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Abstract 8 

Steel bar corrosion is a crucial problem in reinforced concrete structures. Corrosion, being one of the most prevalent deterioration 9 
mechanism in concrete elements, has a significant impact on the structure's serviceability and durability, since the cross section of 10 
the steel reinforcement is reduced and the mechanical steel performances deteriorate. Additionally, residual material is created as 11 
a result of the steel oxidation process, and the volume occupied by the reinforcement grows, forcing the concrete cover to crack 12 
and spall. The carbonation-induced rebar corrosion and the subsequent cover cracking are simulated via the usage of a predictive 13 
model which combines the concrete carbonation process with the phase-field technique for brittle fractures. First, the carbon dioxide 14 
transport within the concrete is described using the Fick’s second diffusion law. Then, the corrosion process is estimated via the 15 
electrochemical kinetics equations providing the associated steel expansion. The steel deformation and strain are calculated with 16 
the Faraday Law. Finally, a phase field approach for brittle material is used to reproduce rupture in the concrete cover. The 17 
developed model is validated against examples available in literature and representative examples are illustrated, describing the 18 
capability of the proposed approach to replicate the cover cracking in concrete. 19 
   20 
© 2022 The Authors. Published by ELSEVIER B.V.  21 
Keywords: reinforced concrete; carbonation, corrosion; cracking; phase field. 22 

1. Introduction 23 

    One of the most frequent and serious degradation process in reinforced concrete (RC) elements is the corrosion of 24 

the reinforcement bars (rebars) (Ahmad, 2003; Rodrigues et al., 2021). The continuous deterioration of material 25 
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characteristics caused by corrosion has a significant impact on the serviceability and durability of structures, raising 26 

serious safety concerns (Bertolini et al., 2013; Bossio et al., 2019; Fernandez et al., 2016; Sun et al., 2020). In fact, 27 

corrosion of the rebar produces waste materials which generate overpressures on the surrounding concrete, potentially 28 

leading to cover cracking and spalling phenomena which expose the steel reinforcements to the outer environment. 29 

Moreover, the cross-sectional area of the rebar is progressively reduced, compromising the structure's bearing capacity 30 

and ductility. 31 

    Due to its importance, corrosion impacts on reinforced concrete structures have been the subject of numerous 32 

studies (Andrade, 2007; Rodrigues et al., 2021; Tuutti, 1982). To replicate and investigate the rusting process, 33 

extensive experimental tests were conducted (Andrade et al., 1993; Choe et al., 2020; Nguyen et al., 2011; Ouglova 34 

et al., 2008; Verma et al., 2014) to cite a few. Several analytical models have been proposed starting from experimental 35 

data to describe various aspects of the deterioration process. Models for cracking caused by the volume expansion of 36 

corroded rebars are illustrated in (Andrade et al., 1993; Bhargava et al., 2006; Imperatore & Rinaldi, 2019; X. Lin et 37 

al., 2017), whereas in (Imperatore et al., 2017; Ou et al., 2016) a correlation between the corrosion evolution and the 38 

degradation of mechanical properties of the steel are determined. Predictive numerical models have also been used to 39 

evaluate the impacts of corrosion on RC elements. In (Ansari et al., 2018; Clarelli et al., 2014; Mai et al., 2016; Sheng 40 

& Xia, 2017) different approaches for steel corrosion have been provided, as well as predictions of cracking 41 

mechanisms in the concrete cover are illustrated in (G. Lin et al., 2010; Molina et al., 1993; Richard et al., 2010, 2016; 42 

Zhang & Su, 2020). 43 

    In this work, a phase-field model describing the rupture in RC elements subjected to carbonation process and 44 

corrosion of rebar is proposed. The main focus is to develop a predictive model which, based on the numerical 45 

implementation of the physical equations which govern the different phenomena of the degradation process, can 46 

describe accurately the concrete cover cracking and spalling starting from the external environmental conditions 47 

affecting the structure.  48 

    The penetration of air pollutants into the concrete cover and the associated carbonation process are described via a 49 

reaction-diffusion system of equations (Bonetti et al., 2019, 2021; Giavarini et al., 2008; Isgor & Razaqpur, 2004; 50 

Papadakis et al., 1991a). Eventually, as the carbonation front approaches the rebars the protective passive layer around 51 

the steel dissolves, leading to the initiation of the corrosion process (Isgor & Razaqpur, 2006; Popov, 2015). Via the 52 

usage of electrochemistry equations (Bažant, 1979b; Hunkeler, 1997; Petre-Lazar, 2000), the amount of oxidation 53 

products formed due to corrosion are determined, and the corresponding volumetric expansion tied to the formation 54 

of rust deposits around the rebar is considered as loading parameter in the mechanical problem. Lastly, the fracture 55 

problem is investigated via the phase field approach for brittle fracture (Bourdin et al., 2000; Bui & Hu, 2021; J.-Y. 56 

Wu et al., 2019; Zhuang et al., 2022) which describes the nucleation and propagation of cracks via the minimization 57 

of a two-field functional, namely the displacement field and the damage state of the solid. The phase-field method 58 

permits to replicate a wide range of failure patterns, such as traction/compression asymmetric damaging behavior 59 

(Amor et al., 2009; Freddi & Royer-Carfagni, 2010, 2011), shear fracture (Alessi et al., 2020; Lancioni & Royer-60 

Carfagni, 2009), cohesive (Freddi & Iurlano, 2017), porous material (Chukwudozie et al., 2019) and ductile materials 61 

(Alessi et al., 2014, 2015; Freddi & Royer-Carfagni, 2014, 2016). In recent years, due its versatility and its capability 62 

to accurately represent fractures within a body without any a-priori knowledge on the crack location, the phase-field 63 

model has also been used to investigate damaging of concrete elements under different deterioration processes. In (J. 64 

Y. Wu & Chen, 2022) the concrete deterioration induced by the coupling of calcium leaching and fracture has been 65 

analyzed. Cracking of the concrete due to chloride diffusion has been studied in (T. Wu & de Lorenzis, 2016; Yu & 66 

Jin, 2020) while a meso-scale model which describes the concrete cover cracking using the phase-field approach has 67 

been presented in (Fang et al., 2022; Hu et al., 2022). 68 

   By coupling the different physical processes that characterize the carbonation induced corrosion cracking, the 69 

deterioration process of the reinforced concrete is analyzed. A numerical model which considers the interactions 70 

between each phenomenon has been developed in order to investigate the cover cracking and spalling process. After 71 

validation against experimental data, some numerical simulations illustrate the capabilities of the predictive model to 72 

replicate fracture processes in RC elements due to rebars corrosion. 73 

 74 
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Nomenclature 75 

[i] concentration of the i-th species [mol/mm3]  76 

𝜑 carbonation state of the concrete 77 

𝜉(𝜑) concrete porosity as a function of the carbonation state 78 

f volume fraction of pores corresponding to the liquid phase  79 

𝑓𝑤 volume fraction of the pores occupied by the film of water 80 

𝐷𝐶𝑂2 diffusion coefficient of the carbon dioxide [mm2/day] 81 

rn  neutralization reaction rate 82 

RH relative humidity 83 

H Henry constant for the dissolution of CO2(g) in water (34.2∙10-9 [mol/mm3] at 25°C) 84 

R  universal gas constant (8.2057∙104 [mm3∙atm / K∙mol]) 85 

T  absolute temperature [K] 86 

k2  rate constant of reaction of CO2 and OH- (8.3∙109 [mm3 / mol∙s]) 87 

[OH
-
]eq  molar concentration of OH

- at equilibrium (43.2∙10-9 [mol/mm3] at 25°C) 88 

P(𝜑) material modulation functions 89 

E0 standard electric potential of the semi-reaction [V / SHE] 90 

n number of electrons involved in the cell reactions 91 

F Faraday constant (96485.33 [s∙A / mol]) 92 

ba/c Tafel slope coefficient for the anode/cathode reaction  93 

𝑖𝑂𝑥/𝑅
0  current density of the oxidation / reduction semi-reaction [A/mm2]  94 

E𝑂𝑥/𝑅  electric potential of the oxidation / reduction semi-reaction [V] 95 

iCorr  corrosion current density [A / mm2] 96 

r rebar radius [mm] 97 

PAFe  iron atomic weight 98 

ρFe  iron density [g/mm3] 99 

γ iron to rust density ratio 100 

β iron to rust molar mass ratio 101 

u displacement field 102 

α damage field 103 

ε strain tensor 104 

G𝑐 fracture toughness [N/mm] 105 

ℓ internal length parameter [mm] 106 

λ first Lamè parameter 107 

μ second Lamè parameter 108 

𝑘𝑐 coercivity constant 109 

ℂ fourth order elasticity tensor 110 

2. Carbonation induced corrosion cover cracking 111 

    Carbonation-induced corrosion cover cracking is a complex deterioration phenomenon that involves three key 112 

mechanisms: concrete carbonation, steel rebar corrosion and expansion, and concrete cover cracking. In this section 113 

the main aspects of these processes are illustrated.  114 

A RC element  Ω ∈  ℝ𝑑  (𝑑 = 1,2,3) with imposed displacements 𝐮 on the boundary portion 𝜕Ω𝑢 is considered. 115 

The mechanical state of the materials of Ω, concrete OR steel, is fully determined by the displacement field u and a 116 

material scalar damage variable α: Ω→[0, 1] which can be seen as a phase field: α equal to 0 represents the sound 117 

material whereas value equal to 1 is assumed in the areas where cohesion is fully lost. Cracks within the materials are 118 

smeared; a transition zone from the sound to completely broken solid is determined by an internal length scale 119 

parameter ℓ. Cracks in this case are caused by the expansion of rebar due to the corrosion process induced by the 120 

carbonation process of concrete. These phenomena must be calculated and coupled with the mechanical problem. 121 
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The section is organized as follows. Firstly, the carbonation process is introduced. After, the expansion of the rebar 122 

due to rust formation is determined and finally the phase field approach for brittle fracture is presented. 123 

2.1. Carbonation 124 

Considering a standard fully hydrated ordinary Portland cement (OPC) concrete (Bullard et al., 2011), the main 125 

responsible of the carbonation process is carbon dioxide (CO2). After entering the concrete in a gaseous state through 126 

the surface pores, it dissolves in the pore water and reacts with the calcium hydroxide (Ca(OH)2) of the cement paste 127 

producing calcium carbonate (CaCO3). In the following, the state of a component can be gaseous (g), liquid (aq) or 128 

solid (s). The reactions occur after both the carbon dioxide and the calcium hydroxide change to liquid state by 129 

dissolving within the concrete pore water as stated by the following reactions for the carbon dioxide 130 

 131 

H2O + CO2(g) → HCO3
-
(aq) + H+(aq)                                       (1) 132 

HCO3
-
(aq) → CO3

2-
(aq) + H+(aq) 133 

 134 

and for the calcium hydroxide 135 

 136 

Ca(OH)2(s) → Ca2+(aq) + 2OH
-
(aq)                                          (2) 137 

 138 

Eventually, the neutralisation process takes place, resulting in the production of CaCO3. 139 

 140 

Ca2+(aq) + 2OH
-
(aq) + CO3

2-
(aq) + 2H+(aq) → CaCO3(s) + 2H2O         (3) 141 

 142 

The carbonation process described by equations (1)-(3) takes place if the relative humidity in concrete is between 143 

50% and 70%. Lower values prevent CO2 from completely dissolving in water, whereas larger values significantly 144 

restrict CO2 diffusion via concrete pores. After the neutralization reaction, calcium carbonate accumulates in the 145 

concrete pores due to its lower solubility compared to calcium hydroxide, clogging them and reducing the porosity of 146 

the material. A different behavior is observed if a blended cement, such as BFS or fly ash concrete, is considered. 147 

Here, due to the low content of the calcium hydroxide, the main contribution to the carbonation process is given by 148 

the C-S-H phase. As a results, the neutralization reaction occurs at a slower rate and different changes to the material 149 

properties such as an increase in porosity and a higher gas and fluid permeability can be observed (Johannesson, 1997; 150 

Isgor & Razaqpur, 2004). 151 

To characterize the evolution of the carbonation process within the specimen, the carbonation front 𝜑 is described 152 

as the percentage of initial calcium hydroxide consumed (Isgor & Razaqpur, 2004), and it is expresses as follows 153 

 154 

    𝜑 = 1 − 
[Ca(OH)2]

  [Ca(OH)2]
0               (4) 155 

 156 

Moreover, due to the formation of CaCO3, the concrete's mechanical properties are modified. To account for the 157 

changes of a generic material property P, which changes from Pc to PCaCO3 after the carbonation process, a linear 158 

relationship between the carbonation profile and the change in the parameters value is considered as reported in the 159 

following equation 160 

 161 

   P(𝜑) = Pc + 𝜑(PCaCO3 − Pc)             (5) 162 

 163 

 From the mathematical point of the view, the carbonation process is reproduced via a diffusion-reaction equation 164 

system (Papadakis et al., 1991a). The evolution of the concentration of the carbon dioxide [CO2] within the concrete 165 

is obtained by solving the following equation which derives from the Fick’s second diffusion law  166 

 167 

    
𝜕

𝜕𝑡
[𝜉(𝜑)(1 − 𝑓)[CO2]] =  ∇ ∙ (𝐷(𝜑, 𝛼) ∇[CO2]) −  𝜉(𝜑)𝑓𝑤rn                     (6) 168 
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 169 

The term 𝜉(𝜑)(1 − 𝑓) multiplying the gaseous concentration of [CO2], refers to the unit volume of the gas-phase 170 

within the pores, being 𝜉(𝜑) the porosity depending on the carbonation front location 𝜑 and 𝑓 the volume fraction of 171 

the pores corresponding to the liquid phase. The reaction term is obtained as the product of the neutralization rate rn 172 

and  𝜉(𝜑)𝑓𝑤 which represents the unit volume of pores partially filled with water and partially with air, being 𝑓𝑤 the 173 

corresponding volume fraction of the pores. The values of 𝑓 and 𝑓𝑤 can be obtained using the analytical equations as 174 

well as the experimental results reported in (Papadakis et al., 1991b) starting from the pore size distribution of the 175 

hardened cement paste, the ambient relative humidity and temperature. 176 

The diffusion coefficient 𝐷𝐶𝑂2(𝜑, 𝛼) depends on the carbonation state due to the changes of the porosity and on 177 

the damage state of the material. The value for the undamaged diffusion coefficient for carbon dioxide within concrete 178 

has been studied in (Papadakis et al., 1991a), while the diffusion coefficient of the fully damaged material is assumed 179 

very high (~105) to account for an almost instantaneous diffusion of CO2 within the fractures. The choice of this value 180 

is based on the fact that once a crack is fully developed, an opening is created with the outer environment. Depending 181 

on the type of external environmental condition (such as temperature, relative humidity, weather, ecc…) the behavior 182 

of the water, which greatly reduces the diffusion of the carbon dioxide within the cracks, differs. However, accounting 183 

for a variety of external environmental conditions is not a parameter we accounted on the current stage of the study. 184 

Therefore, an average condition of 25 °C and 65% of RH has been considered in the numerical simulations. With 185 

these settings, the film of water within cracks quickly evaporates leading to a free diffusive behavior of the carbon 186 

dioxide. A smooth variation in the value of the diffusion coefficient between concrete and cracks is ensured by the 187 

following expression 188 

 189 

𝐷(𝜑, 𝛼) =  𝜉(𝜑)1.8(1 − 𝑅𝐻)2.2[1.42 ∙ 10−6(1 − 𝛼)𝑚 + 105𝛼𝑚]                (7) 190 

 191 

with 𝑚 = 10 a coefficient controlling the nonlinear trend of variation of the diffusivity (T. Wu & de Lorenzis, 2016). 192 

The neutralization reaction rate term rn is given as a function of the molar concentration of the various reactants 193 

multiplied by the product between H, R, T and k2 which are respectively the Henry constant for the dissolution of 194 

CO2(g) in water, the universal gas constant, the absolute temperature and the rate constant of reaction of [CO2] and 195 

[OH-]. 196 

 197 

rn = HRT𝑘2[OH
−]𝑒𝑞[CO2(g)][Ca(OH)2(aq)]            (8) 198 

 199 

 200 

 201 

Fig. 1 Schematization of the carbonation model 202 
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   For calcium hydroxide and calcium carbonate, only the reaction term is addressed and the resulting equations are 203 

respectively 204 

 205 
𝜕[Ca(OH)2]

𝜕𝑡
= − 𝜉(𝜑)𝑓𝑤rn                       (9) 206 

 207 
𝜕[CaCO3]

𝜕𝑡
= 𝜉(𝜑)𝑓𝑤rn               (10) 208 

 209 

 210 

The decrease of the pH value within the concrete is the key point of the carbonation process. While the hydration 211 

process of the cement paste creates an alkaline environment with a high pH (≈13), in which bars have a passive layer 212 

that protects them from corrosion, during the carbonation process the pH lowers to more neutral levels (<9) and causes 213 

de-passivation of the steel rebars, triggering the corrosion process. 214 

The following equation is used to determine the pH of concrete (Papadakis et al., 1991a) starting from the 215 

concentration of Ca(OH)2  216 

   217 

    pH = 14 + log (2 ∙ 103[Ca(OH)2])             (11) 218 

 219 

2.2. Corrosion 220 

Whenever the carbonation front approaches the bar surface, the pH of concrete drops to neutral level, causing the 221 

protective passive layer to dissolve. The de-passivation of the steel bars along its length is uniform due to the 222 

homogenous progression of the carbonation front. As a result, a microcell corrosion system develops in which multiple 223 

anodic and cathodic zones are formed in close proximity (Hansson et al., 2006) covering the whole length of the 224 

depassivated portion of the rebar (Fig. 2). Corrosion is an electrochemical process in which rebars are degraded by 225 

anodic dissolution of steel into pore water in response to the semi-reaction 226 

  227 

Fe → Fe2+ + 2e
-              (12) 228 

 229 

The two free electrons of reaction (13) are used in the cathodic oxygen reduction nearby the steel rebar 230 

 231 
1

2
 O2 + H2O + 2e

-
 → 2OH

-              (13) 232 

 233 

Since the corrosion process is developed over a microcell corrosion system in which the anodic and cathodic sites 234 

are in close proximity, the dissolved iron ions of eq. (12) and the hydroxides of eq. (13) are consumed locally, leading 235 

to the complete reaction which defines the corrosion mechanism of steel (Broomfield, 2003)  236 

 237 

Fe2+ + 2OH
-
 → Fe(OH)2 238 

4Fe(OH)2 + O2 + 2H2O → 4Fe(OH)3             (14) 239 

4Fe(OH)3 → 2Fe2O3 ˑ H2O + 4H2O             240 

 241 
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 242 

 243 

    Electrochemical kinetics equations are adopted to model the corrosion process (Popov, 2015). The first step is to 244 

use the Nernst equation to calculate the electric potential for each of the semi-reactions (13)-(14) 245 

 246 

 E𝐹𝑒|𝐹𝑒2+ = E0,𝐹𝑒|𝐹𝑒2+ +  2.303
𝑅𝑇

𝑛𝐹
 log [𝐹𝑒2+]            (15) 247 

 E𝑂2|𝑂𝐻−  = E0,𝑂2|𝑂𝐻−  − 2.303
𝑅𝑇

𝑛𝐹
 log [𝑂𝐻−] 248 

 249 

where E0,𝐹𝑒|𝐹𝑒2+ and E0,𝑂2|𝑂𝐻− are the standard electric potentials of the anodic and cathodic semi-reaction [V/SHE] 250 

respectively, R is the universal gas constant (8.2057∙104 [mm3∙atm / K∙mol]), T is the temperature [K], n is the number 251 

of electrons involved in the cell reactions, F is the Faraday constant (96485.33 [s∙A / mol]) and [𝐹𝑒2+] and [𝑂𝐻−] are 252 

the concentrations of the oxidized and reduced species [mol / mm3]. While the hydroxide concentration is known from 253 

the pH evaluated with eq. (11), since the electric charge in the pore solution has to be in balance (Bažant, 1979a), the 254 

molar concentration of the iron which dissolves during the anodic process can be obtained via the stoichiometry 255 

coefficients of eq. (12)-(13)-(14).  256 

    Since a microcell corrosion system is considered, the distance between the anodic and cathodic region is assumed 257 

to be sufficiently small such that the ohmic drop associated with the ions transfer between the anode and cathode can 258 

be neglected. Moreover, a common outdoor not-submerged structure has been considered and therefore no reduction 259 

of the corrosion rate induced by limited oxygen diffusion is expected (Huet et al., 2007; Raupach, 1996a, 1996b). 260 

Therefore, using the values of the half-cell potentials (E𝑅, E𝑂𝑥), the anode and cathode Tafel slope coefficients (ba, 261 

bc) and the current density of the semi-reactions (𝑖𝑅
0, 𝑖𝑂𝑥

0 ), the corrosion current density can be evaluated by rearranging 262 

the Butler-Volmer equation at the equilibrium state from the electric potential distribution on the surface of the rebar 263 

(Popov, 2015). 264 

 265 

𝑖𝐶𝑜𝑟𝑟 =  exp {
(E𝑅−E𝑂𝑥)− b𝑐 log(𝑖𝑅

0)+b𝑎 log(𝑖𝑂𝑥
0 ) 

b𝑎− b𝑐
}                (16) 266 

 267 

 268 

Starting from the corrosion current density distribution around the rebar, the associated mass loss can be obtained 269 

via the Faraday’s law of electrolysis. Using the iron density 𝜌Fe, the iron to rust density ratio γ (𝜌Fe 𝜌Fe2𝑂3⁄ ) and the 270 

iron to rust molar mass ratio β (PAFe PAFe2𝑂3⁄ ) it is possible to convert the mass loss into the equivalent change in 271 

radius due to the formation of rust as reported in the equation below   272 

Fig. 2 Microcell corrosion system 
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 273 

dr =  {
𝑖𝐶𝑜𝑟𝑟(2𝜋𝑟 𝐿) PAFe  

𝑛𝐹𝜌Fe
} (

𝛾

𝛽
− 1)  dt           (17) 274 

 275 

where iCorr is the corrosion current density, L is the unit length of the rebar and PAFe is the molar mass of iron. 276 

Lastly, being 𝕀 ∈ ℝ𝑑 (𝑑 = 1,2,3) the identity tensor of rank d, the deformation tensor associated with the rebar 277 

expansion is evaluated at each point of the depassivated portion of the rebar from the ratio between the change in 278 

radius and the initial radius as given by the following equation 279 

 280 

𝜺𝟎 = 
dr

r
𝕀               (18) 281 

 282 

2.3. Cracking 283 

As the steel rebar corrodes, rust deposits create overpressures on the surrounding concrete. Cracks nucleate and 284 

propagate once the concrete traction resistance is exceeded. Complex fracture pattern may emerge, resulting in 285 

spalling, which occurs when the concrete cover is expelled from the element. 286 

The crack nucleation and propagation in the concrete are determined via the minimization of an energy functional 287 

that depends on the displacement field u and the damage field α. Only a brief discussion is presented here to facilitate 288 

comprehension of the work. The method's detailed overview may be found in (Bourdin et al., 2000; Bui & Hu, 2021; 289 

J.-Y. Wu et al., 2019; Zhuang et al., 2022). 290 

The total potential energy functional is computed as the sum of two contributions based on the strain and fracture 291 

energy densities. The strain energy density has been separated into three parts to account for the different materials: 292 

one associated to concrete, one to steel and other to rust. The traction/compression asymmetric damaging behaviour 293 

of concrete is embedded by splitting the strain energy density into a positive and negative parts according to the 294 

approach proposed in (Freddi & Royer-Carfagni, 2011) 295 

 296 

𝜓𝑐
+(𝜺, 𝛼, 𝜑) = ((1 − 𝛼)2 + 𝑘𝑐)

1

2
 𝜺+: ℂ𝑐(𝜑): 𝜺+

𝜓𝑐
−(𝜺, 𝜑) =

1

2
 𝜺−: ℂ𝑐(𝜑): 𝜺−

          (19) 297 

 298 

To facilitate rupture in the material to occur under tensile stresses, the degradation function (1 − 𝛼)2 + 𝑘𝑐, with kc 299 

(~10-6) a coefficient introduced to render coercive the strain energy functional, is applied only to the positive part of 300 

the strain energy. Since the negative part of the strain energy is not affected from the phase-field, compression stresses 301 

are still present and transmitted through cracks, implicitly introducing a unilateral contact effect between the two 302 

portions of the material divided by a crack under closure. 𝜺+  and 𝜺−  are the positive and negative part of the 303 

deformation tensor, appositely determined starting from the following decomposition of the deformation tensor  304 

 305 

 𝜺 = ∑ 𝜀𝑖 𝒏𝒊⊗
𝑑
𝑖=1 𝒏𝒊             (20) 306 

 307 

where 𝜀𝑖 are the ordered eigenvalues (𝜀𝑖 ≥ 𝜀𝑖+1 ) and 𝒏𝒊 the corresponding eigenvectors. Considering the case for a 308 

plain strain condition with d = 2, the positive and negative deformation tensors are defined as follows 309 

 310 

𝑖𝑓 𝜀2 ≥ 0                (21) 311 

 𝜺+ ←  𝜺 312 

𝜺− ←  𝟎 313 

 314 

𝑖𝑓 (1 − 𝜐)𝜀1 +  𝜐𝜀2 > 0 𝑎𝑛𝑑 𝜀2 < 0 315 

𝜺+ = [
𝜀1 + 

𝜐

1 − 2𝜐
𝜀2 0

0 0
] 316 
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 𝜺− = [
− 

𝜐

1 − 2𝜐
𝜀2 0

0 𝜀2

] 317 

 318 

𝑖𝑓 (1 − 𝜐)𝜀1 +  𝜐𝜀2 ≤ 0 319 

   𝜺+ ←  𝟎   320 

𝜺− ←  𝜺 321 

 322 

 Detailed description of this formulation is given in (Freddi & Royer-Carfagni, 2010, 2011). ℂ𝑐(𝜑) is the classical 323 

fourth order elasticity tensor for concrete depending on the Lame’s parameters. In addition, to account for the change 324 

of the concrete mechanical properties due to the carbonation process, the Lame’s parameters used to evaluate the 325 

elasticity tensor change according to the linear variation given by eq. (5). 326 

The strain energy expression of steel  𝜓𝑠  is classical whereas the strain energy of the rusted portion of steel  327 

𝜓𝑟  includes the inelastic deformation tensor 𝜺𝟎 due to the rust deposit over the rebar and calculated via eq. (18)  328 

 329 

 𝜓𝑠(𝜀) =
1

2
 𝜺: ℂ𝑠: 𝛆                 (22) 330 

  331 

     𝜓𝑟(𝜀, 𝜀0) =
1

2
 (𝜺 − 𝜺0): ℂ𝑟: (𝜺 − 𝜺0)                         (23)332 

                       333 

 334 

being ℂ𝑠 and ℂ𝑟  the classical fourth order elasticity tensor for steel and rust respectively. The value of 𝜓𝑟  is evaluated 335 

only over the rust layer elements which are determined by checking the value of the pH over the steel rebar surface. 336 

    Lastly, the fracture energy density Ψ(𝛼, 𝜑) , is introduced to complete the phase-field formulation.  337 

 338 

   Ψ(𝛼, 𝜑) =  
3

8
 G𝑐  (

𝛼2

dℓ(𝜑) ℓ
+ dℓ(𝜑) ℓ ‖∇𝛼‖

2)                        (24) 339 

 340 

    This term accounts for the energy dissipated by the formation of damage and is proportional to the crack length via 341 

the fracture toughness Gc. Here, the parameter ℓ is a length scale which governs the width of the smeared cracks 342 

representation and can be treated as a material parameter (Tanné et al., 2018). Therefore, following eq. (5) which 343 

provides the linear variation for the material properties change due to the carbonation process, the term  dℓ(𝜑) is 344 

introduced. In eq. (24) the first term 𝛼2 dℓ(𝜑) ℓ⁄  represents the local part and determines the distribution of the phase-345 

field while the second term dℓ(𝜑) ℓ ‖∇𝛼‖
2  denotes the nonlocal part that incorporates the length scale ℓ. Other 346 

possible choices for the first term could be also employed (Borden et al., 2014; Pham et al., 2011).  347 

    Eventually, by adding together the energetic contribution of each domain given by eq. (19)-(22)-(23)-(24), the 348 

following total energy functional is obtained  349 

 350 

    Πℓ(𝜀, 𝜀0, 𝛼, 𝜑) = ∫ [𝜓𝑐
+(𝜺, 𝛼, 𝜑) + 𝜓𝑐

−(𝜺, 𝜑)] d𝐱𝑐 + ∫ 𝜓𝑠(𝜺) d𝐱𝑠 + ∫ 𝜓𝑟(𝜺, 𝜺0) d𝐱𝑟 +Ω𝑟Ω𝑠Ω𝑐
∫ Ψ(𝛼, 𝜑)
Ω𝑐

 d𝐱𝑐351 

                (25) 352 

   The evolution of the fracture within the solid is obtained by solving the minimization problem of the total energy 353 

functional, given by 354 

 355 

   min
(𝐮,α)∈𝐷

Πℓ(𝜺, 𝛼) ;    𝐷 = {(𝐮, α) ∈ 𝑊
1,2(Ω, ℝ𝑑)  ×  𝑊1,2(Ω, [0,1]) ∶ 𝐮 = 𝐮 on 𝜕Ω𝑢}                     (26) 356 

 357 

     358 
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 359 

Fig. 3 Mechanical problem domains and their corresponding energy functionals 360 

 361 

    The Euler-Lagrange equations are derived by differentiating the energy functional with respect to the strain tensor 362 

and phase-field. 363 

 364 

    {

div 𝐓 = 0

3

4

 G𝑐 𝛼

 dℓ(𝜑) ℓ 
+ 

3

4
G𝑐  dℓ(𝜑) ℓ ∆𝛼 − (1 − 𝛼) 𝜺+: ℂ𝑐(𝜑): 𝜺+ = 0

          (27) 365 

 366 

being T the Cauchy stress tensor equal to 367 

 368 

    𝐓 =  
𝜕𝜓𝑐

+(𝜺,𝛼,𝜑)

𝜕𝜺
+

𝜓𝑐
−(𝜺,𝜑)

𝜕𝜺
+

𝜓𝑠(𝜺)

𝜕𝜺
+

𝜓𝑟(𝜺,𝜺0)

𝜕𝜺
                           (28) 369 

 370 

    To prevent the material healing, an irreversibility condition is applied to the damage field. The Euler-Lagrange 371 

equations are replaced by the following Karush-Kuhn-Tucker conditions. 372 

 373 

    

{
 

 
3

4

 G𝑐 𝛼

 dℓ(𝜑) ℓ 
+ 

3

4
G𝑐 dℓ(𝜑) ℓ ∆𝛼 − (1 − 𝛼) 𝜺+: ℂ𝑐(𝜑): 𝜺+ ≤ 0

𝛼̇  ≥ 0

(
3

4

 G𝑐 𝛼

 dℓ(𝜑) ℓ 
+ 

3

4
G𝑐  dℓ(𝜑) ℓ ∆𝛼 − (1 − 𝛼) 𝜺+: ℂ𝑐(𝜑): 𝜺+) 𝛼̇ = 0

         (29) 374 

 375 

3. Numerical solution 376 

The proposed model involves the solution of time dependent partial differential equations. A fully implicit finite 377 

element scheme has been adopted in which the simulated time interval [0, T] has been subdivided into equal-sized 378 

small time increment Δt. 379 

At a given time increment, the first step of the model consists in the evaluation of the carbonation process by 380 

calculating the updated concentration of [CO2], [Ca(OH)2] and [CaCO3] via the numerical solution of equations (6)-381 

(9)-(10). The damage field obtained from the solution of the mechanical problem at the previous time step is 382 

considered in eq. (7) for the evaluation of the diffusion coefficient. From the updated concentration of the carbon 383 

dioxide, the change in the carbonation front is determined using eq. (4) and the material parameters of the concrete 384 

are modified accordingly to eq. (5). The variation of the pH within the cement paste is obtained from eq. (11). 385 

 Once the value of the pH at any gauss point of the outer elements of the rebar becomes lower than 9, the corrosion 386 

process starts. The interested elements are therefore converted into rust and their material properties change 387 

accordingly (De Jong et al., 2015). For the rust elements, the anodic and cathodic electric potentials are evaluated with 388 

eq. (15). Eventually, the corrosion current density is obtained using eq. (16), the radius expansion and the associated 389 

swelling with eq. (17)-(18) respectively. Being rust a porous material, water and oxygen present in the surrounding of 390 
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the steel rebar can penetrate into the rust layer and the corrosion front moves toward the inner portion of the steel 391 

rebar, reducing its cross section. Following (Huet et al., 2007), the diffusion properties of the oxide layer has been 392 

assumed to be equal to the one of the carbonated concrete.  393 

Lastly, using the swelling of the rust elements as a loading parameter for the mechanical problem, the damage state 394 

in the carbonated concrete is obtained by solving the Euler-Lagrange equation (27)a coupled with the constrained 395 

evolution equations (29) using of a staggered multi-step algorithm (Mesgarnejad et al., 2015).   396 

Fig. 4 reports the flowchart detailing the steps which are performed at each time increment. All the numerical 397 

simulations have been performed using the open-source finite element computing platform for solving partial 398 

differential equations DEAL.II (Arndt et al., 2021; Bangerth et al., 2007). 399 

 400 

 401 

 402 

4. Numerical tests 403 

In the section the proposed model is validated against experimental results available in literature and subsequently 404 

two fracture tests have been proposed. 405 

 406 

4.1. Model validation 407 

    In (Papadakis et al., 1991a), the carbonation process of a concrete specimen is experimentally investigated. A 408 

rectangular specimen with size L = 300 mm and H = 100 mm of ordinary Portland concrete with a w/c ratio equal to 409 

50% at 65% RH is considered. CO2 at 50% concentration and room temperature (30°C) penetrates into the specimen 410 

according to scheme of Fig 5 from the left vertical side. The carbonation front's location is obtained numerically with 411 

the solution of equations (6)-(9)-(10)-(4) and reported in Table 1 together with experimental and numerical results 412 

available in literature at different times. The results obtained using the proposed approach is in good agreement with 413 

the literature. 414 

 415 

 416 

Fig. 4 Flowchart of the numerical method 
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 417 

 418 
 419 
 420 
 421 

Table 1. Carbonation depth results comparison 422 

  423 

 424 

 425 

 426 

 427 

 428 

 429 

 430 

 431 

 432 

  433 

 434 

Furthermore, the corrosion process outcomes are examined and compared to average corrosion current density data 435 

for reinforcement bars with a passive layer (icorr < 0.1 μA/cm2), and without passive layer (icorr ≈ 1 μA/cm2) reported 436 

in (Medagoda Arachchige, 2008; Stefanoni et al., 2018). A square domain of conventional Portland concrete with a 437 

16 mm diameter bar with a side L = 76 mm is studied. The w/c ratio has been considered equal to 50% at 65% RH. 438 

At a temperature of 25 °C, an external concentration of 0.036% carbon dioxide is applied to the specimen's left and 439 

bottom sides as illustrated in Fig 6.  The electrochemical parameters are listed in Table 2.  440 

 441 

Table 2. Electrochemical parameters. 442 

 443 

 444 

 445 

 446 

   447 

 448 

  449 

Days Experimental results [mm] 

(Papadakis et al., 1991a) 

Numerical results [mm] 

(Papadakis et al., 1991a) 

Numerical results [mm] 

1 3 3.5 3.3 

3 5 5.5 4.5 

5 8 7 6.6 

10 10 8.9 9.3 

15 12 11.5 11.4 

20 15 14 14.4 

Parameters Values 

Anodic Tafel slope (ba) 0.090 V/dec 

Cathodic Tafel slope (bc) -0.180 V/dec 

Anodic potential (E0,a) -0.440 V 

Cathodic potential (E0,c) 0.401 V 

Anodic exchange current density (iFe) 3∙10-6 A/cm2  

Cathodic exchange current density (iO2) 1∙10-7 A/cm2 

Fig. 5 Domain used for the validation of the carbonation model 
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 450 

 451 

    The corrosion model gives results that are in good agreement with those presented in (Medagoda Arachchige, 2008): 452 

the corrosion current density for passivated steel rebar is equal to 0.097 μA/cm2, rising to a constant value of 0.98 453 

μA/cm2 as the carbonation front reaches the rebar.  454 

4.2. Double side diffusion test 455 

    A square specimen of ordinary Portland concrete, with w/c ratio of 50% and relative humidity of 60%, having 456 

dimension L = 76 mm and a 16 mm rebar in the center is now considered. CO2 with concentration of 0.036% is set on 457 

the bottom and left side of the specimen boundary. Vertical and horizontal displacements are blocked on the top side 458 

and on the right side of the domain respectively (Fig. 7). Table 3 reports the concrete, steel and rust material parameters 459 

whereas the corrosion parameters are listed in Table 2. The simulated time is 20 years. 460 

    The results of the numerical simulation are reported in Figs. 8 and 9, showing the CO2 concentration, the carbonation 461 

profile, the damage pattern, the rust deposits due to the rebar corrosion and the deformed configuration. The first row 462 

of Fig. 8 reports the results at the first crack nucleation (t = 2100 days) while the fourth row reports the results at the 463 

time of the concrete cover spalling (t = 2850 days). Two intermediate steps are reported in the two central lines of Fig. 464 

8 (t = 2230, 2520 days).  465 

 466 

 467 

Fig. 6 Domain used for the validation of the corrosion model 
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 468 

    In particular, Fig. 7(b) shows the carbonation profile associated with the beginning of the cover cracking process, 469 

namely when the carbonation front reaches the steel rebar and the pH assumes values lower than 9. At this stage, 470 

corrosion begins over the depassivated portion of the steel rebar and the rust layer reported in Fig. 7(d) forms. 471 

Overpressures are generated in the surrounding concrete and once its traction resistance is reached cracks nucleate 472 

(Fig. 7(c)). As the process evolves, the corrosion moves toward the central portion of the steel section as visible in 473 

Fig. 7(h). The corresponding increase in corrosion products leads to increase of overpressures on concrete, causing 474 

the crack to propagate to the bottom edge of the specimen as reported in Fig. 7(g). Since the crack is directly connected 475 

with the external environment, carbon dioxide can easily enter the inner portion of the specimen (Fig. 7(e)), leading 476 

to the carbonation of the concrete surrounding the whole rebar.  The passive layer around the rebar completely 477 

dissolves and the corrosion process affects its full perimeter as shown in Fig. 7(l). As a result, cracks propagate toward 478 

the upper edge of the domain (Fig. 7(k)) which results in the spalling of the left portion of the concrete cover as visible 479 

in the deformation plot of Fig. 8(b). Lastly, the complete spalling of the concrete cover is observed in Fig. 8(c) as 480 

cracks reach the right edge of the specimen (Fig. 7(o)). 481 

 482 

 483 

 484 

 485 

 486 

 487 

 488 

 489 

 490 

 491 

 492 

 493 

 494 

 495 

 496 

 497 

 498 

 499 

Table 3. Material parameters. 500 

Parameters Values 

Concrete elastic modulus (Ec) 31500 MPa 

Concrete Poisson modulus (υc) 0.2 

Concrete uniaxial traction strength (σcT) 2.15 MPa 

Concrete internal length parameter (ℓc) 5 mm 

Steel elastic modulus (Es) 210000 MPa 

Steel Poisson modulus (υs) 0.3 

Rust elatic modulus (Er) 132000 MPa 

Rust Poisson modulus (υr) 0.25 

Carbonated concrete elastic modulus (ECaCO3) 35000 MPa 

Carbonated concrete Poisson modulus (υCaCO3) 0.2 

Carbonated concrete uniaxial traction strength (σ CaCO3,T) 4 MPa 

Carbonated concrete internal length parameter (ℓCaCO3) 4 mm 

Fig. 7 Double side diffusion test setup 
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 501 

 502 

Fig. 8  Results for the double side diffusion test at different times: 1) crack nucleation; 2) cracking of the bottom edge; 3) spalling of the left 

portion of the concrete cover; 4) complete spalling of the concrete cover. The first column reports the carbon dioxide concentration, the second 

the carbonation profile, the third shows the crack pattern while the fourth column present the rust layer around rebar. 
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 503 

Fig. 9 Results for the double side diffusion test. Displacement field at different times: a) cracking of the bottom edge; b) spalling of the left 504 
portion of the domain; c) complete spalling of the concrete cover. The red portion of the mesh denotes the material expelled from the section. 505 

4.3. Double side diffusion: three rebar specimen 506 

    The second test has been performed to evaluate the crack pattern in a three rebar specimen. The same parameters 507 

and boundary condition for the diffusion, corrosion and displacement problem adopted in the previous example have 508 

been assumed. The setup used for the test is reported in Fig. 10.  509 

 510 

 511 

 512 

Fig. 10 Double side diffusion: three rebar specimen setup 513 

 514 

Figs. 11, 12, 13, 14 and 15 show carbon dioxide diffusion, carbonation profile, crack pattern, rust deposits and 515 

displacement deformation respectively. Here, similarly to the previous example, the degradation process starts as the 516 

carbonation profile reaches the steel rebars (t = 2150 days). In fact, the corrosion process initiates over the depassivated 517 

steel leading to the nucleation and propagation of the first crack from the left rebar toward the bottom edge of the 518 

specimen (t = 2280 days). After this first cracking occurrence, with the advancement of the carbonation and corrosion 519 

processes, the presence of overpressure around the rebars due to the formation of rust deposits (Fig. 14(a)) leads to 520 

the debonding between the concrete and the left rebar while also propagating the fractures toward the central rebar as 521 

shown in Fig. 13(a) (t = 2600 days). Eventually, due to the capability of the CO2 to freely diffuse through cracks (Fig. 522 

11(a)), the carbonation process completely affects the concrete surrounding the central rebar, exacerbating its 523 

corrosion. Moreover, as the rust deposits increase in volume (Fig. 14(b)), cracks propagate toward the right rebar as 524 

reported in Fig. 13(b) leading to the spalling and expulsion of the concrete cover as shown in Fig. 15(b) (t = 2940 525 

days).  526 
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Some numerical difficulties have been encountered in the resolution of this example. In fact, some excessive 527 

diffusion of the fully damaged portion of the material is evidenced in Fig 13(b). This phenomenon, that does not 528 

compromise the quality of the solution, occurs as the concrete surrounding a rebar is fully damaged thus leading to 529 

numerical singularities. A way to overcome this drawback is under investigation. 530 

 531 

 532 

 533 

Fig. 11 Results for the double side diffusion test with three rebars. Carbon dioxide diffusion at different times: a) after the first internal crack 534 
propagation; b) before the expulsion of the concrete cover. 535 

 536 

 537 
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 538 

Figure 12 Results for the double side diffusion test with three rebars. Carbonation profile at different times: a) after the first 539 
internal crack propagation; b) before the expulsion of the concrete cover 540 

 541 

 542 

Figure 13 Results for the double side diffusion test with three rebars. Damage pattern at different times: a) first internal crack 543 
propagation; b) complete spalling of the concrete cover. 544 

 545 
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 546 

 547 

Figure 14 Results for the double side diffusion test with three rebars. Rust deposits at different times: a) first internal crack 548 
propagation; b) complete spalling of the concrete cover. 549 

 550 

Figure 15 Results for the double side diffusion test with three rebars. Displacement field at different times: a) first internal crack 551 
propagation; b) complete spalling of the concrete cover. 552 
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5. Conclusions 553 

    A predictive computational tool has been developed which permits to investigate the phenomenon of carbonation-554 

induced corrosion cracking. In particular, the proposed model can describe the effects of the carbon dioxide diffusion 555 

into the concrete pores and the associated chemical reactions which are responsible for the concrete carbonation 556 

process. Changes in the material mechanical properties induced by the carbonation of concrete are also considered. 557 

Eventually, as the value of the pH lowers around the rebar, the passive layer dissolves and the corrosion process starts. 558 

Using the electrochemical equations, the formation of the rust deposits is evaluated and introduced in the model as a 559 

material parameter change of the rebar portion affected by corrosion. Lastly, using the swelling associated with the 560 

rust formation as mechanical deformation, the complex fracture pattern which characterize the cover cracking 561 

phenomenon is described via the phase field approach. 562 

    After the validation of the model against experimental results present in the literature, two different setups have 563 

been investigated: single rebar specimen and three rebar specimens. The single rebar test permits to illustrate the 564 

capabilities of the model. In fact, as the carbonation front advances within the specimen, rust deposits form around 565 

the rebar and cracks propagate toward the edges of the specimen until spalling of the concrete cover is observed. 566 

Instead, the three-rebar test focuses on the application of the model on a more realistic RC section where multiple 567 

steel rebars influence the cracking phenomenon. While spalling of the cover is also observed at the end of the 568 

simulation, the developed model is capable to capture the formation an additional crack which connects the three 569 

rebars, causing debonding between the concrete and steel.  570 

    At its current state, the model is capable to correctly model the cracking phenomenon of the concrete cover due to 571 

the carbonation induced corrosion of the rebar. The interactions between the different phenomena are considered and 572 

different setups can be easily investigated. Spalling of the concrete cover is observed at a faster rate compared to a 573 

real degradation process as it develops after roughly 8 years. The reason for this faster degradation process is due to 574 

the absence of the moisture transport within the concrete which affects the carbon dioxide diffusion as well as the 575 

cathodic current by limiting the oxygen supply to the steel rebar surface. 576 

    The proposed model should be seen as a first step of a wider project. In fact, future developments will include 577 

relative humidity changes and material heterogeneities to simulate more complex and realistic scenarios. Moreover, 578 

the adaptive refinement technique proposed in (Freddi & Mingazzi, 2022) will be added to ease the computational 579 

requirement of the simulation in order to study larger domains, aiming to apply the proposed method in the analysis 580 

and assessment of the condition of existing structures. In parallel, an extensive experimental campaign will be 581 

implemented to calibrate material parameters and to improve the results. 582 
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