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ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS WITH
APPLICATIONS TO STOCHASTIC DIFFERENTIAL GAMES

DAVIDE ADDONA, LUCIANA ANGIULI, LUCA LORENZI AND GIANMARIO TESSITORE

ABSTRACT. We prove that a family of linear bounded evolution operators (G(t,s))¢>ser can be
associated, in the space of vector-valued bounded and continuous functions, to a class of systems
of elliptic operators A with unbounded coefficients defined in I x R% (where I is a right-halfline
or I = R) all having the same principal part. We establish some continuity and representation
properties of (G(t,s))¢>scr and a sufficient condition for the evolution operator to be compact in
Cb(Rd;Rm). We prove also a uniform weighted gradient estimate and some of its more relevant
consequence.

1. INTRODUCTION

In recent years, the study of second-order elliptic operators with unbounded coefficients has been
object of increasing interest since they appear in many models of probability and mathematical
finance. Whereas the theory of Kolmogorov equations is well developed in the scalar case, as the
considerable literature shows (see e.g., [9] and the references therein), the case of systems of equations
is nowadays at a preliminary level.

In this paper, we consider a family of nonautonomous second-order uniformly elliptic operators
A (having all the same principal part), defined on smooth functions w : R? — R™ by

d d
(At)w)(z) = Z Qi; (t,l‘)DinW(J}) + Z B;(t,z)Djw(z) + C(t, x)w(z), (1.1)
i,j=1 j=1

for any ¢ € I (I being a right-halfline or I = R) and z € R%. In (1.1), the entries Q;; of the matrix-
valued function @) are smooth functions, possibly unbounded, whose associated quadratic form is
positive definite, namely inf;.ge Ag(t, z) is positive, where Ag(¢, ) is the minimum eigenvalue of
the matrix Q(t,z). As far as B; and C are concerned, they are m x m matrices whose elements are

smooth enough and possibly unbounded real valued functions (see Hypotheses 2.1).
We deal with the parabolic Cauchy problem associated to A in Cy(R% R™), i.e., we look for a

locally in time bounded classical solution u = (uy, ug,. .., u) of the system
Du(to) = (Aw)(t,),  (6,2) € (5, 00) x B, .
u(s,z) = f(z), z € RY, '

where s € I and f € C,(R%;R™). By a locally in time bounded classical solution of (1.2) we mean
a function u € C12((s, +00) x RLGR™) N Cy([s, T x RY R™) satisfying (1.2) and bounded in each
strip [s, T x R,

As already noticed, the theory of linear systems of Kolmogorov equations is at a preliminary
level. In [12, 21] the simpler case of weakly coupled equations (i.e., Bj(t,z) = b;(z)I,, for any
(t,7) € I x R, j =1,...,d and some real valued function b;) is considered. More precisely, in [12],
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the analysis is carried over in the space of vector-valued bounded and continuous functions, whereas
in [21] also the LP-setting is studied, assuming that the diffusion coefficients are bounded. Very
recently, taking advantage of some results contained in this paper, the LP-theory has been extended
also to first-order coupled systems as in (1.1) (see [6]).

This paper is devoted to keep on the analysis started in [12] aiming at considering more general
system than those studied in [12]. In our case, the presence of a first order term as in (1.1), where
the first partial derivatives of all the components of u are mixed together, makes the problem quite
involved and already the unique solvability of the problem (1.2) is a not trivial question. Indeed, the
method used in [12] takes strongly into account the special structure of the equations and can not be
immediately adapted to our situation. To overcome this difficulty, we provide two sets of assumptions
(see Hypoyheses 2.2 and 2.3) which yield uniqueness of a locally in time bounded solution to problem
(1.2). Under Hypotheses 2.2, we extend to our situation the method used by Kresin and Maz’ia in [23]
in the case of bounded coefficients. Such assumptions reduce to those assumed in [12] in the case of
weakly coupled equations and represent the natural generalization to the vector case of those typically
assumed in the case of a single equation. On the other hand, Hypotheses 2.3 allows to get uniqueness
of the solution u as above by a comparison argument: we show that u can be estimated pointwise
from above by G(t, s)|f|?, where G(t,s) is the evolution operator associated to the elliptic operator
A(t) = Tr(QD?) + (b, V) in Cy(RY) and b = (by,...,by) represents the diagonal part of the drift
matrices B;. Indeed, we limit ourselves to considering the case when Bj(t,2) = b;(t, )L, + B;(t, x)
for any (t,z) € IxR% any j =1,...,d and some b; € Ca/2’°‘(I><Rd) and B; € Ca/z’a(Ide;Rmz).

loc loc

Once uniqueness is guaranteed, the existence of a classical solution of the problem (1.2) is then proved
by some compactness and localization argument based on interior Schauder estimates recalled in the
Appendix. Hence, under the previous assumptions, we can associate an evolution operator G(t, s)
to A in Cy(R%GR™), ie., for any £ € Cp(R%R™), G(-, s)f represents the unique locally in time
bounded classical solution to (1.2), which satisfies ||G(¢, $)f|lcc < ¢s,7(|f||oo for any ¢ > s € I, and
some positive constant c 7.

The next (natural) step in our investigation consists in proving some continuity properties of the
evolution operator, which hold in the scalar case. In particular, an integral representation formula,

in terms of some finite Borel measures, is available for G(¢, s). More precisely, for any i = 1,...,m,
t>s eI and z € RY there exists a family {pi;(t,s,xz,dy) : j = 1,...,m} of finite Borel measures
such that
(G(t,9)f)i(z) = Z/d fi(W)pij(t, s, z, dy), f € Cp(RGR™). (1.3)
j=17R

Formula (1.3) allows to extend the evolution operator G(t, s) to the space of bounded Borel vector-
valued functions and to prove the strong Feller property for G(t, s). With some considerable efforts,
we prove that the measures p;;(t, s, z, dy) are absolutely continuous with respect the Lebesgue mea-
sure. One of the main difficulty is represented by the fact that, differently from the scalar case,
pi;(t, s, x, dy) are signed measures.

In Section 4, we use the pointwise estimate of |G(t,s)f|? in terms of G(t,s)|f|? to prove that
the compactness of G(t,s) in Cp(RY) is a sufficient condition for the compactness of G(t,s) in
Cy(R%R™). To prove the quoted estimate, besides the standard regularity assumptions on the
coefficients of A, the just mentioned assumption on the drift matrices B; (j = 1,...,d) and the
existence of a Lyapunov function for the operator A(t), we impose that all the entries of the matrices
Bj (j = 1,...,d) can grow no faster than A%, for some o € (0,1), and that the quadratic form
associated to the potential C' is bounded from above.

Section 5 is devoted to prove a weighted gradient estimate for the function G(t, s)f. More precisely,
under suitable assumptions (see Hypotheses 5.1), which are essentially growth and algebraic condi-
tions on the coefficients of the operator A, their derivatives and the positive definite (¢, x)-dependent
matrix M, we show that the map M (J,G(-, s)f)? is continuous and bounded in (s, T] x R? and that
for any T' > s € I there exists a positive constant C, 7 such that

1M (J.G(t, $)E) oo < Cor(t — )| oo, te(sT), (1.4)
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for any f € C,(R4,R™). Unweighted uniform gradient estimates are classical when the coefficients
of A are bounded and have been recently extended in the scalar case (see e.g., [3, 4, 8, 25, 29]) to
the case of unbounded coefficients. On the other hand, weighted gradient estimates seem to be new
also in the scalar case. We stress that we can allow M (¢, ) to grow at most linearly at infinity. This
condition could seem too restrictive, but as the classical case of bounded coefficients shows in general,
the gradient of the solution to problem (1.2) does not vanishes with polynomial rate as |z| — +oc.
Moreover, in view of the applications to stochastic differential games, this bound on the growth of
M is not restrictive at all. Estimate (1.4) is obtained by adapting the Bernstein method (see [7]),
which has been already used in the case of a single elliptic equation with unbounded coefficients (see
[25, 28]) and in case of domain with sufficiently smooth boundary under Dirichlet and first-order,
non tangential homogeneous boundary conditions (see [3, 4]).

As a first application of (1.4), we provide a sufficient condition for the compactness of the vector
evolution operator G(t,s) in Cy(R?%; R™) to imply the compactness of G(t,s) in Cy(R?). The main
step in this direction is the proof of the following representation formula of a component of G(t, s)f
in terms of G(t, s):

(G(t, 5)f)z(z) = (Gt 5) f7)(2) +/ (G(t,r)(8G(:, 5)E(r, ) (z)dr, t>sel, zeR’ (L5)

where 8G(-, s)f = Zg:1<row,;éi,DiG(-, $)f) + (rowpC, G(-, s)f) and rowy,B;, rowC' denote the k-
row of the matrices B; and C, respectively. To make formula (1.5) meaningful, we need to guarantee
that the integral term is well defined. We prove this fact assuming that rowzC' is bounded for some
ke {1,...,m} and using (1.4).

The second (and more relevant for the applications) consequence of the gradient estimate is an
existence result for the system of forward backward stochastic differential equations

Y, =H(r, X, Z,)dr — Z,dW,, 7€ [t,T],
dX,; =b(r,X;)dr + G(r,X;)dW,, 7€][tT],
Y7 =g(X7),

X =z, r € RY

and identification formulae for the pair Y and Z in terms of the mild solution to a semilinear problem
associated with an autonomous elliptic operator of the type (1.1). The main novelty lies in the fact
that we do not assume that H is (globally) Lipschitz continuous as assumed in [34, 17]: we just
assume [-Holder continuity (for some 5 € (0,1)) with respect to the second set of variables, which
is not uniform with respect to the other variables.

The above identification formulae are, finally, used to prove the existence of a Nash equilibrium for
a nonzero-sum stochastic differential game. We follow the approach of [19], where the coefficients of
the controlled system are assumed to be bounded, and, as in our case, the diffusion is assumed to be
independent of the control. The results in [19] have been then extended to the infinite dimensional
setting in [16] still assuming the coefficients of the controlled system to be bounded. Very recently,
in [20] the authors have proved the existence of a Nash equilibrium, relaxing the boundedness of the
drift of the controlled system but still assuming the diffusion to be bounded. We stress that, in our
situation we can allow the diffusion of the controlled system to be unbounded.

(1.6)

Notation. Functions with values in R™ are displayed in bold style. Given a function f (resp. a
sequence (f,,)) as above, we denote by f; (resp. fn i) its i-th component (resp. the i-th component
of the function f,,). By By(R% R™) we denote the set of all the bounded Borel measurable functions
f: RY - R™. For any k > 0, Cf(Rd;Rm) is the space of all the functions whose components
belong to CF(R?), where the notation C*(R?) (k > 0) is standard and we use the subscript “c”
and “b” for spaces of functions with compact support and bounded, respectively. Similarly, when
k € (0,1), we use the subscript “loc” to denote the space of all f € C(R?) which are Holder
continuous in any compact set of R?. We assume that the reader is familiar also with the parabolic
spaces C/%(I x R?) (a € (0,1)) and C*2(I x R%), and we use the subscript “loc” with the same
meaning as above.



4 D. ADDONA, L. ANGIULI, L. LORENZI, G. TESSITORE

The Euclidean inner product of the vectors z,y € R? is denoted by (z,y). Square matrices of
size m are thought as elements of R™. For any M € Rmz, we denote by M;;, and row;M, the
ij-th element and the j-th row vector of the matrix M. By Tr(M) and MT we denote the trace of
M and the transposed matrix of M. Finally, Ap; and A indicate the minimum and the maximum
eigenvalue of the (symmetric) matrix M. For any k € N, by I}, we denote the identity matrix of size
k. When the matrix M depends on z (resp. (t,z)) we write Aps(z) and Apr(z) (resp. Ay (t,x) and
An(t, ) instead of A\prezy and Aps(gy (resp. Aagr,z) and Apsiea))-

By x4 and e; we denote the characteristic function of the set A C R? and the j-th vector of the
FEuclidean basis of R™. Further, we set 1 = xga. The open ball with center zy and radius R > 0
and its closure are denoted by Br(xo) and Bg(xg); when xo = 0 we simply write Br and Bg. For
any interval J C R we denote by X the set {(¢t,s) € J x J: t > s}.

We set Ay = Tr(QD?), A = Tr(QD?) + (b,V,) and denote by A the diagonal vector-valued
operator whose m-components coincide with A. Next, for any R > 0 we denote by Gg (t,s) (resp.
GX(t,s)) and GER(t,s) (resp. GR(t,s)) the evolution operator associated with the realization of
the operators A and A in Cy(Bg;R™) and Cy(BR), respectively, with homogeneous Dirichlet (resp.
Neumann) boundary conditions on dBg. Finally, G(¢,s) denotes the evolution operator associated
to the operator A in Cy(R%), whose existence has been proved in [25].

2. EXISTENCE AND UNIQUENESS OF LOCALLY IN TIME BOUNDED CLASSICAL SOLUTIONS TO (1.2)

Let I be an open right-halfline or I = R and let A be the system of elliptic operators defined in
(1.1). In this section we prove that, for any s € I and any f € Cy(R% R™) there exists a unique
locally in time bounded classical solution to the Cauchy problem (1.2).

The following are standing assumptions that we will not mention anymore.

Hypotheses 2.1. The coefficients Q;; = Qji, (Bi)nk and Chri belong to Cﬁf’a([ x R%), for any
i,7=1,...,d, h,k=1,...,m. Moreover, Ao := infy ga Ag > 0.

In what follows we will consider, alternatively, two sets of assumptions.

Hypotheses 2.2. (i) There exist € > 0 and a function k : I x R? — R, bounded from above by

a constant ko such that the function Xy, . := ijzl(Q_l)inBm,n}(qu,n) —(B/n, Bin)] —
4(Cn,m) + 4ek is nonnegative in I x RY for any n € 0B, C R™;

(ii) for any bounded interval J C I there exist py € R and a positive (Lyapunov) function p; €
C*(R?) blowing up as |x] — 400 such that sup,cpp, SUp jyra(Anps — pips) < 400, where

Ap = Tr(QD?) + (b,, V) + 2¢k and b, ; = (Bjn,n) for j=1,...,d.

Hypotheses 2.3. (i) There exist functions b; € Cféég’a(l x RY) and B; € C’gf’a([ x R4 R™)
such that B; := b1, + B; in I xR for anyi=1,...,d and |(Bgi)jk| <EAG in I x R?, for any
G k=1,...,m,i=1,...,d and some locally bounded function & : I — (0,+00) and o € (0,1);
(il) Hy :=supyga(Ac + 4_1m2d§2)\g’_1) < 400 for any bounded interval J C I;
(iii) Hypothesis 2.2(ii) is satisfied with A, being replaced by A = Tr(QD?) + (b, V), where b =
(b1, ..., bm).

Remark 2.4. (i) Hypothesis 2.2(i) can be replaced with the weaker requirement that X, . is
bounded from below in .J x R?, uniformly with respect to n € 0B, for any bounded interval
J C I. Indeed, in this case, for any J as above, let ¢; > 0 be such that X, . > —c; in
J x R? for any 1 € dB;. The change of unknowns v(t,z) := e~/ (*=%)/4u(t, ) transforms the
elliptic operator A into the operator A — c¢;/4, which satisfies Hypothesis 2.2(i) and, clearly,
the uniqueness of v is equivalent to the uniqueness of u.

(ii) In the scalar case when the elliptic operator in (1.1) is A = Tr(QD?) + (b, V) + ¢ and c is
bounded from above (otherwise, Proposition 2.5 fails in general), taking ¢ = 1 and k = ¢,
one easily realizes that Hypothesis 2.2(i) is trivially satisfied. Moreover, Hypothesis (2.2)(ii)
reduces to require the existence of a Lyapunov function for the operator A+ ¢, for any bounded
interval J C I. This condition seems to be much more general than that typically assumed
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(i.e., the existence of a Lyapunov function for the operator A) and, as the proof of Proposition
2.5 shows, it appears naturally when one considers the problem solved by u?, where u is the
solution to the Cauchy problem (1.2), with A and f € C,(R?) instead of A and f. In view of
this fact, Proposition 2.5 and Theorem 2.6 below hold true provided there exists v > 1 and a
Lyapunov function for the operator A + ~vc.

(iii) Hypotheses 2.2 and 2.3 are independent in general. Indeed Hypotheses 2.3(i)-(ii) imply Hy-
pothesis 2.2(i), whereas Hypothesis 2.2(ii) is stronger than Hypothesis 2.3(iii). Indeed, if
Hypothesis 2.3(i) holds, then szzl(Q’l)inBm, n)(B;n,n) — (B, Bjn)| is negative and of
order )\22‘771. This fact together with Hypothesis 2.3(ii) implies Hypothesis 2.2(i) (taking (i)
into account). On the other hand, assuming Hypothesis 2.3(i), the function X,, . which, clearly,
depends only upon B; (since the diagonal parts cancel), can be of order less than /\52". For
instance, assume d = m = 2, Q = diag(A\g,Ag), B1 = b1l> diagonal and By # 0. Then,
Ko = Aél((égn,n>2 — |Ban|?) — 4(Cn, m) is bounded from below if A¢ + ENFAG' < 400,
which is weaker than the condition in Hypothesis 2.3(ii) if A9 = 0(Ag). Finally, concerning
Hypotheses 2.2(ii) and 2.3(iii), the latter requires the existence of a Lyapunov function for
one decomposition of each drift matrix, while the former requires the existence of a Lyapunov
function for any decomposition B; = by, + Bw’v n € 0B;.

2.1. The case when Hypotheses 2.2 hold true. The uniqueness of the classical solution to
problem (1.2) which is bounded in any strip [s,T] x RY, T > s € I, is a straightforward consequence
of the following result, whose proof is an adaption to our situation of the method in [23, Thm. 8.7
which deals with the case of bounded coefficients.

Proposition 2.5. Let s € I, f € Cy(R;R™) and let u be a locally in time bounded classical solution
to problem (1.2). If Hypotheses 2.2 hold true, then |[u(t,-)||so < 59 ||f||o for any t > s.

Proof. Fix T' > s € I and let u = s 1) and ¢ = p[s 77. Up to replacing p with a larger constant if
needed, we can assume that sup, cop, SUp[s ryxre (Ane — pp) <0 and p > 2erg.

For any n € N, we set v,(t,z) := e *t=9|u(t,z)|> — e~ (#=2e80)t=9)||£||2 — n~lp(x) for any
(t,x) € [5,T] x R, As it is immediately seen,

Dy (t,-) =e™*7 (Ao (t) + 2er(t,-) — p)[u(t, )[* + (u—2erp)e” 2er) =) g2
—2e PtV (¢, ., Dyu(t,-),. .., Dqu(t,-),u(t,-)),

for any te (SaT]a where V(a 'aélv R a£d7C) = Zijzl Qij<€i7€j> - Z;‘l:1<Bj€j5C> - <(C - 6H)C’C>

for any &',... &%, ¢ € R™. Since u > 2¢kg, we can estimate
Dyvn(t, ) — (Ao(t) + 2e(t, ) — p)on(t,-) — 2e(k(t, ) — ro)e B2em)E=9)|1£||
<n Y Ao(t) + 2ek(t, ) — ) — 2eHE=DV (¢, -, Dyu(t,-),. .., Dqu(t,-), u(t,-)), (2.1)

for any ¢ € (s,T] and = € R%.

Our aim consists in proving that v, <0 in [s,7] x R for any n € N. Indeed, in this case, letting
n — oo and recalling that T has been arbitrarily fixed, we will obtain e=25%0 (=) |u(t, z)|>—||f||%, <0
for any t € [s,T] and = € RY, i.e, the estimate in the statement will follow from the arbitrariness of
T > s.

Since v, tends to —oo as |z| — +oo, uniformly with respect to ¢ € [s,T], it has a maximum
attained at some point (tg,z¢) € [s,T] x R9. If tg = s, then we are done since v, (s, ) < 0. Suppose
that ¢y > s and assume, by contradiction, that vy, (tg, o) > 0. Since 2ek(tg, z¢) — p < 2ek9 — 1 < 0,
the left-hand side of (2.1) is strictly positive at (¢o,zo).

Let us prove that the right-hand side of (2.1) is nonpositive at (to,xo). This will lead us to a
contradiction and we will conclude that v, < 0 in [s, T] x R%.

Since Vv, vanishes at (t,xo), (Dju(to,zo),u(te,z0)) = e~ D;p(xq)/(2n) for any j =
1,...,d. Hence, it is enough to show that the maximum of the function

anc(fl, e 7£d) = nil(AO(tO) + 28%@03 ) - M)(ﬁ(xo) - 2V(t07 Zo, 517 cee 7€d7 C)a
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in the set ¥ = {(&},...,€%) e R™: (¢/,{) = (2n) "' D;@(x0), j =1,...,d} is nonpositive, where
@ = et(to=5), Note that the function F, ¢ has a maximum in ¥ attained at some point (&}, ..., &%),
since it tends to —oo as |[(€1,...,€&€%)|| — 4+o0. Applying the Lagrange multipliers theorem, we easily
see that (&},...,&d) satisfies

d m
QZij(tova)gg,i 7Z(Bj(t03x0))kiCk77jCi :07 i= 13"'ada J = 1,"'7m3 (22)
k=1 k=1
for some real numbers 71, ...,74, where 56“77; and ¢; (¢ = 1,...,m) denote, respectively, the compo-
nents of the vectors £} and ¢. Multiplying both sides of (2.2) by ¢; and summing over i, we get
v = 1€ 2n N (Q(to, x0)VP(20)); — (Bj(to, 20)¢, €)] for any j = 1,...,m. Replacing the expression
of ; in (2.2), we deduce that

d
S N 1 _ N _
€ =5, 1¢I72¢D;(w0) + 5 D (Q71)jk(to, wo) [Bi(to, 20)¢ — €| (B(to, 20)¢, €)¢]
k=1
for j =1,...,d. Hence, a direct computation shows that

1 1
V(tmxo’ﬁé’ ‘e 755) Zw|\/@(t07$0)v¢($0)|2 + Z\CPKC/\CI@OWUO)

d
1 -
ST Do) (B (fo,20)¢, €)
2| 2
and, consequently,
1 - . 1 - 1
max Fr.¢ = —(A¢/i¢) (fo)2(x0) — p(wo)) — WI\/é(to,xo)V«J(’Jro)l2 = 51CIPKe 112 (b0, 70).
By Hypothesis 2.2(ii) and the choice of p, the right-hand side of the previous formula is nonpositive.
The proof is now complete. U

We now turn to show the existence of a unique locally in time bounded classical solution u to
problem (1.2).

Theorem 2.6. Under Hypotheses 2.2, for any £ € Cy(R%R™) and s € I, the Cauchy problem (1.2)

admits a unique locally in time bounded classical solution u. Moreover, u € Cllota/Q’Ha((s, +00) X

R?) and satisfies
lu(t, oo < e ], t>s. (2.3)

Proof. Fix f € Cy(R4;R™) and let u, be the unique classical solution to the Cauchy-Dirichlet
problem
Dy, (t,7) = (Auy,)(t,z), tE€ (s,+00), x € By,
u,(t,r) =0, te (s,+0), x€ By, (2.4)
u,(s,z) = f(x), x € By,
(see [27, Thm. 1V.5.5]). By classical solution we mean a function which belongs to C1:2((s, +00)x By,)
which is continuous in ([s, +00) x By,) \ ({s} x 9B,).
Let us prove that the sequence (u,) converges to a solution to problem (1.2) which satisfies the
properties in the statement. The same arguments as in the proof of Proposition 2.5 show that

lan (t,)lloo < ], t>s. (2.5)

Hence, the interior Schauder estimates in Theorem A.2 guarantee that, for any compact set K C
(s,+00) x R? and large n, the sequence [, [|c1+a/2.2+a(f;rm) is bounded by a constant independent
of n. By the Ascoli-Arzela Theorem, a diagonal argument and the arbitrariness of K, we can

determine a subsequence (u,, ) which converges to a function u € C’llotoé/Q’Ho‘((s7 +00) x R4 R™) in

C12(K;R™) for any K as above. Clearly, u satisfies the differential equation in (1.2) as well as the
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estimate (2.3), as it is easily seen letting n — 400 in (2.5); we just need to show that u is continuous
in t = s and it therein equals the function f. As a byproduct, we will deduce that the whole sequence
(u,) converges in C12(K;R™), for any compact set K as above, since any subsequence of (u,,) has
a subsequence which converges in C12(K;R™).

Fix R € N and let ¥ be any smooth function such that xp, , <7 < xp,. For any n; > R the
function vy, := nu,, belongs to C([s, T]x Br; R™)NCY2((s, T] x Br; R™), it vanishes on (s, T]x dBg,
vi(s,+) = 9f and Dyvy — Avy = gy, in (s,T] x Bg, where g, = —Tr(QD?*n)u,, — 2(J,u,, )QVn —
Z?:l(Bjunk)Dj’r]? for any ng > R. Since the function ¢t — (t — s)|juy, (¢, ')”CS(B%) is bounded
in (s,s+ 1) (by a constant depending on k) we can apply Proposition A.1 and, taking (2.5) into
account, we can estimate |gx (¢, )| < cr(1 + (t — 8)~'/?)||f||o0, for any (¢,x) € (s,s + 1) x Bg and
any ng > R, where cp is a positive constant independent of k. Let us represent v by means of the
variation-of-constants formula

vi(t,z) = (G2 (t, s)(Vf))(z) +/ (GR(t,r)gk(r, ) (x)dr, tels,T], z € Bg.

Recalling that v = u,, in Br_; and taking the previous estimate into account, it follows that
lun, (t,-) — f| < |GR(t, s)(nf) — f| + rv/T — |||l in Br_1, for any t € (s,s+ 1) and some positive
constant ¢, independent of k. Letting first k& tend to +oo and, then, ¢ tend to s, we deduce
that u is continuous at ¢ = s for any * € Bg_;. Since R € N is arbitrary, we conclude that
uc C([s,T] x R%;R™) and u(s,-) = f. O

2.2. The case when Hypotheses 2.3 hold true. Now we show that the assertions in Theorem 2.6
continue to hold if, as an alternative to Hypotheses 2.2, we consider Hypotheses 2.3. Note that, since
we no longer assume Hypotheses 2.2, we can not apply Proposition 2.5 to guarantee the uniqueness
of the solution to the Cauchy problem (1.2). The role of the following theorem is twofold. First,
it replaces Proposition 2.5, and, combined with Theorem 2.6, it shows that the Cauchy problem
(1.2) admits a unique locally in time bounded classical solution u. Secondly, it shows that, for any
f € Cp(R% R™), the function |u|? can be estimated pointwise in terms of G(t, s)|f|?.

Theorem 2.7. Let us assume that Hypotheses 2.3 are satisfied. Then, for any s € I and any
f € Cy(R4R™), the Cauchy problem (1.2) admits a unique locally in time bounded classical solution
u. Moreover, u € Cltta/2’2+a

c=c(s,T) such that
lu(t, 2)|* < c¢(G(t, s)|f]*)(x), (t,x) € [5,T] x RY, f € Cp(RER™). (2.6)

((s,+00) xRY) and, for any T > s € I, there exists a positive constant

Proof. Clearly, estimate (2.6) yields the uniqueness of the solution to problem (1.2). Moreover, the
arguments here below can also be applied to prove that the solution u, to the Cauchy problem
(2.4) satisfies (2.6), with R? being replaced by B,,. This estimate replaces (2.5) and allows us to
repeat verbatim the proof of Theorem 2.6 getting the existence of a classical solution u to the
problem (1.2). To prove (2.6), we fix f € Cy(R%;R™), T > s € I and consider the function
v : [5,T] x RY — R, defined by v(t,z) := e 2= |u(t,z)]? — (G(t,s)[f]?)(x) for any (t,z) €
[s,T] x R, where H = H[, 7} is defined in Hypothesis 2.3(ii). The function v belongs to Cy([s, T] x
R N CY2((s,T) x R?) and v(s,-) = 0. Moreover, taking Hypothesis 2.3(i) into account, by a
straightforward computation we get Dyv(t, z) = Av(t, z) + 2e~2H=9) g(t 2) for any (t,z) € (s,T] x
RY, where g = Z?ﬂ(BiDiu, u) — Tr(JyuQ(J,u)?) + (Cu,u) — H|u|?>. From Hypothesis 2.1, the
Young and Cauchy-Schwarz inequalities, and Hypothesis 2.3(i) we get

d

9 <= AglJzul® +2mEAg u] Y | [Diu| + (Ac — H)lul?
i=1
<(edm?€® — 1)AqlJoul® +[(4e)"AF ! + Ao — H]|ul?

in [s, 7] x RY, where ¢ = £(t) is an arbitrary positive function. Choosing ¢ = (m2¢2d)~! and taking
Hypothesis 2.3(ii) into account, we get Div — Av < 0 in (s, T] x R%. The maximum principle in [25,
Thm. 2.1] shows that v < 0 in [s, 7] x R?, which is the claim with ¢ = e2H(T=5), O
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Remark 2.8. We stress that the arguments used in the proof of Theorem 2.6 (and, hence, in the
proof of Theorem 2.7) to guarantee the existence of a solution to problem (1.2) works as well if we
approximate this problem by homogeneous Neumann-Cauchy problems in the ball B,,. We will use
this approximation in the proof of Theorem 6.3.

As a consequence of Theorem 2.6 (resp. Theorem 2.7) we can associate an evolution operator
{G(t, s)}i>ser to A in Cp(RY, R™), by setting G(-, s)f := u, where u is the unique locally in time
bounded classical solution to the Cauchy problem (1.2). The uniqueness statement in Proposition 2.5
and Theorem 2.7 yield the evolution property of the family {G(¢, s)}:>ser. Moreover, the estimates
(2.3) and (2.6) (together with the estimate ||G(t,s)|z(c,®e)) < 1), imply that the family is an
evolution operator in Cy(R%;R™). Moreover, for any T > s € I,

Gt 8)flloc < et — 5)|[f]oo, te[s,T], fe€Cp(RGR™), (2.7)

with ¢(t — s) = e=%0(=%) (resp. ¢(t — s) = eHl=m(t=9)),

Remark 2.9. Note that, under Hypotheses 2.2, estimate (2.7) holds true for any ¢t > s € I. The
same is true even if Hypotheses 2.3 are satisfied with J = I. In this latter case c(t — s) = ef1(t*=),
for any ¢ > s and some positive constant H, independent of ¢ and s.

3. PROPERTIES OF THE EVOLUTION FAMILY {G(t,s)}

Here, we investigate the main properties of the evolution family (simply denoted by) G(t,s).
All the results contained in this section hold true when at least one between Hypotheses 2.2 and
Hypotheses 2.3 are satisfied. We start by proving some continuity properties of G(t, s).

Proposition 3.1. Let (f,) be a bounded sequence of functions in Cy(R%;R™). Then, the following
properties are satisfied:
(i) if £, converges pointwise to f € Cy(R%R™), then G(-,s)f, converges to G(-,s)f in C*2(D)
for any compact set D C (s, +00) x R?;
(ii) if £, converges to f locally uniformly in R%, then G(-, s)f,, converges to G(-, s)f locally uniformly
in [s,+00) x RY.

Proof. (i) From the inequality (2.7) and the interior Schauder estimates in Theorem A.2, we deduce
that sup,,ey [|G(:, $)fn [ creasz.2ta(py < 400 for any compact set D C (s,400) x R? Therefore,
using the same arguments as in the proof of Theorem 2.6, we can prove that there exists a function
v € Cllnga/Q’Ha((s,Jroo) x R%) and a subsequence G(-, s)f,, which converges to v in C1?(D) as
k — 400, for any D as above. Clearly, D;v — Av = 0 in (s, +00) x R4,

To complete the proof, we need to show that v can be extended by continuity on {s} x R? and
v(s,-) = f. Indeed, once this property is proved, we can conclude that v is a local in time bounded
classical solution to problem (1.2). Hence, by uniqueness, we conclude that v = G(-, s)f. Since this
argument can be applied to any subsequence of (G (-, s)f,,) which converges in C12((s, +00) x R?),
and the limit is G(-, s)f, we conclude that the whole sequence (G(-, s)f,,) converges to G(, s)f locally
uniformly in (s, +00) x R

To prove that v can be extended by continuity at t = s, we fix m, M € N, with m > M. From the
proof of Theorem 2.6 and recalling that sup,,cy [|[f2]/cc < +00, we deduce that |(G (¢, s)f,)(z) —
£.(2)| < |GY(t,s) () (z) — I(@)f,(2)| + e/t — s for any (t,7) € (s,s + 1) x Bpr—1, and some
positive constant cy; independent of m, Thus, letting m — 400 we conclude that

(G(t,9)fn) () — £u(2)| < |Gy (1, 8)(0F)(2) — V(@) (2)| + epr VT — s, (3.1)
for any (¢t,z) € (s,s+ 1) x Bp—1. Next step consists in letting n — +oo. Clearly, the left-hand
side of (3.1) converges to |v(t,z) —f(z)| for any (¢,z) € (s, +00) x RZ. As far as the right-hand side
is concerned, we observe that Riesz’s representation theorem (see [1, Rem. 1.57]) shows that there
exists a family {pﬁj‘/-[(t, s,x,dy):t> s, x € By, 4,5 =1,...m} of Borel finite measures such that

(G[I?[(tv S)g)z(x) = Z _/Rd gj(y)pi\]/[(tv S, x»dy)a g S CC(BM;Rm)v
j=1
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for any t > s, x € R% i = 1,...,m. Since each function 9f, is compactly supported in By,
from the previous representation formula it follows that Gy (-, s)(9f,) converges to G1/(-,s)(Jf)
pointwise in [s,+00) x R%, as n — +o0o. Hence, we can take the limit in (3.1) and conclude that
[v(t,") — f| < |G (t, s)(IF) — If| + car/E — s in Byrq, for any ¢ € (s, s + 1), which implies that v
can be extended by continuity to {s} x Bys_1 by setting v(s,-) = f, since the function G/ (-, s)(Jf)
is continuous in [s,400) X Bys. The arbitrariness of M allows us to complete the proof.

(ii) Fix T > s € I. In view of property (i), we just need to prove that, for any compact set
K Cc R? and € > 0, there exists § € (0,1) such that

hmiup ||G(a S)fn - G(a S)f||C([s,s+5]><K;Rm) <e. (32)
n——+0o0o

For this purpose, we fix M € N such that K C Bjp;_;. Taking first the supremum over Bj;_1 in
both the sides of (3.1) and, then, the limsup as n — 400, we conclude that

1irgiup G+ 8)Es = Eull e ssiynBar sy < NGTLCo8) (IF) = OF (g pi x Fag sy T+ EMV/0.
Indeed, since 9f,, tends to ¥f, uniformly in By, from (2.5) GT; (-, s)(9f,,) converges to G, (-, s)(Vf)
uniformly in [s,s + 1] x Bps—1. Finally, splitting G(-, s)f, — G(-, s)f = G(-,s)f, — £, + (£, — f) +
f — G(-,s)f, using the above estimate and recalling that f, tends to f, locally uniformly in R%, we
deduce that

limsup |G(-, s)f, — G(-, 3>f||C([s,s+5]x§M_1;Rm)

n——+oo

SHGﬁ('» s)(Vf) — 19f||0([s,5+5]x§M,1Rm) + CM\/5 +[|G(, 5)f - ch([S,era]xEM,l;Rm)-

Since the functions G, (-, s)(9f) and G(-, s)f are continuous in [s, s+ 1] x By;_1, from the previous
estimate, it follows immediately that (3.2) holds true. O

In the following theorem we prove that the evolution operator G(t, s) can be extended to the set
of all the bounded Borel measurable functions f : R? — R™. This is a consequence of the fact that
for any f € Cy(R% R™) each component of G(t,s)f, admits an integral representation formula in
terms of some finite Borel measures. These measures are absolutely continuous with respect to the
Lebesgue measure but, in general, differently from the scalar case, they are signed measures.

Theorem 3.2. There exists a family {p;;(t,s,z,dy) :t >s € I, x € R i,j =1,....,m} of finite
Borel measures, which are absolutely continuous with respect to the Lebesque measure, such that
formula (1.3) holds true for any t > s, x € R?, i =1,...,m. Moreover, through formula (1.3), the
evolution operator G(t,s) extends to By(R%R™) with a strong Feller evolution operator. Actually,

G(,s)f € Cl+a/2’2+a((s, +00) x RGR™) for any £ € By(RYGR™) and s € 1.

loc

Proof. Throughout the proof, s is arbitrarily fixed in I. Since, for any (t,z) € (s, +00) x R%, the map
f — (G(t,s)f)(z) is bounded from Co(R?%; R™) into R™, from the Riesz’s Representation Theorem
(see e.g., [1, Rem. 1.57]) it follows that there exists a family {p;;(t,s,z,dy) :t >s €I,z € R i,j =
1,...m} of finite Borel measures such that (1.3) is satisfied by any f € Cp(R%; R™). To extend the
previous formula to any f € Cy(R%R™), it suffices to approximate such an f, locally uniformly
in RY, by a sequence (f,) C Co(R%R™), write (1.3), with f being replaced by f,,, and use both
Proposition 3.1(i7) and the dominated convergence theorem, applied to the positive and negative
parts of the measures p;;(t, s, z, dy), to let n tend to +oo. Clearly, formula (1.3) allows us to extend
the evolution operator G(t, s) to By(R%;R™).

Let us now prove that each measure p;;(t, s, z,dy) is absolutely continuous with respect to the
Lebesgue measure. Equivalently, we prove that, for any (¢,z) € (s,+o0) x R? and any i,j =
1,...,m, the positive and negative parts of p;;(t,s,z,dy) are absolutely continuous with respect
to the Lebesgue measure. For this purpose, we recall that, by the Hahn decomposition theorem
(see e.g., [35, Thm. 6.14]), for any (¢,z) € (s, +00) x R? there exist two Borel sets P = P(t,s,z)
and N = N(t,s,x) such that the maps p;-;-(t,s,x,dy) and pi_j(t,s,x,dy), defined, respectively, by
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pjj(t,s,@A) = p;j(t,s,z, AN P) and p;j(t,s,x,A) = —p;;(t,s,2, AN N) for any Borel set A C R?,
are positive measures and p;;(t, s, z,dy) = p;;-(t, s, x,dy) — pi;(t, s, @, dy).

Being rather long, we split the proof into several steps.

Step 1. We claim that, for any f € By(RY) and j = 1,...,m, the function G(,s)(fe;) be-
longs to C’llotaﬂ’%a((s, +00) x RLR™), DG(+, s)(fej) = AG(-,s)(fe;) in (s,+00) x R? and
IG(t,s)(fej)lloc < sl flloo for any t € (s,T] and any T > s, where ¢ p is the constant in (2.7).
Clearly, since G(-, s)f = Z;n:1 G(-,s)(fje;) for any £ € B,(R? R™), the claim implies that the
function G(-, s)f enjoys the regularity properties in the statement and |G (¢, s)f||c0 < vmes 7||f]loo
for any t € (s,T].!

To prove the claim, we begin by recalling that the space B(R?) of all the real valued Borel functions
coincides with the set B1(R%) = U <en B"(RY), where, throughout this step, we denote by 7 the
ordinal numbers and w; is the first nonnumerable ordinal number. The sets B"(R?) are defined as
follows: B°(RY) = C(R?) and, if n > 0, the definition of B”(R?) depends on the fact that n + 1 is
a successor ordinal or not. In the first case, B7(R?) is the set of the pointwise limits, everywhere in
R?, of sequences of functions in B"~!(R%); in the second one, B"(R%) = Upo<n B™ (R?). Hence, any
Borel function belongs to B"(R?) for some ordinal less than w;. We refer the reader to [26, Chpt.
30] [33, Introduction] and [36] for further details.

We fix j € {1,...,m} and, for any ordinal < w;, we denote by P;(n) the set of all the
functions f € B} (R9) which satisfy the claim, where, as usually, the subscript “b” means that we
are considering bounded functions. We use the transfinite induction to prove that P;(n) = By (R?)
for any ordinal less than wy. In view of Theorem 2.6, P;(0) = BY(RY) = C,(R%). Fix now an ordinal
n and suppose that P;(5) = By (R9) for any ordinal 8 < 7. We first assume that 1+ 1 is a successor
ordinal. In such a case, f is the pointwise limit, everywhere in R%, of a sequence (f,) € By (R%). By
assumptions, f is bounded; hence, up to replacing f,, by f,, Al f|loo, which still belongs to By (R?), we
can assume that || f,|lcc < || flloo for any n € N. Since G(-, s)(fne;) € Cllotam’%a((s, +00) x R4 R™)
for any n € N, using the interior Schauder estimates in Theorem A.2, as in the proof of Theorem 2.6,
we can prove that, up to a subsequence, G(t, s)(fne;) converges in C1%(K;R™), for any compact

set K C (s,+00) x R%, to a function v € Cl+a/2’2+a((s, +00) x R4 R™), which solves the equation

loc

Dyv = Av in (s,+00) x R? and satisfies the estimate |[v(t,")||oo < ¢s.7]/f]|oo for any ¢ € (s, T] and

any T > s. The representation formula (1.3) reveals that v = G(:, s)(fe;); hence, f € Bg“(Rd).
Suppose now that 7+ 1 is a limit ordinal. Then, f € Bf(Rd) for some ordinal 3 less than 7 + 1.
Since P;(p) = Bf (R%), it is clear that f € P;(n+ 1), and we are done also in this case.

Step 2. Now, we prove that, for any M > 0, there exists a positive constant ¢, depending on M,
but being independent of t and f € C.(Bys), such that

(G (t,8)(fep)) (@) < [(GRro(t, ) ) (@) + eVt =5 flloos (t,x) € (s,s+1) x By (3.3)
for any j € {1,...,m}. Here, G%O(t, s) denotes the evolution operators associated with the real-

ization of the operator Ag in Cy(Bjs), with homogeneous Dirichlet boundary conditions.

In the rest of the proof, we denote by ¢ a positive constant, which is independent of ¢ € (s, s+ 1),
x € By and may vary from line to line.

Fix f € C.(Bum), 7 € {1,...,m}, set u= G;(-,s)(fe;) and observe that

¢
u(t,z) = (Giro(t,s)f)(x)e; +/ (Giro(r, 5)g(r, ) (x)dr, (t,z) € (s,5+1) x By, (34)
where (Gﬂ7o(t, s)h), = Gﬁyo(t, s)hg, for any k = 1,...,m and any vector valued function h, and

g= Z?Zl B;jDju+ Cu. Differentiating both sides of (3.4), taking the norms and using the estimate
G r.0(t, $)Vllep () < c(t—5)"/2||)|| 0, which holds true for any 1 € Cy,(Bys) and any t € (s,s+1)

IThis estimate will be improved in Corollary 3.3, removing the constant /m.
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(see [13, Thm. 4.6.3]), we can estimate
t

c 1
||qu(t, ')HC;,(BM;]RT”) < \/ﬁ”f”oo + C/s ﬁ||qu(T, ')HC;)(BM;Rm)dTa te (S,S + 1).

To get this estimate we also took advantage of the fact that ||u(z,)||e < ¢||f]loo for any t € (s,s+1).
The generalized Gronwall lemma (see [18]) shows that || Jyu(t, )¢, By mm) < c(t — 8) 72| |l for
any t € (s, s+ 1). We thus deduce that [|g(t,")|c,(Barm) < c(t — 8) V2| fllo for any t € (s, s+ 1)
and, from (3.4), estimate (3.3) follows at once.

Step 3. Here, we prove that, for any Borel set O C R? with zero Lebesgue measure, any M > 0,
jed{l,...,m}and t € (s,s+ 1), it holds that

|(G(t73)XOej)(Z)| <evi—s, te (S,S+1), :L'GBM/Q- (35)
This inequality follows once we prove that
[(G(t,5)(fe)(@)] < [(GRro(ts )| F)(@)] + evVE = 5| flloos (3.6)

for any ¢, x, f and j as above. Indeed, it is well known that Gﬁ,o(t,s) admits an integral repre-
sentation (see [13, Thm. 3.16]) and this implies that Gﬁo(t,s) can be extended to any function
f € By(Ba) and Gﬁ,o(t, s)xo = 0, if O has null Lebesgue measure.

We first prove (3.6) for functions f € C,(R?). For this purpose, we fix M > 0 and a function
0 € C(R?) such that xp,,,, < U < xB,,,- By the proof of Theorem 2.6, G(-,s)(fe;) is the
local uniform limit in (s, +00) x R% of the unique classical solution u, to the Cauchy problem
(2.4), with f being replaced by 9 fe;, Moreover, |G, (t,7)gn(r, MNizee(Bar) < c1llgn(r, ')HLQC(BM/2) <
el flloe(1 + (r — $)72) in Bpy_q, for any r € (s,t). Letting n tend to +oo, estimate (3.6) follows
recalling that |Gy (t, s)(0f)] < Gy o(t,9)[9f] < Gy o(t, s)|f| in B

By transfinite induction, arguing as in Step 1, we extend (3.6) to any f € By(RY). To make the
induction work, it suffices to observe that, if f € B,(R?) is the pointwise limit everywhere in R? of
a sequence (f,) C By(R%) of functions which satisfy (3.6) and || fu|leo < || f]leo for any n € N, then,
f satisfies (3.6) as well. This can be seen, writing (3.6) with f being replaced by f,, taking (1.3)
into account and letting n — —+oo.

Step 4. We can now complete the proof. We fix i,j € {1,...,m}, to > s, 1o € R? and a Borel
set A with null Lebesgue measure. Then, estimate (3.5) shows that |G(t, s)(xanre;)| < cvt—s
in Byyo for any M > 0 and t € (s,5+ 1), where R = P or R = N. By the arbitrariness of M,
it thus follows that G(t,s)(xanre;) vanishes, locally uniformly in R?, as ¢ — sT. Step 1 shows
that the function v, defined by v(s,-) = 0 and v(¢,-) = G(¢,s)(xanre;), if t > s, belongs to
Cllota/Q’Ha((s,qLoo) x RGR™) N C([s,+00) x R%:R™) and is bounded in each strip [s,T] x R%.
Moreover, D;v = Av in (s,+00) x R and v(s,-) = 0 in R?. By Proposition 2.5, it follows that
v = 0 in (s,+00) x RY Thus, we conclude that (G(-,s)(xanre;))(zo) = 0, which implies that
0 = (G(to, s)(xanre;j))i(xo) = p;rj(to, s, 20, A) and, similarly, p;(to, s, 70, 4) = 0. O

Corollary 3.3. The following properties are satisfied.
(i) Estimate (2.7) is satisfied by any f € By(R%;R™).
(ii) Proposition 3.1(i) holds true for any bounded sequence (£f,) of Borel functions which converges
pointwise (almost everywhere in RY) to a Borel measurable function f.

Proof. (i) Fix f € B,(R%;R™) and let the sequence (f,) € Cy(R% R™) converge to f almost every-
where in R? and satisfy the estimate ||f, || < [|f[|oo- Since the measures p;;(t, s, x, dy) are absolutely
continuous with respect to the Lebesgue measure for any ¢t > s € I and any z € RY, by formula
(1.3) and the dominated convergence theorem, G(t, s)f,, converges to G(t, s)f pointwise everywhere
in R%, as n — +oo. Using (2.7), we can estimate |G(-, s)f,| < cs.1||fulloo < cs.7/|f]loo in [s,T] x RY
and, letting n tend to +o00, we conclude the proof.

(ii) Fix s € I and (f,), f as in the statement. For any € > 0, the functions G(s + ¢, s)f,, and
G(s +¢, s)f are bounded and continuous in R?, thanks to property (i) and Theorem 3.2. Moreover,
the proof of property (i) shows that G(s + ¢,s)f, converges pointwise in R? to G(s + ¢, s)f as
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n — +oo. Splitting G(¢, s)f,, = G(¢,s+¢)G(s +¢&)f, for any n € N and using Proposition 3.1(i) we
conclude the proof. |

4. COMPACTNESS OF G(t,s) IN Cp(R% R™)

In this section we study the compactness of the evolution operator G(t, s) in Cy(R%; R™). First of
all, we show that it is equivalent to the tightness of the total variation of the measures {p;; (¢, s, , dy) :
x € R?} introduced in Theorem 3.2.

Theorem 4.1. Let assume that either 2.2 or 2.3 are satisfied and fixr b > a € I. The evolu-
tion operator G(t,s) is compact in Cy(R%R™) for any (t,s) € Ajap) if and only if the families
{Ipij|(t, 5,2, dy) : & € R} are tight for any (t,s) € Mg and d,j € {1,...,m}.

Proof. Let us suppose that G(t,s) is compact in Cy(R%R™) for any (t,s) € A We fix 4,5 €
{1,...,m}, (t,s) € Aay, n € N, z € R? and recall that

0.8\ B =sup{ [ Fns(es.ady) s £ € CURN B, Il <1} (@)

< sup {|G(t,5)(fej)lloo : [ € Ce(RT\ Bn), || flloo < 1},

(see [1, Prop. 1.4.7]). Then, for any n € N, there exist functions f,, € C.(R?\ B,,) with ||f |l <1
such that

sup (50,80 B) < [Glt8) o) 4107 (42)
Clearly, f,e; vanishes pointwise in R? as n — 400 and | f,e;[ls < 1 for any n € N. By compact-
ness and Proposition 3.1, we can extract a subsequence (fy,e;) such that G(t,s)(f,,e;) vanishes
uniformly in RY, as h — +o0o. Now, writing (4.2) with n being replaced by n; and letting h — +o00
we deduce the tightness of the family {|p;;|(t,s,z,dy) : = € R%}.

Vice versa, let us suppose that the families {|p;;|(t,s,x,dy) : z € R} are tight for any (¢,s) €
Mgy and 4,5 € {1,...,m}. We fix (t,5) € A, v € (s,t) and consider the operators R,, =
G(t,7)(xB, G(r,5)) in Cy(R%4R™). Since G(t,r) is strong Feller (see Theorem 3.2), each operator
R,, is bounded in Cp(R%R™). We claim that R,, is compact in Cy(R% R™) for any n € N. To
this aim, let (f,) be a bounded sequence in Cy(R%;R™). From the interior Schauder estimates in
Theorem A.2 it follows that the sequence (G(r,s)fy) is bounded in C**%(B,;R™). Hence, there
exists a subsequence (G(r, s)fy;) converging uniformly in B,, to some function g as j — 400. As a
byproduct, xg, G(r, s)f, converges to xp,g uniformly in R? as j — 4o0. Since the estimate (2.7)
holds true also for bounded Borel functions (see Corollary 3.3(i)), we conclude that R,,fx; converges
uniformly in R? to G(¢,7)(xB, g) as j — +o0o. Hence, R, is compact in Cj(R%;R™).

To complete the proof, we show that R, converges to G(t,s) as n — +oo in £L(Cy (R R™)). For
this purpose we fix f € C;(R4,R™), i € {1,...,m}. Using formula (1.3) we can write

(G(t, s)f)i(x) = Raf)i(z) =(G(t,7)(xra\5, G(r; 8)f)i(2) = Z/Rd\B (G(r, )f(Y))kpik(t, 7, 2, dy)
k=1 n
for any x € R?. Hence,
IG(t 8)f — Ruflloo < D Sup/ (G (r, $)E (W)l lpir| (£, 7, 2, dy)
k=1 z€R4 JRI\B,,
<capllf]lo Z sup |pik| (£, 7,2, R\ By).
i k=1 PER?

Letting n tend to +o00 and using the tightness of the family {|p;;|(¢,r, z,dy) : * € R}, we conclude
that R, converges to G(t, s) in £(Cp(R%;R™). O
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In the following theorem we provide sufficient conditions for the compactness of G(t,s) when
Hypotheses 2.3 are satisfied. Actually, these assumptions guarantee the compactness of G(¢,s) in
Cp(R?), which has been already studied in [2, 30] extending the results in the autonomous case
proved in [32].

Theorem 4.2. Let J C I be a bounded interval. Under Hypotheses 2.3, if G(t,s) is compact in
Cy(RY) for every (t,s) € Xy, then G(t,s) is compact in Cy(RYR™) for every (t,s) € ¥;. In
particular, if there exist a C? function W : R* — R such that lim ;|0 W(z) = 400, a number
R > 0 and a conver increasing function g : [0,4+00) — R with 1/g € L'((a,+o0)) for large a and
AW < —goW in I x (RE\ Bg), then G(t,s) is compact in Cy(R%R™) for anyt > s e I.

Proof. In view of Theorem 4.1, we show that the family {|p;;|(t,s,z,dy) : z € R?} is tight for any
(t,s) € ¥y and 4,5 € {1,...,m}. From (4.1), (2.6) and the positivity of the evolution operator
G(t, s), it follows that

i (15,2, RO\ By) <eM70)/2 sup (Gt ) f)())' /2 £ | € CelRT Ba), [[f]l0 < 1}
<M (Gt 8) o, ) (@) 2 = 002 g, (2, RE By)) /2

for any R?, any (¢,5) € ¥y and i,j € {1,...,m}, where g; < (-, dy) are the transition kernels associated
with the evolution operator G(t, s). The assertion now follows from [2, Prop. 4.2], which shows that
the compactness of the scalar evolution operator G(t, s) in Cy,(R?), for any (¢,s) € ¥, is equivalent
to the tightness of the family {g; s(z,dy) : * € R} for any (¢,s) € X.

The last assertion follows from [30, Thm. 3.3] O

5. UNIFORM GRADIENT ESTIMATES

In this section, we prove a (weighted) uniform gradient estimate satisfied by the function G (¢, s)f,
which, besides, its own interest, leads to some remarkable consequences that we illustrate in the next
section. We assume the following additional assumptions.

Hypotheses 5.1. (i) The coefficients Q;;, b; and the entries of the matrices B; and C belong
to C'IOO’(}JFO‘(j x RY) for anyi,j =1,...,d, some a € (0,1) and some bounded interval J with
J C I; further, (b(t,x),x) < bo(t,z)|z| for any t € J, x € R and some negative function by;
(ii) there exists a matriz-valued function M such that M;; = M;; € CIL’C%O‘(J x R%) for any
i,7=1,...,m and inf ; ga Aps > 0.
(iii) there exist positive functions by, : J x R* = R (h = 1,...,6) such that |B,| <y, |DkB¢\ < g,
|DC| < 3 |DeM| < )y, |DiM| < 95, |DpQ| < 6 in J x RY, for any i,k =1,...,d, and

2A (Ag(t,z))2Ape(t, @)
143 M2 Q\b M )
sup < +00, sup < +00 5.1
Ixrd AQAY, (taoyesxrd (14 [2[2)(Aq(t, v))? (5:1)
A 2 1 4\—1 A2 2
sup (Ag(t,2))"(1 + [2]") < +00, sup _ Awds < +o0, (5.2)

(tayexrd (2Ac(t ) + Ayigonr (8, 2)) Ixrd 2A0 + Ay

AM(tv x)"/}Q(t7 .Z‘) + ¢4(t7 .’)3)

lim supH(t,z) = lim sup

x| =400 teg || =400 teg )\M(t, $)(2Ac(t, 1‘) + AM+MT (t, ZE))
. AQ(f7,’E)’(/}5(t,$)
= lim sup —~—7—F+"—"—"">=0, 5.3
|x|—=+o0 teLI]) bo(t,ﬂi‘) ( )

where 5 = (AZP3 + A3 08 + Aqvi) (AQAL (2A¢ + Anegoer)) ™! and M = M (J,0)" M~" —
S by (D MM = S Qiy(Dyy MM

ij=1
Remark 5.2. We stress that the second condition in (5.1) forces M to grow no faster than linearly
as |z| — +oo. This condition might seem a bit strong but, already in the classical scalar case when
the coefficients are bounded, in general the gradient of G(¢, s)f does not vanishes as |z| — +oo. For
instance, consider the one-dimensional autonomous operator A = v” + u and take f(x) = sin(z) for
any € R. Then, G(t,s)f = f for any t > s € R and, clearly, D,T(t)f does not vanish at infinity.
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Theorem 5.3. Assume that Hypotheses 2.3 and 5.1 are satisfied. Then, for any s € J, the function
M(J,G(-,8))T is bounded and continuous in (JN(s,+00)) x R? and there exists a positive constant
c = cy such that

Vit —s||M(t, -)(JwG(t,s)f)THOO < ¢|/f|cos teJn(s,+0), fe C’b(Rd;Rm). (5.4)

Proof. To simplify the notation we set u := G(-, s)f and u,, = G2(t,s)f. Moreover, we set J,, :=
Sy MV g 7, Gn = > >oity MV Diuy j|* and, throughout the proof, we denote by ¢
a positive constant, which may vary from line to line, may depend on s and T" = supJ, but is
independent of n. Let us consider the function v,, = |u,,|*+a(-—s)9¥2G,,, where a is positive parameter
to be fixed later on, ¥,(z) = ¥(|z|/n), for any z € R?, and ¢ € C°(R) satisfies X(_co,1/9) < ¥ <
X(—o0,1]- From now on, we do not stress the dependence on n of the component of u,,. Moreover, to
ease the notation, we set ¢4(t) := ¢t — s. The results in [13, Thms 9.7 & 9.11] and straightforward
computations show that v, is smooth, vanishes on (s, T] x 0B,,, v, (s,-) = |f|* and D;v,, — Av,, = In
in (s,T] x By, where g,, = Zz‘:l Gi.n With

m d m
gin=—2>_ [VQVaul* —2a¢:9% Y > Qin(MV,Diuj, MV, Dyuy),

j=1 i, k=1 j=1
gom =ads0% Y (M +M")MVuj, MVu;) + 206,07 Y Cin(MVpup, MV qu;)
j=1 j,k=1
d m m

—2a¢9% Y > Qun(DiMV oy, DgMV ;) + 2a¢50% Y (DyMV sty j, Vatin 5),
i,k=1j=1 Jj=1

G3m = — 2a¢s<an, VI)Fy — 2000, (A0,)Fn

— 8agsVy, ZZ QV V) ((MV Dy, MV puj) + (D MV puj, MV u;)),

k=1j=1
d m
Gan =2a¢,92 Z Zleuj (MV Qi MV uj) — dad 0y > Y Qu(DiM Vo Dyuj, MV uj)
i,k=1j=1 i,k=1j=1
d m
—4ag 9% Y > Qun(DiMVuy, MV, Dyuy),
i,k=1j=1
d ~ m
G5.n =2Y (U, BiDjuy) + 2(Cup, ) + a3 Fy, + 206505 Y we(MVoCir, MV ;)
i=1 j,k=1
d
+2aps92 Z Z )ik (M Vo Diug, MV zu;) + 2a¢.9% > Z Diug (MY 1 (By) ji, MV puj).
i=17,k=1 i=1 j,k=1

Let us estimate the function g,. Recalling that, for any pair of nonnegative definite matrices M;
and My, it holds that Tr(M;Ms) > Apy, Tr(Ms) and |[ME|2 < Apg2|€)? in J x RY, for any ¢ € RY,
we conclude that g1, < —2 Z;nzl Ao |Vaui|? = 2a9:92 009, < 2)\QAA7/[123: 2a¢s922Gn. The
assumptions on M, M and C allow us to estimate ga,, < ags92(2Ac + 2)\M Yy + Ao )T

Let us now consider the function g3 . Its first term is negative; hence, we disregard it. As far
as the other terms are concerned, using the estimates |QVY,| < cnilAQXBM\Bnh?'(\ - |n71)| and
Tr(QD%*Y9,,) < cAQn_QXB%\Bn, which hold in I x R%, and the Young inequality czy < a='/2c?z? +

a1/2y2 we get

|g?>,n‘ SGCQSSAQn_QﬁnXBQn\Bn:Tn + 2a¢5‘19/(| : |n_1)|19nn_1<b,x>|x\_1X32n\Bn5"n
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+ achs9nn P AQT L 2G5 *X By m,, + acks|9 (| 0T [0an T Ao Ay U5 X Ban\ B, Tn
<VacoF, + a3/2c¢5n74/\2219ix32"\3nffn + \/acgb(gk(_glAén*zXan\B" F,
+ a9 (|- [n ™) 9 (260 + cA¥s) X Ban\ B, Tn + 0> 2 D5 X002 G

Further, we split g4, = g4,1,n + ga,2,n + g4,3,n- To estimate g4,1,,, Wwe observe that

d m d m
> DR (MVaQin, MV us)| =| > Y (MV,Qu M, (MV o Diuj)p, MV pu)
ik=1j=1 i,hk=1j=1

<VAF2G, P A Ay v

<eTVPeAY NG VEFn + €PN G0

Using the Young inequality, we conclude that |gs1.,| < ag™tegsA3, /\Xf)\élﬁid)g&"n + 2ae¢s92 Ao Gn
for any € > 0.

The other terms in the definition of g4, can be estimated in a similar way, splitting D; MV, =
(DiMM ™' )MV .. We obtain |ga2.n + ga3.n| < ac™'ch 022N PAG AL T + acds9EAQSn, for any
e > 0. Collecting everything together, and choosing ¢ = 1/6 we get

|9a,n] < aC¢sA5119iA7 ( ¢ + A3 '(/}6)5'~ + a¢s79 AQIn-

Finally, we consider the function g5, and observe that
d m _
95,10 =2 Z Z (M= )in(Bi) jk (M V yug ) nu;
i=1 j,h,k=1

d m

95.6:n =20¢50; Z (MV g )n (MY (Bi) jk (M) in, MV uj.0).
hk=1

Using Hypothesis 5.1(iii) and, again, Young inequality, we obtain
|95.n| <(a™%c + cagy + 200)[un | + (a'2A20T + a)Fy
+ ch92 (aXy)f Anrtra + @/ 22,03 + aXy2D) T + 20326492 N0 G
Now, collecting all the terms together, we get
gn < (ca™'? + cags + 20¢) [un|* + 3, Fn + Bads 97 Mg (f - ) S,
where

In(t, x) =ags|¥ (Jz|n =) [0, (x)n 1 (2bo(t, ) + cAg(t, 2)s(t, L)X By \B, (T) + a+ Vac(T — s)
+ \/a (wl(tax)) + (T - S)\f (AQ(t x)) - 2>\Q(t,$) + a¢5(t)(19n($))23n(t7$),

(A (t,2))? At x)(1+z?) A ()
for any (¢,z) € [s,T] x R? and
Jn(t,2) =[2Ac(t,2) + Ayener (b 2)](1+ cH(E, 7)) + QW
o SLEDE a0 (0.0 ) + ettt ) A0,

Clearly, the coefficients in front of |u,|* and G, are, respectively, bounded in [s, T, for any choice
of a, and negative, if a < 1/4. Let us consider the term J,,. Condition (5.3) shows that by(t, z) +
cAg(t, x)s(t, x) vanishes as |z| — 400, uniformly with respect to ¢ € J. Hence, there exists a
positive constant K such that bp+cAgiys < K in J x R< and we can estimate the first term in the first
line of J,, by a(T — s)Kn~t. Now, taking (5.1) into account, it follows that J,, < 0 provided that a is
small enough. Finally, (5.2) and (5.3) imply that g, is bounded from above in (s, T]xR? if e € (0,1/6)
is fixed small enough. We have so proved that |g,| < cv, in [s, T] xR, and, by the classical maximum
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principle, we infer that v, < ¢||f||so, i.e., |G2 (£, 8)f|l0o 4 (t —5) /2|0 M (TG (t, 8)F)T || 0o < ¢||f|oo
for any t € (s, T]. As the proof of Theorem 2.6 shows, G2 (¢, s)f converges to G(t, s)f in C2(Bjs; R™)
for any M > 0. Therefore, letting n — +o00 in the previous estimate, we complete the proof. O

Remark 5.4. In the particular case when M = I, we can relax a bit Hypotheses 5.1. Indeed, by
Remark 2.8 we can approximate the evolution operator G(t, s) with the evolution operator G (¢, s)
associated with the realization of A in B, with homogeneous Neumann boundary conditions. In
this way, we do not need to introduce the cut-off sequence (1,,) since the normal derivatives of the
function |.J,G) (¢, s)f|? is nonpositive on 9B,,. As a byproduct, the term g3 ,, disappears and we do
not need to assume anymore the first condition in (5.2) and the last condition in (5.1) and (5.3).
Moreover, in this case the matrix M reduces to the matrix J,b. Therefore, we are assuming a bound
on the growth as || — 400 of the quadratic form associated with the matrix J,b, i.e., we are
assuming a dissipativity condition on the diagonal part of the drift of A. In the scalar case, this is
a typical assumption used to prove gradient estimates both in the autonomous and nonautonomous
setting (see e.g., [5, 8, 9, 25, 28, 29]). Finally, if the operator A satisfies Hypotheses 5.1, then the

scalar operator A satisfies the same conditions, and therefore, the scalar evolution operator G(t, s)
satisfies (5.4) as well.

6. SOME APPLICATIONS OF THE GRADIENT ESTIMATE (5.4)

6.1. The converse of Theorem 4.2. As Theorem 4.2 shows, the compactness of the evolution
operator G(t, s) in Cy(R?) implies the compactness of the evolution operator G(t, s) in Cy(R%; R™).
Now, we are interested in finding out sufficient condition for the converse. The main step in this
direction, consists in proving formula (1.5). Once it is proved, we can adapt to our situation the
arguments in the proof of [12, Thm. 3.6].

Since, in general, the evolution operator G(t,s) is well defined only on bounded (and Borel
measurable) functions, to make formula (1.5) meaningful, we need to guarantee that the Borel
measurable function (8G (-, s)f)(r,) is bounded in R for any r € (s,t) and that the integral in the
right-hand side of (1.5) is finite. Note that in the weakly coupled case considered in [12], B; = 0 for
any i = 1,...,d. Hence, the boundedness of row;C and the uniform estimate (2.7) were enough to
guarantee the existence of the integral term in (1.5). In our situation things are much more difficult
since we have to guarantee that also the function Zle(mw,géi(r, 2, D;G(r, s)f) is bounded in R?
for any r € (s,t). As we will see in the following proposition, thanks to the estimate (5.4), the
boundedness of the function (8G(-, s)f)(r, ) can be guaranteed under the following two different
additional assumptions.

Hypotheses 6.1. Hypotheses 2.3 and Hypotheses 5.1 are satisfied. Further, there exists a positive
constant ¢, such that |B;| < c,dyr in J x R? and row;C € Cp(J x RER™) for anyi=1,...,d and
some k€ {1,...,m}.

Hypotheses 6.2. Hypotheses 2.3 and Hypotheses 5.1 with M = I are satisfied. Further, there exist
ke {1,...,m} and a bounded interval J such that rowzC and rowgB; belong to Cy(J x REGR™) for
anyi=1,...,d.

Theorem 6.3. Assume that Hypotheses 6.1 (resp. Hypotheses 6.2) are satisfied. If G(t, s) is compact
in Cp(R%R™) for any (t,s) € By, then G(t,s) is compact in Cy(R?) for the same values of t and s.

Proof. To simplify the notation, we set u := G(-, s)f and T := sup J. Moreover, by ¢ we will denote
a positive constant, which is independent of j, n, t and f, and may vary from line to line.

As a first step, we show that the integral in the right-hand side of (1.5) is well defined when
f € By(R%R™). Since ||G(t,s)||z(c,may < 1 for any I 3 s < t, we just prove that the function
r = |[(8G(+, 5)f)(r,)||so belongs to L'((s,t)) for any t € (s,T). The boundedness of row;C and
(2.7) yield that (row;C,u) € Cy([s,T] x R?) and ||[(rowzC,u)||c < cs.1|mowrC| s ||/f]loo. Moreover,
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if Hypotheses 6.1 are satisfied, then from (5.4), we get

d m

5 d _ 1/2
> (rowgBi(r,-), Dyu(r, ~)>’ SC( DD IBilr )P (Diug(r, -))2> < e (r, )| Jzu(r, )|

i=1

i=1 j=1
<c||M(r, ) (Jou(r, ) oo < e(r =) 72|l
for any r € (s,T). On the other hand, if Hypotheses 6.2 hold true, then, from (5.4), with M =1, it
follows that
d
> (roueitr ). Dot )| < ¢ o, rowe Bl (r = )21
i=1 ==

In both the cases, the function (SG(-, s)f)(r,) is bounded in R? for any r € (s,T) and
I(SG (- $)E) (7, oo < K (1 — )7 2||f]| oo, r € (s,+00)NJ, (6.1)

for some constant K, depending on m, d, s, .J, ||row;C||s, and also on |[rowsBillse, (i = 1,...,d)
when Hypotheses 6.2 hold true. This, in particular, yields that the integral in the right-hand side
of formula (1.5) is well defined.

We now split the rest of the proof into three steps. The first two steps are devoted to prove
formula (1.5) for functions f € C2+*(R%; R™). Once it is proved for such functions, this formula can
be easily extended to functions in By(R?%;R™) by density. Indeed, if f € B,(R% R™), then we fix a
sequence (f,) C CCQ+C“(Rd; R™), bounded with respect to the sup-norm and converging to f almost
everywhere in R?. Writing (1.5) with f being replaced by f,, and letting n — +o0, from Corollary
3.3(ii) we conclude that G(t,s)f, and G(t,s)f, j converge to G(t,s)f and G(t,s)fy, respectively,
locally uniformly in R¢, as n — 4-o0. Similarly, 8G (-, 5)f,, converges locally uniformly in (s, +-00) x R%
to 8G(-, s)f, as n — 4o0. Taking (6.1) (with f being replaced by f,,) and the contractivity of the
evolution operator G(t,s) into account, we can apply the dominated convergence theorem to infer
that the integral term in (1.5) converges to the corresponding one with f,, being replaced by f, and
formula (1.5) follows.

Step 1. Here, we assume Hypotheses 6.2 and denote by Gy(t, s) the evolution operator associated
with the operator A in Cy(B,;R™), with homogeneous Neumann boundary conditions, which, by
Remark 5.4, satisfies the gradient estimate |G (¢, s)fllcy(Baimm) +VE — s|| LGN (t, s)fllc,(Barm) <
c||f]|o for any n € N.

As it has been stressed in Remark 2.8, G (-, s)f tends to u locally uniformly in R?, as n — +oo.
If we split (A, )z = Aun + ®,, 1, where @, ¢ = Zj=1<row,;Bj, Dj;u,) + (row;C, @1,,), then we can
write

’ll,;(t,ﬂl‘) = (G?(t,s)f,;)(m) +/ (Grjf(t’r)q)n,l_c(ra ))(x)dr, te (S,T), T e En (62)

Clearly, iz and GN(-,s)f; converge to (G(t,s)f); and G(, s)fz, respectively, locally uniformly in
(s,+00)xR%. As far as the integral term in (6.2) is concerned, the boundedness of row;C' and rowy, B;
(i =1,...,d) and the above gradient estimate, imply, first, that [|®,, z(r,-)|lc,(B,) < c(r—s)"2||f||l 0o
and, then, that |G (t,7)®, z(r,")llc,B,) < c(r — §)"Y2||f||o for any 7 € (s,T) and any n € N,
since each operator G (¢,r) is contractive. Next, we estimate

GO (t.7) @, 1 (r, ) = GX(t,7)(8G(-, 9)F) (1, )]
SG?(L 7‘)|(I)n,;;(7“, ) - (SG(7 S)f)(rv )| + ‘Grjj(u T)(’SG('v S)f)(T‘, ) - G(t7 T)(SG('7 S)f)(’l‘, )| (6'3)

As n — 400, the last term in the right-hand side of (6.3) vanishes, locally uniformly in R%, due to
Remark 2.8. To show that also the first term vanishes, we claim that, for any R > 0 and ¢ > 0
and r € (s,t), there exists M € N such that GN (¢, T)XRA\ By, < € in Bg, for any n sufficiently large.
Once the claim is proved, we estimate

G (t7)gn (1, Mlcy(Br) SNGN (1) (XBarn (1 Dl ey () + 1GR (8 1) (Xwt\ Brr 90 (1, )| (50)
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<llgn (7, Mcw(san) + G (& r)xre\ By lcu(B2) Sup llgn ()l eu (.

<Ngn(r, ey By +ectr =) 72 flloo,

where g, = ®, ; — 8G(-, s)f. Since g, vanishes, locally uniformly in (s, +00) x R? as n — 4o,
imsup,, oo |GN (6, ) gn(r, )lcyBr) < ec(r — s)7Y2||f|l and, letting e — 0T, we conclude that
GN(t,7)gn(r,-) vanishes uniformly in Br as n — +o0, for any r € (s, T).

To prove the claim, we fix a sequence (¢,,) C Cy(RY) satisfying XN B, < ¥n < Xra\B,_,- Since
¥, vanishes locally uniformly in R?, by [25, Prop. 3.1], G(t,7), tends to 0 locally uniformly
in RY, for any r € (s,t). Therefore, for any fixed ¢, R > 0, there exists M = M(r) > 0 such
that G(t,r)Yar < €/2 in Bg. Since GN(t,7)¢ar converges to G(t,7)var in Bg, we can determine
no = no(r) € N such that |G(t, 7)) — GY (6, )Un |l cy(Br) < /2 for any n > ng, which yields the
claim.

Step 2. Here, we assume Hypotheses 6.1. In such a case, the argument in Step 1 does not work,
since from the proof of Theorem 5.3 we now just infer that /Z — s[|0,,/Q(t, -) Joun(t, )|, (B, mm) +
lun(t, ), (B,rm) < cllf]loo for any n € N, where, as usually, (9,,) is a sequence of cut-off functions,
such that supp(d,) C B, for any n € N, and u,, := G2 (-, s)f. From this inequality we can not de-
duce the crucial estimate ||®,, (7, -)||lc,(p,) < c(r — ) 7/?||f||s. To overcome this difficulty, we use
a slightly different approximation argument. We denote by ¥,, the function whose components are
U, =1, Zj:1<T0wiBj, Dju,)+ (row;C,u,), for any i = 1,...,m. Since u,, € C1+/22+e((5,T) x
B,;R™) (see [27, Thm. IV.5.5]), the function ®,, belongs to C*/%((s,T) x B,;R™) and is com-
pactly supported in [s,7] x B,,. Hence, the same theorem shows that, for any n € N such that
supp(f) C B,, there exists a unique function w, € C'T®/22+((5,T) x B,;R™), which satis-
fies Dyw,, = Aw, + ¥, in (5,7) x R?, w,(s,-) = f and it vanishes on (s,T) x 8B,. For any
i=1,...,m, the component w, ; of w,, can be represented through the formula

wn,i(tvx) - (Gr?(tv S)fl)(x) +/ (G,?(t,’f’)\ymi(?”, ))(x)dra te (S’T)a T e En (64)

We claim that u is the limit of the sequence (w,). By Theorem A.2, [[Wy[|c1+a/2.24a(gmm) < €
for any compact set K C (s,7) x R? and n large enough. Hence, we can extract a subsequence
(W, ) which, as j — 400, converges in CY2([s+7171,T] x B;;R™), for any 7 > (T — 5)~}, to some
function w € C’1+a/2’2+a((s,T) x R%R™). Since u,, converges to u in C12([s + 771, T] x B,;R™)

loc >
(see the proof of Theorem 2.6), we conclude that Dyw = Aw + 8u in (s,7) x R? where §u =
‘.i: rowgB;, D;u) + (row,C,u) for any k=1,...,m. To conclude that w = u, it suffices to show
=1

that w can be extended by continuity at t = s, where it equals f. For this purpose, we follow the
same strategy as in the proof of Theorem 2.6, localizing the problem in the ball Bg for any R > 0.
To make the arguments therein contained work, we need to show that |gn, (t,z)| < c(t—s)™V/2[|f[|»
for any t € (s,s + 1), x € Bg, where g,, = —w,;An — 2J,w,,,(QVn) + n¥,, (n; > M) and
n is as in the proof of the quoted theorem. The term W, can be estimated using the proof of
Theorem 5.3, which shows that |[u,(t,-)|lc,(B,rm) + VI = s[9nJeun(t, )|, (B, rm) < cf/f]l for
any t € (s,T) and n € N, and implies that || ¥, (¢,)|c, (5, rm) < c(t —s)"1/2?||f]| for any j € N.
g 5
As far as the function w,,; is concerned, we observe that the operator A satisfies Hypotheses 5.1.
Therefore, vF = 50n Vo G2 (t,5)llcy (5, m) < cllgllcy (5, for any ¢ € (s,T) and any g € Cu(By).
Differentiating formula (6.4) with respect to x, taking the sup norm in Bp of both sides, and using
the previous two estimates, we conclude that

d d t
1 Te W, (& B < D NVRGR (t5) fill oy sy + D / VoGP (6 7Y, i, )y ()
i=1 i=1"S$

£ o, (r, )l oy (B, mm f
(u e (1 )llew s, >dr)gclllloo

Vi—s Vi—r Vi—s

<c




ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS 19

for any t € (s,T] and n; > R. The wished estimate on g, follows. Since the above arguments can
be applied to any convergent subsequence of (w,,), the whole sequence (w,,) converges to u.

We now fix i = k in (6.4) and let n — +oo. Since ¥,, ; converges to SG(-, s)f, locally uniformly
in (s,+00) x R%, as n — +o0, and ||Uy;(t, )|lcy(B,) < c(t — 8)"V2||f||o for any ¢ € (s,T), we can
repeat the same arguments as in Step 1, with G (¢, s) being replaced by the operator G2 (¢, s), and
complete the proof of (1.5).

Step 3. Let (f;) C Cp(R?) be bounded sequence and set f; = fje; for any j € N. Without loss
of generality, we assume that ||f;|lcc < 1 for any j € N. We fix (¢,s) € £; and s¢ € [s, ] satisfying
so — s < (8K)72, where K is the constant in (6.1). Since G(sg,s) is compact in C,(R%;R™),
there exists a subsequence (G (s, s)fjg) converging uniformly in R?, as n — 400, to some function
s, € Co(R%R™). Clearly, (G(t, s)fjo )5 converges uniformly to the k-th component of G(t,s0)gs, -
Moreover, recalling that G(t, s) is a contractive evolution operator, we can estimate

sup
zeRd

| (@t st ) )a)ar

< [ 166 5) 6 — £ )0 )

+/ I8G (- 8) (g — 50, ))(r, ) |[ocdr. (6.5)

Estimate (6.1) and our choice of sy implies that the first term in the right-hand side of (6.5) does
not exceed 1/2. On the other hand, 8f(r, ) = 8G(-, 50)G(s0, s)(fjo — f;o ) and applying (6.1), with
G (-, s) being replaced by G(-, s¢), we estimate the last term in the right-hand side of (6.5) from
above by ¢||G(so,5)(fjo — fjo )[|c. Putting everything together, we conclude that
t

sup /(G(t?“)(SG(',S)(fjg — £ ))(r, ) (z)dr
which, combined with (1.5), (2.7), shows that ||G(t,5)(fjo — fjo )llee < 5 + ¢l G(s0,5)(£j0 — 0 )[loo-
The last term in the right-hand side of this inequality vanishes as n,m — +o0o. Therefore, there
exists No € N such that [|G(, s)(fjo — fjo )||ec <1 for any n,m > Np.

Now, we fix s; € (s,t) such that s; — s < (16K)~2 and repeat the same construction as above
with s; replacing so. We thus determine N; € N and a subsequence (fj1) of (fjo) such that
IG(t,s)(f5r — fi1)lleo < 1/2 for any m,n > N;. Iterating this argument, for any h € N we can
determine a subsequence (fjn) C (f;»-1) and an integer V), such that

|007

1
< 5 +ellGlso, ) (£ — i)

G s)(fin = fim o <277, m,n > Np. (6.6)

Now, we are almost done and, to conclude the proof, we consider the diagonal sequence (1),,) with
Yy = fjn for any n € N. We claim that G(t,s), converges uniformly in R¢. For this purpose,
we fix ¢ > 0 and h € N such 27" < e. We also set N = max{h, Nj,}. With this choice of N, and
recalling that vy, ¥, € (fjg) if n,m > h, from (6.6) we deduce that ||G(t, s)(¢¥n — ¥m )|l < € for

any m,n > N, which, clearly, shows that (G(t, s),) is a Cauchy sequence. |

6.2. Semilinear systems and systems of markovian forward backward stochastic differ-
ential equations. At first, we consider a Cauchy problem for a semilinear system of parabolic
equations and we show that, under suitable assumptions, it admits a mild solution u. The special
form of the nonlinear part allows us to connect the Cauchy problem with a system of Markovian
backward stochastic differential equations (BSDE’s for short); in particular, we prove that a solution
(Y,Z) to the system of BDSE’s exists, and that it is possible to write this solution in terms of the
function u. Finally, we investigate the existence of a Nash equilibrium for a non-zero sum stochastic
differential game. Hereafter, we assume Hypotheses 2.3.

6.2.1. Semilinear systems. In this subsection we deal with the backward semilinear Cauchy problem

{ Duu(t, z) + (Au)(t, z) = (¥(u))(t,z), te[0,T), xR

u(T,z) = g(x), z € RY, (SL-CP)
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where A is the operator in (1.1) and (¥ (u))(¢,z) = ¥(z,vVQ(t,z)Jyu(t,z)) for any ¢t € [0,7) and
x € R%. We assume Hypotheses 5.1 with M = 1/Q and the following conditions on g and 1.

Hypotheses 6.4. The function g belongs to Cy(R%;R™) and there exist positive constants ¢ and
B8 € (0,1) such that |sh(x1, 21) — (w2, 22)| < c(1+|21] + |22]) (|21 — x2|” + 21 — 22|7) and |3 (z, 2)| <
c(1+ |z|) for any =, 21,20 € R? and z, 21, 20 € R™.

Remark 6.5. Without loss of generality, we can suppose that « (see Hypotheses 2.1) and § coincide,
and hereafter we simply denote them by a.

We prove the existence of a mild solution u of (SL-CP), i.e., a function u € Ky which satisfies
the equation

T
u(t,z) = (CA}(Tft,O)g)(z)f/t (G(T —t,T — s)(®(u))(s,))(z)ds, (t,z) € [0,T] xR?, (6.7)

Here, K7 is the set of all functions u € Cy([0,T] x R%:R™) N C%1([0,T) x R%R™) such that
lullser = [[ulloo + [Wlaes = llulloc + suprefo,r) VT = HIVQ(E, ) (Jau(t, ) lloe < +o0. Moreover,
G(t, s) is the evolution operator associated with the family {A(T —¢) : t € [0,T]}.

We first approximate g and ) by two sequences (g, ) and (1(™)) of globally Lipschitz continuous
functions, defined as follows: g, () := (o, * g)(z) and ¥ (x, 2) := ¥(n~1|2|)(0n * ¥)(z, 2) for any
n €N,z € R?and z € R™?, where x denotes the convolution operator, g, (z, z) = 9(n~!|z|)9(n~!|z|)
for any (x,z) € R? x R™4 and ¥ : R — R is smooth and satisfy xp, <9 < x5,-

The Banach fixed-point theorem yields the existence and uniqueness of a solution u, to the
equation (6.7) with 4 replaced by (™ for any n € N. With some more effort, we then prove that
there exists a subsequence (ug, ) C (u,) which converges to a mild solution to (SL-CP).

Remark 6.6. (i) Since we are assuming Hypotheses 5.1 with M = /@, the evolution operator
G(t, s) satisfies the estimate v/ — s||v/Q(T — t,)(JoG(t,8)E) oo < ¢|[f]loe for any 0 < s <
t < T, fec Cy(R%:R™) and some positive constant c¢. From Hypothesis 2.1, we also deduce

that v/ — s||(J.G(t, $))T || < c)\al/szHoo for same s and f.
(ii) The choices of g, and (™ are also connected with the application to systems of forward
backward stochastic differential equations (FBSDE’s in short) of the next subsection, where
we show that the convergence of the subsequence (uy,, ) implies the convergence of a sequence

of solutions (Y, , Zy, ), to a family of approximated systems of FBSDE’s, to a pair of processes
(Y,Z).

Proposition 6.7. For any n € N there exists a unique mild solution u, € Krp to the Cauchy
problem (SL-CP), with (1, g) being replaced by (1™, g,,). Moreover, there exists a positive constant
K, independent of n, such that ||u,| %, < K for any n € N.

Proof. The proof is classical, hence we do not enter too much in details. To enlighten the notation,
throughout the proof, we denote by ¢ a positive constant, depending at most on 7', which may
vary from line to line. Since each function (™ (z,-) is Lipschitz continuous in R™¢, uniformly with
respect to € R, classical arguments, based on the Banach fixed-point theorem and the generalized
Gronwall lemma, allow us to show that equation (6.7) admits a unique solution, which is defined
in [0, 7] x R%. To prove that sup,,cy |[tn|/5c, < +00, we observe that 1™ (z,2)| < ¢(1 + |2|) and
lgnlloo < cllglloo for any z € R, 2 € R™? and n € N. From equation (6.7), with 4 replacing 1,

and Remark 6.6(i) we thus deduce that

r ||\/Q(tv) unn(ta'))THoodS
s—1

VTV Yot (t, ) oo < er(T — 1) Fglloo + ¢+ /

for any t € [0,T). The generalized Gronwall lemma shows that /T — t||v/Q(t, ) (Jow, (t, )T |lee < €
for any t € [0,7T). Now, taking the sup-norm (with respect to x € R?) of both the sides of the
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equation
~ T ~
u,(t,z) = (G(T - t, O)gn)(w)—/ (G(T = t,T — 5)(¥"™ (u,))(s,)) (x)ds, (t.x) € [0,T) x R?
' (6.8)
and using this last estimate, we deduce that the sup-norm of u,, in [0, 7] x R¢ is bounded from above
by a positive constant independent of n € N. This completes the proof. O

To go further, we need an intermediate result. For any n € N, we introduce the space Xr, =
Cy([0,T —np'] X Brp; R™) N COY([0, T — ny'] x Ba; R™), where np := [1/T] +n, and the operator
(") defined by

T

(T (W)t 2) = (G(T — 1,0)g,) () — / (G(T — £,T — )(2™) (w)(s, ) (x)ds

t+np;t
for any k,n € N, any (t,x) € [0,T —n;'] x R? and any u € K.
Proposition 6.8. The operator T'™ is compact from K in X7

Proof. We fix n € N and a bounded subset W C Kp. Clearly, we can limit ourselves to proving
that the integral term T'™ in the definition of the operator '™ is compact. For this purpose, we
claim that the families Jj,; = {DIT(™(w) : w € W} (h = 0,1, i = 1,...,d) are equibounded and
equicontinuous. Throughout the proof, we denote by ¢, positive constants, which may vary from
line to line and depend on n. The equiboundedness of the families Jj, ; follows easily from estimates
(2.7) and Remark 6.6(i), taking into account that |4(™ (z, 2)| < C(1 + |z|) for any z € RY, z € R™¢
and some positive constant independent of n. To prove the equicontinuity of J, ;, we fix w € W,
r,t €0, T — n;l], with ¢ > r, x,y € B, and we observe that

|(DIT™ (w)(t, ) — (DT (w)) (r, )]

~ H‘”T
<[(DFT™) (W) (r, ) = (DFT (W) (r,y)| + ’ /+ =T — )T (w))(s, ) (x)ds
T o~ o~
- (DIHG(T —t,T —5) = G(T =7, T — 5)) (¥ (w))) (s, -)) (w)ds (6.9)

forh=0,1andi=1,...,d. Theorem A.2 shows that, for any convex compact set Ky C R% and any
> 0, there exists a positive constant cg, s such that |G (-, t1)f[|c1+a/2. 240 (1, 1]x KiRm) < CKo8]/f 00
for any f € Cy(R% R™) and any t1,t2 € [0,T) such that to —¢; > §. Using this inequality and (5.4),
for any x € B,,, we can estimate the functions under the integral signs in the right-hand side of the
previous inequality, respectively, by ¢, (T'—s) /2 for any s € (r+nT1, t+nr, Y and by ¢, (t—r)*/>(T
$)~Y2 for any s € (t +ny',T). Similarly, to estimate the last term in (6.9) we use the estimate
|(JoDEG(T — 1, T — s)® ") (w))(s, 2)| < ¢ (T — s)~1/2 which holds true for any s € (r+nz', T) and
any z € K. We thus conclude that |(DPT) (w))(t, ) — (DT (W) (r,y)| < en(VE— 1+ |z—1y]). W
have so proved that the families 3, ; (h =0,1,7=1,...,d) are equicontinuous in [0, T —nr Y% B,,
Arzela-Ascoli Theorem allows us to conclude that T'(™) is compact from K in Xr,,. O

Proposition 6.9. Up to a subsequence, (u,,) and (J,u,) converge locally uniformly in [0,T] x R?
and [0,T) x R?, respectively. If we denote by u the limit of (u,), then u € Kg and it is a mild
solution of (SL-CP).

Proof. Since each operator '™ is compact and the sequence (u,), defined in Proposition 6.7 is
bounded in K7 by a positive constant K, using a diagonal argument, we can define a subsequence
(ur,) C (u,) such that, for any m € N, T'("™)(uy, ) converges to some function ¢™ in Xr,,, as
n — +00.

Being rather long, we split the rest of the proof in some steps.

Step 1. Here, we prove that the sequences (T'*»)(uy,)) and (J, L") (uy, )) converge. Fix h € N,
(t,z) € [0,T—h;')x By, and £,n,m € Nsuch that n,m > ¢ > h. Then, fory =0,1andi=1,...,d



22 D. ADDONA, L. ANGIULI, L. LORENZI, G. TESSITORE

we can estimate | D] T'*») (uy, ) — DT ") (uy, )| < Asﬁ”?’i—i—ng{m) +Bz(-gn) _‘_eg’e:/m)_‘_eg’e:/n) +®EZ”’”),
where

AL (t,x) = |(DIT) (uy,)) (8, ) — (DITE (uy,,)) (8, 2)),

m,n,i

)

T
B (1) = | [ (DIGT 0T = 8 ) - 8 )] 0)s
t—‘rl/k@

)

t4+1/ ke R
egfﬁ(t,x):‘/ (DJG(T —t,T — s) @) (uy, ) (s, 2)ds
t+1/kp

DIt 2) = [(G(T — £,0) (g, — &r,)) (@)
Fix € > 0. Clearly, from the first part of the proof, we conclude that, for any ¢ € N, there exists
N, € N such that .A(é’v)-(t,x) < /5, for any n,m > Ny.

m,n,t

As far as the term BE,@,’YP) (p = m,n) is concerned, we observe that from Remark 6.6(i) we obtain

R e
+or /tTé o mkp))(&(j __t()‘f/(jp) (01, )6 Dl (6.10)

for any 6 > 0. Using the estimate |1(™ (z, z)| < ¢(1+]|z|), which holds for any z € R?, z € R™¥ n € N
and some positive constant ¢, we get || ¥*0 (uy, (s,-)) — E) (wy, (s,9))]|leo < (14 (T — s)Y/2K).
Therefore,

o /T (5 (uy,)) (s, ) — (E) (g, )) (5, )]l oo

T-5 (s — )7/

ds <cr (hy' — 6) " F VB(2K + V5),
for any t € [0,T — h;l], provided that § < h}l.
As far as the second term in the right-hand side of (6.10) is concerned, we first observe that
[ (2, 2) — p(x, 2)| < e(1 + |z])n %, reRY z€B, (6.11)

for any n € N, as it easily follows from the equality

¢(n)($72)—¢($,2) :/d dyl/ dgn(yl,yg)(’lb(x—yl,z—yg)—¢($,Z))dy2, JZERd, z € By
R m

and Hypotheses 6.4. Splitting ®*») — k) — (@ke) — ) — (E*0) — W) and using (6.11), we can

estimate [|(¥*) (uy,))(s,-) — (FF2) (ug,))(s,)||oc < ck; (1 + K61/2) for any s € [t,T — 6] and

kp > ke > K67/2, and we thus conclude that

/T_(S 102 ) (., ) (s, ) — (BF0) (g, ) (s, ) lloo

(s —t)1/2

ds < crk;®(1+ K6~ 2)(T -6 — )73,

Now, it is easy to check that we can fix 6 small and ¢; large such that Bgf{’ym) < ¢/5 and 357@") <e/b
for m,n > € > /(.
Now we consider Cgfjf )7 which, thanks again to Remark 6.6(i), we estimate as follows:

t+ 5

“(t—s) 3L+ K(T —s)"Y2)ds < erhy * (1 + VhrK)kZ

e (ta) < erxy? [
t+o
for any p > ¢. Hence, there exists o € N such that Cg’{’yp) <¢/5in [0,T —hp') x By, for any p > £s.
As far as DZ(-TZ’") is concerned, since gy, converges to g locally uniformly in R?, from Proposition
3.1(i7) and Theorem A.2, we conclude that there exists 3 € N such that ng:’") < ¢ for any
n,m > f3. Summing up, if m,n > max{Ny,ve,, {1, o, 3}, then [|[TFn) (uy, ) — TE) (uy )|x, < e,
and we are done.
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Step 2. Here, we show that also (uy,, ) converges in X, for any h € N. For this purpose, we
observe that, from (6.8) it follows that uy, = T'®")(uy, ) — &, where

t+1/kn
gn(t7x) = / (G(T - t7T - S)(‘Il(kn)(ukn)))(&x)dsv te [O7T - hi_“l] X BhT'
t

Arguing as we did to estimate the term Bﬁff ), we conclude that &,, and J. &, vanish uniformly in

[0,T — h;l] X Bp,., as n — +00. By the arbitrariness of h, we conclude that there exists a function
u such that u, and J,uy, converges locally uniformly in [0,7) x R¢ to u and J,u, respectively, as
n — +o0o.

Step 3. Here, we conclude the proof, by showing that u is a mild solution of (SL-CP) and u € K.
Since the sequence (u,,) is bounded in XKr, it follows immediately that u belongs to Kt as well. On
the other hand, since

T
uy, (t,2) = (G(T — ,0)gy, ) (x) — /t (G(T =, — 5)( 5 (ug,,))) (s, 2)ds (6.12)

and J,ug, (s,-) converges to J,u(s,-) locally uniformly in [0, T') x R¢, using Proposition 3.1 and the
properties of 1*=) we deduce that G(T—t, T—s)((¥*= (uy, ))(s, -)) converges pointwise in [0, T') x R
to é(T —t,T — 5)((®(u))(s,-)). Moreover, due again to the estimate |[1p(")(z, 2)| < ¢(1 + |z|), we
can let n tend to +oo in (6.12) and conclude that u satisfies (SL-CP) in [0,7) x R?. Finally, we
extend u by continuity in T setting u(7,-) = g. This completes the proof. O

6.2.2. Systems of markovian FBSDE’s. Here, we study a system of forward-backward stochastic
differential equations and show that its solution can be written in terms of the mild solution to a
semilinear Cauchy problem of the type considered in the previous subsection.

Let (2, &,P) be a complete probability space and let (W;) be a d-dimensional Wiener process.
By (F}V) we denote its natural filtration augmented with the negligible sets in €.

For any p € [1,400), we denote by HP and K, respectively, the space of progressively measurable
with respect to F}V-random processes (X;) such that || X ||g» = Esup;epo ) | X¢t|? < +o0, and the
space of all the F}V-progressively measurable processes (Y, Z) such that

T
1Y, 2Z)|%,,.; =FE sup |Y¢? —|—E/ |Zo|*do < +oc.
te[0,7) 0
We consider the system (1.6), with H;(¢,z, z) := Zle S (Bt 2)(G(t, )™ jrzin + 05 (x, 2)

for any j = 1,...,m, under the following assumptions.

Hypotheses 6.10. (i) G;; =Gj; € Ca/2’a([O,T] x RY) N CL2T([0,T] x RY) for some o € (0,1)

loc loc

and any i,j = 1,...,d; moreover, the function A¢ is bounded from below by a positive constant;
(ii) the entries of the vector-valued function b and of the matrices-valued functions B; (i =1,...,d)
belong to CﬁéQ’a([O,T] x RY) N CLIT(10,T) x RY); moreover g € Cp(R%R™);

(iii) b and the matrices Q = %Gz,Bi (i = 1,...,d) satisfy the growth conditions in Hypotheses
5.1(i4), with M = G and J = [0,T);

(iv) b and G grow at most linearly as |x| — +oo, uniformly with respect to t € [0,T)], and ¥ :
R? x R™® — R™ satisfies the inequalities in Hypothesis 6.4 with § = o.

We denote by u the mild solution to (SL-CP) with C' = 0, provided by Proposition 6.9, and state
the main result of this subsection.

Theorem 6.11. For any 0 < t < 7 < T and € R?, set Y(r,t,2) = u(r,X(1,t,2)) and
Z(t,t,x) = G(1, X, (1, t,2))(Jou(r, X (1,t,2)))T. Then, (Y,Z) € K and (X,Y,Z) is an adapted
solution to (1.6).

Proof. Throughout the proof, (uy,) is the subsequence of (u,,) provided by Proposition 6.9, i.e.,
uy,, is the unique mild solution to (SL-CP), with C' = 0 and g and ¥ replaced by g, and g (kn)
respectively.
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Under Hypotheses 6.10(ii), (iv), there exists a unique adapted process (X;) with continuous
trajectories such that X, = = + [ b(o,X,)do + [ G(o, X;)dW; (sce [24, Thm. 3.4.6]). Now
we fix t € [0,T], = € R% set X, := X(7,t,z) and, for any 7 € [t,T], define Y, = u(r, X,),
Yk = w, (1,X,), Z, = G(1, X;)(Jyu(r, X,))T and ZF = G(r, X;)(Jouy, (7, X,))T. By [17],
(Ykn ZFn) satisfies the equation (recall that gy, and 1) are regular approximations)

T T
Yhn +/ ZEndw, =g, (X1) +/ Hy, (0, X,,Zk)do, P-a.s., 7€ [t,T]. (6.13)
Our aim consists in showing that we can let n tends to +o00 in both the sides of (6.13) obtaining
T T
Y, +/ Z,dW, =g(Xr) —|—/ H(o,X,,Zy)do P-a.s., T € [t,T)]. (6.14)

Clearly, g, converges to g, locally uniformly in R¢. Moreover, since uy, and Jyuy, converge locally
uniformly in [0,7) x R? to u and J,u, respectively, Y* and Z*~ converge almost surely in € to
Y. and Z., respectively, as n — +oo. As far as the integral term in the right-hand side of (6.13) is
concerned, we begin by observing that

[V, (z,21) — (2, 22)| < c(1+ |z1] + |22]) (K, @ + |21 — 22]*), (6.15)

for any z € R?, 2y € B,, and 2z, € R™?. Moreover, Hypothesis 6.10(iv) implies that H satisfies the
condition in Hypothesis 6.10(iv) with z; = x5 = 2. Since |Z*»|V |Z,| < K(T — 0)~'/? (where K is
the constant in Proposition 6.7), taking n sufficiently large, from (6.15) we conclude that

Hy, (0, X0, Z") — H(0, X0, Zo)| <e(1+|Z5" | +|Zo ) (ky* + G (0, Xo)[(Ja (uk, —w))(0, X5)]|%)

P-almost surely, for almost every o € (7,T") and that the last side of the previous inequality vanishes
do ® P-almost surely, as n — +o0o. Moreover, |1, (z,2)| < ¢(1 + |2|) for any z € R?, any z € R™4
and some positive constant ¢, independent of n, and this shows that [Hy, (o, X,,ZE")| < ¢(1 +
K(T - a)’l/ 2). By dominated convergence, we now easily conclude that the integral term in the
right-hand side of (6.13) converges P-almost surely to fTT H(o, X,,Z,)do.

It remains to prove the convergence of fTT ZkndW, to fTT Z,dW,. First, we prove that fTT Z,dW,
makes sense, since this is not guaranteed by the previous estimates, which show only that the growth
of Z, can be estimated by (T — o)~ /2, which is not square integrable in (7, T). For this purpose,
we show that (Z) is a Cauchy sequence L2((0,T) x Q). This is enough to conclude that Z, is
a square integrable process since Z’j” pointwise tends to Z,. Let us set ?Z’m = Yf;n — ijm,
z:»m = Z];_n - Zg"", g;,m = Bk, (XT) - 8k, (XT)v ﬁ:’m = Hy, (Uv Xo, Z’;n) - Hy,, (Jv Xo, ng)
for any n,m € N and o € [0,T]. Integrating the Ito formula d[Y, " |? = 2(?:’k,ﬁf’m>d7 -
2™ Z n AW, + (2™ [2dr, we obtain

T

T T T
R 4 / z" |do——|*”m|2+2/ <?Z*m,ﬁ’;’m>da—2/ X T AW, (6.16)

Since (Y*»,Z*n), (Ykn Zkn) € K, the processes { [J (Y, Z," )dW, : T € [0,T]} are martingales.
Hence, from (6.16) it follows that

T T
E|Ynm\2+E/ z" |da—]E|*"m|2+2]E/ X H™ do

’ / nm>d0_ SE( sup ‘Ynm|/ |Hnm|d ) <K]E/ |Hnm‘
T€[0,T] T

and, since |¢y, (@, 21) =, (T, 22)| < c(1+]|21|+|22]) (ky, “+h*+]21 — 22|*) for any z € R?, 2, € B,
and 2, € R™, we can estimate [H, " | < (1 + |Zk»| 4 |2k J(kp® + kp® + |ZE — ZEm|*) for any
Ky, ky > K(T — s)~1/2. From the definitions of Z*», Z""™ and the estimate |Z*~ (¢, 2)|, |Z(t, )| <
c(T —t)~Y2, for any z € R%, t € (0,T) and some positive constant ¢, which follows from Remark

Note that




ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS 25

6.6(i), by dominated convergence we conclude that, for any £ > 0, there exists 7 € N such that
IEfOT |Z:’m|da < g, for any n,m > n. Similarly, we can show that, for any € > 0, there exists
n € N such that E|g™|? < ¢, for any n,k > n. Hence, (Z*) is a Cauchy sequence in L%((0,T) x
1), and this implies that fTT Z,dW, makes sense and that Z*» converges to Z in L?((0,T) x Q).
Thus, E\fTT(Z?l — Z,)dW,|? tends to 0 as n — +oo. We thus conclude that fTT ZEndW, tends to

fTT Z,dW, in P-almost surely. Hence, we can let n — 400 in (6.13) and deduce that (Y,Z) is a
solution to (6.14). Clearly, we have also proved that (Y,Z) € K. O

Corollary 6.12. For any t € [0,T], the law of the process {Y;}rei, 1), obtained as the limit of
the sequence {Y’ﬁ"}Te[t}T], is uniquely determined, i.e., if (Q,F,{F,},P) and (Q, 7, {f;"t},f?’) are two
probability spaces, and {Y+}rep1), {Yr}rep, are the random processes of Theorem 6.11, related
respectively to (Q, F,{F:},P) and (Q,gf, {@t},lﬁ’), then {Y+}rer.1), {?T}Te[t’T] have the same law.

Proof. The result is a straightforward consequence of the uniqueness in law of the solutions (Y*~)
of the approximated problems (6.13), and the P-a.s. convergence of (Y*") to Y. O

6.3. Nash Equilibrium for a non-zero stochastic differential game. In this last subsection,
we adapt our results to obtain the existence of a Nash equilibrium to a non-zero sum stochastic
differential game. Let (€2, €,P) be a complete probability space and let (W;) be a d-dimensional
Wiener process. By (F}V) we denote its natural filtration augmented with the negligible sets in €.
Let T > 0,t € [0,7) and € R%. As in the previous subsection, by (X, = X%*) we denote the
unique adapted and continuous solution of the stochastic equation

T T
Xb* =g Jr/ b(o, XL")do +/ G(o, XL™)dW,, P—a.s., 7€ [t,T].
t t

We notice that, exactly as in the previous subsection, the assumptions on b and G, formulated below
(see Hypotheses 6.14), imply existence and uniqueness of the solution to the above equation.

We suppose that m players intervene on a system and, for any player ¢ = 1,...,d, we introduce
the space of admissible controls U’ := {u : [0,T] x Q — V* : u is a predictable process}, where
V% C R are prescribed sets. Moreover, we introduce the space of admissible strategies U := @7, U*.
Given u € U, we define

W =W, — / r(o, Xb% u,)do, P .= p(Wp, (6.17)
t

where pM) = exp ([, r(o0, Xt%, up)do — 3 [ (r(0, X%, u,))?do). Note that W is a d-dimensional
Wiener process with respect to P and that X satisfies

T T T
Xt = +/ b(o, X*)do —|—/ G(o, X" r(0, X" 0, )do +/ Glo, XL dw W, (6.18)
t t t

P-almost surely. For any u € U, to any player i, a cost functional J? is associated, which depends
on the strategies of the whole players. More precisely,

T
Ji(u) :]E(“){/O hi(XS,us)ngi(XT)}, i=1,...,m, (6.19)

where E is the expectation with respect to P and h : R x U — R™, the running cost, and
g : RY — R™, the terminal cost, are bounded Borel measurable functions.

Definition 6.13. The strategy U > 0 = (&1, .. ,ﬁm) is a Nash equilibrium to problem (6.18)-(6.19),

if JA@) < Jiat, .. et ub ettt oo am™) for any ut € U (i =1,...,m).
If & is a Nash equilibrium for i = 1,...,m, then the player ¢ has no earn changing its control @, if
the other m — 1 players choose the strategy (u1,...,Ui—1,Uit+1,---,Un). The Hamiltonian function

H associated to this system is defined by H;(t, z,z,u) := (28, r(t,x,0)) + h;i(z,u) for any x € RY,
z € R™4 u € U (U being the set of all the controls) and i = 1,...,m. We assume the following
assumptions on r, h = (hy,..., h,,) and H.
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Hypotheses 6.14. (i) h € CJ(R? x W;R™) for some v € (0,1) and r splits into the sum r =
r1 + 12, where vy € C([0,T] x RGRY) N Cy([0, T] x RERY) and vy € CF (R x W; RY);
(ii) The functions G, b, B; = (Gr1)il,, (i=1,...,d) and Q = %Gz satisfy Hypotheses 6.10;
(iii) H satisfies the generalized minimazx condition, i.e., for any i =1,...,m there exists a function
a € CP(RY x R™4:U) (B € (0,1)) such that for any t € [0,T], z € RY, z € R™ and u! € U*
(t=1,...,m) it holds that

I:Ii(t,x, z,u(x, 2)) < ﬁi(t,x, 2t (x,2), . .0 (@, 2),ut W (2, 2), L " (2 2)),
P-almost surely in 2.

Remark 6.15. (i) Since B; := (Gr1)il, the differential operator A in (SL-CP) is uncoupled.
We stress that this is the classical setting: indeed, comparing our situation with the classical
literature (see e.g., [10, 11, 14, 15, 31], it is possible to see that, in view of applications to
differential games, the equations of the system of PDE’s are coupled only in the semilinear
term, while the linear part is the same for any component.

(ii) The function 1), whose components are defined by ;(x, 2) := (2%, ra(z, U(x, 2))) +h;(x, u(z, 2))
for any z € R?, z € R™? and i = 1,...,m, satisfies the Hypothesis 6.10(iv) with « := 3.
(iii) Under Hypotheses 6.14, Theorem 6.11 holds true.

Theorem 6.16. There exists a Nash equilibrium for problem (6.18)-(6.19).

Proof. We begin by proving that J!'(q) < J'(u!,a?...,a™) for any u' € U!, where u is as in
Hypothesis 6.14. For this purpose, we fix u} arbitrarily in U?, set G} := (u}, @2, ..., u¢) and observe

that X, satisfies

XT:x—F/ b(a,Xg)do*—l-/ G(U,Xg)r(a,XU,ﬁ}T)do*—F/ G(U,Xa)de‘l)
t t t

for any 7 € [t,T], where W is as in (6.17), with u being replaced by u'. We now introduce the
backward system

Y., + / ZadW(T = g(XT) + / I:I(O.7 Xo, ZU? ﬁ}y)dav
t t

where H has been introduced after Definition 6.13. By Theorem 6.11, this system admits a solution
(X,Y,Z). Writing the backward system with respect to W(ﬁl), we get

T T T
Y, + / ZodW () + / Zor(o, Xy, 0k )do = g(X7) + / H(o, X,, Z,)do. (6.20)

N 1/2
Note that E(@") (fOT |Zt\2dt> < +o00. Indeed,

T T
’ / zgdW5u1>‘ <2 sup |Y.|+ / (1Z] + [H(o, X,. Z,)|)do.
T T€[0,T] T
Taking into account the Burkholder-Davis-Gundy inequalities (see [22, Thm. 3.28]) and using the
estimate |H(o, X,,Z,)| < |[H(o, X, 0)| + |Z,|* 7%, which follows from Hypothesis 6.14 and Remark
6.15, we get

R T 3 . R T R T
E(ul)(/ |Zt|2dt> <cE@) sup \YT|+CE(“1)/ (|Zc,|+|H(a,XU,0)|)da+cE(“1)/ 1Z, | do
0 T€[0,T] T T

Sc(]EQQ)% (E sup Y|+ IE/ (|ZU|2 + [H(o, XU,O)|2)d0)
T€[0,T) T

=t (5 [z e
+c(EpT=)= (E |Zs|*do ,




ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS 27

and the last side of the previous chain of inequalities is finite. Hence, taking the conditional expec-
~1
tation in (6.20) with respect to P(") and 7 = ¢, we obtain
srt} .

T
Y, = E®)[p(Xp)|5] + E®) {/ [H(0, X0, Zo,U;) = Zox(0, X5, 8,)]do
t

T
Adding and subtracting E®) [/ h(X,,u})do
t

S’t} and setting t = 0, we get

T
Yo = J(@') + E@) [ [ X )~ Zor(o X )~ B ai,ndo}
0

T

= J@H +E@) [/ (H(o, Xy, 2Z,) — H(o, X, Zo, a},))da] : (6.21)
0

where J = (J1,...,J™). Considering the first component of the first and last side of (6.21) and

using the minimax condition in Hypothesis 6.14(iii), we conclude that Yy ; < J(a!). Applying the

same argument with U'! being replaced by 1, we get Yy = J*(1). Moreover, the same procedure

yields that J* (@) = Yy 1 < J*¥(W*) for any k = 1,...,m. O

7. EXAMPLES

Here, we provide some classes of operators A to which the results in the previous sections apply.

Example 7.1. (i) Let Qij = 0y, Bi(t, ) = —ai(1+|2|*)"g(t) Bi, O(t, ) = —|a|*(1+ |«|*)Ph(t)C
for any (t,x) € I x R%, i,5=1,...,d, where B; (i=1,...,d) and C are constant and positive
definite matrices, g, h € CQ/Z(I) have positive infimum, ¢ is bounded in I, and p > 2r > 0. We

loc
observe that Ky o(t,z) > —(1+ |z[*)?"| g% Z?:l 22| By + 4]z)2(1 + |z|?)PhoAs for any ¢ € 1,
x € R, n € 0By, where hy denotes the positive infimum of the function h. Since p > 2r, the
function X, o(t,-) tends to +00 as |x| — +oo, uniformly with respect to t € I and n € 9Bs.
Therefore, Hypothesis 2.2(i) is satisfied with ¢ = 1 and with a suitable choice of the constant
k. On the other hand, the function ¢, defined by ¢(z) = 1 + |z|?, for any = € R?, satisfies
Hypothesis 2.2(ii), with € = 1, for any A > 0.

(il) Let Qi(t,z) = q(t)(1 + |=|*)%6s;, Bi(t,x) = —bt)zi(1 + |2>)"Ln + b(t)(1 + |2[>)?B; and
O(t,z) = —c(t)(14]z|?)7C for any (t,z) € IxR%and i,j = 1,...,d. Here, q € C’gf([)ﬂCb(I),
the functions b, b and ¢ belong to C’ﬁf (I) and are locally bounded in I, ¢ and b have positive
infima and B; (i = 1,...,d), C are constant and positive definite matrices. The exponents
k,r,p,v are nonnegative, r > k — 1 and there exists o € (0,1) such that 0 < p < ko and
v > k(20 — 1). Clearly Hypotheses 2.3(i), (ii) are satisfied. Moreover, since 2|z|? < |z|> + 1
for any |z| > 1, we can estimate (A(t)p)(z) < g(@(x)), for any ¢t € I and |z| > 1, where ¢
is as in (i) and g : [0,+00) — R is defined by g(y) = boy" ™' — K for any y > 0 and some
positive constant K, by being the infimum of b. Then, Hypothesis 2.3(iii) and the assumptions
of Theorem 4.2 are satisfied, with W = ¢ and g as above. We thus conclude that G(t, s) is
compact in Cy(R%; R™).

We now provide a class of operators A whose coefficients satisfy Hypotheses 2.3 and 5.1.

Example 7.2. Let Q(t,2) = q(t)(1 + |z[*)*Qo, b(t,z) = —b(t)(1 + [x|*)Px, Bi(t, ) = b(t)Bo,:(1 +
|z|?)" for any (¢t,z) € I x RY, where Qq is a positive definite matrices, By, are constant matrices,
q,b,l; € CQ/Q(I) and b, ¢ are bounded from below by a positive constant. Finally, the entries

loc

C;; = Cj; of the matrix-valued function C belong to C’laéQ’a (I xRHYNCEIT*(IxRY), sup;ypa Ac > 0

o loc

and |D;C(t,z)| < c(1 + |z|?>)" for any (t,z) € I x R? and some ¢ > 0 and 7 > 0. We take
M(x) := (1+|z|?)* for any x € R? and some constant 0 < s < 1/2 and we set a = p, if s < 1/2 and
a=p-—1if s =1/2. We further assume that k > 2r, 2k — 2 < a, 2s + 27 < a, 2r < 2s+ a and

k+ s < p+ 1. Straightforward computations show that
Mv(t, @) < = b(t)(1+ [2|*)P7H L+ |2]? — 2s[z]?)
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= 2s(1+ |2*)*2q() (Tr(Qo) (1 + |a[*) + 2(s = 1)(Qo(w)z, ) < —c(1+ |zf*)7,

for any (t,x) € I x R%. The functions ¢; (j = 1,...,5) satisfy the following conditions: 1 (t,z) =
O(|‘T|2T)’ 1/}2(t,l‘) = O(“T|2ril)a ¢3(t793) = O(|I|27)7 ¢4 = 07 ¢5(ta$) = O(|I|2Sil) and ¢6(t793) =
O(|z|**~1), as |z| — +oo, uniformly with respect to t € J C I, where J is an arbitrary bounded
interval. Hence, conditions (5.1)-(5.3) are easily satisfied. As it is easily seen, also Hypothesis 2.3(ii),
(iii) are satisfied with o = 1/2 and ¢(z) = 1 + |z|? for any z € R%.

The conditions on the growth of the coefficients of the operator A can be weakened if we assume
that M = I. As it has been stressed in Remark 5.4, in this case we have to assume only the first
condition in (5.1), the second one in (5.2) and all but the last condition in (5.3). This provides us
with the following conditions on a (hence p), k, r and 7: 2r <k <p+1, 21 < p, p > 2r.

APPENDIX A. A PRIORI ESTIMATES FOR SOLUTIONS TO PARABOLIC SYSTEMS

In this appendix we prove some a priori estimates for classical solutions to nonautonomous par-
abolic equations associated with a system of elliptic operators as in (1.1) whose coefficients satisfy
Hypotheses 2.1. To enlighten the notation, we set || - ||n,r = || - HC{}(BR;R;C) for any h € NU {0} and
k € N, R > 0. Moreover, for any «, 8 > 0, we denote by ||+||o.5 the norm of the space C*#([s, T] x ),
when Q is a domain of R™ (possibly, 2 = R™). Finally, for any a > 0, we denote by | - ||o the
Euclidean norm in C(R") when h € {1,d}.

We recall that, for any 0 < o < § and any bounded domain Q of class C?, there exists a positive
constant ¢ such that

1—o a
€l @z < elEloe # 11 e (A1)

for any f € C?(Q;R*) (k > 1). (The same estimate holds true with Q = R*.) Moreover, if
T € L(C(;RF); CB(Q; R¥)) N L(CE(Q; RY); CP(; RF)) for some 3,6 > 0, then T is bounded from
Cs (S RF) to CP(Q; RF), for any a € (0,60) \ N, and

1_a
1Tl 2 cg@meysos @mey) < TN Cameyson @men 1T e cg@zeyion @mey)- (A.2)

Proposition A.1. Let Q C R? be an open set, T > s € I, and u € Cy([s, T] x Q; R™)NCL2((s,T) x
Q; R™) satisfy the equation D;u = Au+g in (5, T)xQ for some g € C*/>%((s,T)xQ;R™). Further,
assume that the function t — (t—s)|lu(t,)llcz(rm) s bounded in (s,T). Then, for any Ry > 0 and
any xg € Q, such that Bg,(xo) € ), there exists a positive constant ¢ = ¢(Ry, Ao, s,T) such that,
forany t € (s,T),

(t - S)||Diu(t7 ')HLOC(BRI (xo);R™) +Vt—s Hun(tv ')”L‘X’(BRI (zo);R™)
<e(llullo, oy + Illcorse sz (A3)

Proof. Throughout the proof, we denote by ¢ a positive constant, which can vary from line to
line, may depend on R; and T, but it is independent of n. Up to a translation, we can assume
that ©o = 0. We fix R; as in the statement and Ry such that Bgr,(z9) € Q. Then, we define
Ty = 2Ry — Ry + (R2 — R1) > p_y 27" for any n € N U {0}. Further, we consider a sequence
(¥,) C C°(RY) of functions satisfying xp, < ¥, < XB,,, for any n € N. As it is easily seen,
||'l9n||cll)c(Rd,) < 2Fnc for any k = 0,1,2,3. Let us set u, := ¥,u and observe that each function
u,, vanishes on [s,T]| x 0B,, ., (r9) and Dyu, = Au, + g, in (s,7) x B, (2), where g, =
Ing — Tr(QD?*YI,)u —2(J,u)QVY,, — ijl D;¥,Bju. In view of the variation-of-constants-formula
it thus follows that

u(tw) = (Gr?Jrl(tvs)'&nu(Sv ))(x) +/ (Gr?Jrl(t»r)gn(rﬂ -))(ac)dn te [S,T], T € Brnv

It is well known that (¢t — s)||G2,1(t, $)hl|2,20,r,: < cl[bllor,., and VI —s|GR (¢ $)kll2,r,,, <
cllkll1,r,.,, forany ¢t € (s,T), any n € Nand any h € C(B,,,,;R™), k € C}(B,,,,;R™), respectively.
Note that the constant c in the previous two estimates is independent of n since it depends on the
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ellipticity constant of the operator A and on the Holder norms of its coefficients in (s, T') x B,., ., (o),
which can be estimated in terms of the same norms taken in (s,7) x Bg,(20).

Estimate (A.2), with 0 = 1, 8 =2, T = G2, ,(t,s), yields that (t — s)1~2||GD, | (£, s)l2,r,,, <
cllella,ry, for any ¢ € C§(B,,.;R™) and t € (s5,T). Since g,(0,-) € C§(B,, ,;R™) for any
o € (s,s+ 1), we can estimate

t
(t = s)[an(t, )2, < clufloo + 0/ (t =) "% lign(o, M, do, te(sT). (A4
S

Note that ||gn(07 ')||C¥,Tn+1 < CH19n|‘2+a’T"+1(||u(0', ')HlJra,Tn+1 + ||g(0’ )| Q,Tn+1) for any o € (87T)'
Using (A.1) and Young inequality, for any o € (s,T), € > 0 and n € N we can estimate

_1 Eae —1i,
(o, 1 < clo=s) 2 llullZgzy < (0 —s) "2 (e Hulloo + Cain),

1

_atl loo 1t
[Jeu(o, Mayr,n <clo—s)" 2 [ullod ¢, 3

where ¢, = sup,e(s,r)(0 — s)[[u(o;-)

_atl _1lta
<(o=s)" 2 (cem o Julloo + €Gny1)-

2.p,- Since ||19n\|cg+a(Rd) < 8" for any n € N, from these

at1

last three estimates we conclude that ||g,(0,")|a,r, ., < 8™(0 — )7 2 (ca_%Hun%— eCnt1) +
c8"(|g(0, ) |la,xo,rns, for any o € (s,s + 1) and € > 0. Replacing this estimate into (A.4) yields

1+o

Co <cllullo +8"¢ (

u”oo +€<n+1 + Hg||o¢/2,o¢> ) n e Nv S (07 1) (A5)

Let us fix n € (0,647 1/0~%)) and ¢ = 8 "¢~ 5. Multiplying both sides of (A.5) by 5" and summing
N —k N
from 1to N € N, we get Go =1V "y < cllulloe 33— 640" +cllgllasz.a Yo (81" < c(|[ufloo+
lglla/2,a), since both the two series converge, due to the choice of 7. To conclude, we observe
that nV*t1(x,1 tends to 0 as N — +oo. Indeed, by assumptions, (y4; is bounded, uniformly
with respect to N. It thus follows that 7"%1(, ; vanishes as n — +o0co. We have so proved that
(t = s)lalt,)l2,00,r < c(|ulloc + ||8llas2,a) for any t € (s,T). Again, estimate (A.1) implies that
1/2 1/2 .
I Tzu(t, oz, rn < cllult, ')||0,/:v07R1 Ju(t, ')”27/90071%1 for any t € (s,T), and this allows us to complete
the proof of (A.3). 0

Theorem A.2. Fizx T > s € I and let u € C1+a/2’2+a((s,T] x R4 R™) satisfy the differential

loc

equation Dyu = Au + g in (5,T] x R, for some g € CgéQ’a((s,T] x R4 R™).  Then, for any

7 € (0,T — s) and any pair of bounded open sets Qy and Qo such that Q1 € Qa, there exists a
positive constant ¢, depending on 1,89, 7,5, T, but being independent of u, such that

”u”Cl+°‘/2=2+‘1((s+r,T)le;Rm) < C(||u||cb((s+7/2,T)xQQ;JRm) + Hg||C‘1/2’a((s+T/2,T)XQQ;Rm))' (A.6)

Moreover, for any bounded set J C I and any g > 0, the constant ¢ depends on 8y but is independent
of (s,T) € J x J such that T — s > dy.

Proof. The main step of the proof consists in showing that, for any xo € Q; and any r > 0, such
that Ba.(x9) € g, estimate (A.6) is satisfied with Q; = B,.(z¢) and Qs = Bs,(20). Indeed, once
this latter estimate is proved, a covering argument will allow us to obtain easily estimate (A.6). So,
let us prove (A.6) with ©; and 25 as above and zp = 0 (indeed, up to a translation, we can reduce
to this case). Throughout the proof, we denote by ¢ a positive constant, independent of u, g and n,
which may vary from line to line. For any n € N, ¢t € R and 2 € R?, set

t—s—tha1 x| — 1y
0= (1 552) =0 (145 5),
where ,0 € C*(R) satisfy X[2,00) < ¢ < X[1,00) a0d X(—00,1] < UV < X(—o0y2]y Tn = (2 —27")r
and t, = (271 4+ 277 1)1 for any n € N. For any n € N, the function v,, := uy, 9, vanishes at
t = s and satisfies Dyv,, = Av,, + g, where g, = 0, 9,8 — p,uTr(QD?9,) — VU, Z;lzl D;¥,Bju—
20 (Jzn)QVY, + ¢ ¥,u and A is a nonautonomous elliptic operator with bounded and smooth

coefficients, which coincides with the coefficients of the operator A in [s,T] X Bs, (recall that v,, is
compactly supported in [s,T] X Ba;.).



30 D. ADDONA, L. ANGIULI, L. LORENZI, G. TESSITORE

By well known results, [|[Vy|i+a/2,240 < ¢l|8nlla/2,o and, for any J and dy as in the statement,
the constant c is independent of (s,T') € J x J such that T'— s > §o. Estimating g ||a/2,q, We get

||Vn\|1+a/2,2+a §C||?9n||3||80||2(Hu||cw2»1+a((s+tn+1,T)xBrnH;Rm) + Hg||C“/2fa((s+tn+1,T)><BTH+I;R"L))

<2°"¢(|[Vns1llasza + 1 TaVniillasz,a + 8l carzia((sr/2,7) % Barikm)) - (A7)
G+Da

Now, using (A.1) we get [[¢lla < (6772 [[CllootellCll2+a) (7 = 1,2) and [[9p]la/2 < cle™ % |9+
e[|t |1 4a/2) for any ¢ € CET*(RER™), 4 € C;+a/2([s,T];Rm), (0,1) and some positive constant
¢ independent of €. Applying these estimates to v, 1, we deduce that

IVasillasz.atlTevarilloa < celVatilliraszrate” T [Vatillo), e€(0,1) neN. (A8)
To estimate the a/2-Holder norm of the function J, v, 1(-,z) for any € R, we observe that
Va1 € Lip([s, T], G (R" B™)) and [V lliip < el[Vasi]1+a/2,2+a- Indeed, writing
to

Vg1t @) — vy (ty, x) = Dyvy41(o, x)do, t1,te € [5,T], x € R,
ty

we easily deduce that [|[vy,4+1(t2, ) = Vat1(t1, )|la < cl|Divitillo,alta —t1] for any ¢q1,ts € [s,T]. Since
the function v,, 41 is bounded in [s, T] with values in CzT*(R?), by interpolation we get

ita l1—a
[Vit1(t2, ") = Vari(ts, )l Scllvaga(te, ) = viga(te, )lla® [Vasi(te, ) — vasi(te, )llafa
lta
<cl[Vitillitas2,24alts —t1] 2
for any ty,ts € [s,T]. This shows that J,v, 11 € C1+/20((s T) x R%; R™?) and

| JeVnsill4a)/2,0 < cllVatillita/2,24a- (A.9)
Using the interpolative estimate [|9)[lq/2 < c(el|¥|l(14a)/2 + € “[%]ls), Which holds for any

€ €(0,1) and any ¥ € CéHa)/z([s, T);R™), (A.8) and (A.9), we obtain that

”Jxvn-&-l”a/za < C(5|‘Vn+1||1+a/2,2+a + é‘7(1+Oé)||vn+l||oo +e e Vatilloo)- (A.10)

Now, || JoVitilloo < 0l Vatillo2+a + (5_14+a||vn+1|\oo for any § € (0,1). Choosing § = '** and
replacing this estimate in (A.10), we get || JoViyilla/z,a < c(ellVasillitas2,24a + e~ |1V, i1 ]lso)-
This estimate, (A.7) and (A.8) yield that

+ E—(l-&-a) |

[Vallita/2.24a < 25"0(5|\Vn+1||1+a/2,2+a [Vitilloo + Hg||CG‘/2»°‘((s+7'/2,T)><BQT;Rm))7

for any ¢ € (0,1). We fix n € (0,2752%%)) and choose ¢ = ¢, = 27°"¢ " 'n; from the previous
estimate we obtain ¢, < (nCn41 + 25n(2+a)0||u\|cb((s+r/2)wa) + 25nc||g||C(¥/2v<’((s+7'/2,T)><B27,;]R""))7
where ¢, = [|[Vp|li4a/2,24a- Now, we can proceed as in the proof of Proposition A.1. O
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