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Abstract

Constraints of the osp(6|4) symmetry on tree-level scattering ampli-
tudes in N = 6 superconformal Chern–Simons theory are derived.
Supplemented by Feynman diagram calculations, solutions to these con-
straints, namely the four- and six-point superamplitudes, are presented
and shown to be invariant under Yangian symmetry. This introduces
integrability into the amplitude sector of the theory.

ar
X

iv
:1

00
3.

61
20

v3
  [

he
p-

th
] 

 6
 J

ul
 2

01
0

http://arxiv.org/abs/1003.6120


Contents

1 Introduction and Overview . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Three-Dimensional Kinematics . . . . . . . . . . . . . . . . . . . . . . . . 4

3 Superfields and Color Ordering . . . . . . . . . . . . . . . . . . . . . . . . 6

4 Singleton Realization of osp(6|4) . . . . . . . . . . . . . . . . . . . . . . . 8

5 Constraints on Symmetry Invariants . . . . . . . . . . . . . . . . . . . . 10

6 Amplitudes for Four and Six Points . . . . . . . . . . . . . . . . . . . . . 15

7 Integrability alias Yangian Invariance . . . . . . . . . . . . . . . . . . . . 20

8 Conclusions and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

A From (S)Clifford algebra to Spinor/Metaplectic representations . . . 32

B so(6) Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

C Determinability of the Six-Point Superamplitude . . . . . . . . . . . . 37

D Two Component Amplitude Calculations . . . . . . . . . . . . . . . . . 38

E Factorization of the Six-Point Superamplitude . . . . . . . . . . . . . . 42

F The Metric of osp(6|4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

G The Level-One Generators P(1)ab and Q(1)aB . . . . . . . . . . . . . . . 44

H The Serre Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

I Conventions and Identities . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1 Introduction and Overview

While the prime example of the AdS/CFT correspondence is the duality between four-
dimensional N = 4 super Yang–Mills theory (SYM) and type IIB superstring theory on
AdS5×S5 [1], another remarkable instance equates N = 6 superconformal Chern–Simons
theory in three dimensions (SCS) and type IIA strings on AdS4 ×CP3 [2]. In the study
of the spectrum on both sides of these two correspondences, the discovery of integrability
[3–10] in the planar limit has been of crucial importance, and has lead to the belief that
the planar theories might be exactly solvable.

Exact solvability would suggest that integrability also manifests itself in the scattering
amplitudes of the above theories. For the AdS5/CFT4 correspondence, this is indeed the
case. Motivated by a duality between Wilson loops and scattering amplitudes in N = 4
SYM theory [11], a dual superconformal symmetry of scattering amplitudes was found
at weak coupling [12]. This dual symmetry can be traced back to a T-self-duality of
the AdS5 × S5 string background [13, 14] (see also [15] for a review). In addition to
the standard superconformal symmetry, the dual realization acts on dual momentum
variables leaving all N = 4 SYM tree-level amplitudes invariant [16]. Integrability at
weak coupling then arises as the closure of standard and dual superconformal symmetry
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into a Yangian symmetry algebra for tree-level scattering amplitudes [17]. In fact, N =
4 SYM tree-level amplitudes seem to be uniquely determined by a modified Yangian
representation that takes into account the peculiarities of collinear configurations due to
conformal symmetry [18–20]. There has also been remarkable progress on the application
of integrable methods to the strong-coupling regime of scattering amplitudes in N = 4
SYM theory [21].

On the other hand, little is known about scattering amplitudes in the AdS4/CFT3

correspondence. For N = 6 SCS, so far only four-point amplitudes have been computed
[22]. In particular, while some possibilities for T-self-duality have been explored [23], no
direct analog of dual superconformal symmetry was found for this theory.

Given the perturbative integrability of the spectral problem of N = 6 SCS theory
paralleling the discoveries in the AdS5/CFT4 case, and the recent findings on scattering
amplitudes in the latter, it seems reasonable to search for integrable structures (alias
Yangian symmetry) in N = 6 SCS scattering amplitudes. In the absence of a dual
symmetry, a straightforward generalization of the developments in N = 4 SYM appears
to be obscured. Even without a dual symmetry, however, a procedure to consistently
promote certain standard Lie algebra representations to Yangian representations is well-
known [24, 25, 17]. That is, Yangian generators that act on scattering amplitudes in a
similar way as in N = 4 SYM can be constructed directly. However, a priori it is not
true that invariants of the standard Lie algebra representation are also invariant under
the Yangian algebra. Invariance of scattering amplitudes under the Yangian generators
would be a manifestation of integrability.

The standard osp(6|4) symmetry ofN = 6 SCS is realized on the tree-level amplitudes

Atree
n as a sum of the action of the free generators J

(0)
α,k on the individual legs k,

J(0)
α Atree

n =
n∑
k=1

J
(0)
α,kAtree

n = 0 . (1.1)

For scattering amplitudes in N = 4 SYM, as well as for local gauge invariant operators
both in N = 4 SYM and in N = 6 SCS, the Yangian generators J

(1)
α at tree-level are

realized according to the construction of [24, 25]: They act as bilocal compositions of
standard symmetry generators,

J(1)
α ∼ fα

βγ
∑
j<k

J
(0)
β,j J

(0)
γ,k . (1.2)

Hence these are also natural candidates for Yangian symmetry generators for N = 6
SCS scattering amplitudes.

In this paper, the constraints of the osp(6|4) (level-zero) symmetry algebra on n-point
scattering amplitudes are analyzed. The four- and six-point superamplitudes of N = 6
SCS theory are given as solutions to these constraints, and are shown to be invariant
under the Yangian (level-one) algebra constructed as described above. This introduces
integrability into the amplitude sector of N = 6 SCS theory.
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Outline

The paper is structured as follows: In Section 2, the kinematics for three-dimensional field
theories are discussed, and momentum spinors are introduced. An on-shell superspace
and the corresponding superfields for N = 6 SCS are presented in Section 3, where also
color-ordering is discussed. The realization of the symmetry algebra osp(6|4) in terms
of the superspace variables is exhibited in Section 4. In Section 5 the invariants of this
realization are studied. The four- and six-point tree-level superamplitudes are presented
in Section 6. In Section 7, the realization of the osp(6|4) Yangian algebra is analyzed and
shown to be consistent by means of the Serre relations. Yangian invariance of the four-
and six-point amplitudes is shown. Finally, our conventions as well as several technical
details, including the computation of two six-point component amplitudes from Feynman
diagrams, are presented in the appendix.

2 Three-Dimensional Kinematics

Momentum Spinors. The Lorentz algebra in three dimensions is given by so(2, 1)
being isomorphic to sl(2;R). Thanks to this isomorphism, an so(2, 1) vector equivalently
is an sl(2;R) bispinor. More explicitly, three-dimensional vectors can be expanded in a
basis of symmetric matrices σµ,

pab = (σµ)abpµ =

(
p0 − p1 p2

p2 p0 + p1

)
, (2.1)

and any symmetric 2× 2 matrix pab can be written as

pab = λ(aµb) . (2.2)

By means of the identifications (2.1,2.2), the square norm of the vector pµ equals the
determinant of the corresponding matrix:

pµpµ = − det(pab) = −
(
λaεabµ

b
)2
. (2.3)

In particular, this means that the masslessness condition p2 = 0 can be explicitly solved

pab = λaλb . (2.4)

Given a massless momentum, the choice of λa in (2.4) is unique up to a sign being the
manifestation of the fact that the group SL(2;R) is the double cover of SO(2, 1). That
the sign is the only freedom in the choice of λa is due to the fact that the little group
of massless particles1 is discrete in three dimensions. For massive momenta on the other
hand, the choice of λa, µa in (2.2) has an R+ × U(1) freedom

λa → cλa , µa → µa/c , c ∈ C\{0} . (2.5)

1SO(d− 2) in d dimensions.
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Lorentz
SO(d−1, 1)

Conformal
SO(d, 2)

Lightlike
Momentum

Little
Group

Superconformal
Group

d=3 SL(2;R) SP(4;R) pab = λaλb Z2 OSP(N≤8|4)

d=4 SL(2;C) SU(2, 2) paḃ = λaλ̄ḃ U(1) (P)SU(2, 2|N≤4)

d=6
SL(2;H)
' SU∗(4)

SO∗(8)
p[AB] = εabλ

AaλBb

p[AB] = εȧḃλ̃
ȧ
Aλ̃

ḃ
B

SU(2)2 OSP(8|2), OSP(8|4)

Table 1: Spinor-helicity formalism and superconformal symmetry in various
dimensions.

In particular this contains the little group U(1) of massive particles2 in three dimensions.
Some comments on reality conditions for λa are in order. Physical momenta are real;

this means that λa can be either purely real or purely imaginary. For positive-energy
momenta (p0 > 0), λa is purely real, while it is purely imaginary for negative-energy
momenta. Even for complex momenta, pab is expressed in terms of a single complex λ
as in (2.4). This seems very different to the four-dimensional case, where momenta can
be written as

paḃd=4 = λaλ̃ḃ , (2.6)

and λa and λ̃ḃ are independent in complexified kinematics. In Minkowski signature, λa

and λ̃ḃ are actually complex conjugate to each other. This is the origin of the holomorphic
anomaly [26]. Looking at (2.4), nothing similar appears to happen in three dimensions
if one imposes the correct reality conditions.

It is worth noting that the existence of a spinor-helicity framework in a certain di-
mension is intimately connected to the existence of superconformal symmetry in that
dimension, cf. Table 1. For the six-dimensional case the spinor-helicity formalism has
been recently applied to scattering amplitudes in [27].

Kinematical Invariants. In terms of momentum spinors, two-particle Lorentz invari-
ants can be conveniently expressed as

ηµνp
µ
1p

ν
2 = −1

2
〈12〉2 , 〈jk〉 := λajεabλ

b
k . (2.7)

It is easy to count the number of (independent) Poincaré invariants that can be built out
of n massless three-dimensional momenta. Every spinor carries two degrees of freedom
resulting in 2n variables for n massless momenta. The number of two-particle Lorentz
invariants one can build from these is 2n−3, where 3 is the number of Lorentz generators.
This can be explicitly done using Schouten’s identity

〈kl〉〈ij〉+ 〈ki〉〈jl〉+ 〈kj〉〈li〉 = 0. (2.8)

Finally, total momentum conservation imposes three further constraints, such that the
number of Poincaré invariants is 2n − 6. Note that for n = 3 there is no Poincaré
invariant, even in complex kinematics.

2SO(d− 1) in d dimensions.
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One-Particle States. One-particle states are solutions of the linearized equation of
motion. This equation is an irreducibility condition for the representation of the Poincaré
group. For massless particles, these Poincaré representations are lifted to representations
of the conformal group SO(d, 2). Once again, the existence of the spinor formulation in
three dimensions makes it possible to explicitly solve the irreducibility condition.

For scalars, the irreducibility condition is trivially satisfied by an arbitrary function
of the massless momentum:

p2φ(pab) = 0 ⇒ φ(pab) = φ(λaλb) . (2.9)

For fermions, the irreducibility condition is given by the Dirac equation, which forces
the fermionic state Ψa to be proportional to εabλ

b,

pabΨb(p
cd) = 0 ⇒ Ψa(p

cd) = εabλ
bψ(λcλd) . (2.10)

Thus when λa changes its sign, the scalar state is invariant, while the fermionic state
picks up a minus sign. Once again, this just corresponds to the fact that fermions are
representations of Spin(2, 1) ∼ SL(2;R), which is the double cover of SO(2, 1). Put
differently,

exp
(
iπλa

∂

∂λa

)
|State〉 = (−1)F |State〉 , (2.11)

where F denotes the fermion number operator.
It is worth mentioning that these representations of the conformal group SO(3, 2) ∼

Sp(4,R) have a long history. They go back to Dirac [28] and were particularly studied
by Flato and Fronsdal in an ancestor form of the AdS/CFT correspondence [29].

3 Superfields and Color Ordering

Field Content. The matter fields of N = 6 superconformal Chern–Simons theory
comprise eight scalar fields and eight fermion fields that form four fundamental multiplets
of the internal su(4) symmetry:

φA(λ) , φ̄A(λ) , ψA(λ) , ψ̄A(λ) , A ∈ {1, 2, 3, 4} . (3.1)

The fields φA and ψA transform in the (N, N̄) representation, while φ̄A, ψ̄A transform in
the (N̄,N) representation of the gauge group U(N)×U(N).3 The former shall be called
“particles”, the latter “antiparticles”. In addition, the theory contains gauge fields Aµ,

Âµ that transform in (ad,1), (1, ad) representations of the gauge group. The gauge
fields however cannot appear as external fields in scattering amplitudes, as their free
equations of motion ∂[µAν] = 0 = ∂[µÂν] do not allow for excitations.

3N: Fundamental representation of U(N), N̄: Antifundamental representation of U(N).
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Superfields. For the construction of scattering amplitudes, it is convenient to employ a
superspace formalism, in which the fundamental fields of N = 6 superconformal Chern–
Simons theory combine into superfields and supersymmetry becomes manifest. In N = 4
SYM, the fields (gluons, fermions, scalars) transform in different representations of the
internal symmetry group. Thus in the superfield of N = 4 SYM, the fields can be
multiplied by different powers of the fermionic coordinates ηA according to their different
representation. Internal symmetry, realized as RA

B ∼ ηA∂/∂ηB, is then manifest. All
particles inN = 6 SCS form (anti)fundamental multiplets of the internal su(4) symmetry.
Thus an analogous superfield construction, i.e. one in which R-symmetry only acts on the
fermionic variables, seems obstructed for this theory. Nevertheless, by breaking manifest
R-symmetry, one can employN = 3 superspace, in which the fundamental fields combine
into one bosonic and one fermionic superfield with the help of an su(3) Graßmann spinor
ηA,

Φ(Λ) = φ4(λ) + ηAψA(λ) + 1
2
εABCη

AηBφC(λ) + 1
3!
εABCη

AηBηCψ4(λ) ,

Φ̄(Λ) = ψ̄4(λ) + ηAφ̄A(λ) + 1
2
εABCη

AηBψ̄C(λ) + 1
3!
εABCη

AηBηC φ̄4(λ) . (3.2)

Here and in the following, Λ is used as a shorthand notation for the pair of variables
(λ, η). Introducing these superfields amounts to splitting the internal su(4) symmetry
into a manifest u(3), realized as RA

B ∼ ηA∂/∂ηB, plus a non-manifest remainder, realized
as multiplication and second-order derivative operators. For the complete representation
of the symmetry group on the superfields, see the following Section 4.

Using the superfields, scattering amplitudes conveniently combine into superampli-
tudes

Ân = Ân(Φ1, Φ̄2, Φ3, . . . , Φ̄n) , Φk := Φ(Λk) . (3.3)

Component amplitudes for all possible configurations of fields then appear as coefficients
of Ân in the fermionic variables ηA1 , . . . , η

A
n .

Color Ordering. In all tree-level Feynman diagrams, each external particle (antiparti-
cle) is connected to one antiparticle (particle) by a fundamental color line and to another
antiparticle (particle) by an antifundamental color line.4 Tree-level scattering amplitudes
can therefore conveniently be expanded in their color factors:

Ân
(
Φ1

A1

Ā1
, Φ̄2

B̄2
B2
, Φ3

A3

Ā3
, . . . , Φ̄n

B̄n
Bn

)
=
∑

σ ∈ (Sn/2 × Sn/2)/Cn/2

An
(
Λσ1 , . . . , Λσn

)
δ
Aσ1
Bσ2

δ
B̄σ2
Āσ3

δ
Aσ3
Bσ4
· · · δB̄σn

Āσ1
. (3.4)

Here, the sum extends over permutations σ of n sites that only mix even and odd sites
among themselves, modulo cyclic permutations by two sites. By definition, the color-
ordered amplitudes An do not depend on the color indices of the external superfields.
The total amplitude Ân is invariant up to a fermionic sign under all permutations of
its arguments. Therefore the color-ordered amplitudes An are invariant under cyclic
permutations of their arguments by two sites,

An(Λ3, . . . , Λn, Λ1, Λ2) = (−1)(n−2)/2An(Λ1, . . . , Λn) , (3.5)

4This implies in particular that only scattering processes involving the same number of particles and
antiparticles are non-vanishing.
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where the sign is due to the fact that Φ is bosonic and Φ̄ is fermionic. While the
color-ordered component amplitudes can at most change by a sign under shifts of the
arguments by one site,5 the superamplitude An might transform non-trivially under
single-site shifts, as the definition of An(Λ1, . . . , Λn) in (3.4) implies that Λodd/even belong
to bosonic/fermionic superfields.

For the color-ordered amplitudes An, the superanalog of the condition (2.11) takes
the form

exp iπ
(
λak

∂

∂λak
+ ηAk

∂

∂ηAk

)
An = (−1)kAn . (3.6)

Note that this local constraint looks similar to the (local) central charge condition in
four dimensions. Moreover, exp iπ

(
λak

∂
∂λak

+ ηAk
∂
∂ηAk

)
is central for the osp(6|4) realization

given in the next Section 4.
Note that the above color structure (3.4) is very similar to the structure of quark-

antiquark scattering in QCD, see e.g. [30].

4 Singleton Realization of osp(6|4)

The osp(6|4) algebra is spanned by the sp(4) generators of translations Pab, Lorentz
transformations Lab, special conformal transformations Kab and dilatations D, by the
so(6) R-symmetries RAB, RA

B and RAB as well as 24 supercharges QaA, Qa
A, Sa

A and
SaA. Here we use sl(2) indices a, b, . . . = 1, 2 and su(3) indices A,B, . . . = 1, 2, 3. As
mentioned above, the internal so(6) symmetry is not manifest in this realization of the
algebra. The generators RAB and RAB are antisymmetric in their indices, while RA

B

does contain a non-vanishing trace and thus generates su(3) + u(1). Hence, in total we
have 15 independent R-symmetry generators corresponding to so(6) ∼ su(4), cf. also
Figure 1.

Commutators. The generators of osp(6|4) obey the following commutation relations:
Lorentz and internal rotations read

[Lab, J
c] = +δcbJ

a − 1
2
δabJ

c , [Lab, Jc] = −δacJb + 1
2
δabJc , (4.1)

[RA
B, J

C ] = +δCBJ
A , [RA

B, JC ] = −δACJB , (4.2)

[RAB, J
C ] = δCBJA − δCAJB , [RAB, JC ] = δBCJ

A − δACJB . (4.3)

Commutators including translations and special conformal transformations take the form

[Kab,P
cd] = δdbL

c
a + δcbL

d
a + δdaL

c
b + δcaL

d
b + 2δdb δ

c
aD + 2δcbδ

d
aD , (4.4)

[Pab,SA
c ] = −δacQbA − δbcQaA , [Kab,Q

cA] = δcbS
A
a + δcaS

A
b , (4.5)

[Pab,ScA] = −δacQb
A − δbcQa

A , [Kab,Q
c
A] = δcaSbA + δcbSaA , (4.6)

5A single-site shift amounts to exchanging the fundamental with the antifundamental gauge group,
which equals a parity transformation in N = 6 SCS [2].
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La
b,D,RA

B

Pab

Kab

QaAQa
A

RAB RAB

SaA SA
a

-2 -1 0 1 2

2

1

0

-1

-2

D

Ru(1)

Figure 1: The generators of osp(6|4) can be arranged according to their dilata-
tion charge and their u(1) charge under RC

C .

while the supercharges commute into translations and rotations:

{QaA,Qb
B} = δABP

ab , {SaA,S
B
b } = δBAKab , (4.7)

{QaA,SbB} = δABL
a
b − δabRA

B + δABδ
a
bD , {QaA,SB

b } = −δabRAB , (4.8)

{Qa
A,S

B
b } = δBAL

a
b + δabR

B
A + δABδ

a
bD , {Qa

A,SbB} = −δabRAB . (4.9)

Furthermore the non-vanishing dilatation weights are given by

[D,Pab] = +Pab , [D,QaA] = +1
2
QaA , [D,Qa

A] = +1
2
Qa
A , (4.10)

[D,Kab] = −Kab , [D,SA
a ] = −1

2
SA
a , [D,SaA] = −1

2
SaA . (4.11)

All other commutators vanish. Note that in contrast to the psu(2, 2|4) symmetry algebra
of N = 4 SYM theory, all fermionic generators are connected by commutation relations
with bosonic generators.

Singleton Realization. The above algebra osp(6|4) can be realized in terms of the
bosonic and fermionic spinor variables λa and ηA introduced in Sections 2,3. Acting on
one-particle states the representation takes the form (cf. also [31], used in the present
context in [7, 32]):

Lab = λa∂b − 1
2
δabλ

c∂c , Pab = λaλb ,

D = 1
2
λa∂a + 1

2
, Kab = ∂a∂b ,

RAB = ηAηB , RA
B = ηA∂B − 1

2
δAB , RAB = ∂A∂B ,

QaA = λaηA , SA
a = ηA∂a ,

Qa
A = λa∂A , SaA = ∂a∂A . (4.12)
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For a general discussion of representations of this type, cf. Appendix A. The multi-
particle generalization of these generators at tree-level is given by a sum over single-
particle generators (4.12) acting on each individual particle k, i.e.

Jmulti
α =

n∑
k=1

Jsingle
α,k , Jα ∈ osp(6|4). (4.13)

As opposed to psu(2, 2|4), the symmetry algebra of N = 4 SYM, the algebra osp(6|4)
cannot be enhanced by a central and/or a hyper-charge. Since in N = 4 SYM theory
the hyper-charge of psu(2, 2|4) measures the helicity, this can be considered the algebraic
manifestation of the lack of helicity in three dimensions. Still we can define some central
element like in (3.6).

5 Constraints on Symmetry Invariants

We are interested in the determination of tree-level scattering amplitudes of n particles in
N = 6 SCS theory. These should be functions of the superspace coordinates introduced
in Section 3 and be invariant under the symmetry algebra osp(6|4) of the N = 6 SCS
Lagrangian. In order to approach this problem, this section is concerned with the sym-
metry constraints imposed on generic functions of n bosonic and n fermionic variables λai
and ηAi , respectively. That is, we study the form of invariants In(λi, ηi) under the above
representation of osp(6|4). It is demonstrated that requiring invariance under the sym-
metry reduces to finding so(6) singlets plus solving a set of first-order partial differential
equations; the latter following from invariance under the superconformal generator S.
Invariance under all other generators will then be manifest in our construction.

Due to the color decomposition discussed in Section 3, scattering amplitudes are
expected to be invariant under two-site cyclic shifts. Since the generators given in the
previous section are invariant under arbitrary permutations of the particle sites, they do
not impose any cyclicity constraints. Those constraints as well as analyticity conditions
are important ingredients for the determination of amplitudes, but are not studied in the
following. Note that apart from assuming a specific realization of the symmetry algebra,
the investigations in this section are completely general. In Section 6, we will specialize
to four and six particles and give explicit solutions to the constraints. The following
discussion will be rather technical. For convenience, the main results are summarized at
the end of this section.

Invariance under sp(4). The subalgebra sp(4) of osp(6|4) is spanned by the genera-
tors of translations Pab, Lorentz transformations Lab, special conformal transformations
Kab and dilatations D. Invariance under the multiplication operator Pab = λaλb con-
strains an invariant of sp(4) to be of the form

In(λi, ηi) = δ3(P )G(λi, ηi), (5.1)

where P ab =
∑n

i=1 λ
a
i λ

b
i is the overall momentum and G(λi, ηi) some function to be

determined. The momentum delta function is Lorentz invariant on its own so that
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G(λi, ηi) has to be invariant under Lab as well. As δ3(P ) has weight −3 in P , dilatation
invariance furthermore requires that

∑n
k=1 λ

a
k∂kaG = (6− n)G. We will not specify any

invariance condition for the conformal boost here, since invariance under Kab will follow
from invariance under the superconformal generators SaA, SB

b using the algebra.

Invariance under Q and R. Invariance under the multiplicative supermomentum
QaA requires the invariant In to be proportional to a corresponding supermomentum
delta function:

In(λi, ηi) = δ3(P )δ6(Q)F (λi, ηi), (5.2)

where one way to define the delta function is given by

δ6(Q) =
∏
a=1,2
A=1,2,3

QaA, QaA =
n∑
i=1

λai η
A
i . (5.3)

Again, the function F (λi, ηi) should be Lorentz invariant, and dilatation invariance im-
plies

n∑
k=1

λak∂kaF = −nF. (5.4)

Invariance under the second momentum supercharge Qa
A will follow from R-symmetry,

but will also be discussed in (5.19).
In order to construct a singlet under the multiplicative R-symmetry generator RAB =∑n
i=1 η

A
i η

B
i one might want to add another delta function “δ(R)” to our invariant.

Things, however, turn out to be not as straightforward as for the generators P and
Q. As a function of the bosonic object RAB made out of fermionic quantities, “δ(R)” is
not well defined.

We first of all note that invariance under the u(1) R-symmetry generator

RC
C = ηC∂C − 3

2
n (5.5)

fixes the power m of Graßmann parameters η in the n-leg invariant In to

m = 3
2
n. (5.6)

Hence, increasing the number of legs of the invariant by 2 increases the Graßmann
degree of the invariant by 3 (remember that amplitudes with an odd number of external
particles vanish). This is a crucial difference to scattering amplitudes in N = 4 SYM
theory. As a consequence, the complexity of amplitudes in N = 6 SCS automatically
increases with the number of legs. There are no simple MHV-type amplitudes for all
numbers of external particles as in the four-dimensional counterpart. Rather, the n-point
amplitude resembles the N(n−4)/2MHV amplitude in N = 4 SYM theory (being the most
complicated).

We can ask ourselves what happens to the R-symmetry generators in the presence
of δ3(P )δ6(Q). To approach this problem, we introduce a new basis for the fermionic
parameters ηAi :

ηAi , i = 1, . . . , n → αAJ , β
A
J , Q

aA, Y aA, J = 1, . . . , n−4
2
. (5.7)
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That is we trade n anticommuting parameters ηA for n = 2× (n−4)/2+4 new fermionic
variables. The new quantities are defined as

αAJ := x+
J · ηA =

n∑
i=1

x+
Jiη

A
i , βAJ := x−J · ηA =

n∑
i=1

x−Jiη
A
i , (5.8)

Y aA := ya · ηA =
n∑
i=1

yai η
A
i , (5.9)

where the coordinate vectors x±Ji(λk) and yai (λk) express the new variables αJ , βJ and Y a

in terms of the old variables ηi. At first sight, introducing this new set of variables might
seem unnatural. It will, however, be very convenient for treating invariants of osp(6|4)
and appears to be a natural basis for scattering amplitudes in N = 6 SCS theory.

In order for the new set of Graßmann variables (5.7) to provide n independent pa-
rameters, the coordinates have to satisfy some independence conditions. Since the two
variables Qa are given by the coordinate n-vectors λai for a = 1, 2, a natural choice are
the orthogonality conditions

x±J · λb = 0, ya · λb = εab, ya · x±J = 0, (5.10)

where the dot · represents the contraction of two n-vectors as in (5.8,5.9). For convenience
we furthermore choose the following normalizations

x±I · x±J = 0, x+
I · x−J = δIJ , ya · yb = 0. (5.11)

Given λai such that λa · λb = 0, (5.10) and (5.11) do not fix x±I and ya uniquely. The
leftover freedom can be split into an irrelevant part and a relevant one. The irrelevant
freedom is

x±Ii → x±Ii + v±aIλ
a
i , ya → ya + wλa , (5.12)

where v±aI and w are functions of λ. The freedom expressed in (5.12) is nothing but the
freedom of shifting the fermionic variables defined in (5.8,5.9) by terms proportional to
QaB. In the presence of δ6(Q) this freedom is obviously irrelevant. The relevant freedom
corresponds to λ-dependent O(n− 4) rotations of x±I , see Appendix B for more details.

We can now explicitly express ηi in terms of the new parameters,

ηAi =

(n−4)/2∑
M=1

x−Miα
A
M +

(n−4)/2∑
M=1

x+
Miβ

A
M − εabyaiQbA + εabλ

a
i Y

bA. (5.13)

Since for general momentum spinors λai obeying overall momentum conservation the two
operators

Aij =

(n−4)/2∑
J=1

x+
J(ix

−
Jj), Bij = εabλ

a
(iy

b
j), (5.14)

define projectors on the x± and λ-y subspace, respectively, the statement that the new
variables span the whole space of Graßmann parameters can be rephrased as

δij =

(n−4)/2∑
J=1

x+
J(ix

−
Jj) + εabλ

a
(iy

b
j). (5.15)
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Here (..) denotes symmetrization in the indices, whereas [..] will be used for antisym-
metrization in the following. Equation (5.15), however, only represents the coordinate
version of rewriting the multiplicative R-symmetry generator in terms of the new pa-
rameters:

δ3(P )RAB = δ3(P )
n∑
i=1

ηAi η
B
i = δ3(P )

(
(n−4)/2∑
J=1

α
[A
J β

B]
J + εabQ

a[AY aB]

)
. (5.16)

Introducing the new set of variables {α, β,Q, Y } was originally motivated by this rewrit-
ing. In particular, we now find that the R-symmetry generators further simplify under
the supermomentum delta function

δ3(P )δ6(Q)RAB = δ3(P )δ6(Q)

(n−4)/2∑
J=1

α
[A
J β

B]
J . (5.17)

In order to investigate the properties of the unknown function F in (5.2)

In(λi, α, β, Y,Q) = δ3(P )δ6(Q)F (λi, α, β, Y,Q) (5.18)

in terms of the new fermionic variables, we act with Qa
A on the invariant and use the

properties of x±, ya and λa under the momentum delta function to obtain

Qa
AIn = −δ3(P )δ6(Q)εab

∂F

∂Y bA
. (5.19)

Since Qa
A invariance forces this to vanish, the Y -dependence of F is constrained to

∂F

∂Y
∼ Q. (5.20)

All terms of F proportional to Q vanish in (5.18) such that under δ6(Q) we find

F = F (λi, α, β). (5.21)

This guarantees invariance under Qa
A. Hence, introducing the new set of fermionic vari-

ables and making use of QaA and Qa
A invariance, we fixed the dependence of the invariant

on 12 of the Graßmann variables. Rewriting the R-symmetries in terms of the new vari-
ables we obtain the conditions

RABIn = δ3(P )δ6(Q)

(n−4)/2∑
J=1

α
[A
J β

B]
J F (λi, α, β)

!
= 0,

RABIn = δ3(P )δ6(Q)

(n−4)/2∑
J=1

∂

∂α
[A
J

∂

∂β
B]
J

F (λi, α, β)
!

= 0. (5.22)

Note that since α, β are independent of Q, these equations equivalently have to hold
in the absence of the supermomentum delta function. Solutions to these equations for
n = 6 will be given in Section 6. Invariance under

RA
B =

p∑
J=1

(
αAJ

∂

∂αBJ
+ βAJ

∂

∂βBJ
− δAB

)
(5.23)
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follows from (5.22) using the algebra relations (4.3). For more details on the solutions
to these equations, see Appendix B (cf. also [31]).

The analysis up to here concerns only the super-Poincaré and R-symmetry part of
osp(6|4). Since this part of the symmetry is believed to not receive quantum corrections,
the considerations up to now are valid at the full quantum level.

Invariance under S. In this paragraph we consider the implications of S-invariance
on the function In. This is the most involved part of the invariance conditions in this
section and will imply invariance under the conformal boost Kab by means of the algebra
relation {SaA,S

B
b } = δBAKab. We apply the generator SA

a to the invariant In after
imposing invariance under P, L, D, Q and R as above:

SA
a In(λ, α, β,Q) = δ3(P )

[∂δ6(Q)

∂QaB
RABF + δ6(Q)SA

a F
]
. (5.24)

Expressing the R-symmetry generator in terms of the parameters α and β

SA
a In = δ3(P )

[
∂δ6(Q)

∂QaB

(n−4)/2∑
J=1

α
[A
J β

B]
J F + εbcY

c[BFQbA]∂δ
6(Q)

∂QaB
+ δ6(Q)SA

a F

]
, (5.25)

the first term vanishes by means of (5.22). Using QbA∂δ6(Q)/∂QaB = δbaδ
A
Bδ

6(Q), we can
rewrite this as

SA
a In = δ3(P )δ6(Q)

(
2εcaY

cA + SA
a

)
F, (5.26)

and express the second term in this sum in the form of

SA
a F =

n∑
j,k=1

(n−4)/2∑
J=1

ηAk η
B
j

(
∂x+

Jj

∂λak

∂

∂αBJ
+
∂x−Jj
∂λak

∂

∂βBJ

)
F + ηA · Fa. (5.27)

Here we have defined the partial derivative of F as

Fai =
∂F (λ, α, β)

∂λai

∣∣∣∣
α,β=const

. (5.28)

If we now expand ηi in (5.27) in terms of the new fermionic basis (5.13) and use the
conditions (5.10,5.11), the first term in (5.26) cancels and the invariance condition for
the S-symmetry takes the form of a differential equation for the unknown function F :

SA
a In = δ3(P )δ6(Q)

(n−4)/2∑
J=1

{
(n−4)/2∑
M,N=1

[ (
αAMZ

−−+
MNJa − βAMZ++−

MNJa

)
αBN

∂

∂αBJ
(5.29)

+ (βAMZ
+−−
MNJa + αAMZ

−−−
MNJa)α

B
N

∂

∂βBJ

]
F +

(
x−J · Fa

)
αAJ + {(α,+)↔ (β,−)}

}
.

Here we have defined for convenience

Z±±±MNJa =
n∑

j,k=1

x±Mkx
±
Nj

∂x±Jj
∂λak

. (5.30)
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Once the differential equation (5.29) is satisfied, invariance under SaA follows from the
commutation relations of osp(6|4). While this equation is trivially satisfied for n = 4,
we will give explicit solutions to it for n = 6 in Section 6.

Summary. To summarize the previous analysis, a general n-point invariant In of the
superalgebra can be expanded in a basis of R-symmetry invariants Fn,k,

6

In = δ3(P ) δ6(Q)
K∑
k=1

fn,k(λ)Fn,k , (5.31)

where a priori some fn,k(λ) could be zero. The number K of basis elements Fn,k is given
by the number of singlets in the representation (4⊕ 4̄)⊗(n−4), cf. Appendix B. We have
introduced a new basis {αI , βI , Y,Q} for the fermionic superspace coordinates. Using
invariance under QaA and Qa

A these are very helpful to fix the dependence of the invariant
on 12 of the Graßmann variables: The basis elements Fn,k are functions only of the
n−4 Graßmann spinors αA1 , β

A
1 , . . . , α

A
(n−4)/2, β

A
(n−4)/2, multiplied by the supermomentum

delta-function δ6(Q). They have to satisfy the invariance conditions (5.22). In particular
this implies, via the u(1) R-charge (5.5), that they have to be homogeneous polynomials
of degree 3(n − 4)/2 in the {αI , βI} variables. This is very different than in N = 4
SYM, where the n-point amplitude is inhomogeneous in the fermionic variables, and
the coefficients of the lowest and highest powers (MHV amplitudes) have the simplest
form. Here, the n-point amplitude rather resembles the most complicated (N(n−4)/2MHV)
part of the N = 4 SYM amplitude. When expanding a general invariant in the basis
{Fn,k}, the momentum-dependent coefficients must be Lorentz-invariant and are further
constrained by the S-invariance equation (5.29). The analysis of that equation for general
n is beyond the scope of the present paper. One would have to analyze whether and
how the basic R-symmetry invariants Fn,k mix under (5.29). Moreover, the invariants
Fn,k transform into each other under a change in the choice of {αI , βI} (for more details
see Appendix B). One nice thing of (5.29) is that it expands into a set of purely bosonic
first-order differential equations.

6 Amplitudes for Four and Six Points

After the general analysis of osp(6|4) n-point invariants in Section 5, the simplest cases
n = 4 and n = 6 are discussed in this section.

Four-Point Amplitude. After imposing (super)momentum conservation via the fac-
tor δ3(P ) δ6(Q), invariance under the u(1) R-charge (5.5) already requires the four-point
superamplitude to be of the form

A4 = δ3(P ) δ6(Q) f(λ) , (6.1)

6More precisely, the quantities Fn,k have to be multiplied by δ6(Q) in order to be actual R-symmetry
invariants. In a slight abuse of notation, we refer to the Fn,k themselves as R-symmetry invariants.
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where f(λ) is a Lorentz-invariant function of the λk with weight −4. A4 then trivially
satisfies the R- and S-invariance conditions (5.22,5.29) and as a consequence is osp(6|4)
invariant. A field-theory computation [22] shows that indeed the superamplitude is given
by7

A4 =
δ3(P ) δ6(Q)

〈21〉〈14〉 =
δ3(P ) δ6(Q)

−〈23〉〈34〉 , (6.2)

where we neglect an overall constant. For later reference, we state the component am-
plitudes for four fermions and for four scalars:

A4ψ := A4(ψ4, ψ̄
4, ψ4, ψ̄

4) =
δ3(P )〈13〉3
〈21〉〈14〉 , A4φ := A4(φ4, φ̄4, φ

4, φ̄4) =
δ3(P )〈24〉3
〈21〉〈14〉 .

(6.3)

Six-Point Invariants. In the case of six points, there is only one pair of fermionic
variables α, β. The space of R-symmetry invariants in these variables is spanned by the
two elements (cf. Appendix B)

δ3(α) = 1
3!
εABCα

AαBαC = α1α2α3 , δ3(β) = 1
3!
εABCβ

AβBβC = β1β2β3 . (6.4)

Thus the most general six-point function that is osp(6|4) invariant is given by

I6 = δ3(P ) δ6(Q)
(
f+(λ) δ3(α) + f−(λ) δ3(β)

)
, (6.5)

where α = x+ · η, β = x− · η and x± satisfy (5.10,5.11). In order to be Lorentz-invariant,
the functions f±(λ) must only depend on the spinor brackets (2.7). For being invariant
under the dilatation generator (5.4), they furthermore must have weight −6 in the λk’s.
Finally, they have to be chosen such that invariance under SA

a is satisfied. As there is
only one pair of x± in the case of six particles, many of the quantities Z±±±a defined in
(5.30) vanish. Namely, 0 = Z+±±

a = Z−±±a , as can be seen by acting with x± · ∂/∂λa on
0 = x± · x± (5.11). The SA

a invariance equation (5.29) thus reduces to

SA
a I6 = δ3(P ) δ6(Q)

((
x+ · ∂f

+

∂λa
− 3Z++−

a f+
)
βAδ3(α) + {(α,+ )↔ (β,− )}

)
. (6.6)

Invariance under SA
a is therefore equivalent to

0 =
6∑

k=1

x±k

( 1

f±
∂f±

∂λak
− 3

6∑
j=1

x±j
∂x∓j
∂λak

)
. (6.7)

For given x±, this eliminates one functional degree of freedom of f±, which generically
depends on 2n− 6|n=6 = 6 kinematical invariants (cf. Section 2).

7The two expressions are equal due to the identity 0 = δ3(P )〈2|P |4〉 = δ3(P )
(
〈21〉〈14〉 + 〈23〉〈34〉

)
.

Note that we could also write A4 = i sgn(〈12〉〈14〉)δ3(P ) δ6(Q)/
√
〈12〉〈23〉〈34〉〈41〉, which seems more

natural comparing to MHV amplitudes in N = 4 SYM theory. Then, however, one has to deal with the
sign factor such that we decided not to use this square root form of the four-point amplitude.
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Six-Point Amplitude. It appears very hard to find a solution to (6.7) directly. More-
over, a solution would not fix the relative constant between the two terms of (6.5). In
order to obtain the six-point superamplitude, one thus has to calculate at least one
component amplitude from Feynman diagrams. With two component amplitudes, the
invariant (6.5) can be fixed uniquely, without having to solve (6.7).8 The latter can
then be used as a cross-check on the result. It is reasonable to compute the ampli-
tudes A6ψ = A6(ψ4, ψ̄

4, ψ4, ψ̄
4, ψ4, ψ̄

4) and A6φ = A6(φ4, φ̄4, φ
4, φ̄4, φ

4, φ̄4), as these have
relatively few contributing diagrams.

To obtain the component amplitudes A6ψ and A6φ from the superamplitude A6, one
has to extract the coefficients of η3

1η
3
3η

3
5 and η3

2η
3
4η

3
6, respectively, in the expansion of

(6.5). The Graßmann quantities ηAi appear in expressions of the form

δ9(ηA · tα) ≡ δ6(Q)δ3(α) , (6.8)

where we introduce tαi ≡ (λai , x
+
i ) (so α = 1, 2, 3). The η3

i η
3
j η

3
k term in (6.8) is proportional

to

det

t1i t2i t3i
t1j t2j t3j
t1k t2k t3k

3

= det

λ1
i λ2

i x+
i

λ1
j λ2

j x+
j

λ1
k λ2

k x+
k

3

=
(
〈ij〉x+

k + 〈jk〉x+
i + 〈ki〉x+

j

)3
. (6.9)

In this way one can extract from (6.5) rather simple expressions for the component
amplitudes in terms of f±, x±:

A6ψ =
(
〈13〉x+

5 + 〈35〉x+
1 + 〈51〉x+

3

)3
f+ +

(
〈13〉x−5 + 〈35〉x−1 + 〈51〉x−3

)3
f− ,

A6φ =
(
〈24〉x+

6 + 〈46〉x+
2 + 〈62〉x+

4

)3
f+ +

(
〈24〉x−6 + 〈46〉x−2 + 〈62〉x−4

)3
f− . (6.10)

As shown explicitly in Appendix C, the equations (6.10) indeed determine f± and can
be rewritten as

A6ψ

(−(p1 + p3 + p5)2/2)3/2
= zf+ + z−1f− ,

isA6φ

(−(p1 + p3 + p5)2/2)3/2
= zf+ − z−1f− . (6.11)

where s is an undetermined sign and both s and z are functions of λ. The functions s, z
parametrize the relevant O(2) freedom in the choice of x± mentioned below (5.12) and
discussed in Appendix B. z can obviously be reabsorbed in the definition of f±, the sign
s corresponds to the interchange of f+ with f−.

Using the explicit form of A6ψ and A6φ obtained from a Feynman diagram com-
putation in Appendix D, the equations (6.10) determine f±(λ) and thereby the whole
six-point superamplitude:

A6 = δ3(P ) δ6(Q)
(
f+(λ) δ3(α) + f−(λ) δ3(β)

)
. (6.12)

8This was noted already in [22].
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We do not state f±(λ) here, as their form is not very illuminating. Note that an explicit
six-point solution of (5.10,5.11) for x± is given by

x±i =
1

2
√

2
εijk

〈jk〉√
〈13〉2 + 〈35〉2 + 〈51〉2

, i, j, k odd,

x±i =
±i

2
√

2
εijk

〈jk〉√
〈24〉2 + 〈46〉2 + 〈62〉2

, i, j, k even. (6.13)

That the resulting superamplitude indeed satisfies the invariance condition (6.7) can be
seen by symbolically evaluating the latter and plugging random numerical momentum-
spinors λk on the support of δ(P ) into the result. In fact, as can be seen already in (6.6),
invariance implies that the two terms

δ3(P ) δ6(Q)f+(λ) δ3(α) , δ3(P ) δ6(Q)f−(λ) δ3(β) (6.14)

are separately S-invariant.

Factorization and Collinear Limits. There is a general factorization property (see
e.g. [33]) that any color-ordered tree-level scattering amplitude has to satisfy as an in-
termediate momentum P1k = p1 + · · ·+ pk goes on-shell:9

Ãn(1, . . . , n)
P 2
1k→0→

∑
int. part. p

(±1)Fp
1

P 2
1k

Ãk+1(1, . . . , k, λ̂)Ãn−k+1(±iλ̂, k+1, . . . , n). (6.15)

Here An = Ãnδ
3(P ) and λ̂a is defined by the equation λ̂aλ̂b = P ab

1k , while Fp denotes the

fermion number of particle p. The freedom in the choice of the sign of λ̂a is compensated
by the term (±1)Fp . We sum over all internal particles such that the amplitudes on
the right hand side of (6.15) are non-vanishing. Finally, the power 2 of 1/P1k in (6.15)
follows from dimensional analysis, keeping in mind that

[Ãn]mass dim. = 3− n

2
. (6.16)

The purpose of this paragraph is to consider (6.15) using the explicit expressions for the
component amplitudes A4φ, A4ψ (6.3) and A6φ, A6ψ (6.10) and check for consistency.
In particular, since in the theory under study only amplitudes with an even number of
legs are non-vanishing, A2n should be finite in the generic factorization limit of an even
number of legs, i.e. have no pole in P 2

1,2k.
For the four-point amplitude we can distinguish two cases for the two-particle fac-

torization (= collinear) limit. Using momentum conservation we have (p1 + p2 + p3)2 =
p2

4 = 0. If we take P 2
12 → 0, i.e. λa1 = xλa2 for some constant x, this gives

0 = (p1 + p2 + p3)2 = 2(1 + x2)p2 · p3. (6.17)

9Since we are dealing with cyclically invariant amplitudes, there is no loss of generality in this choice
of momenta.
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1||2 P 2
12 → 0

1||2||3

P 2
123 → 0

1||2||3

∞×A4

∞2 ×A4 ×A4A6

∞2 ×A=0
3 ×A=0

5 + finite

Figure 2: Generic collinear (||) and factorization (P 2 → 0) limits of the six
point amplitude.

For generic x, this equation implies p2 · p3 = 0, yielding that all momenta are collinear
and therefore all kinematical invariants vanish, 〈jk〉 ∼ 〈12〉, i.e.

Ã4 ∼ 〈12〉 for 〈12〉 → 0. (6.18)

On the other hand (6.17) is satisfied if x = ±i or in other words10

pµ1 + pµ2 = 0, pµ3 + pµ4 = 0. (6.19)

For this special momentum configuration Ã4 does not vanish in the two-particle collinear
limit, but is singular.

For the six-point amplitudes there are two different limits to be considered:11

• k = 3: (p1 + p2 + p3)2 → 0. In this case (6.15) reads:

Ã6 →
1

P 2
13

Ã4Ã4 + finite (6.20)

• k = 2: (p1 + p2)2 = 2p1p2 → 0, p1 + p2 6= 0. In this case (6.15) reads:

Ã6 →
1

P 2
12

Ã3Ã5 + finite = finite. (6.21)

The latter case is supposed to give a finite result since amplitudes with an odd number
of legs vanish. We checked that (6.20,6.21) are indeed satisfied for the amplitudes A6φ

and A6ψ given in (6.10).
What are the implications of the pole structure of A6ψ, A6φ on the functions f±(λ)?

First note that (6.3)

A4ψ(λ1, . . . , λ4) =
〈24〉
〈13〉A4φ(λ1, . . . , λ4) = ±A4φ(λ1, . . . , λ4) , (6.22)

because p1 + p3 = −p2 − p4 and thus 〈13〉2 = 〈24〉2, therefore the sign depends on λk.
This implies that in the three-particle factorization limit

ResP 2
13=0Ã6ψ = ±ResP 2

13=0Ã6φ . (6.23)

10We thank Yu-tin Huang for pointing our attention to this second case.
11For the two six-point amplitudes we computed (6.10), there is no sum over internal particles.
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Comparing this to (6.11) shows that either f+(λ) or f−(λ) does not contribute to the
factorization limit. Note that this is consistent with Appendix E, where the superanalog
of (6.15) is worked out. In the three-particle factorization limit, only one of the basic
R-symmetry invariants δ3(α), δ3(β) survives.

To finish this section, we comment on the limit of three momenta becoming collinear.
This kinematical configuration is nothing but the intersection of the two limits considered
above. If we first take the sum of three momenta to be on-shell and further restrict to
the configuration where these three momenta become collinear we obtain

Ã6(1, 2, 3, 4, 5, 6)
P 2
13→0−→ Ã4(1, 2, 3, λ̂)Ã4(λ̂, 4, 5, 6)

〈12〉2 + 〈23〉2 + 〈13〉2
1||2||3−→ 〈12〉

〈12〉2 Ã4(4, 5, 6, λ̂), (6.24)

where P 2
13 ∼ 〈12〉2 +〈23〉2 +〈13〉2. Hence, the 〈12〉−2 divergence in (6.20) becomes 〈12〉−1

because Ã4(1, 2, 3, λ̂) goes to zero as in (6.18). On the other hand we could start from
the two-particle collinear limit (6.21) and see that the finite part on the right hand side
diverges as 〈12〉−1 if the third particle becomes collinear to the (already collinear) first
two particles (cf. Figure 2).

Note in particular the difference to N = 4 SYM theory, where the two-particle
factorization limit already results in a pole proportional to a non-vanishing lower-point
scattering amplitude. Furthermore the two-particle factorization and the two-particle
collinear limit are equivalent as opposed to the limits for three particles relevant for
N = 6 SCS theory.

7 Integrability alias Yangian Invariance

In this section, we show that the four- and six-point scattering amplitudes of N = 6
SCS theory given above are invariant under a Yangian symmetry. In the following,
we will refer to the local Lie algebra representation of osp(6|4) given in Section 4 as

the level-zero symmetry with generators J
(0)
α , e.g. P → P(0). Based on this level-zero

symmetry, we will construct a level-one symmetry with generators J
(1)
α using a method

due to Drinfel’d [24]: We bilocally compose two level-zero generators forming a level-one
generator and neglect possible additional local contributions. This results in the bilocal
structure of the level-one generators that also appear in the context of N = 4 SYM
theory, see e.g. [34, 25]. Up to additional constraints in form of the Serre relations, the
closure of level-zero and level-one generators then forms the Yangian algebra. Note in
particular that, while the dual superconformal symmetry in N = 4 SYM theory was very
helpful for identifying the Yangian symmetry on scattering amplitudes [17], it is not a
necessary ingredient for constructing a Yangian.

To be precise, a Yangian superalgebra is given by a set of level-zero and level-one
generators J

(0)
α and J

(1)
β obeying the (graded) commutation relations

[J(0)
α , J

(0)
β } = fαβ

γJ(0)
γ , [J(0)

α , J
(1)
β } = fαβ

γJ(1)
γ , (7.1)
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as well as the Serre relations12

[J(1)
α , [J

(1)
β , J(0)

γ }}+ (−1)|α|(|β|+|γ|)[J(1)
β , [J(1)

γ , J(0)
α }}+ (−1)|γ|(|α|+|β|)[J(1)

γ , [J(1)
α , J

(0)
β }}

=
h2

24
(−1)|ρ||µ|+|τ ||ν|fαρ

λfβσ
µfγτ

νfρστ{Jλ, Jµ, Jν ]. (7.2)

Here, h is a convention dependent constant corresponding to the quantum deformation
(in the sense of quantum groups) of the level-zero algebra. The symbol |α| denotes the
Graßmann degree of the generator Jα and {. , . , .] represents the graded totally sym-

metric product of three generators. Given invariance under J
(0)
α and J

(1)
α , successive

commutation of the level-zero and level-one generators then implies an infinite set of
generators.

In the case at hand the level-zero generators J
(0)
α can be identified with the stan-

dard osp(6|4) generators defined in Section 4, where indices α, β, . . . label the different
generators. We define the level-one generators by the bilocal composition

J(1)
α = fγβα

∑
1≤j<i≤n

J
(0)
iβ J

(0)
jγ . (7.3)

The definition (7.3) implies that the level-one generators transform in the adjoint of the
level-zero symmetry (7.1). Note that in contrast to the local level-zero symmetry, these
bilocal generators incorporate a notion of ordered sites. Also note that (7.3) singles out
two “boundary legs” (1 and n in this case), while in the amplitudes An all legs are on
an equal footing. It was demonstrated in [17] that for osp(2k + 2|2k) this definition of
the Yangian is still compatible with the cyclicity of the scattering amplitudes. That is
to say, [J

(1)
α , U ] vanishes on the amplitudes An, where U is the site-shift operator.

In explicitly determining the Yangian for osp(6|4), we follow the lines of [17], where
similar computations were performed for psu(2, 2|4). To evaluate (7.3), we require the
structure constants fαβ

γ of osp(6|4) that can be easily read off from the commutation
relations in Section 4. In order to raise or lower their indices we also need the metric
associated with the algebra whose explicit form is given in Appendix F. That the Yangian
indeed satisfies the Serre relations (7.2) is shown further below.

We want to show Yangian invariance of the four- and six-point scattering amplitudes.
In order to do so, we need to compute only one level-one generator J

(1)
α by means of (7.3).

All other level-one generators can be obtained by commutation with level-zero generators
of the osp(6|4) algebra (7.1). Hence invariance under all other level-one generators
follows from the algebra provided we have shown invariance under the level-zero algebra
as well as under one level-one generator. The former was done above, the latter will be
demonstrated here. We will therefore only compute the simplest generator P(1)ab and
show invariance of the scattering amplitudes under this generator. As demonstrated
more explicitly in Appendix G, the level-one generator reads

P(1)ab = 1
2

∑
j<i

(
Q

(0)(aA
i Q

(0)b)
j A −Y

(0)(a
i cP

(0)cb)
j − (i↔ j)

)
, (7.4)

12Note that there is a second set of Serre relations that for finite-dimensional semi-simple Lie algebras
follows from (7.2), see [35].
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after we have changed the basis of generators for convenience by combining the dilatation
and Lorentz generator into

Y(0)a
b = L(0)a

b + δabD
(0). (7.5)

Yangian Invariance of the Four-Point Amplitude. We now check that the four-
point scattering amplitude introduced in Section 6

A4 = δ3(P )δ6(Q)f(λ) =
δ3(P ) δ6(Q)

〈12〉〈41〉 = −δ
3(P ) δ6(Q)

〈23〉〈34〉 (7.6)

is annihilated by the Yangian level-one generator P(1)ab given in (7.4). To this end we
make use of

∂isδ(Q) = ηAi
∂δ(Q)

∂QsA
, ∂isδ(P ) = 2λbi

∂δ(P )

∂P sb
, ∂iAδ(Q) = λai

∂δ(Q)

∂QaA
, (7.7)

such that plugging in the explicit form of the generators straightforwardly yields the
action of P(1) on A4 in the following form

P(1)abA4 = 1
2

∑
j<i

(
Q

(0)(aR
i Q

(0)b)
j R −Y

(0)(a
i rP

(0)b)r
j − (i↔ j)

)
A4

= 1
2
δ(P )δ(Q)

∑
j<i

(
−P(0)r(b

j

(
εrsε

stλ
a)
i ∂it + 1

2
δa)
r

)
f(λ)− (i↔ j)

)
. (7.8)

Using the different expressions in (7.6) we can rewrite f(λ) in the form of

f(λ) =
1

2

(
1

〈12〉〈41〉 −
1

〈23〉〈34〉

)
(7.9)

which yields the following derivative with respect to one of the spinors:

∂itf(λ) = εst
1

2

(
λsi+1

〈i, i+ 1〉 −
λsi−1

〈i− 1, i〉

)
f(λ). (7.10)

Now we make use of this property of the function f(λ). First of all defining the quantity

Uas
i = εstλai ∂itf(λ), (7.11)

we find that for all j, the symmetric part Uas
sym,i = U

(as)
i satisfies (here n = 4)

n∑
i=j+1

Uas
sym,i =

1

2

(
λ

(a
j λ

s)
j+1

〈j, j + 1〉 −
λ

(a
n λ

s)
n+1

〈n, n+ 1〉

)
, (7.12)

where we have used momentum conservation P ab = 0. This implies that Uas
sym,i does not

contribute to (7.8), ∑
j<i

εrsP
r(b
j U

a)s
sym,i = 0. (7.13)
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Hence, in (7.8) only the antisymmetric piece Uas
asym,i = U

[as]
i survives and can be shown

to take the form
Uas

asym,i = εasf(λ). (7.14)

Thus the four-point scattering amplitude is invariant under the action of the level-one
generator P(1)ab:

P(1)abA4 = 1
2
δ(P )δ(Q)

∑
j<i

(
P

(0)r(b
j

(
1
2
δa)
r − 1

2
δa)
r

)
f(λ)− (i↔ j)

)
= 0. (7.15)

As indicated above, invariance of A4 under all other level-one generators follows from
the algebra and hence the four-point scattering amplitude is Yangian invariant.

An n-point Invariant of P(1). Note that the proof of P(1)-invariance of the four-
point scattering amplitude is based on the property (7.10) of the function f(λ). Hence
we can build an n-point invariant of the level-one generator P(1):

Bn = δ3(P )δ6(Q)f(λ), (7.16)

where the only constraint on f(λ) is given by (7.10). In particular, this holds for the
choice

f(λ) =
1√

〈12〉〈23〉 . . . 〈n1〉
. (7.17)

The Graßmann degree of Bn, however, is too low for being invariant under the level-zero
u(1) R-symmetry (5.6), and thus Bn cannot be an invariant of the whole Yangian.

Yangian Invariance of the Six-Point Amplitude. The six-point superamplitude
was introduced in (6.5)

A6 = δ3(P ) δ6(Q)
(
f+(λ) δ3(α) + f−(λ) δ3(β)

)
, (7.18)

with f±(λ) as defined in (6.10). We will show that in fact each part of this scattering
amplitude

A+
6 = δ3(P ) δ6(Q)f+(λ) δ3(α), A−6 = δ3(P ) δ6(Q)f−(λ) δ3(β), (7.19)

is separately invariant under Yangian symmetry. Demonstrating this for A+
6 , invariance

of A−6 follows by interchanging +, − and α, β in the following calculation.
In the above paragraph we have seen that

P(1)abB6 = P(1)abδ3(P ) δ6(Q)
1√

〈12〉〈23〉 . . . 〈61〉
= 0. (7.20)

Since P(1) is a first order differential operator up to constant terms, we can factor out the
invariant B6 in the invariance equation for the six-point amplitude in order to simplify
the calculation

P(1)abA+
6 = B6P̃

(1)abf̃+(λ) δ3(α) + f̃+(λ) δ3(α)P(1)abB6. (7.21)
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Here, of course, the second term vanishes. We have defined

f̃+(λ) =
√
〈12〉〈23〉 . . . 〈61〉f+(λ), (7.22)

and have to drop constant terms in P(1) since they are used up for the invariance of B6:

P̃(1)ab = P(1)ab
∣∣
constants dropped

. (7.23)

Now we rewrite (7.21) as

B6P̃
(1)abf̃+(λ) δ3(α) = 1

2
B6

∑
j<i

(
λ

(a
i λ

b)
j

(
ηRi ∂jR − λrj∂ir

)
− (i↔ j)

)
f̃+δ3(α). (7.24)

After expanding ηi in terms of α, β, Q and Y (5.13) and using

6∑
k=1

x+
k

∂x+
k

∂λic
= 0, (7.25)

which follows from (5.10), this yields a differential equation for the function f+(λ) in
(7.18)

P(1)abA+
6 = 1

2
B6

∑
j<i

[
λ

(a
i λ

b)
j

(
3x−i x

+
j − 3λrjx

−
k

∂x+
k

∂λri
−λrj∂ir log f̃+

)
− (i↔ j)

]
f̃+δ3(α)

!
= 0.

(7.26)
We have evaluated this equation symbolically using explicit solutions of (5.10,5.11) for
the coordinates x± as well as the explicit form of f+ given in (6.10). Plugging in specific
numerical momentum configurations then shows that (7.26) is indeed satisfied. Hence,
both summands of the six-point scattering amplitude A+

6 and A−6 are independently
invariant under the level-one generator P(1) and thereby, as argued above, under the
whole Yangian algebra. Note in particular that both A±6 as well as (7.26) are independent
of the choice of coordinates x±.

The Serre Relations. In this paragraph we show that the Serre relations are indeed
satisfied for the Yangian generators defined above. We do not try to prove the relations
by brute force but first analyze their actual content, cf. also [24, 35, 36]. This leads to
helpful insights simplifying the application to the case at hand.

The Yangian algebra Y (g) of some finite dimensional semi-simple Lie algebra g (here

osp(6|4)) is an associative Hopf algebra generated by the elements J (0)
α and J (1)

α trans-
forming in the adjoint representation of J (0),

[J (0)
α ,J (0)

β ] = fαβ
γJ (0)

γ , [J (0)
α ,J (1)

β ] = fαβ
γJ (1)

γ . (7.27)

In all other parts of this paper we do not distinguish between the abstract algebra
elements J and their representation J. For the purposes of this paragraph, however, it
seems reasonable to make this distinction. Making contact to the paragraphs above, we
note that defining a representation ρ of the Yangian algebra Y (g), we have

ρ : Y (g)→ End(V ), ρ(J (0)) = J(0), ρ(J (1)) = J(1). (7.28)
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The level-zero and level-one generators are promoted to tensor product operators of
Y (g)⊗ Y (g) by means of the Hopf algebra coproduct defined by

∆(J (0)
α ) = J (0)

α ⊗ 1 + 1⊗ J (0)
α , (7.29)

∆(J (1)
α ) = J (1)

α ⊗ 1 + 1⊗ J (1)
α +

h

2
fα

βγJ (0)
β ⊗ J (0)

γ . (7.30)

For consistency of the Yangian, the coproduct has to be an algebra homomorphism, i.e.

∆([X ,Y ]) = [∆(X ), ∆(Y)] (7.31)

for any X , Y in Y (g). This equation trivially holds for X , Y being J (0)
α , J (0)

β and for X ,

Y being J (0)
α , J (1)

β . The case

∆([J (1)
α ,J (1)

β ]) = [∆J (1)
α , ∆J (1)

β ], (7.32)

however, is not automatically satisfied and will lead to the Serre relations. We will now
derive a rather simple criterion for (7.32) to be satisfied by a specific representation. In
particular, this criterion will be satisfied by the Yangian representation of osp(6|4) given
above.

First of all note that both sides of (7.32) are contained in the asymmetric part of the
tensor product of the adjoint representation with itself. We decompose this as13

(Adj⊗ Adj)asym = Adj⊕ X, (7.33)

which defines the representation X (not containing the adjoint). The adjoint component
of (7.32) defines the coproduct for the level-two Yangian generators. The Serre relations
imply the vanishing of the X component of the equation. For seeing this, one can expand
the right hand side of (7.32) using (7.30), and project out the adjoint component. As
shown explicitly in Appendix H, this yields an equation of the form

0 = ∆(Kαβγ)−Kαβγ ⊗ 1− 1⊗Kαβγ. (7.34)

The Serre relations then are nothing but Kαβγ = 0, or more explicitly

[J (1)
α , [J (1)

β ,J (0)
γ ]] + [J (1)

β , [J (1)
γ ,J (0)

α ]] + [J (1)
γ , [J (1)

α ,J (0)
β ]]

=
h2

24
fαρ

λfβσ
µfγτ

νfρστ{J (0)
λ ,J (0)

µ ,J (0)
ν }. (7.35)

It is very important to note that only the X component of {J ,J ,J } contributes to the
right hand side of these equations, cf. Appendix H. This will be useful in the following.

It is standard knowledge (cf. also Appendix H) that one can construct a representation
of the Yangian algebra starting from certain representations of the following form:

ρ(J (0)) = J(0) , ρ(J (1)) = 0 , (7.36)

13This is a standard property of all finite-dimensional semi-simple Lie algebras.
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where J(0) is a representation of the level-zero part. The representations J(0) for which
this construction is consistent with (7.31) are singled out by the Serre relations. In the
language of the present paper, ρ is nothing but (4.13,7.3) for one site, i.e. n = 1. For the
representation (7.36), the Serre relations boil down to the vanishing of the right hand
side of (7.35). As we have seen that the Serre relations are the result of a projection
onto the representation X, this is equivalent to

{J(0)
α , J

(0)
β , J(0)

γ }
∣∣
X = 0. (7.37)

By repeated application of the coproduct to the generators, the representation ρ is lifted
to a non-trivial representation of the Yangian algebra. The consistency of the construc-
tion is ensured by the homomorphicity of the coproduct (7.32). The form (4.13,7.3) for
generic n follows from this construction.

In the following we explicitly show that (7.37) is satisfied for the singleton represen-
tation of osp(2k|2`) relevant to this paper, cf. (4.12,A.14). Let us start with the case
k = 0 or ` = 0. As demonstrated in Appendix A, the representation we are using is the
superanalog of the spinor representation of so(2k) and the metaplectic representation of
sp(2`).14

Consider the decomposition (7.33) of the antisymmetric part of the tensor product
of two adjoint representations:

so(2k) :
(
⊗

)asym
= ⊕

g−traceless

sp(2`) : ( ⊗ )asym = ⊕
Ω−traceless

(7.38)

where g and Ω are the relevant symmetric and symplectic form, respectively. Note that
the second contribution in these two cases corresponds to what was called X above.
As explained in detail in Appendix A, the generators of the spinor and metaplectic
representations acting on one site take the form

T ij ∼ [γi, γj], Sij ∼ {ξi, ξj}, (7.39)

respectively, where
{γi, γj} = gij, [ξi, ξj] = Ωij. (7.40)

This means that for any product of the generators (7.39) the symmetrized g-traceless
or antisymmetrized Ω-traceless part in two indices vanishes, respectively. Hence, in
particular the quantity {J, J, J} evaluated for (7.39) cannot contain the representation
X defined in equation (7.38). In full detail:

so(2k) : {T ij, T kl, Tmn} decomposes into ⊕ 2

sp(2`) : {Sij, Skl, Smn} decomposes into ⊕ 2 . (7.41)

14The treatment generalizes to so(2k + 1).
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Thus the right hand side of (7.35) vanishes for these two cases.
For the generalization to the super case osp(2k|2`), notice that the two equations in

(7.38) are related to each other by flipping the tableaux. They generalize to

osp(2k|2`) :
(
⊗

)asym
= ⊕

G−traceless
, (7.42)

where in the tableaux for superalgebras, symmetrization and antisymmetrization are
graded. Symmetrization in the tableaux by convention is defined as (anti)symmetrization
in the (sp) so indices. Antisymmetrization is defined analogously. The form G is
composed of the metric g and the symplectic form Ω, cf. Appendix A. The equations
(7.39,7.40) generalize to[

ΘA, ΘB
}

= GAB , JAB ∼
{
ΘA, ΘB

]
. (7.43)

The right hand side of (7.35) generalizes to the graded totally symmetrized product of
three generators. It contains only the representations

osp(2k|2`) :
{
J(0)
α , J

(0)
β , J(0)

γ

]
decomposes into ⊕ 2 , (7.44)

in particular it does not contain the representation X. This proves the Serre relations.
Note that only the last part of this proof used the explicit choice of the algebra and

form of the representation. Hence, adapting these last steps might help to prove the
Serre relations for different algebras and representations.

Note on the Determination of Amplitudes. As shown in Section 5, all n-point
osp(6|4) invariants are given by (5.31)

In = δ3(P ) δ6(Q)
K∑
k=1

fn,k(λ)Fn,k , (7.45)

where δ6(Q)Fn,k is a linear basis of R-symmetry invariants, that is Fn,k are homogeneous
polynomials of degree 3(n− 4)/2 of the Graßmann variables αJ , βJ , . . . , αn−4, βn−4 such
that (5.22) is satisfied. As is explained in Appendix B, the number K of R-symmetry
invariants is given by the number of singlets in the representation (4⊕ 4̄)⊗(n−4).

Assuming that invariance under the Yangian algebra not only holds for the 4- and
6-point amplitudes, but for all tree-level amplitudes, one can ask to what extent the
amplitudes are constrained by Yangian symmetry. Before addressing this question for
the general n-point case, let us summarize the cases n = 4 and n = 6. After imposing
Poincaré invariance, the K functions fn,k(λ) a priori depend on 2n − 6 kinematical
invariants, cf. Section 2. Further requiring dilatation invariance reduces this number to
2n−7. Hence for four points, there remains only one functional degree of freedom. Since
there are no fermionic variables α, β in this case, S-invariance (5.29) is automatically
satisfied. Invariance under P(1) (7.4) imposes one first-order differential equation on f(λ)
and thus completely constrains the four-point superamplitude up to an overall constant.
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n R-symm.
invariants

Relevant
so(n− 4)

Irreducible rep.
of so(n− 4)

Invariants Ĩn

4 1 7 7 f(λ) 3

6 δ(α)
δ(β)

so(2) ∼ u(1)
+
−

f+(λ)δ(α)
f−(λ)δ(β)

3

8 F τ
F τ[ῑκ̄]

so(4)
2× 1
2× 6

f τ (λ)F τ∑
ῑ,κ̄ f

τ
[ῑκ̄](λ)F τ[ῑκ̄]

?

10 Gτῑ
Gτ[ῑκ̄ῡ]

so(6)
8× 6

6× 20
. . . ?

...
...

...
...

... ?

Table 2: Summary of the basic R-symmetry invariants and the freedom in the
definition of the fermionic variables αJ , βJ (5.8). n is the number of legs. so(n−4)
is the relevant freedom (B.7). The Yangian invariants In = δ3(P ) δ6(Q) Ĩn are
also invariant under this so(n − 4) freedom. deg ×R means that the so(n − 4)
representation R appears deg times among the R-symmetry invariants. The
index τ labels this multiplicity, the indices ῑ, κ̄, ῡ are so(n − 4) fundamental
indices.

In the case of six points, f+(λ) and f−(λ) (6.5) depend on 2n− 7 = 5 parameters. Both
S- and P(1)-invariance impose one differential equation on each f+ and f− (6.7,7.26)
without mixing the two functions. Thus after satisfying these equations, three of the
functional degrees of freedom of f+ and f− remain undetermined, and they constitute
two independent Yangian invariants.

For general number of points n, the S-invariance equation (5.29) expands to

SA
a In = δ3(P ) δ6(Q)

K∑
k=1

((n−4)/2∑
J=1

(
αAJ x

−
J +βAJ x

+
J

)
·∂afn,k(λ)Fn,k+fn,k(λ)B̂A

a Fn,k

)
, (7.46)

where B̂A
a is a first-order differential operator in the fermionic variables αJ , βJ . Since

the Fn,k are independent as functions of αJ , βJ , also all elements of {αAFn,k, βAFn,k} are
independent (but some of them might vanish). Thus expanding (7.46) in the fermionic
variables yields at most n − 4 first-order differential equations for each of the functions
fn,k(λ). From the term

∑
k B̂

A
a Fn,k it might yield additional equations which only depend

on the coordinates x±J that define αJ , βJ . Given that the x±J only parametrize a change
of basis in the fermionic variables, assuming that there exists an invariant In already
implies that these additional equations can be solved by some choice of x±J . Furthermore
requiring Yangian invariance, i.e. invariance under P(1) (7.4), yields another first-order
differential equation for each function fn,k(λ):

P(1)abIn = δ3(P ) δ6(Q)
K∑
k=1

((
Ĉabfn,k(λ)

)
Fn,k + fn,k(λ)D̂abFn,k

)
, (7.47)
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where Ĉab is a first-order differential operator in λj, while D̂ab is a first-order differential

operator in αJ , βJ . Again, the term
∑

k D̂
abFn,k might yield additional equations which

are solved by some x±J , assuming existence of an invariant. In conclusion, there remain
at least (2n − 7) − (n − 4) − 1 = n − 4 functional degrees of freedom for each function
fn,k(λ).

While for six-point functions, the two basic R-symmetry invariants do not mix under
the S- and P(1)-invariance equations, for higher number of points the mixing problem
is less trivial. Nevertheless, an analysis of the relevant freedom (B.7) suggests that the
mixing should take place (at most) among the so(6)R singlets contained in the same
so(n− 4)relevant multiplet (see Table 2 and Appendix B for details). This point deserves
further investigations.

The above analysis shows that the invariant (7.45) and thus the n-point amplitude
cannot be uniquely determined by Yangian symmetry as constructed in Section 7. More-
over, Yangian invariance not only leaves constant coefficients but functional degrees of
freedom undetermined. As in the case of N = 4 SYM [18,19], in order to fully determine
the amplitudes, symmetry constraints have to be supplemented by further requirements.
First of all, the color-ordered superamplitude An must be invariant under shifts of its
arguments by two sites. This is a strong requirement that has not been included in the
analysis above. Furthermore, one can require analyticity properties such as the behavior
of the amplitudes in collinear or more general multiparticle factorization limits.

8 Conclusions and Outlook

In this paper we have determined symmetry constraints on tree-level scattering ampli-
tudes in N = 6 SCS theory. Supplemented by Feynman diagram calculations, explicit
solutions to these constraints, namely the four- and six-point superamplitudes of this
theory were given. Most notably we have shown that these scattering amplitudes are
invariant under a Yangian symmetry constructed from the level-zero osp(6|4) symmetry
of the theory.

In order to deal with supersymmetric scattering amplitudes, we have set up an on-
shell superspace formulation for N = 6 SCS theory. This formulation is similar to the
one for N = 4 SYM theory, but contains two superfields corresponding to particles and
anti-particles. Furthermore one of the superfields is fermionic. The realization of the
osp(6|4) algebra on superspace was used to determine constraints on n-point invariants
under this symmetry. In the case at hand, introducing a new basis {αJ , βJ , Y,Q} for the
fermionic superspace coordinates seems very helpful in order to find symmetry invariants.
In particular it simplifies the invariance conditions for amplitudes with few numbers
of points. We have demonstrated that the determination of symmetry invariants can
be reduced to finding so(6) singlets plus solving a set of linear first-order differential
equations.

In four dimensions, helicity is a very helpful quantum number for classifying scattering
amplitudes according to their complexity (MHV, NMHV, etc.). In three dimensions,
however, the little group of massless particles does not allow for such a quantum number,
and thus a similar classification seems not possible. Furthermore, only the four-point
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ḃ,D

RA
B ,C,B

Paḃ
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A

SaA S̄A
ȧ
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Figure 3: The symmetry generators of osp(6|4) (lhs) and psu(2, 2|4) (rhs). In
psu(2, 2|4) the generators can be arranged according to their hyper- and dilatation
charge. Similarly, we can arrange the generators of osp(6|4) if we replace the
hypercharge by a u(1) R-symmetry charge. In N = 4 SYM theory, the dual or
level-one Yangian generators P(1) and Q(1) were identified with the generators
S(0) and K(0), respectively. The picture on the left suggests a similar dualization
for N = 6 SCS theory incorporating the R-symmetry.

amplitude in N = 6 SCS theory is of similar simplicity as MHV amplitudes in N = 4
SYM theory. The six-point amplitude determined in this paper is already of higher degree
in the fermionic superspace coordinates than the four-point amplitude. Its complexity is
comparable with that of the six-point NMHV amplitude in N = 4 SYM theory. Except
for the four-point case, there are no simple (MHV-type) scattering amplitudes, but the
amplitude’s complexity increases with the number of scattered particles. In terms of
complexity, the n-point amplitude in N = 6 SCS theory seems to be comparable to the
most complicated, i.e. N(n−4)/2MHV amplitude in N = 4 SYM theory.

We have checked that the six-point amplitudes consistently factorize into two four-
point amplitudes when the sum of three external momenta becomes on-shell. The two-
particle factorization limit on the other hand results in a product of scattering amplitudes
with an odd number of external legs which vanish in N = 6 SCS theory. This is an
important difference to N = 4 SYM theory, where the two-particle collinear limit results
in non-vanishing lower point amplitudes. In particular, this was used to relate N = 4
SYM scattering amplitudes with different numbers of external legs. Symmetry plus
the collinear behavior seem to completely fix all tree-level amplitudes in N = 4 SYM
theory [18,19]. Note that similar arguments for N = 6 SCS theory would have to make
use of a three-particle factorization or collinear limit (which are not equivalent).

In [18], this relation of different N = 4 SYM scattering amplitudes in the collinear
limit was implemented into the representation of the psu(2, 2|4) symmetry on the scat-
tering amplitudes. This implementation makes use of the so-called holomorphic anomaly
[26], which originates in the fact that four-dimensional massless momenta factorize into
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complex conjugate spinors (p4d = λλ̄). In three dimensions, on the other hand, massless
momenta are determined by a single real spinor (p3d = λλ) which does not allow for a
holomorphic anomaly. Hence, a straightforward generalization of the symmetry relation
between amplitudes in the collinear or factorization limit to N = 6 SCS theory is not
obvious. It lacks a source for a similar anomaly as in the four-dimensional case.

In N = 4 SYM theory, studying the duality between scattering amplitudes and
Wilson loops revealed a dual superconformal symmetry. The presence of this extra
symmetry then lead to the finding of Yangian symmetry of the scattering amplitudes.
Even more, the dual symmetry was identified with the level-one Yangian generators
[17]. Though in N = 6 SCS theory a similar extra symmetry is not known, there is a
straightforward way to construct level-one generators from the local osp(6|4) symmetry
yielding a Yangian algebra. We showed that the four- and six-point tree-level amplitudes
of N = 6 SCS theory are indeed invariant under this Yangian algebra, and that the
Yangian generators obey the Serre relations, which ensures that the Yangian algebra is
consistent.

The fact that N = 6 SCS theory in the planar limit gains extra symmetries in the
form of integrability seems to be related to special properties of the underlying symmetry
algebra osp(6|4), namely the vanishing of the quadratic Casimir in the adjoint represen-
tation (see also [37]). It is interesting to notice that, while in the four-dimensional case
the algebra with this special property is the maximal superconformal algebra psu(2, 2|4),
in three dimensions it is not the maximal superconformal algebra osp(8|4), but osp(6|4)
that has this special property.

Our findings point towards further investigations. Among others, one should consider
the AdS/CFT dual of N = 6 SCS theory, since in N = 4 SYM theory the comparison
with results from AdS5×S5 strings has been extremely useful. The dual superconformal
symmetry of scattering amplitudes in N = 4 SYM theory can be traced back to a T-self-
duality of the AdS5 × S5 background of the dual string theory [13, 14]. Such a duality
seems not to be admitted by AdS4 × CP3, the string theory background corresponding
to N = 6 SCS theory [23]. Can this problem be reconsidered?

In their search for a T-dualization, the authors of [23] assume that the dualization
does not involve the CP3 coordinates. On the other hand, the structure of the osp(6|4)
algebra seems to call for a T-dualization of 3+3 bosonic and 6 fermionic coordinates dual
to the generators

{
Pab,RAB,QaA

}
(cf. Figure 3). The contributions to the dilaton shift

coming from bosonic and fermionic dualization seem to cancel out. However, this formal
T-duality is not compatible with the reality conditions of the coordinates; still it seems
worthwhile to investigate it further.15 The problem with T-dualizing the coordinates of
CP3 appears to be connected to the lack of a definition of δ(R) in our setup.

Other hints for rephrasing the Yangian symmetry in terms of some dual symmetry
could come form perturbative computations in N = 6 SCS. In particular, the IR di-
vergences for scattering amplitudes could possibly be mapped to the UV divergences
of some other object (maybe a Wilson loop in higher dimensions). Any results in this

15The T-duality we are proposing is very similar to another formal T-duality noticed in section (3.1)
of [13]. In that case one T-dualizes the coordinates dual to

{
Paȧ,Rrr′ ,Qar′ , Q̄rȧ

}
. Here, the indices

r, r′ correspond to the breaking su(4)R → su(2)×su(2). This version of the T-duality has not been used
so far.
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direction might also shed light on the duality between non-MHV amplitudes and Wilson
loops in N = 4 SYM theory, since the amplitudes in N = 6 SCS theory are very similar
to those. A starting point for the investigation of Wilson loops in N = 6 SCS was set in
the very recent work [38].

There are many more open questions and directions for further study. They comprise
the extension of our results to higher point amplitudes, their extension to loop-level and
in particular the understanding of corresponding quantities in the AdS/CFT dual of
the three-dimensional gauge theory. One of the most interesting problems seems to be
whether one can find a systematic way to determine (tree-level) scattering amplitudes in
N = 6 SCS theory. An apparent ansatz would be an adaption of the BCFW recursion
relations [39] of N = 4 SYM theory. This problem is currently under investigation.

Recently, a remarkable generating functional for N = 4 SYM scattering amplitudes
was proposed [40]. The functional takes the form of a Graßmannian integral that repro-
duces different contributions to scattering amplitudes. These contributions have been
shown to be (cyclic by construction) Yangian invariants [41]. It would be interesting to
investigate whether an analogous formula exists for the three-dimensional case studied
in this paper. The (S)Clifford realization presented in Appendix A could play a similar
role for osp(2k + 2|2k) as the twistorial realizations plays in the case of psu(m|m).

Acknowledgments. We would like to thank Niklas Beisert, Tristan McLoughlin and
Matthias Staudacher for many helpful discussions, suggestions as well as comments on
the manuscript. In particular, we are grateful to Tristan McLoughlin for his initial col-
laboration on this project. We further thank Lucy Gow, Yu-tin Huang, Jakob Palmkvist
and Soo-Jong Rey for discussions on various related topics.

A From (S)Clifford algebra to Spinor/Metaplectic

representations

In this appendix we want to stress that the singleton representation of osp(6|4) we
are using in this paper (see Section 4) is nothing but the natural generalization16 of
the familiar spinor representation of so(2k). Moreover we will emphasize some special
properties of this realization that makes the Yangian generators defined in Section 7
satisfy the Serre relations (7.2).

Let us first review the familiar so(2k) case. It is well-known that if one has a repre-
sentation of the Clifford algebra: {

γi, γj
}

= gij , (A.1)

for a given symmetric form gij, where i, j = 1, . . . 2k, then the objects

T ij ∼
[
γi, γj

]
, (A.2)

satisfy the so(2k) algebra commutation relations[
T ij, T kl

]
∼ gjkT il + . . . (A.3)

16See also [42] for osp(N|4) and [43] for sp(2`).
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where the dots mean: Add three more terms such that the symmetry properties of the
indices are the same as on the right hand side. The realization (A.2) still does not
look like the R-symmetry generators in (4.12). To obtain (4.12) from (A.2) one has to
choose an embedding of u(k) into so(2k) and define creation/annihilation type fermionic
variables

ηA ≡ A+A
j γj ,

∂

∂ηA
≡ A−Ajγj , (A.4)

where A = 1, . . . k is a u(k) index and A+A
j ,A−Aj have to satisfy

A+A
i gijA−Bj = δAB , A+A

i gijA+B
j = 0 , A−AigijA−Bj = 0, (A.5)

in order that ηA, ∂
∂ηA

satisfy canonical anticommutation relations. More explicitly, the

R-symmetry generators in (4.12) are related to the ones in (A.2) via

RAB ∼ A+A
i A+B

j T ij , RA
B ∼ A+A

i A−BjT ij, RAB ∼ A−AiA−BjT ij . (A.6)

The realization one obtains in this way is not irreducible, but splits into two irreducible
representations (with opposite chirality). Indeed, the full space of functions (necessarily
polynomials) of the variables ηA splits into two spaces: one made of polynomials with
only even powers of ηA, the other with only odd powers of ηA. None of the generators
in (4.12) connects the two.

This construction works in the very same way for sp(2`), the main difference is that in
this case the representation one obtains is infinite-dimensional. This representation is the
direct analog of the spinor representation and is usually called metaplectic representation.
If one starts with a representation of the algebra:[

ξi, ξj
]

= Ωij (A.7)

for a given anti-symmetric (non-degenerate) form Ωij, then the objects

Sij ∼
{
ξi, ξj

}
(A.8)

satisfy the sp(2`) algebra commutation relations[
Sij, Skl

]
∼ ΩjkSil + . . . (A.9)

where again the dots mean: Add three more terms such that the symmetry properties
of the indices are the same as on the right hand side. As before, one has to choose an
embedding of u(`) into sp(2`) and define creation/annihilation type bosonic variables

λa ≡ B+a
j ξj ,

∂

∂λa
≡ B−ajξj , (A.10)

where a = 1, . . . k is a u(`) index and B+a
j ,B−aj have to satisfy

B+a
i ΩijB−bj = δba , B+a

i ΩijB+b
j = 0 , B−aiΩijB−bj = 0 (A.11)
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in order that λa, ∂
∂λa

satisfy canonical commutation relations. More explicitly, the bosonic
generators in (4.12,7.5) are related to the ones in (A.8) via

Pab ∼ B+a
i B+b

j Sij , Ya
b ∼ B+a

i B−bjSij, Kab ∼ B−aiB−bjSij . (A.12)

Let us stress that at the group level spinor and metaplectic representations are rep-
resentations of Spin(2k), Mt(2`), respectively, which are the double covers of SO(2k),
Sp(2`).

All this easily generalizes to osp(2k|2`) algebras. If one starts with objects satisfying[
ΘA, ΘB

}
= GAB , (A.13)

where A,B label the 2k+2`-dimensional fundamental representation of osp(2k|2`), then

JAB ∼
{
ΘA, ΘB

]
, (A.14)

satisfy osp(2k|2`) algebra commutation relations. After choosing an embedding of u(k|`)
into osp(2k|2`), one obtains oscillator type realizations, like the one in (4.12).

B so(6) Invariants

In this appendix we will study the problem of determining invariants under the following
realization of so(6):

RAB =

p∑
J=1

α
[A
J β

B]
J , (B.1)

RAB =

p∑
J=1

∂

∂α
[A
J

∂

∂β
B]
J

, (B.2)

RA
B =

p∑
J=1

(
αAJ

∂

∂αBJ
− ∂

∂βBJ
βAJ

)
, (B.3)

where αAI , β
A
I are anticommuting fermionic variables and A,B are SU(3) indices. p is

some integer, it is related to the number n of amplitude legs as 2p = n − 4. This
realization is completely equivalent to the following one:

RAB =

2p∑
ῑ=1

ρAῑ ρ
B
ῑ , (B.4)

RAB =

2p∑
ῑ=1

∂

∂ρAῑ

∂

∂ρBῑ
, (B.5)

RA
B =

2p∑
ῑ=1

1

2

(
ρAῑ

∂

∂ρBῑ
− ∂

∂ρBῑ
ρAῑ

)
, (B.6)
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where ρῑ are linearly related to αAI , β
A
I , the map between ρ and α, β is parametrized by

a O(2p) freedom. Notice that this last realization makes sense also for odd 2p.
All the generators written above are invariant under O(2p) rotations among the family

indices. In the following we will refer to this group as dual. O(2p)dual rotation symmetry
is manifest in the form of the generators written in terms of ρAῑ as a rotation of the
indices ῑ. On the generators written in terms of α, β O(2p)dual acts in the following way

αI → ΞJ
I αJ , βI →

(
Ξ−1

)I
J
βJ , U(p) , p2 d.o.f.

αI → αI + ΩIJ+β
J , βI → βI + ΩIJ

− αJ ,
SO(2p)

U(p)
, p(p− 1) d.o.f.

αI → βI , , βI → αI , Z2 ∼
O(2p)

SO(2p)
, (B.7)

where ΩIJ
± = −ΩJI

± . The Z2 is the conjugation of su(p) (outer automorphism). Notice
that we raised the family index of β, we have to do this in order to interpret the family
index as a u(p) index.

In the following, we will show how the so(6) invariants can be obtained and classified.
Since the description in terms of α, β is equivalent (for integer p) to the one in terms of
ρ, we will switch between the two depending on convenience.

It is instructive to first study the case 2p = 1. This case obviously makes sense only
in the ρ realization. In this case the full fermionic Fock space is 23 = 8-dimensional and
split into 4 ⊕ 4̄ representations of so(6). The two correspond to even or odd functions
(just polynomials up to degree 3) in ρ, respectively.

Let us now consider the next case: p = 1. The study of this case is particularly
transparent in terms of α, β. To classify the states it is useful to introduce an extra
operator g

g = αA
∂

∂αA
− βA ∂

∂βA
. (B.8)

This operator is central with respect to so(6) and is nothing but the generator of the
previously mentioned dual so(2p)|p=1 ∼ u(1). In this case the full Fock space is 26 = 64
dimensional, it decomposes into irreducible representations of so(6) as

(4⊕ 4̄)
2

= 13 ⊕ 62 ⊕ 151 ⊕ 100 ⊕ 1̄00 ⊕ 15−1 ,⊕6−2 ⊕ 1−3 (B.9)

where the subscript refers to the charge under g (B.8). This decomposition is concretely
realized by the solutions to the equation

RAB|State〉 =
∂

∂α[A

∂

∂βB]
|State〉 = 0 . (B.10)

We can be more explicit and show how these states look like in the space of Graßmann
variables αA, βA. For clarity we also explicitly write down the decomposition under
SO(6)→ SU(3).

• 13 → 1 : εABCα
AαBαC ,

• 62 → 3̄⊕ 3 : εABCα
BαC + descendants,
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• 151 → 3⊕ 8⊕ 1⊕ 3̄ : αA + descendants,

• 100 → 1⊕ 3⊕ 6 : 1 + descendants,

• 1̄00 → 6̄⊕ 3̄⊕ 1 : α(AβB) + descendants,

• 151 → 3⊕ 8⊕ 1⊕ 3̄ : βA + descendants,

• 62 → 3̄⊕ 3 : εABCβ
BβC + descendants,

• 13 → 1 : εABCβ
AβBβC ,

where descendants means obtained acting with RAB.
We will now consider the case p = 2, namely

(4⊕ 4̄)
4
. (B.11)

We can just take the expression (B.9) and square it. We will not write down the whole
tensor product decomposition, but just list the singlets. One can easily check that there
are 12 singlets coming from 15±1⊗ 15±1, 6±2⊗ 6±2, 1±3⊗ 1±3, where the signs have to be
considered independently; and two further singlets are contained in 100 ⊗ 1̄00 (2 times).
For convenience we will list the explicit expressions of the singlets:

• 15±1 ⊗ 15±1 contains 4 singlets:

εABGεEFCα
A
1 α

(B
1 β

C)
1 αE2 α

(F
2 β

G)
2 , (α1 ↔ β1) and/or (α2 ↔ β2). (B.12)

• 6±2 ⊗ 6±2 contains 4 singlets:

εABCε
ADEαB1 α

C
1 εDFGα

F
2 α

G
2 εEHIβ

H
2 β

I
2 , (α↔ β) and/or (1↔ 2). (B.13)

• 1±3 ⊗ 1±3 contains 4 singlets:

εABCα
A
1 α

B
1 α

C
1 εDEFα

D
2 α

E
2 α

F
2 , (α1 ↔ β1) and/or (α2 ↔ β2). (B.14)

• 100 ⊗ 1̄00 contains 2 singlets:

εACDεBEFα
A
1 β

B
1 α

C
2 α

D
2 β

E
2 β

F
2 , (1↔ 2). (B.15)

A question one can ask is how these singlets transform among themselves under the
so(2p)|p=2 = so(4)dual transformations. This question can be answered noticing that the
quantities

gI = αAI
∂

∂αAI
− βAI

∂

∂βAI
. (B.16)

(no sum over I), are nothing but the Cartan generators of the so(4)dual, and these singlets
are indeed labeled by (g1, g2).
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The so(4)dual transformation properties of the singlets can also be obtained consid-
ering where the singlets come from in

(4⊕ 4̄)
4
. (B.17)

The so(4)dual acts as a rotation of the four factors (4⊕ 4̄) in the fourfold tensor product
above. Keeping in mind that a tensor product of n4 fundamental with n4̄ antifundamental
can contain singlets only if n4 − n4̄ = 0(mod 4), it is easy to see that singlets can only
come from

• 4⊗ 4⊗ 4⊗ 4: 1 singlet under so(6)R, singlet also under so(4)dual,

• 4̄⊗ 4̄⊗ 4̄⊗ 4̄: 1 singlet under so(6)R, singlet also under so(4)dual,

• 4̄⊗ 4̄⊗ 4⊗ 4: 2 singlets under so(6)R × 6 under so(4)dual,

in the last line the combinatorial factor
(

4
2

)
= 6 corresponding to the possible ways of

choosing two 4 and two 4̄ in (B.17), is also the dimension of the so(4)dual representation
under which these (so(6)R) singlets transform.

The cases p = 3
(4⊕ 4̄)

6
, (B.18)

can be considered analogously giving

• 4⊗ 4⊗ 4⊗ 4⊗ 4⊗ 4̄: 4 singlets under so(6)R × 6 under so(6)dual,

• 4̄⊗ 4̄⊗ 4̄⊗ 4̄⊗ 4̄⊗ 4: 4 singlets under so(6)R × 6 under so(6)dual,

• 4̄⊗ 4̄⊗ 4̄⊗ 4⊗ 4⊗ 4: 6 singlets under so(6)R × 20 under so(6)dual,

where again the combinatorial factors
(

6
1

)
= 6,

(
6
3

)
= 20 are also the dimensions of the

so(6)dual representations.
The general p > 3 cases can be studied similarly.

C Determinability of the Six-Point Superamplitude

This appendix is devoted to the study of the invertibility of equation (6.10). More
precisely, we will show under which conditions one can solve (6.10) for f± in terms of
the component amplitudes A6ψ, A6φ. This is an important step, as the determination
of the six-point superamplitude, and, thus the determination of all six-point component
amplitudes relies on it. Let us define the following quantities

A(±)ijk ≡

λ1
i λ2

i x±i
λ1
j λ2

j x±j
λ1
k λ2

k x±k

 . (C.1)

D± ≡ det (A(±)ijk) , D̄± ≡ det
(
A(±)īj̄k̄

)
, (C.2)
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for some fixed i 6= j 6= k, and let
{
ī, j̄, k̄

}
≡ {1, . . . , 6}\{i, j, k} as a set. Equation (6.10)

can be inverted iff
D3

+D̄
3
− −D3

−D̄
3
+ 6= 0 . (C.3)

Using λa · λb = 0, x± · λa = 0, x± · x± = 0, x+ · x− = 1, one can show, performing matrix
multiplication, that

AT (±)ijkA(±)ijk = −AT (±)īj̄k̄A(±)īj̄k̄ , (C.4)

AT (±)ijkA(∓)ijk = −AT (±)īj̄k̄A(∓)īj̄k̄ +
(

0 0 0
0 0 0
0 0 1

)
, (C.5)

where T means transposition. These two equations imply respectively that

D2
± = −D̄2

± ⇒ D̄± = is±D± , (C.6)

D+D− + D̄+D̄− = det
(
(pi + pj + pk)

ab
)
, (C.7)

where s± are undetermined signs. Using (C.6), (C.7) can be rewritten as

D+D− (1− s+s−) = det
(
(pi + pj + pk)

ab
)
. (C.8)

Since for generic momentum configurations (pi+pj +pk)
2 is not vanishing, it follows that

s+ = s, s− = −s for some sign s. This shows that, for generic momentum configurations,
(C.3) holds, indeed

D3
+D̄

3
−−D3

−D̄
3
+ = i(s+−s−)D3

+D
3
− = 2isD3

+D
3
− =

is

4
det
(
(pi + pj + pk)

ab
)3 6= 0 . (C.9)

To summarize, the quantities D±, D̄± are not independent. Given (pi + pj + pk)
2, they

are determined up to a sign s and a single function (which is a phase once we impose
the correct reality conditions). This freedom corresponds to the O(n − 4)|n=6 = O(2)
relevant freedom in the choice of x± mentioned in Section 5. The sign is O(2)/SO(2),
and corresponds to exchanging x+ and x−; the freedom that remains, D± → Ξ±1D±,
corresponds to the SO(2) ∼ U(1) freedom of rescaling x± → Ξ±1/3x±.

D Two Component Amplitude Calculations

In the following, the amplitudes between six scalars and between six fermions are com-
puted. As discussed in section Section 6, these two amplitudes uniquely determine the
six-point superamplitude. For simplicity, consider only (anti)particles of the same flavor;
set

φ = φ4 , φ̄ = φ̄4 , ψ = ψ4 , ψ̄ = ψ̄4 . (D.1)

The action of N = 6 superconformal Chern–Simons theory is S = k/4π
∫
d3xL. Ne-

glecting terms that are irrelevant for the two specific amplitudes we are interested in,
the Lagrangian reads (see e.g. [2, 44,5])

L = Tr
[
εµνλ

(
Aµ∂νAλ+ 2

3
AµAνAλ−Âµ∂νÂλ− 2

3
ÂµÂνÂλ

)
− i

2
ψ̄a /Dabψ

b+Dµφ̄D
µφ
]
. (D.2)
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ψ5ψ̄6

ψ1

ψ̄2 ψ3

ψ̄4

ψ5ψ̄6

Figure 4: Diagram A, which contributes to the six-fermion amplitude.
Blue/dashed lines represent fundamental color contractions, red/solid lines rep-
resent antifundamental ones. When color-stripped, the left diagram gives (D.6),
and the right diagram equals the left one up to a relabeling of the external legs.

The gauge fields Aµ, Âµ transform in (ad,1), (1, ad) representations of the gauge group.
The covariant derivative Dµ acts on fields χ ∈ {φ, ψ}, χ̄ ∈ {φ̄, ψ̄} as

Dµχ = ∂µχ+ Aµχ− χÂµ , Dµχ̄ = ∂µχ̄+ Âµχ̄− χ̄Aµ , /Dab = σµabDµ . (D.3)

The Feynman rules can be straightforwardly derived from L, using the Faddeev–Popov
regularization for the gauge field propagators.

Six-Fermion Amplitude. The tree-level amplitude

Â6ψ := Â6(ψ1
A1

Ā1
, ψ̄2

B̄2
B2
, ψ3

A3

Ā3
, ψ̄4

B̄4
B4
, ψ5

A5

Ā5
, ψ̄6

B̄6
B6

) , ψk := ψ(λk) (D.4)

can be color-ordered (3.4). The color-ordered amplitude A6ψ(λ1, . . . , λ6) contains all
contributions in which the fields ψ1, . . . , ψ6 are cyclically connected by color contractions,

Â6ψ = . . .+ A6ψ(λ) δB̄2

Ā1
δA3
B2
δB̄4

Ā3
δA5
B4
δB̄6

Ā5
δA1
B6

+ . . . , λ := (λ1, . . . , λ6) . (D.5)

Two kinematically different diagrams contribute to A6ψ(λ), see Figures 4,5. Diagram
A (left in Figure 4) evaluates to17

A6ψ,A(1, . . . , 6) =
C6

3

1

〈12〉〈34〉〈56〉2 ·

·
[(
〈1|p56|1〉 − 〈2|p56|2〉

)(
〈5|p3|6〉 − 〈5|p4|6〉

)
−
{

(1, 2)↔ (3, 4)
}]
, (D.6)

where A(k1, . . . , k6) := A(λk1 , . . . , λk6), and for any momenta q1, . . . , qk

〈i|q1| . . . |qk|j〉 := λai εabq
bc
1 εcd · · · εefqfgk εghλhj . (D.7)

The overall constant C6 shall be left undetermined. Diagram B (left in Figure 5) reads18

A6ψ,B(1, . . . , 6) = 2C6

[〈13〉〈64〉〈1|p23|4〉
〈12〉〈45〉p2

123

+{1↔ 2}+{4↔ 5}+{1↔ 2, 4↔ 5}
]
. (D.8)

17Define pabjk := pabj + pabk = λajλ
b
j + λakλ

b
k.

18Here, p2 := pabp
ab, i.e. p2123 = −〈12〉2 − 〈13〉2 − 〈23〉2.
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ψ1

ψ̄2 ψ3

ψ̄4

ψ5ψ̄6

ψ1

ψ̄2 ψ3

ψ̄4

ψ5ψ̄6

ψ1

ψ̄2 ψ3

ψ̄4

ψ5ψ̄6

Figure 5: Diagram B, which contributes to the six-fermion amplitude. When
color-stripped, the left diagram gives (D.8), and the other two diagrams equal
the left one up to relabelings of the external legs.

The total color-ordered amplitude is a sum over all relabelings of the diagrams in Fig-
ures 4,5 that respect the color structure (D.5). The result is

A6ψ(1, . . . , 6) = + A6ψ,A(1, 2, 3, 4, 5, 6) + A6ψ,A(1, 6, 5, 4, 3, 2)

+ A6ψ,B(1, 2, 3, 4, 5, 6)− A6ψ,B(6, 5, 4, 3, 2, 1)

+ A6ψ,B(1, 2, 3, 6, 5, 4) + A6ψ,B(3, 2, 1, 4, 5, 6) + {two cyclic} . (D.9)

Here, “two cyclic” stands for two repetitions of all previous terms with the relabelings
λk → λk+2, λk → λk+4 (mod 6) applied. Using Schouten’s identity and various relations
following from momentum conservation (P = 0), this can be simplified to19

A6ψ(1, . . . , 6) = C6·

·
((−1

3
〈1|p3|p5|1〉+ 1

3
〈2|p4|p6|2〉 − 〈3|p2|p5,−6|3〉
〈12〉〈34〉〈56〉 −2

〈2|p3,−4|p234|p5,−6|1〉
〈34〉〈56〉p2

234

−{shift by one}
)

− 2
〈1|p6|p6,−1,2|p345|p3,−4,5|p3|4〉+ 〈1|p2|p6,−1,2|p345|p3,−4,5|p5|4〉

〈6|p1|2〉〈3|p4|5〉p2
612

)
+ {two cyclic} ,

(D.10)

where “shift by one” means the relabeling λk → λk+1 (mod 6).

Six-Scalar Amplitude. Again the color-ordered amplitude A6φ(λ1, . . . , λ6) contains
all contributions in which the fields φ1, . . . , φ6 are cyclically connected by color contrac-
tions,

Â6φ := Â6(φ1
A1

Ā1
, φ̄2

B̄2
B2
, φ3

A3

Ā3
, φ̄4

B̄4
B4
, φ5

A5

Ā5
, φ̄6

B̄6
B6

) φk := φ(λk)

= . . .+ A6φ(λ) δB̄2

Ā1
δA3
B2
δB̄4

Ā3
δA5
B4
δB̄6

Ā5
δA1
B6

+ . . . , λ := (λ1, . . . , λ6) . (D.11)

The color-ordered amplitude receives contributions from three kinematically different
diagrams. Two of them are the diagrams A and B, Figures 4,5, with all fermion lines

19pj,±k,... := pj ± pk + . . ..
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φ1

φ̄2 φ3

φ̄4

φ5φ̄6

φ1

φ̄2 φ3

φ̄4

φ5φ̄6

φ1

φ̄2 φ3 φ̄4

φ5φ̄6

Figure 6: Diagram C that contributes to the six-scalar amplitude. Again,
blue/dashed lines represent fundamental color contractions, red/solid lines rep-
resent antifundamental ones. When color-stripped, the left diagram gives (D.14),
and the other two diagrams equal the left one up to relabelings of the external
legs.

replaced by scalar lines. The scalar version of diagram A (left in Figure 4) reads

A6φ,A(1, . . . , 6) = −4C6

3

1

〈12〉〈34〉〈56〉2
(
〈1|p6|2〉〈3|p5|4〉 − {5↔ 6}

)
, (D.12)

while the scalar version of diagram B (left in Figure 5) is

A6φ,B(1, . . . , 6) = 8C6
〈1|p3|2〉〈4|p6|5〉
〈12〉〈45〉p2

123

. (D.13)

A further contribution comes from diagram C, see Figure 6. It evaluates to

A6φ,C(1, . . . , 6) = −2C6
〈16〉〈25〉+ 〈15〉〈26〉

〈12〉〈56〉 . (D.14)

Again, the total color-ordered amplitude is a sum over all relabelings of these diagrams
that respect the color structure. The sum of all contributions is

A6φ(1, . . . , 6) = + A6φ,A(1, 2, 3, 4, 5, 6) + A6φ,A(1, 6, 5, 4, 3, 2)

+ A6φ,B(1, 2, 3, 4, 5, 6) + A6φ,B(6, 5, 4, 3, 2, 1)

− A6φ,B(1, 2, 3, 6, 5, 4)− A6φ,B(3, 2, 1, 4, 5, 6)

+ A6φ,C(1, 2, 3, 4, 5, 6) + A6φ,C(3, 2, 1, 6, 5, 4)

− 2A6φ,C(1, 2, 3, 6, 5, 4) + {two cyclic} . (D.15)

This can be simplified to

A6φ(1, . . . , 6) = C6

(
4
〈3|p5|p1|p6|p2|p4|3〉+ 〈14〉2〈2|p3|p6|p5|2〉

〈1|p2|p3|p4|p5|p6|1〉

+
(

2
1
3
〈16〉〈35〉〈24〉 − 1

3
〈13〉〈56〉〈24〉+ 〈16〉〈23〉〈45〉
〈12〉〈34〉〈56〉 + 8

〈5|p1|6〉〈3|p2|4〉
〈34〉〈56〉p2

234

+{shift by one}
)

− 8
〈26〉〈35〉(〈16〉2〈34〉2 + 〈12〉2〈45〉2)

〈2|p1|6〉〈3|p4|5〉p2
612

)
+ {two cyclic} . (D.16)
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E Factorization of the Six-Point Superamplitude

Consider the quantity:∫
d2|3Λ̂A4(Λ1, Λ2, Λ3, Λ̂)

1

P 2
13

A4(±iΛ̂, Λ4, Λ5, Λ6) , (E.1)

where Λ = (λa, ηA) and the result doesn’t depend on the choice of sign ± . The integra-
tion can be trivially performed because of the delta functions using:∫

d3η̂ δ6(QAa
1 + η̂Aµa) δ6(QAa

2 − η̂Aµa) = δ6(QAa
1 +QAa

2 ) δ3(εabQ
Aa
1 µb) (E.2)

and∫
d2λ̂ δ3(P ab

1 + λ̂aλ̂b) δ3(P ab
2 − λ̂aλ̂b)F (λ̂) = δ3(P ab

1 +P ab
2 ) δ(P 2

1 )
(
F (λ̂) + F (−λ̂)

)
(E.3)

where on the right hand side λ̂ is the solution to the equation λ̂aλ̂b = P ab
2 . Reminding

that (6.2)
A4(1, 2, 3, 4) = δ3(P ) δ6(Q)f(λ1, λ2, λ3, λ4) , (E.4)

and using the properties of f(λ), we obtain:

1

P 2
13

δ(P 2
13) δ3(P ) δ3(Q) δ3(εabQ

Aa
13 λ̂

b)f(λ1, λ2, λ3, λ̂)f(±iλ̂, λ4, λ5, λ6) . (E.5)

This can be rewritten as

1

P 2
13

δ(P 2
13) δ3(P ) δ6(Q)δ3(α)f+(λ) , (E.6)

which equals A6 in the limit P 2
13 → 0, cf. Section 6.

F The Metric of osp(6|4)

Introducing matrices (EA
B)ij = δAiδBj with A,B = a, b, A,B, . . . , the fundamental rep-

resentation M of osp(6|4) consisting of (4|6)× (4|6) matrices can be written as

M




La
b Pab Qa

A QaA

Kab La
b SaA Sa

A

Sa
A QaA RA

B RAB

SaA Qa
A RAB RA

B


 =


Ea

b − 1
2δ

a
b I Eab + Eba Ea

A −Ea
A

Eab + Eba Eb
a + 1

2δ
a
b I EaA −EaA

EA
a −EAc EA

B EB
A − EA

B

−EA
a EAc EB

A − EA
B EB

A

 .

(F.1)
For the Lorentz generator for instance, this equation is to be understood as

M [Lab] =


Ea

b − 1
2
δab I 0 0 0

0 Eb
a + 1

2
δab I 0 0

0 0 0 0
0 0 0 0

 , (F.2)
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where we raise and lower Lorentz indices with εab, εab and have

EB
A = (EA

B)T , EA
a = (Ea

A)T , EAc = (εacE
c
A)T . (F.3)

Furthermore, the dilatation generator is defined by

M [D] =


1
2
I 0 0 0

0 −1
2
I 0 0

0 0 0 0
0 0 0 0

 . (F.4)

The Killing form of osp(6|4) vanishes. We compute the metric defined by

gαβ = g(Jα, Jβ) = sTrM [Jα]M [Jβ], (F.5)

which obeys
gαβ = (−1)|α|gβα, gαβ = 0 if |α| 6= |β|. (F.6)

Here, |α| denotes the Graßmann degree of the generator Jα. We change the basis of
generators and introduce

Ya
b = Lab + δabD. (F.7)

Then the metric has the following non-vanishing components

g(Ya
b,Y

c
d) = 2δadδ

c
b ,

g(Pab,Kcd) = g(Kcd,P
ab) = −2δac δ

b
d − 2δadδ

b
c,

g(QaA,SbB) = −g(SbB,Q
aA) = 2δABδ

a
b ,

g(Qa
A,Sb

B) = −g(Sb
B,Qa

A) = 2δBAδ
a
b ,

g(RA
B,R

C
D) = g(RC

D,R
A
B) = −2δADδ

C
B ,

g(RAB,RCD) = g(RCD,R
AB) = 2δACδ

B
D − 2δADδ

B
C . (F.8)

The inverse metric gαβ = g−1(Jα, Jβ) satisfies

gαβg
βγ = δγα = gγβgβα. (F.9)

Its non-zero components are

g−1(Ya
b,Y

c
d) = 1

2
δadδ

c
b ,

g−1(Pab,Kcd) = g−1(Kcd,P
ab) = −1

8
δac δ

b
d − 1

8
δadδ

b
c,

g−1(QaA,SbB) = −g−1(SbB,Q
aA) = −1

2
δABδ

a
b ,

g−1(Qa
A,Sb

B) = −g−1(Sb
B,Qa

A) = −1
2
δBAδ

a
b ,

g−1(RA
B,R

C
D) = g−1(RC

D,R
A
B) = −1

2
δADδ

C
B ,

g−1(RAB,RCD) = g−1(RCD,R
AB) = 1

8
δACδ

B
D − 1

8
δADδ

B
C . (F.10)
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G The Level-One Generators P(1)ab and Q(1)aB

We can use the metric and read off the structure constants from the commutation re-
lations of osp(6|4) to compute the Yangian level-one generators P(1)ab and Q(1)aA. Ac-
cording to (7.3) we have

P(1)ab = fγβPab
∑
j<i

J
(0)
iβ J

(0)
jγ

= fγ̃β̃
KcdgKcdPabg

β̃βgγ̃γ
∑
j<i

J
(0)
iβ J

(0)
jγ

= − 2(δac δ
b
d + δadδ

b
c)
∑
j<i

(
fKefYlm

KcdgY
l
mYghgKefP

rs

Y
(0)g
i hP

(0)rs
j

+ fSeESfF
KcdgSfFQ

gG

gSe
EQhHQ

(0)gG
i Q

(0)h
j H

− (i↔ j)
)

= 1
2

∑
j<i

(
Q

(0)(aA
i Q

(0)b)
j A −Y

(0)(a
i cP

(0)cb)
j − (i↔ j)

)
. (G.1)

In order to check consistency, we also determine Q(1)aA :

Q(1)aA = fγβQaA
∑
j<i

J
(0)
jβ J

(0)
jγ

= fγ̃β̃
SbBgSbBQaAg

β̃βgγ̃γ
∑
j<i

J
(0)
jβ J

(0)
jγ

= − 2δABδ
a
b

∑
j<i

(
fKcdQeE

SbBgKcdP
fg

gQ
e
ESh

H

S
(0)
ih

HP
(0)fg
j

+ fYcdSeE
SbBgY

c
dY

f
ggSeEQ

hH

Q
(0)hH
i Y

(0)f
j g

+ fRCDSeE
SbBgR

C
DRFGgSeEQ

hH

Q
(0)hH
i R

(0)F
j G

+ fRCDSeE
SbBgRCDRFGgSe

EQhHQ
(0)h
i HR

(0)FG
j

− (i↔ j)
)

= 1
2

∑
j<i

(
Q

(0)bA
i Y

(0)a
j b

+ Q
(0)a
i BR

(0)BA
j −Q

(0)aB
i R

(0)A
j B

−S
(0)
ib

AP
(0)ba
j − (i↔ j)

)
(G.2)

One can easily convince oneself that consistently

{Q(1)aA,Qb
B} = δABP

(1)ab . (G.3)

H The Serre Relations

In the following, we will show how the homomorphicity condition (7.32) of the coproduct
(7.29,7.30) leads to the Serre relations (7.35). First, we multiply (7.32) by the algebra
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structure constants and take cyclic permutations to find

fβδ
γ∆([J (1)

α ,J (1)
γ ]) + cyclic(α, β, δ) = fβδ

γ[∆(J (1)
α ), ∆(J (1)

γ )] + cyclic(α, β, δ). (H.1)

It is obvious that (H.1) follows from (7.32); how about the other direction? The answer
is that (H.1) equals the X component of (7.32) while the adjoint component is projected
out. The reason for this is rather simple: Equation (7.32) can be written in the form
fαβ

δZδ + Xαβ = 0, where Xαβ ∈ X and Zδ ∈ Adj (cf. (7.33)). Now showing that (H.1)
does not contain the adjoint boils down to using the Jacobi identity in the form

fβδ
γfαγ

ε + cyclic(α, β, δ) = 0. (H.2)

Furthermore that only the adjoint and nothing else is projected out in going from (7.32)
to (H.1) follows from

fα
βγuβγ = 0 ⇒ uαβ = fαβ

γvγ, (H.3)

for some vγ (or equivalently that the second cohomology of g vanishes). Since X does
not contain the adjoint, we have separately Xαβ = 0 and fαβ

δZδ = 0. The first equation
will lead to the Serre relations. The second equation represents the definition of the
coproduct for the level-two generators.

In order to derive the Serre relations we rewrite the right hand side of (7.32) as
(cf. [36])

[∆(J (1)
α ), ∆(J (1)

β )] =[J (1)
α ,J (1)

β ]⊗ 1 + 1⊗ [J (1)
α ,J (1)

β ]

+
h

2

(
fα

γδ[J (0)
γ ⊗ J (0)

δ ,J (1)
β ⊗ 1 + 1⊗ J (1)

β ]− (α↔ β)
)

+
h2

4
fα

γδfβ
ρε[J (0)

γ ⊗ J (0)
δ ,J (0)

ρ ⊗ J (0)
ε ]. (H.4)

It is rather straightforward to rewrite the last two lines in this equation in the form of

h

2
fαβ

ρfρ
γδ
(
J (1)
γ ⊗ J (0)

δ − J
(0)
δ ⊗ J (1)

γ

)
, (H.5)

h2

4
fα

ερfβ
γµfεγ

κ
(
J (0)
κ ⊗ J (0)

µ J (0)
ρ + J (0)

µ J (0)
ρ ⊗ J (0)

κ

)
. (H.6)

Now it is easy to see that (H.5) vanishes due to the Jacobi identity when plugged into
the right hand side of (H.1). Using the Jacobi identity twice, the contribution to (H.1)
coming from the second piece (H.6) reads

h2

8
fαρ

λfβδ
µf νγκf

κδρ
(
{J (0)

λ ,J (0)
µ } ⊗ J (0)

ν + J (0)
ν ⊗ {J (0)

λ ,J (0)
µ }

)
+ cyclic(α, β, γ). (H.7)

Since the coproduct on J (0) has the trivial form (7.29) one can rewrite this as20

∆(Sαβγ)− Sαβγ ⊗ 1− 1⊗ Sαβγ, (H.8)

20We thank Lucy Gow for discussions on this point and sharing some of her notes with us.
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where

Sαβγ =
h2

24
fα

ρλfβ
δµfγ

κνfκδρ{J (0)
ρ ,J (0)

δ ,J (0)
κ }. (H.9)

Putting everything together (H.1) becomes

0 = ∆(Kαβγ)−Kαβγ ⊗ 1− 1⊗Kαβγ, (H.10)

where now
Kαβγ = Sαβγ −

(
fαβ

δ[J (1)
γ ,J (1)

δ ] + cyclic(α, β, γ)
)
. (H.11)

A sufficient condition for (H.10) to be satisfied is Kαβγ = 0 which, rewriting fαβ
δJ (1)

δ =

[J (0)
α ,J (1)

β ], are the well known Serre relations (7.35). One of the reasons for rederiving
the Serre relations here is to convince the reader and ourselves that only the X component
of {J ,J ,J } contributes to the right hand side of (7.35). As we have seen in Section 7,
this is very useful for proving the Serre relations for specific representations.

In order to show that the Serre relations are indeed satisfied for a certain represen-
tation, one can start with the case n = 1, i.e. a representation acting on only one vector
space and define

ρ|n=1(J (0)
α ) = J(0)

α ,

ρ|n=1(J (1)
α ) = 0. (H.12)

The left hand side of (7.35) vanishes for the one-site representation ρ|n=1. Assuming
that also the right hand side of this equation vanishes for the one-site representation,
one can promote (7.35) from one to n sites. The point is that the coproduct preserves
the Serre relations, that is if J (0) and J (1) satisfy the Serre relations then also ∆(J (0))
and ∆(J (1)) do. The reason behind this is an inductive argument. Assuming the Serre
relations to be satisfied for n sites implies the coproduct to be a homomorphism (7.31)
for n + 1 sites. Acting with ∆ on (7.35) thus yields the Serre relations for n + 1 sites
which in turn implies (7.31) for n + 2 sites. This means that the Serre relations will be
automatically satisfied by the choice (H.12) promoted to n vector spaces by successive
application of the coproduct. To be explicit, the action on two sites is given by

ρ|n=2(∆J (0)
α ) = 1⊗ J(0)

α + J(0)
α ⊗ 1 =

2∑
i=1

J
(0)
iα ,

ρ|n=2(∆J (1)
α ) = fβγαJ

(0)
γ ⊗ J

(0)
β = fβγα

∑
1≤j<i≤2

J
(0)
iγ J

(0)
jβ , (H.13)

where we recover the original bilocal form of the level-one generators (7.3). Here,

ρ|n=2(A⊗B) = (ρ|n=1A)⊗ (ρ|n=1B). (H.14)

Note that the above analysis is completely independent of the explicit representation
ρ. The criterion for any representation to obey the Serre relations is thus the vanishing
of the right hand side of (7.35) for that specific representation. For showing this, it is
crucial that the right hand side of (7.35) transforms in the representation X as shown
above.
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I Conventions and Identities

Throughout the article, the spacetime metric is fixed to ηµν = ηµν = diag(− + +). The
totally antisymmetric tensor εµνρ is defined such that ε012 = −ε012 = 1.

ε12 = −ε12 = 1. (I.1)

The relation between spacetime vectors and bispinors is given by

pab = (σµ)abpµ , pµ = −1
2
(σµ)abp

ab , (I.2)

where a convenient choice for the matrices (σµ)ab is

(σ0)ab =

(
−1 0

0 −1

)
, (σ1)ab =

(
−1 0

0 1

)
, (σ2)ab =

(
0 1
1 0

)
. (I.3)

They obey the following relations:

σµabσ
νab = −2ηµν , (I.4)

σµabσµcd = −εacεbd − εadεbc , (I.5)

εµνρ(σ
µ)ab(σ

ν)cd(σ
ρ)ef = 1

2
(εacεbeεdf + εacεbfεde + εadεbeεcf + εadεbfεce

+ εaeεbcεdf + εaeεbdεcf + εafεbcεde + εafεbdεce) . (I.6)

The matrices (σµ)ab = εbc(σ
µ)ac obey the algebra

(σµ)ab(σ
ν)bc = gµνδab + εµνρ(σρ)

a
c . (I.7)

We use (..) and [..] for symmetrization or antisymmetrization of indices, respectively, i.e.

X(ab) = Xab +Xba, X[ab] = Xab −Xba. (I.8)
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