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ABSTRACT

In the literature some researchers highlighted that for a dilute gas in slip flow regime and in presence of a non
negligible viscous heating, the analysis of the gas micro-convection has to be tackled by modifying the
thermal boundary conditions to account for the shear work due to the slip at the wall. Although in the recent
past a specific modified boundary condition has been proposed, theoretically justified and applied to
investigate the effect of the shear work on the convective heat transfer in presence of dilute gases, in this
paper is demonstrated that there is not a need of a modified boundary condition in order to take into account
the effect of the shear work in the analysis of forced convection. In the present work by means of a
comprehensive theoretical analysis is demonstrated that the modified boundary condition is useless for the
analysis of the effect of shear work on the evaluation of the convective heat transfer coefficients in presence
of a dilute gas with non-negligible viscous dissipation.

Moreover, to evaluate the inaccuracy of the results obtained by using the modified boundary conditions the
difference, in terms of Nusselt number, between the exact and the approximate solution has been numerically
estimated for elliptical microchannels. The numerical outcomes point out that the adoption of the modified
boundary condition leads to an underestimation or an overestimation of the Nusselt numbers depending on

the values of Brinkman number and on the channel cross section geometry.
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1. INTRODUCTION

When a gas flow is forced through a miniaturised heated channel, the effects due to the gas compressibility
and rarefaction on convective heat transfer can be significant. For a fixed gas mass flow rate, the reduction of
the inner channel dimensions increases the average velocity of the flow and the viscous dissipation tends to
be coupled to the rarefaction and compressibility effects. The influence of these effects on the convective
heat transfer coefficient has been investigated both theoretically and experimentally by many researchers in

the last years, as highlighted by Kandlikar et al. [1] and by Colin [2] in their recent reviews.



In 1958 Maslen [3] highlighted how, in presence of a gas slip flow close to the solid wall of a channel, the
calculation of the heat flux at the wall should include two contributions: one is the usual contribution due to
the heat conduction at the wall and the second one is due to the sliding friction (i.e. the shear work due to the
slip at the wall). However, the success met by the modified boundary condition proposed by Maslen has been
scarce and in the succeeding technical papers devoted to the analysis of convective heat transfer of dilute gas
flows in microchannels in slip flow regime, even in presence of significant viscous dissipation effects [4-8],
the Nusselt numbers have been always calculated without accounting for the contribution due to the sliding
friction at the wall. Only Sparrow and Lin [4] cited in their paper Maslen’s boundary condition but the results
presented in their paper were obtained by ignoring the conclusions of Maslen’s paper. However, they
observed how, in the case of uniform heat flux problem, the Nusselt numbers calculated in their paper by
neglecting the effect of the shear work, result unchanged if the imposed wall heat flux is corrected by adding
the contribution due to the shear work.

A renewed interest on Maslen’s work was stimulated by the recent papers published by Hadjiconstantinou [9]
and Hong and Asako [10]. Hadjiconstantinou [9] showed analytically that the shear work changes the total
heat exchange at the wall for a dilute gas with negligible compressibility effects. He introduced two different
Nusselt numbers in order to evaluate the thermal energy exchange and the total energy exchange between the
wall and the dilute gas. Hong and Asako [10] tried to provide a theoretical justification to Maslen’s boundary
condition starting from the application of the energy balance equation for a gas flow through a circular
channel and applying the gas kinetic theory. They concluded that in presence of slip flow and significant
viscous dissipation effects the inclusion of the shear work contribution within the boundary condition, as
proposed by Maslen, becomes mandatory and they explain in which way the boundary condition must be
treated when the shear work is not negligible.

After the paper of Hong and Asako [10], Maslen’s boundary condition has been applied by Myamoto [11]
and by Ramadan and TIili [12] who investigated convective heat transfer of dilute gases in parallel plates.
These works demonstrated that, in presence of non-negligible viscous dissipation, the use of Maslen’s
boundary condition affects significantly the Nusselt number. The general conclusions of these works is that

the usage of the modified boundary condition proposed by Maslen must be recommended for the
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determination of the convective heat transfer coefficient in the cases in which the viscous heating is
significant. Another conclusion of these works is that the Nusselt numbers determined by the authors who
ignored the Maslen’s boundary condition (i.e. [4-8]) must be considered wrong.

Despite the huge work done in this field by many authors, it is opinion of the writers that it is still not clear
when Maslen’s boundary condition has to be applied in order to account for the contribution of the viscous
dissipation on the convective heat transfer coefficient in presence of dilute gases in slip flow regime.

In order to clarify this issue, the present work provides a comprehensive theoretical analysis of the modelling
of convective heat transfer in microducts aimed at explaining that no needs of a modified boundary condition
exist for the analysis of convective heat transfer in presence of dilute gases with significant shear work. It
will be demonstrated that the Maslen’s boundary condition coupled to the energy equation is not able to give
a good prediction of the exact Nusselt numbers in presence of dilute gases with significant viscous

dissipation effects.

2. MATHEMATICAL MODEL

Let’s consider a dilute gas flow through a microchannel having an axially uniform cross-section of area (2
and perimeter / (see Fig. 1). The following assumptions are made:

e all the transport processes are in a steady state,

e the gas is modelled as a Newtonian fluid in fully developed laminar regime,

e the gas density variation in the transverse direction are negligible,

e the gas properties are not dependent on the temperature,

e free convection, chemical reactions, electromagnetic effects and mass diffusion are neglected,

e channel walls are rigid, fixed and non-porous,

the dilute gas flow is generated by a constant imposed axial pressure gradient dp/dz (pressure driven
flow).

A Cartesian system of coordinates (x, y, z) is used with the z axis parallel to the axis of the channel. Under the

previous hypotheses, the complete set of the governing balance equations for the analysis of forced

convection of an ideal gas through the channel are the following:
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coupled with the constitutive laws for an ideal gas:
p= L, H=c T (2)

where v indicates the velocity field, o the fluid density, ¢ the time, p the pressure, T the stress tensor, H the
gas enthalpy, ¢ the heat flow, 7 the fluid temperature and ¢, the specific heat at constant pressure.

Being in fully developed laminar regime, the velocity field has only axial component (u), which is
independent of the channel axis (z), whereas the pressure field depends only on the axial coordinate.

Under the hypotheses summarized before the governing equations can be written as follows:
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where u is the gas local z-component of velocity, x is the gas dynamic viscosity, 0770z is the axial component
of the temperature gradient and £ is the gas thermal conductivity.

In the energy balance equation, the first term of the r.h.s. is the diffusive heat flux, the second term represents
the viscous dissipation term and the third term is the flow work. As highlighted by Shah and London [13],
the flow work term appears when the energy and momentum balance equations are manipulated in order to
eliminate the kinetic energy term.

By integrating the energy equation over the channel cross-section £2 one obtains:

jpcpua—TdQ=jkV2TdQ+iju-VudQ+jud—de 4)
o Oz o o o dz

It is possible to analyze separately each term of this equation; starting from the term on the Lh.s. of Eq.(4)
and by considering a thermally fully developed H2 boundary condition (i.e. a uniform heat flux is imposed at

the channel walls), one can write:
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where T is the bulk temperature associated to the channel cross section.
It is possible to use Eq.(5) to write the term on the Lh.s. of Eq.(4) as follows:

oT drT,

ipcpuEdQ=pcp%sj;udQ=pchQI (6)
where W is the average velocity on the channel cross section of area equal to £2.
By applying the divergence theorem to the first term of the r.h.s. of Eq.(4) one obtains:
[kV°TdQ=k[(V-VT)dQ=k[(VT-(-n))dl = [qdT =g, T (7)
0 0 T T

where gy, is the average value of the imposed heat flux along the heated perimeter of the channel: in the
case of a H2 boundary condition gy, »=q.

The second term of the r.h.s. of Eq.(4) can be algebraically manipulated into:
[ Vu-VudQ = ﬂ[ [(@Vu-(-m))dr - [(uV’u)dQ (8)
Q r Q
The flow work term in Eq.(4) can be written in this form by using the momentum balance equation (Eq.(3)):
Iud—pdﬁ =,uj (quu)dQ )
o dz )
Using Eqs.(6).(7),(8) and (9) in Eq.(4) one obtains the following integral energy balance equation:

pchQ% =q,,I+ ,U[J.(uVu -(—m))dT —I(quu)dQ] +yI(uV2u)dQ (10)
z T o

o
Eq.(10) highlights that the increase in the bulk temperature along the channel axis is due to the heat flux
imposed at the walls, to the viscous heating diminished by the cooling effect due to the flow work. If one is
interested to calculate the algebraic sum of the heat generated by viscous dissipation and the cooling effect

due to the flow work term, from Eq.(8) and (9) it is easy to demonstrate that:

,uA=,u£J;(Vu-Vu)dQ+£J;u%dQ =,ul(uVu)-(—ﬁ)dl" (11)



Eq.(11) highlights that, if a no-slip velocity boundary condition is valid on the channel solid walls, A
becomes identically zero. This means that for a perfect gas the heat generated by viscous dissipation on the
whole cross-section is exactly balanced by the cooling effect due to the flow work term.

On the contrary, for a dilute gas in slip flow regime A is different from zero and assumes negative values; in

this case Eq.(10) can be written as:
pchQ% =q,. L +upA (12)
zZ

An alternative way to write Eq.(12) is the following:
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z
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where the “total energy flux at the wall” q*y is introduced:
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Eq.(12) highlights that the bulk temperature increase along the axial direction is reduced by the combined
effect due to both viscous dissipation and flow work in the case of a dilute gas (4<0). Eq.(14) puts in

evidence that the combined effect due to viscous dissipation and flow work generates close to the solid wall a
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Eq.(15) can be useful if the local total energy exchange between the gas and the wall must be determined, as

total energy exchange which is locally equal to:

q*,,=-k ax

- (15)
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done by Hadjiconstantinou [9]. Sparrow and Lin [4] suggested the use Eq.(15) as boundary condition in
approximated forced convection mathematical models in which viscous dissipation and flow work are not
accounted for in the energy equation.

It is a trivial conclusion that, in order to take into account the effect of the shear work on the Nusselt number,
it is sufficient to consider within the energy balance equation both the viscous dissipation term and the flow
work term without to modify the boundary condition (i.e. constant heat flux imposed at the wall). This point

was not completely clarified by Hong and Asako in [10] where, after the derivation of the physical meaning



of the shear work term, they suggest the inclusion of the shear work term in the boundary conditions used for
the determination of the temperature distribution of dilute gases in slip regime

It is possible to conclude that the exact solution of the problem of the temperature field determination in the
thermal fully developed region of a channel can be obtained, for H2 thermal boundary condition, by solving

the momentum balance equation and by coupling the energy balance equation (Eq.(3)) with Eq.(12):
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with the help of the usual thermal boundary condition for H2 problems:
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and the first order slip-velocity and temperature jump boundary conditions at the walls:

2—-«a ou
u, —u, , =w, —A  —
W wall u o mfp an
w (18)
, 2-a, 2y k , oT

w  Lwal —

In Eq.(18) the momentum (&) and thermal (&) accommodation coefficients are invoked with ¥, the specific
heat ratio, and Aup, the molecular mean free path. The coefficient w, is a corrective coefficient that must be
added for a better prediction of the flow out of the Knudsen layer.

From the complete set of governing equations (Eq.(16-18)) for the description of forced convection of dilute
gases in microchannels a series of different approximated models can be generated.

Here, three different cases are studied:

Case A (full model): In the complete energy balance equation (Eq.(16)) both flow work and viscous
dissipation are accounted for, together with the classical H2 (Eq.(17)) and slip and jump boundary conditions
(Eq.(18)).

This is the exact model suitable for the analysis of gas forced convection in microchannels.

Case B: Neglecting the flow work in the energy balance equation (Eq.(16)) with the modified boundary

condition (Eq.(15)) coupled to slip and jump boundary conditions (Eq.(18)).



This approach has been followed by Ramadan and Tlili [12] for parallel plates.

Case C: Neglecting both flow work and viscous dissipation in the energy equation (Eq.(16)) but recovering
their effect by means of the adoption of the modified boundary condition (Eq.(15)) coupled to slip and jump
boundary conditions (Eq.(18)).

This approach, proposed in [4] and never used until now, represents a strong approximation of the complete

model.

Now it becomes possible to compare the results obtained by solving the complete energy balance equation
(Case A) with the results derived by the approximated models which use the modified boundary condition of
Eq.(15) (Case B,C).

The complete expression of the differential problems linked to each model (from Case A to Case C), written

in dimensionless form, is given in Appendix 1.

3. DISCUSSION OF THE RESULTS

With the aim of comparing the results, in terms of Nusselt numbers and temperature distributions, obtained
by solving the three differential problems defined in Appendix 1 (Egs.(A.8)-(A.12): Case A, B, C) Comsol
Multiphysics® package has been used.
Following Hadjiconstantinou [10], two definitions of the Nusselt number can be introduced:

o the fully developed Nusselt number for H2 boundary condition based on the thermal energy exchange

at the wall:
Nu == (19)
being 6, the wall temperature averaged along the perimeter of the cross-section and @ the fluid bulk
temperature.

o The fully developed Nusselt number based on the total energy exchange between wall and gas:



2

ou *
1 - BrKnA4, (]
on* )
Nu,, = — = (20)
‘ (Hw - Hb )

the velocity gradient at the wall and &, the wall temperature both averaged along the
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In order to discuss the different results generated by adopting different models, microchannels featuring
elliptical cross-sections with an aspect ratio f (defined as the ratio between the minor and the major axes)
within the range 0.1 + 1, have been considered. All the numerical results shown in this section have been
obtained by adopting a first order slip velocity boundary condition (4;=1) and a first order jump temperature
boundary condition (B;=1.6667).

The numerical procedure has been validated resorting to numerical data and/or analytical solutions available
in literature for circular microchannels. The mesh independence analysis has been carried out by adopting six
grid sizes for each value of the aspect ratio, Knudsen number and Brinkman number considered in the
present analysis. The discretization error has been estimated by applying the Richardson extrapolation
method [14-15]. In Table 1 the values of the Nusselt number calculated by using Eq.(19) for case A as a
function of the adopted meshes are shown as a function of the elliptical aspect ratio (=1 and f= 0.1) and
of the Knudsen number for a Brinkman number equal to 0.1. The relative difference &; between the Nusselt
number obtained for a fixed grid size with respect to the Nusselt number obtained by adopting the finest
mesh is reported in Table 1. From the results quoted in Table 1 it is evident that the shallow elliptical cross
sections (lower S values) need a number of finite elements larger than the circular geometry (£ =1) in order
to reach the independence of the Nusselt number from the grid size. In this analysis the adopted meshes are
characterized by a number of finite elements ranging between 3325 for =1 and 25592 for #=0.1.

The Nusselt numbers (Eq.(19)) calculated by solving numerically case A have been compared with the
analytical values obtained by Aydin and Avci [8] for a circular channel S =1 as a function of the Knudsen

number for Br = 0.1 (Figure 2a) and Br = -0.1 (Figure 2b). Figure 2 shows that a very good agreement in
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terms of Nusselt numbers obtained by solving case A and the values obtained by Aydin and Avci [8] there
exists.

The good agreement shown by Fig. 2 with the analytical Nusselt numbers obtained for circular channels by
Aydin and Avci [8] can be considered a benchmark for the numerical solution adopted in this paper. As
additional comparison, the Nusselt numbers based on the thermal energy exchange (Eq.(19)) obtained by
Hooman [16] for Br=0.01 and Br=0.001 and 0<K»<0.1 have been used as comparison for the results obtained
solving case A; also in this case the agreement is very good.

In Figure 3 a comparison between the Nusselt number based on the thermal energy exchange at the wall (Nu,
Eq.(19)) and the Nusselt based on the total energy exchange between gas and wall (Nusy, Eq.(20)) is shown
by considering case A for an elliptical microchannel with £=0.5 (Fig. 3a) and $=0.1 (Fig. 3b). The Nusselt
number based on Eq.(19) (Nu) is always larger than the one based on Eq.(20) (Nusv) and, as expected, the
difference between Nu and Nuy, increases when the Brinkman number increases. The effect of the Brinkman
number on Nu is weak in shallow elliptical channels (£=0.1); on the contrary, for increasing Br between 0.02
and 0.1 Nuy, is significantly reduced. It is evident that for shallow elliptical channels the variation of both Nu
and Nug, with Kn is small. The difference existing between Nu and Nus, (Fig. 3) highlights that the effect of
the shear work on the total energy exchange between gas and walls is significant also for large Knudsen
numbers when Br>0.02. This means that in the energy equation the viscous dissipation term and the flow
work terms have to be considered if an accurate evaluation of the total energy exchange is needed.

In Fig. 4 the comparison between the Nusselt number (Nu) based on the thermal energy exchange (Eq.(19))
obtained by adopting the complete model (case A) and the other models described before (case B, C) in
which the modified boundary condition (Eq.(15)) is used) is shown for a circular channel (= 1).

It is evident that the models which use the modified boundary condition (case B and C) tend to overestimate
the Nusselt number for positive Brinkman numbers (heated channels, Fig. 4a) and to underestimate the
Nusselt number for negative Brinkman numbers (cooled channels, Fig. 4b).

This result highlights that the adoption of the modified boundary condition (Eq.(15)), used in the case B and
C, is never able to recover the exact results in terms of Nusselt numbers in the range of Knudsen numbers

considered here (Kn<0.1) when Br goes from -0.1 to 0.1. The maximum difference between the exact Nusselt
11



number and the Nusselt number obtained by using the modified boundary condition (case B, C) is equal to
11.55% for Kn=0.06 (case B) and 38.28% for Kn=0.02 (case C).

In Figure 5 the trend of Nuy, based on the total energy exchange between gas and channel walls is shown as a
function of Knudsen number for Br=0.1 (Fig. 5a) and Br=-0.1 (Fig. 5b). It is evident that case B and C tend
to overestimate or underestimate the value of Nuy, in the whole range of Knudsen numbers considered here
(Kn<0.1). The maximum difference between the exact Nuy, and the Nug, obtained by using the modified
boundary condition (case B, C) is equal to 11.49% for K»n=0.06 (case B) and 38.26% for K»n=0.02 (case C).
These results highlight that similar results are obtained by working with Nu and Nu,.

Now, attention is focused on the values assumed by the Nusselt number based on the thermal energy
exchange at the wall (Nu) because this parameter has been obtained by many authors by means of different
models [4,5,6.8,12].

The influence of the channel geometry has been investigated by considering other values of the aspect ratio
of the elliptical cross-section, namely = 0.5 and = 0.1. The comparison between the different approaches
(from case A to case C), in terms of Nusselt numbers based on the thermal energy exchange at the wall
(Eq.(19)), is shown in Figure 6 and in Figure 7 for = 0.5 and = 0.1, respectively, as a function of Knudsen
number (Kn<0.1) keeping Br = 0.1 and Br =-0.1.

The numerical outcomes shown in Figure 6 and 7 point out that the discrepancy between the results of the
exact solution (case A) and of the approximate solutions (case B, C) increases as the value of the aspect ratio
increases and for large values of Br. It is also evident that for shallow elliptical channels (£ = 0.1) the Nusselt
numbers numbers based on the thermal energy exchange at the wall (Eq.(19)) is weakly dependent on the
Knudsen number for a fixed value of Brinkman. On the contrary, the Nusselt numbers obtained by case B
and C tend to be overestimated for positive values of Br and underestimated for negative Br; the maximum
difference between the Nusselt numbers calculated by using case B and C and the exact Nusselt number
tends to increase when Kn increases for a fixed value of Br; its value is about 25% for Kn=0.1 and Br=0.1
and -21% for Kn=0.1 and Br=-0.1. These values confirm that the modified boundary condition (Eq.(15)) is
not able to give right values of Nu in presence of significant viscous dissipation and gas rarefaction also for

shallow elliptical channels.
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In Table 2 the maximum deviation (in percentage) from the exact value of Nu and Nus, is given for case B
and C as a function of the channel aspect ratio. The values shown in Table 2 underline that the maximum
inaccuracy in terms of Nu and Nuy, obtained for case B and C ranges between +£10% and +40%. Since the
adoption of the modified boundary condition (Eq.(15)) is not theoretically based, as demonstrated in the
previous section of this paper, and the computational effort linked to the solution of the complete equation
set (case A) and of the simplified models in which the modified boundary condition is used (case B, C) is
almost the same, the results shown in this paper suggest to avoid the use of approximated approaches in order

to study forced convection in presence of dilute gas flows when the viscous heating cannot be disregarded.

4. CONCLUSIONS

In this paper a theoretical analysis of convective heat transfer in microducts has been carried out in order to
clarify the role played by the viscous dissipation term and by the flow work term in the energy balance of a
dilute gas flow in slip flow regime. The study was focused on the analysis of the contribution due to the
sliding friction (i.e. the shear work due to the slip at the wall) on the total energy exchange between gas and
wall with the aim of explaining if the adoption of a modified thermal boundary condition which accounts for
this contribution can be useful for the estimation of the Nusselt number. The analysis reveals that, in order to
take into account the effect due to the shear work, no modified boundary conditions at the walls are needed.
To evaluate the inaccuracy of the results obtained by adopting models in which the modified boundary
condition is used, the difference, in terms of Nusselt number, between the exact and the approximate solution
has been numerically estimated for elliptical microchannels. The numerical outcomes point out that the
discrepancy between the exact and approximate solution is significantly affected by Knudsen and Brinkman
numbers and by the geometry of the channel cross-section; in general, the adoption of the modified boundary
condition (Eq.(15)) is able to give Nusselt numbers underestimated for negative values of Br and
overestimated in case of positive Br. The difference between the approximated Nusselt numbers and the
exact ones increases for elliptical channels having a large aspect ratio; the difference tends to reach its
maximum value for large Knudsen numbers in shallow elliptical microchannels (£<0.5) and at low Knudsen
numbers for 5>0.5.
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APPENDIX 1

In this appendix the governing equations for the analysis of forced convection for a dilute gas through a
microchannel are written in dimensionless form by considering the following rules:

e all spatial quantities, except the axial coordinate z, are scaled with the hydraulic diameter (i.e. D, = 4%):

. WD
T AN . SN S v =th;Re=u;pe=p,, Re (A1)
D, D, D,RePr D, Pe yz,

x* =

o the velocity u is scaled with the average fluid velocity V;

e the temperature is scaled as follows:

(T — To )
qw,mDh

0=k

(A2)

In addition, it is useful to introduce further dimensionless quantities:
e the dimensionless pressure gradient (p*), linked to the Poiseuille number (fRe, defined as the product

between the Fanning friction factor fand the Reynolds number Re):

_Didp

A3
UW dz (&.3)

p*=2fRe=

e the Brinkman number (Br), which represents the ratio between the heat produced by viscous dissipation

and the heat transferred by conduction, is invoked to account for viscous dissipation:

e
qw,mDh

Br— (A4

e the Knudsen number (Kn), defined as the ratio of the mean free molecular path of the gas (4xp) to the
hydraulic diameter of the channel, is introduced to represent the gas rarefaction degree:

Kn= @ (A.5)
D,

By using these rules and the main dimensionless quantities introduced before, the momentum balance
equation can be written in dimensionless form together with the first order slip boundary condition [2] as

follows:
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ou* (A.6)

being A; a coefficient linked to the momentum accommodation factor between the solid wall and the dilute

gas (o) and the coefficient @, recalled in Eq.(18).

4w 222 (A7)

In a pure forced convection problem the velocity calculation can be uncoupled by the temperature
calculation. If the velocity field is obtained by solving Eq.(A.6) one can determine the temperature field by
solving the following differential problems written in dimensionless form:

e Case A (full solution):

%

4u*[1+ B;A ]:V*29+Br[v*u*-v*u*—p*u*]

20 _ (A.8)
on*|,
6 = B kn 22| — B Kn

v on*|,

where Bj; is a coefficient linked to the thermal accommodation factor between the solid wall and the dilute
gas (0t), the Prandtl number and the specific heat ratio yrecalled in Eq.(18).

_2-a, 2y 1
o, y+1Pr

e

B, (A.9)

In the energy equation A* appears which depends on the dimensionless velocity profile and the microchannel

cross-section only:

A= j (*V'u*(—m) i (A.10)

e Case B (flow work neglected and the modified boundary condition):

15



du* (1 L0 ] =V20+ Br[V'u*V'u*|
* #\?
o0 =—1+Br u*au =—1+ A BrKn u (A.11)
on*| on* ) on*
6’| =B, Knﬁ
v on*|,
e Case C (flow work and viscous dissipation neglected and the modified boundary condition):
4u" =V
* #\?
o0 =—l+Br(u*au ) =—1+AlBrKn(au (A.12)
on*|, on* )| on*) |
6| =B, Kn%
w an %k y
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NOMENCLATURE

A; First order coefficient of the slip boundary condition

B First order coetficient of the temperature jump boundary condition

Br Brinkman number

Cp Specific heat at constant pressure

Dy Hydraulic diameter of the channel

f Fanning friction factor

h Convective heat transfer coefficient

H Gas enthalpy

k Fluid thermal conductivity

Kn Knudsen number, Amgpy /Dh

n Normal coordinate at the internal walls of the cross-section

n* Dimensionless normal coordinate at the internal walls of the cross-
section

Nu Nusselt number, ~Dn/k

p Fluid pressure

p* Dimensionless fluid pressure

Pe Péclet number

Pr Prandtl number

Re Reynolds number

q Heat flux
Time

T Fluid temperature

u z-component of velocity

u* Dimensionless z-component of velocity

v Velocity field

w Average fluid velocity

X,z Dimensionless Cartesian coordinates

x*y*z*  Dimensionless Cartesian coordinates

Greek symbols

o Momentum accommodation coetficient

b Thermal accommodation coefficient

B Aspect ratio
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I Perimeter of the cross-section

r Dimensionless perimeter of the cross-section
o Dimensionless fluid temperature

Amfp Mean free path of the fluid particles

7 Fluid dynamic viscosity

P Fluid density

T Stress tensor

@ Corrective coefficient appeared in Eq.(18)

o Cross-section area

o Dimensionless cross-section area

Subscripts
b Bulk
w Wall
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Figure captions

Figure 1 — Sketch of a straight microchannel with constant cross section and Cartesian coordinate system.

Figure 2 — Comparison between the Nusselt numbers obtained as a function of the Knudsen number by
solving numerically case A (4,=1, B;=1.6667) and the analytical values reported in [8] for f=1
and: (a) Br=0.1 (b) Br=-0.1

Figure 3 — Comparison between the Nusselt number based on the thermal energy exchange at the wall (Nu,
Eq.(19), continuous line) and the Nusselt number based on the total energy exchange between gas
and wall (Nus, Eq.(20), dashed line) as a function of the Knudsen number for fixed values of
Br(Br=0.02, o, Br=0.06, o; Br=0.1, ¢).Calculations made with model A (4,=1, B;/=1.6667) for
(a) f=0.5and (b) f=0.1.

Figure 4 — Comparison between the Nusselt numbers based on the thermal energy exchange at the wall (Nu,
Eq.(19)) obtained by the different models (A, B, C) as a function of the Knudsen number for a
circular channel (=1) (=1, o.=1, =1, y=1.4, Pr=0.7) and: (a) Br = 0.1 (b) Br=-0.1.

Figure 5 — Comparison between the Nusselt numbers based on the total energy exchange at the wall (Nugy,
Eq.(20)) obtained by the different models (A, B, C) as a function of the Knudsen number for an
elliptical channel (#=1) (=1, o.=1, =1, y=1.4, Pr=0.7) and: (a) Br = 0.1 (b) Br=-0.1.

Figure 6 — Comparison between the Nusselt numbers based on the thermal energy exchange at the wall (Nu,
Eq.(19)) obtained by the different models (A, B, C) as a function of the Knudsen number for an
elliptical channel (#=0.5) (=1, au=1, =1, y=1.4, Pr=10.7) and: (a) Br=0.1 (b) Br =-0.1.

Figure 7 —Comparison between the Nusselt numbers based on the thermal energy exchange at the wall (Nu,
Eq.(19)) obtained by the different models (A, B, C) as a function of the Knudsen number for a
shallow elliptical channel (=0.1) (=1, o.=1, =1, y=1.4, Pr=0.7) and: (a) Br = 0.1 (b)

Br=-0.1.
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Table captions

Table 1 — Mesh sensitivity of the Nusselt number by varying the Knudsen number from 0 to 0.1 for a circular
(f=1) and a shallow elliptical channel (4= 0.1) and for Br =0.1.

Table 2 — Maximum deviation from the exact value of Nu and Nuy, by using models involving the modified
boundary condition (Eq.(15)) (case B and C) as a function of the channel aspect ratio f for

elliptical microchannels.
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Table 1.

=1 |Adopted (3325) Mesh #1 (252) | Mesh #2 (364) Mesh #3 (544) Mesh #4 (938) | Mesh #5 (1922)
Kn Nu Nu € Nu & Nu € Nu € Nu €
0 3.0380 3.0381 | 0.004% | 3.0380 | 0.002% | 3.0380 | 0.001% |3.0380 | 0.000% | 3.0380 | 0.000%
0.02 3.2086 3.2087 | 0.003% | 3.2086 | 0.001% | 3.2086 | 0.001% | 3.2086 | 0.000% | 3.2086 | 0.000%
0.04 3.1937 3.1938 | 0.002% | 3.1937 | 0.001% | 3.1937 | 0.000% | 3.1937 | 0.000% | 3.1937 | 0.000%
0.06 3.0776 3.0776 | 0.001% | 3.0776 | 0.001% | 3.0776 | 0.000% |3.0776 | 0.000% | 3.0776 | 0.000%
0.08 2.9161 2.9161 | 0.001% | 2.9161 | 0.000% | 2.9161 | 0.000% |2.9161 | 0.000% | 2.9161 | 0.000%
0.1 2.7409 2.7409 | 0.001% | 2.7409 [ 0.000% | 2.7409 | 0.000% |2.7409 | 0.000% | 2.7409 | 0.000%
£ =0.1 | Adopted (25592) | Mesh #1 (398) Mesh #2 (526) Mesh #3 (934) | Mesh #4 (1922) | Mesh #5 (2744)
Kn Nu Nu & Nu & Nu € Nu € Nu €
0 0.6153 0.6155|0.035% | 0.6154 | 0.011% |0.6153 | 0.003% | 0.6153 | 0.001% | 0.6153 | 0.000%
0.02 0.6742 0.67430.022% | 0.6742 | 0.007% |0.6742 | 0.002% | 0.6742 | 0.000% | 0.6742 | 0.000%
0.04 0.7055 0.7056 | 0.014% | 0.7055 | 0.005% | 0.7055 | 0.001% | 0.7055 | 0.000% | 0.7055 | 0.000%
0.06 0.7211 0.7211{0.010% | 0.7211 | 0.003% |0.7211|0.001% |0.7211|0.000% | 0.7211 | 0.000%
0.08 0.7272 0.7272{0.007% | 0.7272 | 0.002% |0.7272|0.001% | 0.7272 | 0.000% | 0.7272 | 0.000%
0.1 0.7274 0.7274 {0.005% | 0.7274 | 0.002% [0.7274|0.000% | 0.7274 | 0.000% | 0.7274 | 0.000%
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Table 2.

£=0.1 £=0.5 p=1

Case B Case C Case B Case C CaseB | CaseC

Maximum | Br=0.1 | 23.23% | 24.69% | 11.01% | 33.77% | 11.55% | 38.28%
discrepancy

on Nu Br=-0.1 | -21.28% | -19.04% | -10.93% | -28.87% |-11.78% | -32.44%

Maximum | Br=0.1 | 22.91% | 24.38% | 10.94% | 33.75% | 11.49% | 38.26%
discrepancy

on Nusw Br=-0.1 | -21.68% | -19.44% | -10.95% | -28.88% | -11.80% | -32.45%
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