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Abstract

We consider the retarded potential boundary integral equation, arising from the 3D elastic (vector) wave equation problem,
endowed with a Dirichlet condition on the boundary and null initial conditions. For its numerical solution, we employ a weak
formulation related to the energy of the system and we discretize it by a Galerkin-type boundary element method (BEM). This
approach, called energetic BEM, has been already applied in the context of time-domain acoustic (scalar) wave propagation
and it has revealed accurate and stable even on large time intervals of analysis. In particular, when standard (constant) shape
functions for time discretization are employed, the double integration in time can be performed analytically. Then, one is left
with the task of evaluating double space integrals, whose integration domains are generally delimited by the wave fronts of
the primary and the secondary waves. Since the accurate computation of the integrals involved in the numerical scheme is
a key issue for the stability of the method, we propose an efficient evaluation strategy, based on the exact detection of the
integration domain. The presented numerical tests show the effectiveness of the proposed approach.

Keywords 3D elastodynamics - Space—time boundary integral equations - Energetic boundary element method

1 Introduction

The design of a suitable, efficient and accurate numerical
method to solve elastodynamic problems is encountered in
many academic and industrial applications. To cite a few
examples: the development of a powerful forward engine in
the framework of Full-Waveform Inversion (FWI) for the
estimation of the elastic parameters in the underground; the
study of fluid—structure interactions; the numerical solution
of contact problems. Even if different directions exist, the use
of a boundary integral equation (BIE) technique, whose dis-
cretization is known as the boundary element method (BEM),
is an appealing choice because it allows to handle problems
defined on the exterior of bounded domains as easily as those
defined in the interior, without the introduction of an artificial

A. Aimi, L. Desiderio and C. Guardasoni: Members of the
INdAM-GNCS Research Group, Italy.

X L. Desiderio
luca.desiderio @unipr.it

Department of Mathematical, Physical and Computer
Sciences, University of Parma, Parma, Italy
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University of Modena, Modena, Italy

boundary to truncate the computational domain. Further-
more, this technique requires the discretization only of the
domain boundaries, leading to a drastic reduction of the total
number of degrees of freedom of the problem. To simulate
elastic wave propagation, most BEMs assume time invariant
harmonic excitation so that the unknowns are time invariant
complex fields. Even if this analysis has been used for many
years by engineers, the transient behaviour witnessed in the
real world may only be recovered by calculation of many
frequency-domain models and inverse discrete Fourier trans-
form. Unfortunately, solving one frequency-domain BEM
equation in a 3D domain is computationally very costly, since
the resulting linear system is fully-populated, so that accel-
eration techniques have to be employed in order to obtain
accurate solutions in reasonable computational times. Most
of them are based on the compression of the system matrix
aiming at applying efficient direct or iterative solvers (see e.g.
hierarchical matrices [9, 16, 19] and fast multiple methods
[35D).

An alternative is to drop the time invariant assumption and
formulate the transient problems in the time-domain, which
is usually called Time-Domain BEMs (TD-BEMs). As well
summarized in [24, 30], the discretization of TD-BIEs by
collocation methods has some advantages in implementation
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Computational Mechanics

due to its simplicity but gives rise to instability issues (see
e.g.[23,34]), avoided by some variational approaches as well
as by convolution quadrature methods [27], but these latter
with some drawbacks highlighted in [13].

Among the variational approaches, as the one theoretically
analyzed in the milestone paper [14], a Galerkin TD-BEM
for the discretization of the BIEs related to acoustic (scalar)
wave propagation problems has been introduced in [2]. The
proposed technique is based on a natural energy identity satis-
fied by the solution of the corresponding differential problem,
which leads to a space-time weak formulation of the BIEs
with precise continuity and coerciveness properties (see [3]).
Consequently, the integral problem can be discretized by
unconditionally stable schemes with well-behaved stability
constants even for large times [4]. The algebraic reformula-
tion of the energetic BEM (EBEM) leads to a linear system
whose matrix has a Toeplitz lower-triangular block structure,
that allows the acceleration of the solution phase. As a direct
consequence of the flexibility of the EBEM, a large body
of literature has risen to witness its capabilities to simulate
3D acoustic (see [5]) and 2D elastodynamic (see [8, 10—-12])
wave propagation in semi-infinite or infinite media. Further-
more, we recall that the energetic space—time BIEs, hence the
associated potential representations, have been also used to
restrict the original partial differential equation (PDE) exte-
rior acoustic problem to a bounded region of physical interest.
Indeed, this approach has allowed to construct transparent (or
non-reflecting) boundary conditions on the boundary of the
chosen region and to retrive the solution of the original prob-
lem in the new exterior bounded domain by using the Finite
Element Method (see [6, 7]).

In this paper, we extend the EBEM to 3D elastody-
namic problems, showing the capabilities of the method of
modelling a full wavefield rather than specific wave types
and addressing various computational aspects of the pro-
posed approximation method. In particular, we consider the
Navier—Cauchy equation of motion, defined in bounded or
unbounded domains external to 3D obstacles and endowed
with a Dirichlet condition on the boundary and null ini-
tial conditions. Such problems are reformulated in terms of
a space—time weakly-singular BIE of the first kind, whose
energetic full space—time discretization requires double inte-
gration both in space and in time. Since a key ingredient
for the success of the EBEM is the efficient and accurate
evaluation of all the involved integrals, the selected formu-
lation could be quite challenging in large scale applications.
Nevertheless, if standard (constant) shape functions for time
discretization are employed, the double integration in time
can be performed analytically and one is left with the task of
evaluating double space integrals, whose integration domains
are generally delimited by the wave fronts of the primary and
the secondary waves. In order to exactly detect this latter,
and consequently to preserve the stability properties of the

@ Springer

EBEM, we choose boundary meshes made by triangular ele-
ments with straight sides and we propose an ad-hoc numerical
integration scheme, tailored for the correct domain of inte-
gration. We remark that such a study has been presented in
[5] in the case of 3D acoustic (scalar) wave equation but a
straightforward generalization to elastic (vector) problems is
not possible, due to a more involved fundamental solution
and the presence of two wave fronts.

The paper is organized as follows: after presenting the
model problem in the next section, we recall its energetic
BIE weak formulation in Sect. 3. Then, we devote Sect.4 to
detail the energetic BEM discretization, focusing on its alge-
braic reformulation and on the analysis of the time-integrated
kernels generating the matrix entries. In Sect. 5, we describe
the numerical and analytical strategies adopted for the dou-
ble space integrals at hand, with a specific attention devoted
to the representation of the wave fronts of the primary and
secondary waves. Numerical results validating the proposed
approach are illustrated and discussed in Sect.6. Finally,
some conclusions are drawn in the last section.

2 Model problem

In the Euclidean space R? equipped with a fixed orthonor-
mal Cartesian coordinates axes eg, >, e3 with origin at O =
0,0, O)T, let 2; C R3 be a domain admitting a connected,
smooth and orientable closed boundary surface I' = 9.
In absence of body forces, we are interested in studying
the propagation of elastic waves in a homogeneous isotropic
elastic medium occupying €2;. When the domain is a finite
volume the problem is interior with using the notation / = i.
Otherwise, it is set / = e and we study the exterior problem.
Moreover, let Q@ = Q; U Q, = R3 \T.

In both ©;, I = i, e, assuming small variations of the
(real-valued) displacement field u(x; 1) = (u1, ua, uz) " at
location x = (xl,xz,X3)T € ©; and time ¢t € [0, T], this
latter is defined by the following system:

oi(x; 1) — uAu(x;t) — (A +w)VV.ux;t) =0

(x;1) € Q; x [0, T] (2.1a)
u(x; 1) = g(x; 1)

x;t) e ' x [0, T] (2.1b)
ux;0) =0

X € (2.1¢)
ukx;0)=0

X € Q (2.1d)

where o is the mass density, u is the shear modulus and A is
the Lamé parameter. These last two quantities are related to
the Poissonratiov by A := 2uv(l — 2v)~ L. Furthermore, the
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Computational Mechanics

superposed dot indicates time differentiation, while V and A
denote the nabla and the Laplace operators, respectively.

In the above problem, Eq. (2.1a) is known as Navier—Cauchy
equation of motion, Eq. (2.1b) represents a boundary condi-
tion of Dirichlet type with datum g(x; ¢) and Egs. (2.1¢) and
(2.1d) are the quiescent initial conditions, that specify the
value of u(x; ) and a(x; ¢) at the first time of interest t = 0.
Elastodynamics waves are characterized by primary and sec-
ondary velocities, defined by c12D = (A +2wo!
wo~! and related, respectively, to the so-called primary or
pressure waves (P-waves in short) and secondary or shear
waves (S-waves in short). Since for any real materials —1 <
v < 0.5, it’s easy to verify that cp > cg, that is P-waves
travel faster than S-waves.

In what follows, we denote by o [u](x; t) and €[u](x; ¢) the
second order stress and strain tensors, respectively. The latter
is defined by the constitutive law of the linear elastic model,
ie.

2 .
, €5 =

elu](x; 1) = % [Vu(x; t) + Vu(x; t)T] 2.2)

and it is related to the stress tensor through the Hooke’s law

oful(x; 1) = C : e[u](x; 1), (2.3)
in which the symbol ““:” denotes the double tensor inner prod-
uct and C is the fourth order relaxation tensor, whose com-
ponents are given by Cika = Adjjbre + 1 (8,~k8‘,~g + 8,~g8jk)
fori, j, k,£ =1,2,3 (5 being the Kronecker symbol).
Furthermore, the traction vector p = (p1, p2, p3) | along I'
can be defined through the stress tensor as:
p(x; 1) :=ou](x; 7) - m, (2.4)
where n denotes the unit normal vector to the boundary point-
ing outside the domain £2;.

3 Energetic TD-BIE weak formulation

It is well known that, starting from the Somigliana identity
(see [15]) written for both €2; and 2., the solution of the
initial boundary value problem (2.1) can be represented as
single-layer potential (see [18]), i.e.

t
u(x; 1) := //G(X, y;t, )w(y; 1)dl'ydr,
0T

xe and t€]0,T], 3.1
where w = (wp, wa, w3)T is a suitable density field to
be determined in the same functional space of the traction

field p. Furthermore, the second-order tensor G satisfies the

Green’s identity in relation to Navier—Cauchy operator in the
left hand side of Equation (2.1a). Hence, it is the fundamental
solution of the equation

oui(x; 1) — pnAu(x; 1)

—A+w)VV.ux;t) =§x—=y)é( — oI, 3.2)
where I stands for the 3-by-3 identity tensor, and it represents
the response at the observation point x and observation time ¢
due to a unit magnitude load, modelled by the Dirac distribu-
tion §(-) and acting at the source point y and emission time t.
Since the coefficients in (2.1a) are independent of space and
time, the components of the tensor G depend on the argu-
ments X, y, 7, T only through the differences r := x —y and
t—rt,ie fori, j=1,2,3 (see [15])

Giitx.yit.7) = Mg () -z
(X, Y 1, T) = -7 —
iy 471@02 r3

P cp
+ - (i _
dmocg \ r

) (-5)
r- cs
1 8ij rirj
— _— e — t —
4ro (r3 rs €=
r r
[H(t_f__>_H(t_t__)]
cp cs
where r; is the i-th component of r, the distance r := [x —y|
is the euclidean norm of r and H(-) is the Heaviside func-

tion. We remark that the expression (3.3) can be recast in the
following form:

(3.3)

o
Gijx,y;t, 1) = %Gp(x, y;t,T)

riri
+ (8 — =5 ) Gsxyin )

(3.4)
- <5ij — 3ﬂ) [GP(X, yit,T)
r2
_GS(Xs y’ t’ T)] )
in which
G.(X,y;t,7) ' = ———
X ¥3 1, 7) 4 octr
(r - L) withs = P, § (3.5)
Cx

is the fundamental solution for the 3D scalar wave equation,
while G, (x,y; ¢, 7) is defined by

~ 1
Gi(X,y;t,7) 1=

4 or3

(t—1)H <t—r— i) with s = P, S. (3.6)
Cx
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From (3.1), with a limiting process that makes a point x €
€ tending to a point X € I' and exploiting the Dirichlet
boundary condition, we can obtain a system of three TD-
BIEs:

t
//G(X, y: £, )w(y; T)dlydt = g(x; 1),
0 r

x;t) e x [0, T]. 3.7
For s € [—1,1], let H*(I") denote the usual fractional
order Sobolev space, with HOT) = L*(I"), and H*(I") =
(HS(F))3. Referring to [10, 17, 30] for what concerns
the following functional spaces, introducing the space—

time integral operator V L? ([O, T];H*I/Z(F)) —

H! ([0, T1; HI/Z(F)) such that:

t

Viwl(x;t) := //G(x, y; t, )w(y; 1)dlydr,
0T

(x;1) € I' x [0, T, (3.8)

the TD-BIEs (3.7) can be written with the compact notation

Viwl(x;1) = g(x; 1),

x;1) eI’ x[0,T]. (3.9)
The above BIE will be set in the so-called energetic weak
form. With this aim, following what has been proven in
[11] for 2D elastodynamics, which can be straightforwardy
extended to 3D space dimension, we introduce the energy
of the Navier—Cauchy equation (2.1a), which is defined as
follows:

K(t;u) := %/Q la(x; 1))? dx
Q

—i—% / olu](x; 1) : e[u](x; r)dx

Q

(3.10)

and we remark that the solution u of problem (2.1) satisfies
the following energy identity

T
K(T;u) = //WT(X; pu(x; 1)dITdz. (3.11)
0T

which can be obtained multiplying equation (2.1a) by u and
integrating by parts over 2 x [0, T].

@ Springer

Having introduced the bilinear form Ay : L? ([0, Tl; H’l/z(r‘)}x

L2 ([o, T1: H*”z(r)) > R defined by

T
A (W, v) IZ//VT(X; t)%V[w](x; t)dI'xdt, (3.12)
0T

the space—time energetic weak formulation of the TD-BIEs
(3.9) reads as follows

find the density function w € L? ([0, Tl H_I/Z(F)) such
that:

T
Aic(w, V) = / / v (x; )g(x; 1)dxdt
0 r

Vv e 1.2 ([o, T1: H_I/Z(F)> . (.13)
Note that Ay is defined as a quadruple integral, double in
space and double in time.

The above weak BIEs system is the core of the entire
method: its numerical resolution generates an approximation
of vector field w that can be used in the representation formula
(3.1), recovering in a post-processing phase the behaviour of
the displacement u at each point of the space domain and at
each time instant.

4 Galerkin BEM discretization

For the discretization phase, we consider a uniform decompo-
sition of the time interval [0, 7] withtime step A; := T/ Na,,
N, being a positive integer, generated by Na, + 1 instants:
t, == nA;, n=20,...

s Na 4.1

t
and we choose temporally piecewise constant shape func-
tions, although higher degree shape functions can be used.
Note that, for this particular choice, the shape functions,
denoted by v, (¢), are defined as:

V(1) :=H(@ —t,) — H({I — ty41),

n=0,...,Np, — 1. 4.2)
For the space discretization, we introduce on I' an admis-
sible triangulation 7x, (T") := {Ey, ..., Eym, } constituted
by M, flat triangular elements. The index Ay denotes the
mesh size. We also assume that U?iA]X E; coincides with T if
the boundary is polygonal, or it is a suitable approximation
of T, otherwise. The functional background compels one to
choose spatially shape functions whose components belong
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to L>(I"). Hence, we consider piecewise constant basis func-
tions vy, (X), m = 1, ..., Ma, related to 7o (I"). Thus, the
approximate solution of (3.13) is expressed as:

Na, -1 May
WK ) =W )= Y (1) Y o v (x)
n=0 m=1
- m )"
with oV = (am,l,otmg,amj) (4.3)
and the test functions are replaced by
v(x; 1) = v (X)v;(1)e, (4.4)

where e := e; + e, +e3 = (1,1, 1) ". The Galerkin BEM
discretization coming from the energetic weak formulation
(3.13) produces the linear system
Ea = 8, 4.5)
where the matrix E has a block lower triangular Toeplitz
structure, since its elements depend on the difference Aj; ,, 1=
t; — ty, and in particular they vanish if ¢; < ¢,. Since we deal
with 3D elastodynamic problems, if we denote by E(®) the
block obtained when Aj; ,, = €A;, £ =0,..., Np, — 1, we
remark that each pair of spatial indices m, m =1, ..., Ma,

does not define a single entry of E© but rather a 3 x 3 sub-
block ]Ef;f)m. Thus, each block E® of the matrix E requires

o ((3M Ax)z) memory and computation time. Furthermore,

the evaluation of a single entry of ]Eg)m is expensive, because
we have to address the issue of computing quadruple inte-
grals:

(E'(Tf’)m>ij

T 1
9
://E //Gij(x,y;t,t)vm(y)ﬁn(r)drydf
0 r 0r

v; (X) v (1)dTxdt

T t
= [ [{[] [ srommema
(U 07T

v (X) 07 (1)dTxdr (4.6)

but, after a double analytic integration in the time variables,
we obtain:

1
1 .
o _ + A -

Eim = Ing Z (=" / / G, ¥; Adisiintn)
T],T[=0 Ej Em
U (¥) v (x)dTyd Dy 4.7)
In the above relationship, the components of the time-

integrated kernel G are given by

1 rir; r
Gij(x,y; Ajn) = —21—3]H (Aﬁ,n - —)
CP r Cp

where the Heaviside functions represent the wave front prop-
agation and their contribution is O or 1. If r < csAz, <
cpAj y, then (4.8) reduces to

Gij (X, y; Ajin)
iyl ﬂc%—cg ﬁc%—i—cé (4.9)
2\ 3 clz,cé r clz,cg '

and we observe a space singularity of type O('/") as r — 0,
whichis typical of weakly singular kernels related to 3D ellip-
tic problems. Moreover, when 0 < csAj;, <7 < cpAjp,
(4.8) is no longer singular and becomes

Gij(x,y; Ajn)
1 13,’j 1r,'}"j 5,‘j 2 V,'I’j 2
S R L N S
2 (Clz) r 6‘2 r3 V3 n,n+ r5 n,n

(4.10)

Combining (4.7) and (4.9), it easy to show that, if N* denotes
the first time index such that cpty+_1 > csty+—1 > diam(T"),
we have ]Ef;f)m =0forall £ = N*,..., Na,—1. Due to this
cut-off property, the matrix of the final linear system (4.5)
has the well known band structure of standard collocation
approaches [28], i.e.
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E© 0 0 0 0 0 0 0
E® EO 0 0 0 0 0 0
E®» ©EO EO 0 0 0 0 0
1E<N'*—1> 1E<N"‘—2> 1E<N;‘—3> E© 6 6 6 4.11)
0 RE®W-DR®N*-2) gV*-3) E© 0 0
0 0 EWN*—D) E(N*-2) g(N*-3) E© 0
0 0 0 EW-DEN-2 ]E”.V’*“3) ]Eio)

while the unknowns and right hand side entries are organized
as follows

« T
o= (a(o),oz(l), e ),...,oz(NAf_l)>
ih a® — (g© g© © \"

with o'/ = |« Oy s Oy

(4.12)
= (ﬂ<0>,ﬁ(1>, LYY H’ﬂm,—l))T

T
with 9 = (8,89, B3, )
The solution of (4.11) is obtained by a block forward substi-

tution, i.e. at every time instant #;, with £ =0, ..., Na, — 1,
one computes

Z*
2O =po — ZE(j)a(f—j)
j=1
with  £* :=min{¢, N* — 1}, (4.13)
and then solves the reduced linear system
EQa® = 20, .14)

Procedure (4.13) and (4.14) is a time-marching technique,
where the only matrix to be inverted is the non-singular block
E©: therefore the LU factorization needs to be performed
only once and stored. Then, at each time step, the solution of
(4.14) requires only a forward and a backward substitution
phases. All the other blocks EO®, withe =1,..., N* — 1,
are used to update at every time step the right-hand side. Of
course, due to the whole matrix IE structure, one can construct
and store only blocks E@, ... EW *=1 with a considerable
reduction in the computational cost and the memory require-
ment.

Remark We stress that the crucial point for the success of
the energetic BEM is the careful numerical evaluation of
the entries of the block E© that must take place under the
assumption that all the involved integrals are computed with
a sufficiently high accuracy.

@ Springer

Remark The proposed energetic weak formulation, after
time integration, can be regarded as a Newmark scheme with
parameters ¢ =1/2 and # = 1 in the notation of [33], as
proved for scalar problems in [6, 7] in the more general
framework of Energetic BEM-FEM coupling. This particu-
lar Newmark scheme is implicit, unconditionally stable and
first-order accurate in A¢. Furthermore, the theoretical analy-
sis about convergence and space—time accuracy in the context
of 3D elastodynamic problems has been performed in [10].

5 Quadrature of double integrals in space
variables

In this section we focus on the efficient computation of the
space integrals appearing in (4.7), which is essential for the
numerical stability of the EBEM. Since we use piecewise
constant basis and test functions, we can reduce the integrals
over I" to double integrals over the source and the field trian-
gles E; and E,, respectively:

1
1 ~
o _ - § : _1\yn+n
Erh,m - 47.[9 _ ( 1)
17,1=0

f / G(X,¥; Ajijny)dlydly. 5.1)

Ej Em

The outer integration on the source triangle is carried out by
applying a M,-point suitable quadrature rule, so that

1 s
((ON +7
Erﬁ,m - _m Z (_1)'7 ! qu
n,n=0 qg=1

[ G(Xq, Yy Aft+ﬁ,n+n)dry7
En

(5.2)

where x; and w, are the quadrature nodes and weights,
respectively. The same strategy can in principle be used for
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P Source Triangle E~

Xq

p=

Field Triangle E,,

Fig. 1 Projection of the source point X, onto the plane of the inner
(field) triangle of integration

the numerical computation of the integral over the field tri-
angle but standard quadrature formulas would require a very
large number of quadrature nodes, due to the low regularity
of the time integrated kernel. Furthermore, it is worth noting
that, in this case, the implementation is complicated since the
integration domain is defined by the intersection of the field
triangle and the wavefronts of the P- and S-waves. In partic-
ular, the presence of the Heaviside functions in (4.8) implies
that the integration over E,, has to be in general limited to
the portion enclosed between two spherical surfaces of radii
rp = cpAj, and rs = csAj , respectively, both centered
at X,. In order to avoid excessive simplifications in dealing
with such integration domains, that may strongly affect the
stability properties of the EBEM, we follow the strategy sug-
gested in [29] for the scalar wave equation. First of all, we
project the source point X, into the plane IT containing the
triangle E,, and we call x’qT the projection point, as depicted
in Fig. 1.

Then, we apply a coordinate transformation maintaining
the distances and mapping the point x7 into the origin 0=
(0, 0, 0) and the canonical system ej, e, e3 of the Euclidean
space R3 into the triplet &1, &, &3 where &3 is the direction
perpendicular to the plane IT while €; is parallel to a chosen
side of the field triangle E,,. As a consequence, we have that
the new coordinates of x, are X, = (0,0, z), where z :=
x4 — xg |. This transformation is a translation and a rotation,
so that the arbitrary pointy = (y;, y2, y3) is mapped into the
point y = (31, ¥2, 3) related to it through the relations:

y=x; +5¥

and (5.3)

y=5"(y—x).
where S is the orthogonal rotation matrix with |det(S)| = 1.
Considering the change of variable in (5.3), we derive the
relation between the kernel G with respect to the old coordi-

nates system and the corresponding kernel G with respect to
the new coordinates system, i.e. G = S—IGS. As the conse-
quence, we obtain:

1 v
1 .
0 o _ _ 1\t
Er?z,m - 4o Z( D qu
7,7=0 q=1

/ STIG Ry, §; Aipingn)SdTy.

m

(5.4)

At this stage, we express the inner integration over the field
triangle E,, (father) as an algebraic sum of integrals over
three trlangles E( ) (children), k = 1, 2, 3, having 0, y(k)

and y2 as vertices (see Fig.2). Consequently, we have:

Eg, ~ - Z( 1)”+”Zw ng
q=1 k=1

/ STIGRy. 91 Ajiysnin)SATy,
EY

(5.5)

where the coefficients ¢ are given by

1 0 0

~(k)
I,
Loy n

~(k) ~(k) ~(k) a(k)
‘me%y%%“
I IS A A
Lo if 91195 = 312921 > 0.

Gk := sign

Each of the children triangles is now addressed separately.
For a given E,(,f ), the lengths of its sides are defined to be:

a=35"-0, b= -0

and ¢ := (35 — A(">|

while its angles are defined via Carnot’s theorem as

b2+ ¢ —a? a? + 2 —p?
a =acos| ———— |, B =acos| ———
2bc 2ac

and = acos @+ c
V= 2ab

with0<o,B,y <manda+p+y =m.

We make a counterclockwise rotation in the plane IT by an
angle § about the €3-axis, so that we introduce a new coor-
dinate frame consisting of the origin O = 0and mutually
orthogonal axes in the directions of the unit vectors €;, €, and

€3 = €3. This change of variable, which maps the point jigk)
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. U2
B S®) _ (3
o Y =Y
EY :
OB
e3 &
O =7 n
o =a a5 =a?

Fig.2 Decompoqmon of the field triangle E,, (father) into three triangles E,, A0 (children), k = 1, 2, 3, having 0, y

92
Il { yl il
O=x] g = g®
ézl
€3 &1
EY
EY 1
DD 9" = 98Y 9" = ¥

) and &;k) as vertices. On the

left plot, the point 0= X, is inside the triangle Em On the right plot, the point 0= X, is outside the triangle E

(%) Y2
- (k
Ey | yg ) )
&
: l_>
és €
c
b
0=0 [[T\o a B 91

Fig. 3 Counterclockwise rotation in the plane IT by an angle § about
the €3-axis. The new coordinate frame has the origin at O = O and
mutually orthogonal axes in the directions of the unit vectors €, é and
&=

into the point j;gk)
equations:

= (a, 0, 0), is represented by the matrix

§=Ty and y=T"'y, with |det(T)| =1 (5.6)

as depicted in Fig. 3.
Therefore, Eq. (5.5) is recast in the following form

1 v 3
1 -
o o~ __- _1ynti
D G NP I
n,7=0 q=1 k=1

@ Springer

/ ST Gy, Vi Ay TSATy. (5.7

£

We point out that the benefits of the above described appar-
ently cumbersome procedure are extremely significant. In
fact, it is worth noting that it allows for the exact detection of
the integration domain and, consequently, for the analytical
computation of the integrals in (5.7), as we will explain in
the following subsections.

5.1 Exact representation of the wave fronts

As z is constant for the integral over E,Sf ), we fix the plane
€1-€; as a working plane and we select an intrinsic 2D polar
coordinate system (p, #) with origin at 0= (0, 0), so that
the distance 7' = X, — ¥| becomes 7' = y/z2 + p?, while the
components of the distance vector F = X, — y are given by:

(5.8)

where the coefficients Aj;, Ap; and Ajz; are defined as fol-
lows:
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As a consequence of relation (5.8), foreachi, j = 1,2,3 we
have

02

sin? y

Fifj = [AliAlj sin? (y — 0) + (A1; Az + Az A1)

sin (y — 0) sin (0) + Ay Ay sin’ 9]
0

sin y

+ (A2;A3j + A3;Azj) sin 9] + 22A3,'A3j.

+z

[(A1;43) + A3 A1) sin (y — )

Furthermore, the distance R (6) between a point y on the side
)Vfék) — )V'gk) and the origin O is of particular importance for

integration purposes and it is given by

F
R©O) = ———
sin (6 + B)
with F =asinf and 6 € (—B, 7 — B).

In order to establish a simple and general procedure to
account for the presence of the wavefronts in an exact way,
we remark that in the working plane they are represented by

two circles of radii pp = \/rg — z2and ps = ,/r3 — 22, both
centred at O. Moreover, when rs < z < rp, only the P-wave
front intersects the plane IT, inducing the partition of E,(,f )

depicted in the left plot of Fig. 4 and represented by (the sum
of) the three possible sub-regions:

R1:={(p,6) | 6 € [0, min{max{0, 61}, ¥}], p € [0, ppl}

Ry :={(p,0) | 6 € [min{max{0, 61}, ¥}, max{0, min{6y, y}}] .
p €10, RO}

R3 = {(p.0) | 6 € [max{0, min{62, y}}. y]. p € [0, ppl}

where the angles 61 and 6, are the slopes of the rays joining
the origin O with all the intersections between the P-wave

front and the whole extension line of the side }Vfék) — yg") of

the triangle E ,(,{‘ ) Note that these intersections may lie outside
the triangle.

Otherwise, i.e. when z < rg < rp, both the P- and the S-wave
fronts are active. As a consequence, this scenario is more
complicated than the previous one, because the integration
domain (as illustrated in the right plot of Fig.4) is made by
the seven possible sub-regions

9y :={(p.0) | 6 € [0, min{max{0, 61}, ¥}]. p € [0, ps]}
Q= {(,0, )16 e [min{max{O, 01}, y}, max{0, min{6,, y}}] ,
p €10, R(®)]}
Q3 :={(p,6) 0 & [max(0, min{0, ¥}, v]
p €10, psl}
Q4 :={(p,0) | 0 € [0, min{max{0, 63}, y}].
p € lps, ppl}

(5.9)

Qs :={(p.0) | 0 € [min{max{0, 63}, ¥}, min{max{0, 61}, y}] ,
p € [ps, R(O)]}

Qs :={(p.0) | 6 € [max{0, min{62, y}}, max{0, min{6y, ¥}}] .
p € lps, R(O)]}

Q7 :={(p.0) | 6 € [max{0, min{04. y}}.¥]. p € [ps. opl}

where the angles 61, 6>, 63 and 64 are the slopes of the rays
joining the origin O with all the intersections between the P-
and S-wave fronts and the whole extension line of the side
yék) — yﬁ’” of the triangle EWN.

Looking at Fig.4, we remark that the sub-regions may be
traced back to four different shapes. For this reason, in order
to describe the analytical procedure to compute the integrals
in (5.7), we refer to the four reference integration domains

illustrated in Fig. 5, i.e.

{(p,6) 164 <6 < Oyand0 < p < pa}
{(p.0) | 64 <0 < O and pa < p < pa}
{

{

Il

(0,0) | 0g <0 <Oand0 < p < RO}

E:
F:
Gg:
H:={(p.0) |04 <0 <Oy and ps < p < R©O)}.

We point out that, when pg = 0, the regions F and H
collapse into £ and G, respectively. For this reason, we are
going to detail the analytical integration only over the former
domains, i.e. we are going to consider

1 FiTj
[P = | —dry, IP ::[—l Jdry,
1 /‘f y 2 ’\,.’3 y

D D

|

P :=/%dry and 1P ZZ/—3dF5,, (5.10)

r
D D

with D = F,H. Since both the integration domains are
described in terms of polar coordinates, we convert the above
integrals, taking into account (5.9) and remembering that
the elemental area dI'y changes according to the formula
dl'y = pdpd6. We point out that the results presented in the
following two sub-sections extend those in [31].

5.2 Integrals over the region F

When D = F, plugging the polar coordinates into the double
integrals in (5.10) gives rise to separable integrals of the type:

O oa ;

f(sine)k*‘ (sin (y —9))h’ldﬁ/Q—j/2dg
2 2

A A (0% +z22)

= Orn(0y, O)Ki j(pa: P&),

where the indices b, k = 1,2, 3 aresuchthat2 < h+k < 5,
while theindicesi and j aresuchthati = j = lori = 1,2, 3
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2

oRy N
aR, NgY 2
oR3
61 gl
le) Pr yg"-)\'\

Fig. 4 General partition of one triangle E,(,f) due to the wave fronts. On the left plot, only the P-wave front is active.

P-wave and S-wave fronts are active

Fig.5 The four reference

integration domains

0Q
0Qs
0Q3
0Qy
0Qs

o)
0Qy

N ok
o

n

and j = 3, 5. It easy to check that the integration in variable

o produces the functions:

Ki,1(pa, pa) = \/pi + 22 —\/p‘%ﬂrz2

Ki3(pa, pa8) =

@ Springer

Ps P y(lk.)\\\

On the right plot, both the

p
aF Y2
,/
\
1 \
1 // \ \
1 A \ \
1 > \ \ -
[0 \0v | i b
le) Pa Pa
oK Y2

1
1

-

R(6y

-

//,,Y 9.‘ Oy

-

L il

3

pa+\/rg+ 22

1

| )
N /
/
, R(.)

1 \
\
\ -
\} t t 4

Pa

1

Jra+ 32

,/pi—l—zz

;04.+\/;Oi+22

nE U2
Oy \“ 5
0o ‘L Y1 |
" ‘
5G Y2
1L R
R(6,)
By 5
0o Y1 |
K1 5(oa, o) ==
K> 3(oa; L&)
= log
K> s5(pas pa) ==

1 1
_\//oiJrz2 ! \/pi+zz
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3 3
Pe _ Pa

,/pi+zz ,/pi+z2

K33(oa. pa) = \/p3 + 22— \Joh +2 +2

1 1
\/piJrzz B \/,oi—lrzz

K3 5(pa, pa) ==

[ ]

1 Z
+_

1
\/pi+zz - \/p%Jrzz 3

3 3
1 1

,/,oi+zz ,/pi+z2

while the results of the integration in variable 6 are:

@1’1(9‘, 9') = 9' — 9‘

Oy — 0 O + 0
©1,2(0¢, ) ::2sin< '2 ‘)sin(y—%)

01,304, )
[0 — O — sin (O — O) cOs (2y — Oy — O4)]

1
T2
Oy — 0O Oy + 6
0.1 (0. Oyp) = 2sin( v . ’) sin( v . ’)
02204, O)
1.

=3 [sin (O — Oy) cos (y — O — Og) — (g — O4) cOs ¥ |

03,10y Oy)

1
i= 5 [ — 04 — sin (G — 4) cos (g + 0]

Due to the above computations, when z > 0 we can conclude
that

I] = ©11(0y.09)K1,1(Ps, p8) and
1] = 01,10y, 09)K13(pa, &)

while

1= %;‘yp’) [A1:41;013(0. Op)
+ (A1iA2j + A2 A1j)02,2(0¢, Oy)
K> 3(pa, pa)
sin y
[(A1jA3j + A3iA1;)©12(0y. On)
+ (A2 Azj + A3 A2))O2,1(04, Oy) ]

+ 22K1.3(0a. Pa)O1,1(0y. On) A3 As;

+ A2 A2j03,1(0y, Onp)] + 2

and

F_ K3 5(pas &)
sin? y
[A1iA1©13(0y. On) + (A1i Azj + A2 A1)O22
(Og. On) + A2iA2;O3 (04, Oy)]
N ZKz,s(.pa, Pa)
sin y
[(A1jA3j + A3iA1;)©O1 (0. Oy)
+ (A2 A3j + A3iA2j)02,1(04, Oup) ]
+ 22 K1.5(pa, P)O1,1(Of, Oy) Azi Az

Remark In Appendix A we report the values of K; ; (0, pa)
fori = j =1ori =1,2,3and j = 3,5. These quanti-
ties are useful to compute the integrals over the integration
domain £.

Remark When the field and the source triangles lay on the
same plane, i.e. z = 0, with the help of a limit process that
makes z tending to 0, it is easy to show that

I =©11(0y.09)K; and I} = Oy (04, O)K;

while

K*
F _ 1 A A~
I = e~ [A1/A1;©13(04. O) + (A1; Az,

+A2iA17)O22(0. Onp) + A2i A2 O3 1 (6. Onp)]
*

K
2
3 2y [A141/013C. Ow)

+(A1jA2j + A2iA1))O22(0y. Ogp) + A2 A2 ;O3 1 (B, b)) .

where the constants K} and K3
following values:

1 cp—cs

Kik = (cp — CS)An,fl N
n,i

and Kj :=

CpCSs
5.3 Integrals over the region

If we consider the domain D = H in (5.10) and we use polar
coordinates, we obtain double integrals of the type:

O
/ (sin6)~! (sin (y — 0))" " Ki j (pa, R(6))dD
Oy
= K[ (0a; Oy Oup),
where the indices i,k = 1,2, 3 aresuchthat2 < h+k < 5,

while theindicesi and j aresuchthati = j = lori = 1,2, 3
and j = 3, 5. The computation of Kl.]f’;l(p,,; O¢ . Oy) is not
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=)

. . e . [z
ticated relationships linking the complex logarithm to the ., log
inverse or hyperbolic sine and cosine, collected in [1]. Fur- VPa Tz
thermore, the results of this computation are given in terms [cos (y — Oo) —cos (y — 9.)]

of the following functions:

straightforward, since it requires the knowledge of sophis- |:
+

E2231 (04 Oy, Onp) := —85(0y, Oap) cOs Oy

Oy, Oy) 14+ o— + 84(Oy, Ogp) cosOg — g3(0y, Oy) cos B
‘ pa+ /Py + 22
N |: log ( \/*7 (cos g — cos bg)

ra
220y, O) = |1+ Rz(gv) \/W Z
83(0y, Oy) : R13(0a: Oa. Or) = Fler(6n. brg) cos (G + & — 7)
_1 (81(0 ¢ Oag)+c05 (04+5))(22(0 ¢ .On)—c0s (g +P)) 3304 8- U9 §2\0¢. 0w v | ;/
= 3 1og (81(0 g Oqp)—cos (B9 +P))(82(0 ¢ .04p)+cos (Oag+5)) — 81(O¢, On) cos (Og +a = y) + g3(0¢, Os) sin” ]
2 2
© ) R2(0g) Pa +22
84(O¢, Oy) :=log ( ¢ 1+ zz‘ ) + 286(04., Onp) — “'2’2@1’3(9’7 Oyp)
\Pa T2
R2( ~
45(0¢. Onp) = 10g< Y1+ Y R22(pa: 0. G) i= Flg1(6y. O) cos (g + ) — 204 bp)
zcos (Ogg-+) cos (O + o) — g3(0¢, Ogp) sin a sin ]
gﬁ(@‘, 0') = —acos(—W) . (6 . )COS ~ pi+222 o (9 . )
zcos (Og+h) 86\0¢, Ve VT 5022004, 0%
—acos W ,0‘+Z
Z

R3] (oa: Oy ) 1= Flg1 (6. 6np) 05 (O — B)

— 82(0y. Op) cos (B — B) + 230y, Oyp) sin” B]
When z > 0, the analytical integration over the domain H 2 49,2

yields + 2860y, Ow) — 4
Voa+ 2

1T = K"l (pa: Oy O9) and I]' = K"} (pa: Oy. Ou).

2
g7(0¢, by) = F2+22
©3,1(04, Oy).

Finally,

where

2= L A48 2 (on: 0.0
3 =—— 1i1A1j K35 (pas Oy, Onp)
~1,1 . sm- y
Kl’l(p&’e.vev)

8 + (A1 A2 + AZiAlj)I?;’g(PM Oy, On)
= Fg3(Oy, On) +286(0¢, On) — (O — Og) /Py + 2 ~
M MO +A2iAz,-K§’5‘(p;;e.,9v>]
Y Y

~ 1
K3 (0a; Oy, O) = ——go(0y, Onp) + ——=.

z e Gy (1043 + A A1 DKS S om0y, b4)
+ (AziAs; + AyAz,-)Kz’S (0a: Oy O]

+ 22 A3 A3 K (;04., O¢, Ov).

For what concerns the computation of /. M we have:

1 "
H 1,3
I =7[A ALK (pa: O, O0) + (AjAri & AsiAy;)
Sinz)/ 1iA1j 83 3(0%; Ve, Uy 1iA2j 2iA1j where
z2.2 . 3.1 .
33 (0ni 00 00) + A2 42 R3] (0a: O ) | . 1o
~12 Ky5(oa: Oy Oy) S v = )
siny [(AliA3j + A3;A1j)K,) 5 (0a: Oy - On)

[cos (O +B) _ cos (O + /3)]

82(0y, Oy) 81(0y, Oy)

2 ~11 86Oy, Oy) . O — Oy

+27A3; A3 K3 (0g; Oy, O), - 373 32
iA3j 813 0% Ve, Ve z 3(p2+z2)

2,1
+(Agi A3 + A3 42)) 5} (o Oy O]

where: - Pa

1,2 . o o
2,5 (Pa; 907 ‘9') = —m01,2(907 9')

gl2. . .

K2,3(va90s9v) = g5(0y, Oyp) coOs (y — Oy) N 1 | sinasin (Gv—i—ﬂ) — g7(04, Ogp) cOs a cos (9' +;3)
— 84(Oy. On) cos (¥ — O4) — g3(O4. Onp) cOs 3z2 82(0y, Oy)
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N 87(0y. Ogp) cosa cos (04 + B) — sina sin (04 + ﬂ)i|
81(Oy, Ov)
Pa
1 | sinBsin (0 + B) + g7(Oy. Ogp) cos Bcos (O + B)
32 { 210y )
sin B sin (O + B) + g7(04. Oup) cos B cos (g + B)
- 22(04. Oy) }
3pa + 222

K35 (oai Oy Oy) == — ©2,1(04, Oyp)

+

K32 (pa: Oy Og) = ©13(04. Oop)

_ 86(0y, Oy)
3z
N g7(0¢, 9')cos2 & cos (Og + B) — cos (Oy + o — y) sin? (O +B)

3Fg2(04. Oy)
B g7(0¢, 9')cos2 acos (Og + B) —cos (Og +a — ) sin? (O +B)
3Fg1(0y, Oy)

- 3p% + 272
2.2 »
K5 (pa; Og, Og) := —————75022(0¢, On)
3,5 { 204 4 3(pi+22)3/2 L 24 4
O, O
n 86(Oy, Ovp) .
3z

N 87(0¢, Oy) cosa cos B cos (B + B) + cos (Oy + ) sin? (O + B)

os Y

3Fg2(04, Oy)

87(0¢, Oy) cosa cos B cos (O + B) + cos (B + @) sin? (O +B)
B 3Fg1(04, Oy)

3pa + 222

870y, Gy)cos2 B cos (Og + B) + cos (O — B) sin? (B +B)
+

3Fg2(04, Oy)

g7(0¢, 0')<:os2 B cos (Og + B) + cos(Og — B) sin? By +8)

B 3Fg1 (O, Oy) N

86(O¢, Oy)

=31
Ky ;0. O0) =
3.5 (0a; Oy, O) 3z

©3,1(0y, Og) —

Remark The values Kl.}f’].]‘ (O, Onp) = Kl.’f}." (0; Oy, Oyp), for
i=j=1ori =1,2,3and j = 3,5, are collected in
Appendix B. We point out that these functions are involved
in the computation of the integral over the domain G.
Remark When the source and the field triangles are in the
same plane, i.e. z = 0, we introduce the function

(14 cos (0g + B))(1 — cos (G + ,3))>

i
80y, ) := 5 log ((1 — cos (6 + B))(1 + cos (B + )

and we consider: 674
—1,1 —1,1
I[P =K\ 1(pa: 04 09) and 1P =K 3(pa; 04, Og), o
where 676
—11
K| (pa; Oy, On) := Fg(Oy, On) — pa(Og — Oy) 677
—1,1
K1’3(p*; O¢, Oy) 678
=1 [cos (G + B) —cos (Bg + B)] + o~
=7 v * a .
The value of IZH is given by the following relationship: 680
- [A ALK (pa: Oa. On)
= y i ; s 681
2 sinZ y 1iA1j833(0a; Ve, Uy
—2.2
+(A1:A2j + A2 A1) K3 5(pa; Oy, Onp) 662
—3,1
+ A2 A2 K3 5(pa; Oy, 9v)] 663
where 684
—13
K3,3(,0&§ Oy, Ow) 685
:= F[g (04, Op) sin” o + cos (G + ot — ) s
—cos (B¢ +a — )] 687
- 10461,3(0’7 9') 688
—2.2
K3,3(P&§ 901 Oy) 689
= F[cos (Og + a) — cos (O + a) — g(Oy, O¢) sina sin Blewo
— pa©2.2(04, Oy) 691
—3,1
K3’3(p;,; O¢, Oy) 692
= F[cos (0 — B) — cos (O — B) 693
+ g(Oy. Oyp) sin® B]
— pa03,1(0y, Oy). 695
Finally, the computation of 137" yields 6%
1
t=— &7
sin” y

—1,3 —2,2
[ 4141 K550 Oy O9) + (A1iAaj + Az A1 K35 (o oo

—3,1
Oy, Ow) + A2i A2; K5 5(pa; Oy, Qv)] 699
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where

(1 + cos? &) cos (O + B) —cos (B +a —y) sin? (O + B)

—1,3
K3,5(/04§90,9V) = 3F

3 1+ cos? a) cos (B¢ +B) —cos(0g +a —y) sin? (B¢ +8)

3F

[cosa cos B + cos (o + B)] cos (Oy + B) + cos (Ogp + o) sin? (O +B)

1 —2,2
+ Z®1,3(907 Ow) K5'5(0a; Oy, O) ==

[cosa cos B + cos (o + B)]cos (Og + B) + cos (Og + o) sin® (B¢ +B)

3F

3F

1 —3,1
+ E(@z,z(@’, Ow) K3 5(oa; Oy, )

a4+ cos? B) cos (Oy + B) + cos (O — B) sin® (O + B) a4 cos? B) cos (04 + B) + cos (0 — B) sin® (¢ + B)

3F
1
+ —03,1(0y, Oy).
1Z3 -y

3F

6 Numerical results

Here, we address three numerical examples to validate the
EBEM approach. As recalled in the previous section, dou-
ble time integrals are performed analytically as well as the
inner space integral over the field triangle. On the con-
trary, the outer space integral over the source element is
numerically computed by using M,-point Gauss-Hammer
quadrature rules. The choice of the parameter M, < 12 has
guaranteed the computation of all the involved integrals with
a sufficiently high accuracy. Higher values of M, could be
considered, but they would increase the overall computa-
tional cost of the method.

For the generation of the partitioning 7 (I"), we have
used the GMSH software (see [22]). In particular, we have
built uniform or quasi-uniform conforming meshes consist-
ing of triangular elements. All the numerical computations
have been performed on a cluster with two Inte]l® XEON®
E5-2683v4 CPUs (2.1 GHz clock frequency and 16 cores)
by means of parallel MATLAB® codes.

6.1 Error analysis for an elastodynamic problem
exterior to a square crack

In this example, we consider a square crack I' = {x =
(x1,x,0) : =05 < x; < 0.5,i = 1,2} and the elas-
todynamic problem defined in 2 = R3\T', equipped by
Dirichlet boundary conditions given on I'. The chosen P,
S-velocities are cp = 1"/% and ¢g = 1 / /2™/5 the material
density is o = 1%¢/m* and the final time is T = 1s. The
boundary datum g(x; ) is assigned in such a way that the
analytical solution of (3.9) turns out to be w(x; ) = xz. We
consider successive refinements levels of a uniform coarse

@ Springer

mesh constituted by 8 equal triangles (lev. 0) covering I.
Refinements are obtained halving each triangle side, giving
meshes as those depicted in Fig. 6. In Table 1 we show the
discretization parameters, together with the error evaluated
in L2(T" x [0, T']) norm:

EL2(rx[0,71)) = lw — W”LZ(FX[O,T])

T 1/2
=[ / / ||w(x;r>—v~v<x;r>||2drxdr}
rJo

and the Estimated Order of Convergence (EOC). We remark
that, here, Ay corresponds to the cathetus length of the uni-
form mesh elements, while A; has been chosen in a way such
that cp = 2—”‘.

As one can see, the error decays as O (A}('S). The observed
super-convergence could be ascribed to the regularity of the

meshes and the smoothness of the solution.
6.2 Longitudinal waves in a bar

To study the behaviour of the proposed method, we will
deduce a Dirichlet problem from a classical benchmark for

Table 1 Discretization parameters for different levels of refinement,
space—time L? error and EOC

Ax=cp At My, Na,  epawory — EOC
lev.0  0.50000 8 4201072 -

lev.1  0.25000 32 1521072 1.47
lev.2  0.12500 128 5211073 1.54
lev.3  0.06250 512 16 1.811073 1.52
lev.4  0.03125 2048 32 6.6510* 1.45
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0.5 0.5

-0.5 -0.5
-0.5 0 0.5 -0.5

Fig.6 Meshes on the square crack for successive refinement levels

time-domain BEMs applied to 3D elstodynamics, which is
well known to be extremely challenging for what concern
standard BEMs analysis in terms of stability properties.

Let us consider a bar €2; of height equal to L and square
cross section with unit side, depicted in Fig.7. In litera-
ture, this domain is typically equipped with mixed boundary
conditions: on the lower surface the Dirichlet boundary
datum u(x; r) = (0, 0, 0)T is enforced, while the upper sur-
face is subjected to a uniform normal traction p(x;t) =
0,0, poH (r))T. On the remaining boundary the tractions
are set to zero.

If we set a (artificially) vanishing Poisson’s ratio and, con-
sequently cp = ~/2cs, the related elastodynamic problem
possesses an analytical solution, representing the total dis-
placement field in the whole 3D bar volume and surface,
directed only in x3-direction and whose expression coincides
with that of the longitudinal waves in a 1D elastodynamic rod
(see [21], page 473), i.e.:

H() kay
u(x;t) = Po 5 Z (—DF
P k=0
[(cpt — 2kL — (L — x))

H<0pt—2kL—(L—x)) 6.1)
cp
—(cpt —=2(k+ 1)L + (L — x))
(Cpt —2(k + 1)L + (L — x))}
x H ,
cp
Here, we consider problem (2.1), where ; = [, 1? x

[0, L], with [ = %m, L = 3m. The material parameters

2
o = 1%k¢/ ™ and w = %kg/ms are taken, while we set pg =
1kg/ms2, so that P0/0% = 1. Using (6.1), on the boundary I
of the bar we prescribe the Dirichlet condition:
g(x; 1) = (0,0,u(x3: 1),

xel, tel0,T] (6.2)

lev. 2

lev. 3

0.5

p(x; t) = (Oa O,poH(t))T

f)(X; t) - (07 0, O)T

0.5

i
n

u(x;t) = (0,0,0)

-0.5

Fig. 7 Bar geometry and boundary conditions typically prescribed in
literature

where the overall analyzed time is T = 36s. To develop
a convergence analysis, we start by considering the coarse
mesh associated to the zero level of refinement (lev. 0) and all
the successive refinements are obtained by halving each side
of its elements. In Fig. 8, the uniform meshes corresponding
to the four levels of refinement are represented. In Table 2,
the space and time discretization parameters are reported. We
remark that, here, Ay corresponds to the cathetus length of the
uniform mesh elements, while A, has been chosen in a way
such that cp = i—j. Furthermore, the last column of Table 2
collects the values of the parameter N* in (4.11), responsible
for the reduction of the cost of the proposed approach in
terms of memory and computation time. Indeed, we recall
that E® =0 for £ = N*,..., Na, — 1.

In Fig.9, we show in relation to the finest mesh the whole
time history of the third component of the recovered density
w3 (x; t) at the points xg = (0, 0, 0) (on the bottom face) and
x¢ = (0, 0, 3) (on the top face), since the components in the
x1- and xp-directions of the density W(x; ) are both trivial.
We remark that the oscillations in these plots are clearly asso-
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Fig. 8 Meshes of the domain €2; for four successive levels of refinement

Table 2 Discretization parameters for different levels of refinement of

the bar boundary mesh

0\
A
vy
Y
VAV,

lev.

the recovered displacement U in X4

Ay M, Ay Na, N*
lev. 0 1.0000 28 1.0000 36 10
lev. 1 0.5000 112 0.5000 72 14
lev. 2 0.2500 448 0.2500 144 24
lev. 3 0.1250 1792 0.1250 288 42

ciated with the jump discontinuities of the analytical solution,
but anyway they remain stable.
To reconstruct the solution of the elastodynamic problem
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shown in Fig. 10, where for the highest levels of refinement
= (0,0, 2) is indis-
tinguishable from the exact one. This good approximation
property is clearly visible also in Fig.11, where only for
Ax = A; = 0.125, the picture on the left presents the whole
time history of the recovered displacement field, computed at
one of the points, namely X¢, of the upper surface compared
to the exact one, while on the right, the behaviour of i3 at
the points x; = (0,0,7/2), for j =0, 1,2,3,4,5, 6 (placed

along a vertical line in the center of the bar) is highlighted.

In order to test the accuracy of the numerical solution
retrieved by applying the proposed energetic BEM approach,
in Fig. 12, we show the behaviour of the L2([0, T) absolute
error in the point X4:

ux; 1) = (0,0, u(x3; 1)), x € Q;, we plug the computed

density W(x; 1) into the relationship (3.1), obtaining u(x; f).
The analytical behaviour of the time history of u is well
captured by the third component of U (the only one not r
trivial) for every choice of Ay, A; presented in Table 2, in =
particular for the smallest discretization parameters, as it is 0

Fig.9 For A; = 0.125, time
history of the component in

x3-direction of the approximated

density W at the location
xp = (0, 0, 0), on the left, an
x6 = (0, 0, 3), on the right
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ﬁ3(xo; t)

36

Time

/ s 1) — (2 D dr.

e(xq) == [u3(x4; -) — u(2; ')||L2([0,T])
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ot

—— analytical
lev. 0
4r ] lev. 1
—lev. 2
3L ||=—lev. 3

u3(x451)

Time

Fig. 10 Time history of the component in x3-direction of the approx-
imated displacement field @ in x4 = (0, 0, 2), recovered for different
values of discretization parameters and compared to the analytical one

We point out that these results seem to suggest that &(x4)
decays as O(A;'S). In our numerical experiments, we have
observed similar errors when we reconstruct u(x; ¢) in other
points x € ;.

6.3 Scattering of an incident plane P-wave by the
unit sphere

Finally, we consider the problem of scattering by a sphere,
which is interesting from the mathematical point of view and
has several applications, as reviewed in [30], ranging from
acoustics to elastodynamics (see also [32]) and electromag-
netism.

Problem (2.1) is here defined in the domain 2, := {x €
R? x12 + x% + x32 > 1}, external to the unit sphere with
boundary I" and centered at the origin of the axes, endowed
with homogeneous initial data and Dirichlet datum g(x; )
coinciding with the opposite of an incident plane P-wave
Ui (X; 1) along the obstacle I', i.e. g(X; 1) = —ujpc(X; 7). In
the following, we assume:

Uinc (X; 1)
20(x| —2+cpt—0.475)2 T
i= (o720 20477 0, 0)

The chosen P, S-velocities are cp = 2m/5 and cg = 1"M/3, the
material density is 0 = 144/ and the final timeis T = 12s.

100 | — AL®
()

£(x4)

—
= I
©

107t
AX

Fig. 12 L2([0, T]) absolute error (x4) for the sequence of time and
space discretizations described in Table 2

The total wave field uyy is given by the sum of the incident
wave Ui, and the scattered one ug.,, where the latter is recon-
structed in a post-processing phase by using the single-layer
representation formula (3.1), once the density W is numer-
ically computed. For the space discretization we choose a
quasi-uniform mesh of I" consisting of Ma, = 1488, with
Ax ~ 0.125, while the time interval of interest is subdivided
into N = 192 subintervals so that cp >~ i—’t‘. In this case, we
have observed that N* = 38 and consequently the method is
extremely fast.

In Figs. 13 and 14, we present several snapshots related
to the components in the xj- and x;-directions, respec-
tively, of the reconstructed scattered field in the square
[=5,5] x [-5, 5], laying on the plane x3 = 0 and exter-
nal to the obstacle, for different time instants. We omit the
plot of the component in the x3-direction because it is trivial.
These results show the capability of the proposed method to
simulate a complete wavefield since an S-wave appears once
the scattered field in x;-direction, generated by the given
Dirichlet datum, bumps against the obstacle and is reflected
back.

Conclusion and perspectives

We have considered a boundary integral reformulation of 3D
time-domain interior and exterior wave problems, endowed

Fig.11 For Ay = 0.125, 8 8
A, = 0.125, on the left, time — analytical s Eg 0 ?}2)
history of the component in ol “ mumerical ] o — 0.0.1)
x3-direction of the recovered x3 = (0,0,3/2)
displacement field @ in x¢ = = x4 = (0,0,2)
compared with the analytical % A4 1 =z x5 = (0,0,%72)
one and, on the right, evolution B 5 x5 =(0,0,3)
of the approximated 3 at ol |
different heights along a vertical
line in the center of the bar)
00 12 24 36
Time Time
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t =1.2676 t=1.5211
t = 22817 t = 2.5352

e <o

t=1.7746 t = 2.0282
t = 2.7887 t = 3.0423

Fig. 13 Scattering of a plane incident P-wave by the unit sphere. Snapshots of the component in the x|-direction of the reconstructed scattered

field uy., around the obstacle at different time instants

D &))

(
[

t = 1.2676 t=1.5211
_ S _—
(W ) [ 4 )

t=2.2817 t = 2.5352

4\\ ) “® )
t=1.7746 t=2.0282
(,_ ) /f )
t=2.7887 t=3.0423

Fig. 14 Scattering of a plane incident P-wave by the unit sphere. Snapshots of the component in the x,-direction of the reconstructed scattered

field uy., around the obstacle at different time instants

with a Dirichlet type boundary and null initial conditions.
For the resolution of the corresponding boundary integral
equation, we have used the space—time energetic Galerkin
boundary element method with double analytical integration
in time variable. The resulting weakly singular double inte-
grals in space variables are then evaluated by inner analytical
and outer numerical integrations. This issue has already been
encountered and analysed in [5], where the energetic BEM
has been applied to solve 3D acoustic (scalar) wave problems.
However, the extension of this method to the elastodynamic
(vector) case is not trivial, since a rigorous classification
of integration domains with shapes strongly dependent on
the advancement of P- and S-wave fronts is required. The
accurate detection of these domains is essential to avoid
computational inaccuracy and to overcome the difficulties
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entailed by the integration of the Heaviside functions, that
model the wave fronts propagation. This issue, as already
observed in the context of 2D elastodynamic wave problems
(see [11]), is crucial to maintain the global efficiency and
stability of the entire energetic procedure. Furthermore, we
have theoretically and numerically shown that the compu-
tational cost and memory storage required by the proposed
numerical method can be significantly reduced by taking into
account a cut-off property known since the work of Mansur
[28] and used for instance in [25, 26] .

Unfortunately, even if the energetic BEM takes advantage
from the dimensionality reduction of the problem, working
on the boundary and not on the spatial domain, 3D realis-
tic problems involve a large number of surface degrees of
freedom. Therefore, the traditional implementation on ordi-

’ Journal: 466 MS: 2312 [ _|TYPESET [_]DISK [_|LE [_]CP Disp.:2023/3/30 Pages: 21 Layout: Large

880

882

883

884

885

886

887

888

889

890

892

893

894



895

896

897

898

899

900

906

907

908

909

910

912

913

914

915

916

917

918

919

920

922

923

925

926

927

928

929

930

Computational Mechanics

nary laptops of the method is prohibitive as soon as the space
dimension becomes large, and it is restricted to problems of
small size, typically O(10%) degrees of freedom, as shown
in the presented numerical tests. We remark that at the cur-
rent stage the design and the implementation of fast, stable
and accurate solvers, that allow to increase the capabilities of
space—time BEMs, are still open questions (see [12] and [20]
for recent developments in 2D). Even if this issue is crucial
for successful applications of the proposed method to large
scale HPC applications, it is out of the aim of the present pio-
neering paper. Since these aspects are worth of study, they
will be the subject of future investigations. On the other side,
the study of Energetic BEM for the more interesting 3D elas-
todynamic PDE equipped by mixed or Neumann boundary
condition is currently taken into account, with the develop-
ment of space—time double layer potential and hypersingular
integral operator discretizations, extending what has been
done in [6] for 3D acoustic wave propagation.

Appendix

In the case of acoustic (scalar) wave propagation problems,
for a given child triangle E,(,f ) a single circular wave front
induces, in the most general case, a partition represented by
(the sum of) a triangle (region G) and two circular sectors
(region &). In this Appendix, we detail the analytical inner
integration over these two types of domain.

A Results of the analytical integration over a
circular sector

We have already remarked that, when pg = 0, the domain
F coincides with £ (circular sector). In this special case, the
expression of the functions K; j(pa) = K; ;(0, pa), for

i =j=1ori=123and j = 3,5, simplifies as it
follows:
K11(pa) =/ pg+7* =2
1 1
Ki3(oa) = ————=+ -
Jra+2 *
3
Kis(oa) i= 5 | =
1,5 IO. L 3 Z3

pa+ \/rg + 22 n
Jra+ 32

K> 3(pa) = log

1
Jra+ 7
. _

L __re
2
3z /,oi-i-zz
2 22
K33(pa) =/ pg + 22— -2z
Pt 22
2

L2
3

K> 5(pa) =

K1s(oa) 2 1
35(08) = = — —F———
. 3z /pi_uz

Since they depend on z, we point out that in this scenario z
is always greater than 0.

1
/Oisz2

B Results of the analytical integration over a
triangle

For what concerns the collapsed version of the domain H, i.e.
the triangle G, we report here the values of K lh ’jk (Og, Ov) :=
E{f}?‘(o; ¢, Ov), where the indices h,k = 1,2, 3 are such
that 2 < h 4+ k < 5, while the indices i and j are such that
i=j=1ori=1,2,3and j = 3, 5. For easiness of the
presentation, we collect the expression of K Ih ’l.k (04, Os) On
the basis of the values of the indices % and k, so that

e for s = k = 1 we have:

K"\ (04, On) == Fg3(04. Op) + 286(04. Onp)

— 2ty —Oy)
~ 1 1
1{1131 Oy, O) := _2g6(9" Oy) + Z(9, —0y)
1,1 ) 1 F
KI,S (0‘, 9') = —3—Z2F‘2——i_Z2

[cos (b +B)  cos (B + ﬂ)]

82(04. Ow) 81(Oy. Onp)
. 86(90, 9') n 9' — 9‘
373 373

e forh =1 and k = 2 we have

K33 (0y. O9) := g5(04. Op) cos (v — Op) — g4(0y. Oup)
cos (y — Og) — g3(0y, Oy) cosa

B2 (00 6rg) 1= —
25 (04, On) =32

+

sina sin (O + B) — g7(0¢. Ogp) cosa cos (Oy + B)
x
82(0y, Oy)

N 87(0¢, Og) cos o cos (9‘ + /3) — sina sin (9‘ + /3)
810y, )
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e forh =1 and k = 3 we have

’?31,?(9» Oy) := F[g2(04. Ogp) cOs (O + 0 — ¥)
— g1(O¢, On) cos (Og + & — y) + g3(0y, Oy) sin? ]
+286(0¢ . Onp) — 2201 3(04, Onp)

860y, Ov)

~1,3 2
K350y, Oy) == 3?@1,3(9.,(%) - e

n 87Oy, Oy) cos? a cos (O + B) —cos (Oy + @ —y) sin? (O + B)

3Fgy(0y, )
87Oy, Oy) cos? a cos (B¢ +B) —cos (O +a—y) sin? (Og +B)

3Fg1 (04, Oyp)

e forh =2 and k = 1 we have

1"{'%% (O, Onp) := —25(04, Op) COS Onp + 24(Oy, Oap) O O

— 23(0y. Oyp) cOs 51?2251 (B 69) = 1
y sin B sin (9. + ,3) + g7(0¢. Ogp) cos B cos (9‘ + ,3)
810y, Ow)

+

_ sinBsin (6o + B) + g7(64, Ogp) cos B cos (Oyp + B)
82(0y, Oy)

e for h = k = 2 we have

K23(04. 04) := Flg1 (04, Oup) cos (04 + @)
— 82(0y, On) cos (g + @) — g3(0¢, Oyp) sina sin f]
- ZgG(QQa Oy) cosy — 2Z®272(9’, Oy)

e forh =3 and k = 1 we have

K33 (04, 0n) := Fl31(0y. Onp) cos (04 — B)
— 82(04, Op) c0s (O — B) + 23 (04, Onp) sin” B
+286(0¢, Oop) — 2203 1(Oy, On).

Even in this case, z is always greater than 0.
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