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ON COUPLED SYSTEMS OF PDES
WITH UNBOUNDED COEFFICIENTS

LUCIANA ANGIULI, LUCA LORENZI

ABSTRACT. We study the Cauchy problem associated with parabolic systems of the form
Diu = A(t)u in Cyp(R%;R™), the space of continuous and bounded functions f : R — R™.
Here A(t) is a coupled nonautonomous elliptic operator acting on vector-valued functions, hav-
ing diffusion and drift coefficients which change from equation to equation. We prove existence
and uniqueness of the evolution operator G(t, s) which governs the problem in Cj,(R%; R™) and
its positivity. The compactness of G(t, s) in Cj,(R%; R™) and some of its consequences are also
studied. Finally, we extend the evolution operator G(t,s) to the LP- spaces related to the
so called ”evolution system of measures” and we provide conditions for the compactness of
G(t,s) in this setting.

1. INTRODUCTION

In the study of the diffusion processes, second-order elliptic operators with unbounded co-
efficients appear naturally and the associated parabolic equation represents the Kolmogorov
equation of the process. The theory of such equations is now well developed in the scalar case
as the systematic treatise of [17] and the reference therein show. On the contrary, the literature
on systems of parabolic equations with unbounded coefficients is at a first stage and only some
partial results are available. The interest in the study of systems is on one hand motivated by
the natural sake of extending the known results of the scalar case. On the other hand, systems
of parabolic equations with unbounded coefficients arise in many applications. Among them we
quote the study of backward-forward stochastic differential systems, the study of Nash equilibria
to stochastic differential games, the analysis of the weighted O- problem in C? in the time-
dependent Born-Openheimer theory and also in the study of Navier-Stokes equations. We refer
the reader to [2, Section 6] and [7, 9, 12, 13, 15, 16].

One of the first papers concerning parabolic systems with unbounded coefficients is [14]
where the authors prove that the realization A, of the weakly coupled elliptic operator Au =
div(QVu) + F - Vu + Cu in LP(R™; R™) generates a strongly continuous semigroup and they
characterize its domain under suitable assumptions on its coefficients. More precisely, they as-
sume that the diffusion coefficients @@ = (g;;) are uniformly elliptic and bounded together with
their first-order derivatives, the drift coefficient F' and the potential V are sufficiently smooth
and allow to grow as |z|log|z| and log |x|, respectively, as |z| — +oo.

Next, first in [10] (in the weakly coupled case) and then in [2] (also in the nonautonomous
case), systems of parabolic equations with unbounded coefficients coupled up to the first order
have been studied in the space of bounded and continuous functions over R%, and existence
and uniqueness results for a classical solution to the associated Cauchy problem are established.
This allows to introduce a vector-valued semigroup T'(t) (an evolution operator G(t,s) in the
nonautonomous case) in £(Cy(R?; R™)) associated with the operator A(t).

Taking advantage of the results in [2], the authors of [6] provide sufficient conditions for the
semigroup T'() to admit a bounded extension to L?(R%; R™). Also some summability improving
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2 L. ANGIULI AND L. LORENZI

properties of the semigroup are studied. More precisely, hypercontractivity estimates of the form
1T c(Lr@arm),Lamagmy) < Cpq(t) for any 1 < p < ¢ < 400 and some positive function
Cpg ¢ (0,400) — (0,400) are established. We stress that also the nonautonomous case is
considered in [6].
All the above papers have a common feature: the elliptic operators therein considered have
all the diffusion coefficients that do not change from equation to equation, i.e.,
d
(Aou)y, = Tr(QD%uy) + Z(BiDiu)k + (Cu)g, E=1,...,m.
i=1
This form of the equations allows to extend easily the classical maximum principle for systems
with bounded coefficients, which in turn allows to prove the uniqueness of the classical solution
of the Cauchy problem associated with the operator Ay and provides a comparison between the
vector-valued semigroup T'(t) associated with Ay and the scalar semigroup T'(t) associated with
the operator A = Tr(QD?) + (b, V) for a suitable drift term b, i.e., it can be shown that there
exists K € R such that

IT@t)f|* <e5T(t)|f2, f € Cy(R%;R™), t>0.

This is also the case considered in [4] where the matrices B; split in two terms: the leading one
which is of diagonal type (like in the weakly coupled case) and the other one whose growth at
infinity is controlled by a power of the minimum eigenvalue of the diffusion matrix.

In this paper, differently from the cases so far considered, we deal with nonautonomous weakly
coupled operators with diffusion and drift coefficients which may vary from equation to equation,
acting on a smooth function v as follows

(AMY)x(t z) = Te(Q"(t, 2) D*yi(x)) + (b* (¢, ), Vi (2)) + (C(t, )9 (2)),
for any (t,z) € I xR and k = 1,...,m, I being a right halfline (possibly I = R). The form of
the operator A(t) makes the associated Cauchy problem

Dyu = A(t)u, in (s, +00) x RY, L1

u(s, ) = f € Cp(RLGR™),  in RY, (1.1)
quite involved. In particular, in this case we are not able to control the solution of problem (1.1)
in terms of a scalar semigroup. To overcome this difficulty we extend to our situation a maximum
principle for systems having bounded coefficients to the case of unbounded coefficients assuming
that the off-diagonal entries of the matrix C are bounded from below and the sum of each row
of the matrix C' is bounded from above. This yields the uniqueness of the classical solution to
problem (1.1).

Once uniqueness is guaranteed, the existence of a classical solution of the problem (1.1) is then
proved by some compactness and localization argument based on interior Schauder estimates
recalled in the Appendix. As a byproduct, we can associate an evolution operator G(t,s) to
A(t) in Cp(R%R™), in the natural way.

The evolution operator G(t, s) is positive if the off-diagonal entries of C' are nonnegative and
the system does not contain any subsystem which decouple, then each component of G(-, s)f
is strictly positive in (s, +00) x R? whenever f is a nonnegative function which has at least a
component that does not identically vanish in R<.

In [2] the authors study the compactness of the evolution operator Go(t,s) (t > s € I) in
L(Cy(R%R™)) showing that it is equivalent to the tightness of the measures {|p;;(t,s,z,-)| :
x € R?} for any i,j = 1,...,m, where p;;(t,s,,-) are the transition kernels associated with the
problem, i.e., for any f € C,(R%;R™), s € Iand k=1,...,m

(Gt fela) =3 [ Flodpaltsady). (1) € (o) R

This fact together with the pointwise estimate of |G(t,s)f|? in terms of the scalar evolution
operator associated with the operator A, guarantees that the compactness of the scalar evolution
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operator is a sufficient condition for the compactness of G(t,s), hence the problem reduces to
find conditions that ensure compactness in the scalar case. We prove that, also in our case, the
compactness of G(t, s) is equivalent to the tightness of the transition kernels associated with the
problem (which are nonnegative measures if the off-diagonal entries of C' are nonnegative). On
the other hand, the lack of a scalar evolution operator which “dominates” G(t, s) prevents us from
applying the results of the scalar case. However, it is possible to provide sufficient conditions for
the compactness of G(t,s) in C,(R%; R™) in terms of the existence of some Lyapunov functions,
see Theorem 3.11. In this case G(t,s) preserves neither Co(R?% R™) nor LP(R%R™) for p €
[1,+00). Further, assumptions on the coefficients of A are provided in order that these spaces
together with the space C} (R% R™) are preserved by the action of G(t, s).

Finally, we prove the existence of an evolution system of measures associated with the evolution
operator G(t, s) consisting of positive measures (which are equivalent to the Lebesgue one), where,
according to the definition introduced in [3, 4], a family {y;+ : t € I, i =1,...,m} is an evolution
system of measures if

Z/ (t,s)f dp,]t— / fidus s, I>s<t,

for any f = (f1,..., fm) € Cp(R%GR™), where (G(t,s)f); denotes the j-th component of the
vector-valued function G(t,s)f. We prove that the evolution operator G(t,s) can be extended
with a bounded operator mapping L, (R4; R™) into Lr, (R%; R™) for any p € [1, +00) and provide
sufficient conditions to be compact from L%, (R4 R™) into Ly, (R4 R™) for any p € (1, +00).

Notation. Vector-valued functions are displayed in bold style. Given a function f (resp. a
sequence (f,)) as above, we denote by f; (resp. fy ;) its i-th component (resp. the i-th component
of the function f,). By By(R?% R™) we denote the set of all the bounded Borel measurable
functions f : R? — R™, where || f||% = Y1, sup,epa |fx(x)?. For any k > 0, CF(REGR™) is
the space of all f:R?Y — R™ whose components belong to Cf(R?), where the notation C*(R9)
(k > 0) is standard and we use the subscripts “c”, “0” and “b”, respectively, for spaces of
functions with compact support, vanishing at infinity and bounded. Similarly, when k € (0,1),
we use the subscript “loc” to denote the space of all f € C(R?) which are Holder continuous
in any compact set of R?. We assume that the reader is familiar also with the parabolic spaces
Co/%(I x RY) (a € (0,1)) and C12(I x R?), and we use the subscript “loc” with the same
meaning as above.

The symbols D f, D;f and D;;f, respectively, denote the time derivative, the first-order
spatial derivative with respect to the i-th variable and the second-order spatial derivative with
respect to the i-th and j-th variables. We write J,u for the Jacobian matrix of w with respect
to the spatial variables, omitting the subscript  when no confusion may arise. By e; we denote
the j-th vector of the Euclidean basis of R™. 1 (resp. 0) denotes the m-valued function with
entries all equal to 1 (resp. 0) where 1 is the function which is identically equal to 1 in R?. For
any function f : R — R™ we set fT = fVv 0 and f~ = f A 0. Throughout the paper we
denote by ¢ a positive constant, which may vary from line to line and, if not otherwise specified,
may depend on d and m. We write ¢s when we want to stress that the constant depends on §.
For any interval I C R, we set Ay := {(¢,s) € I x I : t > s}. Finally, we point out that all the
inequalities which involve vector-valued functions are intended componentwise.

2. PRELIMINARY RESULTS

Let I be either an open right-interval or I = R and (A(¢))ies be a family of second order
uniformly elliptic operators defined on smooth vector-valued functions 1 : R¢ — R™ by

(APt z) =Te(Q"(t, ) D*yy(x)) + (b* (¢, ), Vibr(2)) + (C(t, )9 (2)),
=(Ax(@O)yr) (¢, x) + (O, 2) () (2.1)
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foranyt€ I and k=1,...,m. Fixed s € I, we study the Cauchy problem
{ Dyu = A(t)u, in (s,+00) x RY

u(s,) = f, in R9. (22)

for initial data which are vector-valued bounded and continuous functions f : R¢ — R™. The
standing hypotheses considered in the whole paper are the following.

Hypotheses 2.1.
(i) The coefficients ql’?j = q;?i, bé? and the entries cpr of the not identically vanishing matriz-

valued function C belong to C’fééz’a(I x R?) for some a € (0,1) and eachi,j =1,...,d and
h,k=1,...,m;

(ii) the infimum pl over I x R of the minimum eigenvalue uy(t, ) of the matriz Q*(t,x) =
(qu(t, x)) is positive for any k=1,...,m;

(iii) there does not exist a nontrivial set K C {1,...,m} such that the coefficients c;; identically
vanish on I x R? for anyi € K and j ¢ K;

(iv) for any J C I bounded, there exists a positive function gy € C*R%R™), blowing up
componentwise as |x| tends to +oo such that (A(t)es)(x) < Ajps(x) for any t € J,
x € R? and some positive constant \j;

(v) the off-diagonal entries of the matriz-valued function C are bounded from below on R? and
the sum of the elements on each row of C is a bounded from above function on R®.

Remark 2.2. Some comments on the set of our assumptions are in order.

Hypotheses 2.1(i) and (ii) are a standard regularity assumption on the coefficients of the operator
(2.1) and a standard uniform ellipticity hypothesis on the diffusion matrices Q*, k =1,...,m.
We consider weakly-coupled systems of parabolic equations and Hypothesis 2.1(iii) is a condition
on the entries of the matrix-valued function C which guarantees that the differential system in
(2.2) does not contain subsystems with less than m unknowns.

Hypothesis 2.1(iv) is the vector-valued version of the scalar one which requires the existence
of a Lyapunov function for the scalar elliptic operator associated with the problem. This is a
typical request when dealing with parabolic problems with unbounded coefficients since it allows
to prove a variant of the classical maximum principle.

Also Hypothesis 2.1(v) is finalized to prove a maximum principle when, as in our case, the
diffusion coefficients and the drift terms can change from line to line. We point out that the
assumptions considered here do not imply that the quadratic form associated with the matrix-
valued function C is bounded from above in R?. Indeed, if

-4 1 2 1
1 -3 1 0
0 1 -1 0
0 2 0 -2

then condition (v) in Hypothesis 2.1 is satisfied. However, the matrix C'(0)+C(0)* has a positive
eigenvalue . Thus, if £ denotes a unit eigenvector associated with 7, then (C(z)¢, &) = y(Jz|+1)
for any x € R%.

On the other hand we can find out matrices whose associated quadratic form is non positive
definite on R? which do not satisfy Hypothesis 2.1(v). Consider for instance the matrix-valued
function C defined by

Clx) = (J«| + 1) ; z € RY,

—4 0 2 1
0 -3 1 0
=@+ |0 T 1 o]  zer

1 2 0 -2

and notice that the sum of the terms on the last row is positive.
We point out that if C' is symmetric, the off-diagonal entries of the matrix-valued function C'
are nonnegative and the sum of each row of C' is nonpositive then the quadratic form associated
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with the matrix-valued function C is nonpositive. This is an immediate consequence of the
Gershgorin’s theorem related to the localization of the spectrum of C.

In order to deduce uniqueness of a classical solution to problem (2.2) we prove a variant of
the classical maximum principle which holds under more restrictive assumptions on the entries of
the matrix-valued function C' and whose proof is deeply based on the existence of the Lyapunov
function in Hypothesis 2.1(iv).

Theorem 2.3. Let us assume that Hypotheses 2.1(i)-(iv) hold true. Further suppose that the
off-diagonal entries of the matriz-valued function C' are nonnegative and the sum of each row of
C is nonpositive. Then, for any T > s € I, if u € Cy([s,T] x REGR™) N CL2((s,T) x R4 R™)
satisfies

Dyu— A(t)u <0, in (s,7] x RY,
u(57 ) < Oa in Rda

then u < 0 in [s,T] x RZ.
Proof. For each n € N we introduce the vector valued function wv,, defined by
1
va(t2) = ullyz) -~ (@), (o) € [5,T] x RY,
n

where \g is a constant larger than A, 7] and ¢ = @[, 7). Note that, for any ¢ € (s,T] and
k=1,...,m,

Dyvni(t,-) = (A)vn)k(t, ) =Deur(t,-) — (A(H)w)i(t, )
+ %e*(t—ﬂ (AP — Aor) <0, (2.3)

due to Hypotheses 2.1(iii),(v).

Let us prove that v, (t,7) < 0 for every (¢,z) € [s,T] x R? and n € N, or equivalently, that
E, = {t€[s,T]|v,(t,x) <0 for every z € R?} = [s,T]. Note that E, # @ since v,(s,z) < 0
for any 2 € R%. Moreover, FE, contains a right-neighborhood of ¢t = s. Indeed, by continuity,
for any R > 0 there exists dg > 0 such that v,, < 0 in [s,s + dg] x Bg. Since v,, tends to —oo,
uniformly with respect to t € [s,T] as |x| — +oo, there exists Ry > 0 such that v,, is negative
in [s,T] x (R%\ Bpg,). Thus, E,, contains the interval [s,s + 6g,]. The previous argument also
shows that F,, is an interval.

Denote by #, the supremum of E,, and assume by contradiction that t,, < T. By continuity
Vu(tn, ) <0 in RY and by definition of #, there exist k,, € {1,...,m} and z, € R% such that
Vn .k, (Eny Zn) = 0. Since v, (t, ) < 0 for every t < #,, and x € R it follows that Z,, is a maximum
point for vy, i, (tn, ) and Doy, i, (tn, Tn) > 0. Hence,

d d
Dtvn,kn (En) i‘n) - Z qZ]‘CJ‘nDijUn,kn (Ena jn) - Z bi‘c"DiUn,kn ('Ena jn) >0, (24)
ij=1 i—1

and, since ¢, ; > 0 for every i # k,, (see Hypothesis 2.1(iii)),

TL7Z

chn,ivn,i({na jn) = Z ckn,ivn,i({n7jn) S 0. (25)
= ik
Estimates (2.4) and (2.5) contradict (2.3). Thus we get v,,(t,x) < 0 for any (t,x) € [s, T] xR% and
n € N. Consequently, letting n — +oc0, we infer that u(¢,z) < 0 for every (¢,z) € [s,T] xR¢. O

Theorem 2.4. Under Hypotheses 2.1, for any f € Cy(R%R™) and s € I, the Cauchy problem
(2.2) admits a unique solution w which belongs to Cy([s, T] x R R™) N 0110-5;11/2,2-*-&((8’_'_00) X
R R™) for any T > s and it satisfies the estimate

et Yoo < )| Floc, t>s, (2.6)
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for some positive constant K (explicitely determined in the proof ).

Proof. We split the proof into two steps. In the first one we consider the case when the off-
diagonal elements of the matrix C' are nonnegative and the sum of the elements of each row of
C is nonpositive. In the second step we address the general case.
Step 1. To begin with, we prove that, if u in Cy([s, T] x R%) N CH2((s,T) x RY) is a solution
to problem (2.2), then it is unique and satisfies the estimate
lui(t,z)| < max | fillo (2.7)
k=1,....m

X

for every (t,x) € [s,T] x R? and i = 1,...,m. For this purpose, it suffices to apply Theorem 2.3
to the function

vi=u— max | fifed.

Indeed, clearly v € Cy([s,T] x R:;R™) N CH2((s,T] x R R™) and

v(s, ) = u(s,z) = max || fylloT = f(z) = max ||filloT <0,

ERRRS}

for any = € R?. Moreover, for any k =1,...,m,

Dyvg — (A(t)v)x =Dyuy, — (A()w)x + max |[|fillee D ki
j=1,....m

i=1

m
= max | fille D eni <0,
i=1
due to the fact that ! cx; < 0 in (s,7] x R? for any k = 1,...,m. Hence, Theorem 2.3
implies that v < 0 in [s,T] x R? and the claim is so proved. By the arbitrariness of T > s we
get uniqueness in [s, +00) x RY.
To prove the existence part let us consider the unique classical solution u,, to the Dirichlet

problem

Diuy(t,z) = (At)uy)(t,z) t>s, v € By,

un(t,z) =0 t>s, x€0B,

un(0,2) = f(z) z € By,

(see [11]). By [19, Theorem 8.15], u,, satisfies (2.7) for any n € N, i.e.,

[tn,illoo < max || fulloo (2.8)
k=1,....m

holds true for any n € N and ¢ = 1,...,m. The interior Schauder estimates in Theorem 7.2
together with estimate (2.8) guarantee that the sequence (u,,) is bounded in C'*+e/2:2+(E; R™)
where E is any compact subset of (s, +00) x R?. Classical arguments involving the Ascoli-Arzela
theorem and a diagonal procedure allow us to determine a sequence (u,,) C (u,) converging in

CH2(E;R™) to a function u belonging to Cy((s, +00) x R%; R™) ﬁC’llota/Z%a((S, +00) x R4 R™).
Clearly w solves the differential equation in (2.2) and estimate (2.7). To prove the claim we need
to show that w is continuous at t = s where equals f. For this purpose, we fix R € N and let 0
be any smooth function such that xg, , < 0r < xB,. For any j € N such that n; > R we set
v; = Oguy,,. Note that v; belongs to C([s,T] x Br;R™) N C2((s,T] x Br;R™) and satisfies
the problem

Dyj(t,z) — A(t)v;(t,x) = g;(t,x), (t,z) € (s,T] x Bg,
v;(t,z) =0, (t,x) € (s,T] x OBRg,
’Uj(S,’JJ) = 93($)f($), x € Bg,
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where g = —Z(Q"'Vun].’k, Vogr) — Un,; kArOr. Since all the hypotheses in Proposition 7.1 are
satisfied, by using (7.1) and (2.8) we get

|gj<t,x>|smz(1+ ) max | fulloc

1
ViE—58s ) k=1,...m
for every (t,z) € (s,s+ 1) x Br and any n; > R, where K is a positive constant independent
of j. We can write v; by means of the variation-of-constants formula

vj(t, ) = (Gg(t75)(0Rf))(x)+/ (GR(t,r)g;(r,)(x)dr  t€[s,T], = € Br,

where GE (¢, 5) denotes the evolution operator associated with A(t) in Cy(Bg; R™) with homo-
geneous Dirichlet boundary conditions. Recalling that v; = u,; in Bg_1, we get

[n, (t,) — F| < |GR(E, 8)(OrS) — F| + KVt —s| £l

in Bg_1 for any t € (s,s+ 1)7 where K, is a positive constant independent of j. Now, letting j
tend to +oo and, then, ¢ to s, we conclude that w is continuous on {s} x Bg_1. The arbitrariness
of R yields the claim.

Step 2. Now, we consider the general case and prove the claim by using a perturbation
argument. We introduce the m x m matrix C' with entries ¢;; = inf;,gac;j, if i # j, and
Cii = SUD[pd D pey Cik — Zk# G, and note that the Cauchy problem (2.2) can be written as
follows:

u(s,”) = f, in R,

where Ay := A — C and the off-diagonal elements of the potential of Ay are nonnegative,
whereas the sum of each row is nonpositive. The existence part can be obtained arguing as in
Step 1. Indeed, observing that for any n € N, the function u,, satisfies the uniform estimate
[t (£, )]|oe < €lCN1E=9)| £l for any t > s, we can prove that problem (2.2) admits a solution u
which belongs to Cy([s, T] x R4 R™) N C’llotap >TY((s,400) x R4 R™) for any T > s. Moreover,
(2.6) holds true with K = ||C||.

To prove the uniqueness of the solution, it suffices to point out that any solution u to the
problem (2.2) which belongs to Cy([s,T] x R%R™) N Cltta/2’2+a((s7+oo) x R4 R™) for each
T > s can be written as follows

u(t,") = Go(t,s)f +/ Go(t,r)(Cu(r,-)))dr, (2.9)

{ Dyu = Ao(t)u+ Cu, in (s, +00) x RY,

where {Go(t,s) : t > s € I} denotes the contractive evolution operator associated with Ay
in Cp(R%R™). Formula (2.9) and the Gronwall Lemma yield immediately that ||u(t,)||le <

elClt=5)|| f|| o for every ¢ > s, whence uniqueness follows. O

As a consequence of Theorem 2.4 we can define a family of bounded operators {G (¢, s) }i>ser
on Cy(R4;R™) by setting G(t,s)f = u(t,-) for any ¢t > s € I, where wu is the unique solution to
the Cauchy problem (2.2) with f € C’b(Rd,Rm).

Remark 2.5. We stress that the solution u of the problem (2.2) could be also approximated by
the solution to the Neumann-Cauchy problem

Diuy(t,z) = (Alt)uy)(t,z) t>s, © € By,

(Vaun(t,z),v(z)) =0 t>s, z€0B,

u,(0,2) = f(z) x € By
where v is the unit normal exterior vector to 0B, which is governed by the Neumann evolution

operator G (t,s). Also in this case the sequence (G (-, s)f) converges to u in C1:2(E,R™) for
any compact set E C (s, +00) x R%.
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Here, we list some continuity properties of the evolution operator G(t,s) together with an
integral representation formula. The proof of these results can be obtained arguing as in [2,
Proposition 3.2 & Theorem 3.3].

Theorem 2.6. If (f,) is a bounded sequence of functions in Cy(RYR™) then the following
properties hold true:
(i) if f. converges pointwise to f € Cyp(R%:R™), then G(-,s)f, converges to G(,s)f in
CY2(E) for any compact set E C (s,+00) x R?;
(ii) if f,, converges to f locally uniformly in RY, then G(-,s)f, converges to G(-,s)f locally
uniformly in [s, +00) x R
Moreover, there exists a family of finite Borel measures {p;;(t,s,z,dy): t >se€l,xz € R%, 4,5 =
1,...,m} such that

Gtf@n=Y [ fwputtsod)  fEGERIRT. (@210)

Finally, through formula (2.10) G(t,s) can be estended to By(R%;R™) with a strong Feller evo-
lution operator.

Now we are interested in finding conditions which ensure the positivity of the evolution oper-
ator G(t, s) in Cy(R%R™) in the sense that, if £ € Cp(R% R™) has all nonnegative components,
then the function G(t, s)f has nonnegative components as well, for any ¢t > s. Weakly coupled
operators with the same principal part have been considered in [3] extending the result proved
in [18] for operators with bounded coefficients. Similar results can be proved also in the case
considered here, where, an additional assumption on the matrix-valued function C' guarantees
also the strict positivity (with the obvious meaning) of the evolution operator G(t,s). In what
follows, in order to simplify the notation we set Iz := {j e N,1 < j < m, j #i}.

Hypotheses 2.7. The off-diagonal entries of the matriz-valued function C are nonnegative.

Proposition 2.8. Under Hypotheses 2.1 and 2.7, if f € C,(R%;R™) has all nonnegative compo-
nents and it has at least a component which does not identically vanish in R? then (G(t,s)f); > 0
in R for any t > s and j = 1,...,m. Consequently, for any i,j = 1,...,m, t > s € I and
x € R, each measure pi;(t,s,x,-) is positive and equivalent to the Lebesgue measure.

Proof. We split the proof into three steps.
Step 1. Here, for each k =1,...,m and i € N, we introduce the sets H}, defined by

HY={je{l,...,m\{k}:cju #0in I xR},
Hi={je{l,....om}\{k}UUZ H : 3l € H 'st.c; #0in I x R4},

and prove that, for each k, there exists my, < m such that H}, # @ (i = 1,...,my) and {1,...,m}\
{k} = U2 H.

Let us fix k € {1,...,m} and suppose, by contradiction, that HY = @. This would imply that
cjr = 0 for any j # k. Clearly this condition contradicts Hypothesis 2.1(iii), taking K = {k}.
Let us now fix r > 0 such that ngo Hj is properly contained in the set {1,...,m}\ {k} and
prove that H,:H # &. On the contrary, let us assume that H,:'H = @. This means that, for any
i¢ HOU---HfU{k} and £ € HY, ¢;o identically vanishes in I x R?. By the definitions of H}, i =
0,...,r, it follows that c;; identically vanishes in I x R? for any j € {k}UHQU--- H;~'. Summing
up we conclude that ¢;; =0 in I x R? for any j € {k}UH) U---H} and i ¢ {k}UHQ U---H}
contradicting again Hypothesis 2.1(iii), taking K = {k} U HY U--- H}. The second statement
now follows immediately.

Step 2. Here, we prove the first part of the claim. Let f € Cy(R% R™) be such that f;, does
not identically vanish in R? and let us show that (G (¢, s) f); is positive in R? for any t > s € I
and j € {1,...,m}. Then, letting n tends to infinity we get the claim by monotonicity. Let
us consider first the case j = k and let Gﬁ (t,s) be the evolution operator associated with the
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operator Ay, + cxx, in C(B,) with homogeneous Dirichlet boundary conditions. Since Gf’ L(t, )
is irreducible, it is known that szk(t, s)fr > 0 in R? for any ¢t > s. Taking into account that
(GP(-,s)f); is nonnegative in (s, +00) x By, for any j € {1,...,m} (see [3, Proposition 2.8] with
the obvious changes) and that the off-diagonal entries of C' are nonnegative functions, using a
scalar maximum principle we deduce that

(G (t,8) k) (@) = (GL(t, ) fi)(x) >0, (t,z) € (s,+00) X By (2.11)

Now, we fix j € {1,...,m} \ {k}. Clearly, if f; does not identically vanish the claim follows
immediately arguing as above. Hence, let us assume that f; = 0 in R%. Since j belongs to
U, H} and Hi N H,i = @& for i # j, there exists a unique r € {0,...,my} such that j € Hj.
Now, if r = 0 then ¢;;, does not identically vanish in 7 x R¢ and, since ull = (GP(.,s)f); satisfies
the equation Dyu} = Aju} + cjjuj + Zh# cipuyy in (s,400) X By, we get

uwnzG&w@ﬁ+Zjlﬁﬁw@mwwm»w

i#j " F

=3 [ 62 et yur (o ar

i#£]
> / G’fik(t, r)(cjx(r, Jug (r,-))dr (2.12)

and the last side of (2.12) is strictly positive in R? for any ¢ > s € I. Otherwise if r > 0, then by
definition of Hj,, we deduce that there exists /; € Hj, ~! such that ¢j¢, does not identically vanish
in I x R?. Iterating this argument we conclude that for any h < r there exist ¢, € H ,th such
that ¢, s, does not identically vanish in I x R In particular, since £, € HY, ¢, ¢, % 0 in
I xR? and, consequently ¢y, does not identically vanish in I x R%. The above arguments imply
that (GP(-,s)f)e, is positive in (s,4+00) x R?. But, again, since ¢y, ¢, # 0 in I x R? we get
that (GP(-,5)f)e,_, is positive in (s, +00) x R%. Tterating this procedure we finally conclude that
(G2 (.,s)f); is positive in (s, +00) x RZ. As a byproduct we deduce that for any ¢ > s, € R? and
i,7 =1,...,mthe measure p;;(, s, z, dy) is positive. Indeed, p;;(t, s, z,R?) = (G(t, s)e;);(z) > 0.
Step 3. Here we prove that the measures {p;;(t,s,z,dy) : t > s,z € R% i, j = 1,...,m} are
equivalent to the Lebesgue measure. Arguing as in [2, Theorem 3.3] it can be proved that if A
is a Borel set with null Lebesgue measure then G(t,s)(xae;)(z) = 0 for any t > s, x € R? and
j=1,...,m. Consequently, since

pij(t, s, z, A) = (G(t, s)(xa€;))i(z), (2.13)
each p;;(t, s, x,dy) is absolutely continuous with respect to the Lebesgue measure. On the other
hand, let us assume that p;;(t,s,z, A) = 0 for any 4, j,¢, s and = as above and prove that the
Lebesgue measure of A is zero. Suppose, by contradiction, that this measure is positive. Then, the
strong Feller property of G2 (¢, s) and Gf;k(t, s) allows to extend estimate (2.11) to any bounded
Borel function. In particular (G (t,s)xae;); > G2 ;(t,s)xa for any t > s and j = 1,...,m.
Letting n — +oo we infer that (G(t, s)xae;); > G;(t,s)xa > 0 for any ¢t > s. The vector-valued
function G(¢, s)(xae;) is the unique solution to the Cauchy problem

Dyu = A(t)u, (s +¢,4+00) x R?,
u(s+e,-) =G(s+e¢,s)(xae;), R?
for any ¢ > 0. Thus, since G(s + ¢, s)(xae;) is a bounded, continuous, nonnegative and not

identically vanishing function, by the first part of the proof we conclude that (G(t,s)(xae;)); is
positive for any ¢t > s and i = 1,..., m contradicting formula (2.13). |

3. COMPACTNESS OF G(t,s) IN THE SPACE OF CONTINUOUS FUNCTIONS

In this section we prove some compactness results for the evolution operator G(¢,s) in the
space of continuous and bounded functions. The main results are stated in Theorems 3.8 and
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3.11. More precisely, the first theorem provides us with sufficient conditions for the evolution
operator G(t, s) to be locally compact in Cy(R%;R™) uniformly with respect to t > s € I, in the
sense that for any s € I and (f,,)n C Cy(R%; R™), the sequence (G (-, s) f)» admits a subsequence
which converges uniformly in (tp,+00) X By for any k > 0 and some to > s € I. The second
result is concerned with the compactness of the evolution operator G(t,s) in Cp(R%;R™) for
(t,s) € Ay and bounded J C I. To prove these results we need to straighten the hypotheses on
the coefficients of the operator (2.1).

Hypotheses 3.1. (i) For any bounded interval J C I there erist m-nonnegative functions
Pl € C?2(RY) (k=1,...,m), blowing up as |z| — +00, a real constant 6; > 0 such that

(Ax(t)yi) () < 3,91 (2), ted, zeRL k=1,....,m;
(ii) the sum of the elements of each row of the matriz-valued function C' is nonpositive in R?.

Lemma 3.2. Under Hypotheses 2.1(i)-(iii), 2.7 and 3.1, for any x € R? and f € CZ(R%GR™)
constant and nonnegative outside a ball, the function (G(t,-)A(-)f)(x) is locally integrable in
IN(—o0,t] and

(G(t,51)f)(x) — (G, 50) f)(x) > — /SI(G(t,O)A(U)f)(x)dU (3.1)

S0

for any sg < s1 <t and = € R?,

Proof. First of all, we show that

s2
(G(t,51)f)(x) = (G(t, s2) f)(w) = —/ (G(t,0)A(0)f)(x)do (3.2)
s1
for any f € C2(R%;R™). To this aim, let us consider the evolution operator G2 (¢, s) associated
with A in Cy(B,,; R™) with homogeneous Dirichlet boundary conditions. It is well known that,
for any f € C?(R?%;R™) and n sufficiently large such that supp(f;) C B, forany i = 1,...,m, it
holds that

S2
(G2t ) f)a) ~ (G2 (L s2)f)(w) = - [ (G2 (o)A a)do
s1
for any so < s; <t and z € R%. Since the function A(c)f € Cy(R%R™) for any o € [sq, sa],
using the approximation arguments in the proof of Theorem 2.4, we can let n tend to +o0o and
deduce (3.2), by the dominated convergence theorem.

Now, let f be as in the statement. Thanks to (3.2) and to the linearity of G(¢,s), we can
limit ourselves to proving (3.1) for f = 1. First, assume that all the entries of the matrix-valued
function C' are bounded in J x R? for any bounded J C I. In this case, since 1 belongs to the
domain of the generator of the evolution operator GX (t,s) associated with A in Cy(B,;R™)
with homogeneous Neumann boundary conditions, it follows that

(G (t,51)D)() = (G (t,52)W)(2) = — /SQ(GQ’(LU)(C(U, 1)) (x)do.

S1

By Remark 2.5, estimate (2.7) and the dominated convergence theorem we get

(Gt s1)W)(x) = (G(t; s2)W)(2) = */SZ(G(LU)(C(U, 1)) (x)do.

S1
Finally, if the matrix-valued function C' is unbounded, we can consider a sequence of functions
Y, € CC(Rd) such that xp, < V¥, < xB,,, for any n € N, and set C,, = 9,C for any n € N.
Clearly, thanks to Hypothesis 3.1, for any n € N the operator A, (t) = A(t) — C(t,-) + Cy(t,-)
satisfies Hypotheses 2.1. Thus, we can consider the positive evolution operator G, (¢, s) associated
with A, in Cy(R%R™). Since C,,, € C(I; C.(R4;R™)) and, by Hypothesis 3.1(ii), C,,, 1 < C,, 1
for any m > n we can estimate

(Gonlts50)W() = (G52 )@ = = [ (Gt ) ol )W) )

S1
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=T /Sz(Gm(’f»U)(Cn(m ) (z)do (3.3)

s1

for any m > n, m € N. We now observe that G,,(t,s)f converges to G(t,s)f pointwise in
R?, for any I € s < t, as m — +oo for any f € Cy(RY,R™). Indeed, the Schauder estimates
in Theorem 7.2 show that there exists a subsequence (my) such that G, (-, s)f converges to a
function v € C12((s, +00) x R4 R™). Function v is bounded since each G, (-, s) f is bounded in
(s, +00) x R4, To identify v with G(-, s) f, we need to show that v can be extended by continuity
on {s} x RY, where it equals f. For this purpose, we start considering f € C?(R% R™) and note
that formula (3.2) holds true with the evolution operator G(t,s) being replaced by Gy, (¢, s).
From that formula it is clear that

1G i (t,8)f = flloo < et = )l oo t>s.

Letting k tend to +00, the continuity of v at ¢ = s follows at once. The above arguments also show
that from any subsequence of (G, (-, s)f) we can extract a subsequence which converges (locally
uniformly on (s, +00) x R?) to G(-, s) f. Thus, all the sequence (G, (-, s) f) converges to G(-, s) f
as m — +o0o. A density argument shows that v is continuous on {s} x R?, where it equals f,
also when f is continuous in R? with compact support. Moreover, all the sequence (G, (-, s)f)
converges to G(-,s)f as m — +oo. For a general f € Cy(R%), we fix M > 0 and a smooth
function ¥ such that xp,, <9 < xB,,,- Wesplit G, (t,5)f = G (t, s)(Of)+Gn(t, s)(1=9)f).
Since G, (1, s) is a positive evolution operator and —(1 — 9)||fllecl < (1 =) f < (1 = I9)||f|lccl
componentwise, we can estimate

G (L, 8) (L= ) )] <[ llooGm(t, ) (1 =)L) = [[flloc[Gm(t, )1 — Gin(t, 5) (V1]
[ flloc[L = Gm(t, ) (I1)],

where we have used Theorem 2.3 to derive the last inequality. Thus,

|G (£, 8)F = I < |Gy (8, 8)(0F) = Fl+ | flloc[L — Gy, (2, 5) (1))
Letting k tend to +o00, we obtain
[o(t, ) = FI < [Gm, (8, 8)(OF) = FI + | Flloo[1 — G(2, 5)(I1)].
From this inequality, it follows that v tends to f as t — s, uniformly with respect to z € Byy;.

The arbitrariness of M > 0 allows us to conclude that v = G(-, s) f as claimed.
Now, we can let m tend to +oo in (3.3) and get

(Gt s)W)(z) — (Gt s2)W)(2) > - /Sz(G(t,G)(Cn(U, 1)) (x)do.

s1
Since G(t, s) is a positive operator and the sequence (C, 1) is decreasing componentwise, we can
apply twice the monotone convergence theorem to pass to the limit as n — +o00 and get

(G(t, 51)1)(x) — (G(t, 5:)T)(x) > — / (G(1,0)(C (o, ) 1)) ()do.

s1

The proof is complete. O

Hypotheses 3.3. There exist a nonnegative function ¢ € C%(R?), blowing up as |v| — +oo,
constants a,c > 0 and tg € I such that

(AW(PD)(@) < (a—ep(@)D,  t>to, zc R

Remark 3.4. Note that under Hypothesis 3.1(ii), Hypotheses 3.1(i) and 3.3 are both satisfied if
there exists a nonnegative function ¢ € C?(R?), blowing up as |z| — +oc and constants a, ¢ > 0,
to € I such that (A;(t)p)(z) < a—cp(x) forany t >ty € [,z € R and i =1,...,m.

Lemma 3.5. Let the assumptions of Lemma 3.2 and Hypothesis 3.3 be satisfied. Then, the
function G(t,s)(1) is well defined for any to < s <t € I. Moreover, for any fived x € RY, the
function (t,s) — (G(t,s)(el))(x) is bounded in Ag = {(t,8) € I x I : tg < s < t} and satisfies
the inequality (G(t,s)(p1))(x) < ((p + ac™H)D)(z) for any z € RY and (t,s) € Ay.
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Proof. First we prove that the function G(t, s)(¢1) is well defined in R? for any t > s > ty. To
this aim, for any n € N choose 1, € C?([0, +00)) such that

(i) Yp(x) =z for z € [0,n];
(i) Yp(z) =n+1/2 for x > n+1;
(iii) 0 <!, <1 and ¢/ <O0.

Note that the previous conditions imply that ¢ (z)x < v, (z) for any x € [0,+00). Moreover,
since the functions ¢,, = 1, oy belong to C’E (R?) and are constant outside a compact set, Lemma
3.2 and the nonnegativity of G(t, s) yield

<pn(x) > Qpn(x) - (G(t, S)(,On]l)l(.r)
> [(Glt. Aot (2)do
= ;/S /Rd(A(J)SDn]l)j(y)pij(t,U,x,dy)da

=3 [ [ o)A@ wpit oz, dy)do
j=1Ys R4
=3 [ v ) (@) ) Vet . d)do
j=1)s IR

-y [ ueuesnlo, g (0,0, dy)do

k=1

for any i =1,...,m, t > s € I and z € R, where A;(0) is defined in (2.1).
Using Hypothesis 2.1(ii) and recalling that A;(o)e = (A(0)(¢1)); — (C(o,-)el); for any j =
1,...,m, we estimate

‘Pn(x) - <G<t7 8)@nﬂ)Z(x)
>3 [ @) A Wit 0.0, dy)do
j=17s R4
% [ L 1606 = o] 3 sl st o

23 [ [ DA, o, i, (5.0

S

where in the last line we have used Hypothesis 3.1(ii). Now, we can split

N Z/ Rd U (0() (Alo)p); (y)pij (t, 0, x, dy)do
- / Rd Ynle(y)) la - (A(o)el);(y)] pij(t, o, x,dy)do

U ((y))pij(t, 0,2, dy)do,

where a is the constant in Hypothesis 3.3. The monotonicity of the sequence (¢, (x)) for any
2 € R% and the monotone convergence theorem yield immediately that both integrals in the right-
hand side of the previous formula converge. Thus, since @, () converges to ¢(x) as n — +oc for
any z € RY, taking the limit as n — +o0 in (3.4), it follows that (G (¢, s)e1)(x) is well defined
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foranytEsE&wERdand

(G(t, s)pT)s(x) < p(x) +/ (G(t, 0)(Alo)pl))i(x)do

< @) + / (a— e(G(t, 0)(o1))i(z))do
< (@) +alt - )

forany i =1,...,m and (¢, s) € Ag, where we used the fact that G(¢,0)1 < 1.
To complete the proof, for any i = 1,...,m, t > s > t; and * € R? we define g;(s) =
(G(t,s)pl);(x). Arguing as above it can be proved that

gi(s) — gi(r) < /s(a — ¢gi(0))do, to<r<s<t.

From this inequality it follows easily that the function ¢ : [s,t] — R, defined by

o) = (s =2+ [ Ccato) ~ado ), rels

is weakly differentiable and its derivative is almost everywhere nonnegative in [s,¢]. This implies
that ¢(s) < ((¢), which is the claim. O

Remark 3.6. In the proof of the previous lemma, Hypothesis 3.1(ii) has played a crucial role.
It is for this reason that we needed to consider a vector-valued Lyapunov function with all the
components equal each other.

Corollary 3.7. Under the hypotheses of Lemma 3.5, sup,  pi;(t, s, z,R?\ B,) converges to 0,
forany i,j =1,...,m and s > to (where ty is defined in Hypothesis 3.3), as r — +oo, locally
uniformly with respect to x € R%.

Proof. The proof of this result is quite standard. However for the sake of completeness we provide
a sketch of it. Taking into account the positivity of the transition kernels, it holds that

1
pij(t7s>x7Rd\B7”) :/ pij(t,S,iU,dy) < fi/ ¢p2]<t787x7dy)
mMlrd\ g, ¥ JRI\B,

R\ B,
1
—(G(¢ 1);(z) < ——m— -1 35
< 5 O ) € o) tac) (39)
for any 4,7 = 1,...,m. The claim follows since ¢ blows up as |z| — +o0. O

Now we prove the first compactness result for the evolution operator G(t, s). Note that this

result improves that in Theorem 2.6(ii). Indeed here we gain an uniform convergence in time of
G(,8)fn to G(,8)f as n — 400 when (f,,) is a sequence approaching f locally uniformly in
R,
Theorem 3.8. Assume that Hypotheses 2.1(i)-(iii), 2.7, 3.1 and 3.3 hold true and let (f,) C
Cy(R%R™) be a bounded sequence converging locally uniformly in R? to f, as n — 4o0. Then,
for any s > to (where to is defined in Hypothesis 3.3) G(-, s)f, converges uniformly to G(-,s)f
in (s,4+00) x B, for any r > 0, as n — +oco. In general, for any sequence (f,) C Cy(R4;R™),
there exists a subsequence (fn, ) such that G(-,s)fn, converges uniformly in (to,+00) X B, for
every r > 0.

Proof. Let (f,) be a sequence as in the first part of the statement and assume that sup,,cy || fnlloo <
M. Let t > s > tg and x € By, for some k € N. Then, for any i = 1,...,m we can estimate

(Gt 8)(fn = F))i(2)] < Z/ i (W) = [Pt 5, 2, dy)
i=1/B.

+ ; /Rd\B,,, | fr,i () = [i(W)|pis(t, s, 2, dy)
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<|\fo = Flleysmn Y pii(t s, 2, By)

Jj=1
m

+2M Zsup sup pi;(t, s, z,RY\ B,) (3.6)
t>s r€By

j=1
for every » > 0 and n € N. Since Z?zlpij(t,s,~,Br) = (G(t,s)xp.1);, by estimate (2.7) it
follows that sup,era >-j—; pij(t, s,2, By) < 1 for any ¢ > s and 7 > 0. Thus, letting n tend to
+00 in (3.6) we obtain that

m

limsup [|(G(-, 8)(£n = £))illcy (s, 400 x Brim) < 2M Y sup sup pij(t, s, 2,R?\ B)
n—-+4o0o J=1 t>s reBy

for every r > 0. Finally, letting r tend to 400 and using Corollary 3.7 we conclude that

i sup | (G-, 3)(fo — F)illc(scro0px iy <0
and the first part of the claim is so proved.

To conclude, let us consider a sequence (f,) C Cp(R%R™) for any n € N and r € 1.
The Schauder estimates (7.2) and estimate (2.7) yield that, for any fixed tg > s, the sequence
(G(to, s)f,) is bounded in C?T%(B,;R™) for any r > 0. Then, up to subsequences, it converges
locally uniformly in R? to some function g € Cy(R%; R™). Thus, since |G(t, s) f,., — G(t,t0)g| =
|G(t,t0) (G(to,s)fn, —g)| in R? for every t >ty > s and k € N, applying the first part of the
claim to the sequence (G(to, s) fn, — g)r we conclude the proof. O

Now, we are interested in finding conditions that ensure that, for any bounded interval J C I
and any fixed (t,s) € Ay the operator G(t, s) is compact in Cy(R?%; R™). First of all, let observe
that the compactness of G(t,s) in Cp(R%;R™) is equivalent to the tightness of the measures
{pij(t,s,2,-) 12 € R4}, 0,5 =1,...,m (see formula (2.10)), as the next proposition states.

Proposition 3.9. Let J C I be a bounded interval and (t,s) € Ay. The evolution operator
G(t, s) is compact in Cp(R%GR™) if and only if the measures {p;;(t,s,z,-) : x € R} are tight for
anyi,j=1,...,m, i.e., for any e > 0 there exists r > 0 such that sup,cga pij(t, s,2,R\ B,) < €
foranyi,j=1,...,m.

Proof. The proof follows adapting the arguments in [2, Theorem 4.1 ], recalling that the measures
pij(t, s, x,-) are nonnegative for any t > s € I, r € R? and 4,5 = 1,...,m. O

Differently from the case considered in [2] where a domination of G(¢,s) in terms of a scalar
semigroup reduces the problem of finding conditions that ensure the tightness of the measures
pij(t,s,x,-) to the same problem for the kernel associated with the scalar semigroup in Cy(R?),
here we argue directly with the vector valued operator G(t, s). To this aim we need to strengthen
Hypothesis 3.3 as follows.

Hypotheses 3.10. There exist R >0, I > dy < dy and

(i) a positive function p € C*(R?), blowing up as |x| — +oo, and m-convex functions h; :
[0,400) = R, i = 1,...,m, with 1/h; € L*((M,+00)) for some positive M such that
(At)pl)i(z) < —hi(p(x)) for any t € [d1,ds], * € RT\ B and i =1,...,m;

ii) bounded functions wy, € C2(R?\ Bg) (k= 1,...,m), with inf cga\ g, wr(x) > 0 such that

€RI\Bgr

((Ak(t) + crr(t, ))wr)(x) — pwy(z) > 0 for any (t,z) € [di,d2] x (RE\ Bg), k=1,...,m
and some i € R.

Theorem 3.11. Assume that Hypotheses 2.1(i)-(iii) and (v), 2.7 and 3.10 hold true. Then
G(t,s) is compact in Cp(RGR™) for any (t,s) € Ar with s < dy and t > d;.
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Proof. Due to its length we divide the proof into three steps.
Step 1. Here, we prove that for any sg,to € [d1,d2] with sg < tp, there exists a positive constant
co such that

(G(t,s)N)k(z) > co, so<s<t<ty, x€RY k=1,...,m. (3.7)

Let us fix sg,ty as above and observe that, under our assumptions, [5, Proposition 4.3] can be
applied and implies that there exists a positive constant ¢y such that (Gg(t, s)1)(z) > ¢o for any
so<s<t<typ,r€R¥and k=1,...,m. Here, Gi(t,s) denotes the positive evolution operator
associated with A (t) + cxi(t,-) in Cy(RER™). In order to prove (3.7) it suffices to prove that
(G(t,s)N)y > Gi(t,s)l for any k =1,...,m and t > s € I. For this purpose we observe that, for
any non positive initial datum f € C,(R%; R™), the function wy,(t,z) = (G(t,s)f)x — Gr(t, s) fx
vanishes at ¢ = s and satisfies the inequality

Dywy(t,-) = (Ak(t) + can(t, Dwi(t, ) = > cri(G(t,8)f)i <0
ik

for any t > s € I, where in the last inequality we have used the positivity of G(t, s) and Hypothesis
2.7. Thanks to Hypothesis 2.1(v), the functions cyj are bounded from above in I x R?, hence a
variant of the classical maximum principle (see [5, Proposition 2.2]) yields that wy, is non positive
in I x R?. As a by product, taking f = —11 in the definition of wy, the claim follows.

Step 2. Here, we prove that for any ¢ € (0,ds — d1) there exists a positive constant Ks such
that (G(t,s)(¢M)) < Ks1 in R? for any (t,s) € A4, 4, With t > s+ 6.
Clearly, it suffices to prove the claim for x outside a large enough ball. In view of this, we
observe that since h(z) > ¢x — a outside a suitable ball, for some positive constants @ and ¢, the
arguments in Lemma 3.5 can be applied to the function ¢ and imply that (G(t, s)p1)(z) is well
defined and

(Gt 8)p(M))(z) = (G(t,7)(pN))(x) > —/ (G(t,0)(A(0)¢T))(x)do (3-8)

for any r < s < t and * € R%L Now, let us fix i € {1,...,m} and set u;(t,s,z,dy) =
Z;il pi;(t, s, x,dy). Jensen inequality for Borel finite measures and Step 1 yield that

(@l = e [ elihstsanan)

1
< —F h'L it77 7d
< ey L ety

- s GO

< g (G(t,8)(hi(p)1))i(2) (3.9)
forany dy < s <t < dy and = € R?, where in the last line we used equality ,ui(t,s,x,Rd) =
(G(t,s)1);(x) and estimate (3.7). Now, let us fix € R, ¢ € [dy, ds] and consider the functions
Bi : [0,t —infI) — [0, +00) defined by B;(0) = (G(t,t — o)(p1l));(x), for any o € [0,¢ — inf I).
Then, from (3.8), using also Hypothesis 3.3 and (3.9), we deduce that

t

&@—m@s—/ (G(t, o) (h 0 0))i(x)do

t—b
¢ b
< —¢ / hi((G(t, 0)(9))s(x))do = —cq / h(Bi(0))do,  (3.10)
t—b 0
where b := ¢t — d;. From the previous chain of inequalities we can conclude that 5;(r) < y;(r) for
every r € [0, b], where y; is the solution to the Cauchy problem

y'(r) = —coh(y(r)), r=0,
y(0) = p(2).
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Indeed, if this were not the case, we could determine sy € (0,b) and an interval J containing s
such that 8; > y; in J. From (3.10), written with the interval (0,b) being replaced by (s1, s2),
we can infer that the function s — 5(s) + coMs is decreasing, where M denotes the minimum
of hin R. Therefore, lim,_, - (B(s) + coMs) > lim_, (y(s) + coMs) and this implies that g
is greater than y in a left neighborhood of sg. Denoting by 7 the infimum of J, then clearly,
B(1) = y(r). Writing (3.10) with [0, ] being replaced by [a, s], s € J, and observing that

S

y'(s) —y'(a) = —co/ h(y(r))dr

a

we get

M@—y@>g%/ﬁmmm>—mmmnm, sel,

which is clearly a contradiction since the left-hand side of the previous inequality is positive while
its right-hand side is negative.

To conclude this step, it suffices to observe that y is bounded from above in [4, +00) for every
0 > 0 as it can be easily checked writing

/y(t) dr
— = —cot
() M) ’

and using the integrability of 1/h in a neighborhood of +o0o. Now, arguing as in the proof of
[5, Theorem 4.4] we can prove that the functions 3; are bounded from above in [§,b] for every
0 < § < b, uniformly with respect to = € R? and this proves the claim.

Step 3. Here, we show that the measures {p;;(t,s,z,-) : x € R?} are tight for any (¢,s) €
Alg, a5 and i, j = 1,...,m. Let us fix ¢ > 0. Then, arguing as in (3.5), we can prove that there
exists Ry > 0 such that

-1 -1
0 <pyltos e ROB) = (it o) (Glslemilo) < Ko (int o) <K

for any s,t € Afg, 4,) with t > s+ and r > Ry, where we have taken into account that the family
{pij(t, s,2,-) :x € R, (¢,5) € \;} are equivalent to the Lebesgue measure for any 4,5 = 1,...,m.
This implies that the family {p;;(¢,s,z,-) : € R?} is tight for any (¢,s) € Ag, ,dy), With t > s+0
and ¢,j = 1,...,m. The arbitrariness of ¢ allows to deduce the tightness of p;;(t, s, z,-) for any
(t,s) € Aa,,4,) and i,5 = 1,...,m and, consequently, from Proposition 3.9, the compactness of
G(t,s) in Cy(R%R™) for any (t,s) € A4, ,d,)- For the other values of s,¢ the compactness of
G(t, s) can be proved by using the evolution law and the continuity of the operators G(¢,s) in
L(Cp(R%;R™)). This completes the proof.

O

4. THE ACTION OF THE EVOLUTION OPERATOR G(if7 8) OVER SOME FUNCTIONAL SPACES

Here, we study how the evolution operator G(t,s) acts over the spaces Co(R%;R™) of the
continuous functions f : RY — R™ vanishing at infinity componentwise (i.e., lim| g 400 fi(z) =0
for any i = 1,...,m), LP(R% R™) and C} (R%R™).

It is well known in the scalar case that the compactness property in the space of bounded and
continuous functions is a sufficient condition which implies that the spaces Co(R¢) and LP(R?)
are not preserved by action of the semigroup. Actually this is the case also for the vector-valued
evolution operator G(t, s) as we prove in the following.

Theorem 4.1. Under the assumptions of Theorem 3.11, the space Co(R%;R™) is not preserved
by G(t,s) for any (t,s) € Ar with s < dz andt > dy. On the other hand, if Hypotheses 2.1(i)-(iv)
and 2.7 hold true and there exist Ao > 0, [a,b] C I and a function v € C?(R%;R™)NCo(R%R™),
whose entries are all strictly positive and such that \gv — A(t)v > 0 for any (t,z) € [a,b] x RY,
then G(t, s)(Co(RE:R™)) € Co(RER™) for any (t,5) € Mg -
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Proof. Let us fix (t,s) € A; with s < dy and ¢ > d; and consider a sequence (f,) C Co(R%; R™)
such that xp, 1 < f, < xB,,, 1 for any n € N. Formula (2.10), estimate (2.7) and the com-
pactness of G(t,s) in Cp(R%;R™) yield that G(t, s)f, converges uniformly in R? to G(t, s)1 as
n — +o0. Since G(t,s)1 is bounded from below by a positive constant (see Step 1 in the proof
of Theorem 3.11), it follows immediately that G(t, s) does not preserve Co(R%; R™).

Now, we prove the second part of the claim. Let a,b and v be as in statement and without
loss of generality we can assume that A\g > max;—1 . m, Z;nzl ¢;; in order to apply Theorem 2.3
to A(t) — AgI. We begin by proving that G(t,s) preserves the subset of Cy(R% R™) consisting
of nonnegative functions which belong to C.(R%R™). Let f € C.(R%R™) be a nonnega-
tive function and let » > 0 be such that suppfy C B, for any k = 1,...,m. The function
z(t,-) = e M0t=)y(t,.) — 61| f|leov where u is the classical solution of the problem (2.2),
§ = maxge(1,. m) infp, v, being v = (v1,...,vm), belongs to Cy([s, T] x RY) N C12((s,T] x RY)
and solves the problem

{ Diz(t,z) < (A(t) — oI)z(t, ), (t,x) € (s,+00) x RY,
z(s,z) <0, x € R4,

Hence, Theorem 2.3 can be applied to A(t) — A\oI to deduce that z(t,z) < 0 in [s, +00) x RY
or equivalently that 0 < u < e*(#=9)§=1| f||,ov, which implies that u belongs to Co(R?; R™).
Now, if f is not nonnegative then we can split f = f+ — f~ and, arguing as above separately for
ft and f~, we deduce that the solutions u™ of (2.2) with f being replaced by f* respectively,
belong to Co(R%R™) as well as the solution u = ut — u~ of (2.2). In the general case, we
can argue by approximation. Indeed, let f € Co(R% R™) and (f,) be a sequence of C.(R%; R™)
functions converging uniformly to f in R?. Then, since G(t, s) f,, converges to G(t, s) f uniformly
as n — +oo for any t > s we conclude also in this case. O

Theorem 4.2. The following statements hold true.
(i) Under the assumptions of Theorem 3.11, the space LP(RL;R™), 1 < p < +oo, is not
preserved by G(t,s) for any (t,s) € Ar with s < dy and t > d;.
(ii) Let qu € C%2([a,b] x RY) and b¥ € C%1([a,b] x RY), for any i,j,l=1,...,d, k=1,...,m
and some [a,b] C I, and let k¢ : [a,b] x R? — R be any smooth function which bounds from
above the quadratic form associated with the matriz C. Further, suppose that

oy = sup <2nc ~ min divz'yk) < oo, (4.1)
[a,b] xR4 k=1,..m
where v* = (b} — 2?21 qufﬁ co, bR — Zj:l qu,’jlj), k=1,...,m. Then, for any p > 2
and (t,s) € Njq ), LP(R%R™) is invariant under G(t, s) and
1G(t, 8) fll e ramm) < cp(t = S FllLoesmm), (4.2)
where c,(r) = eEA=2/P) w0 /PI" and K is defined in (2.6).
(ili) Besides the assumptions in (i), assume that q; € Ca/2’2+a([a, b xR%), b € C'O‘/z’HO‘([a7 b] x

loc loc

RY), for anyi,j=1...,d and k =1,...,m, and

m d d
sup ( ¢k + Z Dijqu - ZDJ)?) < 400, k=1,...,m. (4.3)
Jj=1

[a,b] xR ij=1 i—1

Then, estimate (4.2) can be extended to the casep € [1,2) taking c,(r) = elf™ /P~ (1=1/p)Ir

where K* € R is such that ||G*(t, 5)| ¢ (¢, (ra;rm)) < e (=9) and G*(t,s) is the adjoint op-
erator of G(t,s).
Proof. (i) Let us fix (t,s) € A; with s < dy and t > d;. To prove that LP(R%;R™) (p € [1, +00))
is not preserved by G(t, s), it suffices to consider the characteristic function x g, where R is such
that Z;n:lpij(t,s,de \ Br) < ¢p/2, for any i = 1,...,m, and ¢y is defined in (3.7) (such a
radius R exists thanks to the compactness of G(t, s) and Proposition 3.7). Indeed, in this case,
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G(t, s)xB,1 = G(t, s)1— G(t,5)(xra\p, 1) > co/2 in R? and consequently it does not belong to
LP(R4R™) for any 1 < p < oc.

(ii) To begin with, we notice that it suffices to prove the claim for nonnegative functions f
belonging to C.(R?%; R™). Indeed, for a general f € C.(R% R™) we get the result simply writing
f = ft — f~ and observing that |f*| < |f|. The case of an LP(R% R™)-function can be
obtained by density. Moreover, we observe that, if we prove (4.2) with p = 2, then, thanks to the
estimate (2.6), the Riesz-Thorin interpolation theorem yields estimate (4.2) for any p > 2 with
cp(t — 8) = [ca(t — 8))2/PeKE=)0=2/P) for any (t,s) € Afap)- So, let us consider a nonnegative
function f € C.(R% R™) and prove that

IGR(t,8)fllL2(Bprm) < € @I £l L2 (gagmy, (t,8) € Aa ), (4.4)

where GE(t, s) denotes the evolution operator associated with A(t) in C(Bg;R™) with homo-
geneous Dirichlet boundary conditions. Once (4.4) is proved, noticing that GE(t, s) f converges
pointwise to G(t, s)f as R — +00, the Fatou lemma yields (4.2) with p = 2.

So, let us prove (4.4). To simplify the notation we set ug(t,z) := (GE(t,s)f)(z) for any
(t,s) € Ajgp) and x € R?. Using Hypothesis 2.1 (ii) and the integration by parts formula we get

||UR( )HL2(BR iR™)

—22/ up k(t, ) (A ur)k(t, )dz
—222/ q” URk( )D”’U,Rk(t )de

k=114,j=1

Consequently, [|ur(t,-)[|72(p,pzm) < €' (t*S)H‘fHQB(BR;Rm), which gives the claim.

(iii) The additional assumptions in the statement allows us to apply Theorem 2.4 to the adjoint
operator A" (t). This implies that the adjoint evolution operator {G*(t, s)}i>ser is well defined
in Cy(R%R™) and satisfies the estimate |G*(t, s)| 2 (¢, ®erm)) < € (t=5) for any t > s € I and
some positive constant K*. Moreover, the arguments in the proof of property (ii) show that

Gt $) || c(La(rasrmy) < elK"(1=2/0)+ a0 /a)(t=5) (t,s) € Aap), g > 2. (4.5)

To complete the proof, it suffices to recall that

||G(tas)f||LP(Rd;Rm)
=Ssup { \/Rd<f7G*(ta3)g>dx ‘g€ Cc(RdaRm) and ||g||LP'(Rd;]Rm) < 1}

for any f € LP(R%R™) (p € [1,2)) and use (4.5). O

Finally, we conclude this section investigating on the action of G(t, s) over the space C} (R%; R™).
Theorem 2.4 states that the evolution operator maps the space Cy(R?%; R™) into Cy(R% R™) N
C*(R% R™), but in general, J,G(t,s)f is not bounded whenever f belongs to C}(R%R™). In
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the following Theorem 4.4 we prove an uniform gradient estimate which answers to the question
above.

Hypotheses 4.3. (i) The coefficients qu, b¥ and c;; belong to C’ﬁ;éQ’HO‘(I x R?) for any i,j =
1,....,dand k=1,...,m;

(ii) there ewist a positive constant c, (m + 2)-functions 7, : [ x R?* = R (k = 1,...,m) and
pi : I x R* = (0,400), (i = 0,1) such that
IVagfi| <o, (Ja6,€) <milé?, en| Swopo, Vi | <wipr (4.6)

in I xR for anyi,j=1,...,d, h,h, k,k' =1,...,m, with h # k. In addition there exist
two positive constants oy, and vy, ; such that

22
O,J = supd { <4 - osz) Wi+ TE + ckr + ’Yk”](wopg + wlp%)} < 40 (4.7)
JXR

for any bounded interval J C I.

Theorem 4.4. Assume that Hypotheses 4.3 are satisfied. Then, for any f € CZ}(Rd;]Rm) and
T > s, the map (s,T) x R% > (t,2) — |J.(G(t,8)f)(z)| is bounded and satisfies the estimate

I17.G(t, ) Flllso < Erll Flepmagmy, ¢ € (s.T), (48)

for some positive constant ¢ depending on s,T,m, u. (see Hypothesis 2.1(ii)) and o, (s 1) (k =
1,...,m).

Proof. Let f and T be as in the statement and set J = (s,T"). We prove (4.8) with G(¢, s) being
replaced by GX (t,s), i.e., the evolution operator associated with A in Cy(B,;R™) with homo-
geneous Neumann boundary conditions. Then the claim will follow letting n — +o0 according
to Remark 2.5.

For every k = 1,...,m, t € J, x € By, we set vy, x(t,x) 1= ay j|un(t,2)|> + |Vitni(t, x)
where wu,, ; denotes the k-th component of G (-, s)f. A straightforward computation reveals
that (V4u,k,v) <0 on 0B,. Indeed, taking into account the convexity of B,, and the fact that
Up,j; satisfies homogeneous Neumann boundary conditions on J x 0B,, we deduce that

i

<vxvn7k7 V> :2<vxun,ka V>un,k + 2<Dgun,kkun,k7 V>
=2 [<vx<vxun,ka V>7 vxun,k> - <Jvaun,k7 vxun,k” <0

on J x 0B,,. In addition, vy j is a classical solution to the differential equation Dsv, , — Arvn k =
22?:1 ¥; in J x B, where Ay, is defined in (2.1) and

6 d
sz = Z <quzl-€j, vxun,k>Dijun,k + <szkvmun,kv Vzun,k>
i=1 ij=1

m m
+ Z<Vmckjv Vzun,k>un,j + Z ij <vxun,k7 Vzun,j>
7j=1 j=1

d
- ak,J<QkV$un,ka kun7k> - Z qu<szzun7ka Vijun,k>
ij=1
in (s,7) x R%. Using the Cauchy-Schwartz inequality, estimates (4.6) and Hypothesis 2.1(ii) we

can estimate the terms in ¢; (i = 1,...,6) as follows:
’)
)

1
1 < depig|Vpun k| | D2un x| < depig <€\D§un,kl2 + o Vatink

wQ S Tk|kun,k|2a

m
Y3 < Vmw1 p1| Vet k||tn| < 103 |Votin 1 |? + —wi|u,|?,
€1
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m
Vs < Cre |Vt kl? + wopo|Vaetin k|| Jottn| < (crr + €208)|Vatin k|* + —wi | Jottn],

452
Vs + V6 < — (o, g | Vatnk|* + |D2up i [?).

Hence, we deduce that

6
dc
sz S/J,k(dCE — 1)|Diun,k\2 + (4Euk+rk+51pf+52pg+ckk—ak,Juk) |V1un,k 2
i=1
m m

Choosing € = (dC)™1, 1 = g9 =y, and using (4.7) we conclude that

m

6
> i < ok sn g + 1
Yk

i=1

(@B V@) (unl? + [ Toun2).

A variant of the classical maximum principle shows that

vn i (t ) Gt 5) (LSl + [V fil?)

t

m ~

@Ry d) [ unlr P+ o )P
s

for any t € J, where éﬁ/ (t,s) denotes the evolution operator associated with the operator

Ar+o0g,5inC (En) with homogeneous Neumann boundary conditions. Taking into account that

|G, (t, e,y < e (1=5) for any t > s € I, we can estimate

IV atn ot 3 <€ (an, s fill2 + 1V fill3c)

t
o ved) / e O (i () 3 + [ Toan () 130 )
k s

-+ - t
et s>(||ka||io+c1,J<t— e [ ||Jzun<r,->|iodr),

-1
for any t € J, where ¢p.; = max oy and ¢; = (4 min v J) (w? Vw?). Summing over k
’ k=1 m ’ k=1,...m

=L..m -\ k=1,...

from 1 to m we deduce that

t
ounlt ) < (1971 + 171+ [ Mwn(rlar ). e
S
and ¢ is a positive constant depending on s, T, m, wp, w1, 7x (kK = 1,...,d) and ¢y. Applying
Gronwall lemma, we conclude the proof. O

5. INVARIANT MEASURES

In this section we prove the existence of evolution systems of invariant measures associated
with G(t, s), i.e., families of positive and finite Borel measures over R%, {pip:reli=1,...,m}

such that
E / (G(t, 8)f)idpie = E / Jidpi,s (5.1)
i=1 /R? i—1 /RY

for any f € Cp(R% R™) and any I > s < t. To this aim, the results in Section 3 and in particular
Theorem 3.8 are crucial. Here we assume that Hypotheses 2.1(1)-(iii) and 2.7 are satisfied.

Proposition 5.1. Let {u;, : r € I,i = 1,...,m} be a family of nonnegative and finite Borel
measures which satisfy condition (5.1). Then, all the measures of the family are either trivial or
equivalent to the Lebesgue measure. As a byproduct, formula (5.1) can be extended to the set of
all the bounded Borel measurable functions.
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Proof. We assume that the measures of the family are not all the trivial measure. Thus, we can
fix i € {1,...,m} and r € I such that y;,.(R?) > 0. To improve the readability, we split the
proof into two steps.

Step 1. Here, we prove that the measures of the family are all positive. We begin by fixing
je{l,...,m}, s € I smaller than r. Writing formula (5.1) with f = e; gives

s(RY) = '—m r,5)e; ; 7, 5)€;)idf - .
o®) = [ e =37 [ (@Ot 2 [ (@i 62

Since the function G(r, s)e; is strictly positive in R, thanks to Proposition 2.8, and ;. is a
positive measure, it follows immediately that the last side of (5.2) is positive as well. Hence,
pj.s(RY) is positive as it has been claimed.

Next, we fix s1 < r and use again formula (5.1) to write

S [ (@ s e =y, (B 0.
k=1

Since (G(2r,s1)e;)r > 0 in R? for any k € {1,...,m}, there should exist an index ko such that
ko 2-(RY) > 0. Hence, the same argument used above with (kg,2r) replacing (i,r) shows that
j,s is a positive measure for any s < 2r. Iterating this argument, we can prove that all the
measures of the family are positive.

Step 2. To prove that the measures p;, (j =1,...,m, t € I) are equivalent to the Lebesgue
measure, we need to extend the validity of (5.1) to the case when f = xae; (j =1,...,m) and
A is a Borel subset of R?. For this purpose, we begin by assuming that A is an open set and
denote by (6,,) a sequence of continuous functions converging to y4 pointwise in R? and such
that 0 < 6,, <1 for any n € N (see Lemma 7.3). By the last part of Theorem 2.6, we know that
G(t,s)(Une;) converges to G(t,s)e; as n — 400, for any I 3 s < t, and ||G(t, s)(Une€j)||sc < 1.
Therefore, writing (5.1) with f = 9,,e; and letting n tend to +o0o, we conclude that

> [ (650 i = ().
k=1"/R?
We now observe that the function vy, defined by
() =Y [ (Gl xae i
k=1

for any Borel set A, is a nonnegative measure since G(t,s)(xae;) > 0 for any Borel set A.
Moreover, it agrees with p; s on the open sets of R?, which generate the o-algebra of all the
Borel subsets of R%. Hence, ;s and v; are actually the same measure and it follows that

Z/Rd(G(t’s)(XAej))kd“kvt = u;s(4), Iss<t, j=1,...,m,
k=1"R¢

for any Borel set A, as it has been claimed. From this formula the equivalence of the Lebsegue
measure and each measure p; s follows. Indeed, since the measures up; and p;, are positive
and the function G(t,s)(xae;) is nonnegative, it easy to infer that u;s(A4) = 0 if and only if
(G(t,s)(xa€;))r = 0 in R? for any k = 1,...,m. But, since each measure py(s + 1, s, 2, dy) is
positive and equivalent to the Lebesgue measure (see again Proposition 2.8), this is the case if
and only if A has zero Lebesgue measure.

To complete the proof, it suffices to observe that for any bounded Borel measurable function
f there exists a sequence (f,) of bounded and continuous functions converging to f almost
everywhere (with respect to the Lebesgue measure and, hence, with respect to each measure f1; ¢
of the family) as n tends to +o00. Clearly,

m m
HETOO];/Rd fn,kdﬂlas = ;/Rd fkdﬂk,s
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and the sequence (G(t,s)f,) is bounded in Cy(RY) and converges to G(t,s)f pointwise in RY.
Thus, writing (5.1) with f being replaced by f,, and letting n tend to +o00, we extend the validity
of such a formula to f € By(R%;R™). O

Lemma 5.2. The following properties hold true:

(i) Under Hypotheses 2.1 and 3.1, if there exist j € {1,...,m} and a positive function g €
Cy(RY) N C2(R?) such that (A;(t)g)(z) + cji(t,x)g(x) > 0 for any t € I and x € R?, then
(G(,5)ge;5); > g; in (s, +00) x RY;

(ii) Under Hypotheses 2.1, assume further that Z;nzl cij <0 on R? for everyi=1,...,m and
that there exist a positive function g € Cp(R%GR™) N C?(RYGR™) such that A(t)g > 0 in
R? for any t € I. Then, G(t,s)g > g in R? for anyt > s € I.

Proof. (i) A direct computation reveals that the function v; := (G(-,s)ge;); — g belongs to
CH2((s,4+00) x RY) N C([s,+00) x RY) and solves the problem

{ Div;(t,x) > (A;(t)vs) () + cj;(t, )v; (¢, ), (t, ) € (s,+00) x RY,
vi(s,xz) =0, r € R,

Observing that Hypothesis 3.1 yields the existence of a Lyapunov function for the operator A;
(hence for A; + ¢;;) and invoking a generalization of the classical maximum principle (see [5,
Proposition 2.2]) we deduce that v; > 0 in (s, +00) x R? and we are done.

(ii) The claim can be obtained immediately just applying the maximum principle in Proposition
2.3 to the function v = G(-,s)g — g. O

Theorem 5.3. Under Hypotheses 3.1, 3.3, if ¢;; > 0 for every i,j € {1,...,m}, with i # j
and the hypotheses of Lemma 5.2(i) or (ii) hold true, then there exists an evolution system of
measures associated with the evolution operator G(t,s). Each measure of this system is positive
and equivalent to the Lebesgue one.

Proof. We fix j € {1,...,m}, o € RY, n € N and, for any r € N with » > n, we consider the
family of measures {p;" : 7 >n,i=1,...,m} defined by

p::’rj;,(A) = ! / pji(T,TL,IO,A)dT, Ae B(Rd>_

r—mn
By Corollary 3.7, each family {p:i :r > n} is tight. Therefore, we can invoke a generalization

of Prokhorov’s theorem (see e.g., [8, Theorem 8.6.2]) to infer that, up to a subsequence, {p:i :

r > n} weakly* converges to some measure ug n 88 T — 400, ie.,

/nr(G(T, n)(fe));(xo)dr = hm / fdp” B /Rd fdu{m

lim
r—otoo 1 —n

for any f € Cp(RY).
By a diagonal argument we can extract an increasing sequence (7 ) of integers such that Pim

Tk»J

weakly* converges to ,um as k tends to +oo, for each n € N. As a byproduct, we can infer that

lim
k—=+oo T — N

/ (Gl ) wo)dr =Y / S, feCHELRM).  (53)
n i—1 Y R?

Writing formula (5.3) with f being replaced by ge; (resp. g), if the assumptions of Lemma
5.2(1) (resp. (ii)) are satisfied, yields immediately that ,u{ ,, is not the trivial measure. Indeed
in the first case liminfy_, oo (rx — n) ™' [*(G(7,n)(ge1));(x )dT > 0 and in the second one
liminfy 4o (re — n) =t [ (G(7,n)g);(z0)dr > 0 for any | = 1,...,m. Moreover, for any f €
Cyp(R%R™) and h,n € N with h > n we can write

Z [ (GO, = i [ @606 ),

k—4oco T — h




ON COUPLED SYSTEMS OF PDES WITH UNBOUNDED COEFFICIENTS 23

= lim
k—+oo rk — h

(xo)dT

/ (G(r,n) £);(w0)dr

h
- kETOO —— /n (G(7,n)f)j(wo)dT
. h—n Tk
+lim st G ), )i

_ du? .
;/Rd fzdl%,n (5.4)

Now, we define the measures ug’s also for non integer values of s. For this, purpose, we set
1A =D /d(G(n, s)(xae€i))kdiy, A e B(RY),
k=1"R

where n is any integer larger than s. It is straightforward to check that Mz,s is a nonnegative
measure and that

m

/fu” Z/ (n,5)(fe:))wdpl.,,

for any f € Cp(RY), so that

Z/ fodpl , = Z/ Frdp, ., f € Cy(RER™).

Note that the above definition is independent of the choice of n > s. Indeed, if p is another
integer larger than s (to fix the ideas we suppose that p > n) then splitting G(p, s)(xae;) =
G(p,n)G(n, s)(xaei) and using (5.4), we conclude that

Z/ (P, 5)(xa€i))rdpsi, , = Z/ (n, s)(xae:))rdp, .

which shows that the measure ,ui 5 is well defined.

To prove the invariance of the system {/Ais cseli=1,...,m},wefixt>sel, n>tand
observe that

m

> / fudu],, = Z / (n, ) F)udis,, = Z / G(n, )Gt ) F)dis,,
=; | @,

for any f € Cy(R%;R™).

The equivalence of each measure ug . with respect to the Lebesgue measure and its positivity
are immediate consequence of Proposition 5.1. Indeed it suffices to observe that the evolution
system of measures {uis :i=1,...,m, s € I} contains at least a non trivial measure. |

5.1. The evolution operator G(t,s) in LP-spaces. In this subsection, we prove that the
evolution operator G(t, s) can be extended, with a bounded semigroup in the LP-spaces related to
evolution system of measures and, in the autonomous case, assuming compactness in Cj(R%; R™)
we prove compactness in these LP-spaces too.

Here, we consider {u;; : ¢t € I,4 = 1,...,m} which is any evolution system of measures
associated with G(t,s). Moreover, for any p € [1,400), we write L?, (R%R™) to denote the set
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. . 1
R, in,t(Rd)7 which we endow with the natural norm f — (37", [oa | fi[Pdui) /P _. £l s, -
For p = oo, the space Lj;, (R, R™) denotes the set of all y;-essentially bounded functions f with
norm HfHLfft (Rd;Rm) = MAXk=1, . m €SSSUP,cga|fr(z)|. Note that, in view of Proposition 5.1, the

measures p;; (t € I and ¢ = 1,...,m) are all equivalent to the Lebesgue measure. Thus, the
Lebesgue space L>(R?; R™) equals to Lo (R4 R™) for any ¢ € 1.

Proposition 5.4. Each G(t,s) can be extended with a bounded operator mapping L¥, (R*;R™)
into LL, (RER™) for any 1 < p < +oo which satisfies the estimate

G < (26Kt
IG(t, 5)||L L%, (RGR™),LE (REGR™)) S (2e ), t>s, (5.5)

for any p € [1,400), where K is defined in (2.6).

Proof. Since ||G(t,s)ex|loe < K= it follows that pi(t,s,z,R?Y) < eKE=%) for any i,k =
1,...,m,t>s €I and x € R%. Thus, the Jensen inequality and formula (2.10) yield

(G(t.5) Pala) P <24y
k=1

<2 Y lplt s B [ A pinlt sz, dy)
R

k=1

<2 1KV (Gt s) (|1l | fnl?))i()

p
| siwmntt.s.a.d

for any t > s,z € R i = 1,...,m, f € Co(R%:R™) and p € [1,+00). Moreover, from the
invariance property (5.1), we deduce that

m
Z/ (G(t,5)f)ilPdp;, <20~ telp=1(=s Z/ (&, s)(Lf1lPs oo s [ fmlP) )idpi g
i=1 /R? ’
_op—1 K (p—1)(t=5) / FlPdys
oy NI

for any ¢ > s and f € Cy(R%R™). Since the measures ji;; (i = 1,...,m, t € I) are finite Borel
measures, the space Cy(R%R™) is dense in L&, (R R™) for any p € [1,+00) and t € I (see
[1, Remark 1.46]), hence, from the previous chain of inequalities we easily deduce that G(t,s)
extends to a linear bounded operator from L (R%R™) into LF, (R%R™) and formula (5.5)
follows. The evolution property easily follows Hence, G(t,s) is an evolution operator from
L? (R%R™) into LF, (R4 R™). O

Remark 5.5. In the autonomous case, the evolution operator G(t, s) is replaced by a semigroup
T (t) and the evolution system of measures {u;¢ : i = 1,...,m, t € I} is replaced by a family
of measures not depending on the parameter ¢ denoted by {u; : i = 1,...,m}. In this case
the semigroup T'(¢) maps Lﬂ(Rd;Rm) into itself and || T'(¢)| ¢ (s mamm)) < (2eKt) , for any
t > 0and p € [1,4+00). In addition, T'(t) turns out to be a strongly continuous semlgroup
in Lﬁ(Rd;Rm). Indeed, for any f € Cy(R%R™), T(t)f converges locally uniformly to f as
t — 07. Hence, estimate (2.6), Proposition 5.1 and the dominated convergence theorem allow us
to conclude that ||T'(¢)f — f| 1z (emm) vanishes as t — 0F. For f ¢ L,’i(Rd; R™) we can get the
same result using the density of Cy(R%;R™) in L, (R%;R™) and the boundedness of the function
t = T gzr @ammyy in (0, 1).

Now, we give a sufficient condition in order that the evolution operator G(t,s) is compact
from L¥, (R4, R™) into LL, (R4, R™).

Theorem 5.6. Assume that G(tg,s) is compact in Cy(R%R™) for some I > s < to. Then,
G(to,s)) is compact from L¥, (R%;R™) into Ly, (RER™) for any p > 1.
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Proof. Let us fix tg > s € I and assume that G(tg,s) is compact in Cy(R%;R™). First of all,
we show that G(tg,s) is compact in L>®(R%R™) = Ly (R%;R™) for any s € I, where the
equality follows from Proposition 5.1. Since the evolution operator is strong Feller, G(¢o,s)
maps L®(R%R™) into Cy(R% R™). Moreover, by the semigroup law and the compactness in
Cp(R4GR™), G(to, s) turns out to be compact from L% (R%R™) into Cp(R%R™) hence from
L>® (R4 R™) into itself.

Now, let U be the unit ball in L>(R%;R™), set K** := G(ty, s)(U) and fix £ > 0. Thanks to
the compactness of G(to, ) we can determine simple vector-valued functions {¢;};=1,. &, with
¢ =1, clxa, for some ¢! € R™, n € N, where U?_; A; = R?, such that the family {Ch NS
is an e-net for Kt i.e., Kt"’ c Ui:1 B:(¢;). Moreover, P;Ci = (; forany 1 = 1,...,k and
t € I, where

n

(Pstf)l_z<wt / de/«LZt>XA1, £=1,....m, tel.

Note that
[P G(to, s) — G(to, s)l| o (Lo mammy) < 2€. (5.6)
Indeed, fix f € L®(R%R™) with |[f||oc < 1. Then, there exists j € {1,...,k} such that
G(to, )f € B.(¢;). Hence,
1P G (to, 5)f — G(to, 5) Flloe < | P2(G(to, $)f = ¢j)lloo + 165 — Glto, 5)flloo < 2e.
On the other hand, since P! is a contraction in By(R?;R™), it follows that

||P;0G(t0, S) — G(to, S)HL(L}_.,S (Rd;Rm);L‘lLtO (R4;R™))
§2”G(t07S)HL(L}LS(RJ;R"L);L}%O (Rd;Rm)) < 2. (5.7)
Thus, estimates (5.6), (5.7) and the Riesz-Thorin interpolation theorem yield that
1P G to, s) = G(to, $)ll e, (Resmmyig, (xtimm) < 21717, (5.8)

for any 1 < p < +o0. Letting ¢ — 0 in estimate (5.8) yields the claim since G(to,s) can be
approximated by the operator P!°G(to, s) which has range finite. O

6. EXAMPLES

In this section we provide some examples of operators which satisfy our assumptions and to
which our results can be applied.

Example 6.1. Let A be as in (2.1) with

dfi(t.2) ==+ 2, b ) = ka1t o)
and
chi(t, ) i= dpg(t) (1 + |z|?)7n*
forany i,7=1,...,d and h,k =1,...,m. Let us assume that

Hypotheses 6.2. (i) for any i, j =1,....,d and h,k =1,...,m, the functions wfj,’yf and dpy
belong to C, /2( I), wk. = hy; = hk

loe i ﬂ, Ti» the coe[ﬁczents hk. 0k onk are nonnegative and

1]7 79
infj ’Ylk > 05
(ii) the functions d;; are positive for i # j, negative for i = j and 0;; < oy for any i # j;

(iii) for any k=1,...,m, min;—y__4h¥ > mMax;£; hfj and

Vg 1= ir}f( min wk(t) — _maxd(Z(wfj(t))z)%> > 0;

i=1,....d i=1,..., —
J#i

(iv) 1+ max;=, a{okk, 08} > max;—q_qhE, for any k =1,.

.....
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Under Hypotheses 6.2, all the assumptions in Theorem 2.4 are satisfied hence it can be applied.
To check Hypothesis 2.1(ii) we can write

(@ (t, )¢, C) Zwm L |22 + 3 Wb () (1 + 225 G

J#i
%
z(minwz»)(l o |y —max (Z<w5>2) (L [y ) ¢f?
i ? .
i
> 2 maXi;£ h,‘fJ k _ k % 2
20+ e (min w0 - max (S )i
J#i
for every ¢ € RY, and Hypothesis 6.2(iii) guarantees that the infimum of p* in I xR? is positive for
any k = 1,...,m. Clearly Hypotheses 2.1(iii) and (iv) are immediate consequences of Hypothesis
6.2(ii). Choosing ¢(z) = ¢(x)1:= (1 + |z|?)1, for every z € R?, we get
d
(AeD)(x) =2 whi(t) (1 + |=f*)" — 22% 21+ 22"
i=1

+ 3 di (D)L + |27

for every x € R? and from Hypothesis 6.2(iv) we can prove that there exists two positive constant
ag, ¢, such that (A(t)pl), < ar—cip, thus Hypothesis 3.3 (hence Hypothesis 2.1(iv)) is satisfied
too. In addition, since for any h # k the functions ¢y are nonnegative, the evolution operator
G(t,s) associated with A(t) is well-defined in £(Cy(R%R™)) and it is positive as stated in
Proposition 2.8.

Now, we are interested in finding conditions on the coefficients of A(t) which ensures com-
pactness of G(t,s) in Cp(R%R™) as obtained in Theorems 3.8 and 3.11. To this aim, besides
Hypotheses 6.2(i)-(ili) we assume that max;—1,. . 4 hﬁ <14+ max;—1,. 4 Ef forany k=1,...,m
and that Y ." di;(¢t) < 0 for any k = 1,...,m. In this case Hypothesis 3.1(i) is satisfied with
Yy = ¢ for any k = 1,...,m. In addition, being > ;" cx;i(t, ) < (14 |2[*)7= 30" dii(t) <0,
Theorem 3.8 can be applied.

On the other hand, if we assume that 7, := max;—1,__a{oxr, ¥} > 0 then Hypothesis 3.10(i) is
satisfied with p(z) = 1+ |z|? and hg(x) = fx!T™ — & for some positive constants cF (i = 1,2).
Now we claim that if

max k>14 max {O’kk,hk — 2}, k=1,...,m, (6.1)
i=1,..., i,7=1,...,
then the functions wy(x) = 1+ 1+\z|2 , (k=1,...,m) are such that Hypothesis 3.10(ii) is satisfied

for any p € R, hence Theorem 3.11 can be apphed Indeed we can write

(Ar()wr)(@) + crr(t, z)wi(x 7*22% (1 + Jaf?)

+2Z% z2(1 + |z)? )

+8Zw Vg (14 [z]?)h 63
J#i
1
1 B0 AL (B IR EE——— 2
a0+ 1) (14 177 (6.2

Now, if (6.1) is satisfied, the leading part in the right-hand side of (6.2) is given by the term
containing the drift coefficients which, as it is easily seen, blows up at infinity. Thus it is clear
that we can find R > 0 such that Agwy + cprwr — pawy is positive in I x (R \ Bg) for any
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1 € R. Consequently, the assumption (6.1) is also a sufficient condition in order that neither
Co(R%R™), nor LP(R%;R™) (1 < p < 400) are preserved by the action of G(t, s) (see Theorems
4.1 and 4.2(1)).

Now, we are interested in finding conditions in order that the space Cy(R?; R™) is preserved
by G(t,s). To this aim, we prove that assuming

i:rrll,s.l.).(,d{h — 1,06k} > max { jTax h — 1,0k » X Okjts (6.3)
for any k = 1,...,m, then we can find A\g > 0 and [a, b] C I such that the function v(z) = ﬁ]l

satisfies Agv — A(t)v > 0 in [a, b] x R%. Indeed, a straightforward computation shows that

Aovr () = ((A)v) () :/\°1+| B +2Zwu J(1+ [z

—82 ()i (1+ |z]?)h—3 ZZ'y (1 + |z]2)4 2

i,j=1 =1
—dej (L+ Jaf2)7r !

for any k =1,...,m and (t,2) € I x R%. Now, arguing as before, if (6.3) is satisfied the function
Aovk(z) — ((A(t)v)(z)), tends to 400 as || — +oo uniformly with respect to ¢ € [a, b], for any
[a,b] C I. Hence we can find \g > 0 such that \gv — A(t)v > 0 in [a, b] x R%.

In order to deduce the invariance of LP(R%;R™), let us compute k¢ which is a function which
bounds from above the quadratic form associated with C in [a,b] x R%. We can write

(C(t.2)¢,¢) =(diagC(t, 2)C, ) + {(C(t, ) — dingC(t, 2))C. C)
<— min et 0)[¢]* + Ap()(L+ o]y 7w

<= min [da(OI(1+[af2)™ b Ap(6)(1 4 [aft)es
= m

where Ap(t) is any positive function which bounds from above the quadratic form associated
with the matrix ((1 — 8px)dnk(t))n,k. Hence, we deduce that (C(t,z)¢,¢) < ke(t, x)[¢]* for any
(t,x) € [a,b] x R? where

ro(te) = —( min |dg(6)|(1+ [2ff)"tem o Ap(E)(1 4 faf2)res o,

for any ¢ € [a,b] and = € RY. Moreover, since
d
divy*(t,2) = =) (7{“(0(1 12|28+ 205 F ()21 + 225
=1
- 2hiz )1+ o))t

+4th hk (t)m]xz(1+|x| yhi _2>,

we deduce that I'f, ;) is finite (see (4.1)) if, for example, o;; > max j,{¢¥, hk — 1} for any
i=1,...,m. In this case also estimate (4.3) is satisfied, hence Theorem 4.2(ii) and (iii) can be
applied. Consequently the space LP(R% R™), p > 1 turns out to be invariant under G(t, s).

It is quite easy to see that the functions uyg, 71, po and p; defined in Hypotheses 4.3 are such
that

|2mini hii7 ’I’k(t,l’) ~ |x|2mini oF

i cpk(t,x) = |x|2‘7’“’“

,uk(ta ‘T) = “T
and

p()(t,l') ~ |x|2maXh;ék G'hk, pl(t,ﬂf) ~ |1,|2 maxp, k Chk—1
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as |x| = +oo for any ¢t € J, J C I bounded. Thus, taking account of the sign of each term in
the definition of o ; in (4.7) we conclude that o ; is bounded in J x R? if, for instance

max{ min E?,Jkk} > max {2 mﬁlzcakiﬂakk —1, min hﬁ}7 k=1,....,m. (6.4)

i=1,...,d i=1,...,

Assumption (6.4) allows to apply Theorem 4.4 to conclude that C}(R% R™) is invariant under
G(t, s).

To conclude, we provide some conditions in order that the results in Section 5 can be applied.
Besides Hypotheses 6.2(1)-(iii) we assume that max;—1, 4 Rk <1+ max;=1, .4 % for any k =
1,...,m and that 7", dj;(t) <0 for any k = 1,...,m. In this case Hypotheses 2.1, 3.1 and 3.3
are satisfied. If, in addition there exists j € {1,...,m} such that

max ¢ > I{lﬁé{{djj, bl —1},

i=1,...,d
then we can find K > 0 such that the function g : R? — R, defined by g(x) = ﬁ — K for
any = € R, is such that all the hypotheses in Lemma 5.2(i) are satisfied and Theorem 5.3 can
be applied.

On the other hand, under Hypotheses 6.2(i), (iii), if 0,; = o for any ¢,j = 1,...,m, d;; > 0 for
any i # j, Z;nzl dij(t)=0foranyt € I,i=1,...,m, and max;—1, 4 hk < 1+ maxi=1,. 4 2% for
any k= 1,...,m then Hypotheses 2.1, 3.1 and 3.3 are satisfied as well as that in Lemma 5.2(ii)
are satisfied. Indeed in this case the function g = 1 is such that A(t)g = 0 in R? for any ¢t € I
and consequently Theorem 5.3 holds true also in this latter case.

7. APPENDIX

Here, we recall some apriori estimates used in the paper, whose proofs can be obtained arguing
exactly as in [2], and a classical approximation result.

Proposition 7.1. Let Q C R? be an open set, T > s € I andu € Cy([s, T]x;R™)NCH2((s,T) x
Q;R™) satisfy the equation Dyu = Au + g in (s,T) x Q for some g € C/>((s,T) x ;R™).
Further, assume that the function t — (t—s)||lu(t,)||c2(:rm) is bounded in (s, T). Then, for any
Ry >0 and xg € Q, such that Dy, (zo) € £, there exists a positive constant Ky = Ko(R1, Ao, s,T)
such that, for any t € (s,T),

(t = ) ID2u(t, ) L (D, @)y + VE— 8[| Tew(t, )| Lo (D, (wo)imm)
<Ko(lullc, s mxarm) + 19llcarza(smxamm))- (7.1)

Theorem 7.2 (Interior estimates). Let T > s € I and let uw € C'T*/2242((5,T] x R:;R™)
satisfy, in (s, T] xR? the equation Dyu = Au+g for some g belonging to C’af’a((s, T) xR%; R™).

lo

Then for every ri,1m9 € (s,T), with m < ra, and any pair of bounded sets Q1 and Qo such that
Q1 € Qo, there exists a positive constant ¢, depending on Q1, Qo, 71, T2, T and s, such that

||u||cl+a/2,2+a((r27T)Xgl;Rm) < C(HuHCb((rl,T)xﬂg;RM) + ||gHCDt/2:0‘((r1,T)xQQ;]Rm))' (7.2)

Lemma 7.3. The characteristic function of any open subset of R% is the pointwise limit in R?
of a sequence (9,,) C Cp(R?) such that 0 <9, <1 in R? for any n € N.

Proof. We fix an open set Q and, for any n € N, we denote by ¢, € Cp(]0,+00)) any function
such that ¢,,(s) =1, if s > 1/n, ¢,(s) =0, if s € [0, (2n)"!] and 0 < ¢,,(s) < 1 otherwise. Next,
we set
Un(@) = n(d(z,RT\ Q)), z € RY,

where d(z,R?\ Q) denotes the distance of  from R%\ Q. As it is immediately seen, each function
¥, vanishes on R%\ 2. On the other hand, if z € 2, then d(z,R%\ Q) > 0. Therefore, if n € N is
such that nd(x, R%\ Q) > 1, then 9,,(x) = 1. As a byproduct, lim,,_,, . ¥,,(z) = 1. Since, by the
choice of the sequence (¢,,) it holds that 0 < J,, < 1in R?, (¢,,) is the sequence we are looking
for. ]
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