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A polyatomic gas with slow relaxation of the internal modes is considered, and the Navier—Stokes
equations with two temperatures, the translational and internal temperatures, are derived for such a
gas on the basis of the ellipsoidal-statistical (ES) model of the Boltzmann equation for a polyatomic
gas, proposed by Andries et al. [P. Andries et al., Eur. J. Mech. B/Fluids 19, 813 (2000)], by the
Chapman—Enskog procedure. Then, the derived equations are applied to numerically investigate
the structure of a plane shock wave in CO2 gas, which is known to have slowly relaxing internal
modes. The results show good agreement with those obtained by the direct numerical analysis of
the ES model for moderately strong shock waves. In particular, the results perfectly reproduce the
double-layer structure of the shock profiles consisting of a thin front layer with rapid change and a
thick rear layer with slow relaxation of the internal modes.

I. INTRODUCTION

Polyatomic gas flows play important roles in various applications in high-temperature gas
dynamics, such as the entry of space vehicles into earth or planet atmosphere. Since the gas is
in highly non-equilibrium in most of applications, the treatment based on kinetic theory, i.e.,
the Boltzmann equation, is required. However, for a polyatomic gas, the Boltzmann equation,
which takes the molecular structure into account, becomes much more complex than that for a
monatomic gas [1-7]. Therefore, it is a formidable task to apply the Boltzmann equation itself
to practical flow problems. To bypass this difficulty, either simplified kinetic model equations
of the Boltzmann equation [8-19], such as those of the Bhatnagar—Gross—Krook (BGK) type,
or macroscopic equations of fluid dynamics type [4, 6, 20-25] are often employed.

Many kinetic models for a polytomic gas have been proposed since 1960s [8-19], even in the
presence of simple chemical reactions [26, 27]. Most of the kinetic models are constructed in
such a way that some fundamental and global properties of the original Boltzmann equation
are satisfied, the details of collision mechanics not being considered. Since they are much more
tractable than the original Boltzmann equation, they have been playing crucial roles in practical
applications.

Nevertheless, the kinetic models are more computationally demanding than the fluid dynamic
or macroscopic equations. Therefore, there have been various attempts to construct macroscopic
equations on the basis of kinetic or purely macroscopic considerations [4, 6, 17, 20-25]. One
of the standard approaches is to derive equations of Euler and Navier—Stokes types using the
Chapman—Enskog procedure [4, 6, 20, 25] from the Boltzmann equation. In the case of a
polyatomic gas, the standard Chapman-Enskog expansion [28] leads to the ordinary Navier—
Stokes equations with bulk viscosity. However, depending on the structure of a polyatomic
molecule, there are significant differences in characteristic (or relaxation) times of different
internal modes. It is known that, in such a case, the ordinary Navier—-Stokes equations are not
sufficient to describe flow properties [20, 23, 25].

To overcome this difficulty, some authors have introduced the Euler- or Navier—Stokes-type
equations with multi temperatures associated with the translational motion and the internal
modes of a molecule [20, 25], starting from the Boltzmann equation. For this purpose, one
has to use either (i) an assumption on the magnitude of the relaxation times of the internal
modes [20] or (ii) the detailed properties of rotational and individual vibrational modes of a
molecule of a specific gas, such as carbon dioxide (COsz) [25]. The approach (i) is general.
However, because of its formal and abstract setting, its application to practical flow problems
is not straightforward and rather difficult. The approach (ii) is precise. However, it requires
a large amount of information on the molecular structure, containing numerical and empirical
formulas and some assumptions, for individual gases.



In the present study, we will propose a set of macroscopic equations of Navier—Stokes type
with two temperatures, which we will call the two-temperature Navier-Stokes equations (or
system). Unlike the previous studies [20, 25|, our starting point is not the original Boltzmann
equation but the polyatomic version of the ellipsoidal-statistical (ES) model, which is one of
the widely used kinetic models proposed in [13] and re-derived in a systematic way in [29]. The
model contains a parameter that is related to the bulk viscosity in the ordinary Navier—Stokes
equations with one temperature, as well as to the speed of relaxation of the internal modes.
Under the assumption that this parameter is as small as the Knudsen number, we carry out the
Chapman—Enskog expansion [28] to derive the two-temperature Navier—Stokes equations. Since
the number of parameters contained in the ES model is much less than the original Boltzmann
equation, the transport properties of the resulting two-temperature Navier-Stokes system in
terms of the parameters are much simpler and perfectly explicit. Therefore, it has a wide
applicability to practical flow problems. In fact, we will apply the system to the problem of the
structure of a stationary shock wave in CO2 gas and demonstrate that it gives good agreement
with the numerical solution based on the ES model [30, 31].

It should be mentioned that some authors have developed macroscopic equations with multi
temperatures, other than the Navier—Stokes type, for a polyatomic gas on the basis of the
rational extended thermodynamics [17, 21-24]. The moment equations of the Boltzmann equa-
tion or its model equations are considered, and appropriate moment-closure assumptions are
introduced using the entropy principle. They have been applied to the shock-structure prob-
lem successfully, and interesting results have been reported for CO2 gas [32-35]. In fact, these
results motivated the study based on kinetic theory in [18, 30, 31].

We should also give a brief remark on the direct simulation Monte Carlo (DSMC) method
[36], which is a powerful numerical method for the Boltzmann equation. This method has been
widely used also for diatomic and polytomic gases. In this case, however, because of the lack of
information about collision processes, we need phenomenological assumptions on the transition
probabilities [37] or database constructed by detailed molecular dynamics simulations for a
specific gas [38]. The latter approach is accurate and interesting, but the construction of the
database is difficult for polyatomic gases.

The present paper is organized as follows. After this introduction, the ES model and its basic
properties are summarized in Sec. II. Then, with an appropriate setting of parameters, the two-
temperature Navier—Stokes system is derived by the Chapman—Enskog method in Sec. III. In
Sec. IV, the derived system is applied to the problem of the structure of a stationary plane
shock wave in COs gas, and it is shown that its numerical solution gives good agreement with
the numerical solution based on the ES model. Section V is devoted to brief remarks.

II. ES MODEL AND ITS BASIC PROPERTIES

In the present section, we summarize the ES model for a polyatomic gas that was proposed
in [13] and re-derived in a systematic way in [29] and its basic and related properties.

A. ES model

Let us consider a polyatomic gas and denote by ¢ the number of the internal degrees of
freedom of the gas molecule, where § is a constant such that § > 2. Then, the specific heat at
constant volume ¢, that at constant pressure c,, and the ratio of the specific heats v = ¢, /¢,
are all constant and are expressed as
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Here, R is the gas constant per unit mass and is related to the Boltzmann constant kg and the
mass of a molecule m by R = kg/m.

Let t be the time variable, X (or X;) the position vector in the physical space, and & (or
&;) the molecular velocity. In addition, let £ be the energy per unit mass associated with the
internal modes (i.e., the combined energy for the § modes), which is continuous ranging from
0 to co. We denote the number of the gas molecules, at time ¢, contained in an infinitesimal



volume dXd€dE around a point (X, &, £) in the seven-dimensional (extended) phase space
consisting of X, £, and & by

%f(t, X, & E)dXdedE. (2)

Therefore, f(t, X, &, £) is the mass density in the seven-dimensional phase space. We call
ft, X, &, &) the velocity-energy distribution function of the gas molecules. It is governed by
the ES model of the Boltzmann equation for a polyatomic gas [13, 29], which can be written in
the following form:

. T )
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Here, p is the density, v (or v;) the flow velocity, p;; the stress tensor, Ti, the temperature
associated with the translational energy, Tt the temperature associated with the energy of the
internal modes, T' the temperature, d§ = d¢1d€2dEs, and the domain of integration with respect
to € is its whole space R3. The symbol d;; indicates the Kronecker delta, and v € [-1/2, 1) and
6 € (0, 1] are the constants that adjust the Prandtl number and the bulk viscosity. In addition,
A.(T) is a function of T such that A.(T)p is the collision frequency of the gas molecules, I'(z)
is the gamma function defined by

I(z) = /OOO s~le=4ds, (5)

T is the 3 x 3 matrix with its (i, j) component defined by Eq. (4c), and detT and T~ are, respec-
tively, its determinant and inverse. Here and in what follows, we basically use the summation

. . 3 2 3 2
convention, i.e., a;b; = > . aib;, ai = >, aF, abjcy; = Zi,j:l a;bjc;j, ete.



The other important macroscopic quantities, the pressure p and the heat-flow vector ¢;, are
defined by

p = RpT, (6)
= [[ (& - (e oP +¢) sasae ™)

where Eq. (6) is the equation of state.

It should be noted that in Ref. [13], the variable I, which is related to our £ as & = I%/9 s
used as an independent variable instead of £. See Ref. [39] or Appendix A in Ref. [40] for the
relation between the notation in Ref. [13] and that of the present paper (see also [19]). In the
ES model (3), the energy associated with the internal modes is expressed by a single continuous
variable £. Some models also use a continuous energy variable (e.g., [10, 14, 19]), whereas
the others use a discrete energy variable (e.g., [8, 9, 11, 12]). However, the corresponding
macroscopic equations are analogous in both cases (see, e.g., [16]). Concerning the structure
of Eq. (3), one might, for instance, think that it is more natural to use Ti,, instead of T, in
Egs. (4¢) and (4j). If Ti, is used, however, the conservation of energy and the entropy inequality
in Sec. II B are not satisfied.

B. Basic properties

The ES model (3) has the basic properties listed in the following.

Equilibrium: The vanishing of the collision term Q(f) = 0 is equivalent to the fact that f is
the following local equilibrium distribution [13] (see also Appendix A in [31]):

pE/2 1 mm263>

(27 RT)3/2(RT)°/?T(5/2) eXp( 9RT  RT

Jea = (8)

where p, v, and T are arbitrary functions of ¢ and X.

Conservation: For an arbitrary function g(¢, X, &, &), the following relation holds [13] (see also
Appendix A in [31]):

/Kw%gwm&m:m ©)

where ¢, (r =0, ..., 4) are the so-called collision invariants, i.e.,

. 1
wo =1, pi=¢& (i=1,2,3), <P4=§|£|2+5- (10)

Entropy inequality: For an arbitrary function g(t, X, &, &), the following inequality holds [13]:

//OOO (m #) Q(g)dede < 0, (11)

and the equality sign holds if and only if g = feq in Eq. (8).

Mean free path: The mean free path [y of the gas molecules in the equilibrium state at rest at
density po and temperature Ty is given by

, _ 2 (2RTy)'?
°T Vm AdTo)po”

for Eq. (3), since A.(Tp)po is the collision frequency at this equilibrium state.

(12)



C. Bulk viscosity and parameter 6

When the mean free path of the gas molecules [y is small compared with the characteristic
length of the system, we can formally derive the ordinary (compressible) Navier-Stokes equa-
tions for a polyatomic gas from the ES model (3) by the Chapman—Enskog method [13]. The
Navier—Stokes constitutive laws thus obtained are as follows (see Sec. VI of [41] for these forms
and for the entire Navier—Stokes equations):

. (91)1' ij 2 (%k 8vk
Pij —p(szj —u(T) (6Xj =+ 0X, - 3m511> - Hb(T)aiXkamv (13a)
oT
q; = *A(T)TXZ; (13b)

where u(T), up(T), and A(T') are, respectively, the viscosity, the bulk viscosity, and the thermal
conductivity and are expressed as follows:

1 RT
T)= 14
u(T) 1—v+60vA(T)’ (142)
) RT
T =2 14b
me(T) = 336 +3) A(T) (14b)
d+5 R*T
From Eqgs. (14a), (14c), and (1), the Prandtl number Pr = ¢,u/\ is obtained as
Pr=1/(1-v+0v), (15)

and from Egs. (14a), (14b), (15), and (1), the ratio up/p is expressed as

w2 6 1 1(5 1 16)
u 3006+3)Pr 0\3 )Pr

Here, it should be noted that the ratio pup/p does not depend on T' and is inversely proportional
to the parameter 6 contained in the ES model.

D. Relaxation of internal modes and parameter 6

In this section, we examine the speed of relaxation of the internal modes. For this purpose,
we consider the space homogeneous case, where f does not depend on X, i.e., f = f(¢, &, €&).
Then, the ES model (3) reduces to

of
S ATp(G - 1), (7)
If we integrate Eq. (17) and that multiplied by &, respectively, over the whole space of & and

whole range of £ and take into account Eqs. (4d), (4e), and (9), we have

d(pv)
dt

dp _
dt

0, -0, (18)
that is, p and v are constants. Next, we multiply Eq. (17) by |€ — v|? and &, respectively, and
integrate over the whole ranges of & and £. Considering the fact that p and v are constants
and making use of Egs. (4g) and (4h) and the moments of G calculated in Appendix A in [31],
we obtain

dTi,
T pAT)p (1~ Th), (192)
st _ 94, (T)p (T = Tin). (19b)

dt



It is readily seen from Egs. (4i) and (19) that

dT
= =0 20
Lo (20)
i.e., T' is a constant.

Let T, and Ti, at the initial time ¢ = 0 be T and Tings, respectively, where Ty, and Tings
need to satisfy (3Tirs + 0Tint«)/(3 +0) = T. Then, Eq. (19) gives the following solutions:

Too =T + (Tyye — T) e~ 040t (21a)
Tt =T + (Tines — T) e~ 04DPL, (21b)

These solutions indicate that the temperature T}, associated with the energy of the internal
modes, as well as the temperature T}, associated with the translational energy, approaches the
total temperature T' with the time scale 1/[0A.(T)p]. Since A.(T)p is the collision frequency
of the gas molecules, 1/[A.(T)p] is the mean free time. Therefore, we can say that the time
scale of relaxation of the internal modes is (mean free time)/#. This means that small values
of 0 correspond to slow relaxation of the internal modes.

In the case of the original Boltzmann equation, when the phenomenon under consideration
contains two different time scales, the collision term is naturally split into two collision terms
with different collision frequencies [20]. On the other hand, the ES model (3) seemingly contains
only one time scale, i.e., the mean free time 1/[A.(T)p]. However, as can be seen from Eq. (21),
it has an additional hidden time scale 1/6 that controls the speed of relaxation of the internal
modes.

E. Remarks and strategy

Some gases are known to have large bulk viscosity. For instance, according to p. 30 in
[42], the ratio pp/p of the bulk viscosity to the viscosity and the Prandtl number Pr are
(o /1ty Pr) = (32, 0.71) for Hy gas and (1000, 0.75) for CO4 gas at 300 K and 1 atm. Therefore,
if we set § = 2 for Hy gas (thus v = 7/5) and § = 4 for CO2 gas (thus v = 9/7), then from
Eq. (16) we obtain # = 0.0117 for Hy gas and 5.08 x 10~ for CO, gas. In this way, large values
of up/p lead to small values of 6.

It is a common understanding that the large bulk viscosity is related to the slow relaxation
of the internal modes [43, 44]. As we have seen in Secs. IIC and IID, the ES model gives a
consistent result, that is, both the large bulk viscosity and the large relaxation time lead to
small values of #. The reader is referred to [44] concerning gases with large bulk viscosity other
than Hy and CO2. The impact of large bulk viscosity for Ho gas flows is investigated in [45].
Here, it should be mentioned that some authors are doubtful about the large values of y;/ s for
COq gas [25, 46]. However, in the present study, we follow the view that u/u is large for COq
gas.

If the values of u /i, Pr, and 6 (or y) are known for a gas, the parameters v and 6 contained in
the ES model are determined from Egs. (15) and (16). Here, it should be noted that the viscosity
1 and the bulk viscosity u, make sense under the assumption of the Navier—Stokes stress tensor,
Eq. (13a). More specifically, if the shear and normal stresses are measured for known velocity,
pressure, and temperature fields, p and pp, are determined on the basis of Eq. (13a). As long
as Eq. (13a) is assumed, large pp/p gives small . However, for the ES model (3), Eq. (13a)
is derived by the Chapman—Enskog expansion for small Knudsen numbers under the implicit
assumption that the parameter 6 is of the order of unity. If 6 is small (§ < 1), therefore,
the validity of the Navier—Stokes equations based on Eq. (13) is questionable. In other words,
we should take into account the smallness of 6 explicitly in order to derive the appropriate
fluid-dynamic equations. Therefore, in the present study, we assume that 6 is small and of the
same order of magnitude as the Knudsen number and try to derive the correct fluid-dynamic
equations for small 6, i.e., for a gas with large u/u or slow relaxation of the internal modes,
from the ES model (3) by the Chapman—Enskog procedure.



IIT. TWO-TEMPERATURE NAVIER-STOKES EQUATIONS

In this section, we will derive the two-temperature Navier—Stokes system, under the assump-
tion that the parameter 6 contained in the ES model (3) is as small as the Knudsen number.

A. Non-dimensionalization

In this subsection, we non-dimensionalize the ES model introducing appropriate dimensionless
variables. Let L be the reference length, ¢y the reference time, and py = RpoTy the reference
pressure, where pg and Ty are the reference density and temperature. We further choose ty as

to = L/(2RTy)*/2. (22)

This corresponds to the so-called fluid- dynamlc scahng in time. Let us introduce the dimen-
sionless quantities (£, x;, C;, £ f. G, s 05, Tors Tingy T, Trer, Dij, Dy Gi, AC(T)) which correspond
to the original dimensional quantities (¢, X, &, &, f, G, p, vi, Ttr, Tint, T, Trel; Dijs P Gis
A (T)), by the following relations:

t=t/ty, = =Xi/L, G =&/Q2RI,)?, &=E/RT,,
(f,6) = (f.G)/2p0(2RT0) /%, p=p/po, ;i =rv;/(2RTy)"/?,
(Try T‘mtz T Trel) (Ttm T‘int; T; Trel)/TOa ﬁij = pij/p07 ﬁ :p/p07

gi = Qi/p0(2RTO)1/27 AC(T) = AC(T)/AC(TO)~

We occasionally use the bold-faced letters x, ¢, ¥, and q in place of z;, (;, ¥;, and §;, respectively.
Then, the dimensionless version of the ES model (3) is obtained in the following form:

(23)

af of 1.,
Gl =200, (24)
where
Q(f) = A(T)p(G - f), (25a)
. 585/2—1
G=— pE -
73/2(detT)1/2 T2/2T(5/2)
X exp <—(1A'_1)z‘j(Ci —0;)(¢j — ;) — Tg > ; (25b)
rel
(Tij = (1= O)[(1 — v)T4ebi; + vpis/p) + 0155, (25¢)
h= FdEdC, 25d
p / i fdéd¢ (25d)
o L 17 cae
- / [ G jagac, (25¢)
by =2 / / o) fdédc, (256)
. 3 0 s 2718
fo-2 / /0 (G — )2 fdédc, (258)
/ Efaéac, (25h)
T — 3Ttr + 6ﬂ1}t (251)

3+6



Tre1 = 0T + (1 — 0) T (25))
Here, € is a quantity of the order of the Knudsen number Kn defined by

e— Vg, _ VTh

o Kn="1 (26)

d¢ = d¢1d(ed(s, and the domain of integration with respect to ¢ is its whole space R3. The
(dimensionless) pressure p and heat-flow vector §; are given by

p=pT, (27)
and
i = Q(oryi + int)is (28a)
i = [ 6= vale - o faac. (25b)
Q(int)i = / /0 m(gi — 0;)EfdEdC. (28c¢)

The dimensionless form of the basic properties of the ES model given in Sec. IIB are sum-
marized in the following.

Equilibrium: Q(f) = 0 is equivalent to the fact that f is the dimensionless local equilibrium
given by

g k-op £
Jea = pypregorer (5 /2) P ( 7 T) ’ (29)

where p, ¥, and T are arbitrary functions of £ and x.

Conservation: For an arbitrary function g(, x, ¢, fj), the relation

[ edwaigac—o (30)
0
holds, where ¢, (r =0, ..., 4) are the dimensionless collision invariants, i.e.,

¢0 = 17 @i = CZ (7’ = 17 27 3)7 @4 = |C|2 +é (31)

Entropy inequality: For an arbitrary function (£, x, ¢, f:'), the following inequality holds:

//OOO (hl 55/921> Q(§)déd¢ <0, (32)

and the equality sign holds if and only if § = feq in (29).

B. Chapman—Enskog expansion and two-temperature Navier—Stokes equations

As mentioned in Sec. IT E, we try to derive fluid-dynamic equations when not only the Knud-
sen number but also the parameter 6 contained in the ES model is small. Therefore, we assume
that 6 is of the same order of magnitude as € and let

0 =oae <1, (33)

where « is a positive constant (parameter) of the order of unity.



1. Preliminaries

If we formally let e — 0, we have, from Eq. (24),

Qf)lo-0 = Ac(D)p (Glo-o— f) = 0. (34)

because of Eq. (33). This equation essentially determines the form of the leading-order term of
the Chapman-Enskog expansion [28] and the strategy of the expansion. Here, it is noted that
the properties of the collision operator Q( f )|o=o0 have been studied in Appendix A3 in [31]. The
dimensionless versions of the equilibrium and the conservation laws are as follows:

Equilibrium: Q(f)|s—o = 0 is equivalent to the fact that f is the (dimensionless) local equilib-
rium of the form

- =372 exp | — | T | - T ) (35)
(7T )32 T T(0/2) r int

where p, v, Ti;, and T, are arbitrary dimensionless functions of ¢ and .

feq:

Conservation: For an arbitrary function §(, x, ¢, 3), the relation

[ éc@agac o, (36)
0
holds, where ¢, (r=0, ..., 5) are the (dimensionless) collision invariants, i.e.,

QZ)O = ]-a é)l = <Z (7’ = 17 27 3)7 éﬁl = ‘C|27 92;5 = é (37)

Equation (35) shows that the local equilibrium feq contains the six macroscopic quantities
corresponding to collision invariants (37), i.e., the density p, the flow velocity ©, the temperature
associated with the translational motion Ttr, and that associated with the internal modes Ti,;.
This suggests that these are the basic quantities not to be expanded in € in the Chapman—Enskog
expansion and that the resulting fluid-dynamic equations corresponding to the Navier—Stokes
equations are for these quantities.

Since p, 0, Tiy, and T}y are directly related to the moments of f with b, of Eq. (37), the
fluid-dynamic equations should be obtained on the basis of the moment equations (or the weak
form) of the ES model, Eq. (24) with Eq. (33), generated with these ¢,. To be more specific,
multiplying Eq. (24) by ¢, and integrating over the whole ranges of ¢ and &, we obtain the
following moment equations.

%+ f)(;> —0, (38a)
5(5?) + (,;i] (ﬁ@if}j + ;1%) =0, (38b)
0 )] o ()

= DA D) - Ty, (38c)
o5 (57T ) + o (300 + o) = GADPT T (350)

The right-hand sides of Eqs. (38c) and (38d) can be obtained readily from the moments of f

and G summarized in Appendix A in [31]. Equations (38a) and (38b) express the conservation
of mass and momentum. If we add Egs. (38¢c) and (38d) and take account of Eq. (25i), we
recover the conservation of total energy, i.e.,

o [.(3+0,. 0 [.. (349 . ]
(%[p(ZT+ >}+a%{pv <2T+v)+vzp”+q]}—0. (39)



10

Therefore, only two equations are independent among Eqs. (38c¢), (38d), and (39).
The Chapman—Enskog expansion is a formal expansion of f in e, i.e.,

f=fO4 fWey fO2 4. (40)
In the present problem, we impose the condition
// b fUMd¢cdE =0, (r=0,....5, m=1,2...), (41)
0

so that it follows from Egs. (25d), (25e), (25g), and (25h) that

o= / fOagdc. (42a)

5.o— _£(0)

ﬁ//o ¢ f@dédg, (42Db)
- 2 b A2 7(0) 46
Ttr == 3[) M (Ck: vk) f dgde (420)
5 3 o0 5 2(0) 16
T = 5 / e agac. (42d)

That is, p, 05, T}y, and Tiy are not expanded and are determined only by f FO),
In accordance with Eq. (40), other macroscopic quantities p;;, G, Q(tr)i> G(int)is and T, rel are
expanded as

h=h" +hWe+ - (h=pij, 4is dieryis deintyis and Trer). (43)

Here, the coefficients for pi;, i, ()i, and G(nt); are obtained by substituting Egs. (40) and
(43) into Egs. (25f) and (28), i.e.,

A(m) B 2// — o) fm™dédc, (m=0,1,...), (44)
and
i =am a. (m=0,1,.00), (45a)
Agrrz)l // —5)[¢ — B2 fmaédc, (45b)
4;; / / )E Fm gédc, (45c¢)

and those for T, are obtained from Eqs. (25)) and (33), i.e

70 =T, T = —Th), T =0, (m=01,...), (46)

where T is determined by Eq. (251) and thus is not expanded in e.
If we substitute the expansion (40) into Eq. (24) with the setting Eq. (33), we obtain

QI =0, (47a)

QU =22+ 6%+ o0, (47h)

where [Q(f)]© and [Q(f)]V) are the coefficients of the expansion of the collision term Q(f) in
€

QY =10 +[QUMNVe+---, (48)

and are specified below. Since we consider only up to the first order solution f = f © 4+ f We
in the following, the irrelevant higher-order terms are all put in the O(e)-term in Eq. (47b).
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2. Zeroth-order solution

Because [Q(f)]© = Q(f)|cmo = Q(f)|g—o, the solution of the leading-order equation (47a) is
given by Eq. (35), that is,

A A 35/2-1 a2 5
f(O) — _ pgA exp <_|C _ ’U| _ Ag )7 (49)

(n )3/ 2T20°T(5/2) Tw T

where the arbitrary functions in Eq. (35) are determined in such a way that Eq. (42) holds.
Using Eq. (49) in Egs. (44) and (45), we have

By = Tubis, Qi = Q= 0 = 0. (50)
Therefore, we can write
Pij = pTudi; + O(e), Geeryi = Geintyi = G = 0+ O(e). (51)

The substitution of Eq. (51) into Eq. (38) leads to the following equations:

95 0pwy)
= 2

% + oz, 0, (52a)

O(pbi) | O(pvivy) | 19(pTh)

0 3 0 5.+

g P (58 +70)] + oy o (37 )

- %aAC(T)ﬁZ(T ~ ) = 0e), (52¢)

0 (.- 0 /.. = N

a (PTint) + 67% (pUjTint) - aAC(T)p (T - Tint) = 0(6)7 (52d)
and the same substitution transforms Eq. (39) into

0 3+0 o [.. (3 + ,x B

Neglecting the terms of O(e) in Eq. (52) and noting Eq. (25i), one obtains the system of
partial differential equations for p, ¥, Ttr, and Ty at the zeroth-order in e. One of Egs. (52¢)
and (52d) [without the O(e)-terms] can be replaced with Eq. (53) [without the O(e)-term].
These equations, whose steady version was derived in [31], correspond to the Euler system in
the form of conservation laws with relaxation and are essentially the same as the macroscopic
system for six macroscopic variables based on the extended thermodynamics derived in [21, 24]
(ET6 system in the terminology in [21, 24]).

8. First-order solution

Next, we consider Eq. (47b) and calculate the terms on the right-hand side following the

standard Chapman—Enskog procedure. The terms 9 f ©) /9t and 0 f ©)/ Oz; can be calculated
explicitly by the use of Eq. (49), and the former is expressed in terms of the time derivatives
0p/ot, 0v;/ot, 8Ttr/8f, and 9Tl /Ot, whereas the latter in terms of the space derivatives
0p)dx;, 9v;)0x;, OTi, /0, and Ti/dx;. Tt is reasonable to assume that Eq. (52) is still
valid even if we proceed to the first order because we just make the O(e)-terms explicit with
the first-order solution. From Eq. (52), we obtain the expression of the time derivative terms
dp/ot, 0v;/0t, T, /0t, and 0T /0t in terms of the space-derivative terms with the error of
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O(e). Using these expressions, we can eliminate the time-derivative terms arising from 0 f ©) /ot
on the right-hand side of Eq. (47b). As the result, we have

)
fo \ ot 7 Oxy

_ [@i —0)(G =) (G =) } (8@ N 8@»)

ij

T 3T, Ox; O
(G — ) [(Ck — 0)? 5] O (G —0y) (€ 0 0T
+ = = - = + - -— — =
Ttr Ttr 2 axj T‘int T‘int 2 8‘Ij
i~ ) [ (G —0r)? 3} T E 6 T
+ aA (T - —— ——1|+=——-= — —1
“ ( )p { |: Ttr 2 Ttr T‘int 2 T‘int
+ O(e). (54)

The left-hand side of Eq. (47b) is

QO = Ac(D)p (69 = V). (55)
where ,C';(l) is the first-order term of the expansion of Q in e, i.e.,
G=00 L ¢Wey ..., (56)
Here, G and GV are, respectively, expressed as
GO =G|, GW) = (dG/de)|e=o, (57)

and are calculated in Appendix A, according to which GO is obtained in the following form:

1 zy[@i—mm—@j)_ﬂ By}

7Ajtr 2 [)Ttr

(CG—t)? 3]( T ) T
+a|: Ttr _2:| (Ttr _1> +a<T'int _2> (j—’mt_l> . (58)

Using Eqs. (54), (55), and (58) in Eq. (47b) and neglecting the O(¢)-terms, we obtain (1) in
the following form:

FO ) fO [(Ci —0)(G —95) 51‘3} iﬁl)

Ttr 2 ,aTtr
__fO { [«z —0)(G — ) 1(G— @wi;_] (‘0‘ + a@j)
AC(T)ﬁ Ttr 3 Ttr N axj axi
(G —15) {(Ck — ) 5} 0Ty | (¢ — 1)) i 9 8Tint}
* Ttr Ttr 2 ax] * ﬂnt ﬁnt 2 ax] . (59)

Precisely speaking, this is the linear integral equation for f ) hecause ]3%-)
with m = 1. However, it should be noted that in Eq. (59), the functional form of f(l) in terms

of ¢; and & has already been determined. If we substitute Eq. (59) into Eq. (44) with m =1,

is given by Eq. (44)

we obtain the algebraic equation for ;131(-11.), which gives the following }3%):
X Ti dv; 9, 200k
pz(gl') = < +L-E ij) (60)
(1 —v)A(T) \Oz;  Oz; 30y
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By the substitution of this ﬁl(-;), Eq. (59) is transformed to

O N S ()) {(Cz‘ —0)(G = 0;) 1 (G — ) } (31% 317j>
! Ac(f)ﬁf { 1—v T 3 T, i Ox; + Oz
(O [(ck —0)? 5] O | (G=0) ([ & 9 8T}
’ Ttr Ttl" ax] " ﬁnt ﬁnt 2 (9% . (61)

It can be confirmed by the direct calculation that this f(1) satisfies the constraint (41) with

m = 1. Therefore, Eq. (61) is the final form of f(1).

4(1) ~(1)

Making use of Eq. (61), we can obtain ¢, . and ¢ i from Egs. (45b) and (45c¢), respectively.

(tr)s (int
The result is as follows:
1 5 Ttr 8Ttr ~(1 6 Ttr 8ﬂnt
qgtr))z T T4 7 g q((in)t)i = (62)

4 A(T) Oz; 4A( [y Ox;

Summarizing Egs. (50), (60), and (62), we can write

~ A o 8’01 av; 2 (9’1}]f
Dij = thréij — FH(T Ttr) (8:0] + 833]1 — ga 0; > €+ O( ) (63&)
R 5 . T
Qe = — DA Ti) 5 e+ O(2), (63b)
. g 0T
Q(int)i = —F)\(T Ttr) O Yet O(e ) (63c)
Gi = Q)i + Qint)is (63d)
where
. T, I T
F/_L(Ta Ttr) - %, F)\(T, Ttr) — % (64)
(1 - Z/)AC(T) AC(T)

If we use Eq. (63) in Eq. (38), we obtain Eq. (52) with the explicit expressions of O(¢) terms
and with the error of O(e?). By neglecting the error terms of O(e?), the higher-order equations
for p, 0;, Tt;, and Tiyy are obtained, i.e.,

00 00piy) _
o " om, O (65a)
a(pos) | O(poidy)  19(pTw) 1 9 Lo (00 00 200

ot " Ox; 2 dr; 2€3xj Lu(T, Tr) dx;  Or; 30z i ) | 5 (65b)

o (3 P 5.0 N\ 3 e
o 9 (57w 02)| + o [0 (3 02) | - Sodeti@ - 1)

A
b [ T (G2 4 52 - 2005, )] L (os0

5 0 o T
=2 e— |T\(T, T
468;3] AT Tir) oz O dx;  Ox; 30z
8(pAT’mt) a(p”jﬁnt) 2 2N A2 /A - 1 0 aT‘mt
1 — QA(TVHT — Tine) = = e— |TA\(T, T

where 7' = (314, + 6Tint)/(3 + 6) [Eq. (251)]. Equations (65a)-(65d) correspond to the (com-
pressible) Navier—Stokes equations in the case of the standard Chapman—Enskog expansion.
Equation (39) (the total energy conservation), with Eq. (63) and with O(€?) terms being ne-
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glected, becomes

92 [/3 <3+5T+ﬁ§)} 2 [ﬁﬁj (3;6T+Ttr+ﬁ§)]

3+0 0T GTH
2 (%cj Oz
0 (%Z 811] 2 6{)k
+€£j |: (T ﬂr) V; <ax] + 6371 38$k5”>:| . (66)

Equation (66) may be used in place of Eq. (65¢) or (65d). Equation (65), together with Eq. (66),
is what we have called the two-temperature Navier—Stokes equations.

It should be mentioned that equations similar to Eq. (65) have been derived in [20, 25] from
the Boltzmann equation. In [20], under the assumption that the collision integral is split into
the rapid collision term and slow collision term, a system of Navier—Stokes equations with two
temperatures is derived by the Chapman—Enskog method. The aim of the study is to clarify the
effect of bulk viscosity, so that the collision term is written in a rather abstract form in terms of
the collision cross sections (or the transition probabilities), whose explicit forms are not given.
Therefore, it is not straightforward to apply the system to practical problems. On the other
hand, [25] is specialized for CO5 gas, and the detailed structure of a CO5 molecule is taken into
account in the collision terms. A system of Navier—Stokes equations with two temperatures is
then derived by the Chapman-Enskog expansion. The system, whose transport properties are
related to various collision cross sections, does not contain any adjustable parameters. However,
it requires some calculated, empirical, or approximate formulas for application to CO5 gas flows.
It should be mentioned that the references [20, 25] provide important contributions in the field.
However, our system (65), which takes the advantage of the simplicity of the ES model compared
with the Boltzmann equation, has a simpler and explicit structure, so that its applicability to
practical flow problems is much wider. An example of its application will be given in Sec. IV.

C. Summary

In Sec. III B, we derived the two-temperature Navier—Stokes equations by the Chapman—
Enskog expansion for the ES model under the parameter setting (33). In the following, we
summarize the dimensional form of the derived equations.

We start with the stress tensor p;; and heat-flow vector ¢;. With the help of Eq. (23), we
can transform Eq. (63), with O(e?) terms being neglected, to the following dimensional form:

ov; ov; 2 Ou
= T8 — T T L J _Z |
Pij ,OR trazj ,utr( y tr) (3XJ 0X, 30X, zj) (67&)
Ty 0Ty
q(tr)yi = —Aer(T, Ttr)ai)ga q(int)i = _)‘int(Tv Ttr)TX_t7 (67b)
Qi = q(tr)i + d(int)is (67¢)
where
1 RTtr RTtr o 5 RTtr
:U'tr(T Ttr) 1_v A ( )7 )\tr(T Ttr) QRA ( )7 )‘lnt(T’ Ttr) 7R (T) (68)

and T = (3T4 4 0Tint)/(3 + 9) [Eq. (4i)]. In deriving Eq. (67), use has been made of Eqs. (12)
and (26). The stress tensor p;; contains the pressure pRT, based on the translational tem-
perature, and ug, plays the role of (shear) viscosity. The bulk viscosity does not appear in
pij- The coeflicient Ay, and A are, respectively, the thermal conductivity for the translational
temperature and that for the internal temperature. Note that the Fourier law (13b) does not
hold in this case.

Then, Eqgs. (65) are transformed into the following dimensional two-temperature Navier—
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Stokes equations:

dp  9(pvj) _
o T ax, (69)
O(pvi)  O(pviv;)  O(pRTiy) 0 Ov; 8vj 2 Qug
= T Tr I 17
o tTox, T ax oax; [ME T\ ax, Tax, T 3ax, 00 (69D)

0 3 15 0 5 15 9
5 [p<2RTtr+ 2@)] + X, [pvj (QRT“—&— 2111)] — —0A(T)p°R(T — Tt:)

0 Ty 0 0v; Ov; 2 Ouy
T X, [A“(T T”)axj] T ox, X, [““(T Ter)vs (an Tox, T 30X, J)] (69¢)
a(pT‘mt) a(pva}nt) 21 0 81—;nt
82& + (9Xj QAC( ) (T Tlnt) 5 R@X )\mt(T Tlnt) aX (69d)

These are the equations for p, v;, Tiy, and Ting. If Eq. (69d) is multiplied by (6/2)R, the unit
becomes consistent with Eq. (69¢). It should be noted that the parameter 6 (§ < 1) contained
in the ES model [cf. Egs. (4c) and (4j)] appears in Eqgs. (69c) and (69d). In addition, the
equation for the total energy (66) is transformed to

) 3+5 ) 3+5
29 346 0T 0T
T 50X, {A“(T Twr) ( 29X, axj)]
0 8@1' vaj 2 (%k
X, [’“‘“(T Tur)vi (axj X, 30X, 7)}

This can also be derived directly by adding (69¢) and (69d)x(6/2)R. Therefore, Eq. (69¢) or
(69d) can be replaced by Eq. (70).

(70)

IV. APPLICATION TO SHOCK-WAVE STRUCTURE

In this section, we apply the two-temperature Navier—Stokes equations, Eq. (65), derived in
Sec. IIT to the problem of shock-wave structure for COs gas. A shock wave is a compression
wave across which physical quantities undergo rapid changes over a distance of some tens of
the mean free path. Therefore, the study of the structure inside the shock wave requires kinetic
theory or, more specifically, the Boltzmann equation. In fact, the structure of a stationary plane
shock wave is one of the most fundamental problems in kinetic theory and has been investigated
by many authors. Since the survey of existing work is beyond the scope of the present paper,
we just refer to some standard textbooks [1, 36, 47-50] containing this subject.

On the other hand, there have been several attempts to tackle this problem with macroscopic
equations that are beyond the Navier—Stokes equations and are claimed to be valid for nonequi-
librium flows (see [23, 51, 52] and the references therein) because the macroscopic equations
are much more tractable than the original Boltzmann equation. In particular, when a poly-
atomic gas is considered, the approach using the Boltzmann equation is not practical because
of insufficient information on the collision process of gas molecules. In this case, therefore, the
approach using macroscopic equations, as well as that using model Boltzmann equations with
simplified collision integrals, is more practical and powerful.

Let us restrict ourselves to the case of a polyatomic gas. Such an approach using macroscopic
equations was considered in [23, 32-35, 53] rather recently, and some interesting results were
reported. More specifically, the macroscopic equations based on the extended thermodynamics
were used to investigate the shock-structure problem for COy gas, which is known to have a
large ratio of the bulk viscosity to the viscosity (cf. Sec. ILE). It was shown numerically that
the shock wave is very thick and there were three different types of profiles of the macroscopic
quantities depending on the upstream Mach number. Subsequently, these results were confirmed
by the numerical analysis based on kinetic theory using the ES model in [18, 30, 31]. It should
also be mentioned that the problem has been tackled with various macroscopic equations of the
Euler and Navier—Stokes types derived from the Boltzmann equation for CO5 gas [25, 57, 58].
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Now, let us recall that the two-temperature Navier—Stokes equations (65) [or Eq. (69)] have
been derived from the ES model when the parameter 6 is small. As discussed in Sec. ITE,
this corresponds to large values of the ratio of the bulk viscosity to the viscosity or to slow
relaxation of the internal modes. Therefore, it is natural to expect that the two-temperature
Navier—Stokes equations are able to describe the shock-wave structure for CO2 gas. For this
reason, we try to analyze the shock-structure problem for COs gas numerically using Eq. (65).
It should be noted that the present two-temperature Navier—Stokes equations have a different
structure from the macroscopic equations used in [23, 32-35].

A. Problem

We consider a stationary plane shock wave in a flow of an ideal polyatomic gas with slow
relaxation of the internal modes, perpendicular to the shock wave. The X axis of the coordinate
system is taken in the flow direction. The gas at upstream infinity (X; — —o0) is in an
equilibrium state with density p_, flow velocity v_ = (v_, 0, 0), and temperature T_, and
that at downstream infinity (X; — 400) is in another equilibrium state with density py, flow
velocity vy = (vy, 0, 0), and temperature 7. These upstream and downstream parameters
are related by the Rankine-Hugoniot relations. We investigate the steady behavior of the gas
under the following assumptions:

(i) The behavior of the gas is described by the two-temperature Navier—Stokes equations
derived in Sec. IITB.

(ii) The problem is spatially one dimensional, so that the physical quantities are independent
of XQ and X3.

Let M_ denote the Mach number of the flow at upstream infinity, i.e.,
v_

VAYRT_’

where v = ¢, /¢, is the ratio of the specific heats already appeared in Sec. ITA [cf. Eq. (1)]. Then,

the Rankine-Hugoniot relations provide the following expressions of the downstream quantities

p+, v1, and Ty in terms of the upstream quantities p_, v_, and T_ and the upstream Mach
number M_:

(71)

1)M?
p+ = m p—, (72a)
vy = W v_, (72b)
2yM? — (y—1 —1)M2 +2
= (Zv T i])[ézﬁ e (72¢)

Incidentally, the Mach number of the flow at downstream infinity My, i.e., My = vy /\/YRTy,
is given as
[ (r—1MZ 427 73
T yME—(v-1)]

B. Basic equations

We apply the two-temperature Navier—Stokes equations (65) to the present problem. In this
connection, we should specify the appropriate reference quantities. In the following, we take
P0, T07 and Po as

pPo = p—, To =1, po=p- =Rp_-T_, (74)
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so that the reference mean free path [y becomes the following [_, i.e.,
2 (2RT_)'/?

b=l = =, (75)

Since the problem is a steady and one-dimensional one with a unidirectional flow, we let 9/0t =
8/81172 = 8/81'3 =0 and 172 = @3 =0.

In the present problem, the only characteristic length is the mean free path [_, and there is
no reference length L. Therefore, the small parameter € = (y/7/2)(I_/L) does not make sense.
However, by an appropriate scaling of the space coordinate, we can naturally eliminate the
fake small parameter € from Egs. (65). Let us take an arbitrary number much larger than [_,
regard this number as L, and define € by € = (y/7/2)(I_/L). Then, we introduce a new space
coordinate n in place of z; as

_n_ 25

=T N

This means that 7 is the X; coordinate normalized by the quantity of the order of the mean
free path [_. By changing the space coordinate from z; to 7 and using Egs. (25i), (64), and

(33), we can transform the time-independent and one-dimensional version of Eq. (65) to the
following form:

(76)

=
<>
—

(ptr

=0 (77a)
d(po})  1d(pTy) 2 d| Tw diy (77b)
dn 2 dn 3(1—v)dn | A(T) dn |’
d .. (5. 36 S [ .
i o (37 8) |+ A0 (i )
— ?i Ttr thr 4 i Ttr Alﬁ (77¢)
ddn | A(T) dn 3(1—wv)dn | A (T) dn |’
d . 3 o . . 1d | T, dT
“ PN T 2 A T ~2 T _ T - -2 _ trA int
d’l] (p'Ul mt) + (3 T 5)9 c( )p ( int tr) 2 d?] AC(T) d’l] (77d)

As we can see, the parameter € does not occur in Eq. (77), and only the original small parameter
6 appears in Eqgs. (77¢) and (77d).
Our problem is to solve Eq. (77) under the following boundary conditions:

(p, 01, Tor, Tine) — (1,0-,1,1)  as 1 — —oo, (78a)
- (ﬁ+»ﬁ+vT+7T+) as 1 — oo, (78b)

where py = py/p_, 0+ = vi/(2RT)Y/? and T, = T,/T_. Since o_ = (v/2)"/?M_
[cf. Eq. (71)], the dimensionless downstream parameters p, 04, and T are expressed in terms
of M_ by the Rankine-Hugoniot relations (72).

C. Numerical method

In this section, we try to solve the boundary-value problem of the system of ordinary dif-
ferential equations, Egs. (77) and (78), numerically. For this purpose, we introduce the new
(dimensionless) time variable ¢, i.e.,

=i/, (79)

add the corresponding time-derivative terms [cf. Eq. (65)], i.e.,

9p A(pdr) a{A(sA )} O(pTur)

- _ — G
ot’ ot ot |P\gte T ot ' (80)
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to the left-hand sides of Eqs. (77a)—(77d), respectively, and replace d/dn with 9/9n in these
equations. Then, we solve the resulting system, under an appropriate initial condition and the
boundary condition (78), to pursue the time evolution of the solution and regard the long-time
limit as the solution of Egs. (77) and (78).

For simplicity, we change the notation as

(t_; /3, ,ﬁla Ttrv j—‘int» Tv AC) = (t7 pv v, Ttra CZjintn Ta AC)7 (81)

only in this subsection. The quantities on the right-hand side of Eq. (81) should not be confused
with the original dimensional quantities with the same symbols.
Our time-dependent equations can be written in the following form:

ou | OF _ oG

- 0H 82
ot Tog oy 7O (82)
where
- p r pv T
9 1
pv ove + —pTi,
U= 3 . F= 2 , (83a)
p <Ttr + U2) pv §Ttr + 02
2 2
pTint i p'UTint
_ 0 - ) . _
2 Ttr @ 0
3(1 —v) A(T) On
G= , H= 30 , (83b
§ i aTtr + 4 Tty U@ AC(T)pz (Tint _ Ttr) ( )
4A(T) dn ' 3(1—v)A(T) an 2(3+9)
1 T 0Tt 3 A (T)p?
- P o— 14 (Tr - ﬂn )
2 A(T) on | [ 34+0°° ' v
and T = (374 + 6Tint)/(3 + ). We solve this system under the boundary conditions
(1,9-,1, 1) as 1 — —oo,
(p, v Ttr’ ﬂﬂt) - { (ﬁ-i—a ’O-i-v T+a T—i—) as 1 — 00, (84)
and the following initial condition:
p:1—|—'6+_1 [tanh(a(n — b)) + 1], v="70_/p,
2 (85)

Ty = Ting = [1 +20_ ({}— - ’U)} /p7

where a and b are the parameters that adjust the position and gradient of the initial wave
front and are chosen appropriately depending on the computational conditions. The v and T
(= Tty = Tint) in Eq. (85) are determined using the first two lines of 0F/0n = 0 [cf. Eq. (83a)].

We solve this problem by a finite-difference method with the MacCormack scheme [54, 55].
We restrict the domain to —D,, < n < D, and set the grid points n; (i = —N,, —N,, +
L,...,0,..., Ny =1, Np) in such a way that n_n, = —D,, no =0, and nn, = D,. Let 1,_1,2
denote the middle point of the interval [n;_1, 7:], i.e., ni—1/2 = (mi—1 +n:)/2, An; the length of
the grid interval [n;_1, n;], i.e., An; =n; —mi—1, and t,, (n =0, 1, 2, ...) the discrete time, i.e.,
t, = nAt with At being the constant time step. In addition, we denote by A" the value of the
function h(t, n) at t = t,, and n = n;, where h indicates p, v, Ti,, etc. That is,

hzl = h(t'nJ 771)7 (h = p’ ,U) Ttrv ﬂnt; T? U? F} G’ andH)? (86)

with i = —N,,, =N, +1,...,0,..., Ny—1, Nyandn=0,1,2, ....
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We discretize Eq. (82) using the MacCormack scheme with a predictor-corrector step. That
is, fori = —N, +1, =N, +2,...,0, ..., N, =2, N, — 1

At
Ul — A (FZ-" - Fin_l) , (forU=p, i=N,—1),
Ur = At At (87a)
Ul — F', —F" Glyn— G + At H],
Am‘ﬂ ( +1 ) Am+1/2 ( +1/2 1/2)
(otherwise),
1 At At
n+1 * * * * * *
Uptt = 3 (U +0;7) - A (Ff = Fiq) + A1) (Gi+1/2 - GFl/Q) + At 9Hi:| , (87D)

where F, G¥, and H; are the values of F;, G;, and H; based on the values of U (or the

corresponding values of p}, v}, Ty, ;, Tiny 4, and T77), and
- 0 -
2 ﬂ?,i—1/2 v — Uiy
3(1—v) AC(Ti"_l/Q) Ay,
Gi—1/2 ) Ttr i—1/2 Tt?,i - Tﬁ,z‘q 4 Tg i—1/2 o7 v — v (88)
44 ( 1/2) An; 3(1 - V) Ac(Ti_l/z) -1/ An;
1 T, 172 Linei — Tintyio1
L 24, (T3 /) A i

As we see below, U} is the predicted values, and UZ-”Jrl is the corrected values at time t,.1.
Corresponding to the initial condition (85) and the condition at infinity (84), we set, for any
i,

=1 P b (ol = 0) + 1) o = o/ )
Ttom—T&m—[ +20_(0- — ;)] /57,
and, for any n,
P7_LNn =1, Ur—LNn =0, Tt?,—Nn = Tiﬁt,—Nn = Tan =1, (90a)
PN, = P+ vy, = U4, tr.N, = Lint,n, = TN, = T+- (90b)

Suppose that the values of h]' at time ¢, is known, where h = p, v, Tty, Tint, and T', and
t=—Np, =N, +1,..., N, — 1, N,. Then, the values h?“ at time t,41 are obtained by the
following procedure:

(i) We obtain the values O 1o Bn iy T o (t =—=Np+1,—N,+2,...,Np) at the middle

points 1;_12 by the linear interpolation.

(ii) We obtain Up, Ff*, and H} (i = —Nn, =N, +1,..., N,) from Eq. (83) and G}, ,
(i=-=N,+1, =N, +2,..., N,) from Eq. (88).

(iii) We obtain U} (i = —N, +1, =N, +2, ..., N, — 1) from Eq. (87a).

(iv) We obtain h} (i = —N, +1, =N, +2, ..., N, — 1) from the first equation of Eq. (83a).
Here, we assume that hy = hy and hy = hy .

(v) Similarly to the processes (i) and (ii), we obtain F}*, H¥ (i = —N,,, —N,+1, ..., N,) and
Gy (i=—Ny+1, =Ny +2, ..., Np).

(vi) We obtain U (i = =N, +1, =N, +2, ..., N, — 1) from Eq. (87b) and A" (i =
—N,+1, —N, +2, ..., N, — 1) from the first equation of Eq. (83a).
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FIG. 1: Profiles of p, v, T, Ty, and Tine at M_ = 1.05 for o/ = 1000. In (a), the red solid line
indicates p, the green dashed line %, and the blue dot-dashed line 7', and in (b), the red solid line
indicates Ti., the green dashed line Tin, and the blue dot-dashed line 7'.
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FIG. 2: Profiles of p, ©, T, Tir, and Tin, at M_ = 1.138 for pp/p = 1000. See the caption of Fig. 1.

Starting from n = 0, we repeat the processes (i)—(vi) until the solution can be regarded as
the steady solution. In this way, we obtain the solution of Egs. (77) and (78).

We should note that the scheme for pf at ¢ = N, — 1 [the first line of Eq. (87a)] uses a
backward finite difference for the n-derivative in contrast to the other cases [the second line of
Eq. (87a)] where a forward difference is used. This is because the constraint PN, = P4 is not
compatible with the hyperbolic equation, the first row of (82), with positive v. If a forward
difference for the n-derivative is used in the first line of Eq. (87a), the constraint PN, = Pt
causes an oscillation, which propagates upstream. This inconvenience can be avoided by the
scheme (87a) with the backward finite difference.

We can, in principle, solve the steady system, Egs. (77) and (78), directly to obtain the steady
shock profile by using Runge-Kutta method. However, perhaps because of the weak stability
of the downstream equilibrium state, this approach turned out to be quite difficult. The same
is true for the ordinary Navier—Stokes equations (with one temperature) [56]. Therefore, we
adopted the time-dependent approach.

D. Numerical result

In this section, we show some results for CO5 gas obtained using the two-temperature Navier—
Stokes equations. In order to compare the results with those based on the kinetic ES model
obtained in [31], we use the same parameter setting as in [31]. To be more specific, we let § = 4
(y=19/7), Pr = 0.761, and A.(T) = const [i.e., A.(T) = 1]. As mentioned in Sec. ITE, the ratio
up/ e of the bulk viscosity pp to the viscosity p is as large as 1000 for COy gas [42]. In [31],
however, an artificial COz gas, called pseudo-COq gas, with variable ratio pp/p was considered
for the purpose of studying the behavior of the shock profiles when pu,/p becomes large. In
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FIG. 3: Profiles of p, ¥, T, Tir, and Tine at M_ = 1.2 for wy /= 1000. (a) and (c) show profiles for
—2000 < X1/l- < 15000; (b) and (d) those for —30 < X; /I < 300. In (a) and (b), the red solid line
indicates j, the green dashed line ¥, and the blue dot-dashed line 7', and in (c) and (d), the red solid
line indicates Ti;, the green dashed line T},;, and the blue dot-dashed line 7. The dotted lines of the
same color as the respective macroscopic quantities in (b) and (d) indicate the profiles obtained from
Eq. (77) with 8 = 0 (i.e., up/p = 00).

Xl/l,
(b)

FIG. 4: Profiles p, o, T, Tir, and Tine at M_ = 2 for up/p = 10. See the caption of Fig. 1.

the present study, we also consider the pseudo-COs gas with pp/p = 10, 100, and 1000, which
correspond to § = 5.01x 1072, 5.01 x 1073, and 5.01 x 10~%, respectively [cf. Eq. (16)]. However,
we will mainly show the result for p;,/p = 1000 in the present paper.

In the following, we show the profiles of the density p, the flow velocity v1 (the X; component),
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FIG. 5: Profiles of p, 0, T, Tir, and Tine at M_ = 2 for s/ = 100. (a) and (c) show profiles for
—40 < X /1_ < 340; (b) and (d) those for —8 < X;/I_ < 30. See the caption of Fig. 3 for the types
of the lines. The symbol X indicates the profiles based on the ES model.

and the temperatures T, Ti,, and Tj,; normalized in the conventional way, that is,

—p— — - T-T_
ﬁ:u’ @:M, T=-—"",
P+ — P Vo — vy Ty =T (91)
T 7Ttr7T_ T 71—‘1nt7T—
triTJr—T,, 1nt*T+_T7-

We first show the profiles of the macroscopic quantities at M_ = 1.05 for up/p = 1000 in
Fig. 1: Fig. 1(a) shows the profiles of p, ¥, and T, and Fig. 1(b) those of T;;, Tin;, and T. In
Fig. 1(a), the red solid line indicates p, the green dashed line ©, and the blue dot-dashed line
T, and in Fig. 1(b), the red solid line indicates Ty, the green dashed line T, and the blue
dot-dashed line T. The origin X; = 0 is chosen in such a way that p = 1/2 at X7 = 0. The
curve of T almost coincides with that of 5. The profiles are smooth, but the shock wave is very
thick and extends over 40000 mean free paths. This type of profiles, which is called Type A in
[33-35], appears for M_ close to unity. For up,/pu = 10 and 100 (the results are not shown here),
the profiles are similar, but the thickness becomes 1/100 and 1/10, respectively. The profiles
obtained by the direct numerical analysis of the ES model in [31] agree perfectly with those in
Fig. 1, so that the results are not shown in the figure.

Flgure 2 shows the profiles of the macroscopic quantities at M_ = 1.138 for puy, /= 1000:
Fig. 2(a) shows the profiles of p, #, and T, and Fig. 2(b) those of T, Tint, and 7. The types of
the lines are the same as those in Fig. 1. The origin X; = 0 is taken in such a way that p = 0.05
at X; = 0. The value M_ = 1.138... corresponds to the case of M_ = v_/(5RT_/3)'/? =1,

where M_ is the upstream Mach number when the gas is regarded as a monatomic gas. In
contrast to Fig. 1, the profiles start suddenly, and each profile, except Ti,t, exhibits a corner at
the starting point. This type of profiles is called Type B in [33-35]. As was shown in [31], M_
plays an important role for the classification of the types of the profiles, and Type-A profiles
appear for M_ <1< M_ and Type-B profiles for 1 = M_ < M_. The profiles extend over
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FIG. 6: Profiles of g, 0, T, Tir, and Tins at M_ = 2 for s/ = 1000. (a) and (c) show profiles for
—500 < X1/l— < 4000; (b) and (d) those for —20 < X;/l_ < 60. See the caption of Fig. 3 for the
types of the lines. The symbol X indicates the profiles based on the ES model.

15000 mean free paths. As pup/p is smaller (100 — 10) (the results are not shown here), the
thickness reduces, and the start of the profiles becomes milder. Also in this case, the profiles
based on the ES model are indistinguishable from those in Fig. 2, so that they are omitted in
the figures.

In Fig. 3, we show the profiles at M_ = 1.2 for u;,/p = 1000: Figs. 3(a) and 3(b) show the
profiles of p, ©#, and T, and Figs. 3(c) and 3(d) those of Ty, Tint, and 1. The types of the
lines are the same as those in Fig. 1, and Figs. 3(b) and 3(d) are, respectively, the magnified
figures of Figs. 3(a) and 3(c). In addition, the dotted lines of the same color as the respective
macroscopic quantities in Figs. 3(b) and 3(d) indicate the profiles obtained from Eq. (77) with
0 =0 (i.e., up/p = 00). Each profile consists of a thin front layer with a sharp change, which
looks like a discontinuity in Figs. 3(a) and 3(c), and a thick rear layer with a slow relaxation.
This type of profiles is called Type C in [33-35]. The numerical analysis based on the ES
model carried out in [31] shows that the thin front layer for small 6 is nothing but the shock
profile for # = 0, which satisfies the Rankine-Hugoniot relations different from Eq. (72) [see
Eq. (A20) in [31]]. It is seen from Figs. 3(b) and 3(d) that this statement is also true in the
level of the two-temperature Navier—Stokes equations. By the way, in Fig. 3 and Figs. 4-9
below, the origin X; = 0 is chosen in such a way that g = p./2 at X; = 0, where p, is the
value of p corresponding to the downstream density of the shock wave with § = 0. As in the
previous cases, the profiles based on the ES model are not shown in the figure because they are
indistinguishable from the profiles in Fig. 3.

Figures 4-6 show the profiles at M_ = 2 for up/p = 10, 100, and 1000, respectively. Figures
4(a), 5(a), 5(b), 6(a), and 6(b) show the profiles of p, v, and T, and Figs. 4(b), 5(c), 5(d),

6(c), and 6(d) those of Tie, Tint, and T. The types of the hnes are the same as those in Fig. 1,
and Figs. 5(b), 5(d), 6(b), and 6(d) are, respectively, the magnified figures of Figs. 5(a), 5((:),
6(a), and 6(c). In addition, the dotted lines of the same color as the respective macroscopic
quantities in Figs. 6(b) and 6(d) indicate the profiles obtained from Eq. (77) with 6§ = 0 (i.e.,
/1 = 00). These profiles are also of Type C. The changes across the thin front layer in Fig. 6
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FIG. 7: Profiles of p, ©#, T, Tir, and Tine at M_ = 5 for pp/p = 1000. (a) and (c) show profiles for
—200 < X;/l- < 2400; (b) and (d) those for —15 < X/l < 50. See the caption of Fig. 3 for the
types of the lines. The symbol X indicates the profiles based on the ES model.

is larger than those in Fig. 3. In Figs. 5(a)-5(d) and 6(a)—6(d), we show by X the profiles based
on the ES model. Although there are small discrepancies between the profiles based on the
two-temperature Navier—Stokes equations and those based on the ES model at the onset of the
thin front layer, the agreement is very good on the whole.

In Fig. 7, the profiles at M_ = 5 for pp/p = 1000 are shown: Figs. 7(a) and 7(b) show the
profiles of p, #, and T, and Figs. 7(c) and 7(d) those of Ti., Tin, and 7. The types of the
lines are the same as those in Fig. 1, and Figs. 7(b) and 7(d) are, respectively, the magnified
figures of Figs. 7(a) and 7(c). In addition, the dotted lines of the same color as the respective
macroscopic quantities in Figs. 7(b) and 7(d) indicate the profiles obtained from Eq. (77) with
60 =0 (ie., pp/pu = o0). Although the thickness of the rear layer is reduced compared with
Fig. 6, it still extends over 2000 mean free paths. In Figs. 7(a)-7(d), the profiles based on the
ES model are also shown by x. There is a significant difference between the profiles based
on the two-temperature Navier—Stokes equations and those based on the ES model in the thin
front layer. The ES model gives a milder and thicker front layer. Nevertheless, both results
agree very well in the thick rear layer.

Finally in Figs. 8 and 9, we show the profiles at M_ = 2 for pup/p = 1000 in the case of
different values of the number of the internal degrees of freedom §, that is, Fig. 8 is for § = 3,
and Fig. 9 for § = 5. The figures correspond to Fig. 6, so that we omit the explanation of the
figures. Since the agreement between the profiles based on the two-temperature Navier—Stokes
equations and those based on the ES model is in the same level as in Fig. 6, we omit the latter
in the figures.

In summary, the system of the two-temperature Navier—-Stokes equations describes the shock
wave structure for CO2 gas very well when the upstream Mach number is less than or equal
to 2. In this case, it describes even the structure of the thin front layer in Type-C profiles
correctly. For M_ = 5, however, it looses the accuracy in describing the structure of the thin
front layer. Nevertheless, it still describes the thick rear layer with a slow relaxation very well.
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FIG. 8: Profiles of p, ¥, T, Tir, and Tiny at M_ = 2 for uy/p = 1000 in the case of § = 3. (a) and (c)
show profiles for —500 < X /I_ < 4000; (b) and (d) those for —20 < X;/I_ < 60. See the caption of
Fig. 3 for the types of the lines.

The data of the numerical analysis are summarized in Appendix B.

V. CONCLUDING REMARKS

The present study is devoted to the derivation of the two-temperature Navier—Stokes equa-
tions, i.e., a system of Navier—Stokes type equations with two temperatures, one associated
with the translational energy and the other associated with the energy of the internal modes,
for a polyatomic gas with slow relaxation of the internal modes. The starting point is the
ES model of the Boltzmann equation for a polyatomic gas, and the desired two-temperature
Navier—Stokes system was obtained by the Chapman—Enskog expansion with an appropriate
setting of small parameters.

The ES model is a simple and overall model that, as well as other BGK-type models, does
not contain detailed information about molecular structures, such as the atomic and molecular
potentials. However, BGK-type models are often used for practical applications, since the
Boltzmann equation with such detailed information, which depends on individual gases and
is not necessarily available, is extremely complicated and its use is quite limited. The two-
temperature Navier—Stokes system derived here inherits the simplicity and the overall nature
of the ES model. Therefore, one should not expect that the system describes the properties
that directly depend on the detailed molecular structure. On the other hand, the parameters
contained in the system are determined only by the overall properties of gases, such as the
viscosity and the bulk viscosity, and can, in principle, be estimated experimentally. Therefore,
it can be applied to practical flow problems for a wide range of polyatomic gases without the
knowledge of the detailed molecular structures.

In fact, the derived system was applied to the problem of the structure of a plane shock
wave in CO5 gas, and its numerical solution showed good agreement with that of the ES model
for a moderately strong shock wave (M_ = 2). Even for a stronger shock wave (M_ = 5),



26

/ ] | A —— T T T

0 2000 4000 20 0 20 40 60
Xl/lf Xl/l,
(c) (d)

FIG. 9: Profiles of p, ¥, T, Tir, and Tiny at M_ = 2 for uy/p = 1000 in the case of § = 5. (a) and (c)
show profiles for —500 < X /I_ < 4000; (b) and (d) those for —20 < X;/I_ < 60. See the caption of
Fig. 3 for the types of the lines.

although not accurate inside the thin front shock layer, the numerical solution of the two-
temperature Navier—Stokes system describes the thick rear shock layer accurately. This is one
of the promising features of the system for highly nonequilibrium flows of a gas with slow
relaxation of the internal modes. We plan to investigate, in our future work, the behavior of
the steady shock wave solution of the two-temperature Navier—Stokes system for higher Mach
numbers, including the stability properties of the equilibrium states (cf. the last paragraph in
Sec. IV C).

The present study is based on the ES model for a gas with constant specific heats (calorically
perfect gas). The ES model has been extended to a gas with temperature-dependent specific
heats (thermally perfect gas) in a recent paper [18]. If we use this extended ES model, the
two-temperature Navier—-Stokes equations are readily extended to a thermally perfect gas.

Another advantage of the present system of two-temperature Navier—Stokes equations com-
pared with higher-order moment equations (e.g., [33]) is that it is straightforward to derive
the appropriate slip boundary conditions on the solid boundary by following the procedure in
[41, 59]. This would be a subject of a future study.
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Appendix A: Expansion of g

In this Appendix, we calculate the terms GO® and GU in the expansion (56) of G
[cf. Eq. (25b)]. Here, let us recall Eq. (33), i.e

0 =ae <1 (A1)

The leading-order term is G(© = G|.—o = G|s—o, and as mentioned in Sec. IIIB2, f(© solves
the equation G(9 — (0 = 0. Therefore,

A55/271 —$2 g
A Ty P I Sl N (A2)
(7TTtr)3/2T (5/2) Ttr T}nt

int

The first-order term C; (1) is calculated as follows. The quantities that depend on € in Q when
0 = e are only Tye and the 3 x 3 matrix T. We have already expanded T1e1 and p;;, which is
contained in T, in Eq. (43). In addition, we need to expand T, T~!, and det T, that is,

H=HY +HYeq.... (H=T, T} and detT). (A3)
It follows directly from Eqgs. (25¢) and (50) that

(TO)y; = (1= v)Twdy; + pp< ) = T0dis, (Ada)

)

(TW); = a[T — (1 = v)T0]oy; + p(pgj” ap)) = ﬁﬁgy + (T = T)dij, (A4b)

Noting that TT=! = (T 4+ TWe 4 .. H[(T-HO 4 (T-1)De 4 ...] = |, where | is the 3 x 3
unit matrix, we have (T~1)©) = (T(O)) LT H® = —(TOY=1TO(T-1)©O)  ete. This means
that

- 1 1 [v. .
(T l)g?LT 8y, (THY = ~72 p§j>+a(Tthr)5ij o (A5)
tr tr

In addition, let us note that (det T)(© = (det T)e—o = det(T©), (det T)®) = [d(det T)/de]c—o,
etc. Therefore, we obtain the following:

(det T)© =73, (A6a)
. TW)yy (TO)yy (TO)y (TO)1y (TW)y (TO)y3
(det )P =det | (TM)yy (T(O))” (T(O))Q?’ + det (T(O))21 (T(l))22 (-I-(O))23
(TM)gy (T@)gy (TO)g4 (TO)g (TW)gy (TO)gg
(TOY); (TO)y, (TW)yg
+det | (TO)y (TO)gy (TW)yg
(TO)gy (TO)gy (TM)gg
pﬁ,(Clk)—l—?)a(T T | T3, (A6D)

It follows from BEq. (57) that GO = [G(dlogG/de)c—o = GO[dlogG/delc—y =
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f©[dlog G/de].—o. Therefore, using Eq. (25b), we have

) = (1) 5 (1) N
Lgw_ 10D +< g 5) = (G 0)(G — o) (Y

f(o) 2 (det -i-)(o) Tr(gl) 2 Tr(gl ij
~ ~ ~(1 . ~ ~
GG =) 1R [G-w? 31T -1y
=V ~ - 5 ij | = +« x — 5 =
Ttr thr tr Ttr
é 5 T - ﬁrlt
+ (0% = - = T —— (A7)
( int 2) ﬂnt

This gives Eq. (58).

Appendix B: Data for numerical analysis

The length of the grid interval An; is either uniform or variable. In the latter case, the
grid point 7; is defined by using Eq. (B1) in Appendix B of [31]. To be more specific, 7; =
(2/y/m)x ;) = 1.128x(;), where ;) is given by Eq. (B1) in [31] witha =p =3,b =1, and ¢ = 2.
The other parameters and the time step At are shown in Table I. Starting from the initial
condition, we consider the steady state to have been established when the following condition
is satisfied:

_Ninf;’}i]\’p |h;n - h?71| <o= 10710, (h = p, v, Tt;, and ,Tint)v (B]-)

where and in Eq. (B2) below, the change of notation (81) is used. As a measure of accuracy of
the computation, we also show, in Table I, the value of

d= 7N£n<??in |(p}vi" —0-) /o], (B2)
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