p, BT o i 1<g<2

Finally, if ¢ > 1 is any number, its conjugate will be denoted by ' := ¢/(t — 1) and its
Sobolev exponent as t* := nt/(n — t) when ¢ < n or any number larger than one for
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t > n. To streamline the notation, we gather together the main parameters governing our
problem in the shorthand data := (n, N, \, A, p,q,w(-), F(-),m), we refer to Section 2.3
for more details on such quantities.

2.2. Tools for p-Laplacian type problems
The vector field V; - RN*n 5 RNXn defined as
Vip(2) = (8% + [22)P=2/42 p€(l,00) and s>0

for all z € RV*", which encodes the scaling features of the p-Laplacian operator, is a
useful tool for handling p-Laplacean type problems. If s = 0, we simply write V; ,(-) =
V(). Let us premise that although most of the properties of the vector field V; ,(-) that
we are going to list below hold for all p € (1,00), from now on, we shall always assume

that p € (1,2). It is well-known that

[Vsp(21 +22)|* _ [Vsp(21)] n Ve p(22)]?
lz1 + 22| x| |22
[Vap(21) = Vap(22)| & (8% + |21]? + | 22|*) P24 |2y — 2

|VIZ1|,p(Z2 —21)| = |Vp(21) = Vp(22)]

Ve p(21) %] 22]
SPT S WVap(20)]? + [Vap(22) 2

Vep(k2)| S max{k, kP/2}|V; ()]
|Vep(2)| = min{]z], |2[*/?}
Vs p(21 + 22)| S [Vip(20)] + Vs p(22)];

(2.3)

for all & > 0 cf. [18,36,77] - of course to avoid trivialities, above |z; + 22|, |21| are

supposed to be positive - and that whenever ¢ > —1, s € [0,1] and 21, 2o € RY*" verify
s+ |z1| + |22] > 0, then
1
i3
/ S+ +y(z— 2] dym (82 + |2 + )2 (2.4)
0

As a useful consequences of (2.3), we have
|21 = 22” S Vip(21) = Vigp(22) > + [Vap(21) = Vap(22)[P(Jza] +)P7P2, (2.5)

see [57, Lemma 2]. It is also worth recalling a Poincaré-type inequality involving the
vector field V ,(+): with p € (1,2), By(xo) € Q and w € WIP(B,y(x0), RY) it is
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p# /2

][ ’vp (%) ’p# dz < c ][ V., (Dw)[? dz . (2.6)

Be(z0) B (z0)

with p# := 2n/(n — p) and ¢ = ¢(n, N, p), see [36, Lemma 8]. For B,(z¢) € Q, w €
WP (B,(z0), RY) and 25 € RY, we define the excess functional by

1/2
§(w, 20 By(xo)) 1= ][ WV, (Dw) — zof? da
BQ(IO)
and further introduce the auxiliary integral
1/2
S(w, z0; By(70)) = ][ [Vizol.p(Dw — 20)|* da
Bo (o)

If 20 = (Vp(Dw)) B, («y) We shall abbreviate F(w, (V,(Dw)) B, (x0); Bo(0)) =8 (w; By(z0))-
Let us point out that thanks to [30, Lemma A.2] we have

§(w; Bo(wo)) = §(w, Vp((Dw) B, (x0)); Bo(0)), (2.7)

while if zg = (V,,) "H((V,(Dw)) B, (x,)) - recall that Vj,(-) is an isomorphism of RN*™ - via
(2.3), it holds that

S(w; Bo(wo)) = §(w, 20; By(wo))- (2.8)

In all the above displays, the constants implicit in “~, <” depend on (n, N,p,t) - the
dependency on t accounts for the exponent appearing in (2.4). To the scopes of this paper,
it is fundamental to record some well-known scaling features of the excess functional.

Lemma 2.1. Let 1 < p < 2 be a number, B,(zg) C R™ be a ball, and w €
WP (B,(z0), RN) be any function. With v € (0,1) it holds that

B Buglo)) < — (s Byleo)
V(D)) 5] < 78w Bolao) + (D)), | (29

V(D)) 5, 20) = (Vo (D), )| S 758005 By ().

Moreover, if for o < o there is k € N U {0} satisfying v"T1o < o < v"p, then
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§w; B (20))% 2o (w5 Bur(a0))

3'(11); Bw‘"“g(xo)) <

yn/2

1
((Vo(Dw)) s, 20)] < [(Vi(Dw)) )| + g §(wi Bo (o)) (210)
22
< |(Vp(Dw)) By y(zo) | + V—ng(w;BynQ(xo)),

and, whenever c, > 1 is an absolute constant it is

22
(Vo (D)) B, i1 )| + €58 (w3 Buwtio(0)) < —5 [[(Vo(Dw)) b, (o) | + .5 (w; By (w0))]

24
< 2

[[(Vo(Dw)) 5, () | + € (w; Busg(wo))] - (2.11)

1% n

We conclude this section with a classical iteration lemma, [42, Lemma 6.1].

Lemma 2.2. Let h: [po,01] — R be a non-negative and bounded function, and let
0 € (0,1), A, B,v1,72 > 0 be numbers. Assume that h(t) < Oh(s) + A(s — )" +
B(s — t)™72 holds for all go < t < s < p1. Then the following inequality holds

h(0o0) < c(8,71,72)[A(01 — 00) ™" + B(o1 — 00) 2]
2.8. Structural assumptions

We assume that F': RVX" — R is an integrand verifying:

{ F e CL RN ™) N CR (RV*™\ {0}) (2.12)

ATHzP < F(z) < A1+ 2]9)

for all z € RV with A > 1 being a positive, absolute constant and exponents (p, q)
satisfying:

1
l<p<2 and L<14 . (2.13)
p 2n

It is fundamental that F'(-) is strictly degenerate quasiconvex, in the sense that whenever
B € Q is a ball it holds that

[ 18G4+ D) = F@) do 2 0 (2 + Do)+ D da
B B
for all z € RV*" » e C=(B,RY), (2.14)

where ) is a positive, absolute constant. As a consequence, for all z € RV*"\ {0},
£ e RN, ¢ € R™ it holds that

OF(2)(€® ¢, E€®C) = 2M2[P €¢I, (2.15)
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see [42, Chapter 5] or [76, Lemma 7.14]. Moreover, as a minimal requirement on the
second derivatives of F'(-), we need to prescribe their behavior near the origin. Precisely,
we need that

|02F(2) — 0*(|=["/p)]

|2|P—2

-0 as |z| = 0. (2.16)

The by-product of (2.16) is summarized in the following lemma, that collects results
from [1,62,77].

Lemma 2.3. Let F: RN*" — R be an integrand verifying (2.12), (2.13), and (2.16).
Then,

o there exists a positive constant ¢ = c(n, N, A, q) such that
|OF (2)| < ¢(1+ |2|77Y) for all z € RN*™, (2.17)

o whenever zg € RYX" werifies |29| < L + 1 for some positive constant L, it is

|[F(20 + 2) = F(20) = {(0F (20), 2)| < ¢ ([Vizg] p(2)* + [Vizg ], (2)[?)

(2.18)
|OF (20 + 2) — F (20)] < cl2|™" (V210 (2)* + [Vizg1,0(2)]%)

for all z € RN*" with ¢ = ¢(n, N, A, p,q, F(-),L);
e there exists a concave modulus of continuity w: (0,00) — (0, 00) withlims_ow(s) =0
such that

|z| Sw(s) = |0F(z) — OF(0) — |2[P~ 22| < s|z[P~; (2.19)
o whenever L > 0 is a positive constant and z € (RV>™\ {0}) N {|z| < L} it is:
|07F ()] < "7, (2.20)

forec=c(n,N,p, F(-),L);
o for all positive constants L and vectors z1,z9 € RNX™ 5o that 0 < lz1] < L, 0 <
|z2| < 2L it holds that

|Zl|2+|2’2|2>(2_p)/2 < |21—22|2
L) B o2 L ===
|21[?[22]2 |21[? + |22

|02 F(21) — 0*F(2)| < ( ) . (2.21)

where g, (0,00) — (0,00) is a nondecreasing modulus of continuity with s — pur,(s)?

concave, depending on F(-) and on L.
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Proof. The proof of inequality (2.17) is contained in [62, Theorem 2.1, Step 2]; the
bounds in (2.18) are the outcome of [77, Lemma 4.3], see also [1, Lemma IL.3] for the
nondegenerate case; while (2.20) is a direct consequence of (2.16) and of the uniform con-
tinuity of 92 F(-) on compact sets away from zero prescribed by (2.12);. The implication
in (2.19) comes by observing that (2.16) yields (0F(z) — 0F(0) — |2|P~22)/|2[P7! — 0 as
|z] = 0, which in turn gives (2.19), cf. [77, Remark 5.8]. To prove (2.21), we first observe
that if we denote by g(z) either 8%(|z|P/p) or |2|P~2, by homogeneity g(-) verifies the
Hoélder condition

2— il
1+ 12\ T [ lm—al \*
9(21) = 9(22)| S | T o I (2.22)

|21[2|22]? 212 + |22

for all 21, 20 € RV*"\ {0} and some o € (0,2—p), up to constants depending on (n, N, p),
see [75, Sections 1-2]. Next, we fix € € (0, L) and consider three cases: 0 < |z1], |22| < €,
0 < |z1] < e and € < |zo] < 2L, and € < |z],]22] < 2L. If 0 < |z1],|22] < € or
0 < |z1] < € and € < |2 < 2L, we recall that (2.16) and (2.12); assure uniform
continuity of z — (0%F(z) — 8%(|2|?/p))/|2|P~2 near the origin and of 2z — §*F(z) on
compact sets away from zero, with a concave modulus of continuity u(-) (that clearly
can always be manipulated in such a way that s — j(s)? remains concave), so we bound
via (2.22) and (2.20),

02F(21) — 02 F(22)| < 10%(|21[P /p) — 8%(|22|P /)|
+[(0°F (1) — 9*(|21|7/p)) — (0°F (22) — 9*(|22|” /D))

) —
2—p ﬂgl

<e(Gammr ) (mieie)
<32F(21) - 82(|21|”/p)> B (32F(Z2) - 32(|22|p/29)> ’

|21 [P=2 |22[P—2

+‘|Z1|P—2 _ |Z2|p—2‘ <|3 F(z) — 0 (|22|p/p)|>

+|z1 P72

a2
2—p 0
21|2+|Z2|2) ’ ( |22 — z1|? )2 o 2
<C _— _ + zZ p 21 — 2
< <|212|222 PPl B

2—p 20
<c<21|2+|22|2> > < |20 — 21]? )2
- |21|2]22]2 |21 |% + |22

2-p
+eu ( |21 — 2o/ ) <|212 + |Z2|2) :
|21]? + [22]? |21[? |22 ’
where we also used that the composition of two concave, increasing functions is con-
cave and increasing, that [z1|P~2 (|21 [?[22|*(|21|* + |22|2)_1)(2_p)/2 <1, and it is ¢ =

¢(n, N, p, L). On the other hand, if ¢ < |z1],|22| < 2L, using (2.12), and that s — u(s)
is increasing, we have
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)2 2 2y 352
|82F<z1>—62F<zl>smzl_m?)gw( |21 = 2] >(|Z1| +|z2|>

|21]2 + |22]? |21]2|22]2
2-p
<Cu< |21 — z|? ) (|21|2+|22|2> 2
- |21]2 + |22 |21 2] 22/ ’

with ¢ = ¢(n, N, p, L). The conclusion now follows by setting py(s) := max {c,u(s)7 s%}

and combining the two previous displays. O
Finally, the forcing term f: Q — R displayed in (1.1) is such that
feL™QRY) with n>m> (p*) > 1 (2.23)
which, together with (2.13), yields:
l<m/ <p*<oo and  feW'P(Q RN (2.24)

Assumption (2.23) should be interpreted as a minimal integrability requirement on the
forcing term f, in the sense that it must at least belong to some intermediate Lebesgue
space between L®)" and L™. The motivation behind this choice is twofold: the lower
bound m > (p*)’ assures that f € (W!P)* so that the linear functional w — [ f-w dz
is continuous on W'P; the upper bound m < n reminds that in all the forthcoming
estimates f should appear raised to a power strictly less than n - this will eventually
contribute to the construction of the Wolff potential I{’m(-), which is well-behaved with
respect to the embedding in Lorentz spaces exactly when m < n, cf. [57, Section 2.3].

Remark 2.1. When dealing with regularity issues for functionals with (p, ¢)-growth, it is
in general necessary to control the size of the ratio ¢/p, that cannot be too far from one.
In fact, a constraint of the type

%<1+om) (2.25)

turns out to be necessary and sufficient for guaranteeing regularity already in the case of
(p, ¢)-nonuniformly elliptic equations [65,66] - violations of such condition might cause
rather striking irregularity phenomena, possibly affecting scalar problems [4,38,41]. De-
termining the optimal bound on the ratio ¢/p is an open question even for strictly
convex, autonomous integrals with (p, ¢)-growth: the first results [65,66] quantified the
right-hand side of (2.25) as o(n) = 2/n, that was later on updated in [11,12,19,74] to
o(n) = 2/(n — 1). So far, the only sharp results available cover zero-order regularity
for minima of convex functionals with (p, q)-growth [48,65], and gradient regularity for
strictly convex, (p, q)-nonuniformly elliptic, nonautonomous functionals [4,38,41]. Con-
cerning quasiconvex integrals, a constraint on the ratio ¢/p is needed already to secure
basic semicontinuity properties [16,40,64]. More precisely, an autonomous quasiconvex
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functional with (p, q)-growth is W1 -sequentially weakly lower semicontinuous provided
that o(n) = 1/(n—1) in (2.25). The very same constraint guarantees the applicability of
extension lemmas based on the boundedness of certain trace preserving operators that
improve the degree of integrability of a function and its gradient on suitable annuli, while
conserving the function values elsewhere, [40,46]. This lifting construction is fundamen-
tal to design comparison maps playing a crucial role when handling the delicate matter
of partial regularity. In the setting of (p, ¢)-growing functionals, almost everywhere reg-
ularity for minima was first obtained in [75-77] (homogeneous case) assuming

q 1

Tl — 2.26
p +nmaX{p,2} (2.26)

that is the same constraint imposed here, cf. (2.13). Notice that (2.26) yields two bounds
that differ in the singular regime and in the degenerate one - in particular, when compar-
ing the two cases, a natural deficit of p/2 occurs when passing from p > 2 to 1 < p < 2.
This typically happens also in the strictly convex setting [9,11,27,29]. We further stress
that, as in [75—77], condition (2.13) is used only when proving a Caccioppoli type inequal-
ity. In fact, due to the very rarefied structure of quasiconvex integrals and consequent
lack of uniqueness for Dirichlet problems, we cannot apply any approximation procedure
that artificially raises the integrand’s growth and allows working within the (higher)
energy class W14, For this reason, to define appropriate test functions we need lifting
theorems [40,46], that force ratio ¢/p to be quite close to one, bound that is further
reduced in order to derive various basic estimates, while remaining in WP, the only
available energy class. We further point out that constraint (2.26) has been recently
relaxed in [46] to the essentially optimal range ¢ < min{np/(n — 1),p + 1} [40] for non-
degenerate, possibly signed quasiconvex integrals. In the light of the previous discussion,
a restriction of type (2.25) plays a role only when proving the validity of Caccioppoli
inequality, which in turn implies single-scale excess decay estimates, so, given that the
nonhomogeneity is under control as soon as some ellipticity is available - and this is the
case if a strict degenerate (resp. singular) or nondegenerate (resp. nonsingular) quasicon-
vexity condition is in force - we believe that our techniques can be adapted also to the
class of variational integrals considered in [46]. We finally point out that Theorems 1-3
also hold in case of nondegenerate/nonsingular, strictly quasiconvex functionals and for
their Lebesgue-Serrin-Marcellini extension with much easier proof due to the absence of
the degenerate/singular alternative, see e.g. [39,50,75].

2.4. Harmonic approzimation lemmas

This section is devoted to a quick overview of the main features of A-harmonic maps

Ran

and of p-harmonic maps. Let A be a constant bilinear form on , elliptic in the

sense of Legendre-Hadarmard i.e., satisfying

A/ <H and  AE®CEDC) > HEPICP, (2.27)
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for all ¢ € R™, ¢ € RN, with H > 1 being an absolute constant. An A-harmonic map
on an open set 2 C R™ is a function h € W2(Q, RY) such that

/ﬂ<Dh7D¢> de=0  forall e CX®(Q,RY).
Q

In [18,34] we find that A-harmonic maps have good regularity features; in fact for
By (z0) € Q with ¢ € (0,1] it holds that

DRl (B, 220y + DRl L (B, 220y < € ][ |Dh| de, (2.28)
By (o)

for ¢ = ¢(n, N, H,d). We record an A-harmonic approximation result from [36, Lemma
4], see also [34, Lemma 6].

Lemma 2.4. Let A be a bilinear form on RN*" verifying (2.27), By(z¢) € Q be a ball
and p > 1 be a number. For any € > 0 there exists 6 = d(n, N, H,p,e) € (0,1] such that if
v € WEP(B,(20), RY) with J2(V1,,(Dv); B,(w0)) < o < 1 is approximately A -harmonic
in the sense that

][ A(Dv,Dy) dz | < 05||D<p||Loo(BQ(Q,O)) forall € C’é’o(BQ(xo),]RN),

BQ($0)
then there exists an A -harmonic map h € WHP(B,(xg), RY) such that

][ \VLp(Dh)|2 dz <ec and ][ ’ Vip (U —Qah>

By(zo0) By(z0)

2
doe < 0025,

for ¢ =c¢(n, N,p).

We further recall the definition of p-harmonic map, i.e. a function h € WHP(Q,RY)
satisfying

/(\Dh|p‘2Dh, Dy) dz =0  forall ¢e C®(Q,RYN).
Q

According to the regularity theory contained in [83,84], whenever B,(z¢) € By (xo) €
are concentric balls, it is

1/p

||Dh||Loo(Bg/2(w0)) SCI ][ |Dh|p dz and
(zo

Be(20)
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3(hs Bylwo) < ¢ (2)" 3(hs By (w0)), (2.20)

with ¢, ¢ = ¢,¢’(n,N,p) and a = a(n,N,p) € (0,1). As a “singular” variant of
Lemma 2.4, we have the following p-harmonic approximation lemma from [37, Lemma
1].

Lemma 2.5. Let p € (1,00) be a number and By(zo) € 2 be any ball. For alle > 0, there

exists § = 6(n, N, p,e) € (0,1] such that if v € WIP(B,y(x0), RYN) with J,(Dv; B,(w0)) <
1 s approximately p-harmonic in the sense that

][ <|Dv|”_2Dv,D<p> dz | < 6||D(p||Loo(BQ(x0)) for all ¢ € Cé’o(BQ(xO),]RN),

o(z0)
(2.30)
then there exists a p-harmonic map h € WHP(B,(z0), RY) such that
v—nh [P
J,(Dh; By(x0)) <1 and . dz < ce?,
Bg(xo)

with ¢ = ¢(n, N, p).
2.5. On the Lebesgue-Serrin-Marcellini extension

Let Bg be the family of all open subsets of 2 and B € Bg. For 1 < p < ¢ < o0,
an integrand F € C(RY*"), and maps f € WIP(Q,RY)* and w € WHP(Q,RY), the
Lebesgue-Serrin-Marcellini extension of a functional of type (1.1), i.e.:

F(w; B) ::/[F(Dw)—f-w] dx::f}"o(w;B)—/f-w dz,
B B

is defined as

F(w; B) := inf lim inf F (w;; B),

{w;}jen€C(w;B) j—00

with
C

C(w; B) := {{wj}jEN C WhI(B,RY) n WP (B,RY): w; — w

weakly in WP (B, IR{N)} i

By density of smooth maps in W1?(B,RY) it is C(w; B) # () and since in particular
f € WhP(B,RY)* we can rewrite
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F(w; B) = Fo(w; B) — /f cw dz, (2.31)

therefore while describing the relevant features of relaxation we shall refer to the “bulk”
component of F(-), i.e. Fo(-). A first crucial observation is that Fo(-) cannot be repre-
sented as an integral. In fact, a deep result from [16,40] states that with F(z) < (1+]z]9)
and 1 < p < g < np/(n — 1), each w € WHP(Q,RN) such that F(w; Q) < oo uniquely
determines a finite outer Radon measure p,, verifying

_ At
Fo(w;+) = pulg,, and K

= QF(Dw). (2.32)

Here QF(-) denotes the quasiconvex envelope of F(), see [42, Section 5.3]. Moreover,
a WhP_coercivity condition like |z|P < F(z) assures sequential lower semicontinuity”
of Fo(+;Q) with respect to the weak topology of WP(Q,RYN), cf. [40,76]. In [6] it is
proven that WlP-quasiconvexity is necessary for this semicontinuity property. However,
the results of [6] hold for integral functionals, while, in the light of (2.32), F,(-) cannot
be represented as an integral. Despite the measure representation [40], the arguments
developed in [6] can be adapted to prove that 970(-) features the proper notion of W1»-
quasiconvexity, i.e.: Fo(£ 4 @; B) > Fo(¢; B) holds for all B € Bq, p € W'P(B,RY) with
supp(¢) € B and any affine function £(z) := vg + (20,  — x¢), cf. [76]. Other remarkable
properties of F(+) such as additivity and extremality conditions can be found in [76,77].
Now, if F(-) is a continuous and W'P-coercive integrand and f € WP (Q,RN)*  the
weak sequential lower semicontinuity of Fy(-) in W (€, RY) and direct methods assure
that once fixed a boundary datum uy € WP (Q, RY) such that F(ug; Q) < oo - recall
(2.31) - there exists a local minimizer u € ug + Wol’p(Q,]RN) of (1.2) in the sense of
Definition 1. If in addition F € CL_(RY*") with (1.4), (2.12)2 and (2.23) in force and
exponents (p, q) satisfying 1 < p < ¢ < min{np/(n — 1), p + 1}, then any local minimizer
u € WHP(Q,RYN) of (1.2) verifies by minimality the integral identity

0= / [(OF (Du), D) — f - ¢] da for all ¢ € C°(Q,RY), (2.33)
Q

see [26, Section 2.7] and [76, Section 7.1].
3. Caccioppoli inequality
We start by recording a variation obtained in [75, Lemmas 6.3-6.5] and [76, Lemmas

4.4 and 4.6] of the extension result from [40], which will be crucial for constructing
comparison maps for minima of (1.2).

3 Recall that we always work under the assumption that € is an open, bounded domain with Lipschitz
boundary.
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Lemma 3.1. Let 0 < 71 < T2 be two numbers and B, € Q be a ball. There exists a
bounded, linear smoothing operator T, -,: WHL(Q,RYN) — WHY(Q,RY) defined as

WAQRN) 3w s T,y ) (x) = f w(z +9(@)y) dy,
B1(0)

where it is ¥(x) =
p Z 17 th@ map {3”7'1 T2

s max {min {|z| — 71,72 — |z|},0}. If w € WHP(QRY) for some
[w] has the following properties:

(i) 7'177'2[ ] € WHP(Q,RY);

(#.) w= %, W] almost everywhere on (€ \ Br,)UBy,;

(#0d.) Tr rpw] € W+ W()Lp(B‘rz \ Br,,RY);

. T <cn)&- - w|| almost everywhere in (2.

(iv.) |DTy m[w]] < ¢(n) T, 7, [[Dw]] al here in €2

Furthermore,

1%+ 7 (Wl e (B p\B.y) < CllwllLr(B,,\B.,)

D%y oo (W]l Lo (B,,\B.,) < D Lo5,,\B.,) 51)

10T s, o [llo(\80y) < D0l in(ia,\Bryy Jor 71 <6< (r1+72)/2

[DZry (W]l 2o (B,,\By) < CllDW|[Le(B B, vy Sfor (T14+72)/2 <6 <7,

for ¢ = ¢(n,p). Finally, let 1 C R be a set with zero Lebesque measure. There are

2 2
fi € (ﬁ,L +T2) \1, 7 € (Tl . 72,72) \1 verifying (12 — 1) ~ (72 — 71)

3 3
(3.2)
up to absolute constants, such that if 1 <p <2, s>0 and <d< 7, itis

Cc

IVsp(DZsy 5 (WD L (By\ B2y < Ve (Dw)llLz (s, \Bry ), (3:3)

(7'2 — Tl)n(%fé

for ¢ = ¢(n,p,d). Clearly, operator Tz, 7, satisfies properties (i.)-(iv.) and (3.1) with 71,
To substituting 11, To.

In the next lemma we derive a preliminary version of Caccioppoli inequality that will
be eventually adjusted depending on the singular /nonsingular behavior of F(-).

Lemma 3.2. Assume (2.12)-(2.14), (2.16) and (2.23), let u € WLP(Q,RY) be a local
minimizer of (1.2), By(zo) € Q be any ball, and £(x) := vy + (20, — xo) be an affine
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function with zy € {z € RVX7: |z < (80000(M + 1))2/p} for some positive constant M,
and vg € RY. Then

2
. u—2¢ .
(1, 203 Byja(20))* < cR ][ ‘Vzw (T) dz | + el gsp)§ (us 205 Bo(w0))*4/P
Bg(m[))
wt(;gj—l) 2/771,
el om ][ frde | | e ][ 1™ da
Be(wo) Bg($0)
(3.4)

holds with ¢ = c(data, M) and R(-) being defined in (2.2).

Proof. With o/2 < 71 < 73 < g being parameters, 71, 72 as in (3.2),* let n € C}(Bsz,(z0))
be a cut-off function satisfying
1

1 -
B (7_2 _7:1)5

<77<1B

7 (o) =1 = 75 (T0)>

|Dn| <

set S(zo) := Br,(x0) \ Br,(z0), S(zo) := Bz, (x0) \ Bz (x0), u(z) := u(x) — {(z) and
introduce the comparison maps

p1(2) = Tr 51 —nul(z),  p2(z) = u(z) — 1(2).
By Lemma 3.1 (ii.)-(iii.) it is
1 =0 on Bs(z0), 2 € Wy (Bs,(z0),RY),
w2 =u on Bz (zg), Du= Dp;+ Dys. (3.5)

Moreover, by (2.12)-(2.14), (2.23) and Lemma 3.1, we see that the construction developed
in [26, Lemma 3.1], [76, Lemma 7.13] applies to our setting as well and renders:

¢ / Viso|.p(Dep2)|? da < / [F(Du — Dyy) — F(Du)] dz
Bz, (z0) S(z0)

+ / [F(z0 + Dy¢1) — F(z0)] dx
S(zo)

4 The negligible set N is the set of nondifferentiability points of (71, 72) 3 t HD“HIL)I'(B,(EO)V cf. [26,
Lemma 3.1] or [76, Lemma 7.13].
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+ / w2 dz =:[(I) + (IT) + (IIT)],
Bz, (wo)
with ¢ = ¢(n, N, p, ¢, A, A). Before proceeding further, let us notice that

(g=p)/p
) 12/, (3.6)

CD|z0|(21,22)(‘1_”)/2 S (@\zo\(zl,22)(”_2)/2@0(21722)

for all zg, 21, 2o € RNX" where D|.,(+) has been defined in Section 2.1 and the constants
implicit in “m, <” depend on (n, N,p, q), cf. [77, page 256]. We then rearrange:

(I) + (II) = / < /[6F(z0)—3F(z0+Du—ng01)] ds ,Dtp1> dx

1

+ / < /[8F(zo + sDp1) — 0F (29)] ds ,Dap1> dz =: () + (I),

S(xo) 0

and estimate (keep in mind the upper bound on |zy|),

219, Vicolp(DU = sDp1)|* [Viz| q(Du — sDip1)?
. o p 20/,q ds|D d
()] //{ |Du — sDp1| " |Du — sDe1] ] Dol de
S(.Lo
(2:3); 5,(2.4) |V|z ‘p(Du)|2|D<,01| 2
< e [ (PEEEE Wa0er)
S’(zo)

1
+c/ /(|zo|2+|Dustg01|2)(q_2)/2 ds | (|Du| + |Dy1|)|Dey| dz

S(zo) \O

(23)4,(2 1) )
/ Vizo | p(DW + Vi) p(De1) | da

+c / (120]* + | Dul* + | D1 |*) 9= 2/2(|Du| + | D1 |)| Dgr | da
S(zo)

(36
/ | \zolpDu| +‘V\zo\p(D@1)‘ dz

+e / 120|477 D)) (Du, Dip1) =2/2(|Du| + [ D1 )| Deps | dae

S(zo)
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+c / Dz (D, Dy) "% Do(Du, Dpy)@P/7(|Dul+|Degs |)| Depy | dr

S(mo)
(2.13), _ 9 9
< e [ Rl (Vg (DO + Vi (D))
S’(CE())
a(p=2) 29 _q 2q/p
te [ Dy (Du, D) 5 (10U 7 Dyt | + D 2177 da
S(z0)
< ¢ / (14 120]977) (IVizg),p(DW)? + [Viog p(D1)?) da
S(wo)
2q9 _
b [ Ma o DWIF Wiy D] + Vi (D)7 d
g(wo)
(3.3) v ) " 2
< ") [ W DOP + Vi () | o
To —T1
S(wo)
(29—p)/2p -2
_2p
/\ Vizolp(Dw)[? dz /‘ 201, (Dp1)]3-%1 da
S(zo) S(z0)
q/p
clig>py u ?
= Vil o (DW)* + | Vizgpp | —— da
n(——l) T2 T1
(2 —11) \P S(zo)
(2.13) B 9 u 2
<l ) [ Wea 00 | Vi () | o
To—T1
S(z0)
q/p
cLig>p) u ’
) Vizolop(PWF 4| Viaalip { - ) | do |
(2 —m1) \P S(zo)

where we also used (2.18), with L = 80000(M + 1), and exploited that by (2.13),
it is max {2q/p,2p/(3p — 2q)} < 2n/(n — 1), min {2¢/p,2p/(3p —2q)} > 2/p and ¢ =
e(n, N, A\, A p,q, M, F(-)). In a totally similar way we bound:

@. 18)2’ 23)s 2 2 2 2)/2 2
an)) / Vit (Do) 4 (1202 + 1Dr[2) 0272 Dy 2 da

(3.6),(3.3) 0-7) u
< (1 + |20 / Vizolp(DW) + | Vieg

T2 —T1

2
dx
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te [ V(Do) da

S(xo)
(2.13),(3.3) - ) u 2
< et alt?) [ Wi DU+ e () | do
S(z0)
q/p
cLyg>py 9 u 2
+ n(i—l) /‘Vv‘zo‘»p<Du)| + ‘/\zo\,p Ty — T dx
(2 —71) 7 S(wo)

for ¢ = ¢(n, N,\,A,p,q, M, F(-)). Concerning term (III), we use (2.23), (2.24), (3.5)a,
Sobolev-Poincaré inequality, Young inequality and (2.5) with s = |zg], 21 = 0, 22 = D¢y
to estimate

1/m 1/p
)] < elBr(eo)l [ 7 [ 1" do f peap
B?2($0) B?Q(rﬂ)
1/m 1/p
<dBn() |7 {1 ][ Vissin(Di2) [ da
Bz, (o) By (0)
1/m 1/p
el By (o) | 727 ][ ™ da f Vi1 (Do2) P 20792 da
Bi, (z0) Bz, (z0)
=D
1 ~m m
<7 [ Mas@en)l dosdBatool (70 f 147 do
Bz, (20) Bz, (z0)
2/m
el By (o) | 727 ][ e |

B, (z0)

with ¢ = ¢(n, N, p, m). Merging the content of the previous displays, reabsorbing terms
and recalling (3.5)3, (3.2) and the upper bound imposed on the size of |zy|, we obtain

u
[ WawPar<e [ MR+ ()
2 1

B, (zo) B, (wO)\BT1 (zo)

2
dx

q/p
2

dx

clyos u
+ (7_ :q)nzz}lfl) / |‘/|ZO\,P(Du)|2 + ‘Vzo,p < >
2 — 71 P

T2 —T1
BT2 (IO)\BT1 (IO)
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ﬁ 2/m

B (o)l | | f ™ da T o2 [ ][ fmde| |,

B‘r2 (wO) B7'2 (930)

for ¢ = c(data, M). We then sum to both sides of the above inequality the quantity
cly (x0)|V‘ZO"p(Du)|2 dz and use Lemma 2.2 to conclude with (3.4). O

4. The nonsingular regime

Let us prove the approximate A-harmonic character of minima of (1.2) within the
nonsingular scenario.

Lemma 4.1. Under assumptions (2.12)-(2.14), (2.16) and (2.23), let u € WIP(Q,RN)
be a local minimizer of (1.2), By(zg) € Q be a ball and z € (RYN*™\{0}) N

{\z| < (80000(M + 1))2/p} for some positive constant M be any matriz such that

§(u, z0; Bo(xo)) > 0. Then

][ 82F(zo) <|ZO~(p—2)/2(Du_ZO)7D(p> o

|z0[P—2 §(u, 20; Bo(70))
Bg(xo
1/m
(2-p)/2|| D
clz (B (x
S |0| _ || SDHL (Bo(z0)) Qm ][ |f|m dr
§(u, 20; By(0))
BQ(IO)
- ~ (2k—1)/2
§(u, z0; By(20))? S (u, 20; Bo(20))?
+oc | ( o(0)) + ( o(70)) Dol Lo (B, (z0))>
|zo0[P N

where k:= (¢q—1)/p if ¢ > 2 and k :=1/p when 1 < ¢ < 2, and ¢ = c¢(data, M).
Proof. Let ¢ € C°(B,(x0),RY) be a map and, for the ease of reading, let us shorten
By(x0) = By, §(u, 20, By(w0)) = So(u), £(z) := vo+ (20,7 —x0) with vg € RN jui=u—¢
and HDg0||Loo(Bg(zo)) = ||D¢||oo- Set

B™ := B, N {|Du| < |2}, BT := B,N{|Du| > ||}
and bound

g = ][82F(z0)<Du — 2o, Do) dz

B,
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(238) ][82F(zo)<Du— 20, D) — (OF (Du) — OF (20), D) da + ][ foodw

B, By(z0)

F20)(Du — 20, D) — (OF(Du) — OF (0), Dg)| da + ][ F-o| do
BQ(IU)

IN
e~
S
[ ]

b /|82F(zo)(Du—zo,D<p) —(OF(Du) — OF (20), D)| dx
5.1
1
L /|82F(z0)<Du ~ 29, D) — (OF(Du) — OF (=), D)| d
B4
+ ][ |f§0‘ d.’E = g1+g2+g37

By (@0)

where we also used that fBQ (0F (20), D) dx = 0. We then estimate

D o
g < | 9”” / /|a2 2F (2 + sDu)| ds | [Du| dz

221) ¢|D Vizol,p(Du)]|
< Al /uM (L) /'Zo+sDuI” *ds | Dl do
B, [20l”

(2.4) B V. , (Du)|
< claol 22Dl f s (ﬁ) Visolp(DW)] da
o
1/2
- Vool (DW)2 \?
< c|zo\(P—2)/2$0(u)HD<P||oo ][MM (%) dx

e

< clzo ™D 250 (wpn (ﬁ“l) )n oo

for ¢ = ¢(n, N, p, F(-), M). We remark that the convergence of the singular integral in
the previous display can be justified as in [36, Section 4]. Moreover, when applying (2.21)
above we chose L = 80000(M + 1) and consequently denote pp () as pps(+). Concerning
term Y5, notice that

(2.13),
lz| < 2\‘/‘20‘,p(z)|2/’7 for all z € RY*" N {|z] > |20}, (4.1)

so we have
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2 2
g, (2 '8)2(2 20) ¢|| Delloo / <|Z0p2 + [Vizo),p(Du)] [Vizol,(Du)|

Dul d

S 7By |Duf? [Duf? )' uf do

(4.1) Dolla

< CH|B¢|| [ 0+ (= L) 1ol) o211 (WP
o

| Dge

|B,| /]l{qz2}|V|zo\,p(Du)|2(q*1)/p de
0

B+

el Deplloo (1 + |20 "7
| Byl

IA

) [l Wi (DO
B+

dz

AADPllool20]*" / L2} [Viso (D) P07/
|Bg‘ |ZO|Q*,’D

(2.19) —pr—1~% 2K
< cl[Dplloo|20[P~P* Fo(u)™,

where we used that |zg| < (M +1). In the above display,  is defined as in the statement
and ¢ = ¢(data, M). Trivially, we also get

1/m

95 < 4| Dyllu | o™ ][ " da
BQ

Merging the content of the previous displays, dividing both sides of the resulting inequal-
ity by |20/?=2/20(u) and recalling that by (2.13); it is 2k > 1 we obtain (4.1) and the
proof is complete. O

Now we are ready to prove a one-scale decay result valid in the nonsingular case.
To this end, a fundamental observation is that under proper smallness conditions, local
minimizers of (1.2) are approximately J4-harmonic in the sense of (2.27) for a suitable
choice of the bilinear form A.

Proposition 4.1. Under hypotheses (2.12)-(2.14), (2.16) and (2.23) and let u € WHP(Q,
RY) be a local minimizer of (1.2) satisfying

|(Vp(Du)) B, ()| < 40000(M + 1) (4.2)
for some M > 0 on a ball By(zg) € Q2. Then, for any B € (0,1) there are T =

7, (data, M, 3) € (0,1/16) and eg,e1 = £9,¢1(data, M, 3) € (0,1] such that if the small-
ness conditions

§(u; Bo(w0)) < €0l(Vp(Du)) B, (a0)| (4.3)
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and
1/m
" ][ I de | < 0B Bo(wo)) (Vo (Du)) gy o |27 (4.4)

Bg(mo)

are verified on By(xo), it holds that
§(u; Bro(wo)) < Tﬁg(w By (20)). (4.5)

Proof. For the transparency of the exposition, let us introduce some abbreviations. As
all balls considered here will be concentric to B,(x¢), we shall omit denoting the center
(Bo(z0) = By), given any ball B, C B, we shorten (V,(Du))p. = (V,(Du))s and for all
¢ € C2(By,RY) we denote || Dol|p(p,) = [|D¢llso. In the light of (4.3), there is no
loss of generality in assuming that

|(Vp(Du)),| >0 and §(w; B,) > 0, (4.6)

otherwise (4.5) would be trivially true because of (2.9),. Being V() an isomorphism of
RNX" we can find z € RV*™\ {0} such that V,(z) = (V,(Du)), and

. (4.6) . _ (2.8) (4.6) N
2l >0, Fu,zB,) ~ F(wB,) >0, |z =|(Vo(Du)) P (4.7)

We then define ug(z) := 2|7 (u(z) — (v), — (2,2 — x0)) and, motivated by (4.7), we
apply Lemma 4.1 to get

0’F(z

W(?<DUO7D§0> dz
BQ

C@'(U72,B ) %(U,E,B )2 %(U,E,B )2 2N271
<W ’uM< |z|p9 )+< |Z‘p9 ) 1Deolloo

1/m
e o flAm de | Dol
BQ

(e c§(u By) < §(u; By)® ) ( 3 (u; Bo)* )221

< 17 + Dol

= ol " \mon)E) T\mowe) |10

1/m

+ D) LOP g [l dn | IDel
BQ
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(4.3),(4.4) ) o1
< @ [pmlep) + 0" +en] 1D,

with ¢ = é(data, M). Moreover, it holds that

1/2
S(u, 2, B,) U025 ,F(u; By) (42)
|V1, (DUO)‘Q dz = ——7——= < —= < e,
B][ ? |2|p/2 |(Vp(Du)),|

e

where ¢, = ¢.(n, N, p) is the constant from the upper bound in (2.8). Now notice that by
(4.2), (4.7)3, (2.20) with L = (40000(M +1))?/? and (2.15) we see that the bilinear form
A = 0?F(2)|z|*7P satisfies (2.27) for some H = H(n, N, \,p, F(-), M) > 1. We then set
0= .§(u; By)/|(Vp(Du)),l, let € € (0,1] be any number to be determined later on and,
recalling that by (2.13); it is 2k > 1, we assume the following smallness conditions:

d

- e 1
max{¢, c, yeg < 310 and par(ed) + et 4y < 210 (4.8)

where 6 = d6(n,N,p,e) € (0,1] is the small parameter given by Lemma 2.4, further
restrictions on the size of the various parameters appearing in (4.8) will be imposed
later on. The choice in (4.8) requires in particular that ; € (0,1/3], fixes dependency
g9 = eo(data, M, e) and ultimately gives that

][|V1,p(D“0)|2 dr<o?<1 and

B,

][ﬂ<Du0,D<p> dz | < §||Dy|lee for all ¢ € C(B,,RY),
BQ
so Lemma 2.4 applies: there exists a A-harmonic map h € WP (B,, R”Y) such that

—oh
][|v1,,,(Dh)|2 dr<c and ][‘ Vi (“O Q“ )
B B,

e

2
dz < co’e, (4.9)

for ¢ = ¢(n, N,p). Let 7 € (0,271%) be a small number whose size will be determined
later on and estimate by (2.3)57, (4.9), (2.28), (4.1) with |2¢] = 1 and the mean value
theorem:

][ ‘ Vi, (uo — o(h(zo) + (Dh(xo),x — l’o))) ’2 "

210
Sc][

Bary

Bar,

Vip <O(h — h(zo) *STDQh(xO),z — x0>)> ’2 Ny
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ug — oh
+C f 'Vl,p< 027_9 )

270

2
dx

2
S ][ h — h .’L‘o Dh(.’Eo),JJ — :1;0> d
n+2 270
BZTQ
< cea? + cor20%| D212
Sz TOTe L (Bur,)
ceo? - ceo?
S Fnt2 +co®7°31(Dh; B,)? < T2 + co?7?,
with ¢ = ¢(n, N, p). In the above display, we fix ¢ := 7774 thus getting
—oa(h Dh — 2
][ ’ Vip <uO 7o) +2< (z0), @ $0>)> ‘ dz < co?r?, (4.10)
TO

2710

for ¢ = ¢(n, N, p), which yields that

][|||p 2 dx

BZTQ

— ][ ‘Vz,p (U_(U)g—<5,$—xo>—0’|5|(h(x0)—|—<Dh(m0)7x_$o>)) ‘2 N,

210

Bary

TO

= |z|P ][ ‘ Vi, (Uo — o(h(zo) —2<Dh(x0),x _ xo))) ’2 -

(4.10) F(u; B,) 2 (4.7),

< er?EP <’7g < er?F(u; B,)?, (4.11)
|(Vo(Du))ol ¢

with ¢ = ¢(n, N,p). Now, notice that by (2.28) and (4.9), it is |Dh(xo)| < ¢(n, N,p), so

recalling (4.3) and reducing further (with respect to (4.8)) the size of £ in such a way

that co < cgp < min{271% 7"} we obtain

1 3
[2[(1 = co) < [2+0[2|Dh(zo)| < |2|(1+co) = 5Iz| < [2+0|2|Dh(zo)] < 52 (4.12)

\]

We can then estimate

| Viztp(S @)1 = Vizsol2 Dhiao) (S (@) |

5 5 3 2 _
< dS(x)? sup 24 18@)2) P77 12] = |2 + o]z Dh(ao) |

te[|z](1—co),| 2 (1+co)]

< CO’|5||Dh(1‘0)||S(J;)|2 (|5|(1 _ 00)2 + |(S(l‘)‘2)(p_3)/2
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CU|5||V|5\717(8(33))|2 <
T (A =co)pr(|S(@))? + 212)2

c[Viz| p(S (@))%,

for ¢ = ¢(n, N,p). This and (4.11) imply that

][ |W£+a|£|Dh($o)|7p(8(x))|2 dz S c ][ |‘/|2|,p(8(x))‘2 dz S 0723(’“;39)2’ (413)
BZTQ B279

with ¢ = ¢(n, N, p). Next, notice that

§(u, z + 0|Z|Dh(x0); B2ro)?

(4.12)
<'ec ][ [Viz|.p(Du — z — o|Z|Dh(z0))|* dz
BZTQ
(2.3), 9 B 5
< ¢ ][ |V‘5|7p(Du—z)| dz +c ][ |‘/|2|7p(O'ZDh(Z'O>)| dzx
Barp Bary
(4.7), _ 2 2 (4.7)3 _ 2
< et (w Bp)t 4 cot|ZP < et F(w; By)®, (4.14)

for ¢ = ¢(n, N, p). At this stage, keeping in mind (4.12) we apply Caccioppoli inequality
(3.4) to bound

S(u, z + o|2|Dh(z0); Br,)?

2
<cR ][ |wz+a|2|Dh(zo)|,p(8(z))| dz
BQ-,—Q

=D
el oy §(1 2 + 0|2 Dh(x0); Barg)™/? + ¢ | (o)™ ][ ™ de
BQTQ

2/m

4ol + olalDh(aa) 20 | (o™ f I do
BQTQ

= c((I) + (IT) + (IID)),
with ¢ = ¢(n, N, p,q, M). We continue estimating:

(.13) (22) o 2 2 2
(1) < R (7°F(u; Bp)?) =" cr?F(u; By)? + cr?VPF (u; B,)?/7

(4.2) §(u; B,) P
< ert(ui B, + eaponinale (S0 B 8 B,)?
¢ |(Vo(Du)), ‘
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S 2 2(q—p)/p-2(a—p)/p-2(a—p)/p 2
< em*F(w; By) (1+M 7PN PrETP) Py )SCT §(w; By)

for ¢ = ¢(data, M),

(4.14) 2q/
(I < c]l{q>p}7_"Q/pS(u;Bg) P

(12) clygs }M2(q p)/p < F(u; By) )Q(q—p)/pg( 5
u:
Tna/p |(Vp(Du)),l
(4.3)

< C»ﬂ{q>p}7_fnq/p€(2)(q—l')/lls(u; 13‘9)27

with ¢ = ¢(n, N, p,q, M) and

Fes]
(412) () 2mn)
() < crnen Qm][|f|m dx ter o |2TTP Qm][\ﬂm dz
BQ

(4.4)
<

2/m

e/ P70 LS 5w B, PV |(V, (D)) |

+csf7 Ko

(£.7)5 _1) (m-m)p F(u; B,) 7! 2(m—n)

< caf/(p ) m ) (m> F(u; By)? +ceit™ m F(u; By)?
(4.3) (m—n m—n

< ¢ ( p/(p—1) T mp— i;);g + 517—2( m )> S(U;Bg)2,

B2 (s Bo)?| (Vp(Du)) o201

for ¢ = ¢(n,p, m). Merging the previous four displays we obtain

S(u, 2 4 0|Z|Dh(z0); Brp)? < T F(u; B,)?,

(4.15)
where ¢ = ¢(data, M) and we set
F .= 7_2 + 1{q>p}7_—nq/p6(2)(q—l’)/19 + Ei’/(P_l)g(()Q_P)/(P_l)TiE?; T)) + 527_2(771 n)/m
Finally, let us observe that by triangular inequality it is
[V, (D) = V(2 + |z Dh(ao))
(2.3), 9 B B o (p—2)/2 B B 9
< c(|Dul® + |z + o|z|Dh(z0)|?) |Du — (z + o|z| Dh(z))|
S C|W2+O’|Z|Dh($o)|,p(Du -z — 0|2‘Dh($0))|2, (416)

for ¢ = ¢(n, N, p), therefore
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§(u: Bro) < ¥(u, V(2 + 0]2| Dh(as)); Bro)’

(416) . B , (4.15) )
< F(u, 24 0|Z|Dh(z0); Brp)* < cTF(u;B,)7, (4.17)

with ¢ = ¢(data, M). Looking at the explicit expression of T, we let 5 € (0,1) be any
number, first fix 7 € (0,271°), then reduce further the size of g € (0,1) and finally
restrict 1 in such a way that

1
cmax {72(1_6),70‘/4} < 310
62280
n

728
910
72Bo

210 ’

(4.18)

+ C]l{q>p}7'7nq/p€§(q_p)/p <

2(m—n) —1 p(m—n)
cmax {5?7 m ,eﬁ)/(p )T"WP*D } <

where o = a(n, N, p) is the same exponent appearing in (2.29)s. This way, we determine
dependencies: T,eq,e1 = T,€0,1(data, M, §). Plugging the above restrictions in (4.17)
we get (4.5) and the proof is complete. O

Let us look at what happens when the complementary condition to (4.4) is in force.

Proposition 4.2. In the setting of Proposition /.1, assume

1/m
1305 Bya) (Vo (D)o |72 < {07 1117 o (4.19)
By (o)
instead of (4.4). Then, for all T € (0,1) it is
1/m
500 Brofwn) < l(Vo(Du)) g, a7 | &7 f 157 de | (420)
B, (o)

where co :=2e7 ' 7"™? and e, = €,(data, M) € (0,1] is the same determined in (4.18).
Proof. Inequality (4.20) is a direct consequence of (2.9); and (4.19). O
5. The singular regime

We start by proving that local minimizers of (1.2) are approximately p-harmonic
within the singular scenario.
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Lemma 5.1. Under assumptions (2.12)-(2.14), (2.16) and (2.23) let By(zo) € Q be any
ball and u € WHP(Q,RYN) be a local minimizer of (1.2). Then

|DulP~2(Du, D) dx

BQ(mO)
1/m
< 4] Dyl | & ][ ™ dz |+ s D@llaedy(Du; B!
Be(w(l)
e Dglloo (w(s) ™ +w(s) ™ +w(s) ) 3,(Dws B, (5.1)

for all p € C°(By(70),RY) and any s € (0,00), with ¢ = c¢(n, N, A, q).

Proof. With the same abbreviations used in Lemma 4.1, let ¢ € C°(B,, RY) be any
smooth map. We use (2.33) to control

][|Du|p*2(Du,Dg0> dz | = ][<6F(Du) — OF(0) — |DulP~2Du, Dp) — f - ¢ dx

B, B,

IN

][ (OF (Du) — OF (0) — |Du|P~2Du, Dy) dx

B,

+][|f||s0| Ao = 0y + .
BE

We fix s € (0,00), notice that

|B, N {|Du| > w(s)}| < (Jp(Du; Bg)>” (5.2)
| Byl w(s)
and then bound
1
9, < Bl |(OF (Du) — OF(0) — |DulP~? Du, Dy)| dx
¢ Bon{|Dul<w(s)}
1
+ﬁ / |(OF (Du) — OF(0) — |Du[P~2? Du, Dp)| dx
? Bon{IDul>w(s))
(2.19),(2.17) c
L e I A A L
4

Bon{|Dul>w(s)}
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(2:13), N _ B, N {|Du| > w(s
< Dl (Dus BPt + ¢ Do B UIPUL > ()}

|B,|
1B, 0 {|Du| > w(s)}\ "7 . .
+ellDylo. (8 3p(Du: B!
%
1B, N {|Dul > w(s)}\ PP _
+c|Dw||oo( S 3,(Dus By
o

(5.2)
SHD‘PHOO:JP(DUEBQ)pil

+e| Dglloo (w(s) ™ +w(s) 7P +w(s)P7) 3p(Du; By)?,
for ¢ = ¢(n, N, A, q) and
1/m

9, < 4| Dgllss | o™ ][ ™ de
BQ

Merging the content of the two previous display we obtain (5.1) and the proof is com-
plete. O

Next, a one-scale decay estimate for the excess functional valid in the singular regime.

Proposition 5.1. Under hypotheses (2.12)-(2.14), (2.16) and (2.23), let u € WP (2, RY)
be a local minimizer of (1.2) satisfying (4.2) on a ball By(xzg) € Q for some positive
constant M. Then, for any v € (0,a),” x € (0,1] there are § = 0(data,y,vy, M) €
(0,2719) g; = g;(data,y, M), i € {2,3}, such that if the smallness conditions

XI(Vp(Du)) B, (z0)| < §(us Bo(w0)),  F(u; By(wo)) < €2,

1/m
o" ][ £ da <e3 (5.3)
By (zo)
hold on By(xo), then
1/m7 2D
(0 Baoo0) < 0750 By(oo)) +east | [ 0" f 141" da 64
By(wo)

with ¢; = ¢1(data, x,v, M), and R(-) defined in (2.2).

5 Here, a = a(n, N, p) is the exponent appearing in (2.29),.
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Proof. Let us premise that the same abbreviations appearing in Proposition 4.1 will be
adopted also here. By triangular inequality and (5.3); we have that

3p(Dus By)? < 25(us By)? + 2(Vy (D) < 2 (1 " %) §(u By)? = e §(u By

(5.5)
With this estimate at hand, (5.1) becomes
][<|Du|p72Du,Dg0> dx
BQ
1/m
< 4HD<P||oo o™ ][‘ﬂm dz + chcp—l)/PHD(plloog(u; BQ)2(P—1)/P
BQ
ey [ Delloo (w(s) ™" +w(s) ™ +w(s) P71 F(u; By)?, (5.6)

for all p € C°(B,,RY), s € (0,00), with ¢ = ¢(n, N, A, q). Notice that there is no loss
of generality in assuming §(u; B,) > 0, otherwise (5.4) would trivially be true by means
of (2.9);. We then let ¢4 € (0,1) to be fixed in a few lines, and set

1
m(p—1)

4 1/(p—1) u
)= c}/f’g(u;Bg)Q/P + <_) o™ ][|f|m dx , Uy 1= —
BL’

€4

and divide both sides of (5.6) by ¥?~! to get

][<\Du0|p_2Duo7D<p> dz
BQ

< (3 + ) 1Dl + /[ Dipll (w(s) ™" + (s) 7 + ()7 ) §(us B)?
(5.3)

<’ [53 45+ ccl/P (w(s) T 4 w(s) P+ w(s) TP gg/ﬂ (o (5.7)
for ¢ = ¢(n, N, A, q). Now as a direct consequence of (5.5) we obtain

Jp(Dug; B,) < /Py~ F(u; B,)*P < 1, (5.8)

so fixed € € (0,1) to be determined later on and, with § = §(n, N, p,e) € (0,1] being the
small parameter given by Lemma 2.5, we reduce the size of parameters g4, s first and
then that of €5, e3 in such a way that
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) )
eats <, cel/? (w(s) ™ +w(s) P +w(s)TP + ) 2P < T
4 1/(p—1) 1
max{c’, 1} (g) <3 (5.9)

thus (5.7) is turned into (2.30) and together with (5.8) legalizes the application of
Lemma 2.5 which renders a p-harmonic map h € Wh? (B,, RY) such that

_ h p
1o ‘ < ceP, (5.10)
0

Jp(Dh; B,) <1 and ][

e

for ¢ = ¢(n, N,p). In (5.9),, ¢’ is the constant appearing in the Lipschitz bound (2.29),.
We point out that the choices in (5.9) fix dependencies €3, 4, s = €3,€4, s(n, N, p,€) and
g9 = ea(n, N,p,w(-), &, x). Further restrictions on the size of these parameters will be
imposed in a few lines. Next, for § € (0,2710), we exploit the isomorphism properties
of V,(+) to determine z29, € RV*" such that V,,(229,) = (V,,(Dh))2g, and estimate via

(2.3)5.7, (2.6), (5.10) and (2.29),,
uo — (h)2g, — (2200, ¢ — T0) ug — h
][ ‘ Viza0el.p ( ‘ 200 . dr <c Vizzoelp W
B2, 200

h— (R)29, — (229, T — 2
+c ][ ’V@sgw( ( )299 29<;209 : x0>) ‘ dz
B29,Q
uth P

Sc@fnfp/ ‘ dz +c ][ Viza0, 10 (Dh — 229,) % da
B

e B2,

2 2

<Pl e ][ |V,(Dh) — (V,,(Dh))ag,|? da < e " Pel + e,

B2GQ

with ¢ = ¢(n, N, p). Scaling back to u in the previous display we obtain

— h + T — 2
][ ’ V¢|2299|,p (U w(( )299 292)2299 €T $0>)> ‘ dl‘ S cwp (0—n—p5p+62(1)’

BQGQ

(5.11)

for ¢ = ¢(n, N, p). Notice that

2/ N (2.29), (5.10),
|2200| = |[(Vp(Du))o|? < Jp(Dh; Bagy) < Jp(Dh;B,) < ¢

(53)5 4

P < c}(/peg/p—F(

= ’

453>1/(P‘1> .9

&4
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so we can bound

(21 (2.
S(u BGQ ][‘V Du p(¢z209)| dx < Cg( 1/”320@?399)2

(5-12),(34) u = P((R)200 — (2200, — 20))\ |?
= cR ][ ‘ szzegw( QZQQ ¢ da
B2o,
2/m
b a7 | 007 17 do
B29Q
-1
bel @ 1 e | e a0 Bang 7
Bag,
2/m
(5.11)
<R (07 6) e a7 G0 17 o
B2GQ
P
m(p—1)
be @™ 1 e | el a0y Bang 7
B29@
= (I) + (IT) + (III) + (TV),
with ¢ = c¢(data, M). We continue estimating
(2-2), 2 200\ 4/P
I) < P (07" PP +6°%) + cyp? (07" PeP + 6°7)
(5-3), ntp)a
< ch/p (1 + 62(q p)/p) (6_< T op + 920‘) F(u; B,)?
1/m7 P/ (P=1)
s ][Ifl’" da ,
for ¢ = c¢(data, M). Moreover, by Young inequality with conjugate exponents(2 —
ﬁ) we have

2/m

(5.12), » .
(D) + () < ec®@PPF(u; By) 5 67 ™ g’"]l|f|m da
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2(m—n) L
+c (9m +9m(p 1)) Qm][|f|m dx
B.Q

p
m(p—1)

-1
(m— “n) B2
< ceye§(us By) + ( BORE + 6 64”1> ¢ ][ I da ,
B
with ¢ = ¢(data, M). Finally, we control
(1wv) < C¢q]l{q>p}§(uo, 29005 Bagp)*Y/?
(2.13), "y N (5.8),(5.12), .y
< 0P s (Duo — 22003 B,)? < cLigspyp?07"P
(5. s) cl
q/p nq/p2(q—p)/p {Q>P} m
el Pl igspy 07" Pe, F(u; B,)? + q/(p Dgna/n ][|f| dz ,
for ¢ = ¢(data, M). Setting
A R = Ay 0P, }sg(q_p)/”;
m m—n 72
9‘2 = 62‘1/(?*1)9 nq/p _|_€2(p 1)9m(p 1) + 92( )55—1
and merging the content of all the previous displays we end up with
1/m p/(p—1)
(0 Bao)? < ccf/ PR B, + st | | 0" f1f" do L (53)

for ¢ = c¢(data, M). We then reduce the size of the various parameters appearing in the
definition of 77 to get

_ (n+p)g 9204

02(1
07 (P ) < gy A0 e 1 0Ty TP < S (5.14)

210”
thus fixing dependencies ¢,e2 = €,e5(n, N, p, ¢, m,0), and (5.13) becomes
1/m p/(p—1)

§(us Bap)® < cc/?03(u; B,)® + cft | | o7 ][\fr” d . (5.15)

with ¢ = ¢(data, 6, M). Finally, we pick any v € (0, ), with & = a(n, N, p) being the
exponent in (2.29)2 and select 6 € (0,2710) so small that
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CC«);(/pQQ(a—W) < — = Q(data, X7, M), (5.16)

910
so with this choice and (5.15) we obtain (5.4) and the proof is complete. O
6. Excess decay and the regular set

In this section we prove that the excess functional F(-) decays on a certain subset of
Q provided that the potential I{’m(~) is bounded. Precisely, with u € W1P(Q, R™) being
a local minimizer of (1.2), we set

Ry = {:170 €Q: 3 M = M(x) € (0,00), 6= o(data, M, f()) < min{dy,, 1},
€ = £(data, M)

such that [(V,(Du)) B, (x)| < M and §(u; By(xo)) < & for some ¢ € (0, @]}
(6.1)

According to the discussion in [26, Section 5.1], the set R, is well defined and open,
with full n-dimensional Lebesgue measure. In particular, given any point xg € R, there
exists an open neighborhood B(zg) C R, of xg and a radius g,, € (0, g] such that

|(VP(DU))BQW @ <M and F(u;B,, (z)) <&  forall z € B(zg). (6.2)

We stress that for a given point xg € Ry, all the radii considered from now on will be
implicitly assumed to be less than min{d,,, 1}. Next, for o € R, verifying conditions
(6.1) for some M = M (xq) > 0, and parameters £, g still to be fixed, we set v := 272,
choose v = /2 in (5.4), f = 7 in (4.5), define ap := 7 and let x := &g in (5.3)1. This
eventually fixes the dependency of all the quantities appearing in Propositions 4.1, 4.2
and 5.1 on (data, M). We then define parameters

 egegm(70)32Pa

. ._ 98(n+10) . —-n _—1

= Qe Oy H:=2 csmax{7 ", &, }, (6.3)
constants
co:=4(co + 1), c3:=cy max (1—¢6%)~!
2 ( 0 1) 3 2 6€{u,‘r,9}( )
4
cl o c3228an 2(,,61) e min (1 B 6040) (6 )
3 ) = 5
gom(70)16na se{v,m,0}

introduce the balanced composite excess functional
(0,0] 2 s = Cwo; 8) == F(u; Bs(w0)) + |(Vp(Du)) B, (20)] (6.5)

and assume that
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I{ (20, 1) < 0. (6.6)

Notice that, up to extending f = 0 in R™\ €, the above position makes sense. Moreover,
in (6.6) the finiteness of I{ym(xo, -) is assumed to hold at radius one, but of course we
can suppose that it holds at any positive radius. By (6.6) and the absolute continuity of
Lebesgue integral, we can find ¢ = g(data, f(-), M) € (0,min{1,d,,}) such that

2

P 80npq .2 /H2 4(:_1)2

-0 2-p)/pyf N L 2 C3C3

cﬁ(If ar,s)2 + g MZ—P)/PT Tg,S) < &, cp = 4—r—"—
4 1,m( 0 ) 4 l,m( 0 ) 4 6363(7’9)647”"1111

(6.7)

for all s € (0, 9]. Moreover, since potentials can be discretized via dyadic type sums, if
§e{y, 1,0} it is

1/m
e 24”1{77” (z0, 8)

w S (@ < Iopmiet

6.8
561%1%7',0} = ( )

Bsj+1,(z0)

for all s € (0, 9]. Recalling that v > max{r, 8}, by (6.8) and routine interpolation argu-
ments we obtain that

1/m
28”I{m(aco, s)
g ][ |F|™ da < W for all 0 <o < s/4, (6.9)
T

Bs (£0)

which, together with (6.7) yields:

2
1/m7 2(p—D)

sup R || o™ ][ [/ dx

c<s/4
<s/ B, (z0)
1/m 2
4 56npg \ 1(p-1)2
(2—p)/p m m A 606311'1(7'9)
+M as<1§/)4 o ][ |fI™ dx <€ <—264"pqc§ch2 (6.10)
- BG(IO)
for all s € (0, §] and
1/m
;ii% o™ ][ |f]™ da =0. (6.11)

BG(TO)
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We refer to [26, Section 5.2] for more details on this matter. In (6.1), we pick & = £,
0 = 9, thus determining a ball B,(z¢) € 2 with ¢ € (0, §] on which

|(Vp(Du))BQ(%)| <M and §(w; By(zo)) < € (6.12)
hold true. Now we are ready to prove the main result of this section.

Theorem 4. Under assumptions (2.12)-(2.14), (2.16), (2.23) and (6.6), let u € WHP(Q,
RY) be a local minimizer of (1.2), zo € Ry, be a point and M = M (z¢) > 0 be the corre-
sponding constant in (6.1). There are £ = £(data, M) € (0,1) and ¢ = g(data, M, f(+)) <
dy, as in (6.3)1 and (6.7) respectively, such that if € =€ and o = ¢ in (6.1), then for all
balls B:(xg) C By(zo) it holds

|(Vo (D)) B (ao) | < 8(1+ M)

|(Vo(Du)) B (wo)| < c6 (Qf(xo; 0+ & (I{m(%’ Q)) u[ﬁ) 7 (6.13)

and
1/m 51
g
g m m
s Bfan)) < s (£) 500 Bolew)) + o sup & | {07 f 117 s
o<p/4
<o/ B, (x0)
1/m
P 2=p
+Ce (e(’ﬂo;g) +R(I{,m(x07€))) 2(191)) sup | o™ ][ LfI™ da )
o<o/4
B”(zo)
(6.14)

with ¢5,c6 = 5, cg(data, M) and ag = ap(n, N,p) € (0,1).

Proof. For the ease of reading, we split the proof into five steps.

Step 1: decay estimates at the first scale. For j € N U {0}, v = 1/4, and 7,6 from
Propositions 4.1, 5.1 respectively, we introduce the following notation: 7; := 73, 0; == 67,
vj =17 with 7o =6y =19 =1, 11 := v1p0 and, for s > 0 we set:

3(s) 1= §(u; Bs(x0)), V(s) := (Vo (D)) B, (o)l
1/m
&(s) := €(x0; s), S(s) = | s™ ][ [f]™ dx
Bs (o)
s = sup 6(s), Rs = sup R(6(s)).

s<o/4 s<o/4
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We then estimate

(2.9) (6.12) (6.3) g)4nrq
S0 < 2l < e U 2
(6.15)
(2.9), (c 2) (6:3); 1

V(r) < 2"F(o) + V(o) e+ M < oM.

With the content of display (6.15) at hand, we can start iterations.

Step 2: maximal iteration chains. Let us recall from [58, Section 12.4] the definition of
maximal iteration chains. Given any nonempty set of indices o C N U {0}, for k € N
the maximal iteration chain of length k starting at ¢ is defined as:

Cr={jeNU{0}::<j<i+k, €9y, t+r+1€ Yy, j& Goifj>1},
ie,CF={t+1,--- 1+ k} and all its elements lie outside Jy except ¢, which belongs
to §o. Furthermore, C; is maximal, in the sense that it cannot be properly contained

in any other set of the same kind. Similarly, the infinite maximal chain starting at ¢ is
given by

X={jeNU{0}:t<j<oo, t€Y, j& Goifj>1}.

We then look at two different alternatives:

(6.16)

Hﬁ5> 1)

€0

C(ry) > (

or Q:(’I"l) < <H5j >2(p )

€0

with s and r; defined at the beginning of Step 1, H is the constant in (6.3)2 and gq is
the same parameter appearing in (4.3).

Step 3: large composite excess at the first scale. In order to repeatedly apply (4.5), (4.20)
and (5.4) while keeping under control the various parameters involved and avoiding any
blow-up of the bounding constants, let us prepare the set-up for the blocks and chains
technique introduced in [26, Section 5.2]. We assume that (6.16), holds and, with v = 1/4
as in Step 1, we consider the set of indices

Yo == {] e NU{0}: €(vjr1) > (h?: )2@ 0 } |

Notice that §y # @ by (6.16),. We then look at two possibilities:

i. there is at least one maximal iteration chain C starting at ¢+ € Jp for some x < oo;
it. §o = N U{0}.
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We first examine occurrence (i.) at its worst: we assume that there are (countably)
infinitely many finite maximal iteration chains {C/'¢ } 4en corresponding to the discrete

sequences {t4}qeN, {Kdtdaen C N. By maximality it is easy to see that Gfd‘lll N Gfd? =
for dy # ds and
tgr1 > ta+ ka+1 = {tg}aen is increasing and 1q — oo. (6.17)

By (6.17) we can split the reference interval (0, r;] into the union of disjoint blocks as
(0,71] = Ugenugoy Ba, where it is B := I U I; UKy, Bg:=I53UI},  UK4qy for d € N,
with

Io := (v, 71,71), Ki := (Vogtrg+1715 Vig+171]
1= W, vem), 10= (g T Vigbra +171),

and we shall implicitly identify Io = I2. By construction, the intervals described in the
above display are disjoint and only Ig may be empty. The very definition of maximal
iteration chains for the choice of Jy made above yields that

H 2(P D)
C(y,, ) > < s ) for all d € N
=0 (6.18)
H$H, 2(P 2(p=-1) .
Q:(VjTl)§< . ) forall je{wg+1,--+ ,ta+ka}, dEN,
0
so if ¢ € Kq we can find jo € {tq +1,-- ,1qa+ Ka} such that v;_11r; <¢ < yjrp and
(2.11) (6.18) H 2(p )
€) < 22re(yr) < 2t ( :55> : (6.19)
0
On the other hand, if ¢ € Igor¢ € Ifi, d € N, it is possible to determine j. € {0, , 11 —
1} or jo € {ta+ ka+ 1, -+ ,tay1 — 1} verifying v; 117 < ¢ < wvj ry and
(2.11) 1 (6.18); 1 H$, 2Ty
<) = G Winm) > o ( - ) : (6.20)

Next, if 13 = () so By = I}H_l U K441, it turns out that the adjacent blocks By_1-Bg
contain two consecutive chains. In fact, in this case it is tg41 = tq + kg + 1, therefore
By—1 UBg =135, UIJUK4UI},  UKgyr and if in particular ¢ € Kg U I}, UK4q1, there

is jo € {ta+1, -+ ,ta41 + Ka1} such that v; 17 << <wvj; r; and
(2.11) (6.18) H G-D)
¢c) < 2Pe(yym) <2 (ﬁ> if jo # tav
€0

(2.11) (2.11) (6.18) H =
C(C) < 2n—i_QQt(VLaHl’rl) S 22n+4€(ybd+f<dr1) < i 22n+4 <%)
0

if jg = ld+1,
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so in any case we have that

P
H$, \ 2D
¢(s) < 22t (ﬁ) for all ¢ € KqUBy. (6.21)
€o
We then consider two occurrences:
E()V(Tl) < 3(7"1) or 80V(’/‘1) > 5(7‘1) (622)

assume that (6.22); holds and introduce a second set of indices defined as

gl = {] e NU {O} €0V(9j’f1) < S(erl)},

which is nonempty given that 0 € §; by (6.22),.

Step 3.1: the singular regime is stable.
In this case

g9, =NuU{0}, (6.23)
so we can ignore the presence of blocks {Bs}senufo} and proceed in a more standard
way, cf. [36,77]. By (6.15), (6.10) and (6.22); we see that Proposition 5.1 applies and

gives

(5.4) (6.15),,(6.10)

F(Orr1) < 0%°F(r) + R (S(r))T@ D L ey
(6:23) F(0171) (6.24); 1 B
0 < U <7 (g D
V(thry) < (2i9 ) - & ( §(r1) + c18(6(r1)) ) (6.24)

P
<= (250 + k7T
€0

(6.24),,(6.15),,(6.10)

V(917"1) S 1,
where we also used that by (2.13), it is ﬁ > 1. Let us fix j € N and assume that
F(0ir1) < &2 for all i€ {0,---,5}. (6.25)

As a consequence of (6.23) and (6.25), we have

0; 6.25 (5.14),(5.16)
§lm) 20 22 B, (6.26)

V(6; <
(0ir1) < - -

Thanks to (6.25)-(6.26) we can apply (5.4) at the 6,r;-scale to get
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(5.4) »
3(0]'4_17‘1) S 90‘03(9]‘7‘1)+61R(6(0j’l"1))2(1’—1)

IN

J
600 VF () + 1Yy 600 DR (S(0;r0)) 77T

) p__ (6.10),(6.15)
< 9UDE(r) 4 R T ey (6.27)

where ay = «/2 has been introduced at the beginning of Section 6, and, via (6.23),
(6.27), (5.14), (5.16), the choice of x(= &p) made at the beginning of Section 6 and
(5.9),, we obtain

§Omar) 22 g (6.28)

V(0; <
(0j41m1) < - -

The arbitrariety of j € N and (6.23) allow concluding that (6.27)-(6.28) hold for all
j € N U{0}; in particular it is

(623) F(@:4q7) (6 27) 1 .
V(041m1) < $(0;+171) < (0040 GHDF(r,) + 382 o= >)
€0 €0
(2.9 1 v
< % <2n+1§(9) + C?,ﬁ;(pﬂ)) , (6.29)

for all j € N U {0}. Standard interpolative arguments, (6.27), (6.29), and (6.15) then
yield that whenever ¢ € (0,71] there is j. € ¢y such that Ojop1m1 <5 <071,

50 < s (5) 8@+ pm T V<
and
Vi) < V(<) = V(0j.ri)| + V(0j.m1)
LSO | L (i) 1y
(Gg) 23;;’ (5(0) + V(o) + ﬁj@%“) _— (6.31)

Finally, if ¢ € (r1, o] via (6.15) and (2.10) it is

%(C) S 24+n <£

9)% Slo) and  V(c) <2"F(0) + V(o) <1+ M  (6.32)

Merging the content of the three previous displays we obtain
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56 < o (£> §lo) + o R
— 91+n/2 0 0 6”/2 ® for all [SES (0> Q] (633)

V() <2+ M, V()<Py

Step 3.2: first change of scale.
If (6.23) does not hold, there exists j; € N such that

jl = mln{] € N: €0V(9j7"1) > %'(ejTj)},
and by (6.22)7 it is j; > 1. We can rephrase the minimality character of j; as

60V(9j7‘1) S S(Gjrl) for all ] S {O, e ,jl - 1} and €0V(9j17”’1) > 3'(0]‘17‘1),
(6.34)

therefore by (6.34); and (6.10) we deduce that (6.27)-(6.29) hold for all j € {0,---, j1 —
1}. In particular, it is

F(0;,m1) < 0% F(r1) + 3R, V(0j,1m1) <

N W

5 V(Hjlrl) S %1, (635)

with 2U; being defined in (6.31). We set 75 := 8;,71 and, keeping in mind the shorthand
described at the beginning of Step 1, we introduce a new set of indices

gz = {] e NU {0} EoV(Tsz) > S(Tj’l“g)},

which is nonempty given that 0 € ¢ because of (6.34), and the very definition of rs.

Step 3.3: the nonsingular regime is stable. Let us assume that
Go=NU{0} thatis egV(rjra) > §(rr2) for all j € NU{0}. (6.36)
By induction, we want to show that

V(Tj?‘z) S 27 V(Tj’l‘g) § EUQ

‘ j o (6.37)
S(Tj_i_lrg) S T(g+1)a0%(7,,2) + co Z Tao(jiz)V(TiTg)(Qip)/p6(Ti’f’2)
=0
for all j € N U {0}, where we set
1 f 2(IJp—l)
By = (§(0) + V(o) + & (1, (0, 0)) (6.39)

and ¢ = ch(data, M) has been defined at the beginning of Section 6. For j = 0, by
(6.35), 3, (6.34), and Propositions 4.1-4.2 we obtain
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(4.5),(4.20)
F(m1m2) < TF(r) 4 oV (ra) FTPPS (1)
5 (6.39)
V(TQ) S 57 V(T2) S ml,
thus, recalling that
U, < 2710, (6.40)

by definition, (6.37) is proven for j = 0. Next, let us fix j € N and assume the validity
of (6.37) for all ¢ € {0,---,j}. In particular it holds that

F(rip1ra) < 720 FDF(rg) + ¢ Z TR (109) CPV/PS (13.7)

P (6.41)
V(rire) <2, V(rire) < Vo,
for alli € {0,--- ,j}, therefore we estimate using the discrete Fubini theorem and Young
inequality with conjugate exponents (ﬁ, ﬁ),
J (2.9),(6.39), 1 J
V(Tj+17"2) S V(T‘g) + §|V(Ti+17"2) — V(Ti’l”g)| S %1 + m ;S(Tﬂ‘g)
(6.41), 3(r2> 5(7“2) Jj—1 4
< DI ap(i+1)
< 1+7-n/2+7-n/2 ;T
= S 3 0 () ()
i=0 k=0

(6.35) 9 oo -
< U, + m (9 8(7‘1) + ¢3R4 )

n

7 [
DO ol (1) " S (i)

7-n/2
(2.9) 9 _p
< T/ 2m (2n+13(9) + C3ﬁ52(p71)>
j
k;:
(6.9),(6.41) 9 2‘;’?{‘ -
< Cw+ ey (2n+13(9) + (030)%@ (I{,m(fo, Q)) ey
76) =1
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U (e 2 L B
2 (] )
m(70) 7=
OO (2% + 2% + 2—}0> V, + 4;(3;28;; & (6, (20, 0)) e
0 ( 214 + 21 + 210 + %) By < By (6.42)

where m has been defined in (6.4),, and, estimating V' (7;4172) in a slightly different way
than (6.42) we also get

V(tjzars) < Vi(rg)+ ifgzm T"/ 2 7OV (79) 2P S ()
((s.4§1)2 Vi) + 2%;«2) 00222/;19)/17 J S(rera)
THEm Tm 0
(0708 + i)
+% <G(r2) + §6Uk+17"2)>

CO24n+2I{,m (.’Eo, Q)
(70)%"m

(2.9),,(6.8) 3 2
<

- 2 + ™/2m

(2”*13(9) + cgﬁ;’“%”) +

(6.3),,(6.10) 3 1 1 c024”+21{7m(x0,g) (6.7) 3 1 1 1

< Sy 4 — < 2.
= ot tam (76)3m = otomtomwtow =

(6.43)

We can then combine (6.36), (6.42)-(6.43) and Proposition 4.1-4.2 to get

F(jara) < TOF(jrar2) + oV (Ty4ar2) O PS (1y0m0)
(6.37), } g+l ‘
< r0UIF(r) + ey TRV (7rg) CTPPS (1ry). (6.44)
k=0

Inequalities (6.42)-(6.44) prove the validity of the induction step, so by the arbitrariety
of j € N we can conclude that (6.37) holds for all j € NU{0} and, once established this,
we can refine (6.37)y as
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F(rj1ra) < 7OV (r0) 4 05 P/P,. (6.45)

Next, if ¢ € (0,72] there is j. € N U {0} such that 7; 1172 < ¢ < 75,72 and, via (2.9),
(2.10), (6.7), (6.10), (6.35), (6.37) and (6.42)-(6.44) we have

ntd o\ 2¢ - _
() < ey} () S(o) + 3 (ﬁg(p ) +Q3§2 p)/pfh)

0 n/2
Vi) <3, V(s) <29,

while if ¢ € (r9,71] we can find j;c € {0,---,j1 — 1} verifying 6, 1171 < ¢ < 6; 71, so as
done before we can confirm the validity of estimates (6.30)-(6.31), and when < € (rq, g]
the bounds in (6.32) trivially hold true. All in all, we can conclude with

on-+4 c\ 2c3 STy (2-p)/p

Vi(s) <3(1+ M), V(s) <29,

(6.46)

for all ¢ € (0, o], where we accounted also for the case in which we directly started from
(6.22)5 in case of stable nonsingular regime - just set j; = 0, replace ro with r; above
and recall (6.15)s.

Step 8.4: second change of scale and block By. We now examine the case in which {5 #
N U {0}, i.e., there exists jo € N such that

Jo2 := min {j eN: €QV(Tj’/’2) < S(TjTQ)} , (647)
and (6.34), assures that jo > 1. The minimality of j, renders that

€0V(Tj’r'2) > S(Tjrg) for all ] € {O, ce ,j2 - 1} and €0V(Tj27"2) < S(sz’l"z).
(6.48)

Set r3 := 74,72 and notice that we can repeat the same procedure described in Step 3.3
a finite number of times for getting

8’(7’j+17‘2) S Tao(j_'_l)%'(’f'z) + 032752_”)/1’535, V(Tj?“g) S 2(M + 1), V(TjTg) S ‘132,
(6.49)

for all j € {0,---,ja — 1}.% Next we prove that

rs cannot belong to Ij. (6.50)

6 In comparison to (6.37), here we included also the case in which we directly start from (6.22)s. In fact,
by (6.15)2 the bound on averages increases by 2M.
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By contradiction, assume that (6.50) does not hold. We would then have

(2.9)5 1
V(7j,—1m2) < V(T3)+m3(7jrﬂ2)

(6.48) c (4.18)
< V() gV (maars) = 2V () 2 V(m,ar), (651)

so recalling that (6.48)1-(6.49)2 legalize the application of Propositions 4.1-4.2, we obtain
(4.5),(4.20) @)/
S(rs) < TU8(Th-172) + oV (Tjp17m2) TP PS (75, -172)

(6.48),,(6.51)
1§ 27%0e0V (rs) + C02(2—p)/pv(7~3)(2—17)/p5§,5

(6.20),(6.5) 92n+6 ¢
< 27%e0V(rs) + £ Coc™Ts) (rs)

H
(2.9), 22n+GCO 22n+8€0005<7‘ 71762)
< V 2 (o7} J2
AS goV(rs) < T+ H ) + /2|
(6.48),,(6.51) N 22n+6p, 220 H10- 0\ (4.18),,(6.3),
< eoV(rs) (27’ o4 i Ty ) eoV (rs),
(6.52)

thus contradicting (6.48),.” Therefore (6.50) is true and in particular it holds that

Io C (rg,ro] U (re, ] or Ip C (rs, 71, (6.53)

depending on whether we started from (6.22) with a change of scale or from (6.22),.
This means that if ¢ € Iy we can find jc € {0,---,j1 — 1} or j. € {0,---,j2 — 1} such
that either 6; {171 < ¢ < 0,11 or 75 4172 < ¢ < 75 72 but in any case the estimates in
(6.46) are valid. Next, we observe that

29, |
Sw,r) < 2"F(v,_1r1)

(©10, 22045y \ 2" 205 (gt | gp@-m)/p
= (79)1+n/2< 0 > g(9)—’—(79)71/2 (ﬁﬁ + U, 535)

22041y ry | 22y e o
= (Tﬁ)“"”( @1) 50+ gy (877 #0770, (650

and, concerning the average via Young inequality we have

7 Notice that in (6.51) we have also used that the constant ¢ appearing in (4.18), is larger than one.
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(2.9), .
V(vi,r1) < 2"F (v —1m) + V(v —1m1)

(6.46) 92n-+4 o @0 gn+1 D _
> (l/1 17’1) %,( )+ Cc3 (ﬁ;(p—l) +‘Bé2 p)/py)g)

(r6)1+7/2 ) (r6)n/2
+3(1+ M)
(6.12),,(6.38) 2n+4 ¢
< 3(M+1)+ (W"FZ) 5(o)

N c32n 1 +2f,%’1’ 22n+2c5\ 20-D) 5D
(10)"/2 (10)"/2 °

% o (f W | 27 e (B) TP o
+Zﬁ (11,m(3307 Q)) + (7'9)"/2 M ﬁs
(6.7),(6.10) 1 92n+4 e\ (6.12),,(6.3)
< —+3(M+1 2 < 4M+1
< sy +50 (g + ) 2 A+,
(6.55)
and, using also the definition of ¢§ we get
(2.9)5,(6.46),
V(v,r1) < 2"8 (v, —171) + 20
(6.46), 92n+4 2n+1c3 ﬁ 2=p)/p
< W&(Q) + W <ﬁ5 + %2 535) + 20,

69 9 92n-+4 216ng \ 2T B
< Z‘BQ + WS(Q) + ( > R (Il,m(x07 Q))

< 37, (6.56)

Once (6.54)-(6.56) are available, given any ¢ € I} by (2.9) we obtain

23n+10 S @ 22n+3c ; p71 B
3() < —m7m <—> F0) + e (ﬁs(p RS ”)/%5)

(16)1+n/2 (r0)"/2 (6.57)
V() <5(1+ M), V(s) < 49,.
Finally, if ¢ € Ky, by (6.19), (6.10), (6.9), and (6.7) we can conclude that
H$,\ 2D
< ()
S = €0 (6.58)

V(c) <1, V() < V,.
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Combining estimates (6.46), (6.57), and (6.58) we can conclude that for all ¢ € By we
obtain

gin+12 7\ a0 92ntic, [ H\ 7D - (2—p)/p
S(c)ém(g> S+ Tyre (5) (ﬁsp i 555)

V() <51+ M), V()< 49,.
(6.59)

Step 8.5: the general block B;. Here we prove that in the regularity perspective, each
block By acts independently for all d € N (the case d = 0 is contained in Step 3.4).
Recalling the definition of By given in Step 3, we immediately notice that if I2 = 0,
we can conclude with (6.21) and, recalling the definitions given in (6.5) and (6.38),
estimate (6.9), and the smallness condition in (6.7),, we also secure (6.58),. Next, define

quantities
f 2(171:1) 210nH ﬁ
Y14 := C (I zo, ) , hyg= | r——
1,d 3,d 1,m( 0 Q) 3,d (7-0)4n60
v
R 220nqC3H 2(p—1)
B ) ! (R (If 2o, ))2(17 1)7 A L 7
2,d 3,d 1,m( 0,0) 3,d m(TQ)lﬁan(Q)

assume I% # () and observe that since d > 1, the construction carried out in Step 2-Step
3 gives a chain K, preceding I4, thus

(2.11) (6.18) H Pl
Q:(VLd‘.'Kd“l‘lrl) < 2n+2€(1/Ld+l€dr1) < 2 2n+2 < 5555) ’ (660)
0

which, by means of (6.5), (6.10), (6.9) and (6.3); yields:

p
H$H )\ 2-D €9 (7-9)4an

< n+2 [ 2278 AT
SWiatnatar) < 2 < €0 S Tgswg S F2 (6.61)

V(Vytrg+171) < 1, V(Vytng+171) < V1 4.

Therefore, up to make the following substitutions:
T1 A T = Vg 4171, Ty ~o Toiq 1= 05,74, T3~ Taid 1= Tj,T2:d,

(6.62)

By~ V14, Yo ~+ Vs 4,

we can replicate the whole procedure developed in Step 3.1-Step 3.4° to obtain

8 Of course parameters j;, jo appearing in the previous display are defined as in Step 3.2 and Step 3.4,
but do not necessarily numerically coincide with those in Step 3.2 and in Step 3.4 respectively.
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3.6 5.6 4n =Ty }
§(0;01m0) (<<s( 9“0(3“)3(7@) _i_cgﬁz(p 5 © w) (2 Hc3> 2(p—1) Rﬁ(pp“’
S =\

(6.29) 1 ) .
VBinra) < (07005 (ra) + 282777

(6.60) D »__ (6.10)
< gnt2 (H~65> P +C_3R52<p—1> <1
60 €0

(6:29) 1

V(Ojtira) < <9a0(]+1)3(rd) + C3ﬁs@)
€0

(6.60) D »__ (6.9)
< 2n+2 (H?s) v + C_Sﬁ;(Pfl) < m2,d7
€0 €0

for all j € NU{0} in case of stability of the singular regime or, in case of a change of scale,

(6.45) . -
$(Tj41r20) < T<J+1)QOS(7’2;d)+03W§?dp)/p-65

(6. z
LU+ aoejlaog(rd) + 7—(]+1)aoc ﬁz(p RIS %(2 P /pf)s

(6.60) 24nH m . —
< ( : 63) 82070+ 207, (6.63)
0 ,

and, concerning averages,

(6.43) (6.42)
Virraa) < 2 V(rjraa) < DVaa, (6.64)

for any j € N U {0} if the nonsingular regime is stable. Keeping in mind (6.61) and fol-
lowing the same procedure in Step 3.3, we deduce that the same bounds in (6.63)-(6.64)
hold also if we started within the nonsingular, stable scenario, modulo replacing r.q
with 74 and letting j; = 0. In any case, for all ¢ € (0,r,4] it is

2GnI_ICB ﬁ 2(p 1) 2'c C3 (2 p)/p
0= (o) T g

V(s) <5, V(s) < 5Ys 4.

(6.65)

Next, let us generalize (6.50) to arbitrary d € N by showing that the nonsingular regime
remains stable in Iﬁ, ie.:

73,4 cannot belong to IZ for all d € N. (6.66)

In fact, if (6.66) were false, we would be in the same situation as in (6.51), that, together
with the minimality of jo, cf. (6.47), and (6.64),, allows reproducing the same compu-
tations displayed in (6.52) to contradict the very definition of j3. As a consequence, we
obtain that I% C (rsq, ra;a]U(r2.q,7a] or I3 C (13,4, 74, o whenever ¢ € I2, as in Step 3.4
we assure the validity of (6.65). Since by (2.9)1, (6.65), (6.7), (6.10) and (6.3); it holds:
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P
28" f ¢ 2(0—1) __p _ on+6
g(ybd+1r1) S (73> ﬁ;<P71) -+ (2 p)/pfjs

co(70)"/? 7 a)n/z (6.67)
V(I/Ld+17”1) S 6, V(VLd+1T1) S 6‘1]2’51
for ¢ € I}, | we obtain thanks to (6.67):
210711:]63 2(10’%—1) D 22n+8 2
<[ 2" /2D ( p)/p
s0< (Zagps) W+ i, (6.65)

Vi) <, V(s) <7024

Finally, if ¢ € K41 we directly have (6.19) and (6.58)5. To summarize, we have just
proven the validity of estimates (6.68) for all ¢ € By, d € N, thus completing the analysis
of the occurrence of an infinite number of finite iteration chains.

Step 3.6: a finite number of finite iteration chains. Assume now that there is only a finite
number, say e. € N, of finite iteration chains, {C/*¢}4¢(1,... .}. Such chains determine
blocks {Ba}ac{o, - e, 1}, on which estimates (6.59) and (6.68) apply and, being only
e« chains, by definition it follows that {j € N: j > t., + ke, + 1} C Jo. Then, for all
¢ € (0,m] \ Ude{07,,,,€*_1} Bg = (0,7, 4«., +171] there is jo > 1o, + ke, + 1 such that
vj 4111 < s < vy rp and

(6200 1 H -1
i) > —— s for all ¢ € (0,v,, 4r, +171]- (6.69)
22+n \ ¢, ex Hhe,

Furthermore, we also have that

H.?)g) D) (0.'I(J)<,(6.3)1 £a(1)4nPa

(211) . (6182 .
Wiernein) < 2 ) < 200 o

€o

which means that (6.61) holds and, via (6.69) we also see that the same argument lead-
ing to (6.50)-(6.66) works in this case as well and renders that the nonsingular regime
is stable over the whole (0,v,, 4«,, +171]. With these last informations at hand we gain
that (6.63) (with v,, 4. 4171 instead of rp4) holds, and as a consequence (6.65) is
satisfied for all ¢ € (0,v,, 1., +171]. To summarize, we have just proven that (6.59) or
(6.68) hold for all 5 € (0,71].

Step 8.7: an infinite iteration chain. We describe the presence of an infinite iteration
chains by introducing a number e, € N - assume e, > 2 for the moment - and correspond-
ing sets of integers {¢1,- -+ ,te,} C N, {k1, -+ ,ke,—1} C N and k., = oo, determining
e« — 1 finite iteration chains {C*? }gc(1,... . —1} and one infinite iteration chains C.7 that
must be unique by maximality. On each of blocks {Ba}4eo,... e, —2} determined by chains
{CltYae 1, e.—1) estimates (6.59) or (6.68) hold true. Concerning the last chain C7° ,
it generates the last block B,, 1 = I2__; UI! UK., withK., = (0,7, _4171]. On intervals
I2 _,-I! (6.67)-(6.68) are verified, while on K., we can simply conclude by means of
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(6.58). On the other hand, if e, = 1, there is only one block By = In U Il UK; = (0,71],
on which (6.46) and (6.57)-(6.58) holds, therefore we can conclude with (6.59) also in
this case.

Step 3.8: occurrence (ii.). Since §y = N U {0}, inequality (6.20) is satisfied by all
¢ € (0,71], so the validity of (6.50)-(6.66) is now extended to the full interval (0,7] and
this guarantees the stability of the nonsingular regime. Therefore we can proceed as done
in Step 3.1-Step 3.3 to get (6.46).

Step 4: small composite excess at the first scale. This time, the set §o € N U {0} is

defined as
(6.16),
£ 0

We immediately notice that if §o = N U {0}, then (6.19) holds for all ¢ € (0,71] so this,
(6.58) and (6.32) give the result. We then look at the case in which there exist infinitely
many finite iteration chains {C/' } geny With {t4}4en, {Ka}den as in (6.17), determining

o = {j € NU{0}: e(vym) < <HE’5> o
0

intervals
Lo == (V171,71 K = (VegtraT1s Vig+171]
K2 I I —
d (VLd+ﬁd+1r17VLd+Hdr1] d (Vbd+1+1r1’VLd+/‘”vd+1r1]

and blocks By := Io UK} UK3, Bg := I3 UK}, | UK3, such that (0,r] = Udenuyoy Ba by
(6.17). As done in Step 3, we readily observe that

{0, 01}, {ta+wa+1,- ,tar1} C Yo and {ta+1,--+ ,tqg+ kgt C Cr

td ?

(6.70)
therefore we have
H 2(p—1)

GEIY or EIZF = () <22 <%>

" 0 (6.71)
1 s 2Ty
1
gGKd:>Q:(§)>22+n(€O) .

Notice that 1(21 cannot be empty otherwise tq41 = kg + tq and this is not possible by
means of (6.70), while if K}, ; = 0 (i.e. if kay1 = 1), we can exploit (6.71)1, (2.11) and
that ¢4 € Jp for all d € N to derive

¢ €By with XKj =0

— Q:(g) < 22n+4 (Hﬁs) 2(p =D : (6.72)

s €By with Ky, =0, deN €o
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in other words, whenever Ké 1= () there is nothing to prove on the related block By and
(6.72) and (6.58)2 immediately follow. Now, given a general block By with K}, # 0 and
d € NU{0}, if ¢ € I or ¢ € I2 estimate (6.71) holds. Next, observe that

(2.11) (6.70) H =T
Q:(VLdJrH-lTl) < 22+n€(”bd+1rl) < 2% <£>
€o

(6.10),(6.3),

go(70)4mPa
= F(Wgiat171) < ea (1)

28npq ) V(Vbd+1+1rl) S 17

V(Vbd+1+1rl) < sIjl,da (6.73)

therefore, setting this time r4 := v,,,, 4171 we can plug in the substitutions in (6.62) and
apply the content of Step 3.5 (with I2 replaced by K}Hl) to get (6.65) and, recalling that
K2, differs from K}, only by one scale, we recover also (6.68). Merging (6.71), (6.72),
(6.65) and (6.68) we can conclude that (6.68) holds for all ¢ € By, d € N U {0}.

Step 4.1: a finite number of finite iteration chains. Let us assume now that there is a
finite number, say e. € N of finite iteration chains {C/% }4e1.... .} and corresponding
blocks {Bg}de{o,..- ,e.—1}- On every block By, d € N U {0}, estimates (6.68) apply. Notice
that (0, ] \UZ;Bl By = (0,v,, +r, +171) and, since the last finite iteration chain is C/.*",
it follows that {j € N: j > 1., + ke, + 1} C Jo, therefore for all ¢ € (0,v,, 4x,, +171] the
bound in (6.71) is verified, so we confirm again the validity of (6.68).

Step 4.2: an infinite iteration chain. In this case, for e, € N (assume for the moment
that e, > 2) we can find finite set of integers {¢1, - ,te, } C N, {K1, -+ ,Ke,—1} C N
and k., = 0o, thus determining e, — 1 finite iteration chains {sz}de{l,m ,e.—1}y and one
infinite iteration chain C;° , that is unique by maximality. Chains {C/ }ae(1,... . —1} de-
termine blocks {Ba}aef1,... .. —2} on which the content of Step 4 applies and (6.68) holds
true, while the presence of C° results into B., 1 = 12 _ UO,u, 41m). Ifc eI ;| we
directly have (6.71) which in particular implies the validity of (6.73) with d = e, —1, so we
can reproduce the content of Step 3.5 with rg = v,,_117; and eventually arrive at (6.68).
Finally if e, = 1, there is only the infinite iteration chain, thus (0,71] = IoU(0,v,, 4171].
On I the bound in (6.71) is in force, this in turn yields (6.73) so, proceeding as in Step
3.5 we obtain (6.68).

Step 5: conclusions. Collecting estimates (6.33), (6.46), (6.59), and (6.68), and setting

4n+12 40nq 172 .2 ./
2 2 H*c3ch

2(17111)
B N T
we obtain (6.13)-(6.14) and the proof is complete. O

For later use, let us record a couple of consequences of Theorem 4, that come along
the lines of [26, Proposition 5.1 and Corollary 5.1].
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Corollary 6.1. Assume (2.12)-(2.14), (2.23), let u € WP(Q,RY) be a local minimizer of
(1.2), xg € Ry, be a point, M = M (xq) > 0 be the constant in (6.1), € = £(data, M) and
0 = o(data, M, f(-)) be as in (6.3); and (6.7) respectively.

. If

I{,m(x,a) — 0 locally uniformly in z € €, (6.74)

then if € = € and o0 = 9 in (6.1), there is an open neighborhood B(xg) C Ry and a
positive radius 0z, = 04, (data, M, f(-)) € (0, 9] such that

|(Vo(Du)) B, ()] < 8(1+ M)

¢ D (6.75)
VD), o] < s (€0039) + & (L nl.0) 77 )
and
§(u; Bo(z))
1/m7 2G-D
ag
<c7 <E> §(u; Be(x)) +cg sup R || s™ ][ [f™ da
S s<¢/4
B;(z)
1/m
; . (2-p)/p
+cg (Ql(acgg) +R(Il7m(a¢,g)> ) sup | s™ ][ 1™ da ,
s<¢/4
B ()
(6.76)

hold for all x € B(xp), 0 < 0 < ¢ < 04,, where ¢7 1= 65(212(:5)1+ﬁ and cg =
06(21605)%%, c7,c8 = c7,cs(data, M).

o If (6.6) is in force instead of (6.74), then the following “restricted” wversions of
(6.75)~(6.76) hold:

(VD)) o) | < 81+ 20)
D (6.77)
VD), ] = s (@00 . (1 00:0) 7 )

and

§(u; By (o))
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1/m 2(pp—1)

<er (5) ' §(us Bo(w)) 4 cs sup £ | | 5™ ][ ™ de

S s<¢/4
<s/ B, (z0)
1/m
; T (2—p)/p
+eg (Ql(xo;g) +R (ILm(mo,g)) > sup | s™ ][ lf|™ dx ,
s<¢/4
BS(IO)
(6.78)
for all balls By(wo) C Be(x0) C By, (z0)-

o With (6.6) in force, if in (6.1) it is € =€, p = , then

sup §(u; By (9)) < coé, (6.79)

with cg == 28(cy + cg), cg = co(data, M).

We conclude this section with an almost everywhere VMO result. To do so, we need
some preliminaries. Assume (6.74), let ¢ € R, be any point, M = M (z() be the positive
constant in (6.1). With £, g still to be determined, we introduce constants:

224nH 236nqc H ﬁ
Hy = 2N ey, ———— Hy = —— 6.80
1 max { Co, El(Te)Gn } ) 2 <€1(7_9)2an) ) ( )
and fix
€
Ex = m, (681)

where é = é(data, M), H = H(data, M) are defined in (6.3). Notice that (6.74) implies
that

1/m

I{’m(~, 1) € Lis.(2) and s™ ][ |f]™ dx — 0 locally uniformly in z € €.
B (z)

(6.82)

By means of (6.74), we determine a threshold radius o, = p.(data, M, f(-)) € (0, 9] such
that

_p 24n %
2(p—1) _ 2°%Plcg Ho 2(p—1)
c10R (I{,m(%s)) +c1oM@ p)/pI{,m(mas) < Ex, C10 = (W

(6.83)
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for all s < g., x € By, (wo), which implies via (6.9) that

1/m] 2G=D

m m 1

cgR | sup |s |f|™ da <o
SSQ*/4 B.(x) 2

: L (6.84)
2-p 1
Cs (2+M) P sup Sm ][ ‘f|m d!L‘ < QTO’
SSQ*/4
B, ()

for all z € By, (zp), and recalling the definition of ¢y given in Corollary 6.1, we have
c10 > ¢4 and by (6.80) that it is Hy > H, so the choice made in (6.83) immediately
implies the validity of (6.7) on Bq, (7o). Now we are ready to prove:

Proposition 6.1. Under assumptions (2.12)-(2.14), (2.23) and (6.74), letu € WHP(Q,RY)
be a local minimizer of (1.2). There exists an open set Q, C Q of full n-dimensional
Lebesgue measure such that Du € VM Ooc(Qy, RV*™) which can be characterized as

Qu :={z0 € Q: IM = M(x0) > 0: |(Vp(Du)) B, (20)] < M
and §(u; By(x0)) < ex for some o € (0, Q*]},

with €, = e,(data, M) as in (6.83) and o« = o«(data, M, f(-)) defined by (6.83)-(6.84).
In particular, for all xg € Q,, there is an open neighborhood B(xg) C €, such that

111% F(u; By(z)) =0 uniformly for all = € B(x). (6.85)
o—r

Proof. In the light of the discussion at the beginning of Section 6, the ideal candidate
for €, is set R, as in (6.1) with £ = ¢, and ¢ = p.: in fact, we already know that
it is an open set of full n-dimensional Lebesgue measure so we only need to prove the
VMO-result. We take xg € R, with € = €., 9 = g, in (6.1) and observe that (6.74)
allows applying the first part of Corollary 6.1, so there exists an open neighborhood
B(zg) C Ry, and a positive radius g,, = 0,(data, M, f(-)) such that (6.75)-(6.76) are
verified for all # € B(zp) and any 0 < 0 < ¢ < g,,. Of course, we can always assume
that B(zo) C Ba,, (z0). Fixed an arbitrary r € (0,1), by (6.82)2 we can find a radius
o’ = o' (data, M, f(-)) € (0, 0,,] satisfying

1/m 2(:—1) 1/m

¢s sup & ][ |f™ da + s (24 M) P 7P/P sup ][ fmds| <o
s<o” s<p” 2
Bs (z) Bs (z)

(6.86)
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Moreover, via (6.76) with o = ¢” and ¢ = 04,, (6.81), (6.83), (6.84) and (6.2) with
€ = &4, 0 = 0+ We obtain

1/m 2(pp—1)

/!

mw&mms@<£)0mW&mmwmgmpﬁ s f s

Q x
To s<p 0/4 B.(z)
1/m
. (2—p)/p
+cg <€(m; 0xo) + R (I{’m(x, Qwo)) ) sup s™ ][ [f]™ dz
3§910/4
B (z)
1
Finally we pick o, = o,(data, M, f(-)) € (0, ¢”] small enough that
co(o /o)™ < r/2. (6.88)

Plugging (6.86)-(6.88) in (6.76) with o = o, and ¢ = " we obtain that
<0, = F(u;By(x))<r for all = € B(xp).

The arbitrariety of r, (6.75) and a standard covering argument eventually lead to (6.85)
and the proof is complete. 0O

Remark 6.1. Let us list some relevant observations.

e Replacing (6.74) with (6.6) in Proposition 6.1, we obtain that whenever zy, € Q
verifies the conditions in (6.1) with £ = e, and g = o, it holds that

lim §(us By (o) = 0. (6.89)

¢ Corollary 6.1 and Proposition 6.1 remain valid if M is replaced by 8(1+ M), without
affecting the magnitude of the bounding constants appearing in the various estimates
as they are all derived in correspondence of larger values than M.

e Corollary 6.1 guarantees in particular that once (6.12) - with &, ¢ as in (6.3); and
(6.7) respectively - is verified for a certain ¢ € (0, 9], then the Morrey type decay
estimates (6.76) and (6.78) for the excess functional F(-) hold at all scales smaller
than p. This will allow us to work on all scales smaller that p.

7. Borderline gradient continuity

This final section is devoted to the proof of the partial gradient continuity for minima
of (1.2). Let zg € Ry, be any point, M = M(z¢) > 0, £, g be the parameters appearing
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in (6.1), still to be fixed as functions of (data, M) and (data, M, f(-)) respectively. We
assume the validity of (6.6) at xg, define the smallness threshold

S
r_ *
° 2869 maX{Hl,HQ}

= ¢ =¢'(data, M) (7.1)
and determine the radius o' = ¢(data, M, f(-)) € (0, 0«] so small that

cuf (I{,m(w()’ 5)) o + CllM(Qip)/pI{,m(‘an 5) < EI?

P
) c10232"P4 max{Hy, Hy}\ 2®~ D
C11 = < (7-9)16npq . (72)
for all s € (0, ¢'], which yields
1/m7 2D
sup R || o™ ][ |f]™ dx
0<s/4
Ba(w())
1/m
9)12npq T
M@-p)/p m ][ mq < (T
* 2\ )f ™ dz “\ iy max () )
Bg o
(7.3)

cf. Section 6. Of course there is no loss of generality in assuming that 0 < ¢’ < g, < 9,
so setting € = ¢’ and g = ¢’ in (6.1) we can find ¢ € (0, ¢'] such that

§(u; By(zo)) <& and |(Vp(Du)) B, (20)| < M. (7.4)
Thanks to the choices made in (7.1)-(7.2) we see that (6.77)-(6.78) and (6.89) are
available; later on, we shall strengthen (6.6) by assuming (6.74) thus (6.75)-(6.76)
and Proposition 6.1 will be at hand. Now, with H = H(data, M) as in (6.3), and

H,,H; = Hy, Ho(data, M) being defined in (6.80), we slightly modify the definition of
the composite excess functional given in (6.5) and consider its “unbalanced” version:

(0,0] 3 s = €x(xo35) := HF(u; Bs(w0)) + [(Vp(Du)) B, (20) |
and, for s € (0, g], introduce the nonhomogeneous excess functional:
N(zo; s) := H1F(u; Bs(xo))

+ c12Hy (ﬁ (1 (@0.9) ™ + 1V (Du)) g, )| 2797 H (0, s>) :
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where £(-) is defined in (2.2) and ¢y := (21"P%(76)~8mP1) 2=1 | Notice that by (6.89),
(6.77), and (6.6) we have

£l)ig(l)g(wBg(xo)) =0 = &l)i_fi% N(zo;0) = 0. (7.5)

For the ease of exposition, we shall adopt some abbreviations. With 7 = 7(data, M)
being the parameter determined in Propositions 4.1-4.2, j € N U {-1,0} and o € (0, o]
set 0 == g, 0_1 := 0 and Bj := By, (x0). From now on we will mostly employ the
shorthands described in Step 1 of the proof of Theorem 4 and, with Remark 6.1 in mind,
unless otherwise specified we shall work within the setting designed at the beginning of
Section 7.

7.1. An inductive lemma

The key tool for proving our sharp partial continuity result is an inductive technical
lemma that is the subquadratic counterpart of [26, Lemma 6.1], both inspired by [59,
Lemma 6.1].

Lemma 7.1. Let xy € R, be a point with M = M (z) being the positive constant in (6.1),
v be a positive number and assume that € = &', 0 = ¢ in (6.1) with ¢’ = ¢'(data, M),
o = o'(data, M, f(-)) defined in (7.1)-(7.2); that

N(zo;0) <27y for some o € (0, ] (7.6)
and that, for integers k > i > 0 inequalities

Cr(oj) <, Cu(oj41) = % for all je€{i,-- k}, Cp(o;) < % (7.7)

are verified. Then the following holds:

k+1
v
Ca(ors1) <, ;3(%‘) S5 (7.8)
and
k+1 _ k
43(0;) | 224CP/p
;maj) S ;6(@-), (7.9)

where H,e; = H,ei(data, M) defined in (6.3), and in Propositions /j.1-/.2 respectively.

Proof. Our preliminary observation is that zq € R, with £ = ¢’ and g = ¢ guarantees
the validity of (7.4) and of (6.77)-(6.78). A straightforward computation shows that
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(2.9)4 F(o;
[V(oj) = Vi(gjs1)| < T(n/]g)

Crr(o;) ©D2(TDy 5

e (7.10)

<
Next, let us prove that under (7.6)-(7.7) the singular regime cannot be in force, i.e.:
g0V (o) <F(oj) cannot hold for all j € {i,--- ,k}. (7.11)
By contradiction, we assume that
there is j € {4,--- ,k} such that ¢V (0;) < F(o;) holds true (7.12)
and estimate via Young inequality with conjugate exponents (%, ﬁ),

(6.78)

H§(0j01) < crHTUDF(0) + csH sup £(S(s))7@ D
s<o/4
o\ BP)/P
+cgH (Q(J) +R(I{’m(xo,a)) ) sup 6(s)
s<o/4

< H(cr +2c8)(0) + cs H sup £(6(s))T-0
s<o/4

—&—CgHﬁ(I{’m(xo,a))?(zP:pU sup &(s) + s HV (o) P/P sup &(o)

s<o/4 s<o/4

P
(6.9) H(cr + cg) Hes 2879\ -0 2ffcg 28"
< Mzop;
- (.To, 0) ( Hl + 612H2 (7—9)4nq + 012H2 (7_0)471

(7.6) 8ng \ IG=D) 2 8n
< ~ 2H(C7+C8) + 2H68 2 + 2 HCg 2
H, c1oHo (7’9)47“1 c1oHo (7-9)471

(6.80) ~

< 26 (7.13)

Furthermore, we have
(711 (o) _ Chlo;) D1 4 (63) 4
< 1. < < < - 14
V(JJ) - o~ eoH - eoH 26 (7 )
and so
(7.10),(7.13),(7.14) 3y v
Ch(oji1) < [V(ojs1) = Viey)| + V(ey) + HS(0j41) < 5% <16

in contradiction with (7.7), and (7.11) is verified. Next, we prove the validity of

§(o) N 27(2_”/”6(%‘).

: v (7.15)

S(oj1) <



64 C. De Filippis, B. Stroffolini / Journal of Functional Analysis 285 (2023) 109952

In the light of (7.11), we have to consider only two possibilities: either (4.4) holds and,
given (7.7); and the bound imposed on the size of ~, via (4.5) and (4.18) we directly
have (7.15); or (4.19) is satisfied and

(29, 9 (4.19) 2V 2-p)/rg (2. 15)1,(7 7, 242-P)/PS(a
$(oj41) < ms(%) < () (23) 26 ()

)

e1T/2 e1T/2

and (7.15) follows in any case. Before proceeding further, notice that

k 2GoD X 2% If ( 2(p—1) )
(6.8) 1,m(T0,0) N(zo;0) (76) 2y
ZG(Uj) < ( 0= ) < , < o (7.16)

Summing (7.15) for j € {i,--- ,k} we obtain

k+1 k
1 27(2 p)/p
j;13(0j) < 1 ;3(% Te /2 ZG ;)

Adding on both sides of the previous inequality §(c;) and reabsorbing terms, we get
(7.9). We continue estimating in (7.9):

k+1 (7.16) 5 (7.7) 5 (6.80)

3H 2=1) S Do
3E1T"/2H2 P

which implies (7.8)3. Finally, we estimate

V(ore) < [V(ore) — Von)| + V(o) <

~ 1 (7:8); ~ (6:3)
e D [ W S o

and, combining the content of the above display with (7.8), we obtain (7.8); and the
proof is complete. O

7.2. Oscillation estimates for large gradients

For some o € (0, o] we consider the case in which

N(xg;0)
16

= V(o) >

3 = N(xg;0) < 2. (7.17)

Before proceeding further, let us recall that by (6.6), (7.1), (7.2) and (7.4), estimates
(6.77)-(6.78) of Corollary 6.1 are available, keep also in mind Remark 6.1. We then prove
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two technical lemmas, eventually leading to quantitative oscillation estimates for nonzero
gradients.

Lemma 7.2. Assume (7.17). Then

o0

> 8o < 2R g

g .
< N < .
i 6= V(o;) <~ forall j e NU{0}, (7.18)

7=0
for any o € (0, o] with H = H(data, M) defined in (6.3),.

Proof. Let us first prove that

V(o) > V(SO) for all j € NuU{0}. (7.19)
Notice that
(2.9)4 3
V(o) = Vo)~ V(o) ~Vieo)| = Vi)~ 220
(2.9), 25(0_1) 20N (x0; 0)
>V — >V E——
( ) T (U ) TnHl
(6.80) cg) (7-17)
> V(oo) — m(:;(;,a) = V(SO)

By contradiction, we assume that there is a finite exit time index J > 2 such that

V(oo)
2

V(oo)

V(UJ) < 9

and V(oj) > for all j €{0,---,J—1}. (7.20)

Let us preliminary observe that

v
V(o) > (;0) for all j€{0,---,J -1} = Cg(o;) <y forall je{0,---,J—1}.
(7.21)

To show the validity of implication (7.21), we proceed by induction. By direct calculation,
we see that

(2.9), 2HZ (o
E(o0) < Vioo) + ) Cy (o) 4

2HN(xg;0) (7:17) /1 22 [ (6.80) ~
ke VLA GV (P J
™/2H, T 8  7rn/2H, 4

(7.22)

We then fix an arbitrary & € {0,---,J — 2}, assume that €g(0;) < v holds for all
J € {0,---,k} and notice that (7.20), and (7.17) yield that €g(oj11) > /16 for all
j € {0,---,k}, therefore keeping (7.17) in mind, we deduce that the assumptions of
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Lemma 7.1 are verified with ¢ = 0 and k being the number used here so Cx(og41) < 7.
Implication (7.21) then follows by the arbitrariety of k € {0,---,J—2}. By (7.20)-(7.21)
now we know that €g(o;) < v for all j € {0,---,J — 1} and €yx(o,4+1) > /16 for
all j € {0,---,J — 2}, thus via (7.18) we can apply again Lemma 7.1 with ¢ = 0 and
k=J—2to get

(717) 4V (o,
§lo) < 5L < ) (7.23)
7=0
so we can bound
J—1 (z 9),
Vi) = View) < SIVios) -Vl < - ZS %)
§=0
(7 23) (6:3),
) 4V (09) D)2 V(00) (7.24)

™/2H  ~ 4

for concluding;:

(7;,1) 3V§1(70) ,

V(o) = V(o) = [V(o0) = V()

in contradiction with (7.20);. This and the arbitrariety of J > 2 yield validity of (7.19),
which in turn implies the left-hand side of inequality (7.18)s and, applying (7.21) for all
j € NU{0} we derive the full chain of inequalities in (7.18),. We only need to verify
(7.18),. Using (7.17), (7.18)2 and (7.22) we apply Lemma 7.1 with i = 0 and for every
integer k£ to have

> (79 4 93~(2—-p)/p
a2 w20 Z%

3 3517-n/2

0,69 83(0_1) 23+4”7(2‘p)/”1{,m(wo,0)

= 3rn/2 3e1(T6)4n
(1D 8N (x0;0) 210 (0g) 2P)/PT] | (20, 0)
37'"/2H1 351(7'0)4”
(22)2 8N (zg;0)  2'"V(0 1)@ P/PL | (20,0)
37‘”/2H1 351(’7’9)4n
21205 (0_1) 2 P/P | (20,0)
+ 321 (r0)on

8 210n 212n
< N(zo;
- (on, 0) (37-n/2H1 + 351 (79)4n612H2 * 361(7’9)6HH1
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212n
4
351612H2(T9)6”>

00 Navio)
- H

where we also used Young inequality with conjugate exponents (ﬁ, ﬁ) and the

proof is complete. O

Lemma 7.3. Whenever o € (0, g] is such that (7.17) holds, the limits in (1.11) exist and
inequalities

[V (Du0)) — (V(Dw)) 5, o] < Mo ) )
[Du(0) — (Du) s, ()| < N00)>? + cl(Du) 5, (0| * P> R 0)

hold true for a constant ¢ = c(data, M).

Proof. We start by showing that {(V,(Du))s, }jenufoy is a Cauchy sequence. In fact,
fixed integers 0 < i < k — 1 we bound

k—1

|(Vp(Du))p,, — (Vp(Du))p,| < ZI(Vp(Du))BJ+1 (Vp(Du))s,|
(2.9), k-1 ©© 7.18
> T:/Q - 5(0—])§T1}/2 Z‘S(g])(<)cm(l‘0;0')
(7.26)
and
295 F(o)
(Vo (Du) g, — (Vp(Du))p_u| < 205 < Nzo; 0) (7.27)

with ¢ = c(data, M), therefore there exists £,y € RV*" such that

j—o0
Sending k — oo in (7.26) we obtain
[ty — (Vp(Du))g,| < MN(zo;0) for all ¢ € N U{0}.

Now, given any s € (0, 0] - and since we are interested in s — 0 we can assume s < o -
there is j, € N U {0} such that ¢j,41 < s <o, and
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ll_)r%wv — (Vp(Du))Bs(UEO)‘ =

hm |£V - (VP(DU))B].S|
]S*)OO

+jli—r>noo|(VP(Du))Bs(zo) — (Vp(Du))s,,

(2.9); ] .
<t |t~ (V(Dw)s, |+ oy lim §(o)

Js—>00

(7.28),(6.89) 0,

(7.29)
and the first limit in (1.11) equals ¢y, which defines the precise representative of V,,(Du)
at zo, i.e.: Ly = (Vp(Du))(zo). Next by (2.7), for any given j € N U {0} it is

|(Du), | < Jo(Vp(Du); By)*? < ¢§(0)*/P + eV (0;)*/?
with ¢ = ¢(p), while for j =

—1 via Hoélder and Young inequalities with conjugate
exponents (2%1’, %) we have

(7.30)

1/p
|(Du)371| <

J2(Vy(Du); Bo)¥P + ][|Du — (Du)p_,|P dz
0

(2.92(245) M

1/p
Y V(00)?? + ¢ (B][Wp(Du) ~V,((Du)p_,)* da
0

1/p
‘el(Du)p_, [P ][ V,(Du) — V(Du)p_, )P da

(2.7),(2.9), 1 2/ 2/
< SlDu)p, [+ Flo-1)7" +cV(o0) ™7,

(7.31)

for ¢ = c¢(data, M) and using this time Young inequality with conjugate exponents
(2%, 2) we get
PP

1/2
Vo) £ DB <c| fiDu- (Dwa P do

0

+el(Du)p_, [P/

1/2
|(Du)p_, [P/ + ][ IV, (Du) — V,(Du)p_,)[? da

1/2
e|(Du)p_, P2/ f IV, (D) — Vy(Du)p_ )PP da
0
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(2.7),(2.9),
<

C c _
c|(Du)p_, I"7? + — 75 (o-1) + T@I(Du)zs,llp(z PA(o-1)"?

Tn/2

< dDu)p P+ o), (7.32)

for ¢ = ¢(data, M), therefore in any case it is

(7.18)
|(Du)p;| < N(x0; 0)%P + /P for all j € NU{0,—-1}, (7.33)

with ¢ = ¢(data, M). Moreover, given any ball B € Q, by triangular and Holder inequal-
ities we bound

Vo((Du)p) = (Vp(Du)) | < ][\Vp(DU)—Vp((Du)B)I2 dz < ¢(p)§(u; B)
B

and then estimate for integers 0 < i <k — 1:

[(Du) B, — (Du),|

k—1
< Z‘(Du)Bj+l - (Du)Bbl
=i
(2.3),

k—1
< CZ\Vp((DU)Bm) = V(D) 5)|(|(D) B 4, | + (D) 5, [) 2P/

(2.13),,(7.33) k-t
£ (g )@ 14 SV (Du)yen)  Vol(Du)s,)

j=i

IN

k
[ (m(mo; O‘)(Z_p)/p + 'Y<2_p)/p) Z|‘/;7((DU>BJ) - (VZD(DU))le

i=i

E

-1
e (Nags o) 27/ 44 C=P/2) STV (D)), — (Vp(Du)) |

%

<.
I

(2.9)5,(7.34) . k
L ()P 4 S 5y
Jj=i
(7.18)
< N(20,0)%? + ey2 PPN (24; 0)

(7.17),(7.32)
< N(x0;0)%/P + c|(Du)p_, | %P 2N(x0; 0)

for ¢ = c(data, M). Recalling (6.75)1, we get that {(Du)p,; }jenu{o} is a Cauchy sequence
and there exists £ € RN*™ guch that limj ;o (Du)p, = ¢. A standard interpolative
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argument analogous to that leading to (7.29) allows concluding that ¢ defines the precise
representative of Du at zg, i.e. Du(xo) = ¢ and this assures the validity of the second
limit in (1.11). Combining this last information with (7.34) and (7.29) we get that ¢, =
(Vo(Du))(z0) = Vu(Du(xo)) so via (7.28) we eventually recover the first limit in (1.11).
Finally, merging (7.27)-(7.28) and recalling that V,(Du(zo)) = (V,(Du))(x¢) we obtain
(7.25). The proof is complete. O

7.8. Oscillation estimates for small gradients

In this section we look at what happens when the complementary condition to (7.17)
holds, i.e. when for o € (0, o] it is
m .
% = % > Vigg) = N(wo;0) = 27. (7.35)
Let us first observe that to avoid trivialities, we can suppose v > 0, and that there is no
loss of generality in assuming that (7.35) actually holds for all s € (0,c]. In fact, if for
some s € (0, 0] the opposite inequality to (7.35), i.e. (7.17) holds, then Lemmas 7.2-7.3
apply and we can directly conclude with (1.11) and (7.25). The validity of (7.35) for all
s € (0,0], (6.77); and (6.89) yield that lim,_,o(V,(Du))p, (zy) = 0, therefore keeping in
mind that also lims_,o V' (s) = 0 and that

(D). (o) < () (§(u By(0)) > + V(s)2/7) (7.36)

we can conclude that lim,_,o(Du) g, (z,) = 0 and the existence of the two limits in (1.11)
is proven. Next, we show the validity of (7.25) also in the case in which (7.35) is in force.
Let us prove by induction that

Culo;) <~y  forall jeNU{0}. (7.37)
A direct computation renders:

(7:35) N(xg; 0 2HF(o_
Cu(op) < (1% ) 7_71(/2 )

1 20 (6.80),(7.35)
< N(zp;0) < ) %

4 <
16 + Tn/2H1 -
(7.38)

Then, we assume by contradiction that {j € N U {0}: €g(0j41) > v} # 0, define
[ := min{j € NU{0}: €g(0j41) > 7}, i.e. the smallest integer minus one for which
(7.37) fails, introduce the set 9 := {j € N U{0}: €x(o;) < v/4, j < [+ 1} and set
x = max J;. Notice that by (7.38) it is J; # 0, by definition €y (0oy) < /4 and for
Jj € {x,-- .1} we have v > Cg(0jq1) > v/4 > 7/16, therefore, recalling also (7.35)
we can apply Lemma 7.1 with ¢ = x and k& = [ to conclude that €y (o1) < 7 in
contradiction with the definition of [. This means that {j € NU{0}: €y (0j41) >~} =0
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and (7.37) holds true. Next, we take any s € (0, 0], determine js; € N U {0} such that
0j,+1 < s < 0j, and estimate

(2.10), F(o; ) (6:3):
V(s) < Vo) + fnﬁ) <

Ch(oj.) <7 < N(zo;0).
Moreover, if s € (0g,0-1] we directly obtain

(2.10), 2%(g_4) (7:37) 20N (xg; 0
V(s) < V(oo) +[V(a0) = V(s)] < V(00)+L(Tn R T(n;h)

(6.80)
< 2y = N(wo; 0),

so in any case it is sup;<, V(s) < M(zo; o), which in turn implies that |V (o_1) =V (s)| <
2N(x0;0) and (7.25)17can now be derived by sending s — 0 in the previous in-
equality and recalling (1.11). Concerning (7.25),, we use (7.30)-(7.31) and (7.37) to
deduce that |(Du)p,| < ¢y*P for all j € N U {-1,0}. This, the same interpola-
tion argument exploited before and standard manipulations eventually render that
|(Du)p_, — (Du) B, (z)] < ¢y*/P, which, together with (7.35) and (1.11) yield (7.25),
by sending s — 0. In conclusion, we have just proven the following lemma.

Lemma 7.4. Assume that (7.35) holds for some o € (0, o]. Then the limits in (1.11) exist
and the bounds in (7.25) are verified.

7.4. Sharp partial gradient continuity and proof of Theorems 1-2

Let us complete the proof of Theorem 2, started in Sections 7.2-7.3.

Proof of Theorem 2. Let zy € R,, be a point satisfying (1.9), M = M (zo) > 0, € € (0,1),
0 € (0,min{1, dy, }) be the corresponding parameters in (6.1) with &, g to be determined.
We define & := 2710’ and suitably reduce the threshold radius to determine g € (0, ¢']
in such a way that inequality (7.2) holds with £272 replacing ¢’ for all s € (0, g]. Setting
€ =&/2 and g = ¢ in (6.1) we see that both (1.10) and the assumptions in force in
Sections 7.2-7.3 are satisfied, therefore the existence of the limits in (1.11) follows from
Lemmas 7.3-7.4, while the (almost) pointwise oscillation estimates in (1.12) are exactly
those appearing in (7.25). We are only left with the proof of the assertion on the Lebesgue
points of V,(Du) and of Du. Let us first assume that xo verifies both (1.9) and (1.10)
with the just fixed parameters & = &(data, M) and ¢ = g(data, M, f(-)). This choice
assures that (1.11), (6.77) and (6.89) are available, and this in particular assures that xg
is a Lebesgue point of V,(Du). Moreover, with o € (0, o], recalling (1.11),, we bound by
means of (2.5), (2.7), (7.36), (6.77) and (6.89),
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1/p
][ Du— (D), (o)
BU(IO)
1/p
<c| 100 = V(D) ) PI D)5, ) PO
BG(IO)
1/p
te f V(D) — V(D) g o))l
BG(QJO)
< & (u; By (10))P + | (Du) 5, (20)| * P ?F (u; By (20))
< F(u; By (20))YP + ¢(1 + M) P/PF(u; By (o)) — 0

with ¢ = ¢(n, N,p) and xq is a Lebesgue point of Du as well. On the other hand, if zg
is a Lebesgue point of V,,(Du) we know that §(u; Bs(x9)) — 0 and that (1.11), exists,
therefore, recalling that (1.9) is in force, we can fix ¢ so small that (1.10), holds and set
M := 2limsup, _,o|(Vp(Du)), (z4)| +1 to verify also (1.10),. Finally, if z¢ is a Lebesgue
point of Du, then

1/p
|Du — (Du)p, (z)|P dz — 0, lim SBJP|(DU)B,,(1;0)| <oo (7.39)
o—
BG(IO)
and (1.11), exists. Since
(Vo (D)) B, ()| < 3p(Du; B (w0))P?
1/2

<c| f Du-Dus,lde| 4 dDus ey P2 (110

Bo (1‘0)
with ¢ = ¢(p) and, via triangular inequality,

1/2
2.7 )
§(us By(zo) < c ][ V(D) — V(D) s, (00|l
Ba(mo)

1/2

—~
[N}

NS
[V
o

J DU + [P,y ) 21Du ~ (D) o s

Bo (930)
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1/2

(7.39)

< ¢ ][ |Du — (Du)p, (z)|" dz 0, (7.41)

Bo (zo)

for ¢ = ¢(n, N, p), keeping (1.9) and (7.41) in mind we can choose g so small that (1.10),
holds true, and setting M := ¢ + 2clim supgﬁo|(Du)BG(%O)|p/2 where ¢ = ¢(p) is the
constant appearing in (7.40), we obtain also (1.10); and the proof is complete. O

Next, we prove Theorem 1.

Proof of Theorem 1. Since our results are local in nature, we can assume that (1.8) holds
globally in Q - notice that being (1.8) in force, we can always assume the validity of (6.82).
Let R, be the set defined in (6.1) with € = &, p = ¢ and &, § defined in the proof of
Theorem 2. The discussion at the beginning of Section 6, see also [26, Section 5.1], yields
that R, is an open set of full n-dimensional Lebesgue measure and |2\ R,,| = 0 therefore
given any xg € R, with the specifics described before there is an open neighborhood
B(zp) of x¢ and a positive radius g5, € (0, g] such that |(V;7(Du))1_c,>gm0 ()] < M and
§(u; By, (7)) < &. Given (1.8) and our choice of g, € we see that (1.10), holds on
B(zg), Corollary 6.1, Theorem 2 and Proposition 6.1 apply, the limits in (1.11) exist
and define the precise representative of V,(Du) and of Du at all z € B(x). With these
informations at hand, we aim to prove that the limits in (1.11) are uniform in the sense
that the continuous maps B(zo) > = +— (V,(Du))B, (2), B(zo) > © = (Du)p, () with
o € (0, 0z,] uniformly converge to V,(Du(x)) and to Du(x) respectively as ¢ — 0 thus
yielding that V,,(Du) and Du are continuous on B(xzg). This is a consequence of the two
inequalities in (1.12) as their right-hand side uniformly converges to zero by means of
(1.8), (6.85), (6.75) and (7.36). The proof is complete. O

7.5. Optimal function space criteria and proof of Theorem 3
This final section is devoted to the proof of Theorem 3. Once noticed that

feLn1l) = I{ym(:c, s) —s—0 uniformly in = € Q

ds' "9 || a

fe L, d>n = I{ (z,5) < ,
b (d—n)w}/d

cf. [57, Section 2.3] and [26, Section 6.5] respectively, keeping in mind (6.75), the proof
goes exactly as in [26, Proof of Theorem 2].

Data availability

No data was used for the research described in the article.
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