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On the Ginzburg–Landau free energy density
of superfluid A and B phases of Helium 3

Domenico Mucci and Lorenzo Nicolodi

Version of September 15, 2022

Abstract

In the p-wave spin-triplet pairing model of superfluid Helium-3, at each point x of the region Ω occupied
by the system, the order parameter field is described by a 3×3 complex matrix A encoding the orientation
of the spin and orbital angular momentum of the Cooper pairs of Helium-3 atoms. The transition of
liquid Helium-3 to a superfluid state is associated with a spontaneous breaking of the overall symmetry
group G = SO(3)×SO(3)×U(1) of the system. In the Ginzburg–Landau regime (i.e., in regions near to
the critical phase-transition temperature), the free-energy density f of superfluid Helium-3 is expanded
into powers of the components Aµj of A and Aµj,k of its gradient ∇A, and can be decomposed in the sum
f(A,∇A) = fB(A) + fgrad(A,∇A) of the bulk part, fB , and the gradient part, fgrad. The free-energy
density f must be invariant under the action of G defined by A 7→ A′ = exp(iφ)R1AR

T
2 , where φ is a

phase, and R1, R2 are elements of SO(3), that is, it must be invariant against gauge transformations and
against rotations in spin space and ordinary (orbital) space, separately. We address the question of G-
invariance for a general free-energy density in the Ginzburg–Landau energy functional and determine all
linearly independent quartic terms of the form AA∗∇A(∇A)∗ in the expansion of the gradient free-energy
density. It is known that the superfluid phases of Helium-3 near the critical temperature correspond to
the minima of the bulk free energy and that the absolute minimum corresponds to a stable equilibrium
phase. In zero magnetic field, there are two distinct superfluid phases, A and B, which exhibit an
absolute minimum of the bulk free energy in different regions of the phase diagram. Explicit expressions
for the generalized gradient energy densities are provided for both the A and B phases. Finally, a
unified approach to A and B phases is proposed, which involves an auxiliary control parameter. In this
framework, the extremal properties of A and B phases are recovered and a transition between the two
phases is observed in dependence of pressure.

1 Introduction

The 3He (Helium-3) stable isotope of the Helium element has a boiling temperature equal to 3.19 K at 1 atm.
Below this temperature one finds liquid 3He. For T > Tc, where the critical phase-transition temperature Tc
depends on the pressure and lies below the boiling temperature, liquid 3He has all the symmetries allowed
in condensed matter. Superfluidity only appears at 0 < T < Tc (cf. [30, 31]).

The known superfluid phases of 3He are characterized by a condensation of Cooper pairs of 3He atoms
into a state characterized by the quantum numbers ` = 1 and S = 1 (this type of pairing is referred to as
a p-wave, spin triplet pairing). Here ` refers to the internal angular momentum operator L of the Cooper
pairs, which describes the relative orbital motion of the 3He atoms in a pair, while S refers to the total
nuclear spin operator S of a pair.1

1We recall that for an abstract angular momentum operator M, a state is said to have angular momentum j if it is an
eigenstate of the operator M2 = M2

x + M2
y + M2

z with eigenvalue j(j + 1)~2, where ~ is the reduced Plank constant. The
possible values for the quantum number j are j = 0, 1/2, 1, 3/2, 2, . . . . Having angular momentum j means that an arbitrary
axis component of the angular momentum M, say Mz , has simple eigenvalues m~2, where m ∈ Ej := {−j,−j + 1, . . . , j}.
The corresponding 2j + 1 eigenvectors vm, m ∈ Ej , span a (2j + 1)-dimensional subspace V2j+1 which defines an irreducible
representation ρj of the rotation group SO(3). Moreover, all vectors vm, m ∈ Ej , are eigenvectors of the operator M2; indeed,
M2(vm) = j(j + 1)~2vm. For the orbital angular momentum L, the possible values of the orbital quantum number ` are
` = 0, 1, 2, . . . . This implies that an arbitrary axis component of the angular momentum L, say Lz , has simple eigenvalues m~,
m = −`,−`+ 1, . . . , `. If ` = 1, the z-axis component Lz has only three eigenvalues, namely −~, 0, and ~. The spin quantum
number S refers to the total nuclear spin S = s1 + s2 of the two 3He atoms. In this case the nuclear spin of either atom in
the pair is s = 1/2. If S = 1, the z-axis component Sz has only three eigenvalues, namely −~, 0, and ~. For more details, we
refer to [21].

1



The transition of liquid 3He to a superfluid state is associated with a spontaneous breaking of symmetry,
as in any other phase transition of condensed matter into an ordered state (cf. [16]). To a good approxima-
tion, above the critical phase-transition temperature Tc, liquid 3He is symmetric under independent spin
and space (orbital) rotations, as well as under gauge transformations (phase changes).2 Thus the symmetry
group G relevant to the superfluid transition of 3He is given by the product

G = SO(3)S × SO(3)L × U(1)Φ (1.1)

where the subscripts S and L denote the infinitesimal generators of the groups of rotations in spin space
and in ordinary (orbital) space, and Φ denotes the generator of the gauge group U(1).

Within the Landau theory of phase transitions [10, 16], if T is close enough to Tc, the order parameter
describing the presence of superfluid states (or phases) is given by a 2 × 2 complex matrix of the form
[20, 29, 30]3

∆(k̂) = Aµjk̂jσµ iσ2 (µ, j = 1, 2, 3) (1.2)

where µ labels the spin indices and j the orbital ones, k̂ ∈ S2 is the orbital unit vector, or momentum, σµ
are the Pauli spin matrices,4 and A = (Aµj) is a general 3× 3 complex matrix. More explicitly, we have

∆(k̂) =

(
(−A1j + iA2j) k̂j A3jk̂j

A3jk̂j (A1j + iA2j) k̂j

)
.

The 3 × 3 complex matrix A = (Aµj) involved in (1.2) completely determines ∆(k̂) and can then be
considered as the order parameter of the system, describing the presence of superfluid states (or phases)
in a certain domain Ω ⊂ R3 of 3He. The matrix A transforms like a vector under a spin rotation, for a
given orbital index j, and like a vector under an orbital rotation, for a given spin index µ. Hence A may be
expressed as a second order tensor of the form

A =

3∑
µ,j=1

Aµjeµ ⊗ ej : Ω ⊂ R3 → C3 ⊗ C3

where {eµ = e
(S)
µ } and {ej = e

(L)
j } denote the unit vectors of the Cartesian coordinate systems in the spin

space and the ordinary (orbital) space (in principle, they may be chosen to be different).5 Correspondingly,
the action on A = (Aµj) of an element G := (R(S), R(L), φ) ∈ G is given by

(G ? A)µj :=
(
eiφR(S)AR(L)T

)
µj

= eiφR(S)
µν R

(L)
jk Aνk (1.3)

where φ is a phase, R(S) = (R
(S)
µν ) ∈ SO(3)S and R(L) = (R

(L)
jk ) ∈ SO(3)L.

In the Ginzburg–Landau regime, that is, in regions near the critical temperature Tc, the free-energy
density f in the Ginzburg–Landau integral functional is constructed using truncated expansions involving
powers of the components of the tensor order parameter A and its gradient ∇A, subject to appropriate
symmetry conditions. The free-energy density can be decomposed as

f(A,∇A) = fB(A) + fgrad(A,∇A)

where fB(A) is the “bulk part” and fgrad(A,∇A) is the “gradient part”. The invariance under the physical
symmetries G , see (1.1), imposes certain restrictions on the form of the bulk and gradient parts of the

2The invariance under a phase transformation φ 7→ φ′ is mathematically equivalent to a U(1)-symmetry.
3Here and in the following we adopt the Einstein summation convention by which repeated indices are implicitly summed.

Moreover, i stands for the imaginary unit.

4I.e., the Hermitian matrices σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, which are the real generators of the

Lie algebra (−i)su(2) ⊂ End(C2).
5In this paper, we think of vectors as column vectors. If n,m ∈ R3, the tensor product n⊗m is the matrix nmT , so that

if n = (n1,n2,n3)T and m = (m1,m2,m3)T , then (n⊗m)ij = nimj .
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free energy. More details on the question of the invariance of the free-energy density will be discussed in
Section 2.

According to [2, 7, 20, 29], the expression of the bulk part fB(A) up to fourth order terms is given by6

fB(A) := −α tr(AA†) + β1 |tr(AAT )|2 + β2 [tr(AA†)]2 + β3 tr[(AAT )(AAT )∗]
+β4 tr[(AA†)2] + β5 tr[(AA†)(AA†)∗] ,

(1.4)

where the coefficient α = α0(1−T/Tc) changes sign at Tc, while α0 and the coefficients β1, . . . , β5 depend
on the pressure, the temperature, and on the details of the interaction of the 3He atoms. The expression
for fB is obtained from A = (Aµj) by contracting all indices in second and fourth order terms in order
to guarantee rotational invariance in spin space and orbital space, separately. Moreover, each term in the
expansion should contain an equal number of A and A∗ to satisfy gauge invariance. The quadric expression
(1.4) is the simplest form of fB that allows for multiple critical points. The critical points fall into two
classes: the so-called inert and non-inert phases. The inert phases are those in which the order parameter,
specified by the matrix A, does not vary with the parameters β1, . . . , β5. In other words, in the space of the
β1, . . . , β5, there exist domains such that, in each domain, the bulk part of the free energy is minimized by
a matrix A remaining fixed throughout the domain. Among the inert phases, the A and B phases exhibit
absolute minima of the bulk free energy in different region of the phase diagram. Thus, the phases A and B
are those more relevant from the physical point of view. In this sense, the phases A and B are reminiscent
of the uniaxial nematic phases s±(n⊗ n− 1

3 Id) in the Q-tensor theory of liquid crystal (cf. [3, 23]). For the
study of more general invariant free energy densities involving higher order terms, we refer to [15]. This study
is similar in spirit to that in [18] for the simpler case of Q-tensor theory of liquid crystals. The invariance
under G of the bulk free-energy density fB is expressed by the condition

fB(G ? A) = fB(A), for every G ∈ G.

On the other hand, according to [1], it is assumed that fgrad(A,∇A) is quadratic in ∇A and has the form

fgrad(A,∇A) := γ1I1 + γ2I2 + γ3I3

where γi are non-negative physical constants and

I1 := ∂kAµj∂kA
∗
µj , I2 := ∂kAµj∂jA

∗
µk , I3 := ∂kAµk∂jA

∗
µj .

As it will be explained in Section 2, for every G = (S,L, φ) ∈ G, the invariance of fgrad(A,∇A) under G is
expressed by the condition

fgrad(A,D) = fgrad(G ? A,G ?∇A)

where (G ? A) = eiφSALT and (G ? ∇A)µjk = eiφSµνLjbLkc∂cAνb . The above condition can be seen as
the analog of the frame-indifference condition in the framework of the Landau–de Gennes theory of liquid
crystals [3, 4, 14].

In Section 2, we shall determine all linearly independent quartic terms of the form AA∗∇A(∇A)∗ in the
expansion of the gradient free-energy density. Observe that in the expression for the gradient free energy
density fgrad, the odd powers of the gradients are not compatible with the rotational and gauge invariance
of the free energy.

The equilibrium order parameters correspond to the minima of the bulk free energy fB [29, 30, 31].
Above Tc, the absolute minimum of the bulk energy fB is A = 0, which corresponds to the normal liquid
3He. In the superfluid state, i.e., below Tc, there are many critical points A 6= 0 of fB . Depending on the
relations among the parameters β1, . . . , β5, some of them correspond to the local minima of fB . If some
A 6= 0 attains the minimum of fB , then, according to the invariance under the symmetry group G of the
functional fB , also the state G ? A obtained from A by the action of any element G of G has the same
energy, and hence it is an equilibrium state. All these states correspond to the same superfluid phase but to
different degenerate physical states of the phase.

In other words, the values of the order parameter A corresponding to a certain fixed superfluid phase
belong to a G-orbit, or more generally, to a stratum of G-orbits in the space of all 3 × 3 complex matrices

6We adopt the notation A† := (AT )∗, where AT and A∗ denote, respectively, the transpose and the complex conjugate of
A, so that we e.g. have |A|2 := tr(AA†).
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acted upon by the symmetry group G. Any G-orbit describes the manifold of the internal (degenerate)
states of the corresponding phase. Two different G-orbits describe two different phases, which differ one
from the other by the symmetry and by the manifolds of their internal states.

Accordingly, below the superfluid transition temperature Tc the symmetry group G is spontaneously
broken (cf. [16, 22]).

For a given equilibrium state (or vacuum state) A of an ordered superfluid phase (G-orbit), the elements
of the isotropy group

HA := {G ∈ G | G ? A = A}
of G at A leave the order parameter invariant. The group H is known as the residual symmetry of the
equilibrium state A. All the most important physical properties of a given superfluid phase are mostly
determined by the residual symmetry H of its equilibrium state.

Among the different superfluid phases, the inert phases are indeed good candidates for providing the
absolute minimum of the energy [6, 7]. They correspond to maximal subgroups H of G, and hence, besides
the normal state of liquid 3He , they are the most symmetric vacuum states (cf. [28, 31]). Near Tc, they
are always critical points for the Ginzburg–Landau functional corresponding the bulk energy density (1.4),
for any β1, . . . , β5. For more details on the inert phases and the Ginzburg–Landau equations, we refer to
[12, 15, 30, 31].

Symmetry classification of superfluid phases. Since there are many subgroups H of G,
it is natural to expect that there are many types of vacuum states, which in turn correspond to different
superfluid phases with different groups of residual symmetries.

In principle the symmetry classification of all possible superfluid phases reduces to the enumeration of
all subgroups H � G not containing U(1) as a subgroup. Significant progress in the enumeration of the
different classes of superfluids was obtained by Bruder–Vollhardt (cf. [8] and [30]).

For a continuous subgroup H � G, every element h ∈ H can be written as

h = e−(i/~)ε·T ' I − i

~
ε ·T (1.5)

where ε is an arbitrary vector of infinitesimal length and

T = (Tx,Ty,Tz) = (T1,T2,T3)

are the generators of the infinitesimal transformations of the group H. The infinitesimal generators T can
be written in principle as linear combinations of the generators of SO(3)L, SO(3)S and U(1)Φ, i.e.,

(Tx,Ty,Tz) = (axLx + bxSx, ayLy + bySy, azLz + bzSz + cΦ) (1.6)

where (ax, ay, az) = a, (bx, by, bz) = b, c are real parameters, (Lx,Ly,Lz) and (Sx,Sy,Sz) are the compo-
nents of the orbital and spin angular momentum operators, L and S, given respectively by7 (Li)jk = −i ~ εijk,
(Sα)βγ = −i ~ εαβγ , and Φ = −i ~ ∂/∂φ is the operator for a gauge transformation, with ΦA = A and
ΦA∗ = −A∗ .

In order to obtain all possible continuous subgroups H of G one can list all possible linear combinations
of infinitesimal generators. Once a subgroup H � G is given, to determine an order parameter A such
that the isotropy group at A coincides with H, that is, HA = H , one proceeds as follows. If H � G is the
isotropy group at A, then

h ? A = A

for every h ∈ H. By (1.5), the order parameter A is then obtained as a solution of the symmetry equations

TiA = 0 , i = 1, 2, 3.

According to [30, Eq. (6.20)], the symmetry equations lead to the following system of 3 × 9 homogeneous
equations in the nine complex components Aµj of the order parameter A,

ai
∑
k

εijkAµk + bi
∑
ν

εiµνAνj + i δi3 cAµj = 0 (i = 1, 2, 3) . (1.7)

7We denote by εαβγ the Levi-Civita symbols.
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Equations (1.7) are used to compute the components Aµj of A.

In this setting, we briefly describe the two physically more relevant phases of superfluid 3He: the inert
phases 3He-A and 3He-B (cf. also Remark 5.1).

Example 1.1 [The B phase] According to [8, 30], the B phase of superfluid 3He, 3He-B, corresponds to
the choice of T = S + L, i.e., c = 0, ai = bµ = 1. Solving the symmetry equations TiA = 0, i = 1, 2, 3, that
is, (1.7), among the unit matrices ( |A|2 := tr(AA†) = 1 ) one obtains the order parameter

A0 = (A0
µj) :=

1√
3

(δµj) =
1√
3
I3 =

1√
3

(e1e
T
1 + e2e

T
2 + e3e

T
3 )

which describes the B phase [29, 31]. The manifold of all degenerate equilibrium states of the B phase
corresponds to the orbit under G of the initial state given by A0, that is,

G ? A0 = {G ? A0 | G ∈ G}

where if G = (R(S), R(L), φ) one has

(G ? A0)µj =
1√
3
eiφRµj , (Rµj) := R(S)R(L)T ∈ SO(3) ' RP 3 . (1.8)

The isotropy group at A0 of G is

HB = {G ∈ G | G ? A0 = A0} = {(M,M, 1) ∈ G |M ∈ SO(3)} =: SO(3)S+L
∼= SO(3)

which implies that the orbit is the 4-dimensional manifold

G ? A0 ∼= G/HB ∼= SO(3)× U(1) .

Example 1.2 [The A phase] According to [8, 30], the A phase of superfluid 3He, 3He-A, corresponds to
the choice of Tz = bzSz + az(Lz − Φ). In this case, solving the equations TiA = 0, i = 1, 2, 3, i.e., the
equations (1.7), among the unit matrices one obtains8 the order parameter

Aπ/2 :=
1√
2

0 0 0
0 0 0
1 i 0

 =
1√
2
e3(eT1 + ieT2 ) (1.9)

which describes the A phase [29, 31]. The manifold of all degenerate equilibrium states of the A phase
corresponds to the orbit under G of the initial state described by Aπ/2, that is,

G ? Aπ/2 = {G ? Aπ/2 | G ∈ G}.

This time, for any G = (R(S), R(L), φ) ∈ G,

(G ? Aπ/2)µj =
1√
2
eiφR

(S)
µ3

(
R

(L)
j1 + iR

(L)
j2

)
. (1.10)

The isotropy group at Aπ/2 of G is computed to be (cf. [31])

HA = U(1)Sz
× U(1)Lz−Φ × Z2 .

The Z2 factor reflects the discrete combined spin-gauge symmetry of the A phase: the state (1.9) does
not change if the spin rotation, which transforms e3 into −e3, is combined with the gauge transformation
φ 7→ φ + π, which takes eT1 + ieT2 to −(eT1 + ieT2 ). This additional Z2 discrete symmetry of the A phase
cannot be obtained by the symmetry classification described above (cf. [8, 30]). Then, the G-orbit of Aπ/2

is the 5-dimensional manifold

G ? Aπ/2 ∼= G/HA ∼=
(
SO(3)S
U(1)Sz

× SO(3)L × U(1)Φ

U(1)Lz−Φ

)
/Z2
∼=
(
S2 × SO(3)

)
/Z2 .

8The notation A0 = (A0
µj) and Aπ/2 = (A

π/2
µj ) will be clear from the ansatz (1.11).
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Remark 1.3 The e3 vector in the A phase state (1.9) may be considered as a “director” in all cases in
which the change of phase φ is unimportant. In this sense, e3 resembles the director in the theory of uniaxial
nematic liquid crystals [4, 9, 24, 25, 26]. Accordingly, an orientability problem similar to that occurring in
the Q-tensor theory of uniaxial nematic systems as treated in [5] could be envisaged for the superfluid A
phase.

Description of results and organization of the paper. In Section 2, we address the
question of the invariance under the symmetry group G of a general free-energy density for the Ginzburg–
Landau functional and consider a generalized gradient energy density expansion including quartic terms.
More precisely, we determine all linearly independent quartic terms Iα (cf. (2.7) and (2.8)) of the form
AA∗∇A(∇A)∗ that are quadratic in ∇A. Their linear independence is discussed in the Appendix. In
Section 3, we analyze the gradient energy density for the B phase and explicitly write the gradient terms Iα.
In Section 4, we discuss the gradient energy density for the A phase and explicitly write the gradient terms
Iα. In Section 5, we propose a unified approach to the study of the A and B superfluid phases. Namely, we
assume

A = ∆(T, P )Aθ ∈ C3 ⊗ C3

where the amplitude ∆(T, P ) > 0 depends on temperature T and pressure P and Aθ is a unit matrix
parametrized by an auxiliary control parameter θ ∈ [0, π/2] relating the unit states describing the A and B
phases considered in Examples 1.1 and 1.2,

Aθ := cos θ · 1√
3

1 0 0
0 1 0
0 0 1

+ sin θ · 1√
2

0 0 0
0 0 0
1 i 0

 , θ ∈ [0, π/2] . (1.11)

We will see that when θ ∈ ]0, π/2[, the isotropy group H at Aθ is trivial (the absence of discrete symmetries
is also checked). Thus, for θ ∈ ]0, π/2[, the G-orbit of Aθ is diffeomorphic to the overall symmetry group
G. We shall then explicitly write the fourth order expansion of the bulk energy density (1.4) in our ansatz,
obtaining the formulas in (5.1) and (5.2). In Proposition 5.3, we establish the optimal values of the control
parameter θ and the corresponding relations among the coefficients βi in the expression of the bulk free-
energy density (1.4).

Provided that the inhomogeneity region is large enough (cf. [29, Section II-D] and the discussion at
the end of Section 5), the gradient terms may be neglected, and the superfluid phases are determined by
the minimization of the bulk energy (1.4) alone. In this case, only the maximal isotropy groups H of G
may produce inert phases (cf. [8, 29, 30]). In particular, the A and B phases are the only minimizers in
absence of an external magnetic field. This property is recovered in our ansatz, when the coefficients βi are
chosen according to the weak or strong coupling theories, see Proposition 5.4. More precisely, by choosing
the coefficients βi in accordance with Anderson–Brinkman [2], see the formulas in (5.3), a phase transition
is observed in dependence of the spin-fluctuation parameter δ. Our results are consistent with the ones
reported by Salomaa–Volovik in [29, Section II-D].

2 Bulk and gradient free energy densities

In this section, we discuss the invariance properties of a general free-energy density for the Ginzburg–Landau
energy functional, and in particular of the bulk and gradient energy densities. We then determine all linearly
independent quartic terms of the form AA∗∇A(∇A)∗ in the expansion of the gradient energy density.

Bulk energy density. According to Mermin–Stare [20], Anderson–Brinkman [2] and Salomaa–
Volovik [29], the relevant fourth order expansion of the bulk condensation term in the Ginzburg–Landau free
energy is given by the expression (1.4).

In the following, we will occasionally take advantage of the possibility of writing the order parameter
A ∈ C3 ⊗ C3 as

A = ∆ Â , with ∆ = |A| , Â ∈ C3 ⊗ C3 , |Â| = 1 (2.1)

6



where in general the size (amplitude) ∆ = ∆(T, P ) only depends on temperature and pressure. In this case,
the bulk free energy density (1.4) takes the form

fB(A) = −α∆2 tr(ÂÂ†) + ∆4
(
β1 |tr(ÂÂT )|2 + β2 [tr(ÂÂ†)]2 + β3 tr[(ÂÂT )(ÂÂT )∗]

+β4 tr[(ÂÂ†)2] + β5 tr[(ÂÂ†)(ÂÂ†)∗]
) (2.2)

where α and βi are real constants depending on temperature and pressure, see Section 5 below.

Gradient energy density. When spatial variations of the order parameter A = (Aµj) are allowed,
the free energy density in the Ginzburg–Landau functional will contain extra terms depending on the com-
ponents of the gradient ∇A of A, with respect to the ordinary (orbital) space coordinates x1, x2, x3. We
recall that the gradient ∇A is a third order tensor, whose components are given by (∇A)µjk = Aµj,k =
∂kAµj := ∂

∂xk
Aµj .

According to de Gennes et al. (cf. [1]), the gradient part of the free energy density of an anisotropic
superfluid in the Ginzburg–Landau functional has leading G-invariant terms quadratic in the components of
∇A of the form

fgrad(A,∇A) := γ1I1 + γ2I2 + γ3I3 (2.3)

where γi are non-negative physical constants (see also Section 5) and

I1 := ∂kAµj∂kA
∗
µj , I2 := ∂kAµj∂jA

∗
µk , I3 := ∂kAµk∂jA

∗
µj .

These energy densities can alternatively be expressed by (cf. [1])

I1 =

3∑
µ=1

|∇Aµ|2 , I2 =

3∑
µ=1

tr[∇Aµ∇A
∗
µ] , I3 =

3∑
µ=1

|divAµ|2

where Aµ = Aµje
T
j are the row vectors of the matrix A (see also Remark 3.1). Notice that I1 = |∇A|2 is

the Dirichlet energy and I2 − I3 is a null Lagrangian, since

∂k(Aµj∂jA
∗
µk −Aµk∂jA∗µj) = I2 − I3 . (2.4)

Invariance. Let D := ∇xA denote the third order tensor corresponding to the gradient of A with respect
to the ordinary spatial coordinates x. In components, this amounts to saying that Dµjk = Aµj,k = ∂kAµj .

Let G := (R(S), R(L), φ) be an element of G where, for simplicity, we let S = R(S) and L = R(L).
According to the action (1.3), for any x ∈ Ω, we have (G ? A)(x) = eiφSA(x)LT . Next, let z = Lx be the
coordinates obtained by rotating by L the ordinary spatial coordinates x.

We can state the following.

Proposition 2.1 Let A, G ? A, and D = ∇xA be as above. Let G ? D be the third order tensor G ? D :=
∇z(G ? A). Then

(G ? D)µjk = eiφSµνLjbLkcDνbc . (2.5)

Proof: Since z = Lx, we have
∂xi
∂zk

= (LT )ik = Lki .

With (G ? A)µj = (eiφSALT )µj = eiφSµνAνbLjb , we have

∂

∂zk
[(G ? A)µj)](x) =

∂xc
∂zk

∂

∂xc
[eiφSµνAνbLjb](x)

= eiφLkcSµν
∂

∂xc
[Aνb(x)]Ljb

= eiφSµν∂cAνb(x)Lkc Ljb

which implies (2.5), as claimed. �
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Therefore, it turns out that, for every G = (S,L, φ) ∈ G, a general free energy density I with the correct
invariance properties under gauge transformations and spin and spatial rotations must satisfy the condition

I(A,D) = I(G ? A,G ? D) , (2.6)

where (G ? A) = eiφSALT and (G ? D)µjk := eiφSµνLjbLkcDνbc .

For example, as for the density I2, we have I2(A,D) = DµjkD
∗
µkj , whereas

I2(G ? A,G ? D) = (G ? D)µjk(G ? D)∗µkj = eiφSµνLjbLkcDνbce
−iφSµαLk`LjmD

∗
α`m

= δναδbmδc`DνbcD
∗
α`m = DνbcD

∗
νcb

= I2(A,D) .

Remark 2.2 The above invariance condition (2.6) (as well as its derivation) is reminiscent of the frame-
indifference condition in the Landau–de Gennes Q-tensor theory of liquid crystals [3, 4].

Quartic terms. We now wish to consider the quartic terms of the form AA∗DD∗ in the expansion of
the gradient free energy. The most symmetric of such terms is

I4 = I4(A,D) := Aµ`A
∗
ν`∂kAµj∂kA

∗
νj .

More generally, in order to satisfy the invariance property (2.6), any such term must have the structure:

AµaDµbcA
∗
νdD

∗
νef

where the indices a, b, c, d, e, f are pairwise equal and range on {1, 2, 3}. This yields fifteen different terms.
However, since the energy densities must be real valued, some of them have to be suitably combined together.

Accordingly, we obtain seven invariants, five of which are readily recognized in terms of the row vectors
Aµ (where by • we denote the scalar product), namely

I4 := Aµ`∂kAµjA
∗
ν`∂kA

∗
νj = (Aµ •A

∗
ν) (∂kAµ • ∂kA

∗
ν)

I5 := Aµ`∂kAµjA
∗
ν`∂jA

∗
νk = (Aµ •A

∗
ν) tr(∇Aµ∇A

∗
ν)

I6 := Aµ`∂jAµjA
∗
ν`∂kA

∗
νk = (Aµ •A

∗
ν) divAµ divA∗ν

I7 := Aµ`∂kAµ`A
∗
νj∂kA

∗
νj = (Aµ • ∂kAµ)(A∗ν • ∂kA

∗
ν)

I8 := Aµ`∂kAµjA
∗
νj∂kA

∗
ν` = (Aµ • ∂kA

∗
ν)(A∗ν • ∂kAµ)

I9 := Aµ`∂`AµjA
∗
νk∂kA

∗
νj

I10 := Aµ`∂kAµjA
∗
νk∂`A

∗
νj

(2.7)

and four additional combined invariants, namely

I11 := Aµ`∂kAµjA
∗
νj∂`A

∗
νk +Aµ`∂kAµjA

∗
νk∂jA

∗
ν`

I12 := Aµ`∂jAµ`A
∗
νj∂kA

∗
νk +Aµ`∂jAµjA

∗
νk∂`A

∗
νk

I13 := Aµ`∂jAµ`A
∗
νk∂kA

∗
νj +Aµ`∂`AµjA

∗
νk∂jA

∗
νk

I14 := Aµ`∂`AµjA
∗
νj∂kA

∗
νk +Aµ`∂jAµjA

∗
νk∂kA

∗
ν` .

(2.8)

The above ones are all the quartic terms satisfying (separately) the invariance property (2.6) and such
that Iα = I∗α, for α = 4, . . . , 14. Moreover, differently from what happens for the quadratic terms I2 and
I3, see (2.4), by means of a long computation (which will be reproduced in the Appendix) we will check
that no one of the above invariants can be written as a linear combination of the other terms, up to a null
Lagrangian.
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Remark 2.3 When writing A = ∆Â , according to the factorization (2.1), the amplitude ∆ = ∆(T, P ) of
the matrix A does not depend on the position x ∈ Ω. We thus have

(∇A)(x) = ∆(T, P ) · (∇Â)(x) , x ∈ Ω

and hence, in general,

Iα(A,∇A) =

{
∆(T, P )2 Iα(Â,∇Â) for i = 1, 2, 3

∆(T, P )4 Iα(Â,∇Â) for i = 4, . . . , 14
if A(x) = ∆(T, P ) Â(x) . (2.9)

3 The B phase

In this section, we discuss the gradient energy density in the B phase and write explicit expressions for the
gradient terms Iα. Taking into account that the general form of the order parameter in the B phase is given
by (cf. [29, 31])

∆B(T, P )A, Aµj =
1√
3
eiφRµj , R = (Rµj) ∈ SO(3) , (3.1)

we will compute the gradient terms Iα for the unit matrix A. The gradient terms Iα for the general form
of the order parameter in the B phase are then obtained by the homogeneity formulas (2.9) in Remark 2.3.

Remark 3.1 Let r : R3 → S2 a smooth unit vector field. Since riri = 1, we have riri,k = 0 for each k,
where “f,k” denotes the partial derivative ∂kf . Moreover,

| curl r|2 = (r · curl r)2 + |r× curl r|2 ,
|∇r|2 = tr[(∇r)2] + | curl r|2 ,

|r× curl r|2 = rlrkri,lri,k ,
tr[(∇r)2] = rk,jrj,k ,

(div r)2 = rk,krj,j .

(3.2)

We also recall that the term

tr[(∇r)2]− (div r)2 = (rj,krk − rk,krj),j = div[(∇r)r− (div r)r)] (3.3)

is a null-Lagrangian. With this notation, for a unit vector field r we thus have

|∂rr|2 = ∂rrj∂rrj = r`rj,`rkrj,k = |r× curl r|2 .

In a similar way, given another unit vector field s : R3 → S2 we have:

∂sr • ∂rs = ∂srj∂rsj = rks`rj,`sj,k ∂rr • ∂ss = ∂rrj∂ssj = rks`rj,ksj,` .

Explicit formulas. Let Ω ⊂ R3 be a bounded domain, and consider the smooth function

Ω 3 x 7→ Aµj =
1√
3
eiφRµj (3.4)

where φ(x) ∈ R and R(x) ∈ SO(3) account for the four degrees of freedom in the B phase.
We shall denote by n, m and ` = n ×m the orthonormal unit vector fields given by the rows of the

matrix R, so that (in terms of column vectors)

RT (x) = (n(x)|m(x)|`(x)) , x ∈ Ω . (3.5)

Following the notation in [1], the row vectors Aµ then become

A1 =
1√
3
eiφ nT , A2 =

1√
3
eiφ mT , A3 =

1√
3
eiφ `T

and we correspondingly denote

|∇R|2 := |∇n|2 + |∇m|2 + |∇`|2
tr[(∇R)2] := tr[(∇n)2] + tr[(∇m)2] + tr[(∇`)2]

(divR)2 := (div n)2 + (div m)2 + (div `)2 .
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As for the Dirichlet term I1 := ∂kAµj∂kA
∗
µj , using that RµjRµj = 3 , we have

3 I1 = ∂k(eiφRµj) ∂k(e−iφRµj) = eiφ(Rµj,k + iφ,kRµj) e
−iφ(Rµj,k − iφ,kRµj)

= (Rµj,kRµj,k + φ,kφ,kRµjRµj) + i(φ,kRµjRµj,k − φ,kRµjRµj,k)
= |∇R|2 + 3|∇φ|2 = |∇n|2 + |∇m|2 + |∇`|2 + 3|∇φ|2 .

As for the term I2 := ∂kAµj∂jA
∗
µk, using that RµjRµk = δjk , we compute

3 I2 = ∂k(eiφRµj) ∂j(e
−iφRµk) = eiφ(Rµj,k + iφ,kRµj) e

−iφ(Rµk,j − iφ,jRµk)
= (Rµj,kRµk,j + φ,kφ,jRµjRµk) + i(φ,kRµjRµk,j − φ,jRµkRµj,k)
= nj,knk,j + mj,kmk,j + `j,k`k,j + φ,kφ,jδjk + 0 i
= tr[(∇n)2] + tr[(∇m)2] + tr[(∇`)2] + |∇φ|2 .

Finally, for the term I3 := ∂kAµk∂jA
∗
µj , we similarly obtain

3 I3 = ∂k(eiφRµk) ∂j(e
−iφRµj) = eiφ(Rµk,k + iφ,kRµk) e−iφ(Rµj,j − iφ,jRµj)

= (Rµk,kRµj,j + φ,kφ,jRµjRµk) + i(φ,kRµkRµj,j − φ,jRµjRµk,k)
= nk,knj,j + mk,kmj,j + `k,k`j,j + φ,kφ,jδjk + 0 i
= (div n)2 + (div m)2 + (div `)2 + |∇φ|2 .

In conclusion, taking into account the general form (3.1) of the order parameter in the B phase, it follows
from the homogeneity formulas (2.9) that the gradient energy density (2.3) in the B phase takes the form

3 ∆B(T, P )−2 fgrad = γ1 |∇R|2 + γ2 tr[(∇R)2] + γ3 (divR)2 + (3γ1 + γ2 + γ3)|∇φ|2 . (3.6)

Quartic invariants. In accordance with the comments made at the beginning of the section, we now
consider the invariant energy densities Iα, α = 4, . . . , 8, introduced in (2.7). These are the most symmetric
quartic real valued invariants we found in the previous section.

In the B phase, concerning the term I4 := Aµ`∂kAµjA
∗
ν`∂kA

∗
νj we first observe that 3(Aµ • A

∗
ν) = δµν ,

whence arguing as above we get

9 I4 = ∂k(eiφRµj)∂k(e−iφRµj) = (iφ,kRµj +Rµj,k)(−iφ,kRµj +Rµj,k) = 3|∇φ|2 + |∇R|2 .

As for the term I5 := Aµ`∂kAµjA
∗
ν`∂jA

∗
νk, we similarly write

9 I5 = ∂k(eiφRµj)∂j(e
−iφRµk) = (iφ,kRµj +Rµj,k)(−iφ,jRµk +Rµk,j) = |∇φ|2 + tr[(∇R)2]

whereas for the term I6 := Aµ`∂jAµjA
∗
ν`∂kA

∗
νk we obtain

9 I6 = ∂j(e
iφRµj)∂k(e−iφRµk) = (iφ,jRµj +Rµj,j)(−iφ,kRµk +Rµk,k) = |∇φ|2 + (divR)2 .

Concerning the term I7 := Aµ`∂kAµ`A
∗
νj∂kA

∗
νj , we have

3 (Aµ • ∂kAµ) = e2iφRµ`(iφ,kRµ` +Rµ`,k)
3 (A∗ν • ∂kA

∗
ν) = e−2iφRνj(−iφ,kRνj +Rνj,k) .

Recalling that I7 is real valued, and using that RνjRνj = 3 and RνjRνj,k = 0, we get

9 I7 = Rµ`Rνj(φ,kφ,kRµ`Rνj +Rµ`,kRνj,k) = 9 |∇φ|2 .

As for the term I8 := Aµ`∂kAµjA
∗
νj∂kA

∗
ν`, we have

3 (Aµ • ∂kA
∗
ν) = Rµ`(−iφ,kRν` +Rν`,k) = −iφ,kδµν +Rµ`Rν`,k

3 (A∗ν • ∂kAν) = Rνj(iφ,kRµj +Rµj,k) = iφ,kδµν +RνjRµj,k .

Using that I8 is real valued and that RνjRµj,k = −RµjRνj,k we get

9 I8 = (−iφ,kδµν +Rµ`Rν`,k)(iφ,kδµν +RνjRµj,k)
= 3|∇φ|2 +Rµ`Rν`,kRνjRµj,k
= 3|∇φ|2 −Rµ`Rν`,kRµjRνj,k
= 3|∇φ|2 − δ`jRν`,kRνj,k = 3|∇φ|2 − |∇R|2 .
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Remark 3.2 In the B phase, the above computation shows that for α = 4, . . . , 8, the quartic invariants Iα
are expressed in terms of the same Cartesian invariants involved in the expressions of the quadratic invariants
I1 , I2, and I3, namely |∇R|2, tr[(∇R)2], (divR)2, and |∇φ|2.

On the other hand, for α = 9, . . . , 14, the quartic invariants Iα in general mix together the row vectors
of the matrix R. For example, as for I9 := Aµ`∂`AµjA

∗
νk∂kA

∗
νj , in the B phase we have

9 I9 = Rµ`Rνk(iφ,`Rµj +Rµj,`)(−iφ,kRνj +Rνj,k)
= δj`δjkφ,`φ,k +Rµ`Rµj,`RνkRνj,k .

Using the notation (3.5), we observe that e.g. for µ = 1

R1`R1j,` = n`nj,` = n • ∇nj =: ∂nnj

so that we readily obtain
9I9 = |∇φ|2 + |∂nn + ∂mm + ∂``|2

where the last term can be expressed (up to a null Lagrangian term) using only the twelve independent
quadratic first order invariants

|n× curl n|2 , |m× curl m|2 , |`× curl `|2 ,
(div n)2 , (div m)2 , (div `)2 ,

(n · curl n)2 , (m · curl m)2 , (` · curl `)2 ,
(m · curl n)2 , (` · curl m)2 , (n · curl `)2 ,

(3.7)

compare e.g. [24, 25] and [18]. In a similar way, as for I10 := Aµ`∂kAµjA
∗
νk∂`A

∗
νj , in the B phase we have

9 I10 = Rµ`Rνk(iφ,kRµj +Rµj,k)(−iφ,`Rνj +Rνj,`)
= δj`δjkφ,kφ,` +Rµ`RνkRµj,kRνj,` .

When µ = ν = 1, we e.g. have

Rµ`RνkRµj,kRνj,` = n`nknj,`nj,k = |n× curl n|2 = |∂nn|2

and when e.g. µ = 1 and ν = 2,

Rµ`RνkRµj,kRνj,` = n`mknj,kmj,` = ∂nmj∂mnj = ∂nm • ∂mn

so that we get

9 I9 = |∇φ|2 + |∂nn|2 + |∂mm|2 + |∂``|2 + ∂nm • ∂mn + ∂m` • ∂`m + ∂`n • ∂n`
= |∇φ|2 +

1

2

(
|n× curl n|2 + |m× curl m|2 + |m× curl m|2

)
+

1

2
|∂nn + ∂mm + ∂``|2 .

Similar calculations, which we omit, can be made in the B phase for the coupled invariants Iα, for
α = 11, . . . , 14.

4 The A phase

In this section, we discuss the gradient energy density in the A phase and write explicit expressions for the
gradient terms Iα.

Referring to the notation used in Example 1.2, and denoting this time

R(S) =
(
n(S)|m(S)|`(S)

)
, R(L)T =

(
n(L)|m(L)|`(L)

)
,

it turns out that the complex matrix (G ? Aπ/2) only depends on the third column vector d := `(S) of the
spin matrix R(S), and on the first two row vectors nT and mT of the orbital matrix R(L), i.e., n := n(L)

and m := m(L) . With this notation, one can thus write

(G ? Aπ/2)µj =
1√
2
eiφ dµ (nj + imj) (4.1)
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where d specifies the direction of the spontaneous magnetic anisotropy axis. The third row vector of the
orbit matrix R(L) is called the orbital vector `T . One has ` = `(L) = n(L)×m(L), and the matrix G?Aπ/2

is described by the phase φ, the spin vector d, and the orbital vector `. In fact, notice that a rotation by an
angle α about ` takes the orbital part n + im of the order parameter (4.1) to e−iα(n + im). Provided that
this rotation is combined with a gauge transformation φ 7→ φ+α, the order parameter (4.1) does not change
(this amounts to the combined gauge-orbital symmetry with the generator Lz − Φ). The phase φ and the
vectors d, ` account then for the five degrees of freedom in the A phase, modulo an additional Z2-discrete
symmetry, which reflects the discrete spin-gauge symmetry of the A phase: the spin rotation d 7→ −d,
combined with the gauge transformation φ→ φ+ π, does not change the state (4.1) (cf. Example 1.2).

A further and more significant notation will be used, by setting

u + iv :=
1√
2
eiφ(n + im) ∈ C3

so that

|u + iv| = 1 , (u + iv)2 = |u|2 − |v|2 + 2 iu • v = 0 (4.2)

and

(G ? Aπ/2)µj = dµ (uj + ivj) .

As in the previous section, without loss of generality, taking into account that the general form of the
order parameter in the A phase is given by (cf. [29, 31])

∆A(T, P )A, Aµj =
1√
2
eiφ dµ (nj + imj) = dµ (uj + ivj) , (4.3)

we will compute the gradient terms Iα for the unit matrix A. The gradient terms Iα for the general form
of the order parameter in the A phase are then obtained by the homogeneity formulas (2.9) in Remark 2.3.

Explicit formulas. Consider the function

Ω 3 x 7→ Aµj :=
1√
2
eiφ dµ (nj + imj)

where φ(x) ∈ R and n(x), m(x), d(x) ∈ S2, with the orthogonality condition n •m = 0 (but with d
independent of n and m), or equivalently,

Ω 3 x 7→ Aµj := dµ (uj + ivj) (4.4)

where d(x) ∈ S2 and u(x) + iv(x) ∈ C3 satisfies (4.2) for each x ∈ Ω. Following the notation in [1], the
row vectors of A become

Aµ = dµ (u + iv)T , µ = 1, 2, 3 .

As for the Dirichlet term I1 := ∂kAµj∂kA
∗
µj , using that dµdµ = 1 and dµdµ,k = 0, on account of (4.2),

we have
I1 = ∂k

(
dµ(uj + ivj)

)
∂k
(
dµ(vj − ivj)

)
=

(
dµ,k(uj + ivj) + dµ(uj,k + ivj,k))

) (
dµ,k(uj − ivj) + dµ(uj,k − ivj,k)

)
= dµ,kdµ,k(uj + ivj)(uj − ivj) + (uj,k + ivj,k)(uj,k − ivj,k)
= |∇d|2 + |∇u|2 + |∇v|2 .

Notice that in terms of φ, n, and m, since

u =
1√
2

(cosφn− sinφm) , v =
1√
2

(sinφn + cosφm)

one may explicitly compute

|∇u|2 + |∇v|2 =
1

2
(|∇n|2 + |∇m|2) + φ,k(njmj,k −mjnj,k) .
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As for the term I2 := ∂kAµj∂jA
∗
µk, we similarly obtain

I2 = ∂k
(
dµ(vj + ivj)

)
∂j
(
dµ(uk − ivk)

)
=

(
dµ,k(uj + ivj) + dµ(uj,k + ivj,k)

) (
dµ,j(uk − ivk) + dµ(uk,j − ivk,j)

)
= dµ,kdµ,j

(
(ujuk + vjvk) + i(ukvj − ujvk)

)
+(uj,kuk,j + vj,kvk,j) + i(uk,jvj,k − uj,kvk,j) .

On account of (3.2), using that dµ,krk = ∂rdµ we thus get =I2 = 0 and

I2 = |∂ud|2 + |∂vd|2 + tr[(∇u)2] + tr[(∇v)2]

where more explicitly we have

2I2 = |∂nd|2 + |∂md|2 + (∂nφ)2 + (∂mφ)2 + tr[(∇n)2] + tr[(∇m)2] + 2φ,k(njmk,j −mjnk,j) .

Analogously, concerning the term I3 := ∂kAµk∂jA
∗
µj we get

I3 = ∂k
(
dµ(uk + ivk)

)
∂j
(
dµ(uj − ivj)

)
=

(
dµ,k(uk + ivk) + dµ(uk,k + ivk,k)

) (
dµ,j(uj − ivj) + dµ(uj,j − ivj,j)

)
= dµ,kdµ,j

(
(ujuk + vjvk) + i(vkuj − ukvj)

)
+(uk,kuj,j + vk,kvj,j) + i(uj,jvk,k − uk,kvj,j)

and hence =I3 = 0 and
I3 = |∂ud|2 + |∂vd|2 + (div u)2 + (div v)2

where more explicitly we can write

2I3 = |∂nd|2 + |∂md|2 + (∂nφ)2 + (∂mφ)2 + (div n)2 + (div m)2 + 2φ,k(nkmj,j −mknj,j) .

Remark 4.1 We recover that I2 − I3 is a null Lagrangian, as by (3.3) we have

I2 − I3 = tr[(∇u)2] + tr[(∇v)2]− (div u)2 − (div v)2

= div[(∇u)u + (∇v)v − (div u)u− (div v)v] .

In conclusion, taking into account the general form (4.3) of the order parameter in the A phase, it follows
from the homogeneity formulas (2.9) that the gradient energy density (2.3) in the A phase takes the form

∆A(T, P )−2 fgrad = γ1|∇d|2 + (γ2 + γ3)
(
|∂ud|2 + |∂vd|2

)
+ γ1

(
|∇u|2 + |∇v|2

)
+ γ2

(
tr[(∇u)2] + tr[(∇v)2]

)
+ γ3

(
(div u)2 + (div v)2

)
.

(4.5)

Quartic invariants. We now deal with the invariant energy densities Iα in (2.7), for α = 4, . . . , 10.
Concerning the term I4 := Aµ`∂kAµjA

∗
ν`∂kA

∗
νj , using the notation w = u + iv, in the A phase we

observe that
(Aµ •A

∗
ν) = dµwjdνw

∗
j = dµdν |w|2 = dµdν

whence arguing as above, and using that dµdµ = 1 and dµdµ,k = 0, we get

I4 = dµdν(dµ,kwj + dµwj,k)(dν,kw
∗
j + dνw

∗
j,k) = wj,kw

∗
j,k = |∇u|2 + |∇v|2 .

As for the term I5 := Aµ`∂kAµjA
∗
ν`∂jA

∗
νk, we similarly write

I5 = dµdν(dµ,kwj + dµwj,k)(dν,jw
∗
k + dνw

∗
k,j) = wj,kw

∗
k,j = tr[(∇u)2] + tr[(∇v)2]

whereas for the term I6 := Aµ`∂jAµjA
∗
ν`∂kA

∗
νk we obtain

I6 = dµdν(dµ,jwj + dµwj,j)(dν,kw
∗
k + dνw

∗
k,k) = wj,jw

∗
k,k = (div u)2 + (div v)2 .

Concerning the term I7 := Aµ`∂kAµ`A
∗
νj∂kA

∗
νj , we instead have I7 ≡ 0, as e.g.

(Aµ • ∂kAµ) = dµw`(dµ,kw` + dµw`,k) = w`w`,k = 0 .
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Remark 4.2 In the A phase, it follows from the above computation that for α = 4, . . . , 7, the quartic
invariants Iα are expressed in terms of the same Cartesian invariants involved in the quadratic invariants
I1, I2, and I3.

As for the term I8 := Aµ`∂kAµjA
∗
νj∂kA

∗
ν`, we have

I8 = dµdνw`w
∗
j (dµ,kwj + dµwj,k)(dν,kw

∗
` + dνw

∗
`,k) = w`w

∗
`,kw

∗
jwj,k .

Using that u`v`,k + v`u`,k = 0, we compute

w`w
∗
`,k = −2iu`v`,k w∗jwj,k = 2iujvj,k

and hence
I8 = 4u`v`,kujvj,k = 4uT∇v(∇v)Tu .

For α = 9, . . . , 14, the quartic invariants Iα in general mix together the derivatives of the row vectors
u, v of the orbit matrix R(L). For example, as for I9 := Aµ`∂`AµjA

∗
νk∂kA

∗
νj we have

I9 = dµw`dνw
∗
k(dµ,`wj + dµwj,`)(dν,kw

∗
j + dνwj,k)

= w`w
∗
kwj,`wj,k

=
(
(u`uk + v`vk) + i (ukv` − u`vk)

)(
(uj,`uj,k + vj,`vj,k) + i (uj,kvj,` − uj,`vj,k)

)
from which we recover the condition =I9 = 0 and we find

I9 = u`ukuj,`uj,k + v`vkvj,`vj,k + u`ukvj,`vj,k + v`vkuj,`uj,k
+ukv`uj,`vj,k − ukv`uj,kvj,` + u`vkuj,kvj,` − u`vkuj,`vj,k .

Now, the first term is |u× curlu|2 = |∂uu|2 and e.g. the fifth term

ukv`uj,`vj,k = ∂vuj∂uvj = ∂vu • ∂uv .

In this way we get

I9 = |∂uu|2 + |∂vv|2 + |∂uv|2 + |∂vu|2 + 2 ∂vu • ∂uv − 2 ∂uu • ∂vv
= |∂uu− ∂vv|2 + |∂uv + ∂vu|2 .

Similarly, for I10 := Aµ`∂kAµjA
∗
νk∂`A

∗
νj we have

I10 = dµw`dνw
∗
k(dµ,kwj + dµwj,k)(dν,`w

∗
j + dνw

∗
j,`)

= w`w
∗
j,`w

∗
kwj,k

=
(
(∂uuj + ∂vvj) + i (∂vuj − ∂uvj)

)(
(∂uuj + ∂vvj)− i (∂vuj − ∂uvj)

)
= |∂uu|2 + |∂vv|2 + 2∂uu • ∂vv + |∂vu|2 + |∂uv|2 − 2∂vu • ∂uv
= |∂uu + ∂vv|2 + |∂vu− ∂uv|2 .

The terms I8, I9, and I10 can be expressed (up to a null Lagrangian) as linear combinations of the first
order invariants from (3.7), where we take u, v, and u × v instead of n, m, and `, respectively. Finally,
again we omit the explicit computation in the A phase of the coupled invariants Iα, for α = 11, . . . , 14.

5 A unified approach to the A and B phases

In this section, we introduce a class of matrices that allows a unified treatment of both the A and B phases.
In our ansatz, in fact, we are able to compute analytically the bulk energy minimum and the phase transition
parameters in accordance with the results for the Ginzburg–Landau functional collected in [29, Section II-D].

We assume
A = ∆(T, P )Aθ ∈ C3 ⊗ C3

where the amplitude ∆(T, P ) > 0 depends on temperature T and pressure P , and Aθ is the unit matrix
parametrized by an auxiliary control parameter θ relating the unit states describing the A and B phases
considered in Examples 1.1 and 1.2,

Aθ := cos θ · 1√
3

1 0 0
0 1 0
0 0 1

+ sin θ · 1√
2

0 0 0
0 0 0
1 i 0

 , θ ∈ [0, π/2] .

14



Therefore, in our ansatz we have |Aθ|2 := tr(Aθ(Aθ)†) = 1 , for every θ, whereas in components

Aθµj =
cos θ√

3
δµj +

sin θ√
2
δµ3(δj1 + δj2 i) .

Geometry. For θ ∈ ]0, π/2[, we show that the isotropy group H at Aθ is trivial. In fact, the system
(1.7), when A = Aθ and θ ∈ ]0, π/2[, yields 3× 9 equations in the real part:

cos θ√
3

(ai − bi) εijµ +
sin θ√

2

(
δµ3(aiεij1 − c δi3δj2) + bi εiµ3δj1

)
= 0 , i, µ, j = 1, 2, 3

and other 3× 9 in the imaginary part:

cos θ√
3
c δi3δµj +

sin θ√
2

(
δµ3(aiεij2 + c δi3δj1) + bi εiµ3δj2

)
= 0 , i, µ, j = 1, 2, 3 .

This over-determined system implies that a = b = 0R3 and c = 0, whence H = {e} and G ? Aθ ∼= G.

Remark 5.1 If θ = 0, equations (ai − bi) εijµ = 0 and c δi3δµj = 0 yield c = 0 and a = b, so that
we can take T = S + L, and hence the B phase, see Example 1.1. Similarly, if θ = π/2, equations
δµ3(aiεij1 − c δi3δj2) + bi εiµ3δj1 = 0 and δµ3(aiεij2 + c δi3δj1) + bi εiµ3δj2 = 0 imply a3 + c = 0 and
a1 = a2 = b1 = b2 = 0, yielding Tz = bzSz + az(Lz − Φ) , and hence the A phase, see Example 1.2.

According to (1.3), the action of an element G := (R(S), R(L), φ) ∈ G on Aθ is given by

(G ? Aθ)µj = eiφ
(cos θ√

3
R(S)
µαR

(L)
jα +

sin θ√
2
R

(S)
µ3 (R

(L)
j1 +R

(L)
j2 i)

)
.

Now, acting by the element GR := (R,R, 0), with R = (R(S))T , we get

(GR ? (G ? Aθ)) = eiφAθM , M := (R(L))TR(S) ∈ SO(3)

and, denoting by nT ,mT , `T the row vectors of M , MT =
(
n|m|`

)
, we obtain

eiφAθM = eiφ
{cos θ√

3

(
n|m|`

)T
+

sin θ√
2

(
0R3 |0R3 |n + im

)T}
.

We thus conclude that the absence of discrete symmetries can be verified by observing that, for θ ∈
]0, π/2[, the only matrix M ∈ SO(3) satisfying eiφAθM = Aθ is the identity matrix, with φ = 0.

Remark 5.2 Concerning the gradient energy densities Iα, we recall that the amplitude ∆(T, P ) does not
depend on the position, so that the formulas (2.9) hold. In the above coordinates, we e.g. readily check that

I1(eiφAθM,∇(eiφAθM)) = |∇φ|2 +
cos2 θ

3
(|∇n|2 + |∇m|2 + |∇`|2) +

sin2 θ

2
(|∇n|2 + |∇m|2) .

Bulk energy. We now write explicitly the fourth order expansion of the bulk energy density (1.4) in
our ansatz. For this purpose, we first recall that by the factorization formula (2.1), we can rewrite the bulk
energy as in (2.2). Moreover, compare [13, 20, 30], we make use of the explicit formulas:

tr(AA†) = A∗µjAµj , |tr(AAT )|2 = A∗µjA
∗
µjAνkAνk ,

[tr(AA†)]2 = A∗µjAµjA
∗
νkAνk , tr[(AAT )(AAT )∗] = A∗µjA

∗
νjAµkAνk ,

tr[(AA†)2] = A∗µjAνjA
∗
νkAµk , tr[(AA†)(AA†)∗] = A∗µjAνjAνkA

∗
µk .

Using that (δµ1 + δµ2i)(δµ1 + δµ2i) = 0 and (δµ1 + δµ2i)(δµ1 − δµ2i) = 2, we compute

Aθ∗µjA
θ
µj = 1 , AθνkA

θ
νk = cos2 θ , Aθ∗µjA

θ∗
µjA

θ
νkA

θ
νk = cos4 θ , Aθ∗µjA

θ
µjA

θ∗
νkA

θ
νk = 1

and also

AθµkA
θ
νk =

cos2 θ

3
δµν +

cos θ sin θ√
6

(
δν3(δµ1 + δµ2i) + δµ3(δν1 + δν2i)

)
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Aθ∗µjA
θ∗
νj =

cos2 θ

3
δµν +

cos θ sin θ√
6

(
δν3(δµ1 − δµ2i) + δµ3(δν1 − δν2i)

)
,

from which we obtain

Aθ∗µjA
θ∗
νjA

θ
µkA

θ
νk =

cos4 θ

3
+

2

3
cos2 θ sin2 θ =

1− sin4 θ

3
.

In a similar way, we have

Aθ∗µjA
θ
νj =

cos2 θ

3
δµν + sin2 θ δµ3δν3 +

cos θ sin θ√
6

(
δν3(δµ1 + δµ2i) + δµ3(δν1 − δν2i)

)
and Aθ∗νkA

θ
µk =

(
Aθ∗µjA

θ
νj

)∗
, so that

Aθ∗µjA
θ
νjA

θ∗
νkA

θ
µk =

cos4 θ

3
+ sin4 θ +

4

3
cos2 θ sin2 θ =

2− cos4 θ + sin4 θ

3
.

Finally, since AθνkA
θ∗
µk = Aθ∗µjA

θ
νj , we get

Aθ∗µjA
θ
νjA

θ
νkA

θ∗
µk =

cos4 θ

3
+ sin4 θ +

2

3
cos2 θ sin2 θ =

1 + 2 sin4 θ

3
.

Therefore, introducing the notation

F∆(θ) := fB(∆Aθ) , ∆ = ∆(T, P )

and replacing the above terms in formulas (2.2), for θ ∈ [0, π/2] and ∆ > 0, we correspondingly obtain

F∆(θ) = −∆2 α+ ∆4
(
β2 + β1 cos4 θ + β3

1− sin4 θ

3
+ β4

2− cos4 θ + sin4 θ

3
+ β5

1 + 2 sin4 θ

3

)
. (5.1)

In particular, using the shorthand notation βij := βi + βj and βijk := βi + βj + βk, compare [29], we have

F∆(0) = −∆2 α+ ∆4
(
β12 +

1

3
β345

)
, F∆(π/2) = −∆2α+ ∆4β245 . (5.2)

As for the minimum of the functional θ 7→ F∆(θ), in general we can state the following.

Proposition 5.3 Let ∆ > 0 be a given constant and let M(∆) := min{F∆(θ) | θ ∈ [0, π/2]}, where F∆(θ)
is as in (5.1). If β3−2β5 < β4 < 3β1, then the minimum M(∆) is attained for some θ ∈ ]0, π/2[. Otherwise,
the minimum is always attained at the boundary of the interval [0, π/2]. More precisely, if β3 − 2β5 ≥ β4

or β4 ≥ 3β1, then:

(1) M(∆) = F∆(0) = fB(∆A0) in the case 3β1 + β3 ≤ 2(β4 + β5)

(2) M(∆) = F∆(π/2) = fB(∆Aπ/2) in the case 3β1 + β3 ≥ 2(β4 + β5)

where, we recall,

A0 =
1√
3

1 0 0
0 1 0
0 0 1

 , Aπ/2 =
1√
2

0 0 0
0 0 0
1 i 0

 .

Proof: For any fixed ∆ > 0, we compute:

d

dθ
F∆(θ) =

4

3
∆4 sin θ cos θ

(
(3β1 + 2β5 − β3) sin2 θ − (3β1 − β4)

)
.

Therefore, setting D := (3β1 + 2β5 − β3) and N := (3β1 − β4), it turns out that F∆ is increasing when
D sin2 θ > N . Now, if N > 0, D > 0, and 0 < N/D < 1, the minimum M(∆) of the energy F∆(θ)
is attained at the interior of the interval [0, π/2]. In all the other cases, it is readily checked that the
minimum is always attained at the boundary of the interval [0, π/2]. Finally, by (5.2) we deduce that
F∆(0) < F∆(π/2) ⇐⇒ 3β1 + β3 < 2(β4 + β5), as required. �

Physics. Provided that the gradient part of the energy may be neglected, see the discussion below, the
superfluid phases are determined by the minimization of the bulk energy (1.4) alone [8, 29, 30]. In particular,
it is known that in absence of an external magnetic field the A and B phases are the only minimizers. This
property is recovered in the following.
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Proposition 5.4 In our ansatz, the minimum in Proposition 5.3 is always attained by the A or B phases,
provided that the coefficients in (2.2) agree with the physical constants, according to the weak or strong
coupling theories.

Proof: Following e.g. [29], the coefficient α of the first addendum (the second order term) in the bulk
energy density (1.4), depends on the absolute temperature T through the formula α = N(0) · (1− T/Tc)/3,
where Tc is the critical phase-transition temperature, whence it is positive when T < Tc.

9

In the so called weak coupling theory, one has β2 = β3 = β4 = −β5 = −2β1, where β1 = −β0 for some
positive constant β0.10 Therefore, by Proposition 5.3 the minimum of the functional θ 7→ F∆(θ) is always
attained at θ = 0, where by (5.2) we get F∆(0) = fB(∆A0) = −α∆2 + 5 ∆4β0/3.

In the more consistent strong coupling theory, following Anderson–Brinkman [2] (cf. also [29]) one has

β1 = −
(

1 +
δ

10

)
β0 , β2 =

(
2 +

δ

5

)
β0 , β3 =

(
2− δ

20

)
β0 ,

β4 =
(

2− 11

20
δ
)
β0 , β5 = −

(
2 +

7

10
δ
)
β0

(5.3)

where δ > 0 is the spin-fluctuation (paramagnon) parameter, which increases as pressure increases (notice
that for δ = 0, the coefficients βi correspond to the ones in the weak coupling theory).

Again, by Proposition 5.3 we infer that the minimum of the functional θ 7→ F∆(θ) is attained at the
boundary of [0, π/2]. Moreover, since by (5.2),

F∆(0) = fB(∆A0) = −∆2α+ ∆4β0

(5− δ
3

)
, F∆(π/2) = fB(∆Aθ/2) = −∆2α+ ∆4β0

(
2− 21

20
δ
)
,

in the strong coupling theory we deduce that the minimum of the bulk energy is attained at the B phase,
i.e., M(∆) = F∆(0), if 0 < δ < 20/43. If δ > 20/43, instead, M(∆) = F∆(π/2), and the mimimum is
attained at the A phase. �

Remark 5.5 Since 20/43 ' 0.46, our previous result is in line with [29, p. 541]. Moreover, the spin-
fluctuation parameter δ being increasing with the pressure, in our ansatz the A phase happens at higher
pressure, according e.g. to the phase diagram at page 536 in [29].

Energy minima. In the regimes of temperature and pressure in which the minimum of the bulk energy
is attained by the B phase, i.e., when θ = 0, or by the A phase, i.e., when θ = π/2, by computing the
derivative w.r.t. the amplitude ∆ = ∆(T, P ) > 0 of the functions ∆ 7→ F∆(0) and ∆ 7→ F∆(π/2) from
(5.2), we respectively obtain:

d

d∆
F∆(0) = −2∆α+ 4∆3

(
β12 +

1

3
β345

)
,

d

d∆
F∆(π/2) = −2∆α+ 4∆3β245

and hence the corresponding bulk energy minima are respectively attained at the amplitudes

∆2
B(T, P ) :=

3α

2(β345 + 3β12)
, ∆2

A(T, P ) :=
α

2β245
.

These amplitudes may be compared with the ones for ∆B(T, P ) and ∆A(T, P ) obtained in [29, p. 541].
The corresponding energy minima are then given by:

F∆B(T,P )(0) = −3

4

α2

β345 + 3β12
, F∆A(T,P )(π/2) = −1

4

α2

β245
.

In the weak coupling theory, where β2 = β3 = β4 = −β5 = −2β1, and β1 = −β0, one has β345 = 2β0,
β12 = β0, and β245 = 2β0. In the strong coupling theory, instead, by the formulas (5.3) one obtains:

F∆B(T,P )(0) = −3

4

α2

β0(5− δ)
, F∆A(T,P )(π/2) = − 5α2

β0(40− 21δ)
. (5.4)

9The constant N(0) is the density of the 3He quasiparticle states for one spin projection at the Fermi level.

10β0 =
7N(0) ζ(3)

240 (πT )2
, where the constant ζ(3) is independent of temperature and pressure.
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Phase transition. We now consider the energy

F (A) :=

∫
Ω

(
fgrad(A,∇A) + fB(A)

)
dx

on smooth maps Ω 3 x 7→ A(x), where Ω ⊂ R3 is a smooth domain, and fgrad and fB are given by (2.3)
and (1.4). In the weak coupling theory, one has γ1 = γ2 = γ3 = γ0, where γ0 := N(0) ξ0

2/3. The number
ξ0 is of the order of several hundred angstroms, and defines the coherence length through the formula

ξGL(T ) :=
√
γ0/α =

ξ0
(1− T/Tc)1/2

(cf. [29]), which defines the spatial extent of an inhomogeneity, at which the gradient energy becomes com-
parable with the bulk energy. The same feature holds in the strong coupling assumption. As a consequence,
if the size of the inhomogeneity region Ω is larger than ξGL(T ), the gradient term may be neglected. In
this case, the minimum essentially depends on the bulk energy.

In our ansatz, we have seen that the minimum is attained in the B phase, at small pressure, and in the
A phase, at higher pressure. In particular, by increasing the spin-fluctuation parameter δ > 0, a phase
transition is observed.

More precisely, by the formulas (5.4), when δ = 0, i.e., in the framework of the weak coupling theory,
one has a bulk energy minimum equal to −3α2/(20β0) and given by the B phase.

In the strong coupling theory, instead, for 0 < δ < 20/43, the bulk energy minimum is attained by the B
phase, for δ = 20/43 one has

F∆B(T,P )(0) = F∆A(T,P )(π/2) = − 43α2

260β0

and for 20/43 < δ � 40/21, the bulk energy minimum is attained by the A phase. Finally, by (5.4) it turns
out that the energy minimum is an increasing function of the spin-fluctuation parameter δ ∈ [0, 40/21[ .

Remark 5.6 The above considerations on the smallness of the gradient term have an analogy in the Q-
tensor theory of liquid crystals. This has been physically unravelled in [11] and also analytically treated in
[19], where it is shown that the gradient term has a significant effect even if it has a small coefficient in front.

Appendix A Independence of quartic invariants

Denote by f,jk = ∂k(∂jf) the second partial derivative of f in the (j, k)-th coordinate directions. We first
observe that by computing e.g. the k-th partial derivative of the quantity Aµ`AµjA

∗
ν`A
∗
νj,k (and summating

on k = 1, 2, 3) four terms appear: I4, I8, and two terms of the type AAA∗,kA
∗
,k and AAA∗A∗,kk that fail to

be real valued. In a similar way, starting from Aµ`AµjA
∗
ν`A
∗
νk,j one obtains the term I5, the first addendum

of I11, and two complex-valued terms of the type AAA∗,kA
∗
,j and AAA∗A∗,jk. Since moreover I5 = I∗5 ,

it turns out that I5 is also obtained when starting from the conjugate quantity (Aµ`AµjA
∗
ν`A
∗
νk,j)

∗, a
second term being the second addendum of I11, and the other two terms being of the type A,kA,jA

∗A∗ and
AA,jkA

∗A∗. We thus infer that in order to try and express a quartic invariant Iα as a linear combination
of the other invariants plus a divergence term, in general we cannot separate the derivatives of the above
couples of conjugated quantities, but we have to add them together.

With this preliminary consideration and referring to formulas (2.7) and (2.8), we can write

(Aµ`AµjA
∗
ν`A
∗
νj,k + (Aµ`AµjA

∗
ν`A
∗
νj,k)∗),k = 2I4 + 2I8

+Aµ`Aµj(A
∗
ν`,kA

∗
νj,k +A∗ν`A

∗
νj,kk) +A∗µ`A

∗
µj(Aν`,kAνj,k +Aν`Aνj,kk)

(A.1)

where the left-hand side is a null-Lagrangian term, and also

(Aµ`AµjA
∗
ν`A
∗
νk,j + (Aµ`AµjA

∗
ν`A
∗
νk,j)

∗),k = 2I5 + I11

+Aµ`Aµj(A
∗
ν`,kA

∗
νk,j +A∗ν`A

∗
νk,jk) +A∗µ`A

∗
µj(Aν`,kAνk,j +Aν`Aνk,jk) .

(A.2)

Looking at I6, we similarly obtain:

(Aµ`Aµj,jA
∗
ν`A
∗
νk + (Aµ`Aµj,jA

∗
ν`A
∗
νk)∗),k = 2I6 + I14

+Aµ`Aµj(A
∗
ν`,jA

∗
νk,k +A∗ν`A

∗
νk,`k) +A∗µ`A

∗
µj(Aν`,jAνk,k +Aν`Aνk,`k) .

(A.3)
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Looking at I9, we get:

(Aµ`Aµj,`A
∗
νkA

∗
νj + (Aµ`Aµj,`A

∗
νkA

∗
νj)
∗),k = 2I9 + I14

+Aµ`Aµj(A
∗
νk,`A

∗
νj,k +A∗νkA

∗
νj,`k) +A∗µ`A

∗
µj(Aνk,`Aνj,k +AνkAνj,`k) .

(A.4)

Looking instead at I10, we have:

(Aµ`AµjA
∗
νkA

∗
νj,` + (Aµ`AµjA

∗
νkA

∗
νj,`)

∗),k = 2I10 + I11

+Aµ`Aµj(A
∗
νk,kA

∗
ν`,j +A∗νkA

∗
ν`,jk) +A∗µ`A

∗
µj(Aνk,kAν`,j +AνkAν`,jk) .

(A.5)

Now, looking at the two complex terms in I12, we also obtain:

(Aµ`AµkA
∗
νjA

∗
νj,` + (Aµ`AµkA

∗
νjA

∗
νj,`)

∗),k = I12 + I13

+Aµ`Aµj(A
∗
νk,jA

∗
νk,` +A∗νkA

∗
νk,`j) +A∗µ`A

∗
µj(Aνk,jAνk,` +AνkAνk,`j) .

(A.6)

In a similar way, looking at the two complex terms in I14, we get:

(Aµ`Aµj,jA
∗
νkA

∗
νj + (Aµ`Aµj,jA

∗
νkA

∗
νj)
∗),k = I13 + I14

+Aµ`Aµj(A
∗
νk,`A

∗
νj,k +A∗νkA

∗
νj,`k) +A∗µ`A

∗
µj(Aνk,`Aνj,k +AνkAνj,`k) .

(A.7)

With a bit of care, one can check that there are no other independent formulas yielding to remainder
terms whose pre-factor is equal to Aµ`Aµj or to its conjugate. In fact, concerning I7 we get:

(Aµ`Aµ`A
∗
νjA

∗
νj,k + (Aµ`Aµ`A

∗
νjA

∗
νj,k)∗),k = 4I7

+Aµ`Aµ`(A
∗
νj,kA

∗
νj,k +A∗νjA

∗
νj,kk) +A∗µ`A

∗
µ`(Aνj,kAνj,k +AνjAνj,kk)

(A.8)

whereas, looking separately at the two terms of I12 we can write:

(Aµ`Aµ`A
∗
νkA

∗
νj,j + (Aµ`Aµ`A

∗
νkA

∗
νj,j)

∗),k = 2I12

+Aµ`Aµ`(A
∗
νk,kA

∗
νj,j +A∗νkA

∗
νj,jk) +A∗µ`A

∗
µ`(Aνk,kAνj,j +AνkAνj,jk)

(A.9)

and in a similar way we finally write:

(Aµ`Aµ`A
∗
νjA

∗
νk,j + (Aµ`Aµ`A

∗
νjA

∗
νk,j)

∗),k = 2I13

+Aµ`Aµ`(A
∗
νj,kA

∗
νk,j +A∗νjA

∗
νk,jk) +A∗µ`A

∗
µ`(Aνj,kAνk,j +AνjAνk,jk) .

(A.10)

Also, it turns out that there are no other independent formulas yielding to remainder terms whose pre-factor
is equal to Aµ`Aµ` or to its conjugate.

Now, concerning the seven equations (A.1)–(A.7), it can be checked that there is no way to combine
them linearly in such a way that one can cancel the remainder terms at the second line the above formulas.
The same fact can be checked when starting from the three equations (A.8)–(A.10).

This way, one concludes that no one of the quartic invariants Iα, for α = 4, . . . , 14, can be written as a
linear combination of the other ones plus a null-Lagrangian term, as required.
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