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Abstract

In the p-wave spin-triplet pairing model of superfluid Helium-3, at each point x of the region 2 occupied
by the system, the order parameter field is described by a 3 x3 complex matrix A encoding the orientation
of the spin and orbital angular momentum of the Cooper pairs of Helium-3 atoms. The transition of
liquid Helium-3 to a superfluid state is associated with a spontaneous breaking of the overall symmetry
group G = SO(3) x SO(3) x U(1) of the system. In the Ginzburg-Landau regime (i.e., in regions near to
the critical phase-transition temperature), the free-energy density f of superfluid Helium-3 is expanded
into powers of the components A,; of A and A, of its gradient VA, and can be decomposed in the sum
f(A,VA) = fB(A) + feraa(A, VA) of the bulk part, fg, and the gradient part, fgraa. The free-energy
density f must be invariant under the action of G defined by A — A’ = exp(i¢p)R1AR] , where ¢ is a
phase, and R1, Rz are elements of SO(3), that is, it must be invariant against gauge transformations and
against rotations in spin space and ordinary (orbital) space, separately. We address the question of G-
invariance for a general free-energy density in the Ginzburg-Landau energy functional and determine all
linearly independent quartic terms of the form AA*VA(VA)* in the expansion of the gradient free-energy
density. It is known that the superfluid phases of Helium-3 near the critical temperature correspond to
the minima of the bulk free energy and that the absolute minimum corresponds to a stable equilibrium
phase. In zero magnetic field, there are two distinct superfluid phases, A and B, which exhibit an
absolute minimum of the bulk free energy in different regions of the phase diagram. Explicit expressions
for the generalized gradient energy densities are provided for both the A and B phases. Finally, a
unified approach to A and B phases is proposed, which involves an auxiliary control parameter. In this
framework, the extremal properties of A and B phases are recovered and a transition between the two
phases is observed in dependence of pressure.

1 Introduction

The 3He (Helium-3) stable isotope of the Helium element has a boiling temperature equal to 3.19 K at 1 atm.
Below this temperature one finds liquid 3He. For T > T,, where the critical phase-transition temperature 7T
depends on the pressure and lies below the boiling temperature, liquid 3He has all the symmetries allowed
in condensed matter. Superfluidity only appears at 0 < T < T, (cf. [30, 31]).

The known superfluid phases of He are characterized by a condensation of Cooper pairs of *He atoms
into a state characterized by the quantum numbers ¢ = 1 and S = 1 (this type of pairing is referred to as
a p-wave, spin triplet pairing). Here ¢ refers to the internal angular momentum operator L of the Cooper
pairs, which describes the relative orbital motion of the *He atoms in a pair, while S refers to the total
nuclear spin operator S of a pair.!

1We recall that for an abstract angular momentum operator M, a state is said to have angular momentum j if it is an
eigenstate of the operator M2 = M2 + M% + M? with eigenvalue j(j + 1)i?, where % is the reduced Plank constant. The
possible values for the quantum number j are j = 0,1/2,1,3/2,2,.... Having angular momentum j means that an arbitrary
axis component of the angular momentum M, say M., has simple eigenvalues m#h?2, where m € Ej ={-j,—j+1,...,5}.
The corresponding 2j + 1 eigenvectors vy, m € Ej, span a (2j + 1)-dimensional subspace V;41 which defines an irreducible
representation p; of the rotation group SO(3). Moreover, all vectors v, m € Ej, are eigenvectors of the operator M?2; indeed,
M2(vm) = §(j + 1)h%vm,. For the orbital angular momentum L, the possible values of the orbital quantum number £ are
£ =0,1,2,.... This implies that an arbitrary axis component of the angular momentum L, say L., has simple eigenvalues mh,
m=—0,—0+1,...,0. If £=1, the z-axis component L, has only three eigenvalues, namely —A, 0, and h. The spin quantum
number S refers to the total nuclear spin S = s; + s> of the two 3He atoms. In this case the nuclear spin of either atom in
the pair is s = 1/2. If S =1, the z-axis component S, has only three eigenvalues, namely —#, 0, and /. For more details, we
refer to [21].



The transition of liquid *He to a superfluid state is associated with a spontaneous breaking of symmetry,
as in any other phase transition of condensed matter into an ordered state (cf. [16]). To a good approxima-
tion, above the critical phase-transition temperature T, liquid *He is symmetric under independent spin
and space (orbital) rotations, as well as under gauge transformations (phase changes).? Thus the symmetry
group G relevant to the superfluid transition of 3He is given by the product

G =50(3)s x SOB)L x U(1)e (1.1)

where the subscripts S and L denote the infinitesimal generators of the groups of rotations in spin space
and in ordinary (orbital) space, and ® denotes the generator of the gauge group U(1).

Within the Landau theory of phase transitions [10, 16], if T is close enough to T, the order parameter
describing the presence of superfluid states (or phases) is given by a 2 x 2 complex matrix of the form
[20, 29, 30]3

A(k) :Aﬂjkjo-ll«io-2 (/L,j = 1,2,3) (12)

where p labels the spin indices and j the orbital ones, k € S? is the orbital unit vector, or momentum, o,
are the Pauli spin matrices,* and A = (A,;) is a general 3 x 3 complex matrix. More explicitly, we have

AR) = (A1) +iA2) k; Ak )
Asjk; (A1) +iA2;)k;

The 3 x 3 complex matrix A = (A,;) involved in (1.2) completely determines A(k) and can then be
considered as the order parameter of the system, describing the presence of superfluid states (or phases)
in a certain domain @ C R3 of 3He. The matrix A transforms like a vector under a spin rotation, for a
given orbital index j, and like a vector under an orbital rotation, for a given spin index p. Hence A may be
expressed as a second order tensor of the form

3
A= Z Aw»eu®ej:QCR3—>(C3®(C3

pj=1

where {e, = ef[q)} and {e; = e§L)} denote the unit vectors of the Cartesian coordinate systems in the spin
space and the ordinary (orbital) space (in principle, they may be chosen to be different).> Correspondingly,

the action on A = (A4,,;) of an element G := (R*®), R ¢) € G is given by

(G xA),y = (?ROARDT) — RO RE A, (1.3)

1%}
where ¢ is a phase, R = (R})) € SO(3)s and R = (R})) € SO(3)x.

In the Ginzburg—Landau regime, that is, in regions near the critical temperature T, the free-energy
density f in the Ginzburg-Landau integral functional is constructed using truncated expansions involving
powers of the components of the tensor order parameter A and its gradient VA, subject to appropriate
symmetry conditions. The free-energy density can be decomposed as

f(A7 VA) = fB (A) + fgrad(A’ VA)

where fg(A) is the “bulk part” and feraa(A4, VA) is the “gradient part”. The invariance under the physical
symmetries G, see (1.1), imposes certain restrictions on the form of the bulk and gradient parts of the

2The invariance under a phase transformation ¢ + ¢’ is mathematically equivalent to a U(1)-symmetry.
3Here and in the following we adopt the Einstein summation convention by which repeated indices are implicitly summed.
Moreover, i stands for the imaginary unit.

41.e., the Hermitian matrices o1 = ( ? (1) ), o9 = ( ? BI ), o3 = ( (1) 701 ), which are the real generators of the
Lie algebra (—i)su(2) C End(C?).

5In this paper, we think of vectors as column vectors. If n, m € R3, the tensor product n ® m is the matrix nm”, so that
if n = (n1,n2,n3)7 and m = (m1, mz, m3)7, then (n® m);; = n;m;.



free energy. More details on the question of the invariance of the free-energy density will be discussed in
Section 2.
According to [2, 7, 20, 29], the expression of the bulk part fz(A) up to fourth order terms is given by®

fB(A) == —atr(AAT) 4 By [tr(AAT) |2 + By [tr(AAT)]? + B tr[(AAT)(AAT)¥]

1 Ba tr(AATY2) 4 B tr[(AAT) (AAT)"], (14)

where the coefficient o = ag(1 —T/T.) changes sign at T,, while «g and the coefficients fi,..., 05 depend
on the pressure, the temperature, and on the details of the interaction of the 3He atoms. The expression
for fp is obtained from A = (A,;) by contracting all indices in second and fourth order terms in order
to guarantee rotational invariance in spin space and orbital space, separately. Moreover, each term in the
expansion should contain an equal number of A and A* to satisfy gauge invariance. The quadric expression
(1.4) is the simplest form of fp that allows for multiple critical points. The critical points fall into two
classes: the so-called inert and non-inert phases. The inert phases are those in which the order parameter,
specified by the matrix A, does not vary with the parameters 1, ..., 85. In other words, in the space of the
B1, ..., 05, there exist domains such that, in each domain, the bulk part of the free energy is minimized by
a matrix A remaining fixed throughout the domain. Among the inert phases, the A and B phases exhibit
absolute minima of the bulk free energy in different region of the phase diagram. Thus, the phases A and B
are those more relevant from the physical point of view. In this sense, the phases A and B are reminiscent
of the uniaxial nematic phases si(n ®n — £Id) in the Q-tensor theory of liquid crystal (cf. [3, 23]). For the
study of more general invariant free energy densities involving higher order terms, we refer to [15]. This study
is similar in spirit to that in [18] for the simpler case of Q-tensor theory of liquid crystals. The invariance
under G of the bulk free-energy density fp is expressed by the condition

fB(G*A) = fg(A), forevery G €G.
On the other hand, according to [1], it is assumed that fgraa (A4, VA) is quadratic in VA and has the form
ferad(A, VA) i= 111 + y2ls + 7313
where ~; are non-negative physical constants and

Il = 8kAHj6kAZj 5 _[2 = akAMBjA;k 5 13 = 8kAHk8jA;j .
As it will be explained in Section 2, for every G = (S, L, ¢) € G, the invariance of fgraa(A4, VA) under G is
expressed by the condition

fgrad(A,D) = fgrad(G*A,G*VA)

where (G« A) = e?SALT and (G VA)ujk = ei¢SWijLk080A,,b. The above condition can be seen as
the analog of the frame-indifference condition in the framework of the Landau-de Gennes theory of liquid
crystals [3, 4, 14].

In Section 2, we shall determine all linearly independent quartic terms of the form AA*VA(VA)* in the
expansion of the gradient free-energy density. Observe that in the expression for the gradient free energy
density fgrad, the odd powers of the gradients are not compatible with the rotational and gauge invariance
of the free energy.

The equilibrium order parameters correspond to the minima of the bulk free energy fp [29, 30, 31].
Above T, the absolute minimum of the bulk energy fp is A = 0, which corresponds to the normal liquid
3He. In the superfluid state, i.e., below T,, there are many critical points A # 0 of fz. Depending on the
relations among the parameters f1,..., s, some of them correspond to the local minima of fg. If some
A # 0 attains the minimum of fp, then, according to the invariance under the symmetry group G of the
functional fpg, also the state G x A obtained from A by the action of any element G of G has the same
energy, and hence it is an equilibrium state. All these states correspond to the same superfluid phase but to
different degenerate physical states of the phase.

In other words, the values of the order parameter A corresponding to a certain fixed superfluid phase
belong to a G-orbit, or more generally, to a stratum of G-orbits in the space of all 3 x 3 complex matrices

6We adopt the notation At := (AT)*, where AT and A* denote, respectively, the transpose and the complex conjugate of
A, so that we e.g. have |A|? := tr(AAT).



acted upon by the symmetry group G. Any G-orbit describes the manifold of the internal (degenerate)
states of the corresponding phase. Two different G-orbits describe two different phases, which differ one
from the other by the symmetry and by the manifolds of their internal states.

Accordingly, below the superfluid transition temperature 7. the symmetry group G is spontaneously
broken (cf. [16, 22]).

For a given equilibrium state (or vacuum state) A of an ordered superfluid phase (G-orbit), the elements
of the isotropy group

Ha={GeG|GxA=A}

of G at A leave the order parameter invariant. The group H is known as the residual symmetry of the
equilibrium state A. All the most important physical properties of a given superfluid phase are mostly
determined by the residual symmetry H of its equilibrium state.

Among the different superfluid phases, the inert phases are indeed good candidates for providing the
absolute minimum of the energy [6, 7]. They correspond to maximal subgroups H of G, and hence, besides
the normal state of liquid ®*He, they are the most symmetric vacuum states (cf. [28, 31]). Near T, they
are always critical points for the Ginzburg-Landau functional corresponding the bulk energy density (1.4),
for any (1,...,05. For more details on the inert phases and the Ginzburg-Landau equations, we refer to
[12, 15, 30, 31].

SYMMETRY CLASSIFICATION OF SUPERFLUID PHASES. Since there are many subgroups H of G,
it is natural to expect that there are many types of vacuum states, which in turn correspond to different
superfluid phases with different groups of residual symmetries.

In principle the symmetry classification of all possible superfluid phases reduces to the enumeration of
all subgroups H =< G not containing U(1) as a subgroup. Significant progress in the enumeration of the
different classes of superfluids was obtained by Bruder—Vollhardt (cf. [8] and [30]).

For a continuous subgroup H =< G, every element h € H can be written as
h=e4MkT:I—%eT (1.5)
where € is an arbitrary vector of infinitesimal length and
T=(T,,T,,T.)= (T, T2, Ts)

are the generators of the infinitesimal transformations of the group H. The infinitesimal generators T can
be written in principle as linear combinations of the generators of SO(3)r, SO(3)s and U(1)g, i.e.,

(T, Ty, T,) = (azLg + b:S4, ayLy + 0,S,,a.L. + .S, + c®) (1.6)
where (ay,ay,a;) = a, (by,by,b,) = b, ¢ are real parameters, (L, L,,L,) and (S,,S,,S,) are the compo-
nents of the orbital and spin angular momentum operators, L and S, given respectively by’ (L;) ik = —ihegjr,
(Sa)py = —iheapy, and ® = —ih0/0¢ is the operator for a gauge transformation, with $A = A and
PA* = —A*.

In order to obtain all possible continuous subgroups H of G one can list all possible linear combinations
of infinitesimal generators. Once a subgroup H = G is given, to determine an order parameter A such
that the isotropy group at A coincides with H, that is, H4 = H , one proceeds as follows. If H < G is the
isotropy group at A, then

hxA=A

for every h € H. By (1.5), the order parameter A is then obtained as a solution of the symmetry equations
T;A=0, i=1,2,3.

According to [30, Eq. (6.20)], the symmetry equations lead to the following system of 3 x 9 homogeneous
equations in the nine complex components A,; of the order parameter A,

a; Z€ijkAuk + b; ZeiMVAVj +id;3 CAH]‘ =0 (’L =1, 2,3) . (17)
k v

"We denote by €ap~ the Levi-Civita symbols.



Equations (1.7) are used to compute the components A,,; of A.

In this setting, we briefly describe the two physically more relevant phases of superfluid 3He: the inert
phases 3He-A and *He-B (cf. also Remark 5.1).

Example 1.1 [The B phase] According to [8, 30|, the B phase of superfluid *He, 3He-B, corresponds to
the choice of T =S+L, ie., c=0, a; =b, = 1. Solving the symmetry equations T; A =0, i = 1,2, 3, that
is, (1.7), among the unit matrices (|A|? := tr(AA") = 1) one obtains the order parameter

1 1
—(ele{ + ezegT + egeg)

1
%(6/&7):%132 7

which describes the B phase [29, 31]. The manifold of all degenerate equilibrium states of the B phase
corresponds to the orbit under G of the initial state given by AP, that is,

0 _ (A0 y._
AY = (A,;) =

GxA"={G+xA"| G G}
where if G = (R, RF) $) one has

(GxA%),;=—=€’R (R;) = RORMT € S0(3) ~ RP? . (1.8)

i
The isotropy group at A% of G is
Hp={GecG|GxA"=A" = {(M,M,1) € G| M € SO(3)} =: SO(3)s,1, = SO(3)
which implies that the orbit is the 4-dimensional manifold
Gx A" =2 G/Hp =2 SO(3) x U(1).

Example 1.2 [The A phase] According to [8, 30], the A phase of superfluid He, *He-A, corresponds to
the choice of T, = 0,S, + a,(L, — ®). In this case, solving the equations T; A = 0, i = 1,2,3, i.e., the
equations (1.7), among the unit matrices one obtains® the order parameter

AT/2 . 1

e L ese? +iel) (1.9)

0 0 0
00 0)=—5
1 i 0 V2

which describes the A phase [29, 31]. The manifold of all degenerate equilibrium states of the A phase
corresponds to the orbit under G of the initial state described by A™/2, that is,

Gx AT ={GxA™?| G e G}.

This time, for any G = (R®), R¥) ¢) € G,
™ L e (s L), (L
(G*A™?),; = ﬁebeL; (R +iRr\Y). (1.10)

The isotropy group at A™? of G is computed to be (cf. [31])
HA = U(l)sz X U(l)Lz_q;. X ZQ.

The Zy factor reflects the discrete combined spin-gauge symmetry of the A phase: the state (1.9) does
not change if the spin rotation, which transforms e3 into —egs, is combined with the gauge transformation
¢ — ¢ + m, which takes el +iel to —(el +iel). This additional Zy discrete symmetry of the A phase
cannot be obtained by the symmetry classification described above (cf. [8, 30]). Then, the G-orbit of A™/2
is the 5-dimensional manifold

SO(?))S % SO(?))L X U(].).:p
U(Ds. UL —o
8The notation A9 = (A?Lj) and A™/2 = (AZJ/Q) will be clear from the ansatz (1.11).

Gr A2 =G U, = ( ) /7y = (S* x SO(3)) /5.




Remark 1.3 The e3 vector in the A phase state (1.9) may be considered as a “director” in all cases in
which the change of phase ¢ is unimportant. In this sense, e3 resembles the director in the theory of uniaxial
nematic liquid crystals [4, 9, 24, 25, 26]. Accordingly, an orientability problem similar to that occurring in
the @-tensor theory of uniaxial nematic systems as treated in [5] could be envisaged for the superfluid A
phase.

DESCRIPTION OF RESULTS AND ORGANIZATION OF THE PAPER. In Section 2, we address the
question of the invariance under the symmetry group G of a general free-energy density for the Ginzburg—
Landau functional and consider a generalized gradient energy density expansion including quartic terms.
More precisely, we determine all linearly independent quartic terms I, (cf. (2.7) and (2.8)) of the form
AA*VA(VA)* that are quadratic in VA. Their linear independence is discussed in the Appendix. In
Section 3, we analyze the gradient energy density for the B phase and explicitly write the gradient terms I,.
In Section 4, we discuss the gradient energy density for the A phase and explicitly write the gradient terms
I,. In Section 5, we propose a unified approach to the study of the A and B superfluid phases. Namely, we
assume

A=AT,P)A’cCPaC?

where the amplitude A(T, P) > 0 depends on temperature T' and pressure P and A? is a unit matrix
parametrized by an auxiliary control parameter 6 € [0,7/2] relating the unit states describing the A and B
phases considered in Examples 1.1 and 1.2,

V3

A? .= cos® L é
= 0 7

O = O
= o O

0 ) 0 0
0| +sino. — 00|, 6elon/2. (1.11)
1 i 0

We will see that when 6 €10, /2], the isotropy group H at A? is trivial (the absence of discrete symmetries
is also checked). Thus, for 6 €]0,7/2[, the G-orbit of A? is diffeomorphic to the overall symmetry group
G. We shall then explicitly write the fourth order expansion of the bulk energy density (1.4) in our ansatz,
obtaining the formulas in (5.1) and (5.2). In Proposition 5.3, we establish the optimal values of the control
parameter # and the corresponding relations among the coefficients (§; in the expression of the bulk free-
energy density (1.4).

Provided that the inhomogeneity region is large enough (cf. [29, Section II-D] and the discussion at
the end of Section 5), the gradient terms may be neglected, and the superfluid phases are determined by
the minimization of the bulk energy (1.4) alone. In this case, only the mazimal isotropy groups H of G
may produce inert phases (cf. [8, 29, 30]). In particular, the A and B phases are the only minimizers in
absence of an external magnetic field. This property is recovered in our ansatz, when the coefficients 3; are
chosen according to the weak or strong coupling theories, see Proposition 5.4. More precisely, by choosing
the coefficients f; in accordance with Anderson—Brinkman [2], see the formulas in (5.3), a phase transition
is observed in dependence of the spin-fluctuation parameter §. Our results are consistent with the ones
reported by Salomaa—Volovik in [29, Section II-D].

2 Bulk and gradient free energy densities

In this section, we discuss the invariance properties of a general free-energy density for the Ginzburg-Landau
energy functional, and in particular of the bulk and gradient energy densities. We then determine all linearly
independent quartic terms of the form AA*VA(VA)* in the expansion of the gradient energy density.

BULK ENERGY DENSITY. According to Mermin—Stare [20], Anderson-Brinkman [2] and Salomaa—
Volovik [29], the relevant fourth order expansion of the bulk condensation term in the Ginzburg-Landau free
energy is given by the expression (1.4).
In the following, we will occasionally take advantage of the possibility of writing the order parameter
AeC*®C?as
A=AA, with A=|A], AeC’eC?®, |4 =1 (2.1)



where in general the size (amplitude) A = A(T, P) only depends on temperature and pressure. In this case,
the bulk free energy density (1.4) takes the form

fB(A) = —a A2 tr(AAT) + A* (,31 ltr(AAT)|2 4 By [tr(AAT))? + B3 tr[(AAT)(AAT)*]

o o (2.2)
+ Bate[(AAT)?) + s brl(AAT)(AAT)7))

where o and f; are real constants depending on temperature and pressure, see Section 5 below.

GRADIENT ENERGY DENSITY. When spatial variations of the order parameter A = (A,,;) are allowed,
the free energy density in the Ginzburg—Landau functional will contain extra terms depending on the com-
ponents of the gradient VA of A, with respect to the ordinary (orbital) space coordinates 1,2, x3. We
recall that the gradient VA is a third order tensor, whose components are given by (VA),jx = Aujr =
ak‘A[l.j = %Aﬂj.

According to de Gennes et al. (cf. [1]), the gradient part of the free energy density of an anisotropic

superfluid in the Ginzburg-Landau functional has leading G-invariant terms quadratic in the components of
V A of the form

Jeraa(A,VA) i= 11 + 72 Iy + 7313 (2.3)

where v; are non-negative physical constants (see also Section 5) and

Il = 8kAM-8kA* .[2 = BkAMBjA* .[3 = 8kA#k8jAZj .

wy o uk >

These energy densities can alternatively be expressed by (cf. [1])

3 3 3
L= |[VA|?, L=) t[VAVA], IL=>Y |div4,l
n=1 p=1

p=1

where A, = A, el are the row vectors of the matrix A (see also Remark 3.1). Notice that I = [VAJ? is
the Dirichlet energy and Is — I3 is a null Lagrangian, since

ak(AujajAZk - AukajA;j) =D —1I3. (2.4)

INVARIANCE. Let D := V,A denote the third order tensor corresponding to the gradient of A with respect
to the ordinary spatial coordinates x. In components, this amounts to saying that D, = Ak = OrA,;.

Let G := (R, R(") ¢) be an element of G where, for simplicity, we let S = RS and L = R,
According to the action (1.3), for any € €, we have (G x A)(z) = e?SA(z)LT. Next, let z = Lz be the
coordinates obtained by rotating by L the ordinary spatial coordinates .

We can state the following.

Proposition 2.1 Let A, Gx A, and D = VA be as above. Let G x D be the third order tensor G x D :=
V.(G*A). Then

(G* D)yjr = €Sy Ljy Lic Dy - (2.5)
PROOF: Since z = Lz, we have
g:; = (L™ )ik = Ly -
With (Gx A),; = (e9SALT),; = €S, ALy, we have
G x @) = €S ALl (0)
— ei¢LkCSW8imc[Ayb(m)] Lj
= €25,,0cAu(2) Lic L
which implies (2.5), as claimed. O



Therefore, it turns out that, for every G = (S, L, ¢) € G, a general free energy density I with the correct
invariance properties under gauge transformations and spin and spatial rotations must satisfy the condition

I(A,D)=1(G*xA,Gx D), (2.6)
where (G x A) = e?SALT and (G % D)k = ei‘bSWijchD,,bc.

For example, as for the density I, we have I>(A, D) = D,k D}, ;, whereas
L(G*xA,GxD) = (G*D)un(G*D)ir; =€?Su,LiyLicDyvee™?SpaLieLjmDypm
= 6Va5bm(sc€DubcDZ£m = DVbcD;jcb
= IL(AD).

Remark 2.2 The above invariance condition (2.6) (as well as its derivation) is reminiscent of the frame-
indifference condition in the Landau-de Gennes Q-tensor theory of liquid crystals [3, 4].

QUARTIC TERMS. We now wish to consider the quartic terms of the form AA* DD* in the expansion of
the gradient free energy. The most symmetric of such terms is

I4 = I4<A, D) = AMgA::éakAujakAzj .
More generally, in order to satisfy the invariance property (2.6), any such term must have the structure:
A/LGD#bCAT/dD;ef

where the indices a,b,c,d, e, f are pairwise equal and range on {1,2,3}. This yields fifteen different terms.
However, since the energy densities must be real valued, some of them have to be suitably combined together.

Accordingly, we obtain seven invariants, five of which are readily recognized in terms of the row vectors
A, (where by e we denote the scalar product), namely

Iyi= ApOiAu AL 0nAL; = (A, 0 A)) (OcA, » 0cA))
Is = AuOpAujAL047, = (A,eA))tr(VA,VA))
Is = Aw0jAu AL 0kAL, = (4,04;)divA4, divA)
I7:= AuOp Ay 08Ay; = (A, @ 0pA,)(A) e 0LA;) (2.7)
Is = A0k AL A0y, = (A, 0 0kA))(A) e OkA,)
Iy = Aue0eAui AL OkA;
Lo = AueOkAu;ALL0cA;
and four additional combined invariants, namely
D= A Ay AL 00 AT, + A0 Ay AL 05 AL,
Ny = Apedj A A0k AL) + Apedj A AL 00 AL,
I3 := A/LéajA/MA;kakAzj JFAuéaéAujA;kajA;k
Ly = Ap0eAu AL 0k AL + Al A Ay Ok ALy

The above ones are all the quartic terms satisfying (separately) the invariance property (2.6) and such
that I, = I}, for o = 4,...,14. Moreover, differently from what happens for the quadratic terms I and
I5, see (2.4), by means of a long computation (which will be reproduced in the Appendix) we will check
that no one of the above invariants can be written as a linear combination of the other terms, up to a null
Lagrangian.



Remark 2.3 When writing A = AA, according to the factorization (2.1), the amplitude A = A(T, P) of
the matrix A does not depend on the position x € . We thus have

(VA)(z) = A(T, P) - (VA)(z), z€Q

and hence, in general,

A(T,P)?1,(A,VA) fori=1,2,3 . 7 :
vi if A(z) = A(T, P) A(z). (2.9)

I,(A,VA) = )
(4,vA4) { ) fori=4,...,14

3 The B phase

In this section, we discuss the gradient energy density in the B phase and write explicit expressions for the
gradient terms [,. Taking into account that the general form of the order parameter in the B phase is given
by (cf. [29, 31])
1 .
Ap(T,P)A, A= 7 e’ R,
we will compute the gradient terms I, for the unit matrix A. The gradient terms I, for the general form
of the order parameter in the B phase are then obtained by the homogeneity formulas (2.9) in Remark 2.3.

R=(R,;) € SO(3), (3.1)

Remark 3.1 Let r: R? — S? a smooth unit vector field. Since r;r; = 1, we have r;r;, = 0 for each k,
where “f 1" denotes the partial derivative Ok f. Moreover,

|curlr|? = (r-curlr)? + |r x curlr|?,
|Vr|?2 = tr[(Vr)?] + |curlr|?,
v x curlr]? = 1w rig, (3.2)
tr[(Vr)?] = rp vk,
(divr)? = rpury;-
We also recall that the term
tr[(Vr)?] — (divr)® = (vj,rx — rppr;) ; = div[(Vr)r — (divr)r)] (3.3)

is a null-Lagrangian. With this notation, for a unit vector field r we thus have
|0pr|? = OrTjOpT; =TT TpTj ) = [T X curlr|?.
In a similar way, given another unit vector field s : R3 — S? we have:
Osr ® Ops = OsTj0rS;j = TSeTj ¢Sj i Orr @ 058 = 0y j0sS;j = TSeTj 1S -

EXPLICIT FORMULAS. Let © C R? be a bounded domain, and consider the smooth function

1 .
Qoo A, =—=€e’R,; (3.4)

V3

where ¢(z) € R and R(z) € SO(3) account for the four degrees of freedom in the B phase.
We shall denote by n, m and £ = n X m the orthonormal unit vector fields given by the rows of the
matrix R, so that (in terms of column vectors)

RT(z) = (n(z)|m(z)|(z)), x€N. (3.5)

Following the notation in [1], the row vectors A, then become

. 1 . 1 .
e’n”, A, = —é?’m’, Agz—e'¢£T

IRV V3

and we correspondingly denote

IVR|? = |Vn|]?+ |Vm|? + |V£)?
tr[(VR)?] = tr[(Vn)?] + tr[(Vm)?] + tr[(VE)?]
(divR)? := (divn)?+ (divm)? + (div£)?2.



As for the Dirichlet term I := O A,jOL A, using that R,;R,; = 3, we have

wj’
3L = Ok(€Ry;) Oc(e” " Ry;) = €”(Ryjk + 1ok Ryj) € (Rpujise — i Ryj)
= (RujeBujr + O kb ki Ryus) + (S kRyj Byjie — &k Ryuj Ryjoke)
IVR|? + 3|V9¢|? = |Vn|? + |[Vm|? + |V£|? + 3|V¢|?.

As for the term I := akAM-BjAZk, using that R, ;R,r = d;1, we compute

3L = OR(e”Ry;) 05(e " Ryuy) = €9 (Ryjp + 101 Ryuj) €' (Ryk j — i, 5 Ryk)
= (Rw‘ykRuk,j + d’,kd’JRujRuk) + i(¢,kRujRuk,j - ¢7jR#kRﬂj»k)
= njwkn;w- + mj,km;w- + Kj,kék,j + ¢,k¢,j5jk + 0i
= tr[(Vn)?] + tr[(Vm)?] + t2[(VE)?] + [V |

Finally, for the term I3 := 9y A,,0;A},; , we similarly obtain

313 = Ok(e’Rui) 0;(e P Ry;) = €?(Rukk + 10k Ryur) €@ (Ryjj — i Ryij)
= (RukkRyujj + 00, Ruj Ruk) + (¢ xRk Ryjj — ¢, Byj Rk i)

ng N + Mg pm;; + Kk,kzj,j + ¢,k¢,j5jk +0i
= (divn)? + (divm)? + (div£)? + |Ve|?.

In conclusion, taking into account the general form (3.1) of the order parameter in the B phase, it follows
from the homogeneity formulas (2.9) that the gradient energy density (2.3) in the B phase takes the form

3AB(T, P)_2 ferad =M1 |VR|2 + 9 tr[(VR)Q] + 3 (div R)2 + By +1+ 73)|V</)|2 . (3.6)

QUARTIC INVARIANTS. In accordance with the comments made at the beginning of the section, we now
consider the invariant energy densities I,, o =4,...,8, introduced in (2.7). These are the most symmetric
quartic real valued invariants we found in the previous section.

In the B phase, concerning the term I := AuéﬁkA/LjA;gakA;j we first observe that 3(Au e A) =,
whence arguing as above we get

915 = Or(e” Ryj)Ok (e Ryj) = (i Rpsj + Ryj) (=i Rysj + Ryji) = 3|Vl + [VRJ.
As for the term Iy := A,,0,A,;A},0; A%, we similarly write
915 = Or(€"¥Ry1)0; (67" Ry) = (6,6 Ruj + Ryuj ) (—i0,; Ry + Ry g) = [Vo[* + tx[(VR)?]
whereas for the term Ig := A,,00;A,;A%,0, A%, we obtain
916 = 0;(” Ryj)Oh(e™ " Ryur) = (9,5 Ry + Ryjj) (=16 k Ry + Rune) = Vo[> + (div R)?.
Concerning the term I7 := A0y A A; 0k A} ;, we have

3(A,00kA,) = €ORu(id xRy + Ruek)
3 (A:: o akA:t) = 672I¢Ruj(7i¢,kRuj + Ruj,k) .

Recalling that I is real valued, and using that R,;R,; =3 and R,;R,;; =0, we get
917 = RyueRy; (610 1 RyueRuj + BuekRuj) = 9|Vl
As for the term Ig := AMgBkAMA;jakA;Z, we have

3(A, e 0kA)) = Ru(—idxRuc+ Rurr) = —i¢ 10 + RuRuok
3(4,00kA,) = Ryj(igrRyuj + Ryujk) =9 16 + RujRujk -

Using that Ig is real valued and that R,;R,;r = —R,;R.,j 1 we get

918 = (_i¢,k5/w + RpruZ,k)(i¢,k6Hy + RVjRuch)
= 3|v¢|2 + RufRué,le/jRuj,k
= 3|v¢|2 - R;wRué,kRuijj,k
= 3|Ve|? — 8¢ RuekRujr = 3|Vo[* — [VR|?.
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Remark 3.2 In the B phase, the above computation shows that for a = 4,...,8, the quartic invariants I,
are expressed in terms of the same Cartesian invariants involved in the expressions of the quadratic invariants
I, I, and I3, namely |VR|?, tr[(VR)?], (div R)?, and |V¢|?.

On the other hand, for a« =9,...,14, the quartic invariants I, in general mix together the row vectors
of the matrix R. For example, as for Iy := A,,0pA,;A},. 01 A}, in the B phase we have

*
vy

91y = RuéRuk(i¢,€Ruj + Ruj,e)(_iﬁb,kRyj + RVj7k')
= 000ixPedn + RuelRyj e RurRujik -

Using the notation (3.5), we observe that e.g. for p =1
Ri¢Ryj 0 =mnm;, =neVn; =: dyn;

so that we readily obtain
9Ig = |V¢|? 4 [Onn + Opm + 0L

where the last term can be expressed (up to a null Lagrangian term) using only the twelve independent
quadratic first order invariants

In x curln|?, |m x curlm|?, |€ x curl£|?,

(divn)?, (divm)?, (div £)?, (3.7)
(n-curln)?, (m-curlm)?, (€-curlf)?, ’
(m-curln)?, (£ -curlm)?, (n-curlf)?,

*
vy

compare e.g. [24, 25] and [18]. In a similar way, as for I o := A0, A,;ASL0¢ AL, in the B phase we have

9o = RuRL(i0 kR + Ryuji)(—ideRy; + Ruje)
= 000k b0+ RueRuk Ry Ruje -

When p=v =1, we e.g. have
RuRukRyj i Ruje = nyngnj ;= [n x curln|? = |9,n/?
and when e.g. =1 and v =2,
RuRukRyj kRuje = ngmyn; pm; o = On;jOmnj = Opm @ Opyn
so that we get
91y = |V¢|? + |0nn|? + |Omm|? + [0¢£]? + Onm @ Oyn + Ol  Dpm + Opn1 @ Ol
= |Vo¢]? + % (n x curln? + |m x curlm|® + [m x curlm|?) + % |0 + O + Ogl|? .
Similar calculations, which we omit, can be made in the B phase for the coupled invariants I, for

a=11,...,14.

4 The A phase

In this section, we discuss the gradient energy density in the A phase and write explicit expressions for the
gradient terms I,.
Referring to the notation used in Example 1.2, and denoting this time

R® = (n®m®[e®)), ROT = (n®)|m®) D)

it turns out that the complex matrix (G A7/ 2) only depends on the third column vector d := 2% of the
spin matrix R, and on the first two row vectors n? and m? of the orbital matrix R, i.e., n:=n()
and m := m) . With this notation, one can thus write

1 . .
(G*A’T/Q)W» = 7 e?d, (n; +im;) (4.1)

11



where d specifies the direction of the spontaneous magnetic anisotropy axis. The third row vector of the
orbit matrix R(L) is called the orbital vector £7. One has £ = £5) = n(L) x m() | and the matrix GxA™/?
is described by the phase ¢, the spin vector d, and the orbital vector £. In fact, notice that a rotation by an
angle a about £ takes the orbital part n+im of the order parameter (4.1) to e~'*(n+im). Provided that
this rotation is combined with a gauge transformation ¢ — ¢+ «, the order parameter (4.1) does not change
(this amounts to the combined gauge-orbital symmetry with the generator L, — ®). The phase ¢ and the
vectors d, £ account then for the five degrees of freedom in the A phase, modulo an additional Z-discrete
symmetry, which reflects the discrete spin-gauge symmetry of the A phase: the spin rotation d — —d,
combined with the gauge transformation ¢ — ¢ + 7, does not change the state (4.1) (cf. Example 1.2).
A further and more significant notation will be used, by setting

utiv:i=-—e?mn+im)ecC?

N

so that
lu+ivi=1, (u+iv)2=|uf—|v?+2iuev=0 (4.2)
and

(G* AF/Q)M’ =d, (u; +iv;).

As in the previous section, without loss of generality, taking into account that the general form of the
order parameter in the A phase is given by (cf. [29, 31])

1 . .
AA(T7P)A7 Auj:ﬁe%dﬂ (nj—’_lmj):du (uj+|vj)v (4'3)

we will compute the gradient terms I, for the unit matrix A. The gradient terms I, for the general form
of the order parameter in the A phase are then obtained by the homogeneity formulas (2.9) in Remark 2.3.
EXPLICIT FORMULAS. Consider the function

1 .
QB%"—)AM]‘ ::—e"ﬁdu(nj—kimj)

V2

where ¢(r) € R and n(z), m(x), d(x) € S?, with the orthogonality condition n e m = 0 (but with d
independent of n and m), or equivalently,

Q> — AMj = dll« (uj =+ iVj) (44)

where d(z) € S? and u(z) +iv(z) € C? satisfies (4.2) for each z € Q. Following the notation in [1], the
row vectors of A become

A, =d,(a+iv)", uw=1,23.
As for the Dirichlet term Iy := O A,;0LA

we have

1> using that d,d, =1 and d,d, , =0, on account of (4.2),
8k (du(uj +IVJ)) 8k (dH(Vj — iVj)) - .

(dpr(uy +iv;) + du(ujn +i1vi))) (dur(uy —ivy) +du(uje —iv;z))

dyedy ke (uy +ivi)(uy —ivy) + (W +ivje)(we —ivjk)

|Vd|]? + |[Vul]? + |Vv|?.

I

Notice that in terms of ¢, n, and m, since

(cos¢pn—singm), v= (sin¢n + cos dm)

Sl
Sl

one may explicitly compute

[Vul? + [Vv|* = = (|Vo]* + [Vm[*) + ¢ x(njm;; — myn; ;).

| =
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As for the term I := (“)kAM-BjAZk, we similarly obtain

L= 0Op(du(v;+ivy)) 9 (du(u —ive)

(dpe(uj +ivy) + du(wyp +ivix)) (dpg (e —ivi) +dy(ug; —ive;))
dy kdyj ((wjug + vive) +i(upvy —ujvy)

+(wj gk, + ViEVe,;) +i(We;Vie — W kVEj) -

On account of (3.2), using that d, yri = 0rd, we thus get SIo =0 and
Ir = [0ud|* + |0yd|* + tr[(Vu)?] + tr[(Vv)?]
where more explicitly we have
22 = |0nd|* + |0md]* + (000)* + (Om@)? + tr[(V)?] + tr[(Vm)?] + 2 ¢, (njmy, ; — myny ;).
Analogously, concerning the term I3 := 0y A,,0; 45, we get
Iy = Op(dy(ur +ivy)) 05 (du(uj —iv;y))
= (dus(ue +ivie) + dp(uep +ivie) (dpg (W —ivy) + dau(ug; —iv;))

= d,xd,; ((ujuk +v;vy) +i(vieu; — ugv;)
(g, k)5 + Vi kVij) + (W Vek — Uk kVj )

and hence I3 =0 and
I3 = |0ud|? 4 [0yd|? + (divu)? + (divv)?

where more explicitly we can write
213 = |0nd|? + |Omd|* + (0n0)? + (Om)? + (divn)? + (divm)? + 2 ¢ x(ngm; ; — myn; ;).
Remark 4.1 We recover that Iy — I3 is a null Lagrangian, as by (3.3) we have

I — I3 = tr[(Vu)?] + tr[(Vv)?] — (divu)? — (divv)?
= div[(Vu)u+ (Vv)v — (divu)u — (divv)v].

In conclusion, taking into account the general form (4.3) of the order parameter in the A phase, it follows
from the homogeneity formulas (2.9) that the gradient energy density (2.3) in the A phase takes the form

AA(Tap)iz fgrad = 71|Vd|2+(72+73)(‘aud‘2+ |avd|2)

b (V£ [VV]2) + e ([ (V)] + te[(Vv)2) + s ((diva)? + (dive)2).  4D)

QUARTIC INVARIANTS. We now deal with the invariant energy densities I, in (2.7), for a =4,...,10.
Concerning the term Iy := A0, A,;A},0LA;, using the notation w = u+iv, in the A phase we
observe that

vj

(4,0 4;) =d,w;d,w; =d,d,|w|]* =d,d,

whence arguing as above, and using that d,d, =1 and d,d, ; =0, we get

Iy = dydy (dyew; + dpwje)(dyw Wi + duwi ) = wyew? = [Vul? + [Vv]?.
As for the term I5 := A,00,A,; A},0; A%, , we similarly write
I = dyud, (d,w; + dyow; 1) (dyywi + dywi ) = wuwi ;= t[(Vw)?] + ] (Vv)?]
whereas for the term Ig := A,,00;A,;A},0L A}, we obtain

Is = dydy(dyjwj + dywy ) (dowwi; + duwi ) = Wi wi o = (diva)® + (divv)?.

Concerning the term I := AM@kA,LgAﬁjﬁkA we instead have Iy =0, as e.g.

*
vy

(AM . 3kAM) = dHWg(du,ng + dHWAk) = WyWyk = 0.
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Remark 4.2 In the A phase, it follows from the above computation that for a = 4,...,7, the quartic

invariants I, are expressed in terms of the same Cartesian invariants involved in the quadratic invariants
Il, 12, and 13.

As for the term Ig := Ayu0pAyj Ay 0k Ay, we have
Is = deVWgw; (dpew; +d,wjp)(dy Wy + duWZk) = wzwzkw;wﬂc .

Using that ugve 4+ veue = 0, we compute

Wngk = =2i Wyvy W;'TWJ"]c =2i u;vjk
and hence
Ig = dwpvy pu;vjg = 4uTVv(Vv)Tu.
For a =9,...,14, the quartic invariants I, in general mix together the derivatives of the row vectors

u, v of the orbit matrix R(X). For example, as for Iy := AugagA“jAjkakA;j we have
Iy = dywed,wi(d,w; + d,twjyg)(d,,,kw;f +d,w;ji)
= W(W[W, W
((weug + veve) + i (wve — weve)) (W ewj e + vievin) +i (W evie — ujevir))

from which we recover the condition &g = 0 and we find

Iy = upupu;euj i+ VvV Ve + UgUpV; Ve + Vevely eug
FUL VW) V) — UEVeU; Ve + WVEW, g Ve — UeVpWUj eV g -

Now, the first term is |u x curlu|? = [0,u|? and e.g. the fifth term
UVl evig = Oy;0uv; = Oyu e 0yv.
In this way we get

Iy

|0uu|? + |0y v|? + |0uv]? + |0yul? + 20, u e Oy v — 20,u @ Oy v
= [Ogu — OyV|? + |0uVv + Oyul?.

Similarly, for g := Aug(?kAmA;k(?gAjj we have

Lo = dywed,wi(d, ,w; + duwﬁk)(d,,,gwj + duw;yl)
= Wgw;7€W;Wj,k
= ((8uu]‘ + 8ij) +i (Bvuj - 8uvj)) ((81111]‘ + 6VVJ‘) —i (6vuj - 8uVj))
= |0uul? + |0y V]? + 20,u @ Oy v + [Oyu]? + |0y v|? — 20,u @ Oy v
= |Ouu+ 0yv]? + [Oyu — Oyvl|?.

The terms Ig, Iy, and I;o can be expressed (up to a null Lagrangian) as linear combinations of the first
order invariants from (3.7), where we take u, v, and u x v instead of n, m, and £, respectively. Finally,
again we omit the explicit computation in the A phase of the coupled invariants I, for o =11,...,14.

5 A unified approach to the A and B phases

In this section, we introduce a class of matrices that allows a unified treatment of both the A and B phases.
In our ansatz, in fact, we are able to compute analytically the bulk energy minimum and the phase transition
parameters in accordance with the results for the Ginzburg-Landau functional collected in [29, Section II-D].
We assume
A=AT,P)A cCPC?

where the amplitude A(T, P) > 0 depends on temperature T and pressure P, and A? is the unit matrix
parametrized by an auxiliary control parameter 6 relating the unit states describing the A and B phases
considered in Examples 1.1 and 1.2,

A? = cosh -

o O =
o = O
= o O
+
)]
=
=}
>

0
0], 0 el0,7/2].
0

Sl
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Therefore, in our ansatz we have |A%|? :=tr(A%(A%)") = 1, for every 6, whereas in components
cosd P sin 6
V3 V2

GEOMETRY. For 6 €]0,7/2[, we show that the isotropy group H at AY is trivial. In fact, the system
(1.7), when A = A% and 6 €]0,7/2[, yields 3 x 9 equations in the real part:

AZJ = 6M3<5j1 + (sz I) .

cos f sin 6 . .
W (@i — b)) €ijp + W (5u3(ai5ij1 —¢0;3052) + b; 5m35]‘1) =0, 4pj=12.3

and other 3 x 9 in the imaginary part:

cos 6 sin 6

T 0830, + ——
V3 (oo T

This over-determined system implies that a = b = Ogs and ¢ = 0, whence H = {e} and G A% = G.

(6u3(aicije + ¢ 8isb1) + biginsdja) =0, d,p,j=1,2,3.

Remark 5.1 If § = 0, equations (a; — b;)€i;, = 0 and c¢d;39,; = 0 yield ¢ = 0 and a = b, so that
we can take T = S + L, and hence the B phase, see Example 1.1. Similarly, if § = 7/2, equations
5N3(ai€ij1 - C(Si35j2) + b; Eiug(s‘jl =0 and 5M3(ai5ij2 + C(Sig(sj‘l) + b; 5iu35j2 = 0 imply as +c¢ = 0 and
ay = as = by = by =0, yielding T, =0,S, + a,(L, — ®), and hence the A phase, see Example 1.2.

According to (1.3), the action of an element G := (R®), R¥), ¢) € G on A is given by

cos sinf _(g L L.

Now, acting by the element Gy := (R, R,0), with R = (RN, we get

(G A%, = (ZRER +

(Gr* (Gx A =e?A M, M :=(RP)TRE) ¢ SO(3)
and, denoting by n”, m7, €7 the row vectors of M, MT = (n|m|£)7 we obtain

0\0/539 (njmle)” + Sm\/;(oRqugn +im) "}

We thus conclude that the absence of discrete symmetries can be verified by observing that, for 6 €
10, 7/2[, the only matrix M € SO(3) satisfying e A° M = A? is the identity matrix, with ¢ = 0.

e AN = ei¢{

Remark 5.2 Concerning the gradient energy densities I, we recall that the amplitude A(T, P) does not
depend on the position, so that the formulas (2.9) hold. In the above coordinates, we e.g. readily check that

cos? § sin® 0
—5— (Vnf* +[Vm]* +[V€f%) + =—=— (Vn|* + |Vm|?).

BULK ENERGY. We now write explicitly the fourth order expansion of the bulk energy density (1.4) in
our ansatz. For this purpose, we first recall that by the factorization formula (2.1), we can rewrite the bulk
energy as in (2.2). Moreover, compare [13, 20, 30], we make use of the explicit formulas:

(@AM, V(e A’ M)) = Vo[ +

tr(AAT) = A7 A, tr(AAT)|? = A7 A% Ay Ak

[tr(AAN? = A% A AL Ay, te[(AAT)(AAT)Y] = A% A% A A,

tr[(AAT)?] = A5 A AL A, tr[(AAT)(AAT) ] = A% A, AL AY,
1

) L4 2

Using that (8,1 + 0,2i)(du1 + 0u2i) =0 and (0,1 + 0,2i) (0,1 — dp2i) = 2, we compute

Ox 40 __ 0 A0 _ .2 Ox A0x 40 40 __ . 4 Ox A0 A0x 40 __
AujAuj =1, A),A,,. =cos* 0, AujAujA v A =cos™ 6, AujAujA LA =

v v

and also
cos? 6 cos@siné

Sy
3 ot g

AV A, = (803(p1 + Gi) + 0,3(001 + 0ai))
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cos? 6 cos fsin 6

AZjAg; = 3 6;1,1/ + \/6 (51/3(5;1,1 - 5;1,20 + 5;1,3(61/1 - 61/2')) )
from which we obtain
. 0n cos*f 2 , 1—sin*6
ALS AV AL A, = 5 t3 cos? fsin? = —
In a similar way, we have
cos? 6 cosfsinf

AlAD. = — S +8in? 608,36, +

\/6 (51/3(5#1 + §p2i) + 6#3(5u1 - 5u2|))

and A%Azk = (AZ’;-A{%) , so that

L0 4 2 — cos® § + sin* §
A AL AGAL, = 5 s sint 04 5 cos? fsin® g = = LN
Finally, since A, A% = A5 AY. we get

‘o 2 1+ 2sin* 6
Z}::COZ +sin49+500529sin29:+%.

0% A0 A0
ALGALALLA
Therefore, introducing the notation

Fa(9) := fg(AA%), A =A(T,P)

and replacing the above terms in formulas (2.2), for 6 € [0,7/2] and A > 0, we correspondingly obtain

—sint9 2 — costf +sin* 6 1+251n40> (5.1)

3 + 04 3 + 05 3

In particular, using the shorthand notation 5;; := 8, + 8; and S,k = B; + 5; + Bk, compare [29], we have

1
FA(Q) = —A2(1+A4(,62 + B COS49+ﬁ3

Fa(0) = —A%a + A* (Blz + % 5345) , Fa(1/2) = =A% + A*Byys . (5.2)

As for the minimum of the functional 6 — Fa(6), in general we can state the following.

Proposition 5.3 Let A >0 be a given constant and let M(A) := min{Fa(0) | 6 € [0,7/2]}, where Fa(6)
is asin (5.1). If B3—205 < B4 < 3p1, then the minimum M (A) is attained for some 6 €10, 7/2[. Otherwise,
the minimum is always attained at the boundary of the interval [0,7/2]. More precisely, if B3 — 285 > Ba
or By > 301, then:

(1) M(A) = Fa(0) = fg(A A%) in the case 331 + B3 < 2(B4 + B5)
(2) M(A) = Fa(1/2) = f(A A™/?) in the case 361 + Bs > 2(Ba + Bs)

where, we recall,

L, (100 L (0
— 1o 1 0o}, A2 = — |0
V3o 0 1 V2 \1

ProOOF: For any fixed A > 0, we compute:

d 4

@FA(G) =3 A* sinfcos 6 (361 + 285 — B3) sin® 0 — (381 — B1)) -

Therefore, setting D := (301 + 285 — f3) and N := (381 — B4), it turns out that Fa is increasing when
Dsin?@ > N. Now, if N >0, D > 0, and 0 < N/D < 1, the minimum M (A) of the energy Fa(6)
is attained at the interior of the interval [0,7/2]. In all the other cases, it is readily checked that the
minimum is always attained at the boundary of the interval [0,7/2]. Finally, by (5.2) we deduce that

FA(0) < Fa(7/2) <= 301+ B3 < 2(B4 + B5), as required. O

00
A = 0 0
i 0

PHYSICS. Provided that the gradient part of the energy may be neglected, see the discussion below, the
superfluid phases are determined by the minimization of the bulk energy (1.4) alone [8, 29, 30]. In particular,
it is known that in absence of an external magnetic field the A and B phases are the only minimizers. This
property is recovered in the following.
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Proposition 5.4 In our ansatz, the minimum in Proposition 5.3 is always attained by the A or B phases,
provided that the coefficients in (2.2) agree with the physical constants, according to the weak or strong
coupling theories.

ProOF: Following e.g. [29], the coefficient a of the first addendum (the second order term) in the bulk
energy density (1.4), depends on the absolute temperature 7' through the formula « = N(0)- (1 —T/T,)/3,
where T, is the critical phase-transition temperature, whence it is positive when T < T..°

In the so called weak coupling theory, one has By = 83 = 84 = —f5 = —2031, where 51 = —fy for some
positive constant [p.!° Therefore, by Proposition 5.3 the minimum of the functional § + Fa(6) is always
attained at 6 = 0, where by (5.2) we get Fa(0) = f(A A%) = —a AZ +5A%5,/3.

In the more consistent strong coupling theory, following Anderson-Brinkman [2] (cf. also [29]) one has

51:—(1-1-150)50711 52=<2+g)507 573:<2_260)507 (5.3)
Bi=(2-550) B, Bs=—(24150) B

where § > 0 is the spin-fluctuation (paramagnon) parameter, which increases as pressure increases (notice
that for 6 = 0, the coefficients f; correspond to the ones in the weak coupling theory).

Again, by Proposition 5.3 we infer that the minimum of the functional 8 — Fa(f) is attained at the
boundary of [0,7/2]. Moreover, since by (5.2),

5—6 21
Fa(0) = f5(A A%) = —A2a + A5, (?) L Faln/2) = (A A7) = —A%a+ Ay (2- % ),
in the strong coupling theory we deduce that the minimum of the bulk energy is attained at the B phase,
ie, M(A) = Fa(0), if 0 < § < 20/43. If § > 20/43, instead, M(A) = Fa(w/2), and the mimimum is
attained at the A phase. O

Remark 5.5 Since 20/43 ~ 0.46, our previous result is in line with [29, p. 541]. Moreover, the spin-
fluctuation parameter § being increasing with the pressure, in our ansatz the A phase happens at higher
pressure, according e.g. to the phase diagram at page 536 in [29].

ENERGY MINIMA. In the regimes of temperature and pressure in which the minimum of the bulk energy
is attained by the B phase, i.e., when § = 0, or by the A phase, i.e., when 6 = 7/2, by computing the
derivative w.r.t. the amplitude A = A(T,P) > 0 of the functions A — Fa(0) and A +— Fa(w/2) from
(5.2), we respectively obtain:

d 1 d
A Fa(0) = —2A o 4 4A° (512 + 3 5345) ) A Fa(m/2) = =28 a + 4% Bays
and hence the corresponding bulk energy minima are respectively attained at the amplitudes
3a o
AL(T,P) = ——— | A%(T, P) := )
(T F) 2(B345 + 3P12) A P) 20245

These amplitudes may be compared with the ones for Ag(T, P) and A4(T, P) obtained in [29, p. 541].
The corresponding energy minima are then given by:

2

3 042 o

1
4 Bsas + 3P12 4 Boas

In the weak coupling theory, where (B = 83 = 4 = —f5 = —201, and 1 = —[p, one has (345 = 20y,
B12 = Bo, and Pass = 25. In the strong coupling theory, instead, by the formulas (5.3) one obtains:

Fapr,p)(0) = Fa,(r,p)(m/2) = —

Fapirmy(® = =2 —% By nn(/2) = (5.4)
= —— ™ = — . .
Aeh) 4 Bo(5—3)" T Bo(40 — 219)
9The constant N(0) is the density of the 3He quasiparticle states for one spin projection at the Fermi level.
TN(0)((3
105y = w, where the constant ¢(3) is independent of temperature and pressure.
240 (7 T)?2

17



PHASE TRANSITION. We now consider the energy
F(A) = / (Jaraa (A, VA) + fi5(A)) d

on smooth maps € > z +— A(x), where 2 C R? is a smooth domain, and fgrad and fp are given by (2.3)
and (1.4). In the weak coupling theory, one has v, = 75 = 73 = 7o, where o := N(0)&?/3. The number
&o is of the order of several hundred angstroms, and defines the coherence length through the formula

§arn(T) == //a= (l—Tg;)T)l/?

(cf. [29]), which defines the spatial extent of an inhomogeneity, at which the gradient energy becomes com-
parable with the bulk energy. The same feature holds in the strong coupling assumption. As a consequence,
if the size of the inhomogeneity region 2 is larger than &g (T), the gradient term may be neglected. In
this case, the minimum essentially depends on the bulk energy.

In our ansatz, we have seen that the minimum is attained in the B phase, at small pressure, and in the
A phase, at higher pressure. In particular, by increasing the spin-fluctuation parameter & > 0, a phase
transition is observed.

More precisely, by the formulas (5.4), when § = 0, i.e., in the framework of the weak coupling theory,
one has a bulk energy minimum equal to —3a?/(208,) and given by the B phase.

In the strong coupling theory, instead, for 0 < § < 20/43, the bulk energy minimum is attained by the B
phase, for § = 20/43 one has

4302
260839

and for 20/43 < § < 40/21, the bulk energy minimum is attained by the A phase. Finally, by (5.4) it turns
out that the energy minimum is an increasing function of the spin-fluctuation parameter § € [0,40/21].

Enpr,p)(0) = Fa,(r,p)(7/2) = —

Remark 5.6 The above considerations on the smallness of the gradient term have an analogy in the Q-
tensor theory of liquid crystals. This has been physically unravelled in [11] and also analytically treated in
[19], where it is shown that the gradient term has a significant effect even if it has a small coefficient in front.

Appendix A Independence of quartic invariants

Denote by f jx = Or(0;f) the second partial derivative of f in the (j, k)-th coordinate directions. We first
observe that by computing e.g. the k-th partial derivative of the quantity A,¢A,; A}, A7, , (and summating
on k =1,2,3) four terms appear: I, Ig, and two terms of the type AAAR A% and AAA* A% that fail to
be real valued. In a similar way, starting from A,,A,;A}, A}, . one obtains the term I5, the first addendum
of Ii1, and two complex-valued terms of the type AAA% A™ and AAA*A* . Since moreover I = I,
it turns out that I5 is also obtained when starting frorn the conjugate quantlty (AMAMAVZAU,”) , a
second term being the second addendum of 71, and the other two terms being of the type A A ;A*A* and
AA ;i A*A*. We thus infer that in order to try and express a quartic invariant I, as a linear combination
of the other invariants plus a divergence term, in general we cannot separate the derivatives of the above
couples of conjugated quantities, but we have to add them together.
With this preliminary consideration and referring to formulas (2.7) and (2.8), we can write

(Ape Ay AL AT 1+ (Ape A As g AL 1)) e = 21a + 213

+Aue AL (Al A g + AiZAuJV,jkl]:) + A% AL (Ave k Avj e + AveAvj k) (A1)
where the left-hand side is a null-Lagrangian term, and also
(AMAMA A J (AMAWA Avk ]) ) k=2 +1In (A.2)
F A A (A Ay + Abe A i) + An AL (Avek Avkj + AveAui i) -
Looking at I, we similarly obtain:
(Aquuj,jAztlAzk (AMAM JA;ZA;k>*) ke =2I6 + 114 (A.3)

+AM€AMJ (Aul jAI/k k + AuiAuk £k) + A A/Lj (AVZ’J'AV]VJC + AV@AVklk) .
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Looking at Iy, we get:

(AMAulez*/kA;j + (Aquuj,fAzkAzj)*),k =2Iy+ 4

F A A (A AT 1+ ADAT o) + AL AL (Avk e Au ke + Ak Avjer) - (4.4
Looking instead at I1g, we have:
(ApeAyi A AL o+ (ApeAu A AL )7) ke = 200 + Iy (A.5)
A AL (AL kAT + AL A i) + A AL (Avk s Ave s + AvkAve i) -
Now, looking at the two complex terms in I;2, we also obtain:
(Ape A Ay AL+ (ApeAue AL AL ) e = iz + Ins (A.6)
A AL (A A e 0+ AL Ak o) + Ao AL (Avkj Avie + Avk Ak ej) -
In a similar way, looking at the two complex terms in I14, we get:
(ApeApg s AL AT + (Apue Ay AL AD) )k = s + i (A7)

F A A (A (AT 1+ ADAT ;o) + AL AL (Avk e Aujk + Ak Aujer) -

With a bit of care, one can check that there are no other independent formulas yielding to remainder
terms whose pre-factor is equal to A,zA,; or to its conjugate. In fact, concerning Ir we get:

(AMZAMZA;jAT/j,k + (AMAMA;;'A* )*)k =417

+AH4AM4(AZj,kAZj,k + A;jAZj,kleji ATMA;z(AVj,kAVJ}k + AVjAuj,kk) (A4.8)
whereas, looking separately at the two terms of Iy we can write:
(ApeApe A Ay s+ (AueApe AL A ) ke = 2012 (A.9)
A A (AL kAL 5+ ADRAL k) T AL AL (Avk e Avj g + Avk Avj k)
and in a similar way we finally write:
(ANZAMZA;jAzk,j + (AMEAIMAszzk,j)*)JC =23 (A.10)

+Aue A (AL Ak s + AL ATk i) + Al An(Avj Ak, + Avj Aui i) -

Also, it turns out that there are no other independent formulas yielding to remainder terms whose pre-factor
is equal to A,¢A,, or to its conjugate.

Now, concerning the seven equations (A.1)—(A.7), it can be checked that there is no way to combine
them linearly in such a way that one can cancel the remainder terms at the second line the above formulas.
The same fact can be checked when starting from the three equations (A.8)—(A.10).

This way, one concludes that no one of the quartic invariants I, for o = 4,...,14, can be written as a
linear combination of the other ones plus a null-Lagrangian term, as required.
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