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Multi-population Mean Field Games systems with Neumann
boundary conditions

Marco Cirant

Dipartimento di Matematica “F. Enriques”

Universita di Milano
Via C. Saldini, 50
20133—Milano, Italy

Abstract

In this paper we discuss some existence and uniqueness results for multi-population stationary Mean
Field Games systems with Neumann conditions at the boundary. We prove the existence of solutions
through fixed-point and approximation arguments, assuming that the Hamiltonian functions are
super-linear with respect to the gradient entry and the costs are regularizing functionals or local
functions of the distributions. In the latter case we require uniform boundedness or some growth
conditions on the costs, which assure that suitable a-priori estimates hold. We propose a sufficient
hypothesis for uniqueness of solutions and some examples where multiplicity of solutions arises.
Keywords: Mean Field Games, Multi-population models, Ergodic stochastic control
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1. Introduction

The objective of this paper is to study existence and uniqueness of solutions of the multi-

population ergodic Mean Field Games system with Neumann boundary conditions

—viAu;(z) + H (z, Du;(x)) + Ny = Vim](z), Ve eQ hj),
—v;Am;(z) — div(D,H (x, Du;(z))m;(z)) =0 Vx €Q k),
Onui(z) =0, Vo e 02 hyn),
viOpmi(x) + miDyH' (z, Du;(z)) - n(z) = 0 Ve € 0Q  kn),

(MFG)
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1=1,..., M. Such a non-linear elliptic system appears within the theory of Mean Field Games
(briefly MFG), a new branch of Dynamic Games proposed independently by Lasry, Lions [I8], [19], 20]
and Caines, Huang, Malhamé [16] which aims at modeling and analyzing complex decision processes
involving a very large number of indistinguishable rational agents.

The system captures equilibria of M populations of agents aiming at minimizing some
long-time average criterion. Indeed, solutions of provide optimal strategies for players of
every population ¢ = 1,..., M, who pay a cost that is proportional to their velocity and some func-
tion V* that depends on their positions and the distributions my, ..., mys of the populations. The
state space of players is a bounded domain  C R? and their trajectories solve stochastic differential
equations involving a Brownian diffusion \/2v; B} and reflection at the boundary 9. The standard
Dynamic Programming Principle associates the system of Hamilton-Jacobi-Bellman equations hj)
with Neumann conditions Ajn) to the infinite-horizon minimization problem. Kolmogorov equations
k), kn) characterize the (invariant) distributions of the populations, where every player chooses to
implement the equilibrium strategy —D,H"(-, Du;(-)). We point out that system can be
derived by taking the limit of Nash equilibria of games with NM players with suitable symmetry
assumptions. This result has been obtained in [20] in the one population case and in [I1] for M > 2,
considering the torus as the state space.

In this paper we drop the assumption of periodicity, which is usually adopted in the MFG
literature to avoid technical issues, and move to the setting of reflecting boundary, for which, to
the best of our knowledge, no existence results are available; Achdou and Capuzzo-Dolcetta carried
out numerical analysis on stationary models in [I] 2] with such conditions at the boundary.

Our aim is also to provide a general existence framework for the multi-population case. For
M > 2, Feleqi [I1] treated the periodic case with regularizing costs; Lachapelle and Wolfram [I7]
studied some two-population non-stationary models describing congestion in pedestrian crowds.
In between the one-population and the multi-population setting, we mention that in [I5] 24] it is
considered a MFG where a population of “minor” agents interacts with a single “major” agent.
For general theory of MFG see also [7, [§] and [2I], where many techniques for MFG systems are
developed.

We will make use of some well known result on Hamilton-Jacobi-Bellman and Kolmogorov

equations, that will be presented in Section [2| The minimal assumptions (H) on the Hamiltonians



H' are satisfied by functions which are superlinear with respect to the gradient entry, i.e.
H'(z,p) = —b(z) - p+ Rlp|” — Ho() (1)

for some R > 0, b, Hy € C?(Q2). In Section |[3| we prove existence for assuming the general
(H) and that the costs V' are regularizing, i.e. they map the set of probability measures with
density in W1P(Q) into a bounded set of W1>°(Q), and they are continuous with respect to the
uniform convergence on Q. The arguments in this case are quite standard and exploit the fixed
point structure of the system: a solution u of hj), hjn) for a given m is plugged into k), kn) to
produce a new vector of distributions p. Once continuity of the map m — pu is verified, a fixed
point is found by means of Schauder theorem.

In Section [f] we do not require anymore the costs to be regularizing with respect to the vector of
distributions, and assume on the other hand V? to be local functions of m, i.e. Vi[m](z) = Vi(m(z)).
This case is much more tricky, as standard elliptic estimates are not sufficient in general for carrying
over a fixed-point argument. In [J] existence is proved in the case M = 1 and with quadratic
Hamiltonian by exploiting the Hopf-Cole change of variables, without any growth assumption on
the cost; for more general Hamiltonians, a-priori estimates on solutions are presented in [14]. A
full proof of existence for general MFG systems in the one population case and periodic space is
provided in [13], where more general estimates are supported by a continuation argument. However,
some growth conditions of V' with respect to m are required.

Our approach relies in passing to the limit in approximating problems with smoothing costs,
for which existence is proved in Section Crucial a-priori estimates are obtained by exploiting
the adjoint structure of as in [I4], Bernstein methods and fine bounds on the solutions of
Kolmogorov equations, with the requirement that H’ are precisely of the form (with b = 0).
We point out that the multi-population case differs from the single-population one as growth with
respect to every m; plays a role. In our hypotheses a precise behavior from above and from below
of V' is prescribed. We are also able to treat the case of local continuous costs that are uniformly
bounded with respect to m. We finally present some examples of costs for which the existence
results apply.

Section [5| is devoted to uniqueness of solutions of . The argument by Lasry and Lions
presented in [20] is adapted to the multi-population case, where non-uniqueness of solutions has

to be expected in general; we present indeed some examples of MFG systems that admit multiple



solutions. In particular, we construct through a variational argument some “segregated” solutions
of a two-population MFG system with aversion.

We finally observe that the natural sufficient condition for uniqueness (see (24))) is related to the
hypothesis for existence with local unbounded costs (Vi) that we propose in Section [4] suggesting

that such assumptions guarantee a “convex” structure of the problem (see Remark .
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2. Preliminaries

Throughout the paper © will be a C? bounded domain of R?. We will denote by n(x) the outer
normal vector at x € 9Q and by Df, Jf, D?f the gradient, Jacobian matrix and Hessian matrix of

a function f, respectively. Moreover,

C’av(Q):{ueC’(Q):/QUO}, P{meLl(Q):/le}.

If one considers Vi[m] as a function of x, i.e. m is frozen and Vi(z) = Vi[m](z), equation
(MFGJ), hj) is a stationary Hamilton-Jacobi-Bellman equation, for which existence and uniqueness
of solutions (u;, \;) are well understood. Suppose that the following set of hypotheses on the

Hamiltonian function H holds:
(H) 1. H € CY(Q x R?). There exist B € Wh(Q,R9), C' > 0, such that

H(z,p) > B(z)-p—C VreQ,peRL

2. ForallzecQ,peR?
DyH(x,p)-p—H(z,p) > -C

for some C > 0.

3. There exist ;x> 0, 6 € (0,1), Ry > 0 such that

0
DyH -p+ ZH? + plpl* + p[DpH - p — H] > 0



for all |p| > Ry, z € Q, and

9
Dy H -p+ SH? + plp|® + p[Dp H - p — H] + tp|*[Dp H - ()] > 0

for all |p| > Ry, « in a neighborhood of 9Q and t € [0, Cy], where Cj is the maximum among

the negative part of the principal curvatures of 9.
P.-L. Lions proved in [22] the following result.

Theorem 1. Suppose that Q is a bounded C? domain, f € W1>(Q), | fllwiee ) < a for some
a >0 and that (H) holds. Then, there exist unique u € C%(Q) N Cay () and X € R that solve

—vAu(z) + H(z, Du(z)) + A= f(z) in Q, Opu(x) =0 on IN.

Moreover,
IAL< 1 f [z () (2)
and

[ullwios@) < C (3)
where C' is a positive constant that depends on Q, H and «.

Proof. See [22], Theorem II.1. O

A solution belonging to P of equation , k) with boundary conditions kn) is the density of
the invariant measure of the optimal stochastic process driven by drift b(x) := —D,H*(z, Du;(x))
with reflection at the boundary. For such an equation existence and uniqueness is established as
well, at least under some regularity assumptions on b. We recall a result which will be used in the

sequel.

Theorem 2. Suppose that  is a C? bounded domain and b € L>¥(Q,R?). Then, there exists a

unique (weak) solution m € W12(Q) of
y/QDm-D¢=/me-Dq§ Vo € WH2(Q). (4)

Moreover, m € WYP(Q) for all p > 1, m € C(Q) and it satisfies
st<m(z) <6 Yoreh

for some § > 0 depending only on ||b]| 1 (q)-



Proof. See [6], Theorems 11.4.4, 11.4.5, 11.4.7. O

Throughout the paper, V? will be functionals that map C°(Q) functions into C°(Q) functions.
In this situation, we may consider the following definition of solution of (MFG)).

Definition 3. A solution of (MFG]) will be a 3M-uple (u, A\, m) such that
u; € Coy () NCHQ), NER, mePNWH(Q) Vi=1,..., M,

u;, A; solve hj) in the standard viscosity sense, hjn) is satisfied pointwise and m; solves k), kn) in

the weak (distributional) sense, namely
ui/ Dmi-DqS—k/ mi DyH (2, Du;(x)) - Dp =0 VYo e WH3(Q),i=1,..., M.
Q Q

Since Du; € L>°(Q,R?) and D, H is continuous, D, H(-, Du;(-)) € L>(Q, R?) and Theorem
let us conclude that m; are continuous functions on 2. As V*[m] are also continuous, the standard

notion of viscosity solution can be applied to the Hamilton-Jacobi-Bellman equations hj).

3. Existence in the non-local case.

In this section we prove a result on the existence of solutions to under the assumption
that the costs V' are regularizing on the set of WP probability measures. We provide the full
details of the proof, which exploits the fixed-point structure of the system and standard elliptic
estimates. The delicate part of the argument is to verify the continuity of the operator defined on

the set of probability measures, and manage the presence of Neumann boundary conditions.
Theorem 4. Suppose that every H' satisfies (H) and V* is such that

(Vo) 1. For some o> 0,p > d, |[Vi[m]|lw1.=() < a for all m € [WHP(Q)]M N PM,
NL _ . . —
2. m"™ = m uniformly on Q = Vi [m™] = Vi[m] uniformly on Q.

Then, there exists a solution (u, \,m) of (MFG)). Moreover u; € C*(Q) and m; € W1P(Q) for

all p> 1.

Proof. Let m; € WHP(Q) NP, i = 1,...,M be fixed, where p is the constant that appears in
(VnL) ; and Fi(x) := Vi[mq,...,mp|(x); by Propositionthere exist solutions (v;, \;) € (C*(Q)N
Cav () X R, of

—viAv; + H'(z, Dv;) + \; = Fy(2) in Q, 0,v;(x) =0 on 09, (5)



forall i =1,..., M, together with estimates ||v;|ly1, () < Cy, where the constants do not depend
on m. If we let b'(z) :== —D,H"(x, Dv;), Proposition [2| guarantees existence (and uniqueness) of

(weak) solutions p; € WHP(Q) NP of
—v;Ap; — div(D,H (x, Dv;) ;) = 0
satisfying Neumann boundary conditions, with estimates ||;(|y1.p(0) < C;. Let now
K; =P 0 {meW"(Q):|lm|lwireo <Ci},

one has y; € K; independently on the initial m chosen, as V* is uniformly bounded by hypothesis.

It is consequently well defined the map

T:(mg,....my) €KL :=Ky x - X Kpp= (v1,..,00) = (p1y -, i) € K. (6)

Being every K; compactly imbedded in C(Q2) ([I2], Theorem 7.26), by showing that T" is contin-
uous (with respect to the standard C'(Q2) x - - - x C(2) topology), it is possible to apply the Schauder
theorem ([I2], Theorem 11.1) and obtain a fixed point of I'. A fixed point (my,...,mps) will be a
solution of , together with (uq,...,ups) obtained by solving the Hamilton-Jacobi-Bellman
equations.

Let {m(™} be a sequence in K converging uniformly to some m € K; we first want to show that

v(™ — v. Each vgn) solve
fyiAvZ(”) + Hi(x,Dvl(")) + )\E”) =Vim™](z) onQ, (7)
while each v; is a solution of
—viAv; + H(z, Dv;) + Ny = Vi[m](x) on Q; (8)

we also know, thanks to and , that the constants \; and )\l(-n) are bounded in absolute value by
o, and H'Ul(n)HWI,oo(Q)7 lvillw1. (@) < C;. We now consider any uniformly convergent subsequence
(vgn), o ,vj(g)) — (01,...,00) (by Ascoli-Arzela there exists at least one). We begin by proving
that )\En) — A; (reasoning as in [3]): fix ¢ = 1 and consider some further converging subsequence
Aﬁ”) — 1. Suppose by contradiction that A\; # ;. Since by hypothesis Vi [m(™] — Vi[m)]

uniformly, we deduce that v; is a solution in the viscosity sense of the limit equation

—v1Avy + HY (z, Dvy) + A\ = Vim](xz) on Q

)



with Neumann boundary conditions satisfied in generalized sense. Without loss of generality A\; >
A1 and 71 (y) > v1(y) at some y € 2, possibly adding a positive constant to #1; hence, there exists

6 > 0 such that

— Ay + H' (2, Doy) — V! + 601 = 691 — My

S 5’01 — )\1 = 71/1A’U1 + Hl(ac,Dvl) - Vl + 5’01.

By comparison principle ([I0]) it follows that ¥; < vy in €, that is a contradiction. So, A\; = Ay
and )\gn) — A1
We now show that v; = vy. By subtracting to , we obtain

Vim™)(z) — Vim)(z) — (A" = M)
= —VlA(UYL) —vy)+ Hl(q:,Dvgn)) — H'(x, Dvy)

n 8H1 n
= =A@ —v) + =5 (@, O(Dv" = Dun) =

n OH!
— VlA(U§ ) V1) — ’

3 <x,£>‘ [Dv"” Doy >

- ulA(vYL) —vy) — C\Dvin) — Duy.

where £ = £(z) € [Dvgn)(ac),Dvl(a:)] and C = SUP,cq (¢]<C |‘9a—lf(x,§)|. Set wgn) = vgn) — vy,

taking the limit as n — +oo, wgn) — w1 = U7 — v uniformly,

—v1Aw; — ClDwi| <0 on Q
5 =10 on 012,

again with Neumann boundary conditions that have to be intended in generalized viscosity sense.
We want w; to be everywhere constant, and we suppose that w; reaches its maximum (that we may
assume to be positive, by eventually adding a positive constant to w;) on Q at a point inside the
domain: in this case, the strong maximum principle in [4] implies that w; is constant. Furthermore,
if that maximum was reached at some z € 9 we would have a contradiction (as in the proof of

Theorem 2.1 in [9]); indeed, letting M = u(z), we would have u(y) < M for every y € 2. We know



that there exist 7 > 0 and a smooth function ¢ such that [f]

—11A¢ — C|D¢| >0 su B.(z)

(10)
% >0 su 0 N B, (x),

where ¢(x) = 0 and ¢(y) > 0 for all y € B,.(x)NQ\ {}. The point 2 would be a local maximum of
wy — ¢, that is impossible by and the definition of viscosity subsolution, so v; — vy is constant
on  and 71, v1 € Cay (), hence U7 = vy; by the same argument v; = v; for i =2,..., M.

Since the limit o is unique, we deduce that the entire sequence (v%n), vén)) converges to v. Let

now ;LZ(-") € W1>°(Q) NP be solutions of

—I/iAuEn) - diV(DpHi(x7DUi)uz(n)) =0.

(n)

We prove (to obtain the continuity of I') that u, ~ — p; uniformly, where 1o = I'(m). Notice that

uiAvZ(") = Gy(z) == H(x, van)) + )\E") —Vim™](z),

and the estimate ||G;|| ) < C holds for some C' > 0 independent on n, hence, by standard C'*
interior elliptic estimates (see for example [12], theorem 8.32) one has ||vi(n) l|c1.e @y < 00 on every

Q' cc Q. Fixi=1, then Dv§n) — Duvy uniformly on compacts in €2 and that easily implies that

every converging subsequence ,ugn) — [i1 is a (weak) solution of

—v1Ap — div(D,H"' (x, Dvy)p) = 0,
(n)

that has p; as a unique solution in P. Similarly, u;

— u; foreveryi=1,..., M.

Example 5. An example of costs satisfying (Vi) is given by
Vim](z) == Wimy x o(x),...,my *p(x)) x p(x) Vo eQ,
where W € CO(RM) and ¢ € C3°(R?) is a regularizing kernel. We recall that

m; * p(x) = /ng(x —y)mi(y)dy Vz € Q,

I Take, for example, ¢(z) = e—ps? e‘p|z_z‘3‘2, with p > 0 large enough and Bs(zg) the external sphere Q at .



SO

|m; * @(x)] < (sudp o)lmillLr ) = (sudp v) VreQ,meP.
R R

Moreover, D(m; x p) = m; x (Dy), hence
ID(mi x£)(@)| < (sup D) mill 3y = (sup D)V € Q,m € P.
R R

The two inequalities show that (Vi) , 1. holds.

Given m(™ — m uniformly on Q, we have that

wﬁm—nm*¢@nS/me—wm$%m—nmwn@
Q

< [lll 1 ey sup [(m™ —mi) (y)] = 0,
Q

as n — oo uniformly w.r.t z € 0, so also (Vyr) , 2. holds.
We observe that V¢[m] € C°>°(12), so a solution (u, m) of (MFG]) produced by Theorembelongs
a-posteriori to C*°(Q) x C>°() by standard elliptic regularity.

4. Existence in the local case.

In this section we focus on existence of solutions of when the smoothing assumption on
the costs V? is dropped. Regularity of V¢[m] uniform with respect to the vector of distributions
m plays a substantial role in the proof of Theorem , providing strong a-priori estimates for
solutions. We establish suitable estimates in the local case, exploiting the structure of the system
and assuming boundedness or monotonicity of V.

Throughout this section the hamiltonians H*® will have the form

H'(x,p) = Ri|p|” — Hi(x), Ri>0,v>1, (11)
OnH{(r) >0 on 99,
for some potential function H} € C2(Q). Although we believe that perturbations of such Hamilto-
nians could be considered in the subsequent proofs, we assume to simplify the computations

and focus on the main features of the problem.

In the first result we assume that V? are continuous and bounded functions.

10



Theorem 6. Let Q be a C? convex domain. If H* has the form and the costs V' satisfy
(Vi) V'eC'®RM), |Viim)|<L YmeRM i=1,...,.M

for some L > 0, then there exists a solution (u,\,m) of (MFG). Moreover u; € C*°(Q) and
m; € WHP(Q) for some 0 < § < 1 and for all p > 1.

The second existence assertion of this section requires a growth assumption on V* with respect

to m from above and from below.

Theorem 7. Let Q be a C? conver domain. If H' has the form and Vi € CY(RM) satisfy for

allm; >0

i) azi]\il m] vt < 2%21 O, Vi(m)v' v for all v € [RYM,

(Viu) _ Iy
i) =V <Vim) < D1+ ,2,m]),
for some v > —1 and a,n, D,V > 0 such that

(y+2)/(d=2) ifd=3,

+00 else.

n <

Then there exists a solution (u,\,m) of (MFG). Moreover, u; € C%%(Q) N CY(Q) and m; €
WP(Q) for some 0 < § < 1 and for all p > 1.

Before going into the details of proofs of Theorems [6] and [7] we provide some examples and state

the a-priori estimates that will be needed.

Remark 8. Condition (Vpu) , ¢) holds when

® + &7 is positive semi-definite, (12)
where
am] 0
o= JV — (13)
0 am}y,

JV denoting the Jacobian matrix of V. Indeed,

M M
Z O, VH(m)v* - v? — aZmz|vi|2 =tr(®W) >0

i,j=1 i=1

11



where W;; = v'-v7, since holds and V is symmetric and positive semi-definite for all v?, v7 € R<.
Moreover, suppose that for some K > 0 condition (Viy) is true for all v € [R4M, m; > K for
some i (not for all m in general) and in addition we have that
M
0< Z O, Vi (m)v" - o7
i,j=1
for all v € [RYM, my,...,my < K. Then, the existence assertion of Theorem [7| still holds.

Assumption (Viy) is indeed crucial when m becomes large.

Example 9. In the single population framework (M = 1), a typical model of unbounded cost is

V € CL(R), V'(m) >0 for all m > 0 and
V(ma) :mf, B>0,m >1.

In this case, setting v = 8 — 1 and n = S, if d > 3 the coefficients have to satisfy 8 < %. A

sufficient condition for (Viy) turns out to be
B<1/(d—3) ifd>4,

and § < oo otherwise.

Exzample 10. If we now let

Vi(my, mg) = amy + bmeo, (14)
V2(my,msa) = cmy + ams,
with a, b, ¢ € R the mean field system can be interpreted as two populations interacting that behave

in the same way with respect to themselves; (Vyy) is then satisfied if
a>0, bc>0, b+c<2a.

if the space dimension is d < 2. In higher space dimension a sublinear growth with respect to m

has to be required, but still monotonicity of V* with respect to m; should be leading.

Existence for (MFG|) under the assumptions of Theorems @ is carried out by taking the limit

as € — 0 of the approximating problems

—viAuei(x) + H (z, Duc (z)) + Aei = VEi[m(z), VreQ i),
—v;Ame () — div(DpHi(:z:,Due,i(z))mevi(:r)) =0 VzxeQ i),
Ontei(x) =0 Va € 99,

Onmei(z) =0 Vr € 0f.

12



where

Vim](z) := Vi(my x ge(2), ..., mas * e(2)) x pe(z) Vo €9,

€

¢e(x) == e %p(x/e), e > 0 and ¢ € C§°(R?) is mollifier, i.e. ¢ >0 and [, ¢ = 1. We also require
 to be radial. We know that a solution of exists for all € > 0 by virtue of T heorem (see also
Example . We present now some a-priori estimates for solutions of , independent on e.

Lemma 11. Let Q be convez, (u,\,m) € [C3(Q)]M x RM x [C2(Q)|M be a solution of and
let H' be of the form . Then,

M
Z / 5mjVi(m* we)D(m; * pe) - D(mj x pe)dx < C, (16)
Q

i,j=1
for some C = C(v,H',...,HM Q) > 0.

Proof. We consider first the equations for population ¢ = 1, apply the gradient operator D to

equation ¢), multiply it by Dm; and integrate over the domain to get
-1 / D(Auy) - Dmy + / D(H"(x, Duy)) - Dmy = / D(VY(myx@e,...,mu x @) % pc) - Dmy.
Q Q Q

By integrating by parts the second term of the left hand side and using the Kolmogorov equation

for mq, together with boundary conditions, we obtain

— / tr(Df,le(ac, Dul)(D2u1)2)m1 + Ry m1D(|Du|?) -n =
Q Ely)

/D(Vl(ml*(pe,...,mM*apE)*goe)~Dm1+/DH8~Dm1 (17)
Q Q

Convexity of Q implies that D(]Duy(z)|") - n(z) < 0 for all x € 9. Since by standard properties
of the convolution (and the fact that ¢, is radial)

DV my* @e,...,mar* @) % @) - Dmy = | DV my*@e,....max@c)) - D(my* @),
Q Q

so we integrate by parts the last term in (17)), use the assumption and exploit convexity of H?

with respect to p to obtain

/ D(Vl(ml * ey *x9c)) - D(my % @) <
Q

77711671[{01 + D(Vl(ml * Pes ey MM *906)) : D(ml *(pe) < / mlAHé < HAH(%HL“‘(Q)
o0 Q Q

13



Hence, by the chain rule applied to the term D(V!(my x @c,...,mar * o)),
Z/ Oy V(1 % ey ymg % 0) D(my x @) - D(mn % e) < |AHg || oo (-
—~Ja
J

It suffices now to carry out the same computations for equations corresponding to populations

i:2,...,Mandsumoveritoget. O

Regarding Kolmogorov equations of type (4]), it is known that an estimate on the L* norm of
solutions m € P follows from an L° bound on the drift b. The next proposition states that for
such an estimate to hold, a bound on the L” norm of b and the L? norm of m for some ¢ > 1 and

r > d is sufficient.

Proposition 12. Letr > d, g > and suppose that b € C(Q) satisfies b-n = 0 on 2. Moreover,

r
r—1

|m|la) < K, ||bllLr@) < K for some K > 0. If m is a solution of (@), then
[mlpe) < C (18)
for some C = C(K,v,d,Q).
Proof. From [25], Theorem 3.1, we know that the following a-priori estimate on m holds:
”mHleP(Q) < O(HVAmHwa(Q) + ”mHW*lvP(Q))a

for all p > 1 and a constant C' that depends on p, v, d, 2. Using equation and Holder inequality,
for all test functions ¢ € C°°(9),

/ uAm¢| < [ b Dol < lpllcoy oy 1D

1/r
’/ m(b’ S/ Ime| < ||m| pe) (/ dﬂf) H¢||LP’(Q)’
Q Q Q

setting p, p’ such that

and similarly

1 1 1 1 1
+ 1

That leads to

[mllwie@) <C,
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as p > 1 by the choice of r,q. Plus, C depends only on K and fixed data of the problem. If p > d
we are done by using Sobolev embeddings (by which m is continuous and bounded on the whole
domain). Else,

[l Lo+ ) < C,
with p* > ¢ + € for some € > 0 that does not depend on g by the hypothesis r > d. Iterating the
last two estimates and setting ¢ = p* at each time, a bootstrap argument let us conclude in a finite

number of steps that

lm| e () < C.

We are now ready to provide the

Proofs of Theorems [ and[7 Step 1. Since H' satisfies (H) and (Vnr,) holds for V/[m], by Theo-
rem [4] there exists (ue, Ae, mc) € [CHQ)]M x RM x [WHP(Q)]M solution of (I5). We will denote
(u, \,m) := (ue, Ac,m.) during the next steps of proof.

Step 2: |[Vi[m]||Lacq) < C for some ¢ > d. This is easily verified if (Vpg) holds. If (Viu) holds,
we know that if (u, A\, m) is a solution of the system, by hypothesis i) and Lemma

M
o [ 3o mix e IDmix g0 < €
Q=1

for some C > 0; hence

/(miwe)d?—f’ <0, i=1,....M (19)
Q
by Sobolev inequality if d > 3, otherwise ||m; * ¢c||rr(0) is bounded for every p > 1 (the positive
constant C' may vary throughout the proof, but it never depends on €). Moreover,

IVimllLog) < IVim*p)llaay < DIL+ Y (mix @) |pawy, i=1,....M

and the last term is bounded by a positive constant for some g > d because of adn (Vyy) (if
d < 2 this is true just by requiring V* to have polynomial growth).
Step 3: ||Dul|prqy < C = C(r) for all » > 1, which follows from Theorem Indeed, the

ergodic constants \; are bounded from below by —L + ming H¢ or —V + ming H{ by maximum
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principle if (Vi) or (Vi) hold respectively, and the L2 norm of the left hand sides of the Hamilton-
Jacobi-Bellman equations , i) are uniformly bounded due to Step 2. We also obtain that

|H* (2, Dui(x))]

(&, Duj())]

i=1,...,M (20)

with 7 as large as we need.

Step 4: |Im|| () < C. We first multiply (I5), ii) by logm; and integrate by parts to get

Dm|?
vi ﬂ /DHszw Drm; =0,
Q
hence
Dmif* _ Drmif? '
m/| mi| < /| i + /mi|Dle(szui)‘2’
o m 9 o m; 2v; Jq
SO
HD\/WTZ'H%z(Q) < C||mi||Lﬁ/2(Q)|| |DpHi(Dui)‘2HL<ﬁ/2>/(Q) 1)
for all p > 2.

We use now the Gagliardo-Nirenberg interpolation inequality (see [23])

1/2 1/2 1/2
il Loy < CUDVm gy IVl g + IVmill i),

which holds for

if d > 2 and for all p > 1 if d = 1. Since fQ m; = 1, it follows that

1/2 1/2
Imill oz gy < CUDVmA ot + 1),

therefore, adjusting C
1m3l|75/2(y < CUID VMl 720y +1)-

We plug now into the last inequality to conclude that
lmill o2 < C, (22)

p as above, as || |DpH (Du;)|*|| /2y () is bounded by (20). We observe that p/2 > 1 for all d.
By choosing 7 large enough so that p/2 > 7/(7 — 1), we deduce using Proposition [12| that

[mill L) < C, i=1,...,M,
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which produces an uniform upper bound for ||[V[m]|| () and consequently for the constants A;
as well.

Step 5: |[ull crer @)s [mllweo) < € for some ¢’ > 1 and for all p > 1. By Sobolev imbedding
theorems [|u;([co(m) < C. Equations (15), i) can be rewritten as

viAu;(z) = H'(x, Du;(x)) + N\ — Vim](z) V€ Q, (23)
By standard elliptic regularity it is possible to conclude that

[ullw2.a) < C([[vAu| Loy + [[ulla@)),

and the right hand side is uniformly bounded. Choosing ¢ large enough let us conclude using again
Sobolev imbedding theorems that |[u;||c1.5@) < C. The estimate for [|m;|[w1.0(q) follows from the
fact that || Du;| ) < C and Theorem

Convergence as ¢ — 0 under (Vip) . By virtue of the estimates of Step 5, we can extract

subsequences such that

/\e,i - XN ER
Ue,i — Uj € Cl’é(ﬁ)
Me; — My € CO(Q)

Me,i — My € whr(Q)

ase = 0ford < ¢ andforalli =1,..., M. By uniform convergence of D(u.); and weak convergence
of (m¢);, passing to the limit in Kolmogorov equations , i1) let us conclude that u; and m; solve
(MEG)) 73), iv) in weak sense. In order to pass to the limit in the Hamilton-Jacobi-Bellman equations,

we need to prove that V:[m.] — V¢[m] locally uniformly. Indeed,
Mei * Pe = Mi = (Mei — Mi) * Pe + (Mi * e — M)

and both terms of the sum converge to zero locally uniformly. Therefore V(m. x ¢.) — Vi(m)
locally uniformly and similarly V:[m.] — V?(m). Hence (u;, \;, m;) solve equations i), iii)
in viscosity sense.

Convergence as € — 0 under (Viy) . Arguments in this case are very similar to the previous
one, but differentiability of V? improves convergence. Indeed, the bound on [me|lw.»(qy implies by

Sobolev imbedding a bound on |[me[[co.s g, if p is chosen large enough. Hence, |[mex@ellcos ) < C

17



and similarly [V [me]||gos ) < C, for all K CC Q. Combining and standard Schauder

estimates we conclude that

Ue; —> U € C>9"(Q)  locally

for some 6” > 1. Hence, convergence for , i) is pointwise. O

5. Uniqueness.

In the one-population case, uniqueness of solutions for has been proven to hold when
the hamiltonian is convex and the cost V is increasing with respect to the density m; from the
game point of view, players tend to awvoid regions where the distribution m is high. This result
has been obtained by Lasry and Lions [20] using deeply the structure of the mean field system and
an argument that is not standard in classical theory of elliptic systems. A generalization of their

argument that appears natural in the multi-population context is the following.

Theorem 13. Suppose that the following L?> monotonicity condition on the costs V' holds
M .
/ Z (Vim](z) = V' [m](z)) (mi(z) — m;(z))dz >0 Vm,m (24)
Q=1

and that the hamiltonians H'(x,-) are strictly convex for every x € 0. Then, uniqueness of (clas-

sical) solutions for (MFG|) holds.

Proof. Let (u,\,m) and (@, \,m) be two solutions of (MFG]). We multiply i) by (m; —m;) and ii)
by (u; — u;), subtract, integrate by parts, use the fact that m;,m; € P and sum for i = 1,..., M
to get

M . . 4

- Z/ m[H(x, Du;) — H' (&, Du;) — DyH' (2, Du;) - (Dit; — Duy))dx
i=179
- Z/ mni[H'(z, Du;) — H'(x, Di;) — D,H(x, D@i;) - (Du; — Di;)]da
i=17%

M
= /Q > (Viml(x) = VPiml(x)) (mi(x) — mi(x))da
i=1

The left hand side of the equation is non-positive (the Hamiltonians H* are convex with respect

to p) and the right hand side is non-negative by assumption, so they both have to be zero. Moreover
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m; > 0 on Q and H? are strictly convex, i.e.
H'(z,p+q) — H'(z,p) — DyH'(z,p) ¢ =0=¢=0 VzeQpqecR’

so Du; = Du; on € for all v. Hence, u; and u; differ by a constant, but they have to be equal
because they both belong to Cyy(f), and therefore \; = \; as well. Since uniqueness holds for
Kolmogorov equations, we conclude that m; = m;.

O

Remark 14. Suppose that V? € C'(RM) are local costs. Then, a sufficient condition for is
that
JV 4+ JVT is positive semi-definite,

as an easy consequence of Lagrange’s theorem:

D (Vi) = Vi) (s = i) = 3 O, V() (i = i) (1 — ;)

for some & = £(m,m). We observe that this condition is slightly weaker than (Vpy) ¢) (which

requires some sort of positive-definiteness of JV'), that is the “bound from below” for existence for
(MFG) with local costs (see Remark [g).

Remark 15. It has been pointed out that one-population Mean Field Games system are connected
to optimal control of partial differential equations, see [20], Section 2.6 or [19]. In particular, assume

that M =1, H is convex, and consider the following minimization problem

igf{/ﬁL(m,a)m-i—/ﬂ@(m)} (25)

where L is the Legendre transform of H, ® € C*(R) and m € P is the state corresponding to the
control a € L*>(Q, R?), which is the (unique) probability distribution that solves the Kolmogorov
equation

—vAm —div(em) =0 in Q,

and satisfies the boundary condition v9,m + ma -n = 0. Then, it can be verified that if & is an
optimal control, namely it minimizes the expression in among some set of admissible controls,
then the corresponding state m, the dual state @ which is determined by @ = —D,H (x, Du) and
the optimal value X solve with V[m] = ®'(m).
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The optimal control interpretation carries over naturally to the multi-population case under
the following assumption on the costs V?, which we suppose to be differentiable: there exists

U € C?(RM) such that
O, W(my,...,my) =V(my,...,mpy) VYmy,...,my andi=1,..., M. (26)

If the set of costs satisfies such kind of “gradient” condition, we are led to consider the minimization

problem
inf {/ Ll(x,al)m1+...+/ LM(x,aM)mM—i—/ \I'(ml,...,mM)}, (27)
Yy XD Q Q Q
where L’ is the Legendre transform of H? for all i = 1,..., M, o is the control implemented by
the i-th population and the states my,...,mys solve respectively

—v;Am; — div(aym;) =0 in Q.

As in the single population case, a minimizer ai,...,ay of provides a solution to (MFG]).
Note that assumption implies a certain symmetry in the system, as D?U turns out to be
symmetric, and consequently 8, V' = 9y, V7 for all 4,5 = 1,..., M.

Moreover, it is worth to observe that becomes a convexr optimization problem as soon as
¥ is a convex function. This is equivalent to ask D?¥ to be positive semidefinite, that is {9, V*}
positive semidefinite, which is equivalent to the uniqueness condition .
Exzample 16. Consider the two-populations Example Then, and therefore uniqueness of

solutions is ensured if
a>0, |b+ <2a.
We mention that in [I7], a non-stationary version of (MFG]) with two populations is considered,
from a theoretical and numerical point of view. A model with linear costs of the form is

studied, where a = 2 and b,¢c = A > 0. Existence and uniqueness of solutions is obtained in the

“convex” case A < 2, that is precisely the interval where is satisfied.

5.1. Some non-uniqueness examples.
In this final section we will present some two-populations examples (M = 2) where does
not hold and (MFG]) admits multiple solutions. We recall that if the Hamiltonian functions are

quadratic, i.e.

i 1
H (.’E,p) = §|p|27
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the so-called Hopf-Cole change of variables v; := 672%1', m; = v? reduces (MFG)) to (see for example
[20])

—2v8Avy + (Vo2 03] — AM)vy =0 in Q

202 Avy + (V203 03] — Aa)vg = 0,

v; >0, [vl=1,

Opv; = 0 on 0N.

We will consider some examples of local linear costs of the form .

Proposition 17. Letd =1, vy = vo = 2712 and Q = (0,1). Then, there exist a > 0, b < 0 such

that the system

—vd) (@) + At (@) + Ay = ami (2) + bma(a), in 2,
v () + L (@)|? + Ao = by () + ams(a), )
—vam (@) — (uy(@)my(2)) =0,

uwi(0) = uf(1) =mi(0) =mi(1) =0 on 0N

K2

has at least two different solutions.

Proof. By the Hopf-Cole transform we might consider . Particular solutions of are given
by (v1,v2) = (p, ), Ay = A, where ¢, A solve

—¢" =Xp—(a+b)p® ¢>0, /<p2=1,

with ¢’ = 0 on the boundary. As it is pointed out in [20] (p. 11) this equation has (at least) two
solutions in dimension d = 1 if —(a + b) is positive and large enough, that is true, for example,
when a > 0 and a + b << 0. Indeed, ¢ = 1, A = a + b provide a solution. A non-constant solution

is obtained by solving the minimization problem

. 1/ o a+b/ A
min — + .
PEH(Q), [, p2=1 2 Q(Lp ) 4 Q 4

O

In the previous example V? is strictly increasing with respect to m;, but uniqueness fails due to
the leading dependence of the costs with respect to m_;.

Non-uniqueness issues arise also when considering different parameters a, b, ¢ in (|14]).
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Proposition 18. Let d = 1 and Q = (=1/2,1/2). Then, there exists vy > 0 such that for all

v e (0,v), the system

—vuf(z) + 5luf (@) + M = ma(z), inQ,
—vul(z) + L ()2 + Ao = ma(x),
5 () + 3lus(2)[* + Ap = ma(2) (30)
vmj () — (ui(x)mi(x))" = 0,
w(~1/2) = uwi(1/2) = mi(~1/2) = mi(1/2) =0 on 00
has at least two different solutions. Moreover, the non-constant solution (u, m,\) satisfies
A1z <4817 (31)

System describes (long-time average) equilibria of two “xenophobic” populations, where
the cost paid by every individual is increasing with respect to the distribution of the individuals of
the other population at his position. One should expect some equilibrium configuration where the

two distributions are concentrated in different parts of the domain Q. Let (u,m, ) be a solution

of satisfying . It holds that

/ mi1mso S Al.
Q

This inequality can be easily obtained by multiplying the Hamilton-Jacobi-Bellman equation for uq

by m; and the Kolmogorov equation for m; by u; and integrating by parts. Since

/ mime < 48V2,
Q

we shall conclude that as v — 0 the distributions my, mo become more and more segregated, in the

sense that [, mima — 0.

Proof of Proposition[I8 By virtue of the Hopf-Cole transform we consider . Particular solu-
tions of are given by (v1(z),v2(z)) = (p(z), o(—x)), A\; = A, where @, X solve

—202¢" (z) + p*(—x)p(x) = Ap(z), @(z) >0 Ve, /902 =1, (32)

with ¢’ = 0 on the boundary. The constant function ¢ = 1 together with A = 1 solves .
Equation is also linked to the variational problem

win I Je) =2 [ (f@)Pdet | [ P ada,

PEHY(Q), [, ¥2=1
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Indeed, for all v € HY(Q)

J(p+ev) =

J(p) + e2v? /Q o'V + % (/Q O*(2)p(—z)v(—x)dx —l—/

[ ¢2<—x>w<x>v<x>dx) Fofe) =

sy +e (22 [ Hon @i+ [ Pealponaan) +ofe)

so a minimum of J constrained to fQ ¢? = 1 solves (weakly) . It is also positive by standard
comparison principle arguments. Such a minimizer exists as minimizing sequences of J are bounded

in H'. We show now that if v is sufficiently small, the minimum is not achieved at ¢ = 1. Let
@ := max{0, v24x}.

Then, [,@* =1 and

J(@) =12 /Q(go’(x))de =127 < % =J(1)

if v < vy := 4/1/48. Hence, for such values of v the minimizer ¢ of J is not the constant function.
To obtain , we multiply by ¢ and integrate by parts to get

r=22 [ (P + [ Pla)etan = aTle) - 22 [ () <4(p) = 45

Appendix A. An a-priori estimate for HJB equations.

We derive an a-priori estimate on the gradient of solutions of HJB equations with superlinear
Hamiltonian by applying the integral Bernstein method, introduced in [22]. In this version of
the method, integral estimates are obtained by employing the equation solved by |Du|?. For the
convenience of the reader, we present a detailed proof in the case of Neumann boundary conditions,

adapting the arguments of [22].

Theorem 19. Let Q be convex, f € LY(Q) with ¢ >d, v > 1, R> 0, and u € C3(Q) be a solution
of

—vAu+ R|Dul” + XA = f(z) inQ

Opu=0 on 0N.

(A1)
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Let r > 1 be fized. Suppose that X > Ao for some Ao € R and || f||La) < fo for some fo >0, then
[ Dullr- o) < C, (A.2)
with C = C(v, R, v,r,d, X, fo)
Proof. Set w = |Dul?, so
Djw =2 DyuDiju, Djjw=2Y ((Diju)®+ DiuDij;u).
It holds that
|Dw| < 2d*|Du||D?ul. (A.3)

By differentiating the equation (A.1]) in  with respect to D; and taking the sums for j =1,...,d
one obtains

—vAw + Ry|Du|""2Du - Dw + 2|D*u|? = 2Df - Du.

We multiply it by w?, with p > 1 that will be fixed later; through all the proof we will denote by C

a constant that depends upon v, R, v, 7, d and emphasize with C,, the dependance upon p. One has

—V/ Aw w? —|—2/ | D?ul?wP = —Rv/ |Du|"2Du- DwwP +2 [ Df - Duw?
Q Q Q Q

We are going to estimate separately each of the four terms appearing in the equation. Since

Dw-n <0 (p. 236 [22]),

4
—y/ Awwp:y/Dw~D(w7’)—V/ wPDw - n > Lz/ | D (w1722
Q Q o9 (p+1)% Jao

d—2
p+1 —d
>0 2(/ |w|(d+2)d) —o P 2/wp+1
(p+1)* \Uq (p+1)? Jo

d—2 P+

d p+y
> 047232 ( |w|(pd+—12)d) — 047232 (/ wp+'v>
(p+1) Q (p+1) Q

by the Sobolev embedding theorem and Holder inequality also. Then,

-

2/ | D?ul?w?P >
Q
1
/|D2u|2wp—|—/ Z(Diiu)pr 2/ \D2u|2wp+f/(Au)2wp
Q Q% Q d Ja

> [ |D*ul?w? + i /|Du|27wp—/\(2)/wp—2 AP
“Ja 4dv? Jq dv? Jq dv? Jq ’
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using the equation (A.1)) and applying to the term (R|Du|”+A— f)? the inequality (a—b)? > %—2()2
for every a,b € R twice. For the third term we have that

+1
/ |Du["2wP™ Du - n

1
fR'y/ |Du|""?Du - Dww? = fRfy/ |Du|""?Du - D< wp+1)

Rial

=— div(|Du|" "2 Du)wP+! —
/ iv(|Dul| w)w P

R
= +1/D |Du|7~2) - Duwp+1+ 7 /|Du|'y 2AuwP ™!
o

242

< MT/ | Du|"™ 2|D2u|wp+1 7_?1/ p+7+7/ | D?ul?w?,
p

by the estimate (A.3)). Finally,

2/Df-Duwp:—2/fdiv(Duwp)+2/ fwPDu-n =
Q Q o0
—2/fAuw”—2/fDu~D(w”)§2d/ |f|\D2u|wp+4d2(p—1)/ |1 D2uuw?
Q Q Q Q

1
<5 [pruper s, [ 15w,
2 Ja Q
and by putting all the estimates together
4p |
(CE3E) d
c ( e ) +f/|D2u|2wp+
(p+1)2 2 Jo
R? " )\3 9
P+ _ P
t e /Qw a2 / T a? / frw
p+1

C C 4p vy
< = wPtY 4 /D2 2 p+0/ 2P+ C (/ p+7> .
T p+1 p+1 D ufw P wa (p+1)2 Qw

One may choose p sufficiently large in order to have

(p+1)d R?
p+y
p—|—1 (/' ) +8du2/9w
4p a2
< 2P Py 20 P
C/fw+c< T 1) (/“’ > T )"
p+1 P
p+1 (P+1)d 4 P o
<o) T (o) segim ([e) T vo (o) o

using Holder inequality, with 8 = o’ and a = (p + 1)d/(d — 2)p. Since 28 — d, choosing p large
enough we conclude that (A.2) holds.
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