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Abstract

We study the consequences of introducing random costs (as opposed to certain
costs) on the propensity to implement self-protection actions, i.e. actions reducing
the probability of a loss. Our analysis is performed in four standard self-protection
frameworks: 1) the one-period model in which the cost and benefit occur at the
same period of time; 2) a variation of this one-period model where wealth in each
state of nature is a random variable; 3) the one-period model where the cost of the
self-protection action is only paid in the absence of loss; 4) the two-period model
in which the cost of self-protection precedes its benefit. For each of these models
we provide a set of conditions ensuring clear-cut effects to occur and a specific
interpretation for each of them.

JEL Code: D81
Keywords: Self-protection; Random costs of self-protection; Risk aversion; Prudence



1 Introduction

When facing the risk of incurring a loss a decision maker (henceforth DM) sometimes
has the opportunity to exert effort in activities reducing the probability that the loss will
occur. The literature on decision theory under risk calls these activities self-protection or
prevention and studied them in different frameworks.

The first approach to the issue of self-protection was proposed in the seminal paper by
Ehrlich and Becker (1972). In this paper, the cost of effort in self-protection is assumed
to be paid in the period where the DM faces the risk of incurring the loss (thus generating
a one-period framework) and in both states of nature, i.e. both when the loss occurs
and when it does not. A first variation of the framework just described was studied by
Jindapon and Neilson (2007) who consider the case where the certain levels of wealth
obtained in the two states of nature in Ehrlich and Becker model are replaced by random
variables. A different one-period model was then examined by Liu et al. (2009), who
consider the case where the cost of exerting the effort in self-protection is paid in the
period where the DM faces the risk (one-period framework) but only when there is no
loss (“conditional payment”). Lastly Menegatti (2009) suggests that in many cases self-
protection activities precede the moment where the DM faces the risk he desires to prevent.
For this reason, Menegatti (2009) proposes a two-period model where the cost of the self-
protection action and the risk of incurring the loss in wealth occur in different periods.

Many cases of self-protection alternatively described by the four approaches mentioned
above can be provided[T] A simple unifying example clearly distinguishing the four models
can be the following. An individual has to prepare a contract that might generate future
controversies, causing a trial and, possibly, the payment of a penalty. The individual can
reduce the probability of paying the penalty in different ways which can be referred to
the different models described above. The individual can pay a lawyer in the present
in order to properly write the contract, thus reducing the probability of trial and the
potential payment of the penalty (two-period self-protection framework). Alternatively,
the individual can write by himself the contract and pay a lawyer in case of controversy
in order to reduce the probability of paying the penalty. In this case the lawyer can
charge by the hour (one-period self-protection framework) or offer legal services and then
collect a fee only in case of success (one-period self protection framework with conditional
payment).ﬂ Besides, the individual may also write the contract by himself in a situation
where his wealth is random (one-period self-protection framework with random wealth).

The basic self-protection models (of the four kinds described above) have been made
more complex by introducing other sources of uncertainty. In particular, Crainich et al.
(2016) re-examine Jindapon and Neilson model considering changes in risk of different
orders. A similar framework is studied by Chuang et al. (2013) and Wong (2017), who

1See, for instance, Liu et al. (2009) and Menegatti (2009).
2The case of professionals getting a fee only in case of success is exactly that discussed by Liu et al.
(2009) in motivating their work.



study models where effort is exerted in the presence of risky targets. Lastly Eeckhoudt et
al. (2012) and Wang and Li (2015) analyze the effect of the introduction of a background
risk in a two-period self-protection framework [

Although other sources of uncertainty have been introduced into the analysis, one
of them has been, to our knowledge, neglected until now: the uncertainty on the cost
of self-protection. It can happen, in fact, that when choosing the level of effort he will
exert in self-protection, the DM does not know exactly the cost he will have to pay for it.
Consider again, for instance, the example discussed above of hiring a lawyer: in this case
the decision maker often only have ez-ante a quote of the cost of the legal services he is
buying, the exact cost he will have to pay being communicated ez-post by the professional.
Similarly, consider the risk of an environmental damage whose probability can be reduced
by decreasing a specific kind of polluting investment. The cost of such a disinvestment,
expressed in terms of reduced economic activity, is only estimated ez-ante, the exact value
of the specific multiplier of the investment being observed ez-post. Lastly, consider the
case of a DM who wants to reduce the probability of incurring a disease by means of
a medical treatment whose cost is represented by side effects. The possible occurrence
of these side effects and their strengths cannot be perfectly anticipated ex ante and are
exactly known only ez-post[]

The aim of this work is to study the effects of the introduction of a random cost of
self-protection on DM’s optimal choice in all the four self-protection models described at
the beginning of this section. For each model, we highlight and interpret the conditions
under which replacing a non-random cost of self-protection by a random cost with equal
mean reduces the propensity to perform such self-protection actions.

The paper proceeds as follows. Section 2 provides a general presentation of the as-
sumption of the self-protection model. We then examine the effects of a random cost of
effort specifically distinguishing the four frameworks described above (Section 3). Namely:
the two-period model (Section 3.1), the one-period model with conditional payment (Sec-
tion 3.2), the standard one-period model (Section 3.3) and the one-period model with
random wealth (Section 3.4). Section 4 concludes.

2 The self-protection model

Consider a Decision Maker (DM) who has an initial wealth equal to W and faces the
risk of incurring a loss L with probability p, i.e. his wealth remains W with probability
1 — p and becomes W — L with probability p. We also assume that the DM can exert a
costly effort to reduce the probability of incurring the loss. We thus assume that p is a

3Other papers studying self-protection which should be mentioned are Chiu et al. (2005), Eeckhoudt
and Gollier (2005), Huang (2012), Menegatti (2014) and Huang et al. (2015). On a related issue see also
Wang et al. (2015).

40n the issue of random side effects of vaccination see also Crainich et al. (2019).



function of the effort e such that p = p(e) and dp = p/(e) < 0. We also introduce the usual

assumption that < & = p"(e) > 0 which captures the fact that self-protection returns are
decreasing. Effort e has a unit cost c.

Preferences of the DM are represented by the utility function U(x), which exhibits
non-satiation (92 = U’(z) > 0) and risk aversion (d > = U"(z) < 0). We also recall the
definition of prudence, which is characterized by a positive third derivative of the utility
function (Y o5 = U"(x) > 0). We do not assume prudence but it will be relevant for the
results obtained in the paper.

Given these general assumptions we consider now four different frameworks studied in
the literature. The first framework examined is the two-period model by Menegatti (2009).
In this model we assume that the DM exerts effort e in a period preceding that where he
faces the risk of incurring the loss L. In this case DM’s utility in first period is U(W, — ce)
(assuming that W is first-period wealth) and his expected utility in second-period is
p(e)U(W—=L)+[1—p(e)|U(W). Assuming for simplicity a null intertemporal discount rate,
DM’s total intertemporal utility is given by U(Wy —ce) +p(e)U(W — L)+ [1 — p(e)|[U(W).

The second framework considered is the one-period model with conditional payment
introduced by Liu et al. (2009). In this model we assume that the DM exerts effort e in
the period where he faces the risk of incurring the loss L and we assume that the cost of
the effort is paid only if the loss L does not occur. In this context DM’s expected utility
in the unique period examined is equal to p(e)U(W — L) + [1 — p(e)|[U(W — ce).

The third framework is the traditional one-period model by Ehrlich and Becker (1972).
In this model we assume that the DM exerts effort e in the period where he faces the risk
of incurring the loss L and that the cost of the effort is paid in both states of nature, i.e.
both when the loss L occurs and when it does not. In this context DM’s expected utility
in the single period examined is equal to p(e)U(W — L — ce) + [1 — p(e)|U(W — ce).

Lastly a variant of the traditional one-period model is proposed by Jindapon and
Neilson (2007), who assume that the DM has a random initial wealth W, and faces the
risk of replacing it with the random wealth Wa, where the distribution of W, is preferred
by the DM over the distribution of W,. In this context DM’s expected utility in the single
period examined is equal to p(e) E[U (W, — ce)] + [1 — p(e)| E[U(W; — ce)].

The first three models described above are embedded in the following general frame-
work. Consider the two-argument functions u(w, k) and v(w, k) where w is wealth and
k is the cost of self-protection and where we assume 8— >0, 3¢ <0, g” 0, gz < 0,
‘9 2 <0, gkg < 0, ‘9 % <0, gkg < 0. We use the followmg notation: ;Z;;Zi = 49 and

33 “ (%)
wioki Y :

Assume now that the DM faces the following maximization problem:

mazx.V (e) = mazx.p(e)u(W — L, ce) + [1 — p(e)]v(W, ce) (1)

Given (1) the DM maximization problem of the two-period model is obtained by
assuming u(w, k) = v(w, k) = U(Wy — k) + U(w). Similarly the maximization problem of
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the one-period model with conditional payment is obtained by assuming u(w, k) = U(w)
and v(w, k) = U(w — k). Lastly, the maximization problem of the traditional one-period
model is obtained by assuming u(w, k) = v(w, k) = U(w — k).

The optimal level of effort e* is determined by the following First-Order Condition
(FOC):

p(e?)cu®V (W =L, ce*)+[1—p(e*)]co @V (W, ce*) —p/ (e*) [o(W, ce*) —u(W =L, ce*)] = 0 (2)

We assume that the second-order condition for the problem is satisfied. This automatically
occurs, given the assumptions of the model, in the two-period framework and in the
one-period framework with conditional payment. Additional requirements are instead
necessary in the traditional one-period framework. For a discussion on this, see Ehrlich
and Becker (1972).

Note that the first addend of the left-hand side of is the opposite of the marginal
cost of self-protection while the second addend is the marginal benefit. This implies that
condition just requires that marginal cost and marginal benefit of self-protection are
equal.

Finally, Jindapon and Neilson (2007) model can be obtained as a variant of the general
model described in by: 1) replacing functions u(w, k) and v(w, k) with functions
Elu(w, k)] and E[v(w, k)] where w is a random variable; 2) replacing the term u(W — L, ce)
with the term E[u(Ws, ce)] and the term v(W, ce) with the term E[v(W7,ce)]. In this
framework we obtain a condition similar to , given by

p(e*)cE[u(O’l) (WQ, ce*)]—l—[l—p(e*)]cE[v(o’l)(Wl, ce)]—p'(e") [E[U(Wl, ce™)|—Eu(Ws, 66*22): 0

The interpretation of this equation is similar to that of Eq. above.

3 Random cost of self-protection

We now study the effects of the introduction of a random cost of self-protection. For this
purpose we assume that the unit cost of effort in self-protection is the random variable ¢

(with E[¢] = ¢)[]
In this case the DM’s maximization problem in Eq. becomes

maz.E[V (e)] = maz.p(e) E[u(W — L, ée)] + [1 — p(e)] E[v(W, ée)] (4)

®We emphasize that the assumption E[¢] = c is made in order to capture a pure increase in risk. In
other words, moving to the case of random cost implies a change in the variability of ¢ but not in its
expected value. The introduction of the random cost of self-protection thus corresponds to an increase
in risk & la Rotschild and Stiglitz (1970). Also notice that the assumption is necessary for all the results
derived hereafter.



and, labeling the optimal effort chosen in problem e**, the FOC becomes
p(e™)E[eu®V (W — L, ée*)] + [1 — p(e™)|E[ev ™D (W, ée*)]
=P (e™)[Ep(W,ée™)] — Elu(W — L,ée™)]] = 0(5)

We again assume that the second-order condition for the problem is satisfied.

Comparing Egs. and ([5)) we now get that e* > ™ if V'(e**) > 0, and that e™* > e*
if V'(e*) < 0.

In order to check this condition we evaluate the left-hand side of for e = e**
obtaining p(e**)cu®V(W — L, ce™*) +[1 —p(e*)]cv @D (W, ce™) —p' (e**) [v(W, ce**) —u(W —
L, ce**)], which we label h(c). By Jensen’s inequality, V'(e**) > 0 if the function h(c) is
concave in ¢ (% = h"(c) < 0). Given this result we can now study the effect of a random
cost of self-protection in the four models presented in Section 2.

3.1 Two-period model

Assume that u(w, k) = v(w, k) = U(Wy — k) + U(w). In this context, which describes the
two-period framework, we obtain after straightforward computations

h//(c) — 26**U//(WO _ ce**) . Ce**ZUl//(WO _ ce**) (6)
This immediately determines the following result:

Proposition 1. In case of two-period framework, prudence (U"(.) > 0) is a sufficient
condition for the introduction of a zero-mean risk on the cost of effort to generate a
reduction in self-protection (e* > e**).

As will also be shown from the comparison between this and next subsections, the two-
period self-protection model is the framework where the effects of the introduction of a
random unit cost of effort are simpler. In this framework, in particular, the introduction
of a random unit cost of self-protection firstly implies that the DM faces a new risk.
Because of risk aversion the DM dislikes it and thus makes less self-protection efforts in
order to reduce his exposure to this new risk. This is the effect described by the first term
in @ Moreover, the effect of the introduction of the random unit cost ¢ also depends
on the attitude toward the intertemporal allocation of wealth and risk. In this field,
Menegatti (2007) shows that, in an intertemporal framework, prudence can be seen as
the desire to transfer wealth toward the period where the decision maker bears a risk.
This conclusion clearly provides an interpretation for the second term in @ and thus for
the role of prudence shown in Proposition I The introduction of a random unit cost of
self-protection means introducing a new risk in first period. Given this, prudence implies
that the DM desires to increase first-period wealth by reducing the effort in self-protection.

This explanation is also a direct consequence of the interpretation of preferences toward
risk provided by Eeckhoudt and Schlesinger (2006). Introducing a random unit cost ¢
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instead of ¢ does not modify the marginal benefit of self-protection (which occurs in
the second period) but is such that each effort has two effects on the marginal cost of
self-protection (which is paid in the first period): 1) it increases the dispersion of the
total cost of self-protection (which is disliked by a risk averse DM); 2) it transfers the
risk associated to the random unit cost of self-protection to lower wealth levels (which is
disliked by a prudent DM). This means that a random unit cost ¢ increases the marginal
cost of self-protection and pushes the prudent DM to reduce his effort.

3.2 One-period model with conditional payment

Consider the case where u(w, k) = U(w) and v(w, k) = U(w — k), which describes the one-
period model with conditional payment. After straightforward computations we obtain
that

This immediately determines the following result:

Proposition 2. In case of one-period framework with contingent payment, prudence
(U"(.) > 0) is a sufficient condition for the introduction of a zero-mean risk on the
cost of effort to generate a reduction in self-protection (e* > e**).

Moving from the two-period self-protection model studied in Subsection 3.1 to the
one-period framework with conditional payment, we see that both effects described for
the two-period model are still at work. In particular, the effect of the desire to reduce
the exposure to the risk on the unit cost of self-protection is the same as that described
above. The effect of the allocation of wealth and risk is here related to the allocation
between states of nature instead of the intertemporal allocation between periods. In this
sense, Eeckhoudt and Schlesinger (2006) show that prudence can be seen as the desire
to disaggregate the two "harms” of having a lower wealth and bearing a risk in different
states of nature. This desire reinforces the incentive to reduce self-protection related to
risk exposure. Lastly, in the one-period framework with conditional payment, there is
a third effect of the introduction of a random cost of self-protection: the impact of the
choice of effort level on the probability of incurring the new risk related to the unit cost
of self-protection. In particular, a reduction in self-protection generates an increase in the
probability of the occurrence of the state of nature where the DM incurs the loss L and
a reduction in the probability of the occurrence of the other state of nature. This fact is
completely unfavorable in the presence of a given unit cost of self-protection. It has instead
also a partial beneficial effect when the unit cost of self-protection is random. In fact,
since in the one-period framework with conditional payment the cost of self-protection is
paid only in the state of nature where the DM does not incur the loss, a lower probability
that this state of nature occurs also implies a lower exposure to the random unit cost of



effort. This lower exposure is appreciated by the risk averse DM, generating a further
incentive to reduce optimal effort in the presence of a random unit cost of self-protection.
This incentive is captured by the term —p/(e**)e**?U”"(W — ce**) in (7).

As before, an interpretation in terms of marginal cost and marginal benefit of self-
protection can also be provided. The effects on marginal costs are exactly those described
in Subsection 3.1. However, we now also have an effect on the marginal benefit of self-
protection. The latter depends on the gap between the outcome in the good state of
nature and the outcome in the bad state of nature. The introduction of the random unit
cost of self-protection reduces this gap since the random cost is only attached to the good
state of nature. This implies that marginal benefit decreases too, generating a further
incentive for the DM to reduce self-protection effort.

3.3 Standard one-period model

Consider the case where u(w, k) = v(w, k) = U(w — k), which describes the standard
one-period model with up-front payment. After straightforward computations we obtain
that

h//(c) _ [2p(6**)—I—p'(e**)e**]e**U"(W—L—ce**)—i—[2[1—p(e**)]—p/(e**)e**]e**U”(W—ce**)+

. cp(e**)e**2U///<W - L . Ce**) o C[l o p(e**>]e**2U///<W . ce**) (8)

Looking at it is clear that the second addend is negative, the third and the fourth
addends are negative under prudence (i.e. when U(.)” > 0) and the first addend is
negative if ,

—pe)er (9)
p(e*)
This determines the following result:

Proposition 3. In case of one-period framework with up-front payment, prudence (U"(.) >
0) and an elasticity of probability with respect to the effort in self-protection lower than

the threshold 2 (—pz;i—z))e < 2) is a set of sufficient conditions for the introduction of a
zero-mean risk on the cost of effort to generate a reduction in self-protection (e* > e**).

Result interpretation is more complex in the standard one-period model of self-protection
a la Ehrlich and Becker (1972). In this case, the three effects mentioned in Subsection 3.2
are again at work together. The effect of the desire to reduce the exposure to the risk on
unit cost of self-protection and the effect of the allocation of wealth and risk act in the
same direction as above. On the contrary, the effect of the choice of effort level on the
probability of incurring the new risk related to the cost of self-protection acts, in this case,
in the opposite direction. In this context, in fact, the risky unit cost of self-protection is
paid by the DM in both states of nature. This implies that a larger probability of loss



occurrence is associated with a situation where the DM incurs the loss together with the
random cost. This increases the incentive of the DM to make self-protection in order to
avoid this situation.

A sufficient condition to exclude that this counteracting effect overcomes the other two
effects, which push the DM to reduce the effort, is to have a sufficiently low sensitivity
of the probability p(e) to effort e. In this case, in fact, the impact of a reduction in
self-protection on the probability of incurring together the loss L and the risky cost of
self-protection is small. On the other hand, having a sufficiently low sensitivity of the
probability p(e) to effort e means having a sufficiently low elasticity of p(e) with respect
to e. This is exactly the additional sufficient condition required in Proposition [3}

Again, we can also provide an interpretation in terms of marginal cost and marginal
benefit of self-protection. The effects on marginal cost are the same as those described in
previous sections. But, in this case, the marginal cost is a weighted average of the cost
paid in the good state of nature and of the cost paid in the bad state of nature. Since
the effect on the latter is larger than that on the former for a prudent DMJ| the higher
p(e) the larger the effect of the introduction of the random unit cost on the marginal
cost of self-protection. For the same reason, when agents are prudent, the presence of the
random unit cost ¢ increases the gap between the outcomes in the good and in the bad
state of nature. This raises the marginal benefit of self-protection, and this increment is
proportional to —p’(e). We have a clear-cut effect on the optimal self-protection level only
if the increase in marginal benefit is smaller than the increase in marginal cost. Given the
reasoning made above, this occurs when p(e) is sufficiently high and —p/(e) is sufficiently
low, i.e. when the elasticity of the probability with respect to effort is small.

3.4 One-period model with random wealth

Consider the framework described in the last part of Section 2. By introducing a random
cost of self-protection ¢ we obtain a FOC similar to given by:

p(e™)E[eu®V (Wy, ée™)] + [1 — p(e*)| E[cv Y (W, ée™)]

—p/(e™)[Blu(Wy, ée™)] — Elu(Ws, ée™)]] = 0(10)

As we did in previous cases, we compare Eqs. and . Making steps similar to those
made in previous subsections, we get that Jensen’s Inequality implies that, under the
assumption that random variables ¢ and W, are independent and that random variables
¢ and Wy are independent too, we have e* > e** if the function

h"(c) — [2p(e**)—|—p’(e**)e**]e**E[U”(WQ—ce**)]+[2[1—p(e**)]—p’(e**)e**]e**E[U”(Wl—ce**)]+

6When agents are prudent u(w — L — E(¢)) — Bu(w — L — &) > u(w — E(¢)) — Bu(w — ¢); see Eeckhoudt
and Schlesinger (2006).




- Cp(e**)e**2E[U///(W2 . ce**)] . C[l o p(e**>]e**2E[U///(Wl . ce**)] (11>
is concave. Steps similar to those in Subsection 3.3 now imply that

Proposition 4. In the one-period model with random wealth, under the assumption that

the risk on wealth and the risk on the cost of effort are independent, prudence (U"(.) > 0)

and an elasticity of probability with respect to the effort in self-protection lower than the
'(e)e

threshold 2 (—pp(—e) < 2)is a set of sufficient conditions for the introduction of a zero-mean

risk on the cost of effort to generate a reduction in self-protection (e* > e**).

Since Jindapon and Neilson (2007) model is a variant of the standard model with up-
front payment, the conditions obtained in Proposition [4] are the same as those obtained
in Proposition [3| with the addition of the assumption of risk independence. For the same
reason, the interpretation of Proposition [4|is the same as that proposed in Section 3.3 for
the traditional model with up-front payment.

4 Conclusions

Random costs are often associated with self-protection decisions. In this paper, we ana-
lyze the way the introduction of a random unit cost modifies the propensity to perform
actions reducing the probability of adverse events in the expected utility model. This self-
protection decision is examined in four different frameworks: 1) the standard one-period
model assuming that the cost of the self-protection action is paid both in the no-loss and
loss states (Ehrlich and Becker, 1972); 2) Jindapon and Neilson (2007) one-period frame-
work where wealth in both states of nature is random instead of certain; 3) the one-period
model where the cost of the self-protection action is only paid in the no-loss state (Liu
et al., 2009); 4) the two-period model where the cost of the self-protection action is paid
before the potential realization of the adverse event (Menegatti, 2009).

In the third and fourth frameworks, the randomness of the unit cost of self-protection is
shown to reduce the demand for self-protection if the DM is prudent. The same conclusion
is reached in the first model if, on top of the conditions related to individual preferences, an
additional sufficient condition holds: the elasticity of the probability function with respect
to the self-protection effort must be lower than 2. The set including the conditions on
elasticity and prudence is also sufficient in the second model when the risks on wealth
and on the cost of effort are independent. We show that the conditions obtained in the
different cases analyzed depend on the interaction between three different effects acting
in different ways in the four models examined.

In conclusion, it is worth noting that there is a large experimental support for the
assumptions of risk aversion and prudence (see, among others, Deck and Schlesinger,
2010 and 2014, Ebert and Wiesen, 2014 and Noussair, Trautmann and Van de Kuilen,
2014). Therefore, if the probability of the adverse event is not too sensitive to the self-
protection action, we may expect the introduction of random (rather than sure) cost to
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reduce the propensity to perform self-protection actions in all the different frameworks
we analyzed.

Lastly we note that the analysis made in this paper could potentially be extended to
other related fields. First, Lee (1998) examines a framework where a DM manages a risk by
using an instrument which generates self-protection and self-insurance contemporaneously.
The cost of this instrument is described by a function which does not include random
elements. It could thus be significant to study the implications of assuming that this
cost is random. A second possible application of our analysis is the case of rent-seeking
games. These models, in fact, although examining a completely different problem, share
many analytical elements with self-protection models. Konrad and Schelsinger (1997) and
Treich (2010), Liu et al. (2018), and Menegatti (2020) respectively examine one-period
rent-seeking games, one-period rent seeking games with conditional payment and two-
period rent-seeking games. All these papers assume that the cost of the investment in the
game is constant. A promising direction for future research could thus be to extend the
analysis to the case where this cost is random.
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