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overview of recent developments
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Abstract

This work reviews recent developments in the literature analyzing precautionary
saving. After a description of traditional precautionary saving theory, which consid-
ers labor income risk and interest rate risk, we present different research lines which
introduce a wide range of extensions and generalizations of the classical model: the
contemporaneous presence of multiple risks, changes in risks of different types, mul-
tiple variables affecting household utility, preferences non-featuring risk aversion and
joint decisions on many choice variables. For each of these issues, we provide specific
highlights which summarize the main results obtained in the literature. Lastly, we
briefly discuss the analyzes beyond the classical model.

Keywords Precautionary saving, prudence, labor income risk, interest rate risk,
background risk, high order risk changes.

1 Introduction

Among the many decisions made every day by households, the choice of how much to
save is probably one of the most significant. In fact, saving decisions directly affect
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the well-being of households because they define the intertemporal allocation of wealth
and, ultimately, the household consumption profile. Wealth allocation over time may
further involve an intergenerational transfer, and in this case, savings are the main tool
for realizing a bequest to members of the household who have yet to be born.

On the other hand, not only are savings crucial for household well-being,
but they are also crucial for the level of the aggregate income of a country.
In fact, the share of consumption on total income is on average about 60 per
cent in OECD countries in the years 1970-2017. Therefore, gaining a deeper
insight into how the level of saving is determined is of major interest for
economists and for economic policy authorities as well expressed by the words
of Milton Friedman (1957, p.1) ‘ The relation between aggregate consumption
or aggregate savings and aggregate income [...] has occupied a major role in
economic thinking ever since Keynes made it a keystone of his theoretical
structure in The General Theory’.

Recognizing the prevalent role that uncertainty, which usually characterizes the en-
vironment where households operate, plays in saving decisions is a necessary first step.
Preliminarily acknowledging the previous circumstance is even more impor-
tant, as in recent years, in many OECD countries, the increasing trend in
wage dispersion due to the process globalisation and digitalization, which is
well documented by Berlingieri et al. (2017), has probably scaled up the level
of labor income risk and thus overall uncertainty faced by households. In this
context, the effects of uncertainty are relevant not only from a positive perspective but
also from a normative perspective. In fact, for individual households and for the economic
system as whole, savings represent a useful buffer against negative idiosyncratic random
shocks and possible downturns of the economic cycle.

The earliest understanding that the presence of uncertainty has complex effects on
saving dates back to the paper by Leland (1968), where the choice of saving in a certainty
framework is compared with the same choice made in a context where future income is
random. Leland’s well-known finding is that an increase in saving due to the presence of
a future random income occurs when the third-order derivative of the utility function is
positive. Leland calls this extra-saving ‘precautionary demand for saving’, giving rise to
the expression ‘precautionary saving’. In the same period, Sandmo (1970) and Rothschild
and Stiglitz (1971) examine the consequences of the presence of a random interest rate on
the saving choice, again highlighting the role of the third-order derivative of the utility
function. Precautionary saving thus captures the effects of uncertainty on intertemporal
wealth allocation. Therefore, it is one of the main drivers of saving decisions and has
originated a specific and broad literature.

In particular, a novel insight into precautionary saving theory was provided twenty
years after these first contributions in the comprehensive analysis by Kimball (1990). This
paper introduced for the first time a new feature of household preferences, the concept
of ‘prudence’, related to the convexity of marginal utility. The seminal papers described



above provided the foundations for the modern study of precautionary saving. Over time,
the simple framework examined in early works has become more complex. In recent years,
the use of new concepts and tools in risk theory has stimulated significant developments
in different directions.

The aim of this paper is to provide an overview of the latest developments in precau-
tionary saving theory.” In doing so, we specifically focus on works that adopt a classical
approach to the problem using the standard expected utility framework, which is the
natural and prevailing setting for the analysis of precautionary saving. We present these
many contributions and their findings in detail, highlighting the lines of research that
appear most significant and promising. However, the last section of the paper provides a
short summary of contributions that adopt a non-expected utility framework.

Given this premise, our work proceeds as follows. Section 2 provides a review of basic
precautionary saving theory when only future income is uncertain. Section 3 provides a
similar review of precautionary saving theory when only the future interest rate is un-
certain. Section 4 then examines both these kinds of uncertainty together by assuming
that both income and the interest rate are risky. Section 5 generalizes the study of the
impact of the introduction of uncertainty by considering the effects of different kinds
of modification in the distribution of risk faced by the household, called high-order risk
changes. Section 6 examines the case where the utility function of the household depends
not only on wealth but also on other non-financial variables, such as the health status of
the household or the quality of the environment, which may be uncertain in the future.
Section 7 studies precautionary saving in the case of risk loving. Section 8 analyzes the
situation where the choice of precautionary saving is not made in isolation but, rather,
is made together with the choices of other variables, such as insurance, prevention, labor
supply and health investment. In each of these sections, we provide specific highlights
that summarize the main results obtained in the literature. Section 9 briefly reviews the
literature that uses non-classical approaches to precautionary saving analysis. Lastly, Sec-
tion 10 discusses some possible future research lines in the precautionary saving literature
and concludes.

2 Uncertainty on labor income

Labor income risk is the main source of uncertainty in saving choice, and its effects are
studied by a vast literature starting with the seminal papers by Leland (1968), Sandmo
(1970) and Dréze and Modigliani (1972). These works analyze the conditions under which
precautionary saving arises in a two-period model by comparing the saving choice when
there is no uncertainty to the saving choice in the presence of a random labor income in
the second period. In this context, Leland (1968) was the first to show that risk aversion

IThis paper focuses on the theoretical literature on precautionary saving. For a recent survey on the
main empirical findings on this issue, see Lugilde et al. (2018).



alone is not a sufficient condition for a precautionary motive for saving to arise. Other
conditions need to be satisfied by household preferences, which we describe in detail in
this section.

To do so, we consider a simple two-period framework in which a household has a Von
Neumann-Morgenstern additively separable utility function, which depends on wealth.
We further assume that the utility function is u(z) in period 0 and v(z) in period 1.2
We denote by wuy, ug; and w11, (v1, v11 and vy11, respectively) the first, second and third
derivatives of u (v respectively). Functions u and v are assumed to be strictly increasing
and strictly concave (u; > 0, v1 > 0, u;; < 0, v;; < 0), and, at least, three times
continuously differentiable.

We start by considering the case where the household has a certain labor income 1
in period 0 and an uncertain labor income y; = y; + € in period 1, where € is a random
variable with a known variance, such that E[¢] = 0, further implying E[y;] = 3. To
study precautionary saving, we compare the optimal choice of the household in the case
described above with the optimal choice in the case where the labor income in period 1
is certain and equal to y;.

The following is a simple formulation of the household decision problem in the certainty
case:

max u (yo —s) + v (y1 + Rs) (1)

1+p
where s denotes saving, the parameter p is the intertemporal discount factor, and R is
the return on saving.

The optimal level of saving s* in this problem is defined by the following first order
condition:

1
ur (yo — %) = i pR’Ul (y1 + Rs™). (2)

On the other hand, when labor income in period 1 is assumed to be uncertain, the
household decision problem becomes the following:

1
max u —s)+ —E|\v(y1 + Rs 3
; (Yo ) 1+p[(y1 )] (3)
In this risky framework, the optimal level of saving s** is defined by the following first
order condition:

uy (yo — 8) = ﬁRE [v1 (7 + Rs™)]. (4)

The traditional approach to the study of precautionary saving involves a comparison
between Equations (?7) and (?7?). Since vy; < 0, it is clear that s** > s* if and only if

E[vi (h + Rs™)] — vy (y1 + Rs*) >0 (5)

ZPioneering analyses of precautionary saving (i.e., Leland, 1968 and Sandmo, 1970) considered non-
separable utility. However, we focus here on the case of a separable utility function, which is the setting
typically used in the subsequent precautionary saving literature.
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By Jensen’s inequality, Condition (??) holds when marginal utility v; is convex.

The convexity of marginal utility (v11; > 0) is thus the characteristic of the household
preferences responsible for precautionary saving to arise. Beyond providing a compre-
hensive analysis of it, Kimball (1990) was the first to interpret this feature of the utility
function as a specific aspect of household preferences, distinct from others, and he called
it ‘prudence’. This implies the following well-known result:

Highlight 1. Prudence is a necessary and sufficient condition for precautionary saving
when future labor income is uncertain (Leland, 1968 and Kimball, 1990).

Kimball (1990) further shows an isomorphism between the theory of precautionary
saving, described by prudence, and the theory of risk attitude, described by risk aversion,
which allows to apply some concepts and indexes concerning risk aversion to prudence and
precautionary saving.® Starting from this idea, he derived a measure of the intensity of the
precautionary saving motive based on the ‘equivalent precautionary premium’ concept,
which indicates a certain reduction in wealth required for the household to choose the
same optimal level of saving in the certainty case as in the case where the household
bears a future labor income risk. The parallel with the equivalent risk premium concept
by Pratt (1964) is clear.

Furthermore, it can be shown that the equivalent precautionary premium can be
approximated by the following:

_vnl(yl + Rs*) ' variy]
v11(y1 + Rs™) 2

2

U(y,5™) (6)

Here, the isomorphism with risk aversion theory is also clear. Pratt (1964) defines the
index of absolute risk aversion as — 221+ E™) ppo iy dex — Walitlis™)
. . vl(y1+Rs ) vll(y1+Rs )
is thus the index of absolute prudence.

On the basis of Equation (?7), we conclude the following:

in Equation (?7)

Highlight 2. The intensity of the precautionary saving motive can be measured by the
index of absolute prudence (Kimball, 1990).

The findings described thus far are the classical results of precautionary saving under
labor income risk. These results have recently been developed in different directions
to either weaken the conditions or extend applicability. In the first direction, Menegatti
(2001) reconsiders Highlight ?? and shows that in the case of an unbounded domain of the
utility function, risk aversion and the assumption that the sign of the third derivative of
the utility function is invariant (either positive, negative or null for every value of wealth)
are sufficient assumptions to ensure precautionary saving without explicitly assuming a
positive third derivative.

3This is done simply by ‘augmenting’ the order of each derivative involved in them by one degree.



In the second direction, since Kimball’s index of absolute prudence (like Pratt’s index
of absolute risk aversion) is a local measure, Eisenhauer (2006) proposes an extended ver-
sion of this measure that is applicable to both small and large risks. A different extension
of Kimball’s analysis is provided by Hau (2002), who derives a version of Kimball’s pre-
cautionary premium for the case of a non-additively separable utility function and shows
that the comparison between the precautionary saving chosen by different households de-
pends on both their absolute prudence and their intertemporal substitution rates. Lastly,
Light (2018) extends the result that prudence implies precautionary saving to Markovian
earnings dynamics.

The previous findings clearly suggest that prudence is the feature of preferences that
ensures that a household has a precautionary saving motive and that it also defines this
motive. This has led the literature to enrich the set of possible interpretations of prudence
using different tools: specific changes in the risk distribution, a comparison between
lotteries, and the utility premium concept.

The first interpretation of prudence considers the effects of specific changes in risk.
In this context, the concept of an increase in downside risk describes a change in the
distribution of a risky variable that increases its left skewness, leaving the expected value
and the variance unchanged. Menezes et al. (1980) show that if the marginal utility is
convex, the household likes this change. Thus, prudence can be interpreted as the feature
of preferences that causes a household to appreciate an increase in downside risk.?

The second interpretation of prudence refers to the idea of risk apportionment of
Eeckhoudt and Schlesinger (2006). This idea concerns a household whose utility function
presents subsequent derivatives that alternate in sign, being positive in the case of odd
derivatives and negative in the case of even derivatives. This means a positive first
derivative, a negative second derivative, a positive third derivative, a negative fourth
derivative, and so on.? These preferences are called ‘mixed risk aversion’, and they were
first studied by Brockett and Golden (1987) and Caballé and Pomanski (1996).

By comparing different pairs of lotteries, Eeckhoudt and Schlesinger (2006) show that
if a household exhibits this kind of preferences, it desires to combine things that are
perceived as good with things perceived as bad instead of combining good things with
other good things and bad things with other bad things. This feature of preferences is
called a preference for harm disaggregation and reflects the household desire to separate
different harms. In this context, prudence can be interpreted as the feature of the house-
hold utility function that defines a specific kind of preference for harm disaggregation
that is closely related to precautionary saving. In fact, in a two-period saving model, the
household bears the labor income risk in the second period, and due to risk aversion, this

4Similarly, Eeckhoudt et al. (1995) analyze the concept of an upward shift of an increase in risk as
a change in the distribution of a risky variable inducing more risk in the wealthier states and less risk
elsewhere, and they demonstrate that a prudent household likes this shift.

5Note also that a negative fourth derivative of the utility function is called ‘temperance’ by Kimball
(1992) and that a positive fifth derivative is called ‘edginess’ by Lajeri-Chaherli (2004).



uncertainty is perceived as bad. Therefore, the household desires to combine a random
labor income with a good. This good is a higher level of wealth in the second period that
is obtained by increasing savings. Thus, household savings are larger under uncertainty
than under certainty.

The third interpretation of prudence is based on the utility premium concept, defined
as the difference between the expected utility when the household bears the labor income
risk and the utility when this risk is absent.® This quantity measures the disutility caused
by the presence of a random labor income. Note now that when labor income is random,
if no specific insurance is available, the household cannot escape this risk. The only
thing that the household can do is to increase its utility by changing its level of wealth
in the period where there is uncertainty. This is done by means of saving. Accordingly,
Menegatti (2007) shows that prudence can be interpreted as the feature of preferences
that makes the household seek to increase its wealth when labor income is risky to reduce
the disutility due to uncertainty.

To conclude, the three interpretations described above can be summarized as follows:

Highlight 3. In the presence of labor income risk, a household that saves more under
uncertainty:

1. likes changes in the distribution of risks that increase left skewness, given expected
value and variance (Menezes et al., 1980);

2. wants to undertake risk apportionment by combining the ‘bad’ of bearing labor in-
come risk with the ‘good’ of having higher wealth (Eeckhoudt and Schlesinger, 2006);

3. has a lower reduction in its utility due to the presence of labor income risk when it
is wealthier (Menegatti, 2007).

3 Uncertainty on the interest rate

When choosing its level of saving, a household may face a further type of uncertainty
other than labor income risk. This second kind of uncertainty, first studied by Sandmo
(1970) and Rothschild and Stiglitz (1971), concerns the return on saving and is known as
interest rate risk.

To study this issue, we consider a setting where the labor income in period 1 is certain,
while uncertainty involves the return on saving R. As in the previous section, we denote
the uncertain level of the return on saving by R = R+, where 7] is a random variable with
known variance, such that E[fj] = 0, implying IE[]:Z] = R. In this case, the maximization
problem of the household is as follows:

max u (Yo — s) + %pE |:U (yl + Rs)] (7)

6The general definition of the utility premium was first provided by Friedman and Savage (1948).



and the optimal level of saving s*** is defined by the following first order condition:

1 ~ ~
R E[R ( R***>]. 8
uy (yo — s) —1+p v (Y1 + Lvs (8)

By comparing Equation (??) and Equation (??), which defines the optimal level of
saving in the certainty case, it is clear that s > s* if and only if

E [va (y1 + I%s***)} — Ry (y1 + Rs™) > 0. (9)

Following Rotschild and Stiglitz (1971) and Eeckhoudt and Schlesinger (2008)
we study this condition under the assumption 3; = 0.2 In this case, Condition
(??) holds if
V111 (RS)
————Rs>2 10
v11 (Rs) (10)
where the left-hand side of Condition (7?) is defined as the index of relative prudence.
Thus, we have the following:

Highlight 4. An index of partial relative prudence larger than 2 is a necessary and suffi-
cient condition for precautionary saving when the return of saving is uncertain (Rothschild
and Stiglitz, 1971).

By comparing the present setting with the setting where labor income is risky, from
Highlights ?? and 77, it is easy to see that in the presence of an interest rate risk, the sim-
ple convexity of marginal utility does not ensure that a precautionary motive for saving
emerges. When the return on saving is random, the necessary and sufficient condition en-
suring precautionary saving becomes more restrictive and requires not only the household
to be prudent but also that its preferences display additional specific features.

A reason for this is provided by Rothschild and Stiglitz (1971), who show that Condi-
tion (??) summarizes two opposite effects: an income effect and a substitution effect. The
income effect is also at work when a labor income risk is present and pushes the household
to increase savings to increase its wealth in the period where it faces uncertainty. The
substitution effect, on the other hand, emerges only in the presence of an interest rate
risk and pushes the household to reduce its level of saving. This happens because by

"The generalization to the case where y; is different from zero is studied by Jouini et al.
(2013). On this case see also Chiu et al. (2012).

8For further analytical details on the index of partial relative prudence, see Choi et al. (2001) and
Eichner and Wagener (2004 a,b). Additionally, note that in this case, there are parallels with risk aversion
theory. In fact, Fishburn and Porter (1976) show that an increase in the risk-free interest rate in a static
portfolio problem generates an increase in savings if the index of partial relative risk aversion is larger
than one.



saving and investing in an asset whose interest rate is random, the household increases
its exposure to risk.?

The income effect is related to the term Rsvii; (y1 + Rs), which includes prudence,
while the substitution effect is related to the term —2vy; (y; + Rs), which includes risk
aversion. Condition (??) ensures that the first effect prevails over the second effect.™

Highlight ?? can also be interpreted by means of lotteries by appealing to the concept
of risk apportionment. As explained in the previous section, this concept, introduced by
Eeckhoudt and Schlesinger (2006) and generalized by Eeckhoudt et al. (2009a), relates
different aspects of preferences to the household desire to disaggregate different kinds
of harms. In particular, Eeckhoudt et al. (2009b) study a setting where the household
chooses between two lotteries involving a sure loss and a multiplicative zero-mean risk.
The loss and the risk occur simultaneously in one lottery and separately in the other
lottery.

In this context, different features of household preferences have opposing effects on the
choice over the combination of these two elements. On the one hand, prudence pushes
the household to disaggregate the two harms by choosing the lottery where the sure loss
and the zero-mean multiplicative risk occur separately. On the other hand, risk aversion
pushes the household to scale down the level of risk by choosing the lottery where the
multiplicative risk and the sure loss jointly occur. In fact, in this case, the zero-mean risk
is applied to lower wealth, and this decreases the variance of wealth in the state of the
world where the loss and the risk are present. It follows that the household chooses harm
disaggregation only when prudence is sufficiently strong (i.e., the index of partial relative
prudence is larger than 2). Chiu et al. (2012) provide a similar result in a more general
context and study an application to a specific problem of precautionary saving.™

In conclusion, the interpretations described above can be summarized as follows:

Highlight 5. In the presence of interest rate risk, a household saves more under uncer-
tainty when:

1. the elasticity of household risk aversion with respect to saving is larger than the
elasticity of the variance of second-period income with respect to saving (Rothschild
and Stiglitz, 1971);

9Rothschild and Stiglitz (1971, p.69) explain this last effect, suggesting that for a risk-averse household,
‘a bird in the hand is worth two in the bush’.

0Magnani (2017) interprets Condition (??) in terms of a comparison between elasticities: the household
saves more under uncertainty if the elasticity of its risk aversion with respect to saving is larger than the
elasticity of the variance of second-period income with respect to saving, which is the constant threshold
2.

Tn the same research line, Denuit and Rey (2014) again compare different lotteries and show that an
elementary correlation increasing the transformation in risk, i.e., a simultaneous increase in the probability
of obtaining extreme outcomes and a corresponding decrease in the probability of obtaining intermediate
outcomes, causes a decrease in the expected utility of a household when the partial relative prudence
index is larger than 2.



2. the household desire to disaggregate harms (risk apportionment) is stronger than its
desire to avoid the scaling up of risk induced by saving (Eeckhoudt et al., 2009b).

4 Uncertainty on both labor income and the interest
rate

The two previous sections study cases where the household saving choice is affected by
a single source of uncertainty related to either labor income (Section 2) or the interest
rate (Section 3). A natural generalization is to consider these two sources of uncertainty
jointly. This problem was not examined in the literature for a long period of time due
to its analytical complexity. Li (2012) was the first to address the issue of precautionary
saving in the presence of labor income and interest rate risks together, giving rise to a
debate that has recently been enriched by the contributions of Baiardi et al. (2014, 2015).
This section reviews the main results obtained in these works.

When labor income and interest rate risks are simultaneously considered,™ the house-
hold problem becomes the following:

1 .
— )+ ——E v (4 + Rs)] 11
max u (Yo S)+1+p v g+ Rs (11)
The optimal level of saving s° in this setting is determined by the following first-order
condition: .
—°:—E[R <+R>} 12
uy (Yo — 5°) 1+p v (Y1 S (12)
The conditions ensuring positive precautionary saving are obtained by comparing the
optimal choice when labor income and the interest rate are certain with the optimal
choice when these variables are random (Equations ?? and ?7, respectively). It is clear
that s° > s* holds if and only if:

E [va (ya + fﬁz)} — Ruy (y1 + Rs°) > 0 (13)

Starting from Condition (?7?), it is possible to obtain different sufficient conditions for
precautionary saving. These conditions depend on some specific assumptions involving
the correlation between the two risks, risk size and household preferences.

In particular, Li (2012) considers a kind of dependence between the two risks, termed
‘positive quadrant dependence’.™ Given the two generic random variables X and Z this

12\We assume that the analytical features of the two random variables describing the two risks are the
same as in Sections 2 and 3.

13Formally, given the two generic random variables X and Z, with F(X, Z) being the joint distribution
of X and Z, and Fx(X) and Fz(Z) the marginal distribution of X and Z, (X, Z) is positively quadrant
dependent if F(X,Z) > Fx(X)Fz(Z), VX, Z.
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assumption implies that ‘knowledge of X being small increases the probability of Z being
small’ (Lehmann, 1966 p.1143). Li (2012) shows that if labor income and interest rate
risks are positive quadrant dependent, then Condition (?7), indicating a threshold 2 for the
partial relative prudence index, is sufficient for precautionary saving. As a consequence,
the finding by Rothschild and Stiglitz (1971) obtained when only the interest rate is risky,
also holds when labor income and the interest rate are jointly risky and positive quadrant
dependent.™

Baiardi et al. (2014) re-examine this problem in a setting that does not introduce
restrictions on the joint distribution of the two risks but the risks are small. They derive
a necessary and sufficient condition for precautionary saving that involves a variable
threshold for the index of partial relative prudence. This threshold is a function of the
variances of the two risks and of their covariance. Both the results of Li (2012) and those
of Baiardi et al. (2014) can be read in light of the reasoning presented in Section 3. Their
interpretation is thus analogous to that provided for Condition (??): precautionary saving
arises when the income effect of saving is larger than the substitution effect of saving.®®

More recently, Baiardi et al. (2015) demonstrate that, for any risk size, the following
is a sufficient condition for a prudent household to save more in the presence of risk:

cov[iji, R] < —s°var|R) (14)

where cov[ji, R] is the covariance between random labor income (7;) and the random
interest rate (R), while s°var[R)] is the variance of the random return on saving. The
authors provide three different interpretations of Condition (?7). The first interpretation
shows that a prudent household saves more in the presence of risk whenever a marginal
increase in saving (meaning a larger investment in the risky asset) reduces the variance
of total income, where total income is the sum of labor income and the return on saving.
This idea is also at the basis of the second interpretation, which shows that a prudent
household saves more in the presence of risk when the covariance between total income
and the interest rate is negative. Lastly, the third interpretation is based on the utility
premium concept described in Section 2 and shows that as in the presence of labor income
risk only, precautionary saving is related to the desire of a prudent household to reduce
the pain caused by uncertainty.
To conclude, the results described above can be summarized as follows:

Highlight 6. In the presence of labor income and interest rate risks, a household saves
more under uncertainty when one of the following sets of conditions holds:

4Generalizing the analysis by Gunning (2010) made under the assumption of a Constant Relative Risk
Aversion (CRRA) utility function, Vergara (2017) obtains a similar result in the simpler case where the
two risks are perfectly positively correlated.

15Notably, in this setting, a precautionary motive for saving may arise even if the household is impru-
dent, which is not the case in the rest of the literature.
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1. the two risks are positive quadrant dependent and the partial relative prudence index
is greater than 2 (Li, 2012);

2. the two risks are small and the partial relative prudence index is greater than a
variable threshold depending on the variances of the two risks and on their covariance
(Baiardi et al., 2014);

3. the covariance between the two risks is smaller than the opposite of the variance of
the random returns on saving, and the household is prudent (Baiardi et al., 2015).

5 Changes in risks of different orders

The literature on precautionary saving presented in the previous sections studies the
effects of the introduction of some kind of risk in the decision process of a household that
chooses its level of saving. This analysis is typically implemented by comparing the choice
under certainty with the choice under uncertainty. A generalization of this approach has
been adopted by another strand of the literature that considers the comparison between
two risky situations, where changes in high-order moments of the distribution of a risk
occur. Hereafter, we refer to these kinds of changes in risk as ‘high-order changes in risk’.

The seminal contribution in this field was provided by Eeckhoudt and Schlesinger
(2008), who were the first to study how different changes in high-order changes in risk
affect the demand for saving. More recently, other authors, including Chiu et al. (2012),
Denuit and Rey (2014), Liu (2014), and Menegatti (2015), have contributed to the debate.

These analyses study possible changes in risk that rely on the concepts of Nth-order
stochastic dominance (NSD) and an Nth-degree risk increase. Both of these concepts
are widely used in the theory of finance and in the analysis of investment choices. Since
a complete analysis falls beyond the scope of this work, we provide here only a short
presentation of these concepts, and we refer to Ekern (1980), Ingersoll (1987) and Levy
(2006) for further details.

To introduce NSD and the Nth-degree risk increase, consider two generic random
variables X and Z. We denote the cumulative distribution function of X by Fx(z). Define
further F (z) = Fx(z) and F{'' (z) = [T FR(t)dt for all z > v and all n € {1,2,...}. We
similarly define Fi;(z), Fi(z) and F ™ (). In this context we have that:

Definition 7. Z dominates X wvia NSD if both FY(z) < F¥(z) for all x > «, and
FR(M) < FE(M) forn =2,...,N hold with at least a strict inequality, where M > 0 is
such that F3(M) = Fx (M) = 1.

From the definition of NSD, as a special case, it is possible to define the concept of an
Nth-degree risk increase.

12



Definition 8. X is an Nth degree risk increase over Z if FN( ) <
where the inequality is strict for some x and F}(M) = F%(M) for n
M > 0 is such that FL(M) = Fy (M) = 1.

F¥(x )forallx>a
, ..., N, where

As noted by Ekern (1980), an Nth-degree risk increase is equivalent to the case where
Z dominates X via NSD and the first N — 1 moments of Z and X are equal. The
concept of an Nth-degree risk increase applies to many changes in risk that are commonly
studied in the literature. For instance, mean-preserving spreads, which were first studied
by Rothschild and Stiglitz (1970), can be described by a second-degree increase in risk
and are changes in the distribution of a risky variable that cause its variance to vary while
leaving the mean unchanged. Similarly, increases in downside risk, studied by Menezes
et al. (1980), can be described by a third-degree increase in risk and, as mentioned in
the previous section, are changes in the distribution of a random variable that cause its
skewness to vary while leaving the mean and the variance unchanged.

Consider now the saving decision of a household. A change in risk of the types de-
scribed above may occur either in the case where labor income is random or in the case
where the interest rate is random. In all these circumstances, the level of the uncertainty
faced by the household increases because the distribution of the random variable(s) en-
tails ‘more risk’” in some sense. As in the models presented in the previous sections, where
there is a transition from a certain situation to an uncertain situation, in this setting, the
reaction of the household to a change in risk can entail an increase in savings, implying
that a precautionary motive for saving may arise. To analyze the conditions necessary for
this to happen, we refer to the maximization problems of Equations (?7) and (?7?) and to
the first-order conditions (?7) and (??) presented in the previous sections.

In particular, in the presence of labor income risk, the analysis of the precautionary
motive for saving involves a comparison between the optimal levels of saving when the
household faces either the risky income 7 or the risky income ¢%. In this setting, when
shifting from §¢ to 7%, the household commits to precautionary saving, i.e. s < s;*
(where s denotes the optimal level of saving in the presence of risky income ¢} with
i = a,b) if and only if

E [v1 (% + Rs:)] — E vy (4§ + Rs™)] >0 (15)

As shown by Eeckhoudt and Schlesinger (2008), the conditions for Inequality (?7?) to be
satisfied vary according to the type of risk change faced by the household. When g{
dominates ¢} via NSD, s* < s3* if
nprd™v(r + 2)
dz™

(—1) >0 forn=1,2,.. N. (16)

Similarly, when % is an Nth-degree risk increase over §¢, s* < s3* if

NHdNU(:v + 2)

e Rl (1)
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Clearly, this second condition is less restrictive, since an Nth-degree risk change is a special
case of NSD. Additionally, note that Condition (??) requires that the derivatives of the
utility function alternate in sign until order N + 1, being positive for odd orders and
negative for even orders. As noted in Section 2, this kind of preferences is called ‘mixed
risk aversion’.

Considering again the case of high-order changes in labor income risk, Liu (2014)
generalizes the precautionary premium concept by Kimball (1990) to the case of Nth-
degree deteriorations in future income. Moreover, Menegatti (2015) shows that in some
circumstances, the response of saving in case of increases in risk of a given order can be
inferred by the response in case of an increase in risk of a different order. He also shows
that under the same assumptions, Condition (?7) implies Condition (?7).

The second kind of risk to be analyzed in this context is the interest rate risk. This
analysis involves a comparison between the optimal levels of saving when the household
faces either the risky interest rate R? or the risky interest rate R?. In this setting, the
household commits to precautionary saving, i.e., s < si** (where s7** denotes the

a ~
optimal level of saving in the presence of the interest rate R with i = a,b) if and only if

E [I;’bvl (y1 + I%bsz**)} —E [Ravl (y1 + I%asz**)} >0 (18)

As in Section 3, where interest rate risk is introduced, we study this condition
under the assumption y; = 0 (see Eeckhoudt and Schlesinger, 2008).™Additionally,
in this case, the conditions for Inequality (??) to hold change in the cases of NSD or Nth-
degree risk changes. As shown by Eeckhoudt and Schlesinger (2008), in case Re dominates
RY via NSD, s3* < 0 if

d";lv(ffrz)
—JTWZTL fornzl,Z,,N (19)
dx™

Similarly, when R’ is an Nth-degree risk increase over R?, s&** < sp** if

dN+1%(f1+Z)
dx
dx

so long as % # 0. The left-hand side of Inequality (?7?) is called N+1th partial
relative risk aversion (see Eeckhoudt and Schlesinger, 2008). Additionally, in this case,
the condition for the case of an Nth-degree risk increase is less restrictive than that
required for NSD.

In a recent paper, Wong (2018) generalizes the previous analyses of high-order changes
in interest rate risk to the case where the increase in interest rate risk is characterized

6For the case where y; is different from zero, see again Jouini et al. (2013).
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by a general notion of (M, N)th-order stochastic dominance (where N > M > 1) He
further provides an interpretation of the conditions for precautionary saving that extends
the interpretation by Magnani (2017) presented in Section 3. Lastly, note that the con-
ditions derived above can be interpreted as a kind of generalization of those presented
in Highlights (??) and (?7?). In this line, the insight by Chiu et al. (2012) and Denuit
and Rey (2014), presented in Section 3, can be generalized to the case of changes in risk
studied in this section.
To conclude, the results described above can be summarized as follows:

Highlight 9. When considering high-order changes in risk, the household saves more
under uncertainty if:

1. the derivatives of the utility function until order N alternate in sign, being positive
for odd orders and negative for even orders, in the case of NSD changes in labor
income risk (Eeckhoudt and Schlesinger, 2008);

2. the Nth derivative of the utility function is positive if N is odd and negative if N
is even in the case of an Nth-degree increase in labor income risk (Eeckhoudt and
Schlesinger, 2008);

3. each index of relative risk aversion of order from 2 to N+1 is larger than a threshold
equal to the order of the index minus 1 in the case of NSD changes in interest rate
risk (Eeckhoudt and Schlesinger, 2008);

4. the N+1th relative risk aversion index is larger than the threshold N in the case of
an Nth-degree increase in interest rate risk (Eeckhoudt and Schlesinger, 2008).

6 Precautionary saving and background risks

Saving typically affects the intertemporal allocation of household wealth, moving wealth
from one period to another. For this reason, the analysis of saving choice, and thus
of precautionary saving, focuses on the effects of wealth on utility. This usually implies
considering a utility function where the only relevant dimension is wealth, i.e., a univariate
utility function.

Household utility, however, is affected by many other factors. For instance, the wellness
of a household is influenced by its health status or by the quality of the environment where
the household lives. Taking this into account means considering a multivariate utility
function, where dimensions other than wealth are introduced. In this context, it can be the
case that these variables, which affect utility, will have uncertain levels in the future. For
instance, future health status may be uncertain because of possible health deterioration

170On the concept of (M, N)th-order stochastic dominance, see Liu (2014) and Ebert et al. (2018).
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or possible disease contagion. Similarly, uncertainty on environmental quality may arise
because of pollution and climate change.

The presence of these kinds of uncertainty generates other types of risk different from
labor income risk and interest rate risk that may influence the level of precautionary
saving. These other risks involve elements related to the background conditions in which
household decisions on saving are made. For this reason, they are called ‘background
risks’ ™

The introduction of background risks in saving analysis was first considered by Eeck-
houdt et al. (2007), who studied a problem similar to that presented in the previous
sections but moved from the one-argument (or univariate) utility framework to a model
including a two-argument (or bivariate) utility function, where the second argument rep-
resents variables such as health status or environmental quality.

In this context, we analyze precautionary saving in a setting where the consumer has a
utility function u(z, k) in period 0 and v(z, h) in period 1, where x is wealth and h is a non-
financial variable. The functions u (v respectively) are at least three times continuously
differentiable in both arguments. We denote u; = Ou/0x, uy = Ou/0Oh, uy; = 0%*u/dz?,
Ugy = O*u/Oh?, Uy = 0%*u/0x0h, uiyy = O3u/0x3, Uge = 03u/Oh? and so on. The same
notation is also adopted for v(x,h). In the same way as in the univariate case, functions
u(z, h) and v(z, h) are assumed to be strictly increasing and strictly concave with regard
to each argument (u; > 0, v; > 0, uy; <0, v1; < 0 and uy > 0, vo > 0, Uz < 0, Voo < 0).

In the certainty case, the household problem is as follows:

max u (yo — s, ho) + [v (y1 + Rs, hy)] (21)

IT+p
The optimal level of saving § is defined by the following first-order condition:

1
1+p

u1 (Yo — 5, ho) = Ruy (y1 + RS, hy) . (22)

When a background risk is present, the household problem becomes the following:

max u (Yo — s, ho) + FIP]E [v <y1 + Rs, leﬂ (23)

where hy is a random variable with known variance, such that E[ky] = hy. In the latter
case, the household chooses its optimal level of saving in a context where its future income
and the interest rate are certain but there is, for instance, uncertainty on its future health
status or on future environmental quality. The optimal level of saving § is now determined

8Note that the background risk concept was first introduced in a setting with a univariate utility
function as an exogenous risk (typically uninsurable) different from the main endogenous risk (e.g.,
Kimball, 1993; Eeckhoudt et al., 1996; Gollier and Pratt, 1996).
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by the following first-order condition:
1 .
_%.h :—RE[ ( +Rv,h>}. 24
ul(yo S 0) 1+, U1 |1 S, N ( )

By comparing Equations (??) and (??), Eeckhoudt et al. (2007) show that the household
saves more under uncertainty when the condition vi99 > 0 is satisfied. This feature
of household preferences is defined by these authors as ‘cross-prudence in wealth’. Its
interpretation is again related to the idea of harm disaggregation described in Section 2.
In the case of univariate utility, prudence is associated with the desire to disaggregate
the harm of having low wealth and the harm of bearing risk on wealth. Similarly, in the
case of a bivariate utility, cross-prudence in wealth is the desire to disaggregate the harm
of having low wealth and the harm of bearing risk on the background variable. By the
reasoning presented in Section 2, this desire pushes the household to increase its savings,
thus generating precautionary saving.

We now consider the case where both labor income and the background variable are
assumed to be risky in period 1. The maximization problem becomes the following:

max u (Yo — s, ho) + %pE [v <g]1 + Rs, izlﬂ (25)

and the optimal level of saving s is defined by the following first-order condition:
1
L+p

This problem has been investigated in many papers. Courbage and Rey (2007) and
Menegatti (2009a) provide some results under different assumptions on the joint distribu-
tion of the two risks. Their main result makes use of a feature of household preferences,
vi12 > 0, which we call ‘cross-prudence in the background variable’™ This feature of
household preferences is easily interpreted by analogy with the concept of cross-prudence
in wealth. In fact, it is the desire to disaggregate the harm of having a low level of the
background variable (for instance, health) and the harm of bearing risk on wealth. The
above-mentioned authors show that when the two risks are Bernoulli distributed, the
household saves more under uncertainty when one of the two following different sets of
conditions is satisfied:

wr (Yo — 8, ho) = RE [vl (gl + R, Blﬂ . (26)

e prudence (v1;; > 0), cross-prudence in the background variable (v132 > 0) and
positive correlation between the two risks;

e prudence (v13; > 0), cross-imprudence in the background variable (vy12 < 0) and
negative correlation between the two risks.

YEeckhoudt et al. (2007) define this concept by studying a model of tertiary prevention, where the
second argument of the utility function is health. For this reason, they call this condition ‘cross-prudence
in health’.
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Furthermore, Menegatti (2009b) considers the case of small risks without making
any assumption on their distribution and derives a sufficient condition for precautionary
saving that involves prudence, cross-prudence in wealth, cross-prudence in the background
variable, the variances of the two risks and their covariance.

These results highlight the importance for the analysis of the cross-derivatives of the
household utility function. This importance is also confirmed by the findings of Denuit
et al. (2011), who examine background risks without introducing any assumptions on
risk size. They show that under different types of positive dependence between the two
risks, a sufficient condition to have precautionary saving is that all the derivatives and
the cross-derivatives of the utility function until order three in the wealth argument and
until order two in the background variable alternate in sign, being positive in the case
of an odd total order of differentiation and negative in the case of an even total order of
differentiation.”

A generalization of some of the results presented in Section 5 to this context is provided
by Jouini et al. (2013), who consider a model where the household faces labor income risk
and a background risk. In this case, the condition ensuring precautionary saving involves
high-order partial and cross-derivatives of the utility function.

The case where interest rate risk is added to labor income risk and to background risk
is analyzed by Baiardi et al. (2014), although only in the case of small risks. This paper
shows that the sufficient condition for a household to save more under uncertainty is a
complex combination of different partial and cross-derivatives of the utility function of
second and third orders, the variances of the three risks and their covariances.

Notably, when the household utility function is bivariate and a financial risk and a
background risk are jointly present, the covariances between the risks play a significant
role in the condition for a precautionary motive for saving to emerge. Beyond this, the
covariance between financial and background risks is also important for assessing the
possible effects of different background variables. Indeed, thus far, we generically referred
to background risk as every risk other than financial risk, involving elements related
to the background conditions in which household decisions on saving are made. As a
consequence, in the presentation of the literature, we treated symmetrically risks such as
health risk and environmental risk whose presence, though, is likely to quite differently
affect real-world saving decisions.

In fact, it is clear that while changes in environmental conditions do not have a sig-
nificant impact on household income, it is probable that changes in health status signifi-
cantly affect the households ability to generate earnings and, thus, the level of household
wealth.”! These differences can easily be accounted for by means of the covariance term.
In fact, a positive covariance between health and financial risks may capture the negative

20Here, as the total order of differentiation, we consider the sum of the order of differentiation with
respect to wealth and the order of differentiation with respect to the background variable.

21 Although this effect is well documented in the health economics literature (e.g., Bertoni et al. 2018),
to date, it has not been directly introduced in saving models.
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effect on income of a shock deteriorating household health status. On the other hand,
a nil or possibly very small covariance between environmental and financial risks may
capture the fact that these two risks are substantially independent.

The results described above can be summarized as follows:

Highlight 10. In the presence of a background risk, a household saves more under un-
certainty under:

1. cross-prudence in wealth when there are no other risks (Eeckhoudt et al., 2007);

2. different conditions involving positive derivatives and cross-derivatives of odd orders
and negative derivatives and cross-derivatives of even orders when there is a positive
dependence between labor income risk and background risk and no interest rate risk
(Courbage and Rey, 2007; Menegatti, 2009a,b; Denuit et al., 2011);

3. complex conditions involving different second- and third-order derivatives and cross-
derivatives of the utility function, risk variances and risk covariances when risks are
small and the background risk is flanked by either labor income risk alone or by labor
income risk and interest rate risk together (Baiardi et al., 2014).

7 Precautionary saving and risk loving

In the previous sections, we described the conditions that imply that a household has a
precautionary saving motive. These conditions are derived in settings where risk aversion
is included among the preliminary assumptions of the analysis and reveal that precaution-
ary saving also depends on aspects of preferences other than risk aversion itself. Given
this, it is now reasonable to wonder whether a risk lover can also save more under uncer-
tainty.

Crainich et al. (2013) address this issue in a simplified version of the saving model
described in Section 2. In particular, in their setting, the household has the same utility
function in the two periods, and the intertemporal discount rate and the interest rate are
nil. Lastly, income in the second period is equal to the sum of savings and a random
shock; thus, it is uncertain. The household maximization problem becomes the following:

max v (yo—8) +Ev(s+¢)] (27)

In this context, if the household is a risk lover (and thus v1; > 0), a corner solution
emerges: either savings are zero or the optimal level of saving is equal to first period income
yo. The household total utility in the first case is equal to v(yo) + E[v (€)], while in the
second case, it is equal to v(0) + E [v (yo + €)]. Crainich et al. (2013) show that the total
utility in the second case is larger than the total utility in the first case if the household
is prudent. Therefore, prudence is again the sufficient condition for precautionary saving.
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The intuition for this result is simple and refers again to the risk apportionment
concept of Eeckhoudt and Schlesinger (2006). In their analysis, the authors consider a
utility function whose derivatives alternate in sign, i.e., they assume mixed risk aversion
and show that a household with these preferences desires to ‘combine the good with
the bad’. Similarly, in the present context, we have a household whose derivatives all
have a positive sign (termed ‘mixed risk lover’ by Crainich et al., 2013) and that desires
to ‘combine the good with the good’. Since larger wealth is a good for the household
(because of non-satiation) and facing a zero-mean risk is a good as well (because of risk
loving), the household wants to be wealthier in the second period when it faces the risk,
and as a consequence, it saves more under uncertainty.?

New results along the same research line are provided by Nocetti (2016) and Wang
et al. (2015). In particular, Nocetti (2016) studies the general properties of comparative
statics in the case of risk changes under a set of assumptions that does not include risk
aversion. Applying his findings to saving, he shows that the condition v;; > 0 ensures
that there is positive precautionary saving without introducing any assumption on the
sign of vy, i.e., without assuming that the household is risk averse, risk neutral or a risk
lover. Nocetti (2016) also generalizes this result to the case of high-order changes in risk
studied in Section 5.7

Lastly, Wang et al. (2015) reconsider the model where a household faces labor income
risk and background risk together studied in Section 6. They show that the condition
of cross-prudence in wealth (vj32 > 0) ensures that the household saves more under
uncertainty without assuming that it is risk averse.

These conclusions can be summarized as follows:

Highlight 11. When the household is a risk lover, prudence and cross-prudence in wealth
are the conditions that ensure that the household saves more under uncertainty in the case
of labor income risk (Crainich et al., 2013) and in the case of background risk (Wang et
al., 2015).

8 Precautionary saving and other choice variables

The above analysis considers the effect of uncertainty on saving under the assumption
that the household makes its saving choice in isolation. Another strand of the literature,

22Ebert (2013) suggests a limitation to the analysis by Crainich et al. (2013), showing that the convex
power utility function (the most natural choice for the utility function of a risk lover) never implies mixed
risk loving. However, Menegatti (2014) shows that preferences cannot exhibit mixed risk loving when the
domain of the utility function is unbounded since, in this case, non-satiation and prudence imply risk
aversion.

ZNocetti (2016) also shows that, using this approach, a prudent household will also save more if it can
only purchase discrete monetary amounts of the asset yielding the interest rate when saving has the form
of a ‘take it or leave it project’ or when the returns on capital are increasing.
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however, examines different frameworks where the choice of saving is made contempora-
neously with some other choices. In this section, we summarize the main results of this
literature.

The first choice that is natural to consider together with saving decisions in a risky
framework is the insurance choice. A typical formalization of the maximization problem
when the household contemporaneously chooses saving s and insurance b is the following:®

maxu (yo—s—mb)+pv(y1 + Rs — L+b)+ (1 —p)v(y1 + Rs) (28)

Specifically, this formalization assumes that in the second period, the household bears the
risk of a loss L, which may occur with probability p, in a context where there are only
two states of the world. The cost of insurance is the insurance premium 7, which may
either be a fair premium (equal to the expected loss) or include a factor loading.

The contemporaneous choices of insurance and saving were first examined by Mof-
fet (1975) and Dionne and Eeckhoudt (1984). Two main results are obtained. First,
comparative statics analysis shows that under plausible assumptions on preferences (typ-
ically, decreasing absolute risk aversion),” saving and insurance are Hicksian substitutes.
Second, when the insurance premium is equal to the fair premium, there is a kind of ‘sep-
aration’ between the two instruments since the household buys full insurance to remove
the risk and uses saving for the purpose of consumption smoothing.

Hofmann and Peter (2016) consider the case of the optimal contemporaneous choices
of saving and self-insurance, where self-insurance can be defined as an effort made by the
household to reduce the size of the loss suffered by the household in the bad state of the
world.Z® Their results show that saving and self-insurance are substitutes as well.

A second instrument typically used to deal with risk is prevention (also called self-
protection), which can be defined as a cost to be paid or an effort to be exerted in
the present to reduce the probability of incurring future losses.” When the level of
this instrument is chosen together with the level of saving, the household maximization
problem becomes the following:
macu (yo — s — ) +p(e) vy + Bs — L)+ (L—ple)u (i +RBs)  (29)

)

where e is the effort exerted in prevention and the probability of incurring the loss L is
now a decreasing function of it (i.e., d’;—(:) <0)®

24For this case, as for the other cases examined in this section, the formalization shows significant
differences between papers. We thus present a simple unifying framework, including the main elements
of the problem under investigation.

25The result by Dionne and Eeckhoudt (1984) presents a more complex condition under the assumption
that the utility function is not additively separable.

26Thus, self-insurance has an effect similar to that of market insurance, but it is self-made by the
household and not purchased on the market.

2"For instance, buying a house alarm in the present reduces the probability of incurring a loss due to
a burglary in the future.

28These models also usually introduce the regularity assumption that function p(e) is convex.
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In line with the papers studying saving and insurance, the literature on saving and
prevention also analyzes the substitutability between the two instruments. In partially
different frameworks, Menegatti and Rebessi (2011) and Steinorth (2011) show that under
the usual assumption that in the case of an increase in the interest rate, the substitution
effect prevails over the income effect (thus, saving increases), saving and prevention are
substitutes.”

Menegatti and Rebessi (2011) also reconsider the separation result by Dionne and
Eeckhoudt (1984) by examining the optimal choices of saving, insurance and prevention
under the assumption that the insurance premium is fair. They obtain an extended
separation result where the household purchases full insurance to remove the risk, uses
saving to smooth consumption between the two periods and uses prevention to reduce the
cost of market insurance.552

Peter (2017) reconsiders the interaction between saving and prevention by investigating
the effect of interest rate risk on the optimal choices of the two instruments. Comparing
the case with certainty to the case with uncertainty, Peter shows that prudence and a value
of the index of relative prudence lower than 2 imply that the presence of interest rate risk
increases prevention and reduces the optimal level of saving. This result is consistent with
that derived in the standard model with interest rate risk described in Section 3, and it
provides additional insight into this issue by also showing the effect on prevention. Lastly,
the opposite signs of the variation in the levels of saving and prevention also confirm that
the two instruments are substitutes.®

A further strand of research investigates the mutual relationship between precaution-
ary saving and labor supply (Low, 2005; Floden, 2006; Nocetti and Smith, 2011). In the
certainty case, we here adopt the following formalization of the household maximization
problem:

maxu ((1 — lo)’wo — S, lo) +v (/ﬁ + (1 — ll)lU1 + s, ll) (30)

s,l0,01

where u and v depend on wealth and leisure, [ is leisure in the first period, [, is leisure
in the second period, wy is the wage rate in the first period, w; is the wage rate in the
second period and k; is non-labor income in the second period. Since the household
has an endowment of one unit of time in each period, 1 — [y is the labor supply in the
first period, and 1 — [y is the labor supply in the second period. In this framework,
we introduce a stochastic wage rate and a stochastic non-labor income in the second

29The substitution effect prevails over the income effect under the assumption that the partial relative
risk aversion is lower than one.

30The fair premium paid by the household depends on the probability of incurring the loss. Greater
prevention reduces this probability, thus reducing the premium.

31The results by Menegatti and Rebessi (2011) are generalized to the analysis of saving and health
prevention by Liu and Menegatti (2019a).

32Peter (2017) also shows that the presence of saving has significant consequences for the role of
prudence in determining optimal prevention. However, this issue is not related to precautionary saving
analysis, and thus, it falls beyond the scope of this survey.
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period, and we study the effects of uncertainty on precautionary saving and on the total
labor supply. Under plausible assumptions on household preferences,® a precautionary
motive for saving emerges. Moreover, in the presence of precautionary saving, the current
supply of labor increases, and the expected future supply of labor decreases. In a sense,
precautionary saving is thus a complement to the current labor supply and a substitute
for the future labor supply.

A problem involving multiple choice variables also emerges when a household can
make investments affecting different dimensions of its utility. In this context, saving is
an investment because it implies a current cost in terms of wealth that is sustained to
obtain a higher level of wealth in the future. Analogously, other kinds of investment may
involve present costs in exchange for future benefits in other dimensions different from
wealth. This is the case, for instance, of ‘health investment’, where a household pays a
financial cost and/or sustains a health cost today to improve its future health status.®
In particular, the choice of the optimal level of health investment may be made either in
isolation or together with the choice of saving. In this second case, the household problem
becomes the following:

maxu (yo — s — H, Hy — moH) + ]

S,

1
pv (y1 + Rs, Hi + m1 H) (31)

where u and v depend on wealth and health, Hj is the baseline health status in period 0,
H, is the baseline health status in period 1, H is health investment, my is the unit cost
of health investment in the health dimension, and m; is the return on health investment.

This problem has recently been analyzed by Liu and Menegatti (2019b), who examine
the effect of the introduction of uncertainty either in the return on financial investment R,
in the return on health investment M, or in both returns together. These authors show
that saving and health investment can be either substitutes or complements depending on
certain features of household preferences.®™ Moreover, the effects of the introduction of an
interest rate risk and of a random return on health investment depend on the interaction
of substitutability /complementarity with four aspects of preferences: the values of partial
relative prudence in wealth and partial relative prudence in health as well as the signs
of cross-prudence in wealth and cross-prudence in health. The first two aspects describe
the usual direct effect of each risky return on ‘its’ type of investment, while the other two
aspects capture the cross-effects of each risky return on the other investment.

A last case where saving is chosen jointly with other variables is studied by the financial
literacy literature, which reports a large amount of empirical evidence on the fact that

33In particular, in the case of non-labor income uncertainty, the main condition required is decreasing
absolute risk aversion.

34An example is preventive surgery, which may require a financial payment and may determine a
negative side-effect in the present but will improve future health status.

35Substitutability /complementarity depends on a comparison between two elasticities: the elasticity of
the expected future marginal utility of wealth investment with respect to the return on health investment
and the elasticity of the present marginal utility of wealth with respect to the cost of health investment.
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different groups of people in different countries exhibit a significant lack of knowledge and
competence with regard to financial concepts and financial instruments. This can have
an important impact on household financial decisions, biasing the choice of the optimal
values of specific variables (Lusardi and Mitchell, 2014).

In this context, the interaction of financial literacy and the saving choice has been
studied in the literature in two alternative ways. On the one hand, a strand of literature
(Lusardi et al. 2017) considers the choice of the optimal level of saving together with the
choice of a possible investment in financial literacy. This approach assumes the existence
of a one-to-one mapping between knowledge and the return on saving by conjecturing
that more financial literacy implies a better ability to choose the investment strategy
and, thus, larger returns. Under this assumption, the household optimization problem
becomes the following:

1
—s—kR
maxu (yo — S )+ T

s,R

P (41 + Rs) (32)

where k is the unit cost of the investment in financial literacy. Lusardi et al. (2017) show
that in this setting, there is complementarity between the desire of a household to save
and its willingness to invest in knowledge about financial instruments. Moreover, this
complementarity is strengthened by uncertainty on future income.

The second approach analyzing the interaction between financial literacy and the
saving choice assumes that households are not sufficiently ‘sophisticated’ to correctly
understand the features of all financial instruments they can purchase. This lack of so-
phistication is described by Neumuller and Rothschild (2017) as a friction in information
that causes unsophisticated households to be unable to perfectly recognize the prices and
the rates of return on the available financial instruments. In this model, the authors
consider households that are heterogeneously affected by the friction according to their
level of sophistication. Their decisions on the level of saving and on its optimal alloca-
tion between a risk-free investment and a risky asset are then studied. The focus is on
portfolio composition, and the results show that beyond determining lower returns, less
sophistication also implies lower participation in the market of risky assets.

9 Precautionary saving beyond ‘the classical approach’

As stated in the Introduction, the goal of this work is to present recent developments
in precautionary saving analysis within the classical approach, founded on the expected
utility framework. The choice of limiting our review to this field of the literature looks
quite natural to us, as the expected utility framework is the most commonly used for the
analysis of precautionary saving. Beyond this, the breadth of the contributions in this
field also suggested restricting the scope of the present review and excluding from the
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main body of the paper models where household preferences are characterized differently
from the framework presented in the previous sections.

Nonetheless, there are many works that have developed different approaches to the
analysis of precautionary saving with the aim of examining issues and answering questions
that cannot be considered in the classical approach and, in particular, using expected util-
ity. Neglecting these contributions would have meant providing the reader an incomplete
overview of the literature; therefore, in this section, we present a general picture of the
most important of these departures from the ‘standard’ model. In particular, we provide
a sketch of the results in this field without entering into analytical detail and without
providing specific highlights of them since we prefer to leave a more in-depth study to
papers devoted to this topic.

We first consider a departure from the classical approach that removes one of its key
assumptions: the hypothesis that the household knows the objective probabilities of a
future event relevant for its choice or, at least, that it has a clear subjective opinion on
them. However, Knight (1921) noted that in some circumstances, this clear opinion does
not form and that there is a kind of uncertainty on the a priori elements, which are
relevant for the household decision. In the literature, this situation is called ‘ambiguity’,
and the preferences of a household that does not like this uncertainty are said to exhibit
‘ambiguity aversion’ (e.g., Klibanoff et al., 2005).

The effects of ambiguity on the saving decision have recently been studied in different
contributions (Berger, 2014; Baillon, 2017; Wang and Li, 2018 and Peter, 2019). In some
cases, ambiguity aversion alone, as defined above, is sufficient to generate extra-saving due
to the presence of uncertainty (Peter, 2019). In other cases, more complex conditions,
such as ‘decreasing ambiguity aversion’, are necessary (Wang and Li, 2018). Lastly, in a
further group of circumstances, conditions involving the concept of ‘ambiguity prudence’
are required. This concept has been defined either ‘a la Kimball’, i.e., with reference to a
specific derivative of a function describing some aspects of preferences (Berger, 2014), or
‘4 la Eeckhoudt and Schlesinger’; i.e., by using preferences over lotteries (Baillon, 2017).

A different departure from the expected utility approach changes the way households
perceive probabilities and adopts the so-called rank-dependent utility model (Quiggins,
1982). In this setting, the probabilities attached to the different states of the world
are transformed by weights determined by household attitude. Pessimistic households
assign larger weights to the probabilities that bad outcomes will occur, while optimistic
households assign larger weights to the probabilities that good outcomes will occur. By
means of rank-dependent utility, Bleichrodt and Eeckhoudt (2005) study the effect of
pessimism and optimism, as described above, on precautionary saving. They show that
the direction of these effects depends on prudence and temperance and that, in the most
plausible case where the equivalent precautionary premium is decreasing in wealth, the
impact of pessimism on saving is positive.

A further aspect of the standard structure of the utility function that has been mod-
ified is related to the formalization of household preferences for risk and time. In fact,
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in the classical approach, the concavity of the utility function contemporaneously mea-
sures two different aspects of preferences: the strength of the household desire to smooth
consumption (related to the intertemporal elasticity of substitution) and the household
dislike for the presence of uncertainty (related to risk aversion).®® Kreps and Porteus
(1978) and Selden (1978) independently study a way of removing this ‘double role’ by
proposing a class of preferences that disentangles household attitudes toward risk and
toward time.

Adopting this approach, Kimball and Weil (2009) study household consumption and
saving choices and, thus, also precautionary savings. Their analysis considers how house-
hold preferences for risk and time interact in determining the precautionary premium
and, thus, the strength of the precautionary saving motive. In particular, they show that
for large risks, decreasing absolute risk aversion (a condition requiring prudence) ensures
that the precautionary saving motive is stronger than risk aversion, regardless of the level
of the intertemporal elasticity of substitution.

An extension of Kreps and Porteus (1978) preferences proposed by Epstein and Zin
(1989) has recently been used by Bommier and Le Grand (2018) to study precautionary
saving in a multiperiod framework.®™ The main result obtained is that larger precaution-
ary saving is implied by greater risk aversion & la Yaari (1969).%2

A different departure from standard expected utility models is represented by models
exhibiting loss aversion. The concept of loss aversion was introduced in the so-called
prospect theory by Kahneman and Tversky (1979) and is founded on the idea that there
is an asymmetry in evaluating the increment and decrement in consumption with respect
to a ‘reference point’, often represented by past consumption. This asymmetry implies
that losses relative to the reference point are more important for households than gains.

The introduction of loss aversion in consumption-saving models clearly influences the
saving path, making households more reluctant to reduce consumption and increase saving
when this reduction implies falling below the reference point. When a random future
income is introduced in this framework, a similar effect affects precautionary saving since
a household tends to resist reducing consumption below its reference point, even when it
is dealing with uncertainty on the future (Bowman et al. 1999). Moreover, in a similar
context, Aizenman (1998) shows that in the presence of loss aversion, prudence is again
a determinant of precautionary saving.

Lastly, behavioral economics also argues for the relevance for intertemporal decision

36For instance, when using a CRRA utility function, the parameter measuring constant relative risk
aversion is also a measure of the constant intertemporal elasticity of substitution.

3TVan der Ploeg (1993) and Weil (1993) also study the issue of precautionary saving in multiperiod
frameworks but under specific fully parametrized income processes and closed-form solutions and intro-
ducing specific forms for the instantaneous utility function (quadratic and CRRA in Van der Ploeg (1993)
and Weil (1993), respectively).

38Yaari (1969) defines greater risk aversion as follows: a household is at least as risk averse as another
household if it is willing to accept every risk that is acceptable to the other household.
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making of psychological mechanisms such as ‘present bias’ or ‘mental accounting’, which
may affect household decisions on wealth allocation and, thus, on saving. In particular,
the idea of present bias suggests that in discounting future utility with respect to present
utility, there is a bias that causes a household to significantly reduce the weight attached
to future utility. This bias, which, in principle, does not depend on uncertainty on the
future, may be even larger when risk on future income or on future rewards is introduced
in the framework (Marzilli Ericson and Laibson, 2019). In contrast, mental accounting
is related to the conjecture that when making choices, households consider just some of
the elements affecting their wealth, treating other elements as ‘out of bounds’ of their
analysis (Beshears et al., 2018).

Both present bias and mental accounting have an effect on saving decisions, generating
a consumption path closer to the income path than that suggested by the usual theory of
intertemporal choice. This implies a reduction in consumption smoothing and, potentially,
a reduction in precautionary saving that typically generates deviations from the income
path. Similarly, the use of hyperbolic discounting, which implies discount rates that
decline over time, can determine a reduction in precautionary saving (Laibson, 1998).

10 Conclusions

The debate on precautionary saving, which dates back to the 1960s, has been revived
by a significant new literature. New research lines have developed the traditional model,
which studies the saving choice under uncertainty, by introducing a wide range of addi-
tional elements: the contemporaneous presence of multiple risks, complex changes in risks,
multiple variables affecting household utility or multiple choice variables, and preferences
non-featuring risk aversion.

These contributions provide a detailed description of the precautionary saving motive
and cover most of the relevant issues related to it. Nonetheless, in this field of analysis,
some aspects remain underinvestigated, revealing the most promising directions for fu-
ture research. In particular, we consider that there is room for further development in
precautionary saving theory along the following lines.

A very recent literature focuses on the analysis of precautionary saving when the
household does not necessarily perceive uncertainty as a bad, for instance, in the case of
risk loving. In this context, the literature shows that prudence remains the key element
for precautionary saving. In a sense, this is in line with the origins of the precautionary
saving literature since it confirms the conjecture by Leland (1968), who opened up the field
of precautionary saving analysis precisely by stating that ‘we must reject the association
of precautionary demand of saving with simple risk avoidance’ (Leland, 1968, p.467). A
peculiar aspect of this analysis is the unusual sequence in the signs of the derivatives of the
utility function. Although this opens up to the study of many different kinds of household
behavior in the presence of risk, also in contexts different from precautionary saving, a
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challenge emerges because the meaning of these preferences has yet to be completely
understood and requires further investigation.

A further promising strand of literature is related to the idea of coupling the saving
choice to other types of choice in a risky framework. This approach has the clear advan-
tage of considering the interaction between different household decisions, removing the
simplification associated with the assumption that the saving level is set in isolation. A
question that remains open in this framework is the definition of the bundle of choices
that the household makes together. The way in which households bracket choices is still a
debated issue,™ and involves elements pertaining to different branches of knowledge that
go beyond economics to reach other disciplines, such as sociology and psychology.

As shown in the previous sections, the analysis of precautionary saving also evolved
in the direction of considering different kinds of risk changes. However, in our opinion,
further developments along this line are possible. Taking as a basis the large impact on
household well-being of the subprime crisis and, more generally, of all the disruptive events
that, in the current opinion, are included in the category of ‘black swan’ circumstances,
we believe that a deeper investigation of the effects of rare events on precautionary saving
could prove to be very useful. In fact, although one of the purposes of saving is
to build a buffer that limits the negative effects of these events, a common
characteristic of rare events is that decision-makers are usually unprepared
for them. This may happen for instance, because in a context where agents
can process only a finite amount of information and cannot prepare perfectly
for all contingencies, thinking more about optimal actions in unusual times
implies less thinking about optimal actions in normal times. This issue studied
by Mackowiak and Wiederholt (2015) is likely to affect saving decision in
a new way, substantially changing agent preferences on the intertemporal
distribution of income.

In conclusion, a last new research line may include in the picture the effects of policies
affecting saving decisions. In this context, particular relevance is assumed by all public
interventions that provide a form of insurance against specific risks, for instance, unem-
ployment, health and longevity risks.™ Assessing the impact on the precautionary motive
for saving of the different structures included in the welfare state of a country, which range
from the sanitary system to social security, is warranted for two main reasons. On the
one hand, such an assessment would help us understand how it is possible to affect the
level of precautionary saving and thus, indirectly, the overall level of saving. On the other
hand, it would supply useful insights into the effects of policy uncertainty, for instance, in
the case of the recent distress in the pension systems of several developed countries. This
fact introduced uncertainty on the actual payment of pension benefits, an element that is

39Gee, for instance, Read et al. (1999).

40To the best of our knowledge, there exist only some sporadic examples of papers examining these
issues (e.g., Abel, 1985; Hubbard and Judd, 1987; Engen and Gruber, 2001), and no systematic literature
to date has developed.
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likely to deeply affect household behavior, especially with regard to saving decisions.
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