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ABSTRACT

The aim of the present work is to employ the two-phase local/nonlocal
Stress-Driven integral Model (SDM) to analyse the size-dependent
Mode I fracture behaviour of Bernoulli-Euler cracked nanobeams, in
terms of energy release rate, stress intensity factor and nonlocal
stress field near the crack tip. Both edge- and centrally-cracked
nanobeams, subjected to concentrated forces, are examined. The edge-
cracked nanobeam is modelled as a pair of cantilever nanobeams,
whereas the centrally-cracked nanobeam as a pair of double-clamped
nanobeams with internal discontinuity due to concentrated loads.
Moreover, a comparison with the results obtained from a gradient
elasticity theory based model, available in the literature, 1is
performed. From the present study, it is observed that the energy

release rate decreases by increasing the nonlocality, showing the
1



superior fracture performance of nanobeams with respect to large-

scale beams.
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1.INTRODUCTION

The experimental and theoretical investigations of nanomaterials fracture
behaviour are topics of great interest for the Scientific Community, since
the understanding of the nanoscale fracture mechanisms is critical for
tailoring such materials at small length scales [1,2].

Experiments and simulations of fracture at nanoscale level point out the
great potential of nanomaterials ultimate strength [2], showing, at the same
time, a behaviour significantly different from that exhibited by materials
at macroscale level, manifesting the so-called size effect [3-5]. Several
research works supporting such a statement are available in the literature
[6-10]. For instance, Fang et al. [6] investigated a Gradient Nano-Grained
(GNG) surface layer in a bulk Coarse-Grained (CG) rod of a face-centred
cubic Cu. It was observed that the tensile yield strength of the GNG/CG
was two times greater than that of CG Cu. Wu et al. [7] tested a sandwich
sheet structure, composed by a CG core between two GNG layers. They observed
an extra-strain hardening, with consequent high ductility. Peng at al. [8]
performed uniaxial tensile tests on single-crystalline copper nanowires by
using a micromechanical device 1inside a scanning electron microscope
chamber. They observed that the fracture strength of copper nanowires 1is
much higher than that of bulk copper, and, moreover, that both ductile and
brittle-like fracture modes are found in the same batch of fabricated
nanowires, depending on their diameters. Le and Batra [9] numerically
investigated the crack initiation and propagation in pre-cracked single
layer graphene sheets under tension by means of molecular dynamics
simulations. They found that shorter initial cracks propagated faster than
longer ones, but the axial strain registered in the layer with short cracks
was higher than in the case of longer cracks. Moreover, Cheng and Sun [10],
by adopting the local virial stress in conjunction with molecular dynamic
simulations, observed that fracture toughness cannot be treated as a
material constant when the crack length is shorter than 100A. The size-
dependent behaviour of fracture toughness was explained by the Authors in
terms of the size of the singular stress zone (the K-dominance =zone): as

the crack length decreases, also the K-dominance zone decreases.


https://it.wikipedia.org/wiki/Anders_Jonas_%C3%85ngstr%C3%B6m

Both the above cited experimental results and numerical simulations
highlight that continuum theories, applicable to describe materials
behaviour at macroscale level, may not be directly applicable to materials
at micro- or nano-scale level, due to the different deformation and fracture
mechanisms observed at such a length scale.

In order to capture the small-scale effect on static [11-18] and dynamic
responses [12,14,19-25], instability [14,26-28] and fracture behaviour
[11,29-33] of nanomaterials at micro- or nano-scale level, several
theoretical models have been proposed. Beside them, an innovative method,
named Stress-Driven nonlocal integral Model (SDM), 1is available in the
literature [34-41].

The stress-driven nonlocal theory of elasticity assumes that the strains
at a point of a body are function of the stresses at all points of the body.
Consequently, the elastic strain field is defined by an integral convolution
between the elastic stress field and a suitable averaging kernel, and also
the associated constitutive boundary conditions are expressed in terms of
strains [34,35]. The main advantage of the present model is that the
elastostatic problem is well-posed, providing analytical results which do
not exhibit inconsistencies (due to the swapping of the role of the strain
field with that of stress field), avoiding the incompatibility between
nonlocal constitutive law and equilibrium requirements as, instead, several
Authors highlighted for the well-known Eringen strain-driven model [42-45].
The SDM has been recently successfully applied to study nanobeams subjected
to bending [34,35,37], axial load [46], torsion [47], buckling [38-40,48]
and free vibrations [36,41,49].

Moreover, the model has been recently extended by introducing a two-phase
local/nonlocal mixture formulation for both free bars under uniform tension,
nanobeams under bending loading [50,51] and nanobeams under free vibrations
[52]. Such a two-phase constitutive mixture is defined by a convex
combination of both local and nonlocal phases, where the nonlocal fraction
is modelled according to the SDM. The aim is to improve the suitability of
the stress-driven elasticity theory to model various nanostructures

problems.



The novelty of the present paper is to employ, for the first time, the
two-phase local/nonlocal Stress-Driven integral Model in conjunction with
fracture mechanics concepts in order to analyse the size-dependent Mode I
fracture behaviour of the Bernoulli-Euler cracked nanobeams. In particular,
the crack opening displacement, the energy release rate, the stress
intensity factor and the nonlocal stress field near the crack tip are
investigated. Regarding the Bernoulli-Euler nanobeams, two types are
examined: an Edge-Cracked Nanobeam (ECN) and a Centrally-Cracked Nanobeam
(CCN), both subjected to concentrated forces (Mode I loading). With this
aim, the ECN is modelled as a couple of cantilever nanobeams with concentred
forces at the free ends, whereas the CCN is modelled as a pair of double-
clamped nanobeams with concentred forces at the mid-span section.
Consequently, while the local/nonlocal SDM formulation for a cantilever
nanobeam is available in the literature [51], an analogous formulation for
nanobeams with internal discontinuity due to concentrated loads 1is here
presented for the first time, exploiting the work of Caporale et al. [53].

The paper is organised as follows: the ECN formulation is presented in
Section 2 together with the discussion on the results obtained, whereas the
CCN is analysed and the corresponding results are presented in Section 3.
The nonlocal stress fields near the crack tip in both edge- and centrally-
cracked nanobeams are investigated in Section 4. Moreover, a comparison
between the results obtained and those carried out by using the gradient
elastic theory [54] is presented in Section 5. The main conclusions are,
instead, summarised in Section 6. Finally, in Appendix A.1l, the two-phase
local/nonlocal SDM formulation 1is recalled for a cantilever nanobeam,
whereas the new formulation for nanobeams with internal discontinuity is

presented in Appendix A.2.

2. FRACTURE ANALYSIS OF AN EDGE-CRACKED NANOBEAM
2.1 Transversal displacement and CMOD
As in macro-scale models, the fracture behaviour of an Edge-Cracked

Nanobeam (ECN), containing a longitudinal crack with a length equal

to | (Figure 1(a)), may be conveniently modelled by assuming the



crack as a double cantilever nanobeam with length, |, as shown in

Figure 1(b) [55].
Figure 1

The ECN has a rectangular cross-section with thickness, 2h, and

width, b, and is subjected to a pair of concentrated forces, F, at
the free ends. Neglecting the effects of shear, "root-rotation"
(crack-tip rotation) and other manifestations of elastic deformation
ahead of the crack tip, 1is acceptable for cracked nanobeams, since
their stiffness is higher than that of large-scale Dbeams.
Consequently, the elastic deformations ahead the crack tip are lower
than in the case of large-scale beams [56,57].

The configuration of deformed crack faces under the action of the
applied external loads may be analysed by computing the deflection
of the two identical single cantilever nanobeams. By taking
advantage of the above symmetry, a single cantilever nanobeam is

considered (i.e. the upper one in Figure 1(b)) and the transversal

displacement, VOQ, under Bernoulli-FEuler assumption, can be written
as reported in the following, by applying the  two-phase
local/nonlocal SDM reported in Ref. [51]:

Fx? FLe /s
= (3-x)—(a—1)———vo-
V(x) =g (B =%)~(a-1) ="

-{Li (e(x/m _1)(e(x/Lc> + el ) ~ Xl [_|e<l/Lc> —xe™) et (1 - x)]}

where L, is the material characteristic length, and IE is the bending
stiffness of the single nanobeam; a 1s the mixture parameter and
ranges from 0.0 to 1.0, so that, for a=0.0 the fully nonlocal stress-

driven model is recovered, whereas for a =10 the classical Bernoulli-
Euler model is obtained. Details regarding the formulation of the
local/nonlocal SDM for a cantilever nanobeam, with a concentrated

load at the free end, may be found in the Appendix A.1l.
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Consequently, the maximum deflection is attained at the free end

(that is, for x=I1):

- FI° 2 -(2) “wn 1
Vimax _?)I_E{l_3(a—1)/1|:/1 (1—6 )—ﬂve _E (2)

being A=L./l the dimensionless characteristic length (or the

dimensionless nonlocal parameter), ranging from 0.0 to 1.0.
The transversal displacement normalised with respect to the

maximum deflection value, computed according to the classical local
Bernoulli-Euler solution, V*OQ:=VOO/(F|WQ|E), is plotted against the

dimensionless abscissa Xﬂ for different value of a (

«=0.0,0.2,04,06,08and1.0) and 4=0.1 in Figure 2(a).

Figure 2

It is interesting to note the dependency of VYX) on the mixture

parameter, « . The case with a=1 (thick line) corresponds to the
case of the classical Bernoulli-Euler local problem. For smaller value

of «a, the normalised displacement values are lower, showing a

decreasing of about 15% for a=0.0 (fully nonlocal model) in
correspondence of X/|=1 (that is, at the free end). Consequently,

the nanobeam shows a stiffer behaviour with respect to a large-scale

beam.

The Crack Mouth Opening Displacement (CMOD), O, may be computed

as two—-times the deflection at the free ends of the double cantilever

nanobeam, that 1is, 5==2VU). Therefore, such a CMOD may be

conveniently normalised with respect to the well-known classical

local Bernoulli-Euler solution, 5C, as:



.9 _ 2(1_g WA _ go-n) _1
s _5_1—3/1(05—1){/1 (1-e ) 2e -5 (3)

with

5 2. FC (4)
¢ " 3IE

by explicitly showing the dependence of 5" on both « and 4.
The normalised CMOD is then plotted in Figure 2(b) against the
dimensionless characteristic length for different wvalues of the

mixture parameter (a=0.0,0.2,0.4,0.6,0.8and 1.0).

As can be observed, the normalised CMOD, 5*, decreases by
increasing the value of A for all the considered values of the
mixture parameter, with the exception of a =10 (thick line), for
which 5*=1I)being such a case corresponding to the local Bernoulli-
Euler problem.

Moreover, for A tending to zero, that is, when |? L, , the nanobeam
behaves as an edge-cracked beam with large-scale sizes. On the
contrary, for A greater than 0.0, the normalised CMOD significantly
decreases and the decrement is maximum (of about 70%) when A4=1.0
and =00 (thin continuous line), which corresponds to the fully

nonlocal model with the limit condition of |=L,. Consequently, in

an ECN, the crack is less open than in a large-scale edge-cracked

beam. Finally, by increasing @ from 0.0 to 1.0, & progressively

increases up to the limit value equal to 1.0 (pure local problem).

2.2 Energy Release Rate and Stress Intensity Factor
In order to determine the Energy release rate per unit width (or crack
extension force), ERR, by taking full advantage from the Castigliano

Theorem, the total strain energy stored in the deformed ECN is

computed as the work done by the two external forces, F, as:

8



I N I PPl [ 12(1 )| _ eV L2l ()
W—2‘:;FV(I):|—ﬁ—(a—l)?{l_c(l—e )—Lcle —EI }

Then, according to the <classical linear elastic fracture

mechanics, the ERR is given by:

o3~ e[ )

The above energy release rate may be more conveniently normalised

with respect to the well-known classical local Bernoulli-Euler

solution, G., as:

where

the ERR related to a macro-scale double-cantilever beam (i.e.
A=00 or ¢=1.0).
The normalised ERR of Eq. (7) is then plotted in Figure 3(a) against

the dimensionless characteristic length, A4, for six values of a .

*
It is interesting to note that the normalised ERR, G , always
decreases by increasing A for all the considered values of the

mixture parameter, with the exception of a =10 (thick line), for

which G*:JHO (that is, the local Bernoulli-Euler problem). Moreover,
for « equal to 0.0 (thin continuous line), up to a value of the
dimensionless characteristic length equal to about 05, the

decreasing is quick (of about 43%), whereas for A moving from 0.5



to 1.0, the decreasing is slightly slower (of about 20%). In
addition, by increasing a@ from 00 to 10, the normalised ERR
progressively increases up to the limit wvalue equal to 1.0 (pure
local problem). From the above comments, it is possible to conclude
that, in an ECN (A#00 and a#10), the energy delivered by the
system for an additional crack of size 0l is lower than that for a
crack in a large-scale edge-cracked beam (4=00 or a=10).
Moreover, it can be stated that in an ECN the crack growth depends

not only on the crack length (like in a large-scale cracked beam)

but also on the characteristic length, LC, since, according to the

linear fracture mechanics concepts, the increment dl of the crack
is possible when the delivered energy is equal or greater that the
energy required to form an additional crack.

Finally, the Stress Intensity Factor (SIF) for ECN can be computed
by taking advantage of the well-known relationship between ERR and

SIF that, under plane stress assumption, is given by:

K =+EG = Fl\/bil{l—/l(a—l)(e‘(m) —1)} (9)

where E i1is the elastic modulus of the material.

The above SIF may be conveniently normalised with respect to the

well-known classical local Bernoulli-Euler solution, KC, as:

K*=£=\/1—/1(a—1)(e_(w)—l) (10)

where
1
Ke =Fl|= (11)
¢ bl
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the SIF related to macro-scale double-cantilever beam (A4=0.0 or ¢ =1.0
) .
In Figure 3(b), the normalised SIF is plotted against A4 for

different values of a . Comments, similar to the above ones for the

*
ERR, may be done also for K . 1In such a case, the maximum decreasing

of the normalised SIF is of about 40% when a=0.0 and A tends to 1.0

(thin continuous line).

3. FRACTURE ANALYSIS OF A CENTRALLY-CRACKED NANOBEAM
3.1 Transversal displacement and CMOD

In the present Section, the fracture behaviour of an Centrally-

Cracked Nanobeam (CCN), containing a central crack with a length |
(Figure 4(a)), and subjected to a pair of concentrated forces at the
half crack length, is analysed. The presence of the crack may be

conveniently modelled by assuming it as a pair of double-clamped
nanobeams having length equal to |, as shown in Figure 4 (b) [55].
The CCN has a rectangular cross-section with thickness, 2h, and

width, b. The deformed crack faces of the pair of double-clamped
nanobeams under the action of the external loads may be analysed by
computing the deflection of the two identical clamped-clamped
nanobeams. By taking advantage of the above symmetry, a single
double-clamped nanobeam is considered (i.e. the upper one in Figure

4(b)) and the transversal displacement may be described by the
functions Vi(X), for 0<x<I/2, and V,(X), for 1/2<x<l, under
Bernoulli-Fuler assumption (see Figure 4 (b)).

Due to the internal discontinuity caused by the external force, F

, 1n correspondence of X:4/2, the displacement equations shall be
written in order to take into account the effect of the discontinuity
on the nanobeam nonlocal behaviour. Caporale et al. [53] developed
a new formulation of the fully nonlocal SDM accounting for such an
internal discontinuity.

In the present work, the above formulation has been extended in

order to include the mixture parameter and to propose a new two-
11



phase local/nonlocal SDM formulation suitable for nanobeams problems

involving internal discontinuity.

A detailed description of the proposed formulation, employed in
the following, may be found in Appendix A.2.
The displacement functions VAX) and Vzoo can be determined by

solving the following sixth-order differential equations:

v§6>(x)—%v§“>(x)=0 for 0<x<l/2 (12a)
Vgﬁ>(x)_%v;4>(x)=o for 1/2<x<I (12D)

and by 1imposing the non-homogeneous system represented by the

following twelve boundary conditions:

(1) two Constitutive Boundary Conditions (CBCs):
MO M
VO (0)—2vi? (0) = M (0)_ @ Mi(0) (13a)
L. IE L. IE
1 MP() @ M,(l
V£3)(')+:V£2)(')=a ZIE()+Z IZE() (13b)

where M, and M, are the bending moments acting on the left (0<x<I1/2

) and right (|/2£)(£|) parts of the nanobeam, respectively;

(ii) two proposed Constitutive Continuity Conditions (CCCs) :

W (1/2)+- 22 (1/2) = Mgl)l(E'/z) 2 Wll2) 2024 L (r2) (14a)
3 2 él) [04 2 | —a
vg>(|/z)_%vg>(|/z)=a'\" II(EI/Z)_EM I(E/Z)_Z(:LLC ) 11 (1/2) (14D)

where #,(1/2) and g,,(l/2) are defined in Appendix A.2;

(1id) six Kinematic Boundary Conditions (KBCs) :
v1(0)=0 (15a)
Vl(l) (0)=0 (15b)

12



Vo (1) =0 (15¢)

vél)(l)zo (15d)

vi(1/2)=v, (1/2) (15e)

v (172) = v (1/2) (151)
(iv) and two Static Boundary Conditions (SBCs):

v (1/2)- L§v1(5)(l/2)+%=v§3) (1/2)- 257 (1/2) (162)

vi? (1/2)- v (112) =2 (1/2) - LEvs¥ (1/2) (162)

Since the two transversal displacement functions VKX) and VQOQ,
obtained by solving the above system, are extremely long and complex,
their equations are not reported in the present work for sake of
brevity.

The maximum deflection is attained at the nanobeam half length
(that is, for x=1/2), where Vy(1/2)=v,(1/2).

The transversal displacement normalised with respect to the

maximum deflection according to the classical local Bernoulli-Euler
solution, that is, V;(X)=V,(x)/(FI’/192El) ana V;(x)=v,(x)/(FI°/192E1), is

plotted in Figure 5(a) against the dimensionless abscissa Xﬂ for

different values of a and 4A=0.1.
Figure 5

It is interesting to note the dependency of the normalised

transversal displacement on the mixture parameter, «a . The case with

a=10 (thick 1line) corresponds to the case of the classical
Bernoulli-Euler local problem. For smaller value of &, the normalised

displacement values are lower showing a decrement of about 41% for

a=0.0 (fully nonlocal model) and X/I=05 (that is, at the half

13



length) . Consequently, the nanobeam shows a stiffer behaviour with

respect to a large-scale beam.

The maximum Crack Opening Displacement (COD), O, may be computed

as two-times the deflection at the half length of the double-clamped
nanobeam, that is, 0=2-vw(1/2)=2-v,(1/2). Therefore, such a COD may

be conveniently normalised with respect to the well-known classical

local Bernoulli-Euler solution, 5&, as:

« O
S ==
5 (17)
with
_n. F|3 (18)
¢ 1921E

The normalised COD is then plotted in Figure 5(b) against the
dimensionless characteristic length for different values of the

mixture parameter « .

As can be observed, the normalised COD, 5*, decreases by increasing
the wvalue of A4 for all the considered values of the mixture

parameter, with the exception of @=1.0 (thick 1line), for which

5*=11)(local Bernoulli-Euler problem). The decrement is maximum (of

about 95%) when A4=10 and a=00 (thin continuous 1line), which
corresponds to the fully nonlocal model. Consequently, it 1is
possible to state that in a CCN the crack is less open than in a

large-scale centrally-cracked beam.

*

Finally, by increasing a from 00 to 10, O ©progressively

increases up to the limit value equal to 1.0 (pure local problem).

3.2 Energy Release Rate and Stress Intensity Factor
In order to determine the Energy release rate per unit width (or

crack extension force), ERR, the same procedure presented in Section
14



2.2 is employed. The total strain energy stored in the deformed CCN

is computed as the work done by the two external forces, F :

W:ZEFvl(I)}:ZEFVZ(I)} (19)

and the ERR is given by:

The above energy release rate is then normalised with respect to

the classical local solution, GC, as:

G*:E (21)
Ge
where
22
Go =t ! (22)
64bElI

the ERR related to the double-cantilever beam (A=0.0 or =10 ).
The normalised ERR is then plotted in Figure 6(a) against the

dimensionless characteristic length, A4, for different values of «

From Figure 6(a), it is possible to observe that the normalised

*
ERR, G , always decreases by increasing A4 for all the considered

values of the mixture parameter, with the exception of a=1.0 (thick

line), for which G =10 (i.e. local Bernoulli-Euler problem).
Moreover, for a equal to 0.0 (thin continuous line), up to a value
of the dimensionless characteristic length equal to about 0.3, the
decreasing is quick (of about 74%), whereas for A moving from 0.3 to

10, the decreasing is slower (of about 20%). In addition, by
15



increasing a from 00 to 10, the normalised ERR progressively

increases up to the limit value equal to 1.0 (pure local problem).

From the above comments, it is possible to conclude that, also in a
ccN (A#0.0 and a#1.0), the energy delivered by the system for an
additional crack of size dl is lower than that corresponding to a
crack in a large-scale centrally-cracked beam (4=0.0 or a=1.0).
Moreover, it can be stated that in a CCN the crack growth depends
not only on the crack length (like in a large-scale cracked beam),
but also on the material characteristic length, Lc-

Finally, the Stress Intensity Factor (SIF) for CCN is computed by
taking advantage of the well-known relationship between ERR and SIF

under plane stress assumption:

K =JEG (23)

where E i1is the elastic modulus of the material.

The above SIF may be conveniently normalised with respect to the

well-known classical local Bernoulli-Euler solution, K¢, as:

where

the SIF related to the double-cantilever beam (A4=0.0 or =10 ).

In Figure 6(b), the normalised SIF is plotted against A4 for

*
different values of «. Similar comments may be done for K and
the maximum decrement (of 80%) is observed when a=0.0 and A4 tends
to 1.0 (thin continuous line).

16



3. STRESS FIELD AHEAD THE CRACK TIP

The stress field ahead the crack tip is computed by employing the
approximated solution proposed by Yuanhan [58]. The Author presented
a solution for the Griffith crack problem based on the nonlocal
elasticity and the approximate stress formulae of the classical
fracture mechanics. More precisely, the Author defined the one-
dimensional stress field in four regions depending on the crack
length and the material characteristic length [58].

By taking the polar coordinates (r,0), with its origin at the crack

tip and the X'—axis, with its origin in O' as shown in Figure 7 (a),
*

a normalised one-dimensional stress, Uy, (with 8=0°) is computed

as the ratio between the stress, Oy, according to Refs [55, 58], and

Oymax, that is:

e 0<x'<l-L, (26a)
y c
O-y,max
o =% ~oge6 1+ X I-L <x'<l (26D)
’ Oy max Lc
i s s
* (o3 "—1)2 r_1\2
o) =—2 =0.866- [1+X 'J —2(" 'j l<x'<l+L  (26c)
O-y,maX LC LC
] 3 3 3
. o ' 2 ' 2 r 2
ot =9 =oge6.|[14 X7 o[ XL L[ g, X X>l+L,  (26d)
Gy,max C LC C
where
O’y max 51.155-%2LLc (27)
T
attained in correspondence of X =l+L;/3.

17



Note that, such a solution assumes that Oy is invariable between
two adjacent atoms along Y -axis, and gives a good accuracy of the

exact one, provided by Eringen [59], for 4 greater than about 0.05,
as it was proved in Ref. [58].

In Figure 7(b), the normalised one-dimensional stress field (for

6=0°) is plotted against the dimensionless radial coordinate,
*
r =r/l for different values of A. It can be observed that the

stress at the crack tip (that is, r'=0.0 in Figure 7(b)), calculated
by using the nonlocal elasticity theory, is a finite wvalue (about
0.87) for all the examined values of the dimensionless characteristic
length, contrary to the result obtained by employing the classical
fracture mechanics (for which the stress tends to infinity). Note
that the one-dimensional stress field here plotted is the same for
both edge- and centrally-cracked nanobeams, and that the mixture

parameter has not been implemented in the above formulation (this is

equivalent to assume a@=0.0, that is, pure nonlocal model).

4. COMPARISON WITH LITERATURE RESULTS

Finally, in the present Section, the two cracked nanobeams are
analysed by means of the Gradient Elasticity Theory based model
proposed by Zhang et al. in Ref. [54]. The Authors presented the
formulation for calculating the Energy Release Rate and the Stress
Intensity Factor for both edge- and centrally-cracked nanobeams;
formulation which has been here employed to make a comparison with
the results obtained by applying the local/nonlocal SDM. In the
following, only the results computed through the Gradient Elasticity
Theory (named, for simplicity, Grad-Ela) are reported, whereas
details about the solutions may be found in Ref. [54].

According to the above Grad-Ela model, two material characteristic

lengths, lj and |, are introduced and the fracture properties are

defined as function also of the ratio |/h, depending on the geometry

of the cracked nanobeam. The Authors assumed the two characteristic

18



lengths, l| and |5, equal to a unique value, |, that, in accordance

to the symbols used in the present paper, it can be taken equal to

LC (i.e. T-=l1). On the contrary, since the two-phase local/nonlocal

SDM is independent of |/h, in order to obtain comparable results,

such a ratio has Dbeen taken equal to three wvalues, that 1is,
I/h=0.1,0510.

In Figure 8, the Energy Release Rate values, normalised with

respect to the classical solutions (see Sections 2 and 3), are
plotted against the dimensionless characteristic length, A, by

considering the above three wvalues of |/h and three values of the
mixture parameter «. In particular, in Figure 8(a), the results
related the ECN are reported, whereas those related to the CCN are
represented in the Figure 8(b). It can be observed that, the
normalised ERR of the ECN (Fig. 8(a)) computed through the Grad-Ela
assumes values lower that those determined by employing the SDM also
for different values of &. On the contrary, for the CCN (Fig. 8(b)),
a certain similarity may be observed especially by wvarying the
mixture parameter from 0.0 to 0.4 . Consequently, in the case of a
central crack, the two models are able to give comparable results if
the geometry and mixture parameters are properly set, while, in the
case of an edge crack, the outcome results are quite different
independent of the set parameters.

The same trends are also observed for the normalised Stress

Intensity Factor plotted in Figure 9 for both cracked nanobeams.

5. CONCLUSIONS
In the present paper, the two-phase local/nonlocal stress-driven
integral model has been employed, together with the Bernoulli-Euler
beam theory, to analysed size-dependent Mode I fracture behaviour of
both edge- and centrally-cracked nanobeams.

For the two nanobeams configurations, the transversal
displacements and the crack opening displacements have been computed

by wvarying both dimensionless characteristic length and mixture
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parameter values. The energy release rate, the stress intensity
factor, and the stress field near the crack tip have been determined
by employing the compliance method and the linear elastic fracture
mechanics concepts. From the obtained results, it has been observed
that the analysed fracture properties vary significantly with the
dimensionless characteristic length of the material, manifesting the
so-called small-scale effect. In particular, the energy release
rate strongly decreases by increasing the nonlocality, showing a
less stiff behaviour of the cracked nanobeams with respect to the
large-scale cracked beam. As a consequence, the fracture performance
of nanobeams appears superior with respect to large-scale beams.
Finally, a comparison with literature results has been made. Also
applying the gradient elastic theory, the scale-effect 1is
appreciable and the better fracture performance of nanobeams with
respect to large-scale beams is observed, even if in a quantitative
different way with respect to that noticed by employing the two-
phase local/nonlocal SDM (especially in the case of the edge-cracked

nanobeam) .
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Data availability

The raw data required to reproduce these findings cannot be shared
at this time as the data also forms part of an ongoing study.
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APPENDIX

A.1 Local/nonlocal SDM formualtion for a cantilever nanobeam

Let us consider a flexible nanobeam with the longitudinal coordinate
as X, and the through the thickness coordinate, perpendicular to

the neutral axis of the non-deformed nanobeam, as Y (Figure A.1l).
Figure A.1

Under the Bernoulli-Euler assumption, the flexural curvature

field, x(X), is expressed as:
700 =20 a.1)

n
where V(X) is the transverse displacement, and (K)() stays for the
nth-order derivative with respect to X.

According to the local/nonlocal SDM [51], x(X) can be computed

through the integral convolution, as here reported:

Z(x):awju(l—a)jIn//(x—t,Lc)Ml—ét)dt (a.2)

E

where 1 is the integration variable, «a 1s the mixture parameter,

and |IE is the local elastic stiffness:

IE = [ Ey®dA (a.3)
Q

being ) the area of the nanobeam cross-section.

Moreover, ¥ 1s the special kernel, defined as:
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w(xL)= 2L exp[ ||—c|] (A.4)

where the nanobeam characteristic length, LC, is defined as the

product of a dimensionless nonlocal parameter, A, and the nanobeam
length, | (that is, L.=41)

Eq. (A.2) 1is equivalent to the following second order

differential equation:

) l M(Z) 1 M
Z()(X)_EI(X)ZQ |E(X)_F IéX) (®-2)

C

together with the following constitutive boundary conditions:

#9(0)- L 2(0) =g - (2. 62)
L) o 2 M0 e

where M stands for bending moment.
By differentiating Eq. (A.5) to times with respect to X, and by
exploiting the differential condition of Eq. (A.1l), the following

equation is obtained:
Ly ® _v®—g (A.7)

In such a context, Egs (A.6) can be rewritten, in a more

convenient way, in terms of deflection, V:

V@ (0)- 1@ (0)= 2(0)_a M) (2.8a)
L E L IE
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v(3)(|)+iv(2)(l)=aM(l)(')+1'v'(') (A.8D)
Le IE L IE

By solving Eq. (A.7), the general integral depends on six
integration constants. Therefore, by imposing six boundary
conditions that is, the two constitutive Dboundary conditions
represented by Egs (A.8) and four suitable kinematic/static boundary
conditions at the nanobeam ends (according to the Bernoulli-Euler
theory), a non-homogeneous algebraic system is in general obtained,
which equations are expressed in terms of the above six integration

constants.

A.2 local/nonlocal SDM formulation for a flexible nanobeam with

internal discontinuies

The formulation of the £wi+ fully nonlocal stress-driven model for
nanobeams with internal discontinuities is here extended in order to
introduce the mixture parameter, «, able to proper combine the
local/nonlocal phases of the model.

Let us consider the nanobeam as a straight beam with loading
discontinuities at abscissa X=X; as shown in Figure A.2.

Figure A.2

The curvature y(X) at a generic point x is defined as the following

integral convolution [51]:

+(1—a)jlw(x—t,Lc)M—lg)dt (2.9)

where M(X) and |. are bending moment and bending stiffness,
respectively; w(X—tJT) is an averaging kernel depending on the small
scale parameter L, and « 1is the mixture parameter. Taking into
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account the presence of force and couple concentrated at a generic
point with abscissa x; (0<x,<l), the integral at the right-hand

side of Eq.(A.9) is written as:

(A.10)

where M,(x) and M,(X) are the bending moments at the left (namely,

first part of the beam) and at the right of a given abscissa X,

(namely, second part of the beam), respectively.

The integral Eq. (A.10) is completed with variationally consistent
essential and natural boundary and continuity conditions at points
with x=0,X,,|, which are the same as those conditions imposed in
local problems.

Assuming the following exponential kernel of Eq. (A.4), it is shown
that the integral formulation defined by Eq. (A.10) is equivalent to
a differential formulation given by two differential equations
subject to conventional constitutive boundary conditions of the
local/nonlocal SDM and novel constitutive continuity conditions.

The curvature at any point belonging to the first part of nanobeam

can be written as:

M, (x)
IE

n(X)=«a +(1=a)[ 2y () + 20, (X)+ 202 (X)] with xe[0, %, (A.11)

where

Z1,|(X):J‘OXEXP[(t_X)} 1 M), o)

L |2L, IE

C
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2, (%)= .:d exp{(x—t)} 21 Ml(t)dt

22 (X) = .XI exp[(x—t)} 21 M, ()

C
¥ X4

2200 =a MO 11800 28 (0 242 0)] -
o (A.13)
=“M1|E( )+(1—a){ Llcxl.( )+ Exlr( )+ Licm(x)}
being where
Zl(ll) (X) = ngX(X) zLicilel(EX) AN ( ):|
200- 22 L (-2 oo

as:

@) (x X
29(x)= aMll—E()+(1_a)Li{_ M) (04 (x)+;(112(x)} -

E

o (A.15)
Mi7(x) 1) M(X)  Mi(X)

e +? - E +a E —0—(1—0!)[}(“(X)"'ll,r(x)"'ll,z(x):'

a(x)

Finally, the differential equation for the first part of beam may

be obtained as:
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M2 (x) 1 M, (x)
E L IE

) (X) -5 2(x)=a for  xe[0,[ (8.16)

Similarly, the differential equation for the second part of the

nanobeam is obtained:

1
7 ()5 ()=«

M (x) 1 M, (%)
E L2 IE

for  xe]x,l] (A.17)

Egs (A.16) and (A.17) are formally similar to the differential
equation of the local/nonlocal formulation without loading
discontinuities. On the other hand, continuity conditions in
presence of loading discontinuities are not obvious and a proper
derivation must be done in order to find a consistent solution.

To this end, Eq. (A.11) 1is first evaluated at Dboundary and

continuity points, that is x=0, X;, respectively:

1(0)=a Mlléo) +(1_0‘)[}(1,r (0)+ 11, (O)] (A.18a)
Zl(xd)za%+(l—a)[;@,(Xd)+;(1'2(xd)] (A.18Db)

since Zn(O)ZZn(&):O- Then, Egs (A.18) are substituted into Eq.

(A.13), evaluated at the same boundary and continuity points, that

is, x=0,x%,:

@ —a o o
0= OB (0): 0] LD L 0)- £ D)
() (1-g
ZP(&)=GMHéd)+aH kfﬁw&)+%iﬁn]: (A.19)
@ (x o X —a
:aMll—éd)_LiZl(o)+fMl|(Ed)+2(lL ) (%)

C C C
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and obtaining the following constitutive boundary and continuity

conditions:

Y0 M, (0)
oyt oy g M (0) a M, A 20
A ( ) Lcll( ) (24 IE L IE ( a)
1 M® (x M,(x,) 2(1-«
(%) + = (%) =a 1|é d)+ﬁi 1I(Ed)+ (L )Zlyz(xd) (A.20Db)

C C C

Analogously, the constitutive boundary and continuity conditions

for the second part of the beam (x=x,l) are:

MP (%) a M,(x) 2(1-a)
E L IE L

C

1
75 (%)= 2 (%)= 21 (%) (A.21a)

M) o M U)
O L o, (oM (D 2 A.21b
Zz()+LZ2() IE +L IE ( )

C C

with

zz,l(X)=J‘0XdeXp{(t_x)} L M) (A.22)

L. |2L. IE

The governing equations of the differential problem are given by
Egs (A.16) and (A.17) subject to the constitutive boundary and
continuity conditions of Egs (A.20) and (A.21), which include the
integral convolutions y,(x) and y,,(x), respectively.

Finally, by solving Egs (A.16) and (A.17), the general integral
depends on twelve integration constants. Therefore, Dby imposing
twelve boundary conditions that is, the two CBCs plus the new CCCs
of Egs (A.20) and (A.21), and eight suitable kinematic/static
boundary conditions at the nanobeam ends and at X=X;, a non-
homogeneous algebraic system 1is obtained, which equations are

expressed in terms of the above twelve integration constants.
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cantilever nanobeam.
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A. Six values of « are analysed.
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Figure 7. Stress field: a) polar reference system, and (b) normalised

*
stress field, Oy, ahead the crack tip against the dimensionless radial

*
coordinate, r, for a=0 and four values of the dimensionless

characteristic length, 4.
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Figure 8. Comparison, in terms of ERR vs material characteristic length,

A, between the results here obtained and literature data [54] for both:

(a) ECN and (b) CCN, by considering three values of I/h (Grad-Ela) and

three value of & (local/nonlocal SDM).
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Figure 9. Comparison, in terms of SIF vs material characteristic length,

A, between the results here obtained and literature data [54] for both:

(a) ECN and (b) CCN, by considering three values of I/h (Grad-Ela) and

three value of & (local/nonlocal SDM).
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Figure A.1l. Nanobeam geometry.

42



q](x) QZ(X)

| -

Figure A.2. Nanobeam with loading discontinuity (note that the

constrains at the beam ends are not defined).
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