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Abstract

This paper proposes a new methodology for the interpolation of a given set of
3D rotation poses that have to be reached in successive times by preserving
continuity in orientation, angular velocity and angular acceleration. The
discussed algorithm ensures the generation of smooth angular trajectories
without singularities. The distinctive features of the proposed approach are
the straightforward formulation, the reduced computational burden and the
lack of iterative procedures. The presented methodology has applications in
the generation of spatial motion of mechanical systems (e.g. robotics, flying
devices) or in 3D computer graphics. After a theoretical introduction, the
proposed algorithm is compared with other methods available in literature
and some possible applications are presented.
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1. Introduction

In many theoretical and application fields there is the need to interpolate
between a given set of configurations in 3D space, in order to obtain a smooth
motion of a rigid frame. This is a typical problem of industrial robotics (for
manipulation, welding, or inspection) [16] [17], aerospace (for path planning)
[29] and computer graphics areas (for camera motions) [24], but it also has
applications in the field of computational solid mechanics (see, for example,
22], [7] and [3]). It is known that the motion of a rigid body in 3D space
is representable by the combination of a translation and a rotation relative
to a reference frame: motion interpolation is therefore the act of producing
two continuous curves (one in R* and the other in SO(3)) from a set of key
frames. The problem of spatial interpolation in Euclidean R? space has been
thoroughly studied and many operative algorithms are available, spacing
from simple linear interpolation to smooth Bézier, B-Spline and NURBS
curves. On the other hand, the interpolation of orientations still poses some
difficulties, due to the peculiar characteristics of rotations in 3D space.

As a matter of fact, the orientation of solid objects is mathematically rep-
resentable in many ways: rotation matrices, axis-angle formalism, Rodrigues
vectors and quaternions are only part of a numerous list of possibilities. Each
of these representation offers both advantages and drawbacks, making them
individually suitable for a specific application and less for another. For exam-
ple, if we parametrize a rotation matrix through Cardan angles (both in the
intrinsic Euler Z — X' — Z” form or in the extrinsic Tait-Bryan X —Y — Z
one), we obtain a straightforward and intuitive method that allows us to
combine successive rotations with simple linear algebra operations (see Ap-
pendix A for more information). However, a major problem of this approach
is that any adopted set of angles will have at least one configuration leading
to singularity, making such choice unfit for generic applications.

A better strategy is to represent rotations by the means of unit quater-
nions [8]. These mathematical objects possess four components and are usu-
ally expressed as hyper-complex numbers in the form q = ¢y + g1 + ¢27 + g3k
(refer to Appendix B for a deeper description). Although being less intuitive
and still affected by some drawbacks (e.g. the same orientation may be ex-
pressed by two different and opposite quaternions), this formulation provides
consistent advantages in the field of rotation interpolation. In fact, in order
to represent a valid rotation, it is sufficient for a quaternion to have a unit
norm, thus lying on the surface of a unitary 3-sphere (hypersphere). On the



other hand, a rotation matrix must be orthogonal with determinant equal
to +1: from a computational point of view, the normalization of an array is
much faster than the one of a 3x3 matrix (with Gram-Schmidt or similar al-
gorithms). In addition, quaternions do not suffer of singularity problems and
they only deal with four numbers instead of nine, saving valuable computer
memory.

It is therefore apparent that the quaternion representation of orienta-
tions is preferable for the production of rotation curves. However, a mere
linear interpolation of quaternion components is not suitable for the purpose,
since it leads to non-valid rotations by cutting through the hypersphere. To
overcome this problem, a certain number of proper quaternion interpolation
schemes have been presented through the years. A first method for quater-
nion interpolation, known as SLERP (Spherical Linear intERPolation), has
been put forward by Ken Shoemake in 1985 for computer animation purposes
[24]: instead of a linear interpolation (LERP) between two consecutive ori-
entations, the algorithm produces a segment of geodesic on the surface of the
quaternion unitary sphere. In this way, one obtains the shortest angular path
between two poses performed at constant velocity [5]. This method works
nicely between two orientations, but the mere replication on multiple frames
produces a segmented curve, characterized by abrupt velocity spikes at junc-
tion points. Therefore, many other efforts were made in order to improve
the smoothness of the curve. In the same paper [24] Shoemake proposed to
generate the equivalent of a cubic Bézier curve in S® space, achieving C! con-
tinuity. In another work the same author presented an alternative approach,
which has become very popular in computer animation and is commonly
referred to as SQUAD (Spherical QUADrangle interpolation) [25]. This is
basically a cubic interpolation method which uses a nested SLERP algorithm
between four control points; although its C! continuity and differentiability
where not properly demonstrated in the original source [5], new proofs were
given in following works (such as in [5] and [11]). Schlag [23] extended the
de Casteljau construction scheme of Bézier curves to obtain B-Spline quater-
nion curves but not did not achieve C* continuity in SO(3). On the con-
trary, Pletinckx [18] produced an iterative algorithm which converged to an
infinite-degree curve that, although being extremely smooth, did not have
closed form formulation and required many in-between points [9]). Barr [1]
presented a method to obtain Splines (simplifying a previous algorithm pro-
posed by Gabriel et Kajiya [6]) that minimize a measure of the acceleration
on curved spaces. However, this approach requires an optimization algorithm



to perform the highly computational expensive minimization. In addition,
the method formulates the derivatives as finite differences resulting in a dis-
crete sequence of points which required an additional SLERP in-between.
We can mention that later Ramamoorthi [20] improved the Barr algorithm
[1] by producing a faster cubic quaternion B-Spline algorithm through a
new optimization criterion based on FEuler-Lagrange functional. Ravani [21]
investigated the possibility to extend the concept of Bézier curve to Rieman-
nian manifolds and particularly to Lie groups. He obtained a generalized de
Casteljau construction scheme which, however, still suffers of high computa-
tional burden: it is required to recursively solve multiple nonlinear differential
equations and a two-point boundary value problem. Kim et al. focused on
a method to generate quaternion cumulative basis B-Splines in SO(3) which
preserved C* continuity [9] [10]. This method produces very smooth curves
but needs an iterative procedure to approximate the control points; in addi-
tion, the convergence is not assured when two consecutive orientations have
large angular or axis displacements. More recently, many other techniques
were investigated to tackle the problem. For example, Basarab [2] intro-
duced a new class of quaternion interpolation curves reformulating the Kim
et al. cumulative basis approach through the use of atomic functions: the
curves obtained are infinitely differentiable and their curvature can be regu-
lated by an appropriate choice of the atomic function parameters. Bolotnikov
[4] provided a procedure to perform quaternion interpolation by solving the
polynomial Lagrange interpolation problem from a mathematical perspec-
tive. Tan et al. [26] proposed a class of parametric quintic polynomials
for quaternion interpolation, looking for a smooth, locally modifiable and
efficiently-computed spline curve; the result obtained is second-order con-
tinuous and the adjustment of some tension parameters ensure the passage
through given keyframes and local shape controllability. Lastly, Pu et al.
[19] proposed a new type of B-Spline based on logarithmic quaternions; the
problem is resolved in R? and then remapped into S3.

The method proposed in this paper aims at a different goal. We provide a
simple yet effective algorithm to perform a smooth and exact interpolation of
an arbitrary set of rotations without the need for iterative optimization pro-
cedures or complex mathematical formulation: thus, we address those appli-
cations where a simple implementation and a small computational overhead
are high priorities. In fact, we propose a new practical interpolation scheme
which preserves the desirable characteristics of SLERP (easy algorithm and
constant-velocity output trajectory) while overcoming its lack of C' conti-

4



nuity at curve joints. The target is achieved with the repeated combination
of SLERP interpolation segments, smoothly connected by fillet tracts gener-
ated by simple polynomial motion laws. The duration of these fillets and the
angular velocity profiles can be easily and arbitrarily modified by the user to
obtain the desired trajectory. With respect of other mentioned interpolation
algorithms (namely quaternion B-Splines and SQUAD), the formulation is
therefore easier and the computational burden is lower.

The paper is organized as follows. Section 2 formulates the algorithm,
starting from the approximate interpolation of three poses (i.e. only passing
through the extremes), then exposing a method to exactly interpolate all the
three given poses and finally extending the exact method to any number of
given key frames orientations. Section 3 presents some numerical examples
of the method, comparing it with the some of the principal interpolation
schemes presented in literature. Finally, examples in the field of 3D anima-
tion and in the simulation of industrial robots are also provided.

2. Interpolation between angular poses

The description of the algorithm is based on the notation and the basic
properties of rotations recalled in Appendix A [12, 13]. Rotation matrix R;;
denotes the angular position of frame j with respect to 7. Subscript (0) will be
used to denote the absolute reference frame, while digits 1, 2, ... will be used
to denote further reference frames. For example w ;) is the representation in
frame ¢ of the unit vector w.

2.1. Interpolation between 2 poses

An angular trajectory that modifies an initial orientation Ry; into a final
orientation Ryy in “smooth” way can be obtained by rotating around a suit-
able unit vector u of the suitable angular value ¥ (see Appendix A). We can
represent graphically this concept in Fig. 1. By operating in the absolute
frame (0) we can write

R(u(0), ?)Ro1 = Roo R(u(0), ) = Ro2R1o (1)



being Rj; the inverse of R;;.
While operating in the local frame (1) from Eq. A.11 we get

Rmﬁ(u(l)?@) = Ry E(U(l),a) = Rizs = RipRo2 (2)

the rotation axis u and angle ¥ can be extracted by the rotation matrix using
eq. A.12.

A generic intermediate orientation R between the two poses can be obtained
by one of the two equivalent equations

R = Ry R(ug), ¢)

_ v € [0,9] (3)
R = R(u), ¢)Ror

If the rotation is applied at constant velocity for a time 7', the angular velocity
vector w expressed in frame (0) and (1) will be

W) = W(0) 77 W) = U) 5 (4)

If the angle ¢ changes with a specific law of motion assuming suitable velocity,
Eq. (4) will define the average velocity ||w| whose unit vector will be u in
any case.

2.2. Interpolation between 3 poses

If we want to rotate frame (1) into frame (3) passing through frame (2),
it is possible to adopt twice the strategy of section 2.1 (see Fig. 2). Since in
general the unit vectors u; and ws are different from each other, to preserve
the continuity of angular velocity it is necessary to smoothly stop in (2) and
then to start again. In the next sections we will present two methodologies
to generate the desired motion without the necessity to stop but preserving
the velocity and acceleration continuity.

2.3. Approzimate method

In this section we present a methodology to generate a trajectory from
frame (1) to frame (3) passing near frame (2) (Fig. 3). This is an approximate
solution to our problem.



Figure 1: Conventional representation of an
angular motion between two frames, consist-
ing in a rotation of angle ¢ about a fixed
rotation axis u. The strategy adopted is de-
scribed in Section 2.1.

Figure 2: Conventional representation of an
angular motion between three frames, start-
ing from frame (1) and ending to frame (3)
while passing through frame (2). The strat-
egy adopted is described in Section 2.2.

Figure 3: Approximate angular trajectory
between three frames (first definition). The
strategy adopted is described in Section 2.3.

Figure 4: Approximate angular trajec-
tory between three frames (variant to pass
closer to intermediate frame). The strategy
adopted is described in Section 2.3. See also
Fig. 13



Figure 5: Unitary motion laws for the an- Figure 6: Position, velocity ed acceleration
gles o and (3, to be used in the approximate of the motion laws s; and s, presented in
connection of the three frames with Eq. 7. Fig. 5.

We initially observe that the frames (2) and (3) can be reached from the
previous frames by suitable rotations @ and 3 around suitable axes w; and
Uo o

Roz = Ro1 a2 Ry = R(u;,@) )
D
Ro3 = RoaRos Ryz = R(u2, )

So a trajectory from pose (1) to pose (3) can be obtained by the following

equation

R= R[)lE(ul(l)? @)E(um), 5) (OS [075] NeRS [073} (6>

where for @« = B = 0 we get R = Ry, while for « = @ and = 3 we get
R - Rgg.

To pass near frame (2) it is necessary to assign suitable initial and final
conditions to the variation law of o and (. Initially it is necessary that «
varies quickly and slowly in the final part. Similarly initially 8 should vary
slowly and quickly in the final part. As an example consider the following
law (Fig. 5 and Fig. 6)

a(t) = as(t) B(t) = Bsa(t) te[0,7]
52(0) =0 $9(T) >0 52(0) = 59(T) =0



To pass closer to pose (2) it is possible to adopt the following strategy
(Figure 4)

e perform an initial rotation oy around a w; and reach frame (a),

e then move from frame (a) to (b) using the previously described algo-
rithm shown in Fig. 3 and Eq. 6 with rotations ay and

e finally move from frame (b) to (3) rotating around uy by an angle (.

The mentioned operations are performed assuming @ = oy + s, 8 = By + Po.
So the trajectory is generated by the following three steps

step1: R = Ry R(ui,a) a €0, a]
step 2: R = R()lE(’Ull, Oélﬁ(ul, OZ)E(’U/Q, 6) S [0, 2], ﬂ < [0, 61] (8)
step 3 . R = ROlR(ul,@)R(uz, ﬁl)R(u% ﬁ) B € [07 B2]

(0%
(0%

In practice steps 1 and 3 are classical SLERP interpolations segments
smoothly connected by step 2. The adoption of the law of motions similar
to those of Figure 6 guarantees continuity of velocity and acceleration in the
connection points (a) and (b) if the following conditions are assigned

51(0) =0 $9(0) =0
TR
(T =y so(T) = By (9)
Sl(T) =0 52(T) = B
§1(1) =0 5(T) =0

where @ and f are, respectively, the angular velocity during the first and
third step of the motion. These conditions can be easily obtained by the
polynomial law described in section Appendix D. By assuming s; + sy = kt
and so sy = kt — s1, $9 = k — $1, § = —§; for the particular law adopted
So(t) = s1(T — t). Moreover s1(0) = 0, $1(0) = 1, §,(0) = 0, s¢(7) = 1,
$1(T) =0, 51(T) = 0 (see Appendix D).

A numerical example of the exposed procedure is presented in Fig. 7
and Fig. 8. The law of motion can be adjusted to obtain constant angular
velocity as shown in Fig. 9 and Fig. 10.
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Figure 7: Numerical example of a trajectory Figure 8: Angular velocity of interpolation
connecting two poses and passing near to an method shown in Fig. 7.

intermediate pose (quaternion components

versus time). The strategy adopted is de-

scribed in 2.3.

To generate the motion with constant velocity it is possible to adopt the
following numerical approach. The motion description of Figure 7 is sampled
at predefined time intervals ¢+ = 0,1,2,...n then, for any time interval, the
absolute value of the angular rotation is evaluated. Finally the absolute time
t; for the ¢« — th sampled orientation is determined as

to — 0
li=1ti1+ i (10)
]

where Ayp; is the angular rotation in the i — th interval (between the time
instant 7 and ¢ — 1) and ||w|| is the desired angular velocity (||w||=1 for the
example of Fig. 9 and Fig. 10). The proposed methodology can be simply
adapted to any velocity profile by assigning the required value of ||w]|| as a
function of time. For example it is possible to start the motion with null
velocity, increase it until a predefined value is reached and slowing down to
smoothly stop at the end of the motion.

2.4. FExact method

In order to generate a trajectory that rotates from frame (1) to (3) and
passes exactly through frame (2), it is possible to apply twice the algorithm
seen in Section 2.3.

10
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Figure 9: Numerical example of a trajectory Figure 10: Angular velocity of interpolation
connecting two poses and passing near to an method shown in Fig. 9.

intermediate pose, with constant angular ve-

locity (quaternion components versus time).

The strategy adopted is described in 2.3.

At first (see Fig. 11), a suitable rotation axis w, is chosen to be between
uq and wusy by using positive arbitrary weights &y and ko

k1u1 + k2u2

— 11
Tty T Fptia] (11)

Uy

and, chosen suitable rotation value o e 3’ it is possible to generate the frames
(a') e (V') by rotation around the axis wu,. The intermediate auxiliary poses
are determined as

ROa’ = R(’LLT, —Oé/)RQQ Rob’ = R(um BI>RO2 (12>

Then it is possible to apply twice the described algorithm: the first time
along the poses (1) — (a’) — (2) and then along (2) — (') — (3). A comparison
between the approximate and the exact algorithm is presented on the unitary

sphere in Fig. 13 and Fig. 14, while a numerical example is reported in Fig.
15 and Fig. 16.

2.5. Exact method for arbitrary number of rotations

The presented exact algorithm can be extended to interpolate an arbitrary
number of rotations. For each intermediate frame (), i.e. from (2) to (N —
1), the fillet rotation axes are computed by weighted average of the axes
connecting (7) with (¢ — 1) and (¢ + 1). Next, the auxiliary poses (A), (B),

11



Figure 11: Exact trajectory connecting Figure 12: Exact trajectory connecting four
three different frames by using the inter- different frames by using the intermediate
mediate poses (a’) and (V). The strategy poses (4), (B), (C) and (D). The strategy
adopted is described in 2.4. adopted is described in 2.5

(C), ..., (X) (see Fig. 12) are chosen on the fillet axes by rotating of suitable
desired angles. Finally, it is possible to compute the axes wy 4, upc, Ups, - - -,
ux_1 x and introduce the additional knots (a), (b), (¢), ..., (x) at desired
angular position. For example, assuming 4 input rotations to be interpolated
and referring to Fig. 12, we can create the desired trajectory through the
following steps:

step 1: R = Ry R(u1a01), P1a)

step 2. R = RoaR(u1401); Par) R(WaB(2), PA2)

step3: R= R02R(UAB(2) o) R(upc(B): ©BY)

step4d: R= RObR(uBc , Poe) (13)
step 5: R = Ro.R(upc(s), pcc)R(ucps), o3)

step 6 : R = RosR(ucp), v3p)R(Wpap), Ypa)

step7: R= ROdR(UD4(D )

This process can be repeated to interpolate any number of given rotations.

2.6. Assigning predefined velocity at the assigned poses

The proposed algorithm generates 3D orientation trajectories connecting
the assigned poses. The angular velocity profile can be easily adjusted using
the following guidelines which permit to assign exact angular velocity values

12



Figure 13: Representation on the unitary Figure 14: Representation on the unitary
sphere of the approximate algorithm (see sphere of the exact algorithm (see also Fig.
also Fig. 4). 11).
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Figure 15: Numerical example of a trajec- Figure 16: Angular velocity of interpolation
tory connecting two poses and passing ex- method shown in Fig. 15.

actly through an intermediate pose (quater-

nion components versus time). The strategy

adopted is described in 2.4.
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(modulus and direction) in the initial, intermediate and final points.

To assign the direction of the angular velocity it is possible to freely assign
the orientation vectors used to generate the trajectory near the points (e.g.
u, in Figure 11, and uap and ucp in Figure 12), in fact the adoption of
Eq. 11 is a suggestion that generally smooth the trajectory but it is not
mandatory.

To assign the desired modulus of the angular velocity it sufficient to apply
eq. 10 using a suitable variable value of ||w|| along the trajectory. At first
the whole trajectory is considered to evaluate the total rotation around the
trajectory @ = Y _ ;. Then the desired law of variation of ¢ with respect to
the time is chosen (0 < ¢ < ) respecting the desired velocity in the points
of interest. This procedure permits to assign the desired value of ||w;|| for
each time interval.

3. Numerical examples

In this section we present some numerical examples of rotation interpo-
lation, followed by some illustrated applications.

First of all, we can quantitatively compare the presented interpolation
method with other common algorithms available in literature (refer to Ap-
pendix C for further information). To this purpose, we assign some rotation
key frames and observe the four quaternion component trends together with
the corresponding angular velocity components, both of which with respect
to time ¢ € [0,1]. In particular, we compare the SLERP [24] method, a
28d_order quaternion B-Spline method (based on [9]), the SQUAD method
(based on [25] implementation) and the proposed method. We observe that:

e SLERP passes though all the imposed frames without overshoots and
minimizes the angular path. Velocity is piecewise constant but man-
ifests abrupt discontinuities at curve joints (step variations); conse-
quently, angular acceleration locally presents infinite values. See Fig.
17 and Fig. 18.

e 2 order quaternion B-Spline is very smooth, but does not exactly
reach the intermediate imposed frames. Velocity is continuous and
mainly constituted by linear tracts, but presents drastically rapid changes
at curve joints; consequently, angular acceleration will locally be very
high. See Fig. 19 and Fig. 20.

14



e SQUAD exactly interpolates all the given poses at the cost of a slight
increase of the angular path. Velocity is continuous and smooth but it
manifests a continuously variable and bouncy trend. See Fig. 21 and
Fig. 22.

e The proposed method produces a smooth trajectory, exactly passing
through all the given poses with modest deviation from the minimal
SLERP path and slight overshoots at curve joints. As for SLERP, veloc-
ity is preserved constant through the in-between interpolation tracts,
but with the advantage of smooth connections at curve joints. The
transitions can be arbitrarily adapted to fulfil specific local constraints.
See Fig. 23 and Fig. 24.

To better visualize the achieved results in rotation interpolation, we
present some snapshots of a 3D simulation as well. The task was performed
by leveraging an open-source multibody simulation engine (Chrono::Engine
28]), in which the discussed algorithms were implemented.

Fig. 25 shows a free body subject to the spatial and rotational interpo-
lation of four key poses (blue). The red/green/blue curves are integral with
the X/Y/Z local axes of the moving body, while in gray we shown the stro-
boscopic trail of the configurations. All the poses are smoothly and exactly
connected. Fig. 26 shows a comparison between the proposed method and
SLERP; the four imposed rotation frames are the same as the previous ones
(Fig. 25), but there is no spatial motion. One can observe the undesired
spikes produced by SLERP by looking at the red/green/blue axes curves.
Finally, Fig. 27 shows a potential application of the proposed algorithm: the
smooth interpolation of poses performed by the end-effector of an industrial
robot (namely a 6-DOF robot arm equipped with painting tools).

4. Benchmarks

In order to show that the computational effort of the proposed method is
competitive with respect to other interpolation methods, we implemented a
dedicated benchmark. In particular, we tested the interpolation of different
number of key frames, evaluating 1E6 of intermediate samples for each. The
same test has been repeated 100 times for each scenario, and the average
values of computational time have been reported in Table 1. One can observe
that the proposed method is indeed competitive with SLERP for a reasonably

15
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Figure 17: Numerical example of a trajec-
tory connecting six poses using the SLERP
interpolation method (quaternion compo-
nents versus time). All the given frames are
exactly reached by a non-smooth trajectory,
having minimum angular length.
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Figure 19: Numerical example of a tra-
jectory connecting six poses using a 2"9-
order quaternion B-Spline (quaternion com-
ponents versus time). Angular trajectory
is very smooth, but does not exactly pass
through all the given frames.
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Figure 18: Angular velocity of SLERP inter-
polation method shown in Fig. 17. Severe
discontinuities at curve joints are notable.
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Figure 20: Angular velocity of 2°d-order
quaternion B-Spline interpolation method
shown in Fig. 19. The trend is continuous,
but with abrupt spikes at curve joints.
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Figure 21: Numerical example of a trajec-
tory connecting six poses using the SQUAD
interpolation method (quaternion compo-
nents versus time). All the given frames are
exactly reached by a smooth trajectory.
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Figure 23: Numerical example of a tra-

jectory connecting six poses using the pro-
posed extended exact interpolation method
(quaternion components versus time). All
the given frames are exactly reached by a
smooth trajectory.
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Figure 22: Angular velocity of SQUAD in-
terpolation method shown in Fig. 21. The
trend is continuous but highly oscillating.
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Figure 24: Angular velocity of the proposed
extended exact interpolation method shown
in Fig. 23. The trend remains constant over
the intermediate phases and smoothly tran-
sitions from one tract to the other.
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Figure 25: Simulated interpolation of four poses using the proposed method in association
with a spatial motion [28]. The assigned key frames are shown in blue, while the moving
body axes are represented by RGB trails (key frame passages are highlighted). It is notable
that the generated trajectory is smooth and exactly passes though all the given rotations.

Figure 26: Simulated comparison [28] between the proposed method (left) and SLERP
(right) interpolation of the same four poses of Fig.25, without spatial motion. The rotating
body axes are represented by RGB trails and the passage through the assigned key frames
is highlighted as white and black dots. It may be noted from the axes trails that the
SLERP trajectory manifests spikes at curve joints, therefore discontinuities in angular
velocity; on the contrary, the proposed algorithm connects the given orientations with
smooth curves.
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(c) (d)

Figure 27: Simulation [28] of an industrial 6-DOF robot whose end-effector, equipped
with a painting tool, interpolates between various key poses using the proposed algorithm
in association with a spatial motion. The provided example illustrates one of the many
possible applications suitable for the algorithm.
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Table 1: Computation time required for the interpolation of different numbers of given
frames by the discussed methods, expressed in ms. The test involves the evaluation of 1E6
intermediate samples and has been repeated 100 times for each of them (average values
reported).

‘SLERP B-Spline2 SQUAD Proposed method

4 key frames 48.2 479.1 494.5 66.1
50 key frames | 49.6 483.6 524.1 142.0
100 key frames| 50.6 491.9 543.0 194.1

Table 2: Example of angular distance travelled to interpolate the same 100 random key
frames by the discussed methods, expressed in rad.

‘SLERP B-Spline2 SQUAD Proposed method
Angle| 112.6 842 1245 117.1

low number of given poses and, despite the progressive increase of time in
function of the key frames number, its CPU time is still shorter than the
2"d_order quaternion B-Spline and the SQUAD method.

The benchmarks have been computed on a Intel® Core™ i7-10510U CPU,
clocked at 1.80 GHz, with 4 physical cores and 16 GB of RAM. The linear
algebra formulas for the benchmark have been implemented in C++ in the
Chrono::Engine open-source library [28], enabling the /O2 compiler opti-
mization flag on the MSVC compiler, and using a single thread. In search of
a fair comparison, no special optimization techniques have been put in place:
in fact, the performance of the methods can be further improved using ad-
vanced programming techniques such as ASM assembly directives and AVX2
vectorization, that we have not considered at the moment.

Table 2 compares a measure of the total angular distance required by each
of the methods discussed to interpolate the same 100 random key frames. It
is observable that, as expected, the proposed algorithm travels a longer path
with respect to SLERP but, in exchange, smoothly interpolates all the given
poses. On the other hand, the angular distance travelled is slightly less if
compared to SQUAD. At last, the 2"%-order quaternion B-Spline presents the
shortest angular path of all methods, but sacrifices the exact passage among
all the given key frames.
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5. Conclusions

We proposed a practical method, based on the composition of rotations
and simple polynomials, that provides a smooth interpolation between an
arbitrary number of given angular poses. The algorithm is rooted on re-
peated SLERP interpolation segments smoothly connected by suitable fillet
tracts. The duration of the different segments can be arbitrarily modified by
the user to optimize the trajectory. The methodology intrinsically generates
transitions in orientation which preserve the continuity of angular position,
velocity and acceleration. The mathematical formulation is simple because
it involves simple combination of rotations and the computational burden
is limited, as showed by the provided benchmark. It is easy to generate
constant angular velocity trajectories as well as motions with predefined ve-
locity profiles. Specific angular velocity vectors can be imposed in the control
points. The comparison with other known methodologies shows that: 1) with
respect to SLERP, it does not present velocity discontinuities but slightly in-
creases angular distance covered and computation time; 2) with respect to
a quaternion B-Spline, the computational burden is lower and it is easier to
impose the exact crossing of the assigned angular positions; 3) with respect
to SQUAD, the angular distance covered is smaller, the computation time is
lower and there are no oscillations in velocities.

The proposed methodology can be easily used to generate 3D motions of
mechanical parts and it can be useful in those cases where a simple formula
for smooth interpolation of key poses is desired: we can mention, for instance,
biomechanics (when one must interpolate between sample poses obtained via
motion capture experiments) as well as computer graphics, video games and
robotics. Finally, a possible application related to industrial robots has been
presented to this end.
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Appendix A. Rotation matrices

The present appendix section recalls, without proof, some fundamental
notions on rotation matrices [14, 15] and defines the notation used throughout
this paper.

Appendiz A.1. Conversion between different reference frames

The conversion of vectors between two different reference frames (i) and
(j) can be obtained by means of the rotation matrix Rj; representing their
relative pose. Naming v(;) the original three-components vector and v ;) its
skew-symmetric matrix representation as in

Vg 0 Uz in
Vi) = | Uy vy = | Vs 0  —vy (A.1)
Vzi Uy Ui 0

we obtain the following notable relations:

v(j) = v v = Rjivg) Ri (A.2)

J

Each column of matrix Rj; contains the unit vectors of the axes of frame (7)
as seen by frame (j)

Ri= 1|2y |yy|2z | = | uy | u, (A.3)
’xz yZ ZZ

This matrix also represent the orientation (or attitude) of frame (i) with
respect to frame (7).

Since the presented properties hold for any frames, Eq. A.2 can also be
written as v = R;;v(;); thus, we deduce that

Considering that the columns of matrix R in Eq. A.3 are orthogonal to each
other, we conclude that matrix R itself is orthogonal and so the following
properties holds
R'=R" det(R) = +1 (A.5)

The determinant is positive if both frames are right or left, and negative if
one is right and the other is left.

In case of multiple frame change it is possible to use the following com-
position rule

Ry, = RijRji, (A.6)
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Appendiz A.2. Rotation of vectors and frames

Let us consider a vector v = [v, v, v,]7 to be rotated from a starting
position v to reach a final position v; of an angle ¢ around axis w. This
transformation can be represented by matrix R with:

vy = R, R(u,¢) =1+ usinp + u*(1 — cos ) (A.7)

Of course the vectors and the unit vector w must be represented by their
projections in the same reference frame that we can indicate (for instance)
as (r). If a rotation is expressed in frame (), the same rotation in a different
frame (s) will be (see Eq. A.2)

R(s) - RsrR(r) Ry (A8>

Let’s indicate by subscript (0) the absolute reference system in which we
describe the angular position of two frames (1) and (2). Remembering Eq.
A3, if we rotate the frame whose attitude is Ry, of an angle ¢ around an axis
u to reach the orientation Ry, we can write (each column of R is transformed
according to Eq. A.2):

RQQ = R(U(O), 90)R01 (A9>
So, if the initial angular position Ry; and the final one Ry, are known, the
rotation which transform the former to the latter is determined in frame (0)

as
R(u), ¢) = ReaRg;' = RoaRio (A.10)

Remembering Eqgs. A.2, A.6 and A.8, if the result is sought in frame (1) or
(2), the rotation becomes simply

R(u), ¢) = R(ug),¢) = Riz (A.11)
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Once the matrix R is known, the rotation angle and axis may be extracted
as

c=cosp= —“”yy;zz_l

— )24+ (25— 22 )2+ (T — 1z )2
s = sin g = YO E ) Gy we)

© = atan2(s, c); T<p<T

(A.12)
uy =
A
— _ (ra—zz) 3
u_2mw<R_R> Uy = s sing 70
us = G

Appendix B. Quaternions, rotations and exponentials

We list some properties of quaternions that are used in interpolation
schemes discussed in this work.

Appendix B.1. Main properties

Rotations in 3D space can be represented by four scalars qq, g1, ¢2, g3 called
Euler parameters, related to the rotation angle ¢ and rotation axis u as [27]

=cos (¥
do (%) (B.1)
g1 = Uy sin (%) ¢2 = Uy sin (g) g3 = U, sin (%)

By the definitions (Eq. B.1), the following constrain holds: ¢ +¢3+q3+¢5 =

1. Euler parameters can be interpreted as unit-length quaternions q € Hy,

llg|| = 1, that is a subset of quaternion hyper-complex numbers H written
as

q=@+qitqjtaegak (B.2)

In this representation [8], the following properties hold
2'2 — j2 — k2 =1
(B.3)
1) =—jJ1=F; jk = —kj =1; ki=—ik =7
Quaternions can be written succinctly with the notation ¢ = [¢s, q,],

showing the scalar part gs = qo and the vector part q, = {q, ¢, qs}; this
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simplifies the expression of quaternion multiplication. In fact, with 7 € H,
n € H, by means of the properties (B.3) one obtains the product formula:

TN =[TNs — Ty My, TsMy + PsTy + My X N (B.4)

A rotation matrix can be constructed from a quaternion as

(R+F -2 - 2qae—awn) 2+ )
R(q) = | 2(qe+6n) @—G+6 -0 200+ @) | =
| 2(q193 — 4240) 2(qqo + ¢203) % — G — G+ G
Ty Yz Rz
= Ty Yy &y
| T2 Yz 22

(B.5)
Vice versa, if the matrix R is known, the elements of the quaternion are
extracted as

QO:%\/t"i_la t:wx"i_yy_'_zz;

_ (ya—zy). _ (2z—z2). _ (zy—ya)
Q= 4q0y ) G2 = 1q0 q3 = Zqu

(B.6)

which are valid for gy # 0; while for ¢y = 0 the following relations hold

4Q2Q3 =Y. + 2y
4CI1Q3 =2+ T,

4(11(]2 =Ygy + Ty (B7>
T, +1 Yy +1 z,+1
q1 9 q2 9 q3 5

A sequence of rotations can be represented by the product of two quater-
nions: similarly to R; = R(q,)R(q,), the quaternion gq,, expressing the final
rotation obtained by the sequence of a rotation g, followed by a rotation g,
is obtained as

9, = 49249 (B.8)

We denote the quaternion conjugate of q as q*, with ¢* = qo — 17 — ¢ —

gzk. This corresponds to an inverse rotation and in fact one has:

R(q") = R(q)" = R(q)™" (B.9)

Quaternions, as well as rotation matrices define an algebraic structure
over a differential manifold with properties of closure, associativity, presence
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of identity element and inverse element, hence they belong to a Lie group.
The Lie group of rotation matrices is called SO(3), the special orthogonal
group of orthogonal matrices with det = 1. The Lie group of unimodular
quaternions H; is topologically isomorphic to the S® sphere, as such it is a
double cover of SO(3), hence two distinct opposite quaternions represent the
same rotation matrix R € SO(3).

Given a 7(t) : R — SO(3) be a one parameter sub-group of SO(3) for
which «(0) = I, an ezponential map is defined as exp(©) = (1), where
© € s0(3) is an element of the underlying Lie algebra.

Rotation matrices can be built as exponential maps from elements © &€
50(3) and vice versa:

R =exp(©) = R(u, ¢) (B.10)
© =log(R) = up (B.11)

The rotation vector 6 € R3, defined for a finite rotation of angle ¢ about a
unit vector u, is related to the 3x3 skew-symmetric matrix © € so0(3) via

0 = axis(©) = uyp (B.12)
© = skew(0) = 0 = up (B.13)

Similarly, the exponential map of unit quaternions links H; to its Lie
algebra Im(H) of pure quaternions p = [0, v]:

q = exp(p) (B.14)
p =log(q) (B.15)

The exponential map (B.14) can be explicitly computed using the closed-form

expression exp([s, v]) = e° [cos(||v||), o sin(||v||)], hence:

exp([0, v]) = [cos<|\u\|>,|,—j“sm<uvu>] (B.16)
expl([0, ue]) = cos(€), usin(€)] for [[uf| = 1 (B.17)

We can use the pure() and imag() operators to convert pure quaternions
[0, 2] from and to rotation vectors @ by observing that £ = 2¢, v = 16:

0 = 2 imag(p) (B.18)
p = ipure(0) (B.19)
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To pass directly from rotation vector 8 to quaternion g = [s,v], and vice
versa, one can use the compact expressions:

a = e (o) = [eos (1) Lo ()] o0

= 2 imag(lo —9 Y an~! M
= 2imagllog(a) = 2oy tan! (121) (B.21)

Note that the last expression is singular for zero rotations, so when ||v|| < €
one can compute it as the simplified expression @ = 2v. Also note that rather
than using tan—!() it is advisable to use atan2().

As a special case, the scalar exponential of a quaternion boils down to:

q' = [cos(€), usin(€)]'
q' = [cos(&t), usin(Et)] (B.22)

Finally, one can see that the interpolation method of Eq.6 can be ex-
pressed also via a double product of quaternions:

q = gy exp (spure(u,)) exp (Spure(usf3)) (B.23)
or equivalently as ¢ = qo,exp (alog(qg,qoz)) exp (5 108(q52903)) -

Appendiz B.2. Velocity and acceleration
Introducing the vector of angular velocity w, expressed in absolute (ex-
trinsic) coordinates, one has

R=w.nR (B.24)

Similarly, by a second differentiation, and introducing the (extrinsic) angular
acceleration w,, one has

R=w,R+w’R (B.25)

Given quaternion derivatives, it is possible to compute extrinsic angular
velocity and extrinsic angular acceleration, or vice versa, using the following
relations:

we=2F(q")q (B.26)
we=2F(q")q (B.27)
q=3F(q") " w. (B.28)
q=35F(") we+ 5F(¢") we (B.29)



with the introduction of the matrix

+¢1 +q +q3 —q
Flg)= |+t —a +w0 +a (B.30)
+q3 +2 —q¢1 +qo

Appendix C. Other interpolation schemes

In the following, for completeness, we briefly describe other interpolation
methods that are popular in literature and which we used in our benchmarks
for comparisons.

Appendiz C.1. SLERP

The spherical linear interpolation (SLERP [24]), with domain ¢ € [0, 1],
interpolates two quaternions g, and g, using the exponential formula (B.22)
to compute:

q(t> = fSLERP(qw qy, t)
= (2,9))" 4, (C.1)

The norm of the quaternion is guaranteed to be unit length. The rotation
matrix R(t), if needed, can be computed from g(t) using (B.5).

Appendiz C.2. SQUAD

This method, also presented by Shoemake [25], performs a cubic inter-
polation with domain t € [0, 1] passing exactly at two extreme attitudes
expressed by rotation quaternions g, and q,, and approaching two interme-
diate control quaternions p, and p, similarly to cubic Bezier curves. It does
this by using nested calls to the SLERP function, that is:

q(t) = fSQUAD(qlvplup%unt)
= fsuerp(fsLerp (41, @, 1), fsLerp (D1, Po, 1), 2t(1 — 1)) (C.2)

In our implementation, an arbitrary sequence of g, quaternions can be pro-
vided, to be interpolated exactly: for each span, the two intermediate p, and
p, quaternions are computed to ensure C? continuity across span using the
following formula: assuming the i-th span with quaternions {q;, p;, P; 11, @11}
we compute

1
P; = q;exXp (_Z (10g<q:qi+l) + IOg(q;‘qu‘—l))) (C.3)
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Appendiz C.3. Quaternion B-splines

For completeness in the following we report the formulation of quaternion
B-splines, that was put forward by Kim et al. in the nineties [9], and that
is used in our benchmarks for comparison with our method. We assumes a
sequence of n given quaternion control points g,, and a knot vector with ¢;
knots. We assume that conventional B-spline basis functions B;(t) can be
computed as (k — 1)-order piecewise polynomials with non-zero support in
[ti,ti1x]. Defining the cumulative form of the basis:

n
Bir(t) = Bjx(t) (C.4)
j=1
one can compute the interpolated quaternion with the expression

a(t) = qo""" [T exp (tog(ai,a) Bin()) (C.5)
i=1
This method produces an interpolation that is C*~2 continuous. For k =
2 it boils down to the simple SLERP interpolation, but for higher orders,
differently from the other interpolation schemes presented in this paper, it
does not pass through the g, values (except if knot multiplicity is enforced,
for instance at the beginning and at the end of the curve).

Appendiz C.4. Triplets of angle functions
Assuming that one computes a rotation matrix as a sequence of three
rotations about three axis, one has

R = R(a, 8,7) = R(Y)R(B) R(e) (C.6)

where R(«), R(5) and R(7) are matrices of rotation about the X, Y, or Z
orthogonal axes, in whatever user predefined order. If one provides three
scalar functions for the three angles a(t), 3(t), (), one can obtain

R(t) = R(y(t)) R(B(t)) R(a(t)) (C.7)
Similarly, if using quaternions, one would compute the double product g(t) =
q(v(t))g(B(t))q(a(t)). For instance, a(t) could be a B-spline or Bezier in-
terpolation between «; corresponding to n keyframe rotations, and similarly
for B(t), v(t). In any case, whatever the choice of ordering of the sequence of
the three axis, there is always a singular attitude for whom, passing close to
it, curves may degenerate in sharp and unpredictable oscillations. For this
reason, interpolations based on triplets of angle functions are seldom used.
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Appendix D. Polynomial motion law

In this section we summarize the quantities needed to define a five-degree
polynomial motion law with assigned initial and final conditions of position,
velocity and acceleration. If we name

si, sy : initial and final position

v;, vy : initial and final velocity

a;, as : initial and final acceleration
As =55 — s

and we impose the following relations

A = S;
B = V;
a;
C - 5
ar —3a; 6v; +4vy 10As
D= — (D.1)
3 2T2 8 T 7 : 17;32
a; — 2af V; + (vf s
E = —
27?2 —;)_ T3 6AT4
F:af—ai_ (vi+vf)+ s
273 T4 T5

we may formulate the desired motion law and its derivatives as follows:

s(t)=Ft°+ Et*+ D3 + Ct* + Bt + A
5(t) = 5Ft* + 4B + 3Dt* + 2Ct + B (D.2)
5(t) = 20Ft* + 12Ft* + 6Dt + 2C
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