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Abstract

Let v = 2ms + t be a positive integer, where ¢ divides 2ms, and let J be the
subgroup of order ¢ of the cyclic group Z,. An integer Heffter array H;(m, n; s, k)
over Z, relative to J is an m x n partially filled array with elements in Z, such
that: (a) each row contains s filled cells and each column contains k filled cells;
(b) for every x € Z, \ J, either x or —x appears in the array; (c) the elements
in every row and column, viewed as integers in & {1,...,[%]}, sum to 0 in Z.

In this paper we study the existence of an integer Hy(m,n; s, k) when s and
k are both even, proving the following results. Suppose that 4 < s < n and
4 < k < m are such that ms = nk. Let t be a divisor of 2ms. (a) If s,k =0
(mod 4), there exists an integer Hy(m, n;s,k). (b) If s=2 (mod 4) and k =0
(mod 4), there exists an integer Hy(m,n; s, k) if and only if m is even. (c) If
s =0 (mod 4) and k = 2 (mod 4), then there exists an integer H;(m, n; s, k)
if and only if n is even. (d) Suppose that m and n are both even. If s,k = 2
(mod 4), then there exists an integer Hy(m, n; s, k).

Keywords: Relative Heffter array; multipartite complete graph; cyclic
decomposition
2010 MSC: 05B20; 05B30

1. Introduction

Relative Heffter arrays are partially filled arrays (p.f. arrays for short) in-
troduced in [12], generalizing the original idea of Dan Archdeacon, [1]. They
are defined as follows.

Definition 1.1. Let v = 2ms + t be a positive integer, where ¢ divides 2ms,
and let J be the subgroup of order ¢ of the cyclic group Z,. A Hi(m,n;s,k)
Heffter array over Z, relative to J is an m x n p.f. array with elements in 7Z,
such that:
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(a) each row contains s filled cells and each column contains k filled cells;
(b) for every x € Z,, \ J, either & or —z appears in the array;
(c) the elements in every row and column sum to 0.

In the square case (i.e., when m = n and so s = k), the array Hy(n,n; k, k)
will be denoted by Hy(n; k). Note that when ¢t = 1, that is J is the trivial sub-
group of Zoms+1, one retrieves the classical concept of Heffter array. ‘Classical’
Heffter arrays have been studied in several papers, mainly because they allow
to produce biembeddings of orthogonal cyclic cycle decompositions of the com-
plete graph K, on v vertices onto orientable surfaces (see [6, 8, 11, 14] and [9]).
Analogously, exploiting their connection with relative difference families (see
[12] and [4, 5, 16]), relative Heffter arrays can be used for constructing pairs of
orthogonal cyclic decompositions (one decomposition consisting of s-cycles and
the other one consisting of k-cycles) of the complete multipartite graph Ky,
with £ = ¥ parts, each of size . Also, under suitable conditions (in particular,
one needs orderings of the cells that satisfy certain properties), one can obtain
biembeddings of these pairs of orthogonal cyclic decompositions of Kyx; onto
orientable surfaces (see [13]).

A relative Heffter array is called integer if Condition (c) in Definition 1.1 is
strengthened so that the elements in every row and in every column, viewed as
integers in + {1, cee L%J }7 sum to zero in Z. The support of an integer Heffter
array A, denoted by supp(A), is defined to be the set of the absolute values of
the elements contained in A. It easily follows that an integer Ha(m, n; s, k) is
nothing but an integer Hy (m, n; s, k), since in both cases the support is the set
{1,2,...,ms}.

The existence problem for square Heffter arrays H; (n; k) has been considered
and solved in a series of recent papers. In particular, by [3, 15] integer Heffter
arrays Hy (n; k) (and integer Ha(n; k)) exist if and only if n > k£ > 3 and nk = 0,3
(mod 4). Dropping the integer assumption, in [7] it was proved that Heffter
arrays Hj(n; k) exist for all n > k > 3. Regarding non-square arrays, only the
tight case has been solved: in [2] it was proved that there exists a Hy(m, n;n,m)
for all m,n > 3, and there exists an integer H;(m,n;n,m) if and only if the
additional condition mn = 0,3 (mod 4) holds.

Necessary conditions for the existence of an integer Hy(m, n; s, k), in addition
to the trivial ones 3 < s < n, 3 < k < m and ms = nk, are given by the following
result which can be easily deduced from [12, Proposition 3.1], reapplying the
original argument on the columns.

Proposition 1.2. Suppose there exists an integer Hy(m, n; s, k) for some divisor
t of 2ms = 2nk.

(1) If t divides ms, then ms =0 (mod 4) or ms = —t = +1 (mod 4).
(2) Ift = 2ms, then s and k must be both even.

(3) Ift # 2ms does not divide ms, then t + 2ms =0 (mod 8).



The previous results on integer Hy (n; k) state that for ¢ = 1, 2 these necessary
conditions are actually also sufficient. The same holds also for t = k # 5, as
proved in [12] (the existence of an integer Hg(n;5) is still an open problem for
n =0 (mod 4)). However, in the same paper the authors showed that there is
no integer Hs,(n;3) and no integer Hg(4;3), even if conditions of Proposition
1.2 hold. The existence of an integer H, (n;3) and of an integer Hy,(n;3) was
proved in [13] for all odd n > 3. No other case has been studied so far: this
leaves the existence problem of an integer H;(m, n; s, k) widely open.

In this paper we consider the case when s and k are both even. In particular,
we show that the previous necessary conditions are also sufficient when s and k
are even and ms =0 (mod 4). In other words, we prove the following result.

Theorem 1.3. Let m,n, s,k be integers such that 4 < s <n, 4 <k <m and
ms =nk. Lett be a divisor of 2ms.

(1) If s,k =0 (mod 4), then there exists an integer Hy(m,n; s, k).

(2) Ifs=2 (mod 4) and k =0 (mod 4), then there exists an integer Hy(m, n;
s, k) if and only if m is even.

(3) If s=0 (mod 4) and k =2 (mod 4), then there exists an integer H,(m,n;
s, k) if and only if n is even.

(4) Suppose that m and n are both even. If s,k =2 (mod 4), then there exists
an integer Hy(m,n; s, k).

This result is proved constructively in Sections 3, 4 and 5: item (1) follows
from Proposition 3.5; items (2) and (3) follow from Proposition 4.11; item (4)
follows from Proposition 5.2. Unfortunately, the case when m and n are both
odd and s,k = 2 (mod 4) remains open. Note that, under these hypotheses, ¢
cannot be a divisor of ms.

To conclude, we point out that from Theorem 1.3, [12, Proposition 2.9]
and [10, Theorem 4.1] we obtain the following result concerning cyclic cycle

decompositions of Kamsts .
t

Corollary 1.4. Let m,n,s, k be positive such that 4 < s <n, 4 <k <m and
ms = nk. Let t be a divisor of 2ms. There exists a pair (D1, Ds) of orthogonal
cyclic decompositions of the graph Kamsi+ . ,, where Dy consists of s-cycles and
Do consists of k-cycles, in each of the ]t‘ollowing cases:

(1) (s,k) € {(4,4),(4,6),(4,8),(6,4), (6,8), (8,4),(8,6),(8,8)};
(2) (s,k)=(6,6), with m and n both even.

This result can be extended to any even s and k assuming the validity of [10,
Conjecture 3.



2. Notations

In this paper, the arithmetic on the row (respectively, on the column) in-
dices is performed modulo m (respectively, modulo n), where the set of reduced
residues is {1,2,...,m} (respectively, {1,2,...,n}), while the entries of the ar-
rays are taken in Z. Given two integers a < b, we denote by [a, b] the interval
containing the integers {a,a+1,...,b}. If a > b, then [a, b] is empty. We denote
by (4, ) the cell in the i-th row and j-th column of an array A. The skeleton of
A is the set of its filled positions.

If Ais an m x n p.f. array, for i € [1,n] we define the i-th diagonal as

D; ={(1,1),(2,i+1),...,(myi+m—1)}.

Definition 2.1. A p.f. array with entries in Z is said to be shiftable if every row
and every column contains an equal number of positive and negative entries.

Let A be a shiftable p.f. array and x be a nonnegative integer. Let A + =
be the (shiftable) p.f. array obtained adding x to each positive entry of A and
—x to each negative entry of A. Observe that, since A is shiftable, the row and
column sums of A + x are exactly the row and column sums of A.

Given a sequence S = (By, Bs, . ..) of shiftable p.f. arrays and a nonnegative
integer x, we write S + x for the sequence (By +z, By £ x,...).

We denote by 7;(A) and ~v,;(A) the sum of the elements of the i-th row and
the sum of the elements of the j-th column, respectively, of a p.f. array A.

If S = (a1,a2,...,a,) and Sy = (by,ba,...,b,) are two sequences, by
S1 4 S2 we mean the sequence (ai,as,...,a.,b1,bs,... b,) obtained by con-
catenation of S7 and S;. In particular, if S; is the empty sequence then

S14H# S = Se. Furthermore, given the sequences Si,...,S., we write %fk Si
i=1

for (- ((S1 4 S2) # S3) + -+ ) H# Se.
Finally, we recall that if A is an integer H;(m,n; s, k), then

supp(A) = {1,ms+ BH \ {Z, 20,. .., BJ E} ,  where £ = @ + 1.

3. The case s,k =0 (mod 4)

In this section we prove the existence of an integer Hy(m, n; s, k) when both
s and k are divisible by 4. First of all, we set

d=gcd(m,n), m=dm, n=dn, s=45 and k=4k.

Note that from ms = nk we obtain that n divides 5 and m divides k. Hence,
we can write § = cn and k = cm.
Fix two integers a,b > 2 and consider the following shiftable p.f. array:

1 —(a+1)

B=DB., =

—b+1) |a+b+1




Note that the sequences of the row/column sums are (—a,a) and (—b,b), re-
spectively. We use this 3 x 2 block for constructing p.f. arrays whose rows and
columns sum to zero. Start taking an empty m x n array A, fix a set X of mn
nonnegative integers g, z1,...,Tmn—1, and arrange the blocks B £ z; in such
a way that the element 1+ z; fills the cell (j + 1,7 + 1) of A (recall that we
work modulo m on row indices and modulo 7 on column indices). In this way,
we fill the diagonals Diy—1, Dim, Dim41, Dim+2 with ¢ € [1,7]. In particular,
every row has 4n filled cells and every column has 4m filled cells.

Looking at the rows, the elements belonging to the diagonals Djp41, Dim+2
sum to —a, while the elements belonging to the diagonals D, 1, D, sum to a.
Looking at the columns, the elements belonging to the diagonals D;p,41, Dim—1
sum to —b, while the elements belonging to the diagonals D;y,+2, Dim sum to
b. Then A has row/column sums equal to zero.

Applying this process ¢ times (working with the diagonals Dj13, Dimaa,
Djm+5, Dim+s, and so on), we obtain a p.f. array A, whose rows have exactly
4n - ¢ = s filled cells and whose columns have exactly 4m - ¢ = k filled cells.

Example 3.1. For a = 2 and b = 5, fixing X = {0, 1,10, 11, 20, 21, 30, 31, 40, 41,
50,51}, we can fill the diagonals Dy, Dy, D5, Dg, D7, Dg, D11, D12 of the follow-
ing 6 x 12 p.f. array, where we highlighted the block Bj 5:

1 -3 —26 | 28 31 —33 —56 | 58
59 2 —4 —27 | 29 32 —34 —57
A= —6 8 11 —13 —36 | 38 41 —43
—7 9 12 | —14 —-37 | 39 42 —44
—-16 | 18 21 —23 —46 | 48 51 —53
—54 —17 | 19 22 —24 —47 | 49 52

Note that supp(A) = [1,60]\ {57 : j € [1,12]}. As the reader can verify, A is an

integer Hoy(6,12;8,4): in this case £ = 2'2648 +1=05.

The three constructions we present in this section are obtained following this
procedure, so they all produce p.f. arrays of size m x n whose rows and columns
sum to zero. To obtain an integer Hy(m,n; s, k) with s,k =0 (mod 4), we only
have to determine two integers a,b > 2 and a set X = {xo, T1,... 7xm5/4_1} CN
such that the p.f. array constructed using the blocks B, ; & z; has the right
support. For instance, we can arrange the blocks in such a way that the element
1+ z; fills the cell (j +1,4q; + j + 1), where ¢; is the quotient of the division
of j by lem(m,n).

Throughout this section we always assume that 4 < s < n, 4 < k < m,
ms = nk and s,k =0 (mod 4).

Lemma 3.2. There exists an integer He(m,n;s, k) for any divisor t of 2ms
such that t =0 (mod 8).

1 —(0+1)
Proof. Let B = By = , where { = QtM + 1. An
—(20+1) | 30+1

integer Hy(m,n;s, k), say A, can be obtained following the construction de-




scribed before, once we exhibit a suitable set X of size ™2, in such a way that

4
supp(A) = [1,ms + L]\ {¢,2¢,..., Lt}
Start considering the set Xo = [0, — 2] of size £ — 1 = 215: it is easy to
see that |J supp(B +x) = [1,44] \ {¢,2¢,3¢,4¢}. Similarly, for any ¢ € N, if
zeXy

X; = [4if, (4i + 1)¢ — 2], then

| supp(B %) = [4if + 1, (4i +4)0) \ {(4i + 1)¢, (4 + 2)¢, (4i + 3)¢, (4i + 4)0}.
zeX;

t/8—1
Clearly, X;, N X;, = 0 if 41 # i5. So, take X = |J X;: this is a set of size
i=0

. 2ms _ ms

% : 77, as required. Also, the p.f. array A obtained using the blocks
B + x with = € X has support equal to

supp(4) = f/ﬁj_ 1 ([4i€ + 1, (43 + 4)0) \ {(4i + 1)¢, (4i + 2)¢, (4i + 3)L,
(Z‘O+ 4)0})
= [LLe\{e2¢,....Le} =[1,ms+ L]\ {¢,2¢,... Le}.
This shows that A is an integer Hy(m, n; s, k). O

For instance, to construct an integer Hyg(5,10;8,4) we can follow the proof
of the previous lemma. In fact, ¢ = 16 divides 2 -5 - 8; note that ¢ = 6.

T | -7 —16 | 22 | 25 | —-31 —40 | 46
a7 | 2 | -8 —17 | 23 | 26 | —32 —41
Hi6(5,10;8,4) = —13 | 19 | 3 | —9 —37 | 43 | 27 | —33 )
—14| 20 | 4 | —10 —38 | 44 | 28 | —34
—35 —15 | 21 5 | —11 —39 | 45 | 29

Lemma 3.3. There exists an integer Hy(m,n; s, k) for any divisor t of ms such

that t =0 (mod 4).

1 -2
Proof. Let B =By = and note that, since t divides ms, £ =
—(l+1) | +2

QTS +1is an odd integer. We start considering the set Xo = {0,2,4,...,£—3} of

size {51 = ™2 it is easy to see that Lg( supp(B£z) = [1,£—-1JU[{+1,2(—1] =
reXo

[1,20] \ {¢,2¢}. Similarly, for any ¢ € N, if X; = {2i¢,2i0 + 2,20+ 4,...,(2i +

1)¢ — 3}, then

U supp(B + ) = [2i +1,2(i + 1)¢] \ {(2i + 1)¢, (2i + 2)¢}

rzeX;



t/4—1
and X;, N X;, = 0 if 41 # is. So, take X = U X;: this is a set of size

- 72 = T8 as required. Hence, the p.f. array A obtained following our

t
4
procedure and using the blocks B + x with z € X has support equal to

t/4—1
supp(4) = U ([2i€+ 1,200+ 1)\ {(26 + 1)¢, (26 + 2)¢})
i=0
= [LLg\{e2e... Loy =[1,ms+ 5]\ {¢,20,... L},
It follows that A is an integer Hy(m, n; s, k). O

Following the proof of the previous lemma, we can construct an integer
H12(9;8). In fact, t = 12 divides 9 - 8; note that ¢ = 13.

1 | —2 [—74] 75 | 33 | —34 —42 [ 43
45 | 3 | —4 | —76| 77 | 35 | —36 —a4
—14 | 156 | 5 | —6 | —46 | 47 | 37 | —38
—16 | 17 | 7 | —8 | —48 | 49 | 53 | —bd
Hi2(9;8) =| —56 —18 | 19 | 9 | —10| —50 | 51 | 55
57 | —58 —20 | 21 | 11 | —12 | —66 | 67
69 | 59 | —60 —22 | 23 | 27 | —28 | —68
—70 | 71 | 61 | —62 —24 | 25 | 29 | —30
—32 | —72 | 73 | 63 | —64 —40 | 41 | 31

Lemma 3.4. There exists an integer Hy(m,n; s, k) for any divisor t of %5°.

1 | -2
Proof. Let B = B12 = . Note that ¢ = 22¢ + 1 = 1 (mod 4)
-3 4
since ¢ divides %5*. We start considering the set Xo = {0,4,8,...,¢ — 5} of size

£ = ms: it is easy to see that |J supp(B £ x) = [1,4]\ {¢}. Similarly, for
z€Xo

any i € N, if X; = {il,il+4,il+8,...,(i + 1) — 5}, then
U supp(B ) = [it + 1, (i + 1)€] \ {(i + 1)¢}

zeX;
and Xi1 N )(i2 = @ if il 7& i2.
t/2—1
If ¢ is even, take X = [J X;: this is a set of size % -2 = T8 as required.

=0
The p.f. array A obtained following our procedure and using the blocks B + =
with z € X has support equal to
t/2—1
U (il +1, i+ D)\ {i + 1))
i=0

= [Li\{e2e. .t = [Lms+ L]\ {620, Le) .
Suppose now that ¢ is odd. Notice that, in this case, £ =1 (mod 8). Take

(e () 5

supp(A)



Then |Y| =22 and |J supp(B+y) = [(:52) 0+ 1, (552) ¢+ 5E]. Take X =
yey

(t—3)/2
( 'Uo X; | UY: this is a set of size % 57+ 47 = 1%, as required. In this
i
case, the p.f. array A obtained following our procedure and using the blocks
B £+ z with € X has support:

supp(4) = U (i + L. (i+ D\ G+ )Y
([(F) e+1. (5 e+ 5)
= ([L52\{e20,.... 5 ) U[(5E) 0+ 1,ms + 5]
= [Lms+ [E]]\{02¢,....|5]¢}.
In both cases, we obtain that A is an integer H;(m, n; s, k). O

For instance, we can follow the proof of the previous lemma for constructing

an integer Hio(5,10;8,4). In fact, t = 10 divides 5% = 20. Note that £ = 9.
1 —2 —16 17 23 —24 —39 40
44 5 —6 —21 22 28 —-29 —43
Hio(5,10;8,4) =| —3 | 4 | 10 | —11 25| 26 | 32 | —33
-7 8 14 —15 —-30 31 37 —38
—42 —12 13 19 —20 —-34 35 41

Proposition 3.5. Suppose 4 < s < n, 4 < k < m, ms = nk and s,k =0
(mod 4). Then, there exists a shiftable integer Hy(m,n; s, k) for every divisor t
of 2ms.

Proof. Let t be a divisor of 2ms. If t = 0 (mod 8), then we apply Lemma
3.2. If t = 4 (mod 8), then ¢ divides ms and hence we can apply Lemma 3.3.
Finally, if £ # 0 (mod 4), then ¢ divides "5* and so the existence of an integer
H;(m,n;s, k) follows from Lemma 3.4. Note that in all these three cases, the

integer relative Heffter array that we construct is shiftable. O

4. The case s =2 (mod 4) and k =0 (mod 4)

In this section, we will assume s > 6 and k > 4 with s = 2 (mod 4) and
k = 0 (mod 4). From ms = nk it follows that m must be even. To prove
the existence of an integer H;(m, n; s, k), we start determining the skeleton of
such arrays. To this purpose, we define a ‘base unit’ that we will fill with the
elements of suitable blocks.

Let B be a sequence of blocks such that the following property is satisfied:

there exist b integers o1, ..., 0} such that the elements of B
are blocks B of size 2 X 2b with y9,_1(B) = —72;(B) = o; (4.1)
for all ¢ € [1, b].



For instance, the following block satisfies condition (4.1) with o1 = —3, 09 = —2
and o3 = 1:

1|2 6| —-7|-10 12
—4 5] —8 9 11| =13 |

So, fix two integers a and d such that 1 < 2a < d. Let B = (By,...,Bg) be

a sequence satisfying (4.1), where the blocks B, = (bgrj)) are all of size 2 x 2a.

Let P = P(B) be the p.f. array of size 2d x d so defined. For all i € [1,a] and
all j € [1,2a], the cell (4,4 + j — 1) of P is filled with the element b@ and the
cell (d+i,i+ 5 — 1) is filled with the element bg)J, here, the column indices

are taken modulo d. The remaining cells of P are empty. An example of such
construction is given in Figure 1.

b [ bio [ big [ b1g
o | bis | 003 [ o)
o [ ot [ bv | by
by b | bin | biy
b | by b | by
by | biy | b1 o
bha | by | 03 [ 05,
b5 [ b5 | by | by
ALY
by by | by | by
by | by by | b
by | by | by b5

Figure 1: This is a P(Bi,..., Bg), where Bi,..., Bg are arrays of size 2 X 4.

We prove that P is a p.f. array whose columns all sum to zero. Observe
that every row of P contains exactly 2a filled cells and every column contains
exactly 4a elements. The elements of the i-th column of P are

(9) 3(i—-1) (i+1-2a) (i) 3(i—1) (i+1-2a)
b11,17bll,2 7"‘7b1172a Y b2z,17b21,2 ERRE 21,211 Y
where the exponents must be read modulo d, with residues in [1,d]. Since the
sequence B satisfies (4.1), we obtain

a

2a 2a
Yi(P) = Z%‘(Bmfj) = Z%(Bi) = (ou—0u)=0.

u=1

Furthermore, notice that 7,;(P) = 7 (B;) and 744+;(P) = 72(B;) for all j € [1,d].
Our strategy consists of two steps: first of all, we will show that there are

suitable sequences of blocks satisfying condition (4.1); then, we will use these

sequences to obtain an integer H;(m, n; s; k) using p.f. arrays of type P(B).



We actually construct sequences B satisfying this stronger condition:

there exist b integers o1, ..., 0} such that the elements of B
are shiftable blocks B of size 2 x 2b with 71(B) = 75(B) =0 (4.2)
and v9;—1(B) = —y2;(B) = g, for all i € [1,].

This condition includes the former (4.1) and will help us to control the row
sums.

We start considering the case when ¢ = 2718

e+ 1 is even.

Lemma 4.1. Let m and s be even integers with m > 2 and s > 6 such that
there exists an odd prime p dividing s. Let t be a divisor of 2ms such that t =0
(mod 8p). There exists a sequence B of %5 shiftable blocks of size 2 x s such that
B satisfies condition (4.2) and supp(B) = [1,ms +t/2]\ {j¢:j € [1,t/2]}.

Proof. Take the blocks of Figure 2. Then Wy and Wy satisfy property (4.2)
with column sums (—2¢,2¢,2¢,—2¢) and (—2¢,2¢,—2¢, 20,0, —{), respectively.
Furthermore,

supp(Wy) ={j0+1:5€[0,7]} and supp(Ws)={jl+1:7€]0,11]}.
Let V' be the following 2 x 2p block:
V=W | Wat 120 Wy £200 [ --- [ Wy £ (4p—8)( .

Clearly, also V satisfies (4.2) and its support is supp(V) = {j€+1:j € [0,4p —
1]}. We can use this block V for constructing our sequence B: the 2 x s blocks
of B are obtained simply by juxtaposing h = % blocks of type V + z, for
x € X C N, following the natural order of (X, <). So, we are left to exhibit a

suitable set X of size mTh such that the support of the corresponding sequence

Bis [1,ms+t/2]\{jl:j € [1,t/2]}.
Let first Xo = [0,¢ — 2]. Then supp(V £ x;,) Nsupp(V £ x;,) = 0 for each
Xy, Tiy € Xo such that x;, # x;,. Furthermore,

U supp(V ) = [1,4p) \ {j¢ : j € [1,4p]}.
zeXy

Similarly, for any ¢ € N, if X; = [4pil, (4pi + 1)¢ — 2] then

U supp(V £ z) = [1 + 4pic, 4pt + 4pif] \ {j¢ : j € [1 + 4pi, dp + 4pi]}.

reEX;
Lo
P
Clearly, X;, N X;, = 0 if ¢1 # i5. Therefore, take X = |J X;: this is a set of
i=0
size é -(l=1) = é . @ = mTh It follows that the sequence B obtained, as

previously described, using the blocks V + z, with € X, has support equal to

=-1
supp(B) = 8U ([1 + 4pit, 4pl + 4pil) \ {5 : § € [1 + 4pi, 4p + 4pi]})
i=0
= [Lig\{jt:je 1,5} =[1ms+ L]\ {620,...,5¢0},
as required. 0

10



W — 1 —(l+1) | —(af+1) | Bl+1
T D@+ | 30+1 60+1 | —(70+1) |

We — 1 —(+1) [ 4+1 —(56+1) [ —(80+1) 100+ 1
S T [—@+1D) | 30+1 | —(6+1) 0+ 1 9+ 1 —(11¢+ 1)

Figure 2: Shiftable blocks satisfying condition (4.2).

Example 4.2. Suppose m = 12, s = 10 and ¢t = 80. Following the proof of
Lemma 4.1, where p = 5, h = 1, £ = 4 and X = {0,1,2} U {80, 81, 82}, we
obtain the following sequence (B, ..., Bg) of shiftable blocks:

B _ T | 5] 17 | —21] —33] 41 | 49 | —53 | —65 | 69
LT =913 -25| 29 | 37 | —45 | —57 | 61 | 73 | —77 |”

B 2 | —6] 18 | —22] —34] 42 | 50 | —54 | —66 | 70
2 T [Z10[ 14| —26| 30 | 38 | —46 | —58 | 62 | 74 | —78 |”

B 3 [ —7] 19 | —23] —35] 43 | 51 | —55 | —67 | 71
3 T [ Z11| 15| —27| 31 | 39 | —47| -59| 63 | 75 | —79 |’

B — 81 | —85] 97 | —101 | —113 | 121 | 129 | —133 | —145 | 149
4 T [TZ89 | 93 | —105 | 109 | 117 | —125 | —137 | 141 | 153 | —157 |’

B _ 82 | —86 | 08 | —102 | —114 | 122 | 130 | —134 | —146 | 150
5 T [—00| 94 | —106 | 110 | 118 | —126 | —138 | 142 | 154 | —158 |’

B 83 | —87 | 99 | —103 | —115 | 123 | 131 | —135 | —147 | 151
6 = [ o1 95 | —107 | 11l | 119 | —127 | —139 | 143 | 155 | —159

Lemma 4.3. Let m and s be even integers with m > 2 and s > 6 such that

there exists an odd prime p dividing s. Let t be a divisor of 2’;” such thatt =0

(mod 8) and set £ = 225 + 1. There eists a sequence B of % blocks of size
2 X s such that B satisfies condition (4.2) and supp(B) = [1,ms+t/2]\{jl:j €

[1,¢/2]}.

Proof. By hypothesis we can write £ = py+ 1. The blocks W, and Wy of Figure
3 satisfy property (4.2) with column sums (—y,y,y, —y) and (—=2(py+1), 2(py +
1), —2(py+1),2(py+1),py + 1, —(py + 1)), respectively. Furthermore,

supp(Wy) {Up+Vy+ji+1,0p+2)y+j+1:5€][0,3]},
supp(Ws) = {ipy+i+1L,0Gp+Dy+i+1,0p+2)y+ji+1:5€]0,3]}.

Let V' be the following 2 x 2p block:

V=W |[Wat2y | Watdy |- - [Wat(p—3)y].

Clearly, also V satisfies (4.2) and its support is

supp(V) = {iy+1,(p+i)y+2,2p+i)y+3,Bp+i)y+4:
iel0,p—1]}
{iy+ 1,0+ (iy+1),20+ (iy+1),3¢ + (iy + 1) :
P01
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We can use this block V for constructing our sequence B as done in Lemma 4.1:
it suffices to exhibit a suitable set X of size mTh, where h = %, such that the
support of the corresponding sequence B is [1,ms +¢/2] \ {j¢: j € [1,t/2]}.

Let first Xy = [0,y — 1]. Then supp(V + z;,) Nsupp(V £ z;,) = 0 for each
%y, Tiy € Xo such that x;, # x;,. Furthermore,

3
Ulie+1,i0+ py] =

=0

U supp(V +z) =

zeXo

[1,40) \ {¢,2¢,30,40}.

Similarly, for any i € N, if X; = [4i¢,4i¢ + y — 1] then
U supp(V £ z) = [1 +4il, (4i +4)0) \ {(4i + 1)¢, (4i + 2)¢, (4i + 3)4, (4i +4)¢}.
zeX,

L1

Clearly, X;, N X;, = 0 if i; # is. Therefore, take X = U X;: this is a set of

t _ t 6—1 t  4mh __

size gry=g-—> =g % "éh. It follows that the sequence B obtained

using the blocks V + z, Wlth x € X, has support equal to

-1

ool

supp(B) = ([1 40,403+ 1))\ {(4i + 1)2, (4i + 2)¢, (4i + 3)¢,
( +4)¢})
= [ %] {€2£ ..,%E}:[17ms+§]\{£,2€,...7%€},
as required. O
We = y+1 | —((p+Dy+2) | —(2p+Dy+3) | @Bp+1ly+4
* —QCy+1) | (p+2y+2 Cr+2y+3 | —(BGp+2y+4 |’
Wwo— 1 —(ry+2) y+1 —((p+ 1Dy +2)
—(@2py+3) | 3py+4 | —(@p+ly+3) | Bp+ly+4 |’
W = -Q2y+1 (2p+2)y+3
Tl e+2y+2 | —(Bp+2y+4) |
we = W IWr].

Figure 3: Shiftable blocks Wy, Ws satisfying condition (4.2).

Example 4.4. Suppose m = 12, s = 10 and t = 16. Following the proof of

Lemma 4.3, where p =5, ¢ =16, h =1, y = 3 and X = {0,
we obtain the following sequence (By, ...,

B - 1 —17 4 —20 | =7 | 39 10 —26 | —42 | 58
L= —33 | 49 —36 | 52 23 | =55 | =13 | 29 45 | —61 |’
B, — 2 —18 5 —21 | =8 | 40 11 —27 | —43 | 59
2= —34 | 50 | =37 | 53 24 | =56 | —14 | 30 46 | —62 |’
B . 3 —19 [§ —22 | =9 | 41 12 | —28 | —44 | 60
s = —-35 | 51 —38 | 54 25 | =57 | —15 | 31 47 | —63 |’

1,2} U {64, 65,66},

Bg) of shiftable blocks:

12



B, — 65 —81 68 —84 | 71 103 74 | —90 | —106 122

4+ = —-97 | 113 | —100 | 116 87 | =119 | =77 | 93 109 —125 |’
B — 66 —82 69 —85 | =72 104 75 | =91 | —107 | 123

5= —98 | 114 | —101 | 117 88 —120 | =78 | 94 110 —126 |’
Be — 67 | —83 70 —86 | —73 105 76 | —92 | —108 | 124

6 = —-99 | 115 | —102 | 118 89 —121 | =79 | 95 111 —127

We now consider the case when ¢ = 22 41 is odd (that is, ¢ divides ms).
We need to distinguish three possibilities, depending on the residue class of s
modulo 6. So, write s = 6¢ + r, where ¢ > 0 and r € {0,8,10}. We start with
the following auxiliary lemma, that allows us to apply an inductive process.

Lemma 4.5. Let h > 1 and let p > 3 be an odd integer. There exists a sequence
A = Ay, consisting of blocks of size 2 x 6 such that

(1) A has cardinality h and satisfies condition (4.2);

(2) supp(A) = [1 12h + [uhﬂ \{p7 20,. .., U%H p}.

Proof. Consider the 2 x 6 shiftable blocks given in Figure 4. Observe that
supp(F3) = [1,18]\{3,6,9,12, 15, 18}, supp(F5) = [1, 15]\{5, 10, 15} and supp(V})
=[1,13]\ {j}. Furthermore, each of these blocks has rows that sum to zero and
columns with the following sums:

F5: (-1,1,-3,3,6,—6), F5,V;:(-2,2,-2,2,1,-1).

We construct our sequence A distinguishing three cases: we use only blocks of
type I3 +x; or we use only blocks of type F5 £x; or we use blocks of type V;
for several choices of j in the same sequence.

In several cases, we provide a basic sequence S of blocks having disjoint
supports. To simplify the notation, if S = (B, Ba, ..., B;) we write supp(S)

instead of U supp(B;). Also, recall that S + = means the sequence (B; +
=1

, B, :I: x). It will be very useful to define the following sequence. For all
b 2 1 let
Ub) = (Vig, Viz £ 12, Vi £ 24, ..., Vig £ 12(b — 1)).

Also, we set U(0) to be the empty sequence: so, for all b > 0 the sequence U (b)
contains b elements and supp(U(b)) [1,120].
If p =3 we take A= —H— (F3 +18¢); if p =5 we take A = +|—O(F5 + 15¢).

If p =122+ 7, we take S = (U(z), V7 £ 122,U(x) + (122 + 13)), whence
supp(S) = [1,2p] \ {p, 2p}. In this case we define A as the sequence of the first
Lh/15]]
h elements of —H— (S £ 2pc).
If p=122 + 9 we take

S = (U(x), Vo £ 122,U(z) £ (122 + 13), Vs & (24z 4 13), U (z) + (24z + 26)).

13



P 1] 4] —10] 16 ] 14| —17
3T =271 5 7 —13 | =8 | 11|’
o T]—2] 6] —-7] —11] 13
5 T =3 4 =8 9 12| -14 |’
v 21 -3] 6] —-7]-10] 12
LT =4 5[ =8| 9] 11| -13]"
v - 4] 7] -13] 12] -8 -2
3 = [ =65 11| -10] 9] 1|
v I1]-2] 6] —-7]—-10] 12
5 T =37 4 =81 9 11 | —13 |
v T -2 8] 11| -5 | —13
T T =3 4| -10]-9] 6] 12|
N 1] —2] 5] 6] -10] 12
9 T =3 4 =7 8] 11| -13|"
v = 1] 2] -10] -7 13| 5
weo= 3 4 8| 9] —12] =6 |
V. T]—-2] 5] -6]-9] 11
B = =3 4| =7 8[| 10 —12

Figure 4: Shiftable blocks of size 2 x 6 satisfying condition (4.2).

In fact, supp(S) = [1,3p] \ {p, 2p, 3p}. In this case we define A as the sequence
Lh/|S1]
of the first h elements of 4+0 (S + 3pc).
-

If p= 127 + 11, we take

S = (U(x), Vi1 +122,U(z) £ (122 + 13), Vo + (24 + 13),
U(x) + (242 + 26), Vr =+ (362 + 26), U (z) % (362 + 39),
Vs + (482 + 39), U(x) + (48 + 52), Vs =+ (602 + 52),
U(z) £ (60z + 65)).

We obtain supp(S) = [1,6p] \ {jp : j € [1,6]}, and then A is the sequence
Lh/]51]
consisting of the first h elements of —H—O (S £ 6pc).

C

If p = 122413, we take S = (U(%),Rflgi 12x), whence supp(S) = [1, p]\ {p}.
Lh/1S1)
In this case we define A as the sequence of the first h elements of (S =+ pc).
c=0

If p =122 + 15, we take

S = (Ux+1),Vs+12(z+1),U(x) £ (122 + 25), Vs + (242 + 25),
U(x) £ (24z + 38), Vz + (362 + 38), U (x) + (362 + 51),
Vo =& (482 + 51), U(x) % (48% + 64), Vi1 =+ (60z + 64),
Uz + 1) + (602 4 77)).

We get supp(S) = [1,6p] \ {jp : j € [1,6]}. In this case we define A as the

Lh/1S1)
sequence of the first h elements of 4 (S % 6pc).
c=0

14



Finally, if p = 122 + 17, we take

S = (Ulx+1),Vs+12(z + 1), Uz) £ (122 + 25), Vo £ (24z + 25),
Uz + 1) + (24x + 38)).

In fact, supp(S) = [1,3p] \ {p,2p,3p}. In this case we define A as the sequence
Lh/1S]]
of the first h elements of —H—O (S £ 3pc). O
c=
Example 4.6. Following the proof of Lemma 4.5, we obtain the following se-
quence As 15 = (B, ..., Bs) of shiftable blocks:

1 -2 5 —6 | -9 11

Bi = rmT7 =78 [0 =12

B 16 | 19 | —25 24 | —20 | —14
2 T 18 =17 | 23 | —22| 21 13 |
B 26 | —27 | 31 | —32 | —35 | 37
3 T [=28] 29 | =33 34 | 36 | —38 |’
B — 39 | —40 | 46 | 49 | —43 | —51
4 T =41 | 42 [ —48 | —47| 44 | 50 |
B _ 52 | —53 | 56 | —57 | —61 | 63
5 T [Zh4| 55 | —58] 59 | 62 | —64

Proposition 4.7. Let m and s be even integers with m > 2, s > 6 and s =0
(mod 6). Let t be a divisor of ms and set £ = @ + 1. There exists a sequence
B of & blocks of size 2 x s such that B satisfies condition (4.2) and supp(B) =

[1,ms + [¢/2]]\ {j¢: j € [1, [t/2]]}-

Proof. Write s = 6q, with ¢ > 1: by Lemma 4.5, we can construct a sequence
A= Ama y = (Ay,..., Ama) of shiftable blocks of size 2 x 6 in such a way that
A satisfies condition (4.2) and supp(A) = [1,ms + [t/2]]\ {j¢:j €1, [t/2]]}.
So, for all i € [1, %], let B; be the block of size 2 x s obtained by juxtaposing
the ¢ blocks of A

AGi—yg+1, Ali—1)q+2s Ai—1)q+3> -+ Aig-

By construction, the sequence B = (B4, ..., Bm) satisfies condition (4.2) and
has cardinality 4. Furthermore, since we used all the blocks of A, we obtain
that supp(B) = supp(A). O

Proposition 4.8. Let m and s be even integers with m > 2, s > 8 and s = 2
(mod 6). Let t be a divisor of ms and set £ = QTS + 1. There exists a sequence
B of & blocks of size 2 x s such that B satisfies condition (4.2) and supp(B) =

[Lms + [£/2]]\ {j¢: j € [L, [¢/2]]}.

Proof. Write s = 6g + 8 and N = 6mq + 7, where n = L%J. By Lemma 4.5,
we can construct a sequence A = A%,g satisfying condition (4.2) and whose
elements are shiftable blocks of size 2 x 6. We also have supp(A) = [1, N]\ {j¢:

15



J € [1,m]}. Now, we have to construct a sequence G of shiftable blocks of size

2 x 8 satisfying condition (4.2) in such a way that |G| = 3 and

supp(G) = [N +1,ms + [t/2]]\ {j¢: j € [n+1,[t/2]]}.

To this purpose, we use the shiftable blocks of size 2 x 8 of Figure 5. Each of
these blocks has rows that sum to zero and columns with the following sums:

F;5:(-3,3,3,-3,-3,3,3,-3), F5, W, ,Vi:(-2,2,1,-1,-2,2,1,—1).

Furthermore, observe that

supp(F3) = [1,24]\ {3,6,9,12,15,18,21,24},
supp(£5) [1,20]\ {5, 10, 15,20},
supp(W73) = [1,19]\ {3,10,17},
supp(Wr:) = [1,18]\{¢,7+1i}, i=5,T,
SUpp(WQ 5) = [L 18] \ {55 14}a
supp(Wi1,) = [1,18)\ {3,114}, i=3,5,
supp(V, ) = [L,17\ {5}, j=1,3,5,7,9,11,13,15,17.

Keeping the strategy of Lemma 4.5, we describe basic sequences S of blocks.
If £ = 3, then t = ms and N = 9mqg = 0 (mod 3). We can take G =

m/2—1
H+ (F5 £ (N + 24c¢)). In fact, we have

=0
supp(G) = [qu +1, ?)ZLS} \ {3]' 1j € [qu +1, %] },

as required. If £ = 5, then N = 1552 = 0 (mod 5) and we can take § =
m/2—1
—H—0 (F5 + (N +20c)). We obtain

3
supp(G) = 15%4&,5%} \ {5j:je [mq+1,ms]},

If ¢ = 7, then 3 divides m and N =
S = (Wr 7, Wy 318, Wy 5 £37), as supp(S

m/6—1
|S| =3, we take G = (S £ (N + 8Lc)).

mod 7). We can take

Tmg = 0 (
) = \{j¢:j €[1,8]}. Since

[51

c=0
If £ = 13, then 3 divides m and N = 13751 = 0 (mod 13). Let S = (Vi3, Vo £
m/6—1
17, V5 £ 34): we have supp(S) = [1,44] \ {j¢: j € [1,4]}. Hence G = ﬁo (S+

(N + 44c)).
If £ =9, we have to distinguish two cases.

(1) If mg = 0 (mod 4), then N = 2771 = 0 (mod 9). Hence, we can take
m/2—1
g= H (Vo £ (N + 2¢c)). Note that supp(Vy) = [1,2¢] \ {¢,2¢}.

c=
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(2) If mg = 2 (mod 4), then N = 4 (mod 9). In this case, we take G =
m/2—1
H#H (Wy 5+ (N +20c)): recall that supp(Wy 5) = [1,2¢)\ {¢ —4,2¢ — 4}.

c=0

For ¢ = 11 we have five possibilities.

(1) If mg =0 (mod 10) then N =0 (mod ¢), so we can take S = (Vi1, W15+
17, Vo£35, W11 3£52, V7 £70). We have supp(S) = [1,8¢]\{j¢: j € [1,8]}.

(2) If mg =2 (mod 10), then N =2 (mod ¢), so we can take S = (Vy, Wi 3+
17, V7 £35, V11 £ 53, Wi1 5 £ 70). We get supp(S) = [1,8/\ {j{ —2:j €
[1,8]}.

(3) If mg =4 (mod 10), then N =4 (mod £), so we can take S = (V7,V1; £
18, W11,5 + 35, Vb + 53, W11’3 + 70) Note that supp(S) = [1, 86] \ {je —4:
jelLs8}

(4) If mg =6 (mod 10), then N =6 (mod ¢), so we can take S = (Wi1 5, Vot
18, Wi1,3 £35, V7 £ 53, Vi1 £71). We have supp(S) = [1,8(\{j¢—6:j €
[1,8]}.

(5) If mg =8 (mod 10), then N =8 (mod ¢), so we can take S = (W11 3, V7 £
18, Vi1 = 36, Wiy 5 + 53, Ve & 71). We get supp(S) = [1,8(\ {j¢ —8:j €
(1, 8]}.
. Lm/10]
In all five cases, G consists of the first 3 elements of 4 (

c=0

S+ (N + 8c)).

For ¢ = 15 we have seven possibilities.

(1) If mg =0 (mod 14) then N =0 (mod ¢), so we can take S = (Vi5, V15 =
17, Viy £ 34, Vo £51, V5 £68, Vs £85, V3 £ 102). In fact, supp(S) = [1,8¢] \
=5 € 1,8}

(2) If mg =2 (mod 14) then N =12 (mod ¢), so we can take S = (V3,Vi5 +
18, Vi3 +£35, V11 £52, Vo +69, V7 +86, V5 +103). We get supp(S) = [1,8/]\
{jt—12:j €18}

(3) If mg =4 (mod 14) then N = 10 (mod ¢), so we can take S = (V5, V3 +
17, V15 + 35, V13 + 52,V11 + 69, ‘/9 + 86,V7 + 103) In fact, supp(S) =

(4) If mg = 6 (mod 14) then N = 8 (mod ¢), so we can take S = (V7,V5 £
17, Vs + 34, Vis £ 52, Viz = 69, Vip = 86, Ve £ 103). We have supp(S) =
[1, 8\ {j¢ = 8: 3 [L,8]}.

(5) If mg = 8 (mod 14) then N = 6 (mod ¢), so we can take S = (Vo, V7 +
17, Vs £ 34, V5 £+ 51, Vi5 + 69, Vs £ 86, Vi1 + 103). In fact, supp(S) =

mq = mo then = mo , so we can take S = (Vi1, Vg
6) If 10 d 14) then N =4 d/? ke S Vi, Vo £
17, V7 £ 34, V5 £+ 51, V3 + 68, Vy5 &+ 86, Vi3 &+ 103). In fact, supp(S) =
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(7) If mqg =12 (mod 14) then N =2 (mod ¢), so we can take S = (Vi3, V11 +
17, Vo 34, Vs £ 51, Vs 68, V3 + 85, Vi5 £ 103). In fact, supp(S) = [1,8¢] \
{jt—-2:5€[1,8]}.

. Lm /
In all seven cases, G consists of the first % elements of (S + (N + 8lc)).

c=
Suppose now that £ > 17: in this case, any set of 16 conbecutlve integers

contains at most one multiple of £. We start considering the interval [N +1, N +

16] and the first multiple of £ belonging to the interval [N + 1, ms + |t/2]]. So

if (n+1)¢ is an element of [N 41, N + 16] we take the block V. where r must be

chosen in such a way that supp(V;.) does not contain (n-+1)¢. Otherwise, we take

the block Vi3 and repeat this process considering the interval [N + 17, N + 32].
It will be useful to define, for all b > 1, the sequence

Ub) = (Vir,Viz £16,Vig £32,..., Viz + 16(b — 1)).

Also, we set U(0) to be the empty sequence: so, for all b > 0 the sequence U (b)
contains b elements and supp(U (b)) = [1, 16b].
Write (n+ 1) — N = 16hg + ro, where 0 < rg < 16, and define the sequence

So - (U(ho), V;“o :l: 16h(])

Note that 7¢ is odd, since £ is odd and (n+1){— N = (n+1){+n =1 (mod 2).
Furthermore, supp(So = N) = [N + 1, N + 16ho + 17] \ {(n + 1)¢}.

Now, for all j € [1,[t/2] — n], write £ — 17 + rj_y = 16h; + r;, where
0 <r; < 16, and define the sequence

j—1 J
S; = (U(hj) + <17j+ 162}%) Vi, £ (17j+ 162hi>> .

1=0 1=0
Note that (7 +j +1)¢ — N =16 37_ hi + 17j + r; and

supp(S; £ N) = {N+1+17g+162ﬂ 1h1,N+17(j+1)+1623.':0hi}
M +7+1)0}

Lt/2)—-
The elements of G are the first % blocks in —H— 77(Sc £+ N).
Flnally, writing A = (Al,.. ; Ama) and g = (G1,...,Gm), for all i =

1,..., %, let B; be the block of size 2 x s obtained by Juxtaposmg the ¢ blocks

Ali—1yg+1, Ai—1)q+25 AGi=1)q+3> -+ Aig

and the block G;. By construction, the sequence B = (By,... ,B%) satisfies
condition (4.2), has cardinality % and supp(B) = supp(A) Usupp(G) = [1,ms +

L7201\ {5t - 5 € [1, [2/2]]}- 0
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oo 1 [—2]-7] 8 13 [ —-14 [ —19] 20
3 = —4 5 [ 10 -11] =16 17 22 | =23 |’
o 1 [—2] 19 [-14] 7 [-6] 12 [ —17
5 T =374 [-18] 13 |9 8 | —11]| 16 |’

- B 4 [ 7 [-8[-12] 13 ] 16 [ -1 —19
™T TZ6 ] =5 9 11 | -15 | —14 ] 2 18 |’

- B 1 [—2]-6] 8 [-15]—-14] 18 | 10
T 3314 | 7 | -9 13 16 | 17| —-11 |

W B 1 [—2]6 [—-16]—-11]-8] 13 | 17
T 314 [ -5] 15 9 [10]-12]-18 )

- _ 1 [-2[-6] 8 [—-12] 13 [ —-17[ 15
95 = 3 4 7 [ =9 10 | =11 18 | —16 |’

W B 5 [ 8[—-1]-13] 9 6 [ 18 | —16
3 = %110 2 12 | 11| -4 17| 15 |’

- B 1 [—2]-6] 8 13 14 [ -10] —18
11,5 = 3 a1 7 -9 15 —12] 11 17
v 2 [ 3] 17 [-13] 7 [-6] 11 | —15
LT a5 -6 12 |9 8 | —10| 14 |’
v 4 [ 7 [—-1] 14 [-12] 13 | -8 —17
8 T =6 -5 2 |[—15| 10 | —11| 9 | 16 |’
vo— 1 [-2] 17 [-13] 7 [-6] 11 [ -15
5 T [ 3] 4| -16| 12 |—9| 8 | -10] 14 |
V- 1 [-8] 6] 16 [-11]—-2] 13 [ -15
7T T 3710 =5 =17 ] 9 4 [ —12] 14 |
Ve 1 [—2] 17 [-13] 6 [-5] 11 | —15
9 = -3 4 | -16]| 12 |-8| 7 | -10] 14 |’
N 1 [-2] 17 [-6]-15]—-12] 8 9
= =374 [ =16 5 13 14 | -7 =10}
Ve 1| —2] 17 9 | -7] 8 | —-11] 15
13 = 3| 4 [-16] =10 5 [ —=6] 12 14 |’
Ve = 1 [—2]-5] 7] 11 14 [ —16 [ —10
BT 3746 [ 8] -13|-12] 17 9 |
. 1 [-2] 16 [-12] 6 [ -5 10 | —14
17 = 3] 4 [—-15] 11 | -8] 7 [—-9] 13

Figure 5: Shiftable blocks of size 2 x 8 satisfying condition (4.2).

Proposition 4.9. Let m and s be even integers with m > 2, s > 10 and
s =4 (mod 6). Let t be a divisor of ms and set { = 225 + 1. There eists a
sequence B of % blocks of size 2 x s such that B satisfies condition (4.2) and

supp(B) = [1,ms + [t/2|]\ {j¢: j € [1, [t/2]]}-

Proof. This proof is very similar to that of Proposition 4.8, so we can skip some

details. Write s = 6¢ + 10 and N = 6mq+ 7, where n = {%J. Let A= Ama ,

be the sequence satisfying condition (4.2) constructed in Lemma 4.5. We have
to construct a sequence G of shiftable blocks of size 2 x 10 satisfying condition

19



(4.2) in such a way that |G| = % and

supp(9) = [N+ 1ms + [£/2]]\ {jC: j € [n+1,[¢/2]]}.

To this purpose, we use the shiftable blocks of size 2 x 10 of Figure 6. Each of
these blocks has rows that sum to zero and columns with the following sums:

Fs:(—1,1,-3,3,6,—6,—3,3,3,—3),
Fy:(—-2,2,-2,2,1,-1,-2,2,2, -2),
Wri:(1,-1,-2,2, —2,2,2,-2),

Wg’i,W13,5,W15’i,V}' : (—2 ]. ]. 2,2727 —2).

-1,
L2, — 22

Observe that

supp(F) = [1,30]\ {3,6,9,12,15,18,21,24, 27,30},
supp(F5) = [1,25]\ {5,10,15,20,25},
supp(Wr,;) = [1,23]\ {¢,7 +1, 14+z} i=3,5,7,
supp(Wo;) = [1,22]\ {¢,9+i}, i=25,9,
supp(W13 5) = [1,22]\ {5,18},
supp(Wis,) = [1,22)\ {4,154+ i}, i=3,5,
supp(V;) = [L,21]\{j}, j=1,3,57,9,11,13,15,17,19,21.

Furthermore, if £ € {3,5,7,11, 13,19}, then N =0 (mod ¢).
m/2
If¢=3,let S = (F) and G = L4+ (S £ (N + 24¢)). Similarly, if £ = 5, 11,

let S = (F5) and S = (V11) respectlvely
Ifl0="7let S = (Wrz7, Wrs+23, W7 3 +46). Note that supp(S) = [1,10¢] \
/ —
{j€:j €[1,10]}. In this case, G = —H— (S + (N + 104c)).

If 0 =13, let S = (Vig, Wiz 5+21, %i43) Note that supp(S) = [1,56]\ {j¢ :
m/6—1
j €[1,5]}. We can take G = —H—O (S £ (N + 5Lc)).
If £ =19 let B

S = (Vig, Viz 21, Vi5+42, Vi3+£63, Vi1 484, Vo105, Vo 4126, Vs +147, V3 £+168).

We have supp(S) = [1,10¢]\ {j¢: j € [1,10]} and G = m/ﬁil(S + (N + 104c)).

c=0

For ¢ = 9 we have two possibilities.

(1) If mg = 0 (mod 4), then N = 0 (mod ¢) and we can take S = (Wy g,
Wy 5 £ 22). In fact, supp(S) = [1,5¢ \ {j¢: j € [1,5]}.

(2) If mg =2 (mod 4), then N =4 (mod ¢). We can take S = (Wy 5, Wo g+
23), in fact supp(S) = [1,54 \ {j¢ —4:j € [1,5]}.

m/4]
In both cases, the sequence G consists of the first %5 elements of H (SE(N

c=0
50c)).
If £ = 15 we have seven possibilities.
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(1) If mg =0 (mod 14) then N =0 (mod ¢) and we can take S = (Vi5, Vo +
21, W15)3 i42, ‘/11 i647 W1575 i857 ‘/13 + 107, V7 + 128) In fact, supp(S) =
1,100 (e j € [1,10]}.

(2) If mg =2 (mod 14) then N = 12 (mod ¢) and we can take S = (W15 3,
‘/11 i22, VV15,5i437 V13i65, V7i86, ‘/15i108, ‘/gi129) In fact, supp(S) =
1,100\ {j¢ — 12 j € [1,10]}.

(3) If mg =4 (mod 14) then N = 10 (mod ¢) and we can take S = (Wis 5,
‘/13:|:22, V7:|:43, V15i65, ‘/v9:|:867 I/V1573:|:1077 %1:':129) In fact, supp(S) =
[1,100)\ {j¢ —10:j € [1,10]}.

(4) If mg =6 (mod 14) then N =8 (mod ¢) and we can take S = (V7, Vi5 +
22, ‘/g :|:43, W15,3 :|:64, Vvll + 867 W1575 + 107, V13 + 129) In fact, supp(S) =
1,100\ {j¢ —8: j € [1,10]}.

(5) If mg =8 (mod 14) then N =6 (mod ¢) and we can take S = (Vy, W15 3+
21, Vi1 & 43, Wis.5 + 64, Viz & 86, V7 & 107, Vi5 % 129). In fact, supp(S) =
[1,100)\ {j¢ —6:j € [1,10]}.

(6) If mg = 10 (mod 14) then N = 4 (mod ¢) and we can take S = (Vi1
Wiss & 21, Vig % 43, Vs % 64, Vs + 86, Ve & 107, W5 3 & 128). In fact,
supp(S) = [1,106] \ {j¢ — 4 € [1,10]}.

(7) f mg =12 (mod 14) then N =2 (mod ¢) and we can take S = (Vi3, V7 =

21, V15 :|:437 Vg :|:647 W1573 :|:857 V'll + 107, W1575 + 128) In fact, SLIpp(S) =
[1,100\ {j¢ —2: j € [1,10]}.

m/14]
In all seven cases, the sequence G consists of the first % elements of 4 (S +

c=0
(N + 10£c)).
If £ = 17 we have four possibilities.

(1) If mg =0 (mod 8) then N =0 (mod ¢) and we can take S = (Vi7, Vi3 =
21, Vo £42,V5 £ 63). We have supp(S) = [1,5¢)\ {j¢: 5 € [1,5]}.

(2) If mg =2 (mod 8) then N =12 (mod ¢) and we can take S = (V5, V17 =
22, Vi3 £43,Vy £ 64). We get supp(S) = [1,5¢]\ {j¢ —12: 5 € [1,5]}.

(3) If mg = 4 (mod 8) then N = 8 (mod ¢) and we can take S = (Vo, V5 +
21,Vi7 £ 43, Vi3 £ 64). We have supp(S) = [1,5¢] \ {j¢ —8:j € [1,5]}.

(4) If mg = 6 (mod 8) then N =4 (mod ¢) and we can take S = (Vi3, Vo &+
21, Vs 4 42, Vi7 + 64). We obtain supp(S) = [1,50\ {j¢ —4: j € [1,5]}.

Lm/8]
In all four cases, the sequence G consists of the first 2t elements of 4 (S £

2 —
c=0
(N + 5¢c)).
Suppose now that ¢ > 21: in this case, any set of 20 consecutive integers
contains at most one multiple of £. For all b > 1 we define the sequence

Ub) = (Var, Vag & 20, Vag £ 40, ..., Vay £ 20(b — 1)).
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Also, we set U(0) to be the empty sequence: so, for all b > 0 the sequence U (b)
contains b elements and supp(U (b)) = [1, 20].
Write (n+1)¢ — N = 20hg + rg, where 0 < rg < 20, and define the sequence

So = (U(ho), Vi, = 20ho).

Hence, supp(So£N) = [N+1, N+20ho+21]\{(n+1)¢}. Forall j € [1, [t/2]—n],
write £ — 21 4 r;_; = 20h; + r;, where 0 < r; < 20, and define

Jj—1 J
S; = (U(hj) + <21j+202hi> Vi, + (21j+202hi>> :

i=0 =0

Note that (7 +j +1)¢ — N =2037_ h; +21j + r; and

supp(S; £ N) = {N+1+21j+202{;§hi,N+21(j+1)+202{:0h1}
M +5+ 1)L}

[t/2]—n
The elements of G are the first % blocks in —H—O (S. £ N).
Finally, writing A = (Al,...,A%) and G = (G1,...,Gum), for all i =
1,..., %, let B; be the block of size 2 x s obtained by juxtaposing the g blocks

Ai-1)g+1: Ali—1)g+2, Aii—1)g+3s -+ Aig

and the block G;. By construction, the sequence B = (By,.. .,B%) satisfies
condition (4.2), has cardinality % and supp(B) = supp(A) Usupp(G) = [1,ms +

L7201\ {5t = 5 € [1, [£/2]]}- 0

Corollary 4.10. Let m and s be even integers with m > 2, s > 6 and s = 2
(mod 4). Lett be a divisor of 2ms and set £ = 22”5 +1. There exists a sequence
B of cardinality 5 such that B consists of blocks of size 2 x s, satisfies condition

(4.2) and supp(B) = [L,ms + [t/2|]\ {j¢: j € [L, [t/2]]}.

Proof. By the assumptions on s, we can write s = 2ph, for a suitable odd prime
p and a positive integer h. If ¢ divides ms, the result follows from Propositions
4.7, 4.8 and 4.9, depending on the residue class of s modulo 6. It ¢ does not
divide ms, then t = 0 (mod 8). If ¢ divides 4mh = 2% then the statement
follows from Lemma 4.3. If ¢ does not divide 4mh, then t is divisible by p and
so we can apply Lemma 4.1. O

Now, we arrange the blocks so far constructed, proving the following.

Proposition 4.11. Suppose 4 < s < n, 4 <k <m and ms = nk. Lett be a
divisor of 2ms.

(1) If s=2 (mod 4) and k =0 (mod 4), then there exists an integer Hy(m, n;
s, k) if and only if m is even.
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P 1 | —4]-10] 16 | 14 | —17] 19 | —20 | —25 | 26
3T =215 7 | —13 | -8 | 11 | —22| 23 | 28 | —29 |’
o T [ —2]6 | —7]—11] 13 | 16 | —17 ] —21 ] 22
5 T [=37 4 |8 9 | 12 | —14 | —18| 19 | 23 | —24 |
- B 2 [ 23] -15] 7 | -8] —12] 19 | 20 | 16 | -6
3T T 22 13 | 5] 9 11 | —21 | —18 | —14 | 4 |’
- B 2 | —18 | —11 | —13] 7 | -4 21 | 22 [ 10 | —16
A I T 9 15 | =6 | 3 | —23 | —20 | -8 | 14 |’
- B 2 [ 23] —19] 20 | 16 | 12 9 | —3] —4]—10
YT =1 22 | 17 | 18| —15| —13 | —11] 5 | 6 8 |’
W _ 1 |26 [—7]—-10] 12 | 15 | —16] —19 20
95 T ["23[ 4 | -8] 9 | 11 | —13| —17 ]| 18 | 21 | —22 |’
W B 1 [ —19] 20 | 13 | 6 | -8 15 | -2 —14 | —12
99 T T3 21 | —22 | 11| 5| 7 | —17| 4 16 0 |
- B 1 | —2]6 ] —7]-10] 12 | 14 | —15] —19 20
B85 = 317 4 | =8| 9 | 11 | —13| =16 17 | 21 | —22 |
Wi — 4 [ —19] —13] 16 | —1]-9] 20 | 12 | 7 | —17
158 = TG 21 | 11 | —14] 2 | 8 | 22| —10| =5 | 15 |’
W B 1 | —17] —14] -8 22 | 6 ] 16 | —2] 11 | —15
155 = =371 19 12 |10 | —21 | —7 | —18 | 4 | =9 | 13 |’
v 2 3] 6 | —7]—-10] 12 | 14 | —15] —18] 19
L= =25 [=8] 9 11 | —13 | —16 | 17 | 20 | —21 |’
v 4 [ 7 |13 12 | -8 ] -2 14 | —15[ —18 19
3 T =6 5] 1L | —-10] 9 | 1 | —16] 17 | 20 | —21 |’
v 1 |26 [—7]—-10] 12 | 14 | —-15] —18 | 19
5 T =37 4 [ =8[9 | 11 | —13] —16] 17 | 20 | —21 |’
v 1 -2 8 [11]-5]—-13] 14 | —15] —18 | 19
T T [=3] 4 [-10| -9 6 | 12 | —16| 17 | 20 | —21 |
— 1 | —2]5]—-6]-10] 12 | 14 | —15] —18 | 19
9 T =317 4 [ =7 8 | 11 | —13] —16 | 17 | 20 | —21 |’
o 1 [ —19] -7 16 | -9 ] —13] 18 | 17 | 4 | -8
W= 3721 | 5 | —14|10] 12 | —20| =15 | -2 6 |
V. 1 -2 5 [ —-6]-9] 11 | 14 | —15] —18] 19
B = '3 4 [ -7 8 |10 | —12]| —-16] 17 | 20 | —21 |’
o 1 | —19] —14 ] 20 | 17 9 6 | 2] -5 —13
15 = T=3 21 12 | —18 | —16 | —10 | -8 [ 4 | 7 | 11 |’
S 1 | —2[5 ] -6]-9] 11 | 13 | —14 ] —18] 19
W= '3[ 4 |—7] 8 [10 ]| —12| —15]| 16 | 20 | —21 |’
Ve 1 [—16] —17] 14 | 21 | 5 [ —-9] —2] -8 11
o= T03 18 15 | —12 | —20| —6| 7 | 4 | 10 | —13 |
Vo 1 -2 5 [ -6]-9] 11 | 13 | —14 [ —17] 18
27 I'Z37 4 [=7| 8 [10 | -12|—-15| 16 | 19 | —20

Figure 6: Shiftable blocks of size 2 x 10 satisfying condition (4.2).

(2) If s=0 (mod 4) and k = 2 (mod 4), then there exists an integer Hy(m, n;
s, k) if and only if n is even.
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Proof. (1) By Proposition 1.2 we only have to prove the existence of an integer
H;(m,n; s, k) when m is even. So, let B be the sequence obtained in Corollary

4.10. Set d = ged(%,n) and a = 2¢. Note that a is even integer. In fact, write

m = 2md and n = dn. Since k =0 (mod 4), from J - = n% we obtain that n

divides 3.

Given a block By, € B, define for every j € [1,7] the block T;(Bp) of size
2 x a consisting of the columns C; of By, with i € [a(j —1)+1,aj]. So, the block
By, of size 2 X s is obtained juxtaposing the blocks T (Bp), Ta(Bhr), - - -, T (Br).

Furthermore, for all ¢ € [1,7] and all j € [1, 7], each of the sequences

(Tj(B(i—1ya+1), Tj(Bii—1yd+2) - - - » Tj(Bia))

of cardinality d, satisfies condition (4.1).

Let A be an empty array of size m x f. For every ¢ € [1,7m] and j € [1, 7],
replace the cell (i,7) of A with the block P (Tj(B—1)a+1), Tj(Bi-1)d+2), - - -5
Tj(Bia)) according to the definition of page 9. Note that, for all r € [1, ], we
have 7,.(A) = 71 (B;) = 0 and 7,4 = (A) = 72(B;) = 0.

By construction, A is a p.f. array of size m X n, its support coincides with
supp(B) and its rows and columns sum to zero. Furthermore, each row contains
an = s elements and each column contains 2am = k elements. We conclude
that A is an integer H¢(m, n; s, k).

(2) It follows from (1). In fact, if s =0 (mod 4) and k =2 (mod 4), an integer
Hi(m,n;s, k) can be obtained simply by taking the transpose of an integer
Hi(n,m; k, s). O

We exhibit an integer H12(20, 15; 6, 8) and an integer Hy(6, 15; 10, 4) in Figure
7. To help the reader, we highlighted the subarray P(T1(B),...,T1(Bs)) in the
first case, and the subarray P(T1(B1),T1(B2),T1(Bs)) in the second case.

5. The case s,k =2 (mod 4)

The last case we consider is when s,k = 2 (mod 4). We also assume that m
is even: this means that also n must be even. We start constructing sequences
B satisfying the following property:

b b
there exist 2b integers o1, ...,09, with > 09,1 = > 09; =0,

i=1 =1
such that the elements of B are shiftable blocks B of size 2 x 2b (5.1)

with 71(B) = 72(B) = 0 and v;(B) = o; for all i € [1, 2b].

Lemma 5.1. Let m and s be even integers with m > 2, s > 6 and s = 2
(mod 4). Lett be a divisor of 2ms and set £ = 27?5 +1. There exists a sequence
B' of % shiftable blocks of size 2 x s such that B' satisfies condition (5.1) and

supp(B') = [L,ms + [t/2]]\ {j¢: j € [1, [t/2]]}.

Proof. Suppose first that ¢ divides ms. If s =0 (mod 6), consider the shiftable
blocks of size 2 x 6 given in Figure 8. We can repeat the same proofs of Lemma
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Figure 7: An integer H12(20,15;6,8) (on the left) and an integer Hs(6,15; 10,4) (on the
right).

4.5 and Proposition 4.7, using the blocks of Figure 8 instead of those of Figure
4. In fact, each of these new blocks satisfies (5.1) and has the following column

Sums:
Fy: (=1,3,-6,3,7,—6),  V;: (=1,4,—1,-2,2,-2).
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Furthermore, the new blocks have the same support of the old ones.

The same can be done for s = 2 (mod 6), using the blocks of Figure 9 and
the proof of Proposition 4.8. Each of these new blocks satisfies (5.1) and has the
following column sums: (-1, —8,—12,4,10, —1, 3,5). Finally, for s =4 (mod 6)
we can repeat the proof of Proposition 4.9 using the blocks of Figure 10. Each
of these new blocks satisfies (5.1) and has the following column sums:

F;:(-1,-1,1,7,6,3,-3,-2,-3,-7),
W;i, Vi (—1,4,-1,-2,2,-2,-2,2,2 —2).
Suppose now that ¢t does not divide ms. In this case, repeat the proofs of Lem-
mas 4.1 and 4.3, using the blocks of Figures 11 and 12 instead of those of Figures
2 and 3, respectively. Note that the blocks of Figure 11 satisfy property (5.1)
with column sums (—2¢,2¢,2¢, —2¢) and (—¢,4¢,—£, —2¢,2¢, —2¢). The blocks
Wy, Ws of Figure 12 satisfy property (5.1) with column sums (—y, y,y, —y) and
(=y,(p—2)y+1,2y,—(2p — 1)y — 2, —y, (p + 1)y + 1), respectively.

In all these cases, we obtain a sequence B’ that satisfies (5.1) and has the

required support. O
o 1 | —4] —11] 16 | —10] 8
3T =27 5 | —13 | 17 | —14 |’
o 1 |-3] 7 |-9[-4] 8
5 T =216 |—-13] 12| 11 | —14
v 2 | —4] -6 -12] 9 | 11
LT =378 |5 10 | =7 | =13 |”
v 1 [ -9 11 | -7 -4 8
3 T =213 =125 |6 |—-10]
Vi - [-B[II[ 9 [-8[-1[2
5 = 12 | =7 =10 6 | 3 | =4
v 1 [12] 9 | —5] -4] —13
T T =2 =8-10 3|6 | 1L |
Ve 1 [-3]-5] 6 | 13 | —12
S T =74 [=8[=11| 10 |
v 1 -9 7 |-6]—-3] 10
= "2 13 -8 4 | 5 | 12|
Ve - 1 |-3]-5] 6 | 12 | —11
B = 2774 [=8|-10] 9

Figure 8: Shiftable blocks of size 2 x 6 satisfying condition (5.1).

Proposition 5.2. Suppose 6 < s < n, 6 < k < m, ms = nk and s,k = 2
(mod 4). If m is even, there exists a shiftable integer He(m,n; s, k) for every
divisor t of 2ms.

Proof. Without loss of generality, we may assume m > n (and so s < k).
Let B = (By,...,Bm) and B’ = (B’h...,B/%) be the sequences of blocks of
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P 1 ] 11 | —17 | —16] 14 ] 22 | -7 ] -8
3T [[=2T-19[ 5 20 | -4 | —23 [ 10 | 13 |’
o 1 3 [ —19] 16 | -4 17 | -6 -8
S T =2 -11| 7 |12 14 |-18] 9 |13]

- _ 1 8 | —18] —9] 15 | —12 ] —4] 19
T [2 =16 6 13 | =5 | 11 7 | —14 |’

- B 1 9 | —16] 18 | 13 | —-7] -8 —10
T [ =17| 4 | —14| =3[ 6 | 1L | 15 |’

- B 1 3 | —17] —4] 6] —10] 15 | 18
TS T2 -1t 5 8 |16 | 9 | —12] —13 |

W _ T | —17 | —15 12 [ 16 | —11 | —4 | 18
95 = T2 9 3 | =8| =6 10 | 7 | =13 |’

- _ 1T | —12] —17] 15 | —6] -9 10 | 18
3 = 21 1 5 | —11 | 16 | 8 | =7 | =13 |’

- B 1 6 | —15] 4] -7] 10 | -9 18
s = 214 3 8 |17 | =11 | 12 | =13 |”
v 2 3 5 [ —7] 4] 12 | 6] —10
LT =3 =16 | =17 |11 | 14 | —13] 9 15 |
v 1 6 | —16] 7] -5] -9 13 | 17
3 T =2 -14| 4 [1L1[15] 8 [-10] —12]
vo— 1T | —11] 4 [ -8 17 ] 13 | -6 —10
5 T =2 3 [=16] 12 -7]—-14] 9 15 |
v 1 | —17] —16] -6 15| 12 | 14 | -3
T T =271 9 4 | 10| 5| —13]| —11] 8 |’
Ve 1 [—11] 5 [ 12 -6] 13 | -4 —10
9 T =2 3 | —17| -8 16| —-14]| 7 | 15 |
v - 1 5 | —16] —6] —7 ] 14 | 12 | -3
W= =13 4 |[10]| 17| -15]-9] 8 |
o 1 9 [ —15] 16 | -4 6 | -8] -5
B= T2 =17 | 3 |—-12]| 14 | -7 11 | 10 |”
o 1 9 4 [ 12 -3]—-7]-11] -5
o= T2 =17 | -16]| -8 13| 6 | 14 | 10 |
N 1 7 4 [ —6]-3] 11 | -5 -9
W = T2 =15 | —16| 10 | 13 | —12| 8 | 14

Figure 9: Shiftable blocks of size 2 x 8 satisfying condition (5.1).

size 2 X s constructed in Corollary 4.10 and Lemma 5.1, respectively, where B
satisfies (4.2), B’ satisfies (5.1) and supp(B) = supp(B’) = [1,ms + [t/2]]\ {j¢:
j €1, [t/2]] with £ = 225 4+ 1. Set

B=(Bsy1,...,Bz) and B = (B;,..., L)

Since supp(B;) = supp(B;) for all i € [1, %], it follows that

supp(B') = [1,8n+ anﬂ \{jﬁ )€ [1, V”lm
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P 1] 4 | —7] —-13] —10] 28 | 23 | 17 | —14 ] —29
3T =215 8 | 20 | 16 | —25| —26 | —19 | 11 | 22 |’
o 1 | -8 4 [ -6 23 | 24 [ 12 14 | —22 [ —18
5T =27 [=3[ 13 =17] —-21] 9 | —-16] 19 | 11 |

- B 1 | —15] 5] 21 | 18 | 12 [ —13] 6] 9 | —22
3T T2 19 | 4 | —23| —16 | —14 | 11 8 | =7 20 |’

- B 1 | —10] 3 | 21 | 22 | 11 | -8 —7] —15] —18
ST T2 14 | —4| -23| —20] —-13| 6 | 9 | 17 | 16 |

- B 1 [ —19] —13] 20 | 18 9 8 [ —3] —4] —17
YT T2 23 [ 12 | 22| -16| —11| 10| 5 | 6 | 15 |

W _ 1 [ —3[—-13] 20 | —4] 16 9 |10 ] —15] —21
95 T T2 7 [ 12 | 22| 6 | —18| —11 | -8 | 17 | 19 |’

- B 1 | —7] —17] —14 ] —13 ] 20 8 6 | —3] 19
99 = T2 11 | 16 12 15 | —22 | —10 | -4 | 5 | —21 |’

- B 1 | -3 —-17] —15] 6 | —14] 20 | =8 ] 11 | 19
B5 = 917 16 13 | 4] 12 | =22 10 | -9 | —21 |

Wie . — 1 [ —12] 13 | 20 | 17 | 6] 5 | —9] -8 ] —21
153 = 9 16 | —14| 22| -15] 4 | —7] 11 | 10 | 19 |’

W B 1 ] 22 ] 3] 19 13 ]-8]-9]—-10] —15] —16
155 = [T —-18| -4 ]| 21| —11| 6 | 7 | 12 17 | 14 |’
v 2 [ —4]—-6]—12] 9 | 1L | 14 | —15] —18 | 19
L= =378 [ 5 [ 10 | —7]|-13|—-16| 17 | 20 | —21 |’
v 1 -9 11 | -7]-4] 8 14 | —15 | —18 ] 19
3 T 2113 —-12] 5 | 6 | -10] —16] 17 | 20 | —21 |’
Ve - [-B[I[ 9 [-8[-T[2 [ 14 [-I5] 18] 19
5= 12 | —7| —-10] 6 | 3 | —4| =16 17 | 20 | —21 |
v 1 [12] 9 | -5] —4] —13] 14 | —15] —18 [ 19
T T =2 =8| -10] 3 | 6 | 11 | —16] 17 | 20 | —21 |’
Ve - 1 |-3]-5] 6 | 13 | —12 14 | —15] —18 [ 19
9 T [ =2 74 |8 —=11] 10 | =16 17 | 20 | —21 |’
v 1 -9 7 | -6]—-3] 10 | 14 | —15] —18] 19
W= 213 -8] 4 | 5 | —12]—-16] 17 | 20 | —21 |’
V. 1 [-3]-5] 6 | 12 | —11] 14 | —15] —18 | 19
B = ' 7 4 -8|-10] 9 | —-16] 17 | 20 | —21 |’
Ve - 1 |—17] 19 | 16 | 13 | 3 | -6] -8 —7 | —14
15 = ["=2[ 21 | —20| —18 | —1L | -5 | 4 | 10 | 9 12 |’
Ve - 1 |-3]-5] 6 | 12 | —11| 13 | —14 ] —18 [ 19
7= =27 4 | -8|—-10] 9 | —-15] 16 | 20 | —21 |’
Ve 1 [—17] 3 | 18 | 16 | 13 | —7] -6 —10 | —11
W= "2 21 | -4 20| —-14]|-15] 5 | 8 | 12 9 |
Vo 1 [ -3]-5] 6 | 12 | —11] 13 | —14 | —17 | 18
2T '3 74| =8[-10] 9 |-15] 16 | 19 | —20

Figure 10: Shiftable blocks of size 2 x 10 satisfying condition (5.1).

and

supp(B) = supp(B) \ supp(B')
= {sn—i— DS_"lJ +1,ms+ L%” \{jﬁ:je H;_"l
28
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1 —(@+1) | —@+1) | 50+1

Wi = —eirn [ sext | 6041 | =+ |’

— 1 —(20+1) | —(4+1) | bl+1 I0+1 | —(100+1)
5 T [=E+rD | 6f+1 30+1 | —(7€+1) | —(90+1) 80+ 1
Figure 11: Shiftable blocks satisfying condition (5.1).

W. = y+1 | —((e+Dy+2) | —(2p+DLy+3) | @Bp+1ly+4

—Ry+1) | (p+2)y+2 2p+2)y+3 | —=(Bp+2)y+4) |
W= 1 —Cy+1) [Bp+2y+4 | —(Bp+ 1y +49)
—(y+1) | py+2 —(3py +4) (p+2y+2 |’
W' = —((2p+ Dy +3) @Cp+2)y+3
2py +3 —((p+1Dy+2) |
we = [W W],

Figure 12: Shiftable blocks Wy, Ws satisfying condition (5.1).

Hence, supp(B'# B) = [1,ms + [t/2]]\ {j¢:j € [1, [t/2]].

Using the blocks of the sequence B , we first construct a square shiftable p.f.
array A; of size n such that each row and each column contains s filled cells
and such that the elements in every row and column sum to zero. Hence, take
an empty array A; of size n x n and arrange the % blocks B, = (bgrj)) of B/ in
such a way that the element bY} fills the cell (2r —1,2r —1) of A;. This process
makes A; a p.f. array with s filled cells in each row and in each column. Since
the rows of the blocks B.. sum to zero, also the rows of A; sum to zero. Looking
at the columns, the s elements of a column of A; are

b(r) b(r) b(r+1) b(r+1) b(’r+2) b(r+2) b(r+s/2) bgr,;rs/Q)

1,572,850 Y1,8—27Y2,5—27 Y1,5—47"Y2,s—4> 3 V1,2
or
(r) (r) (r+1) 3 (r+1) 5(r+2) ;(r+2) (r+s/2) p(r+s/2)
bl,s—l7 b2,s—17 bl,s—3’ b2,s—37 bl,s—57 b2,s—5v Tt bl,l 7b2,1 ’
where the exponents r,...,7 4 s/2 must be read modulo §. Since B’ satisfies

condition (5.1), the sum of these elements is

5/2 s/2
Z 025 =0 or Z 02j—1 =0, respectively.
Jj=1 j=1

By construction, supp(A4;) = supp(g’).

Now, if m = n, then A; is actually a shiftable integer H;(m, n; k, s). Suppose
that m > n. If we arrange the blocks of the sequence B mimicking what we
did for the construction of an integer Hy(m — n,n;s,k — s) in the proof of
Proposition 4.11, we obtain a shiftable p.f. array A, of size (m — n) x n such
that supp(As) = B, rows and columns sum to zero, each row contains s filled
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cells and each column contains k — s filled cells. Let A be the p.f. array of size
m X n obtained taking

Ay

A= .

Each row of A contains s filled cells and each of its columns contains s+ (k—s) =
k filled cells. Since supp(B'4# B) = [1,ms + |t/2]]\ {j¢:j € [1,[t/2]], A is a
shiftable integer Hy(m,n; s, k). O

An integer H35(16; 14) and an integer Hy5(20, 12; 6, 10) are shown in Figures
13 and 14, respectively.

6. Conclusions

As the reader could observe, our constructions are all obtained taking basic
blocks and arranging these blocks in some order. In all cases, changing the
order of the blocks but keeping the same skeleton, one can obtain a different
H;(m,n; s, k) for a fixed choice of (m,n, s, k, t). Hence, for each case we actually
produced at least L%J' different integer H;(m,n;s, k) with the same skeleton.
Our procedures can be easily implemented in a computer: programs for GAP
are available upon request writing to the second author. We also point out that
the Heffter arrays H;(n; k) given here for ¢ = 1,2, k are actually different from
the arrays obtained in [3, 12].

As remarked in the introduction, (simple) relative Heffter arrays H;(m,n;
s, k) can be used for exhibiting pairs of orthogonal cyclic decompositions of the
complete multipartite graph K zms+:,,, where one decomposition consists of s-
cycles and the other one consists of k-cycles. The reader interested in this type
of problems can find full details in [12].
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