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ABSTRACT. In this paper we introduce, via a Phragmén-Lindelof type theorem, a maximal
plurisubharmonic function in a strongly pseudoconvex domain. We call such a function the
pluricomplex Poisson kernel because it shares many properties with the classical Poisson ker-
nel of the unit disc. In particular, we show that such a function is continuous, it is zero on the
boundary except at one boundary point where it has a non-tangential simple pole, and reproduces
pluriharmonic functions. We also use such a function to obtain a new “intrinsic” version of the
classical Julia’s Lemma and Julia-Wolff-Carathéodory’s Theorem.
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1. INTRODUCTION

The classical (negative) Poisson kernel in the unit disc D := {¢ € C : |¢| < 1} with pole at

p € 0D is defined as Pp ,(¢) = — ‘1p__|§||z It is a harmonic function, which is zero on 0D\ {p} and
has a simple pole along non-tangential limits at p. The sub-level sets of I, are the horocycles
E(p, R), R > 0, with vertex in p, which are just discs in D tangent to p (see, e.g., [10, Section
1.4]). When p = 1 we simply write P instead of Fp ;.

The classical Phragmén-Lindelof Theorem (see, e.g. [14, Lemma 5.2]) states that, for every
¢ > 0, cPp is the maximal element of the family of negative subharmonic functions v in D such
that lim sup,_,; u(r)(1 — r) < —2¢. This maximality is fundamental to proving the following
version of the classical Julia-Wolff-Carathéodory’s Theorem (see, e.g. [10, Section 1.4] or [1,

Section 1.2]):

Theorem 1.1 (Julia-Wolff-Carathéodory’s Theorem). Let f : D — D be holomorphic. Let
p € ID and let

. Pp,(2)
\, = inf sup ——2 "2
P e b Pog(f(2))

If \, < 400 then there exists a unique point ¢ € 0D such that f(E(p, R)) C E(q, \,R) for all
R > 0. Moreover, Zlim,_,, f(2) = q and Zlim,_,, f'(2) = DgA,.

It is interesting to note that by the Phragmén-Lindelof theorem, the global condition \, <

+00 is equivalent to the local condition lim supq 1y5,,1 % < +o00.

Moreover, as it is well known, the Poisson kernel is very effective for reproducing formulas,
in particular, it allows to reproduce harmonic functions in D which extends continuously to the
boundary (see, e.g. [10, Section 1.6]).

In higher dimension, in [[13}|14], the first and last named authors with G. Patrizio introduced
a maximal plurisubharmonic function €2p ,, in case D C C" is a bounded strongly convex
domains with smooth boundary and p € 0D which solves a Phragmén-Lindelof type problem,
being the maximum of all negative plurisubharmonic functions in D which have at most simple
poles along non-tangential limits at p. The function (2p,, which was constructed using the
Chang-Hu-Lee spherical representation [13], is smooth and regular on D\ {p}, zero on 9D\ {p}
and solves a complex Monge-Ampere type problem. Its sub-level sets correspond to Abate’s
horospheres [, [2] (which are in fact the Buseman horospheres for the Kobayashi metric) and
the associated Monge-Ampere foliation is formed by the complex geodesics of D whose closure
contains p. The function {2p , can also be used to reproduce pluri(sub)harmonic functions, as it
is essentially the Demailly’s [16] Poisson measure on 0D. Also, in [9} Section 2], it was proved
that (2p, can be used to obtain a version of Julia’s Lemma and Julia-Wolff-Carathéodory’s
Theorem in strongly convex domains, relating Abate’s [2]] version of those theorems to the
pluricomplex Poisson kernel. For those reasons, {1p, was called the pluricomplex Poisson
kernel of D with pole at p.
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In the recent paper [24], via a careful study of properties of complex geodesics in lower
regular convex domains, X. Huang and X. Wang showed that a pluricomplex Poisson kernel is
well defined, with essentially the same properties, in bounded strongly linearly convex domains
with C®-smooth boundary.

Also, in [29]], E. Poletsky used the pluricomplex Poisson kernel introduced in [[13,14] to show
that the pluripotential boundary of a bounded smooth strongly convex domain is homeomorphic
to its Euclidean boundary.

In this paper we deal with the pluricomplex Poisson kernel for bounded strongly pseudocon-
vex domains with smooth boundary. Using the techniques introduced in [24] one can lower the
required boundary regularity, but we are not interested in this aspect in this paper.

Let D C C” be a strongly pseudoconvex domain with smooth boundary. Part of the results
are in fact proved for strongly pseudoconvex domains in Stein manifolds, but for the sake of
simplicity, in this introduction we restrict to the case of C".

Letp € 0D and let v, be the outer unit normal of 9D at p. We consider the following family

Sy
u € Psh(D)
u<0 inD
1
limsupu(y(t))(1 —t) < —2Re ———,
nsupu(r(£)(1 —9) )

where v : [0,1] — D U {p} is any smooth curve such that y([0,1)) C D, y(1) = p, and
v (1) & T,,0D, Psh(D) denotes the family of plurisubharmonic functions in D and (-, -) denotes
the standard Hermitian product in C™.

Our first result is the following:

Theorem 1.2. Let D C C" be a strongly pseudoconvex domain with smooth boundary and let
p € OD. Then, there exists a maximal plurisubharmonic function Qp , € S,, which we call the
pluricomplex Poisson kernel of D at p, such that u < Qp, for all u € S,. Moreover, 1p, is
continuous in D \ {p}, Qp,(x) = 0 forall x € OD \ {p} and

ll_ffll Qpp(¥(t))(1 — 1) = —2Re m7
forany v : [0,1] — D U {p} which is a smooth curve such that v([0,1)) C D, v(1) = p and
V(1) & T,0D.

This result holds also when D is a smooth bounded strongly pseudoconvex domain in a Stein
manifold and (-, -) is replaced with a linear functional at p which defines 7,,0D (see Section
for details).

In strongly convex domains the continuity of {2p , and the behavior on 9D \ {p} come for
free by the Chang-Hu-Lee spherical representation. In strongly pseudoconvex domains, this is
not the case. In Proposition 2.8 we prove the first properties of €2, ,,, while continuity is proved
in Section [3lusing Jensen’s measures.
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In particular, by the previous theorem it follows that €p , is a solution of the following
complex Monge-Ampere problem:

(u € Psh(D) N L2(D)
(dd“u)*=0 inD
u<0 inD
u(x) =0 forz e dD

(u(2) ~ |z —p|™' asz — pnon-tangentially.

It is not known whether (2, ,, is the unique solution to such a problem, not even in the convex
case. However, as in the convex case, we can prove that if u is a maximal negative plurisubhar-
monic function in D such that lim,_,, u(z) = 0 for all x € 9D and lim,_,, QZ(—ZSZ) = 1, then
u = Qp,, (see Proposition [7.1)).

Next, we study in depth the behavior of €2p , near p. To this aim, we introduce a tool, which
we call “entrapping strongly pseudoconvex domains between strongly convex domains”, which
might be useful for other purposes (see Section 4)). Using this, we are able to compare Qp
with the pluricomplex Poisson kernels of strongly convex domains. More precisely, if U is a
small neighborhood of p so that B := U N D is biholomorphic to a strongly convex domain

with smooth boundary, then we show that lim,_,, gg 28 = 1, and that the two kernels in fact
coincide on the “quasi” complex tangential directions at p. From this, making use of Lempert’s
theory [26, 27, 28] and Huang’s preservation principle [23]], we prove that there exists an open
set J C D, whose closure contains p, and contains all “quasi complex-tangential directions”
at p, such that Qp, is C*-smooth on J, (dd“Qp,)" "' # 0 on J and the associated Monge-
Ampere foliation on J formed by complex geodesics of D whose closure contains p, which are
also holomorphic retracts of D (see Proposition 4.10).

Then we extend Julia’s Lemma (see Theorem [5.3)) and Julia-Wolff-Carathéodory’s Theorem
(see Theorem [6.1)) to strongly pseudoconvex domains using the pluricomplex Poisson kernels.
Versions of these theorems have been proved in strongly pseudoconvex domains by M. Abate
[3]. The novelty of our result is that, as in Theorem [I.1] and in strongly convex domains, we
can relate the number )\, with the behavior of the normal part of the derivative of f along the
normal direction, a link which was missing in Abate’s result. We also show that the hypotheses
of Abate’s theorem are equivalent to the one using pluricomplex Poisson’s kernels.

The final aim of the paper is to prove a representation formula for pluri(sub)harmonic func-
tions on strongly pseudoconvex domains. We first show (see Proposition [8.3) that, in case the
pluricomplex Green function G of D is symmetric, then for all z € D,

aG!D (27 p)
1.1 - =0 .
In order to prove this formula, we use the symmetry of G, and a result of Z. Btocki [7, [8] to
show that —292L2) 5 3 maximal plurisubharmonic function in D, zero on D \ {p}. Then,

Ovp



PLURICOMPLEX POISSON KERNEL IN STRONGLY PSEUDOCONVEX DOMAINS 5

9G p (2,p)

using the “entrapping trick” we show that lim,_,, ﬁ = 1, from which it follows that the
two functions are equal. ’

It should be noticed that, arguing as in [29], the previous formula allows to prove that the
Poletsky potential boundary of D is homeomorphic to the Euclidean boundary of D.

Once we have (I.I)) at hand, we can prove that Demailly’s Poisson measure on 0D concides
with |Qp ,(2)|"wap, where wyp is a measure on 0D steaming essentially from the Levi form of
D (see Lemma[9.2)). Hence (see Theorem , we get that if f is plurisubharmonic in D and

continuous on D,

1
(2m)"
1
(2m)"

f(z) =

/a | H©)12e()"won(€)

/GD |G p(z,w)|dde f(w) A (dd°Gp(z,w))" .

We warmly thank the referees for the careful reading of the original manuscript and for many
comments which improved a lot the paper.

2. DEFINITION AND FIRST PROPERTIES

Let M be a Stein manifold with complex structure J. Let D CC M be a strongly pseudo-
convex domain with smooth boundary. Given p € 0D we let T;,C@D be the complex tangent
space to 9D at p. We write

T,0D\ T, 0D = KT UK~

where v € K if —Jv points outside the domain D. Let o, : 7,0D — R be a linear map such
that Kera,, = Tf@D and o, |+ > 0, in other words, «, is a point of the fiber over p of the
bundle of contact forms over dD. Notice that «, is uniquely defined up to multiplication by a
positive constant. In the sequel we will denote by ,(0D) the set of forms «,, as above.

Let vy € K™ be such that a,(vy) = 1. Given w € T,M we can write uniquely w =
u — 0, (w)Ju, for some u € TFOD and 0, (w) € C.

Note that if v; € T,0D is another vector such that a,(vy) = 1, then v; — vy € TI(,C@D and
Oy, (w) = Oy, (w) for every w € T,M. Thus 6, depends only on v, and we can write 6, := 0.
Note that 6, : T,M — Cis C-linear, 7,0D = ker Re (0,,) and Im (6, |1,0p) = .

Definition 2.1. For short, in the rest of the paper, we call the couple («,, 0, ) a defining couple
for T ;,C@D.

We let I',, be the set of all C™ curves 7 : [0, 1] — D U {p} such that y(¢) € D fort € [0, 1),
(1) = pand /(1) ¢ T,0D. Note that, for what we discussed above, 7'(1) ¢ T,0D if and only
if Ref,,(7(1)) > 0.
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Consider the following family S, (D):

u € Psh(D)
2.1) u<0 inD
limsup u(y(t))(1 —t) < —2Re[0,,(7'(1))""] forally € T,
t—1
Remark 2.2. LetD := {¢ € C: |¢| < 1}. Let Pp(¢) := —(1 — [¢]*)/(]1 — ¢]?) be the Poisson

(
kernel. If o : [0,1] — D is a C'-curve such that o(1) = 1 and ([0, 1)) C D with ¢/(1) # 0
then

lim Pp(o(t))(1 —1t) =—2R .
lim Pofo(t))(1—1) = ~2Re s
Lemma 2.3. Let M be a Stein manifold and let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let p,q € 0D, q # p. For every o, € H,(0D), the family S, (D)
contains a function u, : D — R with the following properties:

(1) ug is continuous in D and extends continuously on 0D \ {p},
(2) uq(q) =0,
(3) limy_; ug(y(t))(1 — t) = —2Re[0,,(7/(1))] ! forall v € T,

Proof. Replacing M with a suitable Stein neighborhood of D, we can assume that D is holo-
morphically convex in M.

We can choose a positive definite Hermitian metric (-,-) on 7,M and vy € K7 such that
v, = —Jup is a unit normal vector pointing outward. Thus for every w € T,M we have
Oa, (W) = (W, ).

Let f : D — C be a holomorphic peak function for D at p, namely, f is a smooth function
on D such that f : D — I is holomorphic, f(p) = 1 and f(D \ {p}) C D (in case M # C", it
exists because D is holomorphically convex in M, see [21], IX.C.7] [[19, Corollary 11]).

By Hopf’s lemma, ) := df,(1,) = 2L(p) > 0. Also, |f|? restricted to D has a maximum

ovp
atpand f(p) = 1. Thus d(|f|?), = 2Re (f(p)df,) = 2Re (df,) vanishes on T,,0D. Hence df, is
a positive multiple of 0,,,,, i.e., df,(w) = AM(w, v,) forall w € T, M.
Now, let u(z) :== APp; o f. Lety € I',. Then by Remark 2.2]

2\ 1
lim @(y(t))(1 —t) = —2ARe (df,(7/(1))) ™) = = =“Re ——— = —2Re ————.
)= OO = =5 G ) (1))
Nowletg: D — Cbea holomorphic peak function for D at ¢. Let ¢(z) := |g(2)|* — 1. Then
¢ € Psh(D), ¢ is continuous up to D, ¢(q) = 0 and ¢(z) < 0for z € D\ {p}. Let U be a
relatively compact open neighborhood of p whose closure does not contain ¢. Then ¢|7-5 < 0.
Since both % and ¢ are continuous on U N D, there exists p > 0 such that p¢ < % on OU N D.

Therefore the function
u(z) ifzeU
ug(2) == _ .
max{u(z), pp(z)} ifz€ D\U
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belongs to S, (D) and has the properties stated in the lemma. U

Definition 2.4. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let p € 0D and let v, € H,,(0D). The pluricomplex Poisson kernel of
D at p relative to o, is

Qp,(2) :=sup{u(z) : u € S,, (D)}

Remark 2.5. The pluricomplex Poisson kernel defined in [13] and [14] for a strongly convex
domain D C C" is the one corresponding to the standard form «, such that x,(Jv,) = 1
and Kerk, = T'-(9D) where v, is the outer unit normal vector to 9D at p with respect to the
standard Hermitian metric of C".

Proposition 2.6. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let p € 0D and let o, € H,,(0D). Then
(1) forall p > 0, u € Spa, (D) if and only if pu € S, (D). In particular, Q5 = pQp.
(2) Let M’ be another complex manifold and let D' CC M’ be a strongly pseudoconvex
domain with smooth boundary. Let ¢ € OD'. Let F : D — D’ be a diffeomorphism
such that F' = D — D' is holomorphic. Then u € S,,(D') if and only if F*(u) :=

uo F € Sp+(a) (D). In particular F*(y;) ) = Qgt}“ﬂ)(q)-

Proof. These are just direct computations. We only point out that, in (2), dF,(K*) = K+ for
all p € 9D, so thatif a; € Hy(0D') then F* () € Hp-1(¢)(0D). O

In the sequel we will need to characterize the pluricomplex Poisson kernel as the supremum
of another (equivalent) family. Let M be a complex manifold. Let D CC M be a strongly
pseudoconvex domain with smooth boundary. Let p € 0D and let o, € H,,(0D). Let D' C D
be a strongly pseudoconvex domain with smooth boundary which is tangent to D at p. Let

Upr o, (D) == {u € Psh(D) : u < 0,ulp < QF }.

Lemma 2.7. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let p € 0D and let o, € H,(0D). Let D' C D be a domain with
smooth boundary which is biholomorphic to a bounded strongly convex domain of C" with
smooth boundary, and assume that D' is tangent to D at p. Then S, (D) = Up o, (D).

Proof. Let v € Upr o, (D). If v € T'p, then eventually the curve v is contained in D’. Let
F: D" — D" be a biholomorphism from D’ to a bounded strongly convex domain D" C C".
By Fefferman’s theorem [[18]] the map F extends smoothly to D’. By Proposition 2.6l

0, =0 F Qo)
where (2p» p(p) is the pluricomplex Poisson kernel of D" at F(p) relative to the standard form

KF(p) (see Remark [2.5) and p > 0 is such that a, = pF™*(kp(y)). By [14, Corollary 5.3] for all
vy € FF(p) it holds

(2.2) lim p™ Qi) (F(1) (1 = 1) = —2Re (((1), ) ™),
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where v, is the standard outer unit normal vector to D" at F(p). Hence

limsup u(y(t))(1 —t) < 1iI?_§PP Q%€7p(7(t))(1 —t) =

t—1

) _ 2 _
ln?slupp "Qpr pe) (Foy(t)(1—1t) = —;Re[(de(v’(l)),VF(m) =

N %Re [HKF(p) (de(’Y/(U)_l] = —2Re [eap (7/<1))_1]'

Thus v € S,, (D).
Conversely, if u € S,,(D) then clearly u|p € S,,(D’'). But then u|p < Q7 by [14,
Theorem 5.1]. Hence u € Upr o, (D). O

As a consequence we have the following proposition:

Proposition 2.8. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let p € 0D and let o, € H,(0D). Then

(1) Q%” , is upper semicontinuous and belongs to S,,,, (D),

(2) lim,_,, QDP( z) =0forall g € 0D\ {p},

(3) limy1 Q3 (7(£)(1 — ) = —2Re [0, (7' (1))] " forall y € T,

4) Q%pp e Ly (D)

(5) Q3 D.p Is @ maximal plurisubharmonic function in D, hence (ddCQ%’j L) =0inD.

loc

Proof. (1) Let v be the upper semicontinuous regularization of Q%p ,- Let B C D be a domain
biholomorphic to a ball in C" which is tangent to 9D at p. By Lemma Qyls < Q.
Since Q%’jp is smooth, v|p < Q%‘:p as well. Hence v € Up,q, (D), hence v < Q%’jp, again by
Lemma[2.7l This proves that Q%p , 18 upper semicontinuous, hence plurisubharmonic, and then
belongs to S, (D).

(2),(3)and (4) Let ¢ € 0D \ {p}. Let u, € S,, (D) be given by Lemma[2.3] Then

Q.
uy < O, <0,

which proves that Q77 b 18 locally bounded in D. Moreover, since u,(2) — 0 as 2 — ¢,
lim,_,, Q77 (2) = 0. Also, (3) follows from Lemma2.3.(3) and Q) , € S.,, (D).

(5) Let U be a relatively compact open subset of D. Let u be an upper semicontinuous
function on U which is plurisubharmonic in U and such that u < Q77 ppOn OU. By the maximum
principle, v < 0 in U. Let

i(z) = {maX{u(z)’Q%’ip@)} if z€U
O ,(2) ifeD\U

Then @ € S,, (D). Hence @ < Q7. Therefore u < Q77 in U, showing that 77 is maximal.
By [5]], [6] it follows (dcha” ™ =0. O
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Lemmal[2.71holds in general for any couple of strongly pseudoconvex domains:

Proposition 2.9. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain.
Letp € 0D and let o, € H,(0D). Let D' C D be a strongly pseudoconvex domain with smooth
boundary tangent to D at p. Then S, (D) = Upr o, (D).

Proof. The proof goes exactly as in Lemma[2.7] replacing (2.2) with Proposition2.81(3). O

3. CONTINUITY

Lemma 3.1. Let M be a Stein manifold. Let D CC M be a strongly pseudoconvex domain
with smooth boundary. Let u be upper semicontinuous on D such that u € Psh(D). Then
there exists a sequence {u;} of continuous functions on D with range in (—oo, +00) such that
u; € Psh(D) and u; \, u pointwise on D.

Proof. By Forn@ss embedding theorem [[19, Theorem 9] there exists a holomorphic embedding
G of D into a strongly convex domain C' such that G(D) C C. Hence G(D) is an analytic
variety in the B-regular domain C, and we can apply Wikstrom’s theorem [30, Theorem 2.3].
Therefore we can find a sequence ; of continuous functions on G(D) which are plurisubhar-
monic on G(D) and @; N\, (G~!)*u pointwise on G(D). Setting u; := max{G*1;, —j} we get
the claim. U

Proposition 3.2. Let M be a Stein manifold of dimension n. Let D CC M be a strongly
pseudoconvex domain with smooth boundary. Let p € 0D. Letp € 0D and let o, € H,(0D).
Then Q75 is continuous on D\ {p}.

Proof. By Proposition 2.8 Q77" belongs to the family S, (D), hence it is upper semicontinu-
ous.

In order to show lower-semicontinuity, we use a variation of the method of Jensen measures
and Edwards’ theorem (see [30], [31]).

Let a € D. We shall prove that Q77 is continuous in a.

Since M is Stein, there exists a holomorphic embedding G : M — CV, for some N >
n. Let T := dG,(1,M) and choose a complementary (N — n)-dimensional complex space
L C C¥ such that the projection 7 of C" onto 7" along L does not map G(a) in dG,(T,(0D)).
By construction, there exists an open neighborhood U of p in M such that ' := 7o G is a
biholomorphism on U. Therefore, F'(0D) is strongly pseudoconvex at F'(p) and there is a ball
B in F(U) that is tangent to F'(0D) at F'(p) and does not intersect dF,(7,0D).

We can choose coordinates w = (wy, ..., w,) on T (so that T" is naturally identified with C™)
such that F(p) = e; = (1,0...,0), dF,(7,0D) = {w : Re(w; — 1) = 0}, and B = B".

Let B’ := (F|y)~'(B"). Let h(z) := Fi(z) — 1 (here F} := wy o F)and let H := {2z € M :
h(z) = 0}. Note that H is an analytic hypersurface in M, that D \ H is dense in D, a ¢ H,
B’ N H = () and that H is non singular at p and tangent to 9D at p.
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The Poisson kernel of B" at e; associated to the standard Hermitian metric of C" is given by
1 — Jjwlf?

QO e, (W) = BT

Multiplying Qg ., by a positive constant if necessary, we may assume that F™*(Qpn o, ) = Qg7 .
Let P%¢(D) be the cone of all bounded from above plurisubharmonic functions in D and let
P<(D) be the cone of all coontinuous function in D which are plurisubharmonic in D. We let
F := |h|*P%(D) and F¢ := |h|*P¢(D).
Since \hP is bounded on D, the functions in F and F¢ are bounded from above. Therefore,
the functions in F can be extended on 0D as upper semicontinuous functions.

Let
(2) = Qf(2) zeB
0 2 ¢ B
and set g(z) := g(2)|h(2)|%
Note that for = € B/,

9(2) = Qe (2|1 (2) — 112 = (Qaoey () - [y — 1[2) 0 F(2)
= (1~ || o F(2),

and then the function g is < 0 and continuous on D.
Let

S7(9)(2) == sup (),
ueF,ulg
and similarly we define 57 (g)(z).
For a point z € D we let

17 = {l/z positive finite Borel measure on D : u(z) < /
D

udy, Yu € ]:}

and similarly define

Tre := {I/Z positive finite Borel measure on D : u(z) < / udv, Yu € fc} :
D

Since F¢ C F, it follows immediately 7% C 77%..

We claim that actually 7% = Z%.. In order to prove such equality, let v, € 7% and letv € F.
Let o be the upper semicontinuous extension to D of D\ H > z — v(z)/|h(z)|%. By definition
o € Psh(D) Nusc(D). By Lemma 3.1l there exists a sequence {@;} C Psh(D) of continuous
functions on D such that @; \, ¢ pointwise on D. Set u;(z) := @;(2)|h(2)|? for 2 € D. Since
@ is bounded from below, then |y = 0. By construction u; € F°and u; \, v pointwise on
D. Hence

dv, = lim dv, > lim u;(z) > ,
/DU v, = lim 5uy v _ji)oouj(z)_v(z)
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and therefore v, € 7%, proving the equality.

Now, we let
I7(g)(2) := inf {/gdl/z NS Ij_-} ,
D

I (9)(2) :== inf{/ngl/z v, € I}

Since 7% = I%. it follows I7 (g) = 17" (g).

Now, both F and F*¢ are cones of upper bounded, upper semicontinuous functions, thus
by Edwards’ theorem (see [31, Theorem 2.1] and its proof at p. 183) S7(g) = I7(g) and
ST (g) =1""(9).

Hence S7°(g) = S7 (g) which implies that the function S (g) is the supremum of continuous
functions (with, a priori, range in [—00, 0])) and therefore it is lower semicontinuous.

Let u € F be such that u < g. Write u = |h|*@ for some @ € P*(D). Then @ < |h|~2g on
D. Since HNB' = (), and g = 0 outside B’, it follows that & < Q]Bf inB and @ < 0in D and,
actually, by the maximum principle, % < 0 in D. In other words, @ € Up/ o, (D). Conversely, if
U € U o, (D) then u := |h|*a € F and u < g in D. Therefore,

|h|2UB/7ap(D) ={ueF:u<g}

and similarly we define

By Lemmal[2.7] we have

ST(g)=57(g)= sup w=I[h|"> sup a=I[h|"* sup @=|hn7?QY,
ueF,u<lg QGMB/’QP(D) UESay (D) )

Since h(a) # 0, the previous equality implies that Q%p , 18 lower semicontinuous at a. But Q%” v
is upper semicontinuous at a by Proposition [2.8] hence it is continuous at a.
By the arbitrariness of a € D, Q%” » is continuous in D and, by Proposition[2.8(2), it extends

continuously as 0 to D \ {p}. Hence Q7 is continuous in D \ {p}. O

4. LOCAL BEHAVIOR OF THE PLURICOMPLEX POISSON KERNEL AT THE POLE

4.1. Lempert’s theory. Now we need to briefly recall Lempert’s theory [26, 27, 28]]. For all
unproven statements, we refer the reader to [14, Sections 1, 2 and 3].

Let K C C" be a bounded strongly convex domain with smooth boundary. A complex
geodesic ¢ : D — K is a holomorphic map which is an isometry between the hyperbolic
metric/distance of D and the Kobayashi metric/distance of /. Every complex geodesics in K
extends smoothly up to the boundary of D. Given a point ¢ € 0K and v & Tf@K there exists a
complex geodesic ¢ : D — K such that (1) = ¢ and ¢'(1) = Av for some A # 0. Moreover,
it is unique up to pre-composition with automorphisms of D fixing 1.

To every complex geodesic ¢ is associated a holomorphic retraction p : K — ¢(ID) such
that p o p = p, and it is the unique holomorphic retraction on (D) with affine fibers ([14}
Prop. 3.3]), which we call the Lempert projection. The Lempert projection p is smooth up to
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K and p(z) € 9p(D) if and only if z € dp(D). The map p := ¢ L op: K — D is called the
left-inverse of .

Lempert [27, Proposition 11] proved that, given any complex geodesic ¢, there exists a
biholomorphism ¢ : K — ®(K), which extends as a diffeomorphism up to JK such that
D(p(¢)) = (¢,0,...,0), ®(K) is strongly convex near ®(dp(D)), ®(K) C D x C"! and the
associated Lempert projection pg (that is, ps = ® o po ®~1) is given by pg(z) = (21,0, ...,0).
We call ® the Lempert special coordinates adapted to o(D).

Remark 4.1. Let B, W be two bounded strongly convex domains with smooth boundary such
that B C W. Assume there exist p € 0B and a neighborhood U of p such that BNU = W NU.
Let  : D — W be a complex geodesic of W such that ¢(1) = p and suppose that ¢(D) C U.
Let p : W — (D) be the Lempert projection. Hence, p|p : B — ¢(D) is a holomorphic
retraction and it is then easy to prove that ¢ is a complex geodesic for B as well. It is easy to
see that, if ¢ are Lempert special coordinates for W adapted to ¢, then |z are Lempert special

coordinates for B adapted to .
Let
“4.1) L, ={veC":|v|=1,(v,v,) >0,iveTl,0K}

where v, is the outer unit normal vector to 0K at p and (-, -) is the standard Hermitian product.
According to Chang-Hu-Lee [15] for every v € L, there exists a unique complex geodesic
¢, : D — Bsuch that ¢, (1) = p, ¢, (1) = (v, ,)v and Im (¢" (1), v;,) = 0.

Definition 4.2. A complex geodesic in K parameterized so that ¢, (1) = p, ¢} (1) = (v,y,)v
and Im (" (1), v,) = 0 is called a CHL complex geodesic.

Given a complex geodesic 1 : D — K such that p € n(ID), there exists an automorphism h
of D such that n o h is a CHL complex geodesic.

In the sequel we need the following result, which can be seen as a sort of converse of [11,
Prop. 2.5]:

Lemma 4.3. Let D C C" be a bounded strongly convex domain with smooth boundary. Let
p € 0D and let v, be the outer unit normal vector of 0D at p. Let {¢,} be a sequence of
complex geodesics such that ¢;(1) = p for all j. Suppose that for every neighborhood U of p
there exists jy such that p; (D) C U forall j > jy. Then

lim <SOJ(C) - Db VP)
= [@;(¢) = pl

=0,

uniformly in { € D.

Proof. Let {e;};=1,., denote the canonical base of C". Up to local holomorphic change of
coordinate we may assume that p = 0, v, = e,, and that a defining function of 0D near the
origin is of the form Re(z,) + h(z1,..., 2,_1,Im z,), where h is a smooth function which is
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zero up to the first order at 0. Let

5, := max{|g;(C)| : ¢ € D).
Note that, by hypothesis, 6; — 0 as j — oo.

In the proof of his Theorem 2 (see [22, pag. 409 penultimate displayed formula]), Huang
shows that there exist jo and a sequence {~;} C C"~'\{0} such that, writing |3_J| = (a14,...,an-1;),
the following equality holds uniformly with respect to ( € D, for j > jo:
©5(C)

171

Now, fix ¢ € D, and 0 < ¢ < 1 and let ( = t£ + (1 — t). Multiplying by (£ — 1) and integrating
(@.2) in t between 0 and 1, bearing in mind that ¢;(1) = 0, we obtain

4.2)

= _(an—l,j7 An—25,---,015, 0) + O(‘Sj)-

@ile)en) _ 536 = 1)

;]

and ©
©;i(&
|]7,| = [—(an-14, an-2j; - - -, a15,0) + O(5;)] (€ — 1).
J
Hence,
[(pi(&),en)| _ O(5)

;i (€)] 14+ 0(5;)

and the statement follows. O

4.2. Defining couples adapted to a complex geodesic. Now, fix a point p € 0K. Let ¢y :
D — K be a complex geodesic such that ¢o(1) = p, and vy := ¢[(1). Let p : K — ¢o(D)
be the associated Lempert projection and p the left-inverse of (. Let ® be the Lempert special
coordinates adapted to ¢y such that ps(¢) := ®(po(¢)) = ((,0,...,0), ¢ € D and ®(p) =
e; := (1,0,...,0). Note that dP,(vg) = (P o )" (1) = e3.

Let K’ := ®(K). Note that d(ps)., (2) = (21,0, ...,0), hence, the left-inverse g5 := pg'opg
satisfies pg(z) = z;. Therefore,

TgaK, = ker d(pNS)ep Te1aK/ = ker Re d(ﬁs)er

Since d®, maps T;(F&K onto T g@K "and T,0K’ onto T,,0K’, taking into account that p =
ps o ®, we see that

(4.3) Ty 0K = kerdp,, T,0K = kerRedp,.
0:C" =R, 0(v):=dp,(v).
Let o := Im 0|7 0x. Then, by @.3), ker v = T;,CaK. Therefore, (o, #) is a defining couple of
TCOK.
Definition 4.4. The couple («, 6) defined above is the defining couple adapted to .
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Thus we can define the pluricomplex Poisson kernel 2% . Now, let ¢ : D — K be another
complex geodesic such that (1) = p. By Hopf’s Lemma, ¢'(1) ¢ T,0K . Hence,

. o 1 1

4.4) Tl_l)rfli Q% ,(0(r) (1 =) 2Re 8 ) 2Re BP0
By Proposition 2.6, there exists a constant m > 0 such that Q% = m§Q ,, where Qg , is
the pluricomplex Poisson kernel constructed in [13} [14]—and it is, in fact, the pluricomplex
Poisson kernel associated to the linear form 7,0K > v — (v,v,), where v, is the outer unit
normal vector to OK at p.

By construction (see [14, (1.2)]) Qk, restricted to the complex geodesics whose closure
contain p is a multiple of the Poisson kernel . Thus, by the Phragmén-Lindel6f theorem in D,

o 1

@s) U, (0(0) = Re 7 ) PlO)

4.3. Entrapping strongly pseudoconvex domains between strongly convex domains. As-
sume that D C C” is a bounded, strongly pseudoconvex domain with smooth boundary. Let
p € 0D. By [11, Thm. 2.6] there exist a biholomorphism ® : D — ®(D), which extends
as a smooth diffeomorphism on the boundary, a bounded strongly convex domain W C C”
with smooth boundary, and an open neighborhood U of ®(p) such that ®(D) C W and
UNW = Un®(D). Moreover, it is clear that we find a smooth bounded strongly convex
domain B C C" such that B C ®(D) and BNU = ®(D) N U. Therefore, up to considering
®(D) instead of D, we assume that

(H1) There exist two bounded strongly convex domains B, W C C" with smooth boundary
and an open neighborhood U of psuchthat B C D C WandUND =UNW =UNBKB.

Note that
A:=T,0D =T,0W =T,0B
and that
A :=T70D =T 0W =T, 0B.
The following lemma follows the ideas in [11, Proof of Thm. 2.6] and it is based on a

“preservation of geodesics” result by X. Huang [23] Corollary 1]. For a vector v € C" we let
v™ the orthogonal projection onto A® and vV = v — 07"

Lemma 4.5. There exists ¢ > 0 such that if v € A\ AS, is such that |v| < €|vT| then any
complex geodesic ¢ : D — W such that p(1) = p and ¢'(1) = \v for some X\ # 0 is a complex
geodesic—that is, an isometry for both the Kobayashi distance and Kobayashi metric—also
for D and for B. Moreover, if p : W — ¢(ID) is the Lempert projection associated to ¢ (as
a complex geodesic in W), then p|p is the Lempert projection associated to ¢ (as a complex
geodesic in B). Also, p|p is a holomorphic retraction of D onto o(D) with affine fibers.
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Proof. Let U’ be an open neighborhood of p such that U’ C U. By [23] Corollary 1], there
exists ¢ > 0 such that if v € A\ AC, is such that [v™| < €[vT| then any complex geodesic
¢ : D — W such that (1) = p and ¢'(1) = v for some A # 0 is such that (D) C U’. Let
p: W — (D) be the associated Lempert projection. Then p(W) = (D) Cc U’ € B C D.
Hence, ¢(D) is a holomorphic retract of B and of D. Since it is well known that that one-
dimensional holomorphic retracts of strongly convex domains are complex geodesics, ¢ is a
complex geodesic in B. By the same token, or by the monotonicity property of the Kobayashi
distance, it follows that ¢ is an isometry for both the Kobayashi metric and the Kobayashi
distance of D as well. Finally, since the fibers of p|p are affine, by [[14, Proposition 3.3], it is
the Lempert projection associated to ¢ as a complex geodesic in 5. 0

Definition 4.6. Let v € A\ A® be a vector. We say that v is compatible if [v"| < e|vT|, where
e > 0 is given by Lemmal.5]

A holomorphic map ¢ : D — C", which extends smoothly on dD and is a complex geodesic
(that is, an isometry for both the Kobayashi distance and the Kobayashi metric) in either B, D
or W and such that ¢(1) = p and ¢/(1) is compatible at p, is a compatible complex geodesic.

The defining couple of A® associated to ¢ is called a compatible defining couple.

The definition of compatible complex geodesics needs a couple of comments. Holomor-
phic discs which are isometries for the Kobayashi metric are usually called “infinitesimal com-
plex geodesics”. In bounded convex domains, complex geodesics and infinitesimal complex
geodesics are one and the same. In other domains, it is not known. However, for the aim of
this paper, it is convenient to call “complex geodesic” any holomorphic disc which is both an
isometry for the Kobayashi metric and for the Kobayashi distance.

Also, every complex geodesic in B and IV extends smoothly on the boundary. However, this
is not granted for complex geodesics in D, but it is part of the definition of “compatibility”.

The following lemma explains why we choose to use a unified terminology for B, W and D:

Lemma 4.7. A holomorphic map ¢ : D — C™ is a compatible complex geodesic in B if and only
if it is a a compatible complex geodesic in D if and only if it is a a compatible complex geodesic
in W. In particular, every compatible complex geodesic in D is the image of a holomorphic
retract of D with affine fibers.

Proof. By Lemma if ¢ is a compatible complex geodesic in W, then it is a compatible
complex geodesic in B and D (and it is the image of a holomorphic retract of D with affine
fibers).

If ¢ is compatible in B, let 7 : D — W be the complex geodesic in W such that (1) = 1 and
n'(1) = A¢'(1) for some A # 0. Then, ) is compatible in TV, hence, by Lemmal4.3] it is also a
complex geodesic in B (and in D) and, by the uniqueness up to re-parametrization of complex
geodesics in strongly convex domains, it follows that ¢ = 7 o h for a suitable automorphism h
of D such that 2(1) = 1. Hence, ¢ is a compatible complex geodesic in W and D as well.

Finally, if ¢ is a compatible complex geodesic in D, by definition it is also an infinitesimal
complex geodesic and, being smooth up to the boundary, the hypothesis in Huang’s preservation
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principle [23| Corollary 1] is satisfied. Therefore, (D) C U’ (where U’ is defined in the proof
of Lemma [4.3). In particular, (D) C B. By the monotonicity of the Kobayashi distance,
it follows that ¢ is a (compatible) complex geodesic of B as well, and, for what we already
proved, for W. O

In the sequel we let ¢, : D — B be a complex geodesic such that py(1) = p and vy := (1)
is a compatible vector, that is, (g is a compatible complex geodesic. Let p be Lempert projection
associated with g in W. By Lemma 4.3 p|p is the Lempert projection of ¢y as complex
geodesic in B, hence, p := ¢! o p is the left-inverse of ¢, (in both B and W).

Let 0 := dp, and let o := Im 6] 4. Then (o, #) is a compatible defining couple of T3 9D.

For all z € B,

(4.6) O (2) < 0% (2) < Q% (2).

As a corollary of the previous inequalities we generalize [14, Corollary 5.3]:

Proposition 4.8. Let {z,} C D be a sequence converging to p and assume that lim,, . ﬁ -
v & A®. Then
1 Re (v, v,)
47 lim €5, (20)|{p = 2, 1) = 2R e
“.7) Jim Q4 (z0) [ (p = 20, 1) = —2Re <9<vp>) (0,7,

where M = B, D, W and v, is the outer unit normal vector of M at p.

Proof. In view of (4.6)), it is enough to prove the formula for B and W. We prove it for B, being
the proof exactly the same for V.

For each n let ¢,, be a CHL complex geodesic (see Definition 4.2)) such that ¢, (1) = p and
©n(Cn) = 2z, for some ¢, € D. Up to subsequences, we can assume that 5 = lim,,_,., ﬁ:—gi‘
exists.

Up to extracting further subsequences, we may also assume that {y,, } converges uniformly
on compacta to a holomorphic map ¢ : D — B. Moreover, since B is strongly (pseudo)convex,
then, either p(ID) C B or there exists a point ¢ € 0B such that (D) = ¢. In the latter
case, since z, € ¢,(D) and z, — p, by [L1, Prop. 2.3], it follows that ¢ = p and that for
every neighborhood @ of p there exists ng such that ¢, (D) C @ for all n > ng. Hence, by
Lemmal4.3]

lim <Zn - D, Vp) = lim <S0n(<n) — D, Vp) _ 0’
nooo |z —pl noee on(Gr) — 1l
which implies v € A%, a contradiction. Therefore, (D) C B.

Now, since the ¢,,’s are isometries between the hyperbolic distance in D and the Kobayashi
distance in B, then ¢ is a complex geodesic in B and by [23) Prop. 1] (see also [14, Section 2]),
{0, } converges in the C*-topology on D to (.

Write (¢,,)'(1) = (vn, vp)v, for some v,, € L,. In particular notice that, since (v,,, v,) > 0 by
definition, we have Re ((¢,,)'(1),v,) = ((¢n)'(1),v,) > 0 for all n. Since by Hopf’s Lemma,
Re (¢'(1),v,) # 0, it follows easily from the previous considerations that ¢ is CHL and hence
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¢'(1) = (v,1,)0 for some © € L, so that lim,_,., v, = 0. By (@.5), recalling that § = dp,
where p is the left-inverse of the chosen compatible geodesic ¢y,

Q%,p(’ZTL)Kp — Zn, Vp>| = Q%,p(‘:pn(gn))‘@ — Zn, V:n>‘
— _ ; (1+<n)|1_gn| D= zn v
= ke () e (e ) [d=e

By the Fundamental Theorem of Calculus,
P—2n _ a(1) — nlGn) '
.- 1-c ) @) (=Gt Gt
n n 0
and, since the integrand converges uniformly to ¢'(1), and taking into account that (¢’(1)) =
({9, v,))?0(v,)—since 0] 4c = 0, the previous equation implies that

: o 1
(4.8) nh—>nolo Q% ,(2)|(P — 20, vp)| = —2Re (9(l/p)> Re 5.
On the other hand,

. 1—G, 1 = Gal en(1) = on(Gn) ~
(v,v,) = lim ( JUp) | = B0, ).
g n=oo | |1 = Col [on(1) = n(Cn)l 1—=G g g
Putting together (4.8)) and the previous formula, one easily sees that (4.7) holds. O

Lemma 4.9. Let {z,} C B be a sequence converging to p such that v := lim,, % exists.
If either v € A® or [0V | < £[vT
that for all n > ny

, where € > 0 is given by Lemma then there exists ng such

Upplzn) _
Q%p(zn)

In particular, for all n > ny,
Q%,p(zn) = Q%J)(Zn) = Q%{ﬂp(zn)

Proof. 1t is clear that the second equation follows at once from the first one and from (4.6). In
order to prove the first equation, let {z,,} C B be a sequence converging to p. By hypothesis,
the complex geodesic ¢,, : D — B such that ¢, (1) = p and ¢,,(0) = z, eventually satisfies
I[5,(0)]N] < €|[),(0)]|. Therefore, ,, is a complex geodesic for both B and W eventually by
Lemma[d.3l Thus, by (4.3), Q% ,(¢n(C)) = iy, (¢n(C)) for n large, and for all ¢ € D, and we
are done. U

The argument used in the previous proof allows us to prove:

Proposition 4.10. For all compatible complex geodesics p and ( € D,

49) 2 () = Re (ﬁ) Po(0).
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In particular; there exists an open set J whose closure contains p such that )7, , is C*°-smooth
on J, (dch%’p)"_l # 0 on J and the associated Monge-Ampére foliation on J is formed
by complex geodesics for D, which extend smoothly up to the boundary of D, and have an
associated holomorphic retraction with affine fibers.

Proof. The first statement follows at once from the previous proof and equations (4.6) and @.3]).

The set G := {v € L, : [v"| < £[v”|}, is open in L, (see @I)). The map G x D > (v,¢) —
¢, (€) is a homeomorphism onto its image, which is thus an open set .J (see [14} Corollary 2.3]).
Hence, by (4.5) and (4.9), we have Qf, (z) = Q% (2) for all z € J and we are done. O
Proposition 4.11. The following hold:

lim Q%’p<z> =

20 605,()

In particular,
Q% (z Q% (z
lim aD’p( ) = lim sup 57])( ) =1
Z=p QB,p(Z) Z=p QW,p(Z)

Proof. Again, the second formula follows immediately from the first one and from @.6). By
Lemmald.9 we are left to consider sequences {z,} C B such that 2==2, — v with either v & A

|[p—2n|
orve A\ AC
Casev ¢ A. By @.8)), and taking into account that Re (v, ,) > 0 (since v & A), we have

lim M — lim Q%5 (z2n) [(p = 20, 1)
n—00 Q%/,p(zn) n—00 Q%/J)(Zn) |<p — Zn, Vp>|

=1,

and we are done.
Casev € A\ A®. Let {z,} C B be such that 2=22 — v withv € A\ A"

p
lp—2n|

Let 2 : D — B be the CHL complex geodesic in B such that ¢2(1) = p and 2 (¢8) = 2,
for some ¢ € D and similarly let 0" : D — W be the CHL complex geodesic in W such that
oW (1) = pand @Y (¢VV) = z, for some ¢!V € D.

Up to extracting subsequences, we may assume that {2} converges uniformly on compacta
to a holomorphic map ¢? : D — B and {"V'} converges uniformly on compacta to a holomor-
phic map ¢" : D — W. Arguing as in the proof of Proposition .8, one can see that ©® and
©" are CHL complex geodesics and {(x?)} converges to ¢ while {(¢))} converges to "
in the C'*-topology on D.

In particular, we can write (p?) (1) = (vZ,1,)v? and (") (1) = (W, )" for some
vB, oW € L,

Using the Chang-Hu-Lee spherical representation [[15] (see also [14), Section 1]), it is easy to
see that lim,,_, o Cf = lim,,_. C,‘fV = 1. By the Fundamental Theorem of Calculus,

b —zn I_Cf !
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Since the integrand converges uniformly in n to (¢?)'(1) = (v?,1,)v” and the left hand side
1-¢F
|p_zn|

converges to v, it follows that converges to some AP £ 0, as n — 0o. A similar argument

for !V shows that
MNP p P =0 = AV (0" ).
Bearing in mind that v”, v" € L, this implies immediately that v? = v".
In particular, p®(1) = " (1) = pand (©?)'(1) = (p")'(1). By @.3) and (&.6), we have

(4.10) L < Bplen) _ Po(G))

T Qg,(z)  P(CP)
Let 52 be the left-inverse of 2. By [14, Lemma 3.5], {52} converges in the C'-topology on
B to the left-inverse p? of ©B.

Since B and W have common boundary near p, there exists r € (0,1) sothat ) :=DN{( €
C:|C—1 <7} C (&)Y BN Y (D)) for all n. We can assume that ¢}V € @ for all n.
Let g : D — @ be a Riemann map. Note that since 9 = 0D near 1, we can assume that
g extends holomorphically through 0D near 1, g(1) = 1 and (up to pre-composing g with a
hyperbolic automorphism of ID fixing 1) that ¢/(1) = 1. Let 'V := ¢~ 1(¢V). Note that 'V — 1
asn — oo. Let f,, == pP o og: D — D.

By construction, f, is smooth up to 9D close to 1, f,(1) = 1 and f,({) = ¢Z. By
the classical Julia’s Lemma and the classical Julia-Wolff-Carathéodory Theorem (see, e.g., [1}
Thm. 1.2.5 and Thm. 1.2.7] or [10, Thm. 1.7.3 and Lemma 1.4.5]), f/(1) > 0 and for all
¢eD,

11— fu(QF 1-¢?
1= 1falQ)P 1—|¢]*

Moreover, { f,} converges in the C''-topology on D to f := 5 o ¢ o g. Note that f'(1) =
dp, (") (1)g'(1) = dp, ((¢") (1)) = L.

Hence, by @.11),

Po(¢) _ Polg(@)) _ 1 lg@ |1 =GV L— GV 1~ GV
Po(GP)  Po(fulQ)) L= g(@QV)PT =[GV 1= QY21 = | fulQ)I?
- FWNI2 11 W2
o @OE =G
Therefore, since f/ (1) — f'(1) = 1 asn — oo,
L— 9GNP 1 =GP

I Po(GY) _ o
im sup 5 < limsup T TS
n—00 P]D(Cn) n—00 ‘1_9( )| 1_|Cn |

n

4.11) < fn(1)

Since g extends holomorphically near 1 and ¢’(1) = 1, we see that
[1-GVP
m ——=——— =
oo |1 —g(¢ )P
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A (FW(2
On the other hand, in order to compute lim,, ., %, we use the Cayley transform C' :

{w € C: Rew > 0} — D defined as C(w) = {=2. Let w, := C7'(¢}V). Then {w,}
converges to 0. Let § := C~' o g o C. The map g is well defined and holomorphic near 0,
§(0) = 0,Re g(iy) = 0 fory € R close to 0 and §'(0) = 1. Hence, Re g(w) = (Rew)a(w) for
w close to 0, where a(w) is a real analytic function such that a(0) = 1.

Since 1 — [C(w)|* = gr;pRew, it follows that

L= ]gQNF _ 1+ wa Reg(w,) |1+ w,|’

FW |2
hence, lim,, . % =1.

Therefore, lim sup,, f;'ﬂ’;(é'g)) < 1 and, by (4.10), we are done. O

5. JULIA’S LEMMA FOR STRONGLY PSEUDOCONVEX DOMAINS IN STEIN MANIFOLDS

Definition 5.1. Let M be a Stein manifold and let D CC M be a strongly pseudoconvex
domain with smooth boundary. Let p € 9D and let («, §) be a defining couple for T ;,C&D. The
horoball of center p and radius R > 0 1is

HY(p,R) :={2€ D:Q} () < —1/R}.

By Proposition[2.6] horoballs are independent of the defining couple («, 6), in the sense that,
if (o/,¢') is another defining couple, there exists A > 0 such that H? (p, R) = HE(p, AR) for
all R > 0.

Note that H?(p, R) is an open subset of D and that H? (p, R) N dD = {p} forall R > 0.

Definition 5.2. Let D CC M be a strongly pseudoconvex domain with smooth boundary.
A sequence {z,} C D is an E,-sequence if {z,} converges to p € 0D and it is eventually
contained in any horoball at p for some—and hence any—defining couple for Tf@D.

Note that every sequence {z,} C D which converges non-tangentially to p € 9D is an E,-
sequence. Indeed, choosing local coordinates around p, one can find a ball B, C D which is
tangent to 0D at p. If {z,} converges non tangentially to p then {z,} is eventually contained in
B, and converges to p non-tangentially in B, as well. Hence, Q) (z,) < Qf (2,) — —oc as
n — Q.

Theorem 5.3. Let M, M’ be Stein manifolds. Let D CC M and D' CcC M’ be a strongly
pseudoconvex domains with smooth boundary. Let f : D — D' be holomorphic. For every
p € 0D fix a defining couple (o, 0,,) ofT;,CaD, and similarly for every q € 0D’ fix a defining
couple (av,, 0) ofTI‘)CﬁD’. Forp € 0D and q € 0D/, let

. { 05, (2) }
pg “=SUP Y~ (-
<0 | 2, (f(2)
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Suppose there exists p € 0D such that

A, = Inf A\, , < +o00.
P geop P

Then there exists a unique ¢ € 0D’ such that \,, < 400 and N\, = \,, Moreover, for
every E,-sequence {z,}, the sequence {f(z,)} is an E,-sequence—in particular, f has non-
tangential-limit q at p—and for all R > 0

f(Ho?p(p7 R)) g H@%(Q) )\PR)

/

Proof. In order to avoid burdening notations, we omit to write a, «j,.

exists ¢ € 9D’ such that

By hypothesis, there

Qpp(2)
Apg = sup{* < 400.
P en Qg (f(2))
Let {z,} C D be an E,-sequence. Hence lim,,_,~, 2p ,(2,) = —oo and since A, , < +o0, it

follows immediately that lim,, . Qpr4(f(2,)) = —oo. Thus lim,, . f(2,) = ¢ and {f(2,)}
is eventually contained in any horoball of D’ at q.

Finally, if it were A, , < 400 for some other ¢ € 0D’ \ {q}, arguing as before it would
follows that { f(z,)} is both an E,-sequence and an £, -sequence for every E,-sequence {z,},
a contradiction. U

It is interesting to note that the condition A\, < 400 in the previous theorem is, in fact, a local
condition at p along non-tangential directions:

Proposition 5.4. Let M, M’ be Stein manifolds. Let D CC M (respectively D' CcC M’) be
a strongly pseudoconvex domain with smooth boundary. Let f : D — D’ be holomorphic.
Then )\, < +oc if and only if there exist C' > 0 and q € 0D’ such that for all sequences {z,}
converging non-tangentially to p,

(5.1 limsup ————— < C.

Moreover, \, < C.

Proof. Suppose (5.1)) holds. Let u(z) := CQ%% ,(f(2)). Note that u is plurisubharmonic and

u < 01in D. Moreover, let v : [0,1] — D U {p} be a smooth curve such that y(¢) € D for
t€10,1),v(1) =pand~'(1) ¢ T,0D. Then

lim sup u(y(£))(1 — #) < limsup Q7 (v(£))(1 — ) = —2Re [0, (v'(1)] .

t—1— t—1—

Therefore, u(z) € S, (D) and hence, u(z) < Qp (z) forall z € D. O
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6. AN INTRINSIC JULIA-WOLFF-CARATHEODORY THEOREM FOR STRONGLY
PSEUDOCONVEX DOMAINS IN C"

Let D C C" be a bounded, strongly pseudoconvex domain with smooth boundary.

For each p € 0D, we can globally change coordinates so that assumption (H1) in Sub-
section holds. So, for each p € 9D we can select a compatible complex geodesic <p£’ :
D — D such that (1) = pand v} = (¢)/(1). We let p. be the associated Lem-
pert’s projection and ﬁf the left-inverse of gppD . We have thus the (compatible) defining couple

(Im (dp)p| 00, (dPL),).

Theorem 6.1. Let D C C", D' C C™ be bounded, strongly pseudoconvex domains with smooth
boundary. For each p € 0D (respectively, ¢ € OD') let (ay,0,) (respect., (a,,,0,)) be a
compatible defining couple of T;c@D (respect., T;CaD’ ). Let f : D — D’ be holomorphic.
Suppose

Q7 (2
(6.1) A, = inf su 5%)

P < oo
qedD’ ,ep QDq’,q<f(Z))

Then there exists a unique point ¢ € 0D’ such that f has non-tangential limit q at p, the
following maps are bounded on every cone in D with vertex at p:

(1) d(pg" o f)=(v)),

2) [1 =5, (2)['2d(f = p o f)=(v)),

3) [1= gy ()|~ 2d(p7" o [)=(7),

4 d(f - Py © f)(7p),

where T, denotes any complex tangent vector to 0D at p. Moreover, the map (1) has non-
tangential limit \, and the maps (2) and (3) have non-tangential limit 0 at p.

Remark 6.2. Using Abate’s “projection devices” [2, 3], one can replace the “non-tangential
approach” in the statement with the bigger class of restricted K -limits. However, we are not
going to develop this argument in this paper.

Proof. By Theorem[3.3] there exists a (unique) point ¢ such that

QY (2
D Qp (f(2))
and f has non-tangential limit ¢ at p.
As in Subsection [4.3] we can and we will assume that (H1) holds for D at p and D’ at ¢ (and
we denote by B’ C D’ C W’ the two strongly convex domains entrapping D’). It is easy to see

that this assumption does not change the statements.
In order to avoid burdening notations, we write )y instead of Qg}’jp, for X = B, D and Qx

instead of Q;?‘fq for X = D' W".
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Then we define g := f|p : B — W’. By @.6) and (6.1)), we have

O (9(2)) < D (fln(2)) < —0p(2) < ~ ()

)\P )\P
Let ( )
- QB
)\ =sup ————.
“eh Qu(g(2))

Hence, \, < \,. Choose now z, = ©l(0) and 2z = 7 '(0). By [9, Proposition 2.3] (actually,
that proposition is proved for self-maps of the same domain, but it is easy to see that the proof
adapts to holomorphic maps between different bounded, strongly convex domains with smooth

boundary)

1 -
Y lOg )‘p = lim inf[kB(Za ZO) - kW’(f(Z)7 Z(,))]a
2 Z—p

where kj; denotes the Kobayashi distance of a domain M. Hence, we can apply Abate’s Julia-
Wolff-Carathéodory’s theorem for strongly convex domains (see [2, Thm. 0.8] and [3, Thm.
2.1]), and we have that the maps (1)—(4) are bounded in any cone in B with vertex at p. Since
B and D are tangent at p, the same statement follows in D. Moreover, (2) and (3) have non-
tangential limit O at p. And (1) has non-tangential limit Sxp.

We are left to show that \, = \,.

By Proposition [5.4] for every 0 < a < 1 there exists a smooth curve v : [0,1] — D U {p}
converging to p such that 7/(1) ¢ 7,,0D and lim inf,_, % > ah,.

By Propositiond. 11l we have

(6.2) lim M =
i1 Qp(7(t))
By [2, Corollary 1.8], (recalling that ﬁqD' is also the Lempert projection of W’ onto gpq "), we
know that 52"(f(+(t))) converges to 1 non-tangentially. Since 2" (D) is transverse to 9D’ at g,
this implies that if v is the limit as n — oo of % for some sequence t,, — 1, then either

v & T,0D" or v € T, dD'. Hence, by Proposition4.11] we have

(D)
O (£ 1)

By the previous equation and (6.2)) we have

Qp(v®) e B00®) Qo (f(4(1))) Ds(1(1)

)\ > liminf ————~~2 imin > al,.
=1 Qui(g(v(t) =1 Qo (f(¥(1) Que (F(v (1) Qp((2) = F
By the arbitrariness of a, we have Sxp > Ap, and we are done. O

It is interesting to compare Theorem 6.1l with Abate’s Julia-Wolff-Carathéodory theorem for
strongly pseudoconvex domains [3, Theorem 0.2]:



24 F. BRACCI, A. SARACCO, AND S. TRAPANI

Theorem 6.3 (Abate). Let D C C", D' C C™ be bounded, strongly pseudoconvex domain with
smooth boundary. Let p € OD. Let f : D — D' be holomorphic. Suppose
.. . dist(f(z),0D")
6.3 1 f < :

63) - dist(z,0D) oo
Then there exists a unique point ¢ € 0D’ such that f has non-tangential limit q at p, the
following maps are bounded on every cone in D with vertex at p:

(1) mq(df=(vp)),

(2) dist(z,0D)Y2d(f — 750 f). (1),

(3) dist(z,0D) "2, (df (1)),

@) d(f =750 f)(7),
where v, is the outer unit normal vector of 0D at p (with respect to the Hermitian product
in C"), v, is the unit outward normal of 0D at q and 7,(v) = (v,v,)v, and T, denotes any
complex tangent vector to 0D at p. Moreover, the map (1) has finite nonzero non-tangential
limit and the maps (2) and (3) have non-tangential limit 0 at p.

Again, in the statement, non-tangential approach can be replaced with K -regions approach.

Using Lempert’s special coordinates, one can take v, = UI? and m, = pg’ ", so that, the
conclusions of Theorem[6.1]and Theorem[6.3]are almost the same. The main difference between
Theorem [6.1] and Theorem [6.3]is that the value of the normal projection of the derivative along
the normal direction (when such directions are chosen to be “compatible”) can be computed in
terms of an intrinsic data, the number ), as in the case of strongly convex domains.

Using estimates of the Kobayashi distance, it is easy to see that (6.3)) is equivalent to

(6.4) %log By = lil;n_glf[l{:[)(zo, 2) —kp/(f(2),2)] < +o0

where 2y € D and 2, € D' are two fixed points.

As we remarked in the proof of Theorem [6.1] in the strongly convex case (when suitably
choosing zy, z(), Sy = A, (defined as in (6.1)), and this is also the value of the projection of
the derivative of f along the chosen complex geodesic at p. In strongly pseudoconvex domains
however, there is no known relation between 3 and the value of the normal projection of the
differential of f along the normal direction. Here we prove that, however, Abate’s hypothesis

(6.3)) is equivalent to (6.1)):

Proposition 6.4. Ler D C C", D' C C™ be bounded, strongly pseudoconvex domain with
smooth boundary. For each p € 9D (respectively, ¢ € 9D') let (c,,0,) (respect., (a,,,0)))
be a compatible defining couple of Tf@D (respect., T, ;C@D’ ). Let zy € D and z, € D'. Let
f : D — D' be holomorphic. Then the following are equivalent:

(1) Ay < 400,

(2) liminf,,[kp(20,2) — kp (f(2), 25)] < 400,

(3) liminf, ,, % < to0.
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Proof. We already saw that (2) and (3) are equivalent. In particular, the choice of zy, z{, is
irrelevant for (2). Now we use the same notations as in the proof of Theorem [6.1l setting
20 = ¢2(0) and zj = p2'(0). We saw that A, = )\,. Hence, it is enough to show that (2) is
equivalent to 5\p < +o00.

On the one side, forall z € B, since B C Dand D' C W/,

kp(20,2) — ko (f(2), 20) < kp(20,2) — kw(f(2), 25),

and hence, (1) implies (2).

On the other side, if (2) holds, it follows from the proof of Theorem that there exists a
sequence {z,} C D converging to p such that { f(z,)} converges to ¢ (in fact, a posteriori, any
sequence converging non-tangentially to p does) and

limsup[kp (20, 2n) — kpr(f(20), 25)] < +o0.

n—oo
By [12, Lemma 5.4], we can find 7" > 1 such that for n sufficiently large so that z, stays
sufficiently close to p and f(z,,) stays sufficiently close to ¢, we have
|k (20, 20) = kp(2, 20)| + [kw (f(2n), 20) = kpr(f(2n), 20)] < log T

Hence (2) implies 5\;, < 4-oo—and hence (1) holds. ]

7. FURTHER PROPERTIES OF THE PLURICOMPLEX POISSON KERNEL

In this section we are going to prove some further property of the pluricomplex Poisson kernel
in C", such as uniqueness and (semi)continuity properties with respect to the change of pole,
that will be useful later on.

We start by a uniqueness result, whose proof is exactly the same as that of [14, Thm. 7.1]:

Proposition 7.1. Let D C C" be a bounded strongly pseudoconvex domain with smooth bound-
ary and let p € 0D. Fix a defining couple (o, 8,) of T;)CGD. Let u be a maximal plurisubhar-
monic function on D such that lim,_,,u(z) = 0 for all ¢ € 0D \ {p} and

Q% (2
lim D) =

=—=p  u(z)

Then u = Q%p »

Remark 7.2. As observed in [24, Prop. 4.3], if D is strongly convex, the previous uniqueness
result holds if one replaces unrestricted limits with non-tangential limits. The proof of this
result relies on complex geodesics and it is not clear how to extend to strongly pseudoconvex
domains.

Next, we prove that the pluricomplex Poisson kernel can be used to define a measure on the
boundary:
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Proposition 7.3. Let D C C" be a bounded strongly pseudoconvex domain with smooth bound-
ary. Choose a defining couple (o, 6,) of T ;,C@D which varies continuously with respect to p.
Then, the function Q%p p(z) is upper semicontinuous with respect to the variable p € 0D.

Proof. Since D is relatively compact with smooth boundary, there exists » > 0 small enough
such that the ball B,(r) of radius r internally tangent at D in p is contained in D, for each
p € dD.

Letus define g : D x 0D — R as

(7.1) 9(z,p) = {SBP(TM(Z) Zi Zﬁpg

The function g(z, p) is continuous in both variables. Moreover Q77 (z) < g(z,p) by Lemmal27l

Let us fix a point ¢ € 9D and a sequence {¢,} C 9D, ¢, — ¢. The functions Q7" (2)
are negative, hence uniformly bounded from above. Taking the maximum limit for n — oo, in
Q5" (2) < g(z,qn) we get

Qgn

lim sup Qqum(Z’) < 9(2,9).

n—oo
Therefore the upper semicontinuous regularization with respect to z satisfies
Fy(z) = (limsup Q7% (2))" < (9(2,0)" = 9(0)

n—oo

Hence Fi(z) € S,, (D), thus
limsup Q7 (2) < Fy(z) < QF (2).

n—o0

(03 . . . .
Namely €27’ is upper semicontinuous in q. U

Proposition 7.4. Let D C C" be a bounded strongly pseudoconvex domain with smooth bound-
ary. Choose a defining couple (o, 0,) of TI(,C@D which varies continuously with respect to p.
Let K CC D be a compact set. Then the function |Q",(z)| is uniformly bounded in p € 0D
with respect to z € K.

Proof. By Fornass’ embedding theorem [[19, Theorem 9] there exist N > n, a smooth bounded
strongly convex domain D’ C C¥ and a holomorphic map ' : C* — C¥ such that F' is a
biholomorphism on the image, which is a closed subvariety of CV, F'(D) C D', F(D) C oD’
and F'(C") intersects transversally 0D’.

Let ¢ € 9D, and let v, be the outer unit normal vector at 9D" in g.

The transversality in Fornass’ embedding theorem allows to define a defining couple (ozg , 95 )
for T,,0D by setting

95(1)) = <de(U)7 V}«"(p)>7
where (-, -} is the standard hermitian product in C", and o} := +Im (6] '|1,0p), where the sign

is chosen so that a,a

I = a, for some a, > 0. Note that (6], o) varies continuously in p.
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Since also o, varies continuously in p and 9D is compact, it turns out that a, is continuous in p
and there exists A > 0 such that for all p € 9D,
a, < A.
Let us define ¢ : D' x 0D" — C as
o(w,q) = (w—q,v,), Y(w,q) €D xaD
The function h : D x 0D — C,
h(z,p) = exp(¢(F(2),F(p))), V(z,p) €D xID

is continuous in p, and —for each fixed p € 0D— is a strong peak function in p for the domain
D, C*-smooth up to the boundary. Moreover since D' is strongly convex, it follows that for all
z€ Dandp € 9D

Re (F(2) — F(p), Vi) <0,

and hence h(z,p) € Dforall z € D and p € 9D and h(p,p) = 1.

Hence, for each fixed p € 0D, Pp(h(z,p)) is a negative plurisubharmonic function in D.
Moreover, let v : [0,1] — D U {p} be a C* curve such that v(t) € D forall t € [0,1),
(1) =pand+/(1) € T,0D. Then

lim Pp(h(v(t),p))(1 —t) = lim —Re

t—1 t—1

1+ exp((F(v(t)) = F(p), Vi) (1-1)
1= exp((F(7(t)) = F(p); V)
1
(dFp (' (1)), Vi)

Therefore, Pp(h(-,p)) € Sur(D) and, by Proposition apPp(h(-,p)) € Sa, (D) for all
p € 0D. Hence,

= —2Re

apPp(h(z,p)) < Q75(2) < 0.

By continuity, there exists a positive constant My > 0 such that |Pp o h(z,p)| < M for all
z€ Kandp e dD. Thus

52 < ap|Po(h(z,p)] < apMy < AMg, Vz €K,

proving the statement. O

8. PLURICOMPLEX POISSON KERNEL VS PLURICOMPLEX GREEN FUNCTION

The aim of this section is to relate the pluricomplex Poisson kernel with the pluricomplex
Green function of a bounded strongly pseudoconvex domain in C".
Recall that, given a hyperconvex bounded domain D C C" the pluricomplex Green function
of D with pole z € D (see, e.g., [23]) is
Gp(z,w) :=sup{u(w) : u < 0,u € psh(D), limsup[u(w) — log |w — z|] < +o0}.

w—z
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The function Gp(z, -), extended by 0 on 9D, is continuous on D \ {z}, plurisubharmonic and
maximal. Moreover, G (-, -) is continuous (as function with values in [—00,0]) on D x D (see
[17, Théorem (0.6)])

In case D is smooth and strongly convex, Lempert [26] showed that GG is symmetric in
(z,w) and it is smooth on D x D \ {(z,w) : z = w}. In case D is smooth and strongly
pseudoconvex Gp(z,-) is in general not C? and it is in general not symmetric in (z,w) (see
[4]). Actually, the symmetry in (z,w) is equivalent to the plurisubharmonicity of the function
Gp(-,w) for all fixed w € D.

However, by results of Guan [20] and Btocki [7], the pluricomplex Green function Gp(z, w)
of a bounded strongly pseudoconvex domain in C* with pole at z is C1! with respect to w €
D\ {z}. In what follows we need this slight extension of the previous result:

Lemma 8.1. Let D C C" be a bounded strongly pseudoconvex domain with smooth boundary.
Let p € OD and denote by v, the outer unit normal vector to 0D at p. For every compact set
Ky CC D there exist hg > 0 and C > 0 such that

9Gp(zp)  9Gp(zp— 1)

< (Ct
oy, oy, =C

forallt € [0, ho| and z € K.

Proof. We follow the argument in [8]].

Fix z € D. Fora givene > 0 let D, := D \ B(z,¢), where B(z, ¢) is the Euclidean ball of
center z and radius € > 0.

For a fixed z € K7, Blocki in [8] proves that given ¢ > 0 small and 0 € (0, 1) there exist
continuous functions ¢g<(w) converging locally uniformly to Gp(z,-) in D \ {z} as € goes to
zero (see [8), Eq. (2.2)]) and that there exist functions ¢g&° which are smooth on D, (see [8, Prop.
2.2]) and uniformly converge to g¢ in D, as 9 goes to zero (see [8, Eq. (2.3)]). Actually, in [7],
the functions g¢ and g¢° are denoted by ¢¢ and ¢g*° (without the subscript z). For the sake of
clarity, we prefer to indicate here also the corresponding pole.

Take ¢ > 0 such that K| := U.cx, B(z,€) CC Dandlet hy > 0be such that p—tv, € D\ K,
forall t € (0, hy.

Claim: There exist ¢y € (0,€), o € (0,1) and C' > 0 such that for all £ € [0, hy], z € K;,
5<50 and € < ¢,

(8.1) Vg (p — tvy)| + V295 (p — t1)| < C.

Assuming the claim for the moment, the proof ends as follows. Let € € (0, ¢y). The estimate
(8.1) implies that the first and second derivatives of the functions [0, ho] > t +— vS°(t) =
g5°(p —tv,) are uniformly bounded. By the Mean Value Theorem, this implies also that the v¢°
and their first derivatives are Lipschitz in [0, hy] with uniform constant C' > 0 (independent of
z € Ki,¢,0). Since for any fixed ¢t € (0, hgl, g>°(p — tv,) converges to g<(p — tv,) as § — 0,
it follows that also the {v$°} are uniformly bounded. By Arzela-Ascoli’s Theorem, for z € K
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and e fixed, up to extracting subsequences, we can assume that {v5°} converges uniformly as
d — 0 in the C'-topology of [0, ko] to a function v¢ : [0,hg] — R. Clearly, v¢ and their
first derivatives are uniformly bounded and Lipschitz in [0, hg|, with uniform Lipschitz constant
C > 0. Since v5°(t) = g<°(p — tv,) and these latter functions converge to g<(p —tv,) as § — 0,
it follows that the functions (0, ko] > t — g¢5(p — tv,) can be extended C' on [0, hg) and they
are, together with their first derivatives, uniformly Lipschitz in [0, ho).

Repeating the previous argument with the functions v¢ instead of v$° and taking the limit for
OG p (z,p—tvp)

d — 0, we see that also Gp(z, p — tv,) and its derivative with respect to ¢, that is — o, ,
are uniformly Lipschitz in ¢ € [0, hy] independently of z € K, and we are done.
We are left to prove the claim. In [[8, Thm. 1.1 and Thm. 3.1] it is proved that for any z € K;

there exist e, > 0, J, € (0, 1) and a constant C, > 0 such that for all e € (0,¢,) and 0 € (0,9,),

Vg2 (w)] <

V295 )| < ———
’ w — 22

Note that, if e < €and t € [0, h,], then p—tv, € D.. Therefore the previous estimate holds in
particular for w = p — tv,, t € (0, hg]. Moreover, min{|p — tv, — z| : t € [0, ho], 2 € K1} > 0.
Hence, in order to prove (8.1), it is enough to show that there exist C’ > 0, oy € (0,1) and
€o € (0, €) such that 0, > dp, €, > egand C, < C'forall z € Ky and w = p — tv,, t € (0, hol.

Analyzing Blocki’s proof, one can check that the dependence of 9., €, and C, on z is via the
distance of z from dD and a constant b(z) (defined and called just b at [8, pag. 348]) which is
defined by

e 1Gp(z W)

b(2) = lim inf dist(w, 9D)

In particular, one can check that if inf,c g, dist(z,0D) > 0 (which is the case since K is

compact in D) and inf,c g, b(z) > 0 then there exist C’, ¢, &g > 0 such that C, < ", §, > d
and €, > ¢, forall z € K;.

So we are left to show that inf,cx, b(z) > 0. To this aim, let 7 be a positive constant such
that for all p € dD the open ball of radius 27 tangent to 0D in p is contained in D. Let T; :=
{w € D : dist(w,dD) > 7} and replace the ~y at pag. 348 in [8] with v := maxg, x7. G(z,w).
Then, following again the argument in the proof of [8, Theorem 1.1] at p. 348, we see that there
exists # > 0 such that b(z) > > 0 for any z € K;, and we are done. O

Lemma 8.2. Let D C C" be a bounded strongly pseudoconvex domain with smooth boundary.
Let v, denote the outer unit normal vector to 0D at p. Suppose that the pluricomplex Green
function Gp is symmetric, then:

(1) D>z _acgiu(z,m is a maximal plurisubharmonic function in D for all p € 0D.

p
o, = 0.

(2) For every p and q in 0D with p # ¢, lim,_,,
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Proof. (1) Fix p € dD. Since Gp vanishes on the boundary of D, then

_aGD(Z7p) — lim GD(Z7p_th)
al/p h—0+ h

Now if z varies on a compact set K of D, by Lemma[8.1] and by the Mean Value Theorem, for
h > 0 small, we have

Gp(z,p — hvp) N 0Gp(z,p) _ _9Gp(z,p —try) N JGp(z,p) <o,
h oy, oy, oy,
where ¢t € (0, h).
Hence the functions z — M converge locally uniformly in z € D to z — _ac:giu(pz,m_

Now for every fixed h > 0 the function D > z — Gp(z, p — hu,) is maximal plurisubharmonic
since we are assuming it is symmetric. From this and the locally uniformly convergence, (1)
follows.

(2) Fix ¢ € 0D \ {p}. By [19, Theorem 9] there exist m > n, a smooth bounded strongly
convex domain C' C C™ and a holomorphic map ® : C* — C™, so that ® is a biholomorphism
onto its image and ®(C") is a closed subvariety of C™. Moreover, ®(D) C C, ®(0D) C 9C
and ®(C") intersects transversally 0C'.

Let p := ®(p). Since d®,(7,0D) C T;0C and ®(C") intersects transversally OC, it follows
that d®,(v,) & T;0C. Thus, up to an affine change of coordinates in C™, we can assume that
d®,(v,) = v;, where v; denotes the outer unit normal vector to C' at p.

Fix h > 0 and let u(z, h) := G¢(®(2), ®(p — hvy,)) and z, := p — hv,. Note that u(-, h) is
a negative plurisubharmonic function in D. Moreover, let C' := sup,., log W. Note
that C' < 400 since ¢ is holomorphic in C". Then,

lim sup(u(z, h) —log ||z — xp|) = limsup(u(z, h) —log [[®(2) — ®(x)]|

zZ—xp Z—Tp
1 1og 12(2) = 2@
Iz —
< limsup(Ge(P(2), P(p — hy)) — log ||P(2) — P(zp)|| + C) < +o0,
zZ—Tp

where limsup, ,, (Go(®(z2), ®(p—hvp)) —log ||®(z) — P(x4)[|) < 400 by the very definition
of pluricomplex Green function. Since G'p(+, ;) is the supremum of all negative plurisub-

harmonic functions in D having at most a log-singularity at x, it follows that u(z,h) <
Gp(z,p — hy,) for all z € D. Therefore,

0> _0Gp(z,p) — lim Gp(z,p — hvy) > lim Go(P(z), @(p — hvy)) _ _0Gc(2(2),p)
- v, h=0 h ~ he0 h I '
Since, by [14, Thm. 6.1], —%;;Zm = Q¢ ;(®(2)) and hence lim. —%;;Zm =0, we

are done. O
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Now we relate the pluricomplex Green function with the pluricomplex Poisson kernel. First
of all, notice that if D C C" is a bounded strongly pseudoconvex domain in C" with smooth
boundary, one can choose at each point the outer unit normal vector v, and the map 0D > p —
v, is smooth. At each point p € 9D we can then choose the defining couple for 7,0 D given by
0,(v) = —i(v,1,), v € C*, and &, := Im Op|1,0p- These defining couples vary continuously
with p. With this choice, we denote

o— &P
Q= Q57 .

Proposition 8.3. Let D C C" be a bounded strongly pseudoconvex domain with smooth bound-
ary. For each p € 0D, let v, denote the outer unit normal vector to OD. Suppose that the
pluricomplex Green function G p is symmetric. Then for all z € D,

_aGD(Z7p)

=0 .
ayp D.p (Z)
Proof. By Lemmal8.2]and Proposition [7.1] we only need to show that
_ ac;D (va)
lim — 27 — 1

Z—p QD,p(Z)

Arguing as in Subsection[4.3] we can assume that B C D C W where B and W are strongly
convex domains with smooth boundaries and 9D, OB and OW coincide near p. Let {13, (re-
spectively Qyy,,) be the pluricomplex Poisson kernel of B (resp., of W) associated to (&, ép).
Fix a compatible defining couple (o, ) for T, 9D. By Proposition 2.6l there exists ¢ > 0
such that Qp , = CQ%'@, Qp, = CQ%/J, and Qy, = CQ%’p.
Since BC D C W forall z,w € B, z # w, we have

Gw(z,w) < Gp(z,w) < Gp(z,w).

Since for w — p the pluricomplex Green functions of B, D, W tends to 0, we obtain for all
z € B,

_aGW(Z7p) < _aGD(va) < _aGB(Zap)
oy, — oy,  — oy,

By [14, Thm. 6.1], —_9%Crlp) Qp, and _9Gwp) Q. Hence, by @.6), for all z € B,

Ovp ovp

_ aGD(va)
QB,I’(Z) < aVP < QWJ)(Z)

Qwp(2) = Qpp(2) ~ Qpp(z)

Taking the limit for 2 — p, the result follows from Proposition [4. 111 O
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9. REPRODUCING FORMULA

We briefly recall Demailly’s construction [[16}|17] for the reproducing formula of pluri(sub)harmonic
functions in terms of the pluricomplex Green function.

Let D C C" be a bounded strongly pseudoconvex domain with smooth boundary. Let ) be a
defining function of D and define

(dde ) A d°y
g

Wop =

where d“) = i(0 — 9)i. The form wyp is a positive (2n — 1)-real form, independent of the
function 1/ chosen to define it.

Remark 9.1. The form wyp can be also expressed in terms of the Levi form, Levi(1)), of 1:

ety det(Levi))
9.1) wop = 4" H(n 1)!7|d¢|n_1

In order to prove such a formula, fix an orthonormal basis (vy, ..., v, 1) of TZ‘FE?D, and let,
as usual, v, be the outer unit normal vector of JD at p. Fix the orientation of C" given by
the orthonormal basis (vi, Jvy, ..., Us—1, JUs_1, 1, JU,). With such a choice, the set B =
(v1, Ju1, ..., U1, JUp_1, J13,) is a positive-oriented orthonormal basis of 7,0D.

If pe 0D, v e T,0D

o) =i % |G im) - g in)| = | G+ 5| = @)

dVOlaD .

j J J

Let us compute the form wyp in the basis B:

(ddp)" A de (ddep)!
g (1, Jvr, ..o V1, JUp1, JUp) = g (v1, Jug, ..o V1, JUp_1) -
Let w; := £(v; — iJv;) and let 3, be the (1, 0)-form such that
Bs (wj) = 5]’8 :
Let A\q,..., \,_1 be the eigenvalues and vy, ..., v, 1 be a diagonalizing orthonormal basis of

the Hermitian form

0 c
(aziazj)p(ul7u2)7 Uy, U2 € T-0D.

Then dd®) = 2i00% and so

n—1
ddP|renre =Y 2iN;8; A B; .

J=1
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Hence

n—1 _ _
<ddc¢|TpcATpC> = D> A N 0B AB) A A (B AB )
Each term is a wedge product of (1, 1)-forms, hence those forms commute and we can write

n—1 —_ —
(ddCWT;,C/\T;,C) = (n =2 X A S ABLA A Bt AB,

Since

—1

. = . — _wp — W,
21(51@ A\ 5k)(vh, J’Uh) = 210, N ﬁk <wh + wy; u) = 45h,k7
equation (9.1) follows.

Let ¢ be a negative plurisubharmonic exhaustion function in D such that exp(p) is con-
tinuous on D and ¢ = O on dD. Letr < 0 andlet B(r) := {z € D : p(2) < r}. Let
¢r(2) = max{p(z),r}. Hence, (dd°¢,)" = xcm\ @) (dd°@)™ + i, Where xcn () is the
characteristic function of C" \ B(r) and p,, is a positive measure supported on 0B(r). If
f p(ddp)" < o0 then pu,, weakly converges to a positive measure i, supported on 9D as
7 — 0 and whose total mass is [, (dd“p)".

Demailly [17, Théoréeme 5.1] proved the following representative formula: if f is a plurisub-
harmonic function in D, continuous in D, then

0 [2) = Grhencoll) ~ gy [ [Go(e w)ldd () A (@ Gplz,w)

Demailly’s formula holds, in fact, for hyperconvex bounded domains.
We first show that for strongly pseudoconvex domains the measure p, is related to the pluri-
complex Green function:

Lemma 9.2. Let D C C" be a bounded strongly pseudoconvex domain with smooth boundary.
Let Gp(z,w) be the pluricomplex Green function of D with pole in z € D. Let v, denote the
outer unit normal vector to 0D at p € OD. Then

8GD(Z,-) "
©93) i, :(7) o

Proof. Let ¢ € C*(D) be a strictly plurisubharmonic defining function for D, i.e. ¢ is strictly
plurisubharmonic and negative on D, and vanishes on 0D.

Fix z € D. Let p € 9D. Since both ¢ and G'p(z,-) vanish on 9D, then dy|r,sp = 0,
dGp(z,-)|r,ep = 0. Therefore, there exist real numbers a, b such that dGp(z,)|w=p(v) =
aRe (v,,v) and dy,(v) = bRe (v, v) for all v € C™ (where, as usual, (-, -) denotes the standard
Hermitian product in C"). Since

d¢(p)
o,

. aGD(Z, )

dGp(z, ) w=p(vp) = Tup’ op(vp) =
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and by Hopf’s Lemma 8GD 7é 0 and 6“" ;é 0, it follows that for every ¢ € D,

Gp(zw)  dGp(z Mump((55) +0(1)  Z2EIRe (1, £2) + o(1)

plw) () + o(1) 22 Re (v, ) + (1)
Hence,
. Gp(z,w) aGg,,iz") (p)
(94) lim = E)
w=p p(w) oy (P)

Let us now consider the measure on 0D
fy = (dd° )" Nd°olap.

By [17, Théoreme 3.8] and (9.4), it follows immediately that
OGp(z, "
(2222 )

HGp(z,) = W K-
(F®) |,

Since |dy,| = g—i(p), we are done. O
In case the pluricomplex Green function is symmetric, by Proposition[8.3]and Lemma[.2] we

have

Theorem 9.3. Let D C C" be a bounded strongly pseudoconvex domain with smooth boundary.
Assume that the pluricomplex Green function of D is symmetric. Then for every plurisubhar-
monic function f in D continuous up to the boundary,

1 n
1) = o / QIR0 w0(6)

1
(2m)"

| 1Go(e.w)ldd fw) A (dd Gz, )"
weD
In particular, if f is pluriharmonic in D and continuous on D,

f(z) = /a HEI e ©)

(2m)"

In the same formula for strongly convex domains (see, [14, Thm 8.2]) there is a missing
factor 1/(27)™ in front of the first integral.
We do not know if the previous formula holds in case G is not symmetric.
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