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ABSTRACT: We here describe, model, and predict the growth kinetics of amine-capped PbS colloidal nanoparticles in the 
absence of supersaturation. Contrary to expectations, we demonstrate that the particles grow by coalescence (i.e., aggre-
gation followed by reconstruction into a spherical single crystal) rather than by Ostwald ripening, and form distinct sub-
populations whose volumes are multiples of the monomer’s volume. A comparison of different models indicates that the 
effective activation energy of coalescence (67.65 kJ·mol-1) is composed of two terms of similar magnitude: a term propor-
tional to the contact area between the ligand shells of two colliding particles, and a constant term. Our Brownian dynam-
ics simulations show how the remarkably large rate constants we observed (10-2 to 101 M-1·s-1) – comparable to those of 
many bimolecular reactions – are most likely a side effect of the large difference in size between the particles and their 
mean free path of diffusion. They also show how the low polydispersity observed in the experiments is the likely result of 
the suppression of collision rates between rare populations due to crowding. The model successfully predicts the growth 
kinetics of nanoparticles (both particle volume vs time and concentration vs time) synthesized with a series of n-alkyla-
mines of different lengths, therefore enabling the precise control of the average particle size without the need of supersat-
uration.

Introduction 

This paper describes an experimental and computational 
study of the growth kinetics of oleylamine-capped PbS nano-
crystals in the absence of supersaturation. Our claims are: 

• Ostwald ripening is not the dominant mechanism of 
growth in our system. Instead, after the initial burst of nu-
cleation and the consumption of the limiting reagent, 
growth occurs mainly by coalescence (i.e., penetration of 
the ligand shell followed by reconstruction into a spherical 
single crystal), starting from an initial population of mon-
omers. On the other hand, we cannot exclude whether co-
alescence requires the crystallographic orientation of the 
particles (i.e., oriented attachment). 

• The growth kinetic is quantitatively described by a reac-
tion-limited collisional model that accounts for the influ-
ence of ligand length and particle size on the effective ac-
tivation energy of coalescence.  

• The model quantitatively predicts the growth kinetic of 
PbS nanocrystals grown in the presence of n-alkylamine 
ligands of different lengths.  

• The average value of the activation energy for coales-
cence that we obtain from the model (67.65 kJ·mol-1 
where mol refers to moles of nanocrystals, consistently 
with prior estimates in other materials1-6) is likely only an 
“effective” value that can be explained by an underesti-
mation of collision frequencies by Smoluchowski’s equa-
tion in crowded colloidal suspensions7. 

• The low polydispersity of the products (~8%) can be ex-
plained by the effect of crowding on the rates of collisions. 

Furthermore, our analysis led us to the following methodo-
logical conclusions: 

• The equation widely used in colloidal nanocrystal synthe-
sis to diagnose Ostwald ripening (D=D0+k·t1/n) is not diag-
nostic. This is a matter of fact. We show that this equation 
quantitatively describes growth in highly supersaturated, 



 

size-focusing regimes8 as well as in aggregation-driven re-
gimes. Therefore, Ostwald ripening should not be invoked 
just on the basis of particle growth rates: other known 
mechanisms should be first disproven9. Our results further 
suggests that Ostwald ripening could be significantly 
“overdiagnosed” in the literature10, since the data re-
quired to disprove competing processes (e.g. reaction 
yield and concentration of particles vs time and tempera-
ture) are exceedingly rare in the literature, mostly due to 
how technically challenging they are to obtain. 

• The observation by microscopy of spherical single-crystal-
line particles does not disprove aggregation-driven 
growth. Aggregation does not necessarily lead to non-
spherical particles. Coalescence can and does happen in 
nanoscale solids, as prior in situ evidence suggested11.  

• Aggregation of nanocrystals does not necessarily lead to 
large polydispersities of size because, differently from pol-
ymers12, its activation energy depends on size. 

• Transmission electron microscopy (TEM) is not necessarily 
reliable in determining whether coalescence (as opposed 
to aggregation without reconstruction) is a dominant pro-
cess of growth. The differences in diameters between the 
different populations can be smaller than the instrumen-
tal resolution (<~2Å) when the size of the monomers is 
small (e.g. 1 nm) and lower magnifications need to be 
used to obtain statistically significant sample sizes. 

• The effective average activation energy (1.12·10-19 J) of co-
alescence between two particles is smaller than the disso-
ciation energy of a single Pb-S bond (5.74·10-19 J)13. There-
fore coalescence between nanocrystals can proceed at 
rates (10-2 to 101 M-1·s-1) similar to those of bimolecular 
reactions, for equal concentrations.  

While it has been common to believe that colloidal  nano-
crystal synthesis would allow us to understand the growth of 
ensembles of crystals (e.g., nanocrystal synthesis14, additive 
manufacturing of metals15), and while very significant findings 
have been reported over the years8,11,16-28, our understanding 
of it is still in its infancy when compared to the growth of single 
crystals29-34.  

Summarily, the nucleation and growth of nanocrystals in so-
lution is usually described within the framework developed by 
LaMer & Dinegar35, and elaborated by Peng8 and many oth-
ers36,37. In this framework, a sudden increase in supersatura-
tion14,38 (obtained through injection39, decomposition of pre-
cursors40, or a drop in temperature41) is used to cause a sudden 
burst of nucleation. The high supersaturation causes a rapid 
reduction of the critical size (i.e., the smallest size of a crystal 
whose growth is favored over its dissolution), thereby facilitat-
ing the formation of stable nuclei through fluctuations. Nucle-
ation depletes the activity of the reactants and therefore 

causes a rapid drop in supersaturation 𝜎 ≡ ln (
𝐴𝑃

𝐾𝑠𝑝
), where AP 

is the activity product of the reactants and Ksp is the solubility 
product of the product) which effectively halts nucleation42. 
Between the end of the nucleation phase and the complete 
depletion of supersaturation, growth is kinetically-controlled 
and narrows the crystal’s size distribution (i.e., focusing 
phase8). As the supersaturation σ decreases, the driving force 

to growth Δμ=RTln(σ) decreases, and the critical radius in-

creases (𝑟𝑐𝑟𝑖𝑡 =
2Ω𝛾

Δ𝜇
 where Ω is the volume per molecule and γ 

is the interfacial free energy). As the critical radius increases, it 
“catches up” to the particle size distribution: the particles 
whose radius is smaller than the critical radius dissolve while 
the others grow at their expense. This process is called Ostwald 
ripening43,44 and it is widely invoked to explain growth in late 
stages of nanocrystal syntheses (i.e., at low supersaturation).  

This Gibbsian description of nucleation and growth is often 
qualitatively adequate, but it fails to predict the outcome of 
nanocrystal syntheses45-47. This failure is attributed to technical 
issues (e.g., extreme sensitivity of nucleation rates on the value 
of ΔG), but also to its assumptions: the capillarity approxima-
tion48,49, neglecting aggregative growth processes2,18, neglect-
ing the effects of crowding on particle dynamics50,51, neglecting 
the role of ligands on the interfacial free energy, surface chem-
istry52 and particle-particle interactions53,54.  

Even though significant advances have highlighted the im-
portance of aggregation in particle growth10,11,16,20,55-60, its 
mechanistic details are still not fully understood. (i) The exper-
imental systems employed to study aggregative growth often 
show competing growth mechanisms (e.g. classical addition of 
molecules/atoms, Ostwald ripening, digestive ripening, 
etc.)19,60-65. The kinetic data has to be described then by a com-
bination of aggregation and other mechanisms2,61,66. This com-
plexity increases the degrees of freedom of the models, which 
lowers the confidence of any fit or conclusion drawn from 
them11,67. (ii) The number of populations observed is usually 
limited to monomers and dimers5,63,66,68, and higher oligo-
mers1,4,6,69 or “polymers”19 are rarely considered. Fitting kinetic 
data over narrow ranges of growth decreases the confidence 
in any fit. (iii) Kinetic models were often developed on deficient 
data: ideally, the temporal evolution of average size, concen-
tration, and polydispersity should all be characterized11. How-
ever, in nearly every instance, the average size was the only 
observable to be considered,5,10,66,70,71 usually due to the tech-
nical challenges of measuring particle concentrations. (iv) 
Many characterizations were conducted at a single tempera-
ture (with exceptions1,3-6,61,63,70) and could not extract activa-
tion energies or test mechanistic hypotheses about the aggre-
gation process10,60,64,72-75. Fitting single temperature data de-
creases the confidence in the model because it does not prove 
that the model works across temperatures. (v) Many models 
involve parameters with no clear physical meaning59, over-
looked important variables (e.g., ligands2,3,5,70,76), or are only 
applicable to special cases77,78 (e.g. the formation of di-
mers5,63,66,68, aggregation between specific populations3,10, for-
mation of anisotropic nanocrystals19,68). For example, the use 
of capping ligands in the synthesis of nanocrystals in organic 
solvents is extremely common14. It is well known that the 
length of the ligands influences the aggregation process6,11,20,79-

85. However, its effect has not been modeled1,3,4,66,69,86 probably 
because most systems employed for kinetic studies were 
grown in aqueous conditions63. Moreover, while aggregation 
can depend on the size of the particles1,11,74,87 due to its influ-
ence on their mutual interactions (i.e., affecting collision 
rates), the size-dependence of the activation energy was gen-
erally not considered when models were developed to fit the 
experimental data1. (vi) Lastly, and most importantly, models 



 

were derived by fitting experimental data and their ability to 
predict particle growth kinetics is unproven72,74. 

Therefore, we developed a model system that overcomes 
most of the technical challenges associated with the kinetic 
study of crystal growth in the absence of supersaturation. We 
were then able to model, simulate and predict experimentally 
obtained growth kinetics. 

Experiment Design 

We chose as a model system the reaction between 
oleylammonium hydrosulfide (OLAHS) and PbCl2 in oleylamine 
to form PbS nanocrystals88. We conducted reactions by inject-
ing OLAHS into the PbCl2/oleylamine slurries at five different 
temperatures (80, 100, 120, 140, and 160 °C), and character-
ized the products at sixteen reaction times (1, 2, 4, 6, 8, 10, 12, 
14, 16, 20, 24, 30, 36, 42, 50, and 60 minutes).  

As a control experiment, we synthesized PbS nanocrystals in 
conditions of supersaturation-driven growth (“addition” con-
ditions). Briefly, this hot-injection reaction was conducted at 
100 °C by the injection of a solution of S8 (1.480 mM) in oleyla-
mine into a PbCl2 slurry in oleylamine (1.417 mM). These het-
erogeneous reaction conditions have been shown to yield 
highly uniform particles through a protracted focusing (i.e., 
high supersaturation) phase that is caused by the gradual dis-
solution of the PbCl2 precursor and slow reactivity of the S8-
oleylamine solution89,90. While the sulfur precursor is different 
(S8 vs OLAHS), current understanding indicates that the active 
species in both precursors is H2S88,91, thereby making the two 
reactions chemically analogous. 

This model system was fulfilled the numerous requirements 
(listed below) associated with a complete quantitative analysis 
of the growth kinetic of colloidal nanocrystals in the absence 
of supersaturation. 

Easily quantifiable concentration and size of the nanocrys-
tals. An accurate characterization of the aggregative growth ki-
netics of nanocrystals requires the characterization of the con-
centration and the size distribution of the nanocrystals. Ideally 
it should be able to distinguish individual populations of nano-
crystals formed from the aggregation of an initial monomer 
population (i.e., distinguishing monomers from dimers, trimers 
from tetramers, etc…) and associate a concentration to each 
population. 

The characterization of particle size distributions with very 
high resolution (~1Å) is challenging. Analyses of powder X-ray 
diffraction (XRD) either by Scherrer or Rietveld methods can 
require significant amount of material, require assumptions on 
the shape of the nanocrystals, and provide only values of the 
average size92. Transmission Electron Microscopy (TEM) char-
acterizations can instead provide size distributions, but are ex-
tremely time- and resource-intensive and (as we show in this 
work) do not provide the combination of resolution and statis-
tical power that is required to exclude certain growth mecha-
nisms. 

Concentrations of nanocrystals in their colloidal state are 
notoriously difficult to measure. Thermal Gravimetry Analysis 
(TGA) is susceptible to significant (>20%) errors due to incom-
plete removal of the organic fraction93. Inductively-coupled 

plasma atomic emission spectroscopy (ICP-AES) can be suffi-
ciently quantitative, but requires highly purified colloids and is 
technically demanding94,95. 

PbS nanocrystals provide a solution to these challenges. Due 
to their large exciton Bohr radius, their excitons are strongly 
confined96. As a result, the energies of the excitonic transitions 
vary strongly with the size of the particles. This dependency 
has been carefully measured and validated in independent ex-
periments95,97. The excitonic transition with lowest energy 
(1S1S) is significantly separated in energy from the next transi-
tion, therefore yielding an absorption peak with minimal over-
lap (as opposed to Cd chalcogenides98). Furthermore, PbS 
nanocrystals are one of the few nanoparticles whose extinc-
tion coefficient (and its dependence on size) is known with rea-
sonable accuracy (~20% uncertainty)95 and quantitatively vali-
dated experimentally97 and theoretically99 by separate groups. 
In summary, the 1S1S absorption peak of a dispersion of PbS 
nanocrystals allows for the simultaneous determination of the 
average size of the particles and their concentration. 

Representative of a broader class of materials. A model sys-
tem should be ideally representative of a much broader class 
of materials. PbS is representative of IV-VI semiconductors 
and, to an extent, of sulfides in general. 

Negligible Ostwald ripening. A significant influence of Ost-
wald ripening would compromise the ability to isolate the con-
tribution of aggregative processes on the growth kinetics. Our 
prior work has shown that, when synthesized from PbCl2, PbS 
nanocrystals did not show evidence of ripening in the late 
stages of reaction89. These observations have been recently 
validated even when lead oleate was used as a metal precur-
sor100. 

Negligible supersaturation. To eliminate the contribution of 
classical growth (i.e., addition of molecular/ionic species to the 
nanocrystal surface) it is essential for supersaturation to be as 
low as possible immediately after the nucleation phase. We re-
cently developed an ionic liquid sulfur precursor (oleylammo-
nium hydrosulfide, OLAHS) obtained from the reaction of H2S 
and oleylamine that reacts to completion immediately after its 
injection88. The reaction yield was shown to be constant after 
nucleation and no free sulfur precursor was detected. 

Highly concentrated reactions. Aggregative processes fol-
low, in first approximation, a second order kinetic59,101,102 
where the rate is proportional to the product of the concentra-
tions of the colliders. Therefore, syntheses that produce the 
highest possible concentrations of nanocrystals are desirable 
to maximize the influence of aggregation88,103,104. As we 
showed in a prior work, the synthesis of PbS nanocrystals with 
OLAHS allows to obtain the highest concentrations ever re-
ported in nanoparticle synthesis88.  

Isotropic aggregative growth. The quantification of growth 
rates from absorbance spectra is only reliable if the shape of 
the nanocrystals is conserved since the energies of the exciton 
transitions depend on particle shape105. During the develop-
ment of our model system we hoped that aggregation of our 
PbS nanocrystals would be accompanied by reconstruction 
(i.e., coalescence), as shown in prior work in liquid-cell TEM. 

Results and Discussion 



 

Growth in conditions of high supersaturation (control 
experiment) 

Before discussing the growth of the nanocrystals in the ab-
sence of supersaturation, we show how the same nanocrystals 
grow when supersaturation is abundant (i.e., our control ex-
periment). Figure 1a shows the evolution of optical absorption 
spectrum of PbS nanocrystals grown in our control experi-
ment. The peak at highest wavelength is due to the 1S1S exci-
ton transition106. Other features above the background corre-
spond to higher energy transitions95. 

The number-averaged particle concentration and the aver-
age size of the particles were obtained for each sample by the 
following process. First, the average size of the particles in the 
dispersion was calculated by taking the energy of the 1S1S ex-
citon (E1) transition and solving the following empirical equa-
tion95 for the core radius r: E1[eV] = 0.41 + 0.96·r-2 + 0.85·r-1. 

The average size of the nanocrystals was then used to calcu-
late the extinction coefficient by using the empirical equation95 
ε[M-1·cm-1]=2030790·r2.49.  

Lastly the concentration was obtained from Lambert-Beer’s 
equation A = ε·c·l where c is the concentration of nanoparticles 
(in M units), l is optical path length (in cm units) and A is the 
integrated absorbance of the 1S1S exciton peak (approximated 
as twice the integral of the low-energy half of the peak).  

The concentration of the particles (in particles·m-3) as a func-
tion of time (in seconds) is shown in Figure 1b. The concentra-
tion of particles does not change significantly and remains at 
~0.15·1023 particles·m-3 (~2.5·10-2 mM). On the other hand the 
number-averaged volumes of the particles (shown in Figure 1c 
in units of nm3) increase with time as a power law that extrap-
olates to an initial volume of 44 nm3 (diameter = 4.4 nm). Im-
portantly, even though we are clearly not in Ostwald ripening 

regime, the Ostwald ripening equation 𝐷 − 𝐷0 = 𝑘(𝑡 − 𝑡0)
1

𝑛 
(where D is diameter, k is the rate constant, t is the reaction 
time, n is the growth exponent, and subscript 0 identifies the 
values of D and t at the beginning of the reaction) fits very well 
these data (R2=0.996) with a value of n (1.9±0.1) which is ac-
ceptable for Ostwald ripening5 (between 2 and 4, depending 
on the rate-limiting transport process66).  

The yield (shown in Figure 1d in percentage units) shows a 
steady increase from ~15% to ~60% between 1 min and 1 hr. 
Lastly, the size polydispersity of the nanocrystals as a function 
of time was estimated by converting the 1S1S absorption peak 
(after removal of the background absorption) into a size distri-
bution and then obtaining the mean and standard deviation. 
This estimate is bound to overestimate polydispersity as it im-
plicitly interprets the intrinsic line-width of the transition as 
being caused by polydispersity. The data (cf. Figure 1d) shows 
that the polydispersity remains constant throughout the reac-
tion at a low value of ~4.5%. 

 

Figure 1. Growth kinetics of PbS nanocrystals in the pres-
ence of supersaturation. (a) Absorption spectra (offset for 
clarity), (b) concentration of particles, (c) number-averaged 
particle volume, (d) reaction yield, and (e) polydispersity as a 
function of reaction time. In both panel b and d the grey area 
indicates the uncertainty on the mean value. 

In summary, the growth kinetics in the control experiment is 
consistent with classical supersaturation-driven growth. The 
number of particles does not change significantly during 
growth thereby indicating the absence of particle-generating 
mechanisms (e.g., secondary nucleation) or particle-depleting 
mechanisms (e.g., Ostwald ripening, aggregation). The steady 
increases in time of the particle volumes and reaction yield are 
consistent with a nearly constant supersaturation. Finally, the 
low polydispersity is consistent with the simultaneous genera-
tion of the nuclei at the beginning of the reaction and the ab-
sence of coarsening mechanisms (e.g., Ostwald ripening, ag-
gregation, etching). 



 

In the absence of supersaturation growth occurs by co-
alescence 

When the sulfur precursor used is depleted in the nucleation 
phase, there is no opportunity for the particles to grow by clas-
sical addition mechanisms. Oleylammonium hydrosulfide 
(OLAHS) dissociates rapidly at high temperatures into oleyla-
mine and hydrogen sulfide88. After injection in the PbCl2 slurry, 
the liberated H2S reacts quickly to form PbS, while unreacted 
H2S leaves the system as a gas. The lack of free sulfur precursor 
creates conditions of minimal supersaturation which exclude 
classical growth processes. These claims were proven in our 
prior work88 and are validated here. 

The reaction yield as a function of time and temperature 
with OLAHS (cf. Figure 2a) is approximately constant through-
out the reaction at ~73 ± 15% (mean ± standard deviation) and 
independent of temperature. The spread in the data is at-
tributed to the uncertainty of the extinction coefficient 
(±20%)95. 

 
Figure 2. Growth kinetics of PbS nanocrystals in the ab-
sence of supersaturation. (a) Reaction yield (black line: 
mean, grey band: one standard deviation about mean), (b) 
concentration of particles (data is offset for clarity to show the 
decrease over time), (c) number-averaged particle volumes 
(globally fitted with power law), and (d) polydispersity as a 
function of time (abscissa), and temperature (legend in panel 
a). Lines are added for clarity. 

The concentration of particles as a function of time and tem-
perature is shown in Figure 2b. It starts off at much higher val-
ues than in the control experiment (up to ~3.5·1023 nanocrys-
tals·m-3 or ~0.5 mM, consistently with the use of a more reac-
tive precursor), but then decreases rapidly with time. The rate 
at which the concentration drops increases with temperature. 
The number-averaged volumes of the particles (in m3) as a 
function of time and temperature (cf. Figure 2c) shows a famil-
iar saturation curve with rates increasing with temperatures. 
Lastly, the polydispersity (cf. Figure 2d) remains remarkably 

constant throughout the reaction at a relatively low value of 
8% regardless of the reaction temperature.  

These data, taken together, exclude addition as a growth 
mechanism. The evolution of yield, concentration, and vol-
umes are instead consistent with both aggregation and Ost-
wald ripening: the total concentration of particles decreases in 
time in spite of a constant reaction yield, and their average vol-
ume increases. While the exponent obtained by fitting the ex-
perimental data in Figure 2c with the Ostwald ripening equa-
tion (4.0±0.1) is compatible with our understanding of that 
process, other experimental data (shown below) is fundamen-
tally inconsistent with Ostwald ripening.  

Structural characterization of the products by TEM showed 
(cf. Figure 3a) that the particles were roughly spherical and 
monocrystalline. XRD (Figure 3b) confirms that the material 
was indeed PbS, phase pure and crystalline. The spherical 
shape of the particles disproves “aggregation without recon-
struction” as a dominant mechanism of growth. Nonetheless, 
coalescence has been observed between inorganic nanocrys-
tals in liquid-cell TEM experiments11,16,107-109.  

 

Figure 3. Morphology and structure of the particles after 
growth in the absence of supersaturation. (a) Representa-
tive TEM micrographs of PbS nanocrystals obtained after 1, 4, 
and 60 min of growth at 120 °C (top row) and 160 °C (bottom 
row). (b) XRD pattern of the nanocrystals with overlayed peak 
positions for PbS (galena, PDF#00-005-0592). 

Additional crucial information is obtained from the analysis 
of the optical absorption spectra of the samples. Figure 4a 
shows the evolution of the 1S1S absorption peak (after back-
ground subtraction) as a function of time for a reaction at 100 
°C in the absence of supersaturation. By comparison, we show 
in Figure 4b the same data from the control experiment. While 
the control experiment shows a gradual shift to lower energies 
of a single Gaussian peak (a Kolmogorov-Smirnov test110 con-
ducted on the background-subtracted data did not reject the 
normal distribution), the same absorption peak in the absence 
of supersaturation is distinctly non-Gaussian. Its features and 



 

shoulders are present at all reaction temperatures (cf. Figure 
4c) and suggest the convolution of multiple sub-peaks, i.e., the 
presence of multiple populations of particles.  

The shift to higher wavelengths of the 1S1S peak in Figure 4a 
appears to result from the reduction in intensity of sub-peaks 
at short wavelengths and the increase in intensity of sub-peaks 

at long wavelengths. To test this hypothesis we deconvoluted 
the 1S1S peaks into individual, Gaussian sub-peaks. A second 
derivative analysis of the spectra was used to guide the decon-
volution, which yielded, for each spectrum, a minimum set of 
two to four sub-peaks with R2>0.99. For each sub-peak we 
could extract the number-averaged volume and concentration 
of the population representing it, as discussed above.  

  

Figure 4. Optical characterization of PbS nanocrystals grown in the absence of supersaturation. (a-b) Comparison of the 
evolution during growth at 120 °C of the absorption peak from the 1S1S transition (background subtracted) in the absence (a) and 
(b) presence of supersaturation. (c) As panel (a) but for reactions at 80 °C, 120 °C, 140 °C, 160 °C. (d) Particle volumes of the 
individual populations as a function of reaction time (absissa) and temperature (80 °C, 100 °C, 120 °C, 140 °C, 160 °C from left to 
right). 

The plot in Figure 4d is composed of 5 panels, one for each 
reaction temperature, from 80 °C (left) to 160 °C (right). The 
abscissa indicates the reaction time while the ordinate indi-
cates the number-averaged volumes of the individual popula-
tions. The volumes appear to be remarkably concentrated 
around specific values (color-coded for clarity) which are 
largely constant in time, and, most strikingly, conserved across 
reaction temperatures!  

If the features from the absorption spectra were the result 
of noise, the volumes identified in Figure 4d would be ran-
domly distributed. They are not. A kernel density analysis of all 

observed volumes (bandwidth=2 nm3) show a multimodal dis-
tribution (cf. Figure 5a). If these distinct volumes were caused 
by a coalescence process, they would be multiples of a specific 
monomer volume. Therefore, we tested whether we could find 
a monomer volume that, if used to divide the population vol-
umes shown as peaks in Figure 5a, would result in the minimal 
fractional volumes. The sum of the fractional volumes as a 
function of a hypothetical monomer volume (cf. Figure 5b) 
shows that there is a clear minimum for a value of 9.653 nm3 
(corresponding to a radius of 1.321 nm). The plot in Figure 5c 
shows the modes from Figure 5a as a function of the ratio be-



 

tween their volumes and 9.653 nm3. As shown by the drop-
lines, the modes align qualitatively with integers, i.e., the pop-
ulations identified by spectroscopy would be the dimers, tri-
mers, tetramers, pentamers, eptamers, ennamers, and un-
decamers. The small discrepancies can be attributed to (i) 
slight differences in the size of the monomers obtained at dif-
ferent reaction temperatures, and (ii) the overlapping of peaks 
in the absorption spectrum6. Furthermore, it is important to 
note that, given that our determination of the populations is 
indirect and relies on a deconvolution, not all populations 
might have been detected, and that similarly sized populations 
do not necessarily have comparable concentrations6. 

 

Figure 5. Statistical analysis of the volumes of the popu-
lations. (a) Kernel density analysis of the distribution of vol-
umes (combined reaction times and temperatures), showing 
distinct peaks. (b) Sum of all fractional volumes as a function 
of the monomer volume, identifying an optimal monomer vol-
umes at ~9.65 nm3

. (c) Peaks from panel a, rescaled as multi-
ples of the optimal volume identified in panel b. 

A separate test for the existence of a starting monomer was 
to extrapolate the datasets of number-averaged particle vol-
umes vs time (cf. Figure 2c) to time = 0. To do so, we used the 
power law fit that is shown in Figure 2c. Remarkably, the da-
tasets for all temperatures converge to the same starting 
nanocrystal volume of 9.750 ± 0.71 nm3  which is within 1% of 
the value obtained from the analysis of individual population 
volumes in Figure 5B.  

A similar extrapolation conducted on mass-averaged vol-
umes yields a value of 9.87 ± 0.70 nm3. The ratio between the 
mass-averaged and number-averaged estimate for the mono-
mer volume (i.e., the polydispersity index, PDI = 1.012 ± 0.15) 
cannot establish whether the monomer is monodisperse or 
not. 

TEM evidence cannot easily disprove coalescence as a 
growth mechanism 

While the estimation of sizes from optical properties is well 
established, many colleagues in the scientific community be-
lieve that the TEM is the only trustworthy characterization that 
can prove the multimodality of a size-distribution. So, we did 
characterize a sample of those shown in Figure 3a by TEM and 
measured particles diameters (n=326). The size distribution is 
shown in Figure 6a as a histogram (bin size=0.19 nm) and as a 
kernel density function (bandwidth=0.19 nm). The bin size and 
bandwidth were chosen to match the resolution of our TEM: 
one should not lightly claim features in the size distribution 

that are smaller than the resolution of the instrument. The re-
sulting distribution, while not Gaussian, does not show any ob-
vious shoulder. 

By comparison, the absorbance of the 1S1S transition of the 
same sample shows a clear shoulder and what is most likely a 
convolution of two peaks. After conversion to diameter by us-
ing Equation 1, the size distribution still shows a pronounced 
shoulder. If one takes this optically-derived size distribution 
and bins the data with a resolution of 0.19 nm, one obtains a 
distribution (Figure 6d, solid line), which is remarkably similar 
to the TEM results (Figure 6d, dashed line). The difference in 
the average diameters between the two distributions (3.71 nm 
from the absorption data vs 3.90 nm from the TEM data) is ex-
pected. As we originally wrote in 2006 on the basis of compo-
sitional data89, the surface of the particles is terminated by a 
layer of PbCl2. This shell is accounted by TEM, but not by the 
exciton energy (PbCl2 is an insulator). The difference in the ra-
dii (0.095 nm) is a third of the shortest Pb-Cl bond (0.283 nm) 
in the PbCl2 structure, consistent with a (sub)monolayer shell. 

 

 

Figure 6. Demonstration of the inadequacy of TEM-
derived data in uncovering multimodal size distribu-
tions originating from coalescence. (a) Size distribution of 
PbS colloidal nanocrystals obtained by coalescence (histo-
gram and kernel density with bin size/bandwidth equal to the 
resolution of the microscope, 0.19 nm). (b) 1S1S absorption 
peak of the same sample characterized in panel a. (c) Size dis-
tribution obtained by converting the absorption data in panel 
b by using Equation 1. (d) Binning the distribution from panel 
c with a 0.19 nm bin size, and comparison with the TEM-
derived distribution (dashed line). 

This analysis demonstrates that a monomodal distribution 
obtained by a TEM analysis, even with good statistics (e.g., 
hundreds of particles), cannot prove that the size distribution 
does not feature subpopulations resulting from coalescence. 
The instrument resolution, limitations in sample size, the ratios 
of the concentrations between different populations, and the 
intrinsic limits of its size characterization (conversion of a di-
ameter/area size information to volumes carries an error), do 
not allow to distinguish the different modes in the size distri-
bution that could emerge from coalescence of particles start-
ing from a small monomer population. For example, if the 
monomer has a volume of 10 nm3 (i.e., diameter = 2.673 nm), 
the difference in radius between a pentamer and a hexamer 
would be 0.14 nm, and this without adding the confounding 
effect of polydispersity. While the physical reason why optical 
data can provide a higher resolution in the size distribution is 
that the spectrometer’s resolution (~1 nm) translates into a 
size resolution of ~10-12 m (homogeneous linewidth permit-



 

ting), the statistical reason is that it can sample trillions of par-
ticles with each spectrum, instead of hundreds/thousands111 
as in the case of TEM. 

In summary, the data in Figures 4 and 5 indicate that growth 
in the absence of supersaturation proceeds by coalescence, 
starting from an initial population of ~10 nm3 monomers. The 
small value of size polydispersity (~8%) is one apparently con-
tradictory piece of evidence. Nonetheless, aggregation does 
not (per se) imply a rapidly increasing polydispersity: if the ac-
tivation energy of the process is dependent on the size of the 
particle, then the polydispersity can remain narrow. 

 The experimental results are inconsistent with Ostwald 
ripening 

Ostwald ripening is often invoked to explain particle coars-
ening in conditions of low supersaturation. Our data is incon-
sistent with it for the following reasons: 

1. Ostwald ripening does not cause by itself bimodal/multi-
modal volume distributions10,59. The data in Figure 4 and 5 
show that the dispersion is composed of polydisperse but 
separate populations of particles. 

2. In the presence of distinct size populations, Ostwald rip-
ening would shift the volumes of the individual popula-
tions with time. If coalescence and Ostwald ripening coex-
ist, the size of the larger populations would gradually in-
crease over time accompanied by the decrease in the size 
of the smaller populations due to Ostwald ripening10. We 
do not observe any significant shift, as shown in Figure 4d. 
The sharp peaks in the kernel density shown in Figure 5a 
are additional evidence for the lack of coarsening. 

3. The polydispersity is low and does not increase over time. 
Colloids undergoing ripening show polydispersities that 
are much larger than 8%: Monte Carlo simulations of na-
noparticle distributions undergoing Ostwald ripening pre-
dicted a steady state polydispersity of 20%112.  

4. The Ostwald ripening equation is not diagnostic. While the 
particle growth kinetics shown in Figure 2c can be indeed 
fitted well with the Ostwald ripening equation with a 
physically plausible exponent n, the same equation also 
fits the growth kinetics of the control experiment, as 
shown in Figure 1c. The control experiment has sufficient 
supersaturation to cause a rapid increase in yield, and 
does not show a decrease in the number of particles, as 
expected from Ostwald ripening. 

Ostwald ripening is usually invoked as the simplest explana-
tion for particle growth in the absence of significant supersat-
uration. In most reported cases, the kinetic data reported was 
not sufficient to disprove Ostwald ripening. In such cases, pos-
tulating that Ostwald ripening was the dominant growth mech-
anism was consistent with the principle of parsimony,113 but 
was inconsistent with the “burden of disproof”9.  

We show in the following pages how coalescence is equally 
simple as a model (i.e., it has the same degrees of freedom, 
two), but is instead fully consistent with the experimental data 
described here. And therefore provides a better explanation 
for our observations. 

A simple coalescence model quantitatively describes 
the observed growth kinetics 

Modeling population balances 

We developed a computational model for the growth kinetic 
based on population balance equations55,57,114. Consider the 
simplest case of a collection of N1 spherical monomers of ra-
dius r1 and that these monomers coalesce in a reaction-limited 
process to form spherical dimers of radius r2 = 21/3 r1. The pro-
cess is described by coupled equations describing the creation 
and annihilation processes: 
𝑑𝑁2

𝑑𝑡
=

1

2
𝑘11𝑁1

2    Eq. 1 

−
𝑑𝑁1

𝑑𝑡
= 𝑘11𝑁1

2     Eq. 2 

where k11 is the rate constant (commonly referred to as the 
kernel) for the coalescence between monomers defined by the 
Arrhenius equation 

𝑘11 = 𝑄11𝑒
−
𝐸𝑎,11
𝑘𝐵𝑇     Eq. 3 

where Q11 is a prefactor that quantifies the collisional rate 
between monomers, Ea,11 is the activation energy for the coa-
lescence of two monomers, kB is Boltzmann’s constant and T is 
the reaction temperature. 

If we consider a coalescence process that produces a maxi-
mum of p populations (for computational convenience), then 
the system is described by a system of p differential equations 
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Eq. 4 

Modeling the activation energies 

The kernels kn,m describe the physics of the process and, spe-
cifically, the activation energies describe the mechanism of co-
alescence. We initially considered for the activation energy a 
general expression of the following type: 

𝐸𝑎,𝑛𝑚 =
𝐶

(
1

𝑟𝑛+𝑙𝑛
+

1

𝑟𝑚+𝑙𝑚
)
+ 𝐷(𝑟𝑛

𝐸 + 𝑟𝑚
𝐸),      Eq. 5 

where C, D, and E are fitting parameters that are independ-
ent of particle size, time, or temperature, while ln and lm are 
the thicknesses of the ligand shells for the respective n and m 
populations.  

We expression for the activation energy is meant to quantify 
two processes (cf. Figure 7a). The first term quantifies the net 
energy cost of penetrating the ligand shell and is proportional 
to the contact area between the ligand shells54. The second 
term quantifies the net energy cost of coalescing the particles, 
after ligand shell penetration has occurred. Given the lack of 
information on the details of this last mechanism, we opted to 
describe it agnostically with a power-law dependence on the 
radius of the particles. There are multiple reasons why the re-
construction process could depend on the size of the particles 



 

involved. For example, oriented attachment is thought to in-
volve an orientation step in which the particles are rotating 
with respect to each other to find mutual crystallographic ori-
entation16. It is conceivable that the rate of this process would 
scale inversely with the mass of the particles. 

Modeling the thickness of the ligand shell as a function 
of particle size 

The dependence of the thickness of a ligand shell as a func-
tion of its grafting density, Kuhn length, and contour lengths 
has been well described for flat surfaces115. At high grafting 
densities and in the strong stretching regime (the common sce-
nario for ligand-capped nanocrystals), the thickness of the 
shell l can be described as  

𝑙 = 𝑍 (
12𝑏5Γω

𝜋2
)
1 3⁄

  Eq. 6  

Where Z is the number of Kuhn segments in the ligand, b is 
the length of the Kuhn segment, Γ is the grafting density, and 
ω is the excluded volume parameter. Equation 6 does not con-
sider the curvature of the surface, which can have a significant 
influence on the conformation of ligands54: for equal grafting 
densities, a convex surface provides the ligands with more ac-
cessible volume (and therefore, more entropy) than a flat sur-
face. The volume available for each ligand determines its 
stretching. Recent reported models for ligand shells on nano-
crystals focused on the dry state116, while our experiments take 
place in solution, where partial solvation significantly changes 
the ligand shell thickness117.  

Our approach to account for curvature is to estimate the 
grafting density on a flat surface that would provide the ligands 
with the same amount of available volume that they have on 
surface of the nanocrystal. In brief, we calculated the grafting 
density on the particles by assuming 33% coverage, i.e., 33% of 
the exposed lead ions are coordinated by one oleylamine mol-
ecule. (Incomplete coverage is common in colloidal nanocrys-
tals52,118,119 and relatively large differences in Γ do not have a 
large effect on l due to the 1/3 exponent in Equation 6). Then 
we calculated, as a function of particle size, the number of lig-
ands per particle, and the amount of volume available to the 
bound ligands (i.e., the volume of a shell as thick as the contour 
length of oleylamine, l0, divided by the number of ligands). We 
then calculated how many ligands would be grafted on an 
equivalent but flat surface if they had the same amount of vol-
ume available. On the basis of this number we could calculate 
the effective grafting density to be used in Equation 6. This pro-
cedure yields the following analytical function of the ligand 
shell thickness as a function of the particle radius 

𝑙(𝑟) = 𝑁 (
36𝜔Γ𝑏5

𝜋2

𝑟2

3𝑟2+3𝑟𝑙0+𝑙0
2)

1

3
  Eq. 7 

 

Figure 7. Modeling of the coalescence process. (a) Sketch 
of the two step process of coalescence involving ligand-shell 
penetration and reconstruction. (b) Graph of the thickness of 
the ligand shell as a function of core radius (red circles) and 
logistical fit. (c) Comparison of van der Waals and depletion 
potentials as a function of distance at the beginning of the re-
action. 

For surface-bound oleylamine in oleylamine (our reaction 
conditions) we used a Kuhn length of 14 Å (i.e., N=1.62) and an 
excluded volume parameter of 0.2120 and obtained the data 
shown in Figure 7b. The data is plausible: as r tends to infinity, 
the value of l(r) approaches l0. 

Modeling the collision frequencies 

The first description of collision rates was developed by 
Smoluchowski for the case of diffusion-limited aggregation in 
dilute conditions7. In spite of its significant limitations114 (which 
are discussed later on) we chose to use this model for its sim-
plicity and well understood assumptions. The collision fre-
quencies were corrected to account for the interactions be-
tween particles121, and expressed as  

𝑄𝑛,𝑚 =
4𝜋(𝑅𝑛+𝑅𝑚)(𝐷𝑛

0+𝐷𝑚
0 )

𝑊
    Eq. 8 

where Qn,m is the collision rate between particles of the n 
and m populations, W is the correction factor that accounts for 
the effect of interactions, R=r+l, and D0

n is the diffusivity of the 
colloids calculated according to the Stokes-Einstein equation 

(assuming spherical particle shapes) 𝐷𝑛
0 = 𝑘𝐵𝑇 6𝜋𝜂𝑅𝑛⁄ , where 

η is the dynamic viscosity, which depends on temperature ac-



 

cording to a phenomenological equation reported for the sim-
ilar molecule oleic acid122 𝜂(𝑇) = 3.18 ∙ 10−3 + 1.153 ∙
𝑇−11.02. 

Interactions can significantly modify the collision frequen-
cies. For a given potential between the particles E(x), the cor-
rection factor Wnm 121 is equal to  

𝑊𝑛𝑚 = (𝑟𝑛 + 𝑟𝑚) ∫ 𝑒𝑥𝑝 [
𝐸(𝑥)

𝑘𝐵𝑇
]
𝑑𝑥

𝑥2

∞

𝑟𝑛+𝑟𝑚
       Eq. 9 

where x is the distance between the particles. The van der 
Waals potential between the particles was modeled as de-
scribed by Hamaker123, as 

𝐸𝑣𝑑𝑊(𝑥) = −
𝐻

6
[
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where H is the Hamaker constant (8·10-20 J for PbS124 and 
5.2·10-20 J for the ligands125, across vacuum, which leads to a 
value of 3·10-21 for PbS across oleylamine)54,126.  

Viscous interactions describe how friction coefficients of 
particles approaching each other can be quite significantly dif-
ferent than those of isolated particles. This effect is usually ac-
counted for by a “diffusion ratio” D∞/Dnm that multiplies the 
exponential term in the integral of Equation 9. The diffusion 
ratio was calculated, according to Spielman127, as  

𝐷∞

𝐷𝑛𝑚
= 1 +

2.6𝑅𝑛𝑅𝑚
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2√
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𝑅𝑛𝑅𝑚

(𝑅𝑛+𝑅𝑚)(𝑥−𝑅𝑛−𝑅𝑚)
    Eq. 11 

The Coulombic interaction between the nanocrystals was 
neglected since zeta potential measurements indicated the ab-
sence of charges on the particles. 

Lastly, the depletion interaction between particles can be 
quite significant in concentrated solutions128,129. To describe 
these attractive component of the interactions we used the 
Asakura-Oosawa model130  

𝐸𝑑𝑒𝑝,𝑛(𝑥) = ∑ 𝑁𝑖𝑘𝐵𝑇𝑉𝑑𝑒𝑝,𝑛𝑚(𝑥)
𝑝
𝑖=1
𝑖≠𝑛

 Eq. 12 

where Vdep is the depletion volume created when particles 
approach each other. A comparison between the depletion po-
tential and the van der Waals potential between monomers at 
the beginning of the reaction is shown in Figure 7c.  

To account for possible inadequacies of the corrections to 
the collision frequency, we included in the model a size de-

pendent correction factor [𝐴(𝑟𝑛
𝐵 + 𝑟𝑚

𝐵)] where A and B are 
fitting parameters. The resulting general kernel is 
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     Eq. 13 

As we show in the next section, while this general model we 
considered initially had up to five parameters, only 2 ended up 
being necessary (C and D) for a good agreement with the data. 

Table I. Summary of the models considered for comparison with the data 

Model # 
Degrees of 
freedom 

A B C D E 

Correction to the collision 
frequencies 

Ligand-pene-
tration 

Reconstruction 

1 1 ✗ ✗ ✗ ✓ ✗ 

2 1 ✗ ✗ ✓ ✗ ✗ 

3 2 ✗ ✗ ✗ ✓ ✓ 

4 3 ✗ ✗ ✓ ✓ ✓ 

5 4 ✓ ✓ ✗ ✓ ✓ 

6 5 ✓ ✓ ✓ ✓ ✓ 

Simulations of growth kinetics 

Simulations of the growth kinetics were conducted with two 
complementary computational approaches. In one approach 
we solved numerically Equation 4. This approach allowed us to 
include the size dependence of activation energy, but it be-
came computationally intensive when we tried to include the 
effect of interactions. The other approach used a finite differ-
ence approach by discretizing the process in time and calcu-
lated the change in the concentrations of each population at 
each discrete time point (3600 time points for a total real time 
of 1 hr). The separation between time points was logarithmi-
cally distributed to compensate for the larger concentrations 
and faster rates at early stages of reaction: the time intervals 

at the beginning of the reaction were as small as 6·10-9 s. Dif-
ferently from the continuum approach, this discrete approach 
allowed us to include straightforwardly the influence of all in-
teractions (especially the depletion interaction). 

To identify the minimum number of variables (i.e., degrees 
of freedom) necessary to describe the experimental data, we 
conducted simulations using versions of Equation 13 with dif-
ferent numbers and combinations of degrees of freedom, as 
described by Table I. 

The resulting models are significantly different in the way 
they describe the physics of the coalescence process. Models 
#1 to #4 assume that the collision frequencies are adequately 
described by Smoluchowski’s model. Model #5 and #6 instead 



 

correct them with a size-dependent power law. In terms of 
rate limiting mechanisms (e.g., ligand-penetration vs recon-
struction), model #1 assumes that reconstruction is the slow 
step but is independent of size, model #2 assumes that ligand-

penetration is the slow step, models #3 and #5 assume that the 
reconstruction step is rate limiting but is dependent on the size 
of the particles, while models #4 and #6 assumes that both 
mechanisms proceed at similar speeds. 

 

Figure 8. Comparison of simulations with experimental data for different models. This figure shows how the data of num-
ber-averaged particle volume and particle concentration (red: 80 °C, blue: 100 °C, green: 120 °C, purple: 140 °C, orange: 160 °C) are 
described by the six models described in the text. (a-b) model #1. (c-d) model #2. (e-f) model #3. (g-h) model #4. (i-j) model #5. 
(k-l) model #6. 
 

Table II. Best fits of experimental data for the 6 models explored. 

Model # R2 (N) R2 (V) A B C D E <Ea> [kJ·mol-1] 

1 0.21 0.58    5.2E-20  62.64 

2 0.65 0.70   6.07E-11   79.84 

3 0.50 0.44    2.92E-11 1 96.15 

4 0.89 0.99   2.37E-11 3.02E-20 0 67.65 

5 0.89 0.97 3.52E+27 3  3.99E-20 0 48.02 

6 0.89 0.99 7.00 0 1.97E-11 2.64E-20 0 57.78 

 

The comparison between the simulated and experimental 
data included both the total particle concentrations and the 
number-averaged particle volumes (each taken as a function 
of time and temperature). The optimal agreement between 
simulation and experimental data was not obtained by a least 
square fitting process due to concerns that it would converge 
to local minima in the large and complex parameter space. We 
instead evaluated how variances and coefficients of determi-
nation (R2) changed in a combinatorial screening of conditions. 

To limit the number of possible combinations, we assumed 
that B and E were integers between -3 and 3.  

The best fits are shown in Figure 8 while the respective val-
ues of R2, of each fitting parameter, and of the average activa-
tion energy (in units of kJ·mol-1) are listed in Table II. The fits 
shown in Figure 8 and listed in the Table include the correc-
tions to the collision frequencies due to van der Waals, viscos-
ity, and depletion interactions. Nonetheless those corrections 



 

made only a small difference in the fits and the optimal condi-
tions were consistent with those found by solving the system 
of differential equations. 

The first three models fail to describe the experimental data 
and won’t be discussed. Model #4 had the best values of R2, 
and, importantly, the optimal value of the exponent E was 
found to be zero. Therefore, this model effectively has only 
two degrees of freedom. Model #5 obtained the third best val-
ues of R2, but, as shown in Figure 8, it fails to accurately de-
scribe the particle volumes at long reaction times. The optimal 
value of E for this model was also zero, therefore reducing the 
number of degrees of freedom of this model to three. Model 
#6 obtained analogous R2 values to #4. The optimal values for 
the two exponents (B and E) were zero therefore reducing the 
number of degrees of freedom for this model to three. 

According to Ockham’s razor113,131, the model with the small-
est number of degrees of freedom that adequately describes 
the experimental data should be considered the closest ap-
proximation to the truth. 

Figure 9 shows the dependence of the values of R2 on the 
effective degrees of freedom of the models, and shows how 
model #4 (Equation 14) appears to be the best compromise 
between describing accurately the data and decreasing the 
numbers of degrees of freedom in the model. 

𝑘𝑛𝑚 =
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𝑘𝐵𝑇
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Model #4 assumes that Smoluchowski’s equation ade-
quately describes the collision frequencies and that the coales-
cence process is described by two terms in the activation en-
ergy: the size-dependent ligand-penetration term and a con-
stant reconstruction term. The average ratio between those 
two terms is 0.86, indicating that the two processes are simi-
larly important in determining the rate of coalescence. The fact 
that the reconstruction term appears to be independent of size 
suggests that it might be correlated to a property of PbS (e.g., 
bond strength). The value of the average activation energy is 
1.12·10-19 J, or 67.65 kJ·mol-1. This value is consistent with prior 
reports in other material systems (65.5 kJ·mol-1 for dodecan-
ethiol capped PbS3, 14 kJ·mol-1 for thioglycerol/dithioglycerol 
capped PbS70, 92 kJ·mol-1 for phosphinic acid-capped CdSe6, 
54.5 kJ·mol-1 for ZnS in 4M NaOH solution1, 49.7 kJ·mol-1 for 
surfactant-free SnO2

4), but is remarkably small: it is five times 
smaller than the dissociation energy of the Pb-S bond13. While 
these values describe the kinetics of coalescence (and they 
predict the outcome of syntheses, as shown later), it is hard to 
believe that they correspond to the real activation energy of a 
process that requires the making and breaking of dozens of 
bonds. Further indication that the models do not perfectly cap-
ture the reality of the process lies in the polydispersity data. All 
models overestimated the polydispersities.  

 

Figure 9. Model selection. This graph shows the best R2 val-
ues obtained by each model for particle concentration (black 
squares) and particle volume (red circles) as a function of the 
effective degrees of freedom of the models. 

The challenge of describing collision rates in colloidal 
systems 

Effects of crowding and size on collision frequencies 

We postulated that the general overestimation of polydis-
persity by all our models, and the unrealistic values of activa-
tion energy originated from an incorrect description of the col-
lision frequencies by Smoluchowski’s kernel (Equation 8). Our 
system is relatively crowded (particle volume fraction = ~3%; 
the average distance between the surfaces of the particles’ lig-
and shells ranges between 12 and 25 nm) and the coalescence 
process is activated. Smoluchowski’s kernel does not account 
for crowding effects114. Extensive work performed over the 
past few decades succeeded in correcting Smoluchowski’s ker-
nel to account for crowded systems132-146. Nonetheless, the 
work was usually focused on conditions quite different from 
our experiment, i.e., diffusion-limited conditions and aggrega-
tion without reconstruction. An important take home message 
from that body of work was that crowding significantly af-
fected collision rates, even for relatively low volume frac-
tions144.    

Therefore, we conducted Brownian dynamics simulations to 
test two mechanistic hypotheses. (i) Crowding should suppress 
the rate of collisions between members of rare populations by 
limiting the number of diffusion trajectories that can bring 
them into contact without colliding first with a particle from a 
more common population. (ii) Upon colliding, the time parti-
cles spend in contact with each other depends on their size. A 
depiction of these two mechanisms, which we call here respec-
tively “traffic” and “encumbrance”, is shown in Figure 10.  

Traffic. Figure 10A shows two particles in close proximity 
and 4 diffusion trajectories that could bring the particle on the 
left in collision with the particle on the right (which we assume, 
for clarity, to be stationary). The average rates of collisions in 
an ensemble are a function of the number of possible collision 
trajectories147. The scenario shown in Figure 10A is the one 
modeled by the Smoluchowski equation: the trajectories be-
tween particles are unimpeded. The scenario in Figure 10B is 



 

closer to our experimental system: the collision trajectories are 
impeded by members of other populations. Let’s assume that 
the white particles are monomers and the black particles are 
dimers. Equation 14 calculates the rate constant of dimer-di-
mer ([22]) collisions by accounting for their collisional cross-
section and diffusion constant. The rate will though be inde-
pendent of the concentrations of the other populations in the 
system. In other words, it will not consider that a significant 
number of diffusional trajectories that would lead to [22] colli-
sions in the absence of monomers cause instead dimer-mono-
mer ([21]) collisions (and the formation of trimers, rather than 
the larger tetramers). The net effect should be a suppression 
of the rate of [22] collisions and a slower increase in polydis-
persity. This process should not be confused with the cage ef-
fect observed in systems close to the jamming transition where 
particle dynamics is slowed (i.e., a decrease in the effective dif-
fusivity)148. 

 

Figure 10. Traffic and encumbrance effects on collision 
frequencies. (a) Sketch of 4 possible diffusion trajectories 
(blue lines) that could cause a collision between the two black 
particles from the same population in the absence of particles 
from different populations. (b) Sketch of the same two parti-
cles and the same four trajectories in the presence of particles 
from a different population (white circles). (c) Sketch of a 
three-step trajectory bringing one particle originally in con-
tact with another to separate. (d) Sketch of the same exact tra-
jectory shown in panel c, but applied to larger particles, show-
ing how the trajectory now causes the particles to recollide at 
the third step. 

Encumbrance. Figure 10c shows two particles that are ini-
tially in contact, conducting three diffusion steps. The steps are 
intended to be commensurate with the diffusion mean free 
path of the particles,149 which, in this case, is similar to the size 
of the particles themselves (as is the case for small molecules). 
As in the previous panels, the particle on the right is shown to 
be stationary for clarity. The trajectory we chose as an example 
causes the two particles in contact to detach and progressively 
increase their mutual distance. Figure 10D shows instead what 
happens when the diffusion trajectory is the same but the par-
ticle are significantly larger than the mean free path: the parti-
cles initially detach only to collide again. In other words, for 
two particles in contact, the fraction of trajectories that lead 
to their macroscopic separation decreases with their size. 

Therefore, as the particles increase in size, they spend more 
time in contact with each other (or, in other words, increase 
their collision frequency150).  

This process should increase the rates of any process involv-
ing contact between particles, such as coalescence or oriented 
attachment. The Smoluchowski’s equation can calculate (in 
non-crowded situations) the rate with which particles can 
come into contact with each other, but it does not account for 
the time they effectively stay in contact due to their mutual 
steric encumbrance.  

Brownian dynamics simulations 

To verify these hypotheses we created a Brownian dynamics 
simulation, similarly to the one described by Kim & Yethiraj151. 
Briefly, the particles were simulated as hard spheres. The dif-
fusion was modeled as a random flight. The time steps equaled 
1 ns, the direction of travel was randomly determined at each 
time step, while the distance traveled at each step was nor-
mally distributed with zero mean and variance equal to 6Dt. 
The RMS displacement of the particles at each time step was 
in the order of 2 . Given the fine time resolution and the small 
displacements at each step, we neglected changes in the direc-
tion of motion of the particles upon collision: colliding particles 
were returned to their original position.  

To further limit the computational burden and allow for 
longer simulations, the simulated volume was a cube of 60 nm 
in size. Periodic boundary conditions were established by using 
a “ghost” particle approach152.  

Our code allowed us to pick a number of particles for each 
population (therefore determining concentrations). Collisions 
were detected by calculating the mutual distances between 
particles at each time step and comparing them to the sum of 
the respective radii. 

The first set of simulations were designed to test the encum-
brance hypothesis. The simulation was started with two mon-
omers in contact with each other. They were then allowed to 
diffuse (time step=1·10-9 s, 500 steps). The duration of the sim-
ulation in real time was chosen so that the RMS displacement 
of the particles would be <10 nm. The simulation was run 
200.000 times and each simulation was considered as a sepa-
rate experiment. The probability distribution of the number of 
collisions in each experiment (cf. Figure 11a) shows exactly 
what was expected by the hypothesis. Most experiments result 
in a number of collisions much greater than 1. Unfortunately 
the distribution does not appear to be describable easily by a 
single exponential or by a power law, therefore compromising 
the estimation of an expected collision rate. The simulations 
were repeated by changing the size of the two particles in the 
simulation volume (from monomers up to decamers). The av-
erage number of collisions detected during the simulation time 
as a function of particle radius is shown in Figure 11b. While it 
does appear that the collision rate increases monotonically 
with the particle size, the magnitude of the uncertainty (result-
ing from the extremely broad probability distribution) pre-
vents us from making claims. 

With these limitations in mind, we conducted a separate set 
of simulations to test the traffic hypothesis. The simulation vol-
ume was filled with either 10 monomers, dimers, trimers, or 
hexamers (we call these particles, the “colliders”), and then 



 

the volume fraction of the dispersion was increased by adding 
monomers (we dub these particles “fillers”).  

In this case the simulation consisted of 2·106 steps, 1 ns each 
(2 ms of real time). After counting the number of collisions in 
each simulations, we calculated the collision rate corrected by 
the excluded volume. Figure 11c shows the rate for monomer-
monomer ([11]), dimer-dimer ([22]), trimer-trimer ([33]), and 
hexamer-hexamer ([66]) collisions as a function of the fraction 
of the simulation volume that was occupied by the particles 
(i.e., the volume of colliders and fillers divided by the total sim-
ulation volume). The collision rates were then normalized to 
the value obtained in the absence of fillers. The graph shows, 
as expected, that the [11] collision rates are largely unaffected 
by the presence of the fillers (because they are also mono-
mers). On the other hand, the [22], [33], and [66] relative col-
lision rates drop rapidly with an increase in the concentration 
of the fillers. The larger the colliders, the faster their collision 
rate drops with an increase in the concentration of fillers. Im-
portantly, the range of volume fractions that we explored is 
similar to the one in our reaction (~3%).  

In summary, the simulations confirm the intuitive prediction 
that the crowding of larger particles by smaller particles de-
creases the rate of their mutual collisions. Importantly, both of 
these Brownian dynamics simulations were conducted in the 
absence of interactions (adding interactions would make both 
the encumbrance and traffic effects more prominent, not less).  

In this section we have shown how the analytical description 
of collision rate in crowded dispersion of colloidal nanoparti-
cles is very challenging and that Smoluchowski’s equation de-
scribes it incompletely. (i) The rate of collisions calculated by 
Equation 14 is severely underestimated because of the encum-
brance effect, which causes particles to spend significant 
amount of time in contact due to the steric effect they have on 
each other’s diffusion trajectories. This finding serves to ex-
plain the scarcely believable value of the activation energy ob-
tained by the Model #4, which should be therefore only con-
sidered as an “effective” activation energy. (ii) The rate of col-
lisions between members of rare populations is significantly 
lower than what predicted by the Smoluchowski’s equation 
due to crowding by the majority populations. Both of these ef-
fects should “focus” the size distribution in a coalescing system 
like the one described in this work. The monomers generated 
at the beginning of the reaction coalesce rapidly since they are 
not crowded by other populations and they can trap each 
other. The dimers formed as a result of those collisions are in-
stead strongly hindered from colliding with each other (form-
ing tetramers) due to their crowding by monomers. The result 
should be a step-wise increase in the size of the dominant pop-
ulation, just as observed in the experimental data.  

 

Figure 11. Brownian dynamics simulations of collision 
frequencies. (a) Probability distribution of the number of 
collisions observed between 2 particles initially in contact over 
the span of 500 diffusion steps. (b) Average number of colli-
sions from the probability distribution in panel a, as a function 
of the size of the particles. (error bar: standard error) (c) Col-
lision rate of a fixed concentration of monomers (blue 
squares), dimers (green circle), trimers (up triangle), hex-
amers (down triangle), as a function of the volume fraction of 
particles in the system (modified by adding additional mono-
mers). 

Our model predicts the growth kinetics obtained by us-
ing ligands of different lengths 

The real test for any model is not so much whether it can fit 
experimental data but whether it can predict it. Armed with 
the results from our simulation of the growth kinetic of oleyla-
mine-capped nanocrystals we wondered whether our model 



 

could predict the growth kinetics of PbS nanocrystals capped 
with different ligands. 

We conducted three separate reactions, using OLAHS as a 
sulfur precursor, and PbCl2 as a lead precursor. Instead of 
oleylamine, each reaction used a different ligand, octadecyla-
mine, hexadecylamine, or tetradecylamine. An amount of me-
sitylene was added to the reaction to reduce viscosity and fa-
cilitate sample collection. The reaction temperature was set at 
120 °C, and aliquots were collected at 16 time points. 

The number-averaged particle volumes and particle concen-
trations for each aliquot were determined as described before 
and are shown by the scatters in Figure 12. 

  

Figure 12. Prediction of growth kinetics of PbS nanocrys-
tals capped with n-alkylamines of different lengths at 120 
°C. (a) Number-averaged particle volumes as a function of 
time. (b) Particle concentrations as a function of time. Color 
coding indicates the amine ligand (C18-NH2=red, C16-
NH2=black, C14-NH2=purple). The scatters indicate the exper-
imental data. The lines indicate results from the model (for 
C16-NH2 the curve is a best fit, while for other ligands it is a 
prediction). 

To predict the growth kinetics we had to find the values of 
the key variables, i.e., C, D, and the viscosity η. Since D is inde-
pendent of particle size and temperature, we hypothesized 
that its value is associated with the inorganic phase. Therefore 
we used the optimal value of D listed in Table II. The viscosity 
for the amines was extrapolated from the temperature-de-
pendent data reported in the literature153. The viscosity for the 
n-amine/mesitylene mixture was then calculated by the Grun-
berg and Nissan equation154. The interaction parameter for the 
mixture (necessary to solve the Grunberg and Nissan equation) 

was obtained from a closely related mixture (benzene/al-
kanes155) and extrapolated to 120 °C. 

There was no way to predict the value of the parameter C. 
Therefore we used the data from the experiment with hexa-
decylamine to find its value (3.09·10-11) by fitting (black curves 
in Figure 12). Armed with the values of C, D, and η, we used 
our model to predict the growth kinetics for the octadeylamine 
and tetradecylamine reactions. The results are shown as the 
red and purple curves in Figure 12, which show excellent 
agreement with both the number-averaged volumes (R2 = 0.98 
for octadecylamine and R2 = 0.89 for tetradecylamine) and 
concentrations (R2 = 0.87 for octadecylamine and R2 = 0.85 for 
tetradecylamine). 

The value of C for the saturated amine ligands (3.09·10-11) is 
significantly larger than the value obtained from oleylamine 
(2.37·10-11), indicating that saturated ligands provide a ~80% 
reduction in the rate of aggregation, when compared to mono-
unsaturated ones of equal length. 

Conclusions 

We have shown how coalescence can be a significant mech-
anism of growth for colloidal nanocrystals in solution, even 
when they are sterically stabilized by ligands. In summary, our 
main conclusions are as follows. 

Coalescence between ligand-capped nanocrystals can hap-
pen at rates comparable to bimolecular reactions. The average 
rates of coalescence with oleylamine as a capping ligand (10-2 
to 101 M-1·s-1) were comparable to those observed in the end-
to-end coupling of Bi2S3 colloidal nanowires (4·103 M-1·s-1), and 
are within the range of characteristic bimolecular reaction 
rates (from ~10-5 M-1·s-1 in step-growth polymerization156 to 
~105 M-1·s-1 in diffusion-controlled coupling157,158). The lack of 
coalescence in the control experiment is explained by the 
lower concentration of particles (2.5·10-2 mM vs 0.5 mM, re-
sulting in a 400-fold decrease in the rate of coalescence). These 
rates of coalescence suggest the tantalizing possibility that col-
loid-colloid “reactions” that could mimic bimolecular reactions 
might have been overlooked because of the relatively low con-
centrations of nanocrystals commonly used in nanocrystal 
chemistry (typically <10-5 M, which would results in rates of ag-
gregation ~100 slower than in our synthesis). 

The rates can be described quantitatively and predicted. Our 
model successfully describes and predict experimental data by 
introducing a size-dependence to the activation energy that is 
proportional to contact area between ligand shells. We attrib-
ute this term of the activation energy to the process of pene-
trating the ligand shell. Our model does not make assumptions 
based on the composition of the nanoparticles, which suggest 
that it might be generally applicable to other materials. 

Saturated ligands appear to reduce the rate of aggregation 
by 80% when compared to mono-unsaturated ligands. The 
model works equally well for saturated and unsaturated lig-
ands. The difference in the activation energies between these 
two types of ligands indicate that saturated ligands are 80% 
more likely to prevent coalescence in a typical collision, possi-
bly due to increased ligand-ligand interactions within the shell.   

Aggregation-driven growth does not need to increase poly-
dispersity. We have shown that aggregation-driven growth 



 

does not necessarily increase polydispersity because (i) it can 
result in coalescence (i.e., reconstruction of the particle into an 
isotropic shape), and (ii) the rates of coalescence can be 
strongly dependent on particle size. This realization suggest 
the remarkable possibility of using coalescence as a highly sus-
tainable and scalable particle growth process requiring mini-
mal chemical input (i.e. coalescence that takes place signifi-
cantly at high concentration of particles). 

The activation energies obtained from the model are, most 
likely, “effective” and result from an inaccurate description of 
the collision frequencies. The values of the average activation 
energies we have obtained from the model (67.65 kJ·mol-1) are 
consistent with prior literature but are not credible if taken at 
face value. They suggest that a process as complex as the pen-
etration of a ligand shell and the reconstruction of an entire 
nanocrystal has a net energy cost that is 5 times smaller than 
the binding energy between the Pb and S atoms. Nonetheless, 
these activation energies and the resulting rates explain and 
predict experimental data. Our explanation is that these values 
of activation energy are “effective” and result from an incor-
rect modeling of collision rates. 

Smoluchowski’s model is inadequate in describing the colli-
sional frequencies in crowded colloidal dispersions. We have 
shown how the Smoluchowski’s model for collision rates ne-
glects at least two fundamental processes that are character-
istic of Brownian diffusion of colloids in crowded dispersions. 
We have called these two processes “encumbrance” and “traf-
fic”. The encumbrance mechanism significantly increases the 
time particles spends in proximity of each other between their 
initial collision and their separation back into the bulk solution. 
The mutual steric encumbrance of the particles and their large 
size compared to their mean free path of diffusion limit the 
number of trajectories that lead them to separate. The traffic 
mechanism instead shows that the collisions [jj] between 
members of a rare population j is severely suppressed by the 
presence of members of a common population i. Most trajec-
tories that would lead to [jj] collisions in the absence of i parti-
cles result instead in [ij] collisions. 

It might not be possible to conduct fully ab-initio predictions 
of growth kinetics in ensembles of crystals in solution. The fun-
damental problem of describing the kinetics of these collisions 
lies in the extremely long tail of the distribution of residence 
times of particles in contact with each other. These tails have 
disproportionate effect on the average kinetics of the system, 
and could possibly be extremely sensitive to experimental pa-
rameters. In such case, the extraction of the “real” activation 
energies of coalescence could prove elusive. 

The Ostwald ripening equation is not diagnostic. As we have 
shown in this work, the Ostwald ripening equation is suffi-
ciently vague and flexible to allow for the fitting of growth ki-
netics resulting from completely different non-ripening pro-
cesses (addition-based classical crystallization in the presence 
of supersaturation as well as aggregation-driven growth in the 
absence of supersaturation). We believe Ostwald ripening 
should only be claimed when other mechanisms have been dis-
proven, on the basis of the principle of the “burden of dis-

proof”9. In many occasions, aggregation-driven growth pro-
cesses are likely to have been misinterpreted in the past as Ost-
wald ripening.  

Electron microscopy cannot easily disprove aggregation-
driven growth. We have shown in this work how the coales-
cence of small monomer particles results in differences in di-
ameter between “neighboring” populations (e.g., hexamers vs 
heptamers) that are smaller than the resolution of most imag-
ing platforms. Even if the resolution of imaging is at the single 
atom level, one has to account for the errors associated with 
the conversion of diameter/area information into volume, and 
the necessity of very significant sample sizes to rigorously dis-
prove the multimodality of a distribution.  

Accurate information on the temperature-dependent viscos-
ities of the reaction media is essential to model growth kinetics. 
One often overlooked variable in studies of aggregation is vis-
cosity, which plays a very significant role in determining the 
diffusivity of the particles. For studies of this kind to become 
increasingly quantitative it is essential to have reliable data on 
viscosities, especially when complex mixtures are used. 

This paper shows how the exceptional optical properties of 
colloidal quantum dots provide unique opportunities for the 
study of crystal growth kinetics in ensembles of crystals, and 
the elucidation of complex effects (e.g., steric stabilization by 
ligands, crowding). 
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