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Abstract

We present a new class of fully-discrete one-step SPH schemes based on a mesh-free ADER (Arbitrary DERivatives
in space and time) reconstruction on moving particles in multiple space dimensions. In particular, the new SPH
scheme computes mesh-free and local high order accurate polynomials in space and time to evaluate numerical fluxes
at the midpoint between two interaction particles with a proper Riemann solver within the general SPH framework of
Vila (1999) for nonlinear systems of hyperbolic conservation laws. The new scheme has been carefully tested against
reference solutions for both the compressible Euler and the magneto-hydrodynamics (MHD) equations. The capability
of the proposed scheme to accurately capture shocks and rarefaction waves for 1D and 2D problems with minimal
amount of diffusion has been demonstrated. Via numerical evidence it has been shown that the new fully-discrete
one-step ADER-WENO-SPH method is computationally more efficient than WENO-SPH schemes based on classical
Runge-Kutta time-stepping. This is mainly due to the fact that with ADER timestepping the expensive stencil and
neighbor search needs to be done only once per time step, while with Runge-Kutta time integrators the neighbor and
stencil search is needed in each Runge-Kutta stage again.

Keywords: smooth particle hydrodynamics (SPH), WENO reconstruction, fully-discrete one-step ADER schemes,
meshfree Lagrangian particle method, compressible Euler equations of gasdynamics, magnetohydrodynamics

1. Introduction

SPH represents a promising numerical method, especially due to its truly mesh-free Lagrangian nature, its Galilean
invariance and the intrinsic conservation of mass, linear and angular momentum. However, the scientific community
working on SPH has recognized also some important limitations in SPH. For example, in its original formulation by
Gingold and Monaghan (1977), SPH suffers from a lack of zeroth order consistency and several numerical instabilitics
which require special cures and fixes, such as the so-called tensile instability or the need for artificial viscosity in
the presence of shock waves (Gui-rong and Moubin, 2003; Violeau and Fonty, 2019). At the continuous level and
supposing exact integration, the spatial interpolation of SPH is actually consistent; but when the discrete spatial
interpolation and the discrete quadrature are introduced, then the consistency depends on the chosen smoothing length
of the kernel (the size of its compact support) and on the isotropy of the spatial particle distribution (Violeau and
Fonty, 2019). To overcome these issues different ways of correcting (or re-normalizing) the kernel function have been
proposed, see Liu et al. (1995); Randles and Libersky (1996); Chen et al. (1999); Liu and Liu (2006); Sibilla (2015),
which aim at increasing the order of accuracy of the spatial SPH interpolation. However, those corrections have
as main drawbacks the breaking of conservation of linear and/or angular momentum and they are computationally
expensive, so they are rarely applied in practice.

At this point we would like to note that the aforementioned consistency problems of SPH can be avoided in the
context of mesh-based Lagrangian finite volume and finite element schemes where the mesh is regenerated in each
time step again around some moving generator points similar to the SPH particles. Such methods exist both in the
context of finite elements, the so-called particle finite element method introduced in Idelsohn et al. (2004); Pin et al.
(2007); Onate et al. (2008); Larese et al. (2008); Idelsohn et al. (2009); Onate et al. (2011), and in the context of
direct Arbitrary-Lagrangian-Eulerian (ALE) finite volume schemes with topology changes, see e.g. Springel (2010);
Gaburro et al. (2020). However, in all these approaches the entire mesh needs to be regenerated at each time step again,
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which is a clear disadvantage compared to SPH. Alternatively, in the intent to exploit ALE mesh based schemes in the
SPH framework, Lind and Stansby (2016) have derived the so called Incompressible Smoothed Particle Hydrodynam-
ics (ISPH) method, which combines high-order smoothing kernels over regular distributed and not moving particles,
thus renouncing the Lagrangian description of the motion.

Moving to the SPH context and its improvements, some authors have introduced a diffusion term in the continuity
equation, see Ferrari et al. (2009); Molteni and Colagrossi (2009); Antuono et al. (2010); Marrone et al. (2011); Green
et al. (2019); Sun et al. (2017), which improves the robustness and the accuracy of the scheme when simulating free
surface flows of weakly compressible fluids. Another way that has become quite popular is the so-called shifting
technique, see Xu et al. (2009); Lind et al. (2012); Oger et al. (2016a); Sun et al. (2017); McLoone and Quinlan
(2020), which consists in introducing a correction to the particle velocity in the Lagrangian particle motion. In this
context, it is worth to mention Oger et al. (2016b)’s work, which has introduced a new formulation of the corrected
velocity within an Arbitrary Lagrangian Eulerian formalism.

A mathematically rigorous and provably stable SPH formalism has been introduced for the first time by Vila
(1999); Ben Moussa et al. (1999); Ben Moussa (2006), based on a meshless Lagrangian finite volume-type formulation
and where Riemann solvers are used between each pair of interacting particles. The main advantage of this formulation
is that stability is achieved without introducing any artificial viscosity parameter but treating each particle particle
interaction as a one dimensional Riemann problem. The same algorithm was then applied to free-surface impacts
(Oger et al., 2016c) fluid-structure interaction problems (Fourey et al., 2017), turbine simulations (Phoevos et al., 2012;
Marongiu et al., 2010) and wave impact on structures (Rogers et al., 2010; Pourya et al., 2012, 2013). Nevertheless,
this SPH scheme results to be excessively diffusive even when applying Gudonov’s flux based on the exact Riemann
solver. Motivated by the results obtained in the above references, an extension of the Vila and Ben Moussa approach to
better than second order meshfree Moving Least-Squares (MLS) WENO reconstruction was derived in Avesani et al.
(2014) and subsequently applied to anisotropic dispersion in porous media in Avesani et al. (2015, 2017). Starting
from this new MLS-WENO approach, (Nogueira et al., 2016) present a new SPH scheme based on Moving Least
Squares reconstructions in combination with a posteriori Multi-dimensional Optimal Order Detection (MOQOD), see
Clain et al. (2011); Diot et al. (2012, 2013), which results in an efficient, stable and little-dissipative SPH scheme.
It is worth to mention that, another approach able to achieve meshfree high order reconstruction has been recently
presented in (King et al., 2020), where a novel framework for local and high order difference operators for arbitrary
node distribution is presented and apply for the numerical solution of PDEs.

The high order spatial MLS reconstruction is able to improve the accuracy of the standard SPH interpolation,
recovering high-order spatial convergence also for random particle distribution. However, in Avesani et al. (2014)
the time integration scheme was achieved by adopting a third order TVD Runge-Kutta scheme. This means that the
SPH-WENO procedure had to be repeated for each Runge-Kutta substage, leading to significant computational cost in
comparison with the standard ALE-SPH scheme proposed in Vila (1999); Ben Moussa et al. (1999). To overcome this
issue in this paper a new mesh-free ADER approach (Arbitrary DERivative in space and time) is adopted to guarantee
a high order space-time reconstruction. The novel idea is hence to define around each particle high order polynomials
in both space and time, and consequently computing the SPH summation for each particle only once for cach time
step. The resulting fully-discrete one-step ADER-WENO-SPH algorithm is obtained by means of the following steps:
i) Moving-Least Squares WENO reconstruction; ii) local time evolution of the spatial reconstruction polynomials via
a weak formulation of the governing PDE system in space-time; iii) update of the conservative quantities via the exact
or approximate solution of Riemann problems between each pair of particles i and j.

The ADER approach goes back to the pioneering work of Toro and Titarev, who developed this method as an
extension of Godunov’s first order scheme to finite volume schemes of arbitrary high order of accuracy both in space
and time, see Titarev and Toro (2002); Toro and Titarev (2002); Titarev and Toro (2005); Toro and Titarev (2006). The
underlying idea of the ADER method is the approximate solution of a generalized Riemann problem (GRP), where
initial data are given by piecewise polynomials, separated by a discontinuity. This corresponds to the natural data
representation in high-order finite volume and discontinuous Galerkin (DG) finite element schemes. Later, ADER
schemes were also extended to finite volume schemes on unstructured meshes, to space-time adaptive Cartesian grids
(AMR) and to the discontinuous Galerkin finite element framework, see Dumbser et al. (2007, 2008b); Boscheri and
Dumbser (2013, 2014); Boscheri et al. (2014); Dumbser et al. (2013, 2008a); Boscheri and Dumbser (2017).

This paper is organized as follows: Section 2 first briefly describes the Vila and Ben-Moussa SPH approach based
on Riemann solvers and then introduces the new meshfree ADER reconstruction giving all details on the spatial
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WENO reconstruction procedure and on the local space-time predictor. In section 3 some numerical examples are
presented and the new scheme is compared with existing standard SPH methods. The paper is rounded-off with some
closing remarks and an outlook to future work in section 4.

2. Numerical scheme
This paper considers nonlinear homogeneous systems of conservation laws of the form

oq

6I+V~F(q)—0 (nH
in the domain Q € R2, where q is the vector of conserved variables; F (q) is the flux tensor; x = (x,y) is the vector
of spatial coordinates and ¢ is the time variable. Specifically, q is defined in the set of admissible states ,; and F (q)
reads as F (q) = (f(q),g(q)), where f and g are the fluxes along the x and y directions, respectively.

Following the general approach of Vila and Ben Moussa, the computational domain Q is discretized by a finite

set of N, particles P; with position r; and associated volume V;. A semi-discrete scheme for the approximation of
Equation (1) reads then as follows:

N
d
d_tviqi =- ; ViV;2 (Gij - Hi) - VWi, (2)
J N
EVi = 2 (Vij - Vi) - VWi, 3)
Jj=1
d
2% = Vi 4

Here, Equation (2) represents the numerical integration of Equation (1) in the Lagrangian framework; Equation (3)
considers the evolution of the particle volumes due to the motion of the particles; Equation (4) describes the evolution
of the position r; = (x;,y;) of each Lagrangian particle which changes in time according to the particle velocity v;.
The term q; represents the discrete numerical solution for the state vector q associated with each particle; G;; is
the numerical flux tensor; v;; is the velocity at the interface between two interacting particles #; and #;; H; is the
additional Lagrangian flux tensor computed at the state of the i-th; W;;, is the so called smoothing kernel function
centered in r; and evaluated in r; and which is typical of the SPH formalism; its gradient is denoted by VW;;, where
the derivative is computed with respect to r;. Using for example the cubic B-spline function (Monaghan, 2005), W;;
reads as:

. 1/3 - q?é+ qf{./z, %fO <gij <1,

Wij = i C-qip)"+q;, ifl<g;<2, )
Y 0, if qij > 0,

where ¢;; = ||r = ri” /hij; k is a normalization constant so that fRd WdV = 1; d is the number of space dimensions, i.e.
d = 2 in our applications; and 4;; is the so called smoothing length (Monaghan, 1994, 2005), which is either chosen
as a global constant throughout the computational domain, or is locally adjusted to the particle density as

hij:%(hi+hj), with ;= oV, ©

with d the number of space dimensions and o a scaling factor.

As it can be noticed, G;; is the key feature of the Vila and Ben Moussa’s SPH scheme and at the same time it
constitutes the main difference with respect to the standard SPH method. The term G;; is a numerical flux between
two particles $; and #; and describes the interaction between the discrete volumes V; and V; along the direction n;;
connecting the particles ; and #; using a Lagrangian Finite Volume formulation. The numerical flux G;; is computed
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at the aid of exact or approximate Riemann solvers in a co-moving frame. When using the Godunov flux Godunov
(1959) based on the exact Riemann solver Toro (1997), it reads as follows:

Gij = Gij(q;.q;) = Fi;(qp) — qz ® Vi), @)

where q; and q; are the state variables of the two interacting particles, q; = q(q;, q;) is the so-called Godunov state
that results from the solution of the Riemann problem between these two states and v;; is the particle velocity at the
midpoint ¥;; = %(ri +r;), which is also computed by the Riemann solver. F;j(qp) is the flux tensor evaluated in the
Godunov state. It is worth to be noticed that the SPH approach of Vila (1999) uses the values q; and q; of the two
interacting particles in order to solve the Riemann problem, which consequently leads to a first order scheme that is
affected by very high numerical diffusion, as already shown in Avesani et al. (2014).

In order to overcome these drawbacks, Avesani et al. (2014) introduce the so called MLS-WENO-SPH formu-
lation, where the numerical fluxes, as well the interface velocity, are evaluated at the particle interfaces using high
order mesh-free WENO reconstruction polynomials. The MLS-WENO-SPH scheme performs a piecewise high order
accurate essentially non-oscillatory WENO reconstruction w;(X) around each particle’s position r;, knowing the point
values q; of particles in its surrounding. Then, the local Riemann problem between the two interacting particles #;
and P, is solved at the midpoint F;; = %(r,- +r;) using the local high order WENO reconstruction polynomials w;(x)
and w;(x), which allows to extrapolate the left state qQ; = w;(F;;) and the right state q;rj = w,(F;;) at the moving particle
interfaces. Using for example the Rusanov flux, see Rusanov (1961), as used in Avesani et al. (2014) and also applied
for the rest of this paper, Equation (7) reduces to:

Gy = 5 (H1 (a5 55) + (a5 5) - 2 (a - o) @ i ®
with |
V,‘j = E(V; + V:—j), ©)]

where H is the flux tensor of in the reference frame moving with velocity v, which reads as:
H(q,v) = F(q) —q®v. (10)

The term ¢;; is instead the maximum absolute value of the eigenvalues of the Jacobian matrix A, = Ay(q,Vv) =
0H/8Q - n;j, evaluated along the direction n;; in a moving frame, which reads as:

cij = max(A7L, 1A, (1)

with A being the diagonal matrix of eigenvalues ol A,(q, v). For the use of other approximate Riemann solvers in the
context of SPH schemes, see Rossi et al. (2017).

Despite the advantages of the MLS-WENO-SPH method in terms of higher accuracy and less numerical dissipa-
tion, it results to be computationally rather expensive. Using for example a third order TVD Runge-Kutta scheme
for the time integration of the system (2-4) it results that the SPH summations as well the MLS-WENO reconstruc-
tion have to be performed once per Runge-Kutta stage and thus three times for each time step, making the algorithm
rather expensive. In the rest of this paper we will refer to the MLS-WENO-SPH scheme with Runge-Kutta time
discretization as RK-WENO-SPH.

In order to overcome this drawback in the RK-WENO-SPH scheme and simultaneously exploit its accuracy, we
propose an alternative procedure in order to compute high-order local mesh-free reconstruction polynomials not only
in space, as in the original RK-WENO-SPH formulation, but also in time. In particular, the space-time reconstruction
approach presented here is based on the so called ADER schemes, usually used in the context of mesh based methods
and hereafter extended to the meshfree framework for the first time.

The reconstruction polynomials, the particle search algorithm and the SPH summation are computed thus only
once for each time step, in contrast to the original RK-WENO-SPH formulation with Runge-Kutta time integration.
Hence, the key idea presented in this paper is to evolve the spatial MLS-WENO reconstruction polynomials locally
in time in order to compute the high order polynomials in both space and time, which then allow to evaluate the
numerical fluxes at the midpoint between two interaction particles at high accuracy. The temporal evolution of the

4
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spatial reconstruction polynomials provides a so-called predictor solution (evolution of the PDE in the small), since it
neglects the contribution of the fluxes from neighboring particles, which are then taken into account later in a corrector
step based on the Vila SPH framework, in order to evolve the discrete solution in time. This approach is similar to the
procedure used in the MUSCL-Hancock scheme, see van Leer (1979); Toro (1997), and in the original ENO scheme
of Harten et al. (1987).

In the following, we summarize the main steps of the MLS-WENO reconstruction (Avesani et al., 2014, 2015,
2017), and we introduce the new mesh-free local ADER reconstruction in space-time.

2.1. MLS-WENO reconstruction

The adopted MLS-WENO framework is not based on kernel functions, as in the Dilts (1999)’s formulation, but
produces essentially non-oscillatory local Taylor series reconstructions computed according three main steps: local
stencils set-up; Moving-Least-Squares interpolation on each local stencil; and non linear weighted combination of the
local Taylor series functions.

The first step, knowing the particle positions r; at computational time ¢”, is to construct the so called central stencil
Sé and the sectorial stencils Sf; (see Dumbser and Kiser (2007)), with s € [1, 8], for each particle as:

negy

s=Uriwn ol < o 120
k

ney

S§=U7>j(k), [vil| < 2hims  and 6 € [(s = Dr/4, s7/41; (12b)
k

where h; s s a characteristic length scale and 6 is the angle computed as tan(d) = %, with yj;, x;; the Cartesian
coordinates of the vector r;; = r; —r; connecting the particles #; and #;. Furthermore, k (with 1 < k < ney) represents
a local index counting the particles #; in the stencil; j = j(k) is the mapping from the local index k to the global
particle number i; and ne; is the total number of particles in the stencil itself.

For each of the nine reconstruction stencils a moving least-squares (MLS) reconstruction polynomials of the
conservative variables is computed as:

ne—1

Wi ) =+ D Wi Gn(8); (13)
m=1
where, & = £(x) are normalized reference coordinates, which in two dimensions read
= = — ; 14
¢ (77 hi,mls y=Ji s

and Wy, . are the coefficients of the reconstruction polynomial of the s-th stencil. The basis functions ¢,,(§) are chosen
to be simple, rescaled Taylor monomials and are defined as follows:

&’

(&) = b (15)

mls
where a + b = [, and [ ranges from 1 to M (Zwillinger, 2003; Agossler Albert, 2001), with M the maximum degree of
the reconstruction polynomial (13). The term n. — 1 is the number of unknown expansion coefficients in each of the
nine polynomials and in two dimension is equal to

(M + 1)(M +2)
ne = ——.
2
It follows that Equation (13) represents nine rescaled Taylor series expansions of order M around r;, where Wy,  are

the unknown expansion coefficients that can be computed for each stencil requiring wi(r;, ") = ¢, leading to the
following set of equations for each stencil:

(16)

ne—1

0 - = ) W b€, VP e S (17)

m=1

5
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According to Avesani et al. (2014), n,;, which is the number of particles in each stencil and consequently the number of
equations in the linear system (17), has to satisfy n,; > n.. Therefore Equation (17) becomes an overdetermined linear
algebraic system, which can be solved by a classical least-squares minimization. Since the particles are also moving,
this reconstruction is called a Moving-Least-Squares (MLS) reconstruction. Finally, in order to reduce spurious
oscillations at shock waves, the essentially non-oscillatory spatial reconstruction polynomial w;(x, ") for particle $;
is obtained by a non-linear WENO combination of the polynomials w}(x, #*) of all stencils, see Jiang and Shu (1996):

ns=1
wi(x, ") = Z W W (X, 1), (18)
s=0
where w; are the normalized nonlinear weights, which are defined as
Wy = (19)
%@,

with the non-normalized weights w; that assume the following form, see (Dumbser et al., 2008a,b):

— Ay

Wy = m (20)

Throughout this paper the constants € and r are set equal to 107'# and 4, respectively, while A, are the linear weights
with Ay = 10’ for the central the stencil and A, = 1 for the one-sided sectorial stencils (1 < s < 8). As in (Avesani
et al., 2014, 2015), the smoothness indicator is simply computed as follows:

o= > (W) @1)

1<|m|<M

For the sake of clarity, Figure (1) summarizes the key features of the MLS-WENO scheme. In particular, Figure
(1a) shows the central stencils for two generic interacting particles #; and #;; Figure (1b) shows the central and lateral
stencils for a particle $;; Figure (1c) the WENO reconstruction polynomials of particle P; for the central stencil Sg
and for the lateral stencils S| and &) respectively. Finally, Figure (1d) illustrates the time integration according
the third order TVD scheme of reconstruction polynomial of two generic interacting particles and consequently the
requirement to apply the MLS-WENO reconstructions at each time step. It has also to point it out that the smoothing
length in the kernel interpolation #; ;s is variable for each particle and its function of particle volume, which reads as:

Rimts = V. (22)

Each particle, at the end of MLS-WENO reconstruction, is thus characterized by a local reconstruction polynomial
obtained by a non-linear combination of the nine polynomials each of them reconstructed on one different stencil
according to the Equation (13).

At this point we would like to note two aspects of the above mention MLS-WENO reconstruction. Firstly, an
alternative WENO reconstruction technique could also be adopted here, which is the well-known central WENO
(CWENO) reconstruction of Puppo, Russo and Semplice et al., see Levy et al. (1999, 2000); Cravero et al. (2018);
Semplice et al. (2016); Dumbser et al. (2017). Secondly, MLS-WENO can be directly generalized to 3D as long as
we consider 3D stencils as well as 3D reconstruction polynomials.

2.2. Local space-time predictor

Due to the MLS-WENO reconstruction in space, the numerical solution at time ¢’ is not only represented by
the discrete values q} on each particle, but also by the interpolation polynomials w;(x, "), one for each particle.
Hence, the main idea of this paper is now to evolve these interpolation polynomials locally in time in order to obtain
space-time polynomials, which will subsequently be employed for integrating the numerical fluxes in time. The local
evolution (predictor step) is performed based on the ADER approach, which has already been successfully applied to
the Finite-Volume framework and which is here extended to meshfree Lagrangian particle methods for the first time.

6
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In order to move into the ADER framework, it is mandatory to represent the numerical solution for each particle
in a square element R; at time " starting from the spatial WENO reconstruction polynomials w;(x, t*). The first step
is to define the element R; as [X; — Lyis.is Xi + Luts.i) X [Vi — Luis.is ¥i + Luis.i] and which is represented in Figure (2a) for
the sake of clarity. In addition, also the spatial WENO reconstruction polynomial is rewritten as

N
u(x, ") = Z Y], xeR; (23)
=1

where (x) are spatial basis functions; @i}, are the expansion coefficients computed at simulation time #*; and x =
(x,y) are the Cartesian coordinates. In Equation (23) y/(x) are chosen as tensor-products of Lagrange interpolation
polynomials of degree M which pass through the tensor-product of (M + 1)? Gauss-Legendre quadrature points, where
d is the number of space dimensions. The term A is the number of expansion coefficients and is given by:

1 d
N=- ,ln](M +m) 24)

We underline that, in order to simplify the notation, the classical tensor index notation based on the Einstein summa-
tion convention is used for the rest of the paper. This implies that the coefficients &7, are the values of the conserva-
tive variables computed in the Gauss-Legendre quadrature points using the spatial WENO interpolation polynomial
w;(x, ). For the sake of clarity, Figures (2a) and (2b) show the Gauss-Legendre quadrature points for M = 2 and the
coefficients computed according to Equation (23) for the two dimensional case.

The second step consists in evolving in time and locally the space polynomial (23) in the space-time control volume
R = R; x [t","*1]. In particular, following Continuous and Discontinuous Galerkin methods (Ern and Guermond,
2004; Bassi et al., 2012), it is possible to write Equation (1) in the so called weak formulation, which reads as:

P
f f 00 3 drdx +
m R([)i (9[ i

where 6, = (X, t) are a set of space-time test functions of maximum degree M.

Given the weak formulation of the PDE in both space and time depict in Equation (25), it is possible to introducing
a reference element Ry = [0, 1]¢ x [0, 1] and a linear mapping with R;. This establishes the preliminary step in order
to move to the Lagrangian version of the local space-time Galerkin methods, introduced in (Boscheri and Dumbser,
2013) in the moving meshes framework and hereafter extended in the SPH schemes. In particular, the adoption of
moving local space-time continuous-Galerkin predictor emerges to be mandatory due to the motion of the particles
which deformate the control volume R; and does not allow the use of a linear mapping.

Consequently, we introduce % = (x, y, ) as physical space-time coordinate vector and &€ = (£, 7, 7) as the reference
space-time coordinate vector while & = (£, n) are the purely spatial coordinates of the reference element. Similarly,
the use of a proper isoparametric mapping allows to transform the physical space-time element to the unit reference
space-time element. Figures (2c-2d) illustrates this mapping and respectively the space-time and the unit reference
space-time elements. In addition, the Jacobian matrix of the transformation reads:

VAR viasl

f 6,V - F(q)dtdx, (25)
R(@);

o [%e X X
Ja = ? =1Ye Yp Yo (26)
S 1o 0o A

while its inverse is given by

_1_35_ fx §v ft

st = e | Ty |- 27)
® lo o 4L

Using the reference space-time element and the inverse Jacobian matrix (27) of the isoparametric mapping between
the reference and physical element, it is possible to write equation (25) in terms of reference coordinates € and 7 as

1 1
f f 02 g + f f O (H'(q) + V¢ - F'(q)) drdé. (28)
0 Jre 07 0 JRg
7
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We point out that V¢ and F* have been introduced in order to consider properly the change of variables and are defined
as:

O o€\ . (08
Ve=| .7 |, V=[=]| Vg d F"=At|=]| F. 29
¢ ( oy ) (6X d an ox (29
It has to be noticed the additional term H(q)" in Equation (28) respect to the standard weak formulation, which is
defined as: dq 0¢
x q
H =At— =; 30
(@) 9 Ot (30)

and is due to the Lagrangian particle motion.

The next step represents the main difference between standard Galerkin approaches and the new families of ADER
schemes introduced in (Dumbser et al., 2008b) in the Eulerian framework and successively extended to Lagrangian
moving meshes in (Boscheri and Dumbser, 2013). Equation (28) is indeed integrated by parts in time and not in
space as standard Galerkin schemes. The main advantage is thus to keep the information local in space where no
extra-information are required. This yields to:

1 0 1 ‘
| aenade- [ aconeode- [ [ oot [ [ (0@ Ve F @) nder )
R R 0 Jr, 0T 0 JRg

where, for sake of clarity, the dependency of ; on space and time has been made explicit. In analogy with the
local spatial reconstruction expressed by Equation (23), also the space-time test function can be used in order to
approximate the space-time predictor solution in the space-time reference element as

£
4%, 0 = 0@, = 0] (32)
=1
In a similar way also the nonlinear fluxes can be interpolated as
L
Fi(x,0) = ) 0(@F), = 0F, (33)
I=1
as well the additional Lagrangian term is written as:
L ~ r
Hi(x,t) = Z G(&H,; := 6H,;. 34)
I=1

Hence, substituting Equations (23), (32), (33) and (34) into (31) we obtain the following system of equations:

! 06
(f 0k(&, DOy(E, 1)dE _f 5_k91d§d7') q; = (f (&, 0)¢1d‘f) ;
R 0 Jrg 0T R

1 1
—( f f Hngeldde)le—( f f eke,dgdr)ﬁ;, (35)
0 R 0 Re

where the unknowns are the coefficients q;; of the local space-time predictor solution, while the terms 1, are the
known coeflicients of spatial reconstruction at time ¢* in the element ®R;. The unknowns {;; can be easily computed
using a fast converging fixed-point iteration, see Dumbser et al. (2008a); Busto et al. (2020).

Since the particles are moving also the vertex coordinates motion of the local space-time element R; has to be
properly considered. In particular, as for the Equations (32), (33) and (34), it is possible use space-time test functions
in order to describe the local vertex in the local element R; as:

L
xi(& =) @iy (36)

I=1
8
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where x;; are the space-time coordinates of the Gauss-Lagrangian nodal point in the element R;. Similarly, the node
velocities are approximated as:

£
VGEDWIGIR 37
=1

Finally, Equation (4), which models the motion of the i-th particle, is approximated by Equation (36) and (37) and
then integrated in the space-time reference element, analogously to Equation (1) in the ADER framework. This yields

to: 1 1
(f f %91) Vil = (f f 9k91) Xil, (38)
0 JRg or 0 JR;

which is iterated together with the weak formulation for the solution (35).
Finally, in order to save further computation time, the space-time predictor solution q;(x, #) is integrated locally in
time via Gauss-Legendre quadrature formula of appropriate order of accuracy such as:

4;(x) = f q,(x, Ddt; (39)

which defines the predictor solution §;(x). This can then be used in order to obtain a fully-discrete one-step scheme
based on the numerical fluxes between particles #; and #; as follows:

N
V;z+l (]?H = Viq' - Z ViV2Gy; ((AL—J(X)’ (‘l;(x)) - VW dt, (40)
=1
N
ynl V”+Z(€’"—V')'VW"df (41)
i i ij 2 LV Ratad
J=1
r;H—l _ rlr_t + Q’i dt, (42)

where all temporal integrals are properly taken into account in §;;, ¥;; and ¥; through Equation (39). Since the space
predictor solution integrated locally in time is known for all x, the above scheme is a fully-discrete one-step scheme
that does not require intermediate Runge-Kutta stages.

3. Numerical test cases

In this section we verify the effectiveness of the ADER-WENO-SPH method proposed in this paper. In particular,
we compare the new ADER-WENO-SPH scheme with the RK-WENO-SPH method based on Runge-Kutta time
integration, the first order Vila and Ben Moussa SPH scheme (hereafter refered as V&BM) and the standard SPH
method of Gingold and Monaghan. In all test cases, we apply the Rusanov approximate Riemann solver. For the time
integration algorithm we employ a third order TVD Runge-Kutta scheme for RK-WENO-SPH, V&BM as well as for
the standard SPH. In all test cases the Courant-Friedrichs-Lewy condition has been used setting the CFL parameter
equal to 0.4.

3.1. Circular blast wave problem

The aim of this test case is to compare the new ADER-WENO-SPH with the RK-WENO-SPH in order to define its
accuracy and effectiveness in saving computational time, which establishes the main objects of extending the ADER
reconstruction into the SPH framework.

For the Euler equations of compressible gas dynamics, the vector of conservative variables q and the flux tensor
F = (£, g) in the System (1) reads:

p pu pv
2
_ pu _ pu-+p _ puv
q= pv > f= puv ) g= pvz + p ’ (43)
E u(E + p) V(E + p)
9
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where p is the fluid density; v = (u, v) is the velocity vector; p is the pressure; and e is the specific internal energy per
unit mass, which, for ideal gases, is computed according the following constitutive equation:

e= P
(y—1p’

(44)

where 7y is a constant representing the ratio of specific heat capacities of the fluid (Cheng and Shu, 2007; Toro, 1997).
Similarly, the pressure p can be written as follows:

- Lo o
p—(y—l)(E—zp(u +v)), (45)
where, E is the total energy per unit volume defined as
1
E =pe + zp (uz + vz). (46)

For the two dimensional blast wave problem, the computational domain is chosen as a circle with radius R=1.5
and center (0, 0) discretized with 70933 particles located on a regular and radially symmetric grid and by choosing
the following parameters as o = 2, opys = 4, M = 2 and y = 1.4. In addition, the initial conditions have been set up
according to the Sod (1978)’s test problem which reads as:

(pim 09 09pin)’ lt”r” < 059

(pauts 09 09 pau[), Othel"WiSC, (47)

(p’ u,v, P)(l', 0) = {
where the subscripts in and out denote the inner and the outer states, similar to the left and right states of a classic
Riemann problem in 1D. The numerical results are compared with a radial reference solution of the one-dimensional
Euler equations with a geometrical source term, see section 17.5 of Toro (1997) for details. Furthermore, two con-
figurations have been chosen in order to properly evaluate the ADER-WENO-SPH scheme: the blast wave problem
EP1, whose initial states are reported in Table (1); and the blast wave problem EP2, whose initial states are reported
in Table (2).

Blast wave problem EP1: From Figures (3a,3b), it can be noticed that ADER-WENO-SPH is able to reproduce a
numerical solution very similar to RK-WENO-SPH by modeling correctly both the discontinuities and the rarefaction
waves. On the contrary, the standard SPH method (Figure 3d) exhibits a lot of spurious oscillations while the V&BM
scheme (3c) presents an excessive amount of numerical dissipation. For the sake of completeness, Figure (4) shows
the two dimensional solutions for density and pressure fields. In both cases, there are no oscillations and the ADER-
WENO-SPH scheme preserves the radial symmetry properly.

Blast wave problem EP2: The wave problem EP2 is solved, with initial data given in Table (2) by using ADER-
WENO-SPH and V&BM. As it can be noticed in Figure (5),the ADER-WENO-SPH scheme outperforms the standard
V&BM formulation in simulating both density and pressure. This further underline that the ADER-WENO-SPH is
able improve simulation accuracy also in test case characterized by strong shock waves.

3.1.1. Computational performance

In order to assess the computational performance, both ADER-WENO-SPH and RK-WENO-SPH have been paral-
lelized by using the MPI paradigm, which is a widely used standard on modern massively parallel distributed-memory
supercomputers. A performance benchmark problem has been computed considering the EP1 problem described in
Section (3.1), but using periodic boundary conditions and a square computational domain Q = [1.5; 1.5] x [1.5; 1.5],
where 22500 particles are distributed on a regular Cartesian lattice. This setup allows a proper distribution of the
particles onto different processors so that each CPU core has the same amount of particles at the beginning of each
simulation, avoiding load unbalance between processors.

Figure (6) shows the CPU times of both ADER-WENO-SPH and RK-WENO-SPH, using an increasing number of
processors (2, 4, 8, 16, and 32). As it can be noticed, the ADER-WENO-SPH approach reduces the computational time
by about 50% compared to RK-WENO-SPH in all cases. Moreover, the scalability of the two schemes are compared
with the optimal theoretical performance (supposing 100 % MPI efficiency), showing that both SPH approaches based
on MLS-WENO reconstruction in space have a very good parallel scalability.

10
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3.2. Weakly compressible 2D vortex

The aim of this section is to further compare ADER-WENO-SPH with RK-WENO-SPH, V&BM and standard
SPH by performing a convergence analysis where several number of particles are being used in order to discretize the
computational domain as well as by considering different order of reconstructing polynomials.

We consider a weakly compressible 2D vortex where the Euler equation system (43) is written in cylindrical
coordinates. This is characteristic by null radial velocity v, and circumferential velocity component vy which depends
exclusively on to the radial distance to the origin r with r = /x2 + y2, v, = ucos(d) + vsin(6), vg = —usin(0) + vcos(9)
and ran(0) = y/x. This results in a steady state solution with radial symmetry which can be written as follows:

_2r _2
p:p0+(pM—p0)(1—)275€ no—e ’n)’

_ 2r PM—P0 -z

: (48)
o = 0N oy € 0

where p), is the asymptotic density value; ¢y is the speed of sound; and py is the reference density. Additionally, in this
test case we use the so called Tait’s equation in order computes the relative pressure field assuming the atmospheric
reference pressure equal to zero. This reads as:

P = cgp = po), (49)
which reduces System (1) to:
p pu pv
q=| pu |, f=| pu>+p |, g = pouy . (50)
pv puv pvi+p

The following parameterization has been adopted: pg = 1.0kg/m2; oM = 1.01kg/m2; ro = 0.1m; and ¢y = 1.0m/s
while the computational domain is a circle with radius equal to 1.6m. Regarding the numerical simulation, we have
adopted o = 2, 0 = 4 and the final time step has been fixed at t = 2.0.

The numerical convergence and accuracy results obtained by using different MLS and ADER polynomial recon-
struction order are shown in Table (3) for density and in Table (4) for velocity, where Ax denotes the initial distance
between particles used to discretize the computational domain. The errors and the convergence rates are shown in L,
L, and Lo, norms. In particular, L;, L, are computed according to:

N, l/q
Zj:ll |qn _Qelq )
N, ’

g = (628
where g, is the numerical solution while ¢, is the given exact solution. The L. norm is instead computed by taking
the maximum error among all particles.

Figure (7) shows that: both standard SPH and V&BM exhibit very poor convergence rate for density as well
as for velocity; standard SPH, as expected, shows negative convergence rates due to the disordered distribution of
the particles; V&BM presents convergence rates close to zero in most of the cases; RK-WENO-SPH and ADER-
WENO-SPH increase accuracy and convergence rates compared to standard SPH and V&BM schemes; RK-WENO-
SPH and ADER-WENO-SPH present same behavior in terms of accuracy and convergence rate when second order
reconstruction polynomials are used; and RK-WENO-SPH is slightly more accurate respect to ADER-WENO-SPH
when third order reconstruction polynomials are adopted. These results are supported by Table (3) and by Table (4).

3.3. Magnetohydrodynamics test cases

The new ADER-WENO-SPH scheme presented in this paper has also been tested on the classical equations of
ideal magnetohydrodynamics (MHD), which represents a more complex and interesting hyperbolic system, where,
differently from the classical Euler equations, the numerical method must also satisty the local divergence-free con-
dition for the magnetic field V - B = 0. Specifically, from a numerical point of view, the so called hyperbolic
divergence-cleaning procedure is adopted here, which is based on the the generalized Lagrangian multiplier (GLM)

11
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divergence cleaning method developed by Dedner et al. (2002). As a consequence, according to Dedner et al. (2002)’s
scheme, an auxiliary variable ¢ and an additional scalar PDE are introduced in the original MHD system in order to
propagate divergence errors in the magnetic field away. The resulting augmented MHD system written in conservative
form reads as follows:

P PVi
ouv; ViV (p + B2/87r) 6;j— BiB;/8n
u=| E [ Fi=| (E+p+B*/8n)vi—(v-B)Bi/4x |. xy.z2=ijk (52)
B; €ijkEr + ¢ 0ij
¥ C%Bi

where B = (B,, By, B;) is the magnetic field vector, E = —vxB is the electric field vector, ¢;; is the Kronecker delta and
€ij is the Levi-Civita symbol. We point out that in Equation (52) the term ¢;, represents the so called divergence clean-
ing velocity which allows to transport possible divergence errors and thus spurious numerical magnetic monopoles
out of the computational domain. Accordingly to Dedner et al. (2002)’s MHD formulation framework, Equation of

state reads as: 5 )
v- B
=Ey-1)—- ——-—. 53
p=E@y-1 > 3 (53)
In the following, we consider two well-known and nontrivial problems of classical ideal MHD: the MHD rotor
and the Orszag-Tang vortex problems. The divergence cleaning velocity is set equal to ¢, = 4 while the adiabatic

index isy = 1.4.

3.3.1. MHD rotor problem

The first test is the MHD rotor problem. This was described for the first time in Balsara and Spicer (1999). It
consists in a high density fluid is rotating rapidly with angular velocity w so that v = w X x with w = (0,0, w). This
is inserted in a low density fluid in a two dimensional domain Q. In the standard rotor problem test case the initial
conditions are the following:

i : 2.5
_ | 10, if ||r]l < 0.1, [ 10, if |r]] < 0.1, ~ B
p= { I, otherwise, w= 0, otherwise, B = 8 , p=1 (54)

The computational domain is discretized with 544357 equidistant particles placed with radial symmetry in a circle
with radius R = 0.6.

Figure (8) shows the solution for density and pressure computed with the ADER-WENO-SPH and with the V&BM
schemes at the time ¢ = 0.25s. As it can be noticed, for the ADER-WENO-SPH case the results are in agreement with
(Balsara and Spicer, 1999), (Dumbser et al., 2013) and (Zanotti et al., 2015), where high order mesh based schemes
for ideal MHD have been applied.

On one hand, both ADER-WENO-SPH and V&BM do not present spurious oscillations. On the other, it is evident
that the V&BM is not able to properly simulate the torsional Alfvén waves due to the higher numerical diffusion. The
different behavior of ADER-WENO-SPH respect to V&BM is further underlined by the zoomed regions.

3.3.2. The Orszag-Tang vortex

The last test case is the well-known Orszag-Tang vortex problem (Orszag and Tang, 1979) studied for example in
(Tricco et al., 2016) in the SPH framework or in (Dumbser and Zanotti, 2009) by using high order Py P,; schemes on
unstructured meshes. Following (Zanotti et al., 2015), the computation domain is Q = [0, 27)? with periodic boundary
conditions everywhere. The initial conditions are given by:

(0 1.v. p. By By) = (1 = sin(y), sin(x), 1, - B sin(y), By sin(2x)) . (55)

withw = B, = 0 and y = 4/3. The problem is solved up to ¢ = 2.5 by using a third order reconstruction, where 201901
particles are initially distributed equidistantly in the computational domain Q. Figure (9) shows the results computed
with ADER-WENO-SPH and V&BM at different times. It can be noticed that, in contrast to first order V&BM

12
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method, in the ADER-WENO-SPH scheme the smooth sinusoidal initial condition evolves in time to form complex
shock dominated structures, in agreement with the reference solutions available in the literature (e.g. Dumbser et al.,
2013; Zanotti et al., 2015). In addition, the zoomed regions in Figure (9) illustrate the different distributions of particles
in the computational field as outcome of ADER-WENO-SPH or V&BM. Despite V&BM generates more regular
particle distributions, the differences with particle distributions between V&BM and ADER-WENO-SPH is due to
the higher numerical diffusion of V&BM formulation which particularly affects the advection component of equations
and therefore the position of the particle. Figure (10) further underlines the differences between ADER-WENO-SPH
and V&BM schemes. Specifically, this figure illustrates the density field along the section of the computation field
with x = 7. It is evident that V&BM scheme smooths the numerical solution form initial time steps. This results in an
incapacity of the V&BM in capturing shock waves as well their interactions.

4. Conclusion

In this paper we have presented a novel family of ADER-WENO-SPH scheme that replaces the Runge-Kutta
time stepping with high order reconstruction polynomials in space and time. In particular, the main idea has been to
employ moving least-squares WENO reconstruction to obtain higher order space-time polynomials. This has been
accomplished by means of the ADER approach, introduced in Toro and Titarev (2006); Dumbser et al. (2008b,a) and
for first time here extended to meshless Lagrangian particle methods.

We have tested the ADER-WENO-SPH scheme by means of numerical test cases. The obtained numerical results
indicate that: the novel ADER-WENO-SPH method outperforms existing SPH schemes in terms of accuracy and
robustness; the new ADER-WENO-SPH method has performances in term of accuracy comparable to the RK-WENO-
SPH; and the new ADER-WENO-SPH method is computationally more efficient than the RK-WENO-SPH.

Future work will concern the extension of the ADER-WENO-SPH method to the unified first order hyperbolic
model of continuum mechanics forwarded by Godunov & Romenski and Peshkov & Romenski (GPR model) in
Godunov (1961); Godunov and Romenski (1972, 2003); Romenski (1998); Peshkov and Romenski (2016); Dumbser
et al. (2016) and in the appropriate treatment of boundary conditions in the ADER-WENO-SPH framework, which
could be based on the so called fixed particles approach (Marrone et al., 2011; Crespo et al., 2015; Fourtakas et al.,
2019); on a semi-analytical scheme (e.g. Kulasegaram et al., 2004); or following the methodology for ALE-SPH
schemes presented in (Marongiu et al., 2010).
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(d) Third order Runge-Kutta time integration of numerical fluxes between

particles i and j.

Figure 1: Illustrative example of the MW-SPH scheme.
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(a) Central stencils for particle i-zh and Gauss-Lagrange points.

(c) Physical space-time element.

Figure 2: Iso-parametric mapping of the space-time reference element to the physical space-time element using the local space-time Galerkin

predictor for the particle i in the central stencil Sp.

15

(d) Space-time reference element

(b) WENO reconstruction polynomial w; and polynomial value on Gauss-
Lagrange points.
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Figure 3: Two dimensional numerical results of the blast wave problem EP1 with ADER-WENO-SPH, RK-WENO-SPH, V&BM SPH and standard

SPH attime r = 0.2, where 0 =2, oppyy =4, M =2,y = 1.4and CFL = 0.5. Cutat y
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0 compared with 1D reference solution (continuous line).
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Figure 4: Numerical results for the two-dimensional blast wave problem EP1 obtained with the new ADER-WENO-SPH at time ¢ = 0.2 for density
p and pressure p, where o =2, 0y =4, M =2,y =14,CFL =0.5.
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Figure 5: Two dimensional numerical results of the blast wave problem EP2 with ADER-WENO-SPH and V&BM at time ¢ = 0.02, where o = 2,
omis =4, M =2,y =14 Cutaty = 0 compared with 1D reference solution (continuous line).
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Figure 6: Speed-up graph, comparing the measured (solid line) and the ideal (dashed line) wall-clock times from 2 to 32 CPU cores for ADER-

WENO-SPH and RK-WENO-SPH.

10!

nCPU

19

102



O Joy Ul W

OO OO U U OO OrTOrdd BB BB DSEDDDNWWWWWWWWWWNDNNDNDNDNDNDMNNDMNNNMNNNMNNRERRRRRRERRERE
GO WNRPFPODWOWOJOOUDd WNEFEFOWOW-TOOUP WNRPFPOWO®JIOHUDWNREPRODOWOJOUd WNE OWOWJO U D WNDEFE O W

1073

1071

Ly

10-5

10-¢

Figure 7: L, error with respect to initial particle distance for the weakly compressible 2D vortex test case computed with standard SPH, V&BM,
RK-WENO-SPH and ADER-WENO-SPH: a) for density p and b) for velocity vy.
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Figure 9: Density field for the Orszag-Tang vortex problem solved with ADER-WENO-SPH (left) and the V&BM (right) using 201901 particles
attimer=0.5,r=1,r=15,r=2,wherey=14 M =2,0=2,0ps =4, CFL=05and ¢, = 4.
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P u v P
a4, 10 00 00 10
Q0125 00 00 0.1

Table 1: Initial states q;, (inner) and q,,, (outer) for two-dimensional blast wave problem EP1.

14 u v p
Qi 30 00 0.0 1000.0
Qo 2.0 00 0.0 0.1

Table 2: Initial states q;,, (inner) and q,,,, (outer) for two-dimensional blast wave problem EP2.
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dx €L, €L, €L, O(L;) O,) O(Ls)
standard S PH
4.80E-02 4.11E-04  7.22E-04 2.57E+02 - - -
2.40E-02 1.39E-04  2.55E-04 5.12E-03 1.57 1.50 2.33
1.20E-02 1.31E-04  2.23E-04 1.31E-02 0.09 0.19 -1.35
6.00E-03 2.90E-04  4.60E-04 2.73E-02 -1.15 -1.15 -1.06
3.00E-03 3.56E-04  5.28E-04 3.89E-02 -0.30 -0.20 -0.51
V&BM
4.80E-02 9.88E-05 5.89E-01  3.25E+00 - - -
2.40E-02 9.66E-05  5.85E-01 1.05E-01 0.03 0.01 1.63
1.20E-02 9.03E-05  5.75E-02 1.70E-01 0.10 0.03 -0.69
6.00E-03 7.79E-05  5.32E-02 1.63E-02 0.21 0.11 0.06
3.00E-03 6.29E-05  4.47E-03 2.94E-03 0.31 0.25 -0.86
RK-WENO-SPH (M=2)
4.80E-02 1.09E-04  5.35E-04  3.04E+02 - - -
2.40E-02 3.96E-05 3.21E-04 7.59E-03 1.46 0.74 2.00
1.20E-02 1.20E-05 1.25E-04 3.94E-03 1.72 1.37 0.95
6.00E-03 2.51E-06  3.19E-05 1.47E-03 2.25 1.97 1.42
3.00E-03 5.77E-07  5.75E-06 5.31E-04 2.12 2.47 1.47
RK-WENO-SPH (M=3)
4.80E-02 7.35E-05 3.92E-04 2.43E+02 - - -
2.40E-02 9.91E-06 1.05E-04  3.49E-03 2.89 1.89 2.80
1.20E-02 1.73E-06  1.70E-05 1.01E-03 2.52 2.63 1.79
6.00E-03 8.09E-07  6.03E-06 1.83E-04 1.10 1.50 2.46
3.00E-03 5.09E-07  3.84E-06 3.22E-04 0.67 0.65 -0.81
ADER-WENO-SPH (M=2)
4.80E-02 1.03E-04  5.34E-04  3.04E-02 - - -
2.40E-02 3.84E-05 3.15E-04 7.54E-03 1.43 0.76 2.01
1.20E-02 1.13E-05 1.19E-04 3.85E-03 1.76 1.40 0.97
6.00E-03 2.38E-06  2.91E-05 1.42E-03 2.24 2.03 1.44
3.00E-03 6.20E-07  5.30E-06 5.37E-04 1.94 2.46 1.40
ADER-WENO-SPH (M=3)
4.80E-02 6.49E-05  4.10E-04 2.53E-02 - - -
2.40E-02 1.85E-05 1.52E-04 4.60E-03 1.81 1.43 2.46
1.20E-02 4.28E-06  3.52E-05 1.81E-03 2.11 2.11 1.35
6.00E-03 1.16E-06  7.46E-06 4.12E-04 1.88 2.24 2.13
3.00E-03 6.76E-07 4.64E-06  3.73E-04 0.78 0.68 0.14

Table 3: Numerical convergence results for standard SPH, V&BM, RK-WENO-SPH and ADER-WENO-SPH for density p. In the first row the
particles distance dx. The second, third and fourth columns contain the error measured in L, L, and L, norms, followed by three columns giving
the measured order of accuracy between the respective particles and the previous particles distributions.
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dx €L, €L, €L, O(L;) O,) O(Ls)
standard SPH
4.80E-02 1.98E-04  5.05E-04  3.56E-02 - - -
2.40E-02 1.97E-04  296E-04  5.91E-03 0.00 0.77 2.59
1.20E-02 3.36E-04  5.43E-04 2.91E-02 -0.77 -0.88 -2.30
6.00E-03 4.85E-04  7.78E-04 5.07E-02  -0.53 -0.52 -0.80
3.00E-03 6.80E-04  1.04E-03  8.77E-02 -0.49 -0.42 -0.79
V&BM
4.80E-02 2.84E-03  9.15E-03  2.77E-01 - - -
2.40E-02 2. 74E-03 8.71E-03  1.25E-01 0.05 0.07 1.15
1.20E-02 2.29E-03  7.69E-03  2.38E-01 0.26 0.18 -0.93
6.00E-03 1.66E-03  6.20E-03 1.91E-01 0.47 0.31 0.32
3.00E-03 1.07E-03  4.53E-03  1.96E-01 0.63 0.45 -0.04
RK-WENO-SPH (M=2)
4.80E-02 1.68E-03  6.56E-03  2.35E-01 - - -
2.40E-02 6.83E-04  3.24E-03  6.56E-02 1.30 1.02 1.84
1.20E-02 1.79E-04  1.20E-03  3.71E-02 1.93 1.43 0.82
6.00E-03 4.42E-05  3.58E-04 1.22E-02 2.02 1.74 1.61
3.00E-03 1.58E-05 9.32E-05  9.46E-03 1.48 1.94 0.36
RK-WENO-SPH (M=3)
4.80E-02 8.21E-04  3.68E-03  1.64E-01 - - -
2.40E-02 1.69E-04 1.08E-03  2.65E-02 2.28 1.77 2.63
1.20E-02 3.47E-05 2.58E-04  1.10E-02 2.28 2.06 1.27
6.00E-03 1.42E-05 5.66E-05  3.96E-03 1.29 2.19 1.47
3.00E-03 1.05E-05 2.29E-05 2.13E-03 0.43 1.31 0.89
ADER-WENO-SPH (M=2)
4.80E-02 1.69E-03  6.59E-03  2.35E-01 - - -
2.40E-02 6.81E-04  3.23E-03  6.55E-02 1.31 1.03 1.84
1.20E-02 1.77E-04  1.19E-03  3.66E-02 1.94 1.44 0.84
6.00E-03 4.44E-05  3.52E-04  1.23E-02 2.00 1.75 1.58
3.00E-03 1.64E-05 9.13E-05  1.23E-02 1.44 1.95 0.00
ADER-WENO-SPH (M=3)
4.80E-02 991E-04  4.45E-03 1.89E-01 - -
2.40E-02 3.05E-04 1.76E-03  4.09E-02 1.70 1.34 2.20
1.20E-02 6.87E-05  5.08E-04  1.71E-02 2.15 1.79 1.26
6.00E-03 2.07E-05 1.19E-04  6.30E-03 1.73 2.09 1.44
3.00E-03 1.20E-05 3.33E-05 4.22E-03 0.79 1.84 0.58

Table 4: Numerical convergence results for standard SPH, V&BM, RK-WENO-SPH and ADER-WENO-SPH for velocity vy. In the first row the
particles distance dx. The second, third and fourth columns contain the error measured in L, L, and L, norms, followed by three columns giving
the measured order of accuracy between the respective particles and the previous particles distributions.
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