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NONLINEAR STABILITY RESULTS FOR THE MODIFIED
MULLINS-SEKERKA AND THE SURFACE DIFFUSION FLOW

E. Acersi, N. Fusco, V. JuLIN, M. MORINI

Abstract

It is shown that any three-dimensional periodic configuration that is strictly stable
for the area functional is exponentially stable for the surface diffusion flow and for the
Mullins-Sekerka or Hele-Shaw flow. The same result holds for three-dimensional periodic
configurations that are strictly stable with respect to the sharp-interface Ohta-Kawaski
energy. In this case, they are exponentially stable for the so-called modified Mullins-

Sekerka flow.
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1. Introduction

In this paper we establish new global-in-time existence and long-time behavior results in
three-space dimensions for two physically relevant geometric motions; namely, the modified
Mullins-Sekerka and the surface diffusion flows. Let © be a bounded open set of RYV. We start
by recalling that a smooth flow of sets (E;); CC €2, defined on some (maximal) time interval
(0,7%), is a solution of the modified (or nonlocal) Mullins-Sekerka flow if the evolution is
governed by the following law

‘/t = [8Vtwt] on 8Et,
(1 1) A’U)t =0 in Q \ 8Et,
) wy = Hy + 4yvy on OF,

—Avy = up, — fQ ug,, in§,

Key words and phrases. Mullins-Sekerka flow, Hele-Shaw flow, Ohta-Kawaski energy, gradient flows, as-
ymptotic stability, global-in-time existence, large-time behavior, stable periodic structures.
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where both w; and v; are subject to homogeneous Neumann boundary conditions on 02 or
to periodic boundary conditions in the case @ = TV, with TV denoting the N-dimensional
flat torus. Here and in the following V; stands for the outer normal velocity of the moving
boundary 0FE;, H; denotes the mean curvature of 0E;, v > 0 is a fixed parameter, ug, :=
2xE, — 1 and [0y, w] is a short notation for the jump of the normal derivative of w; at 0E;;
more precisely, [0,,w;] := d,,w; — d,,w; , with w;” and w; denoting the restrictions of w
to Q\ E; and Fy, respectively. In the case 7 = 0 the potential v; becomes irrelevant and we
recover the classical Mullins-Sekerka flow (see [35]), which is also sometimes referred to as
the two-phase Hele-Shaw flow with surface tension (see [16]). Such models arise as singular
limits of the Cahn-Hilliard equation in the case v = 0, as formally derived in [38] and then
rigorously proved in [2], and of a modified (nonlocal) version of the Cahn-Hilliard equation
in the case v > 0. Such a modified equation has been proposed in [37] to describe phase
separation in diblock copolymer melts and its convergence to (1.1) has been established in
[29]. Under Neumann boundary conditions if v = 0 and (E;); CC 2 Alexandrov’s Theorem
implies that the only possible equilibria for (1.1) are union of balls. On the contrast, in the
periodic case or when v > 0 the sets of equilibria has a much richer structure as we will see
below.

The second geometric flow we are dealing with is the motion of sets by surface diffusion;
in this case the evolution of F; is governed by the law

(12) V;g == ATHt on 8Et,

where A denotes the surface Laplacian or Laplace-Beltrami operator on dF;. Such a law has
been proposed in the physical literature to describe the evolution of interfaces between solid
phases driven by surface diffusion of atoms under the action of a chemical potential (see for
instance [21] and the references therein).

The two flows share several features: they are both volume preserving and may be regarded
as suitable gradient flows of the (nonlocal) area functional (also known as sharp-interface
Ohta-Kawasaki energy):

(1.3) J(E) = Pa(E) + 4 /Q /Q Gz, y)up(x)up(y) drdy

where Pq is the standard perimeter (or area) functional in €2, while G stands for the Green’s
function in Q and up := 2yp — 1. More precisely, (1.1) can be seen as the gradient flow of

(1.3) with respect to a suitable H ~2-Riemannian structure (see for instance [29]) formally
defined on the space of shapes, while (1.2) is the gradient flow of the area functional, that is
of (1.3) with v = 0, with respect to a H~'-type Riemannian structure (see [7]). In contrast
with the more standard mean curvature flow, one cannot expect a comparison principle to
hold for (1.1) and (1.2). This makes it very difficult to apply weak methods such as those
based on the notion of viscosity solution.

Since in fact singularities (such as pinching) may form in finite time (see for instance
[5, 33]), as far as smooth flows are concerned one can only expect in general local-in-time
existence and uniqueness: see [8] and [16, 39] for the Hele-Shaw model in the two-dimensional
and the n-dimensional case, respectively, [15] for the modified Mullins-Sekerka flow, and [12]
and [14] for the motion by surface diffusion in two and higher dimensions, respectively. For
a very weak (distributional) notion of global-in-time solution to the Mullins-Sekerka flow in
three dimensions, obtained via a minimizing movements approach, we refer to [45]. Finally,
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we remark that, again in contrast with the motion by mean curvature, both (1.1) and (1.2)
do not preserve convexity (see [25, 13]).

The nonlocal area functional (1.3) is the sharp-interface limit of the so-called e-diffuse
Ohta-Kawasaki energy, which was proposed in [37] to model the behavior of a class of two-
phase materials called diblock coplymers. From the mathematical point of view, the main
new feature is the presence of a nonlocal Green’s function term, which acts as a long-range
repulsive interaction of Coulombic type. While the perimeter term favors the formation of
large connected regions of pure phases with minimal interface area, the double integral term
prefers scattered configurations with several tiny connected components that try to separate
from each other as much as possible, due to the repulsive nature of their interaction. The
two competing trends often lead to the formation of stable nontrivial patterns, with a rather
complex structure. We refer to [34] and the references therein for a review on the Ohta-
Kawasaki energy and some related mathematical results.

We now describe the results of our paper. As already mentioned, we are interested in
finding a class of initial data for which we can prove the existence of a global-in-time solution
and study its long-time behavior. We focus on the periodic setting in three-dimensions; that
is, we take Q = T2 in (1.1) and (1.2) and we assume spatial one-periodicity both on the
evolving sets and the functions involved. In other words, finding a solution in T? is equivalent
to finding a solution in the whole space R3, which is one-periodic in space. All the results and
arguments that we present clearly hold also for N = 2. However, for the sake of presentation
we decided to stick to the physically relevant case N = 3.

Because of the gradient flow structure of the two flows, it is very natural to expect that
if the initial set is sufficiently close to a stable critical point (or a local minimizer) F' of the
energy functional J, then the flow exists for all times and asymptotically converges to F'.

The proper notion of criticality and stability can be defined in terms of the first and second
variation of the energy by a standard procedure that we recall in the following: We say that a
smooth subset F' C T? is critical for (1.3) if for any (admissible) smooth one-parameter family
of volume preserving diffeomorphisms (®;); with ®, = Id we have that %J(‘bt(F))‘t:O: 0.
It turns out (see for instance [9]) that a smooth set F is critical if and only if

(1.4) Hyp + 4yvp = constant on OF,

where Hyp is the mean curvature of 9F and vp(-) := [ G(-,y)(2xF(y) —1) dy is the potential
associated with F' (see also (1.1) where v; stands for vg,). When v = 0 one recovers the
classical constant mean curvature condition. Next, given a critical set F' we may compute its
second variation: By the results of [9] (see also [1, 27, 36]), we associate with it a quadratic
form 92J(F) defined over all functions ¢ € H(OF) := {p € HY(JF) : Jop ¢ dH? = 0}. This
quadratic form is related to the second variation of J by the following equality
2

(1) SI®F)| =P IF)X ],

dt? t=0
where X -v is the (outer) normal component of the velocity field X of (®;); on OF. The expres-
sion of 92J(F) can be computed explicitly, see (2.9). Note that the condition [, ¢ dH* =0
is related to the fact that we allow only volume preserving variations.

The notion of stability amounts to requiring that 9%J is positive definite in a suitable sense.
However, we have to take into account that .J is translation invariant, so that in particular
J(F) = J(F +tn) for all n € R3 and ¢ € R. By differentiating twice this identity with respect
to ¢, one obtains 9*J(F)[n - v] = 0, thus showing that there is always a finite dimensional
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subspace of infinitesimal translations
(1.6) T(OF) := {p € HOF) : p=n-v, ncR3}

where the second variation vanishes. In view of these observations, we say that the critical
set F' is strictly stable if

(1.7) D*J(F)[g] >0  forall p € TH(OF) \ {0}.

In [1, Theorem 1.1] (see also [27] for the case of Neumann boundary conditions) it is shown
that strictly stable critical sets are in fact isolated local minimizers of the functional J with
respect to small L!-perturbations. The main purpose of this paper is to show that the latter
(static) stability property extends to the evolutionary case. In Theorems 3.4 and 4.3 we show
that any strictly stable critical set is asymptotically stable for both (1.1) and (1.2). More
precisely, we have:

Main Result. Let F C T? be a smooth set satisfying (1.4) and (1.7) (with v = 0 in the case
of the surface diffusion flow). If Ey is sufficiently close to F, then both the periodic modified
Mullins-Sekerka flow and the periodic surface diffusion flow starting from Eqy are defined for
all times and converge to a translate of F exponentially fast.

For the proper notion of closeness to I’ and of exponential convergence we refer to the precise
statements of the aforementioned theorems.

Let us now comment on the class of initial data to which our main result can be applied.
In the three-dimensional case and for the area functional (y = 0) the stable periodic sets
are classified (see for instance [46]): they are lamellae or balls or cylinders or triply periodic
structures such as gyroids. It is rather easy to see that the first three configurations are in
fact strictly stable (with respect to volume preserving variations), while the strict stability
of triply periodic sets has been established in some cases (see for instance in [22, 23, 47]).
Due to our results, in all these cases these structures are exponentially stable for the periodic
versions of (1.1) and (1.2).

As for the case v > 0 a complete classification of the stable periodic structures is still
missing. However, it has been shown that lamellar configurations are strictly stable if the
number of interfaces is larger than a minimum value k(v), where k(y) — 400 as v — oo (see
[1, 9]). Moreover, again by the results of [1] one can show that if F' is any periodic set that
is strictly stable for the area functional, then for all v > 0 sufficiently small it is possible to
find sets F, that are strictly stable for (1.3) (with the corresponding 7) in such a way that
F, — F smoothly as v — 0T. If instead we fix the value of v and F'is as before, then we may
find sets F that are stable for the the functional J and closely resemble a rescaled version of
F. More precisely, the following has been shown in [11]: Let F' C T3 be strictly stable for
the area functional, and for any k € N denote by F the 1/k-periodic set % Then, for every
e > 0 there exists k = k(v,¢) € N such that for all k > k we may find a set E, which is
e-close to Fy in a C'-sense and strictly stable for J with respect to 1/k-periodic variations.
Moreover, the set F can be constructed in such a way that its mean curvature is uniformly
close to a constant. Our main result clearly applies to all such sets, yielding that they are
exponentially stable for the 1/k-periodic version of the modified Mullins-Sekerka flow.

A few comments about previous related results are in order: most of them treat the ex-
ponential stability of N-dimensional spheres both for the Hele-Shaw ([8, 17, 39]) and the
surface diffusion flow ([14, 48]), with few exceptions in the case of the surface diffusion flow,
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like the infinite cylinders considered in [30, 31] and the two-dimensional triple junctions con-
figurations studied in [19] (under Neumann conditions). It seems also that no asymptotic
stability results for the modified Mullins-Sekerka flow were known before. Moreover, all the
previous works deal with specific examples, but to the best of our knowledge no general linear
versus nonlinear stability principle has been established for (1.1) and (1.2) prior to our main
result.

Most of the aforementioned papers use semigroup techniques combined with an ad hoc
center manifold analysis in order to deal with the translation invariance, see also [40]. Our
approach instead is completely different, more variational in nature, and based on the deriva-
tion of suitable energy identities. In this respect, our method is closer in spirit to that of [8]
and [48], where energy identities are the key tool to establish the desired exponential stability.

Although many technical details in the proofs of our main Theorems 3.4 and 4.3 are dif-
ferent, the underlying general argument and strategy is the same. We overview it for the
convenience of the reader. The starting crucial observation is that the following energy iden-
tity holds along the flow (E})ic(o,r+) (see Lemmas 3.5 and 4.4): Setting £(E;) = —%J(Et),
we have

d? d 9
(1.8) —@J(Et) = %5(@) = —20"J(Ey)[Vi] + R(E) ,
where 92 is the second variation quadratic form introduced in (1.5), V; is the normal velocity
of the moving boundary and R(FE}:) is a remainder whose explicit expression depends on
whether (E;); solves (1.1) or (1.2). Next we implement a stopping time argument; namely,
we consider the maximal time ¢ such that

(1.9) distcn (B, F) < g9 and  E(E;) < 20 for all ¢ € (0,1),

where distoi (B, F) stands for a suitable C''-distance of E; from the stable critical set F' and
0,09 are (small) positive constants to be chosen. Clearly, by choosing the initial set Ej so
close to F' that

(1.10) distn (EQ,F) <ep and 5(E0) < g

we can ensure that ¢ > 0. The purpose is to show that ¢ coincides with the maximal time of
existence T*. The argument now proceeds by contradiction, assuming that ¢ < T™* and that
E(Ef) = 26¢ or disto1 (Ef, F') = 9. Assume first that

(1.11) E(Er) = 26 .

At this point, the idea is to exploit the strict stability assumption on F', and the closeness
of E; to F (ensured by (1.9), with Jp smaller if needed) to show that the quadratic form
02 J(E;) remains positive definite outside the space of infinitesimal translations T(9E;) (see
(1.6)). This observation, together with a delicate estimate showing that V; remains bounded
away from T'(0F;), allows one to conclude that

(1.12) 8*J(E) Vil = ol|Vill3 o)

in (0,¢) for a suitable constant o > 0. Next, one has to control the remainder R(E}) in (1.8);
more precisely, one shows that
(1.13) |R(E)| < elVillFrom, -

where the constant € can be made arbitrarily small, provided that ¢y and §y are chosen
properly (small) in (1.10). The above inequality relies on delicate boundary estimates for
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harmonic extensions in the case of the Mullins-Sekerka flow (see Proposition 3.6) and on the
geometric interpolation inequality established in Lemma 4.7 in the case of the surface diffusion
flow. From the technical point of view, this is where the dimension restriction N < 3 plays a
role in our argument. Finally, one has to show that

(1.14) E(B) < ClIVilltn oy »

with the constant C' > 0 depending only on the C'-bounds on dE; provided by (1.9). Col-
lecting (1.8) and (1.12)—(1.14) yields the existence of ¢y > 0 such that

d
Eg(Et) S —Cp g(Et),

so that, by integration,
(1.15) E(Ey) < E(Ep)e 0t < §pe 0!

for ¢ € [0,¢]. The above inequality contradicts (1.11). Now it is not too difficult to see (using
the explicit expression of £(E})) that under the C'-bound of (1.9) the decay of £(E};) obtained
in (1.15) forces E; to remain close to F in a Cl-sense, so that assuming disto1 (Ef, F) = g
also leads to a contradiction. Thus, the stopping time ¢ coincides with the maximal time and
both (1.9) and (1.15) hold for the whole lifespan of the solution. A little refinement of the
estimates above allows one also to control the Holder-norm of the curvatures of OF;, so that
we may use the local-in-time existence theorems available for the two flows, together with a
standard continuation argument, to infer that the solution exists for all times.

Once global-in-time existence has been established, one proceeds in the following way: A
compactness argument, based on (1.9) and (1.15), yields the existence of a sequence t,, — o0
and of a set F”, critical for J, such that F;, — F’ (in a suitable sense). Since necessarily F” is
close to F and of course |F| = |F’|, we may use the results from [1] (see also Proposition 2.7)
to conclude that F’ is a translate of F. The exponential convergence of the flow to F’ then
follows from (1.15) via suitable elliptic estimates.

We conclude the introduction by remarking that although the presentation is restricted to
the periodic case, our methods would equally work in the Neumann case, under the additional
assumption that the evolving interfaces do not touch 02 or equivalently that F CC §2, see
Theorem 3.8. It would certainly be interesting to extend our result to the general Neumann
setting and to arbitrary space dimensions. This will probably require the use of some of the
techniques developed in [32], see also [4], and will be the subject of future investigations. We
finally mention that our methods would apply also to the volume-preserving mean curvature
flow (see [24]). However, for the sake of presentation we decided to treat only the more
difficult flows (1.1) and (1.2).

The plan of the paper is the following: In Section 2 we introduce the precise definition of
the energy functional (1.3), recall the formulas of the first and the second variation and other
related results that are useful for our analysis. In Section 3 we prove our main nonlinear
stability result for the modified Mullins-Sekerka flow, while the corresponding result in the
case of the surface diffusion flow is treated in Section 4. Finally, in Section 5 we gather the
proofs of several auxiliary and technical results used along the way.

2. The nonlocal perimeter and its first and second variations

As already explained in the introduction the geometric evolutions considered in this paper
may be regarded as suitable gradient flows of (a non-local variant of) the perimeter functional.
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In this section we introduce such a non-local energy and recall the first and second variation
formulas, that were derived in [9] (see also [1, 27, 36]).

To this end, we start by recalling that the (unit) flat torus T? is the quotient of R? with
respect to the equivalence relation o ~y <= z —y € Z3. The functional spaces W*P(T3),
k € N, p > 1, can be identified with the subspace of I/Vl]f)f(R?’) of functions that are one-
periodic with respect to all coordinate directions. Similarly, C**(T3), o € (0,1) may be
identified with the space of one-periodic functions in C*<(IR?).

A set E C T3 will be called of class W*P, C*. or smooth if its one-periodic extension to
R? is of class C*®, W*P or smooth. In the following we will (often) identify E with such a
periodic extension. Finally, by saying that £, — E in W*? (or C*®) we mean that there
exists a sequence (¥,,) of smooth diffeomorphisms from T3 to T® such that ¥,, — Id in WH?
(or C¥) and E,, = U, (E) for all n sufficiently large. When FE is sufficiently smooth this is
equivalent to saying that for every € > 0, there exists n such that

|EAE,| <e and 0E, ={z+¢,(x)vp(z):z € IE},
with [|¢n||wrrop) < € (or [Ynllcra@r) <€)

for all n > n. Here and in the following we have used the notation vg to denote the outer
unit normal to E.

Given a smooth set £ C T3, we say that a tubular neighborhood of OF is regular, if both
the signed distance function dg from the set E and the orthogonal projection onto OF are
smooth functions in U. Recall that

dist(z,0F) if ¢ ¢ E,
2.1 d =
21) 5(@) {—dist(a:,aE) ifz € B.

In this periodic setting, the (relative) perimeter of a set E C T? is defined as
Pr3(E) := sup{/E divedz : ¢ € CHT3R?), @)l < 1} .
Let v > 0 be fixed and for every E C T2 set
(2.2) J(E) := Pps(E) + 7/]1‘3 |Dvg|* dz,

where vg is the periodic solution of

—Avg =ug —m,
(2.3)
/ v dr = 0.
T3

Here up = xg — xrs\g and m = 2|E| — 1. It is useful to recall that vg can be represented as

(2.4 vp(a) = [ Grs(a)us(v)dy,

where Gs is the Laplacian’s Green function in the torus; that is, for € T3, Gqs(z, ) is the
unique solution of

—AyGps(z,)) =6, —1 in T3,
Jps Grs (,y) dy = 0.
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We stress that the relevant particular case v = 0 (corresponding to the standard perimeter)
is always included in all the discussion below.

Throughout the paper we will make repeated use of the following notation: For any one-
parameter family of functions (g;); € (0,7") the symbol g; will denote the partial derivative
with respect to s of the map s — g41 evaluated at s = 0; that is,

.0
9 = 8sgt+8 s=0 ’
Definition 2.1. Let £ C TV be a smooth set.

(i) We say that a one-parameter family (®;);c; of diffeomorphisms from T3 to T2, with I a
real interval containing 0 and ®¢ = Id, is admissible if the map (z,t) — () belongs
to C°°(T3 x I;T3) and

|®(E)| = |F]| forallt e 1.
(ii) Denote by X; the velocity field at time ¢, that is,
X; = CiDt o <I>t_1

and set for simplicity X := Xj. If the family (®;)cs is admissible and X} is independent
of t, i.e., X; = X, then we say that (®y)ies is an admissible flow.

We recall that given a vector X, its tangential part on some smooth (N — 1)-manifold M
is defined as X, := X — (X - v)v, with v being a unit normal vector to M. In particular, we
will denote by D, the tangential gradient operator given by D,y := (Dy),. Finally div, X
will stand for the tangential divergence of X on M defined as div, X :=divX — 0, X - v.

Theorem 2.2 ([1, 9]). Let E, (®¢)ier, Xt be as in Definition 2.1-(ii), and set
0

Vg = —U ,
E ot 2B

and vg,(g) is the potential defined in (2.4), with E replaced by ®(E). Then,

(2.5) op=2[ Gu(,y)X(y) - vely)dH’
OE
and
d
(2.6) L 1@(E), = / (Hop + 4v0m) X - vi dH2,
dt ‘t:() OF

where vy denotes the outer unit normal to OF, Hgg stands for the sum of its principal
curvatures, and we wrote X instead of Xo. If in addition (Py)ier is an admissible flow
according to Definition 2.1-(ii), then

2
%J(q)t(E))‘tzo B /3E(|DT(X vg)|* — |Bap*(X - VE)Z) di’

8y / Grps (,9) (X - v) (@) (X - v () dH2(w) dH2 ()
oF JOFE

(2.7) + 47/ Ovpve(X -vp)?dH* + R,
oF
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where the remainder R is defined as
(2.8) R:= —/ (4yg + Hog) div, (X-(X - vg)) dH?
oF

=+ / (4"va + HaE)(diVX)(X . I/E) dHQ .
OF

In the above formulas Bgg denotes the second fundamental form of OFE so that the square
|Bag|? of its Euclidean norm coincides with the sum of the squares of the principal curvatures.

Recall now that if ®; is admissible, then |®;(FE)| = |E| for all ¢ € [0,1] and thus

d
:/—J‘b :/leXd.%': XVEdH27
g dt L:o E OB

that is, the normal component X - vg has zero average on dE. Then (2.6) together with a
simple extension argument (see [1, Corollary 3.4]) implies that

iJ(q)t(E)) =0 for all admissible ®;
dt <o

d
0= —|P(F
% J.(B)

s,

if and only if

/ (Hpp + 4yvg)pdH? =0 for all p € C®(IE) s.t. / pdH? = 0.
OE OE

This motivates the following definition.

Definition 2.3 (Critical sets). A smooth subset F' C T? is said to be critical for the
functional J if there exists a constant A € R such that

Hap + 4yvp = A on OF.

It is now easy to see that for critical sets the remainder (2.8) vanishes so that the second
variation depends (quadratically) only on X - vp. Denoting

H(9F) := {(p € H'(9F) : / pdH? = o},
oF
we are led to consider the quadratic form 92J(F) : H(OF) — R defined as

O J(F)[g] := / Dygf? dH? — / |Bor|2¢? dH?
oF oF

(2.9) 4 8y / Gons (2, ) pl(@) ply) dH () dH2 ()
oOF JOF
iy / Dypor 2 dH2,
oOF
so that if F' is critical, then
d2
I @F)) | = PIEIX ),

thanks to (2.7). In order to give the proper notion of stability we have to take into account that
the functional J is invariant under translations of sets. Thus, if one considers the (admissible)
flow ®(t,z) =z +tn, n € R3, then ®;(F) = F +tn and J(®(F)) = J(F) for all t. Therefore,
d2
0= ﬁj(d)t(F)” = 0*J(F)[n-vp]  forall p € R3.
t=0
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We conclude that the quadratic form 9%.J(F) always vanishes on the finite dimensional sub-
space T(OF) C H(OF) defined as

T(OF) :={n-vp: neRrR}.
The above observation motivates the following definition.

Definition 2.4. Let F C T® be a smooth critical set, according to Definition 2.3. We say
that F is strictly stable if
D?J(F)g] >0  forall p € TH(OF)\ {0},
where T+(9F) stands for the space orthogonal to T(OF) with respect to the L?(OF) scalar
product.

Let F be a smooth critical set. Observe that we may choose an orthogonal base {€1, é2, €3}
of R? such that the functions é&; - vg, i = 1,2, 3, are orthogonal in L?(0F) (see [1, Section 3]).
Then we set

(2.10) Iy :=span{¢; : i€ Ip},
where
(2.11) Ir :={i : & -vp is not identically zero}.

Remark 2.5. Setting for ¢ € P~I(8E)

vp(x) = | Grs(z,y)e(y) dH>(y)
OF

and fi, == ©H? | OF, it follows from the properties of the Green’s function (see [28, Chapter
18]) that v, satisfies —Awv, = p, in T3 or, equivalently,

(2.12) Du,, - Dipdx = / ey dH?  for all b € HY(T?).
T3 oF

Therefore,

/ Grs (2, y) o @) (y) dH2 () dH2(y) = / oo, dH? = / D, |? dr
OFE JOF oFE T3

where the last equality follows from (2.12).

We conclude this section by stating two facts that will be used throughout.

The first lemma states that when a set is sufficiently close to a strictly stable critical point
then the quadratic form associated with the second variation remains positive. More precisely,
we have:

Lemma 2.6. Fiz p > 2 and let F' be a smooth strictly stable critical set in the sense of
Definition 2.4. Then, for every e € (0, 1] there exist o. > 0 and 61 > 0 such that

(2.13) PIENE > o101 o)
for all ¢ € H(OE) satisfying

nfgg; le —n-vElL2008) > €llelliz0m),

provided that E C T3 is §-close to F in a W?P-sense, that is
OF = {z +(x)vp(x) : © € OF for some smooth ¢ with ||¢||y2@r) < 61}
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The proof of the above lemma is given in Section 5.
The final result of this section states the crucial observation that in the vicinity of a given
strictly stable critical set there are no other critical sets.

Proposition 2.7. Let p and F' be as in Lemma 2.6. Then there exists do > 0 such that if
F' C T3 is a smooth critical set in the sense of Definition 2.3, |F'| = |F|, |FAF'| < § and
OF = {x +(x)vp(x) : x € OF for some smooth ¢ with ||[v|ly2p@or) < 2},
then F' = F + o for some o € R3.

Proof. This fact is essentially proven in [1, Proof of Theorem 3.9]. There, it is shown that
for every p > 2 there exists d > 0 with the following property: if F/ C T is a smooth set
with |F'| = |F|, |FAF'| < 69 and

OF = {x 4+ (z)vp(x) : © € OF for some smooth ¢ with ||9[ly2ror) < d2},
then we may find a small vector 0 € T3 and an admissible flow ®; such that ®o(F) = F,
Qi (F)=F'+ 0 and
d2
T @UP)|,_, = AP + )
for all s € [0, 1], where c is a positive constant independent of F’. Assume that F” is a smooth
critical set which is not translate of F. Then %J (O4(F)) =0 = 0 and from the above formula

we have that %J((I)t(F))‘tzl > 0. Therefore F’ + o and, in turn F”, is not critical. q.e.d.

3. Nonlinear stability for the modified Mullins-Sekerka flow

In this section we consider the modified Mullins-Sekerka flow. In order to speak about
classical solutions, we need to define first the notion of a smooth flow.

Definition 3.1 (Smooth flows of sets). We say that a one-parameter family of sets (E£¢).e(0,1)

is a smooth flow on the interval (0,7 if there exists a smooth reference set F C T and a
map ¥ € C®(T3 x (0,7T); T?) such that ¥; := ¥(-,¢) is a smooth diffeomorphism from T3
into T3 and E; = W,(F) for all t € [0,T).

We will make use of the following notation: Given a (smooth) set E C T3, we denote by
wg the unique solution in H'(T?) to the following problem

{AwE:() in T3\ OF

(3.1)
wg = Hyp + 4yvg on OF,

where vg is the potential introduced in (2.3). Moreover, we denote by wj, and wy the
restrictions U/E|qr3\ g and wg|g, respectively. Finally, denoting as usual by vg the outer unit
normal to F, we set

[8VEwE] = aVEwE - 8VEwE’ = _(8VECUJE + aVEw}E) :
In the following, given v € (0,1) and k,m € N we denote
RR(R™) = {f € CPR™) : 3{f,} € C®°(R™) s.t. fn — f locally in C**(R™)} .

The space h**(M), when M C R™ is a smooth manifold, can be then defined by means of
local charts. In turn, we will say that a set I C T3 is of class h*®, o € (0,1), if for each
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point & € OF there exists a a neighborhood V of z, a function f € h%*(R?), and a suitable
coordinate system such that F NV = {(a’,zn) € V: zn < f(2)}.

Definition 3.2 (Modified Mullins-Sekerka flows). Let Ey C T2 be of class h>® for some
a € (0,1). We say that the one-parameter family (E});c1) is a classical solution to the
modified Mullins-Sekerka flow on the interval (0,7") with initial datum Ej if it is a smooth
flow in the sense of Definition 3.1, E; — Ey in C?>® as t — 0T, and the following evolution
law holds:

(3.2) Vi = [0y,w¢] on OE; for all t € (0,7),

where V; stands for the outer normal velocity of the moving boundary 0F;. Here we used the
simplified notation d,,w; in place of (9,,Et wg, -

As explained in the introduction the modified Mullins-Sekerka flow is volume preserving.
This can be easily checked by the following computation (using also the notation introduced
in Definition 3.2):

d

Gl = [ viaw = [ pu)ae —o,

dt OF, OF,
where the last equality follows from the Divergence Theorem and the fact that w; is harmonic
n ’]T?) \ BEt

We use the following notation: Given a smooth set F' C T? and a regular tubular neigh-

borhood U of OF, we denote by €},(F,U), M > 0, the class of all smooth sets E C FUU
such that
(3.3) OF ={z+ Yp(z)vp(z): © € OF},
for some ¢y € C*(IF), with [[Yglcior < M. For a € (0,1) and k£ € N we also let

f)];\/’[a(F, U) be the collection of sets E € €}, (F,U) such that Vel pre@r < M. We are now
ready to state a local-in-time existence and uniqueness result proved in [15]. !

Theorem 3.3 (Local-in-time existence and uniqueness, [15]). Let [y C T2 be a smooth
set and U a regular tubular neighborhood of OFy. Then, for every M > 0 and o € (0,1) there
exists T > 0 with the following property: For every FEy € h?‘}[a(FO,U) there exists a unique
classical solution to the modified Mullins-Sekerka flow in (0,T) with initial datum FEy.

Our purpose is to show that for special initial data the flow exists for all time and then to
study its long-time behavior.
The main result is the following.

Theorem 3.4 (Main result). Let F C T? be a strictly stable critical set according to
Definition 2.4 and let U be a reqular tubular neighborhood of OF. Then, for every M > 0 and
a € (0,1) there exists 6o > 0 with the following property: Let Ey € f)?\f(F, U) be such that

|Eo| = |F], |EdAF| < do, and / |Dwp, |* dz < & .
T3

Then, the unique classical solution (Ey); to the Mullins-Sekerka flow with initial datum Ey is
defined for all t > 0. Moreover, Ey — F + o in W5/%2 exponentially fast as t — +oco, for

n fact [15] deals with the evolution in the whole space RY, but it is clear that the same arguments go
through in the periodic case.
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some o € R3. More precisely, there exist n, cp > 0 such that for all t > 0, writing
OF; = {z + ¢o,t(ﬂf)VF+o(:C) cx €I0F +o},

we have

|’wg7t“w5/2,2(8F+U) < necht .

Both |o| and n vanish as 6y — 0F.

Note that the H'(T?) norm of wg is equivalent to the HY/?(9E) norm of Hyp + 4yvp
which in turn controls the W5/2’2(6F) norm of ¢ z. This explains the W5/22 convergence in
the above theorem.

The proof of the result is postponed until the end of this section. It will be achieved through
several auxiliary results, that we state in the following and whose proofs can be found in the
final section.

Lemma 3.5 (Energy identities). Let (Et)ic(o,r) be a smooth flow satisfying (3.2). The
following energy idienties hold:

d

(3.4) —J(Ey) = —/ | Dw;|* dz
dt T3

and

d (1 1 _
(35) % (5/ ‘Dwt’2d$> = —82J(Et) |:[8Vt’l,Ut]:| + 5/ (8%71}:— + 3ytwt )[8Vtwt]2d7-[2’
T3 OF:

where 0*J(Ey) is the quadratic form defined in (2.9) (with E; in place of FE) and, as usual,
the subscript t stands for Fy.

The proof of the lemma is given in the final section. Note that if E; is not critical then
2
C%J (E;) is not equal to the second variation of J(E};) evaluated at [9,,w;]. However, quite
surprisingly the formulas above show that the leading order term of %J (E}y) is indeed twice

the quadratic form 02.J(E}) at [0,,w;]. The same holds for the surface diffusion flow, see (4.3).
The next proposition provides crucial boundary estimates for harmonic functions. Some of
them are perhaps well-known to the experts. However, for the convenience of the reader we
provide a self-contained proof in the final section.

Proposition 3.6 (Boundary estimates for harmonic functions). Let E C T? be of class
Cclha f e CYOE) (with zero average on OF) and let u € HY(T3) be the solution of

—Au = fH?> LOE

with zero average in T3. Denote u~ = u|E and u* and assume that v~ and u™ are

= u"ﬂ‘?’\E
of class C up to the boundary OE. Then, for every 1 < p < oo there exists a constant C,
which depends only on the C® bounds on OE and on p, such that:

(i)
lullzror) < CllfllLear) ;

10 u™ | 208) + 10vpu” I 20m) < Cllullmom) ;

10 u™ || oor) + [10vsu™ |l Leor) < ClIfllLroE) -
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(iv)
lullcosomy < Cllflze@m)
forallp > 2, B € (0, 1%2), with C depending also on f3.
(v) Moreover, if f € H'(OE), then for every 2 < p < +oo there exists a constant C, which

depends only on the C% bounds on OF and on p, such that

p—1 1

1l < Ol oy Il 2o o
We will need also the following:

Lemma 3.7 (Compactness of sets). Let ' C T? be a smooth set and denote by U a fized
regular tubular neighborhood of OF . Let {Ey,}n C €4, (F,U) be a sequence of sets such that

sup/ |Dwg, |*dz < +oc.
n T3

Then there exists F' € €}, (F,U) of class W32 such that, up to a (non relabeled) subsequence,
E, = F' in W?P for all 1 < p < 4. Moreover, if

/ |Dwg, |*dz — 0,
T3

then F' is critical in the sense of Definition 2.3 and the convergence holds in W32,
We give now the proof of Theorem 3.4.

Proof of Theorem 3.4. Throughout the proof C will denote a constant depending only on
the C1*-bounds on the boundary of the set. The value of C' may change from line to line. We
start by the trivial observation that if {E, },, C f)?\’f(F, U) and |E,AF| — 0, then E,, — F in
%8 for all 8 € (0,a). For any set E € &},(F,U) consider

(3.6) D(E) ::/ dist (m,@F)dx:/ dFdx—/ dp dx,
EAF E F

where dr is the signed distance function defined in (2.1). Using coarea formula the reader
may check that

(3.7) |[EAF| < Cllvelior) < Cllvel2or) < CVD(E)

for a constant C' depending only on F'. Thus, for every gy > 0 sufficiently small, there exists
o € (0,1) so small that for any set E € ¢},(F,U) the following implications hold true:

a 3
(3.8) E € b7 (F.U) and D(E) < 6 = |[vgllcror) <
and
(3.9) lYElct@or) < € and /TS |Dwp|*dz < 1= |[Vp|lw2apr) < w(e) <1,

where w is a positive non-decreasing function such that w(gg) — 0 as &g — 0F. The last
implication is true thanks to Lemma 3.7. In the following &g, dp will denote two constants in
(0,1) satisfying (3.8) and (3.9). The final choice of gy, dy will be made throughout the proof.
Choose an initial set Fy € h?\f(F, U) such that

(3.10) D(Ey) < do and / |Dwg, > dz < 6.
T3
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Let (Ep)te(o,r(Ey)) be the unique classical solution to the modified Mullins-Sekerka flow pro-
vided by Theorem 3.3. Here T'(E) € (0, +o0] stands for the maximal time of existence of the
classical solution starting from E. By the same theorem, there exists Ty > 0 such that

(3.11) T(E)>Ty, forall Ecbh>*(F,U).
We now split the rest of the proof into several steps.

Step 1.(Stopping-time) Let t < T'(Ey) be the maximal time such that
(3.12) ¥tllcror) < €0 and / |Dw|* dz < 26p. for all t € (0,1),
T3

Here and in the following the subscript ¢ stands for the subscript E;. Note that such a maximal
time is well defined in view of (3.8) and (3.10). We claim that by taking g and dy smaller if
needed, we have ¢t = T'(Ep). This claim will be proved in Step 3 below.

Step 2.(Estimate of the translational component of the flow) We claim that there exists small
€ > 0 such that

(3'13) nrgll[r; H [&/twt] -n- VtHLQ(aEt) > 6||[autwt]||L2(8Et) for all ¢ € (O’t_),

where IIp is defined in (2.10). To this aim, let 7; € IIp be such that
(314) [8Vzwt] =Mt + g,

where g is orthogonal to the subspace of L?(0E};) spanned by é; - v; with i € I (see (2.11)).
We argue by contradiction assuming ||g]|z29g,) < €[y, wil||2(9E,), for some e > 0 that will
be chosen below. First of all, by (2.6) and the translation invariance of the energy we have

d
0= d—J(Et + S?]t) == / (Ht + 4’}/2}15)7’]15 * UVt d%Q == / wt(nt . I/t) d?‘[z .
S s=0 BEt 8Et

Thus, multiplying (3.14) by w; — 0y, with Wy := ?[TS wy dx, and integrating over 0F;, we get

/ \Dwt]2 dr = —/ wt[aytwt] d%z = —/ (wt — ﬁ)t)[ayt’wt] dHQ
T3 OE;

OE;

(3.15) _ _/ (wy — 1) g AH2
OF;

< ellwr — Wil 220 10w willl L2 (0 E,) -

Note that in the second and the third equality above we have used the fact that [0, w;] and
vy, respectively, have zero average on OE;. Let us denote the (periodic) harmonic extension
of n; - v; to T2 by f. Since

/ &;-vp|PdH? >0  for icIp

oF

from (3.12) it follows that if g is small enough then [|€; - 14||r2(9p,) > co > 0 for all i € Ip.
Hence [n| < C|[0y,wi|z2(08,)- By (3.9) we have

(3.16) IDfllz2rsy < Cllne - vell gz or,) < Cluelllvellwas o) < Cll0vwillrzom,) -
Note now that
(3.17) Aw; = [0,w]H* LOE  in T
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We may then apply Proposition 3.6-(i) to obtain

(3.18) |we — Wellz29E,) < CllOvwi]llz2aE,)-

Thus, combining (3.14) with (3.15)—(3.18), we infer

Hnt'VtH%Q(aEt):/a (D0 we] (e - v2) dH? / Df - Dw; dx

1/2 1/2
< </ |Df|2d:n> </ | Dy |? dm)
T3 T3

< C[0nwilll72(0m,) -

If £ is chosen so small that Ce2 + €2 < 1 in the last inequality, then we reach a contradiction
to (3.14) and the fact that ||g|z205,) < €ll[Onwt]llr2(aE,)- This shows that for this choice of
e condition (3.13) holds. Recall now that by Lemma 2.6 and Proposition 2.7, there exist o.
and &; > 0 with the following properties: for any set E € ¢} (F,U)

lellw2sor < 81 = 2I(E)g] = ocllpls o, for all ¢ € H(OE)

3.19 .

(319) st. min ¢ — - vl 2om) = =lollon)
nellp

and

(3.20) F' critical, |F| =|F'| and Ve lw2s@r) < 61 = F =F+o0o

for a suitable o € R3. By taking g (and dg) smaller, if needed, we may ensure that
(321) w(so) < 51 s

where w is the modulus of continuity introduced in (3.9).

Step 3.(The stopping time t equals the maximal time T'(FEy)) Here we show that, by taking dg
smaller if needed, we have t = T(Ep). To this aim, assume by contradiction that ¢ < T'(Ep).
Then,

[Yellcr oy = €0 or /T3 | Dwi|? dz = 26,

We further split into two sub-steps, according to the two alternatives above.

Step 3-(a). Assume that
(3.22) / | Dwz|? dz = 26y
T3
Recall that (3.13) holds. Thus, by (3.9), (3.12), (3.19), and (3.21) we have
P2J(Ey) [[aytwt]} > 02 [0y, we] 21 o) for all £ € (0,8).

In turn, by Lemma 3.5 we may estimate

(5 [ 10w ) < = il o + 5 [ (O + 0w B ar?
T3 0

Ey
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for every t < t. By Proposition 3.6-(iii) and (3.17), we may estimate the last term by

| @it v dwponw ant <0 [ (onwl P+ 10, 1) ik
8Et 8Ejt

<C 1[0, we]|® dH2.
OF:

Now, Proposition 3.6-(v) implies

2/3 ~ nl/3
lnwilllzsoE) < ClBwwdli om lwoe = @il tom,)

Therefore, combining the last three estimates, we get

d (1
(3.23) ™

for every t < t, where the last inequality holds provided that &g is small enough since by
(3.12) and by trace theorem

IN

—0elllOvwilllzp o5, + Cllwe — @il 2(0m) 10wl I o,

g,
~ 0wl s o,

IN

lwe = @il 7205, < 0/3 |Dwi[* dx < Cy .
T

We use (3.18) to conclude

/ \Dwt]2 dr = —/ wt[aytwt] d%Q = —/ (U)t - Tf)t)[ayt’wt] d?‘[2
T3 OFE: OFE:

< Mlw = Wil L2 0p) 1O willl 225,
< CllBwwillZ2 o, -

Combining the above inequality with (3.23), we finally obtain

i/ | Dwy|? d < —CQ/ | Dwy|? da
dt T3 T3

for every t < ¢ and for a suitable ¢g > 0. Integrating the differential inequality and recalling
(3.10), we get

(3.24) / | Dw,|? dz < e_cot/ |Dwp, |* dz < §ge™ 0t
T3 T3
which for ¢ =t gives a contradiction to (3.22).
Step 3-(b). Assume that
(3.25) IYellcror) = €o-

Recalling (3.6) and denoting by X; the velocity field of the flow (see Definition 2.1), we may
compute

d d
—D(E) =— | dpde= | div(dpX,)d
P F) dt[EtFx /Etw(Ft)x
= / dp(X, - 1) dH? = dp[8,,w] dH>
BEt 8Ejt

=— Dh - Dw dzx
T3
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where h denotes the harmonic extension of dr to T? \ dF;. Note that
DR 213y < Clldrllcror,) < C-
Thus, also by (3.24), we have
%D(Et) < C||Duwrll sy < Cy/Be 3
for all ¢ < ¢. By integrating over (0,¢) and recalling (3.7) we get

(3.26) il 20y < Cv/DEy) < C\/D(Eo) + C/6o < €/,

provided that &y is small enough. Since by (3.12) and (3.9) we also have uniform W23-bounds
on v, by standard interpolation we infer from (3.26) that [|¢l|c1 (g9 < C6§ for a suitable
6 € (0,1). Thus if §p is small enough we reach a contradiction to (3.25).

The combination of Step 3-(a) (see also (3.24)) and Step 3-(b) yields ¢ = T'(Ey) and

(327)  |[¢tllcr(ory < €0 and /TS | Dw,|* dz < e™c0t /TS |Dwg,[*dz for all t € (0,T(Ep)).

Step 4. (Global-in-time existence) Here we show that, by taking dy smaller if needed, we have
T(Ey) = +o0, that is the classical solution exists for all times. To this aim, recall that by
(3.23) and by the fact that ¢ = T'(Fy) we have

d (1 g
a (5 /T | Dwt;m) + Z 0w By o, < 0

for all t € (0,T(Ep)). Assume now by contradiction T(Ep) < +oo. Integrating over
(T(Eo) — L 7(Ey) — %), where Tp is as in (3.11), we obtain

To
T ) 2 d D 2g D 2
v t < _
o | P LT [P0y e [ 1Dy P e

< 50 )
where the last inequality follows from (3.27) and (3.10). Thus, by the mean value theorem
there exists { € (T(Ey) — 2, T(Ep) — L) such that H[@l@wg]]ﬁ{l(a&) < %. Note that for
any measurable set F C T? we have |vEllcr(rsy < L for some absolute constant L and that

wr is constant. Thus, since H!(0E;) embeds into LP(JE;) for all p > 1, by Proposition 3.6
we in turn infer that

[Hf( + wf()VF() - HF]%O,a(aF)
< Clwg(- + 93 )vr () — wF]%O""(BF) + Clog(- + ¢ (Jvr () — Uf]%}o,a(aF) + Clv; — UF]%JO,a(BF)
S C[wi]%o’o‘(aEg) + CL2||¢£||%1(3F) + CHUf — uFH%Q(TS)
do
< O or + OL Willer or) + CIEAFT,
where []co.a (s ;) stands for the a-Holder seminorm on OFEj;. Thus, if we choose ¢ sufficiently

small, the above inequality together with (3.12), (3.7) and (3.27) ensures that E; € f)?\’f(F, U).
In turn, by (3.11) the time span of existence of the classical solution starting from F; is at least
Ty, which means that (E;); can be continued beyond T'(Fy). This is clearly a contradiction.
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Step 5. (Convergence, up to subsequences, to a translate of F') Let t,, — +o0o. Then by (3.27)
the sets Ey, satisfy the hypotheses of Lemma 3.7. Thus, up to a (not relabeled) subsequence

we have that there exists a critical set I’ € €},(F,U) such that E;, — F’ in W32, Due to
(3.9) and (3.21) we also have |[{5 [lyy23(9F) < 01. But then (3.20) implies that F' = '+ o
for a suitable (small) o € R3.

Step 6.(Ezponential convergence of the full sequence) Consider now
D, (F) = / dist (z,0F 4+ o) dx .
EA(F+o)
The very same calculations performed in Step 3-(b) show that

d .
(3.28) = Do(E) < C|| Dl ) < © oo~ 2t

for all ¢ > 0. From this inequality it is easy to deduce that lim;,~ Dy (E;) exists. Thus,
by the previous step D,(F;) — 0 as t — +oo. In turn, integrating (3.28) and writing
OE; = {z + Yo1(x)vpio(x) : & € OF + 0} we get

+OO C C
(3.29) metH%Q(aF—l—a) < CD,(E;) < / C\/Spe 35ds < C\/dpe 3.
t

Since by the previous steps ||Yg.t|lw239p+0) i bounded, we infer from (3.29) and standard
interpolation estimates that also [|{.¢ | c1.5(9p4.4) decays exponentially for 3 € (0, 1). For all
g € (0,1), setting p = ﬁ, we have by (3.29) and by (3.7)

lve = vr+ollors(ms) < Clive = vrsollwzas) < Cllug — urtollLo(rs
1 1
(3.30) < CIEAF +0)[r < Clldoillf29py 0
FI
< O e,

where we recall that u; stands for ug,, see (2.3). Denote the average of w; on OF; by w.
Since by (3.27) we have that

< C||Dwy 213y < C/doe™ 3,

l[wt (- +ot (YWEto () — W] = Cllw _thH%(aEt) =

H? (0F+o

it follows (taking into account also (3.30)) that

(331) || [He( - +¥os(vrio(-) — Hi

— [Horto — Hopio) H — 0 exponentially fast,

H? (9F+0)
where H; and Hy F+o stand for the average of H; on 0F; and of Hypy, on OF 40, respectively.
Let d, be the signed distance function from F' + ¢ and let ¥; denote a diffeomorphism such
that Wy(F +0) = E;. Clearly we can find such a diffeomorphism with the additional property
that Wy (z) = 2 + Yot (2)Vpio(7) on OF + 0 and ||V — Id| o113y < Cl|[Ystllcr(9r40)- Then,
denoting the tangential divergence on 0FE; by div,, and the tangential Jacobian of ¥; by J Wy,
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we have
H,Vd, - v dH? — / Hopio d?-[2'
OF; OF 4o
= / div,, Vd, dH? — / div, Vd, dH?
(3.32) OE, OF+o

<

/ (divy, Vdy 0 U, J; ¥, — div, Vd,) dH?
OF+o

< CHibo,tHCI(aFJra) ’

where the constant C also depends on the C?-bounds on OF. Moreover,

/ (HtVdU UV — Ht) de
OF:

Hy(Vdy — 1) - vy dH?
(3.33) o8, t{ ) v ‘
< |[Hillpr08)IVde — villLo0m) < CllYotllor@rio)

where we have also used the uniform bounds on H; established in the previous steps. Com-
bining (3.32) and (3.33), we get that H; — Hgp1, decays exponentially and in turn, thanks
to (3.31)

HHt( : +7/)o,t(')VF+o(')) — H5F+UH — 0 exponentially fast.

HZ (9F+0)
The conclusion follows arguing as in the end of the proof of Lemma 3.7. q.e.d.

Theorem 3.4 can be readily extended to the Neumann case, at least when the stable critical
set F' is well contained in 2. Recall in this case the energy (2.2) must be replaced with

JN(E) = PQ(E) —i—"}// ’VUE‘Q dx,
Q

where Po(FE) denotes the perimeter of E inside € and the function vg is the solution of

—Avg=ug—m in )

/vde:O, %:0’ on 0F2 .
(¢} aV

Here up = 2xg — 1 and m = f,updz. As in (2.4) we have

vp(a) = | Glayus(o)dy.
where G is the solution of
—AG(z,y) =05 — |—§12‘ in Q
| Gy =0. V,Glag) vly) =0, ifyeon.
Q

As in the periodic case, we say that a smooth subset F' CC () is a critical set for the
functional Jy if there exists a constant A € R such that

Hyp(x) 4+ 4yvp(z) = A for all x € OF.
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The quadratic form associated with the second variation 9%Jy (E) is also defined as in (2.9).
If ' CC 2 is a smooth local minimizer of Jy under volume constraint, then it is also critical
and 92Jn (E)[p] > 0 for all o € H(OF).

Note that, unlike in the periodic case, the functional Jy is not translation invariant. There-
fore we say that a smooth critical set F' is strictly stable if

O*IN(E)p] >0  forall ¢ € H(OE) \ {0}.
With these definitions in hand we can state the following counterpart of Theorem 3.4.

Theorem 3.8. Let Q be an open set in R3 and let F CC Q be a smooth strictly stable critical
set and U a regular tubular neighborhood of OF. Then, for every M > 0 and a € (0,1) there
exists 6g > 0 with the following property: Let Eg € h?‘}[a(F, U) be such that

|Eo| = |F], |E0AF| < do, and / |Dwp, |* dz < 6.
Q

Then, the unique classical solution (FEy); to the Mullins-Sekerka flow (1.1) with initial datum
Ey is defined for all t > 0. Moreover, Ey — F in W5/22 exponentially fast as t — +oo.

The proof of this result is similar to the one of Theorem 3.4. Actually it is simpler since we
do not need the argument used in Step 2, where we controlled the translational component
of the flow. Note that in the statement of Lemma 2.6 now (2.13) holds for all ¢ € H(JE).
Finally, observe that under the assumptions of Proposition 2.7 we may conclude that F' = F,
i.e., that there are no other critical sets close to F'.

The assumption that F' does not touch the boundary may seem restrictive. However we
remark that in two and three dimensions there are examples of strictly stable critical sets
which consist of either a single or multiple almost spherical sets well contained in 2. The
precise conditions on the parameters m, v and |Q| under which these strictly stable sets exist
are given in [42, 43, 44]. Other examples of local minimizers well contained in  are given
n [10]. An example of a local minimizer touching the boundary is provided in [41].

4. Nonlinear stability for the surface diffusion flow

Throughout the section we assume v = 0 in (2.2), so that we will be dealing only with the
standard local perimeter. We will show how to adapt the strategy devised in the previous
section to the case of the surface diffusion equation. For the definition of sets of class h>® we
refer to the previous section.

Definition 4.1 (Surface diffusion flows). Let Ey C T3 be of class h%® for some a € (0, 1).
We say that the one-parameter family (Et)te(O,T) is a classical solution to the surface diffusion
equation on the interval (0,7") with initial datum Ejp if it is a smooth flow in the sense of
Definition 3.1, E; — Ep in C*% as t — 0%, and the following evolution law holds:

(4.1) Vi =A;H; on OF; forallte (0,7),

where, as usual, V; stands for the outer normal velocity of the moving boundary 0F;, H;
stands for Hpp, and A, is the Laplace-Beltrami operator on 0F;.

It is well-known that the surface diffusion flow is volume preserving. This can be straight-
forwardly checked by the following computation:

i|Et| :/ Vi dH? = A HydH? =0.
dt O, OF,
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The following local-in-time existence and uniqueness result has been established in [14]% . We
make use of the notation introduced in the previous section.

Theorem 4.2 (Local-in-time existence and uniqueness, [14]). Let Fy C T3 be a smooth
set and U a regular tubular neighborhood of OFy. Then, for every M > 0 and « € (0,1) there
2«

exists T > 0 with the following property: For every Ey € by (Fo,U) there exists a unique
classical solution to the surface diffusion flow in (0,T) with initial datum Ey.

As before we are interested in the asymptotic stability of strictly stable configurations. The
main result of the section is the following.

Theorem 4.3 (Main result). Let F C T3 be a strictly stable critical set according to
Definition 2.4 and let U be a reqular tubular neighborhood of OF. Then, for every M > 0 and
a € (0,1) there exists 69 > 0 with the following property: Let Ey € h?\’f(F, U) be of class W32

such that
|Eo| = |F, |EoAF| < 0o, and / |D;Hyp,|? dH? < by
OEy

Then, the unique classical solution (Ey); to the surface diffusion flow with initial datum Ey
is defined for all t > 0. Moreover, Ey — F + o in W32 as t — +oo, for some o € R3. The
convergence is exponentially fast; more precisely, there exist n, cp > 0 such that for all t > 0,
writing

OE; = {z + Yot(x)vpis(z) : © € OF + 0},
we have

[Votllws2@psa) < ne” ",

Both |o| and n vanish as 6y — 0F.

Note that the H'(OF) norm of Hyp is equivalent to the W32(9F) norm of ¢p. This
explains the W2 convergence in the above theorem.

As before, the proof of the theorem, which is close in spirit to the proof of Theorem 3.4, is
postponed until the end of the section. We first collect some auxiliary results, whose proofs
are given in Section 5.

Lemma 4.4 (Energy identities). Let (Et)ic(o,r) be a smooth flow satisfying (4.1). The
following energy idienties hold:

(4.2) iJ(Et) = —/ |D, Hy|? dx
dt OF;
and
1
4 <_ / |DTHt|2da:> =— 0% J(By) [A-Hy] — / By [D-H/] A-H, dH?
(4.3) dt \2 Jop, E)of

1

+ = H,|D,H,*A.H, dH?,
2 Jop,

where 02J(Ey) is the quadratic form defined in (2.9) (with Ey in place of E and with v = 0)

and, as usual, the subscript t stands for E;. Note also that we have used the notation By[-] to

denote the second fundamental quadratic form on OE;, which we recall is defined as B[] :=
(D7) - 7 for all T € R3.

2In fact [14] deals with the evolution in the whole space R, but it is clear that the same arguments go
through in the periodic case.
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Lemma 4.5 (Interpolation on boundaries). Let F' C T3 be a smooth set, U a reqular
tubular neighborhood of OF, and M > 0, p € (2,400) fized constants. Then, there exists
C' > 0 with the following property: for every E € €},(F,U) and f € HY(OE) it holds

1 lss0m) < C (1D £ 1320 | 13wy + 11208 )
with 0 :=1 — %. Moreover, the following Poincaré inequality holds

If = fllrom) < ClD-fllr208),
where f denotes the piecewise constant function defined as foi f dH? on each connected com-
ponent I' of OF.

The proof of the above lemma can be found in [3, Theorem 3.70].
For the next lemma we introduce the following notation: for every sufficiently regular f
defined on OF we set

(4.4) 6if =D,;f-e;  and D2f := (6:6;f)ij,
where ¢; is the i-th element of the canonical basis of R3.

Lemma 4.6 (H?-estimates on boundaries). Let F, U, and M be as in Lemma 4.5. Then
there exists a constant C > 0 such that if E € &€, (F,U) and f € HY(OE), with A, f €
L?*(OE), then f € H*(OF) and

107 fll20m) < ClIIALfllL2 o) (1 + | Horl 14 o)) -

The following lemma provides the crucial “geometric interpolation” that will be needed in
the proof of the main theorem.

Lemma 4.7 (Geometric interpolation). Let F', U, and M be as in Lemma 4.5. There
exists a constant C > 0 such that if E € € (F,U) the following estimates holds:

/ | Bogl| Ds Hop 2| A Hor| dH2
oF

< C|D-(ArHpp)|72(om) | D-Horl 12 o) (1 + ||H8E||i6(aE)) :

The next lemma highlights an interesting property of the mean curvature. Note that since
OFE can be disconnected (as in the case of lamellae) one can not expect Poincaré inequality
to hold on OF. However, if F is sufficiently close to a stable critical set then the Poincaré
inequality holds for Hyg.

Lemma 4.8 (Geometric Poincaré Inequality). Fiz p > 2, let F C T? be a strictly stable
critical set according to Definition 2.4 and let 61 be the constant provided by Lemma 2.6, with
e=1 (and v=0). Then, there exists C > 0 such that

(4.5) / |Hop — Hop|? dH? < C/ \D,Hyp|? dH?,
oF oF
provided that
OF = {x +¢(x)vp(z) : z € OF for some smooth ¢ with ||¢||yw2r@or) < 61}
Here Hyp stands for the average U%E Hyp dH?.

Finally, we have:
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Lemma 4.9 (Compactness of sets). Let F', U, and M be as in Lemma 4.5. Let {E,}, C
¢, (F,U) be a sequence of sets such that

Sup/ |D,Hyp, |* do < +oc.
OEy,

n

Then there ezists F' € €L, (F,U) of class W*? such that, up to a (non relabeled) subsequence,
E, — F' in W2P for all p € [1,4+00). Moreover, if (4.5) holds for every set E, (with C
independent of n) and

/ |D,Hpp, |*dz — 0,
OEy,

then F' is critical in the sense of Definition 2.3 and the convergence holds in W>?2.

The proof of this lemma is similar to the proof of Lemma 3.7 given in Subsection 5.1 and
thus we omit it.

Proof of Theorem 4.3. The proof of the theorem is very close in spirit to the proof of
Theorem 3.4. In the following, C' will denote a constant depending only on the C'-bounds
on the boundary of the set. The value of C' may change from line to line. For every ¢ > 0
sufficiently small, there exists p € (0,1) so small that for any set E € ¢}, (F,U) the following
implications hold true:

o £
(4.6) E € b3 (F,U) and D(E) < & = vl or) < 50 :

where D(E) is defined in (3.6), and

(4.7) [YElct@r) < € and /aE |D;Hopl* dH? < 1= |[pe|w2epor) < w(e) <1,

where w is a positive non-decreasing function such that w(eg) — 0 as g9 — 07. Note that the
last implication is true thanks to Lemma 4.9.
Note also that by Lemma 4.8, there exists C' > 0 such that if gg is small enough, then

(48) [oplwaoer < wen) = /a Hop — HopldH® < C /a D, Hopl? 42,
E E

where Hyg is the average of Hyp over OF. Fix gq, &y € (0, 1) satisfying (4.6), (4.7) and (4.8),
and choose an initial set Fy € f)?\’f(F, U) such that

(4.9) D(Ey) <&  and / |D;Hyp,|? dH? < & .
0Ey

Let (Et)ie(o,r(k,)) be the unique classical solution to the surface diffusion flow provided by
Theorem 4.2, with T'(Ep) denoting the maximal time of existence. By the same theorem,
there exists Ty > 0 such that (3.11) holds. We now split the rest of the proof into several
steps as in the proof of Theorem 3.4.

Step 1.(Stopping-time) Let t < T'(Ey) be the maximal time such that
(4.10) [tllerory < e and / |D, Hy|* dH?* < 269. for all t € (0,1),
OE;

As before, we claim that by taking ey and dy smaller if needed, we have t = T(Ey). This
claim will be proved in Step 3 below.
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Step 2.(Estimate of the translational component of the flow) We claim that there exists e > 0
such that

(411) nfélﬁr; HATHt—T]-VtHLQ(aEt) ZEHATHtHLQ(aEt) for all t € (O,t_),

where IIp is defined in (2.10). To this aim, let 7; € IIp be such that
(412) ATHt =n-vt+ g,

where g is orthogonal to the subspace of L?(0E};) spanned by €; - v; with i € I (see (2.11)).
As in Step 2 of the proof of Theorem 3.4 we will show that if ¢ is small enough, then assuming
l9llz20m,) < llArHillr2oE,) leads to a contradiction. Recall that A;H; has zero average.

Therefore, setting Hy := o, H; dH?, and recalling also (4.7) and (4.8), we get
||Ht — Ft”%2(aEt) < C/aE |D7.]-[t|2 d’HZ
t

(4.13) = ¢ AHHAH=-C | A H(H —H,)dH

OFE} OE4
< C|Hy — Hell 208 1A Hell 2 08,) -
Recall now that faEt HyvpdH? = faEt vidH? = 0. Thus, multiplying (4.12) by H; — Hy,
integrating over dFy, and using (4.13), we get

/ (Hy — Hy)g dH?
OF:

<elHy — Hell 208 1A Hill 12(08,)
< Cel|ArHill72(05,) -

/ (Hy — Hy) A Hy dH?
OF:

Arguing as in Step 2 of the proof of Theorem 3.4 we have that, if £y is small enough there
exists a constant C' such that |n;| < C||ArHy||r2(pp,). Hence

19 - viell 2 o) = / ArHy(ne-vi)dH? = — | Dy Hp- Do (e - vp) dH®
BEt 8Ejt

< [l Drvill 2 0m) 1 Dr Hell 12 (020

< D wlomoll A Hilzomy (- [

< CHDTVtHLQ(aEt)El/2HATHITH%Q(aEt) < Cfl/QHATHtH%%aEt) )

1/2
(Hy — H,) A, H, d?—l2>

where in the last inequality the constant C' depends also on the curvature bounds provided
by (4.7). If € is chosen so small that Ce? +e2 < 1 in the last inequality, then we reach a
contradiction to (4.12) and the fact that ||g[|z295,) < €l|ArHillr208,)-

As in Step 2 of the proof of Theorem 3.4, by taking ey (and dp) smaller if needed, we
may ensure that (3.21) holds, with w the modulus of continuity introduced in (4.7) and 0;
satisfying (3.19) and (3.20), with W23(9F) replaced by W25(9F).

Step 3.(The stopping time t equals the mazimal time T'(Ey) ) Here we assume by contradiction
that ¢ < T'(Ep) and thus

[Yellcrory = €0 or / |D-Hi | dH? = 26, .
B)on
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We further split into two sub-steps, according to the two alternatives above.
Step 3-(a). Assume that
(4.14) / | D, Hy* dH? = 26 .

Et
Recall that (4.11) holds. Thus, by (4.7), (4.10), (3.19) (with W23(9F) replaced by W26(9F)),
and (3.21) we have

0%J(Ey) [ArHy| > 0cl|ArH |71 o for all ¢ € (0,).
Note also that (4.13), together with the Poincaré inequality (4.5), yields

(4.15) | D7 Hell 1208, < CllA-Hill12(98,) -
Now, we may use Lemma 4.4 to estimate
d (1
(5 IDHPE) < oA gy +2 [ IBIIDHS H
dt \2 Jog, ! o8,
Lemma 4.7 9
< —oel|ArHilli om)
+ CIDH(AH)IBa o | Dr Hill 2oy (14 16 o, )
(4.10) )
< —oel|ArHillom,)

+ OVl D (A H) 2oy (14 1 Hils 05

(4.7)
< o Al o, + OVl D (A H)lIZ2 o,

for every t < t. Thus, if we choose dy small enough we have

d (1 g
i1 (3 [ 197 ) < =18l ) < oD il
t

where the last inequality follows from (4.15).
Integrating the differential inequality and recalling (4.9), we obtain

(4.16) / |D, Hy|? dH? < e <0 / |D, Hg, |* dH? < dpe~ !
8Et 8E0

which gives a contradiction to (4.14) for ¢ = ¢.
Step 3-(b). Assume now that

(4.17) IYellcrom) = €o-
Then, arguing as in Step 3-(b) of the proof of Theorem 3.4, we can compute

d

—D(Et):/ div(dFXt)dx:/ dp A Hy dH?
dt Ey OE,

=— [ Dudp-D;H dH? < C| D Hy 129 < Cv/doe™ 2,
OFy
where the last inequality clearly follows from (4.16). We may now argue exactly as in the end
of Step 3-(b) of the proof of Theorem 3.4 and reach a contradiction to (4.17) if Jp is small

enough.
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Thus ¢ = T'(Ep), and as a byproduct of (4.16) and of Step 3-(b) we also have

(4.18)  |lvtllcrar) < o

and / \D, Hy|* dH? ge—cot/ |D,Hg,|?dH?*  for all t € (0, T(Ejp)).
8Et 8E0

Step 4.(Global-in-time existence) Here we assume by contradiction T'(Ep) < +oo. Then, we
may argue exactly as in Step 4 of the proof of Theorem 3.4 to find ¢ € (T'(Ep)— %, T(Ey)— %)

such that HATHEH?W(BE{) < %. Thus, also by Lemma 4.6

ID?H;ll 205,y < ClATH; 7205, (1 + ||Hi”%4(8E£)) < Céy,

where in the last inequality we also used the curvature bounds provided by (4.7). In turn, for
p large enough

[Hi200 08, < CIID-HillLo o, < CIID-Hill3 o, < Cdo,

where in the last equality we used also (4.18).

Thus, if we choose dy sufficiently small, then F; € h?\f(F, U) and, by (3.11) the time span
of existence of the classical solution starting from E; is at least Typ. This implies that (£;),
can be continued beyond T'(Ep), leading to a contradiction.

We can now proceed exactly as in Steps 5 and 6 of the proof of Theorem 3.4, using
Lemma 4.9 instead of Lemma 3.7, to get the desired conclusion. We leave the details to
the reader. q.e.d.

5. Proofs of technical lemmas

In this final section we collect the proofs of the several technical lemmas stated in the
previous sections.

5.1. The modified Mullins-Sekerka flow: proof of technical lemmas.

Proof of Lemma 2.6. Step 1. First we claim that the strict stability of F' (Definition 2.4)
implies

(5.1) PI(F)g] >0  forall ¢ € HOF)\ T(OF).

To this aim we observe that from (2.4) we get

Dup(z) = 2/ D,Grs(z,y)dy = —2/ DyGrs(z,y)dy = =2 |  Grs(z,y)v(y) dH*(y).
F F OF

Setting v; = e; - vp we have by [20, Lemma 10.7]
—Av; — |Byp|*v; = —6;Hop

where §; is defined as in (4.4). Since F' is critical it satisfies Hyp + 4yvp = const. and by the
above identities, we have

—A,v; — |Bap|*vi = —4y0,vpv; — 8y Grs (z,y)vi(y) dH?(y).
oF
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This can be written as L(v;) = 0, where L : HY(OF) — H 1(0F) is self-adjoint, linear
operator defined as

L(¢) = ~Aro — | Boplp + 410, 0mp + 8 /8 Grla)e() ).

Let now ¢ € H(OF)\ T(OF). We may write ¢ = ¢ + 7 - vp for some n € R3, where
¢ € TH(OF) \ {0}. Since L is self-adjoint, we then conclude

PJ(F)lgl = (L(), o) -1
= (L), ) g1 + 2(L(n - ve), ) g1 + (L0 - vE),n - ve) g1 = 02 J(F)[¢] > 0,

where the last inequality follows from the strict stability assumption on F'.
Having proved (5.1) we show next that for every ¢ € (0,1] it holds

(5.2) m. = int{PI(F)] : ¢ € HOF), ol om) =1
and min ¢ —n-vrlzr) > ellelizen | > 0.

Indeed, let ¢ be a minimizing sequence for the infimum in (5.2) and assume that ¢, — ¢ €
H(OF) weakly in H'(OF). Let us first assume that ¢y # 0. Since

nfgg; leo —n - vrll2or) 2 elleollL2or)
we conclude g € H(OF) \ T(dF). Thus,
me = 1im 8% J (F)[pn] > 0°J (F)[po] > 0,
where the last inequality follows from (5.1). If ¢g = 0, then
me = lifrln82J(F)[aph] = lim /BF |Dyop|?dH? =1.

Step 2. In order to conclude the proof of the lemma it is enough to show the existence of
§ > 0 such that if OF = {z + ¢(z)vr(z) : x € OF} with ||[¢][y2pr) < 6, then

(5.3) f{2I(B)¢]: ¢ € HOE), el o) =1
. 1 .
and o le —n-vellL2@ee) > €H‘~PHL2(8E)} 2 0ci =3 min{m,y, 1},
where m, /5 is defined in (5.2), with £/2 in place of . Assume by contradiction that there exists

a sequence By, with 0E), = {x+¢Yp(z)vr(z) : © € OF} and |[¥n||w2r@r) — 0, and a sequence

on € H(OEy), with [|onllg1(om,) = 1 and mingen, [[¢n — 1 vE, | 12008,) = €llenllzoE,), such
that

(5.4) 0% J(Ep)en] < oe.

Assume first that limy, ||¢n[/ 129, ) = 0 and observe that by Sobolev embedding |¢n4(aE,) —
0 for every ¢ > 1. Thus, since v, are uniformly bounded in W?2? for p > 2 we obtain

hffln O*J(Ep)[pn] = 1,

which is a contradiction to (5.4).
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Thus we may assume that
(5.5) h}ln lenllz2am,) > 0.

The idea now is to read ¢y as a function on OF. For x € JF set

Bn(x) = on (1 + Yn () (z)) - 7[8 only ) () ().

As ¢y, — 0 in W2P(JF), we have in particular that
|@nllL2 o)
lenllz2om,)

Note also that vg, (- + ¥p(-)vr(-)) — vp in WHP(JF) and thus in C%*(9F) for a suitable
a € (0,1) depending on p. Using also this, and taking into account the third limit in (5.6)
and (5.5), one can easily show that

(5.6) gne HOF),  |énllmer —1,  and —1.

mingert, |G — 1 vrllr2 o) S L i el lon —n - vE,ll208,)

|PnllL20m) h lenllL2@E,)

lim inf
h
Thus, for h large enough we have
. 3 . €1~
lenllmiory =2 3 and Jnin len =n-velz@r) 2 5llenllzz@r) -
In turn, by Step 1 we infer
. 9

(5.7) 0%J(F)[pn] > 16 /2
Moreover, the W?2P convergence of Ej, to ' and standard elliptic estimates for the problem
(2.3) imply
(5.8)  Boag, (- + ¥n(-)vr(-)) = Bap in LP(OF), v, — vp in CYP(T?) for all B < 1.
We now check that

(5.9) / G (. y)on (@) on () AH2(2)dH (y)
OB, JOE,),

- / Gops (2, ) B () 21 () dH2 (2)dH2 () — 0
OFJOF

as h — oco. Indeed, thanks to Remark 2.5 this is equivalent to
(5.10) / (|D2y|* — |Dzp|?) dz — 0,
Q
where
— Az = pp = oM L OEy, —AZy = fip = GpH L OF,
under periodicity condition. In turn, (5.10) is clearly implied by
pn — i — 0 in H1(T?),
which can be easily checked (see [1, Proof of Theorem 3.9] for the details).

Finally, we observe that since p > 2, the Sobolev Embedding theorem and the W?2P-
convergence of 0Fy to OF imply

(5.11) / |Bog, |*i dH? —/ |Bor|?s dH? — 0.
OE), OF
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Combining (5.8), (5.9), and (5.11) we conclude that all terms of 92.J(E}, ) [¢4] are asympotically

close to the corresponding terms of 9%.J(E)[$y] and thus
0*J(Ep)ln] — 0% (F)[@n] — 0.

Recalling (5.4), we have a contradiction to (5.7). This establishes (5.3) and concludes the
proof of the lemma. q.e.d.

Proof of Lemma 3.5. In the following ¥ and W; are as in Definition 3.1 and the subscript ¢
stands for the subscript E;. We denote by X; the associated velocity field, that is, X; :=
;0 U1, In particular, by (3.2) we have that

(512) Xt Uy = [al,twt] on 8Et
Fixt € (0,T), set @, := ¥;y 0¥, ! and note that (®)se(—t,7—¢) is an admissible one-parameter

family of diffeomorphisms according to Definition 2.1. Then we may apply Theorem 2.2 to
get

d d
—J(Et) = —J(‘I)S(Et)) = / (Ht+4’)/’l)t)Xt sVt dHQ
dt dS s=0 OE;
(3:1) / Wy Xt sVt d?‘[2 (5;2) / Wt [Bytwt] d?‘[2
8Et aEt
= —/ | Dwy|? da
T3

where the last equality follows from integration by parts and the fact that w; is harmonic in
T3\ OF;. This establishes (3.4). In order to get (3.5), we need to introduce some auxiliary
functions: For each t € (0,7T), we let d; denote the signed distance function from FE;, which,
we recall, is smooth in a suitable tubular neighborhood of OF;. We then set v; := Dd,
H, := Ad; = divy, and B, := D?d; = Dv,. Note that v, H;, and B; represent smooth
extensions of the outer unit normal field, the mean curvature and the second fundamental
form, respectively, to a neighborhood of OE;. We start by recalling the following identity (see
[6, Lemma 3.8]):

(513) &,th = DHt Uy = _‘Bt’2 on 8Et
and
. 0
(5.14) I EVHS o —D ( Xy 1) = —DT([&,twt]) on OF,

where the last equality follows again by (5.12). Moreover, by differentiating with respect to
s the identity Duvyys[vis] = 0, we get Dvy[vy] + Dyglvy] = 0. Multiplying the latter equality
by v and recalling that Dvy is symmetric we get Duvy[vy] - vy = — D[] - vy = 0. In turn, this
implies that

(5.15) div, vy = divyy on OF;.
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Also,

0 .
%(HtJrso(I)s) . = Hy+DH; - Xy =
5=

5.15 . .
( = ) le’T 1% + 8VHt(Xt . Vt) + DTHt . Xt

(5.13

(5.16)
) divy 0y — | By wi] + Do Hy - X

5.14

CLY AL [0yw)] — |Bi2[0ywl] + D, H, - X,

We can now compute

d /1 d /1
L= Dwy |2 ‘ = L (2 [(Dwpy) o ®.[2 B,
ds <2 x/;t+s ’ o ‘ dx) s=0 ds <2 Ey ‘( e )O ’ / dw) s=0

1
= | |Dw*divX;dz+ | Duwy- (D*wi[Xy] + Diiy) da
2 Et Et

1
(5.17) = —/ div(|Dw;|*X;)dz 4+ | Dwy - Diiydx
2 Ey Ey

1

= —/ |Dwt_|2Xt vy dH? —|—/ W, Oy, w, dH?
2 Jog, OE,

= / | Dw; |2[0y,wy] dH? + / Wy Dy w; dH .
2 Jog, OB
In order to write w, explicitly we use
Wi = Hiys +4yvi1s on OB,
which in turn is equivalent to
Wiy 0Py = Hypg0 Py +4yuv 0Py on OF;.

By differentiating the above identity with respect to s at s = 0, we get

w; + Dw; - Xy = Hy + DHy - Xy + 4y0; +4y Dvg - Xy on OF;.

We now use (5.16) (and of course (5.12)) to get

W, =— (aww;)[awwt] — A [0y wi] — |Bt|2[awwt]
+ 4y o + 47y Oy, v [0y, wi] + D (Hy + 4y ve — wy) - Xy
= (aww;)[awwt] — A [0y wi] — |Bt|2[awwt]
+ 4y 0y + 47y Oy, 01Oy, W] on 0F;,

(5.18)

31
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where in the last equality we have used the fact that w; = H; 4+ 4y v on OF;. Therefore from
(2.5), (5.17) and (5.18) we get

d (1
- < | Dw, |? dx) = / Dyw; A0y, wy] dH? — / |By|? 0wy [0, wy] dH?
t EYoh O,

8y / G () By () By 0n ()] AH2 () dH2 ()
(5.19) OB J OB

+ 4y / Dy, vt Oy wy (O, wy) dH?
OF:
1 _ _
5 [ IDu PR @ = [ (@ o] dn
OFE; 2o
The analogous calculations in T3 \ E; yield

d (1
— | = / |Dw,|?dx | = / Dywy” AL[0,,we] dH? + / | B0, w; [0,,wy] dH>
dt \ 2 Ja\ g, OF: OF:

8y / Grs (2, ) By () [Bur e ()] dH2 () dH ()
(5.20) 0B, JoE,

— 4y / Dy, vt Oy wit [0y, wy) dH?
OFE:
1
— = / | Dwi [0y, we] dH? + / (Opywi ) [, we) dH2.
2 Jog, 08
Combining (5.19) and (5.20), integrating by parts, and recalling (2.9) we get

Ccllt <1 / |Dwt|2 d:c> = 62J(Et) [[&/twt]] + /8Et (((9,,tw;r)2 _ ((9,,tw[)2) 10y, w] d2

1
! / (1Dwi 2 — | Dy [2) Dy 10e) dH2.
2 Jog,

The result follows from the identity
|Dw | = |Dwp [ = (9 w)? = (dw;)* = (Duwf + ywy) Oy, wr).
q.e.d.

We now prove Proposition 3.6.

Proof of Proposition 3.6. To simplify the notation, throughout the proof we write v instead
of VE.
Proof of (i): Observe that we may write u as

w(z) = [ Gps(z,y)fly) dH*(y).
oF

Note that Grs(z,y) = h(x —y) + r(x — y) where h is one-periodic, smooth away from 0 and

h(t) = ﬁlt\ ina neighborhood of 0, while r is smooth and one-periodic. The conclusion then
follows since for v(z) := [, |]; (yy| dH?(y) it holds

[vlizeomy < Cllfllzeom)-
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Proof of (ii): Here we adapt the proof of [26] to the periodic setting. First observe that
since u is harmonic in E C T? we have

(5.21) div (2(Du - ) Du — | Du|*z + uDu) = 0.
Moreover, by the C1®-regularity of OF there exist r > 0, Cy and N, depending on the C'h

bounds on JF, such that we may cover OF with at most N balls B,(z)) such that, up to a
translation,

1
(5.22) roR <z-v(r)<(C for x € OF N By (x1).
0

Therefore if 0 < ¢ < 1 is a smooth function with compact support in B, (zx) such that
or =1 in By(z) and |Dgg| < C/r, by integrating

div (¢ (2(Du - ) Du — |Duf*z + uDu))
over F and using (5.21) we easily get
/ orldyu” *(x - v) — oi| Drul? (- v) dH®
OFE
= _/ prud,u” dH? — 2/ or(Dru - x)0,u~ dH?
OF OF
+/ Doy, - (2(Du - x)Du — |Dul?z + uDu) dz.
E

This implies using the Poincaré inequality on the torus (recall that u has zero average) and
(5.22)

/ |0,u |2 dH? < c/ (u? + |Dyul?) dH? + c/ (u® + |Dul?) dz
OENB,(x},) OE T3

<C [ (u*+|Dul?)dH? + C/ |Dul? da.
oF T3

Adding up all the estimates and repeating the argument for T3 \ E we get
/ (|0,u~ | + |0,u™|?) dH? < c/ (u? + |Dyul?) dH? + c/ |Dul? da.
oF oF T3

The result follows by observing that

/ |Du|2dx:/ w(dyu~ — dyut) dH?.
T3 oF

Proof of (iii): The result would follow from the boundary estimates on C'-domains
established in [18]. However, it turns out that in the case of C'*®-domains the argument can
be greatly simplified, as shown in the following.

Let us define

Kf(@):= | DiGrs(awy)-v(2)f(y) dH?(y).
We first show that the above integral is defined for every x € OF and that
(5.23) 1K fllror) < Cllfllirom)-

By the decomposition recalled at the beginning of the proof we have D,Grs(z,y) = D h(x —
y)+ Dyr(x—y), where Dyh(z—y) = — -+ ==Y in a neighborhood of the origin and D,r(z—y)

CAm ey
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is smooth. Thus, by a standard partition of unity argument we may localize the estimate
and reduce to show that if ¢ € C1¥(R?) and U C R? is a bounded domain, setting T' :=
{(@',p(x")) : 2’ € U} and

x—y)- vz
17w) = [ CL D g i) e,
ro|z—yl
where v is the upper normal to I', then 7' f(z) is well defined at every z € I and

ITfllery < Clliflley-

To show this we observe that we may write

Tf(x):= /U o(@) —o(y) — Dp(a’) - (' — ')

(Ie" =o' + (p(a’) = 0(y))?)> T ey dy

Therefore
|5'3/ - y/|1+a / / /
C d
TF(@)] < /U T G o el dy

S W o)l
<Oy =y

Thus the estimate (5.23) follows from a standard convolution estimate.
For x € F we have

Du(z) = | DaCirs (z,y) f (y) dH?(y).

Therefore for z € OF it holds
Du(z —tv(z)) - v(z) = - Dy Grys(x — tv(z),y) - v(z) f(y) dH*(y).
We claim that

(5.24) Jim Du(e — tu(e) - v(w) = K f(2) + % ()

for every x € OF. Then the lemma follows from (5.23) and (5.24).
To show (5.24) we first recall that for z € E and for € JF it holds

D,Gys(z,y) - v(y)dH*(y) =1 —|E| and
OF

(5.25) D,Grs(,y) - v(y) dH(y) = 5 | B|.
OE

Therefore, we may write

(5.26)

Du(z — tv(z)) - v(z) = | DeCm (@ —tv(@), y) - v(@)(f(y) — f(x)) dH*(y)

+ f(x) /M Dy Grs(x — tv(2),y) - (v(z) — v(y)) dH(y) + f(x) (1~ |E)).
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Let us now prove that

lim [ DyGra(a = tv(x),y) - v(@)(f(y) - f(2)) dH*(y)
o

= [ D.Grs(x,y) - v(x)(f(y) — f(x)) dH(y).
oOF

To establish this, first observe that since OF is C! then for |t| sufficiently small we have
1
(5.27) |z —y —tv(z)| > §\x -y for all y € OF.

Then, in view of the decomposition of D, G recalled before, it is enough show that

L @y trl) )
t=0 Jop  |v—y—tv(x)]

= [ 220 () - s i),
oF

lz -yl

(f(y) — f(x)) dH*(y)

which follows from the Dominated Convergence Theorem, after observing that due to the a-
Holder continuity of f and to (5.27), the absolute value of both integrands can be estimated
from above by C'/|x — y|>~® for some constant C' > 0.

Hence (5.24) follows by letting ¢ — 0 in (5.26) and recalling (5.25).

Proof of (iv): Fix p > 2 and § € (0, 1%2). As before, due to the properties of the Green’s
function it is sufficient to establish the statement for the function

N f(y) 2
_/6E |z -y )

For x1, 9 € OF we have

o)~ ol < [ 170) [l =yl = |wa ~yll o

21—yl lz2 =y
In turn, by an elementary inequality, we have
21— y|' P+ | — y\lfﬁ‘
21—yl lz2 =yl

|21 =yl — |22 — 9|
21—yl |22 — 9]
Thus, by Holder inequality we have

’1‘1 — .%'2‘6 .

< C(ﬁ)‘

21 — yl1—8 1o — y|1—B
(o) ~ (o) < 09) [ E\f(y)\“l L |

< Bl fllzr |y — x2|?

dH?(y) |v1 — 22"

where we set
1
P’

1
Y|P’ |29 — y|?'

C'(8) = 20(5)( o [ —

z1,22€0F

()
Proof of (v): We start by observing that

1 1
1£1z208) < O omy 11 -10m
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where C is a constant depending only on the C1® bounds on OFE. If p > 2 we have also, see

Lemma 4.5,
p—2 2

1 lrom) < ClA i omF12(0m-
Therefore, by combining the two previous inequalities we get that for p > 2

p—1 1

1oz < CUidrom 1 s oy

Hence the claim follows once we show

| fllaz-10m) < Cllullz2aE)-

Let us fix ¢ € H'(OF) and with abuse of notation denote its harmonic extension to T3 by .
Then by integrating by parts twice and by (ii) we get

/ of dH? = — / uldo) dAH2 < ull 2o vl 2 o)
oFE oFE

< ullr20m) (10,0 1208) + 10007 | 12(08))
< Cllull2om el o o8)-
Therefore
flasom = swp [ pfdH? < Clullaon.
||‘P||H1(3E)§1 OFE

q.e.d.

We now prove Lemma 3.7. Before that we recall that for £ C T3 the H %(8E) Gagliardo
seminorm of a function f € L?(OF) is defined by setting

2 — 2
o= [ o) | EDZIOE dy).

Starting from this definition and using a standard partition of unity argument in order to
straighten the boundary of E locally, the reader may reconstruct the proof of the following
technical lemma.

Lemma 5.1. Let E C T3 be an open set of class C for some a € (0,1). For every
~v €10, %), there exists a constant C depending only on v and on the CH* bounds on OE such

that if f € H2(OE) and g € WY4(OE) then
Faly < (Agllglle + 1A o gl Foe I Drgll127)

Next lemma is probably well known to the expert, but we give its proof for reader’s conve-
nience

Lemma 5.2. [ Let F,U be as in Lemma 3.7. Let E be a set in f)}\’f(F, U), for some a > 0.
If Hyp € H%(aE), then E is of class W32 and

2
195l 5.2 o < COD(L+ HHBEHH%@E)) :

where Vg is defined as in (3.3).
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Proof. We assume without loss of generality that ¢ is smooth. To simplify the notation we
will drop the subscript from ¥ and Hgg. Fix € > 0. By straightening locally the boundary
of F, we may reduce to the case where the function ¢ is defined in a disk B’ ¢ R? and
]lc1(pry < e. Fix a cut-off function ¢ with compact support in B’. Then

_ D*(py)DyDy

(5.28) A(py) TR OHA\/1+ DY + R(x,v, DY),

where the remainder term R is a smooth Lipschitz function. Then, using Lemma 5.1 with
~v = 0 and recalling that ||| o1 < e, we estimate

[Alew)]y < CM) (D% ()] + [H]L A+ DYoo) + [|H [ 22 U+ [llwza) + 1+ []12a).

1
2
Observe that by Calderén-Zygmund estimates ||¢)||y2.4(py < C(M)(1 + [[H|[49E)). More-
over, a simple integration by part argument shows that if u is a smooth function with compact
support in R? then
[Au]y ge = [D?u]1 go -

Thus, choosing ¢ sufficiently small, we may conclude that

[DX(ev)ly < CON(+ [H]y op + [ HIFs0m) < CONA+HI ).

From this estimate the conclusion follows. q.e.d.

Proof of Lemma 3.7. Step 1. Throughout the proof we write w,,, H,, and v, instead of wg, ,
Hyp,, and vg, , respectively. Moreover we denote by 0, the average of w, in T3 and we set
Wy, = 5, Wn dH? and H,, = A, 5, Hn dH?. First, recall that

(5.29) wy, = Hy + 4vyv, on 0E, and sup [|vn|gre(rsy < +00.
n

The last bound follows from standard elliptic estimates. Moreover, from the trace inequality

. — b, |? < — |12 < 2
(5.30) ||wn, wnHH%(aEn) < wp, wnHH%(aEn) < C/TS | Dwy, | dx
with C' depending only on the C''-bounds on 9E,,. We claim that

(5.31) sup HH"HH%(aEn) < 0.

To see this note that by the uniform C'-bounds on 0F,,, we may find a fixed cylinder of the
form C := B’ x (—L, L), with B’ C R? a ball centered at the origin, and functions f,,, with

(5.32) Slyllp ”anCI(E/) < 400,

such that 0F, N C = {(«/,2,) € B’ x (=L,L) : z, = fun(2')} with respect to a suitable
coordinate frame (depending on n). Thus we have

[ o+ g = | div(vm—/f"> 0’
B B L+ Vo ful?
/
_ [ Vel Layns
o' \/1+ [Noful2 12|
Hence, recalling (5.32) and the fact that ||H,, — fInHH%(aE ) is bounded thanks to (5.29) and
(5.30), we get that H, are bounded. Therefore the claim (5.31) follows.
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By applying the Sobolev embedding theorem on each connected component of 0F we have
that || H,| z4(g,) is bounded. This fact, together with the uniform C* bounds on dE,, implies
that if we write

OFE, :={x+¢p(z): © € IF},
then sup,, |[¥n [ly2.4(9r) < +oc. This follows by standard elliptic estimates, see [1, Lemma 7.2
and Remark 7.3]. Thus, up to a (not relabeled) subsequence, there exists a set F’ € ¢}, (F,U)
such that

Y — b in CY¥(QF) and v, — vpr in CHP(T?)  for all a € (0, 1) and B € (0,1).

From (5.31) and Lemma 5.2 we have that the functions ¢, are bounded in W32 (OF). Hence
the first part of the statement follows.
Step 2. For the second part we first observe that if

/ |Dw,|* dz — 0
T3

then the above arguments yield the existence of A € R and a (not relabelled) subsequence
such that wy, (- +¢,(-)vp(-)) = A in H%((?F) In turn,
. 1
Hn( . —|—’l/}n()l/F()) — )\ — 4’)’1)F/( . —|—’[/}F/()I/F()) = HBF’( . —|—1/}F/()I/F()) 1n H2 (BF) .
To conclude the proof we need to show that v, converge to ¢ := ¥ps in W%’Q(aF ). To this
aim, fix ¢ > 0. By straightening locally the boundary of F', we may always reduce to the case
where the functions 1, are defined on a disk B’ C R?, are bounded in W32 (B’), converge in

W2P(B') for all p € [1,4) to ¢ € Wg’2(B’) and || D[z (pry < €. We fix a cut-off function ¢
with compact support in B’ and we write

A(gm,l)n) A(Wﬁ) 2 2 Dy Dy
- — (D(thy) — D _eEY
T g = (Pl - D) 2
D, Dy, Dy Dy
+D2( T;Z)n)< 3 3)
PN AT Do} (L 1DeP)

+ @(Hy — H) + R(x, thn, Dpn) — R(x,9, DY) ,

where the remainder term is R is similar to the one in (5.28). Then, using Lemma 5.1 with
v € (0, %), an argument similar to the one of the proof of Lemma 5.2 shows that

N[=

V1+[Dga? 1+ [Dy]?
+ 1D (pton) = DX @)l 4 DB} | D*0 27 + [D* (000 1D — Dl

LT+

+ 1D (@)l |1 D¥n = DYl (1Dl 12 + | D*ll 1)

LT+~
[ Ho = HI g+ 190 — ¥llwze)

Using Lemma 5.1 again to estimate [A(pi,) — A(ey)]:1 with the seminorm on the left hand
2
side of the previous inequality and arguing as in the proof of Lemma 5.2 we finally get

[D*(¢von) = D*(p)]y < C(M)([[on — Ul + 1D¥n = DIl + || Hn = HI| 3 )

from which the conclusion follows. q.e.d.
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5.2. The surface diffusion flow: proof of technical lemmas. We start by providing the
computations leading to the crucial energy identities of Lemma 4.4.

Proof of Lemma 4.4. Let ¥, Wy, X; be as in the proof of Lemma 3.5, and note that by (4.1)
we have

(533) Xt Uy = ATHt on BEt

Fix t € (0,T), and as in Lemma 3.5 set ®, := W, ;0¥ ! s0 that (®)se(—t,7—¢) is an admissible
one-parameter family of diffeomorphisms according to Definition 2.1. Then, by Theorem 2.2
we get

d d
— J(E) = —J(94(E
o (Br) = = J(8s(Er)) -~
= H X, vy dH? = H,AH; dH? = — / \D,Hy|* dH? .
OF: OF: OF:

This establishes (4.2). Let us fix a time ¢ > 0. To continue we observe that, by redefining the
velocity field if needed (in a time interval centered at t), we may assume that X; has only a
normal component on 0FE;; that is,

(534) Xt == (Xt . Vt)I/t on 8Et

Recall that all the geometric quantities can be extended in a neighborhood of OF; by means
of the gradient of the signed distance function from E; (see the proof of Lemma 3.5). Now,
arguing as in (5.14), we have

(535) ﬂt == —DT(Xt . l/t) == —DTATHt on aEt,
where the last equality follows again by (5.33). In turn, using also (5.34) and (5.14)

0
(536) 5 (DHipo0 ®y)

on JF;. Denoting by D
Jacobian of @4, we have

d /1 d /1
2 (= D, Hy, % dH? ( -4 —/ Dy Hiyl? 0 o], ®, dH2
ds (2 /a;«;tﬂ‘ sl fH> s=0 ds \ 2 8Et’ e His [0 H

1 , 9
- /8 D divo(AcH ) a5 [ Do H - o (Dr His o @)
t t

= Ddiv, () + D*Hy[X;] = —D(A-(A+Hy)) + (A, H;)D*H,v,

S=

the tangential differential on OF;;s and by J.®, the tangential

Tt+s

s=0
(5.37)

dH>.
s=0

We write the last term as
DTt+5Ht+S od, = [I — Vs 0 Ps ®upys0 q)s] DHyys0 @y
and get by (5.34), (5.13), (5.35) and (5.36)

Q(D

. . 0
85 = (—Vt ® Vi — Vg ® I/t)DHt + [I — UVt ® l/t] (DHt O ‘I)t)

H P —
ths © s) s=0 ot

Tt+s

(5.38)
= —‘BtIQDTATHt — DHt . Dt V¢ — DTATATHt —+ A’T‘Ht [I — g (9] Vt] DQHtVt .

In order to calculate D?Hyv; we differentiate the equation (5.13) and get
—D|B;|* = D(DH, - v;) = D*Hv, + Dv,DH,.
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Therefore, since By = Dy and By = 0 we get
D?Hyv; = —D|B;|* — BD, H,.
Plugging the last identity in (5.38) and using again (5.35), we may continue from (5.37) to

obtain
d 1 2 2 1 2 2
— | = ’DTHt+5’ d?‘[ - = Ht’DTHt‘ ATHt d%
ds 2 OF; s s=0 2 OE;
(5.39) — / |B,|> D.H, - D;A,H; dH? — D.H,  D;A.AH,dH?
BEt 8Ejt
— / (AH)D.|By|)? - D.H, dH? — B[D,H,A.H, dH?.
BEt 8Ejt

Integrating the third term on the right-hand side by parts twice, we get

— D.H, - D;A;AH dH? = — / |D; A H,y > dH? .
8Et 8Et

Integrating the second last term on the right-hand side by parts once, we have

- / (ArHy)D,|By|* - D, Hy dH?
OE;

:/ \Bt\QDTHt-DTATthHQ—i—/ |By|?| A, Hy|* dH2.
BEt 8Ejt

Plugging the last two identities into (5.39) and recalling (2.9) (with v = 0), the identity (4.3)
follows. q.e.d.

Proof of Lemma 4.6. In the following proof, in order to simplify the notation we drop the
dependence on OF from all the geometric objects and the LP spaces involved. Let us first
show

(5.40) / |D2f|? dH* < C/ ]ATf\QdeJrC/ |B|?| D, f|? dH>.
oE oOF oF

Indeed, recalling the following formula (see [20, Eq. (10.16)])

(5.41) 515] = (%52 + (I/Z‘(S]‘Vk - ujéiuk)ék

and integrating by parts we get
| osraE = [ (560) @i ane
OF oFE
= / ((SZ(SJf) (5]52f) de2 + / (5z5jf)(V15]Vk - uj6iuk)6kf d/H2
OF oF
=— / 8, f (6:0;0,f) dH? + / Hu;d; f (8;0;f) dH> + / (8:0; F)(Vib vk — vj0ivp) O f dH?
OF OF OF

< [ s7@aspant +c [ |BIID.1| D3| K
OF OF
Using (5.41) and integrating by parts again, we obtain
[ ipEae < [ @) @00 antant < [ BYID,A| D2 K
OF OF OF
The inequality (5.40) follows since A, f = 0;0; f.
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We estimate the last term in (5.40) by Lemma 4.5:
| \BRID £ a? < Bl D £
OF
< C|Bl7a (IDZfll 21D fllze + D= f1172) -
Plugging in (5.40) and by an application of Young’s inequality, we get
IDZfI72 < C (1A= fI1Z2 + 1D+ fIIZ2 (1Bl s + 1BlI74))
< C(I1ArfII7: + 1D fII72 (1 + 1B 74)) -
Now, note that (with the same notation introduced in Lemma 4.5)
D7 == [ gacpant == [ (1= pafan
8E7 oF
<N = FllezllArflle < CID-fll2 A £l 2 -

Note that in the second equality above we have used the fact that A, f has zero average on
each connected component of JF. Thus, from (5.42) we deduce

ID2£IIZ2 < ClA 72 (1 + |1BIILa)-
By a standard application of Calderon-Zygmund estimate we have

1Bl < C(L+ |[H| 1),

(5.42)

(5.43)

with C' depending only the C''-bounds on OF, and the conclusion follows. q.e.d.
We now show the geometric interpolation used in the proof of Theorem 4.3.

Proof of Lemma 4.7. Also here to simplify the notation we drop the dependence on OF both
from the geometric objects and the L? spaces. First by Holder’s inequality

2/3
[ ipiD.mpia e < 1ol ([ (s ae)
oF oF

By the Poincaré Inequality stated in Lemma 4.5 we get
[A-H|| s < C|[Dr(ArH)| 2.

In turn, Holder’s inequality implies

s 2/3 1/2 1/6
</ |B|2|DTH|3d7-l2> < (/ |DTH|4d’H2> (/ |B|6d7-[2> .
OFE OE oFE

Lemma 4.5 yields

1/2
([ et awe) " < c (102D o + 1D, E:).
Combining all the inequalities above, we get
/aE |B||D-H*|A-H|dH? < C||Dr (A7 H)| 12 | Bll o [| - H|| 2 (| DI H | 12 + | D H]| 2).

By Lemma 4.6 and (5.43) (with D.H in place of D, f), the right-hand side of the above
inequality can be estimated from above by

ClID-(ArH)|| 2 1Bl s | Ar Hll 2 | D H | 2 (1 + [ HI[74)-
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The conclusion follows from the Poincaré Inequality
[A-Hl| 2 < C|| D7 (A7 H)| 2.
and the Calderon-Zygmund estimate
1Bllps < C(L+[|H| o) -
q.e.d.

We conclude with the proof of the geometric Poincaré Inequality stated in Lemma 4.8.

Proof of Lemma 4.8. Since faE(HaE — Hyp)vp dH? = 0, we may apply Lemma 2.6, with
e=1and ¢ := Hpp — Hpg, and recall (2.9) (with v = 0) to obtain

O’/ ’HaE—FaEPd/HQ
OE

g/ |DTH3E|2d7-[2—/ |B3E|2|H3E—F5E|2d7-[2§/ |D;Hyp|? dH? .
OFE OFE OE

The conclusion follows. q.e.d.
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