
24 June 2026

University of Parma Research Repository

New formulation of the two-dimensional steep-slope shallow water equations. Part I: Theory and analysis /
Maranzoni, A., Tomirotti, M.. - In: ADVANCES IN WATER RESOURCES. - ISSN 0309-1708. - 166:(2022).
[10.1016/j.advwatres.2022.104255]

Original

New formulation of the two-dimensional steep-slope shallow water equations. Part I: Theory and analysis

Publisher:

Published
DOI:10.1016/j.advwatres.2022.104255

Terms of use:

Publisher copyright

(Article begins on next page)

Anyone can freely access the full text of works made available as "Open Access". Works made available

Availability:
This version is available at: 11381/2927512 since: 2022-08-01T08:40:56Z

Elsevier

This is the peer reviewd version of the followng article:

note finali coverpage



1 

New formulation of the two-dimensional steep-slope shallow water 

equations. Part I: Theory and analysis 

Andrea Maranzoni a,*, Massimo Tomirotti b 

a Department of Engineering and Architecture, University of Parma, Parco Area delle Scienze 

181/A, 43124 Parma, Italy 

 

b Department of Civil, Environmental, Architectural Engineering and Mathematics, 

University of Brescia, via Branze 43, 25121 Brescia, Italy 

 

*Corresponding author. E-mail: andrea.maranzoni@unipr.it 

 

Abstract Two-dimensional (2D) depth-averaged shallow water equations (SWE) are widely 

used to model unsteady free surface flows, such as flooding processes, including those due to 

dam-break or levee breach. However, the basic hypothesis of small bottom slopes may be far 

from satisfied in certain practical circumstances, both locally at geometric singularities and 

even in wide portions of the floodable area, such as in mountain regions. In these cases, the 

classic 2D SWE might provide inaccurate results, and the steep-slope shallow water equations 

(SSSWE), in which the assumption of small bottom slopes is not included, are a valid 

alternative modeling option. However, different 2D formulations of this set of equations can 

be found in the geophysical flow literature, in both global horizontally-oriented and local 

bottom-oriented coordinate systems. In this paper, a new SSSWE model is presented in which 

water depth is defined along the vertical direction and flow velocity is assumed parallel to the 

bottom surface. This choice of the dependent variables combines the advantages of 

considering the flow velocity parallel to the bottom, as can be expected in gradually varied 

shallow flow, and handling vertical water depths consistent with elevation data, usually 

available as digital terrain models. The pressure distribution is assumed linear along the 

vertical direction and flow curvature effects are neglected. A new formulation of the 2D 

depth-averaged shallow water equations on steep bottom slopes is derived, in which the two 

dynamic equations represent momentum balances along two spatial directions parallel to the 

bottom, whose horizontal projections are parallel to two fixed orthogonal coordinate 

directions. The analysis of the mathematical properties of the new SSSWE equations shows 

that they are strictly hyperbolic for wet bed conditions and reduce to the conventional 2D 

SWE when bottom slopes are small. Finally, it is shown that the SSSWE predict a slower 

flow compared with the conventional SWE in the theoretical case of a 1D dam-break on a 

frictionless channel with fixed slope. The capabilities of the proposed model are demonstrated 
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in a companion paper on the basis of numerical and experimental tests.  

 

Highlights 

- A new formulation of the 2D depth-averaged shallow water equations on steep bottom 

slopes is presented. 

- Water depth is measured vertically and velocity is assumed parallel to the bottom surface. 

- The momentum equations represent linear momentum balance along two directions parallel 

to the bottom, which are in general non-orthogonal on irregular topography. 

- The effect of steep bottom slopes on vertical pressure distribution is taken into account. 

- The proposed equations are hyperbolic and reduce to the conventional 2D shallow water 

equations when bottom slopes are small. 

 

Keywords Basic flow equations; Free surface flow; Shallow water equations; Steep bottom 

slopes; Two-dimensional depth-averaged model. 

 

1. Introduction 

The two-dimensional (2D) depth-averaged free surface flow equations under the shallow 

water approximation are a standard mathematical model widely used to describe a variety of 

gravity-driven geophysical flow phenomena, including flooding due to dam-break (e.g. Aureli 

et al., 2008; Wang et al., 2011; Petaccia and Natale, 2020; Pilotti et al., 2020) or levee breach 

(e.g., Viero et al., 2013; Dazzi et al., 2019; D’Oria et al., 2019), overland flows (e.g. Singh et 

al., 2015; Cea and Bladé, 2015; Costabile et al., 2020), mixed free surface-pressurized flows 

(Maranzoni et al., 2015; Maranzoni and Mignosa, 2018; Cea and López-Núñez, 2021), 

tsunami propagation and inundation of coastal regions (e.g. Segur, 2007; LeVeque et al., 

2011), tidal bore propagation in river estuaries (e.g. Pan et al., 2007), atmospheric air currents 

over non-flat terrain (Sivakumaran and Dressler, 1989) and, based on the continuum 

mechanics approach, even granular flows (e.g. Denlinger and Iverson, 2004; Mangeney-

Castelnau et al., 2005; Juez et al., 2013; Castro-Orgaz et al., 2015) and snow avalanches (e.g. 

Christen et al., 2010; Barbolini et al., 2000), as well as flows of fluid-sediment mixtures, such 

as debris or mud flows (e.g. Han and Wang, 1996; Laigle and Coussot, 1997; Rickenmann et 

al. 2006). In all these application fields, despite the limitations connected to the basic 

restrictive assumptions (e.g. Basco, 1989; Hu and Meyer, 2005; Van Emelen et al., 2014) and 

the difficulties related to the calibration of the model parameters (e.g. Barbolini et al., 2000; 

Guinot and Cappelaere, 2009), the 2D depth-averaged shallow water model is generally 
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accepted to be capable to predict the main flow features for flood hazard assessment and flood 

risk management (e.g. O’Brien et al., 1993; Nakagawa and Takahashi, 1997; Aureli et al., 

2006; Rickenmann et al. 2006; Gruber and Bartelt, 2007; Xia et al., 2011; D’Oria et al., 

2019). Furthermore, the use of 2D depth-averaged numerical models for free surface flow 

simulations is currently facilitated by the increasing availability of efficient user-oriented 

software (Teng et al., 2017), sometimes freeware, such as BASEMENT, HEC-RAS 2D, and 

TELEMAC-2D (e.g. Horritt and Bates, 2002; Zischg et al., 2018; Pilotti et al., 2020; Sharma 

and Regonda, 2021).  

Among the key assumptions of the classic 2D depth-averaged shallow water equations 

(SWE), there is the hypothesis of small bottom slopes (e.g. Chow, 1959, Henderson, 1966; 

Toro, 2001). Bottom slopes are usually considered “small” when less than 1:10, which 

corresponds to inclination angles less than approximately 6° (Chow, 1959; p. 33). According 

to this hypothesis, the bottom surface can be considered practically horizontal and the flow 

depth can be indifferently measured along the vertical direction or the direction normal to the 

bottom; the flow velocity, which is assumed uniform on the vertical depth, is represented by 

two orthogonal horizontal components. Since the vertical component of the fluid acceleration 

can be neglected in comparison with gravity according to the shallow water approximation, 

the pressure distribution is essentially hydrostatic in the vertical direction (Acheson, 1990; 

Toro, 2001; Castro-Orgaz and Hager, 2017).  

However, the topography on which free surface flows occur is sometimes very steep and 

irregular, with slopes greater than 1:10, such as in mountain regions or, locally, near 

geometric singularities. In these contexts, the small bottom slope assumption is violated and 

the classic depth-averaged SWE are no longer strictly valid. Firstly, the vertical component of 

the fluid acceleration can be non-negligible, thereby significantly affecting the physical 

process and inducing three-dimensional effects (e.g. Aureli et al., 2015; Horna-Munoz and 

Constantinescu, 2020). Then, the pressure distribution is non-hydrostatic along the vertical 

(Juez et al., 2013; Castro-Orgaz and Hager, 2017). Nevertheless, 1D and 2D SWE are 

commonly used in flood hazard analysis, even in the presence of steep and deeply irregular 

topographies (e.g. Han and Wang, 1996; Valiani et al., 2002; Begnudelli and Sanders, 2007; 

Aureli et al., 2008; Pilotti et al., 2011; Wang et al. 2011; de Almeida et al., 2012; Aureli et al., 

2014; Pilotti et al., 2014; Touma and Kanbar, 2018). The vertical pressure distribution is non-

hydrostatic also where flow curvature is significant; in this case, a depth-averaged 

Boussinesq-type model could be used (e.g. Castro-Orgaz et al., 2015; Cantero-Chinchilla et 

al., 2016; Castro-Orgaz and Hager, 2017, cap. 2; Fabiani and Ota, 2019; Cantero-Chincilla et 
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al., 2020). However, these higher-order effects are not considered in this paper. 

For flows on steep topographies, the steep-slope shallow water equations (SSSWE) could 

be considered as a valid modeling option because the effect of steep bottom slopes is included 

(i.e. the restrictive hypothesis of small bottom slopes is removed), maintaining the assumption 

of negligible fluid acceleration normal to the bottom). In the one-dimensional (1D) 

framework, there is general agreement on the formulation of the SSSWE, based on a local 

bottom-oriented coordinate system following the fixed shape of the channel bottom. In this 

local coordinate system, the longitudinal axis is parallel to the bottom and the other axis is 

normal to it. Consistently, flow velocity is assumed parallel to the channel bottom and flow 

depth is defined orthogonally to it. In the resulting equations, representing mass conservation 

and momentum balance along the sloping flow direction, the effect of the bottom slope is 

included in both pressure and bottom terms, in which trigonometric functions of the bed 

inclination angle appear (e.g. Berger, 1994; Fernandez-Feria, 2006; Takahashi, 2007; Ancey 

et al., 2008; Van Emelen et al., 2014). This approach is systematically adopted in 1D 

modeling of both flows in steep channels with fixed bottom slope (e.g. Savage and Hutter, 

1989; Berger, 1994; Keller, 2003; Fernandez-Feria, 2006; Ancey et al., 2008; Antuono and 

Hogg, 2009) and curvilinear flows in channels with curved bottom (e.g. Dressler, 1978; 

Castro-Orgaz and Hager, 2014; Castro-Orgaz and Hager, 2016).  

Conversely, various 2D formulations of the SSSWE have been proposed in the wide 

gravity-driven flow literature, although such equations always represent the basic principles 

of mass conservation and linear momentum balance in the 2D context. The discrepancies 

between the existing 2D formulations are mainly due to the different approaches adopted in 

deriving the equations and the different ways of introducing the bottom slope effects. In 

particular, some approaches assume a local rectangular coordinate system with bottom-

oriented axes  i.e. a local coordinate system following the terrain, with two axes parallel to 

the bottom and the third axis locally orthogonal to it  (Iverson and Denlinger, 2001; 

McDougall and Hungr, 2004; Medina et al., 2008; Juez et al., 2013), whereas other 

approaches are based on a horizontally-oriented coordinate system  i.e. a classic fixed 

Cartesian coordinate system, in which two axes are horizontal and the third axis is vertical 

and aligned with the gravity vector (Chaudhry, 1993; Laigle, 1997; Denlinger and Iverson, 

2004; Rickenmann et al., 2006; Denlinger and O’Connel, 2008; Ni et al., 2019; Juez et al., 

2013; Xia and Liang, 2018). In the models based on local bottom-oriented coordinates, flow 

depth is measured along the direction normal to the bottom and flow velocity is assumed 
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parallel to the local terrain surface, whereas in the models that use global horizontally-

oriented coordinates, the water surface is identified by its vertical elevation above the bottom 

and flow velocity is described by two orthogonal horizontal components.  

In the presence of steep bottom slopes, the choice of a local bottom-oriented coordinate 

system seems, at a first glance, better in the analysis of shallow water flows. Indeed, in quasi-

parallel flows on sloping planar bottom surfaces, it is natural to assume the flow velocity 

parallel to the bottom surface and the flow depth normal to it. In this case, according to the 

shallow water approximation, the fluid acceleration component normal to the bottom is 

negligible and, consequently, the pressure distribution is hydrostatic on each cross-section of 

the flow. However, the use of a local coordinate system following the topography can cause 

practical problems in defining the initial condition, handling the topographic data (Juez et al., 

2013; p. 203), or returning the results, since topographic information is typically available 

through a digital elevation model, which provides terrain elevation data with reference to a 

horizontal geodetic datum (Denlinger and Iverson, 2004; p. 2). For this reason, various 

formulations of the 2D SSSWE in global horizontally-oriented coordinates can be found in 

the literature, which mainly differ in how the effect of bottom slope on pressure distribution is 

included in the model. A comprehensive review of the 2D depth-averaged SSSWE models 

proposed in the literature is presented in Appendix A. It worth noting that some of these 

models present serious critical issues. In particular, in some proposed formulations, the 

pressure correction coefficient that appears in the equations to take into account the effect of 

steep bottom slope on vertical pressure distribution is not symmetric with respect to the 

exchange of the spatial coordinates (see Eqs (A1) and (A3) in Appendix A), contrary to what 

expected. 

To combine the advantages of the two alternative approaches, this paper proposes a new 

formulation of the 2D SSSWE, which uses the vertical water depth, defined as the vertical 

distance of the water surface above the bottom, and two flow velocity components parallel to 

the bottom as depending variables. The independent variables are two orthogonal horizontal 

coordinates and time. The use of spatial (dependent or independent) variables defined with 

respect to a conventional horizontally-oriented Cartesian reference frame allows for efficient 

and direct manipulation of the data of a digital terrain model. The depth-averaged governing 

equations are derived by applying the basic principles of mass conservation and linear 

momentum balance to a vertical column of incompressible water extending from the bottom 

to the free surface. The pressure distribution is assumed linear (non-hydrostatic) in the vertical 

direction, neglecting the effects of flow curvature. 
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The eigenstructure and some special cases of the new set of equations are discussed in 

detail. Moreover, the simple case of a 1D dam-break on a frictionless sloping straight channel 

with fixed positive bottom slope is considered to perform a first comparison of the analytical 

results provided by the proposed SSSWE model and the conventional SWE model in the 

presence of high bottom slopes. A more extensive comparison on the basis of validation and 

numerical test cases will be performed in the companion paper (Maranzoni and Tomirotti, 

2021), in which a finite volume numerical scheme is used to solve the equations. 

This paper is organized as follows. Section 2 presents the conceptual bases of the model. 

The new formulation of the equations is presented in Section 3, and the mathematical 

properties of the equations are discussed in Section 4, along with some special cases. The 1D 

dam-break problem on a frictionless sloping channel with fixed slope is analyzed in Section 5. 

Concluding remarks are drawn in Section 6. Finally, a review of the existing formulations of 

the 2D SSSWE is provided in Appendix A, while detailed derivations of the equations and 

their eigenstructure are presented in Appendixes B and C, respectively. 

 

2. Conceptual bases of the model 

Using a local bottom-oriented coordinate system (e.g. Gray et al., 1999; Iverson and 

Denlinger, 2001), the shallow water equations are expressed in terms of flow depth measured 

normally to the bottom and depth-averaged velocity components locally parallel to the 

bottom. 

However, defining the flow depth orthogonally to the bottom can cause some practical 

difficulties. For example, in Fig. 1, which sketches the initial condition of the dam-break 

problem in a sloping channel, straight line AA’ traced orthogonally from the bottom 

immediately upstream of the dam intersects the dam and does not reach the water surface. In 

this case, the depth of the water column does not represent correctly the water depth 

appearing in the equations. To overcome this problem (which, for fixed dam height, affects a 

longer channel stretch upstream of the dam as the bottom slope increases) and avoid the 

ensuing mathematical complications in the analysis of the dam-break problem (Fernandez-

Feria, 2006), the dam was assumed perpendicular to the bottom in some applications (e.g. 

Ancey et al., 2008), although this configuration is evidently unrealistic.  
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Fig. 1. Example of a difficulty that can be encountered in 1D dam-break modeling in a 

sloping channel considering bottom-normal flow depths: segment AA’ intersects the dam 

(and not the water surface) and does not define correctly a water depth measured 

perpendicularly from the bottom. 

 

As a further example of such practical problems, Fig. 2 shows that, when the flow has 

concave curvature in the longitudinal vertical plane due to the curved bottom, different 

straight lines traced orthogonally from the bottom can intersect before reaching the free 

surface (lines AA’ and BB’ in Fig. 2), causing an erroneous representation of the flow 

volume. Additionally, since topographic information is commonly available as digital 

elevation data, the use of flow depths measured perpendicularly from the terrain potentially 

requires laborious pre- and post-processing calculations for the transformation from vertical 

depths to normal-bottom depths and vice versa, especially on irregular topography (Denlinger 

and Iverson, 2004; Medina et al., 2008).  

 

 

Fig. 2. Example of geometrical difficulties caused by a curved bottom: lines AA’ and BB’ 

traced orthogonally to the bottom intersect. 

 

Given these problems, it seems reasonable to explore the possibility of modeling a shallow 

water flow on steep topography considering the flow depth defined along the vertical 

direction and the flow velocity parallel to the bottom surface. Hence, water depth, h, is 
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defined with reference to the z-axis (aligned with the vertical direction and oriented upwards) 

of a global fixed Cartesian frame of reference Oxyz, while flow velocity components, u and v, 

are defined with reference to the ξ- and η-axis of a local bottom-oriented reference frame, 

Pξηζ, in which axes ξ and η identify the tangent plane that approximates locally the bottom 

surface at each point P and axis ζ is locally normal to the bottom surface (Fig. 3). Axes ξ and 

η are characterized by the property that their horizontal projections have the same directions 

of orthogonal horizontal axes x and y of a fixed global frame of reference Oxyz, respectively 

(i.e. ξ and η directions are locally tangent to the coordinate lines corresponding to directions x 

and y on the bottom surface, respectively; Fig. 3b). Denoting with î , ĵ , and k̂  the unit 

vectors of the x, y, and z axes of the global reference frame, respectively, the unit vectors of 

the ξ and η axes of the local reference frame with respect to the global one are respectively 

,ˆθsinˆθcosˆandˆθsinˆθcosˆ kjηkiξ yyxx      (1) 

where θx and θy are the inclination angles of the bottom surface in the directions x and y, 

respectively. Both these angles range between 90° and 90° (excluding the extreme values) 

and can be easily computed from the topographic data. Unit vectors ξ̂  and η̂  constitute a 

basis for the 2D vector space on the plane locally tangent to the surface bottom in P. 

Moreover, axes ξ and η are in general non-orthogonal because φcosθsinθsinˆˆ  yxηξ , 

where φ denotes the angle between local directions ξ and η (Fig. 3a); they are orthogonal only 

when either θx = 0 or θy = 0, or both. 

The unit vector of the ζ-direction locally normal to the bottom surface at each point P can 

be represented in the global reference frame as  

kjiζ ˆ

θtanθtan1

1ˆ

θtanθtan1

θtan
ˆ

θtanθtan1

θtanˆ
222222

yxyx

y

yx

x








 .   (2) 

Accordingly, the vertical component of the ζ̂ -unit vector (i.e. kζ ˆˆ  ) is equal to the cosine of ψ, 

which is the angle between the direction normal to the bottom and the vertical (Fig. 3a). 
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Fig. 3. Definition sketch of free-surface flow on a steep bottom surface: (a) 3D view; (b) 

profile view on the yz vertical plane. 

 

Based on this approach, flow velocity v can be expressed as the sum of the two vector 

components ξ̂u  and η̂v  along the ξ and η directions, respectively, as  

ηξv ˆˆ vu  ,     (3) 

or 

kjiv ˆ)θsinθsin(ˆθcosˆθcos yxyx vuvu        (4) 

in the global reference frame. Consequently, the flow velocity magnitude is 

yxuvvuuvvu θsinθsin2)ˆˆ(2 2222  ηξvvv .    (5) 

The two velocity components are assumed uniform on the vertical column of fluid, as in the 

2D depth-averaged models. The U and V orthogonal projections of flow velocity v in the ξ 

and η directions, respectively, can be expressed as a function of u and v as 

yxyx uvVvuU θsinθsinˆandθsinθsinˆ  ηvξv .    (6) 

Eq. (4) shows that the horizontal velocity components along the orthogonal x- and y-

directions are respectively 

yyxx vvuv θcosˆandθcosˆ  jviv ,       (7) 

and that the vertical component of the flow velocity is negligible only if both θx and θy are 

small (i.e. the bottom is locally nearly horizontal). 

Flow variables h, u, and v are considered to be functions of horizontal spatial coordinates x 

and y, as well as of time t, as in the conventional 2D depth-averaged SWE.  
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3. Governing equations 

The new 2D SSSWE are derived by applying the basic principles of mass conservation and 

linear momentum balance to a fixed infinitesimal parallelepiped control volume bounded by 

vertical faces and extending from the slanted bottom surface (assumed planar and non-

erodible) up to the free surface (Fig. 4). The area of the parallelogram bottom of this 

infinitesimal control volume is 

yxyxyx dddddddddA θtanθtan1cosθθcosηξθsinθsin1ηξφsinηξˆηˆξ 2222  ηξ ,

     (8) 

where dξ and dη are the lengths of the sides of the bottom face, and symbol “” denotes the 

vector product. Hence, the area of the horizontal projection (on the xy-plane) of the bottom of 

the control volume is 

dydxdddddAd yx  cosθθcosηξcosψφsinηξˆˆ kζ     (9) 

in view of the geometric relations 

yx ddyddx θcosηandθcosξ  .     (10) 

The vertical orientation of the control volume prevents superimpositions or distortions 

(Mancarella and Hungr, 2010), especially in curvilinear flows in the vertical plane (Fig. 2), 

allowing the lateral faces of adjacent control volumes to match (Denlinger and Iverson, 2004). 

The momentum equations represent linear momentum balance along the inclined ξ- and η-

directions, consistently with the hypothesis of flow velocity locally parallel to the bottom 

surface. The model is applied to incompressible inviscid water flow, thus considering an 

isotropic stress tensor and neglecting internal viscous and turbulent stresses. According to the 

assumption of gradually varied flow, the pressure distribution is assumed linear on the lateral 

faces of the control volume, neglecting the effect of flow curvature.  

Details on the derivation of the equations are reported in Appendix B. 
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Fig. 4. Infinitesimal control volume used for the derivation of the 2D vertically-averaged 

equations. 

 

The vertically-averaged governing equations can be written in conservative form as 

S
GFU
















yxt
     (11) 

with 


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










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)(

)(

0

,

θcos
2

1

θcos

θcos

,

θcos

θcos
2

1

θcos

,

ηη0

ξξ0

2

2

f

f

y

y

y

x

x

x

SSgh

SSgh

kghvVh

Uvh

vh

uVh

kghuUh

uh

Vh

Uh

h

SGFU , (12) 

in which U is the vector of conserved variables (i.e. the vertical depth, h, and the Uh and Vh 

unit discharges in the ξ- and η-direction, respectively), F and G are the vectors of physical 

fluxes, and S is the source term; g is the gravity acceleration and k ( 1) a pressure correction 

factor. The bottom slopes are 

yx SS θsinandθsin η0ξ0          (13) 

in the ξ- and η-direction, respectively, and the friction slopes along the same directions are 

yxfyxf
h

vn
S

h

un
S θtanθtan1andθtanθtan1 22

3/4

2

η
22

3/4

2

ξ 
vv

,  (14) 

where n is the Manning roughness coefficient.  

In Eq (12), k describes the effect of bottom slope on vertical pressure distribution. 

Actually, for a parallel flow in a straight open channel of slope angle θ, this distribution is no 

longer hydrostatic and the pressure head at a vertical transverse section is equal to the vertical 

depth multiplied by the corrector factor cos2θ, as shown by Chow (1959, p. 33) and 

Henderson (1966, p. 28). This result also applies approximately to gradually varied flows and 
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can be generalized to the 2D case setting  















otherwise
θtanθtan1

1
ψcos

0if1

22

2

yx

k

v

.      (15) 

According to Eq. (15), the pressure correction factor is set to unity in static conditions (when 

the pressure distribution is hydrostatic), while, in dynamic conditions, k is assumed equal to 

the square cosine of the angle between the direction locally normal to the bottom and the 

vertical flow direction and its horizontal projection (Juez et al., 2013; Xia and Liang, 2018; Ni 

et al., 2019). Over non-horizontal bottom (i.e. θx  0 and θy  0), k is discontinuous for 

v   0+; actually, according to the assumption that flow velocity is parallel to the bottom 

surface, the vertical pressure distribution changes abruptly from hydrostatic as soon as the 

flow motion starts. In the special case of a unidirectional uniform flow in a sloping channel 

with fixed slope in the longitudinal ξ-direction (i.e. θx = const., θy =0), ψ = θx and k reduces to 

cos2θx, as expected. In particular, for θx tending to 90°, k tends to 0, which is representative of 

a free falling fluid with the vertical pressure gradient equal to zero (Denlinger and Iverson, 

2004; p. 4). In a 2D flow on small bottom slopes (i.e. θx  0 and θy  0), the value of k does 

not differ appreciably from unity and the pressure terms in Eq. (12) become practically of 

hydrostatic type, as in the classic SWE. Finally, it is worth noting that, based on the definition 

of Eq. (15), k is symmetric with respect to the two horizontal directions x and y, because θx 

and θy are interchangeable. To take into account the effects of streamline curvature on 

pressure distribution, a further correction factor could be introduced in the pressure term 

(Chow, 1959; p. 33). However, when the effect of curvature is significant, such as in flows 

over curved bottom or flows with strongly curved water surface on even topography, 

Boussinesq-type equations provide more accurate predictions since non-linear terms are 

added to the conventional hydrostatic pressure term (e.g. Basco, 1989; Mohapatra and 

Chaudhry, 2004; Kim and Lynett, 2011, Cantero-Chinchilla et al., 2016, Castro-Orgaz and 

Hager, 2017).  

In Eqs (11)(12), dependent flow variables Uh and Vh are defined in terms of vertically-

averaged velocity components U and V. However, velocity components u and v also appear in 

the flux vectors. Inverting Eq. (6), velocities components u and v can be calculated from U 

and V as  

φsin

φcos

θsinθsin1

θsinθsin
,

φsin

φcos

θsinθsin1

θsinθsin

222222

UVUV
v

VUVU
u

yx

yx

yx

yx 













 .  (16) 
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The new SSSWE [Eqs (11)(12)] present four main differences compared with the 

conventional SWE: i) the flux terms depend on the local bottom slope through inclination 

angles θx and θy; ii) a correction factor, which reduces the gravity effect, appears in the 

pressure term; this factor depends only on the local bottom slope; iii) the bottom source term 

is expressed as a function of the sine (and not of the tangent) of bottom inclination angles θx 

and θy; actually, the sine of an angle cannot be approximated with its tangent when the angle 

is not small; iv) friction stresses act on a bottom surface that is significantly larger than its 

horizontal projection for steep topographies and the friction term depends on the bottom 

slope. 

 

4. Properties of the equations  

4.1 Hyperbolicity  

The character of the new equations can be determined by analyzing the eigenstructure of 

their homogeneous form in terms of the conserved variables (Toro, 2001). This analysis is 

reported in Appendix C, where it is shown that the equations are strictly hyperbolic for a wet 

bed.  

Wave celerity is different in the two directions ξ and η, and varies with the local bottom 

inclination and flow velocity, as well as the vertical flow depth (Eqs (C4) and (C5) in 

Appendix C). Single elementary waves of small amplitude propagating in quiescent water 

(k = 1) over non-flat steep topography move with speed 

φsin

θcos
and

φsin

θcos
ηξ

yx ghcghc      (17) 

in the ξ- and η-direction, respectively. For a 1D flow in the ξ-direction in a sloping channel of 

fixed slope (i.e. θx = const, θy = 0, and φ = 90°), the wave celerity is 

hgghc xx θcosθcos 2
ξ  ,     (18) 

in which the gravity acceleration is corrected by the reduction coefficient cos2θx, dependent 

only on the channel slope (Van Emelen et al., 2014). In the limit case of small bottom slopes, 

both cξ and cη in Eq. (17) reduce to (gh)1/2, which is the wave celerity in the conventional 2D 

SWE. 

 

4.2 Special cases 

The new set of equations reduces to the conventional 2D SWE if bottom slopes are small 

(i.e. θx  θy  0, and consequently cosθx  cosθy  1, sinθx  tanθx, sinθy  tanθy, and k = 1). 
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This simplification is obtained automatically in the regions of the flow domain where the 

topography is flat with gentle slopes.  

In the special case of 2D flow spreading on an inclined plane in which ξ is the coordinate 

along the direction of maximum slope (i.e. θx = const and θy = 0; consequently, φ = 90° and ψ 

= θx), U and V are respectively equal to u and v in view of Eq. (6), and the system of equations 

(11)(12) become 
















































































 






















xx

xxx

x

h

vn
ghkghhv

y
uvh

xt

vh

h

un
ghuvh

y
kghhu

xt

uh

y

vh

x

uh

t

h

θtan1
2

1
)θcos(

)(

θtan1θsin)(θcos
2

1)(

0
)()θcos(

2

3/4

2

22

2

3/4

2

22

v

v
  (19) 

with 



 


otherwiseθcos

0if1
2

x

k
v

.         (20) 

The associated 1D ξ-split equations (i.e. v = 0) of unsteady flow in a wide rectangular channel 

of fixed slope θx are 
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with k again expressed by Eq. (20). These equations are equivalent to the classic 1D SSSWE 

in bottom-oriented coordinates (e.g. Berger, 1994; Ancey et al., 2008; Van Emelen et al., 

2014), as can be verified by using elementary trigonometric transformations.  

Finally, the new SSSWE correctly represent the special case of the static condition. 

Indeed, in this case, u = v = 0 and k = 1; then, Eqs (11)(12) reduce to 
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,     (22) 

as expected in static conditions, because the water surface is stationary and horizontal. 
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5. 1D dam-break problem in a sloping channel  

Let us consider the dam-break problem in a frictionless rectangular channel of fixed 

bottom slope (Fig. 5). In this case, the proposed SSSWE appear as in the form of Eq. (25) 

without the friction term (n = 0). These equations can be recast in a convenient dimensionless 

form to obtain general solutions regardless of the value of the scaling variables (e.g. Ancey et 

al., 2008; Aureli et al., 2014; Maranzoni and Mignosa, 2019). 

Using the dimensionless variables (denoted by an upper tilde) 
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,tgθ~

0

2

000 gh
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h

h
h
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h

x
x xxx      (23) 

where h0 is the initial water depth at the dam location, the dimensionless equations reads 
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Equations (24) are identical to those obtained nondimensionalizing the conventional 1D x-

split SWE with the dimensionless variables (Aureli et al., 2014)  

0000
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~

,tgθ~

gh

u
u

h

h
h

h

g
tt

h

x
x xx  .      (25) 

Accordingly, the analysis of the dam-break problem in a sloping channel of fixed slope 

performed on the basis of the SSSWE can be transformed, by proper nondimensionalization, 

into the analysis of a dam-break problem in the conventional SWE framework. 

 

 

Fig. 5. 1D dam-break problem in a sloping channel with fixed bottom slope: initial condition 

(at time t0 = 0) and water surface profile at generic time t > 0. 
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Hunt (1987) analyzed this problem using the characteristic form of the classic SWE and 

obtained analytically the solution domain boundaries in the dimensional x-t plane. These 

boundaries were obtained in dimensionless form by Dressler (1958), and later by Ancey et al. 

(2008) and Aureli et al. (2014) exploiting the dimensionless characteristic formulation of the 

equations:  
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









cu
td

xd
tcu

cu
td

xd
tcu

~~
~

~
 curve sticcharacteri C  thealong   const.

~~2~

~~
~

~
 curve sticcharacteri C  thealong   const.

~~2~

,    (26) 

where c~  = ( h
~

)
1/2 is the dimensionless wave celerity. In the dimensionless x~ - t

~
 plane, the 

quiet front (which identify the position, as a function of time, of the tail of the rarefaction 

wave generated by the dam removal) is given by 

2
~

0for
~

4

~

)
~

(~
2

q  tt
t

tx ;        (27) 

the drying front (i.e. the trailing edge of the dam-break wave) is given by 

2
~

for1)2
~

(
2

1
)

~
(~ 2

d  tttx ;        (28) 

and the wetting front (i.e. the leading edge of the dam-break wave) is given by 

0
~

for2)2
~

(
2

1
)

~
(~ 2

w  tttx .        (29) 

These boundaries are shown in Fig. 6a in the dimensionless x~ - t
~

 plane. 

Dimensionless Eqs (27)(29) can then be converted into different dimensional equations 

for the two SSSWE and SWE models by applying the corresponding variable transformations 

(Eq. (23) or Eq. (25), respectively). The SSSWE and SWE solutions substantially coincide 

when the bottom slope is small (i.e cosθx  1 and sinθx  tanθx). 

For example, Fig. 6b compares the boundaries of the two solution domains in the x-t plane 

for θx = 45° and h0 = 1 m. It can be observed that, on the whole, the standard SWE predict a 

faster propagation of the dam-break wave compared to the SSSWE. Indeed, the scaling time 

of the SWE model (Eq. 25) is less than that of the SSSWE model (Eq. 23) by a factor of 

cosθx. Accordingly, the times predicted by the conventional SWE model (e.g. the arrival time 

of the rarefaction wave at a selected section upstream of the reservoir; the emptying time of 

the reservoir; the arrival time of the dam-break wave at a selected downstream location) are 

shorter than the ones predicted by the SSSWE model, and the difference increases with the 

channel slope. The absolute percentage deviation between the two time predictions (with 

reference to the SSSWE one) is 100%(1  cosθx); for θx = 45°, it reaches approximately 30%. 
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Fig. 6. Dam-break on a steep frictionless channel with fixed slope: (a) analytical solutions for 

the quiet front, drying front, and wetting front in the dimensionless characteristic plane; (b) 

comparison between the analytical solutions of the quiet, drying, and wetting fronts for the 

SSSWE and SWE models for θx = 45° and h0 = 1 m. te denotes the empting time of the 

reservoir. 

 

6. Conclusions 

In this paper, a new formulation of the 2D SSSWE for unsteady water flow on steep 

topography has been proposed, in which flow depth is defined along the vertical direction and 

flow velocity is assumed locally parallel to the bottom surface. This novel approach combines 

the advantages of considering two velocity components parallel to the bottom (which is 

consistent with the 2D modeling of a quasi-parallel shallow flow) and a vertical water depth 

(which avoids laborious pre- and post-processing computations on elevation data). 

The equations were derived from differential analysis by applying the mass conservation 

and linear momentum principles to an infinitesimal vertical column of water and were written 

in conservative vector form. According to the gradually varied flow assumption, pressure was 

assumed to vary linearly on the vertical depth and a correction factor was introduced to take 

into account the effect of bottom slope on pressure distribution. The effects of flow curvature 

were neglected. 

The new SSSWE appear to be structurally similar to the conventional SWE but differ 

from them in four main respects: i) the flux terms depend on the local bottom slope; ii) a 

correction factor reducing the gravity effect and depending only on the local bottom 

topography is applied to the pressure term; iii) the bottom source term is a function of the sine 

of the bottom inclination angles; iv) the friction term depends on the local bottom slope. 
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The analysis of the eigenstructure of the new system of equations has shown that it is 

strictly hyperbolic for wet bed conditions, and therefore it constitutes a nonlinear hyperbolic 

system of conservation laws with source term, as the conventional SWE. Accordingly, the 

wide variety of numerical methods proposed in literature to solve this type of equations can 

be usefully employed in the numerical applications. Moreover, when bottom slopes are small, 

the new set of equations reduces to the conventional system of 2D SWE.  

For a 1D dam-break flow in a frictionless sloping channel of fixed slope, both SSSWE 

and conventional SWE can be recast in the same dimensionless form by using different sets of 

dimensionless variables. This allows the analytical solutions obtained in dimensionless form 

from the conventional SWE model to be transferred to the SSSWE one. The comparison 

between the solution domains (bounded by the quiet, drying and wetting fronts) has shown 

that the SSSWE predict a slower dam-break wave propagation compared with the 

conventional SWE. This difference becomes more significant as the channel slope increases. 

Ultimately, the new system of equations constitutes a shallow water model that, 

involving slightly more complex mathematical expressions than the conventional 2D SWE, 

can be considered for the 2D numerical simulation of unsteady free-surface flows on steep 

topography and for assessing the effect of bottom slope on the flow. 

In the companion paper, this model will be solved by a finite volume numerical scheme 

and validated against experimental data available in the literature. The effect of steep bottom 

slopes will be assessed by comparing the numerical results of the SSSWE with those provided 

by the conventional SWE. 

 

Appendix A – Existing formulations of the 2D SSSWE 

Various formulations of the 2D SSSWE have been proposed in the literature for 

geophysical flows on steep bottom slopes, ranging from water flows to flows of sediment-

fluid mixtures, up to granular avalanches. To easily compare different formulations, in this 

review the friction term is disregarded and the velocity-distribution correction coefficients are 

assumed equal to unity; moreover, the terms representing the effects of tangential or solid 

internal stresses in granular flow modeling are omitted. Accordingly, equations used in 

different contexts can be consistently compared. 

One of the first formulations of the 2D SSSWE can be found in Chaudhry (1993; p. 352). 

Starting from equations expressed in a local bottom-oriented rectangular coordinate system, 

the author derived the following equations in global horizontal-oriented coordinates by 

applying a rigid rotation of the axes and introducing some simplifying assumptions: 
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where h is the vertical water depth; u and v are the horizontal depth-averaged velocity 

components along the orthogonal directions x and y, respectively; g is the acceleration due to 

gravity; t is time; and αx, αy, and αz are the angles between the corresponding axes of the local 

and global coordinate systems. 

In the field of debris and mud flow modeling, assuming the two-phase mixture as an 

equivalent homogeneous fluid, Laigle (1997) proposed the following conservative 

formulation of the 2D depth-averaged equations: 
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in which h, u, and v are again the vertical flow depth and the depth-averaged velocity 

components in the x and y horizontal directions, respectively; θx and θy are the inclination 

angles of the bottom surface in the x- and y-directions, respectively; β is a reduction 

correction factor of the pressure term set to cosθx cosθy without any physical explanation. 

Rickenmann et al. (2006) adopted the same set of equations in their 2D depth-averaged debris 

flow “HB” model (in which the moving mass is assumed to behave rheologically as a 

Herschel-Bulkley viscoplastic one-phase fluid). However, they assumed β = cosθxy, being θxy 

the “steepest slope angle” (Rickenmann et al., 2006; p. 247), which is presumably the local 

maximum bottom inclination angle. 

Nakagawa and Takahashi (1997) modeled debris flow on steep bottom slopes using 2D 

depth-averaged equations that, for an unerodible bottom surface, reduce to (Takahashi, 2007, 

pp.158-159) 
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where different pressure correction factors are applied along the x and y directions in the 

momentum equations, even though it would be reasonable to expect that the same pressure 

correction factor appears in the two equations and that it is a symmetric function of the 

bottom inclination angles θx and θy (i.e. it remains unchanged as a result of the exchange of 

the coordinates x and y). 

Another formulation of the 2D SSSWE was proposed by Denlinger and Iverson (2004), 

and Denlinger and O’Connel (2008) for the study of granular flows over irregular 

topographies. Adapting this model to a homogeneous fluid by assuming an isotropic stress 

tensor, the equations read 
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where b denotes the elevation of the bottom surface above a horizontal datum and g’ is a total 

“enhanced” vertical acceleration defined as the sum of the acceleration due to gravity with the 

vertical acceleration of the fluid (see also Castro-Orgaz et al., 2015, p. 10; Castro-Orgaz and 

Hager, 2017, p. 41). The authors suggest assessing this latter quantity calculating the total 

derivative of the depth-averaged vertical velocity, which is estimated as the arithmetic 

average of the vertical velocities computed at the free surface and at the bottom by imposing 

the corresponding kinematic constraints (Denlinger and Iverson, 2004; pag. 4). However, 

numerical problems could arise at free surface discontinuities (such as at bores or at the initial 

discontinuity of a dam-break problem), where the vertical velocity is difficult to estimate 

because the water elevation gradient tends to infinite. Similarly, Juez et al. (2013), Xia and 

Liang (2018), and Ni et al. (2019) introduce in their 2D depth-averaged models in global 

coordinates a correction factor, , which reduces the gravity effect. This factor is assumed 

equal to the square cosine of the angle between the local normal to the bottom and the vertical 

direction, or the maximum bottom inclination angle (i.e.  = 1/[1 + tan2θx + tan2θy]). 
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In all previous formulations, the flow velocity components are assumed horizontal and the 

water depth is measured along the vertical direction, consistently with the use of a global 

horizontally-oriented coordinate system. Conversely, Iverson and Denlinger’s (2001) 

formulation of the 2D depth-averaged equations for the description of the flow of grain-fluid 

mixtures on irregular topographies is based on the assumption that the water depth is 

measured perpendicularly to the bottom surface and the orthogonal velocity components are 

locally parallel to the bottom. Considering only normal fluid stresses as in fully liquefied 

inviscid masses, the equations proposed by Iverson and Denlinger (2001) become  
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in which ξ and η denote orthogonal directions locally parallel to the bottom surface, and ζ is 

the axis normal to the bottom, while gξ, gη, and gζ are the gravity acceleration components 

along ξ, η, and ζ directions, respectively. In Eq. (A5), the upper bar recalls that the flow 

variables are defined with respect to a bottom-oriented coordinate system. The same 

formulation of the equations in local coordinates was used by Juez et al. (2013) for granular 

flow modeling. Based on the same approach, McDougall and Hungr (2004) derived a set of 

governing equations written in non-conservative form to study the motion of landslides 

(assumed to behave as a homogeneous equivalent fluid of specified rheology). Neglecting 

entrainment of solid material due to erosion and the effects of the internal shear stresses, as 

well as bottom friction, these equations can be rewritten in conservative form as in Eq. (A5). 

However, the choice of defining the flow depth along the direction orthogonal to the bottom 

can cause modeling difficulties, especially on real topographies, as explained in Section 2. 

Finally, describing a real-field application of the FLATModel numerical code, Medina et 

al. (2008) presented the basic 2D depth-averaged equations of the model which, neglecting 

the effect of flow curvature, are 
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where gp = g cosθ denotes a corrected gravity acceleration, with θ being “the angle defined by 

the horizontal plane and the velocity direction” (Medina et al., 2008; p. 128). However, it 

seems unphysical that the correction factor depends on the local flow direction. Moreover, 

since flow depths are calculated along the vertical direction in the numerical code, 

geometrical transformations must be carried out at each time step in each computational cell, 

with negative impact on the computational efficiency. 

 

Appendix B – Derivation of the governing equations 

B.1 Continuity equation 

Assuming incompressible flow, the rate of change of mass in the fixed control volume of 

Fig. 4 is  
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where ρ denotes the mass density. The flux of mass through the vertical trapezoidal face 

normal to x is  

dyuhhdy xθcosρ)ˆ(ρ  iv .         (B2) 

Hence, the net influx of volume across the two opposite vertical faces normal to x is  
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Similarly, the net influx of volume across the two opposite vertical faces normal to y is 
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Therefore, equating the term in Eq. (B1) with the sum of the terms in Eqs (B3)(B4) 

according to the mass conservation principle and dividing by ρdΩ, the following vertically-

averaged continuity equation can be obtained: 
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B.2 Linear momentum equations 

The linear momentum principle is applied to the fixed control volume shown in Fig. 4 

along directions ξ and η. Only the derivation of the ξ-component equation is presented here. 

The equation in the η-direction can be obtained in a similar way. 

Assuming incompressible flow, the rate of change of the ξ-momentum within the control 

volume is 
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where U is defined according to Eq. (6). The ξ-component of the net momentum flux entering 

the control volume through the opposite trapezoidal faces normal to x is 
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while the same quantity computed for the two opposite vertical faces normal to y is 
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The total pressure force acting on the control surface in the ξ-direction is 
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where g is the acceleration due to gravity and k is a dimensionless pressure correction factor 

(k  1). The ξ-component of the weight of the water enclosed in the control volume is 

 dghdhg xθsinρ)ˆˆ(ρ ξk ,        (B9) 

while, based on the 2D extension of the Manning formula (e.g. Molls et al., 1998), the 

component of the bed friction in the ξ-direction is 
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where n is the Manning roughness coefficient. Combining the various terms according to the 

linear momentum principle and simplifying yields the vertically-averaged momentum 

equation in the ξ-direction: 
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Similarly, the momentum equation in the η-direction is 
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Appendix C – Eigenstructure of the equations 

Flux functions F and G defined in Eq. (15) must by explicitly expressed in terms of the 

conserved variables as 
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where k is a factor that does not depend on the conserved variables. 

The Jacobian matrices of flux functions F and G are respectively given by 
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The eigenvalues of JF are 
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while the eigenvalues of JG are 

.
φsin

θcos
)φcos(λ,

φsin

θcos
φsinφcosλ

222

2
1,3

yy
UVkghUV 



  GG

m     (C5) 

Eigenvalues λF and λG are real and distinct for h  0, and the matrix defined as the linear 

combination of Jacobian matrices JF and JG has three distinct eigenvalues for h  0, too. 

Therefore, the new equations are strictly hyperbolic for a wet bed (Toro, 2001; p. 39). Both 

Eqs (C2)(C3) and Eqs (C4)(C5) reduce to the well-known expressions valid for the 

conventional SWE when bottom slopes are small (Toro, 2001; pp. 32-33). 
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List of figure captions 

 

Fig. 1. Example of a difficulty that can be encountered in 1D dam-break modeling in a 

sloping channel considering bottom-normal flow depths: segment AA’ intersects the dam 

(and not the water surface) and does not define correctly a water depth measured 

perpendicularly from the bottom. 

 

Fig. 2. Example of geometrical difficulties caused by a curved bottom: lines AA’ and BB’ 

traced orthogonally to the bottom intersect. 

 

Fig. 3. Definition sketch of free-surface flow on a steep bottom surface: (a) 3D view; (b) 

profile view on the yz vertical plane. 

 

Fig. 4. Infinitesimal control volume used for the derivation of the 2D vertically-averaged 

equations. 

 

Fig. 5. 1D dam-break problem in a sloping channel with fixed bottom slope: initial condition 

(at time t0 = 0) and water surface profile at generic time t > 0. 

 

Fig. 6. Dam-break on a steep frictionless channel with fixed slope: (a) analytical solutions for 

the quiet front, drying front, and wetting front in the dimensionless characteristic plane; (b) 

comparison between the analytical solutions of the quiet, drying, and wetting fronts for the 

SSSWE and SWE models for θx = 45° and h0 = 1 m. te denotes the empting time of the 

reservoir. 

 


