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THE PLURICOMPLEX POISSON KERNEL FOR STRONGLY PSEUDOCONVEX

DOMAINS

FILIPPO BRACCI, ALBERTO SARACCO, AND STEFANO TRAPANI

ABSTRACT. In this paper we introduce, via a Phragmén-Lindelöf type theorem, a maximal

plurisubharmonic function in a strongly pseudoconvex domain. We call such a function the

pluricomplex Poisson kernel because it shares many properties with the classical Poisson ker-

nel of the unit disc. In particular, we show that such a function is continuous, it is zero on the

boundary except at one boundary point where it has a non-tangential simple pole, and reproduces

pluriharmonic functions. We also use such a function to obtain a new “intrinsic” version of the

classical Julia’s Lemma and Julia-Wolff-Carathéodory’s Theorem.
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1. INTRODUCTION

The classical (negative) Poisson kernel in the unit disc D := {ζ ∈ C : |ζ | < 1} with pole at

p ∈ ∂D is defined as PD,p(ζ) = −1−|ζ|2

|p−ζ|2
. It is a harmonic function, which is zero on ∂D\{p} and

has a simple pole along non-tangential limits at p. The sub-level sets of PD,p are the horocycles

E(p, R), R > 0, with vertex in p, which are just discs in D tangent to p (see, e.g., [10, Section

1.4]). When p = 1 we simply write PD instead of PD,1.

The classical Phragmén-Lindelöf Theorem (see, e.g. [14, Lemma 5.2]) states that, for every

c > 0, cPD is the maximal element of the family of negative subharmonic functions u in D such

that lim supr→1 u(r)(1 − r) ≤ −2c. This maximality is fundamental to proving the following

version of the classical Julia-Wolff-Carathéodory’s Theorem (see, e.g. [10, Section 1.4] or [1,

Section 1.2]):

Theorem 1.1 (Julia-Wolff-Carathéodory’s Theorem). Let f : D → D be holomorphic. Let

p ∈ ∂D and let

λp := inf
q∈∂D

sup
z∈D

PD,p(z)

PD,q(f(z))
.

If λp < +∞ then there exists a unique point q ∈ ∂D such that f(E(p, R)) ⊆ E(q, λpR) for all

R > 0. Moreover, ∠ limz→p f(z) = q and ∠ limz→p f
′(z) = pqλp.

It is interesting to note that by the Phragmén-Lindelöf theorem, the global condition λp <

+∞ is equivalent to the local condition lim sup(0,1)∋r→1
PD,p(rp)

PD,q(f(rp))
< +∞.

Moreover, as it is well known, the Poisson kernel is very effective for reproducing formulas,

in particular, it allows to reproduce harmonic functions in D which extends continuously to the

boundary (see, e.g. [10, Section 1.6]).

In higher dimension, in [13, 14], the first and last named authors with G. Patrizio introduced

a maximal plurisubharmonic function ΩD,p, in case D ⊂ C
n is a bounded strongly convex

domains with smooth boundary and p ∈ ∂D which solves a Phragmén-Lindelöf type problem,

being the maximum of all negative plurisubharmonic functions in D which have at most simple

poles along non-tangential limits at p. The function ΩD,p, which was constructed using the

Chang-Hu-Lee spherical representation [15], is smooth and regular onD\{p}, zero on ∂D\{p}
and solves a complex Monge-Ampère type problem. Its sub-level sets correspond to Abate’s

horospheres [1, 2] (which are in fact the Buseman horospheres for the Kobayashi metric) and

the associated Monge-Ampère foliation is formed by the complex geodesics ofD whose closure

contains p. The function ΩD,p can also be used to reproduce pluri(sub)harmonic functions, as it

is essentially the Demailly’s [16] Poisson measure on ∂D. Also, in [9, Section 2], it was proved

that ΩD,p can be used to obtain a version of Julia’s Lemma and Julia-Wolff-Carathéodory’s

Theorem in strongly convex domains, relating Abate’s [2] version of those theorems to the

pluricomplex Poisson kernel. For those reasons, ΩD,p was called the pluricomplex Poisson

kernel of D with pole at p.
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In the recent paper [24], via a careful study of properties of complex geodesics in lower

regular convex domains, X. Huang and X. Wang showed that a pluricomplex Poisson kernel is

well defined, with essentially the same properties, in bounded strongly linearly convex domains

with C3-smooth boundary.

Also, in [29], E. Poletsky used the pluricomplex Poisson kernel introduced in [13, 14] to show

that the pluripotential boundary of a bounded smooth strongly convex domain is homeomorphic

to its Euclidean boundary.

In this paper we deal with the pluricomplex Poisson kernel for bounded strongly pseudocon-

vex domains with smooth boundary. Using the techniques introduced in [24] one can lower the

required boundary regularity, but we are not interested in this aspect in this paper.

Let D ⊂ Cn be a strongly pseudoconvex domain with smooth boundary. Part of the results

are in fact proved for strongly pseudoconvex domains in Stein manifolds, but for the sake of

simplicity, in this introduction we restrict to the case of Cn.

Let p ∈ ∂D and let νp be the outer unit normal of ∂D at p. We consider the following family

Sp: 




u ∈ Psh(D)

u < 0 in D

lim sup
t→1

u(γ(t))(1− t) ≤ −2Re
1

〈γ′(1), νp〉
,

where γ : [0, 1] → D ∪ {p} is any smooth curve such that γ([0, 1)) ⊂ D, γ(1) = p, and

γ′(1) 6∈ Tp∂D, Psh(D) denotes the family of plurisubharmonic functions inD and 〈·, ·〉 denotes

the standard Hermitian product in Cn.

Our first result is the following:

Theorem 1.2. Let D ⊂ C
n be a strongly pseudoconvex domain with smooth boundary and let

p ∈ ∂D. Then, there exists a maximal plurisubharmonic function ΩD,p ∈ Sp, which we call the

pluricomplex Poisson kernel of D at p, such that u ≤ ΩD,p for all u ∈ Sp. Moreover, ΩD,p is

continuous in D \ {p}, ΩD,p(x) = 0 for all x ∈ ∂D \ {p} and

lim
t→1

ΩD,p(γ(t))(1− t) = −2Re
1

〈γ′(1), νp〉
,

for any γ : [0, 1] → D ∪ {p} which is a smooth curve such that γ([0, 1)) ⊂ D, γ(1) = p and

γ′(1) 6∈ Tp∂D.

This result holds also when D is a smooth bounded strongly pseudoconvex domain in a Stein

manifold and 〈·, ·〉 is replaced with a linear functional at p which defines Tp∂D (see Section 2

for details).

In strongly convex domains the continuity of ΩD,p and the behavior on ∂D \ {p} come for

free by the Chang-Hu-Lee spherical representation. In strongly pseudoconvex domains, this is

not the case. In Proposition 2.8 we prove the first properties of ΩD,p, while continuity is proved

in Section 3 using Jensen’s measures.
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In particular, by the previous theorem it follows that ΩD,p is a solution of the following

complex Monge-Ampère problem:






u ∈ Psh(D) ∩ L∞
loc(D)

(ddcu)n = 0 in D

u < 0 in D

u(x) = 0 for x ∈ ∂D

u(z) ∼ |z − p|−1 as z → p non-tangentially.

It is not known whether ΩD,p is the unique solution to such a problem, not even in the convex

case. However, as in the convex case, we can prove that if u is a maximal negative plurisubhar-

monic function in D such that limz→x u(z) = 0 for all x ∈ ∂D and limz→p
ΩD,p(z)

u(z)
= 1, then

u ≡ ΩD,p (see Proposition 7.1).

Next, we study in depth the behavior of ΩD,p near p. To this aim, we introduce a tool, which

we call “entrapping strongly pseudoconvex domains between strongly convex domains”, which

might be useful for other purposes (see Section 4). Using this, we are able to compare ΩD,p

with the pluricomplex Poisson kernels of strongly convex domains. More precisely, if U is a

small neighborhood of p so that B := U ∩ D is biholomorphic to a strongly convex domain

with smooth boundary, then we show that limz→p
ΩD,p(z)

ΩB,p(z)
= 1, and that the two kernels in fact

coincide on the “quasi” complex tangential directions at p. From this, making use of Lempert’s

theory [26, 27, 28] and Huang’s preservation principle [23], we prove that there exists an open

set J ⊂ D, whose closure contains p, and contains all “quasi complex-tangential directions”

at p, such that ΩD,p is C∞-smooth on J , (ddcΩD,p)
n−1 6= 0 on J and the associated Monge-

Ampère foliation on J formed by complex geodesics of D whose closure contains p, which are

also holomorphic retracts of D (see Proposition 4.10).

Then we extend Julia’s Lemma (see Theorem 5.3) and Julia-Wolff-Carathéodory’s Theorem

(see Theorem 6.1) to strongly pseudoconvex domains using the pluricomplex Poisson kernels.

Versions of these theorems have been proved in strongly pseudoconvex domains by M. Abate

[3]. The novelty of our result is that, as in Theorem 1.1 and in strongly convex domains, we

can relate the number λp with the behavior of the normal part of the derivative of f along the

normal direction, a link which was missing in Abate’s result. We also show that the hypotheses

of Abate’s theorem are equivalent to the one using pluricomplex Poisson’s kernels.

The final aim of the paper is to prove a representation formula for pluri(sub)harmonic func-

tions on strongly pseudoconvex domains. We first show (see Proposition 8.3) that, in case the

pluricomplex Green function GD of D is symmetric, then for all z ∈ D,

(1.1) −
∂GD(z, p)

∂νp
= ΩD,p(z).

In order to prove this formula, we use the symmetry of GD and a result of Z. Błocki [7, 8] to

show that −∂GD(·,p)
∂νp

is a maximal plurisubharmonic function in D, zero on ∂D \ {p}. Then,
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using the “entrapping trick” we show that limz→p

−
∂GD(z,p)

∂νp

ΩD,p(z)
= 1, from which it follows that the

two functions are equal.

It should be noticed that, arguing as in [29], the previous formula allows to prove that the

Poletsky potential boundary of D is homeomorphic to the Euclidean boundary of D.

Once we have (1.1) at hand, we can prove that Demailly’s Poisson measure on ∂D concides

with |ΩD,p(z)|
nω∂D, where ω∂D is a measure on ∂D steaming essentially from the Levi form of

D (see Lemma 9.2). Hence (see Theorem 9.3), we get that if f is plurisubharmonic in D and

continuous on D,

f(z) =
1

(2π)n

∫

∂D

f(ξ)|ΩD,ξ(z)|
nω∂D(ξ)

−
1

(2π)n

∫

w∈D

|GD(z, w)|dd
cf(w) ∧ (ddcGD(z, w))

n−1.

We warmly thank the referees for the careful reading of the original manuscript and for many

comments which improved a lot the paper.

2. DEFINITION AND FIRST PROPERTIES

Let M be a Stein manifold with complex structure J . Let D ⊂⊂ M be a strongly pseudo-

convex domain with smooth boundary. Given p ∈ ∂D we let TC

p ∂D be the complex tangent

space to ∂D at p. We write

Tp∂D \ TC

p ∂D = K+ ∪K−,

where v ∈ K+ if −Jv points outside the domain D. Let αp : Tp∂D → R be a linear map such

that Kerαp = TC

p ∂D and αp|K+ > 0, in other words, αp is a point of the fiber over p of the

bundle of contact forms over ∂D. Notice that αp is uniquely defined up to multiplication by a

positive constant. In the sequel we will denote by Hp(∂D) the set of forms αp as above.

Let v0 ∈ K+ be such that αp(v0) = 1. Given w ∈ TpM we can write uniquely w =
u− θv0(w)Jv0 for some u ∈ TC

p ∂D and θv0(w) ∈ C.

Note that if v1 ∈ Tp∂D is another vector such that αp(v1) = 1, then v1 − v0 ∈ TC

p ∂D and

θv1(w) = θv0(w) for everyw ∈ TpM . Thus θv0 depends only on αp and we can write θαp
:= θv0 .

Note that θαp
: TpM → C is C-linear, Tp∂D = kerRe (θαp

) and Im (θαp
|Tp∂D) = αp.

Definition 2.1. For short, in the rest of the paper, we call the couple (αp, θαp
) a defining couple

for TC

p ∂D.

We let Γp be the set of all C∞ curves γ : [0, 1] → D ∪ {p} such that γ(t) ∈ D for t ∈ [0, 1),
γ(1) = p and γ′(1) 6∈ Tp∂D. Note that, for what we discussed above, γ′(1) 6∈ Tp∂D if and only

if Re θαp
(γ′(1)) > 0.
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Consider the following family Sαp
(D):

(2.1)






u ∈ Psh(D)

u < 0 in D

lim sup
t→1

u(γ(t))(1− t) ≤ −2Re [θαp
(γ′(1))−1] for all γ ∈ Γp,

Remark 2.2. Let D := {ζ ∈ C : |ζ | < 1}. Let PD(ζ) := −(1 − |ζ |2)/(|1− ζ |2) be the Poisson

kernel. If σ : [0, 1] → D is a C1-curve such that σ(1) = 1 and σ([0, 1)) ⊂ D with σ′(1) 6= 0
then

lim
t→1−

PD(σ(t))(1− t) = −2Re
1

σ′(1)
.

Lemma 2.3. Let M be a Stein manifold and let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let p, q ∈ ∂D, q 6= p. For every αp ∈ Hp(∂D), the family Sαp
(D)

contains a function uq : D → R with the following properties:

(1) uq is continuous in D and extends continuously on ∂D \ {p},

(2) uq(q) = 0,

(3) limt→1 uq(γ(t))(1− t) = −2Re [θαp
(γ′(1))]−1 for all γ ∈ Γp.

Proof. Replacing M with a suitable Stein neighborhood of D, we can assume that D is holo-

morphically convex in M .

We can choose a positive definite Hermitian metric 〈·, ·〉 on TpM and v0 ∈ K+ such that

νp := −Jv0 is a unit normal vector pointing outward. Thus for every w ∈ TpM we have

θαp
(w) = 〈w, νp〉.

Let f : D → C be a holomorphic peak function for D at p, namely, f is a smooth function

on D such that f : D → D is holomorphic, f(p) = 1 and f(D \ {p}) ⊂ D (in case M 6= Cn, it

exists because D is holomorphically convex in M , see [21, IX.C.7] [19, Corollary 11]).

By Hopf’s lemma, λ := dfp(νp) =
∂f
∂νp

(p) > 0. Also, |f |2 restricted to ∂D has a maximum

at p and f(p) = 1. Thus d(|f |2)p = 2Re (f(p)dfp) = 2Re (dfp) vanishes on Tp∂D. Hence dfp is

a positive multiple of θαp
, i.e., dfp(w) = λ〈w, νp〉 for all w ∈ TpM .

Now, let ũ(z) := λPD,1 ◦ f . Let γ ∈ Γp. Then by Remark 2.2

lim
t→1

ũ(γ(t))(1− t) = −2λRe (dfp(γ
′(1)))−1) = −

2λ

λ
Re

1

〈γ′(1), νp〉
= −2Re

1

〈γ′(1), νp〉
.

Now let g : D → C be a holomorphic peak function for D at q. Let φ(z) := |g(z)|2 − 1. Then

φ ∈ Psh(D), φ is continuous up to D, φ(q) = 0 and φ(z) < 0 for z ∈ D \ {p}. Let U be a

relatively compact open neighborhood of p whose closure does not contain q. Then φ|U∩D < 0.

Since both ũ and φ are continuous on ∂U ∩D, there exists ρ > 0 such that ρφ < ũ on ∂U ∩D.

Therefore the function

uq(z) :=

{
ũ(z) if z ∈ U

max{ũ(z), ρφ(z)} if z ∈ D \ U
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belongs to Sαp
(D) and has the properties stated in the lemma. �

Definition 2.4. Let M be a Stein manifold. Let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let p ∈ ∂D and let αp ∈ Hp(∂D). The pluricomplex Poisson kernel of

D at p relative to αp is

Ω
αp

D,p(z) := sup{u(z) : u ∈ Sαp
(D)}.

Remark 2.5. The pluricomplex Poisson kernel defined in [13] and [14] for a strongly convex

domain D ⊂ Cn is the one corresponding to the standard form κp such that κp(Jνp) = 1
and Kerκp = TC

p (∂D) where νp is the outer unit normal vector to ∂D at p with respect to the

standard Hermitian metric of Cn.

Proposition 2.6. Let M be a Stein manifold. Let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let p ∈ ∂D and let αp ∈ Hp(∂D). Then

(1) for all ρ > 0, u ∈ Sραp
(D) if and only if ρu ∈ Sαp

(D). In particular, Ω
αp

D,p = ρΩ
ραp

D,p .

(2) Let M ′ be another complex manifold and let D′ ⊂⊂ M ′ be a strongly pseudoconvex

domain with smooth boundary. Let q ∈ ∂D′. Let F : D → D′ be a diffeomorphism

such that F : D → D′ is holomorphic. Then u ∈ Sαq
(D′) if and only if F ∗(u) :=

u ◦ F ∈ SF ∗(αq)(D). In particular F ∗(Ω
αq

D′,q) = Ω
F ∗(αq)

D,F−1(q).

Proof. These are just direct computations. We only point out that, in (2), dFp(K
+) = K+ for

all p ∈ ∂D, so that if αq ∈ Hq(∂D
′) then F ∗(αq) ∈ HF−1(q)(∂D). �

In the sequel we will need to characterize the pluricomplex Poisson kernel as the supremum

of another (equivalent) family. Let M be a complex manifold. Let D ⊂⊂ M be a strongly

pseudoconvex domain with smooth boundary. Let p ∈ ∂D and let αp ∈ Hp(∂D). Let D′ ⊂ D
be a strongly pseudoconvex domain with smooth boundary which is tangent to D at p. Let

UD′,αp
(D) := {u ∈ Psh(D) : u < 0, u|D′ ≤ Ω

αp

D′,p}.

Lemma 2.7. Let M be a Stein manifold. Let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let p ∈ ∂D and let αp ∈ Hp(∂D). Let D′ ⊂ D be a domain with

smooth boundary which is biholomorphic to a bounded strongly convex domain of Cn with

smooth boundary, and assume that D′ is tangent to D at p. Then Sαp
(D) = UD′,αp

(D).

Proof. Let u ∈ UD′,αp
(D). If γ ∈ Γp, then eventually the curve γ is contained in D′. Let

F : D′ → D′′ be a biholomorphism from D′ to a bounded strongly convex domain D′′ ⊂ Cn.

By Fefferman’s theorem [18] the map F extends smoothly to D′. By Proposition 2.6

Ω
αp

D′,p = ρ−1F ∗(ΩD′′,F (p)),

where ΩD′′,F (p) is the pluricomplex Poisson kernel of D′′ at F (p) relative to the standard form

κF (p) (see Remark 2.5) and ρ > 0 is such that αp = ρF ∗(κF (p)). By [14, Corollary 5.3] for all

γ̃ ∈ ΓF (p) it holds

(2.2) lim
t→1

ρ−1ΩD′′,F (p)(γ̃(t))(1− t) = −2Re (〈γ̃′(1), νF (p)〉
−1),
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where νF (p) is the standard outer unit normal vector to ∂D′′ at F (p). Hence

lim sup
t→1

u(γ(t))(1− t) ≤ lim sup
t→1

Ω
αp

D′,p(γ(t))(1− t) =

lim sup
t→1

ρ−1ΩD′′,F (p)(F ◦ γ(t))(1− t) = −
2

ρ
Re [〈dFp(γ

′(1)), νF (p)〉
−1] =

−
2

ρ
Re [θκF (p)

(dFp(γ
′(1))−1] = −2Re [θαp

(γ′(1))−1].

Thus u ∈ Sαp
(D).

Conversely, if u ∈ Sαp
(D) then clearly u|D′ ∈ Sαp

(D′). But then u|D′ ≤ Ω
αp

D′,p by [14,

Theorem 5.1]. Hence u ∈ UD′,αp
(D). �

As a consequence we have the following proposition:

Proposition 2.8. Let M be a Stein manifold. Let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let p ∈ ∂D and let αp ∈ Hp(∂D). Then

(1) Ω
αp

D,p is upper semicontinuous and belongs to Sαp
(D),

(2) limz→q Ω
αp

D,p(z) = 0 for all q ∈ ∂D \ {p},

(3) limt→1Ω
αp

D,p(γ(t))(1− t) = −2Re [θαp
(γ′(1))]−1 for all γ ∈ Γp,

(4) Ω
αp

D,p ∈ L∞
loc
(D),

(5) Ω
αp

D,p is a maximal plurisubharmonic function in D, hence (ddcΩ
αp

D,p)
n ≡ 0 in D.

Proof. (1) Let v be the upper semicontinuous regularization of Ω
αp

D,p. Let B ⊂ D be a domain

biholomorphic to a ball in Cn which is tangent to ∂D at p. By Lemma 2.7, Ω
αp

D,p|B ≤ Ω
αp

B,p.

Since Ω
αp

B,p is smooth, v|B ≤ Ω
αp

B,p as well. Hence v ∈ UB,αp
(D), hence v ≤ Ω

αp

D,p, again by

Lemma 2.7. This proves that Ω
αp

D,p is upper semicontinuous, hence plurisubharmonic, and then

belongs to Sαp
(D).

(2), (3) and (4) Let q ∈ ∂D \ {p}. Let uq ∈ Sαp
(D) be given by Lemma 2.3. Then

uq ≤ Ω
αp

D,p ≤ 0,

which proves that Ω
αp

D,p is locally bounded in D. Moreover, since uq(z) → 0 as z → q,

limz→q Ω
αp

D,p(z) = 0. Also, (3) follows from Lemma 2.3.(3) and Ω
αp

D,p ∈ Sαp
(D).

(5) Let U be a relatively compact open subset of D. Let u be an upper semicontinuous

function on U which is plurisubharmonic in U and such that u ≤ Ω
αp

D,p on ∂U . By the maximum

principle, u < 0 in U . Let

ũ(z) :=

{
max{u(z),Ω

αp

D,p(z)} if z ∈ U

Ω
αp

D,p(z) if z ∈ D \ U

Then ũ ∈ Sαp
(D). Hence ũ ≤ Ω

αp

D,p. Therefore u ≤ Ω
αp

D,p in U , showing that Ω
αp

D,p is maximal.

By [5], [6] it follows (ddcΩ
αp

D,p)
n ≡ 0. �
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Lemma 2.7 holds in general for any couple of strongly pseudoconvex domains:

Proposition 2.9. LetM be a Stein manifold. LetD ⊂⊂ M be a strongly pseudoconvex domain.

Let p ∈ ∂D and let αp ∈ Hp(∂D). LetD′ ⊂ D be a strongly pseudoconvex domain with smooth

boundary tangent to D at p. Then Sαp
(D) = UD′,αp

(D).

Proof. The proof goes exactly as in Lemma 2.7, replacing (2.2) with Proposition 2.8.(3). �

3. CONTINUITY

Lemma 3.1. Let M be a Stein manifold. Let D ⊂⊂ M be a strongly pseudoconvex domain

with smooth boundary. Let u be upper semicontinuous on D such that u ∈ Psh(D). Then

there exists a sequence {uj} of continuous functions on D with range in (−∞,+∞) such that

uj ∈ Psh(D) and uj ց u pointwise on D.

Proof. By Fornæss embedding theorem [19, Theorem 9] there exists a holomorphic embedding

G of D into a strongly convex domain C such that G(D) ⊂ C. Hence G(D) is an analytic

variety in the B-regular domain C, and we can apply Wikström’s theorem [30, Theorem 2.3].

Therefore we can find a sequence ũj of continuous functions on G(D) which are plurisubhar-

monic on G(D) and ũj ց (G−1)∗u pointwise on G(D). Setting uj := max{G∗ũj,−j} we get

the claim. �

Proposition 3.2. Let M be a Stein manifold of dimension n. Let D ⊂⊂ M be a strongly

pseudoconvex domain with smooth boundary. Let p ∈ ∂D. Let p ∈ ∂D and let αp ∈ Hp(∂D).
Then Ω

αp

D,p is continuous on D \ {p}.

Proof. By Proposition 2.8, Ω
αp

D,p belongs to the family Sαp
(D), hence it is upper semicontinu-

ous.

In order to show lower-semicontinuity, we use a variation of the method of Jensen measures

and Edwards’ theorem (see [30], [31]).

Let a ∈ D. We shall prove that Ω
αp

D,p is continuous in a.

Since M is Stein, there exists a holomorphic embedding G : M → CN , for some N ≥
n. Let T := dGp(TpM) and choose a complementary (N − n)-dimensional complex space

L ⊂ C
N such that the projection π of CN onto T along L does not map G(a) in dGp(Tp(∂D)).

By construction, there exists an open neighborhood U of p in M such that F := π ◦ G is a

biholomorphism on U . Therefore, F (∂D) is strongly pseudoconvex at F (p) and there is a ball

B in F (U) that is tangent to F (∂D) at F (p) and does not intersect dFp(Tp∂D).
We can choose coordinates w = (w1, . . . , wn) on T (so that T is naturally identified with C

n)

such that F (p) = e1 = (1, 0 . . . , 0), dFp(Tp∂D) = {w : Re (w1 − 1) = 0}, and B = Bn.

Let B′ := (F |U)
−1(Bn). Let h(z) := F1(z)− 1 (here F1 := w1 ◦ F ) and let H := {z ∈ M :

h(z) = 0}. Note that H is an analytic hypersurface in M , that D \ H is dense in D, a 6∈ H ,

B′ ∩H = ∅ and that H is non singular at p and tangent to ∂D at p.
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The Poisson kernel of Bn at e1 associated to the standard Hermitian metric of Cn is given by

ΩBn,e1(w) = −
1− ‖w‖2

|1− w1|2
.

Multiplying ΩBn,e1 by a positive constant if necessary, we may assume that F ∗(ΩBn,e1) = Ω
αp

B′,p.

Let Pba(D) be the cone of all bounded from above plurisubharmonic functions in D and let

Pc(D) be the cone of all coontinuous function in D which are plurisubharmonic in D. We let

F := |h|2Pba(D) and F c := |h|2Pc(D).
Since |h|2 is bounded on D, the functions in F and F c are bounded from above. Therefore,

the functions in F can be extended on ∂D as upper semicontinuous functions.

Let

g̃(z) =

{
Ω

αp

B′,p(z) z ∈ B′

0 z 6∈ B′

and set g(z) := g̃(z)|h(z)|2.

Note that for z ∈ B′,

g(z) = ΩB′,p(z)|F1(z)− 1|2 = (ΩBn,e1(w) · |w1 − 1|2) ◦ F (z)

= −(1 − ‖w‖2) ◦ F (z),

and then the function g is ≤ 0 and continuous on D.

Let

SF(g)(z) := sup
u∈F ,u≤g

u(z),

and similarly we define SFc

(g)(z).
For a point z ∈ D we let

Iz
F :=

{
νz positive finite Borel measure on D : u(z) ≤

∫

D

udνz ∀u ∈ F

}

and similarly define

Iz
Fc :=

{
νz positive finite Borel measure on D : u(z) ≤

∫

D

udνz ∀u ∈ F c

}
.

Since F c ⊆ F , it follows immediately Iz
F ⊆ Iz

Fc .

We claim that actually Iz
F = Iz

Fc . In order to prove such equality, let νz ∈ Iz
Fc and let v ∈ F .

Let ṽ be the upper semicontinuous extension to D of D \H ∋ z 7→ v(z)/|h(z)|2. By definition

ṽ ∈ Psh(D) ∩ usc(D). By Lemma 3.1 there exists a sequence {ũj} ⊂ Psh(D) of continuous

functions on D such that ũj ց ṽ pointwise on D. Set uj(z) := ũj(z)|h(z)|
2 for z ∈ D. Since

ũj is bounded from below, then uj|H ≡ 0. By construction uj ∈ F c and uj ց v pointwise on

D. Hence ∫

D

vdνz = lim
j→∞

∫

D

ujdνz ≥ lim
j→∞

uj(z) ≥ v(z),
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and therefore νz ∈ Iz
F , proving the equality.

Now, we let

IF(g)(z) := inf

{∫

D

gdνz : νz ∈ Iz
F

}
,

and similarly we define

IF
c

(g)(z) := inf

{∫

D

gdνz : νz ∈ Iz
Fc

}
.

Since Iz
F = Iz

Fc it follows IF(g) = IF
c

(g).
Now, both F and F c are cones of upper bounded, upper semicontinuous functions, thus

by Edwards’ theorem (see [31, Theorem 2.1] and its proof at p. 183) SF(g) = IF(g) and

SFc

(g) = IF
c

(g).
Hence SFc

(g) = SF(g) which implies that the function SF(g) is the supremum of continuous

functions (with, a priori, range in [−∞, 0])) and therefore it is lower semicontinuous.

Let u ∈ F be such that u ≤ g. Write u = |h|2ũ for some ũ ∈ Pba(D). Then ũ ≤ |h|−2g on

D. Since H ∩B′ = ∅, and g ≡ 0 outside B′, it follows that ũ ≤ Ω
αp

B′,p in B′ and ũ ≤ 0 in D and,

actually, by the maximum principle, ũ < 0 in D. In other words, ũ ∈ UB′,αp
(D). Conversely, if

ũ ∈ UB′,αp
(D) then u := |h|2ũ ∈ F and u ≤ g in D. Therefore,

|h|2UB′,αp
(D) = {u ∈ F : u ≤ g}.

By Lemma 2.7, we have

SFc

(g) = SF(g) = sup
u∈F ,u≤g

u = |h|−2 sup
ũ∈U

B′,αp
(D)

ũ = |h|−2 sup
ũ∈Sαp(D)

ũ = |h|−2Ω
αp

D,p.

Since h(a) 6= 0, the previous equality implies that Ω
αp

D,p is lower semicontinuous at a. But Ω
αp

D,p

is upper semicontinuous at a by Proposition 2.8, hence it is continuous at a.

By the arbitrariness of a ∈ D, Ω
αp

D,p is continuous in D and, by Proposition 2.8(2), it extends

continuously as 0 to ∂D \ {p}. Hence Ω
αp

D,p is continuous in D \ {p}. �

4. LOCAL BEHAVIOR OF THE PLURICOMPLEX POISSON KERNEL AT THE POLE

4.1. Lempert’s theory. Now we need to briefly recall Lempert’s theory [26, 27, 28]. For all

unproven statements, we refer the reader to [14, Sections 1, 2 and 3].

Let K ⊂ Cn be a bounded strongly convex domain with smooth boundary. A complex

geodesic ϕ : D → K is a holomorphic map which is an isometry between the hyperbolic

metric/distance of D and the Kobayashi metric/distance of K. Every complex geodesics in K
extends smoothly up to the boundary of D. Given a point q ∈ ∂K and v 6∈ TC

q ∂K there exists a

complex geodesic ϕ : D → K such that ϕ(1) = q and ϕ′(1) = λv for some λ 6= 0. Moreover,

it is unique up to pre-composition with automorphisms of D fixing 1.

To every complex geodesic ϕ is associated a holomorphic retraction ρ : K → ϕ(D) such

that ρ ◦ ρ = ρ, and it is the unique holomorphic retraction on ϕ(D) with affine fibers ([14,

Prop. 3.3]), which we call the Lempert projection. The Lempert projection ρ is smooth up to
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K and ρ(z) ∈ ∂ϕ(D) if and only if z ∈ ∂ϕ(D). The map ρ̃ := ϕ−1 ◦ ρ : K → D is called the

left-inverse of ϕ.

Lempert [27, Proposition 11] proved that, given any complex geodesic ϕ, there exists a

biholomorphism Φ : K → Φ(K), which extends as a diffeomorphism up to ∂K such that

Φ(ϕ(ζ)) = (ζ, 0, . . . , 0), Φ(K) is strongly convex near Φ(∂ϕ(D)), Φ(K) ⊂ D× Cn−1 and the

associated Lempert projection ρS (that is, ρS = Φ ◦ ρ ◦Φ−1) is given by ρS(z) = (z1, 0, . . . , 0).
We call Φ the Lempert special coordinates adapted to ϕ(D).

Remark 4.1. Let B,W be two bounded strongly convex domains with smooth boundary such

that B ⊂W . Assume there exist p ∈ ∂B and a neighborhood U of p such thatB∩U =W ∩U .

Let ϕ : D → W be a complex geodesic of W such that ϕ(1) = p and suppose that ϕ(D) ⊂ U .

Let ρ : W → ϕ(D) be the Lempert projection. Hence, ρ|B : B → ϕ(D) is a holomorphic

retraction and it is then easy to prove that ϕ is a complex geodesic for B as well. It is easy to

see that, if Φ are Lempert special coordinates for W adapted to ϕ, then Φ|B are Lempert special

coordinates for B adapted to ϕ.

Let

(4.1) Lp := {v ∈ C
n : |v| = 1, 〈v, νp〉 > 0, iv ∈ Tp∂K}

where νp is the outer unit normal vector to ∂K at p and 〈·, ·〉 is the standard Hermitian product.

According to Chang-Hu-Lee [15] for every v ∈ Lp there exists a unique complex geodesic

ϕv : D → B such that ϕv(1) = p, ϕ′
v(1) = 〈v, νp〉v and Im 〈ϕ′′(1), νp〉 = 0.

Definition 4.2. A complex geodesic in K parameterized so that ϕv(1) = p, ϕ′
v(1) = 〈v, νp〉v

and Im 〈ϕ′′(1), νp〉 = 0 is called a CHL complex geodesic.

Given a complex geodesic η : D → K such that p ∈ η(D), there exists an automorphism h
of D such that η ◦ h is a CHL complex geodesic.

In the sequel we need the following result, which can be seen as a sort of converse of [11,

Prop. 2.5]:

Lemma 4.3. Let D ⊂ Cn be a bounded strongly convex domain with smooth boundary. Let

p ∈ ∂D and let νp be the outer unit normal vector of ∂D at p. Let {ϕj} be a sequence of

complex geodesics such that ϕj(1) = p for all j. Suppose that for every neighborhood U of p

there exists jU such that ϕj(D) ⊂ U for all j > jU . Then

lim
j→∞

〈ϕj(ζ)− p, νp〉

|ϕj(ζ)− p|
= 0,

uniformly in ζ ∈ D.

Proof. Let {ej}j=1,...,n denote the canonical base of Cn. Up to local holomorphic change of

coordinate we may assume that p = 0, νp = en and that a defining function of ∂D near the

origin is of the form Re(zn) + h(z1, . . . , zn−1, Im zn), where h is a smooth function which is
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zero up to the first order at 0. Let

δj := max{|ϕj(ζ)| : ζ ∈ D}.

Note that, by hypothesis, δj → 0 as j → ∞.

In the proof of his Theorem 2 (see [22, pag. 409 penultimate displayed formula]), Huang

shows that there exist j0 and a sequence {γj} ⊂ Cn−1\{0} such that, writing
γj
|γj |

:= (a1,j , . . . , an−1,j),

the following equality holds uniformly with respect to ζ ∈ D, for j ≥ j0:

(4.2)
ϕ′
j(ζ)

|γj|
= −(an−1,j , an−2,j, . . . , a1,j, 0) +O(δj).

Now, fix ξ ∈ D, and 0 ≤ t ≤ 1 and let ζ = tξ + (1− t). Multiplying by (ξ − 1) and integrating

(4.2) in t between 0 and 1, bearing in mind that ϕj(1) = 0, we obtain

〈ϕj(ξ), en〉

|γj|
= O(δj)(ξ − 1)

and
ϕj(ξ)

|γj|
= [−(an−1,j , an−2,j, . . . , a1,j, 0) +O(δj)] (ξ − 1).

Hence,
|〈ϕj(ξ), en〉|

|ϕj(ξ)|
=

O(δj)

1 +O(δj)
,

and the statement follows. �

4.2. Defining couples adapted to a complex geodesic. Now, fix a point p ∈ ∂K. Let ϕ0 :
D → K be a complex geodesic such that ϕ0(1) = p, and v0 := ϕ′

0(1). Let ρ : K → ϕ0(D)
be the associated Lempert projection and ρ̃ the left-inverse of ϕ0. Let Φ be the Lempert special

coordinates adapted to ϕ0 such that ϕS(ζ) := Φ(ϕ0(ζ)) = (ζ, 0, . . . , 0), ζ ∈ D and Φ(p) =
e1 := (1, 0, . . . , 0). Note that dΦp(v0) = (Φ ◦ ϕ0)

′(1) = e1.
LetK ′ := Φ(K). Note that d(ρS)e1(z) = (z1, 0, . . . , 0), hence, the left-inverse ρ̃S := ϕ−1

S ◦ρS
satisfies ρ̃S(z) = z1. Therefore,

TC

e1
∂K ′ = ker d(ρ̃S)e1, Te1∂K

′ = kerRe d(ρ̃S)e1.

Since dΦp maps TC

p ∂K onto TC

e1
∂K ′ and Tp∂K

′ onto Te1∂K
′, taking into account that ρ̃ =

ρ̃S ◦ Φ, we see that

(4.3) TC

p ∂K = ker dρ̃p, Tp∂K = kerRe dρ̃p.

θ : Cn → R, θ(v) := dρ̃p(v).

Let α := Im θ|Tp∂K . Then, by (4.3), kerα = TC

p ∂K. Therefore, (α, θ) is a defining couple of

TC

p ∂K.

Definition 4.4. The couple (α, θ) defined above is the defining couple adapted to ϕ0.
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Thus we can define the pluricomplex Poisson kernel Ωα
K,p. Now, let ϕ : D → K be another

complex geodesic such that ϕ(1) = p. By Hopf’s Lemma, ϕ′(1) 6∈ Tp∂K. Hence,

(4.4) lim
r→1−

Ωα
K,p(ϕ(r))(1− r) = −2Re

1

θ(ϕ′(1))
= −2Re

1

dρ̃p(ϕ′(1))
.

By Proposition 2.6, there exists a constant m > 0 such that Ωα
K,p = mΩK,p, where ΩK,p is

the pluricomplex Poisson kernel constructed in [13, 14]—and it is, in fact, the pluricomplex

Poisson kernel associated to the linear form Tp∂K ∋ v 7→ 〈v, νp〉, where νp is the outer unit

normal vector to ∂K at p.

By construction (see [14, (1.2)]) ΩK,p restricted to the complex geodesics whose closure

contain p is a multiple of the Poisson kernel PD. Thus, by the Phragmén-Lindelöf theorem in D,

(4.5) Ωα
K,p(ϕ(ζ)) = Re

(
1

dρ̃p(ϕ′(1))

)
PD(ζ).

4.3. Entrapping strongly pseudoconvex domains between strongly convex domains. As-

sume that D ⊂ Cn is a bounded, strongly pseudoconvex domain with smooth boundary. Let

p ∈ ∂D. By [11, Thm. 2.6] there exist a biholomorphism Φ : D → Φ(D), which extends

as a smooth diffeomorphism on the boundary, a bounded strongly convex domain W ⊂ Cn

with smooth boundary, and an open neighborhood U of Φ(p) such that Φ(D) ⊂ W and

U ∩ W = U ∩ Φ(D). Moreover, it is clear that we find a smooth bounded strongly convex

domain B ⊂ Cn such that B ⊂ Φ(D) and B ∩ U = Φ(D) ∩ U . Therefore, up to considering

Φ(D) instead of D, we assume that

(H1) There exist two bounded strongly convex domains B,W ⊂ Cn with smooth boundary

and an open neighborhood U of p such thatB ⊂ D ⊂W and U∩D = U∩W = U∩B.

Note that

A := Tp∂D = Tp∂W = Tp∂B

and that

AC := TC

p ∂D = TC

p ∂W = TC

p ∂B.

The following lemma follows the ideas in [11, Proof of Thm. 2.6] and it is based on a

“preservation of geodesics” result by X. Huang [23, Corollary 1]. For a vector v ∈ Cn we let

vT the orthogonal projection onto AC and vN = v − vT .

Lemma 4.5. There exists ǫ > 0 such that if v ∈ A \ AC, is such that |vN | < ǫ|vT | then any

complex geodesic ϕ : D →W such that ϕ(1) = p and ϕ′(1) = λv for some λ 6= 0 is a complex

geodesic—that is, an isometry for both the Kobayashi distance and Kobayashi metric—also

for D and for B. Moreover, if ρ : W → ϕ(D) is the Lempert projection associated to ϕ (as

a complex geodesic in W ), then ρ|B is the Lempert projection associated to ϕ (as a complex

geodesic in B). Also, ρ|D is a holomorphic retraction of D onto ϕ(D) with affine fibers.
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Proof. Let U ′ be an open neighborhood of p such that U ′ ⊂ U . By [23, Corollary 1], there

exists ǫ > 0 such that if v ∈ A \ AC, is such that |vN | < ǫ|vT | then any complex geodesic

ϕ : D → W such that ϕ(1) = p and ϕ′(1) = λv for some λ 6= 0 is such that ϕ(D) ⊂ U ′. Let

ρ : W → ϕ(D) be the associated Lempert projection. Then ρ(W ) = ϕ(D) ⊂ U ′ ⊂ B ⊂ D.

Hence, ϕ(D) is a holomorphic retract of B and of D. Since it is well known that that one-

dimensional holomorphic retracts of strongly convex domains are complex geodesics, ϕ is a

complex geodesic in B. By the same token, or by the monotonicity property of the Kobayashi

distance, it follows that ϕ is an isometry for both the Kobayashi metric and the Kobayashi

distance of D as well. Finally, since the fibers of ρ|B are affine, by [14, Proposition 3.3], it is

the Lempert projection associated to ϕ as a complex geodesic in B. �

Definition 4.6. Let v ∈ A \AC be a vector. We say that v0 is compatible if |vN | < ǫ|vT |, where

ǫ > 0 is given by Lemma 4.5.

A holomorphic map ϕ : D → Cn, which extends smoothly on ∂D and is a complex geodesic

(that is, an isometry for both the Kobayashi distance and the Kobayashi metric) in either B, D
or W and such that ϕ(1) = p and ϕ′(1) is compatible at p, is a compatible complex geodesic.

The defining couple of AC associated to ϕ is called a compatible defining couple.

The definition of compatible complex geodesics needs a couple of comments. Holomor-

phic discs which are isometries for the Kobayashi metric are usually called “infinitesimal com-

plex geodesics”. In bounded convex domains, complex geodesics and infinitesimal complex

geodesics are one and the same. In other domains, it is not known. However, for the aim of

this paper, it is convenient to call “complex geodesic” any holomorphic disc which is both an

isometry for the Kobayashi metric and for the Kobayashi distance.

Also, every complex geodesic in B and W extends smoothly on the boundary. However, this

is not granted for complex geodesics in D, but it is part of the definition of “compatibility”.

The following lemma explains why we choose to use a unified terminology for B,W and D:

Lemma 4.7. A holomorphic mapϕ : D → Cn is a compatible complex geodesic inB if and only

if it is a a compatible complex geodesic in D if and only if it is a a compatible complex geodesic

in W . In particular, every compatible complex geodesic in D is the image of a holomorphic

retract of D with affine fibers.

Proof. By Lemma 4.5, if ϕ is a compatible complex geodesic in W , then it is a compatible

complex geodesic in B and D (and it is the image of a holomorphic retract of D with affine

fibers).

If ϕ is compatible in B, let η : D → W be the complex geodesic in W such that η(1) = 1 and

η′(1) = λϕ′(1) for some λ 6= 0. Then, η is compatible in W , hence, by Lemma 4.5, it is also a

complex geodesic in B (and in D) and, by the uniqueness up to re-parametrization of complex

geodesics in strongly convex domains, it follows that ϕ = η ◦ h for a suitable automorphism h
of D such that h(1) = 1. Hence, ϕ is a compatible complex geodesic in W and D as well.

Finally, if ϕ is a compatible complex geodesic in D, by definition it is also an infinitesimal

complex geodesic and, being smooth up to the boundary, the hypothesis in Huang’s preservation
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principle [23, Corollary 1] is satisfied. Therefore, ϕ(D) ⊂ U ′ (where U ′ is defined in the proof

of Lemma 4.5). In particular, ϕ(D) ⊂ B. By the monotonicity of the Kobayashi distance,

it follows that ϕ is a (compatible) complex geodesic of B as well, and, for what we already

proved, for W . �

In the sequel we let ϕ0 : D → B be a complex geodesic such that ϕ0(1) = p and v0 := ϕ′
0(1)

is a compatible vector, that is, ϕ0 is a compatible complex geodesic. Let ρ be Lempert projection

associated with ϕ0 in W . By Lemma 4.5, ρ|B is the Lempert projection of ϕ0 as complex

geodesic in B, hence, ρ̃ := ϕ−1 ◦ ρ is the left-inverse of ϕ0 (in both B and W ).

Let θ := dρ̃p and let α := Im θ|A. Then (α, θ) is a compatible defining couple of TC

p ∂D.

For all z ∈ B,

(4.6) Ωα
W,p(z) ≤ Ωα

D,p(z) ≤ Ωα
B,p(z).

As a corollary of the previous inequalities we generalize [14, Corollary 5.3]:

Proposition 4.8. Let {zn} ⊂ D be a sequence converging to p and assume that limn→∞
p−zn
|p−zn|

=

v 6∈ AC. Then

(4.7) lim
n→∞

Ωα
M,p(zn)|〈p− zn, νp〉| = −2Re

(
1

θ(νp)

)
Re 〈v, νp〉

|〈v, νp〉|
,

where M = B,D,W and νp is the outer unit normal vector of M at p.

Proof. In view of (4.6), it is enough to prove the formula forB and W . We prove it forB, being

the proof exactly the same for W .

For each n let ϕn be a CHL complex geodesic (see Definition 4.2) such that ϕn(1) = p and

ϕn(ζn) = zn for some ζn ∈ D. Up to subsequences, we can assume that β = limn→∞
1−ζn
|1−ζn|

exists.

Up to extracting further subsequences, we may also assume that {ϕn} converges uniformly

on compacta to a holomorphic map ϕ : D → B. Moreover, sinceB is strongly (pseudo)convex,

then, either ϕ(D) ⊂ B or there exists a point q ∈ ∂B such that ϕ(D) = q. In the latter

case, since zn ∈ ϕn(D) and zn → p, by [11, Prop. 2.3], it follows that q = p and that for

every neighborhood Q of p there exists nQ such that ϕn(D) ⊂ Q for all n > nQ. Hence, by

Lemma 4.3,

lim
n→∞

〈zn − p, νp〉

|zn − p|
= lim

n→∞

〈ϕn(ζn)− p, νp〉

|ϕn(ζn)− p|
= 0,

which implies v ∈ AC, a contradiction. Therefore, ϕ(D) ⊂ B.

Now, since the ϕn’s are isometries between the hyperbolic distance in D and the Kobayashi

distance in B, then ϕ is a complex geodesic in B and by [23, Prop. 1] (see also [14, Section 2]),

{ϕn} converges in the C1-topology on D to ϕ.

Write (ϕn)
′(1) = 〈vn, νp〉vn for some vn ∈ Lp. In particular notice that, since 〈vn, νp〉 > 0 by

definition, we have Re 〈(ϕn)
′(1), νp〉 = 〈(ϕn)

′(1), νp〉 > 0 for all n. Since by Hopf’s Lemma,

Re 〈ϕ′(1), νp〉 6= 0, it follows easily from the previous considerations that ϕ is CHL and hence
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ϕ′(1) = 〈ṽ, νp〉ṽ for some ṽ ∈ Lp so that limn→∞ vn = ṽ. By (4.5), recalling that θ = dρ̃p
where ρ̃ is the left-inverse of the chosen compatible geodesic ϕ0,

Ωα
B,p(zn)|〈p− zn, νp〉| = Ωα

B,p(ϕn(ζn))|〈p− zn, νp〉|

= −Re

(
1

θ(ϕ′
n(1))

)
Re

(
(1 + ζn)|1− ζn|

1− ζn

) ∣∣∣∣〈
p− zn
1− ζn

, νp〉

∣∣∣∣ .

By the Fundamental Theorem of Calculus,

p− zn
1− ζn

=
ϕn(1)− ϕn(ζn)

1− ζn
=

∫ 1

0

(ϕn)
′((1− ζn)t+ ζn)dt,

and, since the integrand converges uniformly to ϕ′(1), and taking into account that θ(ϕ′(1)) =
(〈ṽ, νp〉)

2θ(νp)—since θ|AC = 0, the previous equation implies that

(4.8) lim
n→∞

Ωα
B,p(zn)|〈p− zn, νp〉| = −2Re

(
1

θ(νp)

)
Re β.

On the other hand,

〈v, νp〉 = lim
n→∞

[
1− ζn
|1− ζn|

|1− ζn|

|ϕn(1)− ϕn(ζn)|
〈
ϕn(1)− ϕn(ζn)

1− ζn
, νp〉

]
= β〈ṽ, νp〉.

Putting together (4.8) and the previous formula, one easily sees that (4.7) holds. �

Lemma 4.9. Let {zn} ⊂ B be a sequence converging to p such that v := limn→∞
p−zn
|p−zn|

exists.

If either v ∈ AC or |vN | < ǫ
2
|vT |, where ǫ > 0 is given by Lemma 4.5, then there exists n0 such

that for all n > n0

Ωα
W,p(zn)

Ωα
B,p(zn)

= 1.

In particular, for all n > n0,

Ωα
D,p(zn) = Ωα

B,p(zn) = Ωα
W,p(zn).

Proof. It is clear that the second equation follows at once from the first one and from (4.6). In

order to prove the first equation, let {zn} ⊂ B be a sequence converging to p. By hypothesis,

the complex geodesic ϕn : D → B such that ϕn(1) = p and ϕn(0) = zn eventually satisfies

|[ϕ′
n(0)]

N | ≤ ǫ|[ϕ′
n(0)]

T |. Therefore, ϕn is a complex geodesic for both B and W eventually by

Lemma 4.5. Thus, by (4.5), Ωα
B,p(ϕn(ζ)) = Ωα

W,p(ϕn(ζ)) for n large, and for all ζ ∈ D, and we

are done. �

The argument used in the previous proof allows us to prove:

Proposition 4.10. For all compatible complex geodesics ϕ and ζ ∈ D,

(4.9) Ωα
D,p(ϕ(ζ)) = Re

(
1

θ(ϕ′(1))

)
PD(ζ).
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In particular, there exists an open set J whose closure contains p such that Ωα
D,p is C∞-smooth

on J , (ddcΩα
D,p)

n−1 6= 0 on J and the associated Monge-Ampére foliation on J is formed

by complex geodesics for D, which extend smoothly up to the boundary of D, and have an

associated holomorphic retraction with affine fibers.

Proof. The first statement follows at once from the previous proof and equations (4.6) and (4.5).

The set G := {v ∈ Lp : |v
N | < ǫ

2
|vT |}, is open in Lp (see (4.1)). The map G×D ∋ (v, ζ) 7→

ϕv(ζ) is a homeomorphism onto its image, which is thus an open set J (see [14, Corollary 2.3]).

Hence, by (4.5) and (4.9), we have Ωα
D,p(z) = Ωα

B,p(z) for all z ∈ J and we are done. �

Proposition 4.11. The following hold:

lim
z→p

Ωα
W,p(z)

Ωα
B,p(z)

= 1.

In particular,

lim
z→p

Ωα
D,p(z)

Ωα
B,p(z)

= lim sup
z→p

Ωα
D,p(z)

Ωα
W,p(z)

= 1.

Proof. Again, the second formula follows immediately from the first one and from (4.6). By

Lemma 4.9, we are left to consider sequences {zn} ⊂ B such that p−zn
|p−zn|

→ v with either v 6∈ A

or v ∈ A \ AC.

Case v 6∈ A. By (4.8), and taking into account that Re 〈v, νp〉 > 0 (since v 6∈ A), we have

lim
n→∞

Ωα
B,p(zn)

Ωα
W,p(zn)

= lim
n→∞

Ωα
B,p(zn)

Ωα
W,p(zn)

|〈p− zn, νp〉|

|〈p− zn, νp〉|
= 1,

and we are done.

Case v ∈ A \ AC. Let {zn} ⊂ B be such that p−zn
|p−zn|

→ v with v ∈ A \ AC.

Let ϕB
n : D → B be the CHL complex geodesic in B such that ϕB

n (1) = p and ϕB
n (ζ

B
n ) = zn

for some ζBn ∈ D and similarly let ϕW
n : D →W be the CHL complex geodesic in W such that

ϕW
n (1) = p and ϕW

n (ζWn ) = zn for some ζWn ∈ D.

Up to extracting subsequences, we may assume that {ϕB
n } converges uniformly on compacta

to a holomorphic map ϕB : D → B and {ϕW
n } converges uniformly on compacta to a holomor-

phic map ϕW : D → W . Arguing as in the proof of Proposition 4.8, one can see that ϕB and

ϕW are CHL complex geodesics and {(ϕB
n )} converges to ϕB while {(ϕW

n )} converges to ϕW

in the C1-topology on D.

In particular, we can write (ϕB)′(1) = 〈vB, νp〉v
B and (ϕW )′(1) = 〈vW , νp〉v

W for some

vB, vW ∈ Lp.

Using the Chang-Hu-Lee spherical representation [15] (see also [14, Section 1]), it is easy to

see that limn→∞ ζBn = limn→∞ ζWn = 1. By the Fundamental Theorem of Calculus,

p− zn
|p− zn|

=
1− ζBn
|p− zn|

∫ 1

0

(ϕB
n )

′((1− ζBn )t+ ζBn )dt.
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Since the integrand converges uniformly in n to (ϕB)′(1) = 〈vB, νp〉v
B and the left hand side

converges to v, it follows that
1−ζBn
|p−zn|

converges to some λB 6= 0, as n→ ∞. A similar argument

for ϕW
n shows that

λB〈vB, νp〉v
B = v = λW 〈vW , νp〉v

W .

Bearing in mind that vB, vW ∈ Lp, this implies immediately that vB = vW .

In particular, ϕB(1) = ϕW (1) = p and (ϕB)′(1) = (ϕW )′(1). By (4.5) and (4.6), we have

(4.10) 1 ≤
Ωα

W,p(zn)

Ωα
B,p(zn)

=
PD(ζ

W
n )

PD(ζBn )
.

Let ρ̃Bn be the left-inverse of ϕB
n . By [14, Lemma 3.5], {ρ̃Bn } converges in the C1-topology on

B to the left-inverse ρ̃B of ϕB .

Since B and W have common boundary near p, there exists r ∈ (0, 1) so that Q := D∩{ζ ∈
C : |ζ − 1| < r} ⊂ (ϕW

n )−1(B ∩ ϕW
n (D)) for all n. We can assume that ζWn ∈ Q for all n.

Let g : D → Q be a Riemann map. Note that since ∂Q = ∂D near 1, we can assume that

g extends holomorphically through ∂D near 1, g(1) = 1 and (up to pre-composing g with a

hyperbolic automorphism of D fixing 1) that g′(1) = 1. Let ζ̃Wn := g−1(ζWn ). Note that ζ̃Wn → 1
as n→ ∞. Let fn := ρ̃Bn ◦ ϕW

n ◦ g : D → D.

By construction, fn is smooth up to ∂D close to 1, fn(1) = 1 and fn(ζ̃
W
n ) = ζBn . By

the classical Julia’s Lemma and the classical Julia-Wolff-Carathéodory Theorem (see, e.g., [1,

Thm. 1.2.5 and Thm. 1.2.7] or [10, Thm. 1.7.3 and Lemma 1.4.5]), f ′
n(1) > 0 and for all

ζ ∈ D,

(4.11)
|1− fn(ζ)|

2

1− |fn(ζ)|2
≤ f ′

n(1)
|1− ζ |2

1− |ζ |2
.

Moreover, {fn} converges in the C1-topology on D to f := ρ̃B ◦ ϕW ◦ g. Note that f ′(1) =
dρ̃Bp ((ϕ

W )′(1))g′(1) = dρ̃Bp ((ϕ
B)′(1)) = 1.

Hence, by (4.11),

PD(ζ
W
n )

PD(ζBn )
=

PD(g(ζ̃
W
n ))

PD(fn(ζ̃Wn ))
=

1− |g(ζ̃Wn )|2

|1− g(ζ̃Wn )|2
|1− ζ̃Wn |2

1− |ζ̃Wn |2
1− |ζ̃Wn |2

|1− ζ̃Wn |2
|1− fn(ζ̃

W
n )|2

1− |fn(ζ̃Wn )|2

≤ f ′
n(1)

1− |g(ζ̃Wn )|2

|1− g(ζ̃Wn )|2
|1− ζ̃Wn |2

1− |ζ̃Wn |2
.

Therefore, since f ′
n(1) → f ′(1) = 1 as n→ ∞,

lim sup
n→∞

PD(ζ
W
n )

PD(ζBn )
≤ lim sup

n→∞

1− |g(ζ̃Wn )|2

|1− g(ζ̃Wn )|2
|1− ζ̃Wn |2

1− |ζ̃Wn |2
.

Since g extends holomorphically near 1 and g′(1) = 1, we see that

lim
n→∞

|1− ζ̃Wn |2

|1− g(ζ̃Wn )|2
= 1.
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On the other hand, in order to compute limn→∞
1−|g(ζ̃Wn )|2

1−|ζ̃Wn |2
, we use the Cayley transform C :

{w ∈ C : Rew > 0} → D defined as C(w) = 1−w
1+w

. Let wn := C−1(ζWn ). Then {wn}

converges to 0. Let g̃ := C−1 ◦ g ◦ C. The map g̃ is well defined and holomorphic near 0,

g̃(0) = 0, Re g̃(iy) = 0 for y ∈ R close to 0 and g̃′(0) = 1. Hence, Re g̃(w) = (Rew)a(w) for

w close to 0, where a(w) is a real analytic function such that a(0) = 1.

Since 1− |C(w)|2 = 4
|1+w|2

Rew, it follows that

1− |g(ζ̃Wn )|2

1− |ζ̃Wn |2
=

|1 + wn|
2

|1 + g̃(wn)|2
Re g̃(wn)

Rewn
=

|1 + wn|
2

|1 + g̃(wn)|2
a(wn),

hence, limn→∞
1−|g(ζ̃Wn )|2

1−|ζ̃Wn |2
= 1.

Therefore, lim supn→∞
PD(ζ

W
n )

PD(ζBn )
≤ 1 and, by (4.10), we are done. �

5. JULIA’S LEMMA FOR STRONGLY PSEUDOCONVEX DOMAINS IN STEIN MANIFOLDS

Definition 5.1. Let M be a Stein manifold and let D ⊂⊂ M be a strongly pseudoconvex

domain with smooth boundary. Let p ∈ ∂D and let (α, θ) be a defining couple for TC

p ∂D. The

horoball of center p and radius R > 0 is

HD
α (p, R) := {z ∈ D : Ωα

D,p(z) < −1/R}.

By Proposition 2.6, horoballs are independent of the defining couple (α, θ), in the sense that,

if (α′, θ′) is another defining couple, there exists λ > 0 such that HD
α (p, R) = HD

α′(p, λR) for

all R > 0.

Note that HD
α (p, R) is an open subset of D and that HD

α (p, R) ∩ ∂D = {p} for all R > 0.

Definition 5.2. Let D ⊂⊂ M be a strongly pseudoconvex domain with smooth boundary.

A sequence {zn} ⊂ D is an Ep-sequence if {zn} converges to p ∈ ∂D and it is eventually

contained in any horoball at p for some—and hence any—defining couple for TC

p ∂D.

Note that every sequence {zn} ⊂ D which converges non-tangentially to p ∈ ∂D is an Ep-

sequence. Indeed, choosing local coordinates around p, one can find a ball Br ⊂ D which is

tangent to ∂D at p. If {zn} converges non tangentially to p then {zn} is eventually contained in

Br and converges to p non-tangentially in Br as well. Hence, Ωα
D,p(zn) ≤ Ωα

Br ,p
(zn) → −∞ as

n→ ∞.

Theorem 5.3. Let M,M ′ be Stein manifolds. Let D ⊂⊂ M and D′ ⊂⊂ M ′ be a strongly

pseudoconvex domains with smooth boundary. Let f : D → D′ be holomorphic. For every

p ∈ ∂D fix a defining couple (αp, θp) of TC

p ∂D, and similarly for every q ∈ ∂D′ fix a defining

couple (α′
p, θ

′
p) of TC

p ∂D
′. For p ∈ ∂D and q ∈ ∂D′, let

λp,q := sup
z∈D

{
Ω

αp

D,p(z)

Ω
α′

q

D′,q(f(z))

}
.
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Suppose there exists p ∈ ∂D such that

λp := inf
q∈∂D′

λp,q < +∞.

Then there exists a unique q ∈ ∂D′ such that λp,q < +∞ and λp = λp,q. Moreover, for

every Ep-sequence {zn}, the sequence {f(zn)} is an Eq-sequence—in particular, f has non-

tangential-limit q at p—and for all R > 0

f(HD
αp
(p, R)) ⊆ HD′

α′

q
(q, λpR).

Proof. In order to avoid burdening notations, we omit to write αp, α
′
q. By hypothesis, there

exists q ∈ ∂D′ such that

λp,q := sup
z∈D

{
ΩD,p(z)

ΩD′,q(f(z))

}
< +∞.

Let {zn} ⊂ D be an Ep-sequence. Hence limn→∞ΩD,p(zn) = −∞ and since λp,q < +∞, it

follows immediately that limn→∞ΩD′,q(f(zn)) = −∞. Thus limn→∞ f(zn) = q and {f(zn)}
is eventually contained in any horoball of D′ at q.

Finally, if it were λp,q′ < +∞ for some other q′ ∈ ∂D′ \ {q}, arguing as before it would

follows that {f(zn)} is both an Eq-sequence and an Eq′-sequence for every Ep-sequence {zn},

a contradiction. �

It is interesting to note that the condition λp < +∞ in the previous theorem is, in fact, a local

condition at p along non-tangential directions:

Proposition 5.4. Let M,M ′ be Stein manifolds. Let D ⊂⊂ M (respectively D′ ⊂⊂ M ′) be

a strongly pseudoconvex domain with smooth boundary. Let f : D → D′ be holomorphic.

Then λp < +∞ if and only if there exist C > 0 and q ∈ ∂D′ such that for all sequences {zn}
converging non-tangentially to p,

(5.1) lim sup
n→∞

Ω
αp

D,p(zn)

Ω
α′

q

D′,q(f(zn))
≤ C.

Moreover, λp ≤ C.

Proof. Suppose (5.1) holds. Let u(z) := CΩ
α′

q

D′,q(f(z)). Note that u is plurisubharmonic and

u < 0 in D. Moreover, let γ : [0, 1] → D ∪ {p} be a smooth curve such that γ(t) ∈ D for

t ∈ [0, 1), γ(1) = p and γ′(1) 6∈ Tp∂D. Then

lim sup
t→1−

u(γ(t))(1− t) ≤ lim sup
t→1−

Ω
αp

D,p(γ(t))(1− t) = −2Re [θp(γ
′(1)]−1.

Therefore, u(z) ∈ Sαp
(D) and hence, u(z) ≤ Ω

αp

D,p(z) for all z ∈ D. �
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6. AN INTRINSIC JULIA-WOLFF-CARATHÉODORY THEOREM FOR STRONGLY

PSEUDOCONVEX DOMAINS IN Cn

Let D ⊂ Cn be a bounded, strongly pseudoconvex domain with smooth boundary.

For each p ∈ ∂D, we can globally change coordinates so that assumption (H1) in Sub-

section 4.3 holds. So, for each p ∈ ∂D we can select a compatible complex geodesic ϕD
p :

D → D such that ϕD
p (1) = p and vDp := (ϕD

p )
′(1). We let ρDp be the associated Lem-

pert’s projection and ρ̃Dp the left-inverse of ϕD
p . We have thus the (compatible) defining couple

(Im (dρ̃Dp )p|Tp∂D, (dρ̃
D
p )p).

Theorem 6.1. LetD ⊂ Cn, D′ ⊂ Cm be bounded, strongly pseudoconvex domains with smooth

boundary. For each p ∈ ∂D (respectively, q ∈ ∂D′) let (αp, θp) (respect., (α′
p, θ

′
p)) be a

compatible defining couple of TC

p ∂D (respect., TC

q ∂D
′). Let f : D → D′ be holomorphic.

Suppose

(6.1) λp := inf
q∈∂D′

sup
z∈D

Ω
αp

D,p(z)

Ω
α′

q

D′,q(f(z))
< +∞.

Then there exists a unique point q ∈ ∂D′ such that f has non-tangential limit q at p, the

following maps are bounded on every cone in D with vertex at p:

(1) d(ρ̃D
′

q ◦ f)z(v
D
p ),

(2) |1− ρ̃Dp (z)|
1/2d(f − ρD

′

q ◦ f)z(v
D
p ),

(3) |1− ρ̃Dp (z)|
−1/2d(ρ̃D

′

q ◦ f)z(τp),

(4) d(f − ρD
′

q ◦ f)z(τp),

where τp denotes any complex tangent vector to ∂D at p. Moreover, the map (1) has non-

tangential limit λp and the maps (2) and (3) have non-tangential limit 0 at p.

Remark 6.2. Using Abate’s “projection devices” [2, 3], one can replace the “non-tangential

approach” in the statement with the bigger class of restricted K-limits. However, we are not

going to develop this argument in this paper.

Proof. By Theorem 5.3, there exists a (unique) point q such that

λp = sup
z∈D

Ω
αp

D,p(z)

Ω
α′

q

D′,q(f(z))
,

and f has non-tangential limit q at p.

As in Subsection 4.3 we can and we will assume that (H1) holds for D at p and D′ at q (and

we denote by B′ ⊂ D′ ⊂W ′ the two strongly convex domains entrapping D′). It is easy to see

that this assumption does not change the statements.

In order to avoid burdening notations, we write ΩX instead of Ω
αp

X,p, for X = B,D and ΩX

instead of Ω
α′

q

X,q for X = D′,W ′.
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Then we define g := f |B : B →W ′. By (4.6) and (6.1), we have

ΩW ′(g(z)) ≤ ΩD′(f |B(z)) ≤
1

λp
ΩD(z) ≤

1

λp
ΩB(z).

Let

λ̃p := sup
z∈B

ΩB(z)

ΩW ′(g(z))
.

Hence, λ̃p ≤ λp. Choose now z0 = ϕD
p (0) and z′0 = ϕD′

q (0). By [9, Proposition 2.3] (actually,

that proposition is proved for self-maps of the same domain, but it is easy to see that the proof

adapts to holomorphic maps between different bounded, strongly convex domains with smooth

boundary)
1

2
log λ̃p = lim inf

z→p
[kB(z, z0)− kW ′(f(z), z′0)],

where kM denotes the Kobayashi distance of a domain M . Hence, we can apply Abate’s Julia-

Wolff-Carathéodory’s theorem for strongly convex domains (see [2, Thm. 0.8] and [3, Thm.

2.1]), and we have that the maps (1)—(4) are bounded in any cone in B with vertex at p. Since

B and D are tangent at p, the same statement follows in D. Moreover, (2) and (3) have non-

tangential limit 0 at p. And (1) has non-tangential limit λ̃p.

We are left to show that λ̃p = λp.
By Proposition 5.4, for every 0 < a < 1 there exists a smooth curve γ : [0, 1] → D ∪ {p}

converging to p such that γ′(1) 6∈ Tp∂D and lim inft→1
ΩD(γ(t))

ΩD′(f(γ(t)))
≥ aλp.

By Proposition 4.11, we have

(6.2) lim
t→1

ΩB(γ(t))

ΩD(γ(t))
= 1.

By [2, Corollary 1.8], (recalling that ρ̃D
′

q is also the Lempert projection of W ′ onto ϕD′

q ), we

know that ρ̃D
′

q (f(γ(t))) converges to 1 non-tangentially. Since ϕD′

q (D) is transverse to ∂D′ at q,

this implies that if v is the limit as n → ∞ of
(f(γ(tn))′

|(f(γ(tn))′|
for some sequence tn → 1, then either

v 6∈ Tq∂D
′ or v ∈ TC

q ∂D
′. Hence, by Proposition 4.11, we have

lim
t→1

ΩD′(f(γ(t)))

ΩW ′(f(γ(t)))
= 1.

By the previous equation and (6.2) we have

λ̃p ≥ lim inf
t→1

ΩB(γ(t))

ΩW ′(g(γ(t)))
= lim inf

t→1

ΩD(γ(t))

ΩD′(f(γ(t)))

ΩD′(f(γ(t)))

ΩW ′(f(γ(t)))

ΩB(γ(t))

ΩD(γ(t))
≥ aλp.

By the arbitrariness of a, we have λ̃p ≥ λp, and we are done. �

It is interesting to compare Theorem 6.1 with Abate’s Julia-Wolff-Carathéodory theorem for

strongly pseudoconvex domains [3, Theorem 0.2]:
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Theorem 6.3 (Abate). Let D ⊂ Cn, D′ ⊂ Cm be bounded, strongly pseudoconvex domain with

smooth boundary. Let p ∈ ∂D. Let f : D → D′ be holomorphic. Suppose

(6.3) lim inf
z→p

dist(f(z), ∂D′)

dist(z, ∂D)
< +∞.

Then there exists a unique point q ∈ ∂D′ such that f has non-tangential limit q at p, the

following maps are bounded on every cone in D with vertex at p:

(1) πq(dfz(νp)),
(2) dist(z, ∂D)1/2d(f − πq ◦ f)z(νp),
(3) dist(z, ∂D)−1/2πq(dfz(τp)),
(4) d(f − πq ◦ f)z(τp),

where νp is the outer unit normal vector of ∂D at p (with respect to the Hermitian product

in Cn), νq is the unit outward normal of ∂D at q and πq(v) := 〈v, νq〉νq and τp denotes any

complex tangent vector to ∂D at p. Moreover, the map (1) has finite nonzero non-tangential

limit and the maps (2) and (3) have non-tangential limit 0 at p.

Again, in the statement, non-tangential approach can be replaced with K-regions approach.

Using Lempert’s special coordinates, one can take νp = vDp and πq = ρD
′

q , so that, the

conclusions of Theorem 6.1 and Theorem 6.3 are almost the same. The main difference between

Theorem 6.1 and Theorem 6.3 is that the value of the normal projection of the derivative along

the normal direction (when such directions are chosen to be “compatible”) can be computed in

terms of an intrinsic data, the number λp, as in the case of strongly convex domains.

Using estimates of the Kobayashi distance, it is easy to see that (6.3) is equivalent to

(6.4)
1

2
log βf := lim inf

z→p
[kD(z0, z)− kD′(f(z), z′0)] < +∞

where z0 ∈ D and z′0 ∈ D′ are two fixed points.

As we remarked in the proof of Theorem 6.1, in the strongly convex case (when suitably

choosing z0, z
′
0), βf = λp (defined as in (6.1)), and this is also the value of the projection of

the derivative of f along the chosen complex geodesic at p. In strongly pseudoconvex domains

however, there is no known relation between βf and the value of the normal projection of the

differential of f along the normal direction. Here we prove that, however, Abate’s hypothesis

(6.3) is equivalent to (6.1):

Proposition 6.4. Let D ⊂ Cn, D′ ⊂ Cm be bounded, strongly pseudoconvex domain with

smooth boundary. For each p ∈ ∂D (respectively, q ∈ ∂D′) let (αp, θp) (respect., (α′
p, θ

′
p))

be a compatible defining couple of TC
p ∂D (respect., TC

q ∂D
′). Let z0 ∈ D and z′0 ∈ D′. Let

f : D → D′ be holomorphic. Then the following are equivalent:

(1) λp < +∞,

(2) lim infz→p[kD(z0, z)− kD′(f(z), z′0)] < +∞,

(3) lim infz→p
dist(f(z),∂D′)

dist(z,∂D)
< +∞.
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Proof. We already saw that (2) and (3) are equivalent. In particular, the choice of z0, z
′
0 is

irrelevant for (2). Now we use the same notations as in the proof of Theorem 6.1, setting

z0 = ϕD
p (0) and z′0 = ϕD′

q (0). We saw that λp = λ̃p. Hence, it is enough to show that (2) is

equivalent to λ̃p < +∞.

On the one side, for all z ∈ B, since B ⊂ D and D′ ⊂W ′,

kD(z0, z)− kD′(f(z), z′0) ≤ kB(z0, z)− kW ′(f(z), z′0),

and hence, (1) implies (2).

On the other side, if (2) holds, it follows from the proof of Theorem 6.3 that there exists a

sequence {zn} ⊂ D converging to p such that {f(zn)} converges to q (in fact, a posteriori, any

sequence converging non-tangentially to p does) and

lim sup
n→∞

[kD(z0, zn)− kD′(f(zn), z
′
0)] < +∞.

By [12, Lemma 5.4], we can find T ≥ 1 such that for n sufficiently large so that zn stays

sufficiently close to p and f(zn) stays sufficiently close to q, we have

|kB(zn, z0)− kD(z, z0)|+ |kW ′(f(zn), z
′
0)− kD′(f(zn), z

′
0)| ≤ log T.

Hence (2) implies λ̃p < +∞—and hence (1) holds. �

7. FURTHER PROPERTIES OF THE PLURICOMPLEX POISSON KERNEL

In this section we are going to prove some further property of the pluricomplex Poisson kernel

in Cn, such as uniqueness and (semi)continuity properties with respect to the change of pole,

that will be useful later on.

We start by a uniqueness result, whose proof is exactly the same as that of [14, Thm. 7.1]:

Proposition 7.1. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth bound-

ary and let p ∈ ∂D. Fix a defining couple (αp, θp) of TC

p ∂D. Let u be a maximal plurisubhar-

monic function on D such that limx→q u(x) = 0 for all q ∈ ∂D \ {p} and

lim
z→p

Ω
αp

D,p(z)

u(z)
= 1.

Then u = Ω
αp

D,p.

Remark 7.2. As observed in [24, Prop. 4.3], if D is strongly convex, the previous uniqueness

result holds if one replaces unrestricted limits with non-tangential limits. The proof of this

result relies on complex geodesics and it is not clear how to extend to strongly pseudoconvex

domains.

Next, we prove that the pluricomplex Poisson kernel can be used to define a measure on the

boundary:
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Proposition 7.3. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth bound-

ary. Choose a defining couple (αp, θp) of TC

p ∂D which varies continuously with respect to p.

Then, the function Ω
αp

D,p(z) is upper semicontinuous with respect to the variable p ∈ ∂D.

Proof. Since D is relatively compact with smooth boundary, there exists r > 0 small enough

such that the ball Bp(r) of radius r internally tangent at D in p is contained in D, for each

p ∈ ∂D.

Let us define g : D × ∂D → R≤0 as

(7.1) g(z, p) =

{
ΩBp(r),p(z) if z ∈ Bp(r)

0 if z 6∈ Bp(r)

The function g(z, p) is continuous in both variables. MoreoverΩ
αp

D,p(z) ≤ g(z, p) by Lemma 2.7.

Let us fix a point q ∈ ∂D and a sequence {qn} ⊂ ∂D, qn → q. The functions Ω
αqn

D,qn
(z)

are negative, hence uniformly bounded from above. Taking the maximum limit for n → ∞, in

Ω
αqn

D,qn
(z) ≤ g(z, qn) we get

lim sup
n→∞

Ω
αqn

D,qn,
(z) ≤ g(z, q).

Therefore the upper semicontinuous regularization with respect to z satisfies

Fq(z) = (lim sup
n→∞

Ω
αqn

D,qn
(z))∗ ≤ (g(z, q))∗ = g(z, q).

Hence Fq(z) ∈ Sαq
(D), thus

lim sup
n→∞

Ω
αqn

D,qn
(z) ≤ Fq(z) ≤ Ω

αq

D,q(z).

Namely Ω
αp

D,p is upper semicontinuous in q. �

Proposition 7.4. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth bound-

ary. Choose a defining couple (αp, θp) of TC

p ∂D which varies continuously with respect to p.

Let K ⊂⊂ D be a compact set. Then the function |Ω
αp

p,D(z)| is uniformly bounded in p ∈ ∂D
with respect to z ∈ K.

Proof. By Fornæss’ embedding theorem [19, Theorem 9] there existN ≥ n, a smooth bounded

strongly convex domain D′ ⊂ CN and a holomorphic map F : Cn → CN such that F is a

biholomorphism on the image, which is a closed subvariety of CN , F (D) ⊂ D′, F (∂D) ⊂ ∂D′

and F (Cn) intersects transversally ∂D′.

Let q ∈ ∂D′, and let ν ′q be the outer unit normal vector at ∂D′ in q.

The transversality in Fornæss’ embedding theorem allows to define a defining couple (αF
p , θ

F
p )

for Tp∂D by setting

θFp (v) := 〈dFp(v), ν
′
F (p)〉,

where 〈·, ·〉 is the standard hermitian product in CN , and αF
p := ±Im (θFp |Tp∂D), where the sign

is chosen so that apα
F
p = αp for some ap > 0. Note that (θFp , α

F
p ) varies continuously in p.
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Since also αp varies continuously in p and ∂D is compact, it turns out that ap is continuous in p
and there exists A > 0 such that for all p ∈ ∂D,

ap ≤ A.

Let us define φ : D′ × ∂D′ → C as

φ(w, q) = 〈w − q, ν ′q〉, ∀(w, q) ∈ D′ × ∂D′,

The function h : D × ∂D → C,

h(z, p) = exp(φ(F (z), F (p))), ∀(z, p) ∈ D × ∂D

is continuous in p, and —for each fixed p ∈ ∂D— is a strong peak function in p for the domain

D, C1-smooth up to the boundary. Moreover since D′ is strongly convex, it follows that for all

z ∈ D and p ∈ ∂D

Re 〈F (z)− F (p), ν ′F (p)〉 < 0,

and hence h(z, p) ∈ D for all z ∈ D and p ∈ ∂D and h(p, p) = 1.

Hence, for each fixed p ∈ ∂D, PD(h(z, p)) is a negative plurisubharmonic function in D.

Moreover, let γ : [0, 1] → D ∪ {p} be a C∞ curve such that γ(t) ∈ D for all t ∈ [0, 1),
γ(1) = p and γ′(1) 6∈ Tp∂D. Then

lim
t→1

PD(h(γ(t), p))(1− t) = lim
t→1

−Re

(
1 + exp(〈F (γ(t))− F (p), ν ′F (p)〉)

1− exp(〈F (γ(t))− F (p), ν ′F (p)〉)
(1− t)

)

= −2Re
1

〈dFp(γ′(1)), ν ′F (p)〉
,

Therefore, PD(h(·, p)) ∈ SαF
p
(D) and, by Proposition 2.6, apPD(h(·, p)) ∈ Sαp

(D) for all

p ∈ ∂D. Hence,

apPD(h(z, p)) ≤ Ω
αp

p,D(z) ≤ 0.

By continuity, there exists a positive constant MK > 0 such that |PD ◦ h(z, p)| ≤ MK for all

z ∈ K and p ∈ ∂D. Thus

|Ω
αp

p,D(z)| ≤ ap|PD(h(z, p))| ≤ apMK ≤ AMK , ∀z ∈ K,

proving the statement. �

8. PLURICOMPLEX POISSON KERNEL VS PLURICOMPLEX GREEN FUNCTION

The aim of this section is to relate the pluricomplex Poisson kernel with the pluricomplex

Green function of a bounded strongly pseudoconvex domain in Cn.

Recall that, given a hyperconvex bounded domain D ⊂ C
n the pluricomplex Green function

of D with pole z ∈ D (see, e.g., [25]) is

GD(z, w) := sup{u(w) : u < 0, u ∈ psh(D), lim sup
w→z

[u(w)− log |w − z|] < +∞}.
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The function GD(z, ·), extended by 0 on ∂D, is continuous on D \ {z}, plurisubharmonic and

maximal. Moreover, GD(·, ·) is continuous (as function with values in [−∞, 0]) on D×D (see

[17, Théorèm (0.6)])

In case D is smooth and strongly convex, Lempert [26] showed that GD is symmetric in

(z, w) and it is smooth on D × D \ {(z, w) : z = w}. In case D is smooth and strongly

pseudoconvex GD(z, ·) is in general not C2 and it is in general not symmetric in (z, w) (see

[4]). Actually, the symmetry in (z, w) is equivalent to the plurisubharmonicity of the function

GD(·, w) for all fixed w ∈ D.

However, by results of Guan [20] and Błocki [7], the pluricomplex Green function GD(z, w)
of a bounded strongly pseudoconvex domain in Cn with pole at z is C1,1 with respect to w ∈
D \ {z}. In what follows we need this slight extension of the previous result:

Lemma 8.1. Let D ⊂ C
n be a bounded strongly pseudoconvex domain with smooth boundary.

Let p ∈ ∂D and denote by νp the outer unit normal vector to ∂D at p. For every compact set

K1 ⊂⊂ D there exist h0 > 0 and C > 0 such that
∣∣∣∣
∂GD(z, p)

∂νp
−
∂GD(z, p− tνp)

∂νp

∣∣∣∣ ≤ Ct

for all t ∈ [0, h0] and z ∈ K1.

Proof. We follow the argument in [8].

Fix z ∈ D. For a given ǫ > 0 let Dǫ := D \ B(z, ǫ), where B(z, ǫ) is the Euclidean ball of

center z and radius ǫ > 0.

For a fixed z ∈ K1, Błocki in [8] proves that given ǫ > 0 small and δ ∈ (0, 1) there exist

continuous functions gǫz(w) converging locally uniformly to GD(z, ·) in D \ {z} as ǫ goes to

zero (see [8, Eq. (2.2)]) and that there exist functions gǫ,δz which are smooth on Dǫ (see [8, Prop.

2.2]) and uniformly converge to gǫz in Dǫ as δ goes to zero (see [8, Eq. (2.3)]). Actually, in [7],

the functions gǫz and gǫ,δz are denoted by gǫ and gǫ,δ (without the subscript z). For the sake of

clarity, we prefer to indicate here also the corresponding pole.

Take ǫ̃ > 0 such that K̃1 :=
⋃

z∈K1
B(z, ǫ̃) ⊂⊂ D and let h0 > 0 be such that p−tνp ∈ D\K̃1

for all t ∈ (0, h0].

Claim: There exist ǫ0 ∈ (0, ǫ̃), δ0 ∈ (0, 1) and C > 0 such that for all t ∈ [0, h0], z ∈ K1,

δ < δ0 and ǫ < ǫ0,

(8.1) |∇gǫ,δz (p− tνp)|+ |∇2gǫ,δz (p− tνp)| ≤ C.

Assuming the claim for the moment, the proof ends as follows. Let ǫ ∈ (0, ǫ0). The estimate

(8.1) implies that the first and second derivatives of the functions [0, h0] ∋ t 7→ vǫ,δz (t) :=
gǫ,δz (p− tνp) are uniformly bounded. By the Mean Value Theorem, this implies also that the vǫ,δz

and their first derivatives are Lipschitz in [0, h0] with uniform constant C > 0 (independent of

z ∈ K1, ǫ, δ). Since for any fixed t ∈ (0, h0], g
ǫ,δ
z (p − tνp) converges to gǫz(p − tνp) as δ → 0,

it follows that also the {vǫ,δz } are uniformly bounded. By Arzelà-Ascoli’s Theorem, for z ∈ K1



PLURICOMPLEX POISSON KERNEL IN STRONGLY PSEUDOCONVEX DOMAINS 29

and ǫ fixed, up to extracting subsequences, we can assume that {vǫ,δz } converges uniformly as

δ → 0 in the C1-topology of [0, h0] to a function vǫz : [0, h0] → R. Clearly, vǫz and their

first derivatives are uniformly bounded and Lipschitz in [0, h0], with uniform Lipschitz constant

C > 0. Since vǫ,δz (t) = gǫ,δz (p− tνp) and these latter functions converge to gǫz(p− tνp) as δ → 0,

it follows that the functions (0, h0] ∋ t 7→ gǫz(p − tνp) can be extended C1 on [0, h0] and they

are, together with their first derivatives, uniformly Lipschitz in [0, h0].
Repeating the previous argument with the functions vǫz instead of vǫ,δz and taking the limit for

δ → 0, we see that also GD(z, p− tνp) and its derivative with respect to t, that is −∂GD(z,p−tνp)
∂νp

,

are uniformly Lipschitz in t ∈ [0, h0] independently of z ∈ K1, and we are done.

We are left to prove the claim. In [8, Thm. 1.1 and Thm. 3.1] it is proved that for any z ∈ K1

there exist ǫz > 0, δz ∈ (0, 1) and a constant Cz > 0 such that for all ǫ ∈ (0, ǫz) and δ ∈ (0, δz),

|∇gǫ,δz (w)| ≤
Cz

|w − z|
∀w ∈ Dǫ

|∇2gǫ,δz (w)| ≤
Cz

|w − z|2
∀w ∈ Dǫ.

Note that, if ǫ < ǫ̃ and t ∈ [0, hp], then p−tνp ∈ Dǫ. Therefore the previous estimate holds in

particular for w = p− tνp, t ∈ (0, h0]. Moreover, min{|p− tνp − z| : t ∈ [0, h0], z ∈ K1} > 0.

Hence, in order to prove (8.1), it is enough to show that there exist C ′ > 0, δ0 ∈ (0, 1) and

ǫ0 ∈ (0, ǫ̃) such that δz ≥ δ0, ǫz ≥ ǫ0 and Cz ≤ C ′ for all z ∈ K1 and w = p− tνp, t ∈ (0, h0].
Analyzing Błocki’s proof, one can check that the dependence of δz, ǫz and Cz on z is via the

distance of z from ∂D and a constant b(z) (defined and called just b at [8, pag. 348]) which is

defined by

b(z) := lim inf
w→∂D

|GD(z, w)|

dist(w, ∂D)
.

In particular, one can check that if infz∈K1 dist(z, ∂D) > 0 (which is the case since K1 is

compact in D) and infz∈K1 b(z) > 0 then there exist C ′, ǫ0, δ0 > 0 such that Cz ≤ C ′, δz ≥ δ0
and ǫz ≥ ǫ0 for all z ∈ K1.

So we are left to show that infz∈K1 b(z) > 0. To this aim, let r̄ be a positive constant such

that for all p ∈ ∂D the open ball of radius 2r̄ tangent to ∂D in p is contained in D. Let Tr̄ :=
{w ∈ D : dist(w, ∂D) ≥ r̄} and replace the γ at pag. 348 in [8] with γ := maxK1×Tr̄

G(z, w).
Then, following again the argument in the proof of [8, Theorem 1.1] at p. 348, we see that there

exists β > 0 such that b(z) ≥ β > 0 for any z ∈ K1, and we are done. �

Lemma 8.2. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth boundary.

Let νp denote the outer unit normal vector to ∂D at p. Suppose that the pluricomplex Green

function GD is symmetric, then:

(1) D ∋ z 7→ −∂GD(z,p)
∂νp

is a maximal plurisubharmonic function in D for all p ∈ ∂D.

(2) For every p and q in ∂D with p 6= q, limz→q
∂GD(z,p)

∂νp
= 0.
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Proof. (1) Fix p ∈ ∂D. Since GD vanishes on the boundary of D, then

−
∂GD(z, p)

∂νp
= lim

h→0+

GD(z, p− hνp)

h
.

Now if z varies on a compact set K of D, by Lemma 8.1, and by the Mean Value Theorem, for

h > 0 small, we have
∣∣∣∣
GD(z, p− hνp)

h
+
∂GD(z, p)

∂νp

∣∣∣∣ =
∣∣∣∣−
∂GD(z, p− tνp)

∂νp
+
∂GD(z, p)

∂νp

∣∣∣∣ ≤ Ct,

where t ∈ (0, h).

Hence the functions z 7→ GD(z,p−hνp)
h

converge locally uniformly in z ∈ D to z 7→ −∂GD(z,p)
∂νp

.

Now for every fixed h > 0 the function D ∋ z 7→ GD(z, p−hνp) is maximal plurisubharmonic

since we are assuming it is symmetric. From this and the locally uniformly convergence, (1)

follows.

(2) Fix q ∈ ∂D \ {p}. By [19, Theorem 9] there exist m ≥ n, a smooth bounded strongly

convex domain C ⊂ Cm and a holomorphic map Φ : Cn → Cm, so that Φ is a biholomorphism

onto its image and Φ(Cn) is a closed subvariety of Cm. Moreover, Φ(D) ⊂ C, Φ(∂D) ⊂ ∂C
and Φ(Cn) intersects transversally ∂C.

Let p̃ := Φ(p). Since dΦp(Tp∂D) ⊂ Tp̃∂C and Φ(Cn) intersects transversally ∂C, it follows

that dΦp(νp) 6∈ Tp̃∂C. Thus, up to an affine change of coordinates in Cm, we can assume that

dΦp(νp) = νp̃, where νp̃ denotes the outer unit normal vector to ∂C at p̃.

Fix h > 0 and let u(z, h) := GC(Φ(z),Φ(p − hνp)) and xh := p− hνp. Note that u(·, h) is

a negative plurisubharmonic function in D. Moreover, let C := supz∈D log ‖Φ(z)−Φ(xh)‖
‖z−xh‖

. Note

that C < +∞ since Φ is holomorphic in Cn. Then,

lim sup
z→xh

(u(z, h)− log ‖z − xh‖) = lim sup
z→xh

(u(z, h)− log ‖Φ(z)− Φ(xh)‖

+ log
‖Φ(z)− Φ(xh)‖

‖z − xh‖
)

≤ lim sup
z→xh

(GC(Φ(z),Φ(p− hνp))− log ‖Φ(z)− Φ(xh)‖+ C) < +∞,

where lim supz→xh
(GC(Φ(z),Φ(p−hνp))− log ‖Φ(z)−Φ(xh)‖) < +∞ by the very definition

of pluricomplex Green function. Since GD(·, xh) is the supremum of all negative plurisub-

harmonic functions in D having at most a log-singularity at xh, it follows that u(z, h) ≤
GD(z, p− hνp) for all z ∈ D. Therefore,

0 ≥ −
∂GD(z, p)

∂νp
= lim

h→0

GD(z, p− hνp)

h
≥ lim

h→0

GC(Φ(z),Φ(p− hνp))

h
= −

∂GC(Φ(z), p̃)

∂νp̃
.

Since, by [14, Thm. 6.1], −∂GC(Φ(z),p̃)
∂νp̃

= ΩC̃,p̃(Φ(z)) and hence limz→q −
∂GC(Φ(z),p̃)

∂νp̃
= 0, we

are done. �
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Now we relate the pluricomplex Green function with the pluricomplex Poisson kernel. First

of all, notice that if D ⊂ Cn is a bounded strongly pseudoconvex domain in Cn with smooth

boundary, one can choose at each point the outer unit normal vector νp, and the map ∂D ∋ p 7→
νp is smooth. At each point p ∈ ∂D we can then choose the defining couple for Tp∂D given by

θ̃p(v) = −i〈v, νp〉, v ∈ Cn, and α̃p := Im θp|Tp∂D. These defining couples vary continuously

with p. With this choice, we denote

ΩD,p := Ω
α̃p

D,p.

Proposition 8.3. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth bound-

ary. For each p ∈ ∂D, let νp denote the outer unit normal vector to ∂D. Suppose that the

pluricomplex Green function GD is symmetric. Then for all z ∈ D,

−
∂GD(z, p)

∂νp
= ΩD,p(z).

Proof. By Lemma 8.2 and Proposition 7.1 we only need to show that

lim
z→p

−∂GD(z,p)
∂νp

ΩD,p(z)
= 1.

Arguing as in Subsection 4.3, we can assume that B ⊂ D ⊂ W where B and W are strongly

convex domains with smooth boundaries and ∂D, ∂B and ∂W coincide near p. Let ΩB,p (re-

spectively ΩW,p) be the pluricomplex Poisson kernel of B (resp., of W ) associated to (α̃p, θ̃p).
Fix a compatible defining couple (α′, θ′) for TC

p ∂D. By Proposition 2.6 there exists c > 0

such that ΩD,p = cΩα′

D,p, ΩB,p = cΩα′

B,p and ΩW,p = cΩα′

W,p.

Since B ⊂ D ⊂ W for all z, w ∈ B, z 6= w, we have

GW (z, w) ≤ GD(z, w) ≤ GB(z, w).

Since for w → p the pluricomplex Green functions of B,D,W tends to 0, we obtain for all

z ∈ B,

−
∂GW (z, p)

∂νp
≤ −

∂GD(z, p)

∂νp
≤ −

∂GB(z, p)

∂νp
.

By [14, Thm. 6.1], −∂GB(·,p)
∂νp

= ΩB,p and −∂GW (·,p)
∂νp

= ΩW,p. Hence, by (4.6), for all z ∈ B,

ΩB,p(z)

ΩW,p(z)
≤

−∂GD(z,p)
∂νp

ΩD,p(z)
≤

ΩW,p(z)

ΩB,p(z)
.

Taking the limit for z → p, the result follows from Proposition 4.11. �
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9. REPRODUCING FORMULA

We briefly recall Demailly’s construction [16, 17] for the reproducing formula of pluri(sub)harmonic

functions in terms of the pluricomplex Green function.

Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth boundary. Let ψ be a

defining function of D and define

ω∂D :=
(ddc ψ)n−1 ∧ dcψ

|dψ|n
|∂D,

where dcψ = i(∂ − ∂)ψ. The form ω∂D is a positive (2n − 1)-real form, independent of the

function ψ chosen to define it.

Remark 9.1. The form ω∂D can be also expressed in terms of the Levi form, Levi(ψ), of ψ:

(9.1) ω∂D = 4n−1(n− 1)!
det(Leviψ)

|dψ|n−1
dVol∂D.

In order to prove such a formula, fix an orthonormal basis (v1, . . . , vn−1) of TC

p ∂D, and let,

as usual, νp be the outer unit normal vector of ∂D at p. Fix the orientation of Cn given by

the orthonormal basis (v1, Jv1, . . . , vn−1, Jvn−1, νp, Jνp). With such a choice, the set B =
(v1, Jv1, . . . , vn−1, Jvn−1, Jνp) is a positive-oriented orthonormal basis of Tp∂D.

If p ∈ ∂D, v ∈ Tp∂D

dcψ(Jv) = i
∑

j

[
∂ψ

∂zj
(−ivj)−

∂ψ

∂zj
(ivj)

]
=
∑

j

[
∂ψ

∂zj
vj +

∂ψ

∂zj
vj

]
= (dψ)p(v) .

Let us compute the form ω∂D in the basis B:

(ddcψ)n−1 ∧ dcψ

|dψ|n
(v1, Jv1, . . . , vn−1, Jvn−1, Jνp) =

(ddcψ)n−1

|dψ|n−1
(v1, Jv1, . . . , vn−1, Jvn−1) .

Let wj :=
1
2
(vj − iJvj) and let βs be the (1, 0)-form such that

βs (wj) = δjs .

Let λ1, . . . , λn−1 be the eigenvalues and v1, . . . , vn−1 be a diagonalizing orthonormal basis of

the Hermitian form (
∂2ψ

∂zi∂zj

)

p

(u1; u2), u1, u2 ∈ TC∂D .

Then ddcψ = 2i∂∂ψ and so

ddcψ|TC
p ∧TC

p
=

n−1∑

j=1

2iλjβj ∧ βj .
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Hence
(
ddcψ|TC

p ∧TC
p

)n−1

=
∑

j1,...,jn−1

λj1 · · ·λjn−1(2i)
n−1(βj1 ∧ βj1) ∧ · · · ∧ (βjn−1 ∧ βjn−1

), .

Each term is a wedge product of (1, 1)-forms, hence those forms commute and we can write
(
ddcψ|TC

p ∧TC
p

)n−1

= (n− 1)!(2i)n−1λ1 · · ·λn−1β1 ∧ β1 ∧ · · · ∧ βn−1 ∧ βn−1.

Since

2i(βk ∧ βk)(vh, Jvh) = 2iβk ∧ βk

(
wh + wh;

wh − wh

−i

)
= 4δh,k,

equation (9.1) follows.

Let ϕ be a negative plurisubharmonic exhaustion function in D such that exp(ϕ) is con-

tinuous on D and ϕ = 0 on ∂D. Let r < 0 and let B(r) := {z ∈ D : ϕ(z) < r}. Let

ϕr(z) = max{ϕ(z), r}. Hence, (ddcϕr)
n = χCn\B(r)(dd

cϕ)n + µϕ,r, where χCn\B(r) is the

characteristic function of Cn \ B(r) and µϕ,r is a positive measure supported on ∂B(r). If∫
D
(ddcϕ)n < +∞ then µϕ,r weakly converges to a positive measure µϕ supported on ∂D as

r → 0 and whose total mass is
∫
D
(ddcϕ)n.

Demailly [17, Théorème 5.1] proved the following representative formula: if f is a plurisub-

harmonic function in D, continuous in D, then

(9.2) f(z) =
1

(2π)n
µGD(z,·)(f)−

1

(2π)n

∫

w∈D

|GD(z, w)|dd
cf(w) ∧ (ddcGD(z, w))

n−1.

Demailly’s formula holds, in fact, for hyperconvex bounded domains.

We first show that for strongly pseudoconvex domains the measure µz is related to the pluri-

complex Green function:

Lemma 9.2. Let D ⊂ Cn be a bounded strongly pseudoconvex domain with smooth boundary.

Let GD(z, w) be the pluricomplex Green function of D with pole in z ∈ D. Let νp denote the

outer unit normal vector to ∂D at p ∈ ∂D. Then

(9.3) µGD(z,·) =

(
∂GD(z, ·)

∂νp

)n

ω∂D.

Proof. Let ϕ ∈ C2(D) be a strictly plurisubharmonic defining function for D, i.e. ϕ is strictly

plurisubharmonic and negative on D, and vanishes on ∂D.

Fix z ∈ D. Let p ∈ ∂D. Since both ϕ and GD(z, ·) vanish on ∂D, then dϕ|Tp∂D = 0,

dGD(z, ·)|Tp∂D = 0. Therefore, there exist real numbers a, b such that dGD(z, ·)|w=p(v) =
aRe 〈νp, v〉 and dϕp(v) = bRe 〈νp, v〉 for all v ∈ Cn (where, as usual, 〈·, ·〉 denotes the standard

Hermitian product in Cn). Since

dGD(z, ·)|w=p(νp) =
∂GD(z, ·)

∂νp
, ϕp(νp) =

∂ϕ(p)

∂νp
,
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and by Hopf’s Lemma
∂GD(z,·)

∂νp
6= 0 and

∂ϕ(p)
∂νp

6= 0, it follows that for every ζ ∈ D,

GD(z, w)

ϕ(w)
=
dGD(z, ·)|w=p(

ζ−p
|ζ−p|

) + o(1)

dϕp(
ζ−p
|ζ−p|

) + o(1)
=

∂GD(z,·)
∂νp

Re 〈νp,
ζ−p
|ζ−p|

〉+ o(1)

∂ϕ(p)
∂νp

Re 〈νp,
ζ−p
|ζ−p|

〉+ o(1)
.

Hence,

(9.4) lim
w→p

GD(z, w)

ϕ(w)
=

∂GD(z,·)
∂νp

(p)

∂ϕ
∂νp

(p)
.

Let us now consider the measure on ∂D

µϕ = (ddc ϕ)n−1 ∧ dcϕ|∂D.

By [17, Théorème 3.8] and (9.4), it follows immediately that

µGD(z,·) =

(
∂GD(z,·)

∂νp
(p)
)n

(
∂ϕ
∂νp

(p)
)n

∣∣∣∣∣∣
∂D

µϕ.

Since |dϕp| =
∂ϕ
∂νp

(p), we are done. �

In case the pluricomplex Green function is symmetric, by Proposition 8.3 and Lemma 9.2 we

have

Theorem 9.3. LetD ⊂ C
n be a bounded strongly pseudoconvex domain with smooth boundary.

Assume that the pluricomplex Green function of D is symmetric. Then for every plurisubhar-

monic function f in D continuous up to the boundary,

f(z) =
1

(2π)n

∫

∂D

f(ξ)|ΩD,ξ(z)|
nω∂D(ξ)

−
1

(2π)n

∫

w∈D

|GD(z, w)|dd
cf(w) ∧ (ddcGD(z, w))

n−1.

In particular, if f is pluriharmonic in D and continuous on D,

f(z) =
1

(2π)n

∫

∂D

f(ξ)|ΩD,ξ(z)|
nω∂D(ξ).

In the same formula for strongly convex domains (see, [14, Thm 8.2]) there is a missing

factor 1/(2π)n in front of the first integral.

We do not know if the previous formula holds in case GD is not symmetric.
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affines Mém. Soc. Math. France (N.S.) No. 19 (1985)

[17] J.-P. Demailly, Mesures de Monge-Ampère et mesures pluriharmoniques. Math. Z. 194, (1987), 519-

564.

[18] C. Fefferman, The Bergman kernel and biholomorphic mappings of pseudoconvex domains. Invent.

Math. 26, (1974), 1-65.

[19] J.-E. Fornaess, Embedding strictly pseudoconvex domains in convex domains. Amer. J. Math. 98

(1976), no. 2, 529–569.

[20] B. Guan, The Dirichlet problem for complex Monge-Ampère equations and regularity of the pluri-

complex Green function, Comm. Anal. Geom. 6 (1998), 687-703; a correction, 8 (2000), 213-218.

[21] R. C. Gunning, H. Rossi, Analytic functions of several complex variables. Prentice-Hall, Inc. 1965,

New York.

[22] X. Huang, A non-degeneracy property of extremal mappings and iterates of holomorphic selfmappings.

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 21 (1994), 3, 399-419.

[23] X. Huang, A preservation principle of extremal mappings near a strongly pseudoconvex point and its

applications. Illinois J. Math. 38(2), 283-302 (1994)



36 F. BRACCI, A. SARACCO, AND S. TRAPANI

[24] X. Huang, X. Wang, Complex geodesics and complex Monge-Ampère equations with boundary sin-

gularities. to appear in Math. Ann., arXiv:2002.00400v1

[25] M. Klimek, Pluripotential theory. London Math. Soc. Monographs, Oxford University Press, 1991.

[26] L. Lempert, La metrique de Kobayashi et la representation des domaines sur lá boule. Bull. Soc. Math.
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