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Abstract

We present a physics-based theoretical framework to describe the transient mechanical response
of polymers undergoing finite deformation. For this, a statistical description of the polymer
network is provided by a distribution function that is allowed to evolve in time due to a
combination of deformation and chain reconfiguration enabled by transient cross-links. After
presenting the evolution law for the chain distribution function, we show that, using classical
thermodynamics, one can determine how the entropy, elastic energy and true stress evolve in
terms of the network configuration. In particular, we introduce the concept of distribution tensor,
that enables a clean transition between the network statistics, its continuum representation and
the macroscopic polymer response. In the context of Gaussian statistics, it is further shown that
this tensor follows its own evolution law, enabling a simple handling of visco-elastic rubbers.
The model degenerates to classical rubber elasticity when cross-links are permanent, while the
case of viscous fluids is recovered for fast cross-link kinetics. The generality of the framework as
well as its relevance to modeling a number of important dissipative processes occurring in

polymers using a continuum approach are also discussed.
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1. Introduction

Soft polymeric materials exhibit complex mechanical behaviors, ranging from elastic
solids (e.g. crosslinked rubber networks) to viscous fluid (e.g. polymer melts). Tremendous
efforts have been devoted to the theoretical modeling of soft polymer mechanics [1-3]. For
example, numerous models have been developed in the literature to describe the nonlinear
elasticity of soft rubbers capable of large and reversible deformation, following mainly two
approaches. In the first approach, phenomenological models are proposed to match experimental
data under the constraints derived from continuum mechanics, e.g. frame indifference and
material symmetry [4-5]. In contrast, the second approach is based on the statistical mechanics of
individual polymer chains [6-10]. When a single chain is stretched, its configurational entropy is
reduced which provides the energetic driving force for elastic recovery. Such entropic elasticity
can be captured by a number of single chain models, e.g. freely jointed chain (FJC) with
Gaussian statistics [11-13]. Because the second approach is rooted in molecular physics of
polymer chains, it can be extended to accommodate the nonlinear elastic behaviors of soft
polymers in a more guided manner instead of trial-and-error. For example, the concept of
Langevin statistics [13] has been used for the FJC model, in place of Gaussian statistics, to
capture the strain stiffening effects of soft rubbers at large strains [9, 14]. A necessary
component for the second approach is a link between the single chain model and the continuum
mechanics of polymer network. A number of models have been proposed to establish such a link,
including the 3-chain model [8], the 4-chain model [6-7], the 8-chain model [9], and the full-
network model [10, 15] among others. An excellent review of this subject can be found in Boyce

and Arruda [1].



Viscoelasticity in soft polymers involves more complex molecular mechanisms such as
temporary chain entanglements and chain diffusion [16-17]. The dynamics of chain
entanglements and diffusion have been extensively studied in the physics community in the past
few decades [13, 16-17]. However, the theoretical insights established in the polymer physics
literature have not been fully translated to advancements in continuum models of viscoelasticity.
Most existing models, from the simple linear Maxwell or Kelvin-Voigt models [18] to the more
sophisticated nonlinear viscoelastic models [19-22], are phenomenological. While in some of
these models (e.g. [22]) the continuum-level relaxation or creeping behavior was prescribed with
inspirations from chain entanglement dynamics, models that directly connect the molecular
physics of chain dynamics and macroscopic viscoelasticity are still not available. A difficulty
with building molecular physics-based viscoelasticity models is the lack of a common natural
reference configuration for all chains, due to the relaxation processes enabled by

disentanglement and chain diffusion.

To accommodate this feature, Green and Tolbosky [23] assumed a conceptual picture
when the chains in viscoelastic polymers can detach and reattach, resulting in families of chains
with distinct natural reference configurations. This approach was further developed by others
[24-29] and also discussed in the continuum mechanics literature as the method of multiple
natural configurations, e.g. by Rajagopal and Srinavasa [30]. In this class of models, the chains
are assumed to be born at a natural relaxed configuration when reattached to the network. The
populations of chains born at different times along the external loading history, thereby
possessing different relaxed configurations, are tracked by following the kinetics of chain
detachment and reattachment. More recently, the conceptual picture of chain detachment and

reattachment was realized in a new class of polymers with dynamic bonds, either through



reversible bonds or bond exchange reactions [31-33]. Macroscopically the network exhibits time-
dependent mechanical behaviors, which was found to be well modeled by the approach with
multiple natural configurations [28, 34]. Although these models are capable of incorporating the
kinetics of dynamic bonds, they still rely on continuum level elasticity models, e.g. neo-Hookean,
Arruda-Boyce or Gent model, to describe the mechanics of chains possessing different natural
configurations [27-29, 35-36]. As a result, this approach does not provide a direct connection
between single chain physics and macroscopic mechanics, and it would be difficult to extend
such models to describe more complex molecular mechanisms such as entanglement and chain
diffusion. In addition, computational implementation of this type of models can be challenging
due to the large number of internal variables required to store chain populations and their
respective natural configurations [37]. On the other hand, Tanaka and Edwards [24] developed a
model for transient networks [38-39] that links the molecular physics of dynamic chains to the
macroscopic mechanical behavior by tracking the evolution of microscopic distribution of chain
end-to-end vectors. A rigorous continuum mechanics formulation of this approach in parallel to

the 8-chain [9] or the full network model [10] for permanent networks is yet to be developed.

In this work, we introduce a theoretical framework for time-dependent responses of soft
polymers that is deeply anchored on the statistical description of the underlying polymer network,
based on a similar approach as that adopted by Tanaka and Edwards [24]. Within this framework,
the physical state of the polymer is represented by a statistical distribution of the length and
direction of chain end-to-end vectors. This distribution can be altered through both the
macroscopic deformation and molecular-level events causing chain detachment and re-
attachment. For simplicity, we illustrate this framework using an ideal network consisting of

long chains with uniform length and dynamic cross-links. We assume that the single chain



behavior follows the entropic elasticity model with Gaussian statistics. Albeit simple, this ideal
system closely resembles the 4-arm polyethylene glycol network with reversible metal-ligand
cross-links recently developed by Grindy et al. [40] where highly uniform chain length can be

achieved.

The manuscript is organized as follows. In Section 2, we first present a statistical
description of the chain length and direction within the ideal network. Taking a thermodynamic
approach, we then show in Section 3, that the network evolution can be linked to the stress tensor
through the so-called distribution tensor, defined as a weighted average of the chain distribution.
In Section 4, we show that our model degenerates to the neo-Hookean elastic model, the
Maxwell-type viscoelastic model, and the Newtonian viscous fluid model under certain
assumptions of the chain kinetics. Generalizations to multiple networks are also discussed.
Section 5 highlights the differences between our model and similar models in the literature and

the possible extensions of our model. Final conclusions are then provided in Section 6.

2. Statistical mechanics of a polymer chains with dynamic bonds

For the sake of simplicity, we here consider a polymer network made of linear chains that
are connected to each-other at cross-linking sites. We are particularly interested in cross-links
that display a dynamic response, i.e., they can associate and dissociate in time according to "on"
and "off" rates, represented by the constants k, and k, , respectively, as shown in Fig. 1a. Figure
1b, on the other hand, illustrates a different type of dynamic bonds based on the bond exchange
reactions where the dissociation of a connected chain and association of a new chain is
completed in a single step of reaction. In this work, we attempt to describe the mechanical

response of such a polymer from a statistical viewpoint.
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Figure 1. Schematic representation of dynamic bonds in a polymer network with reversible
bonds (a) and bond exchange (b). (c) Graphical representation of a polymer chain with end-to-
end vector r = r(r, 0, w) and schematic of the distribution function ¢(r, 0, w) (Note that in this

diagram, the symbol r represents the projection of the end-to-end vector)

2.1 Statistical description of cross-linked polymer networks

When a polymer network is considered, the orientation of chains that form the network
span all possible directions and the end-to-end distance must be replaced by the end-to-end
vector that is characterized by both its direction (represented by angles 6 and w in spherical
coordinates) and magnitude r = |r| (or end-to-end distance) as shown in Fig. l1c. The elasticity
of the polymer may thus be understood through a statistical description of the end-to-end
configuration of each polymer chain within a representative volume element. In this work, these
statistics are captured by a distribution function ¢ (r) = ¢(r, 6, w) that allows us to precisely

know the configuration of chains in the polymer according to their direction and end-to-end



distance. The probability function P, which represents the probability of a chain to have an end-
to-end vector r can further be introduced by normalizing the distribution ¢ as follows:

¢, t) =c(t)P(,t) where ¢ =(¢p) (1)
is the concentration of chains (moles of chains per unit current volume) that are connected to the

network at both ends and the operator (m) is the integral over all chain configurations:

(m) = fznfn<foolr2dr>sin9d9dw ()
o Jo \Jo

In the following, the energy state of the polymer will always be compared to its natural,
or stress-free configuration. Following the standard statistical theory of elasticity, chains in the
natural state are assumed to follow a Gaussian distribution around the value r = 0. For an
isotropic polymer, moreover, the chain distribution does not depend on the direction angles 6

and w, and the probability for a chain to have an end-to-end distance 7 is written as [7, 13]:

N w

3 \2 3|2
Po(r) = (27TNb2) exp <_ 2Nb2> ¥

where N is the number of Kuhn segments of a chain (assumed to be uniform across the network)
and b is the Kuhn length. The distribution ¢, of chains in their natural states can therefore be
related to the function P, by:

$o(r, 1) = c(t)Py(1) 4)
where we purposefully display the argument 7 to emphasize that ¢ can change with time due to
the chain detachment and attachment events. We note that this distribution function is interpreted
as the number dN = ¢, (r)r?sinfdrdfdw of chains per unit current volume whose end-to-end

distance is between 1 and r + dr and orientation is between (6, w) and (6 + df, w + dw).



2.2 Evolution of the chain distribution under deformation.

Let us now evaluate the change in chain distribution when the polymer is subjected to
deformation. For this, we consider an arbitrary line element, originally represented by the vector
dX that deforms into a new line dx following a linear mapping — represented by the deformation
gradient F according to dx = FdX. In particular, the rate of change F of this deformation tensor
can be related to the velocity gradient L = dx/dx in the form:

F=L-F )
When such a deformation is applied to the polymer, chains are distorted such that their end-to-
end vector changes from r to  + Ar where Ar denotes the directional elongation of the chain.
Consequently, the chain configuration described by the current chain distribution ¢ (r, t) evolves
with time. Here, we seek to characterize this evolution based on the knowledge of the
macroscopic deformation applied to the polymer. For this, we first note that the change in chain
configuration is due to two competing mechanisms: (a) the application of a deformation that
distorts each chain’s end-to-end vector and (b) the detachment and reattachment of cross-links in

different configurational states. The time derivative of ¢ (7, t)is thus decomposed according to:

dp(r,t)  9¢(r,t)
at ot

N ap(r,t)

9t (6)

xl F

The first term implies that the evolution of ¢(r,t) occurs with no chain detachment and
reattachment (the subscript “x/” indicates that the crosslinking density is fixed) while the second

term represents the change in chain distribution when the deformation is frozen (fixed

F).
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Figure 2. Example of the evolution of the chain distribution during an incremental deformation
from t to t+dt represented by the velocity gradient L. The evolution of the distribution ¢ at a

point is expressed by equation (35).

To compute the first term, we adopt the affine deformation assumption where the end-to-
end vectors of all chains evolve according to the continuum-level deformation gradient F. For
example, an end-to-end vector ry before deformation is changed to r = Fr after deformation
(see Fig. 2). As aresult, the space spanned by chain end-to-end vectors within a continuum point,
referred to as the “chain space” hereafter, is distorted by the deformation gradient F experienced

by that continuum point. The time derivative d¢(r,t)/0t|,; in eq. (5) should be interpreted as



the spatial time derivative in the chain space. To derive how this term is related to the velocity
gradient L, we consider an arbitrary volume element V * in the chain space and state that under a
fixed set of cross-links, the “material time derivative” of the number of connected chains within
V * vanishes due to the incompressibility assumption. Here the concept of “material time
derivative” is applied to the chain space (formed by the end-to-end vector r), instead of the
continuum-level physical space (formed by vector X). Application of the Reynolds transport

theorem in the chain distribution space leads to the following result:

dp(r,t)

D
Dt Vs ¢ )dV = v[V* at

+V,. (¢, t)idV =0 (7)

xl

where V, denotes the spatial gradient in the distribution space, and 7 is interpreted as the
velocity of a point r in the distribution space. Because the distribution space is embedded
within a single material point at the continuum level and we have assumed affine deformations,
both the deformation gradient F and velocity gradient L can be considered uniform across the
distribution space and the rate of chain’s deformation becomes 1 = Lr. Localizing eq. (7) and

expanding the divergence term, we obtain,

ap(r,t)
ot

dp(r,t)
B = — [a—nr} + ¢(T, t)6l-j Lij (8)

where the Einstein convention on summation was used. The evolution of ¢(r,t) at fixed
deformation F can be found by assuming that the rate of detachment of chains with end-to-end
vector 1 is proportional to ¢ (7, t) following eq. (1). Moreover, similarly to Tanaka and Edwards
[24], we assume that these new chains reattach in a stress-free configuration, and thus their
configuration is given by the probability function Py(7) shown in equation (3). These

considerations yield the evolution law:

10



ap(r,t)

S| = aPo() — ka0 ©

F

We see in eq. (9) that the dynamics of association and dissociation are governed by association
and dissociation rates represented by the kinetic coefficients &, and k,, respectively, whose
expression depends on the nature of the physical process at play. For a polymer with reversible
bonds, the attachment and detachment mechanisms are decoupled and the rate of attachment
becomes proportional to the density c? = ¢t — ¢ of detached chains where c! is the total
concentration of chains, including those that are not bonded. The corresponding association rate

can therefore be expressed as:

$a = ka(ct —0) (10a)
where k, is the kinetic coefficient for bond association. For a polymer with bond exchange
reaction, an attachment event is immediately followed by a detachment event at a cross-link.
This implies that the number of attached chains remains constant and the rate of attachment can

be written:

$a = (kqp(r, 1)) (10b)

Regardless of the mechanisms, the detachment kinetics may depend on external factors such as
temperature or the presence of chemical species. Importantly, a force-dependent rate of
dissociation is likely to occur, especially in the regime of large strains; for the coefficient k; can
be made a function of end-to-end distance, such that k; = k;(r). The rate of attachment,
however, concerns inactive (or detached) chains which should theoretically be insensitive to

strain. For this reason, it is taken as independent of the end-to-end vector r in the reminder of

11



this study. Using egs. (8) and (9), the evolution equation (6) for the distribution ¢ (7, t) finally

becomes:

6(]5(1‘, t) ad)(r, t) .

oe = P () — k@) Ll 90 -5 =Ly ()

which is similar to the differential equation governing the evolution of chain distribution
function in Tanaka and Edwards [24]. As the chain distribution evolves, the density of connected
chains ¢ may also change with time. By integrating eq. (11) throughout the chain space
following eq. (2) and using the fact that (¢) = ¢ (see eq. (la)), the time derivative of the
concentration becomes:

¢ =kg(ct —c) —kqc—ctr(L) (12a)

with kg = (k,(r)P(r,t)) when reversible bonds are considered (eq. 10a), while

¢=—ctr(L) (12b)
when polymers with bond exchange reactions are considered (eq. 10b). Note that we consider
incompressible polymers and the term tr(L) vanishes in the above equations. Furthermore, if the
rate constant k; is independent of r (e.g. for small to moderate strains), we obtain the equality
kg =k, since by definition, the integral of the probability function over the entire

configurational space of chains is unity.

3. Macroscopic theory

So far, our description of the polymer evolution is purely statistical, but is related, via the
assumption of affine chain deformation, to the macroscopic deformation gradient F. In this
section, we will make a connection between this statistical view and classical quantities used in

continuum mechanics such as stored elastic energy, entropy and the stress tensor. For this, it is

12



convenient to start by invoking the first and second principle of thermodynamics and apply them
to a volume element in the current configuration. In this element, the first principle implies that
the material derivative of the internal energy density E, (per unit current volume) can be
expressed by:

E,=c:L—V-q+s (13)
where o is the Cauchy stress tensor in the volume element, L the velocity gradient, q the heat
flux across its surface and s is the rate of external heat supply (per unit current volume). The
Clausius-Duhem inequality enforcing the second principle of thermodynamics can further be

written as:

.S q

ﬁzf—v~@) (14)
where 9 is the entropy per unit current volume and T is the absolute temperature. Introducing
the Helmholtz free energy per unit current volume ¥ = E,, — T, eqs. (13) and (14) yield the

inequality:

mL—W—Tﬁ—%VTZO (15)

For convenience, let us consider an incompressible polymer and postulate that the stored
elastic energy ¥, in the material volume can be computed as the sum of the stored energy in each
active chain across their configurational space. If we call .(r) the elastic energy in a single
chain with end-to-end vector r, the stored elastic energy ¥, can be written as:

Yo = (¢9c) + p(det(F) — 1) (16)
where the term p represents the Lagrange multiplier enforcing the incompressibility condition,

det(F) = 1. Following the freely jointed chain theory with Gaussian statistics [13] under the

13



assumption that the number of Kuhn segments N in one polymer chain is large (N >>1), we are

able to express the elastic energy of a single chain as:

3k, T
2Nb?

kgT

> 72 (17)

Ye(r) = Ir|? =

where kj is the Boltzmann constant, kzT is the thermal energy and b is the Kuhn length. We
further used the normalized distance defined as 7 = |r|/€ where £ = b,/ N /3 is proportional to

the projected mean end-to-end distance bv/N of individual chains. We note here that eq. (17) is
only accurate for small to moderate chain extension. When extension is more severe, a Langevin
chain model can be used to account for the strain stiffening arising from extensive chain stretch
[13]. While such an energy functional could be considered here, the above form allows us to
work with a simplified model and focus on other aspect of the theory, i.e., the time dependence
of the cross-link attachment/detachment. A classical issue with the energy function defined in eq.
(16) is that it does not vanish when the polymer is in a stress-free configuration. This can easily
be seen by substituting the stress-free probability function eq. (4) into eq. (16). To avoid this, it is
preferable to work with the energy difference A¥, between the current state (with distribution
¢(r,t)) and the stress-free state (with distribution ¢ (1, t) = c(t)Py(r) ). In this case, we can
write:
AY,(t) =¥, — W2 + p(det(F) — 1)

= ((¢p — po)¥) + p(det(F) — 1) (18)

ckB

((P = Py)7?) + p(det(F) — 1)
We will see below that this energy is implicitly a function of the deformation gradient F since

the distribution evolves with applied strains. It is further entirely defined since the distribution

14



¢(r, t) can be determined at any time from the evolution law in eq. (10) and the knowledge of

the polymer configuration at the initial time.

3.1 Clausius-Duhem inequality

To apply the inequality in eq. (15), we add a term in eq. (18) to account for the change in

Helmholtz free energy due to heat absorption, i.e.
T
‘P=(y—190)(T—T0)—yTlnT—O+A‘Pe (19)
where y is the specific heat per unit volume, 9, is the entropy at the initial stress-free state and
T, is the initial temperature. Because of the incompressibility assumption, we regard the
volumetric specific heat y as a constant. Taking the material time derivative of the Helmholtz

free energy ¥ and using evolution equation (11), we can show that the change in stored elastic

energy is (see appendix A.1 for details):

. T kgT T
Y =-T (y In (T_o) + 190) +ptr(Ll) + %{Zc[u —wol: L+ c;(tr(u - uo))} -D (20)
where the chain distribution tensor was defined as:

p=(PrQ7) and p,=(PFQF), 2

and the mechanical energy dissipation has the form:

_ kT

D=——(kqc(P — Po)*) (22)
Note here that if the rate of dissociation is not a function of chain extension, the dissipation can

ckgT
7

be rewritten as D = ky tr(u — o). From this expression, it is clear that the rate of

mechanical energy dissipation increases with both the dissociation rate and the stored elastic

energy in the material. With these new quantities, inequality (15) takes the form:

15



[0 — cksT(u — po) — pI]: L+

=1 [0+ %2 (er () — tr (o)) - ylnTLO— | +0-2-9T 2 0 (23)

This is a macroscopic representation of the Clausius-Duhem inequality, i.e., all quantities

involved are defined at the continuum scale.

3.2 The chain distribution tensor

As seen above, the role of chain deformation is captured by the chain distribution tensor
u defined in eq. (21), a key quantity of the proposed theory. It enables a macroscopic description
of the state of the polymer chain network at any instant during the deformation process. In
particular, it is of interest to explore the form of this tensor when the polymer network is in a
stress-free state, i.e. the end-to-end distance follows the Gaussian distribution shown in eq. (2).
Performing the integration, we find that:

2N b?
3

p’ =(PFRF) = ( ) ’ (exp(=72/DF Q@ F) = I (24)

with I being the identity tensor. In other words, using eq. (21), the stored elastic energy (18) in

the network can be directly related to the network statistics by the following equation:

ckgT
Ay, = —Z

tr(u—1I) + p(det(F) — 1) (25)
When it is not evaluated in a stress-free configuration, we see from its definition that the tensor u

is represented by a symmetric matrix that can better be described by its three independent

eigenvalues. Indeed, if we can express p in its principal directions to obtain:

16



0 w, O
0 0 us

”d — QT K Q, in matrix form [Md] =

py 0 0
] (26)

where Q is the orthogonal matrix of change of basis between the global Cartesian frame and that
associated with the principal directions of p, while the components u,, i, and s are the
eigenvalues of the chain distribution tensor. A physical interpretation of these quantities is given
by the standard deviation of the end-to-end distance component (r?) in the i-th principal
direction, relative to the stress-free value (rl-z) = Nb?/3. In other words, we can write
u; = 3(r?)/Nb?%. Conveniently, the distribution tensor can be represented by an ellipsoid with
semi-axes y; and oriented along the principal direction of u. This facilitates the visualization of
the chain distribution at spatial material points during its deformation history as discussed later in

this paper.

Interestingly, the distribution tensor contains the information of average chain stretch. To
illustrate this point, we note that the trace of the distribution tensor can be computed as:

r2

tr(w) = (PF-F) = (PF?) = T

27

In other words, the root mean square of the chain end-to-end distance 7, = V12 can be

directly related to tr(u) by:

s = Vb |2 (28)

In addition, consider an arbitrary direction described by a unit vector n, and denote the acute
angle between a chain with this direction as 8 (0 < 8 < m/2) (see Fig. 3a), also named as the

chain angle in [41] and [42] we have

17



(rcos@)?
Nb2/3

n - (un) = (PF%cos?(0)) = (29)

where +/ (rcosf)? is the root mean square of rcos6. Based on this result, we define an effective

average chain angle y as

= /M - n-(un)
y = arccos( = ) = arccos( tr(ﬂ)> . (30)

Note that y is not the direct average of chain angle, as defined in Yang et al. [41], but it also
provides a measurement of average chain orientation. To illustrate this point, let us consider a
special case where the bonds are permanent and the network is under uniaxial tension. We set n
to be the direction of uniaxial tension, and the evolutions of effective average chain angle y and
the root mean square of chain stretch A,,5 = Typs/ (\/N b) with the nominal tensile strain 4 —1
are shown in Fig.3b. Also plotted in Fig. 3b are the average chain angle 6 and stretch A defined

in Yang et al. [42]:

g =[""tan (?1/2 tane) sinf de, 31)

/2
A= j \/(/110056)2 + A7 1sin%0sin6d6 (32)
0

Although the quantities y and A,,,s are defined differently from @ and A, they exhibit the same

qualitative trends, i.e. on average the chains becomes stretched and also more aligned with n.

18
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Figure 3. (a) Illustration of the chain end-to-end vector r and the angle 6 between a single chain
and an arbitrary direction characterized by the unit vector n. (b) Prediction of the averaged
chain orientation y for an elastic network (no dynamic bonds) under uniaxial tension, where the
direction vector n is aligned with the tensile direction. This result is compared with the average
chain angle 0 and chain stretch A defined in eq. (31) and (32). Good qualitative agreement can

be observed between the approaches.

3.3 Stress tensor and entropy

Considering that each process (deformation, heat transfer and bond
detachment/reattachment kinetics) occurs independently and assuming that the first two terms in
eq. (23) vanish while the last two terms verify the inequality independently, we identify the
Cauchy stress as:

o=ckgT(u—1)+pl (33)
where we used the fact that in the stress-free state, u® = I. Similarly, the entropy ¥ is then

found as:

9=9,+yIn—-— —B(tr(u) -3) (34)

T ck
T, 2
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The second term on the right-hand side of eq. (34) represents the change in entropy due to heat
absorption, while the third term represents the change in the configurational entropy of chains.
Note that —ky72 /2 is the entropy of a single chain, and thus (ckg/2)tr(u) = (ckgy/2)(P7?) is
the total entropy of all chains. The last two terms in eq. (23) describe the energy dissipation in

the system and imply two inequalities. The first inequality, of the form:

D=0 (35)
enforces that the mechanical energy dissipation remains positive. Physically, this statement
implies that chain detachment is associated with a decrease in the stored elastic energy and that
this loss is proportional to the rate of dissociation k; and the stored elastic energy expressed in
eq. (25)

which eventually implies that the heat flux is written in a form of Fourier’s law [43].

3.4 Evolution equation for the distribution tensor

We have seen that elastic energy, entropy and stress can be directly determined from the
knowledge of the distribution tensor. It is however not clear yet how this quantity can be
evaluated during a macroscopic deformation of the polymer. This can be done by integrating the
evolution equation of the distribution function eq. (11) over the chains’ configurational space
following eq. (1b). After a long but straightforward calculation shown in Appendix A.2, we
obtain the following evolution law for u (specific to the case of a polymer with reversible bonds

whose kinetics follow eq. (10a)):

- ¢
ﬂ=%“u°—kd—gu+Du+uD (37)
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where the superscript T denotes the transpose operator and the weighted integral of the second

moment of the dissociation rates in (37) is given by:

Finally, using eq. (10a) and (10b), we can write the evolution equation for the distribution tensor
in the case of reversible bonds and bond exchange reaction, respectively as:

t

ct—c = ¢
[l=ka< p )I—ka—zll‘l'DM'l'ﬂD (39a)

jr="kyl—ky+ tr(L)u+ Dy + puD (39b)

where we recall that k; = (k,(r)P(r,t)) and tr(L) = 0 for incompressible materials. Together
with the equation for concentrations (12a) and (12b), equations (39a) and (39b) form a set of
coupled first order differential equation for ¢ and u whose solution only requires the knowledge
of initial conditions c(t = 0) and u(t = 0) as well as the deformation history, represented by the
velocity gradient L = L(t). Assuming that the polymer is initially in a stress-free, equilibrium

state, the initial conditions for the above two differential equations are: c(t = 0) = ¢ and

pO(t = 0) = u® = I. The solution to eq. (39) depends on the form of the relation k, = k,(p).
In this work, we assume that the rate of dissociation k, is independent of chain length and

orientation (i.e., k, is constant). Using this assumption in eq. (38) yields the simple form:

and k; = k,. In this case, eq. (39) becomes a linear differential equation for p.
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3.5 Illustration

We now aim to illustrate the prediction of the above theory by considering the
homogeneous deformation, network evolution and mechanical response of a cubic element of
polymer. Over a period of time t, the cube is assumed to undergo a series of shear and tensile
deformation illustrated in Fig. 4 and more accurately specified as follows. Between 0 and 7/20,
the cube is first subjected to a shear deformation into a diamond-shape characterized by a final
deformation gradient F;, = 1 (all other components unchanged). The cube is then let to rest for a
period 0.37 until a tensile deformation is applied quickly during a period /20 up to a
deformation gradient F,, = 2 (all other components unchanged). The specimen relaxation is then
evaluated for the remainder of the time. For this virtual experiment, we considered a transient
network characterized by normalized rates k = k,7 = k;t = 0.07 and the steady state polymer

concentration is taken as unity.
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Figure 4. lllustration of (a) the deformation, (b) stress and stored elastic energy and (c) chain
statistic response of a polymer characterized by a single network that displays normalized rates
k =k,t = kyt = 0.07. Stresses are normalized by ckgT and energies by ckgT /2. The polymer
structure is characterized by the 3D representation of the distribution tensor, the normalized

root mean square end-to-end distance Aypys = Trms /NN and the effective average chain angle y

with the vertical direction (n = [0,1] in the Cartesian coordinate system). Time is expressed in

units of .

Fig. 4a presents the evolution of the deformation (components F;, and F,,), together with
the deformation of the corresponding cube. The characteristic times at which the deformation is
applied are referred by 5 points (A-E), A being the initial state. The mechanical response of the

material is then characterized by the normalized Cauchy stress (components g;, and g,,) and the
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overall stored elastic energy A¥, (Fig. 4b) while the evolution of polymer structure is captured
by a graphical representation of the distribution tensor g over time. This tensor is represented by

three quantities: its overall ellipsoidal form as discussed in section 3.2, the normalized root mean

square end-to-end distance 7;.,,,s/VNb (eq. (28)) and the effective average chain angle y with the
vertical direction (n = [0,1]) as expressed in eq. (30). We observe via the distribution tensor,
that a quickly applied deformation changes the chain’s end-to-end distance in directions of
maximum stretch. We specifically see that the angle between the chains and the vertical direction
increases under shear (from A to B) but significantly decrease under stretch (from C to D) from
their isotropic angle y;s, = 55°. However, when the deformation is held for some time, the
cross-links are allowed to detach and reattach in order for the chains to reconfigure in states that
are closer to their stress-free configuration. Eventually, this means that the distribution converges

to its stress-free value u° = I, represented by a sphere in the figure and by a chain end-to-end

distance 7/v/Nb = 1 and orientation y = ;.. As stretched chains detach and reattach in stress-
free configuration, the internal stresses relaxes over time. This phenomenon can be seen in the
drop in the stored elastic energy over time and the stress relaxation whose characteristic time is
set by the bond kinetics. Overall, this material response is therefore similar to that predicted by

the Maxwell model (viscoelastic fluid), represented by a spring and a dashpot in series.

Experimental observations of such stress relaxation and plastic deformation caused by
dynamic bonds have been reported in the literature. A representative example is a polymer
network, i.e. vitrimer, with heat activated bond exchange reactions. It was shown in Montarnal et
al. [44] (e.g. see Fig. 2 of their paper) that the network can undergo complete stress relaxation
under a prescribed deformation. Upon removal of the applied constraint, the polymer is able to

maintain the prescribed deformation permanently.
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4. Special cases and extension to complex networks

A key advantage of the above theory is that it provides a clear relationship between the
kinetics of dynamic bonds, the statistical evolution of the entire network (through the tensor )
and the overall macroscopic response of the polymer (through the stress tensor @). In this section,
we investigate how this framework compares to other classical theories that describe the
behavior of elastic rubbers (permanent networks), viscoelastic polymers (networks with slow
kinetics) and viscous fluid (networks with fast kinetics). We also explore the more general case
where the dynamic bond kinetics is characterized by a more complex response in which a
spectrum of relaxation time scales can be observed. For this, we describe a route by which to
incorporate multiple networks into the formulation, each characterized by their own relaxation

time.

4.1 Permanent networks

The evolution of a polymer with permanent cross-links is described by a particular case
of the evolution law eq. (11) in the case where k, = 0 (no attachment of new chains over time)
and kg = 0 (no chain detachment over time). In this case, the overall concentration cg of cross-

link remains constant and eq. (39) degenerates to the simpler form:

by = tr(L)ps + Dpg + pgD (41)
The solution of this tensorial differential equation has the form ug = JFFT where the

deformation gradient F (related to the velocity gradient by F = LF) describes the mapping

between the deformed network and its stress-free configuration and / = det(F). In other words,
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for a purely elastic material, the chain distribution tensor coincides with the left-Cauchy strain

tensor /B = JFFT. Using this result, eq. (25) can be rewritten in the more conventional form:

cskpT

4y, ===

Jtr(FFT — 1) + p(det(F) — 1) (42)
In other words, in the absence of dynamic bonds, the stored elastic energy degenerates to that
predicted by the neo-Hookean model in classical rubber elasticity [4, 11] and the Cauchy stress

expressed in eq. (33) becomes:

o, = cXkyT(FFT — 1) + pl (43)

Where the quantity ¢ = Jcg is the nominal concentration, defined per unit reference volume of
the dry polymer in agreement with the early work of Treloar [45] and Kuhn and Grun [46]. From
eq. (43), it is clear here that when the deformation vanishes, the deformation gradient becomes
F = I and the first term on the right-hand side has no contribution. The remaining term p plays

the role of a pressure enforcing the material’s incompressibility, such that the hydrostatic

pressure is p* = gtr(as) = cdkyT(tr(FFT)/3 —1) +p.

4.2 Relation to standard viscoelasticity
To explore how the statistically-based continuum theory degenerates to standard
viscoelasticity, we first make the assumption that the kinetic coefficient k, is independent of the
stretch/force on each individual chain. In this case, we have seen that:
k, =k, and id =kyu (44)
Let us further assume the density of active cross-link density ¢ has achieved a steady state (¢ =

0). From eq. (12) this steady state is:
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Ka
kq + kg

ct (45)
In this case, the evolution equation for the distribution moment degenerates to the simpler form:

f=ky(I—p)+Du+uD (46)

Now using identity that Du + uD = Lu + (Lp)T , and the fact that the velocity gradient L can
be expressed in terms of the deformation gradient tensor F by L = FF~1, eq. (45) becomes:
p=ky(I—p) +FFlu+pu"FTFT (47)
Defining A = F~1uF~T, the above equation can finally be rewritten as a first-order ordinary
differential equation which can be analytically solved:
A+ kyA =k FAFT (48)
The initial condition is A(t = 0) = I since initially both g and F are identity tensors. The

general solution of eq. (48) is [47].

t
A = e k] + j kyF~1(v)F~T(t)e kat-Ddr (49)
0

Therefore, the general solution of the distribution tensor u is:

w(t) = e katF(OFT(¢) + f kq[FOF ' (DF T (DF"(£)] e *at~Ddr (50)
0

To illustrate how the theory degenerates to standard viscoelasticity, let us take the
particular case of the uniaxial tension of a polymer specimen along the x; direction. In this
context, the non-vanishing terms of Fare F;; = A, and F,, = F,, = 2~%/2_In addition, if we

assume small deformation, the stretch ratio takes the form A(t) = 1 + &(t) where (¢ < 1) is the
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linearized unidirectional strain. The tensile stress can be written in the following form (see

Appendix A.2)
) y d
o11(t —kg(t-1) &
A — 51
ck,T 3 f ¢ dt dr D

— 0o

If we set E, = 3ckyzT as the instantaneous Young’s modulus and E(t) = E, e *at is the

relaxation modulus, then eq. (51) can be written as

t

01(t) = fE(t - T)%d‘f (52)

— 00

This expression is consistent with linear viscoelasticity, specifically a Maxwell model given the
form of E(t). We finally note that since the mechanical loading starts at t = 0 and we allow an

instantaneous application of strain, eq. (52) can also be written as

t

g, (t) = E(t) - e(t = 0*) + fE(t —7) %dr (53)

ot

The above derivation shows that our model degenerates to the Maxwell model under the
assumption of constant kinetic parameters k,; and small deformation. This indicates that under a
fixed strain, the stress would decay exponentially with time and the characteristic decay time is
governed by the dynamic bond kinetics (e.g. the coefficient k;). Such exponential stress
relaxation has been observed in a number of previous studies on networks with bond exchange

reactions [27, 42, 44].

To further test our model against experimental data, we note that our assumption of uniform
kinetic coefficients k; and k, requires a homogeneously structured network, otherwise the

polymer may exhibit a spectrum of relaxation times. This was achieved in a recently developed
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hydrogel with 4-arm polyethylene glycol (PEG) units with reversible metal ligand crosslinks [40,
48-49]. The time-dependent mechanical behaviors of such gels due to the dynamic metal ion
crosslinks were measured by frequency-sweep rheological tests at small shear strains (e.g. 1%
for the data in Fig. 5a,b). Because of the homogeneous network structure, we expect our result
in this section is applicable to this type of gel, i.e. the rheological data can be well captured by
the Maxwell model. This is indeed the case as shown in Fig. 5. According to the Maxwell model,

the storage and loss modulus G' and G"' are

- t3Q0? - t3Q
%1 4202 T %1 41202

(54)
where G, is the instantaneous shear modulus, ty is the characteristic relaxation time and (Q is the

angular frequency of the oscillatory rheological test. In our case,

1
GO = CkBT, and tR = (55)
kd

Figure 5ab show the experimental data of G’ and G'’ extracted from Grindy et al. [40] for two
different gels with distinct metal ion crosslinks, i.e. Ni*" and Cu®", as well as the fit of our model.
Overall the Maxwell model well captures the experimental data. For the Ni*" based gel, we
found G, = 18.621 kPa and t, = 6.2 s, while for the Cu®" based gel, G, = 8.318 kPa and t =
1.12x1073 s. Interestingly, the values of G, for the Ni*" and Cu®" based gels are quite different,
even though the molar concentration of the 4-arm PEG units is the same in the two gels:
0.01 mol/L, which implies a total chain density of 0.02 mol/L or ¢t = 1.204x102%? /L, since
on average each 4-arm PEG unit can contribute 2 chains to the network. This is because the
modulus G, is proportional to the density of active chains ¢, instead of total chain density ct.
Using the value of ¢!, temperature T = 278 K (5°C reported in Grindy et al. [40]), and egs. (45)

and (54), we are able to determine that for the Ni*" based network, k; = 0.1613 s™* and k, =
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0.1044 s~ and for the Cu®" based network, k; = 892.9 s~ and k, = 190.2 s~. This shows
that the kinetics of Cu®" crosslinks is much faster than that of Ni** crosslinks. In Fig.5cd, we
show additional rheological data from a different paper by Tang et al. [49] for a class of 4-arm
PEG gels with Zn*" crosslinks. The chemical composition of the metal-ligand crosslink is
different from that of Gindy et al. [40] but the gel network structure is similar. By fitting the G’
and G" data using the Maxwell model, we obtain G, = 9.536 kPa, 20.38 kPa, 27.53 kPa,
52.68 kPa, and ty = 0.47 5,0.51 5,0.51 s5,0.59 s for gels with polymer concentration (w/v ) of
10%, 15%, 20%, 30%, respectively. Note that G increases with polymer concentration, while tg
is insensitive to polymer concentration. In Fig. 5b and 5d, deviations between the Maxwell
model fit and experimental data can be seen at high frequency. The discrepancy has been
attributed to additional relaxation mechanisms other than the dynamic metal-ligand crosslinks in
Grindy et al. [48], e.g. due to the sticky Rouse mode [49]. The exact nature of such deviation

remains to be elucidated.
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Figure 5. Comparison with rheological data in the literature for 4-arm PEG hydrogels with
reversible metal-ligand cross-links. (a-b) Frequency dependence of storage and loss modulus for
the PEG hydrogels with two different metal crosslinks: Ni** and Cu’" [40]. (c-d) Frequency
dependence of storage and loss modulus for a Zn’* crosslinked PEG hydrogel with different
polymer concentrations (w/v): 10%, 15%, 20% and 30% [49]. The symbols represent
experimental data extracted from literature and the dashed lines represent fits by the Maxwell

model.

The Maxwell model also implies plastic deformation, and such material is typically referred to as
a viscoelastic fluid or viscoplastic solid. This is consistent with the illustrative example in Fig. 4
which shows that the dynamic bonds allow the network to gradually approach a relaxed state
under a fixed deformation. As a result, the polymer would not recover its original shape after
loading is removed. However, unlike conventional materials (e.g. viscoelastic polymer melts)

where the molecular mechanisms for relaxation are complex and the Maxwell model is
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phenomenological in nature, here we have derived the Maxwell model from our statistical
framework of transient networks, thanks to the relatively simple relaxation mechanism of
dynamic bonds. The Maxwell fits of rheological data for the 4-arm PEG gels, as shown in Fig.5,
have already been performed in the literature [48-49]. The contribution of our approach is to

provide a clear physical picture as to under what circumstances the Maxwell model works well,

and to allow molecular interpretation of the material parameters G, and tR-.

4.3 Viscous fluid

The case of a perfectly viscous and incompressible fluid may be recovered in two
conditions: (a) there are no permanent cross-links and (b) both attachment and dissociation occur
at a rate that is much faster than the rate of loading. In this case, the cross-links are in a state of
dynamic equilibrium i.e. ¢ = 0, from eq. (11b) and ft = 0. Assuming k,; to be independent of
load, eq. (40) implies that id = k,u and eq. (39b) becomes:

koI —p)+Du+puD =0 (56)
Now using the fact that the rate of deformation is slow compared to the gel dynamics, i.e.
ID|/kq < 1, a first order perturbation analysis yields g = I + 2D /k,, and therefore the stress

equation (33) becomes:

ckgT

2
o=ckgT(u—1) +pl = D + pl (57)

d

where we used the fact that c® = ¢ since the cross-link concentration is constant in time. This
corresponds to the constitutive relation for a Newtonian fluid, where the Cauchy stress is related

to the rate of deformation D via a viscosity parameter:
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(58)

2¢ckgT ZkBTct< k, )
v: =

kg kg \kg+ kg
We generally see that the apparent viscosity increases with the number of available cross-links c*

and decreases with the rate k, of crosslink detachment [50].

4.4 Generalization to multiple networks

As discussed above, more general polymers display a variety of characteristic relaxation
times and would be better modeled as multiple networks. Literature has also shown that in many
cases, polymers possess a permanent network in addition to its transient counterpart [28]. These
considerations can be easily incorporated in an additive multiple network model shown here. For
this, let us first assume that a polymer is represented by a series of N non-interacting networks,
denoted by the index I =1, ..., M, and associated with their own chain concentration ¢; and
dynamic bond kinetics k% and k!, (assumed to be constants for each network). In addition, the
polymer is assumed to possess a permanent network with concentration cg. In these conditions,
the network statistics are represented by M distribution functions P! and distribution tensors
defined as:

p=(PFTQRF) (59)

The evolution equation for the cross-link concentration and the chain distribution is given by:

¢ = ki(cf —cp) — ki (60)
and the distribution tensor by:
L& = L 1)
u =?1—kd—gu+Du +u'D

Upon calculating these quantities, the total chain concentration can then be calculated as:
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M
c= cs+zc, (62)

I=1

and an overall distribution tensor u representing the entire network can be defined such that:

M
cu=cgJFFT + Z cu! (63)
I=1

Because the networks do not interact, the stored elastic energy can be additively decomposed in

the form:

+ p(det(F) — 1) (64)

ksT T N I 1
AP, (t) = - cs Jtr(FF' —1) +ZC tr(p = 1)
=1

Using the overall concentration and distribution, this can also be written:

ckgT
2

A% (1) = trlm—1I1 + p(det(F) — 1) (65)
and the Cauchy stress tensor follows directly from eq. (33), with the difference that the

distribution tensor is for multiple networks.

4.5 Illustration of a two-network model

For illustration purposes, we consider here the same virtual experiment as discussed in
Section 3.4 but now assume that the polymer possesses a permanent network in addition to a
dynamic counterpart considered earlier, with concentration ¢ = c. Fig. 6 shows the theoretical
predictions of the stress and energy relaxation as well as the statistical evolution of the two
networks. While most of the discussion parallels that provided in Section 3.5 regarding the
dynamic network, we see that the distribution tensor, average chain end-to-end distance and
chain orientation of the permanent network only changes with the deformation steps, but does

not tend to relax back to a stress-free isotropic state. This is expected since chains are unable to
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reorganize when permanent cross-links are considered. There is therefore a clear contrast
between the chain evolution (end-to-end distance and orientation) of the static and dynamic
network (Fig. 6¢). Indeed, when a fast deformation is applied, the chain configuration in both
network react immediately and in a similar fashion since the rate of deformation is significantly
higher than the bond kinetics. However, during the relaxation phase, we see that chains in the
dynamic network tend to decrease their average end-to-end distance and become more uniformly
distributed (6 — 6;5,). The static network is however unable to reconfigure and the chains
remain in their stretched configuration. A consequence is that while the stored elastic energy in
the dynamic network relaxes to zero, that in the permanent network remains constant for a fixed
deformation. An elastic stress therefore exists regardless of the bond dynamics of the transient
polymer. In summary, it can therefore be seen that in contrast to the previous example, this
double-network only possesses a single stress-free state, which occurs when the F = I. In other
words, while the material shown in Fig. 4 would maintain the deformed shape once the applied
load is removed, the existence of a permanent network gives the present material the ability to
gradually creep back to its original shape. This behavior is similar to that predicted by the

standard linear solid model where a spring is in parallel to a Maxwell model.
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Figure 6. Illustration of (a) the deformation, (b) stress and stored elastic energy and (c) chain
statistic response of a polymer characterized by one permanent network and one dynamic
network that displays normalized rates k = k,t = kyt = 0.07. The relative concentrations Cg
and c of the permanent and dynamic network, respectively are chosen such that c/cg =1
Stresses are normalized by cskgT and energies by cskgT /2. The structure of each network is
characterized by the 3D representation of the distribution tensor, the averaged normalized end-
to-end distance Apmg = Tyms/NNb and the average chain angle y with the vertical direction

(m = [0,1] in the Cartesian coordinate system). Time is expressed in units of .
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5. Further discussion

The main contribution of this paper is that our statistical approach illustrates the essential
molecular picture that underlies viscoelasticity of soft polymers. This approach allows one to
leverage developments in the polymer physics literature to incorporate more complex molecular
mechanisms, which may open the door to physics-based nonlinear viscoelastic models. Such
models are of fundamental value to many mechanics questions, one example being the fracture
of viscoelastic rubbers [51-53]. As pointed out by Knauss [54], one of the limiting factors that
hinder further understanding of soft polymer fracture is the lack of an accurate and physics-based

nonlinear viscoelastic model.

A number of theories, starting from classical rubber elasticity, attempt to relate the
statistical description of polymer chains or fibrous networks to the elastic response of the
assembly [1, 9-10, 55]. Such approaches implicitly separate the directional dependence of the
chains (or fibers) and the elastic energy stored due to stretch (characterized by the deformation

gradient F). The total free energy ¥ is therefore expressed in the general form:

2m T
= f f P8, ) [, (F) — 1, (ro)]sin6dodw (66)
0 0

Assuming affine deformation, the chain/fiber stretch is expressed in terms of the macroscopic
deformation gradient as r = Fr. The proposed approach takes a different route since the chain

stretch is now incorporated into the probability function, such that the energy becomes:

2n 0o
Y= jo jo ( jo [P(r,t)—P(ro,t)]lpc(r)rzdr)sinededw (67)

It is clear here, that in contrast to (66), we here compare the distribution functions of the chains

in their “natural” and deformed states and multiply this difference by the corresponding energy

37



function. A main advantage of this viewpoint is that it allows for the evolution of the probability
function P(r, t) arising from different physical processes, which may include, for instance the
dynamic nature of the chains’ attachment and detachment, the degradation of cross-links [56-59]
as well as growth processes in biological materials [60] for instance. As a result, a number of
dissipative processes can readily be incorporated into the current framework by simply
modifying the evolution equation of the probability function shown in eq. (37). From a
mathematical standpoint, eq. (67) also implies that one can naturally capture the change in
natural (or stress-free) configuration of the material since the term P(r,2) — P(ry, ) can
vanish even though F # I. Consequently, the proposed theory does not rely on the traditional
Lagrangian framework used for solid, but can be used to describe elastic fluids and viscous
polymer without additional difficulties. Finally, we have shown that in the case of Gaussian
statistics, the chain distribution could be described in terms of a distribution tensor, which may
be thought of as an extension to the structure’s tensor [61-62] that incorporates chain/filament
length in its definition. In the following we discuss a number of possible extensions to our
statistical approach.

As stated in Section 3, the single chain energy function . in eq. (17), which is based on
the freely jointed chain (FJC) model with Gaussian statistics of segment configurations, is only
applicable to small to moderate extensions. At large extensions where the contour length Nb is
approached, the resulting chain stiffening can be captured by Langevin statistics. In this case, the

single chain energy function is [13]:

_ -1 L™1(B) _r
¥ = NksT (BL7(B) +In ). = (68)

38



where L™1(f) is the inverse Langevin function that diverges as § > 1 or r - Nb. Following
the same procedures as described in Section 3, we found that the distribution tensor g would
become:

1

T
p= (L (ﬂ) PrO)r®r) (69)

and the true stress tensor keeps its original definition as:

o =ckgT(u—1)—pl (70)
Note that with eq. (69), one can no longer derive a simple time evolution equation for u, such as
that shown in eq. (37). Instead, one needs to calculate the time evolution of the distribution
function ¢(r,t) using eq. (11) and numerically perform the integral over all chain

configurational states.

In Section 4.1, we have illustrated that our model with Gaussian chains reduces to the
elastic neo-Hookean model if permanent cross-links are assumed. It is of interest to see what
elastic solid would the Langevin chain model recover under the assumption of permanent cross-
links. There are a few hyperelastic models in the literature that are derived from Langevin chains,
in particular the Arruda-Boyce 8-chain model [9] and the Wu-van der Giessen (WG) network
model [10]. Next we demonstrate that with Langevin chains (eq. (69)) our model degenerates to
the WG model. WG adopted the affine deformation assumption for a permanent network which
dictates that the end-to-end vector of a chain changes from 7 in the reference configuration to
r = Fr after deformation. However, a key difference between our model and the WG model is
that we considered the full distribution in chain end-to-end vector, including both the end-to-end
distance r and orientation. This was necessary to incorporate the effect of dynamic cross-links.

In contrast, WG only considered the distribution in chain orientation and assumed a uniform
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chain end-to-end distance. At the stress-free configuration, all chains are assigned the same mean
end-to-end distance r = VNb . After deformation, this distance becomes AVNb, where 1
depends on chain orientation, i.e. A(6, w) and can be calculated from the affine deformation
assumption that r = Fr,. This is a special case of our distribution function P(r,t) where the

dependence on the end-to-end distance r is through the Dirac §-function:

P(r,t) = ch, w,t) (71)

where C (6, w, t) is a distribution function of chain orientation characterized by the spherical
coordinates 6 and w. Substituting eq. (71) into eq. (70), we recover the equation by Wu and van
der Giessen (see equation no. (29) in [10]). To the best of our knowledge, the Langevin chain
model has not been directly incorporated into continuum models of polymer networks with
dynamic bonds. Previous efforts to include the strain stiffening effects were based on continuum
elasticity models such the Arruda-Boyce model [9], Gent model [35] or exponentially hardening
model [36]. Recently, more sophisticated single chain models have been developed to combine
entropic and enthalpic contributions for chain elasticity [63]. The latter describes the effects due
to stretching of the carbon bonds on polymer chains. Incorporation of bond stretching can allow
one to better capture the irreversible scission of chains due to excessive forces. Such
sophisticated single chain models have not been implemented in continuum theories for dynamic

networks, and our approach offers a clear path along this direction.
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6. Summary

In summary, this paper described a new theoretical framework that can represent the time-
dependent responses of soft polymers based on a statistical description of the underlying polymer
network. Its root is anchored in a statistical representation of the configuration and evolution of a
network of dynamically cross-linked polymer chains as it is subjected to deformation. Using
appropriate average operations and thermodynamical arguments, it was possible to relate the
chain distribution to the concepts of stress, strain and entropy generation via the so-called
distribution tensor. Eventually, a fully macroscopic theory was derived involving an evolution
equation for this tensor. The theory provides natural extension of rubber elasticity in the range of
inelastic deformation and could be extended to account for multiple networks, or large chain
deformation (with Langevin statistics) to name a few. The dynamic bonds considered in this
work can be broadly interpreted as the temporary interactions between polymer chains, e.g.
entanglements in polymer melts or lightly cross-linked networks. Potentially, one can prescribe
physics-based models to describe the kinetics of disentanglements and re-entanglements by
taking advantage of the established knowledge in a vast literature on the dynamics of polymer
chains [16-17]. Such physical insights may also be drawn from molecular-level simulations.
Efforts in this direction may lead to new physics-based nonlinear viscoelasticity model of
passive, active and bio-polymers [64-65]. Overall the statistical approach presented in this work
can provide a convenient platform to integrate the complex physics of polymer chain dynamics

that are otherwise difficult to be implemented into continuum theories.
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Appendix A.1 Derivation of the variation of free energy

in

press,

Equation (19) in the manuscript represent the variation for the total free energy as a function of

macroscopic quantities, including the distribution tensor. Details of its derivation are given

below. Starting from the form of the free energy written in eq. (18), it is straightforward to show

that ¥ can be expressed as:

. T .
¥ =-T (y In (—) + 190) + AY,
To

where AY, (t) can be calculated from eq. (17) as:

o kpT kgT . .
AV, = =2=((§ = $o)7?) + = (($ = o)7*) + ptr (L)

Now using the evolution equation for the distribution function, we can write:

. 0
($72) = (EaPy7?) — (kah72) — (L) — <a—2r,-f2> L

Using integration by part on the last term, this equation simplifies to:

a¢ ~2 ~2 ~ o~
(%rjr YLij = —(8;;7)L;; — (26 7Ty )Ly
L
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Substituting in (A3) and using the definition of the chain distribution tensor:

pu=(PF Q%) and p, = (P,¥ Q 7),

we obtain:

(p72) = Eqtr(pg) — (kqdT?) + 2cp: L

Similarly, the time derivative of the chain distribution tensor ¢, from its reference state is:

(of?) = Eatr(up) — (kadoT?) + 2cpg: L

Finally substituting eqs (A6) and (A7) into (A2), allows to express the change in elastic energy as:

ke
= (e = ) + pir(L)

. kgT
AP, === e — Ho): L — (ka(9 — $o)7*) +

which, when plugged into eq (A1) leads to eq. (20) in the main text.
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Appendix A.2 Evolution equation for the distribution tensor

Starting from its original definition in eq. (21), let us, for convenience express the time evolution

of the tensor u in component form as follows:

. 1 .
jiy = | Payiiar = ([ pwmmar - ¢ [ paar) (A9)
Using (10), we then obtain:
=0 ¢ A10
Hij =~ Hij = (kg + Lygdmij — LyeMyqij — P (A10)

where the components of the fourth order tensor M are given by:

op(r) ____
My = | 5> (ALD)
r l
and
ki = J kg (r)P(r)77dr (A12)
r

A simple integration by part then leads M;j),; = —(Sij,ulk + Sy + Sjl.uik) where we assumed
that boundary terms vanished. The evolution equation for u therefore take the convenient form:

o

Sa o

Hyj =~ Hij ~ Edij + (Littrj + Likti:) — < Hij (A13)

In a tensor notation, this relation can be written as:
p=Sa0 _f ¢ T Al4
=" —kq——p+Llp+(Lp (Al4)

where the superscript 7 denotes the transpose operator. Using the fact that the product of a
symmetric and antisymmetric tensor vanishes, the term Lu can be replaced by Du where D =

(L + LT)/2 is the symmetric rate of deformation tensor. This enables to write:

- ¢
ﬂ=%u°—kd—;u+Du+uD (A15)
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This equation corresponds to eq. (37) in the main text.

Appendix A.3 Recovering the linear viscoelastic model

-1/2

Under uniaxial tension, Fj; = A, Fy, =F33=41 ,and all other components vanish.

Substituting F into eq. (50), we obtain

— ,—kgqty2 2( ) _kd(t_‘[)
Uy, (t) = e7Fat) (t)+fkd 70 dt (A16)
and
22
Hz (8) = pz3(t) = e7*a 271 (6) + f kq [AZE % ~kalt=) dr (A17)

To obtain the tensile stress g, we use the boundary condition that ¢,, = 033 = 0 to determine

the pressure term p. With some simple algebra, we obtain that

o.(t)  _ 4 A2(t) A(T) a(t=7
T ¢ k t[AZ(t)_l(t)] f [/12(1) 0| ~ka(t=7) gp (A18)

with small deformation where A = 1 + &, we can linearize eq. (A18) and obtain the following

equation

011 (t)
ckgT

= 3e(t)e Fat + 3f kyle(t) — e(r)]e ka2 dr

(A19)

t

= 3¢(t) f kye kat=D dr 4+ 3 f kyle(®) — e()]e kat=D g

0
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We assume the mechanical loading starts at t = 0, which implies e(t) =0 for71 < 0. As a

result, eq. (A19) can be casted in the following form:

t

O-ll(t) _ f —kg(t—1)
T 3 | kqle(t) —e()]e dt
¢ (A20)
=3 fe""'d(t‘f) de(r) dt
dt

— 00

If we recognize that E, = 3ckgT is the instantaneous Young’s modulus and E(t) = Eye~*at is

the relaxation modulus, then eq. (A20) can be written as

de(7)
dt

0..(t) = fE(t - 1) dt (A21)

— 00

We have reduced to linear viscoelasticity, specifically a Maxwell model given the form of E (t).
Since the mechanical loading starts at ¢t = 0 and we allow an instantaneous application of strain,

eq. (A21) can also be written as

t

0,,(t) = E(®)e(t =0") + fE(t —-17)

ot

de(T)
dt

dt (A22)
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Abstract

We present a physics-based theoretical framework to describe the transient mechanical response
of polymers undergoing finite deformation. For this, a statistical description of the polymer
network is provided by a distribution function that is allowed to evolve in time due to a
combination of deformation and chain reconfiguration enabled by transient cross-links. After
presenting the evolution law for the chain distribution function, we show that, using classical
thermodynamics, one can determine how the entropy, elastic energy and true stress evolve in
terms of the network configuration. In particular, we introduce the concept of distribution tensor,
that enables a clean transition between the network statistics, its continuum representation and
the macroscopic polymer response. In the context of Gaussian statistics, it is further shown that
this tensor follows its own evolution law, enabling a simple handling of visco-elastic rubbers.
The model degenerates to classical rubber elasticity when cross-links are permanent, while the
case of viscous fluids is recovered for fast cross-link kinetics. The generality of the framework as
well as its relevance to modeling a number of important dissipative processes occurring in

polymers using a continuum approach are also discussed.
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1. Introduction

Soft polymeric materials exhibit complex mechanical behaviors, ranging from elastic
solids (e.g. crosslinked rubber networks) to viscous fluid (e.g. polymer melts). Tremendous
efforts have been devoted to the theoretical modeling of soft polymer mechanics [1-3]. For
example, numerous models have been developed in the literature to describe the nonlinear
elasticity of soft rubbers capable of large and reversible deformation, following mainly two
approaches. In the first approach, phenomenological models are proposed to match experimental
data under the constraints derived from continuum mechanics, e.g. frame indifference and
material symmetry [4-5]. In contrast, the second approach is based on the statistical mechanics of
individual polymer chains [6-10]. When a single chain is stretched, its configurational entropy is
reduced which provides the energetic driving force for elastic recovery. Such entropic elasticity
can be captured by a number of single chain models, e.g. freely jointed chain (FJC) with
Gaussian statistics [11-13]. Because the second approach is rooted in molecular physics of
polymer chains, it can be extended to accommodate the nonlinear elastic behaviors of soft
polymers in a more guided manner instead of trial-and-error. For example, the concept of
Langevin statistics [13] has been used for the FIC model, in place of Gaussian statistics, to
capture the strain stiffening effects of soft rubbers at large strains [9, 14]. A necessary
component for the second approach is a link between the single chain model and the continuum
mechanics of polymer network. A number of models have been proposed to establish such a link,
including the 3-chain model [8], the 4-chain model [6-7], the 8-chain model [9], and the full-
network model [10, 15] among others. An excellent review of this subject can be found in Boyce

and Arruda [1].



Viscoelasticity in soft polymers involves more complex molecular mechanisms such as
temporary chain entanglements and chain diffusion [16-17]. The dynamics of chain
entanglements and diffusion have been extensively studied in the physics community in the past
few decades [13, 16-17]. However, the theoretical insights established in the polymer physics
literature have not been fully translated to advancements in continuum models of viscoelasticity.
Most existing models, from the simple linear Maxwell or Kelvin-Voigt models [18] to the more
sophisticated nonlinear viscoelastic models [19-22], are phenomenological. While in some of
these models (e.g. [22]) the continuum-level relaxation or creeping behavior was prescribed with
inspirations from chain entanglement dynamics, models that directly connect the molecular
physics of chain dynamics and macroscopic viscoelasticity are still not available. A difficulty
with building molecular physics-based viscoelasticity models is the lack of a common natural
reference configuration for all chains, due to the relaxation processes enabled by

disentanglement and chain diffusion.

To accommodate this feature, Green and Tolbosky [23] assumed a conceptual picture
when the chains in viscoelastic polymers can detach and reattach, resulting in families of chains
with distinct natural reference configurations. This approach was further developed by others
[24-29] and also discussed in the continuum mechanics literature as the method of multiple
natural configurations, e.g. by Rajagopal and Srinavasa [30]. In this class of models, the chains
are assumed to be born at a natural relaxed configuration when reattached to the network. The
populations of chains born at different times along the external loading history, thereby
possessing different relaxed configurations, are tracked by following the kinetics of chain
detachment and reattachment. More recently, the conceptual picture of chain detachment and

reattachment was realized in a new class of polymers with dynamic bonds, either through



reversible bonds or bond exchange reactions [31-33]. Macroscopically the network exhibits time-
dependent mechanical behaviors, which was found to be well modeled by the approach with
multiple natural configurations [28, 34]. Although these models are capable of incorporating the
kinetics of dynamic bonds, they still rely on continuum level elasticity models, e.g. neo-Hookean,
Arruda-Boyce or Gent model, to describe the mechanics of chains possessing different natural
configurations [27-29, 35-36]. As a result, this approach does not provide a direct connection
between single chain physics and macroscopic mechanics, and it would be difficult to extend
such models to describe more complex molecular mechanisms such as entanglement and chain
diffusion. In addition, computational implementation of this type of models can be challenging
due to the large number of internal variables required to store chain populations and their
respective natural configurations [37]. On the other hand, Tanaka and Edwards [24] developed a
model for transient networks [38-39] that links the molecular physics of dynamic chains to the
macroscopic mechanical behavior by tracking the evolution of microscopic distribution of chain
end-to-end vectors. A rigorous continuum mechanics formulation of this approach in parallel to

the 8-chain [9] or the full network model [10] for permanent networks is yet to be developed.

In this work, we introduce a theoretical framework for time-dependent responses of soft
polymers that is deeply anchored on the statistical description of the underlying polymer network,
based on a similar approach as that adopted by Tanaka and Edwards [24]. Within this framework,
the physical state of the polymer is represented by a statistical distribution of the length and
direction of chain end-to-end vectors. This distribution can be altered through both the
macroscopic deformation and molecular-level events causing chain detachment and re-
attachment. For simplicity, we illustrate this framework using an ideal network consisting of

long chains with uniform length and dynamic cross-links. We assume that the single chain



behavior follows the entropic elasticity model with Gaussian statistics. Albeit simple, this ideal
system closely resembles the 4-arm polyethylene glycol network with reversible metal-ligand
cross-links recently developed by Grindy et al. [40] where highly uniform chain length can be

achieved.

The manuscript is organized as follows. In Section 2, we first present a statistical
description of the chain length and direction within the ideal network. Taking a thermodynamic
approach, we then show in Section 3, that the network evolution can be linked to the stress tensor
through the so-called distribution tensor, defined as a weighted average of the chain distribution.
In Section 4, we show that our model degenerates to the neo-Hookean elastic model, the
Maxwell-type viscoelastic model, and the Newtonian viscous fluid model under certain
assumptions of the chain kinetics. Generalizations to multiple networks are also discussed.
Section 5 highlights the differences between our model and similar models in the literature and

the possible extensions of our model. Final conclusions are then provided in Section 6.

2. Statistical mechanics of a polymer chains with dynamic bonds

For the sake of simplicity, we here consider a polymer network made of linear chains that
are connected to each-other at cross-linking sites. We are particularly interested in cross-links
that display a dynamic response, i.e., they can associate and dissociate in time according to "on"

and "off" rates, represented by the constants k  and k , , respectively, as shown in Fig. la. Figure

1b, on the other hand, illustrates a different type of dynamic bonds based on the bond exchange
reactions where the dissociation of a connected chain and association of a new chain is
completed in a single step of reaction. In this work, we attempt to describe the mechanical

response of such a polymer from a statistical viewpoint.
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Figure 1. Schematic representation of dynamic bonds in a polymer network with reversible
bonds (a) and bond exchange (b). (c) Graphical representation of a polymer chain with end-to-
end vector r = r(r,0,w) and schematic of the distribution function ¢(r,0,w) (Note that in this

diagram, the symbol r represents the projection of the end-to-end vector)

2.1 Statistical description of cross-linked polymer networks

When a polymer network is considered, the orientation of chains that form the network
span all possible directions and the end-to-end distance must be replaced by the end-to-end
vector that is characterized by both its direction (represented by angles 8 and w in spherical
coordinates) and magnitude r = |r| (or end-to-end distance) as shown in Fig. 1c. The elasticity of
the polymer may thus be understood through a statistical description of the end-to-end
configuration of each polymer chain within a representative volume element. In this work, these
statistics are captured by a distribution function ¢(r) = ¢(r,0,w) that allows us to precisely

know the configuration of chains in the polymer according to their direction and end-to-end



distance. The probability function P, which represents the probability of a chain to have an end-
to-end vector r can further be introduced by normalizing the distribution ¢ as follows:

bt = c(OP(rL) where c=(¢) ()
is the concentration of chains (moles of chains per unit current volume) that are connected to the

network at both ends and the operator (m) is the integral over all chain configurations:

(m) = fjﬂf::(f:lrzdr )sianHda) (2)

In the following, the energy state of the polymer will always be compared to its natural,
or stress-free configuration. Following the standard statistical theory of elasticity, chains in the
natural state are assumed to follow a Gaussian distribution around the value r = 0. For an
isotropic polymer, moreover, the chain distribution does not depend on the direction angles 8 and
w, and the probability for a chain to have an end-to-end distance r is written as [7, 13]:

3
3 )2
Py(r)= 5| exp
2nNb

3|7/’
2Nb*

)

where N is the number of Kuhn segments of a chain (assumed to be uniform across the network)

and b is the Kuhn length. The distribution ¢, of chains in their natural states can therefore be
related to the function P, by:

Py(r,t) = c(®)P (1) (4)
where we purposefully display the argument ¢ to emphasize that ¢ can change with time due to

the chain detachment and attachment events. We note that this distribution function is interpreted

as the number dN = ¢O(r)r25in9drd9da) of chains per unit current volume whose end-to-end

distance is betwee 1 and r + dr and orientation is between (6,w) and (6 + df,w + dw).
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2.2 Evolution of the chain distribution under deformation.

Let us now evaluate the change in chain distribution when the polymer is subjected to
deformation. For this, we consider an arbitrary line element, originally represented by the vector
dX that deforms into a new line dx following a linear mapping — represented by the deformation
gradient F according to dx = FdX. In particular, the rate of change F of this deformation tensor
can be related to the velocity gradient L = dx/dx in the form:

F=L-F (5)
When such a deformation is applied to the polymer, chains are distorted such that their end-to-
end vector changes from r to r + Ar where Ar denotes the directional elongation of the chain.
Consequently, the chain configuration described by the current chain distribution ¢ (7,t) evolves
with time. Here, we seek to characterize this evolution based on the knowledge of the
macroscopic deformation applied to the polymer. For this, we first note that the change in chain
configuration is due to two competing mechanisms: (a) the application of a deformation that
distorts each chain’s end-to-end vector and (b) the detachment and reattachment of cross-links in

different configurational states. The time derivative of ¢(r,t)is thus decomposed according to:

0p(rt)  9p(rt)

dp(r,t)
ot ac | T

at

(6)

xl F

The first term implies that the evolution of ¢(7,t) occurs with no chain detachment and
reattachment (the subscript “x/” indicates that the crosslinking density is fixed) while the second

term represents the change in chain distribution when the deformation is frozen (fixed F).
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Figure 2. Example of the evolution of the chain distribution during an incremental deformation
from t to t+dt represented by the velocity gradient L. The evolution of the distribution ¢ at a

point is expressed by equation (5).

To compute the first term, we adopt the affine deformation assumption where the end-to-
end vectors of all chains evolve according to the continuum-level deformation gradient F. For

example, an end-to-end vector r before deformation is changed to r = Fr, after deformation

(see Fig. 2). As aresult, the space spanned by chain end-to-end vectors within a continuum point,
referred to as the “chain space” hereafter, is distorted by the deformation gradient F experienced

by that continuum point. The time derivative d¢(r,t)/0t|,, in eq. (5) should be interpreted as



the spatial time derivative in the chain space. To derive how this term is related to the velocity
gradient L, we consider an arbitrary volume element V* in the chain space and state that under a
fixed set of cross-links, the “material time derivative” of the number of connected chains within
V* vanishes due to the incompressibility assumption. Here the concept of “material time
derivative” is applied to the chain space (formed by the end-to-end vector r), instead of the
continuum-level physical space (formed by vector X). Application of the Reynolds transport

theorem in the chain distribution space leads to the following result:

D f v f 0p(r,t) v dV =0
Dt V * d)(r’t) B V x ot ‘xl ’ r (¢(r't)r) - (7)
where V denotes the spatial gradient in the distribution space, and r is interpreted as the

velocity of a point 7 in the distribution space. Because the distribution space is embedded
within a single material point at the continuum level and we have assumed affine deformations,
both the deformation gradient F and velocity gradient L can be considered uniform across the
distribution space and the rate of chain’s deformation becomes r = Lr. Localizing eq. (7) and

expanding the divergence term, we obtain,

op(r,t)
o it ()5, |L,; (®)

1

op(r,t)
ot

xl
where the Einstein convention on summation was used. The evolution of ¢(r,t) at fixed
deformation F can be found by assuming that the rate of detachment of chains with end-to-end
vector r is proportional to ¢(r,t) following eq. (1). Moreover, similarly to Tanaka and Edwards
[24], we assume that these new chains reattach in a stress-free configuration, and thus their

configuration is given by the probability function P,(r) shown in equation (3). These

considerations yield the evolution law:

10



dp(r,t)
— | = EaPo() ~ k() ©)
F

We see in eq. (9) that the dynamics of association and dissociation are governed by association
and dissociation rates represented by the kinetic coefficients ¢, and k, respectively, whose
expression depends on the nature of the physical process at play. For a polymer with reversible
bonds, the attachment and detachment mechanisms are decoupled and the rate of attachment
becomes proportional to the density ¢ ="~ ¢ of detached chains where ¢’ is the total
concentration of chains, including those that are not bonded. The corresponding association rate

can therefore be expressed as:
t
§,=k(c -0 (10a)

where £k, is the kinetic coefficient for bond association. For a polymer with bond exchange
reaction, an attachment event is immediately followed by a detachment event at a cross-link.
This implies that the number of attached chains remains constant and the rate of attachment can

be written:

&, = ko) (10b)

Regardless of the mechanisms, the detachment kinetics may depend on external factors such as
temperature or the presence of chemical species. Importantly, a force-dependent rate of

dissociation is likely to occur, especially in the regime of large strains; for the coefficient k ; can
be made a function of end-to-end distance, such that k, =k (r). The rate of attachment,

however, concerns inactive (or detached) chains which should theoretically be insensitive to

11



strain. For this reason, it is taken as independent of the end-to-end vector r in the reminder of
this study. Using egs. (8) and (9), the evolution equation (6) for the distribution ¢(r,t) finally

becomes:

9p(r,t) dp(rt)
o = $ePo) = k) + Ly ¢(rt) -——r L (11)

l

which is similar to the differential equation governing the evolution of chain distribution
function in Tanaka and Edwards [24]. As the chain distribution evolves, the density of connected
chains ¢ may also change with time. By integrating eq. (11) throughout the chain space following
eq. (2) and using the fact that {¢) = ¢ (see eq. (1a)), the time derivative of the concentration
becomes:
c=k,(c'-c)-ke-ctr(L) (12a)
with k = (k d(r)P(r,t)) when reversible bonds are considered (eq. 10a), while
c=-ctr(L) (12b)
when polymers with bond exchange reactions are considered (eq. 10b). Note that we consider

incompressible polymers and the term tr(L) vanishes in the above equations. Furthermore, if the

rate constant k ; is independent of r (e.g. for small to moderate strains), we obtain the equality k d
= k, since by definition, the integral of the probability function over the entire configurational

space of chains is unity.

3. Macroscopic theory

So far, our description of the polymer evolution is purely statistical, but is related, via the

assumption of affine chain deformation, to the macroscopic deformation gradient F. In this

12



section, we will make a connection between this statistical view and classical quantities used in
continuum mechanics such as stored elastic energy, entropy and the stress tensor. For this, it is
convenient to start by invoking the first and second principle of thermodynamics and apply them
to a volume element in the current configuration. In this element, the first principle implies that

the material derivative of the internal energy density E, (per unit current volume) can be
expressed by:

E =0L-V-q+s (13)
where o is the Cauchy stress tensor in the volume element, L the velocity gradient, q the heat
flux across its surface and s is the rate of external heat supply (per unit current volume). The

Clausius-Duhem inequality enforcing the second principle of thermodynamics can further be

written as:

ﬁz;—v-(g) (14)

where ¥ is the entropy per unit current volume and T is the absolute temperature. Introducing
the Helmholtz free energy per unit current volume ¥ =E, —T9, eqgs. (13) and (14) yield the
inequality:

G:L—‘P—Tﬂ—%-VTZO (15)

For convenience, let us consider an incompressible polymer and postulate that the stored
elastic energy ¥, in the material volume can be computed as the sum of the stored energy in

cach active chain across their configurational space. If we call 1 (r) the elastic energy in a

single chain with end-to-end vector r, the stored elastic energy ¥, can be written as:
v, ={(¢y,) + p(det (F) - 1) (16)
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where the term p represents the Lagrange multiplier enforcing the incompressibility condition,
det (F) = 1. Following the freely jointed chain theory with Gaussian statistics [13] under the
assumption that the number of Kuhn segments N in one polymer chain is large (N >>1), we are
able to express the elastic energy of a single chain as:

3k,T
2

kBT~2

rl* = —7 (17)

p(r) =
2Nb

where k, is the Boltzmann constant, kT is the thermal energy and b is the Kuhn length. We

further used the normalized distance defined as r = |r|/£ where £ = b~/N/3 is proportional to
the projected mean end-to-end distance b/N of individual chains. We note here that eq. (17) is
only accurate for small to moderate chain extension. When extension is more severe, a Langevin
chain model can be used to account for the strain stiffening arising from extensive chain stretch
[13]. While such an energy functional could be considered here, the above form allows us to
work with a simplified model and focus on other aspect of the theory, i.e., the time dependence
of the cross-link attachment/detachment. A classical issue with the energy function defined in eq.
(16) is that it does not vanish when the polymer is in a stress-free configuration. This can easily
be seen by substituting the stress-free probability function eq. (4) into eq. (16). To avoid this, it is

preferable to work with the energy difference 4%, between the current state (with distribution ¢
(r,t)) and the stress-free state (with distribution ¢,(r,t) = c(t)P,(r) ). In this case, we can
write:
0
AY (&) =¥, -V, +p(det(F)-1)

=((¢ - p)v) + p(det (F) - 1)
ckBT
2

(18)

((P-P)7") + p(det (F) - 1)
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We will see below that this energy is implicitly a function of the deformation gradient F since
the distribution evolves with applied strains. It is further entirely defined since the distribution ¢
(7,t) can be determined at any time from the evolution law in eq. (10) and the knowledge of the

polymer configuration at the initial time.

3.1 Clausius-Duhem inequality

To apply the inequality in eq. (15), we add a term in eq. (18) to account for the change in

Helmbholtz free energy due to heat absorption, i.e.
T
Y= (y—ﬁo)(T—TO)—yTlnT—O+A‘Pe (19)
where y is the specific heat per unit volume, 9, is the entropy at the initial stress-free state and

T, is the initial temperature. Because of the incompressibility assumption, we regard the

0
volumetric specific heat y as a constant. Taking the material time derivative of the Helmholtz
free energy ¥ and using evolution equation (11), we can show that the change in stored elastic

energy is (see appendix A.l for details):

Y= T(y ln(TlO) + 190) +ptr(L) + k%T{Zc[u - uo]:L + c;(tr(u - ”0))} -D (20)

where the chain distribution tensor was defined as:
p=(Pr®r) and p,=(P;r®T7), @1)
and the mechanical energy dissipation has the form:
kgT ~2
D =—(kc(P-P)r") (22)

Note here that if the rate of dissociation is not a function of chain extension, the dissipation can

ckgT
be rewritten as D =k thr(u—uo). From this expression, it is clear that the rate of
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mechanical energy dissipation increases with both the dissociation rate and the stored elastic
energy in the material. With these new quantities, inequality (15) takes the form:

[0‘ - ckBT(u - ”0) - pI]:L+

(23)

k
—4ﬁ+%qwuq—nﬁhn—ﬂn%—ﬂ4+I)—%VTZO

This is a macroscopic representation of the Clausius-Duhem inequality, i.e., all quantities

involved are defined at the continuum scale.

3.2 The chain distribution tensor

As seen above, the role of chain deformation is captured by the chain distribution tensor
u defined in eq. (21), a key quantity of the proposed theory. It enables a macroscopic description
of the state of the polymer chain network at any instant during the deformation process. In
particular, it is of interest to explore the form of this tensor when the polymer network is in a
stress-free state, i.e. the end-to-end distance follows the Gaussian distribution shown in eq. (2).

Performing the integration, we find that:

bZ
2N ) 2 (exp(—’;‘z/Z)f' ® i:) =71 (24)

3

u°=(P°f~®f~)=(

with I being the identity tensor. In other words, using eq. (21), the stored elastic energy (18) in

the network can be directly related to the network statistics by the following equation:

ckBT
AY =

e =5 tr(u—-I) +p(det (F) - 1) (25)
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When it is not evaluated in a stress-free configuration, we see from its definition that the tensor u
is represented by a symmetric matrix that can better be described by its three independent

eigenvalues. Indeed, if we can express p in its principal directions to obtain:

u, 0 0
p'=Q"uQ. inmatrix form [p=[0 H, O o6
0 0 pyy

where Q is the orthogonal matrix of change of basis between the global Cartesian frame and that

associated with the principal directions of u, while the components wu,,u,and u, are the
eigenvalues of the chain distribution tensor. A physical interpretation of these quantities is given
by the standard deviation of the end-to-end distance component (rf) in the i-th principal

direction, relative to the stress-free value (r?) =N b2 /3. In other words, we can write K

= 3<r2i>/Nb2. Conveniently, the distribution tensor can be represented by an ellipsoid with
semi-axes y; and oriented along the principal direction of p. This facilitates the visualization of

the chain distribution at spatial material points during its deformation history as discussed later in

this paper.

Interestingly, the distribution tensor contains the information of average chain stretch. To

illustrate this point, we note that the trace of the distribution tensor can be computed as:

tr(u) = (Pr-7) = (Pr’) = N;/g 7)

In other words, the root mean square of the chain end-to-end distance r, .=, Ir? can be directly

related to tr(u) by:
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tr(p)
Trms = \/Nb 3 (28)

In addition, consider an arbitrary direction described by a unit vector n, and denote the acute
angle between a chain with this direction as 8 (0 < 8 < m/2) (see Fig. 3a), also named as the

chain angle in [41] and [42] we have

(rcosé’)2

Nb*/3

n-(un) = (P?Zcosz(e)) = , (29)
where ., /(rcose)z is the root mean square of rcos6. Based on this result, we define an effective

average chain angle y as

(rcos@)2 n- (un)
Y = arccos ? = arccos( tr(u) ) . (3())

Note that y is not the direct average of chain angle, as defined in Yang et al. [41], but it also
provides a measurement of average chain orientation. To illustrate this point, let us consider a
special case where the bonds are permanent and the network is under uniaxial tension. We set n
to be the direction of uniaxial tension, and the evolutions of effective average chain angle y and

the root mean square of chain stretch 4. =7 _ ./ (\/N b) with the nominal tensile strain 4—1

are shown in Fig.3b. Also plotted in Fig. 3b are the average chain angle 6 and stretch A defined

in Yang et al. [42]:

— /2 -1f 1 .
0= fg tan (/13—{2tan9)sm9d6, 31)

/2 Z -1 2
7= [(ycos6)" + 27 sin’0sinods (32)
0
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Although the quantities y and A, are defined differently from 6 and 1, they exhibit the same

qualitative trends, i.e. on average the chains becomes stretched and also more aligned with n.

(a) (b)
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Figure 3. (a) Illustration of the chain end-to-end vector r and the angle 6 between a single chain
and an arbitrary direction characterized by the unit vector n. (b) Prediction of the averaged
chain orientation y for an elastic network (no dynamic bonds) under uniaxial tension, where the
direction vector n is aligned with the tensile direction. This result is compared with the average
chain angle 6 and chain stretch A defined in eq. (31) and (32). Good qualitative agreement can

be observed between the approaches.

3.3 Stress tensor and entropy

Considering that each process (deformation, heat transfer and bond
detachment/reattachment kinetics) occurs independently and assuming that the first two terms in
eq. (23) vanish while the last two terms verify the inequality independently, we identify the
Cauchy stress as:

6 =ckpT(u-1) +pl (33)
where we used the fact that in the stress-free state, uo = 1. Similarly, the entropy 9 is then

found as:

19



ckB

T
v=9,+vy lnT—0 - T(tr(u) -3) (34)

The second term on the right-hand side of eq. (34) represents the change in entropy due to heat

absorption, while the third term represents the change in the configurational entropy of chains.
Note that — kB?z /2 is the entropy of a single chain, and thus (ckB/ Z)tr(u) = (ckB/ 2)(P1~”2> is

the total entropy of all chains. The last two terms in eq. (23) describe the energy dissipation in
the system and imply two inequalities. The first inequality, of the form:

D=0 (35)
enforces that the mechanical energy dissipation remains positive. Physically, this statement
implies that chain detachment is associated with a decrease in the stored elastic energy and that

this loss is proportional to the rate of dissociation k, and the stored elastic energy expressed in

eq. (25)

q
-7 V20 (36)

which eventually implies that the heat flux is written in a form of Fourier’s law [43].

3.4 Evolution equation for the distribution tensor

We have seen that elastic energy, entropy and stress can be directly determined from the
knowledge of the distribution tensor. It is however not clear yet how this quantity can be
evaluated during a macroscopic deformation of the polymer. This can be done by integrating the
evolution equation of the distribution function eq. (11) over the chains’ configurational space
following eq. (1b). After a long but straightforward calculation shown in Appendix A.2, we
obtain the following evolution law for u (specific to the case of a polymer with reversible bonds

whose kinetics follow eq. (10a)):
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¢, c

. 0 —

= -k - 37
p="H k, Cu+Du+uD (37)

where the superscript T denotes the transpose operator and the weighted integral of the second

moment of the dissociation rates in (37) is given by:

k,=(k,PrQr) (38)

Finally, using eq. (10a) and (10b), we can write the evolution equation for the distribution tensor

in the case of reversible bonds and bond exchange reaction, respectively as:

. -\ _ ¢
=\ |1 -y -+ Dp+pD (39a)
p=kJ-k,+tr(L)p+Dp+ pD (39b)

where we recall that k qi= (k d(r)P(r,t)) and tr(L) = 0 for incompressible materials. Together

with the equation for concentrations (12a) and (12b), equations (39a) and (39b) form a set of
coupled first order differential equation for ¢ and u whose solution only requires the knowledge
of initial conditions c(t = 0) and u(t = 0) as well as the deformation history, represented by the

velocity gradient L = L(t). Assuming that the polymer is initially in a stress-free, equilibrium
state, the initial conditions for the above two differential equations are: c(t=0) = ¢ and ”0

(t=0)= ”0 = I. The solution to eq. (39) depends on the form of the relation k i= Ed(u). In

this work, we assume that the rate of dissociation k;is independent of chain length and

orientation (i.e., k;is constant). Using this assumption in eq. (38) yields the simple form:
k, =k Pr®r)=k,p (40)
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and k 4 =k, Inthis case, eq. (39) becomes a linear differential equation for p.

3.5 Illustration

We now aim to illustrate the prediction of the above theory by considering the
homogeneous deformation, network evolution and mechanical response of a cubic element of
polymer. Over a period of time t, the cube is assumed to undergo a series of shear and tensile
deformation illustrated in Fig. 4 and more accurately specified as follows. Between 0 and 7/20,
the cube is first subjected to a shear deformation into a diamond-shape characterized by a final

deformation gradient F,, = 1 (all other components unchanged). The cube is then let to rest for a

period 0.3t until a tensile deformation is applied quickly during a period /20 up to a

deformation gradient F,,, = 2 (all other components unchanged). The specimen relaxation is then

evaluated for the remainder of the time. For this virtual experiment, we considered a transient

network characterized by normalized rates k = k7 = k,;7 = 0.07 and the steady state polymer

concentration is taken as unity.
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Figure 4. lllustration of (a) the deformation, (b) stress and stored elastic energy and (c) chain
statistic response of a polymer characterized by a single network that displays normalized rates

k =k, t =k, =0.07. Stresses are normalized by ck T and energies by ckgT /2. The polymer

structure is characterized by the 3D representation of the distribution tensor, the normalized

root mean square end-to-end distance A, =71, S/\/N b and the effective average chain angle y

with the vertical direction (n = [0,1] in the Cartesian coordinate system). Time is expressed in

units of t.

Fig. 4a presents the evolution of the deformation (components F,, and F,,), together

with the deformation of the corresponding cube. The characteristic times at which the

deformation is applied are referred by 5 points (A-E), A being the initial state. The mechanical
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response of the material is then characterized by the normalized Cauchy stress (components o,
and 0,,) and the overall stored elastic energy A¥, (Fig. 4b) while the evolution of polymer

structure is captured by a graphical representation of the distribution tensor pu over time. This
tensor is represented by three quantities: its overall ellipsoidal form as discussed in section 3.2,

the normalized root mean square end-to-end distance S/\/N b (eq. (28)) and the effective

average chain angle y with the vertical direction (n = [0,1]) as expressed in eq. (30). We observe
via the distribution tensor, that a quickly applied deformation changes the chain’s end-to-end
distance in directions of maximum stretch. We specifically see that the angle between the chains

and the vertical direction increases under shear (from A to B) but significantly decrease under

stretch (from C to D) from their isotropic angle y, = 55°. However, when the deformation is

held for some time, the cross-links are allowed to detach and reattach in order for the chains to

reconfigure in states that are closer to their stress-free configuration. Eventually, this means that

the distribution converges to its stress-free value [10 = I, represented by a sphere in the figure

and by a chain end-to-end distance ?/\/N b =1 and orientation y =y, . As stretched chains

detach and reattach in stress-free configuration, the internal stresses relaxes over time. This
phenomenon can be seen in the drop in the stored elastic energy over time and the stress
relaxation whose characteristic time is set by the bond kinetics. Overall, this material response is
therefore similar to that predicted by the Maxwell model (viscoelastic fluid), represented by a

spring and a dashpot in series.

Experimental observations of such stress relaxation and plastic deformation caused by
dynamic bonds have been reported in the literature. A representative example is a polymer

network, i.e. vitrimer, with heat activated bond exchange reactions. It was shown in Montarnal et
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al. [44] (e.g. see Fig. 2 of their paper) that the network can undergo complete stress relaxation
under a prescribed deformation. Upon removal of the applied constraint, the polymer is able to

maintain the prescribed deformation permanently.

4. Special cases and extension to complex networks

A key advantage of the above theory is that it provides a clear relationship between the
kinetics of dynamic bonds, the statistical evolution of the entire network (through the tensor u)
and the overall macroscopic response of the polymer (through the stress tensor &). In this section,
we investigate how this framework compares to other classical theories that describe the
behavior of elastic rubbers (permanent networks), viscoelastic polymers (networks with slow
kinetics) and viscous fluid (networks with fast kinetics). We also explore the more general case
where the dynamic bond kinetics is characterized by a more complex response in which a
spectrum of relaxation time scales can be observed. For this, we describe a route by which to
incorporate multiple networks into the formulation, each characterized by their own relaxation

time.

4.1 Permanent networks

The evolution of a polymer with permanent cross-links is described by a particular case

of the evolution law eq. (11) in the case where k, = 0 (no attachment of new chains over time)
and k; =0 (no chain detachment over time). In this case, the overall concentration cg of cross-

link remains constant and eq. (39) degenerates to the simpler form:

py=tr(L)p,+ Dpg+pD (41)
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The solution of this tensorial differential equation has the form p, = JFF T where the deformation

gradient F (related to the velocity gradient by F = LF) describes the mapping between the
deformed network and its stress-free configuration and ] = det (F). In other words, for a purely

elastic material, the chain distribution tensor coincides with the left-Cauchy strain tensor /B = JF

F'. Using this result, eq. (25) can be rewritten in the more conventional form:

¢k, T
A, = —Jtr(FF' - I) + p(det (F) - 1) (42)
In other words, in the absence of dynamic bonds, the stored elastic energy degenerates to that
predicted by the neo-Hookean model in classical rubber elasticity [4, 11] and the Cauchy stress

expressed in eq. (33) becomes:

o, = cok,T(FF' 1) + pl (43)

Where the quantity C(S) = Jcg is the nominal concentration, defined per unit reference volume of

the dry polymer in agreement with the early work of Treloar [45] and Kuhn and Grun [46]. From
eq. (43), it is clear here that when the deformation vanishes, the deformation gradient becomes
F = I and the first term on the right-hand side has no contribution. The remaining term p plays

the role of a pressure enforcing the material’s incompressibility, such that the hydrostatic

pressure is ph = %tr(as) = cngT(tr(FFT)/B - 1) +p.

4.2 Relation to standard viscoelasticity
To explore how the statistically-based continuum theory degenerates to standard
viscoelasticity, we first make the assumption that the kinetic coefficient k ; is independent of the

stretch/force on each individual chain. In this case, we have seen that:
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ky=k,; and k,=k,u (44)
Let us further assume the density of active cross-link density ¢ has achieved a steady state (¢ = 0

). From eq. (12) this steady state is:

c (45)

In this case, the evolution equation for the distribution moment degenerates to the simpler form:

b= ky(I—p) + Dy + D (46)

Now using identity that Dy + uD = Ly + (Lp)T , and the fact that the velocity gradient L can be
expressed in terms of the deformation gradient tensor F by L = FF ~ 1, eq. (45) becomes:
p=k,(I-p)+FF 'u+ g FTE (47)
Defining A =F _1pF _T, the above equation can finally be rewritten as a first-order ordinary
differential equation which can be analytically solved:
A+k A=k 'FT (48)
The initial condition is A(t = 0) = I since initially both g and F are identity tensors. The general

solution of eq. (48) is [47].

-k, (t-7)

t
-k _ _
A=c T+ f kF U F (e dr (49)
0

Therefore, the general solution of the distribution tensor u is:

t
ko = FOF O + [k FOF R TR o1 (50)
0
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To illustrate how the theory degenerates to standard viscoelasticity, let us take the
particular case of the uniaxial tension of a polymer specimen along the x, direction. In this

1/

context, the non-vanishing terms of F are F 11=%4 and F 2y =Fyy = A" Y2 addition, if we

assume small deformation, the stretch ratio takes the form A(t) = 1 + £(t) where (e K 1) is the

linearized unidirectional strain. The tensile stress can be written in the following form (see

Appendix A.2)

011(6) j’ —k(t-)dE

= 1
ck bT drdT 1)

-kt
If we set E,=3ckgT as the instantaneous Young’s modulus and E(t) =E e “ is the

relaxation modulus, then eq. (51) can be written as

t

de
g,,(0) = fE(t - r)adr (52)

o
This expression is consistent with linear viscoelasticity, specifically a Maxwell model given the
form of E(t). We finally note that since the mechanical loading starts at t = 0 and we allow an
instantaneous application of strain, eq. (52) can also be written as

t

d
o (O =E@®)-e(t=0")+ fE(t -1) d—idr (53)
0+

The above derivation shows that our model degenerates to the Maxwell model under the

assumption of constant kinetic parameters k; and small deformation. This indicates that under a

fixed strain, the stress would decay exponentially with time and the characteristic decay time is

governed by the dynamic bond kinetics (e.g. the coefficient k;). Such exponential stress
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relaxation has been observed in a number of previous studies on networks with bond exchange

reactions [27, 42, 44].

To further test our model against experimental data, we note that our assumption of uniform

kinetic coefficients k; and k, requires a homogeneously structured network, otherwise the

polymer may exhibit a spectrum of relaxation times. This was achieved in a recently developed
hydrogel with 4-arm polyethylene glycol (PEG) units with reversible metal ligand crosslinks [40,
48-49]. The time-dependent mechanical behaviors of such gels due to the dynamic metal ion
crosslinks were measured by frequency-sweep rheological tests at small shear strains (e.g. 1%
for the data in Fig. 5a,b). Because of the homogeneous network structure, we expect our result
in this section is applicable to this type of gel, i.e. the rheological data can be well captured by

the Maxwell model. This is indeed the case as shown in Fig. 5. According to the Maxwell model,

the storage and loss modulus G and G are

2.2 2
G =G L G =G L (54)
1420 146207

where G is the instantaneous shear modulus, ¢, is the characteristic relaxation time and (1 is the

angular frequency of the oscillatory rheological test. In our case,

1
G,=ckgl, and t,= k_d (55)

Figure 5ab show the experimental data of G and G extracted from Grindy et al. [40] for two
different gels with distinct metal ion crosslinks, i.e. Ni>* and Cu?*, as well as the fit of our model.

Overall the Maxwell model well captures the experimental data. For the Ni** based gel, we

found G, =18.621 kPa and t, = 6.2 s, while for the Cu*" based gel, G, =8.318 kPa and t,
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=112x10 3s. Interestingly, the values of G, for the Ni*" and Cu®" based gels are quite

different, even though the molar concentration of the 4-arm PEG units is the same in the two gels:

0.01 mol/L, which implies a total chain density of 0.02 mol/L or "' =1.204 x 10% /L, since

on average each 4-arm PEG unit can contribute 2 chains to the network. This is because the

modulus G is proportional to the density of active chains c, instead of total chain density ¢t

Using the value of ', temperature T = 278 K (5°C reported in Grindy et al. [40]), and eqgs. (45)

and (54), we are able to determine that for the Ni** based network, k q=0.1613 s ! and k 0=

0.1044 s~ * and for the Cu2* based network, k, = 892.9 s™ 1 and k,=190.2 s~ L. This shows

that the kinetics of Cu?* crosslinks is much faster than that of Ni?* crosslinks. In Fig.5cd, we
show additional rheological data from a different paper by Tang et al. [49] for a class of 4-arm
PEG gels with Zn?" crosslinks. The chemical composition of the metal-ligand crosslink is

different from that of Gindy et al. [40] but the gel network structure is similar. By fitting the G

and G data using the Maxwell model, we obtain Gy

=9.536 kPa, 20.38 kPa, 27.53 kPa, 52.68 kPa, and t,=0.47s, 0.51s5,0.515,0.59s for
gels with polymer concentration (w/v ) of 10%, 15%, 20%, 30%, respectively. Note that G,

increases with polymer concentration, while ¢, is insensitive to polymer concentration. In Fig. 5b

and 5d, deviations between the Maxwell model fit and experimental data can be seen at high
frequency. The discrepancy has been attributed to additional relaxation mechanisms other than
the dynamic metal-ligand crosslinks in Grindy et al. [48], e.g. due to the sticky Rouse mode [49].

The exact nature of such deviation remains to be elucidated.
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Figure 5. Comparison with rheological data in the literature for 4-arm PEG hydrogels with
reversible metal-ligand cross-links. (a-b) Frequency dependence of storage and loss modulus for
the PEG hydrogels with two different metal crosslinks: Ni’* and Cu?* [40]. (c-d) Frequency
dependence of storage and loss modulus for a Zn’* crosslinked PEG hydrogel with different
polymer concentrations (w/v): 10%, 15%, 20% and 30% [49]. The symbols represent
experimental data extracted from literature and the dashed lines represent fits by the Maxwell

model.

The Maxwell model also implies plastic deformation, and such material is typically referred to as
a viscoelastic fluid or viscoplastic solid. This is consistent with the illustrative example in Fig. 4
which shows that the dynamic bonds allow the network to gradually approach a relaxed state
under a fixed deformation. As a result, the polymer would not recover its original shape after
loading is removed. However, unlike conventional materials (e.g. viscoelastic polymer melts)

where the molecular mechanisms for relaxation are complex and the Maxwell model is
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phenomenological in nature, here we have derived the Maxwell model from our statistical
framework of transient networks, thanks to the relatively simple relaxation mechanism of
dynamic bonds. The Maxwell fits of rheological data for the 4-arm PEG gels, as shown in Fig.5,
have already been performed in the literature [48-49]. The contribution of our approach is to
provide a clear physical picture as to under what circumstances the Maxwell model works well,

and to allow molecular interpretation of the material parameters G, and ¢ .

4.3 Viscous fluid

The case of a perfectly viscous and incompressible fluid may be recovered in two
conditions: (a) there are no permanent cross-links and (b) both attachment and dissociation occur
at a rate that is much faster than the rate of loading. In this case, the cross-links are in a state of

dynamic equilibrium i.e. ¢ =0, from eq. (11b) and p =~ 0. Assuming k 4 to be independent of
load, eq. (40) implies that k 4 = kypand eq. (39b) becomes:

kyI-p)+Dpu+pD=0 (56)
Now using the fact that the rate of deformation is slow compared to the gel dynamics, i.e. [D|/k 4
« 1, a first order perturbation analysis yields py =1+ 2D/k ” and therefore the stress equation

(33) becomes:

ZCkBT
k

g=ck;T(u-1) +pl= D + pl (57)

d
where we used the fact that co = ¢ since the cross-link concentration is constant in time. This
corresponds to the constitutive relation for a Newtonian fluid, where the Cauchy stress is related

to the rate of deformation D via a viscosity parameter:
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(58)
d

We generally see that the apparent viscosity increases with the number of available cross-links ¢t

and decreases with the rate k ; of crosslink detachment [50].

4.4 Generalization to multiple networks

As discussed above, more general polymers display a variety of characteristic relaxation
times and would be better modeled as multiple networks. Literature has also shown that in many
cases, polymers possess a permanent network in addition to its transient counterpart [28]. These
considerations can be easily incorporated in an additive multiple network model shown here. For
this, let us first assume that a polymer is represented by a series of N non-interacting networks,

denoted by the index I =1,..., M, and associated with their own chain concentration o and
dynamic bond kinetics k(Il and k(; (assumed to be constants for each network). In addition, the
polymer is assumed to possess a permanent network with concentration c¢. In these conditions,

the network statistics are represented by M distribution functions P" and distribution tensors

defined as:

I I~ o =~
u = (P r® r) (59)
The evolution equation for the cross-link concentration and the chain distribution is given by:

. It I
clzka(cl—cl)—kdcl (60)

and the distribution tensor by:
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I .

. E _ CI
u1=—(;l—kd——lu+Du1+u1D (61)

c c

Upon calculating these quantities, the total chain concentration can then be calculated as:

M
c=cS+ch (62)
=1

and an overall distribution tensor u representing the entire network can be defined such that:
M
T I
cp=cFF + Z o1 (63)
I=1
Because the networks do not interact, the stored elastic energy can be additively decomposed in

the form:

kT M
AW(6) =~ cgJer(FFT - 1) + Z der(u! = 1) | + p(det (F) - 1) (64)
I=1

Using the overall concentration and distribution, this can also be written:

ck N
2

Ay () = tr[ w-I] + p(det (F) - 1) (65)

and the Cauchy stress tensor follows directly from eq. (33), with the difference that the

distribution tensor is for multiple networks.

4.5 Ilustration of a two-network model

For illustration purposes, we consider here the same virtual experiment as discussed in
Section 3.4 but now assume that the polymer possesses a permanent network in addition to a

dynamic counterpart considered earlier, with concentration ¢ = c. Fig. 6 shows the theoretical

predictions of the stress and energy relaxation as well as the statistical evolution of the two
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networks. While most of the discussion parallels that provided in Section 3.5 regarding the
dynamic network, we see that the distribution tensor, average chain end-to-end distance and
chain orientation of the permanent network only changes with the deformation steps, but does
not tend to relax back to a stress-free isotropic state. This is expected since chains are unable to
reorganize when permanent cross-links are considered. There is therefore a clear contrast
between the chain evolution (end-to-end distance and orientation) of the static and dynamic
network (Fig. 6¢). Indeed, when a fast deformation is applied, the chain configuration in both
network react immediately and in a similar fashion since the rate of deformation is significantly
higher than the bond kinetics. However, during the relaxation phase, we see that chains in the
dynamic network tend to decrease their average end-to-end distance and become more uniformly

distributed (6—0, ). The static network is however unable to reconfigure and the chains remain

in their stretched configuration. A consequence is that while the stored elastic energy in the
dynamic network relaxes to zero, that in the permanent network remains constant for a fixed
deformation. An elastic stress therefore exists regardless of the bond dynamics of the transient
polymer. In summary, it can therefore be seen that in contrast to the previous example, this
double-network only possesses a single stress-free state, which occurs when the F = I. In other
words, while the material shown in Fig. 4 would maintain the deformed shape once the applied
load is removed, the existence of a permanent network gives the present material the ability to
gradually creep back to its original shape. This behavior is similar to that predicted by the

standard linear solid model where a spring is in parallel to a Maxwell model.
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Figure 6. lllustration of (a) the deformation, (b) stress and stored elastic energy and (c) chain
statistic response of a polymer characterized by one permanent network and one dynamic

network that displays normalized rates k = k T = kT = 0.07. The relative concentrations ¢, and
¢ of the permanent and dynamic network, respectively are chosen such that c/cg =1 Stresses are

normalized by CSkBT and energies by CSkBT/ 2. The structure of each network is characterized

by the 3D representation of the distribution tensor, the averaged normalized end-to-end distance
A =71 /\/Nb and the average chain angley with the vertical direction (n = [0,1] in the
S

rms rm

Cartesian coordinate system). Time is expressed in units of T.
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5. Further discussion

The main contribution of this paper is that our statistical approach illustrates the essential
molecular picture that underlies viscoelasticity of soft polymers. This approach allows one to
leverage developments in the polymer physics literature to incorporate more complex molecular
mechanisms, which may open the door to physics-based nonlinear viscoelastic models. Such
models are of fundamental value to many mechanics questions, one example being the fracture
of viscoelastic rubbers [51-53]. As pointed out by Knauss [54], one of the limiting factors that
hinder further understanding of soft polymer fracture is the lack of an accurate and physics-based

nonlinear viscoelastic model.

A number of theories, starting from classical rubber elasticity, attempt to relate the
statistical description of polymer chains or fibrous networks to the elastic response of the
assembly [1, 9-10, 55]. Such approaches implicitly separate the directional dependence of the
chains (or fibers) and the elastic energy stored due to stretch (characterized by the deformation

gradient F). The total free energy ¥ is therefore expressed in the general form:

2w (1
w= [ [ r@w) ) - (r)lsinodode (66)
Assuming affine deformation, the chain/fiber stretch is expressed in terms of the macroscopic

deformation gradient as r = Fr ,. The proposed approach takes a different route since the chain

stretch is now incorporated into the probability function, such that the energy becomes:

Y= fzan(f:[P(r,t) - P(rO,t)]l/)C(r)rzdr )siné)d@dw (67)

It is clear here, that in contrast to (66), we here compare the distribution functions of the chains
in their “natural” and deformed states and multiply this difference by the corresponding energy

function. A main advantage of this viewpoint is that it allows for the evolution of the probability
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function P(r,t) arising from different physical processes, which may include, for instance the
dynamic nature of the chains’ attachment and detachment, the degradation of cross-links [56-59]
as well as growth processes in biological materials [60] for instance. As a result, a number of
dissipative processes can readily be incorporated into the current framework by simply
modifying the evolution equation of the probability function shown in eq. (37). From a
mathematical standpoint, eq. (67) also implies that one can naturally capture the change in

natural (or stress-free) configuration of the material since the term P(7,02) - P(ro,.Q) can vanish

even though F # I. Consequently, the proposed theory does not rely on the traditional
Lagrangian framework used for solid, but can be used to describe elastic fluids and viscous
polymer without additional difficulties. Finally, we have shown that in the case of Gaussian
statistics, the chain distribution could be described in terms of a distribution tensor, which may
be thought of as an extension to the structure’s tensor [61-62] that incorporates chain/filament
length in its definition. In the following we discuss a number of possible extensions to our

statistical approach.

As stated in Section 3, the single chain energy function 1 in eq. (17), which is based on
the freely jointed chain (FJC) model with Gaussian statistics of segment configurations, is only
applicable to small to moderate extensions. At large extensions where the contour length Nb is

approached, the resulting chain stiffening can be captured by Langevin statistics. In this case, the

single chain energy function is [13]:

W = Nk T(ﬁL“l(ﬁ)+ln&) B=— 63
r— 7B simm[L™Ypy)) T Nb (68)

where L~ 1(,8) is the inverse Langevin function that diverges as f—1 or r—Nb. Following the

same procedures as described in Section 3, we found that the distribution tensor g would become:
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r

1
u= <EL N 1(W)P(T,t) r® T) (69)

and the true stress tensor keeps its original definition as:

o= ckBT(u -1 -pl (70)
Note that with eq. (69), one can no longer derive a simple time evolution equation for u, such as
that shown in eq. (37). Instead, one needs to calculate the time evolution of the distribution
function ¢(r,t) using eq. (11) and numerically perform the integral over all chain

configurational states.

In Section 4.1, we have illustrated that our model with Gaussian chains reduces to the
elastic neo-Hookean model if permanent cross-links are assumed. It is of interest to see what
elastic solid would the Langevin chain model recover under the assumption of permanent cross-
links. There are a few hyperelastic models in the literature that are derived from Langevin chains,
in particular the Arruda-Boyce 8-chain model [9] and the Wu-van der Giessen (WG) network
model [10]. Next we demonstrate that with Langevin chains (eq. (69)) our model degenerates to
the WG model. WG adopted the affine deformation assumption for a permanent network which

dictates that the end-to-end vector of a chain changes from 7 in the reference configuration to
r = Fr after deformation. However, a key difference between our model and the WG model is
that we considered the full distribution in chain end-to-end vector, including both the end-to-end
distance r and orientation. This was necessary to incorporate the effect of dynamic cross-links.
In contrast, WG only considered the distribution in chain orientation and assumed a uniform
chain end-to-end distance. At the stress-free configuration, all chains are assigned the same mean
end-to-end distance r = \/N b. After deformation, this distance becomes A\/N b, where A depends

on chain orientation, i.e. A(6,w) and can be calculated from the affine deformation assumption
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that r = Fr. This is a special case of our distribution function P(r,t) where the dependence on

the end-to-end distance r is through the Dirac §-function:

8(r - 1/ND)
Prt)y=——7—C0wt) (71)
7|

where C(6,w,t) is a distribution function of chain orientation characterized by the spherical
coordinates 8 and w. Substituting eq. (71) into eq. (70), we recover the equation by Wu and van
der Giessen (see equation no. (29) in [10]). To the best of our knowledge, the Langevin chain
model has not been directly incorporated into continuum models of polymer networks with
dynamic bonds. Previous efforts to include the strain stiffening effects were based on continuum
elasticity models such the Arruda-Boyce model [9], Gent model [35] or exponentially hardening
model [36]. Recently, more sophisticated single chain models have been developed to combine
entropic and enthalpic contributions for chain elasticity [63]. The latter describes the effects due
to stretching of the carbon bonds on polymer chains. Incorporation of bond stretching can allow
one to better capture the irreversible scission of chains due to excessive forces. Such
sophisticated single chain models have not been implemented in continuum theories for dynamic

networks, and our approach offers a clear path along this direction.

6. Summary

In summary, this paper described a new theoretical framework that can represent the time-
dependent responses of soft polymers based on a statistical description of the underlying polymer
network. Its root is anchored in a statistical representation of the configuration and evolution of a

network of dynamically cross-linked polymer chains as it is subjected to deformation. Using
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appropriate average operations and thermodynamical arguments, it was possible to relate the
chain distribution to the concepts of stress, strain and entropy generation via the so-called
distribution tensor. Eventually, a fully macroscopic theory was derived involving an evolution
equation for this tensor. The theory provides natural extension of rubber elasticity in the range of
inelastic deformation and could be extended to account for multiple networks, or large chain
deformation (with Langevin statistics) to name a few. The dynamic bonds considered in this
work can be broadly interpreted as the temporary interactions between polymer chains, e.g.
entanglements in polymer melts or lightly cross-linked networks. Potentially, one can prescribe
physics-based models to describe the kinetics of disentanglements and re-entanglements by
taking advantage of the established knowledge in a vast literature on the dynamics of polymer
chains [16-17]. Such physical insights may also be drawn from molecular-level simulations.
Efforts in this direction may lead to new physics-based nonlinear viscoelasticity model of
passive, active and bio-polymers [64-65]. Overall the statistical approach presented in this work
can provide a convenient platform to integrate the complex physics of polymer chain dynamics

that are otherwise difficult to be implemented into continuum theories.
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Appendix A.1 Derivation of the variation of free energy

Equation (19) in the manuscript represent the variation for the total free energy as a function of

macroscopic quantities, including the distribution tensor. Details of its derivation are given

below. Starting from the form of the free energy written in eq. (18), it is straightforward to show

that ¥ can be expressed as:

. . T .
Y= T(y ln(T—O) + 190) + A%,

where AW ((t) can be calculated from eq. (17) as:

kT kT
AV = %((qb )7 ) + %((@ — o)) + ptr(L)

Now using the evolution equation for the distribution function, we can write:

#7°) = (6.2 7) - (ka7 - (107) - (57

Using integration by part on the last term, this equation simplifies to:

dp .o -2 -
(6_1‘irfr )Lij = (q,’)é'l.jr >LL.]. - (2¢5ikrjrk)Ll.j

Substituting in (A3) and using the definition of the chain distribution tensor:
p=(Pr@r) and p,= (POf" (2] 17),

we obtain:

(‘i’;’Z) = Eatr(ﬂo) - <kd¢7~‘2> + 2cu:L
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Similarly, the time derivative of the chain distribution tensor ¢, from its reference state is:

(657} = €otr(umg) - {kgoo7 ) + 2cmyl (A7)

Finally substituting eqs (A6) and (A7) into (A2), allows to express the change in elastic energy as:

' kT » ckBT
AV, = T(ZC(M ~ o)L~ (kg - 9 )7)) + S (er(i - o)) + per(L) (A%)

which, when plugged into eq (A1) leads to eq. (20) in the main text.
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Appendix A.2 Evolution equation for the distribution tensor

Starting from its original definition in eq. (21), let us, for convenience express the time evolution

of the tensor u in component form as follows:

) L 1 D i .
;= f P(r)F 7 dr = E( f ST dr - f P(r)7 7 dr) (A9)
Using (10), we then obtain:
a0 ¢ A10
=ty — (kg + Lty = Ly M = 1y (A10)

where the components of the fourth order tensor M are given by:

adp(r) . . .
Mklij = or, rkrir].dr (A11)
T
and
EU, = f k d(r)P(r)flfjdr (A12)
T

A simple integration by part then leads Mijkl =— (6ij'ulk + 6jk“li + 6jl“ik) where we assumed

that boundary terms vanished. The evolution equation for u therefore take the convenient form:

$a c
. 0 -—
Ky = "R~ kdij + (Lik'ukj + ij'uki) M (A13)

In a tensor notation, this relation can be written as:

¢ _ <
p= ;aﬂo ~ky-u+Lpt ww' (Al4)

where the superscript 7' denotes the transpose operator. Using the fact that the product of a

symmetric and antisymmetric tensor vanishes, the term Lu can be replaced by Du where D =

(L+ LT) /2 is the symmetric rate of deformation tensor. This enables to write:
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. fa 0 _— C
n="—H —kd—zu+Du+uD (A15)

This equation corresponds to eq. (37) in the main text.

Appendix A.3 Recovering the linear viscoelastic model

PR VL

Under uniaxial tension, Fiy =A F ,and all other components vanish.

2n=F

Substituting F into eq. (50), we obtain

(t St-T
(O =e “AX0) + fkd 2(1] KD g (A16)
and
O] k-t
o ® = iy = ¢ 2710 + f : AE; “a (A17)

To obtain the tensile stress o, we use the boundary condition that o, =0 to determine

=033

the pressure term p. With some simple algebra, we obtain that

ket
aclkl(;)ze [’1 © - A(t)] f

B

INORIO)

U2 A

—kd(t—‘r)

(A18)

with small deformation where 4 =1 + &, we can linearize eq. (A18) and obtain the following

equation

7110 kt ( ke (t-1)
= 3£(t)e + 3fkd [e(t) —e(T)]e dt (A19)
0

ckBT
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—ky(t-1)

0 t
= 3¢(t) f ke T dr 43 f k le(t) - e(1)]e dr
— 00 0

We assume the mechanical loading starts at t = 0, which implies £(7) = 0 for T < 0. As aresult,

eq. (A19) can be casted in the following form:

t
7110 —k,(t-1)

ck,T =3 Lkd[e(t) -&()]e

¢
—k(t-1) de(T

:3fe t T)—( )dr
dt

dt

(A20)

- 00

If we recognize that E, = 3ck,T is the instantaneous Young’s modulus and E(t) = E je “ s

the relaxation modulus, then eq. (A20) can be written as

t
d
0,,(0) = fE(t—T) Z(:)d‘r (A21)

— 00

We have reduced to linear viscoelasticity, specifically a Maxwell model given the form of E(t).
Since the mechanical loading starts at t = 0 and we allow an instantaneous application of strain,
eq. (A21) can also be written as

t
d
o, (O =E®e(t=0")+ f E(t-1) Z(TT)dT (A22)
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