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ON KODAIRA DIMENSION OF ALMOST COMPLEX

STRUCTURES

ABsTRACT. The aim of this paper is to continue the study of Kodaira di-
mension for almost complex manifolds, focusing on the case of compact 4-
dimensional solvmanifolds without any integrable almost complex structure.
According to the classification theory we consider: tr3 _1, nil* and T4N,—(142)
with —1 < A < —%. For the first solvmanifold we introduce special families
of almost complex structures, compute the corresponding Kodaira dimension
and show that it is no longer a deformation invariant. Moreover we prove Ricci
flatness of the canonical connection for the almost K&hler structure. Regarding
the other two manifolds we compute the Kodaira dimension for certain almost
complex structures. Finally we construct a natural hypercomplex structure

providing a twistorial description.
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1. INTRODUCTION

Let M be a smooth 2n-dimensional manifold endowed with an almost complex
structure J, that is a smooth (1,1)-tensor field such that J? = —idy;. According
to the celebrated Newlander—Nirenberg Theorem, the almost complex structure J
is induced by a structure of complex manifold on M, that is J is integrable, if and
only if the torsion tensor of J, namely the Nijenhuis tensor of J, vanishes. The
investigation of the existence of new almost complex invariants of (M, J) is a natu-
ral problem in almost complex geometry. Recently, in this direction, H. Chen and
W. Zhang in [CZ18] and [CZ20], starting with a 2n-dimensional compact almost
complex manifold (M, J), introduce the notion of plurigenera and give the defini-
tion of Kodaira dimension of (M, J), denoted as P,,,(M, J), kod(M, J) respectively.
They prove that, given any 4-dimensional compact almost complex manifold, the
plurigenera and the Kodaira dimension are birational invariants in the almost com-
plex category. Furthermore, they show that such invariants are not stable under
small deformations of the almost complex structure. For this purpose, they con-
struct in [CZ18, §6.1] a 1-parameter family {J,},ecr~ of almost complex structures
on the Kodaira—Thurston manifold X such that

0 a € 7Q ~ {0},
-0 a ¢ 7Q.

In [CNT20] the authors compute the Kodaira dimension of special families of 6-
dimensional almost complex manifolds and of their deformations. More in partic-
ular, starting with the smooth manifold underlying the Nakamura complex 3-fold,
they compute the Kodaira dimension of an almost Ké&hler deformation, showing
that the possible values are 0 or —oo; furthermore, it is proved that the Ricci
curvature of the canonical connection V¢ vanishes.

The aim of this paper is to continue the study of the Kodaira dimension in
the almost complex category. More specifically, we focus on compact 4-dimensional
solvmanifolds M, that is, compact quotients of simply connected solvable Lie groups
by discrete cocompact subgroups, i.e., by lattices, without any complex structure.
According to the classification theory (see [ABP20]) these are the solvable Lie al-
gebras whose corresponding simply connected Lie groups admit compact quotients
by a lattice:

(1) vvs,—1;
(2) nil* ;
(3) tar,—(4x With =1 <A < 7%.

kod(X, J,) =

Notice that, with the only exception of t; 1 _1,none of the 4-dimensional compact
quotients as above carries any integrable almost complex structure. Therefore, the
notion by Chen and Zhang of Kodaira dimension appears as one useful tool for the
study of the almost complex geometry of such manifolds.

The paper is organized as follows. After we recall the definition of Kodaira
dimension for almost complex manifolds in Section 2, in Section 3 we consider
the families of solvmanifolds M (k), .4 and .#(\) associated respectively to the
solvable Lie algebras trs _q, nil* and Ty, —(14a) With =1 <A < f% and we recall
their constructions. Sections 4, 5 and 6 are devoted to the computations of the
Kodaira dimension of special families of almost complex structures on M(k), A~
and .# (\): see Propositions 4.1 and 4.2 for the structures on M (k), Propositions
5.1, 5.3 and 5.5 for the structures on .#” and Proposition 6.1 for the one on .Z(\).
The main tool for our computations is an ad hoc method involving Fourier series:
for each example we view functions on the solvmanifolds as functions defined on the
universal cover which are invariant with respect to a suitable lattice. Then we find
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a sublattice with respect to which such functions are periodic, and then we express
them in Fourier series. Finally, we compute the Fourier coefficients by solving some
system of partial differential equations and then obtain the Kodaira dimension.

Furthermore, the Ricci curvature of the canonical Chern connection is computed
in the case of almost Kéhler structures. In particular, for the almost Kéahler family
(Js,gs) on M (k) (see (4.1)), the Ricci curvature vanishes (see Proposition 4.4). It
is worth to note that there exists a non Chern—Ricci flat almost Kahler metric, with
vanishing scalar curvature on (A4, J, gs), such that kod(.4#", J) = —co (see Propo-
sition 5.6). Notice that the Kodaira dimension of M (k) is no longer a deformation
invariant.

In Section 7, we construct a natural hypercomplex structure providing a twisto-
rial description. Finally, in Section 8 we describe some natural Norden structures.

Acknowledgement — The authors are grateful to Weiyi Zhang for a interesting
discussions and suggestions during the workshop ‘Geometria in Bicocca 2019’ held
in Milan, which led to the preparation of this paper. They also want to thank
Scott O. Wilson for having attracted their attention on an inaccuracy in § 3.3.
The authors want also to express their gratitude to the useful suggestions of the
Referee, which led to a substantial improvement of some of the results presented in
the paper.

2. PRELIMINARIES AND NOTATION

We start by fixing some notation and recalling the definition of Kodaira dimen-
sion in the almost complex category.

Let M be a compact 2n-dimensional smooth manifold endowed with an almost
complex structure J. Denote by N; the Nijenhuis tensor of J, that is, the smooth
(1,1)-tensor field defined by

Ny(X,Y)=[JX,JY] - [X,Y] - JJX,Y] - JIX,JY]

for every pair of vector fields X, Y on M. The Newlander—Nirenberg Theorem
states that J is integrable if and only if N; vanishes.
Following [CZ18], we briefly recall the definition of Kodaira dimension of (M, J).
Denote by A%?M the bundle of smooth (p, ¢)-forms on (M, J) and by A% (M) =
I' (M, A% YM) the space of smooth (p, ¢)-forms on (M, J). Then the exterior differ-
ential d satisfies

d(ATI(M)) € AFF2ITH(M) + AFTHI(M) + AR (M) + AR (M),
and, consequently, d decomposes as
d=p;+0;+0;+T1y,

where py = 7P+29 1 od and 0; = 79 od. Let #x = AZ’OM be the canonical
bundle of the almost complex manifold X = (M, J). Then #x is a complex line
bundle over X and the 0 j-operator on (M, .J) gives rise to a pseudoholomorphic
structure on #x, i.e., a differential operator (still denoted by 0)

By :T(M, #x) — T(M,AY'"M @ #)
satisfying the Leibniz rule
dy(fo) =0,f @ o+ fd;0,

for every smooth function f and section o.

As a consequence of Hodge Theory (see [CZ18, Theorem 1.1]), the space HO(M, #™)
of pseudoholomorphic pluricanonical sections is a finite dimensional complex vector
space for every m > 1.
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Definition ([CZ18, Definition 1.2]) — The m*-plurigenus of (M, J) is

P (M, J) = dime HO (M, #E™).
The Kodaira dimension of (M, J) is defined as

—00 if P,(M,J) =0 for every m > 1,
kod(M, J) := ) log P, (M, J) .

limsup —————= otherwise.

m——+00 logm

3. 4-SOLVMANIFOLDS WITHOUT COMPLEX STRUCTURES

3.1. The solvmanifolds M (k). Based on the classification of the pairs consisting
of a connected, simply connected, (real) three dimensional solvable Lie group and
a discrete cocompact lattice made in [AGH61|, Fernandez and Gray produced in
[FGI0] an example of compact four dimensional manifold admitting no integrable
almost complex structures. In this section we review the construction of this man-
ifold, with the purpose of introducing the notation.

Fix k € R\ {0} such that ¥ + e* € Z, and consider the group

ek 0 0 =z
0 e 0 y
Gk) = z,y,z €R
0 0 1 =z
0 0 0 1

Then we can see G(k) ~ R? x4, R, where the semidirect product is taken with
respect to the action of R on R? given by

ér: R — GL(2,R)

z

It is then easy to show that G(k) is a solvable, non nilpotent, Lie group.
Fix now two linearly independent vectors u = (u1,uz),v = (v1,v2) € R? and an
integer n € Z, and let D = D(u,v,n) be the subgroup of G(k) generated by

10 0 w 1 0 0 un
Eu:010uQ’EU:010v2’
001 0 001 0
00 0 1 00 0 1
e 0 0 0
0 e™ 0 0

E, =

0 0 1 n
0 0 01
Then D is a discrete cocompact lattice in G(k) (see [AGHG61, Theorem 5(4)]).

On the product G(k) x R we have the action of D x Z, where D acts on G(k)
by multiplication on the left, while Z acts on R by translations. Let M (k) be the
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quotient of G(k) x R by this diagonal action, then M (k) is a compact manifold,
admitting the following 1-forms:

e' induced by the invariant form e=**dzx,

€2 induced by the invariant form e**dy,

e induced by the invariant form dz,

e* induced by the invariant form dt.

Dually, the corresponding fields are

kz O

e1 induced by the invariant field e 5-,

(3.1) es induced by the invariant field e~ ** a% :
: es induced by the invariant field

e4 induced by the invariant field %.

The structure equations for M (k) and the only non trivial commutators are

de! = kel A e?, de? = —ke? A é3, de3 =0, de* =0

and
[61, 63] = —k:el, [62, 63] = k/’eg
respectively.
We will consider on M (k) the following additional structures:

e the 2-form
w:el/\62+e3/\e4,
which is easily seen to be a symplectic form on M (k);
e the Riemannian metric

g:61®€1+62®62+63®63+64®64.

Remark 3.1 — The manifold M (k) is (real) parallelizable, since the vectors e1(P),
ea(P), e3(P) and es(P) span the tangent space TpM (k) for every P € M(k).
As a consequence, we can define an almost complex structure on M (k) by simply
specifying its action on HY(M (k), TM (k)).

Remark 3.2 — Observe that a smooth function f : M (k) — R can be identified
with a smooth function (still denoted by f) on the universal cover R* such that

f(.fC,y,Z,t) = f(ekn’y'r +au; + /B’Ulveikn’yy + aug + BUQVZ + n75t+ E)

for every «, B,v,e € Z. In particular, for v = 0 we see that f is Z3-periodic, and
so it admits a Fourier series expansion of the form

(32) f(.’L', v, 2, t) — Z fI (2)6277\/—_1%((avg—bug)z+(—avl+bu1)y+05t),
I=(a,b,c)€Z3

where 6 = u1v9 — ugvy # 0.
3.2. The nilmanifold /. Let & be the group (R4,*), where the product of
(a,b,c,d), (z,y,z,t) € R* is defined as

1
(a,b,¢,d) * (z,y,2,t) = <z+a,y+b,z+ay+c,t+ §a2y+a2+d>.
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It is then straightforward to verify that the set of 1-forms

el = duz,
e® = dy,
e? =dz — zdy,

et =dt + %x2dy — xdz

on & is a basis for the space I' (&, T®), and that these forms are left invariant with
respect to translations by elements in the subgroup consisting of 4-tuples with even
integral entries.

Call 4 the quotient of & by such an action, then the previous forms descend to
A and their valuations at any given point span the cotangent space at that point.
The dual tangent frame to .4 is given by the fields

_ 0
el_%a
A 90 41,20
€2 =g, T Tg; + 3775
(3.3) 5 5
63154*1'5,
le]
64:m.

The structure equations for .4 and the only non trivial commutators are

(3.4) de' =0, de? =0, de® = —e' A e?, det = —et N €P,
and

[e1, e2] = e3, [e1, 3] = eu,
respectively.

Remark 3.3 — The 2-form

E=elNet+e?ned
is a symplectic form on A . Indeed, € NE = 2e* Ae?2 Ae3 Aet and by the structure
equations d§ = 0.

Remark 3.4 — As A is a quotient of R* by the action of a suitable lattice, we
can see a smooth function f : N — R as an invariant function on R*, where
invariance is meant in terms of the lattice:

(3.5)

flz,y,2,t) = f(x+20,y+26, 2+ 20y + 27, t + 20y + 20z + 26) Ya,B,v,0 € Z.
In particular f is periodic of period 2 in y, z,t, hence it admits a Fourier expansion
of the form

(36) f(.’L', Y, 2, t) = Z fI (w)eﬁﬂ(ay+bz+ct).
I=(a,b,c)€Z3

3.3. The solvmanifolds .#(\). Let A € (—1,—3) and define ¢()\) as the group

eM o0 0 0 =
0 e 0 0 gy
Y\ = 0 0 e @Mt o 4 x,y,z,t€R
0 O 0 1 ¢
0 0 0 0 1
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Then 4 () is a simply connected solvable Lie group isomorphic to

e 0 0
R3 X, R, where p(t) = 0 et 0
0 0 e—(l-i—)\)t
and we can characterize the values of the parameter A for which it admits a lattice.
In fact, by [LLSY07, Proposition 2.1] we have that ¢ () admits a lattice if and only
if there exist integers m, n with m # n such that the equation 2> —ma?2+nzx—1 =0

has 3 real, positive and distinct solutions oy > g > ag. Assume this is the case,
and define

log as :
(A o) = (logal,logal) , ifa; >1>ay > as,
o) =
(M logag) , ifap >ay >1>as;

log as”’

then there exists a matrix A € GL(3,Z) which is similar to the matrix ¢(to). Let
P € GL(3,R) be such that p(tg) = P+ A- P71, Let Z act on Z3 via the matrix A
and consider the semidirect product Z3 x Z, it is possible to embed this group in
4(\) as a lattice in the following way: we send the canonical generators of Z* to
the vectors in R? corresponding to the columns of the matrix P and the generator
of Z corresponding to A to tg.

We let . () be the quotient of 4 () by the left action of translations by elements
of a lattice in ¥ () (being understood that A is chosen in such a way that a lattice
exists).

The 1-forms

el = dt,

e = e tdy,

e? = e Mz,
et = e+t

generate the cotangent space at each point of .Z(\), and it is easy to see that they
satisfy the structure equations

(3.7) de* =0, de* = —e' Ne?, de® = —Xe' N e, de* = (1+N)e! net.

The dual picture on the tangent bundle is as follows: the dual tangent frame is

_ 0
€1 = 77
t_ 0
€2 = € GITR)
3.8 Y
(3.8) D
€3 =€ G
—(14+M)t 0
64:6 (+)E’

and the non trivial commutators are
[615 62] = €2, [617 63] = A637 [617 64] = 7(1 + )\>€4'

Hence . () is a 2-step (non nilpotent) solvmanifold. It is known (cf. [Has05,
Section 4]) that . (\) admits no integrable almost complex structures.

Remark 3.5 — As .# () is a quotient of R* by the action of a suitable lattice T, we
can see a smooth function f : .#(\) — R as an invariant function on R*, where
invariance is meant in terms of the lattice:

(3.9) f(z,y,2,t) = f(eM¥r+a,e®y+ B, TN 4yt +6)  V(a,B,7,0) €T,
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In particular, f is periodic in (x,y,z) with periods given by the columns of the
matriz P, hence f admits a Fourier expansion of the form

(3.10) f(z,y,z,t) = Z Fr(t)e2™V T Cueturytvrz),
I=(a,b,c)eZ3

with ()\[,/L[, V[) =] P l= (a,b,c) - pL
4. SPECIAL FAMILIES OF ALMOST COMPLEX STRUCTURES ON M (k)
Consider the following families of endomorphisms of the tangent bundle of M (k):

(5] ﬂl 0 0
Y1 —Q 0 0

Js = 3
0 0 oo po
0 0 7 —a

(4.1)
s = (r1,s1,72,52) € R4,
28»5

O = — 357,

with ZTI'ZJFS? 21

_ ri2ri+s 41
b=t
7‘?—2m+s?+1
=
and
0 —(1—r)? 2r? —2r(1—r)
(1—7)2 0 =2r(1—r) —272
Jr=a )
—2r2 2r(1 —r) 0 —(1—r)?
2r(1—r) 2r? (1—r)? 0
r € R,
with ) )
=Tz 2 = 3rZ—2rp1-

It is then easy to see that a? + Bivi = —1 for i = 1,2 and that both Js; and
J, define smooth families of almost complex structures on M(k), as J2 = J2? =
—idppr(k). We recall here that since M (k) can not admit an integrable almost
complex structure, none of the J,’s nor of the J,’s is integrable.

The almost complex structures Js behave well with respect to the symplectic
form w = el Ae?+e3Aet, at least for small values of the parameter s = (r1, 81,72, $2):
we have in fact that w(Js-, Js) = w(-,-), and that the symmetric bilinear form
gs(+,+) = w(-, Js+) is positive definite (hence it is a Riemannian metric on M (k)).
The matrix representation for the metric g, in the basis {eq, €2, e3,e4} is

Y1 —Q1 0 0
—a; =B 0 0
gs =
0 0 Y2~
0 0 —as —Ppo

Since the fundamental form of all the almost Hermitian manifolds (M (k), gs, Js) is
w, we have a family of almost Ké&hler manifolds.
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On the other hand, the almost complex structures J,. are all compatible with the
fixed metric g, as g(J,+, J-) = g(+, ), hence we have an almost Hermitian manifold
(M(k),g,J.) for all r € R. By a direct computation, it is easy to see that the
fundamental form w,(-,-) = g(J,-,-) is d-closed if and only if r = 0. So, apart for
r = 0, none of the manifolds in this family is almost Kéhler.

We remark that both families {Js} and {J,.} are deformations of the almost
complex structure Jy defined by s = 0 in the first family and by » = 0 in the second
family.

4.1. Kodaira dimension. We focus first on the family (M (k), Js).

We can then find a gs-orthonormal frame {e1(s),e2(s),e3(s),£4(s)} for the tan-
gent bundle (to simplify the notation, from now on we will drop the explicit depen-
dence on s):

L.
Narhtd

£y = \/%(04161 +mez), es= \/172(04263 + 72€4),

1
51*\/7—1617 €3

whose corresponding dual frame is

1 1_ ou 2 3 _ 3 _ o4
5 1/'yl(e %e), € —‘/’)/2(6 We),

2= L2 cd— L 4

Var

The commutators of the fields and, dually, the differentials of these forms are
respectively given by

e1,€2] =0, [e1, 5] = *\/%51, le1, 4] = *]\C/C%f?l,
[e2,e3] = —282ey + —Jen, e, ea) = 280826, + Bhey | [e5,64] =0,
and by
1 _k 1 A3 kag 1 A -4 kay 2 A .3 kajas 2 A -4 3 _
de = 755¢ ANe +\/725 Ne +2\/725 ANe +2\/72€ ANe®, de® =0,
d52:—\/’%52/\53—%52/\54, de* = 0.

Now, we switch from the real to the complex formalism. Let hy be the Hermitian
metric induced by g5, we consider the hs-unitary frame of fields of type (1,0)

3{1:?(51*\/*_152), 3{2:?(53*\/*_154),

and its dual frame of (1,0)-forms

S N CIETaVE o)

It is in fact easy to see that the almost complex structure Js takes the standard
form on the basis {1(s),e2(s),e3(s),e4(s)}. It follows that

do' = 32 (—v/=Tan(1 — V=Taz)p" A >+
—V=lai (1 + vV=Taz)p"' A @+
—(1++v=1a1)(1 — V/—T1ag)? A g+
+(1+vV=Ta)(1 +v=1az)" A &°),
dp* = 0,

ol =
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from which we deduce that
Dol = _25—2% (V=Tai(1 + v=Taz)p' A @ + (1 + vV—Ta1)(1 — vV=Ta2)p* A @),
0¢? = 0.

We observe that ¢! A¢? is a smooth section of the canonical bundle of (M (k), J)
and

' Np?) = \\C_\/_Oél(1+\/_a2)sﬁ NN

Proposition 4.1 — In a suitable neighbourhood of the origin the Kodaira dimen-
sion of (M (k),Js) is

—00 Zf ap 7& 07
0  ifar=0.

kod(M (k), J,) =

Proof. Let fo!' A p? be a smooth section of the canonical bundle. This section is
pseudoholomorphic if and only if

=0(fe' N*) = Z1(f)e" N@* A" + Za(f)e' N> AP+ FO(p! A @?),
hence if and only if
2i(f) =
Zo(f) + 32/ =T for (14 V=Tas)

Write f = u + v/—1v, where we see v and v as real functions of the real variables
x, y, z and t, which are defined on R* and are periodic with respect to the action
of the lattice D x Z.

The first equation in (4.2) then becomes

(4.2)

0= Z1(5) = LlertvTen) 0y TT) = L (er0)-20)+vT(er () +o(0),

which leads us to the system

ekza_u _ alekz Bv -m e~ k= gv =0
y
kz@v +aekz@u+,yeszg1;70
We can then express 2% and 8“ in terms of 2% and av
p ox oz
ou __ v —2kz Ov
9z = Qigy T e ay
ou __ 2kzp Ov v
oy € ﬂl or  Qly, y”

and so once we take the derivative with respect to y of the first relation and with
respect to x of the second one, we see that the relation

0% ks 821) o2k 6 v 0?v
£ Proz— 5oy

must hold. Hence v is a solution of the elliptic differential equation
0? 0? 0?
2kz —2kz
— — +2 — =0
< e h 02 2N dxdy te T 6y2> v

and so it must be constant with respect to z and y (because of the periodicity). An
analogous argument shows that also u must be constant with respect to z and y.
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Consider the Fourier series expansion (3.2) of 4 and v. Since we know that they
do not depend on x and y, this expansion can be simplified further to

(4.3) u(z,y, z,t) = Z uy 2 V=1( ZH’t) ureC
I=(a,b)eZ?

and similarly for v.
The second equation in (4.2) is equivalent to the system

P P
Ge — Gl — 1% Bt = koy (agu +v)

% +a282 + o 2u 5 = = kag (v — u),

in view of (4.3) we obtain the following system for (u,vy)

277\/—1%1” — 27r\/—1%a21)1 — 2w/ —1byov; — kayasuy — kaqvy =0
277\/—1%1)1 + 277\/—1%(121” + 21/ —1byou; — kayasvy + kajuyr = 0.

This is a homogeneous linear system, whose representing matrix has determinant

a2 2
(4.4) — 4= 3 + k23 (a3 + 1) — 4n? (%ag + b’yg) + 47wV —1bkagys.

We want to determine when this determinant vanishes.

(1) If ay = 0, the determinant (4.4) vanishes if and only if a = b = 0.
In fact for ay = 0 the imaginary part of (4.4) is zero and its real part
is —4m? (Z—z + (Lag + b’)/g)2). So this determinant vanishes if and only
if @ = byy = 0, which happens if and only if a« = b = 0 in a suitable
neighbourhood of the origin.

(2) If ay # 0, the determinant (4.4) is always non-zero.
In fact, if a3 # 0 then in a neighbourhood of the origin the imaginary part
of (4.4) vanishes if and only if b = 0. In this case the real part of 4.4 is

(1+a3) (k:cn + 2#%) (kza1 - 2#%) ;

which is zero if and only if a = ikg—;n. In a suitable neighbourhood of the

origin we have ’ kg‘;”‘ < 1, so on such a neighbourhood the only possibility
is @ = 0. But then this implies that a; = 0, which is not the case.

We can summarize this result saying that f is a solution of (4.2) if and only if
f=const if a; =0,
f =0 if (651 7& 0.

To conclude the computation of the Kodaira dimension of (M (k), J,), we observe
that it is not difficult to see that

_ V2k
(¢! Ag?)®™m) =
SNGD
as a section of T**' M (k) ® (/\QVOT*M(k))®m. Hence O(f - (' A p?)®™) = 0 leads
us to a situation which is completely analogous to the one described in (4.2). As a
consequence, we can claim that

=V —lai (1 +V=Taz)m@® @ (p' A o)™

0 ifal#O,
1 iqu:O,

Pm(M(k)v Js) =
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and so
—oo if ag #0,
0 if ap = 0.

r(M(k), Js) =

O

Consider now the family (M (k), J,). A go-orthonormal basis in which the almost
complex structures J,. are in canonical form is then given by

e1 = Va((1—r)e; +res —rez), g3 =+a(rey + (1 —r)eg +req)
go = a(—rer + (1 —r)ea +req), €4 =+/a(—rex —res+ (1 —1)eq),

whose corresponding dual frame is

et =a((l—r)et +re? —re?), 3= a(re + (1 —r)e +ret)
e2 = Ja(—ret + (1 —r)e? +ret), es=Ja(—re? —red + (1 —r)et).

It follows that
V2 V2
3{1:7(51*\/*152), %:7(53*\/*154)
is an h-unitary frame of fields of type (1, 0), where h is the Hermitian form associated
to g and J,, and that

ot = v2 (e +V-1e?), @2 V2 (e® + V-1e%)

2 2

is the corresponding coframe of forms of type (1,0). A computation yields

do! = %a\/ak(l —r —/=1r)(r?p! A *+

+r(l —r —/=1r)p! AP+

(1L =r)2+2%)e* N @'+

+r(l —r — /—=1r)p% A P>+

+(1—r = V=Ir)?gt A G?),

dp? = @a\/akr((l — 14+ V/=1r)2p! A2+

—r(1 =7+ V/=1r)pr A gt +

Tt AP+

—r(L—r+V=1r)p* A g%+

+r2g! A 2.

We can then see that

(' N p?) = fga\/akr((l —r —/=1r)2@t — (1 — 7 + V=17)@?) Apt A 2.

T

As a consequence
3" Ap®)E™) =mr @ (o' Ap?)E™, forallm > 1,

and so we see that the smooth pluricanonical section (¢! A p?)®™ is pseudoholo-
morphic if and only if r = 0.
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Proposition 4.2 — We have the following:

0 ifr=1,
1 ifr=0,

Pm(M(k)a JT) =

and so
-0 ifr=1,

0 ifr=20.

kod(M (k), J,) =

13

Proof. This proposition is a particular case of Proposition 7.7 (see also Remark 7.8)

for r =1 and a particular case of Proposition 4.1 for » = 0.

O

4.2. Curvature of the canonical connection. The manifold (M (k), Js,gs) is
an almost Kéhler manifold for every (small) value of the parameter s. As a conse-
quence, we can use the same strategy used in [CNT20] to compute the Chern—Ricci
tensor and the scalar curvature of the canonical connection of these almost Kéahler

metrics.
Direct computations give:

Lemma 4.3 — The Nijenhuis tensor of Js is the following:

Ny, (e1,e2) =0,

Ny (e1,e3) = 2\/%(1 —ajag)er + 2\/%(041 + an)eo,
Ny (e1,e4) = 2\/%(% + az)e; — 2\/%(1 — aias)es,
Ny (g2,e3) = 2\/%(% + az)e; — 2\/%(1 — ajas)es,
Ny (g2,e4) = —2\/];_2(1 —ajag)er — 2\/%(% + an)eo,
Ny, (e3,e4) = 0.

By [CNT20, Corollary 3.8] we can then deduce the real torsion forms of the

canonical connection:

oL = 2\%_2(1 —ajag)(et Aed -2 net) + 2\/17—2(041 +ag)(et Net +e2 A eP),

02 = %7_2(041 +ag)(et ned =2 net) — =1 —ara) (et Aet +e2 A eP),

2

y

The complex torsion forms are easy to compute from these ones:

0! = 2 (6} + V=163) = 22 (1 + vV=Tan)(1 + V=Taz)p" A ¢,
02 = 2 (0} + V/-164) =0

To deduce the complex connection forms, we have to solve the system given by the

first structure equations:
de' +91 APt + 93 A2 =01
de? + 93 Nt + 93N 02 =02
0F + 9] = 03 + 9} =03 + 93 =0,
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whose solution is
9l = _2\\//5%\/__1%(1 —V=Tay)p? — 2\/\/5%\/—_1a1(1 +V—1an)@?,
b = =325 (1 + V=Tan)(1 + V=Taz)@",
92 = 2\/\/5%(1 —V—=1a1)(1 — vV—1az)¢!,
92 =0,

From the knowledge of the connection forms, we can compute the curvature forms
Y% by means of the second structure equations, and we see that

Y= E(1+0d)1+0d)e! AP,

P= B VTTar(1— VT (1 — V=Tag)?e! AP+
75—2 —Tlar(1— v=1a)(1 + a3)p' A @*+
—E (14 a2)(1 - v Ta2)’¢? A G+
+E (1 +ad)(1+ 0d)@! A F2,

vh= —ui,

3= 31 +ad)+ad)e! Agh

We can state the following.

Proposition 4.4 — All the manifolds (M (k), Js, gs) in our family are Chern—Ricci
flat, hence they also have vanishing scalar curvature.

Proof. To compute the component R;; of the Chern-Ricci tensor we recall that
RYp 1s the coefficient of o* A @l in ¢; and that Ry = >, R,;. But the only

non-vanishing coefficients among the R;.kl— are

Ry = 3 (L+ad)(1+ o), Ry =~ (1+ o)1+ V=Tag),
Ry = %mal(l +V-la1)(1+a3), Rj;= —ﬁ—jx/—_loq(l —V=To)(1 +a3),
Ry =471 +a)(1—vV=Ia)’,  Ry;=—4-(1+a})(1+a3),

hence it is now easy to see that R ;=0 for all k£, =1, 2. (I

5. SPECIAL ALMOST COMPLEX STRUCTURES ON .4~

5.1. Kodaira dimension. Let J be the almost complex structure on .4 which
acts on the tangent fields (3.3) as

(5.1) Jey = ey, Jeg = e3, Jes = —es, Jey = —eq.
We can then define the fields of type (1,0)
1 1
(5.2) 21 = 5(61*\/*164), X2 = 5(62*\/*163,)
and the corresponding dual (1, 0)-forms
ot = el + /—1e?, ©* =e* +/ 1€

It is then a straightforward computation with the structure equations (3.4) to
see that

do' = —2(G' NP2 — ' A P% — Q2 AP — B! A @2,
dp? = —YTHP' A @® + o' AG® — QP AP+ B A @),
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hence that J is not integrable, and

A" A p?) (v 16" +@%) At Ag”.
Proposition 5.1 — We have the following:
kod(A,J) = —

Proof. By a direct computation, a smooth pluricanonical section f (or A p?)®™ is
pseudoholomorphic if and only if df — +m f(v/—1¢' + @*) = 0, which is equivalent
to the system

21(f) = 1V=1Imf=0
Za(f) = gmf = 0.

Writing f = u + +/—1v and using (5.2) and (3.3) we find that the previous system
is equivalent to

@—@—i—%mz):O

ox ot

ov ou _ 1 _

5+ B¢ smu =0

ou ou 1,.20u ov . 0v 1 _
oy TTo; Tt 9 — 5, — T —3mu=0
g;—i—x —|—126”+ +ac —%msz.

Using the Fourier expansion (3.6), the last two equations in the last system become

v —1lmauy + /—1mwbxur + \/717TC%SC2’U,] — v/ —1wbvy — \/—1wexvr — %mu[ =0
v —=1lmavy + v —1wbxvr + \/—lﬂc%z%[ + v/ —1mwbuy + v/ —1lmwcxur — %mv[ =0,

which is a homogeneous linear system for the pair (uy,vr). The determinant of the
matrix representing this last system is

1 v—1 1 v—1
—m? (a—|— bxr + 530204— 2—m—|— v—l(b—l—aw)) (a—|— bx + 530204— oM V-=1(b+ cx)) .
™ T

This determinant vanishes if and only if

a+bx+%z20:0 a+br+ L :EC*O
or

3 +btcr=0 3 —b—cr=0,

and we want to determine explicitly when this happens.

(1) If ¢ = 0, both systems are impossible since 7 is irrational.
(2) If ¢ # 0, we can solve the second equation finding that z = S~ — 2 (we
. . . e ¢
focus on the second system, but the situation for the first one is completely
analogous). We can then substitute this expression in the first equation,

and after we clean the denominators we find the equation
4(2ca — b*)T +m? = 0.

We have then two further subcases:
(a) if b? = 2ca, this equation is never satisfied, since m # 0;
(b) if b% # 2ca, this equation is never satisfied, since 7 is irrational.
In any case, the determinant is non-zero for every value of I = (a,b,¢) and so u;y
and vy must always be identically zero. Obviously u; = v; = 0 is a solution of the
system. As a consequence v = v = 0, which implies that the Kodaira dimension of

(A, J)is —o0 O
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Remark 5.2 — Observe that with respect to the symplectic form & we have that
6(‘]’ J) = 6(? )a

and that £ = %\/—1 ((pl A@L+ 2 A @2) is of pure type (1,1). Moreover, & is the
(1,1)-form naturally associated with the metric

J=cloe 1ol tdoddteloel
on N, and so (N, J,¢') is an almost Kaihler manifold.
We consider now a second almost complex structure on .#": the one defined by
J'e1 = e, J'es = —eq, J'es3 = ey, J'es = —es.
In this case we have
ol = el +v/—1e2, o = €S 4 /—1ed,
and so
dp' =0,
dp? = —3V=1(¢p' NG* +20' NP + 0" NP — PP NG + B NG
As a consequence
Ap' A ¢?) = fix/f_wl Nt A,

so for any smooth function f : .4 — C we have
(5.3)

O(f (" Np?)®m) = Of ® (o' N@*)®™ — 3V —Imf! ® (o' N p*)®™ =
= (0f = 3V=Imfgh) @ (o' Ao
Proposition 5.3 — The Kodaira dimension of (A, J') is
kod (A", J') = —oc.
Proof. The dual frame of vector fields of type (1,0) on (A7, J') is

1 1
2 = 5(61 —v—1les), 2y = 5(63 —V—les),

so after we write f = u + v/—1v we see from (5.3) that the smooth pluricanonical

section f - (! A ¢?)®™ is pseudoholomorphic if and only if
e1(u) —ea(v) + %mv =0
e1(v) +ea(u) — 2mu =0
es(u) —eq(v) =0
es(v) + eq(u) = 0.
By (3.3) this system becomes
O T !
o 24 88 4ot 4 40288 — b=
evoty oo
% + z% + g—? =0.
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Recall from (3.6) that « and v can be expressed as Fourier series: in particular, the
third and fourth equation of (5.4) give us the system for the Fourier coefficients u;
and vy

(b+cx)ur —cvr =0 ) b+ cx —c uy
i.e. =0.
(b+ cx)vr +cur =0 c b+ cx vr

As the determinant of the above matrix is (b + cx)? + ¢2, which is the sum of two
real squares, we argue that it vanishes if and only if b = ¢ = 0. As a consequence
b#0orc#0 = wur=wvr=0

and so v and v do not depend on z and t. It is then easy to check that they admit
a ‘new’ Fourier series expansion as

U(Z', y) = Z uAﬂe\/jlﬂ-()\eruy); UA# S C
(A\,p)ez?

and similarly for v. Moreover, the first and second equations of (5.4) simplify to

ou __ Ov 1

9 = oy — 2
ou _ _ Ov 1
oy = "oz T3amu
and so
v _1 0v_ Oou _ Ou 0% 1 (v 1
oy2 2 Qy Oydxr Oxdy  O0x2 2 oy 2

So, both u and v are solution of the second order operator

6_2 4 6_2 _mﬁ + lmQ
0x2 = Oy? oy 4

which implies that the Fourier coefficients satisfy
1
<7r2)\2 — 2?4 Zm2 — \/17rmu> Uy, = 0.

Observe that if ;1 # 0 then the coefficient in the above equation has non-vanishing
imaginary part, which forces uy, = 0. Assume finally that y = 0: the previous
relation simplifies to (—71'2)\2 + imQ) uxo = 0, which is still satisfied only if uyg =0
by the irrationality of 7. This means that u = 0 and analogously for v.

To sum up, we have shown that if f = u + /—1v is such that f- (p! A ©?)®™ is
a pseudoholomorphic pluricanonical section then f = 0, which means that

Pu(A,J)=0 Ym > 1

and so
kod(A", J') = —o0.

Remark 5.4 — With respect to this second almost complex structure we have
1
§=—5V-1(p' Ae® = 3" A7)
and so g(J/'a J/) = 75(5 )

Finally, consider the following family of almost complex structures on .4:

Jaue1 = €3 Ja€2 = ey, Jae3 = —aeq, Jaes = —es.
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where a € R\ {0}.
In this case we have the (1,0)-fields

1 v—1 1
Za=-lel— es |, Zaz = =(e2 — V—1ley)
2 a 2
with dual (1,0)-forms
ol = et +v/~1ae®, @2 = e +v/—1eh.

In this case, the canonical section ¢! A ¢? is not pseudoholomorphic as

_ a B
Apa Npa) = 7V=1¢a Ao A g

We compute the Kodaira dimension of (.47, .J,) in the next proposition.

Proposition 5.5 — We have

—oco ifa ¢ 27mQ,
0 if a € 2rQ . {0}.

kod(A', J,) =

Proof. Tt is easy to see that a pluricanonical form f(p! A ¢2)®* is pseudoholomor-
phic if and only if

Za1 (f) =0
Za2(f) + 2V ~Takf = 0.
Writing f = u + +/—1v and using (3.3), the previous systems is equivalent to

Y
- 23+ o) =0

ot
d 9 2
s +algr +ag) =0
23—5+2z%+x2%72%—k(w:0
255 + 2052 + 2% 5} + 25} + kau = 0.

By (3.6) the last differential system becomes then a differential system for the
Fourier coefficients ux () and vy (x): denoting by ’ the derivative with respect to
x we have

uly — %\/—_17rmvN — %\/—_171']),@1)]\/ =0
vy + é\/jlﬁmUN + %\/Tlﬁpl'uN =0
2/ —Inuy + 27V —1Imaun + mv/—1Ipzluy — 27/ —1pvy — kavy =0
21/ —Inuy + 2mv/—Imavy + 1/ —1pxloy + 2mv/—1pun + kauy = 0.

The last two equations involve only uy and vy

V=17 (2n + 2mx + px?) —(ka + 2mv/—1p) uN 0
ka + 2my/—1p V—1m(2n + 2mzx + pa?) UN o)

and so we can deduce what follows.

(1) If p # 0, then uy = vy = 0. In fact, the determinant of the previous
matrix is not zero, as its imaginary part is 47p # 0.

(2) If p =0 and m # 0, then uy = vy = 0. In this case we see that the last
system becomes

N = i—’;\/—l(n—i—mx)u]v
(k?a® — 47%(n + mz)?)uy = 0.
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From the second equation we deduce that uy must be zero, except possibly
for x = —% where the first function vanishes. As uy is continuous,
we deduce that uy = vy = 0.
(3) If m = p = 0, then the determinant of the previous matrix equals k%a? —
47m?n?. This is non zero for a ¢ 27Q \ {0}, so in this case we have that
unN =UVvN = 0.
This shows that if a ¢ 27Q then uy = vy = 0 for every N € 73 and so
kod(A", J,) = 0.
Assume now that a € 27Q ~ {0}, hence that a = 2#2—: for some n’, k' € Z with
k' > 0 and ged(n/, k') = 1. What we did in the previous section allow us to conclude
the following:

(1) if k is not a multiple of ¥, then uy = vy = 0 for every N € Z? and so
Pk (JV, Ja) = 0;

(2) if k is a multiple of k', say k = ¢k’ for a suitable positive integer ¢, then
uy = vy = 0 for every N € Z3, possibly with the exception of N =
(n,m,p) = (£qn’,0,0).

Hence we focus on this last case. For k = gk’ and N = (n,m,p) = (¢gn’,0,0) we
have the system

uy =0
uy(z) =uny € C

vy =0
— 9§ on(z)=vny €C

\/71UN — UN = 0
VN = \/71’[1,]\].
vV—loy +un =0

The analogous system for N = (—¢n’,0,0) has vy = —v/—1luy as solution, where
un(x) = uy and vy () = vy are again constant.

Since u and v are real valued functions, we have that u_y = uy and v_y = vy,
SO

— —v/—1mgn’ v—1mqn'
’LL(.CC, Y, =, t) = U(—gn’,0,0)€ my 4 U(gn’,0,0)€ my

= a(qn’,0,0)e_‘/__lﬂ'qn/y 4 U(qn’,O,O)e\/__lﬂ—q"/y
= 2Re (u(qn’,070)€ﬁ“q”'y) ,
v(@,y,2,t) = =V =Tu( g 0,06 I 4 V=T g gyeY Y

= —2Im (u(qn’,o,o)e‘/__lqu/y) -
As a consequence we can deduce that
f(z,y,z,t) = 211(%/7010)@—\/—_177%/1;’

and it is now easy to verify that such a function satisfies the periodicity prescribed
by (3.5) and so descends from R* to 4.

To sum up, we have shown that for the almost complex manifold X, = (A", J,),
ifa= 2772—,, for coprime integers n’, k¥’ with k£’ > 0 then for every positive q € Z

HO(Xg,w3?) = C e VTman'y,
Hence Py (A, J,) =1 and so
kod(A', J,) = 0.
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5.2. Curvature of the canonical connection. Let J be the almost complex
structure on .4 defined by (5.1). Then the action of J on the the dual coframe
{et,...,e*} of {e1,...,e4} is given by

Jet = —et, Je?t = —e3, Je? = e, Jet = el
Then, setting

w=¢e'Net+e2 Aed, gs(, ) =w(-, J),

the pair (J, gs) gives rise to an almost Hermitian metric on 4. A straightforward
computation yields to the following

Proposition 5.6 — On the nilmanifold A consider the almost Hermitian metric
(J,97). Then (J,g5) is a non Chern—Ricci flat almost Kdhler metric with vanishing
scalar curvature on AN .

Proof. The coframe given by ®! = ‘/75 ! and ®% = ggﬂ is unitary with respect
to the Hermitian metric induced by (J, g).

One can then compute the Nijenhuis tensor of J and use it to compute the real
torsion forms of the canonical connection (see [CNT20, Corollary 3.8]). Hence the

complex torsion forms are

5 5
@1:%@%@2, and @2:7%\/71@%@2.

Solving the primary structure equations to find the connection forms 19§- we see that
these are given by

= —Pary a8, o= PyTTer s 6
e AL I R Ve e B
The secondary structure equations allow us to compute the curvature forms 1/1;:
Pl = (V=10 A D2 + BT A BT 4 2101 A D2 — 2(/—1D% A B! — @2 A D2 + /=10 A B?),
Y3 = —g (LA D2+ /=10 A D! + 20 A P2 — /—1D% A D + 3D A D),
Y3 =£BP AP+ V/=IP A DL — 202 A DT — /—TP2 A D2 + D! A D),
Y3 = (V=10 N D2 — BT A DL 4 D2 N D7 + /1D A D).
and finally the Chern—Ricci tensor of the canonical connection, which is:

1 -y 1 _
Z\/—1<1>1 A D2 — Z\/—1<1>2 A DL,

6. A SPECIAL ALMOST COMPLEX STRUCTURE ON .7 ())
Let J be the almost complex structure on .#(\) defined on the tangent fields
(3.8) by
Jep = ea, Jeg = —ey, Jes = ey, Jeys = —es,

and let X = (.#()\),J) be the corresponding almost complex manifold. From the
complex point of view, we introduce the (0, 1)-forms

(,01:€1+\/—_1€2, @22634—\/__164,
and thanks to the structure equations (3.7) we see that

dot = 50" N1,

dp? = 19" N@* = F(L+209' NG — 10° A @' — (1 +20)8' A G
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Hence )
A e A AT
and so for a smooth complex valued function f :.#(\) — C we have that
- _ 1 .
(6.1) O(f (' Np)®m) = <8f - mewl) ® (9" A p?)™.

Proposition 6.1 — The Kodaira dimension of (A (X\),J) is
kod(.#(N),J) = —oo0.

Proof. It follows from (6.1) that a smooth pluricanonical section of the form f -
(' A p*)®™, with m > 1, is pseudoholomorphic if and only if df — imfe! = 0.
As the vector fields of type (1,0) corresponding to o', p? are

1 1
%125(61—V—162), «%25(63—\/—164),
the previous equation is equivalent to the system
22(f) — gmf
Z2(f) = 0.

Using the definition (3.8) for the fields e; and writing f = u + +/—1v, once we take
the real and the imaginary parts of the equations in the previous system we find
that it becomes equivalent to

0

Ou _ ptdv _ 1
ot oy 2
ov t du 1
L4e'Ft —smuv=0
(62) ot oy

mu =0

2
AtOu _ —(1+X)tdv _
€ oz € oz 0

At 9 —(14N)tdu _
ear te (1+2) 5 =0.
From the third and fourth equations of this system we see that

e(1+2>‘)t& + e—(1+2/\)ta_2v -
Ox? 02?2
and similarly for u. As a consequence, both w and v do not depend neither on x
nor on z.
Thanks to this information, the Fourier series expansion (3.10) of u and v simplify

to
u= Z up(t)e>™V Ty v = Z v (£)e2™Y TRy
keZ kEZ

In fact, if us(t) # 0 (resp. vr(t) # 0) then we must have A\; = v; = 0 because
otherwise u (resp. v) would depend on x or z. Hence the sum is taken over I € Z3
such that (A7, ur,vr) = (0,k,0), i.e., over all the integral multiples of the second
row of the matrix P associated to the lattice. The first two equations of (6.2) then
give us the differential system for the Fourier coefficients uy, v

9 1 t

e 5m 2w/ —1letk u
vy _ et 1

5t 2my/—1e'k sm VL

If we make the substitution
&k 1 V-1 Up
Ck -1 -1 Uk
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then the system decouples and we obtain

08, _ (3m + 2mke’) &
% — (L — 27ket) ¢,

which can easily be solved. Explicitly, the solution (ug,vy) is
uk(t) e%mt (Cke27rkef’ _ dk6727rkef’) ,

—1 1 t _ t
’Uk(t> _ 7\/2 162mt (Cke27rke +dk€ 2mke ) ,

N[

with ¢, dr € C. We can then see that
f f ya Z fk 27r\/jlky, fk(t) = Uk(t) =+ v/ —11}k(t> = e%mtcke27"ket .
kezZ

Recall from (3.9) that in order for f to define a function on .#(\) we must have
that f(eSy,t+08) = f(y,t) for every § € Z-tq. For any fixed § € Z -ty we can write

Fey,t+08) = gh(t)e*™ "y,
heZ

where the Fourier coefficients g () can be explicitly computed:

/ f e y,t—f—é) —271'\/_hydy _ ezm(t-{-ﬁ) ZC 2mket™t I(k/’eé _ h),
kEZ

where we put

1 1 for n =0,
I(n) — / eQw\/—_lnydy _ n
0

(eQWﬁ" — 1) for n # 0.

1
2my/—1n

Because of the invariance with respect to the lattice we have f;,(t) = g2 (t) for every
0 € Z - tg, so in particular fn, = lims_, o g,‘i. Since

exm(t+0) 0
e2mke™
1 for h =0,
0 forh#0

I(ke® —h) — I(—h) =

we deduce that
fu(t) = Jim gh(t) = 0.
d——o0
It follows that then f = 0, the plurigenera of (.#(\), J) are
Po(A(N) =0 Vm =1,

hence
kod( A (N),J) = —cc.

7. A TWISTORIAL APPROACH

In the following we will denote by M one of the three four dimensional solv-
manifolds without complex structures described before, unless otherwise specified.
Moreover we will denote by {ey,es,e3,e4} and {e!,e?, e, e?} the global frame for
TM and T*M respectively.



KODAIRA DIMENSION OF ALMOST COMPLEX 4-DIMENSIONAL SOLVMANIFOLDS 23

7.1. Almost hypercomplex structure on M (k), A", .#(\). Consider the fol-
lowing endomorphisms of the tangent bundle of M:

0 -1 0 O 0 0 -1 0
1 0 0 O 0o 0 0 1
Jo = s J1=
0o 0 0 -1 1 0 0 O
0o 0 1 0 0 -1 0 O
It is easy to see that JyJ; = —J1Jp, thus we define:

00 0 -1

0 0 -1 0
Jo = JoJ1 =

01 0 0

10 0 O

and we get that Jy, J1, Jo define an almost hypercomplex structure on M.
Let wp and gg be defined by:

wozel/\eQ—i—e?’/\e4

go=€1®€1+€2®€2+€3®63+64®64.

We have
90('a ) = WO('; JO')-
Then we consider
wil) =go(Ji ) =e Ned —e? net
and
wal-,) = go(Ja,-) = e Aet +e* A’
A direct computation gives the following results.
Lemma 7.1 — go(Ji-, J;) = go(-,-) fori=0,1,2.

Lemma 7.2 — wy,w1,ws are self-dual.

Lemma 7.3 — If M =M (k) then dwy = 0,dw; = ke?Aed Net, dwy = —kel Aed Aet.
If M= A then dwy = —e* Ae?2 Ae, dwy = el ANe? Aed, dwy = 0.
If M= ()) then dwy = et Ae3Net, dwp = —AelAe2 Aet, dwy = —(1+N)el Ae2 Aed.

7.2. The twistor bundle of M(k), 4", .#()\). Let us consider the Riemann-
ian manifold (M, go) with the orientation defined by ei,e2,e3,eq. Let Py =
P, (M,S0(4)) be the SO(4)-principal bundle of oriented go-orthonormal frames
on M. SO(4) acts on the right on P,, and on the left on SO(4)/U(2). The
twistor space of (M, go) is the associated bundle to P,, defined as the quotient
Zg, = Z(M, go) of Py, x SO(4)/U(2) with respect to previous action. Z, is a triv-
ial bundle over M with fibre SO(4)/U(2). Let € M, the fibre (Z,,), parametrises
the complex structures on T, M compatible with the metric gg and the fixed ori-
entation. A global section is an almost complex structure on M compatible with
the metric and the orientation. For more details on the construction and main
properties of the twistor bundle, we address the interested reader to [d{BN9S].

By using the twistorial description we have immediately that any almost complex
structure J on M, compatible with the metric gg and the fixed orientation, is given
by:

J=aJy+ S+
where o, 8, are smooth functions on M such that a? + 82 +~2 = 1.
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Proposition 7.4 — Let J be an almost complex structure on M =M (k) compatible
with the metric go and the given orientation and let w be the Kdhler form of J,
w(-y ) :=go(J+, ), then dw = 0 if and only if w = cwy for some real constant c.

Proof. Let J = aJy + BJ1 + vJ2, then w = awgy + Pwy + yws. In particular dw = 0
implies d(xw) = 0, where * is the Hodge operator defined by gg. Hence w is harmonic
and then w = cie! A e? + coe3 A e?, for some real constants ¢i,cs. On the other
hand w = ae Ae? + ae® A e, then a = ¢; = ¢p = ¢ is constant and w = cwg. O

Analogously

Proposition 7.5 — Let J be an almost complex structure on M =" compatible
with the metric go and the given orientation and let w be the Kdhler form of J,
w(y ) :=go(J+, ), then dw = 0 if and only if w = cwy for some real constant c.

Proof. Let J = aJy + BJ1 + vJs, then w = awy + Pwy + yws. In particular dw = 0
implies d(xw) = 0, where * is the Hodge operator defined by gg. Hence w is harmonic
and then w = cie! Ae* +cae? A€, for some real constants ¢i, ca. On the other hand
w= —’761 Aet — 762 A €3, then ¥ = —c1 = —cg = c is constant and w = cws. O

Remark 7.6 — For M=.#(X) it is impossible to have J such that dw = 0, so there
s mot an analogous proposition in this case.

7.3. Kodaira dimension of a special family. Define
Jap,e) = aJo + bJ1 + cJa, a,b,c € R such that a® + b + ¢ = 1.

Then Ji4.c) is a (constant) section of the twistor bundle Z,, and so defines a go-
compatible almost complex structure. Among the members of this family we can
find the almost complex structures Jy (for (a,b,c) = (1,0,0)), J1 (for (a,b,c) =
(0,1,0)) and Jy (for (a,b,c) = (0,0,1)), and the only almost Kéhler ones are Jy,
—Jo for M=M (k) and Ja, —J2 for M=.4". As we know that kod(M (k),+Jy) =0,
kod(4", £Jy) = —oo and kod(.#Z(\),+Jy) = —oo we can (and will) assume that
a # +1.
We observe that a J-adapted basis of vector fields is given by

€1 = bey + ces —aey, e3 = ce; — bes + aeg,
g9 = €3, €4 = €4,

hence dually we have

1_ _b 1 c 2 3_ ¢ 1 _b 2
€ =1 42¢ +17a26’ € = 14z2¢ 1—az€
2 _ _ _ac 1 ab_ 2 3 4 _ _ab 1 ac_ 2 4
€= —1- ¢ ti-ge e, € =g 1Tz Te

We can then consider the vector fields and 1-forms of type (1,0) given respectively
by

1 1
21=5(e1-V-le), 2= g(es— V-l

and
o' =l + /1%, o? =3 + /1.

In the following subsections we will compute the Kodaira dimension of (M (k), J(4,6.0))
(A, Jap,0)) and (A (N), Jap,0)). The computations for the general case (with
J(a,b,c)) are more complicated but, in principle, they can be treated with the same
methods we have presented so far. We plan to come back on this subject in a future
work.
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7.3.1. Kodaira dimension of (M (k), Japb,.c)). First of all we compute the Kodaira
dimension of (M (k), J(a,p.c))-
We have that

00" = gty ((2ach + V=1(0* = &))" A @' +v/=Tbe(l — a®)p! A G+
—(a(b? = @) = V/=Tbe(1 + a?)p® A @)

and

09? =  qitam 2(—a(t? — @) + 2/ "Tbe)g! A @'+ VTIW? — ) (a® — Dt A @+

—(4abe 4+ V=1(b* — ¢*)(a® +1))p* A "),

from which

_ k _ _
(' AN p?) = —Z\/—l ((b2 — )t AE A @+ 2bcpt Ap? A <p2) .

As a section of Qggl ® Q2’O this corresponds to d(¢! A p?) = w @ (p' A ¢?), where

:__\/_(( <p + 2bcp )

and so -
O (0" Ap*)®™) = mw® (¢ A p?)®™
Proposition 7.7 — We have the following:

0 z‘f(a,b,c)z (ilaoao)a
kod(M (k), Jia,b,0y) =

—oo  otherwise.

Proof. Let f = u 4+ +/—1v be a smooth complex-valued function. The condition
that f (! A *)®™ is a pseudo-holomorphic pluricanonical section translates in
Of + mfw = 0, which in turns is equivalent to

(7.1) Z1(f) — V1R B? — ) f =0
Z(f) — V—12Ebef =0,

hence to

v) + imk(b* — v =0
) — tmk(b® — A)u=0

u) + aes(u) — eq(v) + mkbev =0

bey (u) + cea(u) — aeq(u) — es(
(

(u) (
bey (v) + cea(v) — aeq(v) + ez(u
(u) (

ce1(v) — bea(v) + aes(v) + eq(u) — mkbeu = 0.

For ¢ = 0 and using the Fourier series expansion (3.2) we get the following system
for the coefficients u; and vy (with I = (A, B,C) € Z3)

(7.2)
27r\/_( kz%(Avg — Bug) — aC) %mka 0 -1
—imkb? 2my/—1 (be**+(Avy — Buz) —aC) 1 0
—27y/—1bek? 1( Avy + Buy) —2m/—1C a 0
2/ —1C —2m\/—1be " 1( Avi + Buy) 0 a

where ’ denotes the derivative with respect to z. The real part of the determinant
of this matrix is

1 2 1 1
— 472 (gekzab(Avg — Bug) + bQC) — 47r25—2672kzb2(14v1 — Buy)? + Zm2k2a2b4
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while its imaginary part is
1
27reszgmkab3(Av1 — Buy).

We analyze several different cases separately.

(1) If b= 0 then (a,b,c) = (£1,0,0) and so J(4,c) = £Jo. We computed that
kod(M (k), J(+1,0,0)) = 0 in Proposition 4.1 (it is the fibre over the origin).
From now on we will then assume that b = 0.

(2) Ifa# 0and I = (A, B,C) € Z? is such that Avy — Buy # 0, then the imag-
inary part of the determinant is non zero. In particular, the determinant
itself is non zero and so u; = vy = 0 is the only solution.

(3) If a =0, then b = £1 and the matrix of the system (7.2) has determinant

1
—472C? — 47r2ﬁe_2kz(Av1 — Buy)?.

It follows that if I = (A, B,C) € Z3 is such that either C' # 0 or Av; —
Buy # 0, then the solution of system (7.2) is uy = vy = 0. We are then left
with the case where C' = Av; — Buy = 0.

Assume first that Av; — Buy = 0 is possible only for A = B = 0. In this
case we can conclude from our discussion that u = wg,0,0), v = v(0,0,0) are
constant. So the same is true for f, which must then be zero because of
system (7.1). So kod(M (k), Jio,+1,0)) = —oc in this case.

Assume now that C = Av; — Buy = 0 for some (A, B) # (0,0). Then there
exists a pair (A’, B") # (0, 0) such that A’v; —B’u; =0, ged(A’, B') = 1 and
with the property that every other pair (A, B) € Z? satisfying Av; — Bu; =
0 is of the form (A4, B) = h(A’, B") for some h € Z. Since (A, B) # (0,0)
we have A'vg — B'ug # 0. The first two equations of (7.2) are

uf = %mku; T QW\/—lekz%h(A/’Ug — Blug)vuy
v = iQW\/flekzéh(A/’Ug — B'ug)uy + %mkv;,

which decouples after the substitution

ur \ [ FVAL £/ &

vy 1 1 (r
Explicitly, we find the system

& = (3mk + 2me** 1 h(A'vy — Blug)) &

¢ = (3mk — 27T€kz%h,(14/1)2 — Blug)) (1
whose solutions are

51 (Z) _ cle%mkz+27rekz £ h(A'va—B'us)

cr,dr € C.
C1(2) = dyesmhkz—2met” gsh(Ava—B'uz) ’

So we have
ur=Fv-1(&r — (1 2v/—=1¢; forb=1,
( : = fr=ur+vV-lv =
vr =E&r+ (1 2v/—1&; for b= —1.
We focus on the case b = 1, as the case b = —1 is similar. The Fourier
expansion (3.2) simplifies to
f(SC, v, 2, t) _ Z 2\/7_1dh6%msz27rekz %h(A’vng'ug)e%r\/jl%h(A'vg7B’u2)x.
heZ
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Now we exploit the fact that f is equivariant with respect to the action of
the lattice, in particular we have that f(z,z) = f(e*"Vz, z + nvy) for every
v € Z and we can write

F(e 2,2+ ny) = Y gi ()T A =B,
heZ

The Fourier coefficients g, can be computed:
s
foA’vsz’uz Zl Z2 /71dle%mk(z+n'y)727rek(z+”’7)%Z(A'vng'ug)e%r\/fl%(A'vng'ug)(ek"’wlfh)xdx
S
s
o 1ok _92 k(z+n’y)il A'vo—B' Ao —Blus 2 —11(A'vo—B' knyl—h
— 21622 /71dl€2m (z+nvy)—2me 5 (A'va us) fo o vz 2my/ 6( Vo us)(e )xd:c7

and because of the equivariance we have f4(z) = g]/(z) for every v € Z. Let
now y — oo in such a way that kny — —oo: we have fj, = limg,y——oc g
and since

e%mk(z-{-nv) 0

e—27rek(z+"7)%l(A/vg—B'uQ) 1

1 for h=0,

fom eQW\/jl§(A’v2—B’u2)(ek"’717h)zd$ N
0 forh#0

we deduce that this limit is zero. So f = 0 is the unique solution in this
case.
As a consequence

kod(M (), J(O,:I:l,O)) = -0

also in this case.

(4) Finally, let a # 0 and assume that Av; — Buy = 0.
If (A, B) # (0,0) (observe that this is possible if and only if uq and v; are
one a rational multiple of the other) then we have Avy — Bus # 0 and so
the determinant of the matrix of the system (7.2), which is

1 !
—4n? <5€kzabh(A/’02 — B'ug) + b20> + Zm2k2a2b4,

is a function of z. It vanishes for at most a finite number of values of z.
Where the determinant is non zero, the corresponding value of u; and vy
must then be zero, and since both u; and v; are continuous we deduce that
they must vanish identically.

We are then left with the case (A, B) = (0,0), where the determinant is

1
—47%*C? + Zm?k%ﬂb‘l.

For C' = 0 this is non zero, hence uy = v; = 0. For C' # 0 we deduce from
the third equation of (7.2) that

_ a / r_

——u = v; =

vy =
! 2my/—1C

so from the fourth equation we have

2my/—-1C 2my/-1C a "

——uy = — ur = u 5

a a 2my/—1C a

We can solve this last equation, and find that

[
vy =

27 2nC

ur(z) = cre 92 4 drem %

vi(z) = —v/-1 (c;ezzcz — d;e‘zzcz) .

z
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for ¢y, dy € C. Tt follows that the Fourier coefficient f;(z) for f is

2nC

f1(z) =ur(z) + v—1v1(z) = 2¢cre = =
It follows that

P T
CeZ~{0}

and since f(z,t) = f(z + nv,t) for every v € Z we deduce that
fe(z) = fo(z +n7) for every v € Z.

Since this is possible only if cc = 0, we deduce that we must have f = 0.
It then follows that

kOd(M(k), J(a,b,o)) = —Q.
]

Remark 7.8 — We remark that the family of almost complex structures {J,} is
obtained as particular values of a, b, ¢, namely: a = a(l —r)?, b = —2ar? and
¢ = 2ar(l —r). Precisely {J.} is a path in the Twistor space passing through Jo
(r=0) and —Jy (r =1). However Jy is not contained in this family.

7.3.2. Kodaira dimension of (N, Jiap.c)). Consider (A, Jiqp.c))-

We have that )
_ v—1(1 —
5w1=7(4 D (o1 A g — o A )

and

b
=o' AP S (c—abV—1)p' AP* + = (c—i—ab\/

52
LA

4(
from which

= 1

8((,01 A@?) = ~2 ((c +abv—=1)p' AN p? A @t + (1- a2)\/—1g01 A2 A 952) .
As a section of Qg(’l ® Q?X’O this corresponds to d(¢* A p?) = w @ (p! A ¢?), where

w= 7 ((c+abVD)p' + (1~ )V-15?)
and so
9 ((¢" Ap*)P™) =mw @ (9 A p*)®™
Proposition 7.9 — We have the following:
kod (A", J(a,p,0)) = —00
for all a,b.

Proof. Following previous computation we have that a pluricanonical form f(p! A
©?)®™ is pseudo-holomorphic with respect to J(ap,e) if and only if:

21(f) = gmf(c+aby/=1) =0
Za(f) — 1/ Tm(1 - a?)f =0,
Writing f = u + v/—1v previous system is equivalent to
bey(u) + cea(u) — aes(u) — e3(v) — 3m(cu — abv) =0
beq(v) + cea(v) + ez(v) — aes(v) — %m(abu +cv) =0
aes(u) + cer(u) — bea(u) — es(v) + 2m(1 — a®)v =0
ea(u) + ce1(v) — bea(v) + aes(v) — 2m(l — a*)u = 0.
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By substituting Fourier coefficients u;(x) and v;(x), where I = (A, B,C) € Z3,
denoting ' the derivative with respect to = we get:
b + [rev/—1(A + 2B + 322C) — aC — tmclur + [fmab — 7/=1(zC + B)Jvy =0
b + [rev/=1(A + 2B + $22C) — aC — Smclv; — [mab — 7/=1(zC + B)Ju; =0
cuy — m/=1[b(A + 2B + 322C) — a(B + Cx)us + [3m(1 — a*) — m/=1Clv; =
cvp — m/=1[b(A+ zB + 322C) — a(B + Cz)lvr — [3m(1 — a?) — 7/~ 1CJu; =

If ¢ = 0 the last two equations involve only u; and vy, the determinant of the matrix
of this homogeneous system has imaginary part given by:

7Cm(1 — a?)
which is zero if and only if C' = 0. Moreover for C' = 0 the real part of this
determinant vanishes only for finite values of x and we can conclude that u; =

vy = 0. So the statement.
O

7.3.3. Kodaira dimension of (M (\), Jiap,c)). Finally consider (. (X), J(a,p.c))-
We have that

= Ab

dpt = 5 O AP —|—4 (1 +Aec+ab(l = N)V-1)p" A@> + (A = 1)(c+ abv/—1)) p*’Ap")
and

= 24+ A 1 1+ A

dp? = ( + )( b+a0\/_)g01/\<,527Z(bA+ac(2+A)\/j1)¢2A@1770( ;— )502/\952,

from wh1ch
(' Ap?) = i (( DA+ ac(2+ NV=1p' A2 A@" + (c(1 + X\) —ab(1 = NV—=1)p* Ap? A 952) .

As a section of Qggl ® Q?go this corresponds to d(¢! A p?) = w @ (p' A ¢?), where

w = i ((=bA+ ac(2+ MV=1)@" + (c(1 4+ X) — ab(1 = \)V=1)%%) .

and so ~
9 ((¢" Ap*)P™) =mw @ (o' A p*)®™
Proposition 7.10 — We have the following:
kOd(%()\), J(a,b,O)) = —
for all a,b.

Proof. Following previous computation we have that a pluricanonical form f(p! A
©?)®™ is pseudo-holomorphic with respect to J(ap,e) if and only if:

ZA(f) + Imf(—=bA +acy/=1(24+ X)) =0
Zo(f) + imf(c(1+N) —ab(l — \)y/=1) = 0.

Writing f = u + +/—1v and substituting Fourier coefficients u;(t) and v;(t), where
I =(A,B,C) € Z3 (cf. (3.10)), and denoting ' the derivative with respect to t we
get:

+ [/ =1 (cetpur — avre= TN — mbAug — [dryv/ =1 reM + mac(2 + N)]vr =0
2bv) + [Am/—1(cetpur — avre™FVY) — mbX|or + [dmy/—1AreM + mac(2 + N)]ur = 0
2cu’y — [Amy/—1(buret — arre — me( ug + [—4my/=Tvre= MV L ab(1 — N)ymlo; =0
Mvr — [—4mry/=Trre= N L ab(1 — N)m]ur = 0.

Do
Q
S
<~
\
=
3
1
—
— =

buret — arreM — me(
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If ¢ = 0 the last two equations involve only u; and vy, the determinant of the matrix
of this homogeneous system has imaginary part given by:

—8mabvym(1l — A)e*””t

which is zero if and only if av; = 0. For v; = 0 the real part of this determinant
vanishes only for finite values of ¢ and so we can conclude that u; = vy = 0. Finally,
assume that v # 0 and a = 0. In this case we have b = +1 and we can then deduce
from the last two equations that

I 2401y, BI @+,

ur ==+ vy =F
vr vr
2
It follows that u; = %62(”)‘)%[ and so ur = 0, and similarly we deduce that
I
vr = 0.
Hence we get the statement. (I

8. NORDEN STRUCTURES

Norden structures were introduced by Norden in [Nor|] and then studied also
as almost complex structures with B-metric and anti Kéahlerian structures, they
have applications in mathematics and in theoretical physics. We recall here the
definition.

Definition 8.1 — Let (M, J) be an almost complex manifold and let g be a pseudo
Riemannian metric on M such that J is a g-symmetric operator, (J, g) is called
Norden structure on M and (M, J, g) is called a Norden manifold. If J is integrable
then (M, J, g) is called a complex Norden manifold.

Let M one of the three four dimensional solvmanifolds M (k), A, #(X).
By using previous notations consider the following natural neutral pseudo Rie-
mannian metrics on M:

Jo 2=€1®€1+62®€2—€3®63—€4®€4,

gl =e'@el —e2@e?2+ed e’ —et®el,

Go=el@el —e?®e? - ®ed et ®el.
Direct computation gives the following.

Lemma 8.2 — go(Jo, Jo') = go(-,-) and Go(Jiv,) = Go(-, Ji) fori=1,2.
gl(Jl', Jl) = gl(', ) and gl(Ji'; ) = gl(', Jz) fO?“ 1= 0,2.

gQ(JQ', JQ) = gg(', ) and gg(Ji', ) = gg(', Jz) fO?“ 1= O, 1.
Hence we get:

Corollary 8.3 — (M, J;, go) is a Norden manifold for i = 1,2 and (M, Jo, go) is
a pseudo Hermitian manifold.

(M, J;, 1) is a Norden manifold for i = 0,2 and (M, J1,§1) is a pseudo Hermitian
manifold.

(M, J;, g2) is a Norden manifold for i = 0,1 and (M, Ja,§2) is a pseudo Hermitian
manifold.

Moreover we define:

@0y +) == go(Jo, ") = et Ae? —e3 Aet,
01(5,) = g1(J1- ) = et AeP +e? Aet,
@+, ) 1= ga(Jor,-) = et Aet —eZ Aed,



KODAIRA DIMENSION OF ALMOST COMPLEX 4-DIMENSIONAL SOLVMANIFOLDS 31

and we easily get:

Lemma 8.4 — If M =M (k) then diy = 0, dy = —ke*Ae3Aet, doy = kel Ae3 Net.

If M= A then dig =e' Ned net, din = —el Ne2 Ae3, doy = 0.

If M= ()\) then dig = —e' Aed Ne, doy = Aet Ne2 Aet, diog = (1+N)et Ae? Aed.
Finally, by direct computation, we obtain the following expressions for twin

metrics:

doi() = go(,J11) = —et@ed—ed el +e2@et+et®e?,
do2() = Go(,Ja) = —el@et—et@el —e2®ed —e3®e?,
Gio() = q1(hJo) = —elwe?—e?wel — et —et®ed,
Gi2() = qi(,Je) = —elwet—etwel+el e+ ®e?,
G2o(,) = Go(r,Jo) = —el@e?—e?®el+ed®el +et @e3,
Ggo1() = Go(,J11) = —el@ed—ed®el —e?®et —et®e
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