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LONG TIME BEHAVIOUR OF DISCRETE VOLUME PRESERVING
MEAN CURVATURE FLOWS

MASSIMILIANO MORINI, MARCELLO PONSIGLIONE, AND EMANUELE SPADARO

ABSTRACT. In this paper we analyse the Euler implicit scheme for the volume preserving mean
curvature flow. We prove the exponential convergence of the scheme to a finite union of disjoint

balls with equal volume for any bounded initial set with finite perimeter.
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INTRODUCTION

We study the asymptotic behaviour of a discrete-in-time approximation of the mean curvature
flow with constrained volume. This geometric evolution consists in a family of evolving sets
[0,4+00) > t — E; C RN, whose normal velocities V (x,t) at any point x € JE; are proportional
to the scalar mean curvature Hpg, (x) of OF, at x corrected by a constant forcing term which
guarantees that the measure of |E}| is preserved during the flow:

— _ 1
(0.1) V(z,t) = Hop, — Hog, (), Hag, :

= H N=1(g).
'HNfl(aEt) 9E, aEt(‘r)dH (.13)

Under suitable assumptions, this geometric flow is a model for coarsening phenomena in physi-
cal systems. For example, one can consider mixtures that, after a first relaxation time, can be
described by two subdomains of nearly pure phases far from equilibrium, evolving in a way to min-
imize the total interfacial area between the phases while keeping their volume constant (further

details on the physical background can be found in [4, 20, 24, 25]).
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It is well-known that a typical evolution of (0.1) develops singularities of different kinds in finite
time: components shrinking to points and disappearance, collisions and merging of domains, pinch-
offs etc... Compared with the more familiar unconstrained mean curvature flow, the possible
changes in the topology of the evolving sets E; of (0.1) are even wider, because of the nonlocal
character of the flow and the subsequent lack of comparison principles. There exist singular
solutions also in the two dimensional case (see [18, 19]).

It is then clear that the analysis of the long time behaviour of systems exhibiting coarsening
requires the introduction of suitable notions of weak solutions which allow the formation of singu-
larities and extend the flow past the singular times. This is a well-established feature of curvature
flows, and many definitions of weak solutions have been introduced in the literature. Here, we
follow the method proposed independently by Almgren, Taylor and Wang [2] and by Luckhaus and
Sturzenhecker [16], based on De Giorgi’s minimizing movement approach. The authors consider
an implicit time-discretization of the flow, which is regarded as a gradient flow of the perimeter
functional with respect to a metric resembling the L2-distance. The limiting time-continuous flow
constructed with this method is usually referred to as flat flow. This approach has the advan-
tage to be easily adapted to volume constrained mean curvature flow as shown in [21], producing
global-in-time solutions which then permit to analyse the equilibrium configurations reached in
the long time asymptotics.

Previous results on the long time behaviour of the volume constrained mean curvature flow are
mostly confined to the case of smooth solutions, starting from specific classes of initial regular
sets ensuring the existence of global regular solutions; for example uniformly convex and nearly
spherical initial sets (see [22, 11]), or nearly strictly stable initial sets in the three and four
dimensional flat torus (see [23]). For more general initial data, the long time behaviour in the
context of flat flows of convex and star-shaped sets (see [5, 14]) has been characterized only up to
(possibly diverging in the case of [5]) translations.

In this paper we characterize the long-time limits of the discrite-in-time approximate flows
constructed by the Euler implicit scheme introduced in [2, 16] plus the volume constraint. Our
main result in Theorem 3.4 establishes that for every initial bounded set Ej with finite perimeter,
any discrete-in-time mean curvature flow with volume constraint converges exponentially fast to

a finite union of disjoint balls with equal radii.

0.1. Exponential convergence of dissipations. The main issue here is to prove that the evolv-
ing sets remain uniformly bounded for all times and that the long-time limit is truly unique (and
not just up to translations). This is a non-trivial fact, since the discrete scheme (as well as its
continuous counterpart) does not satisfy comparison principles. To the best of our knowledge,
the boundedness of the flow was not known previously for any weak notion of the nonlocal mean
curvature flow. The problem is that summing the dissipations of the discrete schemes formally
provides a L? (with respect to time) bound on the velocity of the evolving set, rather than the
necessary L' bound: roughly speaking, one needs to sum the square roots of the dissipations
rather than the dissipations themself.

By a compactness argument and a characterization of the stationary configurations of the
discrete flow (based on a recent theorem by Delgadino and Maggi [9] on Caccioppoli sets with
constant weak mean curvature), the connected components of the evolving sets converge up to
translations to balls.
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Therefore, in order to improve the estimate on the dissipations, we compare at each time step
the energy of the actual minimizers with that of a properly placed union of balls (one nearby each
connected component of the evolving sets). In this way, it turns out to be necessary to estimate the
dissipation of a nearly spherical set with respect to a close-by ball (this condition is definitively
reached by each connected component of the flow thanks to the compactness argument above)
with the actual dissipation of the flow. Indeed, if this happens, one can control the sum of the
dissipations for all times larger than any time ¢ from above by the energy dissipated at time ¢,
thus clearly leading to an exponential decay of the dissipations and in turn of the velocity of the
evolvings sets.

The comparison of the dissipation of the flow and the one with respect to balls is equivalent
to prove a control of the L2-norm of the function parametrizing a nearly spherical set with the
L?-norm of the oscillation of its mean curvature. In the case of zero oscillation, this is nothing
but Alexandrov’s theorem on the characterization of the spheres as the unique embedded hyper-
surfaces with constant mean curvature and thus the aforementioned estimate may be regarded as
a quantitative version of it. Its proof in turn relies on a result proven by Krummel and Maggi [15,
Theorem 1.10], which can be seen as a sort of higher order Fuglede-type estimate involving the
first variation of the perimeter rather than the perimeter itself. For different quatitative versions
of Alexandrov’s theorem see also [8; 6, 10].

0.2. Comments and open questions. It remains an open question to extend the results of the
present paper to the flat flows, that is to obtain uniform estimates as the time step converges to
zero. We conjecture the result to hold true, but the compactness arguments used in this paper in
order to gain the closeness to sphere are not quantitative and do not allow to pass to the limit.
Moreover, it is worth mentioning that, both nonlocal flat flows and discrete-in-time nonlocal flows
are not uniquely defined. There are different ways to impose the volume constraint (by constraining
the volume at each time-step, or by penalization, or by tuning suitably a forcing term). The flows
so defined can be different (also because of the congenital non-uniqueness of mean curvature flows),
but we expect that the asymptotics are always finite unions of equal volume balls.

Finally, we stress that the main Theorem 3.4 is sharp for what concerns the limiting configura-
tions. Indeed, we can show that the union of suitably distant balls with equal radii is a stationary
solution for the discrete flow and, hence, a possible asymptotics. However, such solutions are
clearly unstable, because whatever small increase in one of the radii (and consequent decrease in
the others) will drive the evolution towards a different asymptotic limit. This is easily seen for two
disjoint balls with equal radii: any configuration of concentric balls with the same total volume
but slightly perturbed radii will have strictly lower perimeter and thus will converge to a single
ball (see Corollary 3.5). In this regard, we conjecture that, generically, the evolution of an initial

set Fy will converge to a unique limiting ball with the same volume.

0.3. Structure of the paper. In the first section we prove the Fuglede-type inequality for nearly
spherical sets with almost constant mean curvature. Section 2 is then devoted to the introduction
of the incremental problem at the basis of the discrete-in-time mean curvature flow. Finally, in
the last section of the paper we prove the exponential convergence of the discrete flow to a union

of well-separated balls with the equal volume.
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1. A QUANTITATIVE ALEXANDROV THEOREM FOR NEARLY SPHERICAL SETS

In this section we prove a variant of a stability inequality by Krummel and Maggi [15, Theorem
1.10] related to Alexandrov’s theorem, whose statement we recall for the reader’s convenience. To
this aim, and for later use, we fix the following notation: B denotes the unit ball of RY. Given

m > 0, we denote by B("™) the ball centered at the origin with volume m and we denote by r(m)
1

its radius (%) Y. For any measurable function f : 9B™) — (—1,400), we denote by Ef o the
set in RV whose boundary is described through the radial graph of ¢, namely

(1.1) Efp={tr eRY : 2€9B™ 0<t <1+ f(x)}.

In the case m = wy we will write B instead of B(“¥) (to denote the unit ball) and E + instead of
Ef oy If the parametrizing function f has small L®-norm, then the set E¢ ., can be regarded as
a graphical radial pertubation of the ball B("™). We finally recall that, given a sufficiently regular
set B, Hypp stands for the sum of the principal curvatures of OF (with respect to the orientation
given by the outward normal) and, for any bounded measurable set E C RY | we denote by bar(E)
denotes its barycenter, i.e., bar(E) = |[E|7! [, zdx € RY.

Theorem 1.1 ([15]). There ezist § € (0,%) and C > 0 with the following property: For any

f € CY(OB) N H?(0B) such that || f||cr <& and bar(Ey) = 0, we have
[ fllz o8y < CllHor, — (N = 1))|[L2(08) -

Remark 1.2. In fact, in [15] the theorem is stated under the assumption f € CY(0B). However,
it is immediate to see by a standard approximation argument that the statement holds true under
the weaker hypothesis f € C*(0B) N H%(dB).

The stability inequality for nearly spherical sets with almost constant mean curvature that we

are going to use in the next sections is the following.

Theorem 1.3. There exist § € (0,%) and C > 0 with the following property: For any f €

C*(0B) N H*(dB) such that || f|lcr <6, |[Ef| = wy and bar(Ef) = 0, we have

(1.2) Ifll 108y < CllHop, — Hoe, |l 22(08)
where we have set

F@Ef ::][ H@Ef(:v + f(x)x) dHN L,
OB

Proof. First of all we notice that, if we take the constant C in (1.2) large enough (e.g., vV Nwy),
then it is enough to consider only the case |Hop, — Hog, |2 < 1.
We write explicit formulas for the perimeter and its first variations for the sets Ey: by using

the area formula we get
(13) PE) = [ (1 Vs (4 TR an
oB

Recall that Hpp, is the first variation of the perimeter at Ey, that is,

d . .
SP(EW] == P(Bpup) = | (Hopvor,) T ¢(77) dHY " (@)
(1.4) dt‘t:o /3Ef |ZC| <|$|)

= /{)B(HaEfVaEf)(p) (L4 YA+ A+ )TV aHN T
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where for simplicity of notation we have set p = (1+ f(x))z. On the other hand, by differentiating
under the integral sign, from (1.3) we get

SP(E;)[] = / (N = D)L+ V24 (L4 )2V an

oB

_ (1+ f)N— 2 N—1
(1.5) /BB (1+(1+f)*2|Vf|2)%Wf‘ ¢ dH

(1 +f)N_3 N—1
-V -VydH ,
v/, axarnavms VY

for all ¢ € C*(OB), where Vf and V are the tangent gradient of f and v on OB, respectively.
In the following, with a slight abuse of notation, by the symbol O(g) we mean any function
h of the form h(z) = r(x)g(z), where |r(z)| < C for all x € 0B, with C > 0 being a constant
depending only on the apriori C'-bound || f|jc1 < 3.
Since the normal to Ey at a point p = (1 + f(z))z with = € OB is given by

vor, (p) = ! (— Vi +x)
) T A D AVIE\ L1+ f ’

one gets
1

VI A+ NV
Therefore, by (1.4), (1.6) and a simple Taylor expansion, we have that

(1.6) vog,(p) - @

(17) SPENW = [ Hor ) (14 (N = 1)f + Ra )b dn¥ ™",
B
with |R;| = O(|f|?). Similarly, using (1.5) and a Taylor expansion, we get

SP(Ef)[y] = / (N=1)+(N=1)(N=2)f +O(f1*) + O(VfI*)pdH "

OB
(1.8) +/ (Vf+h)-VydHN !,
oB
where h is a vector field satisfying

(1.9) Bl = O((f1+ VSV -
By comparing (1.7) and (1.8), and recalling that |R1| = O(|f|?), we infer that

/ (—(N = )i + V- Vi) dHV !
OB
- /8  (Hok, () = (N = 1) 1+ (V = 1) + Ra)us au "

(1.10) [ (= heTu s OUFP) + 0TS w) a

Observe that testing (1.10) with ¢ = 1 and setting Ry = (N — 1) f + Ry, we get R = O(|f]) and

(1.11) /8 (1+ Re)(Hog, (p) — (N — 1)) dHN ! :/8 (O(f]) + O(VF?)) aH N .
B B
In particular, for F':= (1 + R2)Hpg, and recalling that the overline denotes the average on 0B,

we infer that for every n € (0, %), if § is sufficiently small, we have that

F-w-uf ey <y
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and, always assuming 0 small enough,

|HaEf—<N—1>|<|HaEf—F+\F—<N—1>]{) <R2+1>\+<N—1>

fn
oB

B

< RoHyg,

OB

< ! | Rallal Hox, ~ Hor 2 + [Hog, = (N = 1)| [ |Ra] an¥ 1+
oB

+2n <

+ (N - 1)/ |Ro| dHN 1 + 21
OB
<nllHor, — Hogll2 + nlHog, — (N —1)| + 31
<nlHpg, — (N —1)| + 4n,

where in the last inequality we have used ||Hop, — Hyg +ll2 <1 and that for small § we have

f 5B |Rs| < ﬁ In particular, there exists a constant A\ such that

4n

Note that A is arbitralily small, if n (and hence 0) is chosen accordingly.
Now the proof can be concluded as follows. Consider K =1 + ﬁ If 6 is small enough, then
k € (3,2). Consider also the set kEy = E, with u:=#x — 1+ rf. Then,

— A A
H@Eu =N — 1, H'LL”HI S Ii”fHHl —+ v/ N(UNﬁ7 and H'LL”CI S K}”f”cl + m .

In particular, if 6 and n are sufficiently small (and, therefore, such is \), we are in position to

apply Theorem 1.1 (because ||ul/c1 becomes arbitrarily small) and infer that

|ullers < CllHop, — N + 1|12 = &7 C|Hog, — Hor, |12 < 2C|Hop, — Hog, |2
In particular, we can estimate the L? norm of the gradient of f:
(1.13) IVfllee < 67 ullm < AC|Hop, — Hor |12

Finally, since |Ef| = |B|, i.e.,

1 N g3 /N—1 _
N 6B(l+f) d?‘[ = WN,
we get by Taylor expansion
(1.14) | [ fan™ 7 = / O(|f1?) dHN L.
OB OB
This implies that
(1.15) [fl < ClflZe < CollflLe-

By Poincaré inequality we have that
_ _ 1 _ 1
(1.16) 1l < 20f = Fllez +2[f|(Nwn)* < CIV £z +2[f|(Nwn) .

Inserting (1.15) in (1.16) and combining with (1.13) we deduce (1.2) if ¢ is sufficiently small.
O
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Remark 1.4. By a simple rescaling argument it is clear that Theorem 1.3 holds also for the sets
E, m parametrized over a ball B with volume m, with constants § and C depending on m.
Clearly, the dependence of such constants on m can be made uniform when m varies in compact
subsets of (0,400).

Remark 1.5. The estimate (1.2) is optimal for what concerns the power of the norms. To see
this, it is enough to consider sets E.; with f a functions in the second eigenspace of the Laplace-
Beltrami operator on the sphere (with corresponding eigenvalue 2N ) and € > 0 sufficiently small:

then, computing the L?-norm of the average of the mean curvature yields

|Hop., — Hop. 1208 < CllefllL2om)

for a dimensional constant C > 0.

2. THE INCREMENTAL PROBLEM

We start by introducing the incremental minimum problem which defines the discrete-in-time
volume preserving mean curvature flow. To this purpose, let E # () be a bounded measurable set.
Notice that the topological boundary of £ depends on its representative; from now on, we will
assume that E coincides with its Lebesgue representative, i.e., with its points of density equal to
one. We let

(2.1) dp(z) = dist(z, E) — dist(z, RV \ E)

be the signed distance function to OF. Let m > 0 be fixed, representing the volume of the evolving
set.

Fix a time step h > 0 and consider the problem

(2.2) min{P(F) + %/FdE(@ dz : |P| :m}.
Note that

/FdE(m)dx—/EdE(x)dm:/EAFdist(x,aE)dx

so that (2.2) is equivalent to

min{P(F) + l/ dist(z,0E) dz : |F| = m}.
EAF

Given two sets F, F, we let
D(F,E) ::/ dist(x, OF) dx .
EAF

In order to prove the existence of a solution to (2.2), we need some preliminary results. We start

with the following non-vanishing estimate for sets of finite perimeter and finite measure.

Lemma 2.1. There exists a constant C = C(N) € (0,3) such that if E C RN is a set of finite

perimeter and finite measure, then, setting Q := (0,1), we have

: [E| \N
zseuZIJ)V |Eﬁ(z+Q)\Zc(N)mm{<%> ,1}.
Proof. Setting

8= sup [EN(z+Q)l,

z€ZN
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assume that g < % Then, by the Relative Isoperimetric Inequality we have

P(E)> Y P(E,z+Q)>¢(N) Y [EN(z+Q) ~

ZEZN z€ZN
c(N)
[EN(z+Q)| = |E|
5N ZEZZ:N Ghd
and the conclusion easily follows. O

We are now in a position to prove the following proposition, which in particular establishes the
existence of a solution to (2.2). The crucial point in the following statement is that the choice of
the penalization parameter A depends only on the bounds on the perimeter and on the prescribed

measure m, and thus can be made uniform along the minimizing movements scheme.

Proposition 2.2. Given m, M > 0, there exists Ag = Ao(m,M,h,N) > 0 such that for any
bounded set E of finite perimeter, with P(E) < M and |E| = m, and for any A > Ao, any solution

solution F of
1
(2.3) min {P(F) + ED(F’ E)+A||F|—m|: FCRY measurable}

satisfies the volume constraint |F| = m. In particular, (2.2) and (2.3) are equivalent.

Proof. First of all, note that the existence of a solution to (2.3) follows by standard arguments,
see for instance [21]. We argue by contradiction by assuming for every n the existence of a set F,,
with |E,| = m and P(F,) < M, and a set

— 1

F,, € argmin {P(F) + ED(F’ E,) +nl||F|—m|: F C RN measurable}

such that |F,| # m. In the sequel, we may assume |F,| < m, as the other case can be treated

analogously. Testing with £,,, by minimality we have

(2.4) P(F.,) + %D(F,L,En) 4 n|[Ful —m| < P(E,) < M.
In particular,

(2.5) |F| — m

as n — oo. In turn, by Lemma 2.1 there exist a constant ¢ > 0 (depending only on m, M and
N) and z, € Z" such that

|Fn N(zn + Q)| > co

for all n sufficiently large. Thus, by replacing F,,, E, by F, — z,, E, — z,, respectively, and
appealing to the well-known campactness properties of sets of finite perimeter, we may assume that
up to a (not relabelled) subsequence we have F,, — Fu, in L}, ., with |Fs| > |Foo N Q| > ¢o > 0.

The idea now is to modify the sets F,, by applying a local dilation in order to impose the volume
constraint. In this construction, we follow closely [12, Section 2]. We only outline the main steps.

First of all, arguing as in Step 1 of [12, Section 2], for any fixed yo € 9*F, and for any given
small € > 0 we may find a radius r > 0 and a point zg in a small neighborhood of yg such that
wnrN

[F'n 0 Byya(xo)| <er™,  [Fn N Bp(xo)| > ONTD
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for all n sufficiently large. In the following, to simplify the notation we assume that zy = 0 and we
write B, instead of B,.(0). For a sequence 0 < o,, < 1/2" to be chosen, we introduce the following

bilipschitz maps:

D, (z):= x—|—crn(1 - TIN)x 5<l|z| <,
T |x| > .
Setting E, = ®,,(F,,), we have as in Step 3 of [12, Section 2]
(2.6) P(F,,B,) — P(F,,B,) > —2NNP(F,, B,)o, > —2Y NMo,, .

Moreover, as in Step 4 of [12, Section 2] we have

Bl = [Pl = o™ | (et 2N —1)N)

WN
“oNT2
for a suitable constant ¢ depending only on the dimension N. If we fix & (and thus r) so that the

negative term in the square bracket does not exceed half the positive one, then we have
(2.7) |Ep| = |Fn| > 00N Oy,

with C; > 0 depending on N. In particular, from this inequality it is clear that, by a continuity
argument, we can choose o, so that |F,| = m for n large; this implies o,, — 0, thanks to (2.5).

Now, arguing as in [1, Equations (2.12) and (2.13)], we obtain
(2.8) |F,AF,| < C30,P(Fy, By) < C30,M .

Set now

in = mindist(-, 0E,,)
B

and note that if i,, > 0, then either B, C E,, or B,, C E¢. In the first case, we have (E,AF,)NB, =
B, \ F, and, in turn,

_ — = wN wN
1B\ Tl 2 1Brja \ Ful = |Byysl = [Fu 1Byl > (S —)r™ = S,
by choosing e smaller if needed. In turn, recalling (2.4), we may estimate

1 — 1 ) in WN N
M > =-D(F,,E,) > — dist(z,0Fy,)dx > ——=r",
= ( ) h/BT\Fn ist(z, 0E,) dx W an
from which we easily deduce

dist(-,0E,) < 4¥r N Mwy'h +2r on B,.

Arguing in a similar way also in the case B, C Ef, we can finally conclude the existence of a
positive constant Cy = C4(r) (depending also on N and h) such that, in all cases, and for n large
enough we have dist(-,0F,) < hC4 on B, and thus

1~ 1 - -
(29) ED(FTME”) - ED(FruEn) < 04‘FnAFn| < CyC30,M
where in last inequality we have used (2.8). Combining (2.6), (2.7), and (2.9), we conclude that

for n sufficiently large
- 1 ~ _ 1 _
P(F,) + ED(FR, E,) <P(F,)+ ED(FH, E,) 4 n||Fn| —m|
+ o [(QNN + CyCs)M — nrNCl]

_ 1 — —
<P(Fu) + 7 D(Fo, Bn) + 0| [Ful = m],
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a contradiction to the minimality of F,, since |F,| = m. O

As a consequence of the previous proposition, together with some standard arguments from the

regularity theory of almost minimal sets, we have the following;:

Proposition 2.3 (Regularity properties of minimizers). Let E be a bounded set with |E| = m
and P(E) < M for some m, M > 0. Then, any solution F C RY to (2.2) satisfies the following
regularity properties:
i) There exist ¢ = ¢o(N) > 0 and a radius ro = ro(m, M,h, N) > 0 such that for every
x € O*F and r € (0, ro] we have

(2.10) |B,.(z) N F| > cor™¥ and |B.(x) \ F| > corl .

In particular, F' admits an open representative whose topological boundary coincides with
the closure of its reduced boundary, i.e., OF = 0*F. From now on we will always assume
that F' coincides with its open representative.

il) There exists ¢; = c1(m, M,h,N) >0 such that

(2.11) sup dist(-,0F) < ¢; .
EAF

iii) There exists A = A(m, M,h,N) > 0 such that F is a A-minimizer of the perimeter, that
18,
(2.12) P(F) < P(F') + A|FAF'|

for all measurable set F' C RN such that diam(FAF’") < 1.
iv) The following Euler-Lagrange condition holds: There exists A € R such that for all X €
CHRY;RY)

d
(2.13) / )y vp dHN ! +/ div, X dHN "1 = ) X -vpdHN !,
O*F h o*F o*F

v) There exists a closed set ¥ whose Hausdorff dimension is less than or equal to N —8, such
that O*F = OF \ X is an (N — 1)-submanifold of class C** for all o € (0,1) with

|Hop(z)] <A forallz € OF \ X.

vi) The set F is bounded and more precisely there exist ko = ko(m, M,h,N) € N and dy =
do(m, M, h, N) > 0 such that F is made up of at most kg connected components, each one

having diameter bounded from above by dy (a bound on the diameter from below follows

from i) ).

Proof. By Proposition 2.2, there exists Ag = Ag(m, M, h, N) such that F' is a solution to
1
(2.14) {P(F) + ED(F’ E)+ A0’|F| —m|: FC RN measurable} .

The density estimates and (2.11) follow arguing as in [21, Lemma 4.4 and Proposition 3.2],
respectively. Now, (2.12) easily follows from the fact that F solves (2.14), taking into account
(2.11).

Equation (2.13) can be derived by a standard first variation argument (see for instance [17]).
In view of (iii) and the classical regularity theory for almost minimizers of the perimeter (see for
instance [17] and the references therein), we deduce that there exists a closed set ¥ whose Hausdorff
dimension is less than or equal to N — 8, such that 0*F = 0F \ ¥ is an (N — 1)-submanifold of
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class C1 for all @ € (0,1). The C*“ regularity stated in (v) follows now from the additional
elliptic regularity implied by (2.13), taking into account that dg is Lipschitz continuous.

Item (vi) follows rather easily from the density estimates. Indeed, let ro = ro(m, M,h,N) >0
be the radius given in i). By an application of Vitali’s Covering Lemma, we may find a subset

C C F such that the closed balls of the family {B,,(z)}.cc are pairwise disjoint and

Fc | Bsr ().
zeC

Since by (2.10) we have |By, (z) N F| > cord) for every z € C, it follows that #C < 125 = —m

CoTq

corév :

In turn, since for each connected component F of F we have F C Uzec Bsr, (), we infer that

10m

diam F' < 10rg#C < —— =t do(m, M, h, N).
CoTy

It remains to bound the number of connected components. To this aim, it is enough to show that
the measure of any connected component F' is bounded below by a positive constant depending
only on m, M, h, and N. Set F' := F\ F. Then, using (2.12) and the Isoperimetric Inequality,
we deduce

R|F| = R|FAF'| + P(F') — (P(F) — P(F)) > P(F) > Nw¥ |F| ™,
and thus
. NA\N
> (= .
12 (F) ox
This concludes the proof of the proposition. O

Remark 2.4. Note that (2.13) and the regularity properties given by Proposition 2.3 imply that

(2.15) -

+ Hop(z) =X for every x € 9*F.

3. THE DISCRETE VOLUME PRESERVING FLOW

3.1. Construction of the discrete flow. For any bounded set E # () with finite perimeter we
let Ty E denote a solution of (2.2), with m = |E|. It is convenient to fix a precise representative
for T, E; as done for the set E, we assume that Tp E coincides with its Lebesgue representative
(i.e., the set of points of density 1). Now, we construct by induction the discrete-in-time evolution
{EM}hen. Let E} := T),E be a solution (arbitrarily chosen) to problem (2.2); assuming that E¥
is defined for k € {1,...,n—1}, we let E}' be a solution (arbitrarily chosen) to problem (2.2) with
E replaced by E;Z_l.

Remark 3.1. The sequence E}' defines a piecewise constant in time flow:
EM = EM e 0,+00).

Any limit By = limp, 0 Et(hk) of the discrete-in-time approximated flow along subsequences hy —
0 is referred to as volume preserving flat flow (see [21] for the convergence of a slightly different
scheme). The flat flows can be thought of as weak solutions to the gradient flow of the area

functional with a volume constraint.
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3.2. Stationary sets for the discrete flow. In this section we characterize the stationary sets
E for the volume preserving discrete flow, i.e., such that the constant sequence E}' = E is a

discrete volume preserving flow.

Proposition 3.2 (Fixed points of the discrete scheme). Given m, M, h > 0, there exists sg =
so(m, M,h,N) > 0 such that every stationary bounded set E for the volume preserving discrete
flow with time step h, with |E| = m and P(E) < M is made up by the union of k disjoint balls
with mutual distances larger that so and equal volume 7, for some k < ko, with ko as in item vi)
of Proposition 2.5.

Viceversa, if E is given by the union of finitely many disjoint balls with positive mutual distances
and equal volumes, then there exists h* > 0 such that, for all h < h*, the volume preserving flow

{E}} starting from E is unique and given by the constant sequence E}' = E for all n € N.

Proof. By (2.13) any stationary set E satisfies

div, X dHN " = A X -vpdHN 1
O*E O*E

for all X € CLH(RY;RY) and for some A € R. We may then apply [9, Theorem 1] to conclude
that E is given (up to a negligible set) by a finite union of disjoint (open) balls of equal volume.
Moreover, by (vi) of Proposition 2.3 the number of such balls is bounded by ko, and therefore, in
view of (2.10), their radius is bounded from below by a constant R depending only on m, M, h, N.
Now, if two balls of radius larger than or equal to R are at a distance s small enough, then F
cannot satisfy the second density estimate in (2.10) (for example, (2.10) cannot hold for z € OF
of minimal distance between the two balls and r > 0 depending on R and the constants rg, ¢¢ in
Proposition 2.3-1)). Therefore, (2.10) is violated, whenever s < s for a suitable sy depending only
on m, M, h, N, thus establishing the first part of the statement.

Assume now that F is union of finitely many disjoint balls with equal radius R and positive
mutual distances. We want to show that, for h small enough, E' is the unique volume costrained
global minimizer of the functional

Jo(F) = P(F) + %D(F, E) = P(F) + %/FdE(m) de — %[EdE(x).

We start by showing that for h small enough the second variation of Jj is positive definite with
respect to volume preserving variations. To this purpose, let X € C! (RN :R™) be a divergence
free vector field and let ®(¢,-) be the associated flow satisfying %—f = X (®) with initial condition
®(0,z) = z for all z € RY. Then |®(t,E)| = |E| = m for all ¢, and by standard computations

(see for instance [1, 7]) we have

> Jn(®(t E))—/ V(X -v )|2—E(X-u )2aHN !
3t2|t:0 h ) — o E R2 E
+1 dypydp(X -vg)? dHN 1
h Jor
_ . 2 l _ N-1 . 2 N-1
_/8E|V(X vp)+ (5 = o ) (X -wm)* du

= 0*Jn(BE)[X - vgl,

where in the second equality we have used the fact that 0,,dg = 1 on JE. From the above
expression it is clear that 82Jy,(E) is positive definite on H!(9F), provided that h < NR—_zl.
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Fix hy < NR—jl. Arguing as in [1] there exists € > 0 such that Jj,, (E) < Jp, (F) for all measurable

F such that |F| = |E| and |[EAF| < e. Now notice that for all 0 < h < hg we have
(3.1) J(E) = Jno(E) < Jio (F) < Jn(F) for all |F| = |E| and 0 < |[EAF| <e¢,

i.e., E is an isolated local minimizer for .J, in L', with minimality neighborhood uniform with
respect to h < hg. Now, given any sequence {h,} going to zero, let F,, be a volume constrained
minimizer of J,, ; it is easy to see that |[EAF,,| — 0 as n — 400, and therefore, for n large enough,

|[EAF,| < ¢, so that by (3.1) F,, = E.
O

Remark 3.3. Let us also observe that for N < 7 we have full regularity of OF and thus, in
particular, the connected components of E have positive mutual distances and the conclusion of
the first part of Proposition 3.2 would also follow by applying the classical Alexandrov’s Theorem

instead of the more refined results of [9].

3.3. Long-time behaviour. In the following, we denote by P, the limit of the monotone non-
increasing sequence {P(E})}nen:

(3.2) P, := lim P(E}).

n—oo

The following is the main result of the paper on the long time behaviour of the discrete-in-time

nonlocal mean curvature flow.

Theorem 3.4. Let E be a bounded set of finite perimeter with |E| = m and let h > 0. Consider
any discrete volume constrained mean curvature flow {E}}nen starting from E. Then, setting
L := Nwa;,lmlfNPo]X € N, where Py, is given in (3.2), there exist L distinct balls B, ..., BF
with the same radius and at positive distance to each other, such that the sets E}' converge to

E = UZ.L:1 B* in C* for every £ € N. Moreover, the convergence is exponentially fast.

We recall that E}' converge to E, in C* if for n large enough the boundaries of the sets E} can
be parametrized by normal graphs of C* functions on OFE,, converging to zero in C*. We remark
that the estimates provided by Theorem 3.4 on the speed of convergence of E}' to Eo, depend on
h and are not uniform as h — 0, thus preventing us to pass to the limit of flat flows. The following

is an immediate corollary.

Corollary 3.5. If P(E) < 2P(B), where B is a ball with volume %, or if E is union of two

tangent balls, than FE. is a ball.

Proof. If P(E) < 2P(B), than by definition P, < 2P(B) and L < 2. On the other hand, two

tangent balls are not stationary for the discrete flow, as shown in Proposition 3.2. This implies

that P(E}) < P(E) = 2P(B), so that one can argue as before. O

The rest of this section is devoted to the proof of Theorem 3.4. We start with the following
lemma.

Lemma 3.6. Let {E}'},en be a volume preserving discrete flow starting from E and let E,]f
be a subsequence such that X pkn __ — XF N LY(RN) for some set F and a suitable sequence
A —Tn

(Tn)nen € RN, Then dE}ljn—l (- + 7)) = dF locally uniformly in RY.
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Proof. We start by observing that for every n, by the minimality of E}}, using Eﬁ_l as a competi-
tor, we have
1

(3.3) SD(ER, By ) < P(E} ) = P(ER).

Therefore, summing over n we get

D(E}, By ") < P(E).

S| =

n=1
In particular,
(3.4) DELEY ) =0  asn— .

Passing to a further (not relabelled) subsequence we may assume that there exists G such that
E}]f"fl -7, = Gin L}

loc

(RM). In fact, by the density estimates (2.10) and standard arguments,
we get
dist(-, 0" ~! —7,) — dist(-,0G)  locally uniformly in RY |
(which defines the Kuratowski convergence of the boundaries 8E§"71 — 7p, to dG). Combining
the latter information with (3.4), for every R > 0 we easily get
0= lim dist(z, 0E; 1 — 7,) dHN 1 = / dist(z, 0G) dHN 1.
n—oo (E:T7LAEE7L717TH)QBR (FAG)F]BR

The last equality yields FAG C 0G. As G still satisfies the density estimates we have [0G| = 0
and the conclusion follows. O

In the next proposition we start by showing that for any discrete volume preserving flow the
evolving sets are eventually made up of a constant number L of connected components, each one
converging up to translations to the same ball of volume m/L. After establishing such a result, it

will remain to show that the magnitude of such translations decays to zero exponentially fast.

Proposition 3.7 (Long-time behavior up to translations). Let {E} }nen be a discrete flat flow
with time step h > 0 and prescribed volume m > 0. Let Py and L be as in the statement of
Theorem 3.4. Then, for n sufficiently large, E}' has L connected components ER,.....Ep 1, such
that dist(E} ;, By ;) > % for i # j (with so the constant of Proposition 3.2), and Ej ; — bar(E} ;)

converge to the ball centered at the origin with volume T in C* for every £ € N.

Proof. Tt sufficies to prove that, given any subsequence {E}’f"}neN, there exists a sub-subsequence
(not relabelled) satisfying the conclusions of the proposition.

To this purpose, let {E’}f"}neN be a given subsequence. By Propositon 2.3-vi), each set E,’f is
made up of I,, < kg connected components with uniformly bounded diameter less than or equal to
do. Therefore, there exist I, balls {Bg,(§) }i=1,...1,, (not necessarily disjoint one from the other),
each containing a different component of E,’f" and such that E}’f" C Ul By, (€7). Up to passing to
a subsequence (not relabelled), we can assume that [,, = I, and for all 1 < i < j < the following
limits exist

lim € — &7 =: di 5.
Now we define the following equivalence classes: ¢ = j if and only if d; ; < +00. Denote by !
the number of such equivalence classes, let j(i) be a representative for each class i € {1,...,1},
and set o}’ := ;’(i) for i =1,...,l. We have constructed a subsequence E;j" satisfying for n large
Ef» < UL_,Br(ol), where R = do + max{d;; : dij < oo} + 1, and for all i # j there holds

n—1

lof — 0| = 400 as n — +oo. We remark that, while E’}f are in general not elements of the
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subsequence {E,]f" }nen, they will still play a role in our arguments, since they will be involved in
exploiting the minimality properties of E}]f".
Now, fix 1 < i <, and set
= (E}]:" —al), FN;” = (EZ” —o}') N Bg, my = |ﬁ’l"\

7

Up to a subsequence, we have m]* — m, for some m; > 0. Moreover, by Lemma 3.6 and the
compactness of sets of equi-bounded perimeters, there exist measurable sets F; CC Bp such that

(again up to a subsequence)
(3.5) E" — Fyin L', dEl;nfl(' +0}') — dg, () locally uniformly.

We shall show that Fj is stationary for the discrete volume preserving flow. To this aim, let G;

1
be any bounded set with |C~¥Z| = m,;. We define the homotetically rescaled sets éf = (Tn) " G;
such that |G?| = m?. Note that G — G; in L' and P(G?") — P(G;) as n — +oo0. We set now
G? := F*UG? \ F*: notice that, since G is bounded and the connected components of FJ* \ F}*

diverge, it follows that, for sufficiently large n, G is made up by the same connected componets

of F* except those of an which is replaced by C:':‘, in particular, |F*| = |G?|. By the minimality
of E,]f" we have

1

d _
h Gr

P(F]) + d

; E}I:n—l(l' +ol')dx < P(G}) + E}k:n—l(l' + o) dx.

E F’Vl
Since the connected components of F* \ E* diverge and the two sets F* and G7 differ only by

the components Fi” and éf, by addiditivity the previous inequality is equivalent to

n 1 n ~n 1 n
(3.6) P(F") + 7 /F," dE:n—1(a: +ol')dx < P(G}) + 7 /én dEI;n—1(x + o) dx.
Passing to the limit as n — 400, using (3.5) and the lower semicontinuity of the perimeter, since

the sets £ and G are uniformly bounded, we deduce that

(3.7) P(R) + l/ dj (z)de < P(Gy) + l/ d; () da.
hiJg hiJg

This minimality property extends by density to all competitors G; with finite perimeter and the
same volume m;, so that we deduce that F} is a fixed point for the discrete scheme with prescribed
volume m;, and whence by Lemma 3.2 F is given by the union of disjoint balls with positive
mutual distances and equal volume. Moreover, since Fj are uniform A-minimal by Proposition
2.3, from the classical regularity theory (see [17]) we also deduce that Fi” converge to F; in C'1
for every a € (0,1). In particular, for n large enough, an has the same number of connected
components of F,.

Summarizing, we have shown that, for a subsequence (not relabelled) of E;™ and for n large
enough, E;f" is made up by a fixed number K of connected components E,’fﬁ, .. .,E’}TK, each
converging to a ball (possibly with different radius, if the components belong to different equiv-
alent classes according to the relation introduced above). Therefore, for ¢ < K we have E,Ij”l —
bar(E,]fj;) — BpR,, where Bp, is the ball centered at the origin with radius R; > 0.

It remains to show that all the radii R; are equal to R: from this and the C' convergence of
the translated components to Bpg, it follows that K P(Bgr) = Pu, i.e., K = L. To this aim, we
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consider the Euler-Lagrange equation (2.13) for E;f": for every X € C(R";R"),

dEkn 1 (:L‘)
X v, dHN T 4 div, X dHN ' =\, X v, dHN L.
aE™ h " aEM dEM "

By Proposition 2.3-ii) and v), we deduce that
|)\n‘ S hilHdE:’n,ilnL()C(E:n) + HHEE" ||Loo(E:’n.) S h’7101 + ‘]\|

Therefore, by passing to a further subsequence (not relabelled), we can assume that A, — A, for

some A € R. Arguing as before, we can localize the Euler-Lagrange equation to each single F}*:

dpkn—1(z+0ol)
/ B VX e dHY T / div, X dHV ' = A, X vpp dHN T
Fy h ’ oFy oFy ‘

Passing into the limit as n — oo and taking into account Lemma 3.6, we deduce that

/ div, XdHN ' =X [ X -vgpdHV L.
oF; oF; !
N—1
-
Finally, the C* convergence follows by a classical bootstrap method. The idea is to describe

In particular, this shows that R; =

the boundaries OF,, (up to changing the reference frame) locally as graphs of suitable functions
fn: B' = R, with B’ a ball of R¥Y~!. Then we have

v vif" =H
V14|V fa)? o

with H,, and Vf,, uniformly bounded in C%¢ for every a € (0,1). Differentiating the equation in
any direction v, we get

div(A(V fn)V(Oufn)) = OuH,y,
where the coefficients A(Vf,) are uniformly elliptic and uniformly bounded in the C%® norm.
We may therefore apply [13, Theorem 5.19] to conclude that the functions 9, f, are uniformly
bounded in the C1'* norm. In order to bound the higher order norms we may now apply a
standard bootstrap argument and iteratively use [13, Theorem 5.19]. We leave the details to the

reader. O

We recall the notation introduced before (1.1): B stands for the ball of volume x and 7(u)
denotes its radius.

Lemma 3.8. Let i > 0 and n > 0. There exists 6 > 0 with the following property: if fi, f2 €
CY(OBW) with || f;|lcr <6 and |Ey, .| = p for i = 1,2 we have

(38) T(ILL)Z(I )”fl Hfl f2||2

2
1-— 1
(39) 777 dE'f2 dHN71 S D(Efl,;uEfz,u) S ﬁ dQEfz,“ dHN71 )

2 aEflvM 6Ef1 SH

(310) |bar(Ef17H) — bar(Ef27M)| S C\/D(thu’Efzw) ;

where C' > 0 depends only on N and p.

foll3
> < D(Bfypy Bpa) < v(p)?(1+m) ===

Proof. We start by observing that for any 5’ > 0, if ¢ is sufficiently small, then for every py € OEy, "

’7'2 2
=14 ,2|y p0|

we have

(3.11) OBy, ;N Bys(po) C G = {y eRY: ’(y Po)- \iz\
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We divide the rest of the proof into two steps.
Step 1. If § is small enough, for every point p = Apg € Bos(po) (A > 0), we have that
1
1+7
The second inequality is, indeed, obvious by definition, given that py € 0FEjy, ,. Concerning

——|p —po| < dist(p,0Ey, ) < |p — pol-

the first one, we notice that dist(p,0Ey, ) < |p — po| < 20 implies that there exists a point
q € 0Ey, , N Bys(p) such that dist(p,0Fy, ) = |p — q|. In particular, from (3.11) we infer that

q € G and hence we have

dist(p, 0Ey, ) > dist(p, G) =

1
WU? P0|f1+ ,|P pol-

In particular, if py = (1 + fa(s))s € OEy, , with s € 9B and

fi(s) = fa(s) s
[f1(s) = fa(s)] |s]

pri=po +1t for all t € [0,7'(#)|f1(8)*f2(5)”a
we deduce that

1
(3.12) TS dist(ps, 0Fy, ) < t.

Then, keeping this same notation and integrating in polar coordinates, we infer that

D(Ef, s Efy ) = / dist(z,0Ey, ) dx
Ef] /LAEfz "

()] fa(5)— f1.(5)] el \ V7
— (1)

Recalling that “]("—Ll) - 1‘ < 6 and using (3.12), we get
_ () f2(s)—f1(s)]
D(Eflvl“Ef%#) < (1 +5)N71/ ds/ tdt
OBk

—7(1—'_5)1\[717“ 2 s) — fa(s)|? ds
=S [ 1) = R s

from which the second inequality in (3.8) follows by taking § smaller, if needed. Analogously,

w)|f2(s)—f1(s)|
Dy, By Z Lt
(Efi o Efa) 1+77 /ggm /
(1-6)N- 2/
_d=0" ds,
2(1+7) T(“) dBU £ = felell

from which the first inequality in (3.8) follows by taking 7’ and & small enough.

(3.14)

(3.15)

Step 2. The inequalities (3.9) and (3.10) are now easy consequences. Indeed, by (3.12) we have
that for every o = (1+ fi(s))s € 0FEy, ,
D)
P 111(6) = o(0)] <1y, (2] < r0IA2(6) = Falo)
Therefore, (3.9) follows from (3.14) and (3.15), by taking 1’ and ¢ smaller if needed, through a

simple change of coordinates (recall that the Jacobian of the map s+ (1 + f1(s))s and its inverse

are estimated from above by 1+ C§ for a suitable dimensional constant C').
Finally, note that we can write
1
(N + Dr(p)Nwy

bar(Ey, ) = /an)(l + fi(s)N T s dHN ().
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Using the fact that ¢ ~— (1 +¢)N+1 is 2(N + 1)-Lipschitz for ¢ small, we may estimate

|bar(Ef1,u) - bar(EfQ,,u)'

(N + l)r(lu)N—le /83(”) (1 f()NTE = (1+ fo(s)NTH)aHN 1 (s)

2
- - dHN"Y(s) < C -
< e [ 1) = EHY ) < CIAG) - 2Ok,
where C' > 0 depends only on N and p. Thus (3.10) follows from the previous inequality combined
with (3.8). O

Lemma 3.9. Let h > 0, u > 0. There exists C = C(h,u) > 0 and § = 6(h,p) > 0 with the
following property: For any pair of sets Ey, ., Ey, . with fi, fo € C2(0BW), ||fillcx < 6, and
such that |Ey, ,| = p, bar(Ey, ) =0 and

dEfl’H

(3.16) HaEfQ_’# + 7 =\ on 8Efw
for some A € R, we have
(3.17) D(BY, Ey, ) < CD(Efypus Egy ) -
Proof. By Theorem 1.3 (and Remark 1.4), by choosing § sufficiently small and using also (3.16),
we have

||f2||i2(03(u>) < C(/‘)HH@E,@,# - FﬁEfQ,uH%’z(aBM) < C(M)HHOEfQ,u - /\H%’-’((‘)B(u))
(3.18) _ 20(p)

<20 oy, = Meor, 0 = gt [
fo,m

where the third inequality follows by bounding the Jacobian of the change of variables by 2 (which
can be done provided ¢ is small enough). Note now that by (3.8) (with f; replaced by 0) and by
(3.9) (with the role f; and f, interchanged), by taking ¢ smaller if needed, we have

D(BYW, Ep, ) < folli2ope, — and /QE dg,, , AHY "N <AD(Ey, 1, By, ) -
fa.m
Combining the previous inequalities with (3.18), the conclusion follows. O

Remark 3.10. It is clear that the constants C and & in Lemmas 3.8 and 3.9 are uniform with

respect to u varying on any compact subset of (0, +00).

We are now ready to prove the main result of the paper. The main difficulty is in controlling
the translations introduced in Proposition 3.7 and in proving the convergence of the barycenters.
A crucial role in such an argument is played by the dissipation/dissipation inequality (3.17), which

in turn relies on the quantitative Alexandrov type estimate established in Theorem 1.3.

Proof of Theorem 3.4. We split the proof into several steps.
Step 1. (Exponential decay of dissipations) Recall that by Proposition 3.7 we have

P(E}) — LP(B(%)) .
Thus, summing (3.3) from n 4+ 1 € N to +o00, we get
“+o0

(3.19) 3 %D(E,’f,E,’j_l) < P(ED) — LP(B(%)).
k=n-+1
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Recall that again by Proposition 3.7 for n large enough each set Ej' is made up of L connected

components Eﬁ,p R E}f,L,

(3.20) mi = |Ey | — %

and

(3.21) Bp - —»BE) it

as n — 0o, where we set
&' = bar(E} ;).
With Lemma 3.6 in mind, we also get

(3.22) B e »BE) !

as n — 0o. Combining (3.21) and (3.22), we have that for any £ € N and for n large enough there
exist functions f1';, f3'; € C*(dB™m)) such that (with the notation introduced in (1.1))

(323)  Ep,— & =Epp mr B =€ = Epp e with [|f]lce
Moreover, again by Proposition 3.7 for n large enough we have

S
> 20 for i #£ 7,

with so the constant of Proposition 3.2. Consider now the the admissible competitor for E}' given
by

(3.24) dist (B} ;, Ef ;) >

L

B, = | (5?71 + BWT”) ;
i=1
and note that by (3.20) and (3.21) we also have

dist (&7 + B D, g7 4 BT = 2

for n large enough and ¢ # j. The above inequality and (3.24), together once again with (3.21)
and (3.22), in turn yield that

L
D(E}TLL,E}?71> — ZD Eh”El’fLLZl) and
(3.25)
PO BT = ZD(B“” D —a).

Testing the minimality of £}, with %,, and using the second identity in (3.25), we have

L
1 n-1
(326)  P(BE)+ 3 DB} BR) < P(B EE (B B )

Recall now that by (3.23) and by Lemma 3.9 (see also Remark 3.10) for n large enough we have

(B E ) =D (BT B )

g 2,4 MYy

gCD( oty B ) CD(ER; E)T?).

le 1, f11 my’

Thus, from (3.26) and (3.25) we deduce that

L
(3.27) P(E}) — P(B,) < %ZD (Ep i ER?) = gD(E,’;*l,E;;*z).
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Observe now that by concavity

L N-1 L
N-—-1 m
ZmiN SL(f) " for all mq,...,mp >0 s.t. Zmi:m

=1 i=1

and thus

Therefore, from (3.27) and (3.19) we get

+oo 1

> 7 DE BT
k=n—1

= 1 1
= 3 DB B+ 3 DE L B + o DB B

k=n-+1

m 1 1

< P(E}) - LP(B(T)) + 5 DB B + DB By

CHl vy g 1 L C+1 o _
< DB B + g DB By < —— (DB B + D(ELL B Y).

We may now apply Lemma 3.11 (with ¢ = 2) below to conclude

(3.28) D(E}, EM Y < (1 - 01+1> : (P(B) - LP(B)) |

for n large.
Step 2. (Exponential convergence of the barycenters) By (3.23), (3.10) and by (3.28), setting

Bl

(3.29) b= <1 - cl+1) € (0,1),

we have for n sufficiently large
& — & = [bar(Bp i)~ bar(Egy )

= C\/D(Efzﬂ;ivmil’Effwmil) =C D(Ef?,i’ Ei?,;l)
%

m

<C (P(E) - LP(B(T))) b

In turn, the above estimate implies that {£"},, satisfies the Cauchy condition and thus there exist

& € RY,i=1,...,L, such that & — £ exponentially fast as n — oo; precisely,
e . 1 bn+1
n_ ool < ’?—fH<c(PE—LPB<f>)2
g-els e <o (P - e ®) i

for n large enough and for i = 1,..., L. Recalling (3.21), we may conclude that for all £ € N
(3.30) Ep, — &7 +B%) inC* asn—ooandfori=1,...,L.

Step 3. (Exponential convergence of the sets) By (3.30) we can parametrize the boudaries of the
sets Ly, — & as radial graphs over the limiting ball B(T). Precisely, again with the notation
(1.1), there exist functions gi* such that

(3.31) Ep, =& =Egpm and ||gf||cz (05®)) —0asn—o0.
In turn, by Lemma 3.8 (see (3.8)), for n large enough we have that

n - m n -
o7 = 67 opc, < CCR/D(EBR, BRT)
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and, thus, recalling (3.28) and arguing as in Step 2, we get

lgplla < > Ngf —gf <€ Y \/D(EF,EFY
k=n+1 k=n+1
m % bn+1
(3.32) <C (P(E) - LP(B<f>)) T

where b is as in (3.29). The above estimate yields the exponential decay of the L?-norms of the
radial graphs. We now recall the following well known interpolation inequality: for every j € N
there exists C' > 0 such that if g sufficiently smooth on dB(Z), then

1 1
(3.33) 129l o) < I g, o VL oy

where D* stands for the collection all ¢-th order (covariant) derivatives of g, see for instance [3].
Now, using the fact that from (3.31) for every ¢ there exists ny € N such that
sup [[D* g7z < 1,

n>ng
we may apply (3.33) to gI* to deduce from (3.32) that also || D’g?||2 decays exponentially fast for
all ¢ € N. This in turn yields the exponential decay in C* for every ¢ and concludes the proof of
the theorem. O

Lemma 3.11. Let {a,}nen be a sequence of non-negative numbers. Assume furthermore that

there exists ¢ > 1, £ € N such that 3% a, < ¢ Zf:ﬁfl a; for every k € N. Then,

w<(1-2)7s

c
for every k € N, where S := :g Gy -
Proof. We first consider the case ¢ = 1. Set F(k) := ::; a, and note that by assumption

F(k) < c(F(k)— F(k+1)) for every k € N. Hence, by iteration we have
1 1\ k+1 1\ k1
anp1 < F(k+1) < (1—E)F(k) <. < (1_5) F(0) = (1_2) S
for every k € N.
In the case £ > 2 it is enough to set by := Z§=1 agk—1)+; and to observe that the assumption
now reads Z::;C b, < cbi so that we may apply the previous case. O
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